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Abstract

In this survey article the author presents some important
recent developments in the theory of ordinary and basic
hypergeometric functions (of one and more variables) and
associated orthogonal polynomials. Several additional
references, relevant to the work presented here, are also
provided.

1. Introduction

The object of this article is to present a brief survey of some recent works
connected with such interesting special cases of the (ordinary) hypergeometric
function rFS as the classical orthogonal polynomials including, for example, the
Hermite polynomials, the Jacobi polynomials (and, of course, the Gegenbauer or
ultraspherical polynomials, the Legendre or spherical polynomials, and the
Tchebycheff polynomials of the first and second kinds), and the Laguerre
polynomials, and the various generalizations and discrete analogues of these
polynomials. We shall also consider some recent developments in the theory of
orthogonal polynomials associated similarly with the basic (or q-) hypergeometric
function IfDS. Finally, we indicate a number of recent results involving ordinary
and basic hypergeometric functions of one and more variables.

2. Definitions, Notalions, and Prelimineries
Making use of the Pochhammer symbol (/\)1_l given by
1, if n=0,

21) (), =L

A(A+1) - (A+n-1), if nelN ={1,2,3,---},
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an ordinary hypergeometric function g (with r numerator and s denominator
parameters) is defined by
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where, for convergence, r<s and |z| <w, or
r=s+1 and ze¥={z:|z]<1}.

Indeed, if we set

S r

(2.3) W= 2 /H‘]_'E Clj,
J=1 j=1

the series in (2.2), with r=s+ 1, can be seen to be

(i) absolutely convergent for |z| =1 if Re(w) > 0;
(ii) conditiomally convergent for |z| =1 (z#1) if —1 <Re(w) <05
and

(iii) divergent for |z|=1 if Re(w) < 1.
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Furthermore, since

(2.4) (-N)n:
0, if n=N+1,N+2,N+3, -,

the series in (2.2) would terminate when one (or more) of the numerator parameters
@y, ,0,. 1S zero or a negative integer, and the question of convergence will not
arise. If, for example, one of (yy e, 1s a nonpositive integer —N, and there



are no zeros in the denominator of (2.2), the function Ag(2z) would reduce to what
may be called a hypergeometric polynomial of degree N in z. Some of the most
important hypergeometric polynomials include the classical orthogonal
polynomials, and their generalizations and discrete analogues, which we describe
below.

Let us begin by considering an orthogonal system of functions {p, (x) };0:0 such
that the inner product

b
(2.5) (omot) = [ oy (99 () () =4, 8

n “m,n
(m,n eNy=NU{0}),

where 5m , 1s the Kronecker delta, (a,b) isafinite, one—sided infinite, or

b

two—sided infinite interval on the real axis, and du(x) isa distribution along
that interval. Here

(2.6) A= logl® = (o00)  (nely),

and u(x) isanon—decreasing function; if u(x) is absolutely continuous, we may
set

pe(x) =w(x),

and refer to w(x) as the weight function of the orthogonal system {wn(x)}i’zo.
The family of the classical orthogonal polynomials forms a special type of the

orthogonal system {pn (x) }(1?:0 defined by (2.5). This family is led by the Jacobi

polynomials Péa’m (x) which indeed are the most general of the three classes of
orthogonal polynomials mentioned in Section 1. These polynomials can be defined
by a Rodrigues type formula:

2.1 Pl - (=)™ (1) " (1+x)

ot 1
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which may be employed to derive a number of explicit hypergeometric
representations for the Jacobi polynomials. For example, we have

n
k n-k
a,0) oy a+n) [fan x=11" [x+1
(2.8) HEOEE) { kHI ["2—} {"2_} )
L=( = k
or, equivalently,

—n, a+f+n+1;

1—x
J oF'4 wak

a+l1;

n

(2.9) plash) () - {

When min{Re(a), Re(f)} > -1, these polynomials are orthogonal with respect to the
Beta distribution on [-1,1]:

1
(2.10) f1 (10 (1007 L&) () pLOF) () ax

_ g0+t I'(a+n+1) T(f+n+1) 5
n! (a+f+2n+1) T(a+frns1) ™50

(m,n € Ny; min{Re(e), Re(H)} > -1).

Various other members of the family, which are special cases of the Jacobi

polynomials, include the Gegenbauer (or ultraspherical) polynomials CII;(\\ where

- an) L (2040
(2.11) Cﬁi(x):[ J { JP(Q’Q)(X)

il
n il

) z (a’+%)1{(a+%)11—1{ i (11—21{) 0
= kT (n-k)T ©
k=0

(x=cos f),



the relatively more familiar Legendre (or spherical) polynomials:

(2.12) P () =P () = ),

and the Tchebycheff polynomials (of the first and second kinds):

1 -1
Tn(x):[ J P 6 = $a ),
(2.13) ;

where, by definition,
O,y _ 1: ~1 aA
(2.14) HORRE {A Cn(x)}.

Two other important members of the family of the classical orthogonal
polynomials are the Hermite polynomials:

[n/2]

: _ n! n—2k
(2.15) I, (x) = E l_’—n—L’)K)_T

=0, =30+
- I 1
= (27 9f -3
.X
and the Laguerre polynomials:
n
a+n k
(2.16) ARG ) { }(_,)
I G
k=0 n-k



Indeed, since

(2.17) B () = ()" 2201 Tin {a‘“/z 149 (o x,J‘Z—a)}
a =

and

(2.18) 19 (x) = i {Plga’ﬂ) {1 —%ﬂ}

many of the properties of the Hermite and Laguerre polynomials can be deduced from
those involving the classical Jacobi polynomials.

Yet another interesting class of orthogonal polynomials is provided by the
generalized Bessel polynomials:

I T +n+k—2 k
(2.19) Yp (%0 = z H [a nl' J © [%}
k=0 % )

which were studied systematically by Krall and Frink [76] (and, more recently, by
Grosswald [58]). In view of the relationships:

-+ 0

. n! A=1,0-1-1 2Ax
(2.20) yn(x,a',ﬂ)=A11m {m PI(1 & )[“T}}

and

(2.21) y,(x,a,4) =n! [_ %]n LI(ll—a—Qll) Lﬁ(] ’



the Bessel polynomials are also recoverable from the classical Jacobi and Laguerre
polynomials.

The classical Jacobi, Laguerre, and Hermite polynomials, and many of their
aforementioned relatives, are often characterized by one or the other of a number
of properties which they have in common. Given a system of orthogonal polynomials

{p, (x )}n o> the three most important ones of these characteristics of the
classical Jacobi, Laguerre, and Hermite polynomials may be recalled as follows:

PrOPERTY 1 (Sonine [110], Hahn [59], and Krall [75]). The derivatives

p/(x)}”_, forma system of orthogonal polynomials.
n n=1

ProPERTY 2 (Bochner [29]). The polynomials pn(x) satisfy a differential
equation of the form:

2
(2.22) A(x) —% B Hed y-o,

where A(x) and B(x) are independent of n, and A, ts independent of x.

ProPERTY 3 (Tricomi [147]). The polynomials pn(x) are given by a generalized
Rodrigues formula [cf. Equation (2.7)]

(2.23) P00 =Ky D) (K603,

where K —isaconstant, X(x) isapolynomial in x whose coefficients are
independent of n, and w(x) is independent of n.

There are a number of important instances of orthogonal polynomials of a discreie
variable, that is, orthogonal polynomials for which the distribution function
p(x) in (2.5) is a jump function. A study of such orthogonal polynomials was
initiated by Tchebycheff ([144], [145], and [146]) who also introduced a general
system of orthogonal polynomials of a discrete variable. These polynomials
(popularly known as Hahn polynomials) may be defined by (¢f. Tchebycheff [146] and
Hahn [60] ; see also Karlin and McGregor [73])



-0, e+f+n+l, —x;
(2.24) 0,(50,8.N) = 4F, 1

a+l, —N;

and satisfy the (discrete) orthogonality relation:

a+x) [ f+N—x
(2.25) ) [ H }Qm(X;a,ﬂ,N)QH(X;a,ﬂ,N):0,

=0 L X N—x
m#ne{0,1,---,N}.

