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ABSTRACT

A new control flow model called flow grammars is introduced which unifies the
treatment of intraprocedural and interprocedural control flow. This model provides
excellent support for the rapid prototyping of flow analyzers. Flow grammars are
an easily understood, easily constructed and flexible representation of control flow,
forming an effective bridge between the usual control flow graph modei of tradi-
tional compilers and the continuation passing style of denotational semantics. A
flow grammar semantics is given which is shown to summarize the effects all pos-
sible executions generated by a flow grammar conservatively. Various interpreta-
tions of flow grammars for data flow analysis are explored, including a novel
bidirectional interprocedural variant. Several algorithms, based on a similar tech-
nique called grammar flow analysis, for solving the equations arising from the
interpretations are given. Flow grammars were developed as a basis for FACT
(Flow Analysis Compiler Tool), a compiler construction tool for the automatic
construction of flow analyzers. Several important analyses from the literature are
cast in the flow grammar framework and their implementation in a FACT proto-

type is discussed.
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| | Introduction

This dissertation introduces flow grammars, a uniform mechanism for describing intrapro-
cedural and interprocedural control flow to aid in the prototyping of flow analyzers. Flew
grammars address the problem of describing control flow in a straightforward manner,
much as regular expressions may be used to describe the lexical elements of a program-
ming language. Intended for use in a compiler generation tool, flow grammars have
proven valuable in their own right as a structuring mechanism for prototyping flow ana-
lyzers in an existing compiler. The simple structure of a flow grammar captures the
essence of a program being compiled; various interpretations of a flow grammar permit a

broad range of flow analyses to be performed.

1.1 Compiler construction environments and static analysis

Unlike most software development, compiler construction is more science than art.
Indeed, the overall structure of most compilers (Figure 1) is essentially the same, although

many of the low-level details may differ. Compiler generation tools exist for many of the
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phases depicted in Figure 1, including scanner generators [33, 35, 58, 67], parser genera-
tors [36,40,67], code generator generators [69], and optimizer generators
[23, 86, 94, 96]. Effective optimization, however, requires considerable static analysis of
the program being compiled [3] and there has even been some success with automating
the generation of static analyzers [28, 73, 81, 86, 97, 98]. Unfortunately, these latter tools
are frequently designed to fit into a particular compiler or compiler generation environ-
ment, and make assumptions that prevent their straightforward use in other contexts. One
key problem is the lack of an appropriate abstraction for specifying control flow. This dis-
serlation introduces such an abstraction and describes the design and prototype implemen-
tation of a Flow Analysis Compiler Tool (FACT), directed at generating analyzers for

imperative languages.

Figure 1 Structure of a typical compiler
AST Annotated Transformed
Tokens AST AST
Source Semantic -——— Code
Program | Scanner =% Parser Analyzer > :_ Static | — Generator
Analyzer
L =
\ Target
Symbol r—— /" Program
able i Optimizer |
) L o — J

1.2 Static analysis and its role in compilation

Figure I shows the structure of a typical compiler as assumed by a compiler generation
system such as Eli [27]. The first phase scans the text of a source language program, com-
bining characters into the tokens of the language. These tokens are then passed to the
parser where their syntactic structure is determined. During these processes, a symbol
table is built containing information about the user defined symbols in the program. In

addition, the parser constructs an abstract syntax tree (AST) representing the program, The



tree and symbol table are then passed to the semantic analyzer which annotates or deco-
rates the nodes in the AST with information about the program fragment represented by
each node. If these initial phases are successful, various transformations, possibly includ-
ing a set of optimizations, are applied to the AST. The final of the transformations is code

generation which yields an equivalent program in the targer language.

Optimizing transformations are important for a number of reasons. Perhaps the
most compelling is that effective use of current hardware requires considerably more
effort than in the past. Programs running on reduced instruction set computer (RISC) and
vector architectures, for example, can benefit greatly by matching patterns of control and
data flow inherent in the source program with specific features of the hardware. In order to
perform this mapping effectively, close examination of the source program is needed to
compute the required patterns. Such analysis is called static analysis. In the prototyping
environment provided by a compiler generation system, it would be very useful to be able
to generate such analyses automatically from a high level specification and then determine

the utility of the analysis in performing optimizing transformations empirically.

1.3 Problem

The goal of this research is the development of a tool for automating the creation of static
analyzers in a compiler generation environment. To be successful, such a tool should meet
at least the following requirements, addressing the needs of imperative language compila-
tion:
1. It must be based on an abstraction appropriate to specifying control flow in a
programming language. Ideally, this abstraction would: a) allow the seamless

integration of intraprocedural control flow (that is, within a single procedure)
and interprocedural control flow (that is, procedure calls and returns) in a sin-



gle model; and b) be easily described in terms of objects present in a com-
piler generation environment.

2. The range of possible data flow analyses should not be unnecessarily con-
strained. It should be possible to specify several analyses that may, in gen-
eral, be interdependent.

3. Results of an analysis should be incorporated back into the other internal rep-
resentations of the program (generally the AST) for use in the optimizer. If
properly designed, the model of 1 above would be useful as an intermediate
representation in its own right.

1.4 Approach

The approach taken in this dissertation is to represent ceutrol flow in a program as & flow
grammar. Trace semantics [34], used initially to describe communicating sequential pro-
cesses, provide the intuition for flow grammars. Because a trace semantics is easily speci-
fied using schema, it meets the first requirement above. In addition, when represented as a
context free grammar, a trace semantics may be manipulated in various ways to reduce the
machine resources needed to perform a static analysis. Indeed, a flow grammar may even
be used to representation triples or quads [3], and is thus suited to performing low level
optimizations such as commaon subexpression efimination and code motion (movement of

invariant computations out of loops).

In general, a data flow analysis specifies an abstract semantics and the goal is to
compute a value representing possible program states for each point in the program.
Applying this technique to a flow grammar yields what is essentially a continuation pass-

ing style semantics [82] defined over an abstract domain.

Figure 2 shows the relation between FACT and the generated compiler. An analy-
sis is specified in two parts: a control flow specification and one or more data flow specifi-

cations. FACT itself also consists of two components: the first builds a grammar
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construction module and the second builds a module which constructs and solves the
desired data flow analyses. Implicit in the construction is a lattice implementation for cach

analysis. Common lattices are provided, but user-implemented lattices are also permitted.

Figure 2 The FACT compiler tool
Compiler

OO OO

( Lattice )

FACT

Flow spec
Control Flow Grammar
Spec. Constructor

DataFlow
Spec.

DataFlow
Spec.




I.5 Contributions

The main contributions of this dissertation are:

1. A uniform control flow model integrating intraprocedural an interprocedural
control flow called flow grammars.

2. Interpretations of flow grammars permitting a broad range of flow analyses
to be performed.

3. Algorithms for solving the equation systems resuiting from flow grammar
interpretations.

4. Validation of the flow grammar model by demonstrating the use of the model
in solving a variety of flow analysis from the literature.

5. A prototype implementation of FACT, based on flow grammars, a tool for the
automatic construction of flow analyzers, including implementations of sev-
eral analyses from the literature.

1.6 Overview

The remainder of this dissertation begins with a survey of related work and relevant nota-
tion in Chapter II. Following this, Chapter III illustrates how control flow may be speci-
fied in terms abstract syntax using an intuitive graphical notation that is remarkably
similar to context free grammars. Chapter IV claborates on this notion and shows how the
semantics of an imperative programming language may be specified in terms of a flow
grammar, and how this relates to continuation passing style semantics. A detailed investi-
gation of performing interprocedural data flow analysis in the flow grammar realm
appears in Chapter V. Adaptation of a variety of existing analyses in a prototype imple-

mentation of the FACT tool is described in Chapter VI. Finally, contributions and avenues

of future research arce described in Chapter VIL.



II  Background

The fields of compiler generation and flow analysis both have a long history. Efforts to
construct tools for automating the construction of compilers go back to the mid-1970s and
beyond [30]. Flow analysis as a systematic technique dates from Kildall’s seminal paper
in 1971 [51]. After an initial section on notation and terminology, this chapter presents an
overview compiler generation and flow analysis, paying particular attention to the inter-

section: tools for building flow analyzers.

I1.1 Notation and terminology

This section introduces the terminology and notation used throughout the remainder of the
dissertation. Areas include graph theory, formal language theory, lattice theory, attribute
grammars and denotational semantics. Throughout, angle brackets, < and », are used to

enclose tuples, such as the pair consisting of the numbers 1 and 2: <1,2>.



I1.1.1 Discrete mathematics

First we introduce a few important definitions from discrete mathematics [8], along with

brief descriptions of their use in this work.

Definition 1: A graph is a pair <N,E> where N is a set of nodes and ESNxN is a set of
{directed) arcs or edges.

Graphs are frequently represented visually. Figure 3 show a graph with five nodes (circles)
and six arcs (arrows). As shown, nodes are frequently labelled; occasionally arcs are

labelled with adjacent text.

Figure 3 Example of a graph

O Besl)  Nolsnesm
<b,c>,<b,d>,

o ° (C,b),(d,e) }

Definition 2: A path in a graph «N,E> is set of edges xj,np, Nz, 10y

Definition 3: A multi-graph is a pair <N,E> along with two functions, head : E — N and
tail : E = N where N is a set of nodes and E is a set of arcs and the functions head and tail
indicate the source and target nodes of euch arc, respectively.

Note the distinction between a graph and a multi-graph: the former allows only a
single arc between any pair of nodes, while the latter admits an arbitrary number of arcs

between any pair of nodes.
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Definition 4: For a given set X, 2% represents the powerset of X, that is, the set of all
subsets of X.

I1.1.2 Formal language theory

Definition 5: An alphabet Q is a set of symbols. A string over an alphabet Q is a finite
list of symbols composed of members of Q. The empty string is denoted €. The set of all
finite strings over Q is denoted Q*. The set of all non-empty strings over Q, Q*-{&}, is
denoted Q™.

For example, let Q = {a,e,i,o,u}. Then:

a iou eeee £

are all strings over Q.

Definition 6: A language over an alphabet Q is a subset of Q*.

Definition 7: The concatenation of strings x and y over an alphabet Q, denoted xsy, is the
string that results from juxtaposing x with y. Concatenation may be extended over two sets
of strings, X and Y, over an alphabet Q, as X¢Y={x*yIxe X,ye Y }.

Definition 8: A grammar is a four-tuple <V,T,P,S> where V is an alphabet of non-termi-
nals, T is an alphabet of terminals, P ¢ (VUT)*eVe(VUT)*x(VUT)* is a finite set of pro-
ductions and S is the start symbol. A production <X Y Z,ab ¢ d> is written:

XYZ:=abcd

In this case, “X Y Z” is said to be the left hand side (Ihs) of the production and “abc d” is
said to be the right hand side (rhs) of the production. This type of grammar is called a
Chomsky Type 0 grammar or unrestricted grammar, referring to the lack of restriction on
the lhs and rhs of the productions (see Definitions 11 and 12 for examples of restricted
grammars).
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Definition 9: Let G = «V,T.P,S; be a grammar. The direcilv-derives relation on (VUT)¥,
written w k= w’, holds between w and w’ when there exist wy, v, w,, €(VUT)*,
vu=v e P such that w=w; vw, and w’'=w, v'w,. The derives relation on (VUT)*,
written as w E* w’, is the reflexive, transitive closure of k.

Definition 10: Let G = <V;T,PS> be a grammar. The language generated by G, denoted
L(G), is defined as { x | S *x, x € T* }, that is, the set of all terminal strings that may be
derived from the start symbol.

Definition 11: A context-free  grammar is a grammar G=«V,T,PS> where
P ¢ VX(VUT)*. That is, the 1hs of each production consists of a single non-terminal.

Definition 12: A regular  grammar is a  grammar G=<VT,PS>  where
P Vx(T*s(Vu{e})). That is, a context grammar whose productions are further con-
strained to limit the rhs to contain a single non-terminal which, if present, must be the
rightmost symbol in the production.

Notation: Let G=«VT,P,S; be a rcgular or context-free grammar. Each production
peP is of the form S :=§, S, ... S, where ny, is the number of symbols on the right
hand side of p. The occurrences of symbols in a production are numbered left to right,
pl0] = Sy being the lhs nonterminal, p{i]=S;, 1 <i < n, being the rhs symbols. Note that
pl0} e V.

11.1.3 Lattices

Definition 13: A semilattice L consists of a set of elements E;, and a binary operator A,
called the meer operator, with the {ollowing properties:

1. VxeEp:xALx=X (idempotence)
2. VxyeE :XxALy=yALX (commutativity)
3. VxyzZeEL i XAL(YALZ) =(XALYIALZ (associativity)

When clear from context, the name of a semilattice is used to refer to its set of elements
E| . Often a lattice will be denoted as a pair consisting of the set of elements and the meet
operator. The number of elements in a semilattice L is denoted by ILL
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Definition 14: Given a semilattice L with elements x,y € L, define
1. xS yiffxaLy=y
2. x< yiff x AL y =y and xzy

Similarly, x 2 y means y £ x and x > y means y < X. Note that £ is a partial order
(antisymmetric, reflexive transitive relation on the elements of L).

Definition 15: A chain in a semilattice L is a sequence of elements Xy,X|,...,X, such that
X;j < Xj41, for 0 i< n; the length of a chain is one less than number of elements in the
chain.

Definition 16: A semilattice L is said to be bounded if for each xe L there exists 1 constant
b, such that any chain beginning with x is of at most length b,. The height of a bounded
lattice L is the length of the longest chain in L, and is denoted heighi(L).

Definition 17: A monotonic function f: L - L is a function with the property that
VX|, Xq € L if X) SL X3 then f(xl) SL f(Xz).

The condition in Definition 17 is equivalent to following [44]:

VX1, X2 € L.f(x)AX5) S| f(x)AM(Xp).

Definition 18: A distributive function f:L — L is a function with the property that
VX, X3 € L. f(x)Af(x3) = f(x Ax2).

Definition 19: Given a lattice L, a set of functions on L is said to be a monotonic function
space associated with L if the following conditions are met [44]:

1. Each feF is monotonic,

2. There exists an identity function 1&F, such that Vxe L.I(x)=x.
3. Fisclosed under composition, i.e., f,ge F implies f ° geF.
4

. L is equal to the closure of {.L; } under the meet and application functions of
F.



I1.1.4 Attribute grammars

In his seminal paper [54], Knuth introduces the attribute grammar for associating seman-
tics with a context free language. Attribute grammars are used as the primary semantic
description mechanism in many compiler generator systems (see Section [1.4 below) and
are consequently assumed as a given throughout this dissertation. For a formal definition
of attribute grammars, the reader is directed to Knuth's original paper, or an introduction
to attribute grammars by Alblas [5]. Deransart et al. provide an excellent overview of the
state of attribute grammar research up to 1988, including a list of compiler generators

based on the formalism [19].

Definition 20: Informally, an attribute grammar consists of i grammar, a set of attributes
and a set of attribution rules. Attributes are associated with the nodes in a derivation tree.
A given attribute is synthesized or inherited and is associated with a non-terminal or termi-
nal in the grammar. Synthesized attributes of a given node arc defined in terms of the
attributes of the node’s children. Inherited attributes, in contrast, are defined in terms of
the attributes of & node’s parent and siblings. Semantic rules are associated with each pro-
duction which:

1. Define values for all synthesized attributes of the lhs non-terminal.
2. Define values tor all inherited attributes of all symbols on the rhs.

Example

Figure 4 gives an example of an attribute grammar to compute the set of identifiers occur-
ring in an expression. The non-terminal E has a single synthesized attribute, ids. used to
collect the set of identitiers in the subexpression rooted at an instance of E. Multiple
occurrences of & non-terminal in a given production are numbered, left to right starting
from zero, so that they may be distinguished in the semantic rules (e.g.. Eq, E; and E, in
the first production’s semantic rule). The terminal Id is assumed to have an attribute
yiclding a value representing the actual identifer it represents (in practice, this would not

be the value assigned by the lexical analyzer, but the value assigned during name analy-
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sis). Note that the grammar is ambiguous: this is an abstract syntax; it is assumed that
parsing details such as operator precedence have been abstracted away yielding a tree
whose structure reflects the correct association. The figure also shows a sumple expression
and corresponding derivation tree “decorated” with the attribute values specified by the

semantic rules.

The power of attribute grammars

An important aspect of attribute grammars is that arbitrary functions may appear in
semantic equations. One result of this generality is that inherited attributes are not essen-
tial to the formalism. Synthesized attributes may be used to construct a clone of the deri-
vation tree into the root node. A semantic function at the root then has all the information
necessary to compute anything that attribution could have. In some sense, this technique

sidesteps tie attribute grammar paradigm, providing a useful “back door.”

Figure 4 Example attribute grammar to compute the set of identifiers in an
expression
- Decorated derivation tree for
Attribute grammar expression: a * b + ¢
E ::= E '+’ E

Eo.ids = El.ids \v Ez.ids

E ::= E '*" E

Eg.ids = E;.ids U E;.ids E.ids
={c}
E ::='‘'~-" E
E;.ids = E;.ids E.ids
={a}
E ::=Id Id.id=‘c’

E.ids = { Id.id }

a b
Id.id=‘a’ 1d.id='b’




Circularity and attribute grammars

Definition 20 admits a brcud range of possible attribute grammar classes. One class in par-
ticular allows attribute grammars having circular attribute equations for at least one deri-

vation tree. That is, a value is a function of itself, which may not be well-defined.

The original solution to this potential problem, proposed by Knuth, was to add a
second notion of attribute grammars, the well-defined attribute grammars (WAGs). WAGs
arc altribute grammuars for which no derivation tree can yield cyclic attribute equations.
Most attribute grammar based compiler generation systems usc a subclass of the well-
defined attribute grammars, and thus do not permit circularity in the attribute equations for

any derivation tree.

Another possibility is to allow circularity and use a fixed point semantics of the
resulting attribute equations {4]. In this case, the value domains of the attributes and
semantic functions must be constrained in some way to ensure the equations have a solu-
tion. A typical constraint is to limit the attribute domains to finite height lattices and
semantic functions to be monotonic. Combined, these two constraints permit solution of

the resulting system by iteration.

Lastly, the circularity may be encapsulated and solved in one or more of the
semantic functions. Sagiv et al. tuke this approach to localize transitive circularities (that
is, across productions) into direct circularities (within a single production). The local cir-
cularities are then replaced with a functional attribute which captures the fixed point [75].
Conceptually, a similar approach is taken in this dissertation. A particular representation
of the program is computed into an attribute at the root of the derivation tree. A function is
applied to this value which constructs a system of equations and finds a fixed point. Attri-

bution rules distribute the resulting solution throughout the tree.
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11.1.5 Denotational semantics

An example in Section IV.7 requires the following definitions from denotational seman-
tics. Stoy [82] and Tennent [85] provide introductions to the subject. The notation is from
[66].

Definition 21: A partially ordered set S, <> is a set S with a partial order < (antisymmet-
ric, reflexive, transitive relation).

In subsequent definitions <S, < is a partially ordered set.

Definition 22: A subset S’ < S has a (necessarily unique) least upper bound LUB(S’) if
VseS.(LUB(S) <siff Vs'eS’.s"<s)

Definition 23: A non-empty subset S'cS is a chain if S is countable and
V51,5268 . (51 Ssp0rsy<sy).

Definition 24: An element s € Sis least if Vs'eS.s <s’.

Definition 25: <S, < is a cpo, or domain, if it has a least element (1) and any chain has a
least upper bound.

Definition 26: A domain is flar if any chain contains at most two elements.
Definition 27: A domain is of finite height if any chain is finite.
Definition 28: N is the flat domain of natural numbers.

Definition 29: T is the flat domain of truth values,

Definition 30: Given domains §, S, ...,3,, the separated sum S=S; + Sy + ... + §,, may
be constructed with:



1. anew least element, Lg.

2. injection functions “in S;,” (that is, given a member of s; € §;, “s; in S;” is the
corresponding element in S).

3. engquiry functions E S; (that is, given a member s of S, £ S; yields true iff s
belongs to S;)

4. projection functions | S; (that is, given a member s of S, |1 S; yields the corre-

sponding member of S; if s is a member of S;, otherwise it yields L S.-
1

Definition 31: Given domains S,, S,, ...,S,,, the Cartesian product S =8) XS5 X ... X§,
may be constructed with selection functions i (that is, yield the i’th component).

Definition 32: S* is the domain of lists: {o} + S + (SxS) + ... with functions:

1. length, written #.
2. remove first i elements, written ¥i.
3. concatenate, written §.

All functions are assumed to be total. For partially ordered sets S and §', the set of total

functions from S to S’ is denoted S-t>5’.

Definition 33: A function f € S-1>8' is continwous if £ (LUB(S”))=LUB({ f(s)Ise S’ })
holds for any chain $” = S whose least upper bound exists.

The sct of continuous functions from partial order S to partial order S’ is denoted by S-
c>S’. Both S-t>S” and s-c>8’ are partially ordered by | < f; iff Vs € §. f|(s) < fa(s). The

same holds it S” is a domain.

Definition 34: An element s € S is a fixed point of f € S-1>S if f(s) =s. When S is par-
tially ordered, s is the least fived poinr provided it is a fixed point and s" = f(s") implies
s <5 If S is a domain and f e S-c>8 then the least fixed point always exists and is given
by FIX(f) = LUB({ (L) In>0 }). (Note: f® = As.sand f = £ ° !, i>1.)
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Notation: >2 is the continuous version of the usual greater-than-or-equal-to relation
on the natural numbers (that is, x 22y = 1 if x=1 or y=L1). The conditional b—*s,s, is L,
s; or s, when be T is L, true or false respectively.

I1.1.6 Miscellaneous

Definition 35: The set of all partial functions from a set X to a set Y is written X = Y,

I1.2 Definition of a compiler

For the purposes of this dissertation, a compiler is a program that accepts a source pro-
gram in some source language as input and generates a target program in some rarget lan-

guage as output. At the highest level a compiler should:

1. Ensure that the input submitted is a valid source program.

2. Generate a target program whose meaning in the target language is equiva-
lent to the meaning of the source program in the source language (assuming
the source program is valid).

Ideally, the compiler should also:

3. Generate an efficient target program, where efficiency is typically some mea-
sure of resource use, such as memory or cpu time.

The first of these three requirements is the best-understood and many tools to automate the
construction of the required tasks exist. Methods for obtaining efficient target programs

are not as well-understood, and automating their implementation less so.



I1.3 Static analysis

Generating an efficient target program typically involves building an intermediate repre-
sentation of the program being compiled and then applying optimizing tr(msformation.s" to
the intermediate structure. While some transformations require little knowiedge about the
program being compiled, the most effective may only be applied when a variety of con-
straints, involving information about possible executions, are met. That is, the program
must be subjected to compile-time analysis, called staric analysis, to infer information

needed to ascertain the applicability of a given optimization [50].

11.3.1 Example: live variable analysis

In order to make effective use of registers, it is very useful to know the lifetimes of the
variables in a program. A variable is said to be live when the value it contains could be
uscd again before the variable is assigned a new value, Clearly, variables whose lifetimes
do not overlap can share a register. Similarly, the value in a register does not need to be

stored into memory if the variable it represents is not live.

More concretely, consider the program in Figure 5, where the numbers to the left
of the code indicate program points (sce below). There are three variables in the program,
i, £ and out. At the end of the program, there are no live variables. The assignment at
point 7 uses £, making £ live at point 7. The other values are shown in the column labelled

“Live variables™ in the figure.

1. Such transformations are usually not optimal in a provable sense. Rather, they are expected to improve
performance.



Figure 5 Sample Pascal program
Point Live Pascal program
variables

@ N O A~ wWwN

{1}
{£,1}
{£,1}
{f£,1}
{f,1}

{f}

PROGRAM test;

VAR

BEGIN

i

£

i:INTEGER;

f:INTEGER;

out : INTEGER;

3;
1;

WHILE i > 1 DO BEGIN

£

i

END;

out

END.

= £ * 4,

i-=-1

11.3.2 Data flow analysis frameworks

There are a number of details implicit in the preceding example that have been formalized

into the notion of data flow analysis frameworks [44, 51]. These frameworks typically

consist of’

1. A model of the program defining the points where information is to be deter-
mined, as well as specifying how control may flow between those points at

rup-time.

2. A set of abstract states representing the desired static information. In the
example above, this information space has abstract states consisting of sets

of live variables.
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3. A set of flow equations relating the abstract state at one point with the points
that may immediately precede or follow it at run-time.

Usually the model induces the flow equations, either directly or indirectly. In some cases,
the structure of the model may influence the information space [78]. Marlowe and Ryder
provide an excellent survey of the these frameworks in [59]. The following sections detail

the various aspects of the above components relevant to this dissertation.

11.3.3 Program models for flow analysis

Data flow analysis may be performed on any onc of a number of levels [59]. Initial efforts
concentrated on intraprocedural mudy.s‘isz, that is, analyzing the flow of information
within single procedures (3, 18, 29, 44, 49, 72]. At a higher level, interprocedural analysis
takes flow between procedures into account. In the absence of interprocedural flow infor-
mation, worst case assumptions must be made at call sites (places in the program where a

procedure is called) to ensure that all optimizations made are safe.

It is usual in flow analysis to make two assumptions relating to conditionals at the
outset. Firstly, when control reaches a conditional branch (e.g., if/then/else), it is assumed
that either branch may be taken at run-time. Secondly, it is assumed that the choice made
at a conditional branch is independent of any previous choices made. These assumptions
arc nccessary because determining the outcome of an arbitrary conditional is undecidable
in general. These assumptions lead naturally to the use of graphs 1o represent intraproce-

dural control flow, as outlined in the next section.

2. Also called global analysis in the literature.
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Graph models of control flow

While there are many program representations used in data flow analysis, the vast major-
ity are based on some form of graph. Intraprocedural control flow is frequently modeled
by a control flow graph [3, 18, 29, 44, 51]. Although many types of control flow graphs

have been used, they may be classified into two basic variants:

1. Node-based: in a node-based control flow graph, the nodes of the control
flow graph represent straightline pieces of code and an arc from node A to
node B indicates the possibility that code represented by node B may be exe-
cuted immediately after the code represented by node A. Program points are
typically assumed to occur at the entry and exit of each node. The nodes are
often assumed to be basic blocks, that is, maximal fragments of straightline
(single entry, single exit) code which minimizes the number of points where
flow information is computed.

2. Arc-based: alternatively, the code may be associated with the arcs in the
graph. In this case, the nodes are considered the program points. The advan-
tage of this structure is that at a split in control flow, the sense of the condi-
tional is encoded in the arc itself; it is not necessary to include such
information in the abstract state.

The control flow graph has been successful in the intraprocedural context because it accu-
rately models how control flows within a procedure. Each path in the graph represents a
possible execution under the usual assumptions. The arc-based and node-based control

flow graphs for the example program are shown in Figure 6.

Interprocedural control flow has also been modeled by graphs. In some instances a
call (multi-)graph [16, 74] is used in which each node represents a procedure and each arc
represents a call site from a caller (the procedure containing the call site) to a callee (the
procedure being called). In this scheme, the call graph and control flow graphs of the indi-
vidual procedures are used to model the control flow of the program being analyzed. A
related approach is to combine the two representations directly into an interprocedural

flow graph using special “call site nodes,” and special call and return arcs [78]. Recently,
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a group at McGill University has introduced the invocation graph [32, 81], which is an
expanded form of call graph that cxplicitly distinguishes each possible (non-recursive)

call path.

A graph representation is particularly useful for performing transformations on
low-level sequential code, as it closely represents the final form of the program. Frag-
ments may be easily moved from one node to another, and subsequent analyses performed

on the new structure [3].

Figure 6 Node- and arc-based control flow graphs of program in Figure 5
Start
i .= 5. | Node-based control Arc-based control
Foi= 1: flow graph flow graph

Start

e
e oo
nn
Ferh

»*

1l
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11.3.4 Information spaces

An information space is an abstraction of possible program states. Each abstract state in
an information space represents a set of concrete states, that is, program states that may
occur at run-time. A data flow analysis associates an abstract state with each program

point in the program.



23

The most common structure for an information space is a bounded semilattice
[18,29,44, 51,78, 97]. Each element of the lattice represents an abstract state, and the
meet operator is used to summarize two abstract states when control flow merges. The
bottom element of the lattice represents worst case information, with respect to the use of
the information. If the lattice has no natural top element, an artificial top element meaning
“no information known yet" is frequently added to simplify the implementation of the data
flow analysis algorithm. Note that these lattices are “upside-down” with respect to the use
of lattices in denotational semantics where the top element means overspecified and the

bottom element means underspecified.

Example

In an intraprocedural live variable analysis the information space is the powerset of the set
of variables in the procedure or program. Let Var be the set of variables in a program.
Then the live variable lattice for that program is <2¥*, U». Figure 7 shows a Hassc dia-
gram of the live variable lattice for the example program in Figure 5. The top element is

the empty set and the bottom element is the set of all variables.

Figure 7 Live variable lattice for program shown in Figure 5
T=0
{£) {out} {1}

{£,0out} {£,1i} {i,o0ut}

L={f,i,out}
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Monotone data flow analysis frameworks [44]

Kam and Ullman formalize the notion of an information space as a monotone data flow

analysis framework.

Definition 36: A monotone data flow analysis framework (MDFAF) is a triple
D=<«L,A,F>, where:

1. L is a bounded semilattice with meet A (in this treatment it is assumed to
have a top element T and a bottom element 1; ).

2. Fis a monotone function spuce associated with L.

I11.3.5 Flow equations

The actual analysis is represented by a set of flow equations representing the abstract
semantics of the program. Program points in the control flow model correspond to vari-
ables in the flow equations. For a node-based control flow graph, there are two program
points for cach node, typically labelled IN and QUT, representing the flow information
known at entry and exit of the node, respectively. A function on abstract states is associ-
ated with each label in the graph which computes the abstract effect of executing the
label’s code. Arcs in the control flow model represent dependencies among the program

states and, thus, the structure of the low equations.

Backward intraprocedural analysis

The equations themselves depend on the direction of information flow. In the original for-
mulations of flow analysis frameworks, information was assumed to flow either forward
or hackward. Consider the live variables problem: at the end of the program the set of live
variables is whatever the operating system might use (frequently assumed to be the empty

set). For the example program, it is assumed that nothing is live at the end of the program
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(point 8). Given this fact, the set of live variables at point 7 is the set of live variables live
at point 8 minus the element cut (a value is assigned to this variable), plus the element £
(this variable is used in the assignment). That is, the abstract information flows *back-

ward” from the end of the program towards the beginning.

