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Abstract

Motivated by the recent investigations of several authors, in this paper, we derive
several new expansion formulas involving a generalized Hurwitz-Lerch zeta function
introduced and studied recently by Srivastava et al. (Integral Transforms Spec. Funct.
22:487-506, 2011). These expansions are obtained by using some fractional calculus
theorems such as the generalized Leibniz rules for the fractional derivatives and the
Taylor-like expansions in terms of different functions. Several (known or new) special
cases are also considered.
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1 Introduction
The Hurwitz-Lerch zeta function ®(z, s, a) is defined by (see, for example, [1, p.121 et seq.];
see also [2] and [3, p.194 et seq.])

oo Zn
D(z,8,a) :=
(z,s,a) ,,ZO: iy
(a € C\ Zy;s € Cwhen |z] <1;9(s) > 1 when |z] = 1). 1.1)

The Hurwitz-Lerch zeta function contains, as its special cases, the Riemann zeta function
¢ (s), the Hurwitz zeta function ¢ (s, a), and the Lerch zeta function ¢,(§) defined by

o]

t(s)=) ni =d(Ls1)=¢(s1)  (Rs)>1), 1.2)
n=1
t(sa)=> ” ja)s = ®(Ls,a) (N(s)>LaeC\Z) (1.3)
n=0
and
o 2nmi€ )
£,(8) = ZI: (z e D(e¥,5,1)  (%(s)> ;£ €R), (1.4)
respectively.
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The Hurwitz-Lerch zeta function ®(z,s,a) defined in (1.5) can be continued meromor-
phically to the whole complex s-plane, except for a simple pole at s = 1 with its residue 1.
It is well known that

1 00 ts—le—at
®(z,8,a) = — —dt
@s.a) I'(s) /0 1-zet

(S)f(a) > 0;N(s) >0 when |z] £1(z#1);%(s) >1 when z = 1). (1.5)

It is worth noting that the Hurwitz-Lerch zeta function ®(z,s, a) defined in (1.5) is also
related to several families of special polynomials such as the Bernoulli, the Euler, and the
Genocchi polynomials [3-5].

Recently, a more general family of Hurwitz-Lerch zeta functions was investigated by Lin
and Srivastava [6, p.727, Eq. (8)]. Srivastava and Lin studied the following function:

o (Won 2"
= (Von (a+n)

CDfﬁ;j’)(z,s, a):=

(,ue(C;a,ve(C\Z(_);,o,a €R*;p <o whens,ze C;

p=0andseCwhen|z|<1;0=0 and R(s— u +v) >1 when |z| = 1). (1.6)

Here, and for the remainder of this paper, (1), denotes the Pochhammer symbol defined,
in terms of the gamma function, by

PIERACLLO b (k =0;1 € C\ {0}), .
I r'(x) AA+D--(L+n-1) (k=neN;reC),

it being understood conventionally that (0), := 1 and assumed tacitly that the I"-quotient
exists (see, for details, [7, p.21 et seq.]).
Clearly, we find from the definition (1.6) that

(z,5,a) = 200(z,5,a) = D(z,5,4) (1.8)
and
o0
(L,1) * () 2"
o7 (z,8,a) =D (z,5,a) :=
i ( )= Pl ) ; n! (n+a)
(,u € C;a,v e C\ Zy;s € Cwhen |z] < 1;%(s — n) > 1 when |z| = 1), 1.9)

where the function @ (z,s,a) involved in (1.9) is a generalization of the Hurwith-Lerch
zeta function considered by Goyal and Laddha [8, p.100, Eq. (1.5)].

A generalization of the above-defined Hurwitz-Lerch zeta functions ®(z,s,4) and
@7 (z,5,a) was studied by Garg et al. [9, p.313, Eq. (1.7)] in the following form:

0, 2
Qk,ﬂ;u(zvs»“)-—g W) (1 +a)

(A€ Csv,aeC\ Zys e Cwhenlz| <L;R(s+v—A—p)>1when [z] =1). (1.10)
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Srivastava et al. [10, p.491, Eq. (1.20)] (see also [11-13]), in the year 2011, considered a
further generalization of the Hurwitz-Lerch zeta function, defined in the form

o0

(0,0,k) ()\)pn(//«)an zZ"
O (z,8,a) =
A3V ( ) ; (v),mn! (l’l + tZ)S

()\.,IIL €C;a,veC\Zy;p,0,k eRY 56— p—0>-1whens,zeC;

k—p—-o=-1landse Cwhen|z| <8 := p"077k";

k—p—-o=-land N(s+v—A—pu)>1when |z|:8*). (1.11)
Several integral representations, relationships with the H-function, fractional deriva-

tives, and analytic continuation formulas were established for the function defined
in (1.11).