The following limiting cases of the Hahn polynomials are worthy of note.

Krawtchouk polynomials:
n, —X;
: - 1
(2.26) Kn(x,p,N) = ofy ’
—N;
- . . 1-pla
= lim {Qn[x, o, D NH,
¢ = ©
Meixmner polynomials:
n, —X;
. 1
(2.21) M (xih.0) = (B), oF -1
f;
= (B, Lin {4, [x g1, B=08 W)
-



Poisson—Charlier polynomials:

I
=
I
|

(2.28) c (x50)

lim {Qn(x; N—1, N2a L, N}.

- 00
All these orthogonal polynomials of a discrete variable are characterized by
(for example) a finite—difference analogue of Property 3 above (see, e.g., Hahn

[60], and Weber and Erdélyi [148]).
Since

(2.29) Péavﬂ>(1_2x) = {a+n} lim {QD(XN; a,ﬂ,N)},
N

n =+

some of the properties of the classical Jacobi polynomials can be deduced from
those involving the Hahn polynomials defined by (2.24). We also note the
relationships:

(2.30) c,(e; x) =n! [— %]n LI(la—n) (x)

between Poisson—Charlier and Laguerre polynomials, and

(2.31) M (x; B,c) =t PP A0 {%— 1]

between Meixner and Jacobi polynomials.
One further set of orthogonal polynomials of the type described above is the set
of Meixner-Pollaczek polynomials defined by (¢f. Meixner [79] and Pollaczek [85])

-n, A+ix;
ing 21y
}e 2F1 1-e
24;

(2.32) P (x5) =

1

{2A+n—1

n

(A>0; O0<p<m),
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which satisfy the orthogonality property (2.5) with

(2.33) a=b=o and w(x)=p (x) = e TX |P(sin) |2

The subject of orthogonal polynomials is treated, in a lucid and systematic
manner, by Szegd [143] who also considered some of the aforementioned discrete
orthogonal polynomials. Other useful references on this subject include Erdélyi
et al. [49, Chapter 10], Rainville [96], Luke [77, Chapter 11], Chihara [41], and
Nikiforov et al. ([82],[83], and [84]). In particular, Nikiforov and Uvarov (cf.,
€.g., [84, Section 13]) present a detailed construction of a theory of basic (or
¢—) extensions of the various discrete orthogonal polynomials including those
mentioned above. The basic (or q—) extensions of the classical orthogonal
polynomials and of the various generalizations and discrete analogues of these
polynomials, are expressible in terms of the basic (or q—) hypergeometric function
84 defined by (¢f. Bailey [23, Chapter 8], Slater [109, Chapter 3], Exton [50],
and Srivastava and Karlsson [130, p. 347])

a17 ’af;
(2.34) @ q, 2
bl:" Jbsv
. (a, e L8 () n
(o ety Grt Oy
0 (b17"'abs; Cl)n (q;q)n’
n=

where (and throughout the rest of this article) we find it to be convenient to write
(2.35) (s 0= O30, (s @),
and, for convergence of the infinite series in (2.34),

lq] <1 and |z| <w when r¢s

or

max{|q|, |z|} <1 when r=s+1,
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provided that no zeros appear in the denominator of (2.34). Here, for real or
complex q (|q] <1), weput

(2.36) (As q) = i (1-Aq?)
[0.0] J____O

and let (A; Q)M be defined by
(A5 )
(2.37) (/\;q)uz—u—‘;.O
(Ad™s5 q)
for arbitrary (real or complex) parameters A and g, sothat [cf. Equation (2.1)]

1, if n=0,
(2.39) (4 0), =
(1—/\)(1~,\q)---(1—Aqn_1), if nel.

Since, by 1'Hopital's rule,

A
; A
- o [@0] 0,
a-1|(d" g,

(n GIN()):

it is not difficult to recover the ordinary hypergeometric function rFs as
(appropriate) limiting cases of the basic (or q-) hypergeometric function o

Observe, in particular, that

q S q 5 00’.'.308’

(2.40) 1lim 1@ q, z|t = F z| (ze%),
q- 15" S,B1 ﬂs s+1's

R P

which follows readily by appealing to (2.39).
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3. Racah's 4_F3 Polynomials and Their Further Generalizations
The hypergeometric 4F3 polynomials

-1, e+f+n+l, —x, y+o+x+l;

(3.1) py(A(x)) = 4F5 1
a+l, f+6+1, y+1;

(A(x) = x(y+6+x+1))

are orthogonal on x=0,1,---,N when e+l, f+é+1 or y+1 is N (N¢ [NO).
Popularly known as Racah coefficients or 6—j symbols in quantum mechanics, these
polynomials are widely used in the coupling of angular momenta in atomic physics
(cf. Racah [86]; see also Biedenharn et al. [28]).

The Racah polynomials defined by (3.1) contain, as their limiting cases, the
classical orthogonal polynomials of Jacobi, Laguerre, and Hermite, and their
numerous discrete analogues which go under the names of Hahn, Krawtchouk, Meixner,
and Poisson—Charlier polynomials defined in the preceding section.

Ixplicit representations and orthogonality relations are given by Wilson [149]
for the hypergeometric 4F3 polynomials:

)

2
(3.2) b (%) =0, 0% ab,c,0)

= (a+b) (a+c) (a+d)

-, atb+c+d+n—1, a—x, a+x;
" 4l'3 1
a+b, a+c, atd;

which include, as their special or limiting cases, the Racah polynomials defined
by (3.1) and their aforementioned consequences, as well as the Meixner—Pollaczek
polynomials defined by (2.32). Indeed, when

min{a,b,c,d} >0,

the orthogonality relation for these hypergeometric polynomials is given by (cf.
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Wilson [149, p. 694, Equation (3.1)])

® }F(a+ix)F(b+ix)F(c+ix)P(d+ix) 2
T'(2x)

(3.3) o j;

. pm(—x2; a,b,c,d) pn(—x2; a,b,c,d) dx

n! (a+b+c+d+n—1)Il

I'(a+b+c+d+2n)

- I'(a+b+n)T (atc+n)T (a+d+n)T(b+c+n)T (b+d+n)T(c+d+n) 6m.n‘
In the general case when a, b, ¢, and d are suitably restricted complex numbers
(3.3) may be replaced by a complex orthogonality relation involving a
Mellin-Barnes contour integral (c¢f. Wilson [149, p. 691, Equation (2.1)]).

The proofs of the aforementioned orthogonality relations for the 4F3
polynomials defined by (3.2), though not overly unmotivated, are fairly involved
and depend rather heavily on Mellin-Barnes contour integrals and several
hypergeometric summation theorems including, for example, the following known
limiting case of Dougall's theorem (cf. Bailey [23, p. 27, Equation 4.4(1)])

b

a, 1+ia, b, c, d;

(3.4) (F, 1

1a, l+a-b, 1+a—c, 1+a—d;

I'(1+a~b)T'(1+a—c)T'(1+a—d)T'(1+a~b—c—d)
 T(1+a)T (1+a-b—c)T (1+a-b-d)T (1+a-c—d)

(Re(b+c+d—a) < 1),

which incidentally provides the sum of a nonterminatingt very well-poised

TA terminating version of the hypergeometric summation theorem (3.4) when d =-n

(n € No) was used by Gasper [52] in his shorter proof of a Jacobi polynomial inequality [18,
p. 713, Theorem 3] whose special case was required by de Branges [46] in proving, among
other results, the celebrated Bieberbach conjecture of 1916 for univalent functions. See
also Gasper [53] for q—extensions of some of these inequalities.
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hypergeometric sf', series (seealso Slater [109, p. 56, Equation (2.3.4.5)]).
For an interesting algebraic derivation of the orthogonality relation (3.3),
without using the hypergeometric summation theorem (3.4), one should refer to a
recent paper by Miller [80]. In fact, as already pointed out by Miller [80, p.
1226], the local symmetry (recurrence relation) techniques used in his paper would
yield a purely algebraic derivation of the discrete orthogonality for the Racah
polynomials defined by (3.1).

