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ABSTRACT

This thesis initiates the study of the MAX-CUT problem in fully dynamic graphs.

Given a graph G = (V,E), we present the first fully dynamic algorithms to maintain

a 1
2
-approximate cut in sublinear update time under edge insertions and deletions to

G. Our results include the following deterministic algorithms: i) an O(∆) worst-case

update time algorithm, where ∆ denotes the maximum degree of G and ii) an O(m1/2)

amortized update time algorithm where m denotes the maximum number of edges in

G during any sequence of updates.

We also give the following randomized algorithms when edge updates come from an

oblivious adversary: i) a Õ(n2/3) update time algorithm1 to maintain a 1
2
-approximate

cut, and ii) a min{Õ(n2/3), Õ(n
3/2+2c0

m1/2 )} worst case update time algorithm which main-

tains a (1
2
−o(1))-approximate cut for any constant c0 > 0 with high probability. The

latter algorithm is obtained by designing a fully dynamic algorithm to maintain a

sparse subgraph with sublinear (in n) maximum degree which approximates all large

cuts in G with high probability.

1Throughout this thesis, Õ hides a O(polylog(n)) factor.
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Chapter 1

Introduction

Graphs provide a convenient abstraction to model networks in the real world. Fully

dynamic graphs model networks which change with time. For a concrete example, con-

sider a social network on n users and let the links between users represent friendship

between them. Such a network can be modeled by a graph on n vertices (represent-

ing users) and the edges between vertices denoting friendship. Define an update in

the social network as a user either befriending or unfriending another user. Suppose

now that some property on the updated network which is obtained from the original

network via a single update needs to be quickly recomputed (for example, measuring

how ‘far’ users are in the network). A naive and brute-force solution would be to

recompute the property on the modified graph as a completely new problem instance

i.e., without utilizing any valuable information gleaned during the computation of the

property on the original graph. This might seem unnecessary since the new graph,

which models the social network after a single update differs from the original graph

by a single edge. The latter fact is typically exploited by a dynamic graph algorithm

to speed up recomputation.

Precisely, a dynamic graph algorithm is required to maintain a property of the

underlying graph faster than the best static algorithm under edge and/or vertex up-

dates. Here, a static algorithm is one which executes on a fixed problem instance.

In this thesis, we consider only edge updates. Note that a vertex insertion or dele-

tion can be alternately viewed as insertions or deletions of all incident edges to the

vertex at once. The performance of a dynamic algorithm is typically measured by

the time taken to handle the update, i.e. recomputing the property on the graph

following the edge update. The worst-case update time of a dynamic algorithm is the

update time incurred after a single update to the graph. Alternatively, the update
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time can be measured in an amortized sense, i.e. averaged over any sequence of up-

dates. Moreover, dynamic algorithms can be broadly classified as either deterministic

or randomized. Deterministic worst-case update time is the strongest and the most

pessimistic notion of update time. This is because it does not make any (distribu-

tional) assumptions on the input graph or the edge updates, which come from an

adversary with unlimited (computational) power. On the other hand, a randomized

dynamic algorithm exploits the source of random bits provided to it, to speed up

update time. Based on this, a natural (and common) strategy to develop dynamic al-

gorithms is to first design a randomized dynamic algorithm and then, derandomize it

and/or consider an adversary with unlimited power to obtain deterministic worst-case

guarantees.

Many fundamental problems studied over the past several decades on graphs such

as shortest paths, connectivity, minimum spanning trees, topological ordering etc.

admit polynomial time algorithms in the static setting, i.e. when the input graph is

fixed. Research in dynamic algorithms roughly began in the 1980’s and the afore-

mentioned problems were all natural candidates to consider in the dynamic setting.

There now exist very fast dynamic algorithms for most of these problems. However,

many real world problems involve optimizing an objective function while fulfilling

some natural constraints. It is well known that many such optimization problems are

NP-hard, i.e. cannot be solved exactly in polynomial time. In fact for many NP-hard

problems, even obtaining an ‘approximately’ optimal solution is NP-hard. Research

in the static setting for many optimization problems has led to efficient polynomial

time approximation algorithms, i.e. those which guarantee a feasible solution with

objective value within multiplicative or additive factors of the optimal solution. In

fact, for numerous well studied problems the quality of approximation achieved by

state-of-the-art algorithms is the best possible under the Unique Games Conjecture

(UGC)[26].

Traditionally, research in dynamic algorithms has focused mostly on dynamic

variants of well-known problems such as connectivity [31, 20, 23], minimum spanning

trees [18, 20, 36], minimum cut [34], etc., all of which admit polynomial time exact

algorithms in the static setting.

Following the seminal work of Onak and Rubinfeld [30] who present data struc-

tures for maintaining constant factor approximations of maximum matching (and

vertex cover), research in dynamic algorithms has broadened to include NP-hard

problems. Some natural directions in the domain of such problems include: i) de-
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veloping dynamic algorithms with sublinear update time while approximately main-

taining a feasible solution, ii) investigating the approximability-time tradeoff and iii)

proving lower bounds. Over the past few years, a (non-exhaustive) list of problems

investigated in the dynamic setting include vertex cover [6, 32, 10, 29], set-cover [16],

dominating set [19], graph coloring [9], facility location [15] and maximal independent

set [17, 4, 5].

In this thesis, we initiate the study of the MAX-CUT problem in dynamic graphs.

MAX-CUT is a well known NP-complete problem [24] which continues to be widely

studied. Some of its concrete applications arise in the design of integrated circuits,

communication networks and statistical physics. Moreover, it is a natural candi-

date for an objective function to consider in a clustering and/or graph partitioning

problem.

Definitions: Let G = (V,E) be an undirected, unweighted graph G = (V,E) with

n = |V |,m = |E|. A cut C is a partition of the vertex set V and denoted by

C = (S, S̄), where S, S̄ ⊆ V and S̄ = V \S. The cut-set E(S, S̄), of C = (S, S̄),

is the set of all edges which have one endpoint in S and the other in S̄. A cut

edge of C is an edge contained in the cut-set E(C) = E(S, S̄). A maximum cut of

G is a cut whose cut-set is largest among cut-sets for all possible cuts, i.e. MAX-

CUT(G) = arg maxC=(S,S̄), S⊆V |E(S, S̄)|, where |E(S, S̄)| denotes the number of cut

edges. Let OPT denote the size of the cut-set of the maximum cut. A t-approximation

algorithm for MAX-CUT yields a cut C, such that the size of its cut-set is at least

t · OPT and C is said to be a t-approximate cut. Unlike the minimum cut problem

which can be solved in polynomial time, MAX-CUT is NP-hard and under the Unique

Games Conjecture (UGC), hard to approximate better than 0.878[27].

1.1 Previous Work

Static algorithms: Johnson’s folklore greedy algorithm [21] hereafter referred to as

Greedy Max-Cut, finds a 1
2

approximate cut as follows: Given G = (V,E), where

V = {v1, v2, ..., vn} it starts with S = {v1}, S̄ = ∅. Each successive vertex vj, where

j ≥ 2 is added to S or S̄ depending on which contains fewer of its neighbors vi, where

i < j. Thus, at least half of all edges of the form {vj, vi} where i < j are contained in

the resulting cut. Since each vertex and edge is encountered once, the running time

of Greedy Max-Cut is O(m+ n).

In a breakthrough paper, Goemans and Williamson (1994) used a semidefinite pro-
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gramming (SDP) relaxation [14] and randomized rounding to yield a 0.878-approximation

to MAX-CUT. This polynomial-time algorithm runs in super-linear time using state-

of-the art numerical methods for solving a semidefinite program. Their general tech-

niques were applied to get significantly improved approximation algorithms for a

variety of problems in combinatorial optimization.

Arora and Kale [2] presented a primal dual SDP-based algorithm which runs in

Õ(m) time for d regular graphs and returns a 0.878 − ε-approximate cut with high

probability where the running time depends inversely on ε. Trevisan later presented a

0.53 approximation algorithm for MAX-CUT utilizing spectral techniques [35] whose

analysis was improved to 0.62 by Soto [33]. In the same paper, Trevisan showed

that the primal dual SDP-based algorithm of [2] can be made to run in Õ(m) time

for any degree, via a linear time reduction aimed at reducing the maximum degree

to O(polylog(n)). It remained an open question whether any purely combinatorial

algorithm could beat Greedy Max-Cut.

