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Abstract

Over the last decade, multirate digital signal processing techniques have found many
applications in speech and image compression, the digital audio industry, statistical
and adaptive signal processing, numerical solution of differential equations, and in
many other fields. Research activity in the area of multirate signal processing has
been growing quickly and is producing a large amount of new literature in the
design of multirate digital filter banks, multidimensional multirate systems, wavelet

representations, and their applications in audio and im2ge compression etc.

This thesis is dedicated to the design of multirate filber banks and their ap-
plications in audio and image compression, and it consists of three parts. Part 1is
concentrated on the design of 1-D filter banks. Several methods are proposed for the
design of two-channel QMF banks with near-perfect reconstruction. The methods
have improved design efficiency and lead to QMF banks with satisfactory perfor-
mance. Low-delay QMF banks, which are highly desired in real-time applications,
are also considered. A null-space projection method is then proposed to design
perflect reconstruction QMF banks with either linear-phase responses or low recon-
struction delays. On the design of multi-channel cosine-modulated QMF banks, an
eflicient method is proposed which can be used in the design of both conventional
and low-delay QMF banks. Part II is devoted to studies on nonseparable 2-D fil-
ter banks where the design of four-channel hexagonal QMF banks and two-channel
diamond-shaped QMF banks are investigated, leading to several efficient design
methods. Part IIT describes applications of the 1-D and 2-D filter banks designed
by the design methods developed in Parts I and II of the thesis in audio and image

compressiont Some comparisons are made with the current international standards.
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Chapter 1

Introduction

Multirate digital signal processing techniques find applications in speech and
image compression, the digital audio industry, statistical and adaptive signal pro-
cessing, the numerical solution of differential equations, and in many other fields.
'The discipline also fits naturally with certain special classes of time-frequency rep-
rescnbations such as the short-time Fourier transform and the wavelet transform,
which are useful in analyzing the time-varying nature of signal spectra.

Over the last decade, there has been a tremendous growth of activity in the
area of multirate signal processing, perhaps triggered by the first book in this field
[1). Particularly impressive is the amount of new literature in multirate digital filter
banks, multidimensional multiraté systems, and wavelet representations.

In the thesis several new methods which could be used in the design of a wide
renge of one-dimensional (1-D) and two-dimensional (2-D) filter banks are investi-

gated and some of the filter banks designed arc used in audio and image compression.
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Figure 1.1: A general multirate filter bank system.

1.1 Filter Banks and Design Considerations

1.1.1 Multirate Filter Bank

Fig. 1.1 shows the block diagram of a general multirate filter bank system, in which
the spectrum of the input signal, z(n), is divided into frequency bands using filters
with impulse responses /. (n) in the analysis filker bank. These channel signals are
then mazimally decimated individually at a rate of M : 1 which results in the alinsad
channel outputs
: | w2
Yo (™) = 7 Z;) X(SGr=F) H,, (e 31 =51 ) (L.1)
For most applications the filters in the analysis filter bank have uniform passhand,
Therefore, the set of decimated signals, {y,(n)}, form a critically sampled time-
Jrequency representation of the original signal, z(n).
In the absence of any processing, like quantization and coding, the output signal
&(n) is simply a reconstructed version of the input, a(n). The reconstruction is
accomplished by up-sampling the channel signals to their original sampling rate,

then passing each signal through a synthesis filter with impulse responses g (n),
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and summing the results. The resulting reconstruction equation is given by
~ . M-1 1 M-1 : 27r . 2nr ;
X(e*) = X 2 & X TN (- T)Ga(e)  (12)
m=0 M r=0
For ideal bandpass filters, it is simple to show that Eqn. (1.2) results in an exact

reconstruction of the input signal. For such system, the aliasing terms, (i.e., terms

invelving r # 0), are zero wlkich modifies (1.2) to

" . M-1 ) . .
X(e™) = X(e™) Z_jofff m(e’)Gm(e™) = X(') (1.3)
if
M-1 1 . .
2. 37 Hn(e*)Gm(e™) =1 (1.4)

m=0

Since ideal filters are not realizable, in practice the channel signals are always aliased.
However, in a filter bank environment it is possible to choose proer filters to cancel
the aliasing and achieve analysis/synthesis systems that achieve exact reconstruction

even though all the individual channel signals are aliased.