Askey and Wilson [21] introduced the —Racah polynomials defined by

-n n+l  —x x+1
qQ s, efq T, q 7, viqT
(3.5)  Ry(w(x)) =R (u(x);0,8,7,6:q) = 44 ds q

aq, féq, 7q;
_ X 5 x+1
(u(x) =q "+ 76" )

which are orthogonal on the set {0,1,---,N} when (for example) one of

aq, féq or 1yq is q_N (NE[NO),

and satisfy the following three-term recurrence relation (c¢f. [21, p. 1015
Equation (4.6)]):

b

(3.6)  —(1-q7) (196" R (u(x))
= A Ry (000) = (MG DR (s(0)) + € Ry (), ey,

where R_1 (n(x)) =0, Ro(l‘(x)) =1,

- ) (1—aﬂqn+1) (1—aqn+1) (1—ﬂ6qn+1) (1_7q11+1)
-0 e (1-08g""* ) (1-apq*"*?)

and
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58 . qa(1-4") (1-8q") (1-efq") (6-aq™)

T (e (e

In fact, when one of aq, f6q or vq is q_N (Ne [NO), the orthogonality relation
for the g—Racah polynomials defined by (3.5) is (cf. [21, p. 1014])

N

(3.9) ) W) R (n(); @, f,7,8: @) R (u(x); @,f,7,6: x)
x=0

=h § (m,nE{O,l,"',N}),

nom,n

where

(3.10) ( )__(1~75q2X+1)(aq;q)x(ﬂéq;q)x(vq;q)x(véq;Q)X (afq)™
. (1=78q) (véa/a;q), (va/B59), (84;0), (450),,

and

 (1-afa) (¢;9), (aa/650)  (efa/7150)  (Basq)
T (1-afa™ ) (a;0), (af0;0), (660;0)  (1430),

=

(3.11) 1 (76)"

- (18a”50) (7/ (B)30)_(8/a50) (1/850),
(v6a/039) (70/B30) (6a;0) (1] (af0);0),

Since one of aq, fbq or 7q is q—N, 1t 1s not difficult to observe that all of the
infinite products in (3.11) reduce actually to finite products. Thus the
orthogonality relation holds true both for |q| <1 and |q| >1, and indeed also
for |q| =1 as long as no zeros are introduced in denominators.

Many interesting special cases of the q-Racah polynomials are scattered in the

literature. For 7= q_N_1 and 6=0, the 4<I>3 polynomials in (3.5) reduce
immediately to the q—Hahn polynomials (cf. [60] and [22]):
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™, afg™t,

(312) QH(X; aaﬂaN: Q) = 3(1)2 q, q
aq, 4

On the other hand, the 4®g polynomials with ¢=0 and 7= q"N_1 (and with &

replaced by 7) yield the so—called dual q—Hahn polynomials (cf. [61] and [22]):

-n X x—N
qa ,9 5 7

(3.13) 2. (x5 B,7,N: q) = 5@, 4 q
N
q -, Brq;

The orthogonality relations for g—Hahn polynomials and dual g—Hahn polynomials
(not contained in Hahn's papers [60] and [61] referred to above) would follow
readily from the orthogonality relation (3.9) for the q-Racah polynomials.

Making use of a different variable, parameters, and normalization, Askey and
Wilson [22] studied the q—Racah (or 4(I>3) polynomials (3.5) in the alternative
form:

(8.14)  p (x) =p,(x; a,b,c,d|q)

=a "(ab,ac,ad; q)11

q abcdqn_l, aela, ae_la;
- 403 4, q| (x=cos f),

ab, ac, ad;

which obviously are symmetric in the parameters a, b, ¢, and d. [For real values
of ¢, these polynomials (of degree n in x=cos f) are analytic functions of a,
b, ¢, and d, and are real-valued when a, b, ¢, and d are real or, if complex,
occur in conjugate papers. |

The Askey-Wilson polynomials defined by (3.14) provide a q—extension of Wilson's
4F3 polynomials defined by (3.2); hence these polynomials are also known in the
literature as the ¢-Wilson polynomials. In essence, these polynomials are the
absolutely continuous version of the —Racah polynomials defined by (3.5).



For the ,®, polynomials in (3.14), Askey and Wilson [22] gave a number of
important properties including, for example, the orthogonality relation,
three—term recurrence relation, and difference equation. Since the recurrence
relation (3.6) for q—Racah polynomials continues to hold true without the

~N

restriction that a denominator parameter is q = (N¢ [NO) by merely translating it

into the notation for pn(x) , they obtain the three-term recurrence relation (cf.
[22, p. 5, Equation (1.24)])

(3.15) 2xp (x) = 4 Ppq(X) + B p,(x) + 8 p_1(x), ne Ny,

where p_, (x) =0, Py (x) =1,

( ) 1 — abed qn—1
3.16 A = ,
' (1-abed q2n_1)(1—abcd an)
(3.17) ﬁn = (1—qn) (1-ab qn_l) (1-ac qn—l) (1-ad qn—l)
(1-be ™1y (1-bd ¢* 1) (1ed &)
(1-abed ¢*™72) (1-abed 2™ ’
and
(3.18) B =a+ al - /4 (1-ab q") (1-ac q") (1-ad qn)a—1

n—-1 n—1 n—1 -1
~wn{(1—abq ) (1-ac " 1) (1-ad q )} .

Moreover, the orthogonality relation for p,(x) isgivenby (cf. [22, p. 11,
Theorem 2.2])

Luix
(3.19) S 2L 6 asbie,dla) by (55 abyc,dla) de
-1 2 n
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where

(03] . .

I {1 - 2(2x2—1)qJ + qzj}

(3.20) w(x) = 1=0
h(x,a;q)h(x,b;q)h(x,c;q)h(x,d;q)

with
® j 2 23
(3.21) h(x,k;q) = T (1-26xq? + £°¢"Y)
3=0
= (neiu, ne_lg; q)oo (x =cos @),
and

(3.22) | 27 (abed qn_1; q)11 (abed an; q)Oo
N i qnﬂ,abqn,acqn,adqn,bcqn,bdqn,cdqn; q
o

b

provided that
(3.23) max(|ql,|al,[b],|c],|d]) <1.

A more general orthogonality relation for the polynomials pn(x) was also proven
by Askey and Wilson [22, p. 13, Theorem 2.4] using contour integration. Kalnins
and Miller [72], on the other hand, made use of symmetry (recurrence relation)
techniques to give a rather elementary proof of the orthogonality relation (3.19).
(See also Askey [17], Rahman [89], and Ismail et al. [65], [66]).

The importance and usefulness of the q—Racah and —Wilson polynomials cannot be
overemphasized. Indeed they are the most extensive known generalization of the
classical orthogonal polynomials, and deserve to be widely investigated. With
these points in view, numerous publications have emerged since the very conception
of the Askey-Wilson monograph [22]. See, for instance, Andrews and Askey [12],
Chihara [40], Gasper and Rahman ([55], [56]), Ismail [64], Ismail and Wilson [67],
Nassrallah and Rahman [81], and Rahman ([88], [90], [91], and [92]).
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Making use of the recurrence relation (3.6), Jain and Srivastava [70] gave the
following Christoffel-Darboux formula for the ¢—Racah polynomials defined by
(3.5):

(3.2) Y g R ((x)) Ry (u(y))
k=0

h
n

=i Gy 0) ™ R (WGOR (63) =Ry IR () ]

&y et

where, for convenience,

x (eq5q)
(3.25) R (n(x)) = @, R (n(x)),
(3.26) £(x,y30) = (%Y (1=76¢Y* Y,

~ (160)"(eq, B, afa/7,00/630)

(327) g =~ 3
n (1—aﬂq2n+1) ((baﬂqp anﬂ(?q;Q)n
and
(3.28) h = L59)
= n -~ (q,afq,7q,60q;5q)

For y =0, the Christoffel-Darboux formula (3.24) reduces easily to the

following connection (or summation) formula for the q-Racah polynomials defined by
(3.5):

2k+1
o (1-apa™" ) (aq, 70,080, 85450),

)
Ry (u(x); a,f,7,6: q)
oo (1-060) (760) (¢80, 084/ 7,00/830), ¥

(3.29)



2 92 9 402
~(eq®, 797, 089", 569" 59) |

(4;8q,08q/7,09/85q)

(75q2)_ﬂ‘Rn(ﬂ(x—1); aq,f,74,8q: q),

which is due to Chihara [40, p. 193, Equation (2.11)].