Kale and Seshadhri [22] answered the former question in the affirmative and pre-

sented an algorithm using random walks to give a 0.5+ε approximation with running

time depending on ε. For ε = 0.0155, the running time is Õ(n2). As the running

time increases, the approximation ratio converges to Trevisan’s spectral algorithm

[35]. Mathieu and Schudy [28] posed an open question as to whether a random per-

mutation of vertices considered by Greedy Max-Cut could beat the 1
2
-approximation.

This was later shown to be false by Costello el al. in [13]. Recently, Censor Hillel et

al. [11] presented efficient and improved distributed algorithms for MAX-CUT in the

LOCAL and CONGEST models of communication.

To the best of our knowledge, the MAX-CUT problem has not been studied in

the fully dynamic setting.

1.2 The Fully-Dynamic Model

In this thesis, we seek to maintain a 1
2
-approximate cut in sublinear update time and

handle meaningful queries such as determining whether an edge is in the cut-set, the

size of vertex partitions and the cut-set in constant time. This is motivated by the

fact that Greedy Max-Cut finds a 1
2
-approximate cut in O(m+n) time. Moreover, all

known combinatorial algorithms which attain better than (1
2

+δ)-approximation take

super-linear running time where δ is small. For example the algorithm in [22] takes

Õ(n1.6) time for δ = 0.0051. We define the Dynamic Max-Cut problem as follows:
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Problem 1. (Dynamic MAX-CUT) Starting with a graph G = (V,E) on n vertices

and an empty edge set E, maintain a 1
2
-approximate cut C = (S, S̄) for G under edge

insertions and deletions to E such that queries of the following form can be handled

in constant time: i) Is the edge {vi, vj} contained in the cut-set E(S, S̄)? ii) What is

the size of the cut-set, E(C)? iii) What are the sizes of S and S̄?

Our goal is to update C in o(m+ n) time such that |E(C)| ≥ 1
2
|E| to fare better

than running Greedy Max-Cut from scratch after every update. Moreover, answers to

all queries between any two updates must be consistent with respect to the maintained

cut C. An event happens with high probability (w.h.p) if its probability is 1 − 1
nc

for any c > 0. The approximation we seek to maintain is either exact or w.h.p.

For our randomized algorithms, we assume that updates come from an oblivious

adversary. This is a standard assumption used in the design of many randomized

dynamic algorithms. An oblivious adversary is one which cannot choose updates

adaptively in response to the answers returned by queries. Thus, updates to the graph

can be assumed to be fixed in advance. We assume the existence of an oracle which

randomly labels each vertex uniquely using a number in {1, ..., n}, and to which the

adversary is oblivious. This is only used in the algorithm of Theorem 5. The reason

why we insist on attaining a deterministic approximation or one which holds w.h.p. is

because there is a trivial constant-update time algorithm to maintain a 1
2
-approximate

cut in expectation when the adversary is oblivious: a random cut initialized before

the update sequence stays 1
2
-approximate (in expectation) after every update.

Attaining a deterministic worst-case update time (i.e. without randomization or

amortization) is the holy grail in dynamic algorithms. For the seminal problem of

dynamic connectivity, deterministic algorithms beating O(
√
n) update time [12, 25]

were only recently discovered after decades of research. For the fundamental problem

of maintaining a maximal independent set, known deterministic algorithms [4, 17]

only achieve a sublinear (in m) amortized update time and polylogarithmic update

time algorithms are yet to be discovered.

1.2.1 On dynamizing known static algorithms

Dynamic algorithms with amortized update time: A natural question to ask is whether

maintaining a (1
2
−ε)-approximate cut is easier than maintaining a 1

2
-approximate cut.

We note that for any constant ε > 0, a (1
2
− ε)-approximate cut can be maintained

in constant amortized update time. Indeed, starting from a 1
2
-approximate cut one
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can run Greedy Max-Cut after every εm updates. At any point during those εm

updates, the cut remains (1
2
− ε)-approximate. As a result, the amortized update

time is O(m/εm) = O(1/ε). The following observation allows one to obtain dynamic

algorithms by using known static algorithms as subroutines.

Observation 2. Given a (1
2

+ δ)-approximation algorithm A for the MAX-CUT

problem which runs in time T (n) where δ > 0, there exists a fully dynamic algorithm

D which maintains a 1
2
+cδ-approximate cut where 0 < c < 1 in 1

(1−c)δmT (n) amortized

update time.

Proof. Use A to obtain a 1
2

+ δ-approximate cut and recompute the cut using A after

every (1 − c)δm updates. When c, δ are fixed constants, the amortized update time

of D is 1
m
T (n).

Based on the above observation, we examine the amortized update times achieved

by dynamizing known static algorithms for the MAX-CUT problem. For any constant

0 < ε < 0.0155, the algorithm of Kale et al. [22] can be used to maintain a 0.5 + cε-

approximate maximum cut where c < 1 is a fixed constant in amortized O(n1/2 +g(ε))

update time where g(ε) < n
1
2 . This result holds with high probability, and is achieved

by first running the algorithm to obtain a 0.5+ε approximation, and recomputing after

every (1−c)εm updates. The update time holds for the regime when m ≥ n and with

small modifications, can be made to work when m is small. For 0.5155 < ε ≤ 0.62,

Trevisan’s spectral algorithm [35] can be used to maintain a 0.5 + cε-approximate

maximum cut for a fixed constant 0 < c < 1 in Õ(n) amortized update update time

by recomputing as above. The algorithm of Arora and Kale [2] near optimally solves

the MAX-CUT SDP of [14] for d regular graphs in Õ(m) time using a primal-dual

technique. Trevisan generalized this result to graphs of arbitrary degree by sparsifying

the input graph to reduce the maximum degree to Õ(1), yielding an Õ(m) algorithm

to compute a (0.878−δ)-approximate cut with high probability for any fixed constant

δ > 0. By recomputing a cut periodically as above, it is possible to get a dynamic

algorithm to maintain a (0.878 − δ)-approximate cut in polylogarithmic amortized

update time.

All the static algorithms considered above first sparsify the input graph. We

note that recent work on dynamic graph sparsification (see [1] for example) does

not directly yield improved fully dynamic algorithms since the cost of periodically

recomputing the cut is significant (i.e. at least linear in m).
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1.3 Our Contribution

We present the first fully dynamic deterministic and randomized sublinear update

time algorithms for the Dynamic MAX-CUT problem. All our algorithms maintain

a cut which contains at least |E|
2

edges, yielding a 1
2
-approximation. Our results are

summarized as follows.

Theorem 3. There exists a fully dynamic (deterministic) algorithm for the Dynamic

MAX-CUT problem with O(∆) worst case update time, where ∆ denotes the maximum

degree of the graph after the update.

Theorem 4. There exists a fully dynamic (deterministic) algorithm for the Dynamic

MAX-CUT problem with O(m1/2) amortized update time, where m is the maximum

number of edges in the graph during any arbitrary sequence of updates.

Theorem 5. There exists a fully dynamic randomized algorithm for the Dynamic

MAX-CUT problem which is always correct and takes Õ(n2/3) worst case update time

with high probability.

For many fundamental problems such as maximum independent set and graph

coloring, algorithms in the fully dynamic, distributed and sublinear settings have a

dependency on the maximum degree ∆. For problems where locality is exploited in the

design of algorithms, a notion of degree sparsification can lead to direct improvements

in running times albeit at the cost of randomness or approximation. See [3] for an

example of sparsification for (∆ + 1)-vertex coloring.

We study a new variant of graph sparsification, which we call (maximum) degree

sparsification. This is relevant for the dynamic MAX-CUT problem where our ob-

jective is to reduce the maximum degree of the graph while preserving the weight of

all large cuts. A large cut is one whose cut set has size at least c|E| for any con-

stant c > 0. We show the existence of sparsifiers preserving the weight of all cuts

within ±o(1)|E| additive error (translating to a (1 ± o(1)) multiplicative error for

large cuts), while ensuring that the maximum degree of any vertex is sublinear in

n. It is important to contrast this objective with another well-studied objective of

cut-sparsification which seeks a sparsifier containing a near linear number of edges

and preserving the value of all cuts within (1±ε)-multiplicative error for any constant

ε > 0 [7]. However, the maximum degree of such sparsifiers can be Ω(n). We show

that our sparsification process can be made fully dynamic.
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Theorem 6. Given a graph G = (V,E) on n vertices and m = n1+ε edges where 0 <

ε ≤ 1, there exists a fully dynamic algorithm to maintain a sublinear (in n) maximum

degree sparsifier H of G, which takes O(n1+ε) preprocessing time and constant update

time. At all times, ∆H = Õ(nc) where c = 1− ε
2

+ 2c0 for any constant c > 0 and all

large cuts in G are preserved in H within (1± o(1)) multiplicative error.