For a node-based control flow graph, deriving a set of flow equations representing
this kind of backward flow is straightforward. The IN point of the node N (denoted N.in)

is a monotonic function of its OUT point (denoted N.out):

N.in = f(N.out)

The OUT point of node N is the meet of all the IN values if its successors:

N.out = N\ M.in
M € succ(N)

Flow equations for an arc-based control flow graph are similar.

Forward intraprocedural analysis

In many data flow probiems, information flows forward from the start of the program. An
example is constant propagation (3, 29, 44, 91] which tracks the values of variables as
long as they are known to be constant, and uses these values to facilitate constant folding.
In this case the values of all variables are typically assumed to be “unknown” or zero
(depending on the source language) at the start of the program. Information flows forward
from one point to the next. The flow equations for such a problem mirror the backwards

equations above; for a node N in a node-based contro! flow graph:

N.out = f(N.in)
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where f is a monotonic function, and

Nin= A Mout
M € pred(N)

Bidirectional intraprocedural analysis

In some analyses information may flow in both directions, that is bidirectionally. An
example of such a problem is Morel and Renvoise’s partial redundancy elimination {62].
Flow equations typical of this type of problem define IN values in terms of OUT values

and vice versa:

Nin= A f(M.our)
M & pred(N)

N.out = AN g(M.in)
M e succ(N)

I11.3.6 Interprocedural analysis

The goal of interprocedural analysis is to muke a more accurate determination of the effect
of a procedure call thun provided by worst case assumptions. In a forward analysis, for
example, we need an approximation of the abstract state after the call, given the state that
holds before the call. Sharir and Pnueli devised two frameworks for such analyses, called
the functional approach and the call-string approach [78). These two approaches addresss
forward flow analysis in the presence of procedure calls. For both methods node-based

graphs are used to represent the program being analyzed.

The essence of the functional approuch is to compute phi functions. A phi function
is associated with node in the control flow graph and represents the execution of the pro-

gram from the beginning of the procedure in which the node occurs up to the exit of the
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node. Using a finite state lattice, the values of the phi functions may be computed using an

iterative algorithm.

In the call string approach, the idea is to treat calls and returns as normal jumps,
encoding the *“propagation history” in a call string. By tagging the flow information with
its call history, it is possible to distinguish separate paths when processing the return from
a procedure. In the presence of recursion, there is an unbounded number of possible call
strings and some form of approximation must be introduced. Unlike the functional
approach, this approach does not require a finite lattice to ensure termination: finite height

is sufficient, but not necessary.,

11.4 Compiler construction and its automation

Compiler construction differs from most areas of software development in that many
aspects of compilation have matured into well-understood and accepted techniques [45].
The overall structure of a compiler is typically composed of the following phases [3, 90]:
scanning, parsing, tree construction, semantic analysis (e.g., name analysis and type
checking), optimization and code generation. For several of these phases there exist con-
cise abstractions which allow the tasks of the phase to be specified effectively. It is pre-
cisely these abstractions that permit the automatic construction of 4 module implementing
a given phase. Table 1 lists a number of phases along with corresponding abstractions and

tools developed for compiler generation technology.
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Table 1 Abstractions used to describe various phases of compilation
Phase Abstraction Example tools/techniques

Scanning Regular expressions LEX [58], GLA [33], Mkscan [35]
Parsing LALR(I) grammars YACC [40], Tlalr [36]

LL(k) grammars ANTLR {67}
Semantic Altribute grammars GAG [48], LIGA [46]
analysis
Optimization Tree pattern matching  |DORA [23], MUG2 [96], GOSpeL. [93]
Code generation |Grammars Graham-Glanville [25]

Tree rewriting BURS [69, 70]

Denotational semantics |MESS [57]

While there are many factors affecting the success of a compiler generation tool, it
seems fair to say that if the abstraction is inadequate for the task being described, the tool
is less likely to be used. One potential problem is lack of generality. The GLA scanner
generator, for example, assumes that whitespace is not significant in the source lunguage
[33]. Thus, it cannot be used to implement a scanner for a fanguage that uses the “off-side”

rule for scoping, such as Haskell [37].

Another possible pitfall is that the abstraction does not admit straightforward spec-
ification of the required task. For example, there is continued debate over the use of LL(k)
vs. LR(k) for parser generators: the latter have greater recognition strength, while the
former permit greater semantic control over parsing |68]. This applies to Prolog's definite
clause grammars [14], for example, which require the grammar to be in LL(1) form. Sim-
ilarly, it is possible in general 1o specify scanning tasks using parsers, at the expense of a
less intuitive description (a regular grammar rather than a regular expression) and typi-
cally increased run-time cost when compared with a scanner generated by a scanner gen-

eration tool.
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As mentioned in Section I1.1.4, the standard attribute grammar formalism permits
neither remote access to attributes nor circularity in the attribute equations. Implementa-
tions of attribute grammars sysiems typically have further restrictions regarding attribute
dependencies, such as “orderedness” [47]. While these constraints permit the construction
of efficient attribute evaluators and evaluator generators, they occasionally make certain
tasks difficult. A strictly left-to-right evaluation scheme makes it somewhat cumbersome
to perform type checking, for example. Doing a flow analysis directly in an attribute gram-
mar, even if circularity was permitted, would be tedious if the source lunguage permitted

non-local control flow such as non-restricted goto statements,

Code generation is less well-understood, resulting in a variety of mechanisms for
abstracting the code generation process. An early technique, known as Graham-Glanville
code generation, specifies the code generation task using a form of context frece grammar
and implements the code generator using a form of LR parsing [25]. BURS, which stands
for Bottom-Up Re-write System, also uses a grammar based specification, but the algo-
rithm is based on a tree pattern matcher implemented using dynamic programming
(69, 70].

Even optimizer generators exist. An early effort is the MUG2 system [95, 96],
while more recent work includes Sharlit [86], GOSpelL/GENesis [93], and DORA [23].
The general idea behind all these systems is to allow the user to supply transformation/
predicate pairs where the transformation typically consists of a pattern and possible

replacement whose admissability is determined by the corresponding predicate.

Finally, some systems are designed to translate (various forms of) denotational
semantic specifications to compilers. Perhaps the best known is Peter Lee’s MESS system
which allows a language to be specified in terms of “high level semantics™ and “microse-

mantics” and translates them into a working compiler [57]. Unfortunately, his language
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descriptions seem marginally easier to read and understand than a denotational semantic

description.

I1.5 Techniques and tools for static analysis

As in the case of code generation, there have been a number of techniques and tools
devised for specifying and implementing static analyses, Given the prevalence of attribute
grammars in compiler generator tools, there have been many efforts to contort the attribute
grammar paradigm to solve various classes of tlow analysis problems. Other efforts have
resulted in tools which are directed primarily at the data low aspects, generally assuming

a particular intermediate representation amenable to data flow analysis.

11.5.1 Static analysis techniques

There are three related techniques used to compute static information about a program for
the purposes of optimization. The data flow analysis frameworks described in Section [1.3
is known traditionally as data flow analysis [3,29, 86). A similar approach is abstract
interpretation [2, 18). Partial evaluation, another related technique. can be viewed as a

general form of the constant propagation flow analysis problem.

Abstract interpretation

Abstract interpretation, due to Cousot and Cousot, is based on the idea of interpreting the
source program in an abstract domain, rather than a concrete domain, as is usual in deno-
tational semantics [18]. The goal is to characterize the set of concrete states possible at
cach program point with a. abstract state. A requirement is that the abstract state com-

puted for a given point must represent any possible state the program could be in when
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control reaches that point. More formally, let C be the lattice of (collections of) concrete
program states and A be the lattice of abstract states. Correctness is established by finding

two functions:

1. o : C — A - the abstraction function.
2. v: A — C—the concretization function.

such that for all abstract states ac A we have o(y(a)) = a and for all concrete states ce C

Y(o(c)) € ¢ (<o, is an adjoined pair of functions®).

Unlike the case of data flow analysis in the style of Kam and Ullman [44], the
abstract interpretation framework explicitly allows the lattice of abstract states A to be of
infinite height. To ensure termination of analyses in the presence of such lattices, a widen-

ing operator, V 5, with the following properties is introduced:

1. Vaa' e Ai(aVy o) S, (any @)

2. Every infinite sequence sg, Sy,...,Sp,... Of the form sg = ag,8; = 8, Vasg,...,
Sp =2,V a8, 1,... (Where ag,a,,...,,... are arbitrary abstract states) is not
strictly decreasing.

The idea is to insert an occurrence of this operator into the flow equations for each loop in
the program. That is, for each loop, there must be at least one flow equation between two

successive points of the form:

x=x V, f(x)

Because V4 is not strictly decreasing over infinite sequences of arbitrary values, this guar-

antees a fixed point.

3. If the first constraint is weakened to o(y(a)) < a,«, is semi-adjoined,
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Data flow analysis in a denotational framework

Nielson introduced a framework for performing forward intraprocedural analysis based on
denotational semantics [65]. He defines the notion of a collecting semantics which associ-
ates possible program states with a set of program points. The collecting semantics is
based on a store semantics, that is, a denotational semantics that maintains a stack [82].
Each AST node is decorated with two program points, “entry” and “exit,” uniquely identi-
ficd by the position of the node in the tree; the semantics then “collects” the set of possible
concrete states that may occur at these points. A data flow analysis consists of defining a
pair of semi-adjoined functions which define the relationship between abstract states and
concrete states. As in abstract interpretation, these functions represent the constraint that
the abstract state for computed a given point must subsume the set of possible states for

that point, as defined by the collecting semantics.

In a subsequent paper [66], Nielson considers the use of his framework to perform
program transformations. Here he adds a method for performing intraprocedural backward
flow analysis which rclies on a continuation passing style semantics (see Section I1.6.1
below). The idea is to associate an abstract continuation with each program point which

summuarizes the desired information,

Unfortunately, Nielson’s ideas do not lend themselves to the construction of a
compiler generation tool. Two features are needed to permit casy prototyping and auto-

matic generation:

1. a user oriented specification mechanism for representing intra- and interpro-
cedural control flow uniformly; and

2. acorresponding interprocedural interpretation for backwards, forwards and
bidirectional problems.



Partial evaluation

A related technique that has received considerable attention is partial evaluation [26]. In
this case, the idea is to specialize a program with respect to some of its input yielding a
residual program. Running the residual program on the remaining input is intended to be
equivalent to running the original program on all the input. The technique is useful
because knowing some of the input may permit optimizations to be made which increase
the efficiency of the residual program, with respect to the original. Constant propagation

may be viewed as a form of partial evaluation in which no input is available.

One approach to partial evalution, called polyvariant mixed computation, is similar
to data flow analysis. Specifically, the idea is to compute sets of states that a program may
be ip at a given point, assuming a given set of known inputs. A new program is generated
which makes use of these states. Unfortunately, partial evaluation does have a few prob-
lems, including the possibilities of non-termination and of generating residual programs

that do not preserve the termination behaviour of the original program [26).

Abstract interpretation and data flow analysis may be viewed as forms of polyvari-
ant mixed computation in which the abstract program states and flow equations ensure ter-
mination. That is, in the standard polyvariant technique, the state lattice is of infinite
height and there is no widening operator to prevent non-termination. Also, while abstract
interpretation and data flow analysis are concerned with characterizing sets of states, par-

tial evaluation has the added goal of providing an executable residual program.

11.5.2 Existing static analysis tools

Because of the importance of static analysis, a variety of flow analyzer generators have

been developed. These tools vary widely, from automating the generation of analyses in a
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given compiler [81, 98, 86] to generating analyses within a given compiler generator [95],
along with approaches to performing static analysis directly in an attribute grammar [73].
Even Kildall mentions the implementation of a tool for creating classical intraprocedural
analyses in his seminal paper [51]. These efforts, along with other relevant projects are

discussed in the following sections.

Attribute grammar based systems

A number of attribute grammar techniques have been proposed, including:

1. Babich and Jazayeri’s method of attributes [9, 10];
2. Farrow's finitely recursive attribute grammars [24];
3. Rosendahl’s lazy fixpoint evaluation for attribute grammars [73].

Writing attribute grammar specifications for data flow equations, however, is not trivial
when the source language permits unstructured control flow or procedure calls. In fact,
techniques for performing interprocedural analysis in an attribute grammar have yet to

appear.

Graph transformations

In his Ph.D. dissertation {28], Grundman develops an intraprocedural flow analysis tool,
based on graph transformations, intended to support Farnum's DORA optimizer generator
[23] (sce below). The general idea is to represent all aspects of a flow analysis as graphs
and to perform the analysis, including the computation of the fixed point, as a set of graph
transformations based on pattern matching. While Grundman notes the independence of
his technique from the DORA cnvironment, it is not clear how easy it would be to extend
his graph-based formalisms to interprocedural analysis. And while the conceptual simplic-

ity of using graphs for the entire analysis is intellectually appealing, it seems likely that
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the user of a compiler generation tool would not welcome the necessity of contorting well-

understood lattices into a graph-based representation.

DORA

Farnum’s DORA system is the result of investigating the use of pattern matching lan-
guages to support the prototyping of compiler optimizers [23]. DORA uses a tree-based
intermediate representation, which he calls DILS, and supports intraprocedural data flow
analysis using SAL, DORA’s tree attribution language. The techniques introduced are of
particular interest because while DILS itself explicitly admits continuations (sce
Section I1.6.1 below), Farnum constructs a control flow graph to perform the data flow
analysis. Interestingly, Farnum notes that much of the code required for a flow analysis is

associated with constructing the control flow graph.

McTAG

An on-going project at McGill University, the McGill Compiler Architecture Testbed
(McCAT) is addressing “the interaction between compiler techniques and advanced archi-
tectural features™ [31]. The main thrust of the project is the development of a C compiler
capable of supporting a broad range of optimizations. Sridharan has devised a flow analy-
sis framework, called McTAG, to support both intra- and interprocedural analysis [81]. It
is based on an intermediate AST form, dubbed SIMPLE, which fully disambiguates the
many fuzzy aspects of C and from which all goto statements have been eliminated [22].
Interprocedural control flow is modelled vsing an invocation graph, an interesting varia-
tion of the standard call graph in which call chains have been expanded to the first point of
recursion. Flow analyses are specified using pattern/action pairs that compute the abstract
semantics of each SIMPLE construct. Interprocedural analysis is handled by the call node

action. It involves the specification of a pair of functions, map and unmap, that map the
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caller’s environment into the callee’s environment and back, respectively. Call site infor-
mation for all calls represented by a given invocation graph node is merged. Not surpris-
ingly, this framework is quite well-suited to the analysis of C programs. Extending it to
become a more general tool would present some challenges, however: either the SIMPLE
language would require extension to handle constructs such as nested procedures explic-
itly, or the front-end of the compiler would have to translate to the existing SIMPLE con-

structs, possibly losing information present in the original source program,

MUG2

One of the carliest systems for specifying flow analyses and optimizing transformations is
MUG?2, designed at the Technical University of Munich [96]. A slightly modified attribute
grammar formalism is used to specify intraprocedural flow analyses. The formalism, how-
ever, is quite limited, permitting only structured control flow (a complicated technique
involving abstract state stacks is presented for handling multi-level exits; general goto
statements, however, arc not admitted). Also, it is necessary to structure the analysis as a

sequence of left to right or right to left AST traversals; general circularity is not allowed.

Sharlit

Sharlit is a tool for building intraprocedural optimizers [86]. A primary component allows
the specification and implementation of data flow analyzers, based on relatively low level
control flow graphs. The interface is based on control flow graphs, flow values, flow func-
tions, action routines and path simplification rules. Of these, the first three correspond to
the usual monotone data flow analysis frameworks. Action routines use the flow analysis
results to perform optimizations. Path simplification expressions. based on Tarjan's path
problems [83, 84], permit a variety of solution procedures to be specified, from straight-

forward iteration to interval analysis. The framework cannot be directly applied to the
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problem of constructing a flow analyzer generator, however, because it assumes that the
control flow model has already been constructed. Furthermore, Sharlit does not address

interprocedural analysis.

SPARE

Venkatesh describes a system called SPARE for performing abstract interpretation
[88, 89]. This system is based on a compositional denotational semantics, requiring a
denotational description of the language being compiled. Because SPARE depends on
compositionality, it cannot handle arbitrary control flow constructs, making the system

unusable for many languages.

Z1

Yi's Z1 is a system for specifying abstract interpreters [97, 98]. One of the main thrusts of
his work is the development of abstract domains, based on finite modulir atomic lattices.
Such lattices may be projected to yield faster, and generally less precise, analyses. The
method of specifying the interpretation itself is reminiscent of a denotational semantics
description. In particular, control flow and data flow arc intertwined in the description; the
user of the system cannot use the intuitive notion of control flow graph to aid in the speci-

fication of the interpreter.

I1.6 Control flow - the missing link

As shown in previous sections, considerable effort has gone into devising mechanisms and
tools for performing static analysis. Curiously, however, very few cfforts address the prob-
lem of control flow analysis. Babich and Jazayeri's “Method of Attributes,” for example,

embeds control flow directly into the attribute equations; each analysis contains the same
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specification implicitly. McTAG [81] and Z! [97, 98] both assume an intermediate format
in which goto statements have been eliminated. Control flow in the former is embedded
into an explicitly defined fixpoint computation. In Z1 the fixpoint computation is implicit;
the semantics is relatively straightforward, however, because of the compositional nature

of the assumed intermediate representation.

I1.6.1 Continuation passing style

In devising a general purpose flow analysis tool, independent of any particular compiler or
compiler generation cnvironment, it is necessary to address the issue of non-local control
flow directly. In fact, the fundamental problem is the same as handling goto statements in
denotational semantics [82]: the meaning of a given programming language statement
may not be a function of its syntactic sub-components. The solution in denotational
semantics is to use continuation passing stvle (CPS) where the semantics of a given com-
ponent is paramneterized by a function, called a continuation, that represents the execution
of “the rest of the program.™ Most statements either pass their continuation on to their sub-
components, or in the case of primitives, invoke it as their last operation. Goto statements,
however, ignore their continuation entirely and invoke a continuation from the environ-

ment (corresponding to the destination of the goto).

Although continuation passing style was originally developed to describe the
semantics of imperative languages, it has been used primarily in the area of functional
programming. Continuations have been used in the implementation of ML [7] and are
even directly available to the user in Scheme (71]. In terms of static analysis, continua-
tions are frequently used in the analysis of functional programs. Shivers used continua-
tions in his work on the static analysis of Scheme [79). Hughes' strictness analysis is also

bused on continuations [38].
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Given the power (and origin) of continuations, it is reasonable to wonder why they
have not yet appeared in the literature as an alternative to the various forms of graph typi-
cally used to analyze imperative languages. Perhaps the reason is the inherent adequacy of
a control flow graph for intraprocedural analysis: in this case there is no good reason to
use continuations. Similarly, call graphs retain many of the comfortable properties of con-
trol flow graphs and are an obvious extension to cope with interprocedural control flow,
though the “fit” is certainly not as good. Another possibility is that having the program in
the form of a control flow graph is useful for the subsequent application of optimizing
transformations. It is unclear how to apply an optimizing transformation, such as the
movement of an invariant expression out of a loop, to a program represented as a set of

recursive functions in continuation passing style.

From another perspective, is it a good idea to require the user of a compiler gener-
ation tool to construct a continuation passing style semantics? As shown in the previous
paragraph, such a structure would likely serve only a single purpose and the user would
then have to go build a control flow graph at some point anyway. A better approach is to
devise an intermediate representation that can be described in terms of the abstract syntax
of the language that retains the flexibility of control flow graphs but may be used to derive
a continuation passing style semantics. Ideally, this structure would also seamlessly inte-
grate the representation of intra- and interprocedural control flow. Such a structure would
go a long way towards providing an appropriate abstraction amenable to automation of the
construction of static analysis tools. The abstraction developed in this dissertation, the
flow grammar, meets these criteria, providing an effective bridge between the practical

control flow graph and the theoretical continuation passing style semantics.
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11.6.2 Plumb

One direct attempt to specify control flow was Sethi’s plumb tool [77]. It allows a user to
write a continuation passing style semantics of the language which plumb converts to a
(non-optimizing) code generator. His paper gives a specification for the intraprocedural
aspects of C, and indicates that extension to other language constructs, such as procedure
calls should be easily added. It seems, however, that this effort was not continued. Perhaps
part of the reason is that the specifications were almost as difficult to read and write as the
denotational semantic description they were attempting to replace. In any case, plumb has

yet to appear in the literature as the basis of a flow analyzer generator.

I1.6.3 On the use of grammars

At the outset it may seem somewhat unusual to use grammars as an intermediate represen-
tation in a compiler. There are, however, a number of other projects that have used gram-

mars for similar purposes, or in manners that can be adapted for use in this research.

Aside from the conventional use of grammars to describe programming language
syntax, grammars have also been used as a programming formalism in their own right. In
his MSc thesis, Silverberg discusses the use of grammars as a useful programming mecha-
nism for describing data and corresponding algorithms [80]. Michaelson discusses the use
of grammars as a mechanism for specifying interpreters which permits their automatic
construction [60]. The description of both the syntax and semantics of an entire Algol-like
programming language is given as a two-level grammar in {13]. More directly related to
flow analysis, Jones describes a method for flow analysis which computes a grammar
describing the “shapes™ of possible input and output arguments present in i lazy higher-

order functional program [41].
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More recently, research has been directed at analyzing grammars in an area known
as grammar flow analysis [61, 43]. The idea here is to associate values from a lattice with
the non-terminals of a grammar. In the top-down formulation, the values of non-terminals
on the rhs of a production are constrained by functions of the non-terminal on the lhs.
Conversely, in the bottom-up formulation, the value for the non-terminal on the lhs is a
constrained by a function of the values of the non-terminals on the rhs. In either case, the
solution to such problems is a mapping from non-terminals to lattice values which satisfy
all the constraints. While the flow grammar notion presented here is not a grammar flow
analysis, several of the techniques for computing fixpoint solutions in grammar flow anal-
ysis problems discussed in [43] do apply, and are studied in Chapter V. Also, Jeuring and
Swierstra describe a functional approach to bottom-up grammar flow analysis problems

quite similar to the flow grammar approach taken in this dissertation [39].

I1.7 Summary

Successful compiler generation tools make use of the compiler writer’s intuition by pro-
viding an abstraction suited to the tasks that must be performed. In the case of static anal-
ysis, research has been directed primarily at the data flow aspects of the problem. Control
flow aspects have seldom been considered, and no easily specified abstraction, suited to

subsequent data flow analysis, devised.
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II1 Motivation: generic
description of control flow

This chapter explores a key problem associated with automating the construction of flow
analyzers: the lack of a uniform mechanism for describing intra- and interprocedural con-
trol flow. The contribution of this chapter is, by way of example, a demonstration of how a
grammar is a natural extension 1o the usual control flow graph used for representing con-
trol flow in a compiler. This provides the main motivation for using grammars as the basis

of the remainder of the dissertation.

111.1 Introduction

There are numerous compiler construction tools for automatically generating compiler
modules ranging from lexical analyzers to code generators. While some of these tools are
specifically aimed at automating the production of oprimizing compilers, none has a par-
ticularly intuitive interface for specifying and solving flow analysis problems. One of the
main stumbling blocks appears to be the lack of an effective mechanism for describing

control flow. This chapter illustrates one possibility for specifying control flow generically
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in terms of a programming language’s syntax and motivates the use of grammars to model
control flow. The presentation may be considered an initial design for a graphical user
interface to the FACT tool.

I11.2 The problem

For most optimizations to take place, various facts about the program under compilation
must be computed. For example, if it can be shown that a variable V is never used after
some point P in a program, then any storage for V may be freely used for other purposes
when control has reached point P. This requires a knowledge of all possible paths in the
program, and what events may occur on those paths at run-time. This information is the
result of control flow analysis ard data flow analysis, respectively. The development of a

flow analysis tool needs a generic mechanism for describing both of these phases.

For general-purpose control flow analysis, the problem is to devise an effective means for
specifying a control flow model in terms of the abstract syntax of the programming lan-
guage being compiled. While there are many important aspects to this problem, two main

requirements are:

1. an intuitive interface, and

2. a general control flow schema capable of accurately representing a broad
range of control flow paiterns.

The remainder of this chapicr presents a new solution to this problem which
extends the intuitive aspects of the control flow graph with the expressive power needed to
model procedure calls. Flow grammars arise naturally from this extension and their study

comprises subsequent chapters.



II1.3 Example: AST to control flow graph

Figure 8 shows (a subset of) an abstract syntax suitable for representing Pascal
statements. By associating two control flow points with each S production, it is possible to
specify an arc-based control flow graph for any AST described by this grammar. Figure 9
shows the AST corresponding to the statements in Figure 5 along with an arc-based con-
trol flow graph induced from the tree. Aside from containing more arcs and nodes, the

graph shown is similar to the arc-based graph in Figure 6.

I11.4 From abstract syntax to control flow

Specifying the control flow for a given abstract syntax requires determining which non-
terminals in the grammar represent programming language constructs that (may) give rise
to control flow at run-time. Then the number of control flow points for each non-terminal
must be determined, along with the control flow pattern implied by the various produc-

tions containing the selected non-terminals.

In the example above, each S non-terminal has two associated points, say in and
out, which is typical for an imperative language. The control flow implied by the produc-
tion S = S S may specified by the following schema (the non-terminals have been
indexed so that they may be distinguished from each other, as in attribute grammar seman-

tic rules):

S; = S; S; ~ 2 ~ 2
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Figure 8 Abstract syntax for a small subset of Pascal statements
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If a given statement is composed of two nested statements, then execution of the
entire statement may be effected by executing the first nested statement and then the sec-
ond. The arcs in the schema represent this by making the start of the cuter statement syn-
onymous with the start of the first inner statement (S,.in, S,.in), the end of the first inner
statement synonymous with the start of the second inner statement (S,.out, Sy.in), and,
finally, the end of the second inner statement synonymous with the end of the outer state-
ment (S;.out, S;.out). Note that S, and S5 derive subgraphs (indicated by the broken arcs)
which are merged with the schema subgraph to form a graph for the complete statement,
in much the same way the attribute dependency relation in an attribute grammar is com-
puted [54). The entire process also bears a strong resemblance to the well-known algo-
rithm for converting a regular expression to a non-deterministic finite automaton [3], the

only difference being that the edges are not labelled with the empty string.

Schema for the remainder of the abstract grammuar are equally straightforward to

construct:

.in E.in E out §,.out

S, = ‘while’ E 5, !
S2

S,.out =~ S;.in

S.in E.in E.out S.out
O—0n -
S - Id :=" E E *assign
to Id”
S.in E.in E.out S.out

S = ‘write’ E E “wrice~
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Note that in the case of assignment and write statements a run-time action occurs that
changes the state of the program. These actions are denoted by italicized labels on the

arcs.

As described thus far, control flow among the elements on the right-hand side of a
given production is expressible. This includes the “structured programming constructs™:
sequencing, alternation (if/then/else) and repetition (while/do). It does not, however, allow
for more global control flow, including exits from the middle of loops and goto statements.
These types of constructs may be handled by allowing the definition of control points in
other components of the compiler, such as the symbol table, and importing them to the
schema description. In the case of the goto statement, for example, a control point may be
associated with the identifier of a label, say in the attribute Id.whereto. This gives rise
to the following schema:

S.in S.out

®
S = ‘goto’ Id

Id.whereto

where the gray circle denotes an “external” attribute.

I11.5 Procedure calls

The nested nature of procedure cails makes their accurate description with a graph model
impossible [78]. The following schema illustrates the desired control flow pattern of a pro-

cedure call;

S.in S.out
S = ‘call’ 1d oO——»00

Id.whereto
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which means: when control reaches a call statement, it should flow to the beginning of the
called procedure (Id.whereto) and, upon return, control should flow to the point
S.out. Note that this is not the same as connecting the out node of the last statement(s)
of the called procedure with S. out, which specifies that control may return to any call
site which calls the procedure. Although this behaviour is a possible approximation to the

true control flow, it is insufficient for effective interprocedural analysis.

This schema is somewhat more subtle than it may first appear since, as stated
above, a graph cannot accurately represent the control flow present in a procedure call.
The distinction lay in the juxtaposition of the two nodes on the right hand side of the
schema, which introduces a “sub-level™ of control flow. In this context, the external gray
node represents the effect of all possible executions of the whole of a subprogram, given
that control has reached a particular call statement. From a slightly different point of view,
this schema can be thought of as generating possible executions of a subprogram followed
by possible executions of the rest of the program (i.e., statements after the call statement).

Thus, the control flow is very much like a production in a context-free grammar:
S.in ::= Id.whereto S.out

which may be interpreted as: the effect of executing u statement consisting of a call
(S.in) may be generated by generating all possible executions of the subprogram
(Id.whereto) followed by whatever may be generated after this call statement
(S.out).

In fact, all of the graph constructors above may be viewed as productions. With the
addition of terminals to indicate the semantics actions that occur between two points, a
grammar model of the source program may be constructed. The strings generated by this
model reflect possible executions that may occur at run-time. Furthermore, by applying

different meanings to the terminals, different data flow analyses may be performed.
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II1.6 Summary

This chapter addressed the problem of specifying the control flow of programs may be
specified in terms of the abstract syntax of the programming language. Construction of an
application with a graphical user interface allowing the annotation of a grammar with the
graph construction schema shown would be straightforward, and would result in an intui-
tive tool for use in a compiler generation system. Modeling the effects of procedure and
function calls led naturally to the notion of a (control) flow grammar. The remainder of

this dissertation explores the utility of this powerful new control flow model.
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IV Grammars as a basis for
semantic description

In this chapter, the use of grammars is explored as a way of describing control flow. The
main contribution is the definition of the flow grammar, an original model for the uniform
representation of intraprocedural and interprocedural control flow, further addressing one
of the key problems outlined in Section 1.3. The initiul sections of this chapter are
intended as an introduction for compiler writers who nced to understand the underlying
principles of flow grammars. It then demonstrated that finding the greatest fixed point of a
system of equations derived from a flow grammar safely approximates the meet over all
paths generated by the grammar. A subsequent section describes a secondury contribution:
an illustration of the relationship between flow grammars and continuation passing style
semantics: by abstracting a program in continuation passing style semantics, a flow grum-

mar arises naturally.
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IV.1 Overview

The flow analysis of a program must be conservative, in the sense that any facts deter-
mined about execution of the program must be true regardless of which execution path
actually occurs at run-time. This chapter elaborates the notion of using a grammar to rep-
resent possible executions introduced in Chapter III by considering the semantics of exe-
cution paths. Initially, single executions are addressed. Sets of executions, as needed by
flow analysis, are then considered and the set equations resulting from programs with sim-
ple procedure calls are found to be equivalent to context free grammars. Finally, the rela-

tiviship between flow grammars and continuation passing style semantics is considered.