1.1.2 Design Problems

The system in Fig. 1.1 can be considered to be a hierarchical. At the lowest level
there are the individual filters which typically consist of lowpass, bandpass, and
highpass filters. At the second level the analysis filters are considered collectively
as the analysis filter bank and the synthesis filters are considered collectively as the
synthesis filter bank. At the third level, the analysis filter bank and synthesis filter
bank are viewed as a so-called analysis/synthesis system which is formed by directly
connecting the analysis outputs to the synthesis inputs without any processing in

between, The final level in the hierarchy is the complete system in which processing
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or coding of the analysis ~utputs is considered. In the rest of the section, design
considerations and constraints for cach of the levels are described.
A. Filters

For the filters in the analysis filter bank, the stopband, passband, and transition
band characteristics of the individual filters must be comstrained to control the
magnitude, phase, and aliasing distortion of the channel signals. For the filters in
the synthesis filter bank, in addition to the reconstruction issues, exactly the same
properties must be addressed so as to control the effects of the processing distortion
in the reconstructed signal. If the computational complexity is a critical issue, the
type of filters to be used, like finite-duration impulse response (FIR) filter or infinite-
duration impulse response (IIR) filter, the parameter sensitivity of the filters, and
imnplementation structure must also be considered during the design.
B. Filter Banks

Since the total set of channel signals constitutes a time-frequency vepresentation,
it is important to ensure that the union of frequency bands of analysis filters or
synthesis filters covers the entire baseband. In addition, the realization of the filter
bank needs to be efficient.
C. Analysis/Synthesis System

The goal of the analysis/synthesis system in the absence of channel processing
is to reconstruct the input signal at the output. Thercfore, the distortion '(luc bo
aliasing, and the system distortions in magnitude and phase responses must be
minimized.
D. Complete System

The complete system explicitly includes the analysis and synthesis filter banks,

and the processing on decimated multirate signals such as quantization and coding,
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The final goal of the design is to maximize the system performance in the actual

processing environment and reject the distortion introduced by the processing.

In this thesis, primary attention will be given to the first three design issues.
Complete systems with coding mechanism are used in Chapter 8 when applications

of the analysis/synthesis systems are addressed.

1.2 Review of the Previous Work

Most of the work on maximally decimated analysis/synthesis systems has heen de-
veloped based on the carlier work on the frequency-domain processing of speech
[2] and on filter bank for TDM/FDM conversion [3]. An early theoretical frame-
work for signal analysis and reconstruction was formulated by Portnoff [4] using
the shori-time Fourier transform (STFT). This work provided insight with respect
to the narrowband-wideband nature of the time-frequency representation, the fil-
ter constraints for reconstruction, and the relationships between discrete-time and
continuous-time analogues. However, the question of how to design realizable max-
imally decimated time-frequency systems able to exactly reconstruct the input was
still unanswered.

In 1976, Crochicre et al. [5] introduced the subband coder as a new technique for
coding speech waveforms. In this m thod the specch is split into four non-uniform
frequency band~ each of which is modulated to the baseband. The signal in each
chinnel is then lowpass filtsred and decimated. The dual process ic appliea for

reconstruction. Filters of 125 taps are used to reject the aliasing distortion.
p ) g
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1.2.1 Quadrature-Mirror Filter Bank

-Almost- at the same time; Croisier et-al.-[6] proposed a two-band filter bank systern
now known as quadrature mirror filter (QMF) bank which consists of two analysis
filters and two synthesis filters. Certain frequency-domain relationships must be
satisfied for the filters to cancel the aliasing. If linear-phase FIR filters are used,
there will be no phase distortion in the output signal. However, the non-unity
magnitude, which introduces magnitude distortion, still has to be minimized in
the design. A remarkable feature of QMF banks is that they cart be implemented
using the efficient polyphase structure [7] where multiplications and additions can
be shared between the lowpass and highpass filtering. The two-channel QM bank
system can be cascaded in a tree structure to perform a variety of multi-band spectral
decompositions and its use in an octave-band structure for the subband coder has
substantively improved the speech quality [8].

The problem of designing QMF banks have been a subject for rescarch since
the middle of 70’s. Johnston [9] designed a family of QMF banks by minimizing a
weighted stopband-ripple/system reconstruction error. The results have been widely
used as a standard set of QMF banks for many years since their publication in 1980,
Later, Barnwell [10] proposed a QMF srructure using IIR. filters where either phase
or magnitude distortion could be eliminated. In [11] a time-domain algorithm was
proposed for the design of QMF banks which involves calculation of the cigenvalues
and eigenvectors of a matrix in each step of an iterative procedure. Recently, Chen
and Lee [12] introduced an iterative algorithm that improves design efficiency over

the design methods using conventional minimization,
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1.2.2 Filter Banks with Perfect Reconstruction

In the design methods mentioned above, the overall amplitude distortion is min-
imized but not completely climinated, which leads to near-perfect reconstruction
QMF banks. Smith and Barnwell [13] [14] , and Mintzer [15] proposed methods
for the design of filter banks that yield perfect reconstruction of the input signals.
These filters were termed conjugate quadrature filters or CQF’s [14]. In addition,
Smith and Barnvsell [16] {17) developed the so-called AC-matrix formulation for an-
alyzing multi-band filter banks, In particular, necessary and sufficient conditions
for N-band perfect reconstruction filter banks were obtained.