The algorithm of Theorem 3 is given for unweighted graphs but it gives the same

update time when all edge weights are the same, as in the case of H. Combining this

with the algorithm of Theorem 5, we obtain our final result.

Theorem 7. There exists a fully dynamic randomized algorithm which maintains

a (1
2
− o(1))-approximate cut and takes min{Õ(n2/3), Õ(n

3/2+2c0

m1/2 )} worst case update

time for any constant c0 > 0 with high probability.

1.4 Our techniques:

Our techniques utilize combinatorial and structural properties of cuts in graphs. The

key insight underlying all our algorithms is the following: in any cut C which is not
1
2
-approximate, there exists a vertex which can be moved across the cut to increase

the size of C ′s cut-set. We show that this vertex can be efficiently found, yielding

a simple deterministic O(∆) worst case update time algorithm which is used as a

subroutine for our other algorithms. We remark that this algorithm is not ‘local’ in

the sense that endpoints of the updated edge need not qualify as vertices which can

be moved to increase the number of cut edges. There are several instances where such

locality can be useful to obtain fast dynamic algorithms for NP-hard problems such

as vertex cover, independent set and coloring.

Central to our sublinear time algorithms of Result 3 and 4 is a cut-combining

technique. This allows us to work on induced subgraphs of G and combine their

‘locally maintained’ cuts to yield a 1
2
-approximate cut on G. However, the update

time depends the complexity of maintaining 1
2
-approximate cuts on individual sub-

graphs and the combining step. We work around this non-trivial dependence. For

our algorithm of Theorem 4, we partition vertices based on their degree and only

selectively update data structures while having stale information in others. We show

that selective updating is sufficient for our purpose and refine the vertex partition

after sufficiently many updates. This leads to a simple O(m1/2) amortized update

time algorithm.
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To obtain the algorithm of Theorem 5, we construct a random multi-way k-

partition of V and use cut-combining to obtain a sublinear in n worst case update

time, settling the question of whether there exist sublinear (in n) worst case update

time algorithms for Dynamic MAX-CUT.

Finally, we obtain new results on graph sparsification relevant to MAX-CUT in

the fully dynamic setting. The objective is to maintain a sparse subgraph H, of a

graph G undergoing edge updates, which has sublinear (in n) maximum degree and

preserves all large cuts within (1±o(1))-multiplicative error. With basic probabilistic

tools, we first construct sparsifiers with sublinear (in n) maximum degree in the

static setting. Then we show that sampling a constant number of edges after every

update is sufficient to construct fully dynamic sparsifiers without compromising the

quality of sparsification or the worst case update time. Maintaining cuts on those

sparsifiers instead of the graph G yields better worst-case update time as compared

to the algorithm of Theorem 5 for certain values of m.

We note that prior work on reducing the maximum degree of the input graph

in the static setting such as in [35], does not seem applicable to get fast worst-case

update time algorithms. This is due to two reasons: i) the sparsifier is not a subgraph

of G and, ii) the cost of converting the cut maintained on H to one in G after any

update takes Õ(m) time.

1.5 Organization

In the next chapter, we present an O(∆) update time algorithm. In chapter 3, we

give a sublinear time algorithm which takes O(m1/2) amortized update time. In

chapter 4, we give a randomized algorithm which takes Õ(n2/3) worst-case update

time. Finally, we give a fully dynamic algorithm to maintain a 1
2
− o(1)-approximate

cut via sparsification.
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Chapter 2

A deterministic worst-case update

time algorithm

2.1 Preliminaries

Starting with an empty graph G = (V,E) where V = {v1, ...., vn} is fixed, an update

to G is either an insertion or a deletion of an edge {vi, vj} from E. For a cut C = (S, S̄)

let αC(G) = |E(S,S̄)|
|E| denote the ratio of the sizes of C ′s cut-set and E. The sizes of

sets S, S̄ and the cut-set E(S, S̄) corresponding to the cut C = (S, S̄) are maintained

by all algorithms to facilitate queries in constant time. Let Gk = (V,Ek) be the

resulting graph after k updates have been made to G := G0 and m = |Ek| denote the

number of edges in G. The degree of any vertex v in Gk is denoted by degk(v).

The cut on G0, the empty graph is initialized to (V, ∅). Given a 1
2
-approximate

cut C = (S, S̄), i.e. αC(Gk−1) ≥ 1
2

for some k ≥ 1, there are a few cases to consider

when an edge update {vi, vj} is made to Gk−1. Deletion of a non-cut edge or insertion

of a cut edge never decreases the size of C ′s cut-set. However, C needs to be updated

if a cut edge is deleted, or a non-cut edge is inserted since C may cease to be 1
2
-

approximate.

2.1.1 A crucial observation

We say that a vertex u is switched (with respect to a cut C = (S, S̄)) if u is in S

(resp. S̄) and moved to S̄ (resp. S). We leverage the existence of vertices which can

be switched to increase the size of the cut-set |E(S, S̄)| of C for any cut C which

is not 1
2
-approximate. Thus, if C ceases to be 1

2
-approximate following any update
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there exists a vertex which can be switched to restore the 1
2
-approximation.

Definition 8 (Switching vertex). For a cut C = (S, S̄), let NS(u) = {v ∈ S|(u, v) ∈
E} be the neighbors of u in S and NS̄(u) = {v ∈ S̄|(u, v) ∈ E} be the neighbors of

u in S̄. Then u is a switching vertex if one of the following two conditions holds: i)

u ∈ S and |NS(u)| − |NS̄(u)| ≥ 1 and ii) u ∈ S̄ and |NS̄(u)| − |NS(u)| ≥ 1.

Theorem 9. Let C be a 1
2

approximate cut w.r.t. Gk−1 i.e., αC(Gk−1) ≥ 1
2

and

{vi, vj} be an update. If αC(Gk) <
1
2
, then there exists a switching vertex u w.r.t. C

such that if u is switched, then αC(Gk) ≥ 1
2
.

Proof. Suppose there does not exist a switching vertex. Then,

αC(Gk) =
1

2|E|
∑
u∈V

max{NS(v), NS̄(v)} ≥ 1

2|E|
∑
v∈V

1

2
degk(v) =

1

4|E|
2|E| = 1

2
.

clearly contradicting our assumption that αC(Gk) <
1
2
. If a switching vertex u is

switched, then the size of C ′s cut set increases by at least 1 so that αC(Gk) ≥ 1
2
.

Given the count of a vertex’s neighbors in S and S̄, it can be decided whether it

is switching or not. Maintaining these neighbor counts is necessary to determine a

vertex to switch. However, testing all vertices whether they are switching is costly.

In the next section we show how to efficiently maintain a set of switching vertices.

The following theorem rules out the possibility of using end points of the updated

edge as switching vertices.

2.1.2 Endpoints of an updated edge may not be switching

Theorem 10. Given an edge update {vi, vj} to Gk−1 for k ≥ 1, and a 1
2
-approximate

cut Ck−1 maintained on Gk−1, a switching vertex with respect to Ck−1 need not always

be one of vi, vj.

Proof. We refer to Figures 2.1, and 2.2 for the sake of illustration. Let V = {v1, ..., v9}
be the set of vertices such that S = V, S̄ = ∅. Consider the following sequence

of edge insertions {v1, v6}, {v1, v7}, {v2, v7}, {v3, v7}, {v3, v8}, {v3, v9}, {v4, v9}, {v5, v8}
which leads to v6, v7, v8, v9 moving to S̄ in that order, as a result. Next, consider the

following non-cut edge insertions in no particular order: {v1, v3}, {v2, v3}, {v3, v4}, {v6, v7}, {v7, v8}, {v8, v9}, {v7, v9}.
The latter set of edge insertions does not make any vertex switching, After the edge

{v3, v5} is added v3 switches to S̄. Now consider the insertion of non-cut edges
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v1

v2

v3

v4

v5

v6

v7

v8

v9

Figure 2.1: The resulting cut immedi-
ately after {v3, v5} is added resulting
in a switch.

v1

v2

v3

v4

v5

v6

v7

v8

v9

Figure 2.2: A sequence of non cut-edge
insertions not making any endpoints
switching.