It is worth noting the following special or limit cases of the function CID(f ;;K)(z, s, a).
(i) For A = p =1, we find that
(1,o,«) _ dlox)
;0 (z,8,a) = o7 (z,8,a) (1.12)

in terms of the generalized Hurwitz-Lerch zeta function CDEZ;}")(Z, s,a) defined
in (1.6).
(ii) If weset p =0 =« =1, then (1.11) yields the generalized Hurwitz-Lerch zeta
function @, ,;,(z,s,a) studied by Garg et al. [9] and Jankov et al. [14]:
q)i{ﬁi};) (Z, S, ﬂ) = (D)L,;L;v(zy S, ﬂ)' (1'13)
(iii) Setting p =0 =« =1and A =v, (1.11) reduces to the function @} (z,s,a)
investigated by Goyal and Laddha [8] as below:
CD%})) (z,8,a) = <I>;(z, s, a). (1.14)
(iv) In (1.11), weputu=p =0 =1and z+ f Then, by the familiar principle of
confluence, the limit case when A — oo, would yield the Mittag-Leftler type
function E\%)(s, z) studied by Barnes [15], namely

1 z > zZ"
. (1,1,«) _ @ (..
lim O —,s,a)t = E — =E%(s;z
keoo{ C(v) M (A ) } C'(v +«n)(n+ a) ea(552)

n=0

(a,v € C\ Zy;N(k) >O;s,ze(C). (1.15)

(0,05

P )(z, s,a), which is of

(v) A limit case of the generalized Hurwitz-Lerch function &

interest in our present investigation, is given by

oo
. z (Won 2"
&%) (z,5,a):= lim 1P = s 4]t =
v ( ) A= 00 Assv AP ; (V)Knn! (l’l + a)s

(;L €C;a,ve C\Zy;0,k e R";s € Cwhen |z] <o77k";

NR(s+v—pu)>1when |z| = G‘”KK). (1.16)
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(vi) Another limit case of the generalized Hurwitz-Lerch function dJ o) 2 (z,8,a) is
given by

I’l

o0
. H)Un
@) (z,5,a) := lim CD('O"T’K) 54
i ) min{[x|,]}oo | MY Z n (n+a)

n=0

(neCaeC\Zy;0<o<lands,ze Cio =landseC

when |z| <0770 =1and R(s — u) >1 when |z| = 0‘“), (1.17)

which, for o =1, reduces at once to the function @}, (z, s,a) defined by (1.9).
Finally, a multiparameter extension of the function <I> ) '"’(z,5,a) was given, more re-
cently, by Srivastava et al. [10] (see also [12]). They con51dered the following function:

> Hﬁil ()\j)npj z"

(015+s0ps01 -+

() (z s,a) = E
Alyerer Al e ’9 q

Lt =0 n! 1_[,':1 (,U«j)naj (n + a)*

<p,qu0;kjE(C(/':l,...,p);a,u,'GC\ZB G=1....,9);

pporeR (j=1,...,p;k=1,...,q);

A >-1whens,ze C;A =-1and s € C when

1
|z] < V¥*; A =-1and R(E) > 5 when |z| = V*) (1.18)
with
V* = (1_[,0], '> . <H0j1>, (1.19)
j=1 j=1
q » q )2 _g
AIZZO}'—Z,OI' and ZE:= Z Z T (1.20)
j=1 j=1

It is fairly straightforward to see that if we let p — 1 = g =1 in (1.18), then we obtain the
generalized Hurwitz-Lerch zeta function CIDA’) o UK (z,s,a).

The aim of this paper is to extend several interesting results obtained recently by
Gaboury and Bayad [16] and by Gaboury [17] to the Hurwitz-Lerch zeta function ® f :VK (z,
s,a) introduced and studied by Srivastava et al. [10]. This paper is organized as fol-
lows. Section 2 is devoted to the representation of the fractional derivatives based on
Pochhammer’s contour of integration. In Section 3, we recall some major fractional cal-
culus theorems, that is, two generalized Leibniz rules and three Taylor-like expansions.
Section 4 is dedicated to the proofs of the main results and, finally, Section 5 aims to pro-

vide some (new or known) special cases.