Based on certain polyphase represeutations [7] of the filter involved, Vetterli
[18] and by Vaidyanathan [19] proposed a variation of the AC matrix formulation.
Vaidyanathan reported a paraunitary structure for the polyphase matrix which,
although was only sufficient to ensure perfect reconstruction, greatly simplified the
design procedure. Later, improvements to the original scheme were reported [20]
(21]. Recently, a Lagrange multiplier approach was proposed by. Horng and Willson
on the design of two-channel perfect-reconstruction linear-phase FIR filter banks

[24].

1.2.3 Cosine-Modulated QMF Bank

For uniform multi-band systems it was shown that satisfactory performance of the
filker bank can be achieved by only canceling the major aliasing components in the
reconstructed signal [23] - [26]. The major benefit of this approach, however, was

the improvement in computational efficiency. This is because each individual filter
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in the bank is represented as a cosine-modulation of the baseband filter in the form

hi(n) = h(n) cos (”—’%ﬂ’) (1.5)

By exploiting redundant arithmetic present among the bandpass filters, these par-
tial aliasing cancellation filter banks (often called pseudo-QMF banks or cosine-
modulated QMF banks) achieve their enormous efficiency over tree structured QMFs
in multi-band decomposition. Cue of the most important applications of cosine-
modulated filer banks is in the Moving Picture Expert Group (MPEG) audio com-
pression scheme [27).

Several methods for the design of multi-channel cosine-modulated QMF banks
have been proposed. In [26}[28)[29], near-perfect reconstruction filter banks were de-
signed by minimizing a weighted objective function which is a fourth-order function
of the coefficients of the prototype filter. In [30] a spectral facte ization approach for
the design of pseudo-QMF banks without using optimization was proposed. In [31)
a lattice structure that leads to a perfect reconstruction filter bank was presented.
In [32] an extended lapped transform is described which also achieves perfect re-
construction filter bank. Recently, in [33] a method for the design of ncar-perfect
reconstruction QMF banks was proposed. It appears that this approach can achieve

high stopband attenuation and very low aliasing and amplitude distortions.

1.2.4 Low-Delay Filter Banks

The reconstruction delay is an important issue in real-time applications and to date
there are relatively few results available on the design of low-delay filter banks. For
many popular filter banks such as two-channel QMF banks and multi-channel cosine-

modulated QMF banks, the reconstruction delay is fixed to be N — 1 where N is
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the filter length. When high order filters are needed in order to achieve satisfactory
performance, or in a tree structure where two-channel filter banks are cascaded,
long reconstruction delays are unavoidable, which is highly undesired for real-time
~ applications.

In [34] [35], a time-domain design method is studied for the design of low-delay
two-channel filter banks. Some interesting observations and useful comparisons were
made and low-delay tree-structure systems were constructed using the obtained low-
delay two-channel filter banks. For the design of low-deluy cosine-modulated QMF
banks, a class of generalized cosine-modulated filter banks has been proposed in [36]
whose reconstruction delay is not fixed but could be chosen among several values.
Some preliminary results were also reported in [37) on low-delay cosine-modulated
filter banl:s through designing scveral filter banks with various-lengths but a fixed

reconstruction delay.

1.2.5 2-D Filter Banks

Since 1984, research on 2-D subband coding schemes has also been intensive. Vetterli
(38] was the first to proposc two-band nonseparable QMF banks with quincunx
decimation laftices, in which the aliasing terms are completely cancelled. Using
linear-phase filters with certain restrictions on the order of filters, it was shown that
the reconstructed signal coincides with the input signal up to a constant factor and
a spatial shift. A separable 2-D QMF bank where 1-D QMFs operate first on the
rows and then on the columns of 2-D inputs or vice versa was also proposed in
[38]. In 1986 Woods and O’Neil [39] constructed a 2-D subband image coder using
a separable 2-D QMF bank and reported that the subband coder has improved the

signal-to-noise ratio (SNR) and that the subjective performance compared to that
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obtained by using the adaptive discrete-cosine transform (DCT). Smith et al. [40]
and Ramstad [41] suggested several 2-D perfect reconstruction recursive filter banks
based on separable filters. In [42] both recursive and nonrecursive filter banks were
investigated.

In a separable 2-D QMF bank the frequency spectrum of the input signal is split
into central lowpass, horizontal highpass, vertical highpass, and diagonal highpass
bands in which the diagonal highpass band contains a mixture of the two oricnta-
tions. To avoid this problem, a nonseparable four-band hexagonal QMF bank bascd
on hexagonal sampling was proposed by Simoncelli and Adelson [43] where the anal-
ysis and synthesis filters have a similar structure to that of 1-D QMF banks. It has
been shown that aliasing in the system output is cancelled and amplitude distortion
can be minimized through the design. Another important class of nonseparable 2-
D filter banks is the class of two-band diamond-shaped filter banks, in which the
frequency spectrum is split into diamond-shaped lowpass and four-corner highpass
bands. This type of filter banks has been applied for image and video compres-
sion in high-definition television (HDTV) coding and the results obtained appear to
be satisfactory [44][45]. Most existing methods for the design of nonscparable 2-D
diamond-shaped filter banks are based on the application of transformations to (-1
prototype filters [45] - [47).