{v1, v2}, {v1, v4}, {v1, v5} so that none of their endpoints namely v1, v2, v4, v5 become

switching. But, (S, S̄) is no longer 1
2
-approximate.

2.2 An O(∆) worst-case update time algorithm

In this section, we give a simple fully dynamic algorithm with worst case update time

O(∆) for Dynamic MAX-CUT.

2.2.1 Data Structures

For each vertex u ∈ V and a cut C = (S, S̄), we maintain the following: i) NS(u): a

list of neighbors of u in S, and its size |NS(u)|, ii) NS̄(u): a list of neighbors of u in

S̄ and its size |NS̄(u)| and, iii) flag(u): a bit which is 1 if u ∈ S and -1 if u ∈ S̄.

Definition 11 (Gain of a vertex). The gain of a vertex u with respect to a cut

C = (S, S̄) and denoted by G(u) is given by G(u) = flag(u)(|NS(u)| − |NS̄(u)|).

The gain of a vertex u measures the change in the number of cut edges of C, if u

is switched. Note that a vertex is switching if the gain is positive, and non-switching
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otherwise.

The following (global) data structures are also maintained:

a. A doubly linked list L, which stores nodes corresponding to switching vertices.

b. An array P where P [i] stores the gain of vi and a pointer. The pointer points to

the node in L corresponding to vi if G(vi) > 0 and is NULL otherwise.

The head of L, denoted by L.head is NULL if no switching vertex exists. Each

node of L corresponding to a switching vertex vi stores i as its value.

2.2.2 Algorithm

The algorithm begins with G0, the empty graph and C = (S, S̄) = (V, ∅) on G0. It

maintains a 1
2

cut on Gk−1 for any k ≥ 1 as follows: when an edge update {vi, vj}
to Gk−1 arrives, NS(vi), NS̄(vi), NS(vj), NS̄(vj) are updated (including their sizes)

along with P [i] and P [j]. If either of vi, vj become switching or non-switching, L
is appropriately modified. C is checked if it is 1

2
-approximate. If C ceases to be

1
2
-approximate then a switching vertex vs is found by accessing the node pointed to

by L.head which stores the value s. This node is removed from L, vs is switched and

P [s] is updated. Data structures of vt and P [t] of all neighbors vt of vs are modified to

reflect v′ss switch. Thereafter, depending on whether or not G(vt) > 0 in the updated

cut, the node corresponding to vt in L is inserted or removed.

2.2.3 Running Time

Updates to data structures of vi, vj and P [i],P [j] take constant time. Inserting or

removing a node from L also takes constant time. Switching vs in the case when C is

no longer 1
2
-approximate takes time proportional to updating all its neighbors’ data

structures, their corresponding entries in P and their corresponding nodes in L. This

takes O(∆) time. Theorem 3 follows.

The pseudo code of the algorithm is given as follows.



14

Algorithm 1 Delta-Dynamic Max-Cut(Gk−1, {vi, vj}, C = (S, S̄))

1: Update NS(vi), NS(vj), NS̄(vj), NS̄(vj), αC(Gk),P [i],P [j].
2: for vt ∈ {vi, vj} do
3: Add(remove) the node corresponding to vt in L if vt becomes switching(non-

switching).

4: if αC(Gk) <
1
2

then
5: vs ← L.head. Remove vs from L.
6: Switch vs and update C, flag(vs), NS(vs), NS̄(vs),P [s].
7: for vt ∈ NS(vs) ∪NS̄(vs) do
8: Update NS(vt) and NS̄(vt) as appropriate.
9: Add(remove) the node corresponding to vt in L if vt becomes

switching(non-switching) and update P [t].

10: return vs.



15

Chapter 3

Achieving sublinear (in m) update

time

In the worst case, an adversarially constructed sequence of updates can potentially

make many vertices switching and others non-switching. Thus, breaking the O(∆)

barrier is difficult (in the worst-case) since switching a high degree vertex can lead to

many updates. To obtain sublinear update time, new techniques are warranted.

The high level idea underlying our algorithm of Theorem 4 involves working with

stale information and a carefully constructed partition of V . The graph G is parti-

tioned into two vertex-disjoint subgraphs G1 and G2, on low and high degree vertices

respectively. The algorithm of Theorem 3 is applied separately on G1 and G2 when-

ever the updated edge is incident to nodes in the same subgraph. However, when a

high degree vertex switches w.r.t. the cut maintained on C2, updating all its neigh-

bors’ data structures is costly. Thus, data structures of only its high degree neighbors

are updated leading to stale information stored in the data structures of low degree

neighbors. Together with lazy updating of low degree vertex data structures and,

re-initializing G1 and G2 after sufficiently many updates leads to sublinear amortized

updated time.

Given 1
2
-approximate cuts on vertex disjoint induced subgraphs of any graph G,

we first show that they can be combined to yield a 1
2
-approximate with respect to G.

Theorem 12 (Cut combining). Let G = (V,E) be any graph and C1 = (S, S̄) and

C2 = (T, T̄ ) be 1
2
-approximate cuts with respect to the vertex disjoint induced subgraphs

G1 = (V1, E1), G2 = (V2, E2) of G such that S ∪ S̄ = V1, T ∪ T̄ = V2 and V1 ∪V2 = V .

Then one of the following is a 1
2
-approximate cut C of G:
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i) (S ∪ T, S̄ ∪ T̄ )

ii) (S ∪ T̄ , S̄ ∪ T ).

Proof Idea: Consider the sets, S, S̄, T and T̄ to be super-nodes (i.e. those con-

taining multiple vertices). The set E can be partitioned into edges of three types: i)

edges in the cut-sets of C1 and C2, ii) edges incident to the same supernode and iii)

edges of the form (u, v) where u ∈ {S, S̄} and v ∈ {T, T̄}. Edges of the first type

remain cut-edges of C, which are at least half the number of edges of the first and

second type. Considering one of the two possible combinations of the supernodes

ensures that the cut-set of C contains at least half the edges of the third type.

Proof. Let |E(U, V )| denote the number of edges between any 2 subsets U, V of G.

We show that a 1
2
-approximate cut C of G can be found by considering the following

quantities: |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )|. Essentially, if

1. |E(S, T̄ )| + |E(S̄, T )| ≥ |E(S, T )| + |E(S̄, T̄ )|, then C = (S ∪ T, S̄ ∪ T̄ ) is a
1
2
-approximate cut with respect to G.

2. |E(S, T )| + |E(S̄, T̄ )| ≥ |E(S, T̄ )| + |E(S̄, T )|, then C = (S ∪ T̄ , S̄ ∪ T ) is a
1
2
-approximate cut with respect to G.

We prove the first case since the other is symmetric. Note that since C1, C2 are
1
2
-approximate cuts with respect to G1, G2, it holds that

|E| ≤ 2|E(S, S̄)|+ 2|E(T, T̄ )|+ |E(S, T )|+ |E(S, T̄ )|+ |E(S̄, T )|+ |E(S̄, T̄ )|

≤ 2|E(S, S̄)|+ 2|E(T, T̄ )|+ 2(|E(S, T̄ )|+ |E(S̄, T )|)

= 2|E(S ∪ T, S̄ ∪ T̄ )| = 2|E(C)|

Dividing the inequalities by 2 yields the result.

We now describe the data structures required by our algorithm.

3.1 Data Structures

For any U, V ⊆ V , let E(U, V ) be the set of all edges having one endpoint in U and

the other in V . Let G1 and G2 denote the induced subgraphs on Vlow and Vhigh, the

set of low and high degree vertices respectively. Denote by C1 = (S, S̄) and C2 =
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(T, T̄ ), the 1
2
-approximate cuts on G1 and G2 respectively. To use cut combining, the

following edge counts need to be maintained: |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )|.
If |E(S, T̄ )| + |E(S̄, T )| ≥ |E(S, T )| + |E(S̄, T̄ )|, then C = (S ∪ T, S̄ ∪ T̄ ), else we

take C = (S ∪ T̄ , S̄ ∪ T ). Each vertex v ∈ Vlow stores a separate list of neighbors

in T and T̄ denoted by NT (v), NT̄ (v) and similarly every vertex v ∈ Vhigh stores a

list of its neighbors in S and S̄ denoted by NS(v), NS̄(v). This is in addition to the

data structures required to maintain 1
2
-approximate cuts on Glow and Ghigh using the

algorithm of Theorem 3. Note that for any U, V ⊆ V s.t. U ∈ {S, S̄} and V ∈ {T, T̄},
we have that |E(U, V )| =

∑
u∈U |NV (u)|.