2 Pochhammer contour integral representation for fractional derivative

The fractional derivative of arbitrary order o, o € C, is an extension of the familiar nth
derivative Dg(z)F (z) = d"F(z)/(dg(z))" of the function F(z) with respect to g(z) to non-
integral values of # and denoted by Dy F(z). The aim of this concept is to generalize


http://www.advancesindifferenceequations.com/content/2014/1/169

Srivastava et al. Advances in Difference Equations 2014, 2014:169 Page 5 of 17
http://www.advancesindifferenceequations.com/content/2014/1/169

classical results of the nth order derivative to fractional order. Most of the properties of
the classical calculus have been expanded to fractional calculus. For instance, the compo-
sition rule, the Leibniz rule, the chain rule and the Taylor and Laurent series. Fractional
calculus provides tools that make easier to deal with special functions of mathematical
physics. Many examples of the use of fractional derivatives appear in the literature: ordi-
nary and partial differential equations, integral equations, integro-differential equations of
non-integer order. Many other applications have been investigated through various field
of science and engineering. For more details on fractional calculus, the reader could read
[18-21].

The most familiar representation for the fractional derivative of order « of z°f(z) is the
Riemann-Liouville integral [19] (see also [22—24]), that is,

D {Zf(2)} = ﬁ fo Zf E)EP(E -2 dE (M) <0;R(p) > 1), (2.1)

where the integration is carried out along a straight line from 0 to z in the complex & -plane.
By integrating by part m times, we obtain

dm
DZf(2)} = dz—m{Dj‘m{zpf(z)}}. (2.2)

This allows us to modify the restriction %i(«) < 0 to R(«) < m (see [24]).

Another representation for the fractional derivative is based on the Cauchy integral for-
mula. This representation, too, has been widely used in many interesting papers (see, for
example, the work of Osler [25-28]).

The relatively less restrictive representation of the fractional derivative according to pa-
rameters appears to be the one based on Pochhammer’s contour integral introduced by
Tremblay [29, 30].

Definition1 Let f(z) be analytic in a simply connected region R of the complex z-plane.
Let g(z) be regular and univalent on R and let g}(0) be an interior point of R. Then, if o
is not a negative integer, p is not an integer, and z is in R \ {g"1(0)}, we define the fractional
derivative of order o of g(z)?f(z) with respect to g(z) by

Diof{e@] (@)}

_ePI(l+a) £)lg®)rg (€)

_eTra) d. 2.3)
47t sin( p) -/;’(z+,g‘1(0)+,z—,g‘1(0)—;F(a),F(a)) (g(&) —g(z)]**!

For non-integers « and p, the functions g(£)” and [g(£) — g(z)]*"! in the integrand have
two branch lines which begin, respectively, at £ =zand & = g’l(O), and both branches pass
through the point & = a without crossing the Pochhammer contour P(a) = {C; UC, U C3 U
C,} at any other point as shown in Figure 1. Here F(a) denotes the principal value of the
integrand in (2.3) at the beginning and the ending point of the Pochhammer contour P(a)
which is closed on the Riemann surface of the multiple-valued function F(§).

Remark 1 In Definition 1, the function f(z) must be analytic at & = g71(0). However, it is
interesting to note here that, if we could also allow f(z) to have an essential singularity at
£ = g71(0), then (2.3) would still be valid.
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Branch line for
exp[-(a+1)In(g(§)-9(2))]

Branch line for
exp[p(In(g(&)]

Re(¢)

Figure 1 Pochhammer’s contour.

Remark 2 In case the Pochhammer contour never crosses the singularities at & = g71(0)
and & =z in (2.3), then we know that the integral is analytic for all p and for all & and for
zin R\ {g71(0)}. Indeed, in this case, the only possible singularities of Dg(z){[g(z)]Pf (2)}
area =—1,-2,-3,...and p = 0,41, +£2,..., which can directly be identified from the coef-
ficient of the integral (2.3). However, by integrating by parts N times the integral in (2.3)
by two different ways, we can show that « = -1,-2,... and p = 0,1,2,... are removable
singularities (see, for details, [29]).