In the area of generalized multidimensional bank design, Viscito and Allebach
[48] extended the theory of perfect reconstruction filter banks to arbitrary down-
sampling lattices introduced in [49][50]. The scheme of [48] is based on the concept
of the multidimensional polyphase transfer matrix. It was shown that il the analysis
polyphase matrix is formed by cascading constant coefficient matrices with diagonal

shift matrices between them, its inverse can be readily evaluated, The synthesis
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filters are then derived from this matrix inverse. In [51], a theory of multirate oper-
ations on arbitrary multidimensional lattices and a numerical optimization method

for designing the multidimensional filter banks are proposed.

1.3 Scope of the Thesis

This thesis consists of three parts. Part I, comprising Chapters 2 to 5, is concentrated
on several methods for the design of 1-D filter banks; Part 11 (Chapter 6) is devoted
to studies on the design of 2-D filter banks; Part III, comprising Chapters 7 and 8,
describes applications of the 1-D and 2-D filter banks designed in Parts T and II of
the thesis in audio and image compression.

The major concern of Chapter 2 is the design of near-perfect two-channel QMF
banks from the frequency domain. First an improved version of the iterative method,
originally proposed in [12], is described. A simple and explicit formula for the precise
evaluation of integrals involved in the objective function is derived. As will be shown
in the design examples, this significantly reduces the design complexity. To achieve
low reconstruction delay in a QMF bank, a generalized two-channel QMF bank is
proposed, whose reconstruction delay is adjustable, leading to low-delay filter banks.

Chapter 3 is concerned with the design of QMF banks from the time domain, A
new approach is described in which the perfact reconstruction condition is formu-
lated in the time-domain instead of in the {requency domain as in Chapter 2. An
iterative method similar to that in Chapter 2 is used to reduce the design complexity.
For the purpose of designing low-delay QMF banks, a time-domain perfect recon-
struction condition is derived which can be minimized efficiently by the iterative

method.
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Chapter 4 describes a null-space projection method for the design of two-channel
perfect reconstruction QMF banks. In the proposed method two filters, i.c., the
analysis lowpass filler and the synthesis lowpass filter, need to be designed. The
analysis lowpass filter is first designed by a conventional FIR. filter design method. Tt
is then followed by solving a constrained optimization problem using the null-space
project method to obtain the synthesis lowpass filter. The proposed method is used
in the design of two-channel perfect reconstruction QMF banks with normal and
low reconstruction delays.

Chapter 5 describes several methods for the design of cosine-modulated QMF
banks, which have been widely used in many applications duc to their high design
efficiency and implementation efficiency. In order to design conventional cosine-
modulated QMF banks, a new iterative algorithm is proposed that greatly improves
the design efficiency and leads to filter banks with high stopband attenuation and
low aliasing and amplitude distortions. A general version of the algorithm is then
developed, which can be used to design low-delay cosine-modulated QMFE banks.
This algorithm is based on a weighted objective function that depends on the crror
between the actual frequency response and that of a lincar-phase ideal filter. Arti-
facts that can occur in the amplitude responses of the analysis and synthesis filters
when designing low-delay filter banks can be reduced significantly by simply adding
one more error component to the objective function.

Although separable 2-D filter banks are easy to implement, the class of non-
separable 2-D filter banks are believed to be more adequate for use in many image
processing related applications. In Chapter 6 several design methods for the de-
sign of four-channel hexagonal QMF banks and two-channel diamond-shaped QM

banks are proposed. It will be demonstrated that the hexagonal filter banks de-
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signed using the proposed methods are superior to that described in [43] in terms
of design efficiency and system performance. The problem of designing diamond-
shaped QMF banks is solved by using some iterative methods. Unlike the existing
methods, no 1-D to 2-D transformation is required in our designs. The proposed
methods show high design efficiency and design flexibility.

In Chapter 7 a 32-band filter bank is designed using the iterative method pro-
posed in Chapter 5 and comparisons of the filter banks designed with the current
MPEG filter bank are made. In order to reduce the reconstruction dei:y of the
MPEG audio codec, a cosine-modulated QMF bank whose reconstruction delay is
about half of that in the current MPEG filter bank is designed and implemented
using an eflicient polyphase structure. Some sample sound signals are used to test
the designed filter bank.

In Chapter 8, subband coding of images is studied. A two-stage subband coding
system is constructed using diamond-shaped filter banks, the DCT transformation,
and Huffma.a coding. In addition, the Daubechies wavelet transform is used in
a separable 2-D multi-stage subband coding system. Comparisons of the wavelet
transform method with the current Joint Picture Expert Group (JPEG) coding

scheme ate wonducted using sample images.