3.2 Algorithm

The algorithm consists of phases. The kth phase for k ≥ 1 begins with the graph G

containing mk edges and 1
2
-approximate cuts C1 and C2 on the induced subgraphs G1

and G2 respectively. G1 and G2 are induced subgraphs on Vlow = {v ∈ V |deg(v) ≤
m

1/2
k } and Vhigh = V \Vlow respectively. We assume that the first phase starts with

a single edge, i.e. m1 = 1. Each phase consists of m
1/2
k updates after which a new

phase corresponding to the new value of mk begins. Thereafter, all data structures

are reinitialized and 1
2
-approximate cuts are computed for G1 and G2 (under the new

value of mk). The total time taken to reinitialize a phase is O(mk), leading to O(m
1/2
k )

amortized update time.

Note that the number of high degree vertices for any phase beginning with mk

edges is bounded by |Vhigh| = O(mk)/Ω(m
1/2
k ) = O(m

1/2
k ). The O(∆)-update time

algorithm of Theorem 3 is used as a subroutine. Let {vi, vj} be an edge update during

the kth phase for k ≥ 1. Then,

1. if vi ∈ Vlow, vj ∈ Vhigh: One of NT (vi), NT̄ (vi) and one of NS(vj), NS̄(vj) is

updated. Additionally, one of the edge counts |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|,
|E(S̄, T̄ )| depending on the position of vi and vj in C1 and C2 respectively, is

updated.

2. if vi, vj ∈ Vlow: the algorithm of Theorem 3 is used to restore C1. Let u be a

vertex which is switched w.r.t C1. All data structures of high degree neighbors

of u ∈ NT (u)∪NT̄ (u) are updated. Moreover, u recomputes the lists of its high

degree neighbors NT (u), NT̄ (u). The edge counts |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|,
|E(S̄, T̄ )| are updated.



18

3. if vi, vj ∈ Vhigh: the algorithm of Theorem 3 is used to restore C2. The edge

counts |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )| are updated.

3.2.1 Running Time

If an update {vi, vj} is such that vi ∈ Vlow, vj ∈ Vhigh, the update time is O(1). If

vi, vj ∈ Vlow the call to the O(∆) update time algorithm takes time O(m
1/2
k ) since

any vertex in Vlow has degree at most 2m
1/2
k = O(m

1/2
k ) throughout the phase, by

definition. This holds for the switched vertex u, for which updating the list of its

high degree neighbors and their data structures takes O(m
1/2
k ) time. Updating edge

counts takes constant time since they are incremented or decremented by constants

which can be determined from the size of neighbor lists of the switched vertex.

If vi, vj ∈ Vhigh: the call to the O(∆) update time algorithm takes O(m
1/2
k ) time

since |Vhigh| = O(m
1/2
k ). As in the second case, updating edge counts takes constant

time.

Thus, the time taken to handle an edge update during a phase beginning with mk

edges is O(m
1/2
k ). A proof of correctness and the full pseudo code can be found in the

next section. Since the amortized cost of re-initialization is O(m
1/2
k ), this gives an

O(m1/2) amortized update time algorithm where m denotes the maximum number of

edges in G during an arbitrary sequence sequence of updates. Theorem 4 follows.

3.3 Pseudo code and Proofs

The algorithm to handle any edge update within a phase is given as follows, whose

inputs include the edge update {vi, vj}, and the 1
2
-approximate cuts C1 = (S, S̄) and

C2 = (T, T̄ ) maintained on G1 = (Vlow, E(Vlow, Vlow)) and G2 = (Vhigh, E(Vhigh, Vhigh))

respectively.
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Algorithm 2 Sublinear Max-Cut ({vi, vj}, C1 = (S, S̄), C2 = (T, T̄ ))

1: if vi ∈ Vlow and vj ∈ Vhigh then

2: Update |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )|, NT (vi), NT̄ (vi), NS(vj), NS̄(vj).

3: else

4: if vi, vj ∈ Vlow then

5: u← Delta-Dynamic Max-Cut(G1, {vi, vj}, C1).

6: for w ∈ NT (u) ∪NT̄ (u) do

7: Update NS(w), NS̄(w) to reflect the new position of u in the cut (S, S̄).

8: Update NT (u), NT̄ (u), |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )|.

9: if vi, vj ∈ Vhigh then

10: u← Delta-Dynamic Max-Cut(G2, {vi, vj}, C2).

11: Update |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )|.

Lemma 13. Let m denote the number of edges in G at the beginning of the kth phase.

Any call to Algorithm 2 during the kth phase runs in O(m1/2) time.

Proof. Let m denote the total number of edges at the beginning of the kth phase. Let

{vi, vj} denote an update during the kth phase. Low degree vertices have at most

O(m1/2) neighbors throughout the phase since the phase consists of m1/2 updates.

In the case when vi ∈ Vlow and vj ∈ Vhigh, the update time is O(1). If vi, vj ∈ Vlow,

then lines 5-8 take total time O(m1/2); the call to Algorithm 1 with G1 as argument

takes O(m1/2) since G1 only consists of low degree vertices. Lines 6-7 only consider

neighbors of some low degree vertex u which might have switched during the call

to Algorithm 1. The number of neighbors of a low degree vertex are bounded by

O(m1/2) by definition. Line 9 takes O(m1/2) time-this is because whenever u′s high

degree neighbors switch w.r.t. C2, u′s data structures NT (u) and NT̄ (u) are not

modified. This leads to stale information in NT (u) and NT̄ (u) which is necessary

to update the edge counts |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )| and |E(S̄, T̄ )|. The size of

Vhigh is bounded by O(m1/2) by definition. Hence if both vi, vj ∈ Vhigh then the call

to Algorithm 1 takes O(m1/2) time. Line 13 takes constant time. Thus, the total

time taken by Algorithm 2 is O(m1/2).

Lemma 14. Algorithm 2 correctly maintains the edge counts |E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|,
|E(S̄, T̄ )| where C1 = (S, S̄), C2 = (T, T̄ ).

Proof. Assume that the edge counts (|E(S, T )|, |E(S, T̄ )|, |E(S̄, T )|, |E(S̄, T̄ )|) are ac-

curate before Algorithm 2 is executed to handle the edge update {vi, vj}. For vi ∈ Vlow
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and vj ∈ Vhigh let X ∈ {S, S̄}, Y ∈ {T, T̄} be such that vi ∈ X, vj ∈ Y . If {vi, vj} is

an edge insertion, then vi is added to NX(vj), vj to NY (vi) and |E(X, Y )| is increased

by 1. On the other hand, if {vi, vj} is an edge deletion, vi is removed from NX(vj), vj

from NY (vi) and |E(X, Y )| is decremented by 1. Thus, the edge counts are correctly

updated in this case.

In the case when vi, vj ∈ Vlow, Algorithm 1 is called in order to handle the edge

update with respect to the induced subgraph G1. Let u ∈ Vlow be a switched vertex

and let X, X̄ ∈ {S, S̄} be such that u ∈ X moves to X̄ after the switch. Now, u may

no longer have an accurate count of its neighbors in T and T̄ since when high degree

neighbors of u possibly switch in previous updates, the data structures of u namely

NT (u), NT̄ (u) are not modified. Thus, lists NT (u), NT̄ (u) are updated and for all high

degree neighbors w of u, NX(w), NX̄(w) are also updated to reflect u’s switch. Since

u switched from X to X̄, the sizes of lists NX(w), NX̄(w) are modified appropriately.

For all neighbors w ∈ Vlow of u, their data structures due to u′s switch to X̄ are

already updated in the call to Algorithm 1. Since u′s neighbor lists are up-to-date,

the counts |E(X,T )|, |E(X, T̄ )|, |E(X̄, T )|, |E(X̄, T̄ )| are correctly modified.

For the case when vi, vj ∈ Vhigh, Algorithm 1 is called in order to handle the

edge update with respect to the induced subgraph G2. Let u ∈ Vhigh be a vertex

which switches and let Y, Ȳ ∈ {T, T̄} be such that u ∈ Y before the update and

switches to Ȳ . Vertices in Vhigh are updated to reflect the switch of u with respect

to the cut (T, T̄ ) during the call to Algorithm 1. Since u is a high degree vertex, the

neighbor lists NS(u), NS̄(u) are always up-to-date since if u’s low degree neighbors

switch during any update, NS(u), NS̄(u) are also updated. Thus, the edge counts

|E(X,T )|, |E(X, T̄ )|, |E(X̄, T )|, |E(X̄, T̄ )| are correctly updated.
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Chapter 4

Achieveing sublinear (in n)

worst-case update time

In this chapter we give a randomized algorithm for Dynamic MAX-CUT with Õ(n2/3)

worst case update time. We obtain the result as follows. First, we design an algorithm

with O(n2/3) expected worst-case update time by maintaining 1
2
-approximate cuts on

subgraphs induced by a random k-partition of V . These cuts are then combined to

yield a 1
2
-approximate cut for G. We then apply the probability amplification result

of Bernstein el al. [8] to get a Õ(n2/3) worst-case update time w.h.p.