Some interesting applications of the Christoffel-Darboux formula (3.24) are
worthy of mention. Indeed, by specializing the various parameters involved,
(3.24) can be applied to derive the corresponding results for several simpler

classes of gq—orthogonal polynomials such as the ones recorded above and each of the
following classes.

The little g~Jacobi polynomials (cf. [60, p. 29] and [11, p. 11, Equation (3.1)]):

- n+l,
(0f),.. . (e, |4 oA

(330) pn (x;q) :W 2‘1)1 4, ax|;
ad;

The big g—Jacobi polynomials [12, p. 47, Equation (3.28)]:

(3.3 (") (x39,8:q) =

(aq,~baq/7;q) {1%11
(4,=a5q),  leg

-1 n+1
q ™, o™, axq/y;

: 3®2 dq, q1;
aq, —6aq/v;

The continvous ¢—Jacobi polynomials (cf. [22, p. 23]; see also [87]):

3 39 P(“’ﬂ) ~ (qa+1; Q)n
(3.32) n (x]q) —W



L, qa+ﬂ+n+1’ q(2a+1)/4 eiH, q(2cy+1)/4 10

o 4, q
(1, qeB)/2 0 (erfr2) /2,
(x =cos 6);
o+l A+l
(0:8) () = L T4 Un
(3.33) Pr () = (€GO,

= qa+ﬂ+n+1, I 619, 1 e—lé’;

L q4, q| (x=cos )
', M g

i (71

— 9 2 .
w4 el

The g-Laguerre polynomials (cf. [68, p. 57] and [60, p. 29]; see also [50, p. 188,
Equation (5.5.1.9)]):

o (egzq)y o 1 n
X3q —wl 1 q, —Xq

aq;

(3.34) RGN

In particular, the little g-Jacobi polynomials in (3.30) may be recovered from

* ]
Rn(y(x)) upon setting 7yq = q N, replacing x by N-x, letting N-w and §-0,

and then writing x for ¢~. Thus (3.24) yields the Christoffel-Darboux formula:

n 2k+1 .
(3.35) (1-afq )(Claa’ﬂq,Q)k (a,h)

g p " (x59) pl@:h) (y;q)
k=0 (1‘“5QJ(&Q)k(aq,ﬂq;q)k K k




[S\]
o

(450) 1,1 (aBa%50)  (ey)

PEv)
(1-afg™")a" (aq,Ba5q)

: {péfiﬂ) =028 (v;0) —p (0P (x;q)p (4:F) (y;q)}

Furthermore, in view of the limit relationship [¢f. Equations (3.30) and (3.34)]:

(3.36) L ) = 1in {pl@f) |- X ol

f-w afq
it is not difficult to further specialize the Christoffel-Darboux formula (3.35)
to the case of the q-Laguerre polynomials LI(la) (x5q) .

Now replace x and y in (3.35) by xt and yt, respectively, multiply both sides
by

A=l
£ (6059) )y

and g—integrate with respect to t, using the familiar result (cf. e.g., [15, p.
135, Equation (5.7)]; see also [16, p. 257, Equation (1.9)]):

T@0®

T :
(3.37) X —fo 67 (ba30) gy d(t50),

where the (Jackson's) q—Gamma function I‘q(z) is defined by

(3.38) L, (2) = (), (1-9)172,

Zu
(a%59)
and the measure d(t;q) is given by (Jackson's) q—integrals (cf. [15] and [16]):

a [¢9]

(3.39) fo £(t) d(t;q) =a(1—q) ) f(aq") q",
n=0



(3.40) L) 50 =ali-g) T fag™) ¢,
a n=1

and

(3.41) f0°°f<t> A(t;0) = (10) ) £(a" o™

Upon writing A for q’\, and g for ¢”, Jain and Srivastava [70] thus find from
(3.35) that

2
v (1-afq k+1)(aq,aﬂq;Q)k
k=0 (1—aﬂq)(aq)k(q,ﬂq;q)k

(3.42)

1 q——k, aﬂqk+1; q_k, aﬂqk+1;
q; X,y

pe aq; aq;

125
) 1

N

1
1:

-1 2 -1
(1= ™) (aq3q) 1 (aBa”;q)  (x-y)

(D (18?2 N (q, fa )

n

—1: q—n, aﬂqn+1- -n—1 4 n+2

Aq 5 q , afq

1:252
‘@1.1;1 q; X,y +Xey,

nq oq; aq;

where x+y indicates the presence of a second term which originates from the

first by interchanging x and y, and @gﬁ’g denotes a general double

q-hypergeometric function (¢f. [130, p. 349’]).
For f=0, (3.42) immediately reduces to the elegant form:



(aq59)

1:13
(3.43) — ]
k=0 (00)"(a5a)y

- _
(1-uq )(QQaQ)n+1 -1
x-y)

—1 :
(1-dq )" (g;0) 1
neroaq;ag;

Formulas (3.42) and (3.43) provide q—extensions of certain finite summation
formulas due to Srivastava [114, p. 5, Equation (3.4); p. 4, Equation (2.4)]. More
generally, by repeating the aforementioned process of ¢—integration using (3.3)
and some manipulations, Jain and Srivastava [70] derive the q—summation formula:

2
1 (1-afq k+1) (eq,afq;q)y,

(3.44) .
k=g (I=afq) (aq)™(d,hq;q)

1° o 7/\1-: q"ka aﬂqk+17 q_k) a’ﬂqk+1;

, q3 X,y
ERERN % aq; aq;

A

:2:92
C gl

o

)—1

) (1—ﬂ1q‘1)-'-(1—ﬂsq_1)(aq;q)n+1(aﬂq2;q)n(x—y
(1=Ayq ) (14 D) (0™ %)™ (. Basq)

M e M g™

r:2:2
'(I)S:1;1 q; X,y +XeYy,

q_1 cee g cfl' aq; aq;
#1- s ”[S' : (] 3 13

which reduces to (3.42) when r=s=1, and (for #=0) yields a similar
generalization of (3.43).

Finite summation formulas involving (ordinary) double hypergeometric functions,
corresponding to (3.44) and its forementioned special case when f=0, were also
given by Srivastava [114, p. 6, Equation (3.6); p. 3, Equation (2.1)]. In fact, as
already observed by Jain and Srivastava [70], it is not difficult to prove
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q-extensions of Srivastava's finite summation formulas [121, p. 315, Equations
(2.1) and (2.2)] involving (ordinary) triple hypergeometric functions.

Finally, corresponding to a bounded complex sequence {Qn}g’zo, Jain and
Srivastava [70] proved the following class of generating functions for the q—Racah
polynomials defined by (3.5) and (3.25):

(79,86q59)

(3.45) ) “7ﬂizya?aj—“ 0, R (4(x); a,0,7,8: ) t°
ny0
( x+1 5 x+1 . —X ~X/s. X 14 St x+1ym
oy lea ) p(Ba /7,07 /630), (ba ™)™ (96tq7 )
tmyo (ag;a) ) (Ba;a),, (Ga), (a9,

Formula (3.45) and its numerous special or limiting cases would provide
q-extensions of a considerably large number of known generating functions for
classical orthogonal polynomials, which are presented systematically by
Srivastava and Manocha [133, Chapter 2 ef seg.]. In particular, if in (3.45) we let

£ =1 (neN

o) and 6-0,

and replace q by x, we shall arrive at a known generating function (due to
Ismail and Wilson [67, p. 46, Equation (1.16)]) for certain big q—Jacobi
polynomials which are normalized slightly differently from (3.31).