Chapter 2

Improved Iterative Methods for
the Design of QMF Banks

2.1 Introduction

The importance of quadrature-mirror-filter (QMF) banks in subband coding has
been widely recognized and various analysis, design, and implementation issues per-
taining to these filters have been intensively studied since the mid 70’s. The quadra-
ture mirror structure of QMF banks leads to the complete cancellation of interband
aliasing due to the overlapping filter responses. If the filters involved have symmet-
rical impulse responses of finite duration (FIR), no phase distortion will ocenr and,
therefore, the design can be focused on selecting filter parameters so as to minimize
the system’s amplitude distortion.

Like the design of conventional digital filters, the design of QMF banks can be
accomplished by using least-squares and minimax methods. In [52], the reasoning of
using the least-squares criterion for telecommunication applications has been clar-
ified. On the other hand, in [12][53)[54] it has been shown that minimax design

can be accomplished if an adequately updated weighting function is included in a

14
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least-squares objective function. In either the non-weighted or weighted case, the
least-squares objective function is a fourth-order function of the design parameters.
Hence the design is a typical unconstrained, nonguadratic optimization problem.
Recently, an iterative design method has been proposed by Chen and Lee [12] in
which the least-squares objective function is modified by assigning a set of appropri-
ate values, which form a vector h, to a part of the design parameters in such a way
as to obtain a quadratic and globally convex objective function. Upon obtaining
the global minirnum point, say f, the value of h is updated accordingly and is then
re-assigned to the same part of the design parameters. :I‘his procedure is repeated
until £ and h become identical. Since in each iteration f can be formulated in closed
form and only a few iterations are needed for convergence when a good initial h is
used, the algorithm is efficient and good performance is achieved in the filter bank.
In the method described two integrals are involved in the objective function, which
are evaluated by discretization. This gives rise to two problems. First, the solution
obtained actually minimizes the discretized version of the objective function rather
than the objective function itself. This can degrade the performance of the QMF
bank designed. Second, in order to reduce the performance degradation the density
of sample points needs to be high, which leads to increased computational com-
plexity. In this chapter, we describe an improved version of the above algorithm in
which the integral discretization is avoided by deriving a simple and explicit formula
for the precise evaluation of the two integrals. As a result, filter banks with better
performance can be designed with considerably reduced computational complexity.
Design examples are demonstrated to show the proposed algorithm and comparisons
are made in terms of design efficiency.

For real-time or quasi-real-time applications, filter banks with low reconstruc-
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tion delay are highly desired. Unfortunately, in conventional QMF banks the filter
length N is required to be fairly high in order to achieve satisfactory performance.
Consequently, the reconstruction delay, which is (N — 1) sampling periods, can be-
come too long. A time-domain approach to the design of analysis/synthesis systems
with low reconstruction delays was proposed in [34]. In this chapter, we propose a
two-channel low-delay QMF bank, and the iterative algorithm mentioned above is
extended to the design of low-delay QMF banks, first in a discretization version and
then in an improved version in which simple and explicit expressions are derived for
the precise evaluation of the objective function. This increases the computational
efficiency during the design and improves the quality of the filter banks designed.
Design examples are illustrated and comparisons are made with designs from [34] in
terms of design efficiency, performance of the resulting filter banks, implementation
aspects, etc. By employing the proposed method, a family of two-channel low-delay
QMF banks were designed which could be used in different kinds of applications.
From experiments, it is found that the iterative method can achieve filter banks
of good performance with high design efficiency. To investigate the method further,
some analysis has been done concerning such aspects as the choice of initial points

and convergence speed.
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Figure 2.1: A two-band filter bank.

2.2 Design of Conventional QMF Banks

2.2.1 Objective Function

Consider the two-band filter bank depicted in Fig, 2.1. The input-output relation

is given by

X(z) = §[Ho(2)Co(2) + Hi(2)G1(2)1X ()
+L[Ho(—2)Go(2) + Hy(~2)Gy(2)| X (~2) (2.1)

where the second term on the right-hand side represents aliasing due to the dec-
imation operation. By assuming that H;(z) = Ho(—z), Go(z) = Hp(z), and
(1(z) = —Hy(—=2), which, in general, are referred to as quadrature-mirror relation-
ships, we obtain a QMF bank in which the aliasing term is completely eliminated,
and (2.1) becomes

X(2) = & [Hi(z) ~ HY(~2)]X(2) (2.2)

If FIR filters with symmetrical impulse vesponses are used in the QMF bank,
which is referred to as the conventional QMF L.nk, then the frequency response of

{ilter Ho can be expressed as

Hy(e™) = My (w) e~(N=1)/2 (2.3a)
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where
M;(w) = 2 hTc(w) (2.3b) -~
h =[ho by -+ hyj )F (2.3¢)
c(w) = [cos (N — Dw/2 -+ cosw/2]" (2.3d)

and N is the length of the filter, which is assumed to be even. From (2.2) and (2.3),

the perfect reconstruction condition of the QMF bank assumes the form
T(w) = Mi(w)+ Mi(w+7) =1 (2.4)

and the system delay is {(IV — 1) sampling periods. In order to design a filter bank

satisfying (2.4), an objective function is defined as

E=FE +ak (2.5a)
where
E = /0 " [T (w) = Pdw (2.50)
and
By = f " MP(w)dw (2.5¢)

The parameter « is a positive weight that can be used to control the stopband

attenuation for Ho and w; is the stopband edge.