Given a graph G on n vertices, a random partition of V into k sets is first con-

structed using the oracle described in Section 1.2. Let (V1, V2, ..., Vk) denote the

k-partition of V such that
⋃k
i=1 Vi = V and |V1| = |V2| = ... = |Vk−1| = dn/ke,

|Vk| = n − (k − 1)dn/ke. On each subgraph Gi induced by Vi, a 1
2

approximate cut

Ci = (Si, S̄i) (where S̄i = Vi\Si) is dynamically maintained using the algorithm of

Theorem 3.

4.1 Data structures

In addition to data structures required by the O(∆)-update time algorithm, we main-

tain the following data structures. For each vertex v ∈ V , lists of its neighbors in each

Si, (denoted by NSi(v)) and S̄i (denoted by NS̄i(v)) for all 1 ≤ i ≤ k are maintained.

For all 1 ≤ i, j ≤ k, we maintain the edge counts |E(Si, Sj)|, |E(Si, S̄j)| |E(S̄i, Sj)|,
|E(S̄i, S̄j)| for a total of

(
2k
2

)
= O(k2) counts, where E(U, V ) for U, V ⊆ V is defined

as in the previous chapter. These counts can be maintained using the size of neighbor
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lists maintained for each vertex.

4.2 Algorithm

4.2.1 Cut combining

We first describe how to combine 1
2
-approximate cuts Ci on Gi for 1 ≤ i ≤ k to

get a 1
2
-approximate cut C, on G. Initially, C = (S1, S̄1). Whenever considering

cut Ci = (Si, S̄i) for 2 ≤ i ≤ k to combine with C, the edge counts |E(Si, Sj)|,
|E(Si, S̄j)|, |E(S̄i, Sj)|, |E(S̄i, S̄j)|, for 1 ≤ j ≤ i − 1 are used to compute the edge

counts |E(S, Si)|, |E(S, S̄i)|, |E(S̄, Si)|, |E(S̄, S̄i)|. Depending on the combination

which maximizes |E(S, S̄)|, either Si (resp. S̄i) is added to S (resp. S̄) or Si (resp.

S̄i) is added to S̄ (resp. S). Computing the edge counts takes O(k) time, yielding

O(k2) time to compute C.

4.2.2 Update algorithm

Let {vi, vj} be an edge update. Then,

1. if vi ∈ Vp and vj ∈ Vq s.t. p 6= q: Only the lists NSq(vi), NS̄q(vi), NSp(vj), NS̄p(vj)

and edge counts |E(Sp, Sq)|, |E(Sp, S̄q)|, |E(S̄p, Sq)|, |E(S̄p, S̄q)| are updated which

takes O(1) time.

2. if vi, vj ∈ Vp for some p: the cut Cp is updated using the O(∆) update time

algorithm. Let u be the switched vertex w.r.t Cp. The lists NSp(w), NS̄p(w)

of all neighbors w of u are updated to reflect u′s switch. For all 1 ≤ q ≤ k

such that NSq(u)∪NS̄q(u) 6= ∅, edge counts of the form |E(Sp, Sq)|, |E(Sp, S̄q)|,
|E(S̄p, Sq)|, |E(S̄p, S̄q)| are also updated. This can be done by using the values

of |NSq(u)| and |NS̄q(u)|.

Following this, the cuts C1, ..., Ck are combined to yield C.

Running Time

For the case when vi ∈ Vp and vj ∈ Vq s.t. p 6= q updating the edge counts takes

constant time and combining cuts takes O(k2) time. Note that a single update can

cause the cuts to combine differently in order to compute a 1
2
-approximate cut on G,

and this is why the combining cost is incurred in both cases.
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For the case when vi, vj ∈ Vp for some p, the algorithm of Theorem 3 takes O(n/k)

time. Let u be the switched vertex w.r.t. Cp. Updating the neighbor lists of all

neighbors of u takes O(∆) time. The total update time in this case is O(∆+ n
k

+k2) =

O(∆ + k2).

We now give the pseudo-code of the algorithm and analyze its running time.

4.3 Pseudo-code and analysis of running time

Algorithm 3 Randomized Sublinear MAX-CUT ({vi, vj}, G1, ..., Gk, C1, ...., Ck)

1: if vi ∈ Vp, vj ∈ Vq s.t. p 6= q then

2: Update NSq(vi), NS̄q(vi), NSp(vj), NS̄p(vj).

3: Update |E(Sp, Sq)|, |E(S̄p, Sq)|, |E(Sp, S̄q)|, |E(S̄p, S̄q)| as required.

4: else

5: u← Delta-Dynamic Max-Cut(Gp, {vi, vj}, Cp).
6: for all neighbors v of u where v ∈ Vr for any 1 ≤ r ≤ k do

7: Update NSr(u), NS̄r(u), NSp(v), NS̄p(v).

8: Update |E(Sp, Sr)|, |E(S̄p, Sr)|, |E(Sp, S̄r)|, |E(S̄p, S̄r)| as required.

9: S = S1, S̄ = S̄1.

10: for t = 2, ...., k do

11: if |E(S ∪ St, S̄ ∪ S̄t)| ≥ |E(S ∪ S̄t, S̄ ∪ St)| then

12: S = S ∪ St, S̄ = S̄ ∪ S̄t.
13: else

14: S = S ∪ S̄t, S̄ = S̄ ∪ St.

We note that the combining step does not need to be explicitly implemented as in

lines 10-14 of Algorithm 3 in which sets S and S̄ are incrementally constructed using

St and S̄t. The only information required to determine how to combine the cut (St, S̄t)

with (S, S̄) in each iteration of the for loop is the position of all Si, S̄i for all i ≤ t− 1

in (S, S̄). Thus, computing the edge counts |E(S ∪ St, S̄ ∪ S̄t)|, |E(S ∪ S̄t, S̄ ∪ St)|
can be done in O(k) time. Consequently, the combining cost after a single update is

O(k2).

Lemma 15. The expected running time of Algorithm 3 is O(∆
k

+k2). For k = Θ(n1/3),

this yields O(n2/3) time in expectation.
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Proof. Let {vi, vj} be an edge update. The probability that this update is of the

second type, i.e. vi, vj ∈ Vp for some 1 ≤ p ≤ k is at most 1/k. The expected update

time, denoted by E[T (n, k)] can be written as,

E[T (n, k)] = Pr[vi, vj ∈ Vp]O(∆ + k2) + Pr[vi ∈ Vp, vj ∈ Vq, p 6= q]O(k2)

= Pr[vi, vj ∈ Vp]O(∆ + k2) + (1− Pr[vi, vj ∈ Vp])O(k2)

=
1

k
O(∆) +O(k2)

= O(
∆

k
+ k2)

= O(
n

k
+ k2).

The value of k which minimizes E[T (n, k)] is Θ(n1/3) yielding O(n2/3) expected worst

case update time.

Bernstein et al. [8] give a general technique to convert a fully dynamic data

structure with expected worst-case update time to a worst-case update time with

high probability. Given an algorithm A to maintain a fully dynamic data structure

D with expected worst-case update time α such that the number of elements stored

in the data structure are bounded by a polynomial of n, they show how to obtain

an algorithm A′ which processes each update to the data structure in αlog2(n) worst

case update time w.h.p. See [8] for technical details.

By using their technique as a black-box, we can thus convert our randomized algo-

rithm taking O(n2/3) expected worst-case update time to one taking O(n2/3log2(n)) =

Õ(n2/3) update time with high probability. Theorem 5 follows.
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Chapter 5

Fully Dynamic Degree Sparsifiers

Many static algorithms for MAX-CUT depend on the maximum degree of the input

graph G. Indeed, Trevisan’s linear time reduction [35] to convert the input graph

G = (V,E) into G′ = (V ′, E ′) with Õ(1) maximum degree is used as a subroutine

in many static algorithms for MAX-CUT including those in [22, 2]. However, the

number of vertices in G′ can be 2|E| due to which it is not applicable in the dynamic

setting. This is because in the static setting, a large cut is first computed on G′

and then converted to one on G (see [35]). This does not affect the asymptotic time

complexity in the static setting as such but it is expensive in the dynamic setting to

convert the cut after every update.