It is well known that [20, p.83, Eq. (2.4)]

rd+p) a

Dg‘{zp} - Frl+p-a)

(R(p) > -1). (2.4)
Adopting the Pochhammer-based representation for the fractional derivative modifies
the restriction to the case when p not a negative integer.

In their work, Srivastava et al. [10] (see also the works of Garg et 4l. [31] and Lin et al.
(0,0

[32]) gave the following fractional derivative formula for the function ®; Pl )(z, s,a):
Dv—r{ v-1q>(p,ax)( « )} ') r—1¢)(p,ax)(zk )
Tz e (Z58,a)f = —F(‘L')Z o ,8,d
(EYi(v) > 056 > 0). (2.5)

These last restrictions become « + v — 1 not a negative integer and « > 0 by making use of
the Pochhammer-based representation for the fractional derivative.

The fractional derivative formula (2.5) can be specialized to deduce other results. As
example, upon setting p = ¢ =k =1 in (2.5), we obtain

r'(v)

DZ_I {Zv—l d))\,ltiu(z, S, a)} = m

ZI_I qj}»,[l,;l’ (Z; S, ﬂ)

(v not a negative integer; « > 0). (2.6)
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Another fractional derivative formula that will be very useful in the present investigation

is given by the next formula:

r'1+p) 2B oLk

af, B (p,0,K) _
D; {Z (D}»,}l,;l) (2,5, ﬂ)} = rd+p-a) Al+B5v,1+f—a (z:s,a)
(B not a negative integer), (2.7)
0,0,L,K,1)

where the Hurwitz-Lerch zeta function dJ(A, 14 plsp—a (%S a) occurring in (2.7) is a special-
ized case of the multiparameters extension of the generalized Hurwitz-Lerch zeta function
defined in (1.18).

3 Important results involving fractional calculus

In this section, we recall five very important theorems related to fractional calculus that
will play central roles in our work. Each of these theorems is the generalized Leibniz rules
for fractional derivatives and the Taylor-like expansions in terms of different types of func-
tions.

First of all, we give two generalized Leibniz rules for fractional derivatives. Theorem 1
is a slightly modified theorem obtained in 1970 by Osler [26]. Theorem 2 was given, some
years ago, by Tremblay et al. [33] with the help of the properties of Pochhammer’s contour
representation for fractional derivatives.

Theorem 1 (i) Let R be a simply connected region containing the origin. (ii) Let u(z) and
v(z) satisfy the conditions of Definition 1 for the existence of the fractional derivative. Then,
for R(p + q) > -1 and y € C, the following Leibniz rule holds true:

D} {zp+qu(z)v(z)} = Z (y Oi n>D§‘_V‘”{Z”u(z)}DZ*”{zqv(z)}. (3.1)

Theorem 2 (i) Let R be a simply connected region containing the origin. (ii) Let u(z) and
v(2) satisfy the conditions of Definition 1 for the existence of the fractional derivative. (iii) Let
U C R be the region of analyticity of the function u(z) andV C R be the region of analyticity
of the function v(z). Then, for

z#0, zeUNV and RA-p)>0,

the following product rule holds true:
zZI'(1 + a) sin(Brr) sin(ur ) sin[(« + B — )]
sin[(a + B)r]sin[(B — u — v)x]sin[(u + v)]

. i Dg+v+1—n{Za+ﬁ—u—1—nu(z)}D;1—v+n {Z;L—1+nv(z)}
FrQ+a+v-nl(-v+n)

DXz u(z)v(z)} =

(3.2)

n=—00

Next, in the year 1971, Osler [34] obtained the following generalized Taylor-like series
expansion involving fractional derivatives.

Theorem 3 Let f(z) be an analytic function in a simply connected region R. Let a and y
be arbitrary complex numbers and

0(z) = (z - z0)q(2)
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with q(z) a regular and univalent function without any zero in R. Let a be a positive real

number and
K= {0, 1,...,[c] ([c] the largest integer not greater than c) }
Let b and z, be two points in R such that b # zy and let

<2ni)
w=expl — ).
a

Then the following relationship holds true:

> o (07 (0(2)0))

keK
— o0 m Cn+y z ZO CVl+y+1
_n;;or(cn+y+1) {f(Z)H()< ()) }

In particular, if 0 < ¢ £ 1and 0(z) = (z - 2o), then k = 0 and (3.3) reduces to the following

form:

(12— 2ol = I2o). (3.3)

zZ=z(

—c Z (Z ZO)C v cn+y {f( }

cn+y+1)

(3.4)

z=20

Equation (3.4) is usually referred to as the Taylor-Riemann formula and has been studied
in several papers [27, 35-38].
We next recall that Tremblay et al. [39] discovered the power series of an analytic func-

tion f(z) in terms of the rational expression (2:2 ), where z; and z; are two arbitrary points

inside the region R of analyticity of f(z). In particular, they obtained the following result.