2.2.2 Improved Iterative Algorithm

The basic idea in the iterative algorithm [12] is that instcad of directly minimizin
Yy g
the objective function in (2.5a), which is a fourth-order function of parameter vector
J ?

h, one minimizes the modified objective function

E = E| + ol (2.6a)
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where
B = /0 "1 (w) — 1Pdw (2.6b)

B, = /u:M}(w)dw (2.6¢)

T'(w) = My(w)M(w) + Ma(w +7)Mj(w + ) (2.6d)

My(w) = 2 fle(w) (2.6e)
f=[fohr fnpal” (2.61)

under the assurnption that coefficient vector h is fized with respect to the minimiza-
tion. Obviously, as a function of f, the miodified objective function E' is quadratic
and globally convex and, therefore, its minimum can be obtained easily. Having
obtained the minimum poiut of £, say f, vector h is updated using a linear combi-

nation of £ and h as

h:=(1-7)h+47f (2.7)

where 7 is a smoothing parameter between 0 and 1. With an appropriate choice
of 7, which is found to be in a vicinity of 0.5, f will quickly converge to h and an
optimal design parameter vector results. In the approach in [12], discretization is
used to evaluate £| and EY. An alternative approach is to derive a closed-form and
explicit formulation of £' as a quadratic function of f without discretizing E/| and
Ej. As will be shown, this formulation in conjunction with the iterative procedure
described above leads to improved computation efficiency and performance in the
designed filter bank.

From (2.6b) and (2.6d), E/| can be written as

7 = AfTUf — 8rh™f + = (2.8)
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where

U= /:«[Jl/lh(w)c(w)+Mh(w+7r)c(w+7r)] [Mu(w)e(w)+ My (w+m)e(w+r)]" dw (2.9)

with ¢(w) given by (2.3d) and

N/2-1N/2-1 _ _
Mi(w)=4 3 3 hphy cos [(n N 1\ w] Cos [(m - N‘) l) w] (2.10)
n=0 m=0 2 “

From (2.3), (2.9) and (2.10) straightforward but somewhat extensive analysis shows
that the (i, j)th entry of matrix U in (2.9) is givan by

N/2-1N/2-1 8

up=m Y D hnhm {Z M% 1<4, §S N2 (211)

n=0 m=0 =1

where

0, otherwise

NM={1’ k=0

=B+y+itn, k=F+y+i—7
ks=B+y—C+n ki=f+y—£(—1y
=f=7+&+n ka=B—y+E&—7y
w=f—7—C+n, ks=f—-y~&—y

N -1
f=n-——
m_N—il
7= )
e= 41,
n——N+l—'
[ 2 -7

Fi=m—j+1, k=m+j-N
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W=k, B=H

ki = —kjy, ki=—k|
Ky = ~ky, kb= -k

Now from (2.6¢),

E} = 4fT [/: c(w)e (w) (lw] f

= 4fTU f (2.12)

whers the (7, 7)th entry of U, is given by

. N — 1 N -1
u,(;)=/wwcos[(z’—1-—N2 )w]cos[(j~l—V2 )w] dw

[ (7 — wy)/2 — sin[(2% — N — 1)w]/(4i — 2N - 2) ,

1=73
= (2.13)

1 sin[(¢ — 7)ws] /(27 — 2i) — sin[(i+ 7 — N — Dw,) /(20 + 2 — 2N —2) , i#j
Equation (2.13) was also used in [11] in a time-domain formulation of the design
problem. Nute that matrix U, is independent of h and can be pre-calculated as long
as the filter length N and stopband edge w, are specified.

The objective function ' can now be expressed as
E' = 4TQf — $ch’f + « (2.14)

where

Q=T + aU, (2.15)

From (2,9) and (2.12) it follows that matrix Q is positive definite and, thercfore,

with a fixed h the global minimum of E' is given by

f=7rQ 'h (2.16)
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On the basis of the preceding analysis, an iterative algorithm can now be con-
structed as follows:

Algorithm 2.1

Step 1 Use a conventional method (e.g., the window method) to design a lincar
phase, lowpass, FIR filter of length N with stopband edge wy, and usc
the coefficient vector of the filter obtained as the initial h.

Step 2 Use (2.11) to compute matrix U.

Step 3 Form matrix Q using (2.15), and compute f in (2.16).

Step 4 If || h—f || < ¢, where ¢ is a prescribed tolerance, output f as the design
result and stop. Otherwise, update h using (2.7) with a 7 close to 0.5

and repeat {rom Step 2.