4. Contributions to the Theory and Applications
of Generating Functions

We choose to survey some important recent contributions to the theory and
applications of generating functions under the following three classes:

4.1 Linear Generating Functions
Formula (3.45) already provides an example of a class of linear q—generating



functions. Several other families of linear q-generating functions in one and

more variables can be found in the work of Srivastava [120, Section 3] (see also

Srivastava and Agarwal [125], Agarval et al. [2], and Srivastava and Jain [129]).
An interesting unification (and generalization) of a number of generating

functions for the classical Laguerre polynomials was given by Carlitz [31] in the
form:

9]

(4.1) Y op{en) o g0 f%li;—l exp(=xv),

n=0

where o and A are arbitrary (real or complex) numbers, and v is a function of t
defined by

(4.2) v=t(+), v(0) = 0.
We also recall a subsequent generalization of Carlitz's result (4.1) due to

Srivastava and Singhal [139, p. 749, Equation 980] :

(4.3) § p(a+in, f+m) (x) t"

n
n=0

= (1+0) ()P - e = - (tedaw) ey 7L,

where ¢ and 75 satisfy

(4.4) (o) e = o) g = Do (e M (et

Motivated by (4.1) and (4.3), Carlitz [33] derived generating functions for
certain general one— and two—parameter coefficients. Subsequently, Srivastava
[112] presented several generalizations of Carlitz's theorem and applied his
general multivariable (and multiparameter) generating functions to various
systems of polynomials in one and more variables.
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The generating functions (4.1) and (4.3), and their numerous special cases, have
been recorded systematically by Hansen [62], and (more recently) by Srivastava and
Manocha [133]. As a matter of fact, Srivastava and Manocha [133, Chapter 7] have
also included a systematic presentation of the aforementioned works of Carlitz
[33] and Srivastava [112]. For the sake of completeness, we recall Srivastava's
multiparameter and multivariable extension of Carlitz's theorem as

THeoreM 1 (Srivastava [112]; see also Srivastava and Manocha [133, p. 378,

Theorem 12]). Let A(z), B(z), and z_lc(z) be arbitrary functions which are
analytic in a neighborhood of the origin, and assume that

(4.5) A(0) =B(0) =€ (0) = 1.
Define the sequence of functions {fI(la) (x)} by means of

n

(4.6) Mz)[B(2)]" exp(xC(z)) = § £(0) () Zp
n=0

where « and x are arbitrary complex numbers independent of z.
Then, for arbitrary parameters ) and y independent of z,

oo
il

(4.7) }: fI(la+’\11) (x+ny) ;GTT
n=0

where

(4.8) (=t [B(O)] exp(yC(0)).
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Hore generally, if A(z), B.(z), and z_le(z) are analytic about the origin
such that

(4.9) MO)=B;(0) =C5(0) =1 (i=1,--o,r5 j=1,--1,9),
and if
r (Ii S
(4.10) A@)ig1{ug(@] }wmp.Z1XjQﬂz)
J:
(e, r) /0
- z En ! ' (X1""’Xs) nl >’
n=0

then, for arbitrary parameters

and y. (i=1,---,r; j=1,--+,s)

a’i» 7iaxj9 J

independent of z,

6]
(a1+A1n,---,aa+Aﬁn) 0
(4.11) 2 g, rot (x1+ny1,-’-,xs+nys) %T
n=0
r a; S
Aw) T {[Bi(w)] } exp| ¥ x; 6:(w)
i=1 . J ]
J=1
) T s 7
L=w ) 5By /By (0] + 2 vy 65
1=1 j=1
where
r Ay S
(4.12) w=t I {[B.(w)] ~}exp y. C.(w)|.
i=1 1 . JJ



REMARK 1. The choice of 1 in the conditions (4.5) and (4.9) is merely a
convenient one; in fact, as already observed in the literature (cf. Srivastava and
Manocha [133, p. 379]), any nonzero constant values may be assumed for

A(0), B(0), C"(0), B;(0), and 03(0)
(i=1,--+,r; j=1,---,8).

REMARK 2. For x=y =0, the generating function (4.7) reduces to Carlitz's
result [33, p. 521, Theorem 1].

REMARK 3. The general result (4.11) with

r=2 and Xj:yj:O (j:1,"',S)

is essentially the same as a generating function for certain two-parameter
coefficients due to Carlitz [33, p. 521, Equation (2.10)].

Carlitz [33] applied his aforementioned results involving general one— and
two—parameter coefficients to prove the following class of mized generating
functions for the Laguerre polynomials:

v p (a+in) n (1_0_0_1 o {— %%J

(4.13) (x+ny) t= = — —
L T 0T o v

where

(4.14) ¢ =t (=) exp[—ll_%] .

Setting (=w/(1+w), (4.13) assumes the form (¢f. Carlitz [33, p. 525, Bquation
(5.5)])
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o0 a+1
(1+w) exp (—xw)
(4.15) z LI(ILHAH) (x+ny) t" = ,
n=0 L =w[d = y(1+w)]
where
(4.16) W= 1:(1+w)’\Jr1 exp(—yw) .

For y =0, both (4.13) and (4.15) reduce immediately to Carlitz's earlier result
(4.1).

Cigler [45] showed that some of Carlitz's results in [33] can alternatively be
derived by using the theory of Sheffer sets (¢f. Rota el al. [104], [105]).

Srivastava [112] applied Theorem 1 to derive mized generating functions for
various classes of polynomials. In particular, he considered the
Srivastava~Singhal generating function [136, p. 78, Equation (3.2)]:

(4.17) Z Glga) (x1/r,r,p,k) 2" = (1—kz)_a/k
n=0

- exp(px[1 - (1_1(2)—1“/1{] )5

where Gl(la') (x,r,p,k) are the polynomials considered by Srivastava and Singhal
[136] in an attempt to present a unified study of various known generalizations of
the classical Laguerre and Hermite polynomials, the parameters a, p, k, and r
being arbitrary (with, of course, k,r #0). Thus it follows from the assertion
(4.7) of Theorem 1 that

(4.18) Y 64T (Domy) VT p k)
n=0

C-0™% exp(px[t - (1)
-k -0 [ - oy (-0 /R
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where

(4.19) ¢ = ke (1-0 MK exp(py [1 — (1-0) 75y

Putting (=w/(1+v) in (4.18), we have [112, p. 474, Equation (3.6)]
(4.20) 2 G(0+An x+ny]1/r,r,p,k) t"

(1+w)a/k exp(px[1 - (1+w)r/k])
1 -kt w[A - rpy(1+w)r/k]

where

(4.21) w =kt (1+w) L /k exp(py[1 - (1+w)r/k} ).

By employing the known relationships [136]

(4.22) 6{0") (,1,1,1) = 10 (x)
and
(4.93) 6{9) (x,2,1,-1) ﬁ—,—H () =6\ (x,2,1,1),

it is not difficult to deduce, from (4.18) and (4.20), the corresponding mized
generating functions for the classical Laguerre and Hermite polynomials. More
importantly, since (cf., e.g., Srivastava and Lavoie [131, p. 315, Equation (83)])

(4.24) 6{%) (6, 1,1,k) = K Y2 (xsk),

where Yﬁ(x;k) are one class of the biorthogonal polynomials considered by
Konhauser [74] for a>-1 and keN, (4.18) readily yields the mized generating



function:
(4.25) Y YA (enysk) ¢
n=0
(1-0) (@D ey et - (1=
-k a7 -y
where
(4.26) ¢ =t (1= E exp(y1 - (1-0) ¥,

while (4.20) reduces to the forn:
Q

(4.27) z Y§+An‘(x+ny;k) t"
n=0

(140) (DX ep (et = (1) 1K)
) 1 -k W[ - y(1+w)1/k]

>

where

(4.28) W=t (1) MR exp (v 11 = (10w ).
It should be noted in passing that
(4.29) Vo) =) (> 15 nemy),

and that the polynomials Yﬁ(x;?) were encountered earlier by Spencer and Fano
[111] in certain analytical calculations involving the penetration of Gamma rays
through matter (see also Srivastava [115]).