1V.2 Introduction

For a sequential program, an execution may be viewed as a list of the state changing
actions performed at run-time [34]. Consider the program fragment in Figure 10, for
example. Let the numbers to the left of the code be program points, that is, places in the
program benveen (potentially) consecutive actions. From this point of view, an execution
of this program may be written as a sequence of pairs of points, contro! flowing from one
point to the next. There is only one possible execution of this code, which may be written

as the sequence of pairs:
«1,2> 2,3 3,4 4,5 S5,60 6,3> 3,4 4,5 5,65 6,3> 3,7> 7.8

Each pair represents some set of run-time actions that are performed between the two
named points. These actions may be defined mathematically by a semantic mapping from
pairs to functions on a domain. The effect of executing part of a path may be realized by

composing the semantic functions of each pair in the sequence.
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Determining the effect of a single execution path, however, does not address the
problem of flow analysis. The fact computed for each point in the program must be true,
regardless of which path was taken to get to the point. Thus, it is necessary to have a struc-
ture representing all possible execution paths along with a mechanism for combining the
effects of those paths. This chapter describes a new approach to the representation of the

paths, a structure that paralleis the events which occur at run-time.

Figure 10 Sample Pascal program.

PROGRAM test {output):;
VAR 1:INTEGER;

f:INTEGER;
BEGIN
1 i := 3;
2 £ 1= 1;
3 WHILE i > 1 DO BEGIN
4 £ := £ * 1i;
5 i:=1 -1
6 END;
7 write(f)
8

END.

IV.3 Notation

The nowation used for the execution path above contains a certain amount of redundancy:
for many of the pairs, the initial point uniquely determines the second point in the pair. For
example, <1,2> has this property and is subsequently written as t,. Control splits at point 3,

however, and thus point 3 occurs as the first point in two pairs: <3,4> and <3,7>. These pairs
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are subsequently written as t3;4 and t3/7, respectively. The letter “t” represents the fact that
these pairs are ultimately terminals in a grammar that represents the source program.
Finally, one more transformation simplifies much of the notation in the remainder of the
dissertation: the reverse of the above string is written as its execution path, which corre-
sponds closely to the functional composition of the underlying components. Thus, the

above execution is written as:

tiartetstatamtots tatay o by )

IV.4 Semantics of a single execution path

An execution path may be used for a variety of purposes. In general, a semantics is speci-
fied: each symbol is mapped to a function on a domain representing the state of the pro-
gram. The function computes the effect of executing the code represented by the symbol.
On the one hand, the state in a concrete semantics consists of the values of all variables, as
well as any /O streams, in the program. On the other hand, a flow analysis defines an
abstract semantics in which the state represents only the information needed to compute
the desired facts. The remainder of this section explores a concrete and an abstract seman-
tics of the sample Pascal program shown above to demonstrate these ideas and motivate

the next section on the semantics of multiple execution paths.

IV.4.1 Concrete semantics

Defining a concrete semantics involves defining both a domain for the program state and a
mapping from symbols to functions on that domain. Computing the effect of an execution
path involves composing the functions represented by each symbol in the path, in the
order they are encountered. Applying the resulting function to an initial state yields the

state of the program when execution reaches the end of the path.
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Program state

For the example program, the program state consists of the values of the two variables, £
and i, and, since there is a “write” statement, the contents of the output stream. This
may be represented as a triple ¢f, i, 0>, where f and i are the values of the variables £ and i,
and o is a list of the output of the program. A distinguished value, “?,” is used to indicate
the value of a variable that is not defined, as at point | of the program, immediately prior
to execution, The output is written as a comma-separated list of values, with o represent-
ing the empty list. Combining the notation yields <?,?,¢> as the initial state of the program,
Finally, there is a distinguished state, error, that represents an erroneous computation,

such as division by zero. Program ecxecution is aborted when this state is entered.

Semantics of single symbols

For the concrete semantics of a single execution path, each symbol is mapped to a func-
tion on the above program state. The effect of execution proceeding from point 1 to point
2, for example, is to assign 3 to the variable i, which may be written as the following

lambda expression:

ity I=Ad 1, 0., 3,0
where t is the semantic functional of (single) terminal symbols

The other assignment statements are handled similarly:

t[ty I= Ak, i, o<1, i, 0
ty I=Ad, i, 0. *i, i, 0
tlts I=Ad, i, 0.t i-1, 0
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In a concrete semantics, both the conditional represented by symbols t44 and ty., and the
jump from the end to beginning of the loop (t¢), have no effect on the state of the program,

and represent the identity function;

tEt3/4 1= tlIt3n]]= tl[l6 I1=AS.S

Finally, the “write” statement appends a value to the output stream:

t [ty D= Adf,i,00.¢f,1,0§<F>> where § represents list concatenation

Semantics of single execution paths

Given the above mappings for each symbol, the effect of an execution path is simply the
composition of the corresponding functions. For the example execution path (1), the func-

tion is:

Ity tetstataptatsytap oty 1=
¢tz ° eMts7 0 °eltg D elesD®ellty]°
elta 1 ° eMtg D C eMts D elMta D ® eMtayg D° eMta N° elty 1

where t*is the semantic functional of strings of terminal symbols

That is, the meaning of a single path is the composition of the meanings of its individual
components. Note that the functions are applied in the order in which the corresponding
statements are executed. When applied to the initial state, the above function yields the
state <6,1,<6»>, representing the fact that the final value of £ is 6, the final value of i is 1,
and the output stream after execution contains the single number 6. More precisely, define

¢* as follows:
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Definition 37: The forward semantic functional, t*, is defined as follows:

t'[ell = As.s

t"T*—=F us:{
t'[to] = e[t ° o te T

where F is the set of all total functions mapping states to states and ¢ maps terminal
symbols to functions over concretc states.

1V.4.2 Abstract semantics

In an abstract semantics, the program state contains only partial information about what
state the program may be in at each point in the program. The types of partial information
range from whether or not a statement is reachable (in principle) during program execu-

tion [2], to whether or not a value always has the same value at a given point.

While information always flows forwards, from the beginning to the end of the
program, in a concrete semantics, partial information in an abstract semantics may flow
forwards, backwards [18, 44], or even in both directions [62]. Both a forward and a back-

wird analysis of the example program are presented below.

Live variables: a backward analysis

Now consider computing live variable sets for the example program. There are only two
variables, i and £, so an abstract state is simply a subset of {i,f}. The only information
known prior to analysis is that neither variable is used once execution is complete. Thus, it
is the final state, at point 8 of the program that is known to be {}. Because £ is used in the

“write” statement represented by ty, the state at point 7 must be {JU{f} = {£}. That s,

t[t; = AS.SU{ £}
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and ¢[[t;] is applied to the state known at point 8 of the program.! Clearly, the informa-
tion is flowing backwards from the end of the program towards the beginning. As with the
concrete analysis above, each symbol represents a set of actions that is mapped to a func-

tion on the program state, which is now an abstraction of the concrete state.

In a backwards analysis, abstract functions for the assignment statements mimic
the inverse of what happens during execution (again because this is a backwards analysis).
Consider the assignment represented by t4, “£:=£*1”. At run-time, the last event is the
assignment of the value computed for the subexpression “£*1i” to the variable £. Thus,
between computation of the expression and the store of that value to memory, £ is not live
and should be removed from the abstract state. During computation of the expression,
both the variables £ and i are used, and so after the effect of the assignment has been con-

sidered, £ and i should be added to the abstract state;

e[t N=AS.(S-{£)U{i,£]=AS.SU{i,£)

The other assignments and expressions in the program map similarly:

+1t; J= AS.S-(1}

¢ [ty = AS.S-{ £}

tl[t3/4 1= t[[t:;n 1= KSSU{I}

t[ts T=AS.(S-{i})u{i}=AS.Sufi}

Finally, the jump represented by t4 has no effect on the abstract state:

t[ts 1=AS.S

1. Note that ¢ in this subscction is a mapping to functions over abstract states, not conerete states as in the previous sub-
sections (cf. Definition 37).
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Determining the set of variables live at a given point during execution is similar to
determining the program state in a concrete semantics, except that the functions are com-
posed in the reverse order because information is flowing in the opposite direction. To

determine the live variables at the beginning of the execution path above:

t[[t] ]]o t[[tzl]o tl[t:',mllo t[]:l4]]° t[[ls]]ot[[t(,]]o t[[t:;m]lo t[II4]]
Ctlts I° eMtg 1° eMt37 D° e Mty DU D=

As there are no variables live at the beginning of the program for this execution, no vari-

ables are used before being assigned a value on this run.

Constant propagation: a forward analysis

A well-known and important forward analysis is constunt propagation [6, 44, 51, 91]. The
essential idea is to determine when variables have constant values, and use this informa-
tion to simplify subsequent expressions. In this case, information is clearly flowing for-

ward.

The single path semantics is similar to the concrete semantics above. Abstract
states consist of the values of all variables, as well as the output stream. However, it the
program performs input, the input stream is not assumed to be known. The semantic map-
ping of a “read” statement sets the value of the argument variable to 2, indicating that the
value is unknown. In the case of the example program in Figure 10 and the single execu-

tion path (1), the final state is the sume as for the concrete semantics: <6,1,<6».

To this point only dynamic states have been considered. Conceptually, semantic
functions have been constructed to determine the effect of running a program, or part of a
program, to determine the program state after a given set of actions have been executed. A

program state is computed for a given point each time control passes that point. The goal
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of static analysis is to accumulate all such states, not only across a single execution, but
across any possible execution of the program at all. This requires a mechanism for merg-

ing program states and also necessitates the consideration of mudtiple execution paths.

IV.5S Merging abstract states

As described in Kam and Ullman [44], abstract program states used in flow analyses are
generally defined as lattices. Each element of the lattice represents one abstract program
state, and the meet operator on the lattice is used to merge two elements, say ¢ and b, into

a third that represents an abstract state consistent with both ¢ and b.

IV.5.1 Example: live variables

In the case of live variables, the lattice consists of the powerset of the set of variables in
the program with a meet operator consisting of set union. More formally, let Var be the set

of variables in the program being analyzed. Then the live variable lattice is:

LV = 2", @

The elements of the lattice are ordered by the superset operator. That is, x Sy y iff x D'y,

x,ye 2V,

1V.5.2 Example: constant propagation

For constant propagation, the lattice elements are partial maps from the variables in the
program to their current values. Let Var be the set of variables in the program being ana-

lyzed, and R be the set of values that can be assigned to the variables in Var. A lattice ele-
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ment ¢ may then be seen as a subset of VarxR. To merge two such lattice elements, the set
of variable/value pairs must be intersected, since a variable has a constant value in the
combined abstract state iff it had the same value in each of the preceding states. However,
there is no natural top element, so one must be added. More formally, the constant propa-

gation lattice may be defined as:

CP= QVMXR v TCP’ Acp

where
X Acp TCP = TCP ACp X=X, Vx e 2VXR
XAcpY=xNy, Vxye 2R (3)

In this case, the lattice is ordered by subscts: X Scp y iff y = Tep or x,y € 2R ynd xcy.

IV.6 Semantics of multiple execution paths

If the compiler is to make use of the results of a static analysis for the purposes of opiimi-
zation, any information provided by that analysis must be true in a/f circumstances, Other-
wise, incorrect program transformations may be made introducing errors not present in the
original source program. This implies that all feasible execution paths must be considered
by the static analyzer when it computes abstract states for each point in the program. This
section extends the abstract semantics of single execution paths shown above to sets of

executions, rather than single executions, in preparation for static analysis,

1V.6.1 Preliminaries

The semantics of a set consisting of a single execution path should coincide with the

semantics described above. Specifically, if t; ta ... t,, is an execution path, define:
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q’-l"gII{t] ty ... tn} 1x)= t‘[[[l ta . ty 7 (x)

where
Tr,, is the semantic function for sets of execution paths over an
alphabet T and ¢: T — F maps members of the alphabet into functions
on a lattice

Note that the semantic brackets on the left differ from those on the right: the former

applies to a set of paths, the latter to a single path.

The meaning of a finite set of execution paths is the meet of the individual paths,
for all elements in the lattice, L, representing the abstract state. For example, if

0y, O, ..., Oy are finite execution paths, then:
VxeLl: &p, [{oy, oy, o0} T = A { ¢ [ T(x)I 1 Si<m} (4)

Given that each o is finite, and that ¢ maps cach terminal to a morotonic function, these
values are clearly computable. Generalizing to infinite sets of execution paths requires
somewhat more mathematical machinery, introduced in the following sections, after

which the question of the meaning of infinite sets of execution paths is considered.

1V.6.2 Infinite sets of execution paths

Most interesting programs have an unbounded number of possible executions. This set of
executions may be represented by a family of set equations reflecting the source program.
Returning to the example program in Figure 10, let S; represent the set of exccution paths
that start at the beginning of the program and ending at point i, 1<i<8. The control flow

presen: :n the program yields the family of set equations shown in Figure 11.
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Figure 11 Family of set equations representing control flow of program in Figure 10.
Sy={g} Ss={ty) @S,
Sy={t;} e §, Se= {ts} *Ss
S3={t2}.SZU{(6}.S6 S-]={[3/7}’S3
Sq={t34) *S3 Sg= {1} ¢S5

As point | is the beginning of the program, the set of actions consists solely of the empty
string. For point 2, the set is the single path from the beginning of the program to point 2,

{y}.

The equations for S3 through S¢ are all cyclic. Point 3, for example may be

expanded by substitution as follows:

S3= {12} 082\) {Iﬁ} .S6
={th} eSS U {16} L {15} .S5
= {2} #Sa U {1} @ {15} ¢ {14} @ S,y
= {I‘_;} L4 SzU {16} ] {[5} ] {[4} ] {13/4} . 53

Any solution to this equation must contain an infinite number of paths, since S3 contains at
least one path (tst), and the recursive component of the equation “adds”™ a path for each
path in the solution. There are, however, an infinite number of solutions to this equation,
For flow analysis, the desired solution is the one with the fewest paths (called the feast
fixed point (LFP) solution): each of the strings in the smallest solution represents & possi-
ble path under the usual data flow assumptions (see Section 11.3.3). Larger solutions con-
tain extraneous strings that do not represent possible execution paths. Including such paths
may result in unnecessarily conservative information (e.g., a variable is deemed to be live
at a point where it is not) or incorrect information (¢.g., an expression is deemed partially
available at a point, that is computed on at least one path to the point, when it is not). In

the case of S3 above, the LFP solution is an infinite set:
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S3 = {tat, tetstatzatal s tetstataatetstatasatotys -}

The LFP solutions for the other equations in the cycle, Sy, S5 and S¢ are similar. Finally,

the solution for S5 is also infinite, since it is defined in terms of Sg, as is Sg by transitivity.

IV.6.3 Execution path equations and grammars

The families of set equations describing execution paths bear a strong resemblance to the

grammars of formal language theory. In fact, for each of the families of equation above,

the LFP solution is equal to a language generated by a grammar. For example, for the

equations in Figure 11 yield LFP solutions equivalent to the strings generated by the fol-

lowing grammar:

Sz!

Sa

1V.6.4 Grammars as constraint systems

= tl S}
=t 82 | te S¢
n=134 S3

SS =ty S4
S6 u=ts Ss
S7 n=tyg S3
Ss =1y S7

Another view of a grammar that is useful in this endeavour is that of a constraint system,

Each production in a grammar specifies a set inclusion. For example, the grammar in the
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preceding section may be viewed as the following system of set inequalities whose LFP is

the language generated by the grammar:

Sy c (e} Ssc {1y} oS,
S,c{yles, Sec {ts} * S5
Sz {tz} 05, S7< {t37) @S5
S3< {tg} @ S¢ Sgc(t7) ¢Sy

Sac{tzu) ®S;

In terms of an abstract semantics, each inequality implies one or more constraints on the
abstract state represented by each non-terminal. The utility of this view is that there is no
implied “direction” for the constraints. Furthermore, it mimics the inequalities derived for

the purposes of abstract semantic analysis.

We should note that we are slightly abusing notation here by using S; as both a
non-terminal and a set: they are not strictly equivalent usages. Specifically, S; as a non-ter-
minal generates a specific set of strings while S; as a set variable has many possible val-
ues. The value S; has in the least fixed point solution to the above equations is equal to the

set of strings generated by the corresponding non-terminal in the grammar.

1V.6.5 Flow grammars

Combining the preceding ideas yields the following definition of a flow grammar, along

with corresponding notions of derivation and generation,
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Definition 38: A flow grammar (FG) is a quadruple G = <V, T, P, S> where V is the set of
flow non-terminals (FNs), T is the set flow terminals (FT5), P is the set of flow productions
(FPs), and S is the start flow non-terminal (SFN). Each FN represents a control flow point
in the program, while each FT represents a primitive program component with respect to
the flow analysis. Control flow is represented by the FPs, which are pairs written . ::= f3,
where ae V, Be (VUT)*. The combined alphabet, VUT, is called the flow vocabulary, after
the notion of vocabulary in formal language theory. The SFN corresponds to a point of
initerest in the program. Finally, we distinguish between regular flow grammrs (RFGs) and
context-free flow grammars (CFGs).

Figure 12 shows the FG for the program fragment in Figure 10. Each FN is sub-
scripted with its corresponding point in the code. FTs are subscripted with a program
point, and when necessary, an additional notation to indicate context. S|, the SFN, repre-
sents the start of the program fragment. The FP “S; ::=t; §; ” shows how control flow is
represented: control reaches point 2, denoted by S;, from point I, denoted by S, by exe-
cuting the action corresponding to t;, the assignment “i : =5”. Extra context is needed in
the case of the expression at the top of the loop: the FT t3, represents the expression
“i>1" evaluating to true, while the FT ty;; represents evaluation to false; two FPs use

these FTs to represent the join in control flow introduced by the head of the loop.

Figure 12 Complete flow grammar for program fragment in Figure 10.
G =<V, T,S, P> where
V = {S ] ,82,83,84,85,56,87,88 }
N = {tnt834037 415064748}

S = Sg

P={S|ZI= y Ssit=l4S4'
Syu=14 8y, Sg=15 85,
S3:=1 8, |t S6. Squ=t3py S3'
S4 =ty S3' Sg =0 87 )

1. In Section 1V.6.9 a slightly diffcrent form of flow grammur is introduced which is more useful in the remainder of this
dissertation. The current form is useful for the intuitive introduction of the concept.
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Generation of execution paths

As discussed above, the goal of control flow analysis is to develop a finite representation
of a program’s possible execution paths. Thus, it is natural to ask what execution paths are
represented by a given flow grammar, G= <V, T, P, S>. Perhaps not surprisingly, the answer

is from the formal language theory notions of derivation and generation.

Consider the following sequence of strings, where each is related to the next by k:

88 = ty S7
=ty t37 S3
E t7 ta7 t2 S?_
E tztazta S]
S t7 {37 l2 t {5)

Sg is an incomplete execution path representing the execution of the entire program; t; S;
is an incomplete execution path which ends with the statement “write (£)" followed by
(that is, preceded at run-time by) an execution path derivable from S, and so on. Finally, a

string consisting of only FTs is derived: this represents one complete execution path.

Definition 39: The set of execution paths, or flow strings, represented by a FG G:
Lg={alS E* o, aeT*}

is called the flow language (FL)Y generated by G G is said to generate each string in Lg.

Three execution paths generated by the FG in Figure 12 are:

Lzl
Latetsalyutal

7ty tetslytya lo sty tay te ts ty taw o Yy
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Note that, in the absence of aliasing, only the third flow string listed is actually possible at
run-time; it is possible, though expensive, for a flow analysis to determine the final value

of the variable £ statically.

IV.6.6 Semantics of infinite sets of execution paths

Returning to the semantics of execution paths, the goal is to compute the semantics for
infinite sets of execution paths. A semantics for sets of execution paths may be specified
by mapping each set to a function representing the effect of executing any path in the set.

In the case of S3, for example:

T, [S3 1 (x) = T,, [L{t2t), tetstatasatatis telstatamtetstatysatatys ..} D(x)
=T, [{tat1) D(x) A T, [{tetstataataty } D(x) A ...
Or, more generally, if S = { oy, ay, ... } where each o is finite, then 73, [S || is defined as

follows:

T’I“g [[S ]](X)= q"]",:[[{al} ]](X) A q'-]‘,glI{GZ} ]](X) A (6)

Kam and Ullman call this the Meet Over All Paths (MOP) solution. Perhaps somewhat
surprisingly, the MOP solution is not computable in general [44]. Consider the program
fragment in Figure 13: the value of c is obviously 7 at point 7, but neither a nor b have
known definite values. In the general case of an arbitrary program, we would have to keep
a potentially unbounded amount of state around to make this kind of determination. This
is, of course, impossible. Instead we must content ourselves with an approximation to the

MOP solution which is conservative,
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Figure 13 Constant propagation fails to detect a constant value

Point Program

1 if (cond) then

2 a :=3; b :=4;

3 else

4 a := 4; b := 3;

5 fi;

6 C :=a + b;

7 /* ¢ has the value 7 */

Returning to the running example, we would like to compute approximations for

cach Ty, [S; I, 1<i<8, about which we know the following:

T, [Sy =T, e} 1

Tr 1S2 1= 71, [{ 1 ¢S ]

T [S3 1= Tr, [{t2} # Sy {tg} @S¢ 11
T 1S4 1= T, [{ty) @S5 1

T 0S5 1= Ty, ([ {t;3) ¢S4 1

Tr. [S¢ 1= 5, [ {15} ® S5 1

T, [S7 =Ty, [{t37} @S5

Fr [Sg 1= Tr, [ {17} ¢ S7 1

Intuitively, the structure of the equations suggests that we should attempt to decompose
the right hand sides in terms of the subcomponents in the semantic brackets. In so doing,
the sct construction operators, ® and U, would be mapped to operations combining func-
tions over abstract states. These operations must be guaranteed to consider the effect of all
paths in the set resulting from the specified operation. In the process. however, we lose

cquality in the above equations and must settle for an approximation, as shown below.
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As in Definition 37, the function associated with the set S| = (€} should be the

identity function (though on an abstract, rather than concrete, domain in this case):

Tr,, [S) 1= Ty, [ (e} 1= ¢*[e I=Ass

By construction, the meaning of the set concatenation operator is related to function com-

position. However, as is demonstrated below:

Tre [XoY [I# T1, [ X 1° Tr,, [ Y ]

Rather, the best possible, in general, is:

Tr, [XeY ]2 77, 0X 1° 7, [Y ]

for some decomposition of the paths in XeY. Similarly, the meaning of the set union oper-
ator may also be defined in more than one way, the most obvious being the point-wise

meet of the associated functions, but again, only inequality holds:

T, [XOY 12 Ax. T, [X (%) A T, [Y (%)

To gain an appreciation of why only inequalities hold, consider the path set {tgt),tt2},

which may be decomposed as {ty} ¢ {t;,t5}:

'T'I‘,t [[{to} I° qrm [[{tl’t2} I
=71, [t} 1° AL, L{t) YD) A T, [{ta) D)
=¢t*[to1° (ll.t‘ﬁtl  [OX XM 179 [O)]
= t[[tp 1° (AL [ty D) A ¢ Tty TD)
= Am.(¢[tg 1° (ALe [ty T(D) A ¢ty T())(m))
=Am.(¢[te D(e [It; I(m) A [tz I(m)))

T, [{tot1tota} 1
=T, [ltgty} DA T7, M {tpt2} T
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= t*[[toll i t‘l[lo[z]]

= Am.t'l[totl N(m)a t'ﬂlolz I(m)

=Am.(¢[tg 1° ¢ [[t) I(m)A(t [ty 1° ¢ [tz 1)(m)
= Am.t[to DCe[t; Dm)at[tg T(t [ty T(m))

Unless all the semantic functions are distributive, the above functions are not equal in gen-
eral. Kam and Ullman demonstrate this in the context of intraprocedural analysis on flow
graphs [44]. For cases when the semantic functions are monotonic, but not distributive,
they suggest an algorithm for increasing the precision of the analysis. When modeled as
scts of execution paths, as in this dissertation, their algorithm may be viewed as decom-
posing the path sets in a more complicated manner than the obvious one suggested by the
set equations for the paths. As shown in subsequent sections, the use of function composi-
tion and pointwise meet for \ and e, respectively, is the right idea; it is, however, neces-

sary to show how they may be used to yield a computable correct approximation of F, .

IV.6.7 Integrating intra- and interprocedural control flow

Representing possible executions as sets of execution paths adds a key advantage when
compared with other representation mechanisms: intra- and interprocedural control flow
may be integrated into a single representation. Figure 14 shows a recursive version of the

running example.

Representing this program as a family of set equations yields:

S| = (¢} Se={to) *Se® {ts/1} @S5 {tag) @S2
Sa={t} 8§, S7= ¢}

S3=(tay3} *Sa Sg={1;} &S5

Sq={t3) *S; Sg= {tg} & Sy

Ss={ty} * S, Sto= {terio} * Se @ {1y 1 @Sy

Sy =1{tpl* Sy
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Note that the procedure calls differ from intraprocedural flow only in that a call involves
the concatentation of more than two components. Consider the call between points 9 and

10, represented by the equation:

Si10=(ten0} ®Sg® {to/11 @ 39

This may be read as: the set of all execu.ion paths from the beginning of the program
(point 7) to point 10 consists of all the paths from point 7 to point 9 (Sy), preceded by
entry to the procedure ({tg;;}), preceded by all the paths representing possible executions
of the procedure (Sg), and, finally, preceded by exit from the procedure ({tg;19}). In terms
of FGs, the only difference between intraprocedural and interprocedural control flow is

that the former are regular and the latter are context free.

IV.6.8 Semantics of flow grammars

Suppose one had a FG G = «V, T, P, S» such that £(G) = E, for some set, E, of execution
paths in a program. Further, suppose one also had a mapping ¢: T — F where T is the sel
of flow terminals in G and F is a monotonic function space over a lattice L. Then one

might be able to devise a computable function, say G, such that:
gT,{( <Va Ty P' S> )Sq:r,tlls]] (7)

Then G, is a correct, conservative, approximation of 71, and may be used to support
optimization. In order to show that sucha G does, indeed, exist for both regular and con-
text-free FGs, the following definitions and lemmas are necessary. The proof strategy used
below for interprocedural analysis using monotonic (as opposed to distributive) functions
is, to the author’s knowledge, new. In particular, using monotonicity on two levels is novel

in the context of the static analysis of computer programs.
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Figure 14 Recursive factorial illustrating interprocedural control flow

Point Program
procedure fact;
1 begin
2 if 1 > 1 then begin
3 f := £ * 1;
4 i =1 -1;
5 fact
end
6 end;
7 L= 5;
8 £ :=1;
9 fact;
10 |write(f);
11

Definition 40: Let L be a meet semi-lattice.

F(L)=L—-L is the total function flow analvsis lattice (TFL) containing all the
total functions from L to L under the ordering <g( , defined as follows: for

f.ge F(L), f SkL)g T f(x)Spg(x).Vxe L. In this case, fis said to approximate g.

L is said to be the lower, or intraprocedural, lattice, and F(L) is said to be the upper, or

interprocedural, lattice.
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Observation: The corresponding meet operator is: f AR(L) 8= AX.f(x)Apg(X).
Proof: Toshow: fApqyg=fifff<pq,g

Only-if: Assume f Apy g = f. Then f(x)Ap g(x)=f(x), Vxe L (def’n. of A )).
This implies f(x) < g(x), VxeL (since Ap is the meet of L and <;_ is the partial
orderon L).

If: Assume f <gq ) g. Then f(x)< g(x), Vxe L. (def’n. of <y )). This implies

f(x)ALg(x)=f(x), VxeL (since A is the meet of L and <_is the partial order on
L).

Note that Ty = Ax.T| and Lg =Ax.L;.

Intuitively, a function f approximates g if f is not more precise on any particular
input than g. Computing the meet of two functions in F(L) yields the most precise function
that approximates both functions. Thus, this construction may be used to lift an intraproce-

dural lattice to an interprocedural lattice.

Observation: height(F(L)) = IL}-height(L)

Proof: The longest possible chain of functions starts with the map Tg ;. Now, for cuch
element in L there can be at most height(L) different functions. Thus, in the worst case,
each of the IL] elements contributes a sub-chain of height(L). Thus the total length of the
longest possible chain is the combined length of the sub-chains, ILI-height(L).

The following fundamental lemma is well-known {44] and is given because of its

fundamental role in the development.

Lemma 1: The composition of two monotonic functions f and g, f ° g, over a lattice L is
also monotonic. That is, Vx,y € L, if x < y then f° g(x) £_f° g(y).

Proof: Letx, y be arbitrary members of L. If x £y then g(x) £ g(y) (g is monotonic).
Given that g(x) < g(y), f(g(x)) i f(g(y)) (f is monotonic). That is, f ° g(x) S ° g(v).
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The following lemmas extend commonly known facts about monotonic functions

into the realm of total function lattices and are needed in the correctness proof.

Lemma 2: The pointwise meet of two monotonic functions f and g, over a lattice L,
denoted f Ap(y g, is also monotonic. That is, Vx,y € L, if x £y then
(f ARy BX(X) SL(F ARy 8XY)-

Proof: Let x, y be arbitrary members of L. If x €y then {(x) £ f(y) (f is monotonic)
and g(x) < g(y) (g is monotonic). Thus, f(x) = f(x) AL {(y) and g(x) = g(x) AL &(y). So,
f(x) AL g(x) = (f(x) AL F(Y)) AL (8(X) AL 8(¥)) = (](X) AL 8(x)) AL (T(Y) A 8(y)) and,
therefore, f(x) Ar, 8(x) St f(y) AL g(y). That is, (f Ag) 8)(X) S (f AR )(¥).