Theorem 4 (i) Let ¢ be real and positive and let

(27ri)
w=exp| — ).
a

(ii) Let f (z) be analytic in the simply connected region R with z; and z; being interior points
of R. (iii) Let the set of curves

{C(t):C(t) CRand0<t§r}

be defined by

C(t) = Ci() U Cy(t) = {Z: |he(z1,2252) | =

Z1+z
At<21,22; . 2) } (3.5)
2
where

Mz, 252) = [z— a ;zZ + t(zl ;ZZ)} . |:z— <Z1 ;Zz> - t(zl ;Zz)} (3.6)

Page 8 of 17
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Branch line for

Im(&) €z ¥ 077!

Branch line for

€20 " 01!

Re(§)

Figure 2 Multi-loops contour.

which are the Bernoulli type lemniscates (see Figure 2) with center located at 52 and with
double-loops in which one loop C,(t) leads around the focus point

Z1+ 2y 21— 2y
(=)
2 2

and the other loop Cy(t) encircles the focus point

Z1+ 2y Z1— 22 P
2 2

for each t such that 0 <t < r. (iv) Let

[(z-z1)(z - zz)]k =exp(AIn(6((z - 21)(z - 22)))) (3.7)

denote the principal branch of that function which is continuous and inside C(r), cut by the
respective two branch lines L. defined by

L {z:z=22 4 ¢(22)} (05¢Z1), (3.8)
{z:2="32 +it(252)} (t<0),

such that In((z — z1)(z — z3)) is real when (z — z1)(z — z3) > 0. (v) Let f(2) satisfy the conditions

of Definition 1 for the existence of the fractional derivative of (z — z,)'f (z) of order a for z €

RN\A{L,+ UL_}, denoted by D;_,, {(z — 22)Pf (2)}, where « and p are real or complex numbers.
(vi) Let

K= {k:ke N and arg()\t<z1,zz, Zl;—zz))
< ( 21+zz>> 2wk
<arg| Al 21,22, + —
2 a
Z1+ 2y
<arg<kt<zl,22, 2 >>+27T}.
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Then, for arbitrary complex numbers |, v, v, and for z on C,(1) defined by

z+ 7 -z A
S:lTZZ+%v1+e‘9 (- <0 <m),

—lw—yk ) .
> A 07 (@ 6@) [0 (00) - 2] [0 (0 6(2) - 2]

keK

~ i e gin[(w + en + y) 1]
N sinf[(u—c+y)r]lFl-v+cn+y)

. D;};cnﬂ/ {(Z _ 22)u+cn+y—lf(z)} [¢(Z)]Cn+y, (39)
where
O —
Z—2)

The case 0 < ¢ <1 of Theorem 4 reduces to the following form:

f@z-2)"(z-z)" i e sinl (i + cn + y) 1]
(z1 — z2) N OOsin[(;/,—c+)/)71]F(1—\)+cn+y)

_ cn+y
(Z Zl) . (310)
2=z \%¥ T 22

Tremblay and Fugere [40] developed the power series of an analytic function f(z) in

. Dovienty {(Z _ Zz)/4+cn+y—1f(z)}

z-29

terms of the function (z — z1)(z — 2z3), where z; and z; are two arbitrary points inside the
analyticity region R of f(z). Explicitly, they gave the following theorem.