For further applications and analogues of Theorem 1, see the works by Srivastava
[112], Srivastava and Manocha [133, Chapter 7], Srivastava et al. [132], and
Chandel et al. ([35] to [38]). More recently, Carlitz and Srivastava [34] applied
Theorem 1 and its known consequences to obtain several new generating functions
for the Hermite polynomials.

Each of the generating functions considered or referred to above has tremendous
potential for applications. For example, the generating function (4.3) was
applied recently by Chen and Ismail [39] in order to determine the asymptotic
behavior of the Jacobi polynomials

P1(1&+/\n , J+pm) (x)

when n-w and a, #, A, ¢, and x remain fixed; in fact, these authors similarly
applied Carlitz's generating function (4.13) for Laguerre polynomials. On the
other hand, Strehl [141] has presented an interesting combinatorial proof of the
Srivastava-Singhal result (4.3). Furthermore, several applications of Carlitz's
result (4.15), in its equivalent form:

n+k

(4.29) y J [ —y(nek) 1K b

n
n,k=

o [a + (A+1) (n+k)
0

i (1+w)a+1 exp (—xw)
1 —wid — y(1+w)]

with w given by (4.16), appear in the works of Raina ([97] to [100]).

4.2 Bilinear and Bilateral Generating Functions

In their 1984 treatise on the subject of generating functions, Srivastava and
Manocha [133, Sections 8.2 to 8.5] presented a systematic account of the earlier
works on bilinear and bilateral generating functions stemming from the following
generating function of Singhal and Srivastava [108, p. 755, Equation (1)]:
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[0 0]

(4.30) 2 Am,n Sm+n(x) = f(x,t){g(x,t)}_m Sm(h(x,t)) ,
n=0

where me€ Ny, the coefficients AL . are arbitrary (real or complex) constants,
and f, g, h are suitable functlons of x and t. To the various relevant
references, provided already by Srivastava and Manocha [133], one may add the
recent works by Barik [25] and Chongdar ([42], [43], and [44]) who considered some
obvious variations of the Singhal-Srivastava definition (4.30).

Making use of group-theoretic methods (see, e.g., [133, Chapter 6]), Shrivastava
and Kaur [107] established two theorems on bilateral generating functions
involving the (Gould—Hopper) generalized Hermite polynomials (cf. [57]):

(4.31) BT (x,a,8) = (=1)" X% exp(Bx7) DE{x" exp(-px)}
b8

the Laguerre polynomials, and the Gegenbauer (or ultraspherical) polynomials. In
an attempt to give relatively simpler proofs of these results, without using
group—theoretic methods, Hubbell and Srivastava [63] were led to much more general
classes of bilateral generating functions for such sequences of functions as
defined by (4.30). We recall here one of the Hubbell-Srivastava results which they
applied to the Bessel function J(z) and the Srivastava—Singhal polynomials

G1(1Q) (x,r,p,k) involved in (4.17). Furthermore, since [136, p. 76, Equation
(1.6)]

(4.32) G<a (x,7,0,~1 ——,LH7 (x,a,0)

Theorem 2 below applies also to the Gould-Hopper polynomials H;{(x,a,ﬂ) defined by

(4.31), and indeed to the Konhauser biorthogonal polynomials Yﬁ(x;k) given by
(4.24).
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THeOREM 2 (Hubbell and Srivastava [63]). Corresponding to the functions 5,(x) s
generated by (4.30), let

e 9]

(4.33) Byov,t] = ) a8 00 LM () ¢ (o #0),
n=0

where A isan arbitrary (real or complex) parameter. Suppose also that

min(m,n)

k
_ -1 m—k n-k
(4.34) Hm,n(z,w,x) N Z L]UL Uk Am—k,n—k 2w Sm+11—2k (x).
k=0
Then
0
(4.35) Z Hm,n(z,w,x) L§A+m)(y) &
m,n=0

= exp(—t) £(x,) By[h(x,w), yot, 2t/ (x,w)],
provided that each member exists.

It should be pointed out that, by setting

(4.36) an:bnTn(Zl"”’Zs) (bn#O; nely),
where Tn(z1 o ,zs) 1s a nonvanishing function of s variables Zyst g
(s €N), Theorem 1 (and each of its consequences discussed already by Hubbell and

5
Srivastava [63]) can be applied to derive various classes of mixed multilateral
generating functions analogous to those considered in the literature (cf. [113]
and [133, Sections 8.4 and 8.5]). Furthermore, as already observed by Srivastava
[113, p. 222], the definition (4.30) can easily be transformed to include cases
when m is an arbitrary complex parameter.

The importance of a systematic study of various properties and characteristics
of the classical Jacobi polynomials (including, for example, linear, bilinear, and
bilateral generating functions (¢f. [78] and [133]) associated with them) led
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Srivastava and Popov [135] recently to a class of mixed multilateral generating
functions for the Jacobi polynomials, which can indeed be suitably applied to
derive numerous further results involving Jacobi polynomials and some of their
aforementioned relatives.

A familiar unification of each of the classes of orthogonal polynomials named
above, and of their various known generalizations studied in the literature (cf.,
e.g.,[133]), is provided by the sequence [134, p. 307, Equation (5)]:

(4.3 SU ) [x,0,b, 0,037, 65(3)]

(ajx+b)~a(CX+d)_ﬂ DH{ (ax+b) 7n+a(cx+d) 6Il+ﬂ W (t) }

n! w(x) X

_d .
{DX_&, nemo] ,

where the parameters a, b, c, d, a, f, 7, § are arbitrary constants, real or
complex, and w(x) is independent of n and differentiable any number of times.
For example, it is easily observed from (4.37) and the known Rodrigues formulas for
the Jacobi and Bessel polynomials that

(4.38) 5(08) [, a,-a,,¢51,150] = (200) PL0F) ()
for any nonzero constant C, and

2n m
-9
(4.39) 5020013 a,0,0,452,05 exp(-8/x)] = oy (x,0,4).

Indeed, in each of these and other cases of reducibility, we can have numerous
alternative sets of choices for the various parameters involved.

For the sequence of functions defined by (4.37), various classes of linear,
bilinear, bilateral, and mixed multilateral generating functions are given in the
literature. The most general results on bilateral generating functions for the
sequence defined by (4.37) are given by Theorems 3, 4, and 5 below:
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THEOREM 3 (cf. Srivastava and Handa [127]; see also [123]). Corresponding to a

nonvanishing function Q (yl,- -,ys) of s variables Y5 ¥g (seN) and of
(complex) order u, let

[04]

(4.40) Flgi)l’):f()l[x;yl,--—,ys;t] -V a sn(]qulq“’ﬂ“"q“) [x,a,b,¢,d;7,639(%)]
n=0

il
Qﬂ+pn(y17 e 7ys) tl (a’n # 0) s

where p and q are positive integers, and p and ¢ are complex parameters. Also,
foran arbitirary integer m>0, let

/4 e
(4.41) @ﬁ’ﬁ,g dEy o ygn) =) { }ak

k=0 n—qk
- k, f—6n+eql k
. Slgfn’rmpq( f—bn+oqk) [x,a,b,c,d'y,é'w(x)] Q;Hpk(yl"”’ys) 7
Then
[0 9]
(4.42) Y Bﬁ:ﬁf:{i:é (x5y15 sy gs2)th = [1+at(ax+b)7"1(cx+d)5]”
n=0

. [1+ct(a,x+b) (cmd)‘S 1]ﬂw4§—— (?x(’f—a) [f;Y1>"'7yS;
th{1+at (ax+h) 7'_1(0x+d) 5} (=) q{1+ct(a,x+b)7(0x+d)5—1}("_5) 1} ,

provided that each side exists; here, for convenience,

(4.43) €2 6(x,1) = x + t(ax+h) T (ex+d) .
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THEOREM 4 (cf. Srivastava and Handa [127]; see also [123]). Under the hypotheses
of Theorem 1, let

[0 ¢]

(t.4) 6 Daivysoygit] = ) ag SO fa b .05, 15w(0)]

n=0

n

‘u..,..pn(Y:["..)ys)t (a'n:’éo)7

and define

ﬂ [n/a] (i
o p . .. o\ =
k=0

. S(a—7n+qu,ﬂ) [X,a,b,c,d;’r,l;w(x)] ‘

m+n Q,u+pk(y1’ T aYg) 2

foran arbitrary integer m 0.