Lemma 3: Given three monotonic functions f, g, and h, over a lattice L,

F(g ArL) D) Spe) (F° 8) ARy (F° h)

that is,

Vxe L((f °(g ARL) h)) {(x) SF(L) (fo g) ARL) (fo h))(X)
Proof: Let x be an abritrary member of L. Then

(f°(g ArLy IX) = (g ARy (X))
= f(g(x) AL h(x))

and
(1% g) Apy (2 hDX)= (F° g)(x) A (F° h)(x))
= f(g(x)) A, f(h(x))
Now, g(x) ap h(x) £ g(x) and g(x) A|_h(x) € h(x). so. by the monotonicity of f:
fg(x) AL h(x)) £ f(g(x))
f{g(x) A, h(x)) 5 f(h(x))
Thus, f{g(x) A h(x)) L f(g(x)) Ap {(h(x)).
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Lemma 4: If f}, f, g, g; are monotonic functions over a lattice L such that f| <g g, and
f2 SF(L)gZ then fl ° fz SF(L)gI ° £7. That is, Vx e L, (fl ° fz)(X) SL (gl e gz)(X)

Proof: LetxeL be a member of the lattice. Then f5(x) < g5(x) (because f- <g ) g) and
then fi(f5(x)) <g) f1(82(x)) (because f| is monotonic) <g( ) g1(g2(x)) (because
f| <p)&1)- Therefore, f1(fy(x)) Spry £1(22(x)), as required.

Semantics of a flow grammar

Returning to FGs, we now derive a system of equations from a given FG G = <V,T,P.S»

where there is a variable for each N € V and show two things:

1. Solving the equations using fixed point iteration yields a solution in which
the values computed for all variables is a monotonic function.

2. The solution for each N € V approximates 71, [ £ (<V,T,B.N>) ].

Definition 41: Let G = <V,T,P,S> be a FG, L be a finite lattice, F be a monotonic function
space on L and ¢: T — F. The equations corresponding to G with respect to t, consist of
the equations:

KN=AF(L) {P(r)I“Nu=r"€e P}
where
P (TUV)* 5 (L->L)
P(e)=As.s
Plot)=P@)°tt,te T,ae (TUV)*
PoN)=P(a)° Kn, N e V, ae (TUV)*
and
K are variables corresponding to the FNs in G

Note that “with respect to ¢ is often omitted when ¢ is clear from context.
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As an example, consider the FG G of the running intraprocedural example

(Figure 10):

S =g,

Sz =t Sl.

S3 =t Sz | te, S(,'
Sq::=134 83,

Ss

Sq

The equations corresponding to G are:

N

ety Sy
=15 Sj'
n= t3/7 S3‘
n=17 S,

Ks) =As.s

Ksa=tlt 1 ° Ks)

Ks3=tMt2 ] ° Ksarpq, tlte 1 ° Ksp
Ksa=tlltyg I ° Kg3

where K g; corresponds to S; in G.

Kss=tlty ] ° Ksq
Kse=tts 1 ° Kss
Ks7=tlt37 1 ° Ks3
Ksg=tlt71 ° Kg7

In order to solve such equations, it is convenient to consider the K;'s as a vector

and re-write the equations using a function on vectors. The preceding equations are equiv-

alent to the following:

Ksi» Ks2r-

where

f(<X], X2,.

and
(X1, Xa,

fz(x l ’XZ.. .

fa(x | ,x:,. .

Ky = [(<Kgp. Ksa... . Ksg?)

...X,,») =« f[(X], xzo---vxn)v

Ea(X 1 Koo oo Xy)e

E(X 1 Xaoeor XD

o Xg) = AsS
..Xs) = tl[[l Be Xl

..X3)=t|1[7HOX7
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We note the following three facts:

Lemma 5: There exists a FG G = <V,T,P,S», a finite lattice L, a monotonic function space
FonL and ¢: T — F such that the equations corresponding to G have a fixed point solu-
tion whose elements are not all monotonic functions.

Proof:

LetG=c{S}, {t},{ “Su=¢€","“Su=8t,"},$,L={ 1,1, T}where L< | < Tand
F consists of the closure under composition of the identity function along with the
consiant function for each element in L. Finally, let ¢ [t ] = As.s. Now, the equation
corresponding to G in this instance is:

-‘KS = ((}‘85) ° KS ) AF(L) AS.S
which is equivalent to:
Ks = Ks Apwy Ass

Now, the following function g is a fixed point of this equation, but is not monotonic.

v | gw)
T L
| 1
L L

Theorem 9 below, however, requires that all functions computed in the fixed point
are monotonic on the lower lattice L. This necessitates the following results which ensure
that the fixed point found using standard iterative techniques yield only monotonic func-

tions.
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Lemma 6: When all arguments of each f; are monotonic in L, the resulting function is
also a monotonic function in L.

Proof: This follows from Lemmas | and 2 combined with the fact that each £ is defined
in terms of the parameters (assumed to be monotonic) and monotonic functions ¢ (|
using the operators Ag) and °.

Lemma 7: Each £ is itself monotonic in F(L) in all its arguments when applied to func-
tions that are monotonic in L.

Proof:

Suppose Y, Z e F(L), Y g, Z, and Y and Z are monotonic in L. Consider
(Y, Yo, ..., Ypyand £i(Z, Yo, ..., Y,) where Y5,...,Y, are monotonic in L. Now,
consider the right hund side of the definition for f,, which is of the form:

Ci Ak Caarw - AR C

where each C; is the composition of monotonic functions and parameters.

Now consider the value of term Cj in f;(Y, Yo, ..., Yg) (call it ij) and

f(Z, Y2, ... Yy) (call it Cjz). Because C; is the composition of n functions,
b, © ... ¢ by, we can consider corresponding functions byy,....byy in Cjy and
byz...-.b1z in Cjz. We show by induction that Cjy <p ) Cjz:

Basis:

First, either byy and by arc the same function or by is Y and bjz is Z; in both
cases, by <gy bz

Induction:
Now suppose byy © ... ° by Sg, bz © ... ® b)z . Consider
b(i+l)Y ° biY e blY and b(i-I-I)Z © biZ v © b|22 cither b{i+[)Y = bu.,.nz. in which
case:
biis1yy ° Biy -+ *biy Sgybsz °biz ... © bz by Lemma 4

or biiypyy =Y and by )z = Z, in which case

b(i+l)Y ° biY v b|y SF(L) b(i+l)2 ° biZ e ° bIZ' ugain by Lemma 4
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Therefore Cjy <gq ) Cjz for all j. Furthermore,

Civy ARy - AR Cmy Sk Ciz AR -+ ARL) Caz

and s0 fi(Y, Yo, ..., Yy) Sgy 6(Z, Yo, ..., Y},), making f; monotonic in its first
argument.

A similar proof may be given for all the arguments of f;, completing the proof.

Thus, we have monotonicity on two levels: each f; produces a monotonic function (on L)
when given monotonic functions as input and is itself monotonic on F(L) when given
monotonic functions as input. If we consider the vector of variables to be a cross-product

lattice Ln where

Apyeeeydp? SLn <b|,...,bn> iff a4 SL bi’ 1<i€n

the above equation becomes:

K= f(X)

where f is 2 monotonic function (because all the f; are monotonic in F(L}).

Now the goal is to find the greatest fixed point (GFP)! of this equation and then
show that it approximates T, [L(G) ]. To find the GFP solution, we start with:

Tra= <TrLy TRLy TRLY

and repeatedly apply f. Let f | denote the i'th iterate of f (i.e., f = Ass, ti=ro ! i),

1. Once again, it should be noted that we are discussing a meet semi-lattice, so must start at the top and work our way
down 10 a greatest fixed point.
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Theorem 8: f i+'(‘I’[_,,) Sry f i(TL“), Vi 2 0. Furthermore, all components of F(T,,) are
monotonic in L.

Proof: By induction.
Basis: Show f () F(L)f (TLw-

9T = Ly Now, each component of T, is Tg ), & monotonic function on L.
Thus, f(T ) isa latuce element in Ln each of whosc components are monotonic
(by Lemma 6), and f (T} ,) = (T L) Sip Ty = 4T, (by Lemma 7).

Induction: Assuming f* (Tl ) <,-(L)f (TL,,) and all components of f ‘(T, n) are
monotonic, must show f* (T1.) g (T Ly) and all components of f '*r(TL") are
monlonic.

By assumption, ez_xch component of f (T ) is monotonic in L. Thus, cach
componcm of f(f" (TL,,)) is monotonic in L. Then, by Lemma 7,
fr (Tl.u)) “KL) f! (TLn)-

Thus, we have a chain in of decreasing values in Ln. Because L is a finite lattice, this chain

Is guaranteed to result in ¢ fixed point and all the components of this fixed point are mono-

tonic in L.

Given that the equations corresponding to a FG G =V.T,P,S> have a GFP solution
for a given +, the next task is to show that this solution approximates Ty, [ £ (G) ]. First,

define G, : Gy — F, where G is the set of all grammars with terminals T, as follows:

g'r" ((V.T.P.S> = 'V

where
"V is the value for A'g in the greatest fixed point solution to the
equations corresponding to <V, T,P.S»

Theorem 9:  If T is a set of flow terminals, ¢ : T — F where F is a monotonic function
space over a finite lattice L and G = <V T,PS» is a FG, then G, (G) £ <ry T 0£(G) 1.

Proof: Let £L(G)={ 0, 0y, ... }. Then 7, [£(G) ])= £ O) ARy ¢ (00) Ay -
The goal is to show G, ( <V, T.P, S ) Sp ((1) for all 0. Consider any Q. Because
;€ L (G), there exists a derivation of the form:
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S=aka Eank.. ka,=q

Let M : (V U T)* — F be defined as follows:

M(e) = As.s
Mat) = M(ct) © ¢ (1)
M(0N) = M(@%) ® Gr, ( <V, T, P, N> )

Note that M((xj) = t’(aj). Now we show that M(a;) < M(a;,), 0 <1 < n-1, from which the
result follows.

Consider any pair (ay, ap,1). Because ay, E ay,, |, there exist strings B, yand 8 and a
nonterminal N such that:

ay = PNy
a4 = POy and“N::=§"¢e P

Now, M(a,,) = M(B) ° G 1, (<V, T, P, N>) ® M(¥) and M(a,,.;) = M(B) ° M(J) ° M(y). By
Definition 41, G1,(<V, T, P, N>) €¢( y M(9), and by Theorem 8 M(f) and M(y) are
monotonic, therefore:

M(B) ® G 1, <V, T, P, N») © M(Y) Spiiy M(B) ° M(3) ° M(Y)

and thus, M(ay,) < M(ap,,), as required.

1V.6.9 On the form of flow grammars

Thus far, productions in FGs are stimply context free grammars that happen to match the
control flow in a program. For the purposes of data flow analysis, however, it is useful to

restrict the form of productions:

If G = «V,T,P.S; is a flow grammar, then each production is of the form
N:u=owhere Ne Vand oo e ([€} u (V LU T)* ¢ V), That is, each
production either generates the empty string or generates a string of one or
more symbols, the last of which must be a nonterminal.
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Note that all the examples of grammars thus far already have this form. It is perhaps worth
pointing out that the above constraint does not change the set of languages that can be gen-

crated: it is straightforward to convert any context free grammar to this form.

Lemma 10:Any grammar G= < V, T, P, S > may be converted to an equivalent grammar
G =<V, T, P, S»suchthat L(G) = £L(G’) and no production in P” has a terminal as its
rightmost symbol.

Proof: LetPy={"lj:=r",..., “l;:i=r,"} < Pbe the subset of productions in P whose rhs
end in a terminal. Let V| = {N,..., N, ] be a set of new nonterminals (i.e., such that
VAV =@)andlet P'=(P-P))u {"lju=r N, =Ny

n o

“Njpu=g".. "Ny u=¢€"}. Finally, G’ =« VU V|, T. P, S». Clearly, G satisfies the
constraint: all productions ending in a terminal have been removed and the new
productions are all of the proper form. That £ (G) = £(G’) is obvious: all nonterminals in
V still gencrate exactly the sume strings they did before.

Forward vs. backward flow grammars

Flow grammars may be used to represent both forward and backward flow information.
The examples so tar have all been oriented towards the forward flow of information. Each
nonterminal corresponds to a point P in some program unit and generates strings repre-
senting all possible executions from the beginning of the unit to point P. Thus the equa-
tions corresponding to such a forward flow grammar summarize the forward flow of

information.

Alternatively, one can consider the set of possible executions from a given point to

the end of the point’s program unit. In this case. the solving the equations corresponding to

1
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a backward flow grammar yield a summary of the backward flow of information. For the

running example program, the backward flow grammar is shown below.

S[ = Sz SSZI= 15 S(J
Szil= ts 83 SGII= i S3
S3:=134 84 (1317 S7 Squ=1q 8y
S4 b= 14 SS Sgl?-:e

This grammar would be suitable for solving the live variables problem in which informa-

tion flows backward from the end of the program to the beginning.

Fortunately, given a forward FG, it is possible to convert it to a backward FG and
vice versa. For intraprocedural FGs (that is regular FGs), the transformation is straightfor-

ward;

1. all the productions of the form “X ::= aY” become Y ::= aRX".I

2. for all productions of the form “X ::= £”, add a production of the form
8’ ::= X” and delete “X 1:=¢”,

3. if Sis the start symbol of the original grammar, add a production of the form:
“Su=¢g"

4, S’ is the start symbol of the new grammar.

This transformation is equivalent to the transformation on finite state machines for deriv-
ing a finite state machine accepting the reverse of a language accepted by a given finite
state machine. Note that deriving a set of equations corresponding to a grammar
(cf. Definition 41) may implicitly perform this reversal, thus eliminating the need for

maintaining a forward and backward FG for intraprocedural analysis.

1. o denotes the reverse of o,
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Note the special nature of productions generating the empty string: in a forward
FG they represent the start of execution of some program unit; in a backward FG they rep-
resent the end of execution of some program unit. This motivates the following definition
of the “right-reaches” relation which may be used to find the entry/exit points of program

units.

Definition 42: The right-reaches relation is defined on the set of non-terminals in a FG as
follows:

ZRZI{Z :=¢
XRZifX2=oYand Y RZ

That is, for a given nonterminal N, N right-reaches all nonterminals M that may represent

the “end™ of N's program unit,

Transforming an interprocedural FG from forward to backward, or vice versa, uses
K10 determine the appropriate re-writings of nonterminals embedded on the rhs of pro-

ductions. The transformation of a FG G = «V,T,P.S> is as follows:

1. Productions of the form *X ::=aY " become Y ::= BX™ for all B € rev(a).
where rev is defined as follows:

revie)={ ¢}
reviN)= | & }, N € V (note that all nonempty productions have a
nonterminal as their rightmost symbol)
revity) =rev(y)e {1 }.te T, ye (VUT)*
rev(NY) =rev(y) e { ZINRZ }.N e V.ye (VUT)*
Delete all the productions of the form “X = ¢".
For all N found in “rev(Ny)" of step 1. add a production of the form:
"N u=gn,
Add a production of the form S ::=¢"
For all nonterminals N such that S £ X, add a production of the torm
*S’ = X" and delete “X = g™,

6. S’ is the new start symbol.
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This transformation works for programs that have only single entry point procedures. [n
the case of languages like PL/l where procedures can have multiple entry points, the trans-

formation does not work as shown by applying the transformation to the following gram-

mar:

S| =8 Xl =€
SzI:= X2 S[ x22:=11 X,
S3::= X3 Sz X32§= 12 X-_)

where Sy is the start symbol. In this case, there is a “*procedure” represented by the produc-
tions for X, X5 and X4 that has two entry points, X, and X5. Applying the interprocedural

transformation results in the following grammar:

S| = X, 52 X| =1 Xg
Syu=X S5, Xy =1 X;
S3u=¢ Xyu=¢

where S is the start symbol (note that there is only one entry point to the program, so it is
unnccessiry to introduce a new start symbol). Note that this grammar does not distinguish
between the two entry points, even though the original grammar did. This problem may be
remedied by treating each entry point as u separate procedure and then combining the
results of corresponding points after data flow analysis to yield a final solution. Thus, it is
assumed throughout the remainder of the dissertation that all procedures are single entry.
Morcover, using the above transformations on flow grammars, either directly or indirectly
via the construction of flow equations, allows us to use either a forward or backward flow

grammar, as appropriate to the circumstances.
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IV.7 Flow grammars and CPS semantics

FGs bear a strong resemblance to continuation passing style (CPS) semantics [82). This is
not surprising, as both formalisms share the goal of describing programs. The difference is
in intent and, as shown in subsequent chapters, use. On one hand, CPS semantics address
the mathematical meaning of programs that permit arbitrary control flow. On the other
hand, FGs have been developed to support the FACT tool, and to that end must address
user inwerface issues. Chapter 11 motivated the development of FGs by showing how it is
possible to extend the traditional control flow graph in a manner ihat combines intuition
with ease of specification. The remainder of this section explores the relationship between

the two formalisms.

IV.7.1 Semantic validity

As discussed in Chapter I, various forms of graph have been used extensively to represent
programs during data flow analysis. One question seldom addressed in the literature, how-
ever, is the relationship between these graphs and the denotational semantics of the lan-
guage being analyzed. Flemming Nielson did some work in the early 1980s in which he
devised the notion of a collecting semantics [65]. This is a denotational description based
on a store semantics [82] which associates a “left” and “right” point with each node in the
abstract syntax tree of a program, The meaning of the program is a map from these points
to the set of states the program could be in when control reaches that point. He also gives
a semantic function relating the collecting semantics to the usual control flow graph, but in
the absence of goto statements and procedure calls. In a subsequent paper {66], he extends
the idea to permit reasoning about valid transformations by replacing one node of the AST
with an equivalent node (i.e., for all states on the “left” of the original node, the new node

behaves the same). He also introduces a future semantics based on CPS intended to repre-
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sent backward flow of information. Of particular relevance to the current work are proper-
tics relating the sets of states at various points within a construct: these properties are
analogous to the “flow pictures” of the preceding chapter. Although he uses CPS, his tech-
niques do not support non-local control flow, such as goto statements, Nor have the tech-

niques been applied to interprocedural analysis.

IV.7.2 Another approach: partial evaluation of CPS

If the graph and grammar control flow models are in fact correct, then it should be possi-
ble to deduce them from a denotational semantic description of the source language. The
approach taken here is to perform partial evaluation on a store semantics based on CPS to
yicld & FG. The following example shows how it is possible to relate the denotational

semuntics to a flow graph or grammar.

Iv.7.3 Example: a ‘toy’ language and its semantics

Figure 15 gives the syntax for a small example language discussed in [66] to which labels
and goto statements have been added. From the stundpoint of a compiler writer, the gram-
mar shown is a cross between the concrete and abstract syntax of the language where cmd
and exp are non-terminals and lab, ope, ide and bas are terminals whose values are

assigned by the lexer. In terms of denotational semantics. we have:

1. cmd e Cmd (the syntactic category of commands)

2. expe Exp (the syntactic category of expressions)

3. labe Luab (the syntactic category of labels)

4. ide € Ide {the syntactic category of identifiers)
ope € Ope (the syntactic category of operators)

6. bas € Bas (the syntactic category of basic values)
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For convenience, let Syn = Cmd U Exp. The syntax of labels, identifiers, operators and
basic values is left unspecified, as are the semantic functions O and B for operators and

basic values, respectively.

Figures 16, 17, 18, 19, 20 and 21 define a CPS store semantics of this language.

The semantic funciionai, 7, is given in Figure 18, Its type is:

Syn -¢>(Lab -c>C) <>C-c>C
That is, 7 is a curried function that takes the following arguments:

1. A syntactic construct (Syn, a command or expression).

2. A “label environment” ( (Lab -c> C) ) mapping labels to continuations (all
labels lab; are assumed to be distinct).

3. A continuation (C) representing the effect of executing the “rest” of the pro-
gram.

The continuation itself is a map from states (Sta in Figure 16) o “answers” (A in

Figure 21). A state is composed of four components:

Env: an “environment” mapping identifiers to values (Val).
Inp: a list of input values.
Out: a list of output values.

E ol o

Tem: a “stack” of temporary values.

States are manipulated by the various functions labeled “body” in the figures.

Example

As a simple example, consider evaluating the command:

read i; write i



with the input *1.”
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The initial label environment is the empty function, g = Alab.L, and the initial con-

tinuation is fin, which simply returns the output. Thus, we wish to evaluate:

Tl[read i; write i] gfin

in initial state *init,” defined below.

Figure 15 Syntax of a toy imperative language

cmd ::= ‘begin’
lab;:cmd; ;¢

laby:cmd, ;!

lab,:cmdy
‘end’ |
'skip’ |
cmd ‘¢
tifl
‘while’

cmd | ide !
‘then’
Ido!
exp |
lab

exp ope exp |

exp cmd

exp cmd
‘write’ 'read’

‘goto’

exp ::= ide

iz’ exp

‘alse’

lodi
exp

bas

I
cmd

in:
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Figure 16 Semantic domains

Domains
T Booleans
N integers
Vall. = N+T values
Env = Ide-c> Val environments
Inp = Val* inputs
Out = Val* outputs
Tem = Val* temporary result stacks
Sta = EnvxXInpxOutxTem states

Figure 17 Auxiliary functions for the conditional

Vcond € Sta -¢>T “verily”
Vcond = Acenv,inp,out,tem> . #tem 2> | = tem 4 | ET, falsc
Scond € Sta-c>T “select™
Scond = A<env,inp,out,tem> . (tem 4 1) | T

Bcond € Sta -¢> Sta “body™
Bcond = A«env,inp,out,temp . «cnv,inp,out,tem 1 1>

Simplifying the semantic functional:

T[read i; write il gfin

Tlread i]lg| T[write iJ g(fin}}
Tlread i]lg{ Tlwrite iJ g{ fin} }

read { assign [i] { T[write iJlg{fin}}}
=read { assign [i1] { Z[i Qg { write{fin} }}}
=read { assign [i] { content [1 ]) { write { fin } } } }

nmnu

Now, we will assume the initial environment is empty, as is the initial output and initial

stack. Thus, the initial state init = < Ai..L, <], ¢, o >. Evaluating the above function at init:
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read { assign [1i] { content [i ] { write { fin } } } } init
= do (Vread,Bread)
{ assign [1] { content [i [ { write { fin } } } } init

= assign [1]] { content [i ]} { write { fin } } } (Bread init)
=assign [i] {content [i ] { write { fin } } } <ALL, o, 0, <>>

;.ﬁn CALLT/ZAT, o, <, 0>

=<
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Figure 18 Semantic function for the toy imperative language

Te Syn-c>(Lab-c>C)-c>C-c>C
T['begin’ labj:cmdy ‘;’ laby:cmd; ‘; ‘... labj:cmd, ‘end’'] gc
= (FIX (A«cy, Cpeeny € .
«Tlemd; 1 g {cy ), TMemd, T 2" { e3 )oeesTHemd, I g’ (€ b))
where g’ =gl c,;/[lab; ],ca/[laby Iy...cy/[1lab, 11) 4 1
Tlskipl gc
=c
Tfcmd,’;‘cmdy I gc
=T[[cmd J g { TMemdy N g(c) )
Tlide ‘:=' expllgc
=T[exp] g{assign[ide] (¢} }
T['if’ exp ‘then’ cmd; ‘else’ ecmd, ‘fi’'J gc
=T[expl g { cond (T[cmd I g{c}. TMemdylg{c))}
T[‘while’ exp ‘do’ cmd ‘od’Jgc
=FIX (Ac’. Texp J g { cond (T[cmd; N g{c’ },c) })
T['write’ expl gc
=T[exp ] g{write{c}}
T['read’ ide] gc
=read { assign [ide] {c } }
T['goto’ lab]gc
=glilab]
Tlexp, ope expplgc
=T[exp;] g { TMexp,] g { apply [ope] {c} }}
T[baslgc
=push [bas] {c}
THidel gc
=content [ide [ {c}




93

Figure 19 Aucxiliary functions

apply [ope e C-c>C
apply [ope ] = do ( Vapply [ope ], Bapply [ope ])

Vapply fope ] € Sta-c>T “verify”
Vapply [ope ] = A<env,imp,outtems , #tem 2> 2
Bapply [ope ] € Sta -¢> Sta “body”

Bapply [ope ] = A<env,imp,out,tem> .
<env, inp, out,« O [[ope] «tem 11, tem 425, §temi2>»
assign[ide e C-c>C
assign [ide ]| = do ( Vassign [ide ]|, Bassign [ide 1)

Vassign [ide ] € Sta-c>T “verify”
Vassign [ide ]| = Acenv,imp,outtem> . #tem 22 |
Bassign [ide ] € Sta-c> Sta “body”

Bassign [ ide ]| = A<env,imp,out,tem . [ ide J], inp, out, tem+t1 »
cenv[temd 1/[ide]], inp, out, temf1 »

content[ide] € C-c>C

content [ide]] = A<env,imp,out,tem> . <cnv, inp, out, <env [ide ]> § tem »
push [bas ] € C-c>C

push [bas [ = Aenv.imp,outtem> . < env, inp, out, <B[[bas > § tem>
recade C-c>C

read = do ( Vread , Bread )

Vread e Sta-c>T “verify”
Vread = A«env,imp.out,tems . #inp 22 |
Bread € Sta -¢> Sta “body™

Bread = A<env,imp,out.tem> .cenv, inp ¥ 1, out, <inp 4 1> § tem >
writee C-c>C
write = do ( Vwrite , Bwrite )

Vwrite € Sta-c>T “verify”
Vwrite = Acenv,imp,out,tem> . #tmp 22 |
Bwrite € Sta -¢> Sta “body™

Bwrite = Acenv,imp,out,tem> . <env, inp, <tmp L 1> § out, tem + 1
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Figure 20 Auxiliary functions for the conditional

Vcond € Sta-c>T “verify”
Veond = Aenv,inp,out,tem> . #item 2> 1 —#tem 4 1 ET, false
Scond € Sta-¢c>T “select”
Scond = A<env,inp,out,tem> . (tem X 1) | T

Bcond € Sta -¢> Sta “body™
Bcond = A<env,inp,out,tem> . <env,inp,out,tem § 1>

Figure 21 Store interpretation

Domains

S = Sta states

A =  Out+ { “error” } answers

C = S-c>A continuations
Constant

fine C fin = A.cenv,inp,out,tem> . out in A

Auxiliary functions
conde CxC-c>C
cond (cy, ¢;) = LUB (iftrue c,, iffalse ¢ )
where iftrue € C -c> C
iftrue ¢ = Asta . Vcond(sta) — [ Scond(sta) = ¢, L ] (Bcond sta)
iffalsee C-c>C
iffalse ¢ = Asta . Vcond(sta) = [ Scond(sta) = L, c ] (Bc{md sta)
doe (Sta-c>T)x(Sta-c>Sta) -c>C-c>C
do (Vg, Bg) = Asta . Vg(sta) — ¢ (Bg sta), “error” in A

From CPS to a flow grammar

Now the question is how does one derive anything like a flow grammar from the preced-
ing description. The new idea here is to derive a flow grammar by manipulating the equa-

tions in the semantic function 7. Specificaily, consider constructing an attribute grammar
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with two attributes for each Syn node, left and right, which cqual the result continuation
(i.e., the value of the entire expression) ind argument continuation (i.c., argument ‘¢’ in

the definition of 7). Starting with the most straightforward command, skip:

cmd ::= ‘skip’

TlskipJigc=c
cmd.left=Tskipjgc

cmd.right =c

- cmd.left = T[skip [lg { cmd.right }

That is, cmd.left may be defined in terms of the value of incoming conditional simply by

“evaluating™ the semantic function.
As an example of an expression, consider the meaning of un identifier:

T[ide ] gc=content[ide |} { ¢ }

Assigning namcs to continuations as above gives:

expleft=Tide J gc¢
exp.right =¢

Re-writing gives:

exp.left = content [ide ] { exp.right }
exp.right =c

This is similar to the previous case, except for the use of the content function: this repre-
sents an actual state change outside the flow of control und corresponds to a terminal in a

flow grammar. Indeed, the first of these equations may be abstracted to a grammar produc-

tion;
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exp.left = tognem [ide | €XP-right

where exp.left and exp.right are non-terminals.
Now consider two sequential commands, cmd; ‘; ' cmdjy:

cmd ::= cmd; ‘;’' cmdy

Temdy *; 'emdyllge = Tlemd g { Tlemdyll gi{c) )
cmdg.left = T[cmd; ] g { TMemdlg{c) )

cmdg.right =c¢

cmdy.left=T[emd ] g { Tlemdg{c} }

cmd.right={ T[emd,]l g{c} }

cmdy.left= Tcmd,] g (¢ }

cmd,.right = { c }

With a little re-writing, this becomes:

cmdg.left = cmd, left

cmdy.right =c

[cmd.left = Trffcmd ] g { cmd,.right } ]
cmd).right = cmd,.left

[ cmds.left = T7[cmd, 1 g { emd,.right } ]
cmdy.right = cmdg.right

Once again, these equations mimic regular productions {chain rules, in fuct). Note that the
two parenthesized equations represent control flow local to the commands cmd; and

cmd, - corresponding equations are specified by their respective productions.
Now consider the if/then/else construct:

cmd ::= ‘if’ exp ‘then’ cmd ‘else’ cmd ‘fi-
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T['if’' exp ‘then’ cmd, ‘else’ cmd, ‘fi’'Jlgc=
Tlexp] g { cond (T[emd; ] glc }, Temdz) g{c}) )

cmdg.left = Tlexp] g { cond (T[ema N g {c}, THemdzllglic}) ]

cmd().right =C

exp.left=T[[exp]l g { cond (T[[emd ;] g{c}, Tlcmd,l g{c})}

expright =cond (ZT[[cmd;J g{c}, Tlemdyl gic})

cmdy.left= T[emd g fc }

cmd,.right={ c }

cmdy.left=T[cmd,] g { ¢ }

cmds.right = { ¢ }

Which, with re-writing as above, becomes:

cmdy.left = exp.left

cmd().right =C

[exp.left=T[lexp ]| g { exp.right } ]

exp.right = cond ( cmd, .left, cmda.left ) (*)
[cmd,.left=T[[cmd, ]| g { cmd,.right } ]

cmd,.right = cmdy).right

[emdaldeft = Temd; || g { cmdaright } ]

cmds.right = cmd.right

In this case there is the added complication of the use of the conditional function, cond, in
(*). By partially evaluating this function it is possible to derive a new equation more
suited to the needs of data flow analysis. Expanding the definition of

cond ( cmd).left, cmds.left ) yields:

exp.right = LUB (iftruc(cmd,.left), iffalse(cmda.left) )

which may also be written as the two inequalities:

exp.right 2 iftrue(cmd, . lett)
exp.right 2 iffalse(cmd,.left)
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Replacing the equality (*) above with these inequalities once again yields a set of straight-

forward relations among the continuations for a production.