We tackle this problem by constructing a sparsifier H = (V,E ′) which in contrast

to Trevisan’s reduction, is a subgraph of G with maximum degree sublinear in n while

preserving the weight of all large cuts (i.e. cuts C s.t. |E(C)| ≥ c|E| for any constant

c > 0) within (1 ± o(1))-multiplicative error. The upside of our method is that a

large cut in G stays a large cut in H w.h.p, so no conversion is required. We use the

O(∆)-update time algorithm of Theorem 3 to maintain a 1
2
-approximate cut on H,

and this cut is used to answer queries.

Let G = (V,E) be the an undirected and sufficiently dense graph such that m =

|E| = n1+ε for some 0 < ε ≤ 1. First we show that there exists a (weighted)

subgraph H of G such that the maximum degree of H denoted by ∆H is Õ(nc) for

some 1
2
< c < 1 which depends on ε. Second, we show that there is a simple process

to maintain these sparsifiers in the fully dynamic setting. The following theorems

summarize the sparsification result.

Theorem 16 (Degree Sparsifiers). Given a graph G = (V,E) on n vertices and
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m = n1+ε edges where 0 < ε < 1, there exists a sublinear (in n) maximum degree

sparsifier H of G, which can be computed in O(m) time. H satisfies the following

properties:

1. ∆H = Õ(nc) where c = 1− ε
2

+ 2c0 for any constant c0 > 0.

2. The weight of all cuts in G is preserved in H within δ|E| additive error with

probability at least 1 − 1
nd

for any constant d > 0 where δ ≥ (d+1)4

nc0
. For n

sufficiently large, this implies that all large cuts are preserved within (1± o(1))

multiplicative error w.h.p.

Theorem 6. Given a graph G = (V,E) on n vertices and m = n1+ε edges where 0 <

ε ≤ 1, there exists a fully dynamic algorithm to maintain a sublinear (in n) maximum

degree sparsifier H of G, which takes O(n1+ε) preprocessing time and constant update

time. At all times, ∆H = Õ(nc) where c = 1− ε
2

+ 2c0 for any constant c > 0 and all

large cuts in G are preserved in H within (1± o(1)) multiplicative error.

If c0 = 1
2000

ε in the result above, then c = 1−0.4999ε, so as c0 → 0, then c→ 1− ε
2
.

For some representative values of ε = 0.25, 0.5, 0.75, 0.9 and 0.95, the update times (up

to three decimal places) with the above choice of c0 are Õ(n0.875), Õ(n0.750), Õ(n0.626),

Õ(n0.550) and Õ(n0.525). For ε > 2/3 + 4c0, sparsification yields an algorithm with

update time better than the algorithm of Theorem 5. Theorem 7 follows.

Theorem 7. There exists a fully dynamic randomized algorithm which maintains

a (1
2
− o(1))-approximate cut and takes min{Õ(n2/3), Õ(n

3/2+2c0

m1/2 )} worst case update

time for any constant c0 > 0 with high probability.

5.1 Construction in the static setting

The main ideas of the construction are as follows. Given a graph G = (V,E) on

m = n1+ε edges, each edge is sampled independently in H with probability p = δ
n1−c

and given a weight 1/p where δ > 0 measures the quality of cut approximation in H.

Thus, the expected degree of any vertex in H is bounded by δnc and by a standard

Chernoff bound, it follows that ∆H = Õ(nc) w.h.p.

We prove that the weight of any cut in H is within ±δ|E| of its expectation. The

expected weight of any cut C in H is |E(C)| since the expected weight of any edge

in H is 1. The proof consists of two steps. First, we fix a cut C and show that the
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weight of C in H is well concentrated within δ|E| additive error of its expectation

using a Chernoff bound. Second, we take a union bound over all exponentially many

cuts to conclude that the result holds for all cuts w.h.p. Lastly, we show that δ = o(1)

(for sufficiently large n) whenever c = 1 − ε
2

+ 2c0 for any constant c0 > 0. We now

give a proof of Theorem 16.

Proof. The sparsification process is remarkably simple: every edge e ∈ E is indepen-

dently sampled with probability p = δ
n1−c and given a weight w = 1/p in H, where

c is a constant depending on ε. Let ∆H denote the maximum degree of H. Then it

follows that, E[∆H ] ≤ δ
n1−cn = δnc and it is easy to check ∆H = Õ(nc) with high

probability. We now show that the weight of every cut in H is concentrated within

±δ|E| of its expectation w.h.p by using the following additive version of the Chernoff

bound.

Fact 17. (Additive Chernoff Bound) Let X be a random variable which is a sum

of random variables Xi such that X =
∑n

i=1Xi where each Xi ∈ [ai, bi], then the

following holds for any t > 0:

Pr[X /∈ (E[X]− t, E[X] + t) ≤ 2exp(
−2t2∑n

i=1(ai − bi)2
)

We first fix a cut C and show that the weight of C in H is concentrated around

its expectation. Taking a union bound over all (exponentially many) cuts concludes

the result. Let Xe be the indicator random variable corresponding to edge e which

is 1
p

= n1−c

δ
with probability p = δ

n1−c and 0 otherwise. Let XH(C), XG(C) denote

the random variable denoting the weight of the cut C in H and the number of cut

edges in the cut set of C in G, respectively. Then, XH(C) =
∑

eE(C) Xe and by

linearity of expectation, E[XH(C)] =
∑

e∈E(C) E[Xe] = XG(C). The squared range

in the denominator of the expression on the RHS of the Chernoff bound is at most

|E|(1
p
)2 = |E|n2−2c

δ2
which upper bounds the probability. Using the fact that |E| = n1+ε,

we get:

Pr[XH(C) /∈ (E[XH(C)]− δ|E|, E[XH(C)] + δ|E|)] ≤ 2exp(
−2δ2|E|2

|E|n2−2c

δ2

)

=
2

exp(2δ4n2c+ε−1)
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Taking a union bound over all 2n−1 cuts, we get that,

Pr[∃C,XH(C) /∈ (E[XH(C)]− δ|E|, E[XH(C)] + δ|E|)] ≤ 2n

exp(2δ4n2c+ε−1)

≤ 1

22δ4n2c+ε−1−n

If this probability is desired to be at most 1
nd

for some constant d, then 22δ4n2c+ε−1−n ≥
nd, from which it follows that δ4 ≥ dlogn+n

2n2c+ε−1 . Since the latter expression is at most
(d+1)n
n2c+ε−1 , we have that δ ≥ (d+1)1/4

n
2c+ε−2

4
. For δ to approach zero as n grows large, we require

that 2c+ε−2
4

= c0 for a constant c0 > 0 so that c = 1− ε
2

+ 2c0.

5.2 Maintaining sparsifiers dynamically

We now describe the ideas behind the process of making the sparsification process

fully dynamic. The results hold when updates comes from an oblivious adversary.

The update sequence is divided into phases. A phase starts with the input graph

having mi = n1+ε edges for some 0 < ε < 1. A phase ends (and a new phase is

started) when the number of edges in G becomes either 1
2
mi or 2mi. For this section

we assume that the number of updates in each phase are polynomial i.e., bounded

by nk for sufficiently large k. Later we show how exponential number of updates

can be handled. First, we consider how to handle updates within a single phase.

The following algorithm is executed when (u, v) is an edge update to G where G has

m = O(n1+ε) edges and c is a constant depending on ε.

Algorithm 4 Update-Sparsifier (H, (u, v))

if (u, v) is an edge deletion then
if (u, v) ∈ EH then

Delete (u, v) from EH .

else . (u, v) is an edge insertion
Add (u, v) to EH with probability δ

n1−c and weight n1−c

δ
.

To prove that Algorithm 4 preserves the weight of any cut within±o(1)|E| additive

error of its expectation during any phase which terminates after a polynomial number

of updates, we need the following lemma.

Lemma 18. Fix a set of updates U and let G and H denote the input graph and

sparsified subgraph of G respectively at the beginning of a phase, such that H satisfies
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the properties given in Theorem 16. If Algorithm 4 is used to modify H for updates in

U then the expected weight of any cut C with respect to H, is within ±o(1)|E| additive

error of the number of edges in the cut set of C with respect to G (after applying the

updates in U) w.h.p.