Then
(4.46) i@ﬁ:g:g’qul, g52)e" = [ Lot (ad-be) (axeb) 7]
. [1_Ct(ax+b) ] —a—f-n-1 w giﬁg"G(?Bp%["3y1v"‘>ys?
th{1+t(ad—bc)(ax+b)7_1}(p”7)q{1—ct(ax+b)7}(7_p_1>q},
where
(4.47) n=n(x,t) = [x+dt(ax+b) 7] /[1-ct (ax+b) 7]

THEOREM 5 (cf. Srivastava and Handa [127]; see also [123]). Under the hypotheses
of Theorem1, let
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[e0]

(4.48) BY) Dosvyseygit] = ) o SEETW fa b e dit, 6]

n=0

Q#.{_pn(}’l)'..)yS) tn (a’n#o)ﬁ

and define

B n/a]  pon
a,0,0 . v . .
k=0

cgloaf=bnredl) oy ¢ di1,6;0(0]

m+1n Qﬂ+pk(y17"',ys) z

for an arbitrary integer m> 0.
Then

(4.50) Z 0500 (x; yl,---,ys;z)tn': [1+t(bc—ad)(cx+d)6_1}ﬂ

n,m,p,q

: [1—at(cx+d)6}*a_ﬂ_mﬁ1 %%ﬁ% éégfé[C SY1s s gs

th{1+t(bc—ad)(cx+d)5_1}(0_5)q{1—at(0x+d)6}(5_0_1)q}

where

(4.51) ¢ = ¢(x,t) = [xsbt (cxrd) 2]/ [1-at (exsd) .

’

Lach of these general results (Theorems 3, 4, and 5 above) can indeed be applied
to derive the corresponding generating functions for various systems of orthogonal
polynomials and for numerous other polynomials associated with them.

Several interesting proofs are given in the literature for Bailey's bilinear
generating function for the classical Jacobi polynomials [24, p. 9, Equation
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(2.1)]. One of the recent proofs was given by Stanton [140]; it makes use of the
orthogonality property (2.10) and a known quadratic transformation for a
well-poised hypergeometric 3F2 series. Indeed, as remarked by Stanton [140, p.
399], this technique applies mutatis mutandis to yield a q—extension of Bailey's
result in the form:

o (g Ba; _
(4.52) ) Ezq?gf)l(c(yﬂz;zin ()™ D2 p(@8) (1) pl@) () ¢

n=0
(—aﬂqt,q) A 0 9 40%(17 _‘J aﬁQ) qW’ —qw ) /qua ﬂqy, 9
— @ . ry e
= (_t;q)oo @2.1 1 q; faxy,q]| ,

-afqt, —q/t: aq; Aq;

where pr(la’ﬂ) (x;q) are the little g—Jacobi polynomials defined by (3.30).

Making use of some simple ideas, Srivastava [116] gave an elementary proof of
Bailey's result as well as of its q—extension (4.52). Srivastava [117], on the
other hand, presented yet another proof of (4.52).

Finally, Jain and Srivastava [70] proved a bilinear generating function for the
q—Xonhauser polynomials (c¢f. [6, p. 3, Equation (3.1)])

n —nk k kj
/ j ) kg (ne1) ok (kj-1) /2 (9%)
(4.53) Zlga) (x,k|q) = n< W‘l {J wd) ek (kj=1)/ Kk
(q 4 )n i=0 (05507

which corresponds, when k=1, to the familiar q-Laguerre polynomials defined by
(3.34). They also introduced a new pair of q—Konhauser biorthogonal polynomials
which were motivated by a particular case (§=0) of a system of biorthogonal

olynomials studied by Al-Salam and Verma [7, p. 275, Equations (2.1) and (2.2)].
J J y MY \ J

4.3 Multilinear Generating Functions

In his important memoirs on expansions of certain infinite products, L.J. Rogers
([101], [102], and [103]) introduced the continuous g-Hermite polynomials i (x|q)
and the continuous g—ultraspherical polynomials Cn(x;v]q) , defined by
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(4.54) §O fy (xla) (q?;n Ricay

and

(4.55) 3 0, 6orl)” B
n=0

where [cf. Equation (2.35)]

(4.56) h(cos 4, 7) = (rew,re—ie;q)

® .

As a matter of fact, Rogers used his results involving these polynomials in order
to prove the celebrated Rogers—Ramanujan identities.

Another set of g-Hermite polynomials defined explicitly by (cf., e.g., [4] and
[142])

, h(x]q) = 3 [ < H: — :[n},
(4.57) ) 120 H 4 B CEL DI CH) P M

are closely related to the continuous g-Hermite polynomials via

(4.58) H (cos f]q) = ¢ind hn(e2i‘9|q),

so that any given result involving one set of q-Hermite polynomials would apply
also to the other set.

For these g-Hlermite polynomials, Ismail and Stanton [65] have derived several
interesting multilinear generating functions with the help of certain integrals
which they studied systematically. Combinatorial proofs of some of Ismail-Stanton
results were given by Ismail, Stanton, and Viennot [66]. By applying the
transformation theory of the q-hypergeometric series (2.34), Srivastava and Jain
[128] derived the following general multilinear generating function for the
q-Hermite polynomials:



n n
1 k
tl o tk
(q4;9) n, (Q;Q)nk
- -
m m J.
1 1{ m11—‘1+. . .+mkl"k :11_{[ (q 7q) 1" R rj 1
= s .t {.
] o3 a 1 g (e T (gl
r,=0 r,; =0 J ]
1 k
tl’X1t1""’tk’thk;
1 o q q1+S+R
(x,tl,x1t1,--°,tk,xktk;q)OO 2k~ 2k—1 ’
Q/X,O,"',O;
S
N X
(1/x,xt1,xx1t1,---,xtk,xxktk;q)00
th’xxitl""’th’Xthk;
1+s+R
'2k®2k—1 4.4 ’

ax, O,"',O;

where, for convenience, RJ:T1-F----Frk.

For my =... = m =0, themultilinear generating function (4.59) simplifies

< 0 i 4 has ~ arw AL O TR | PR,
ly, and we thus obtain (¢f. Srivastava and Jain [128])

Iy 0y

o t b
. 1 . s = 1{
(4.60) ) hn1+---+nk+S(XIQ) hnl(x1|Q) hnk(xk,q) (q;q)ni (q;q)nk
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baXg byt xgtys
_ 1 o (1+S
TGO X N b ) 2k 2k-1 44

Q/X,O,“',O;

. xt1,xx1t1,---,xtk,xxktk;
X 1+s

* (1/X,xt1,xx1t1,~-',th,xxktk;q)oo 2kq)2k—1 14 ?
qx,0,---,0;

which, for s =0, corresponds to a result due to Ismail and Stanton [65, p. 1042,
Equation (5.14)]. Observe that, since s is not an index of summation, (4.60) is
markedly different from another result presented by Ismail and Stanton [65, p.
1042, Equation (5.15)].

Formula (1.12) may be looked upon as a q—analogue of a multilinear generating
function for the classical Hermite polynomials, which was given by Srivastava and
Singhal (cf. [137, p. 140, Equation (4.6) with s=0]; see also [138, p. 1239,
Equation (4)] and [133, p. 496, Problems 11 and 12]).