The while loop adds the complication of a fixed point. At first sight, this may

appear impenetrable:

cmd ::= ‘while’ exp ‘do’ cmd ‘od’

T[ ‘while’ exp ‘do’ cmd; ‘od’J gc
=FIX (Ac'. Tlexp ]l g { cond (TMcmd;N gi{c },c)})

The solution is derived from the desire to find a reasonable meaning for the equation {85]:

7[‘while’ exp ‘Ao’ cmd; ‘od’ ] gc¢
=Tfexpl g
{ cond (T[cmd;] g
{7E'while’ exp ‘do’ cmd; ‘od’ Jglcl}},
c)

Proceeding as before, the following continuations may be defined:

cmdy.left=7[ ‘while’ exp ‘do’ cmd; ‘od’ [ gc¢
cmdy.right =c
exp.left=7[ ‘while’ exp ‘do’ cmd; ‘od’ ] gc
exp.right =
{ cond (T cmd; ] g
{7T[‘'while’ exp ‘do’ cmd; ‘od'lig{c}}
c)
}

cmdy.left=7T[cmd ] g

{7 'while’ exp ‘do’ cmd; ‘od’]Jlg{c} ]}
cmd,.right={ 7[ ‘while’ exp ‘do’ cmd; ‘od’Jg{c}}

Re-writing gives:
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cmdg.left = exp.left

cmdg.right=c¢

[exp.left= Texp ] g { exp.right } ]

exp.right 2 iftrue(cmd, .left)

exp.right 2 iffalse(cmdp.right } )

[cmd,.lefi=T{cmd;] g { cmd,.right } ]

cmd,.right = cmdg.left (**)

Note that in (**) the continuation for the entire construct has been substituted for the
occurrence on the right hand side yielding the expected circularity in the equations

(assuming that cmd does not escape via a goto statement).

Lastly, consider the begin/end and goto commands. These are considered together
because their meanings are inherently intertwined: they are the only commands that
directly involve the “goto environment” g in the specification. First, using a similar tech-

nique used for the while loop above, the begin/end block is re-written as:

Tl 'begin’' lab;’:’'cmd; ... lab,’:'cmd, ‘end’J gc
whererec

c)=T[cmd; | g"{ ¢y}

c3=‘I'[Icmd2 ]] g' { C3 }

Cn = ,Q'[[cmd,,]] g' { C l
g =glc /laby I,ca/[lab, ].....c,/[1ab, 1]

Aside from the value of g’, this can clearly be re-written in terms of cmd.left and
cmd;.right, 1 €i<n. Turning to g’, it should be clear that this function can be partially
cvaluated for this language; this is simply one of the tasks of a typical compiler: symbol
table management. Further, it can be verified that all labels used in goto statements are, in

fact, visible. Thus, the semantic function for the goto statement;

cmd ::= ‘goto’ lab



Tl ‘goto’ lab] gc
=gllab]

may be written as:

cmd.left=g[lab]
cmd.right=c

Note that cmd.right is not used in the preceding equation: the continuation c is simply

ignored.

To summarize, in each of the preceding cases, and in fact for the entire language,

inequalities (equations when only one constraint is present) of the form:

a.b = f(x.y)

can be constructed. These correspond naturally to productions in a grammar. Thus, by par-
tially evaluting a store semantics it is possible to derive a grammar representing the con-

trol flow of a program, validating the notion of the flow grammar for use in FACT.

IV.8 Summary

This chapter introduced the first important contribution of this dissertation, the flow gram-
mar, an original model for the uniform representation of intra- and interprocedural control
flow. Two approaches for deriving a flow grammar were given, one starting from the
semantics of single execution paths and building up to multiple execution paths, eventu-
ally yielding a structure equivalent to a grammar. It was proven that the GFP solution 10 a
set of flow equations corresponding to a flow grammar conservatively approximates the

meet of all path strings generated by the grammar. Finally, it was shown how & grammar
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results from a particular partial evaluation of a CPS store semantics. The first problem set

out in Section [.3 has now been solved.
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V  Data flow analysis

This chapter addresses the second problem outlined in the first chapter by defining original
interpretations of flow grammars that allow the specification of data flow analysis prob-
lems; the correctness of which is assured by Theorem 9. In addition, algorithms for solv-
ing the equations resulting from the various interpretations are described. Traditional
intraprocedural analysis is recast using regular flow grammars. Original interpretations of
context-free flow grammars are defined for interprocedural analyses. A technical result
arises from considering the “granularity” of the control flow model in the presence of bidi-
rectional information flow. Several original algorithms for solving interprocedural analy-
ses are presented. The interpretations are important because they provide the skeleton
around which flow analyses may be implemented, several examples of which appear in

the next chapter.



V.1 Introduction

One of the main strengths of flow grammars is the ability to represent both intra- and inter-
procedural control flow in a single uniform model. The difference between a strictly intra-
procedural flow grammar and an interprocedural flow grammar is that the former is
regular, while the latter is context-free. This subtle shift reflects a significant impact of
interprocedural control flow on data flow analyses: in the intraprocedural case, taking call-

ing context into account may be necessary to prevent inordinate loss of precision.

V.2 Overview

As discussed in the last chapter, data flow analysis using FGs involves defining an inter-
pretation of the FTs and FNs, along with an information space. The FPs serve as the skele-

ton for inequalities representing the overall flow problem (Definition 41).

In the case of a RFG, a straightforward bidirectional interpretation is given in
which each FT is associated with two functions: a forward flow function and a backward
flow function. This generalizes the existing framework of Kam and Ullman [44] allowing,
for example, the partial availability problem of Morel and Renvoise [62] to be expressed

in the FG framework. Forward and backward analyses are shown to be special cases.

CFGs, used in FACT to represent interprocedural control flow, require a more
complex interpretation. The FG formulation relies on partial function lattices (PFLs),
similar to the PHI functions of [78]. It also bears a resemblance to Van Hentenryck et al.’s
“multiple™ abstract result variant for the abstract interpretation of Prolog [87]. Several
examples are presented, followed by a discussion of a family of algorithms for solving the

resulting problems.
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V.3 Intraprocedural analysis

This section introduces an intraprocedural analysis framework based on FGs. While simi-
lar to the development of Kam and Uliman [44] and Cousot and Cousot [18], this formula-
tion differs in that it is based on the simple FG structure rather than the control flow graph
structure. Referring to the functional fixed points of the last chapter, intraprocedural anal-
ysis involves computing the values of the functions at a single input, greatly simplifying
the data flow analysis problem. The framework here is more general than that of the previ-
ous chapter by associating two flow functions with each FT, one representing the forward
information flow and one representing the backward information flow. When combined
with the FG, the result is a finite set of equations whose fixed point is the desired solution.
This set of equations is equivalent to combining a set of equations for a forwards FG and
corresponding backwards FG (cf. Section 1V.6.9) using different terminal mapping func-
tions. By Theorem 9, this is guarenteed to consider all possible forward and backward
paths from each point in the program. By restricting the form of flow functions, forward

and backward flow problems are derived as special cases.

V.3.1 Bidirectional interpretation

Definition 43: A bidirectional intraprocedural flow grammar problem (BraFGP) is an
instance «G,f,6,v> of a MDFAF <L, F>, where:

1. G=«,T,PS; is a RFG representing the control flow of a program.

2. f.T—F is the forward flow function map representing the abstract effect of
forward control flow through each FT.

3. 6:T—F, the backward flow function map representing the abstract effect of
backward control flow through each FT.

4. v:L is an initial approximation of the abstract state at the start of execution of
the program.



105

Together these components represent an intraprocedural program analysis in which infor-
mation flows in both directions. The FG G induces a set of relationships among the FNs in

terms of the FT mappings f and 5.

V.3.2 Greatest fixed point solution

Since the MOP solution is uncomputable in general, the strategy is to compute the greatest
fixed point (GFP) solution to a set of equations corresponding to the FG. Let <G,f,5,0> be
an instance of @ MDFAF <«L,A( ,F>. Then the set of flow equations is simply the union of
the flow equations corresponding to the forward FG using £ in place of ¢ in Definition 41,
and the flow equations corresponding to the backward FG using 6 in place of ¢ in

Definition 41. The goal is to compute the solution of the resulting equations at v.

It is sometimes convenient to view the flow equations as inequalities arising from

the individual productions. Suppose one of the flow equations is of the form:

Kgi= C| A, /\Cn

This may be re-written as several inequalities as follows:
Ksi < Cy
Ksi < Cp

This view is useful in instances where only a small number (typically one) of the C;'s have
changed, in which case Kg; may be recomputed using a single meet of the new value of

C; with X; itself.
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V.3.3 Algorithms

Various algorithms may be used to solve the flow systems described by instances of BraF-
GPs. The absence of specific knowledge about the lattice and function space, however,
suggests the use of general iteration algorithms, such as described in [51, 44, 62]. This

type of algorithm has the following general structure, where {:N—L is the solution map:

€ e An.Tp;
repeat
R: “generate one or more values for £ from the flow
inequalities/equations”
until done

Whenever a value in § changes, there is the possibility that one or more of its dependents
no longer meet the flow constraints. In the absence of other information, such dependent

values must be reconsidered. Two standard ways of ensuring this are as follows:

1. Fixed iteration: order the inequalities (equations) and at step R apply all ine-
qualities (equations) in this order on each iteration. The loop terminates
when { has not changed for the entirety of an iteration.

In general, the value of € at a given point can only be lowered with respect to the
partial ordering on the lattice. Once approximating information has entered the
system it can never be removed. Thus, those inequalities involving the constants
v, and v, representing starting and ending conditions, respectively, need only be
applied once. In fact, they can be used to initialize the approximations that hold
at the starting and ending points of the program.

2. Worklist: a list is used to keep track of values needing recompilation. When a
value in § changes, all its dependents are inserted into the queue. Loop termi-
nation occurs when the list is empty.

In addition, there are two subvariants of each of these general strategies:
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A. the system may be treated as inequalities where a re-computation is of the form:

C < LIEMALUf ° f2°...° fu EX)) /Y],
where [YIS, f1 ° f2°...° fy (IX1]) is a constraint in the flow
inequality system

B. when the inequalities for each FN have be grouped into equalities using A
f, lofl.zo"'ofhl'. (5CX))
ALS 2 °f 0% 0 fa, (B(X)
L Lhadan 2,

AL fm. Iafm. 20" 'ofm. n,, (C( X,,,))

V.3.4 Forward and backward analyses

Given the general bidirectional framework, forward and backward analyses are derived by

restriction as follows:
Forward: 6=ALT|
Backward: f=AT|
Note that both of these simplify the flow equations to the usual intraprocedural frame-

works described in Section 11.3. Strategies for solving such systems have been well stud-
ied [29].

V.3.5 Effect of granularity

In Section 1V.2 it was assumed that FACT had some notion of appropriate “points of inter-
est” for the language being implemented and the desired analyses. There are, however,

many possible interesting sets of points for a given program. One possibility is the elimi-
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nation of “chains” of productions to reduce the size of the grammar. In some sense, a FG
that has been subjected to the basic block transformation has a coarser “granularity” than
the original FG. This transformation is benign in a undirectional setting, affecting only the
time and space requirements for computing the flow solution. It is interesting to note,
however, that in the bidirectional setting the granularity can affect the solution computed,

as demonstrated in the following observation.

Observation: General bidirectional analyses are sensitive to the “granularity” of the
underlying RFG. That is, there exist FG problems <Gy, f, 6,0 , and «G,, f, 6,0 be
instances of a MDFAF <L,A ,Fowith RFGs G=«V{,T,P,S> and Gy=<V,,T,P,,S> with
LG))=LGjy), V€V, and VNeV[.L(V|,T,P|,N)=L(<V,,TPyN>); such that
INeV | 'CZ(N)<LC2(N)'
Proof: Consider the flow problems <Gy, f, 6,0, and <G, f, 6,0:

Gi: Xu=tY Y:=uZ Z:=¢

Gy Xiu=tuZ Z:u=g

where G1 and G2 are backward FGs, and L is:

I/T\z
\l/

F is the set of all monotonic functions on L. And, finally, f and 6 are as follows (note that

all these functions are not only monotonic, but distributive):

X| SO | fWx) | 50X | 60X
T 1 T T 2
1 1 T L L
2] 1 1 T 2
Ll L ik L L




andv=T.

The flow equations for G are:

Kx=(60t])° Ky Apr As.s
Kz=(fIul) ® Ky Agr) As.s
Ky = (It ° Kx Ay (FItD) ° Kx

And the flow equations for G, are:

Kx =Mt °(6[ul)° Kz
Kz=(Tul)° (fItD) ° Xx

Now the GFP solution of the first set of equations at input v is:
Kx(v) = Ky(v)=Ky(v)=L

but the GFP of the second set of equations is:
Kx(v)=Kz(W) =T.

This technical result implies it is important when performing a bidirectional analy-
sis to sclect an appropriate set of program points. Typically, the set of points correspond to
the entries and exits of basic blocks, which, as mentioned above, can be computed auto-

matically via a straightforward FG transformation.

V.4 Interprocedural analysis — introduction

The flow grammar was introduced in the last chapter specifically to permit interprocedural
flow analysis. Indeed, in the previous section it was overkill to require the use of functions
when simple lattice values suffice (though the argument could be made that loops may be

implemented using recursion, in which case an interprocedural problem results). For inter-
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procedural analysis, however, the mechanisms are well-suited to the required task. This
section describes the general idea by way of an example. Subsequent sections formalize

the notions presented so that they may be used in a tool such as FACT.

V.4.1 Example

Consider the program in Figure 22 and its corresponding backwards FG and flow equa-
tions, in Figures 23 and 24, respectively, where 6 is the terminal mapping function. Sup-
pose that semantic functions have been associated with each of the terminals, and the fixed
point of the equations has been computed with GFP solutions X ,..., X g for the vari-
ables Xg),..., X0 respectively. One may compute the abstract state at some point, say
8, of the main program, by applying X g to whatever abstract state is known to hold on exit

from the program, exit_state:

K g(exit_state) = abstract state that holds at point 8 of the program

For a point in the procedure nfact, say 3, it is possible to compute the abstract
state that holds assuming that a given state, say rer_state, holds on return from the proce-

dure:

K 3 (ret_state) = abstract state that holds at point 3 during an invocation of
: the procedure nfact in which res_state holds on
return

Parameterizing by the calling context allows greater precision to be achieved in many
analyses, such as constant propagation. It is important to note, however, that the abstract
state computed for a single input at such a point does not necessarily yield a conservative

approximation of the abstract state at that point. Instead, all contexts that may occur dur-
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ing execution must be taken into account when computing a conservative value for the

nonterminal.

Figure 22 An example Pascal program demonstrating interprocedural control fiow.

program example{output) ;
var f,i:integer; (* this is an incorrect
procedure nfact; implementation of
begin factorial *)
1 if i<=1 then
2 fF =1
else begin begin
3 i = i-1; 7 i:=5;
4 nfact; 8 nfact;
5 £ = £*i 9 write(f)
end 10 | end.
6 end;

Figure 23 Backward ftlow grammar representing program in Figure 22

Siu=uynS, Sgu=¢

Sl i= 11;383 S-lv =1y Sg
Syu=1 8 Sy = g1 Sy 69 Sy
Syu=13S, Sy:=1y Sy
S;u=1ty) Sy te5Ss Sipu=¢
S5:=158¢
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Figure 24 Backward flow equations corresponding to grammar in Figure 22

Ksy = 6Mtyp]e Ksa A 6ty300 Ks3
Ksa = bltallo Kgg

Ksy = b[ts3]0 Ksq

Ksa = 6[tanlo Ksy o b[tgsslle Kss
Kss = bltsTo Kse

Kge = As.S

Ks7 = 60t7]lo Ksg

Ksg = bltgnlle Ky o btenlle Kgo
Kso = bltolle Ko

Ksi0 = Ass

V4.2 Interprocedural live variables

To illustrate the ideas of the previous section more fully, consider the problem of comput-
ing live variables for the program in Figure 22. The appropriate terminal symbol function
mappings are shown in Figure 25. Analysis proceeds as follows: after the program has
completed execution, the only live values are those used by the operating system.! Assum-
ing that the operating system accesses neither i nor £, the set of variables live at point 10

of the program is simply:

{ variables live at point 10 }
= Ko ({ variables live at program exit })
=Ko ({))

1. The output stream could also be considered; doing so, however, adds no insight.
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=(As.s)({})
= {}

Continuing backwards through the equations, it is easily seen that the set of variables live

at point 9 is:

Ko{D=Ax . (xU{E)) (Ko U= {£}

implying that at point 9 of the program, the variable £ is live.
Determining the set of variables live at point 8 is somewhat more involved:

Ky ({D=6[tglo Ky 0 6[tenlo Ko ({})
=6 [t/ I(K; ({£1)
This implies that the value of %7, must be computed for the input { £}. In some sense, the
abstract function for the procedure nfact must be “invoked” at this point to determine
what variables are live, given that £ is live after execution of the procedure. It is possible
to continue analyzing the main program, however, assuming that no variables are live at
the beginning of the call; when a new value is computed for X ;. these values must be
recomputed. The complete iteration using this technique is shown in Figure 26. The cur-
rent value of a function is written as a set of input/output pairs, where the input is sepa-
rated from the output by the — symbol. For example, the fact that Ky ({}) = {£}, with
nothing currently known of the other values in the domain of Xy is written:

Kg={{} = {£}}.
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Figure 25 Terminal set mappings for live variable analysis of program in Figure 22

6t =Ax.(xuU (i) 6tes] =AX.X

60ti3] =Ax.(xuli]) 6Mtep] =Ax.x

60L]  =Ax.(x-{£))  6lt;] =hx.(x-{i))

6Mt:] =Ax.(xu(i}) 6Mtgn] =Ax.x

6ty ] =Ax.x 60tg] =Ax.(xU{f})

blts] =Ax.(xuU (£, 1)) 6Mt)p)] =Ax.x

Figure 26 Complete live variable computation for the program in Figure 22
Iteration Number
State
1 2 3 4

Ke |® CIE)={E) ) [ULE)={ELIEL ) Ed) ) J({E}(EL{EL}{f.i) )
Xs |@ ((E)={E£4) ) [LUE)={EL)LE L) E4) ) [{{E}(Ed LI Ed)-{£4) }
Ky |@ CEEISO® [LLE)I=) (Ei)-1)) ((E}=(i){E.i}{i}}
Xy |® ({E)={d} ) [({E)=(Lh(E, 1)1} ) [CIE}lL)dEd){i}}
X, |® {{E}-{)) ({E)=() (£, 1)(i) ) JULE}=L) (Ed){i)}
Ky |® {{E}=(i}) ) |[U{E)-liNE, 2)(i) ) |UHEI={i){Ed){i))
Kio T2} [({)-=0)) ({=1)) (1=}
Ko |LU={E))LO-={E})  [LU-(E)) (1=} )
Kg LU= (O3 [H)={i)) {{1=(i)}
K7 [t0=201) {({}-1)} {001} {{1=(}}

a. And add element [ £)—{} to set X
b. And add clement { £, 1)—{} to set X,

This is a fixed point computation in which the values being computed are elements
from a domain of partial functions. The remainder of this chapter explains appropriate
function lattices and gives mathematical interpretations of bidirectional, forward and

backward problems as was done for the intraprocedural case.
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V.4.3 Interpretation

Proceeding as in Section V.3 above, forward, backward and bidirectional interpretations
of context-free FGs are defined. Unlike the intraprocedural case, however, it is more con-
venient to consider first the backward and forward analyses and then combine them into a
bidirectional interpretation. An equivalent forward interpretation based on flow graphs

appears in [78], while both the backward and bidirectional interpretations are original.

Backward interpretation

Definition 44: A backward interprocedural flow grammar problem (berFGP) is an
instance <G, 6 ,0> of a MDFAF <L,A P>, where:

1. G=«V,T,PS> is a CFG representing some program.

2. 6:T-F, the backward flow function map representing the abstract effect of
backward control flow through each FT, with respect to the program.

3. v is the initial value known to hold at the end of execution.

The goal is to compute a function representing the abstract meaning of each non-terminal
in the program. Equations are derived as in Definition 41 and, as before, these equations
may be separated into a set of flow inequalities using <g ). The derived set of backwards

flow inequalities for the example is Section V.4.1 is shown in Figure 27.
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Figure 27 Flow inequalities derived from backwards flow grammar in Figure 23
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Forward interpretation

Definition 45: A forward interprocedural flow grammar problem (ferFGP) is an instance
<G, f,v> of a MDFAF <L,Ap ,F>, where:

1. G=V,T,P.S; is a CFG.

2. f:T-F, the forward flow function map representing the abstract effect of for-
ward contro] flow through each FT.

3. v is the initial flow value at the start of execution.

Again using Definition 41, we derive a set of flow equations from the forward FG.
The GFP solution to these equations yields sufficient information to compute flow values
for each point in the program. And, as shown above, flow inequalities may be used instead

of equations.
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Bidirectional interpretation

Definition 46: A bidirectional interprocedural flow grammar problem (BerFGP) is an
instance <G, £, £, V> of a MDFAF «L,A[ ,F>, where:

1. G=«V,T\,PS> is a CFG.

2. f:TF is the forward flow function map representing the abstract effect of
forward control flow through each FT.

3. 0:T—F, the backward flow function map representing the abstract cffect of
backward control flow through each FT.

4, v is the initial value at the start of execution.

For this to work correctly, either a forward or backward FG must be used to derive both
the forward and backward sets of equations. This implies that all procedures must be sin-
gle entry and single exit (cf. Section IV.6.9). Furthermore, this construction constrains
both entry and exit of all procedure to be less than or equal to the identity function. Thus,

it is not possible in general to restrict a BerFGP to either a ferFGP or berFGP.

V.4.4 Avoiding unnecessary values

As described above, there are 2 number of inherent problems with using TFLs as domains
of interpretation. Consider, for example, a berFGP instance «V,T.P.S>, 6, v> of a MDFAF
<L,A;,F> with GFP solution {. Computing a flow value from L for each FN X in the main
program (assuming the point is not also within a procedure) is straightforward: simply
apply &(X) to the flow value known to hold at the beginning of the program. To compute
the flow value for a FN X within a procedure, however, requires the set of all flow values
with which the procedure(s) containing X may be “invoked.” Because the procedures may
be recursive, this may, in turn, require what is essentially another flow analysis to deter-

mine all such inputs! Clearly, a demand-driven approach is more appropriate. This allows



118

both the computation of the flow function fixed points and the required set of inputs for

each procedure to be combined.

One way of viewing this idea is to define a lattice of partial functions, and use it
instead of total functions as before. That is the approach taken here. It should be noted,
however, that the idea of avoiding computation of unneeded values goes back at least to

Sharir and Pnueli’s ® functions [78].

Partial function Iattices

Definition 47: Let L be a meet semi-lattice.

PF(L) = L=L is the partial function flow analysis lattice containing all partial
functions from L to L under the ordering <pp; ) defined as follows: for f,ge F(L),
f <pr)8 iff dom(f)yodom(g) and f(x)<; g(x),¥xedom(g). In this case, f is said to
approximate g.

Observation: The corresponding meet operator, Apg(p ), is:

f(x), x € dom(f)-dom(g)
fApr 8 = AX. g(x), x € dom(g)—dom(f)
f(x)Aa g(x), x € dom(f)ndom(g)

Proof: To show: f Appq) g =fiff f<ppy,g

Only-if: Assume Apr(L) & = f. Then dom(f)=dom(f App ) g)2dom(g). Thus
dom(g)-dom(f)=(J, so (fApg()g)(X)=f(x)ALg(x) [def’n. of Apr,] = f(x) [by
assumption], Vxe dom(g). So f(x)<; g(x),Vxe dom(g) [since Ay is the meet of L
and < is the partial order on L] and thus f <pg , g.

If: Assume f <pg( y g. Then dom(f)2dom(g) and f(x)<; g(x), Vxe dom(g) {det’n.
of <pg(y). This implies f(x)ap g(x)=f(x), Yxe dom(fi)ndom(g) [since Ay is the
meet of L and & is the partial order on L]. Now, (fApg )8)(x)=f(x), Vxe dom(f)-
dom(g) [def’n. of Apgq,] and (fApp)g)(x)=f(x), Vxe dom(g)-dom(f) [vacuous:
dom(g)-dom(f)=2]. Thus, fAprLyg=t.
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Note that Tpg(y = @, the partial function defined at no inputs, and is Lppg j=Ax.1;, the

total function that maps all inputs to bottom.

V.4.5 A note on compositionality

An implicit goal of the interprocedural interpretation has been to ensure compositionality.
A more general approach to mapping productions is to introduce higher order functions to

map each production. For example:

X:i=tYuZ

in o bauckward analysis could be interpreted as:

g\’.x w= }-(6 IIl]lr KY! b IIUI]s KZ)

where F: F(L)XF(L)XF(LYXF(L) = F(L). This causes many problems, however. Since
cach FP would have to be interpreted individually, grammar transformations would be
very difficult to apply effectively. At the same time, computing partial functions would not
be possible unless restrictions were placed on the interpretation functions, because there is

no way of knowing in advance which specific arguments will be queried.

V.S Algorithms

As with the intraprocedural problems above, there are miny possible algorithms for solv-
ing interprocedural flow problems. Given the intended use of FACT, it seems that the most
appropriate is a general purpose iteration. Once the flow equations have been determined,
a data flow analysis is initiated by requesting the values of the various flow functions,

given some initial value or values known to hold at the start or end of program execution,
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From that point, the iteration may proceed in any of a number of ways to compute the

required values. In this section a design space classifying several possibilities is presented.

The main goal is to minimize the number of function applications and meet opera-
tions performed. We proceed in the style of Jourdan and Parigot, who have developed
algorithms for solving *“grammar flow analysis problems” [43]. Solving FG interpretations
differs in that information does not flow either strictly bottom-up or top-down, a basic
requirement for their algorithms. These algorithms are variants of an algorithm originally
presented by Sharir and Pnueli [78], but, in addition, are intended to reduce the amount of

computation for certain problems.

V.5.1 Overview of the algorithms

As with all fixed point iteration algorithms, the variables of the flow equations are initial-
ized to some value and then the equations are applied iteratively, yielding less precise
approximations to satisfy more constraints, until all the constraints in the flow equations
are satisfied. A backwards problem has been assumed throughout; corresponding algo-

rithms for forward analyses are easily derived.

V.5.2 Notation

Let G=«V,T,PS> be a FG. Each production peP is of the form Xy =X X, ... X

where nj, is the number of symbols on the right hand side of p. The occurrences of sym-

]
“|‘

bols in a production are numbered left to right, p[0] = X being the left hand side FN,
pli}=X;, 0 < i < n, being the right hand side symbols.
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V.5.3 Generic iteration

A straightforward algorithm, shown in Figure 28, is simply to iterate over the productions
in the grammar computing new approximations for each point in the program. After an
iteration with no changes the algorithm terminates. Note that the lattice L must be finite to
guarantee termination; otherwise it is possible to add an unbounded number of values to
the domain at the step labelled initiate. The various labels indicate the main components of
the algorithm. By modifying and re-arranging these components, many algorithms of dif-

fering character may be derived.

Note that the order of production selection in this general algorithm is unspecified.
This admits the possibility that the processing of the productions “goes against the flow,”
slowing the movement of information. Thus, one immediate improvement is to order the
productions to ensure that when a value is computed, the values upon which it depends are
precise as possible. A reverse topological sort of the productions by their embedded FNs

is appropriate for & backwards analysis.

V.5.4 Design space

The possible changes to the generic algorithm of the previous section may be classified as

follows:

1. select-prod 1: Should the flow system be treated as equalities or inequalities?

2. select-value: Should individual inputs to the flow functions be propagated

individuatly or in groups? If the latter, what criteria should be used to decide
the groups?

3. select-prod 2: [s a worklist or production iteration approach more appropri-
ate?

4. guess: When 4 new value is added to the domain of a partial function, what
estimate should be used for the current value?
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.5. compute: What bounds, if any, should be placed on the amount of computa-
tion? What strategies can be used to meet such bounds?

These sets of questions form five design dimensions. Except for the last dimension, the
effect of the other dimensions is only to change the time and space needed to compute a
fixed point solution. The last dimension adds the possibility of reducing the computation

at the expense of precision.

Equalities vs. inegualities

In the general algorithm the system is being treated as a set of inequalities. At the select-
prod stage, there are at least two other obvious possibilities. For example, given the fol-

lowing FPs for §;:

Sy u=taty; Sy
S| =lsts S3
S| “=tye s S3
Syu=tintys Sy

In the general algorithm, each FP implies the computation of one meet for each value in
the domain of S. Alternatively, the FPs may be grouped in an effort to eliminate some of

the redundant meets. For example, applying the productions as follows:

Sy u=tiata3 S35 ts S3 1ty 16 S3

Sy =t tyy Sq
That is, by both leftmost and rightmost nonterminals. In this case, the form of applying an
equation is similar to the general case; however, on each iteration, it is possible that fewer
meets are performed, as in this case (or any case where there are three or more values are

grouped). Another possibility is to group all the productions:
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Syu=tyytyy S3ltysts Syltystg Saltyntyy Sq

In this case, it is not necessary to take the meet with the current value of §(S|) at each
input point in the domain of the partial function. In a work list style algorithm, however, it
has the disadvantage that unnecessary function computations may occur (in the worst
case, when {(S4) changes at some input, but {(S3) has not, three unnecessary iterations of

compute are performed, along with two meets).

Propagation of function inputs

During solution, each {(X) represents a partial function. The domain of this function value
may grow as the solution is computed, Each element in the domain may be treated sepa-
rately, inducing what are essentially many separate fixed point computations, or the input
elements may be grouped in various ways. In the general algorithm, the entire partial func-
tion is treated as a unit, with computations occurring on all needed inputs simultaneously
(select-value iterates across all values in the domain of the partial function). Other possibil-
itics include grouping inputs that are: comparable, incomparable, or enter the domain on

the same iteration.

Each of the approaches has advantages and disadvantages. Treating all inputs as a
single unit is straightforward to implement, but has the disadvantage that values that have
already reached a fixed point may continue to be recomputed unnecessarily. Individual
propagation eliminates the unnecessary recomputation, but may involve an increased
number of iterations over various parts of the grammar; it also requires finer-grained
bookkeeping 1o ensure all required recomputations occur (that is, the select-prod and select-
value phases would be re-arranged). The other possibilities offer trade-offs of varying
degree, though all require additional bookkeeping and may imply computation that does

not directly support finding the fixed point {e.g., comparing & new element to the existing



124

elements in the domain). Intuitively, treating the inputs that enter the domain at the same

iteration is a reasonable compromise.

Work list vs. production iteration

As in the intraprocedural case, a work list (i.e., dynamic ordering) may be employed. The
general method of iterating over the productions is both easy to implement and its correct-
ness obvious. The latter has the possibility of significantly reducing the amount of compu-
tation needed to compute the fixed point. Consider, for example, that most programs have
an initialization section that may reach a fixed point very quickly: if all productions are
reevaluated, many recomputations for this section may occur. Care must be taken when
implementing a worklist algorithm, however, to ensure that all required computations

occur.