Proof. We remark that the following argument can be made only when the update

sequence U can be fixed in advance. Let G′ and H ′ denote the resulting graph

and sparsifier after the set of updates U are applied to G and H respectively and

EG, EG′ , EH , EH′ denote their edge sets. Fix a cut C and let XG(C), XH(C) as before

and define XH′(C), XG′(C) analogously. We first prove that E[XH′(C)] = XG′(C)

before arguing for concentration. The execution of Algorithm 4 on the entire update

sequence U can be modelled as the following random process where Xe is a random

variable corresponding to the updated edge in U . Xe is defined as follows:

1. if e is an edge insertion: Xe = n1−c

δ
with probability δ

n1−c and 0 otherwise.

2. if e is an edge deletion: Xe = −n1−c

δ
with probability δ

n1−c and 0 otherwise.

The definition of Xe when e is an edge deletion is valid due to the following reason:

the probability that e is deleted from H while executing Algorithm 4 on updates in

U is equal to the probability that it was originally sampled in H. Moreover if e ∈ EH
it is surely deleted. Applying linearity of expectation over the sequence of updates

in U yields that E[XH′(C)] = XG′(C). Intuitively, any edge e in the resulting graph

after t updates for any t ≤ |U | is contained in the sparsifier with probability δ
n1−c .

Since the sampling probabilities for edges in G and the update sequence U are the

same, by Theorem 16 we conclude that with high probability (for a suitable choice

of constants) for any fixed set of updates U such that |U | ≤ nk, H ′ preserves cuts

within ±o(1)|E| error. Indeed, the process of applying the updates to H to yield H ′

can be equivalently seen as statically constructing the sparsifier on G′.

Lemma 18 holds for a fixed set of updates U . The number of possible update

sequences to consider in U are only nk. Applying yet again, a union bound on all

these sequences of updates yields the theorem below.

Theorem 19. Let G and H denote the input graph and the sparsifier respectively

which satisfy the properties in Theorem 16. If the number of updates are polynomial

in n, there exists a fully dynamic algorithm to maintain H in constant update time

such that the weight of all cuts in H is preserved within ±o(1)|E| additive error.
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5.2.1 Maintaining sparsifiers between different phases

In this section, we show how sparsifiers can be maintained between different phases

as ε changes. We assume that a phase terminates after a polynomial number of

updates. Let mi = n1+ε be the number of edges in G at the beginning of a phase

where 0 < ε < 1, mc be the current number of edges in G and mf be the number of

edges in G at the end of the phase. We maintain an active and passive instance of

the sparsifier denoted by Ha and Hp respectively. A passive instance Hp becomes an

active instance in the next phase, and is constructed in parallel during the current

phase. All queries to the data structure are answered using the active instance, Ha

on which a 1
2
-approximate cut is dynamically maintained using Algorithm 1. Ha

is modified using Algorithm 4. The passive instance is constructed as follows: If

mc = mi, Hp is empty. If mc < mi, each edge in G is sampled with probability δ
n1−c′ ,

where c′ = 1− ε′

2
+2c0, ε′ = ε− 1

log n
and c0 > 0 is a fixed constant. On the other hand,

if mc > mi each edge in G is sampled with probability δ
n1−c′ , where c′ = 1− ε′

2
+ 2c0,

ε′ = ε + 1
log n

and c0 > 0 is a fixed constant. The sampling process is simple: after

every update, the edge involved in the update is sampled or deleted from Hp and at

most one additional edge which has not been previously sampled in Hp since its last

insertion in G is sampled in Hp. So when a phase terminates, all graph edges found

in G at that point have been sampled. This ensures that Hp is a sparsifier fulfilling

the properties in Theorem 16 and can be used as an active instance in the next phase.

A 1
2
-approximate cut on Hp is also concurrently maintained using Algorithm 1.

This is in addition to maintaining a 1
2
-approximate cut on the active instance Ha,

which is used to answer queries during the current phase. Since at most a constant

number of edges– one in Ha and at most two in Hp– are sampled or deleted, the total

update time is O(nc
′
).

5.2.2 Handling exponential number of updates

In this section we show that an exponential number of graph updates can be handled

while ensuring the high probability guarantee on cut concentration. So far, a phase

was defined as containing only a polynomial number of updates, thus yielding a

high probability guarantee by taking a union bound over all possible sequences of

updates. To handle exponentially many updates, a phase is now terminated if either

the number of edges grows or shrinks by a factor of two or the number of updates

since the beginning of the phase exceed nk for a fixed sufficiently large constant k. In



31

particular, let k = log(mi)/log(n) so that the number of updates are mi, the number

of edges in G at the beginning of a phase.

The high level ideas to handle exponential updates are as follows. We maintain

two passive instances of the sparsifier Hp1 , Hp2 and one active instance Ha as before.

The active instance is modified under edge updates to G using Algorithm 3. The

first passive instance Hp1 is maintained as described in the previous section, based

on the assumption that the current phase terminates as a result of the number of

edges changing by factor two. On the other hand, Hp2 is maintained (in parallel)

solely to ensure that the high probability argument on cut concentration holds after

mi updates such that mf ∈ (1
2
mi, 2mi). One of Hp1 , Hp2 is made the active instance

in the next phase.

Edges are sampled in Hp2 as follows: Following any edge update involving e, e

is either sampled in Hp2 or deleted if it was previously sampled. An additional edge

currently present in G is sampled in Hp2 . This edge is one which is in G at the

beginning of the phase and not involved in any update during the current phase.

This is because any edge updated in the current phase is already sampled or deleted

from Hp2 . Deciding the additional edges to sample can be done by considering all

edges in G at the beginning of the current phase and excluding those that have been

involved in any update in the current phase. Moreover, 1
2
-approximate cuts are also

maintained on Hp1 and Hp2 using Algorithm 1. The total update time is thus bounded

by O(nc
′
).

We are now ready to prove Theorem 6.

Theorem 6. Given a graph G = (V,E) on n vertices and m = n1+ε edges where 0 <

ε ≤ 1, there exists a fully dynamic algorithm to maintain a sublinear (in n) maximum

degree sparsifier H of G, which takes O(n1+ε) preprocessing time and constant update

time. At all times, ∆H = Õ(nc) where c = 1− ε
2

+ 2c0 for any constant c > 0 and all

large cuts in G are preserved in H within (1± o(1)) multiplicative error.

Proof. Given a graph G = (V,E) on n1+ε edges we first construct H which takes

O(n1+ε) time marking the beginning of the first phase. Passive instances are main-

tained in Õ(nc) worst case update time as explained in the previous section. By virtue

of the sampling probabilities with which edges are sampled in the active and passive

instances, the maximum degree of the active instance is Õ(nc) w.h.p. Theorem 19 and

Lemma 18 guarantee cut concentration in active and passive instances, concluding

the proof.
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Chapter 6

Conclusion

MAX-CUT is a fundamental problem in combinatorial optimization which quite

suprisingly has received scant attention by researchers working in fully dynamic al-

gorithms. The goal of this thesis was to initiate the study of the problem in the fully

dynamic setting and obtain sublinear update time algorithms. This is more challeng-

ing as compared to the static setting. It seems unclear how the primal dual framework

of Arora and Kale [2], which achieves a near optimal cut in almost linear time can

be modified to handle updates in sublinear update time. In particular, our lack of

understanding comes from the fact that their algorithm has certain disparate subrou-

tines for which a fully dynamic generalization is seemingly hard. On the other hand,

a general theoretical framework for primal dual semidefinite programming in the dy-

namic setting may lead to dynamic algorithms for a class of optimization problems

for which Arora and Kale give very fast static approximation algorithms [2]. This

would be akin to utilizing the primal dual framework used to solve linear programs

to design fully dynamic algorithms [10].

We hope the work in this thesis encourages researchers to improve upon the ap-

proximation and update time of our algorithms. One concrete open problem which

naturally arises from this thesis is determining whether or not there exists a fully

dynamic algorithm for MAX-CUT which obtains better than 1
2
-approximation in

sublinear update time. Another possibility would be to extend our work to maintain

a 1
2
-approximate cut when the graph is weighted. It would also be interesting to in-

vestigate the trade-offs between update-time and approximability for the MAX-CUT

problem in the dynamic setting. We believe that unconditional or even conditional

lower bounds based on popular complexity conjectures would be crucial in informing

the design of dynamic algorithms for MAX-CUT.
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