A remavk on the evaluation of matrix U is appropriate at this point. From (2.9)
it is clear that U is symmetric, and so only N(N -+2)/8 entrics of U need to be cal-
culated. For each entry of U, 3%, [1+ (=1)k]6(k) is a simple combination of eight
delta functions, each of which is very sparse and easy to determine. Consequently,

designs using Algorithm 2.1 can be accomplished very quickly.

2.2.3 Design Examples

Two FIR-QMF banks. have been designed by using Algorithm 2.1, The parameters
used in the two designs, which will be referred to as Examples 2.1 and 2.2, are
N=3a=1w =06r,7=07¢c=10"% and N = 80, = |, w, = 0.5,
7= 0.7, ¢ = 1072, respectively. The initial k was [ Y0 -+ 0 -'5 1. Tor comparison
purposes the method of Chen and Lee [12] was applied to design two IR QM
banks with the same design parameters and initial h. The comparisons were made

in terms of
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e Number of floating-point operations in millions (MFLOPS)

o the minimum stopband attenuation

A, = min [—ZOlogm ]Hg(ej“’)]]

wsLw<

o the peak-to-peak passhand ripple

Ar = 0Luu [20 log1o IHO(ejw)‘] - oégis%p [2010810 lHo(ejw)l]

where wy is the passband edge,

¢ Pecak reconstruction error
PRE = max l 201og ;o [IHg(w) — Hj(w + 7r)|”
¢ Signal-to-ncise ratio

SNR. = 10log,, ( energy of the signal >

energy of the reconstruction noise
L 2%(n)
= 101
%810 {z: [o(n) — &(n + kd)p}

where kqy is the reconstruction delay.

Both the proposed method and the method of [12] were programmed using MAT-
LAB (version 4.1) and run on a Sun SPARC station. The number of frequency
sarpling points was set to 8V when implementing the method of [12], where N is
the filter length. The results are summarized in Table 2.1 where SNR, and SNR,
denote the SNR with a step input and a random input, respectively, The ampli-
tude responses of filter Hy designed by the proposed method and the method of [12]

with two sets of design parameters specified above are depicted in Fig. 2.2 (a) and
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Table 2.1: Comparisons of the proposed method with the method of Chen-l.cc.

Example 2.1 Example 2.2

Proposed Chen-Lee Proposed Chen-lLee
MFLOPS 0.62 2.55 8.11 36.83
A, (dB) 35.20 36.81 44.69 45.19
A, (dB) 0.0124 0.0139 0.0042 0.0045
PRE (dB)  0.0148 0.0154 0.0091 0.0093
SNR, (dB) 84.1 83.6 83.9 82.7
SNR, (dB) 69.1 68.4 76.5 74.8

(b), respectively. As can be observed from the design results, the proposed method
shows consistent improvement over the method of [12] especially in tevms of design

efficiency where the computation complexity can be reduced by #s much as 75%.

2.3 Design of Low-Delay QMF Banks

2.3.1 General Two-Channel QMF Bank

In Sec. 2.2.1, the impulse responses of the filters in a QMF filter bank are assumed to
be symmetrical so that they are of lincar phase with group delay (N —1)/2, where N
is the length of the filter. This gives a f{ilter bank that has linear phase response and
the reconstruction delay is fixed at (N —1) sampling period. Unlike the conventional
QMF bank, here we consider a QMF bank which imposes no symmetry constraints
on the impulse responses of the filters. From [55] we know that optimization methods
can be used to design FIR filters with greup delay less than (N —1)/2. Suppose that
we have designed a lowpass FIR filter Hy with group delay ky/2 < (N —1)/2 where
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Figure 2.2: (a) Amplitude responses of the filters in Example 2.1. (b) Amplitude

responses of the filters in Example 2.2.

kq is assumed to be an odd number, then its frequency response can be expressed
as

Ho() = | Hofc™) ek
So with the same quadrature-mirror relationship among analysis and synthesis filters
assumed as in a conventional QMF bank, the aliasing term in the output is cancelled

ard the frequency response of the filter bank is given as
H2 (™) — HA(@ M) = [Ho(el)|eka 4 | Hy( @) |gmdllwtmhata]
= [|H3(e")] + [HE(e/+)|] ek (2.17)
Therefore, if
()] + [HE(e)] =1
forall 0 £ w £ 7, the perfect reconstruction will be achieved whiie the reconstruction

delay is ky < N — 1, which is less than that in a conventional QMF bank, and it
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can be made small if ky is small. The QMF bank obtained can be referred to as a
two-channel low-delay QMF bank and its perfect reconstruction condition in the z

domain can be expressed as
Hg(z) — Hy(—2) = 2™

Based on the above analysis, a design method can be developed in which a

weighted objective function is formed as

2
E=Y wi (2.18)
=1
with

E, = Z ng(ejw) _ Hg(cj(w+1r)) — p—wkq)2

Ey =) |Ho(e™) — Hy(e)*

where w; for 7 = 1,2 are weights and Hj(e?) is the frequency response of an ideal
lowpass filter with group delay kq/2.