A re-working of the general algorithm into a worklist algorithm is shown in
Figure 29. A FN X is added to the worklist when {[X] has changed, implying that all val-
ues for the dependents must be updated. [n an actual implementation, select-prod need not
iterate over all the productions in the grammar; an initialization phase can make a single
pass over the grammar to compute a mapping from N to 2P indicating which productions

need reconsideration when a nonterminal changes value.

Various hybrid algorithms are also possible. For example, the flow system may be
partitioned along “procedural” boundaries with each partition treated as a unit. A work list
can be applied at one level, say the interprocedural level, and a production iteration at the

other. This trades of bookkeeping for some possibly unnecessary recomputation.
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It may be advantageous to compute a “fixed point” of a partition based on the cur-
rent estimates from other partitions before actually adding values to the domains of called

partitions. For example, consider a procedure call within a loop:

y := 0;

X 1= 3;

while (y<x) do begin
Yy 1= y+1;
call proc;
X 1= X * 3

end;

If live variable analysis is being performed, for example, it is unnecessary to add {x} to
the domain of the partial function representing proc when first encountering the proce-
dure call. If the fixed point of the loop is computed first, assuming the current estimate of
the flow value for proc (say T=), only the value {x,y} is added to the domain, elimi-
nating a (possibly) unnecessary fixed point computation. Unfortunately, this is likely to be
expensive in general. A promising alternative is to ensure that all dependents of each
value have been computed at least once. In an ordering scheme, this may be effected by
iterating through the equations twice before adding values to domains of called functions.

In many cases, this should eliminate many of the unnecessary values.

Adding values to domains

At the initiate stage of the general iteration algorithm (Figure 28). the partial function for
some FN has been found not to contain 2 needed value in its domain. In order to continue
evaluation of the production currently being processed, @ value must be chosen to repre-
sent the effect of the function, the so-called guess. By choosing the constant Ty, one is
assured that the GFP is not missed. This may, however, induce a number of unnecessary

computations, particularly if it causes the addition of a value to the domain of some partial
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function that is not needed. Another approach is to guess a value based upon what is cur-

rently known about the partial function being queried

guess  newv ¢« T;
for v'e dom({[p[i]])) do
if v<_ v’ then newv « newv A {[p[il}(v’) fi

It simply computes an estimate based on those inputs whose GFP solution is known to be

above the solution for the current input.

Complexity and the need for limiting computation

For the sake of completeness, we briefly analyze the time complexity of the main variants
of the above algorithms. Let G= <V, T, P, S> be a flow grammar and 6 be a termina} map-
ping for an instance of a MDFAF <L,Ap,F>. Then the worst case time complexity of the

first algorithm (Figure 28) may estimated as follows:

(07(AY)) cost of initialization loop
+ ( O(P) cost of the loop labeled select-prod
* O(ILY) cost of the loop labeled select-value

* (O(F+O(E)+O(1)+O(M))  cost of the compute through insert steps
* O(ILI) * O(IVI) *
* (Ocheight(L)) ) cost of outer loop in the worst case

The O(F), O(E) and O(M) components refer to the costs of computing terminal functions,
equality and meets of the lower level lattice. Moreover, the final three cost components
result from the possible worst case behaviour of the outermost loop: in the worst case all
values are re-computed for every point in the program at every lattice element and only
one changes. For a given point at a given input, this can occur at most height(L) times.
Note that the loop where all exits are found (initiate) has been considered constant time in

this analysis because all procedures may be viewed as having (pre-computed) single exits.
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It should be noted, however, that this is quite pessimistic in general: for most problems the
set of inputs needed at each point is not likely to approach the size of the lower level lat-
tice. The main program, for example, is only computed at a single value. Though not
shown here, the worst case time complexity of the second algorithm (Figure 29) is the

same.

Because the potential height of the partial function lattices (O(ILI) * O(height(L.)))
in some instances implies that considerable computation may be needed to find even the
GFP solution, it may be necessary to placc limits on the fixed point computation. One
solution is to limit the types of lattices that the user may specify. This is the route taken in
the Z1 system [97]: the set of allowable lattices is limited to ensure polynomial height, and
thus polynomial time fixed point computation. Other possibilities include adding variants

of widening operators to the computation [18].

Another easily adapted strategy is to limit the domain of each partial function to,
say, | inputs. When the limit is reached, L is added to the domain of the partial function,
From that point on, all requests for new values use an existing approximating value. Such
a value is guaranteed to be present because the input L approximates everything, and
Vxe L.E[X](L) £ E[X](x). The limit may simply be a constant. Or perhaps some function
determinable from the FG, say the number of call sites to a given procedure, can be used

to limit domains of the functions independently.

Using these strategies eliminates the restriction that the underlying lattice be finite.
Obviously, the penalty is that the fixed point found may not yield the required information.
By allowing the user to manipulate the various parameters, a (hopefully) acceptable

tradeoff between running time and solution precision can be attained.
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V.6 Summary

Two main contributions of this chapter are the formalization of flow grammar interpreta-
tions and algorithms for solving the resulting problems. An interpretation of RFGs admit-
ting bidirectional data flow was introduced. A technical result showing that the granularity
of a FG affects the solution obtained in the presence of bidirectional information flow. Lat-
tices of total functions were explored to allow the development of an interpretation suit-
able for CFGs representing interprocedural control flow. To solve the problem of
determining flow within individual procedures, partial function lattices were examined.
This had the additional benefit of reducing the amount of computation needed to find fixed
points. Separate forward and backward interpretations of CFGs were defined. It was deter-
mined that intraprocedural problems differ fundamentally from interprocedural flow prob-
lems in the presence of bidirectional information flow. Finally, several FG-based
algorithms for solving interprocedural flow problems were given. The next chapter illus-
trates the use of these frameworks to solve various problems. Appendix A details a num-

ber of the practical issues involved in implementing fixed point algorithms,
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Figure 28 Interprocedural backward fixed point iteration

Input: instance (G=<«V,T,P,S>, 6 [+ 1) of MDFAF <L,A| P>,

with initial value init

Output: L:V—(L-L)

Method:

initialize

select-prod

salect-value

compute

initiate

guess

update

meet

insert

foreach Xe V do
if S R X then {[X) & ((init,init}} else {[X] « D fi
endfor;
repeat convergence « truc;
foreach peP do
tet X=p(0], Y=p[np]
for ve dom({[Y}) do
Newv ¢ v;
for i=np-i to !l do
ifpli)eT then
newv « b [plil]} (newv)
else if ve dom({[pli])) then
newv e L[plil] (newv)
else
convergence & false;
foreach Z such that p[i] RZ do
if newve dom(L[Z]) then
EIZ] & G[Z) U ((newvanewy)}
fi
endfor;
newv & T
fi
endfor;
if ve dom({[X]} then
if newy # {[X](v) then
convergence « false;
let oldv={[X]{v)
CIX] & CIX]){(newvag oldv)/v]
fi
else
convergence & false;
LIX] & L[X] U {(v.newv))
fi
endfor
endfor
until convergence
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Figure 29 Interprocedural backward fixed point worklist algorithm

initialize worklist « @;
foreach Xe V do
if S RX then
E(X] &« {(init.init)}; worklist < worklist U {X]
else
{X) D

endfor;
while worklist=@ do
let W be some member of worklist;
worklist < worklist - {W} for some We worklis;

select-prod foreach pe P such that We (p(i] [ ISisn,} do
Jet X=p}{0), Y=p[np]
select-value for ve dom({{Y}) do
newy v,
compute for i=n,-1 to 1 do
if pfi)eT then

newv & 6 [pli]]) (newv)
else if newve dom(C(pfi]}) then
newv & [plif] (ncwv)
else
initiate foreach Z such that pli| RZ do
if newve dom({[Z]) then
CIZ} - LIZ] U {(newvinewy)};
worklist « worklist v {X)
fi
endfor;
guess newv & T\
fi
endfor;
if ve dom({(X]) then
if newv # §[X](v) then
update let oldv=([X](v)
meet LX) « LiX]{(newva oldv)ivi
worklist < worklist U { X}
fi
else
insert EIX] « CIX] U {(v.newv)};
worklist & worklist U {X])
fi
endfor
fi
endfor
endwhile
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VI Applications

This chapter demonstrates the generality of the fow grammar methodology introduced in
Chapters IV and V by applying flow grammars to real data flow analyses. In doing so, the
final problems outlined in Section 1.3 are addressed. The main contributions are: original
adaptations of a broad range of useful analyses to flow grammar frameworks and the dem-
onstration of several techniques that can be used in the flow grammar realm to solve com-
mon difficultics arising in Row analysis problems. Appendix A documents the
implementation effort. Tuken together, these adaptations confirm the utility and practical-
ily of th2 flow grammar model: in spite of the varying representations traditionally used to
perform these analyses, they may all be performed within the flow grammar framework.

Such generality is important {or the technique to be used as the basis of FACT.

V1.1 Introduction

This chapter describes several analyses that have been constructed with a prototype imple-

mentation of the FACT tool. Techniques for using the FG framework arc presented, dem-
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onstrating how various results from the field of data flow analysis may be used. Specific

analyses include interprocedural live variables, intraprocedural partial redundancy elimi-

nation [62], two aliasing analyses and an interprocedural procedure variable analysis:

interprocedural live variables — the live variables problem has been used through-
out this dissertation to demonstrate various aspects of the FG approach to data flow
analysis. Section V1.2 uses a result of Knoop and Steffen [52] to perform interpro-
cedural live variable analysis that takes into account the effect of dynamically allo-
cated local variables. This is an important problem for performing 4 number of
tasks, including: storage allocation, register allocation, and code improving trans-
formations (e.g., removal of unnecessary saves of registers to memory) [3]. The
extension to interprocedural analysis alleviates the need to make conservative
assumptions at procedure calls.

aliasing analysis — in languages that permit aliasing (that is, multiple names for a
single object) it is crucial to determine the possible aliasing relationships

[20, 55, 56]. Even keeping a value in a register across statements may be unsafe if
some form of aliasing analysis is not performed.

partial redundancy elimination — this is actually an optimization technique that
happens to be solvable as a set of flow analyses [63]). By both eliminating redun-
dant computations and moving invariant computations out of loops (3], it helps
reduce the amount of time spent performing optimization.

procedure variable analysis — performing interprocedural analysis is complicated
considerably by the presence of procedure variables, also known as function point-
ers. In the absence of other information, any call site involving a procedure vari-
able it must be assumed to call any procedure the source language would permit at
that point. This can severely curtail the effectiveness of interprocedural analysis,
particularly in a language such as C [20, 32].

These analyses are representative of the types of analyses for which the FACT tool is

intended. They provide valuable information to the optimizer and are based on informa-

tion that is either readily available or easily computed in an attribute grammar based com-

piler.
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V1.2 Classical flow analysis re-visited

Hecht has classified a number of problems as “classical” flow analysis [29]. These include
live variables, reaching definitions, available expressions and very busy expressions. The
intraprocedural versions of these problems all have the common characteristic that the
abstract state is a finite set that may be represented as a bit string. Sharir and Pnueli devel-
oped an initial interprocedural extension [78] that was subsequently strengthened by
Knoop and Steffen [52]. This section overviews the traditional approach to solving these
problems, and then presents a flow grammar approach that embodies the work of Knoop
and Steffen. The live variables problem is used as the running example, although the tech-

niques apply to the other classical analyses as well,

V1.2.1 Problem: live variables

Live variables, described in Sections IV.5.1 and V.4.2, is a backward analysis that associ-
ates a truth value with cach variable at cach point in the program. Recounting the basic
idea, a variable is /ive at some point P in a program if the value it has at P may be used
again before being assigned & new value. The set of variables live at the end of a program

is typically the empty set.

V1.2.2 Example

Figure 30 shows a small Pascal program and corresponding node-based control flow
graph. Each node is labelled with the set of variables live on entry to the node (IN) and
exit from the node (OUT), as would typically be computed using standard intraprocedural
flow analysis techniques {3, 29). This example illustrates the kinds of optimizations that

are made possible by live variable analysis. First, notice that £ and i are never live simul-
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taneously and may consequently be allocated to the same memory. Second, it is very
likely that s would be allocated memory (for use during the execution of the readln and
writeln) and assigned to a register for the duration of the two loops. After execution of
the second loop the value of s would normally be stored back into its assigned memory
location. However, because it is not live after executing the second loop (IN of the

writeln node), this store may be safely deleted.

V1.2.3 Standard flow equations

The standard flow equations for live variable analysis follow the usual pattern described in
Section I1.3.5 for a backward problem. As stated previously, the information space is the
powerset of the variables in the program with set union as the meet operator, giving the

following structure for each node N in the control flow graph.

N.IN = fi(N.OUT)

N.OUT = U M.IN

M € suce(N) ~

where fyy computes the change in live variables due to node N; and N.QUT = {} for all

nodes N that have no successors (that is, nodes representing exits).

VI.2.4 Discussion

Live variables is typically performed intraprocedurally as shown in the preceding section.
The following section shows how to perform the same intraprocedural analysis in the FG
framework. Subsequent sections extend the live variables problem to handle procedure

calls, including a discussion of parameters and local variables.
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Figure 30 Example of traditional intraprocedural live variable analysis

Start

Program Control flow graph
(input ‘ =]
program p{input, s ]
:= 0
output) ; 5 i
put) OUT={1, s}
var
Y IN={i,s]

i,s,f:integer;
i >0 22 2

OUT={i, s}

begin

1| readln(i);

s := 0; IN={s}
2{ while i > 0 do 4
: OUT=(t, s
begin
3 S = S + 1;
1 =1 - 1 !N::{E'S}
5
end oUT={t, s
4l f := 1;
5| while s > 1 do IN={£}
f := £ * s; e d
begin s iz s -1 6 | writeln(f) |7
= f OuUT=
6] £ := £ * s; OUT={£, s} ‘ ()
s ;=8 - 1 End
end;

71 writeln(f)

end.
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V1.2.5 FG interpretation: intraprocedural live variables

An intraprocedural FG interpretation involves defining a MDFAF <L,A(,F> and then, for a
given program, an instance of a BraFGP. Let Var be the set of variables in the program,

then L = 2¥%, A = U, and F is the compositional closure of the following set of functions:

{As.s-{i}lie Var ) U { AssUfi} lie Var } U { As.Var.As.{}, As.s }

For completeness, the BraFGP for the program in Figure 30 is shown in Figure 31,

Figure 31 BraFGP for program in Figure 30

Sju=ty S,
Syu=13 83 04T =hss-{i) fIul  =as{}
Sy =134 S4 601 =Ass-{s} Sl =Asf)
S3i=tan Sq bl =Assufi) Stz =2As.{}
S4 =14 S5 60tz7] =Assufi) Szl =As{)
S5 =155 60]  =Assufi,s} Sl =2As.{}
G= S =53 6Its)  =Assufi} Sltsl  =As]
S7u=17 8y 60t =Ass-{£) Sl =2As{}
SS =g S9 b [Itg/()]] = MSU{ s} f[[tg/()]} = }\..S{ }
Sg:i=1tg12 513 6 [tg/i2ll =Assuis) Sltg2l = 2As.{}
Sgu=1tg Syg 6yl  =AssU{f,s}  fllt] =As.{}
S10::=tip Sy 6yel  =Assuls) St =As{}
Sy =Sy 6ol =As.suff) St =2As{}
Sppu=t 83
S|3 =g

V1.2.6 FG interpretation: interprocedural live variables

The absence of liveness information across a procedure call can limit the optimization of a
program. For example, all variables currently being held in registers must typically be

written to memory prior to a call. In this case, interprocedural analysis may reveal that
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some variables are dead and the store eliminated. While a straghtforward interpretation
using the intraprocedural lattice (given in the preceding section) as the base is possible,
some source language constructs, such as automatically allocated local variables, may
benefit from a more elaborate analysis. Subsequent sections show how Knoop and Stef-
fen’s Interprocedural Coincidence Thereom [52] may be employed in FG interpretations
for handling automatic locals and three parameter passing mechanisms. Knoop, Steffen
and Ruthing use their result in essentially the same way in their recent “flow analysis tool
kit [53}."

VI1.2.7 Local variables

Most imperative programming languages allow the declaration of amomatically allocated
local variables within procedures. Each time a procedure is called, a fresh set of local vari-
ables is created for use during the execution of the procedure. Upon return from the proce-
dure, the memory for these variables is dcallocated. The use of local variables in a
program complicates flow analysis in a subtle way that requires care to ensure conserva-
tive, but not excessively imprecise, results. Throughout this section the live variables
problem is used as the running example, though the techniques developed may be applied

to other classical flow analyses with slight modification,

Leaf procedures

First consider the straightforward cuse of a non-recursive procedure containing a local
variable such as the procedure p in Figure 32, We make the following observations about

the varjable local:

1. At the end of an execution of p, the variable 1ocal is deallocated and thus
cannot be live on exit from the procedure. That is, in a live variable analysis,
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local variables must be eliminated from the current set of live variables when
a procedure exit is encountered.

2. On entry to procedure p a new incarnation of the variable 1ocal is created.
Prior to its creation, it cannot be live (i.e., a variable that does not exist can-
not be live). Thus, the abstract semantics must also eliminate the set of local
variables from the abstract state on entry to a procedure.

Thus, the following function suffices for representing the effect of entering and exiting p

in this case:

Sty p B= flltexit p = Ax.x-{Local)

Using these definitions does, indeed, yield a conservative solution to the set of flow equa-

tions implied by this program.
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Figure 32 Program containing a local variable

program localvarl;
var globall,global2:integer;
procedure p;

var local:integer;

begin
1 if (local <> 0) then begin
2 globall := globall div 2;
3 local := globall;
4 global2 := local

end
5 end;
begin

6 readln(globall});
7 oK
8 write(global2)
9 end.

Recursive procedures

Now consider a slight re-writing of the example program in which a single recursive call
has been added, as shown in Figure 32. Applying the previous semantic functions results

in the following equation for Xg,:

X gy = (Ax.x-{locall})® Kg; ° (Ax.x-{local})® Kss
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Because local is used in the assignment immediately following point 5, it is clearly live
at point 5, regardless of calling context. Applying the equation above clearly eliminates
local from the set of variables live at point 4. Unfortunately, closer examination of the
program reveals that 1ocal is in fact live at point 4. This conclusion may be derived

from the following observations:

1. When p is called, a fresh version of 1ocal is created. Thus, any assignment
to local in a recursive call cannot affect a suspended version of the vari-
able.

2. There is no aliasing in this program, thus assignments to globall and
global2 cannot affect any incarnation of local.

Because there is no way for the recursive call to affect the incarnation of 1ocal visible at
point 5, and local is live at that point, the same incarnation of local must be live at

point 4,

This analysis suggests a possible solution: when a recursive call is encountered,
the liveness of each local variable must be “remembered” so that it may be restored after
the abstract effect of the procedure call has been computed. An easy way of effecting this
is the use of shadow (called dormant in [15]) variables: each local variable has an associ-
ated shadow used to save the state of the local across a call to the procedure containing the
local. Knoop and Steffen have shown that a single shadow is sufficient to guarantee a con-
servative result for the live variables program, in which the MOP solution coincides with

the GFP solution [52].
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Figure 33 Program containing a recursive procedure with a local variable

program localvar?;
var globall,global2:integer;
procedure p;

var local:integer;

begin
1 if (local <> 0) then begin
2 globall := globall div 2;
3 local := globall;
4 p;
5 global2 := local

end
6 end;
begin

7 readln(globall);
8 p:

g write(global2)
10 end.

Adding shadow variables has two main effects on the analysis: the lattice is richer
and the flow equations for procedure entry and exit no longer simply remove the set of
local variables. If V is the set of variables in a program. let:

Vo= | Vv Iive V,vnotglobal } suchthu VNV, =0

be a new set of shadow variables and:
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V=VuUV;

Then the new live variable lattice is 2V, For the recursive example program, V’ =
{globall, global2, local, local’}.

The effect of procedure exit may be computed as follows:

6 Dtexin p I= Ax.if (local € x) then (x-{local}) U {local’} else x

That is, if Local is live at exit, this must be remembered (in local’) and local must
be removed from the set of live variables, since the new incarnation cannot possible be

live. Computing the effect of procedure entry effectively reverses the effect of exiting:

6 [tean p 1= Ax.if (Local’ € x) then ((x-{local’}) U {local})
else (x-{local})

If the previous incarnation of 1ccal is live after the call, this ensures that it is again alive

before the call.

VI1.2.8 Parameters

Given the above solution to loca! variables, allowing certain types of parameters requires
little extra effort. Value parameters, result and value/result parameters can all be handled
in the flow grammar framework by modeling them as local variables with appropriate
assignment statements. Of these three types of parameter, value parameters are by far the
most common, occurring in Pascal (default mechanism), C (default), and Ada (“in”
parameters) and are considered in some detail below. Modeling the other two mechanisms

is then shown to be similar.



Value parameters

A parameter passed by value bears a strong resemblance to an initialized local variable.
Both are created upon entry to a procedure and both are given an initial value. The differ-
ence is that one is initialized with a value from the caller while the other receives a locally
defined value. Figure 34 shows a small example program. At run time, the call at point 8

performs the following actions:

1. A new instance of valueparam is created.

2, An assignment is made from globall to this new instance of
valueparam:

valueparam := globall;

3. A new instance of local is created and assigned the value 10:
local := 10;

4. The body of the procedure is executed in this new environment.

Note that this can easily be generalized to multiple parameters and local variables. An
abstract semantics can be derived directly from the above observations. The only remain-
ing difficulty arises if a local variable is passed in a recursive call, as at point 4. In this

case, carc must be taken to affect either the “current” or its ““shadow,” as appropriate.



Figure 34 Program with initialized local variable and value parameter

program localvarZ;
var globall,global2:integer;

procedure p(valueparam:integer);

1 var local:integer := 10;
begin
2 if (local <> valueparam) then begin
3 globall := globall div 2;
4 p{local)
end else
5 global2 := - globall;
6 end;
begin
7 readln(globall);
8 p{globall);
9 write(global2)
10 end.

To make these ideas more concrete, the entry and exit terminal flow functions for
live variable analysis of the two call sites in the program are as follows. For the call site at

point 4:

6 [t4; 1= Ax.(x - locals) U shadows U actuals
where
locals = {local, valuepara:)
shadows = (if local’ e x then {local} else {})
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U(if valueparam’ € x then {valueparam} else {})
actuals = {local}

6 [tes6 1= Ax.(x - locals) U shadows
where
locals = {local, valueparam}
shadows = (if local € xthen {local’}else {})

J(if valueparam € x then {valueparam’} else {})

And for the call site at point 8:

6itg 1= Ax.(x - locals) U shadows U actuals
witere
locals = {local, valueparam)
shadows = (if local’ € x then {local) else (})

U(if valueparam’ € x then {valueparam} else {})
actuals = {globall}

b [t 1= Ax.(x - locals) U shadows
where
locals = {local, valueparam]}
shadows = (if local € x then {local’} else | })

U(if valueparam € x then {valueparam’} else {})

Result and value/result parameters

In some sense, result parameters are the mirror of value parameters. Instead of being
assigned a value upon creation and its value forgotten on deallocation, a result parameter
is not implicitly initialized but its value is passed back to the caller on exit from a proce-
dure. Thus, their abstract semantics may be handled similarly. At the same time this also

allows the framework to handle functions, since the return value of a function is equiva-
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lent to a result parameter. Semantically, value/result parameters are a combination of value

and result paramete:s, and may be treated by combining the two techniques.

Reference parameters

Because reference parameters introduce aliases, they cannot dircctly be handled by the
above techniques. They may, however, be handled by the points-to analysis described in
the next section by observing that reference parameters are merely syntactic sugar pointer

manipulation.

V1.3 Aliasing

Aliasing, whereby a single value has more than one name within a program, has long been
the nemesis of optimizing compilers in general, and flow analyzers in particular
[3, 11, 12, 15, 32, 64]. It can arise from a number of programming language constructs

including arrays, reference parameters, pointers and equivalence statements.

As a starting point, Aho, Sethi and Ullman’s “simple pointer language” and corre-
sponding aliasing algorithm [3, pp. 649-652] was implemented in the FACT prototype.
The five rules given for determining the effect of assignments with respect to aliasing
were easily translated into attribution rules for constructing appropriate FT mappings in

the FACT prototype.

A second, more interesting analysis, called points-to analysis, has also been imple-
mented using the prototype. Points-to analysis, devised by the McCAT group at McGill
University for analyzing C programs, involves the computation of a point.-to relation for
each point in the program [20, 32]. The variant discussed here is primarily concerned with

the aliasing relationships that occur among variables on the run-time stack (as opposed to
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values stored in the heap).! Given a points-to relation, a conservative estimate of possible
alias pairs may be computed by performing a closure operation. The following sections

describe this effort and how the FG realization differs from the original.

V1.3.1 Problem: points-to analysis

Points-to analysis compules, for each point in the program, a relation indicating possible
rclationships among the variables present at that point. A given relationship may be defi-
nite, indicating that the relationship always hold when control reaches the point, or possi-
bie, indicating that the relationship may hold when control reaches the point. This is a
forward problem bearing some resemblance to constant propagation and range analysis.
Only relationships among stack variables are tracked explicitly. Array elements are not
tracked separately, but as single units. Similarly, the heap is treated as a large anonymous

array, on the assumption the pointers from the heap buck to the stack are rare [20].

Points-to relations

Points-to is a ternary relation indicating how variables point to one another during execu-

tion as shown below:

1. points-to(x.y.D) holds at some point in the program when x definitely points
to y. This can arise, for example. after the following assignment:
X = &y;

2. points-10(x,y,P) holds at some point in the program when x possibly points to
y. This can arise when control flow paths merge, such as at S1 below:

1. This analysis may be viewed as a store semantics using a non-standard domain of “abstract stacks.”
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if (cond)
X = &Y;
S1:

In both cases x is said to be the source of the relationship and y is said to be the rarget. The
analysis associates a points-to relation with each program point, taking into account the
effect of assignments between program points and ensuring that conservative approxima-

tions are made at control flow merges.

V1.3.2 Example

Figure 35 shows a small C program from Emami’s thesis [20, p. 84] which illustrates a
number of features of points-to analysis. At the beginning of the program nothing points
to anything ({ ) at point 1). After the first assignment (between points 1 and 2) a definitely
points to b, and after the second b definitely points to c. In Emami’s implementation, ana-
lyzing the call to £ causes the creation of a new abstract stack with the extra “hidden”
variables 1_m and 2_m, representing two possible levels of dereference of m (m is &
pointer to a pointer to an int). A mapping between these values and out-of-scope variables
is created so that the effect of the call may be deduced on exit. In this case, the map con-
tains two pairs: (1_m, b) and (2_m, c) indicating that, on entry, m points to b which points
to c. Thus, at point 5, m definitely points to 1_m and 1_m definitely points to 2_m. Assign-
ing the address of x, a global variable, to n yields the obvious state at point 6. The next
assignment, “*m = &x;" causes a dereference through m to 1_m, which now points to x,
too. The abstract effect of exiting the procedure is to “unmap” the effects of the call on
1_m and 2_m to the variables indicated in the previously computed map. Thus, after the
call, b (represented by 1_m during this particular call) now points to the global x. The

reader is directed to Emami’s thesis for justification of this technique.
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Figure 35 C program with aliasing [20, Figure 4.13, p. 84]
Point Points-to relation Program
int x;
main()
{
int **a, *b, c;
1 {} a = &b;
2 { (a,b,D) } b = &c;
3 { (a,b,D),(b,c,D) |} f(a);
4 { (a,b,D),(b,x.D) } }
void f(int **m)
{
int *n;
5 { (m1_m,D),(1_m,2_m,D) } n = &X;
6 { (n,%,D), (m1_m,D), (1_mz2_mD)} *imo= &X;
7 { (n.x,D), (m,1_m,D), (1_mx,D) } }

V1.3.3 Standard flow equations

There are two main components to Emami’s formulation, which is based on the McTAG

analysis framework [81]. The intraprocedural part is of the gen/kill type (3]. That is, each

flow function is of the form:

As . (s - kill) U gen

where gen and Kill depend on the basic statement the function represents. The interproce-

dural part involves defining the map and unmap tunctions, along with constructing the
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invocation graph. Each node in this graph represents a cail chain. Flow information for
each invocation graph node is merged as analysis proceeds; the map information, how-

ever, permits considerable disambiguation in the caller.

The following sections detail the gen and kill sets as applied to the FG framework.
In particular, the relation is cast into a lattice in the next section, and then the intra- and

interprocedural FG adaptation of the analysis is described.

VL1.3.4 Points-to lattice

Not surprisingly, the points-to relation may be viewed as a lattice. The elements of the lat-
tice are the relations that may arise during analysis, represented as sets of triples. More
precisely, let Var be the set of “variables” in some program P. A points-to triple is a mem-
ber of the cross-product VarxVarxRel, where Rel={D,P} represents the certainty of the
association (where D = “Definite”, P = “Possible”). It is useful to consider the Rel set as a

lattice with the following meet operator:

ARgl D P
D D P
P P P

(Note that this is equivalent to Boolean conjunction with D representing “true” and P rep-

resenting “false.”)

On fisst glance, one would hope that the points-to lattice, Lp,, would simply be a
powerset, such as 2¥2™VaPRel Unfortunately, this admits contradictory information, such

as {<«x,y,D», «x,z,D»} where y#z, which implies that x definitely points to two distinct enti-
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ties, y and z. Thus the elements of L are restricted to a subset of 2V9<VarRel Eirgt define

the following functions:

Def(S:2VimVar®ely = ( x yv.Ds | x,3,.D> € S)
— all “definite” points-to triples

Pos($:2VexVanRely - { x v P> | x,y,P> € S)

— all “possible” points-to triples

Now define the following predicate:

Okuypt(S:2VierVﬂrXRCl) =
Vxe {xlxyD e Def(S) ). { xyor lexypeS)| =1

That is, an element of 2V™VaRel ropcecents o feasible points-to relation if all variables x

that definitely point to an object point to a single object.

A possible meet operator for sets of such triples is Emami’s Merge function
[20, pp. 49], defined as:

Merge(S.S,) = Dset U Pset
where Dset = { «x,y,D> | «x,y,D»> € [Def(S|) 1 Def(S5)] |
Pset = { X,y.P> | x,y,» € [(S;{ U S,) - Dset] }

That is, when two sets from different paths ure to be merged, if x definitely points to y on
both paths, then it still definitely points to y after control flow has merged (Dset). The
remaining triples represent information that may hold, and are thus regarded as “possibly

points-to” relationships (Pset).