Theorem 5 Under the assumptions of Theorem 4, the following expansion formula holds

true:

Zc—lw—yk[(zz —21+ x/A—k)a(ﬁ -2t s/A_k)’S
keK 2 2
'f(ZI +2p+ JA_k> _ inap) sin[(a + ¢ — y)7]
2 sin[(B + ¢~ y)r]
-z - VAN (2 -2 - VBN (2 + 20— VB
' 2 2 f 2

_ 55 sinllp —en—y)m) e "o
B sinf(B-c-y)r] TAl-a+cn+y)

g O A e o) _m_y_le’(zwz)} o em

where
Ak =(z1 —2)* + 4V (0*0(2)), (3.12)
V@ =3 D [a@]) o (313)

r=1

Page 10 of 17
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and
0(2) = (z - 21)(z - 22)q((z — 21)(z — 22)). (3.14)

As a special case, if we set 0 < ¢ <1, g(z) =1 (0(2) = (z - z1)(z — 22)), and z3 = 0 in (3.11),
we obtain

sin[(B — cn — y)m] eV z(z — 2)] "

sinf(B+c—y)r] Tl-a+cn+y)

f@=czz-z)" )

n=-00

. Dz—ot+cn+)/ {Zﬁ—cn—y—l (z+w- Zl)f(Z)} e (3.15)
(w=2)

4 A set of main results for the generalized Hurwitz-Lerch zeta function

<I>({’,f‘,"’( ,s, )

In this section, we present the new expansion formulas involving the generalized Hurwitz-

Lerch zeta functions &%

AMV )(Z,S,ﬂ)

Theorem 6 Under the assumptions of Theorem 1, the following expansion holds true:

(@)@ +v-1)sin(ymn)
T
s (=1 o) (e o gy

. Z ALy, l-y—n (41)
= (y+mll+v—1t—y-ml(t+y +n)

dD(fM”TK)(z ,$,a) =

provided that both members of (4.1) exist.

Proof Setting u(z) = z"~! and v(z) = ,\p,fv'()(z" s,a) in Theorem 1 with p =g=0and o =

v — 7, we obtain

szr{ v-1gp pgK)(z",s,a)}

Y THY
00 b
D N B e e ) 42)
which, with the help of (2.4) and (2.5), yields
D (s = s el (2 sa), (43)
ey ove I'(v) _
v-T-y-n[ v-11 _ T+y+n-1
D) {z"'} Teryom n)z (4.4)

and

+n P.0K) (K _ = ()”)P/(M)U/ D;H—n{zkj}
DL (el e ,w)}—;o Wt G +ay

z7r"

_ (0,0 K K k) K
“Ta,om Dty —n (*,s,a). (4.5)
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Combining (4.3), (4.4), (4.5) with (4.2) and making some elementary simplifications, the
asserted result (4.1) follows. O

Theorem 7 Under the hypotheses of Theorem 2, the following expansion formula holds

true:

(& 5.a)

~ ')A +v-rt)sin(Br)sin[(v-—t + B —0)r]
T TWI(r-y—-0-1)ICA+y +6)sin[(v—1 + B)m]sin[(B -6 — y)r]

[ee]

sin(@7) F'v-0-nI(@ +n)
' sin[(6 + y)r] Z FrQ+v-t+y-nml(-y +n)

n=—00

(0,0 kK k)
’ q)k,u,9+n;v,1+0+y (ZK »5 61), (4.6)

provided that both members of (4.6) exist.

Proof Upon first substituting i — 0 and v — y in Theorem 2 and then setting

dD(p‘"’K)(zK,s,a),

a=v-71, u)=z"" and vz P

in which both u(z) and v(z) satisfy the conditions of Theorem 2, we have
D (20 (s
B zZI'(1 + v — ) sin(B7) sin(f7) sin[(v — T + B — )7 ]
~ sin[(v =T + B)7]sin[(8 — 6 — y)x]sin[(6 + y)r]

) DZ_”V“_" {ZU—H—I—n}Dgl—VJr” {29—1+n @;?;Z;K) (z5,s,a))

.W=Z—oo Fr2+v-t+y-ml(-y +n) (4.7)
Now, by using (2.4) and (2.5), we find that
D;”{z”’léf\f’l’gf)(z",s, a)} = Mz”ld);’f’ff) (z,s,a), (4.8)
I'(z) M
pyErren(pelon) r(r;(i )—/ 61—9’1)1)5_;/-9—2 (4.9)
and
Dz—l—ywz {2971+n¢5\/:z‘,}x) (ZK,S’ a)}
e TR ., 50) 1)
Thus, finally, the result (4.6) follows by combining (4.8), (4.9), (4.10), and (4.7). O

We now shift our focus on the different Taylor-like expansions in terms of different types

0,0 K

of functions involving the generalized Hurwitz-Lerch zeta functions <I>f\’ P )(z, s, q).
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Theorem 8 Under the assumptions of Theorem 3, the following expansion formula holds
true:

2%z — 2o)™"
p O ,K) 0 (p,0,1,6,1)
Z,8,4) = ¢ E 77 (20,8,a
i @5@) A~ T(en+1)I(1-cn) b d-en (2075, )

(Iz= 2ol = |z0l; 1 > 0), (4.11)
provided that both members of (4.11) exist.