Srivastava and Jain [128] developed their proof of the general result (4.59) in
many stages. Indeed, in this process, they derived several interesting generating
functions for the g-Hermite polynomials. For example, they proved in this way the
following alternative form of Carlitz's bilinear generating function for
q-flermite polynomials (¢f. [32, p. 96, Equation (4.1)]):

0 tn (thZ;q)m
(4.61) ) () b (vl) (@), (EX0,yo,xyt;q)_
n=0

—3
t,q 75
(xt5q) 4 e
'E——gj—i;‘ 2®1 q,Q/t
Xyt g -
s q1 S/xt;

or, equivalently,
[0 9]

, ) : tn
(4.62) EO s (<19 By, (v19) 7
n=
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t,yt; xt,xyt;
B 1 1+s x5 1+s
- (x,t,yt;q)Oo 2@1 94 * (1/:)<,)<t,>(yt;q)OO 2(1)1 €4 ’
q/x; 0x;

where s is anonnegative integer (see also Al-Salam and Ismail [5, Section 2]).

5. Polynomial Ezpansions for Functions of Several Variables

Motivated by the remarkably vast literature on polynomial expansions for various
special functions of one and more variables (¢f., e.g., [130, pp. 339-343]),
Srivastava ([118], [119]) has recently given several general classes of
q-polynomial expansions for a multivariable function which is defined by a
multiple power series with essentially arbitrary terms. The proof of one of these
classes of g-polynomial expansions was based upon the g—combinatorial identity:

n k
k1] (/9500 ey o
(5.1) (-1) { } —1 ¢ e, Wi,
120 k| (p/a%50), P30y
where 6 is the Kronecker delta, and [cf. also Equation (4.57)]

< 5 R CHONE o<k
(5.2) o B ) B ) P T (0¢kgn),

so that, by 1'lopital's rule as (for instance) in Equation (2.39),
(5.3) tin || = || = b (Ogkgw)
.3 im = = y T 0<k<n).
’ q- 1k k) () K -

The g—combinatorial identity (5.1), and its equivalent form:

n k. k
(=1)"(ap™5q) :
i n—1 (n-k)(n%k-1)/2 _
(5-4) {1 q} ) 03P (P5P), g © ENE




45.

were proven by Srivastava [119], and A1-Salam and Verma [8], respectively, using
the simple fact that the nth q—difference (or q-derivative) of a polynomial of
degree less than n 1is zero.

The q—identity (5.1) or (5.4) corresponds to the b~ 0 limit case of the bibasic
summation formula:

b] n (_1)k(1_ap2k/b)(apk,bp_k;Q)n_1 k(k—1)

(5.5) [1-—9ﬂ{1-—

/2 _
p P "6n,0’

K
=0 (@P)(psp) 4 (ap™/bsp) g

which is due to Gasper [54, p. 265, Equation (3.5)]. As a matter of fact, by using
Jackson's g®, summation formula [109, p. 247, Equation (IV.8)], Gasper proved
the general bibasic summation formula [54, p. 260, Equation (1.14)]:

(5.6) % (1-a0"") (10" ™) (a,b5p) (crafbesa),
N (:1
=0 (1-a) (1-b) (4,2q/bsq)y (ap/c,bep;p),

_ (ap,bp;p)  (cq,aq/be;q) |

(¢,aq/bsq)  (ap/c,bep;p)

and gave its several interesting applications and consequences.

An interesting unification (and generalization) of the remaining classes of the
aforementioned q—polynomial expansions of Srivastava ([118], [119]) was proved
recently by Jain and Srivastava [69] by making use of a known terminating version
of the g®s summation formula [109, p. 96, Equation (3.3.1.3)]. We recall their
result as

THEOREM 6 (Jain and Srivastava [69]). In terms of the bounded complex
coefficients A(kl""’kr) and Qn, Vn, kj € [NO, j=1,-+,r, define the
multivariable function F(Zl’ yzL) by

[0}
1
(5.7) F(zl,---,zr): Z A(kl,---,kr) Oz - er,

kyyeee



where, and in what follows,

(5.8) M=mk +--+mk,
forarbitrary positive integers My, ,my
Then
m m o e, (/)
; 1 r _ !
(5.9) Flo " zy,0 T2)= )

oo (a5a), (a50),

, . /
- (UMQ)( W

— I
E Q (g n,/\qn;q)M(/\anr ' /MQ)H_M
n+/{ (/\q2n+1

b~ A

1— 2M+1
0 g (G0, ko (@ M)y (A )y
) b T
my k1 m, k.
: A(k1 st ’kl“) (q Zl) ’ (q ZI-> H
provided that the parameters X and p, and the variables w, ZysctyLps GTE SO

constrained that each side of the expansion formula (5.9) exists.

Jain and Srivastava [69, Section 3] applied Theorem 6 and its consequences to
derive various bilinear formulas for the little q-Jacobi, q-Laguerre, and ¢—Hahn
polynomials, and to obtain certain summation (or multiplication) formulas

involving many of the q—Lauricella functions <I>}§r), (I)ér), @ér)) and (I)Igr) of r
variables.

L
v

n 7 4
GRCOGS VEVELOPMERTS

Srivastava ([122], [124]) considered the q—summation formula:

a, b, q-N;

5 q,q| =
1-N
/

(ca®/a;q)y_y (ca" /D)y,
(ca™5q)y_, (¢/ab;q) g

(6.1) @

3

n
cq, abg C;
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% rq (a50) 1 (b;a)p (c/absq) {(3}k
o Lk (cq5q),
(n,Ne€ [NO).

In particular, Srivastava [122] presented two independent proofs of the fact that

._N.
(C;Q)N(C/ab;q)N a, b, q
(6.2) F0Y) = o7zt 322 04
an, abql_N/C;
(n,N E[NO)

is a symmetric function of n and N. Subsequently, Srivastava and Damjanovié
[126] gave a rather elementary proof of the following slightly more general
transformation:

o

372

a, b, q“N;

3(1)2 q,q
¢q”, abg! /e

(ca”;q) y(c/absa)y

(6.3) ; _
(cq”/a;q)y(ca”/bsq)y

N, 7, )
_ abq
=q 3(1)2 q, c |

aql—z/-N/C , bq1—1/—N/C :

where N is anonnegative integer, as before, but » is unrestricted, in general .
Observe that the second member of (6.3) is symmetric in » and N. Thus, in its
special case when

v=n (nelNy),

the left-hand side of (6.3) leads immediately to the assertion that f(n,N)
defined by (6.2) is a symmetric function of n and N.
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For n=0, (6.1) reduces immediately to Jackson's 3%y summation formula [109,
b

)

p. 97, Equation (3.3.2.2)]. Furthermore, upon replacing a, b, and ¢ by 2%, q

and ¢°, respectively, and letting q -1, the general result (6.1) yields a 3F9
transformation which is at least as old as Sheppard [106, p. 476, Equation (18)]d.

A number of linear and bilinear generating functions, and connection formulas,
were proved recently by Srivastava and Jain [129] for g—Jacobi polynomials and for
various g—orthogonal polynomials associated with them. They also studied the
relationships between different q—extensions of the classical Gegenbauer (or
ultraspherical) polynomials rather systematically (see also Askey and Ismail
[19], [20]).

The subject of q-series (and associated q—polynomials and g—integrals) is
rapidly growing at the present time. It is not practicable to report all these
recent developments in an article like this one. Thus it would not seem to be out
of place to draw the reader's attention toward a number of important recent
publications including, for example, those by Adiga et al. [1], Agarwal [3],
Andrews ([9], [10]), Andrews et al. [13], Aomoto [14], Berndt ([26], [27]),
Bressoud [30], Dehesa [47], Dunkl [48], Fine [51], Kadell [71], Rahman ([93],
[94]), Rahman and Verma [95], and Zeilberger [150]. Several important further
references can be found in each of the works cited in this article.
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