Now suppose the Merge function were used as the meet operator and consider the

concomitant partial order relation:
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S| £8,iff S| = Merge(S,.S5)

Unfortunately, the resulting partial order has no top element. Clearly, when two sets of tri-
ples are merged the resulting set is at least as large as the larger of the two input sets. Thus,
one would hope that the empty set is the top element. It is easy to see that this is not the

case.

Merge({ x,y.D» } D) =@ U { &3P } ={ x,y.P> }

(That is, if a given definitely points-to relationship is present on only one path, it must be
converted to a possibly points-to relationship to ensure safety.) So, { «x,y,D» } £ & and
@ £ { «,y,D» }. Thus, in addition to the set of “okay” triples defined by OkayPt above, an
artificial top element, Tpr, is added and the Merge operator is extended in the obvious
manner. It should be noted that Emami adds a similar “special” element, which she calls
BOTTOM, to handle exits from loops: after a break or continue statement, the constant
BOTTOM is used to indicate no further propagation of information. In the FACT formula-

tion, the requirement for the element is a natural consequence of the FG framework.

Thus, the elements of the final intraprocedural points-to lattice for a given set of

variables, Var, consists of the following elements:

Lpp={ SIS e 2VanVanRel gpavpyS) } U { Tpr }

V1.3.5 Intraprocedural analysis

In Emami’s thesis, intraprocedural control flow is considered in two separate components:
“basic statements” which affect the points-to information directly and “compositional
control flow statements” which involve the merging of information. Basic statements are

generally assignment statements while contro] flow statements include conditionals and
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loops. The abstract effect of both types of statement are specified directly, including the
fixed point computation needed to compute the abstract effect of loops. It should be noted
that the analysis relies on an intermediate representation, called SIMPLE, which is essen-
tially a subset of C similar to three address code. An important characteristic of SIMPLE
is that it does not allow arbitrary transfer of control (goto statements). Gotos in the origi-
nal source program have been eliminated implying that the control flow is compositional

[22], admitting a straightforward specification of control flow effects.

Mapping basic statements

In FACT, basic statements are represented by FTs. A typical assignment statement rele-

vant to points-to analysis might be:

/* assign the address of y to what x pecints to */
X 1= &Y;
/* now x “definitely points-to” y */

Emami identifies six basic variations of such assignment statements that can change
points-to relationships, shown in Figure 36, The semantics of these cases follow the same

basic pattern:

Ainput.if input = Tpy then Tpy
else (gen U (change - Kill))
where
kili = kill_func(input)
change = change_func(input)
gen = gen_funcfinput)

The specifics of the three functions, kill_func, change_func and gen_func, depend on the

case being mapped:
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kill_func - there are two possibilities for the kill function, one for direct
assignments and the other for indirect assignments. In the direct assignment
“x = ...,” X is overwritten implying that all the objects to which it may
have pointed prior to the statement may be eliminated:

kill_func., - _»=Arels.{ (x,x;,rel) [ (x,xy.rel) € rels)

For an indirect assignment, “*x = ...,” if x definitely points to some object, say
x1, then x1 is guaranteed to be overwritten and its current set of possible values
removed:

kill_funcusy o = Arels.{ (x;,xp.rel) l (x,x1,D) € rels, (xy,xp.tel) € rels}

change_func - this function transforms definite relationships to possible rela-
tionships when their certainty comes into question due to an indirect assign-
ment. As there is no uncertainty as to which variable is being modified in a
direct assignment, the corresponding change function is simply the identity
function:

change_func., - = Arels.rels

Now consider an indirect assignment, “*x = .,.” If x possibly points to x1 and
x| definitely points to x2 prior to such an assignment, there is no guarantce that
x1 still points to x2 after the assignment. Thus, the certainty of xI pointing to x2
must be lowered to possible:

change_funcus,- »=
Arels. (vels - { (x;,X,,D) l (XX, P)(x,x5,D) € rels })
o {(x],X2,P) l (X,Xl,P),(Xth,D) € I'CIS}

gen_func — each basic assignment generates new points-to information that
may, or may not, depend on the set of relationships that hold immediately
prior to execution of the assignment statement. First, consider the assignment
“x = &y". Clearly, after executing this assignment, x must point to y, so:

gen_funcusy _ gy = Arels.({ (x,y.D) 1)

The remaining cases may be derived using similar reasoning and are shown in
Figure 37.
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Figure 36 Basic statements for intraprocedural points-to analysis

L-value R-value R-value
dereference

direct assignment X = &Y; X =Y; X = *y;
indirect assignment *X = &Y; *X = Y; *x = *y;

Figure 37 Basic statement generation functions

Basic Relationship generation function
Statement

X = &y; Arels.({ (x,y.D) D)

— assign address of x to y (i.e., X points to y)

vi Arels.({ (x,y;.rel) l (y.y.rel) € rels })

— assign y 1o x (i.e., X can now point to whatever y could)

X = *y; Arels.({ (x,y.rel; Age tela} 1 (yyyrely), (¥y.yasrels) € rels })

- dereference y and assign to ¥ (i.e., must get the possible values of y
and then “dereference™ thera — x can point to any of the resulting val-
ues)

&Y : Arels.({ (x.y.rel) ] (x,x.rel) € rels})

— assign address of y to what x points to (i.c., things x could point to
now can point to y)

*X =Y Arels.({ (X}.y.rel; ARl relzﬂ (x.xprely L(yy.rela) € rels })
— assign y to what x points to
*X = *y; Arels.({ (x),ya.rel) Ape) rels Agg rel3) |
(x,x.rel ), (y.y porela), (yy.yarel;) € rels )
— dereference y and assign to what X points to

%

H

*x

Interprocedural analysis

As in the case of the classical analyses in Section V1.2, handling interprocedural control

fiow in FACT is primarily a matter of effecting the appropriate argument transmission and
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ensuring safety in the presence of recursion. In fact, the technique of shadow variables

may be used to advantage in this analysis,

In the absence of recursion, the analysis is straightforward. Entry to a function
involves performing abstract assignments from the actuals to the formals. Similarly, exit
from a procedure involves removing all points-to triples from the state whose first element
is a local parameter or local whose lifetime has ended. In addition, on function exit it is
possible to check for danling references to such locals, such as when control returns from

point 5 to point 2 in Figure 38.

Figure 38 A dangling reference at point 2 that should probably generate a warning

int *x; void dangle(void)
void main(void) {
{ int local;

1 make_dangle(}); X = &local;

2| /* {(x,?local?,D)} */ /* {{(x,local,D)} */

*x = -559038737; }
3|}

This scheme fails in the presence of recursion, however. Specifically, consider the
program in Figure 39. It is unsafe to delete the set of triples having x as the first compo-
nent when control returns from point 5 to point 6. Although one incarnation of x is deallo-
cated on function exit, there may be another incarnation from a previous invocation which

still points to y: this relationship must still be represented in the abstract state.

An additional problem with the simple scheme is unnecessary lack of precision.

One common analysis problem is the MOD problem which computes an approximation of
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the set of variables that may be modified by a statement {16, 17, 72]. In the case of the
example program, it must be concluded that the indirect assignment at point 7 can modify
any incarnation of y, even though it is clear that only the current incarnation can actually

be modified by the call.

Figure 39 Recursion prevents the elimination of points-to triples at function exit

void f(void)
{
void main(void) int *x, y;
{ 8 X = &Y:
1 £0); 4 if () o
2|} 5 £():
6 }
7 *x = random() ;
8|}

Shadow variables for interprocedural analysis

Adding shadow variables to the lattice alleviates both the problems described in the previ-
ous section. Let Var’ = { v, v’ [ ve Var, v not global, v* unique new variable} be the aug-
mented set of variables (cf. Section V1.2). As expected, using Var” as the basis of the
intraprocedural lattice allows the use of the intraprocedural functions defined above for
basic statements. The procedure entry and exit semantics, of course, need to be altered to

make use of the shadow variables.

As in the case of classical analyses, the operations performed are really abstrac-

tions of the run-time actions of activation record creation and destruction. Thus, the
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abstract semantics of procedure entry “push” the current variables into the hidden vari-
ables, while procedure exits *“pop” hidden variables back into current variables. Because

of the nature of points-to analysis, however, these operations are somewhat more subtle.

It appears that the most complicated case is a directly recursive procedure call with
parameter transmission. Consider the program in Figure 40. In the call at point 9, the new
incarnation of w points to the previous incarnation of y. Thus, the abstract cffect of this

call must use the correct shadow and current variables.

Figure 40 Dircctly recursive function with parameter passing
int a, b; void p(int **w)
int *c, *d; {
int **e, **f; int **x, *y, z;

void main(void) 5 *W oz &a;

{ 6 = &2z;
1 f = &d; 7 = &Y
2 d = &b; 8 if (...)
3 p(f); 9 p(x);
4 } 10 }

An appropriate abstract semantics for procedure entry to a procedure p involves

the following three steps, where ptset is the set of points-to relations that hold on entry to

p:
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1. Target transfer: for all triples in ptset, transfer the target variables in the
scope of p from current to shadows giving ptset,.

2. Parameter transmission: for each (actual, formal) pair, perform the abstract
effect of the assignment “formal = actual” using ptset; as the current
set of triples, yielding ptset,.

3. Source transfer: for all triples in ptset,, transfer the source variables in the
scope of p from current to shadow status giving ptsets. In addition, definite
points-to triples must be lowered to possible certainty when the transferred
source variable “points to” more than one object. This ensures that 2 member
of the lattice results.

The final set of triples is then (ptset, U ptsets). Steps 2 and 3 mimic the run-time actions
involved in a typical implementation of a procedure call: actual parameters are assigned to
a fresh set of corresponding formals and then a fresh set of locals is created. The subtlety
arises when a value pointing to a local is passed as an argument, as in the example pro-
gram. In this case the formal should point to the shadow variable. Thus, the targets of the

incoming triples are modified prior to performing parameter passing.

Returning from a procedure p involves undoing the effect of the call. This involves
two steps, again assuming the set of triples holding immediately prior to exit is ptset:
1. Current local elimination: triples whose source is a variable local to the

called procedure are eliminated from ptset yielding ptset;. This imitates the
deallocation of the activation record.

2. Shadow local re-instatement: for all triples in ptset; convert variables corre-
sponding to shadows of locals in p to current variables,

The result of the second step is the abstract state that holds in the calling procedure. Note
that any triple in ptset; whose target is a current local of p is a dangling pointer: it points to

storage that has just been deallocated and a warning message may be printed.
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V1.3.6 Discussion

The interprocedural analysis technique given in the preceding sections departs consider-
ably from Emami’s thesis. Her analysis is based upon the McTAG analyzer generator
scheme, inheriting the invocation graph structure and associated map/unmap functions for
computing the effect of calls and returns. She takes advantage of scoping information in
the map and unmap functions to limit the size of points-to relations and avoid redundant
computation. The basic idea is to create “invisible variables” to represent variables that are
accessible (i.e., by indirection) but not in the scope of the called procedure. By keeping
track of what the invisible variables represent on a given call it is possible to transfer the

effect of the procedure call on the caller’s relationships.

Figure 41 shows the information flow when a procedure call is processed in
Emami’s analysis. First, invisible variables are created along with a mapping that records
the correspondence between the real variables and the invisible counterparts (the dashed
arc from t to map_info). At the same time the points-to relationships are transformed to
involve these invisible variables (solid arc from t i enter_ptval). The body of the proce-
dure is then analyzed using enter_ptval as the abstract state (arc from enter_ptval to Y).
Analysis of the body the procedure yields the points-to information applicable on exit
from the procedure (arc from Y to exit_ptval). The unmap function then taks the mapping
information (map_info), the procedure exit state (exit_ptval) and the original points-to tri-
ples (call_ptval) to compute the points-to information that holds when the procedure

returns (return_ptval).
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Figure 41 Information flow in Emami's points-to analysis

Production: X ::=tYuZ

lexit_ptvall  |enter_ptval|

VG4

.............

call_ptval

— points-to relation

— compositional transmission

of points-to relation (FG permissibl
— invisible variable map P ore permissible)

@ — program points . " non-con{posn%nonal trd.nsml.sslon

of map_info information
D - map function L o

— non-compositional transmission
4 . .

@ — unmap function of points-to relation

To implement this formulation directly in FACT would require some mechanism
for transmitting the mapping information as well as the originating points-to information

(broken arcs in Figure 41). There are at least two possible approaches:

1. The FG analysis framework may be generalized. Instead of a compositional
strategy for mapping the FPs, a separate function could be associated with
each production. This function would take the meanings of the various com-

ponents of the production as arugments and construct an appropriate abstract
meaning. E.g.:

P:Xu=tYuZ Kz SHFpul, Ky, STt IX)
This permits virtually arbitrary information flow and can clearly handie the flow
represented by the broken arcs in Figure 41,

2. The lattice may be augmented to include a “stack™ of mapinfo/ptset pairs and
associated call strings which keep the required historical information:
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Stack = (T* x MaplInfo x PtSet) )
where T is the set of FTs (T* is the call string component)

In order to keep the size of the stacks bounded, the semanti¢ functions for FTs
representing procedure call and return must examine the incoming tuple to deter-
mine if a recursive call is to be processed. In that event the existing pair is used
rather than creating appending a new one onto the current stack.

The first approach has the disadvantage that a separate combination function must be sup-
plied for each FP, which seems difficult to generalize into a usable tool (cf. Section V.4.5).

The latter demonstrates the generality of the FG framework. .

In summary, FACT has been used to implement points-to analysis, an important
data flow problem. The original formulation of points-to analysis is based on Sridharan’s
data flow analysis framework devised for use in the McCAT compiler development envi-
ronment [81] and uses non-compositional interprocedural data flow. Implementing points-
to analysis in FACT required re-working the intraprocedural flow information space (that
is, sets of points-to triples) into a lattice and devising a compositional method for interpro-
cedural data flow. As originally specified, the information space was very close to a lat-
tice: an obvious ordering was already present with only the addition of the top clement
required (also suggested by Emami, but for different reasons). Using the techniques of
Section VI.2.8 a compositional interprocedural interpretation was developed that was suit-
able for use in the FG framework. Thus, with a little effort on the part of the FACT user, it
is possible to perform sophisticated interprocedural analyses whose original specification

is not compositional.

VL.4 Adaptation of the Morel/Renvoise partial redundancy algorithm

An interesting technique ptoneered by Morel and Renvoise, known as partial redundancy

elimination, subsumes both the code motion and common subexpression elimination opti-
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mizations [62]. This problem is a valuable test of the FG methodology and FACT tool
because it involves several separate analyses contributing to the final solution. In its origi-
nal formulation it is an intraprocedural bidirectional problem. A unidirectional variant of
the problem has been devised by Schréer [76]. This second variant has been implemented

using the FACT prototype, and maps exceptionally well to the FG framework.

Partial redundancy elimination attempts to reduce the number of times a given
cxpression in a program is computed at run-time. The idea is to move computations to
points where they are expected to be executed less frequently, and assigning the result of
the computation to a temporary location, typically a register. Subsequent instances of the
computation which are then redundant (i.e., guaranteed to have the same value) are
replaced by a reference to the temporuary. Morel and Renvoise have cleverly culled the
required information about placement and deletion by combining the results of three clas-

sical flow analyses in a fourth bidircctional analysis.

The unidirectional variant arises from a number of observations about the original
problem. In the original framework a standard basic block control flow graph is used: in
the modified framework, cxtra empty blocks are inserted on all edges in the original con-
trol flow graph. Flow information is associated with the entry and exit of each block; that
is, there is a control flow point before and after each basic block. (These two changes
result in a finer granularity than that of the original formulation.) Combined, these two
modifications allow the bidirectional flow analysis performed in the original formulation
as a unidirectional problem. Furthermore, within a FG, empty blocks can be represented
by chain FPs. A basic block with points on cither side can be represented by a FP in the
obvious manner. In fact, because the problem is now unidirectional, granularity is no
longer a factor and basic block transformation need not be performed if the user does not

wish it.



VI1.4.1 Problem: possible placement

A computation is partially redundant at some point in a program if its value has been
computed on at least one path to the point without an intervening assignment to any of its
operands, These points are computed by computing the solution to the possible placement
problem. Roughly, the computation of an expression E may be placed at some point P in a
program if it is anticipated (computed on all paths from P before any of its operands are
modified) and partially available (computed on some path to P without an intervening
modification to any of its operands). Computations are then placed as far “forward” as the

possible placement solution permits, The following sections detail these ideas.

V1.4.2 Example

This technique is most easily understood in terms of a single cxpression within & control
flow graph. Figure 42, reproduced from [62], shows two control flow graphs whose num-
bered nodes correspond to basic blocks. Occurrences of the expression a+b indicate
nodes where the expression is computed (6,7,8 and 9 in the original graph on the left side).
Node 4 contains an assignment to a, the only place where an operand of a+b is modified.
By inspection, it is clear that the occurrence of a+b in node 9, for example, is rededun-
dant: it is always computed by node 8, the only predecessor of node 9. In addition, it is
possible to move the computations of a+b from nodes 6 and 7 to node 3. Note that node 7
is in the inner loop and its removal in this case results in one less addition per iteration of
nodes 5/7. Further, moving the addition to node 3 causes no harm, because it is always
computed on all emanating paths before the value of a changes. One last change is to note
that a+b is available on two paths into node 8 (from 6 and 7), but not 4 (which modifies
a). Thus, if a computation of a+b is inserted at the exit of 4 it can be eliminated from 8,
too. The final result of these modifcations is shown in the control graph on the right hand

side of the figure.
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VI1.4.3 Preliminaries

As an antecedent to both the original and modified algorithms, various properties of the
program must be determined. These include a number of local and global properties asso-
ciated with each expression in the program. Gathering the set of all expressions in the pro-
gram simplifies the implementation, and is done using standard attribute grammar

techniques.

Figure 42 Partial redundancy example control flow graph

aée ...
a+b

Local properties

In both the original and unidirectional formulation the following local properties are asso-
ciated with basic blocks. In the FACT implementation they are associated with the termi-
nals in the FG.
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1. Transparency: TRANSP(1). The set of all expressions E that are “transparent”
for a terminal t; that is, none of E’s operands is modified by the execution of
t.

2. Local availability: COMP(1). The set of all expressions E that are “locally
available” for a terminal t; that is, if t represents at least one computation of E
that occurs after any modification of the operands of E in t (if any).

8. Local anticipability: ANTLOC(1). The set of all expressions E that are
*“locally anticipated” for a terminal t; that is, if t represents at least one com-
putation of E that occurs before any modification of the operands of E in t (if
any).

As with the universal set of expressions, these properties are computed using attribution

rules.

Global properties

In the unidirectional formulation, solutions to the following data flow analyses are nceded

for computation of “‘districts” (see below).

1. Availability: AVAIL(N). An expression E is “available™ at a nonterminal N if
there exists a computation of E on every path from the beginning of the pro-
gram to N without intervening modification to any of the operands of E.
AVAIL(N) is the set of all such expressions for each point in the program.
This is also known as the classical flow analysis “available expressions” - a
forward intersection problem. The flow grammar formulation of this problem
is given in Figure 43.

2. Partial availability: PAVAIL(N). An expression E is “partially available” at a
nonterminal N if there exists a computation of E on at least path from " -
beginning of the program to N without intervening modificationto . » . the
operands of E. PAVAIL(N) is the set of all such expressions for eac’: point in
the program. This is simply a union variant of the availability problem — see
Figure 44,

Within FACT these two analyses could be combined and the solutions computed simulta-

neously, as shown in Figure 45.
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Figure 43 Availability system

AVAIL: VL
Direction: forward

E = set of expressions
L=02%N) [TL=E 1 =D]
fIt]= Aa.COMP(t) U (TRANSP(t) N a)

Figure 44 Partial availability system

PAVAIL: V> L
Direction: forward

E = set of expressions
L=5%V) [T =@, 1, =]
fItI= Ap.COMP(1) U (TRANSP(t) N p)

Figure 45 Combined availability and partial availability system

COMBINED: V> L

Direction: forward

‘E = set of expressions

L = (252 (nu) (T, = (ED) L = (£D)]
Stl=Aa.p).(fa), f(p))

where £ = As.COMP(t) U (TRANSP(1) N s)

V1.4.4 Standard flow equations
The standard flow equations for possible placement assume:

1. The program is in the form of basic blocks, each having an IN and OUT
point, as do the solutions to the preceding global properties. That is, the



168

AVAIL and PAVAIL solutions are separated into AVIN,/AVOUT), and
PAVIN,/PAVOUT,, respectively, for each basic block b.

2. An additional global system, called anticipability, has been solved giving
ANTIN,/ANTOUT,,. It is analogous to ANTLOC above, but propagated
backwards throughout the program. The confluence operator is intersection:
for an expression to be anticipable at the end of a block it must be anticipated
on entry to all succesors of the block.

Given these values, the possible placement equations are:

@, if i is the cntry block, otherwise
PPIN; =

CONST.n (M (PPOUT. U AVOUT.) A ( ANTLOC. U TRANSP, N PPOUT.
: j & pred(i) J ] ‘ ! !

@, if i is the exit block, otherwise

k € succ(i) k

where CONST, = ANTIN; N (PAVIN; U ~ANTLOC; A TRANSP;)

V1.4.5 Discussion

The essential idea here is that a computation of an expression may he placed at a given
point if it is guaranteed to be computed on all paths emanating from the point and the
expression is available on at least one path to the point. These constraints arc embodied in
the flow equations. CONST; is a “fudge factor” that represents expressions that are par-
tially redundant or indirectly anticipated in block i. Later formulations of the framework
drop this term [42]. The reader is directed to the original paper for further information
[62].
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The following sections present a different approach yielding similar results requir-
ing neither the bidirectional equations nor the anticipability system. This approach has

been successfully implemented using the FG framework using the FACT prototype.

V1.4.6 Intraprocedural analysis using districts

The final analysis computes a set of districts in which it may be profitable to move & com-
putation. A district is, roughly, a maximal section of program in which an expression E is
both transparent and anticipated (i.e., there is a computation of E at every exit of the dis-
trict). Thus, there are different districts associated with each expression in the program.
All the districts can be computed simultaneously with a flow analysis using a powerset lat-
tice representation. A final post-processing pass over the grammuar uses the results of this
analysis to determine where computations can be profitably inserted, while a traversal of

the AST tags the redundant computations to be deleted.

Figure 46 shows the district analysis system, which is a backward analysis prob-
lem. The details of why this analysis works may be found in the original paper. Intuitively,
the FT map incorporates the informal definition of district given in the previous para-
graph. Consider an expression E. The various components of the equation for f[[tj;] may

be understood as follows;

1. ANTLOC(li,j): to start a district, a computation of E is needed.

2. d N TRANSP(t;;): a district for E may be extended if its operands are not
modilied by an action.

3. PAVAIL(S;): if E is available on at least one path entering the district, then
moving E to other entries of the district may be profitable, and can do no
harm . The “entry™ to a terminal ty; is S;. Note that deleting this term from the
cquation enables more possibilities for code movement, at the expense of
occasional unprofitable movement [42].
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Figure 46 District system

DISTRICT: V- L

Direction: backward

‘£ = set of expressions

V={S8gyS;,....8, ] -FNs of the FG

L=Q%") [TL=E L =2]

fItz0= Ad.PAVAIL(S;) N (ANTLOC(t;;5) v (d » TRANSP(t;:)))

Insertion and deletion

Given the solution to the districts problem, the places where computations of expressions
are to be inserted and deleted may be computed in a straightforward manaer. Compulting
the insertions involves a single iteration over the FPs, making use of the information gath-
ered from the previous analyses. Deletions may be computed by a traversal of the AST of

the program.

Consider a district D for an expression E. The district flow system ensures the
presence of a computation of E at every exit of D. Because D is transparent for E, evaluat-
ing E anywhere in D is guaranteed to compute the same value. By inserting computations
of E at entries to D where E is not already available, all the computations of E at the exits
become redundant and may be deleted. This reasoning is captured in the following for-

mula:

INSERT(N) = DISTRICT(N) n M — (DISTRICT(L) v AVAIL(L))
L:=aN e Py

An algorithm to compute INSERT is shown in Figure 47.
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Figure 47 Algorithm for computing INSERT, given DISTRICT and AVAIL

Input:  G=V,T,PS
AVAIL: V- L
DISTRICT: V> L

Output: INSERT:V —L

Method:
INSERT « DISTRICT:;
foreach "X ::=0.Y" € Pdo

INSERT([Y] « INSERT[Y] n —(DISTRICT[X] v AVAIL[X])

After the insertions have been made, any locally anticipable expression in a district

may be deleted, which may be expressed as follows:

DELETE(t;;) = ANTLOC(i5) N DISTRICT(S;)

Note that actions, and thus cxpressions and their deletions, are associated with FTs.

VE4.7 Summary

Partial redundancy elimination is & useful flow anulysis problem that subsumes several
classical code optimizations, including code motion and commun subexpression elemina-

tion. Its solution in the FACT tool is interesting because:

1. A design goal of the FACT tool was to permit multiple interacting analyses.
Partial redundancy climination requires solution of a number of flow anaiysis
problems as a precursor to the final placement analysis: successtul imple-
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mentation of the analysis in the FACT prototype clearly demonstrates that
this goal has been met.

2. A post-processing phase is needed to determine the actual deletion and inser-
tion of computations. The FG intermediate representation makes this
straightforward.

3. Lastly, the utility of FGs for relatively low level analyses has been demon-
strated.

VL5 Procedure variables

Procedure and label variables present an important challenge to any flow analysis genera-
tion system such as FACT. The control flow model must represent all feasible traces to
ensure that flow analyses provide conservative information. Analyzing programs with pro-
cedure and label variables results in a “chicken-and-egg” situation: to do a flow analysis,
one needs a complete representation of a program; to determine the sets of possible values
for procedure and label variables, one needs to do a flow analysis! This chapter explores
this dilemma and presents an approach for dealing with the problem that can be used in
FACT.

VI.5.1 Introduction

To this point it has been assumed that a FG G representing some program was complete in
the sense that the language generated by G contains all feasible traces. Procedure variables
(PVs) and label variables, however, represent control flow choices that are not determined
until run-time. On the one hand, the only way to ensure at the outset that all feasible traces
are generated by the FG is to add productions for all possible invocations at each call
through a PV. This is, however, extremely pessimistic and may yield unsatisfactory infor-

mation [32]. On the other hand, it is incorrect, and possibly disastrous, in general to use an
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incomplete FG to perform an analysis. Note that because label variables represent a

restricted form of PVs, this chapter discusses only the latter.

The approach taken in this section is to start with a complete FG and effectively
nerform a range analysis as in [92) using a technique similar to conditional constant prop-
agation [91]. The fixpoint solution to this problem may be used to elide productions from
the FG before performing subsequent analyses. Another possible approach is to start with
an incomplete FG and allow the analysis to add FPs “dynamically™ as PV call sites are
processed. Termination becomes the main issue in this case: care is needed to ensure that

the analysis does not attempt to build an infinite grammar.

An important problem at the periphery of the PV issue is afiasing. Many program-
ming languages allow multiple names, or aliases, for a given unit of data. The most obvi-
ous example of aliasing is the pointer: the address of an object in memory. Other examples
include reference parameters and arrays. Such constructs complicate the situation further:
not only must the values of PVs be tracked, so must sets of possible aliases. One particu-
larly difficult language is C: not only does it encourage aliasing through the use of point-
ers, it allows pointers to objects of one type to be cast to pointers of another type. The
points-to analysis, described in Section VL.3.1 above. may be combined with the tech-

nigue in this section to handle this complication [21].

V1.5.2 Example

The program fragment in Fizure 48 illustrates the basic difficuity that arises when attempt-
ing 1o analyze code in the presence of procedure variables. When attempting to build the

FP for the call between points 6 and 7, it is not known in general whether x will have the
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value inc or dec at run-time. To be conservative, both possibilities must be considered,

yielding the following FPs:

Se=len SityrS7 | te3StunSq

Unfortunately, this can yield information that is too imprecise to allow useful optimiza-
tion, particularly in a language such as C where type information cannot be used to elimi-
nate possible procedure values [32]. Ideally, one would like to perform a flow analysis to
do this, which would determine that x has the value inc in this case (note that there could

be arbitrarily many statements between the assignment and subsequent call to x.

Figure 48 Procedure variables

var X:procedure;
i:integer;

procedure inc;
begin

1 i:=i+1

2 end;
procedure dec;
begin

3 i:=1-1

4 end;

5 X := ing;

[«2]

call x:
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V1.5.3 Discussion

Procedure variable tracking is one flow analysis for which there do not exist any flow
equations that may be considered “standard.” The root of the problem can be traced back
to the relationship between CPS style semantics and data flow analysis (cf. Section IV.7):
a data flow analysis abstracts away a good portion of the information present in the stan-
dard semantics. In particular, the data flow analysis represents a semantics in which each
identifier use involving control flow has been resolved. To be safe, all continuations that
the identifier might represent must be included. However, this can be “undone” by per-
forming a data flow analysis using an abstract state designed to capture sets of possible
continuations. Adding an element to the lattice to indicate the infeasibility of a given con-

tinuation permits the “no information” to be propagated.

VL.5.4 General approach: value tracking

The general approach to handling this problem is to compute a set of possible values for
cach procedure variable at each point in the program. Let V be the set of procedure vari-

ables and C be the set of procedure constants in a program. Then the intraprocedural lat-

tice L = (V — 2C,A) where:

f AL g=Avf(vyu g(v)

The meaning of an assignment to a procedure variable in the program such as:

is {(a variant of):
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As.Av.s[{p}/x], if pe C (a procedure constant)
As.Av.s[s(p)/x]), if pe V (a procedure variable)

This leaves the meaning of a call through a procedure variable, such as:

call x;

which is described in the next section.