Proof Setting f(z) = ®'»4)(7 s a) in Theorem 3 withb =y = 0,0 < ¢ < 1,and 6(z) = z—zo,

A NTHY
we have
(z-z
f:v'( (z,8,a) =c Z z-z)" {CD(A’T/;G;’VK)(Z, s, a)} (4.12)

1+ cn) 220
for zg # 0 and for z such that |z — zg| = |zo|.
Now, by making use of (2.7) with 8 = 0 and « = ¢n, we find that

Z—C}'l -
D;n{cph't ’ “Vz,s,a )}|Z:Z0 = F(lofcmdﬁ{i’hl’bﬁl}m(zo,s, a). (4.13)

By combining (4.12) and (4.13), we get the result (4.11) asserted by Theorem 8. O

Theorem 9 Under the hypotheses of Theorem 4, the following expansion formula holds
true:

cbkp/ij (Z,S;ﬂ) =cz a(Z Zl) '6 DHﬁ

o]

e Vsin[(a + cn + y)m]T(o +cn+ y)
. Z;o sinf(a —c+y)r][FQ-B+cn+y)l(a+p)

n=—

(p,0,L,k,1) zZ—z1 ey
-d . (z1,8,a) (4.14)

M ,o+cn+y;v,a+f z

for A >0 and for z on Ci(1) defined by
21 21 -
z=o % EVI+€19 (-7 <0 <m),
provided that both sides of (4.14) exist.

Proof By taking f(z) = ,\plfv'()(z, s,a) in Theorem 4 withz, =0, u =, v = B,and 0 < ¢ <11,
we find that
Pren

o )(z,s, a) =c(z—2z)

YTRY

i inetrt)) sin[(o + cn + )]

(S
ZOO sinl@ —c + )T - B +cn+y)

_ cn+y
(Z Zl) . (4.15)
z=71 z

. D;ﬁ+cn+y {Zoz+cn+y 1q’xp,fu’()(z»3’ ﬂ)}
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Now, with the help of the relation (2.7) witha +—> - +cn+y and B> a+cn+y —1, we
have

D;ﬁ+cn+y {Za+cn+y ICD}:OMUUK (25, a)} |z=z1

warpa Lo +cn+y)

_ (0,0,1,k,1)
=2

[« +B) Mt a+cnty;v,a+p (21,8, a). (4.16)
Thus, by combining (4.15) and (4.16), we are led to the assertion (4.14) of Theorem 9. [

Theorem 10 Under the hypotheses of Theorem 5, the following expansion formula holds
true:

deva" @ s,a) = cz P (z—z) 0!

(3 __sinllp—en =yl (z(z—zﬂ)c”

sinf(B+c—y)rllQ-a+cn+y) z

n=-00

I'B—cn-y) L,1)
(B +oa—2cn—2y) (z-2 )q)'\pﬂgﬂ Loy fra-zen-2y (21,5, @)

B-cn-y (p.o,Lk,1)
+ (m z21 cb)fu,b;—w—y;v,l+f5+a—20n—2y (Zl’s’ 61) (417)
for A >0 and for z on Ci(1) defined by
21 21 0
= §+EVI+61 (-m <0 <m),
provided that both sides of (4.17) exist.

Proof Putting f(z) = ,\p:;f)(z,s, a) in Theorem 5 withzy = 0,0 < ¢ <1,4(z) =1,and 0(2) =
(z—z1)(z — z), we find that

(p,0,K) P N 00 sin[(ﬂ—Cl’l—y)n—] eiﬂc(rl+1)[z(z_zl)]cn+y
P oo =t al 2—;0 sinf(B+c—y)r] Tl-a+cn+y)

n=

D_OHC}HV {Zﬂ =y 1(Z+ w— Zl)qDApuovK (Z,S,(l)} =71 (4'18)
=21

(w=2)

With the help of relation (2.7), we have

D;rx+cn+y {Zﬂfcnﬂ/fl(z rw— Zl)q)ghp:\';’()(z) s, ﬂ)} | ivzé)

= D;Hcmy { preny q)kp;fv/( (Z’ S, ('l) } |z=zl

+(z-17 )D—a+cn+V {Zﬁ cn-y— qu)»p;ny (2,5, ﬂ)}|z=z1

_ Z/S+ot—2m—2y ( ( F(l + ﬂ —cn— J/) (p,0,1,k,1) (Zl,S, 61)

1 r'a+ ‘3 o —2cn— 2]/) 1+ B—cn—y;v,1+ B+a—2cn-2y

-z F(IB —n— ]/) (p,0,1,k,1)
’ ( Z1 ) F(,B +o—2cn— 2)/) ¢)\,,ﬂ,ﬂ—cn—y;l),ﬂ+l¥—2cn—2y(Zl’S’ u) ’ (419)

Thus, by combining (4.18) and (4.19), we obtain the desired result (4.17). O
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5 Corollaries and consequences
This section is devoted to the presentation of some special cases of the main results. These
special cases and consequences are given in the form of the following corollaries.

Setting ;t = p = 0 =1in Theorem 6 with z — (f)l/", dividing by I'(v) and taking the limit
when A — 0o, we deduce the following expansion formula.

Corollary 1 Under the hypotheses of Theorem 6, the following expansion holds true:

'@ +v-r1)sin(yn)
al(v)
00 (_l)nq)(ll(l()( (Z, s, LZ)

L, -y —n
.n;o(V+”)F(1+V—T—V—n)r(t+y+n) (5.1)

E9(5;2) =

K,

provided that both members of (5.1) exist.
Letting p = 0 =k =1 in Theorem 7 leads to the following expansion formula.

Corollary 2 Under the assumptions of Theorem 7, the following expansion formula holds
true:

(DA,M;I (Z: S, Ll)

M) lrd+v-t)sinBrsin(v—-t+p-0)
T TWI(r-y—-0-1)IrA+y +6)sin(v—1+B)wsin(f -6 —y)r

[e¢]

sin O F'v—0-nl'@ +n)
>

' sin(@ + y)m = reQ+v-t+y-ml(-y +n)

(1,1,1,11)
’ q>k,;¢,9+n;v,1+0+y(z’s’ a) (5.2)

provided that both members of (5.2) exist.

Putting p = 0 = k =1 and replacing A by v in Theorem 9, we deduce the following ex-
pansion formula given recently by Gaboury [17, Eq. (4.4)].

Corollary 3 Under the hypotheses of Theorem 9, the following expansion formula holds
true:

el7e (n+1) sin ren+ Il +cn +
@7 (z,5,a) = cz*(z—21) )PP Z [( y)m ]l (« Y)

Nn=—00

sinf(l¢ —c+y)rITA-B+cn+y)l(a+p)

cn+y
z-z
O stersa) () 63)
for z on Cy(1) defined by
:—1+—«/1+e19 (- <0 <m), (5.4)

provided that both sides of (5.3) exist.
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Setting A = p =1 in Theorem 10, we obtain the following corollary.
Corollary 4 Under the hypotheses of Theorem 10, the following expansion holds true:

Cfoy;”(z, s,a)=cz P (z- zl)_"‘”zfm_zy_l

i sin[(B — cn — y)mr]elmetr+D) <z(z—zl))”"
. sinf[(B+c—y)rllQ-a+cn+y) z

=—00

 T(p-cn—y)
FB+a-2cn-2y)

B-cn—y 1,0,1,k,1)
+ (0[ + ,3 —2cn— 2)/ ZlCDl,u,l+’/(S—cn—y;v,1+ﬂ+a—26n—2y (Zl,S, ﬂ) (55)

(LoLk,1)
|:(Z —-z1 ) cI)l,p,,,B—cn—y;v,ﬁHx—ch—Zy (Zl’ S, ﬂ)

for & >0 and for z on C,(1) defined by
21 Z1 -
2= + Ev1+e‘9 (-7 <0 <m),
provided that both sides of (5.5) exist.

In our series of forthcoming papers, we propose to consider and investigate analogous
expansion formulas and other results involving the more general multi-parameter family
of the Hurwitz-Lerch zeta function (1.18) and also their A-extensions considered recently
by Srivastava et al. [41] and Srivastava [42].
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