VL5.5 Lattice extension

The basic requirement of eliminating information flow may be achieved by adding a spe-
cial element to the lattice representing the absence of information. If L is the lattice given

above, define Lg as follows:

Lg =(LU{®},A Lo ), where
f,ifg=®
f = Jiff=
ALg® . & ®.
fA_ 8, otherwise

The idea is that ® represents a control flow path that is currently not known to be feasible:
when it is combined with any other control flow path, the result is simply whatever is
specified by the other path. A further requirement is needed to ensure that such paths are,
indeed, ignored: all semantic functions in the MDFAF function space are constrained to
map ® to ®. That is, if Fg is « MDFAF associated with Lg, then Vfe Fg:f(®) = ®. Note
that this is a general technique, and may be used in other analyses, such as conditional
constant propagation [91], where data flow information is used to determine possible con-

trol flow.
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It is worth noting that T cannot be used as the “ignore” element. Top represents
the static information that nothing is currently known about any given procedure variable,
Flow functions applied to T, need not return T in general. Thus, T does not represent
the absence of control flow; a straightforward solution is to add a special element, as

above,

Now the meaning of a call to a procedure variable becomes a matter of examining
the current data flow information to decide which paths require propagation and which do
not. In the case of the program in Figure 48, the effect of the call to x may be specified as

follows:

Ks7=fLtan]® K1 ® ften]l © Ko Appr,) fTtarrl® Kz ® fTtenl® Ksq

where
fltap]l= fllta7]= As.s,
n.[t(,”]l = AS. { ®, (S = ®) or ((S;t@)und (inc & S(K)))

and
s[{inc}/x], ((s #®)and (ince sx)))

®, (s=®) or ((s#®)and (dec ¢ s (X)))

/Hl(,/3" = AS. {s[ {deC}/X], ((Sa‘-’@)lmd (dec € s(x)))

Thus, the actual flow information is propagated to the FPs for the procedure inc only if
inc is known to be a possible value of < at the point of call (f[[tg,]) tnd similarly for
dec (fte/3]). Note, however, that ® is still propagated through the FPs for both inc and

dec - it simply does not contribute to the solution.

V1.6 Summary

This chapter is an original demonstration of how the flow grammar framework may be

applied to a broad range of analyses found in the literature. Taken together, these adapta-
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tions give strong evidence to the generality of the use of flow grammars and their suitabil-
ity as a basis for a compiler construction. Specific techniques discussed include the use of
“shadow variables” to increase the precision of analyses in the presence of recursion and
the original use of a special top lattice element to represent the infeasibility of paths. The
implementation of many important analyses, including the classical analyses of Hecht,
two forms of aliasing analysis, a procedure variable analysis and a partial redundancy
analysis show the applicability of the framework and the utility of the prototype FACT
tool. Together, these examples are strong witness to the generality of the FG framework
and its realization in the FACT tool: we believe that most flow analyses the user of a com-
piler generation environment would require may be expressed and solved using this sys-

tem.
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VII Conclusions and future work

Flow analysis is an important prerequisite for performing cffective optimization in a com-
piler. Automating the construction of flow analyzers has been hampered by the lack of a
uniform model for describing intra- and interprocedural control flow. The main contribu-
tion of this dissertation is the flow grammar which addresses this need. Flow grammars
provide an excellent mechanism both for describing control flow and for specifying data

flow analyses.

V1I.1 Contributions

The main contributions of this dissertation include the following:

» A new framework for interprocedural analysis: the flow grammar control flow model.
Using a flow grammar it is possible to represent an entire program, including proce-
dure calls, using a single uniform structure. That is, representing a program with inter-
procedural control flow is not fundamentally different from representing one without

procedure calls — a grammar suffices in both cases. This is of considerable advantage
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when constructing a compiler generation tool. Just as one does not typically specify
scanners with finite state machines, one should not be forced to use contorted attribute
equations to solve flow analyses. Nor should one be required to use graphs to modetl

interprocedural control flow where they are not suitable.

A proof that the greatest fixed point solution to a set of equations corresponding to a
flow grammar G with a given interpretation of the flow terminals conservatively esti-
mate the effect of all execution paths in £(G). This validates the use of grammars for
data flow analysis.

General interpretations of flow grammars that permit a broad range of flow analyses to
be specified. This is achieved by associating flow functions with the terminals in a
flow grammar and mapping the productions to a sct of equations over variables corre-
sponding to the nonterminals. For intraprocedural problems a single element of the lat-
tice is computed. In the interprocedural case, however, a partial function from lattice
elements to lattice elements is computed for each nonterminal. Further, in the intrapro-
cedural case the bidirectional interpretation contains the forward and brckward vari-
ants, Perhaps somewhat surprisingly, however, in the interprocedurs ~u - the
bidirectional interpretation is formed as the union of the forward and backward inter-

pretations.

A variety of algorithms for solving flow grammar interpretitions are introduced. Prac-
tical issues involved in actually implementing severa! of these algorithms are dis-
cussed in Appendix A. One surprising result is that it is not nccessarily the case that
performing the “basic block™ transformation reduces the number of lattice operations

needed to solve a flow analysis problem.

Evidence that the flow grammar model serves as a basis for prototyping flow analyses,
by way of an implementation of the FACT tool. Several important, representative,
analyses have been implemented:

1. Interprocedural variants of classical bit vector analyses [29].

2. Two forms of alias analvsis: a simple intraprocedural analysis [3] and
Emami’s interprocedural points-to analysis [20].
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3. A variant of the Morel/Renvoise partial redundancy elimination algorithm
[62] based on the notion of districts [76).

4. Procedure variable analysis using a general technique to limit information
propagation along infeasible paths. This example demonstrates value track-
ing and introduces the notion of an “ignore” lattice value for avoiding the
transmission of information along invalid paths.

VI11.2 Future work

This research opens a number of new directions for future research, including:

« Animplementation of the FACT tool that uses a GUI interface to specify the control
and data flow aspects of static analyses. The resulting specification would then be
translated into attribute grammar equations to generate the flow grammar, solve the
resulting equations and distribute the solution throughout the abstract syntax tree.

« A companion tool to FACT trat transforms FG intermediate representation using the
results of flow analyses. Continued advinces in hardware design vill undoubtedly
require ever more sophisticated analyses and optimizations.

» New fixpoint algorithms that make more use of the flow grammar structure. One

approach is the use of grammar flow analyses to find efficient evaluation orders.
« Incremental algorithms to support the repetitive niature of the optimization process.

» A study of the practical aspects of implementing {ixpoint algorithms. Several aspects
of implementing fixpuint algorithms that are not obvious from the theory come into
sharp focus when actually implemented and used to analyze programs.

« A more complete study of the relationship between continuation pussing style seman-
tics and flow grammurs,
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A Experience with the FACT
prototype

A prototype of the FACT tool has been implemented in ML and used to construct the anal-
yses described in Chapter VI. This appendix describes this eftort and discusses a number
of issues that have ariscn as a result. The prototype has proven invaluable for testing the

utility of the FG model and (several of} the algorithms of Chapter V.

A.l1 Overview

In order to test many of the ideas presented in the body of this dissertation. a prototype of
the FACT tool has been implemented. The main result has been the validation of the FG
methodology for specitying and implementing flow analyses. In addition, the structure of
the system permits difterent fixpoint algorithms to be evaluated by simply replacing a sin-
gle module of the system. Several variants of the fixpoint algorithms described in

Section V.5 have been written and compared when solving various analyses.

The following sections detail various aspects of the prototype effort:
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« a brief description of the structure of the prototype, which makes heavy use of the
ML module facility;

« an illustration of the intra- and interprocedrual live variable analysis implementa-
tions;

« adiscussion of several fixpoint algorithms that have been implemented, along with
the results of analyzing a real program using each of the algorithms; and

« an example illustrating the procedure variable implementation is described, again
with the results of analyzing the program using the various algorithms.

A.2 Structure of the FACT prototype

Currently, FACT consists of a single compiler for a Pascal-like language. 1t is imple-
mented in ML in a style similar to that created by a compiler generation system such as Eli
[27]. The scanner and parser were, in fact, constructed using ML versions of the LEX [58]
and YACC [40] compiler generation tools. An abstract syntax tree is built as the source is
parsed and further analysis is performed using left-to-right passcs as might be found in an

attribute grammar system.

Support for flow analysis is in the form of a set of modules for creating a FG from
an AST, as well as several fixpoint modules. In a full implementation of the FACT tool,
the FG modules would be generated from the AST-to-FG description. The fixpoint aigo-

rithms are implementations of two of the algorithms described in Section V.5.

Because the prototype was intended more as a test of the FG ideas rather than a
production version for distribution, the interface to FACT is somewhat baroque. In
FACT’s current state, input modules to perform analyses look more like what a complete
too! would generate (see Figure 49), rather than the abstract interface envisioned in the
body of the dissertation. New analyses are created by writing a lattice implementation and
then writing a terminal constructor. Several lattices have already been constructed, includ-

ing a powerset lattice and a mapping lattice. Terminal constructors are relatively striaght-
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forward to write by starting with an cxisting analysis and modifying it to create
appropriate terminal function mappings. In the case of district analysis [76] (ct.
Section VI.4), for example, there are three almost identical analyses that were all created
from the live variable analysis specification. With experience, it is possible to create an
intraprocedural analysis in an afternoon. Additions to allow interprocedural analysis take
somewhat more time, as abstract parameter mapping requires considerable care. It should
be noted that the various data structure implementations provided by the SML/NJ Library

[1] proved invaluable for testing the algorithms.
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Figure 49 Structure of a FACT flow analyzer
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A.3 Example analysis: live variables

This section describes the FACT live variable implementation. First the intraprocedural
variant is discussed by considering the FACT analysis of the example program in
Section [V.2. Then the interprocedural variant is described using the recursive program

from Section V.4.1 as the example.
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A.3.1 Intraprocedural analysis

Consider once again the intraprocedural factorial program, repreduced in Figure 50, Initial
analysis yields the AST shown in Figure 52, where distinct objects have been assigned
unique integer values, us shown in Figure S1. As an example, the assignment *1:=1-1"

is represented textually as:

stmtASSIGN
{lvalue=exprIDENT 6,
rvalue=exprMINUS
exXprIDENT 6,
exXprINT 1}

which is equivalent to the following more intuitive graphical representation:

(stmtASSIGN )

“i"| exprIDENT: 6 (_exprMINUS )

“i”| exprIDENT: 6 exXprINT: 1
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Figure 50 Factorial program
program test;
var i:integer;
f:integer;
out:integer:;
bhegin
i := 3;
£ := 1;
while i > 1 do begin
£ := £ * i;
i:=1-1
end;
out := £
end.
Figure 51 Identifier mapping
Identifier Value
‘integer’ 4
i’ 6
D i 8
‘out’ 10
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Figure 52 AST of factorial program shown in Figure 50

(progOF
{body=stmt BLOCK
[stmtASSIGN (lvaluezexprIDENT 6,rvalue=zexprINT 3},
StmtASSIGN {lvalue=exprIDENT 8,rvalue=exprINT 1},
stmtWHILE
{body=stmtBLOCK
[stmtASSIGN
{lvalue=exprIDENT 8,
rvalue=exprSTAR
{exprIDENT 8,
e¥prIDENT 6)},
Stmt ASSIGN
{lvalue=exprIDENT 6,
rvalue=ezprMINUS
{exprIDENT 6,
exprINT 1)}1],
condition=exprGT (exprIDENT 6,expriINT 1)},
SEtMLASSIGMN{1lvalue=exprIDENT 10, rvalue=exprIDENT 811},
declarations=[declVAR (6,typeNAME 4),
declVAR (8, typeNAHE 4),
declVAR (10, typeNAME 4}]})

The first step in computing the FG is the creation of a set of nonterminals for inclu-
sion in the FG. Two nonterminals are associated with each node in the AST for this pur-
pose, along with two additional nonterminals for each procedure declaration. In an
attribute grammar system, attribution rules to compute these sets are straightforward,
though tedious, to construct. Decorating the example program’s AST with this informa-
tion yiclds the tree shown in Figure 53: the pair of integers shown immediately after each
node tag correspond the the “in” and “out™ nonterminals. For example,
“stmtASSIGN ((48,49),..." indicates that nonterminals S;g and S;9 have been
assigned to the above assignment statement. Sy represents the “in™ point and Sq repre-

sents the “out” point.
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Currently, the FACT prototype defines a canonical AST to FG transformation upon
which analyses are based. Each individual analysis defines precisely where terminals need
to be placed, permitting “projection” of the canonical FG. That is, various parts of the
canonical FG may be replaced by terminals expressing the effect of the deleted canonical
productions. In the case of live variables, for example, the entire assignment statement
shown above is represented by a single terminal even though the canonical transformation
has nonterminals and productions representing the evaluation of the entirc subtree. The
FG generated for the program is shown in Figure 54. Productions are represented in a
fairly obvious manner. For example, the assignment statement (*i:=1i-1") discussed
above is represented as “48-->[tm_fn, ntm_49]" and corresponds to the production
“Sag 1= tggiag Sqo” (i.e., “tm_£fn* denotes a terminal, “ntm_49" denotes a nonterminal
and, because FACT FGs are context-free, the lhs is always a nonterminal and need not be
further distinguished). In this case, the sub-grammar representing the individual evalua-
tion of the subcomponents of the of the assignment have been collapsed into the terminal
t4g/49, the function itself (Ax.(x-{1})u{i} ) computed by attribution. Fincr granularity is,
of course, possible at the expense of a larger flow grammar. The mechanism is quite gen-

eral, permitting an arbitrary tradeoff between attribution and FG solution.
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Figure 53 AST decorated with nonterminals

progOF ((62,63),
{body=stmtBLOCK ({60,61),
{stmtASSIGN ((16,17}),
{(lvalue=exprIDENT {(12,13),6),
rvalue=exprINT {(14,15),3)}),
StmMtASSIGN ((22,23),
{lvalue=exprIDENT ((18,19),8),
rvalue=exprINT ((20,21),1)}),
stmtWHILE ((52,53},
{body=stmtBLOCK {((50,51),
[stmtASSIGN ((38,39),
{lvalue=exprIDENT {({(30,31),8),
rvalue=exprSTAR ((36,37),
exprIDENT ((32,33),8)},
exprIDENT ({(34,3%),6}}1}),
StmtASSIGN ((48,49),
{lvalue=exprIDENT ({40,41),6),
rvalue=exprMINUS ((46,47),
exprIDENT ((42,43),6),
exprINT ({(44,45), 1)1,
condition=exprGT ({28,29),
exprIDENT (({24,25),6},
e¥xpriINT ((26,27),1))}},
StmtASSIGN ((58,59),
{lvalue=exprIDENT ((54,55),10),
rvalue=exprIDENT ((56,57),8)}1)1),
declarations=
{declVAR ((2,3),6,typeMAME ((0,1),4)),
declVAR ((6,7),8,typeNAME ((4,5),4})),
declVAR ({(10,11),10,cypeNAME ((2,9),4))1))
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Figure 54

FACT FG for factorial program in Figure 50

{rules=

[
60
16
17
22
23
52
28
29
50
38

-->

—~—>

[ntm_16],
[tm_£fn,ntm_17],
[ntm_22],
[tm_£n,ntm_23),
[ntm_52],
[ntm_28],
[tm_£fn,ntm_291,
[ntm_50],
{ntm_38],
[tm_£fn,ntm_39},

39 --> [ntm_48],

48 --> [tm_fn,ntm_49],
49 --> [ntm_51],

51 --> [ntm_28],

28 --> [ntm_53],

53 --> [ntm_58],

58 --> [tm_£fn,ntm_59],
59 --> [ntm_61],

61 --> [ntm_63],

63 --> []

1.

start=60}

After construction, the FG along with an initial abstract state is passed to a fixpoint

finder. The output is a mapping from nonterminals to abstract states, Attribution rules then

distribute the results throughout the AST. Treating the example program as an intraproce-

dural problem yields the decoration shown in Figure 55. At the assignment “£:=1" the

solution is represented as:

stmtASSIGN

(([6],(6,8]),...

)

indicating that i (denoted 6) is live before the statement while both £ (denoted 8) and i

are live after the statement.
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Figure 55 AST decorated with Live Variable solution

progQF
(¢, (1,
{body=stmtBLOCK ({[), []},

[stmtASSIGN (([],[6]),
{lvalue=exprIDENT {(({],([])),6),
rvalue=exprINT (((]),(]).3)}),

StmtASSIGN ((([6]),(6,8]),
{lvalue=exprIDENT ({{],[})),8),
rvalue=exprINT {(({],(1),1})),

stmtWHILE ([6,8],(8]),
{body=stmtBLOCK (([6,8),(6,8)),
[stmtASSIGN (([6,8],(6,8]),
{lvalue=exprIDENT {(((],(1),8},
rvalue=exprSTAR (({],[1),
exprIDENT (({),()).8),
exprIDENT (([],([1),6})1}),
stmtASSIGN (({6,8],([6,81),
{lvalue=exprIDENT ((([],[)),6),
rvalue=exprMINUS (((),()),
exprIDENT (((],(]}.6),
exprINT (([],[1), 10D ]y,
condition=exprGT ({(6,8),16,8]},
exprIDENT (([],(]),6),
exprINT (([]1.{]).,1))}),
SEmEASSIGN (( (8}, ()),
{lvalue=exprIDENT ({(],[}},10),
rvalue=exprIDENT (({),(]1},.8) 1)),
declarationss=
(declVAR (([),(]),6,typeNAME (([}.,(]},4)),
declVAR (([},[)},8,cypeNAME (([),{]}.4})),
declVAR (([],(}),10,cypeNAME (([],[}).4))1})
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A.3.2 Compressing the FG

The size of a FG can have a major impact on the amount of computation and storage
required for its solution. It is clear from inspection of the sample grammar in Figure 54,
however, that there are considerably more points than necessary (an artifact of deriving
the control flow model from the AST). For example, the following list of productions
forms a *“chain” in which each of the non-terminals S5, S3g, S39. S4g, and Sy appear on

the rhs of a single production.

29-->[ntm_501,
$0-~->[ntm_38],
38-->[tm_£fn,ntm_39],
39-->{ntm_48],
48-->[tm_£n,ntm_49],
49-->[ntm_51],

51-->[ntm_28)

In a unidirectional problem,' this can be compressed to a single production:

29-=>[tm_£n,tm_fn,ntm_28]

where the two terminal function are as in the productions above.

1.Section V.3.5 shows how this transformation may be inuppropriate for bidircctional problem.
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Applying this transformation to an entire FG is equivalent to forming basic blocks,
as is traditionally done in data flow analysis [3]. It is straightforward to perform this algo-
rithmically and can yield significantly smaller FGs, as shown in Figure 56 for the example
program. The original FG has 19 nonterminals, while the compressed FG has only 4 non-
terminals. Similarly, the original FG has 20 productions, compared with 5 for the com-
pressed FG. In terms of finding a fixpoint to the flow problem, the compressed FG requires
roughly 20% of the storage and considerably less computation, though the latter depends
on the particular fixpoint algorithm used. As with control flow graphs, once the solution
has been found at the points between basic blocks, computing flow values at points within

a basic block is easy.

Figure 56 Compressed FG for example program

{rules=

{
60 -«> {em_fn,tm_£fn,ntm_28)
28 --> [tm_£fn,ntm_29],
29 --> [tm_£fn,cm_£n,ntm_28]1,
29 --> [tm_fn,ntm_63],
63 --> (1],

]

start=60

)

A.3.3 Interprocedural live variables

Section V1.2 discusses the extension of intraprocedural live variable analysis to an inter-
procedural problem. An example of a program illustrating these ideas is shown in
Figure 57, the corresponding identifier mapping appears in Figure 58. The live variable

decorated AST for this program appears in Figure 59. As in the previous example, assign-
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ment statements are treated as single entities, rather than separate evaluations of the r-

value, |-value and subsequent assignment, for the purposes of flow analysis.

Figure 57 Program with interprocedural control flow

program example(output);
var f,j,out:integer;
procedure fact (i:integer);
begin
if i<=1 then
f := 1
else begin
i:=1-1;
fact(i);
f := £*i
end
end;

begin
j:=5;
fact (j):
out := £
end.

Figure 58 Identifer mapping for program in Figure 57

Identifier | Value | Shadow

£ 6
j 8
out 10
fact 12

i 14 15
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Figure 59 Intraprocedural live variable AST for program in Figure 57

progOF
Ceey, ey, thy
{body=stmtBLOCK (([{[],(1)],[((),[1)]),
{stmtASSIGN (([([],[})1,0C11,(81)]}),
{lvalue=exprIDENT (([],[]},8),rvaluesexprINT (([]),{]}.,5}}),
stmtCALL (([([],E8)1)1,0C[].[61)}),
{arguments={exprIDENT (([],{)).8}],
function=exprIDENT (((),[]),12)1}),
stmtASSIGN (([([),[6)) ], [([],[))]},
{lvalue=exprIDENT (((],[])),10),
rvalue=exprIDENT (([],[]).,6)}}]),
declarationss=
(...
declPROC(([],[]),12,
{body=stmtBLOCK (([{([6],{14]1),([6,15]),([14,15])],
(crel, 61y, (06,153,(6,15111),
[semtIFTE (({([6],{14]), ([6,15],{14,18])},
(((ej,[(61),([6,15],[6,15])1),
{condition=exprEQ (([([6],([24)),([6,15).i14,15))1,
[(([8),014)),(1(6,15),1{34,251))),...},
elsepart=stmtBLOCK (([((6]),[14])),([6,15]),[14])],
(({6],16)1),(i6,15],(6,151)1]},
(stmtASSIGN (({([6],[14]),([6,125]),(14]}],
fere), (14]), (18,15), (1483 )y, (... }),
stmeCALL (({([8]),[14]),¢(6,25],({141) ],
(({6].,[6,14)),([6,15},16,14,1510)),(...}),
StmtASSIGN (([([6],(5,14)), ([6,15],(6,14,15])],
(((el, 6]y, (le,151, (6,150, (... )1},
thenpart=stmtASSIGN
(erelsl, 1y, 006,151, 1513,
(erel, (e, (6,158, (6,150 1. (... 1 1,
declarations=(],
proceduretype=ty; ePROC(...) )] })
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Note that flow information in this AST is considerably more complicated than the
information given in the previous tree (Figure 55). This is because a partial function has
been computed for each point in the program, rather than a single live variable set. Con-

sider the body of the main program:

body=stmtBLOCK (([([].[1)),[([),(1)]),
[stmtASSIGN (([([), (1)), [C(),[81))),{...}),
stmtCALL (((([1,[81)1,0((},[61)01).{...}),

stmtASSIGN (([([), (6121, ((0). {DHD).{...})1])

The flow value for each point is a list of lattice pairs (x,y) where y is the flow value
known to hold at the point when x is known to hold on exit from the main program.
Because it has been assumed that there are no variables live at the end of the program and
the main program is not recursive, there is a single calling context present: the empty sct,
represented as []. At the point after the call statement the variable £ is live (represented
as [ ([],[6])]: “when nothing is live at the end of the main program, £ is live at this
point”). Similarly, j is live immediately before the call ([ ([],[87) 1), and nothing is

live at the beginning of the program ({ ([1, [1)]).

The procedure is more interesting: there are two calling contexts, one as a result of
the call from the main program ([6]) and one from the recursive call ([6, 15]). The lat-
ter indicates that the shadow of variable i is live at exit (along with £), At “entry” to the

procedure the following two contexts hold:

((61,[14]1) and ((6,15), [14,15])
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That is, when £ (6) is live on exit from the procedure, i (14) is live on entry. When £ and

the shadow of i (15) are live on entry, both i and its shadow are live on exit.

A4 Algorithm implementations

While developing the FACT prototype, a variety of fixpoint algorithms were written. They

may be classified broadly as two fundamentally different work pile fixpoint algorithms:

PF: “Partial Function Values” - each flow value is treated as an

entire partial function.

Iv: “Independent flow values” — each flow value is treated as a set
of independent pairs.

For both of these algorithms, several variations have been written. Each of the following

techniques arc independent of each other and may be applied separately or in combina-

tion:

Comp:  “Compression” — the FG may be compressed to basic blocks, as

described in Section A.3.2.

Smart A1 “*Smart meet™ - the FG structure makes a simple optimization
possible. Specifically, when recomputing a flow value for a
point that depends on only a single value (that is, derived by
only a single nonterminal in the forward case; on the ths of a
single production in the backward case), it is not necessary to
take the meet with the old value. Instead of the meet step of
Figure 29:

EIX]) « L[X][(newvagoldv)/v]
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it is occasionally possible to perform a straight replacement:

if #depends_on > | then {[X] « {[X][(newvaj oldv)/v]

else {[X] « {[X][newv/v]

{Queue}: *“Queue sets” — the work pile is a queue. It can be naively
implemented using the SML/NJ Library Queue module.
Alternatively, it can be maintained with additional overhead in a

data structure permitting access as both 4 queue and & set.

With the exception of lincarly searching the queue for possible duplication, all possibie
combinations of the above t:chniques have been implemented, resulting in 16 different

algorithms.

Determining the time complexity of the various algorithms is difficult, as the
“shape” of the lattice and the set of possible functions can have a major impact on the time
needed to solve a given FG analysis. In the following sections we content ourselves with

the following measures:

AL Number of “intraprocedural” lattice meets uscd to find fixpoint.
=L Number of “intraprocedural” lattice equality tests used to find
fixpoint.

FTapps: Number of applications of flow terminal functions used to find

fixpoint,



A.4.1 A “peal’” program

The FACT prototype, in spite of being implemented in ML, is capable of analyzing “real”
programs. Naturally, performance varies with the particular problem being solved. The
nature of the lattice and associated function space has a major impact on the sizes and

kinds of programs that can be analyzed effectively.

To gain an appreciation of the abilities of the analyzer, Figure 61 shows a 45 line
program (not counting blank lines), converted from a C program, that is analyzable with
the FACT prototype. Figure 60 gives an indication of the size of the internal representa-
tion of this program within the prototype compiler. Run-times to perform the various
interprocedural analyses on this program are on the order of seconds. It generally takes
longer to generate the ASCII representation of the AST than it does to compute the solu-

tion and annotate the AST.

Figure 60 Characteristics of sample simulation program

Non-blank source lines 45
AST Nodes 141
Flow productions

- uncompressed 136
- compressed 22
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Figure 61 Program

to simulate rolling of dice in board game

program risk(input,output);

const SEED=1234;
NTOSSES=100;
M=65537;
A=17129;
label 10;
var wins, nt, tosses:integer;
i, j, 4, e:integer;
seed:integer;
out:integer;
procedure mysrand{initseed:integer);
begin
seed := initseed
end;
procedure myrand{};
begin
seed := seed * A mod M
end;

begin

mysrand {SEED) ;
wins := 0;

nt := NTOSSES;
tosses := 0;

t := 0;
while 1 < nt do begin
myrand() ;

d := seed mod 6;
tosses := tosses + 1;

j o= 0;

while j < 3 do begin
myrand () ;
e := seed mod 6;

tosses := tosses + 1;
if e > d then begin

wins := wins + 1;
goto 10;
end;
j =3 + 1
end;
10:
1 :=14+1
end;
out := wins;
out := nt;
out := tosses

en

d.
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Table 2 shows the result of applying the FACT interprocedural live variable analy-

sis to the example program using all the variants of the fixpoint algorithms. There are a

number of features of note:

1.

2.

For the most part, performing grammar compression reduces the number of
meets and equality tests, It does, however, increase the number of terminal
function applications. The latter is due to the fact that on the last iteration
entire “basic blocks™ must be evaluated to determine when propagation is
complete.

The “smart meet” technique proved especially benelicial in the partial func-
tion value case, and generally valuable overall by reducing the number of
meets and equality tests required. Because il is straightforward to compute
the “depends_on” set, this optimization should always be performed. Indeed,
this technique alone made brought the partial function value algorithm in line
with the results of the independent variable algorithm.

Maintaining the queue as a set proved beneficial for both algorithms. In the
case of the PF algorithm, this is inexpensive, as sets of terminals may be rep-
resented using bit vectors. For the independent value algorithm, however, it
is necessary to consider sets of FTXL pairs, which may entail some overhead
to test the lattice value.

Overall, the IV algorithm appears to be the most appropriate for the interpro-
cedural live variable analysis of this program. It should perhaps be noted that
the PF algorithm performs fewer equality tests in certain instances, a reason-
able lattice implementation should have an incxpensive equality test.
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Table 2 Measurements for live variable analysis of simulation program
Algorithm Statistics
PF/IV Comp Smart A | {Queue) FTapps AL =L
PF 93 246 385
PF v 9l 222 327
PF v 93 79 54
PF v 4 91 78 51
PF ‘4 130 190 209
PF v v 93 122 115
PF v v 130 119 57
PF v/ v v 93 85 46
v 86 157 146
v v 72 136 114
v v 86 70 155
v v v/ 72 63 123
v v/ 100 124 98
v v 4 79 96 66
v v/ v 102 88 104
v v/ v v/ 79 72 72

A.4.2 Analyzing procedure variables

Figure 62 shows a program used to test the use of shadow variables in combination with
the “ignore” (i.e., ®) technique of Section VL5. Careful examination of the program
reveals that the procedure ppp calls each of the procedures a, b, ¢ and 4, in this order.
Without the use of shadow variables (or something similar), it is not possible to discern
this fact because the parameter z can take the value of any of these four procedures. Using
shadow variables it is possible to compute this precisely. Table 3 shows the results of ana-

lyzing this program using the 16 algorithm variants.
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Figure 62 Procedure variable example program
program p;
var x:procedure; zzz:integer;

procedure a; forward:

procedure d; begin x := a end;
procedure c; begin % := 4 end;
procedure b; begin % := ¢ end;
procedure a; begin % := b end;

procedure pppfz:procedure);

begin z(}); if zzz then ppp(x) end;
begin

pppfa)
end.

Perhaps the first thing to notice is that the PF algorithms performed markedly
worse than the [V algorithms for this problem on this program. Thus, considering only the
IV algorithms, it is clear that maintaining the queue as a set was especially beneficial, In
combination with smart meets, the results are quite startling: in the best case, only 63
meets and 298 equality tests are required. This compares favourably with the live variable
analysis example of the preceding section: this particular algorithm seems the most suit-

able starting point for further investigations.
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Table 3 Measurements for procedure variable analysis example
Algorithm Statistics
PF/IV Comp Smart {Queue) FTapps AL =L
PF 3566 2570 13044
PF v 2774 1915 9955
PF v 3566 851 6880
PF v v 2774 710 5591
PF v 3658 2025 10397
PF v v 2673 1255 6805
PF v v 3658 789 6233
PF v v v 2673 595 4638
v 1273 865 1766
v v 257 161 298
v v 1273 367 1766
v v v 257 63 298
v v 1644 918 1909
v v v 320 154 309
Iv v/ v/ 1655 393 1913
v v v v 330 71 311
A.5 Summary

This appendix summarized and illustrated the FACT prototype, the existence of which

validates the FG control flow model. The implementation has proven invaluable for

exploring various analyses, as well as various fixpoint algorithms. Although r.ore work is

needed, initial results indicate that the “smart meet” and “queue set” techniques are worth

implementing, and that, perhaps surprisingly, “grammar compression™ may not be.
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