The minimization of the objective function in the above design procedures can
be achieved by optimization. We have employed a quasi-Newton optimization algo-
rithin based on the Broyden-Fletcher-Goldfard-Shanno (BFGS) updating formula
and the inexact line secarch described in [55] to perform the optimization. The
number of variables is N. A fortran program has been written to implement the
algorithm.

A filter bank was designed with filter length N = 32 and system delay ky = 9,
which is referred as Example 2.3. First the coeflicients of filter Hy are determined
by minimizing the objective function given in Eqn. (2.18) and then three other

analysis and synthesis filters are obtain through the quadrature-mirror relation as
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Table 2.2: SNR for Example 2.3.
ks | SNR, (dB) | SNR, (dB)
9 78.87 75.99
0 20
A 10}
A0}
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Figure 2.3: Example 2.3 (a) Amplitude response of Hy. (b) Group delay of Ho.

in a conventional QMF bank. The amplitude response and group delay characteristic
of filter Hy are shown in Fig. 2.3 (a) and (b), respectively. It is observed that in the

passband the group delay characteristic is flat. The SNR values for the obtained

filter bank are listed in Table 2.2.

2.3.2 Iterative Method

In Sec. 2.3.1, a two-channel QMF bank is considered whose reconstruction delay
could be lower than that in a conventional QMF bank. Since the objective function

involved in the design is usually highly nonlincar, its minimization with standard
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b2
o

optimization methods is usually quite time-consuming and sensitive to the initial
points. In this section, we propose an iterative algorithm for the design of two-
channel low-delay QMF banks.

The objective function involved in the design can be rewritten as
E = E[ + (XEQ (2]9)
where

E, = Z |H§(ejw) _ Hg(ej(w+1r)) — o—iwha|2

0<w<r

E2 = Z |'ffo(ej“)|2

w,<w<n
and « > 0 is a weighting constant. Term £; deals with the perfect reconstruction
condition and ky < N —1 is the system delay. Term F, deals with the intra-band
aliasing where w; is the stopband edge.

Instead of minimizing directly the above objective function with respect to the
coefficients of Hp, an iterative method, which is an extension of that in [12], is

adopted. The error components E; and Es in (2.19) are changed to

E' = E| + oF) (2.20)
E = Y |Ho(e™)Qo(e™) — Ho(¢!“+m))Qo(c/ ) — g=dubul?

0w
By= 3 1Qu(™)]

wsSwsw

where
) N-1 .
Qo(e™) = 3 qo(l)e™!
1120

is the transfer function of a lowpass filter Qo, whose coefficient vector is v =
[90(0) go(1) -+ qo(N —1))T. It is assumed that at the start of the iteration process
the cocflicient vector of Hy, u = [ho(0) ho(1) -+ ho(N — L)]¥, is known and so
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Ho(¢/*) is known. Let @ = {wy, wy, ..., ws, ..., wr} be the set of sampling

points and construct the matrices

1 e w1 ... eg=iwi(N-1)
Ut(n) = l e"’jw! e e"jw-‘(N_l) (2.2184)

1 e 9w ... e-iwr(N-1)

1 e-jWJ e e—jw-’(N_l)

Us = (221}))

1 e-dwe ... e-iwr(N-1)
H(Q) = diag[Ho(ej“"), e e, Ho(ej“‘), ees Ho(ej‘”“)] (2.21c)
U = H(Q)U(Q) — H(Q + 7)U(2 + 7) (2.21d)

E' in (2.20) can be expressed in the form
E'= (Uv -1 (Uv = 1) + o(Uv)T (U,v) (2.22)

where T = [e~dwsk g=dwak ... g=iwrk]T and superscript H denotes complex conjugate
transposition. E’ in (2.22) is a quadratic function of the coefficients in v. It can
be shown that this function has a global minimum point given by the closed-form
solution

v = (Re [U¥U + aU,U,))! - Re ((UTT)) (2.23)

where Re [] is the real part of [-]. After obtaining v, a lincar formula is adopted to
update u as

u:=(1-7jutrv (2.24)

and the above process is repeated until || u—v || is less than a prescribed tolerance.
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A step-by-step procedure based on the above methods is as follows:

Algorithm 2.2

Step 1 Set the weighting constant a, the smoothing parameter 7, and the stop-
ping criterion ¢ and initialize the coeflicients of vector n.

Step 2 Calculate the matrices expressed in (2.21).

Step 3 Obtain coeflicient vector v using (2.23).

Step 4 If || u— v || < ¢, terminate the process; otherwise, npdate cocflicient

vector u using (2.24) and go to stcp 2.

By using the proposed iterative design method, filter banks with low reconstruc-
tion delays were designed. Two design examples arc presented here. The filter
length in these two design examples is 32. The first design example, referred to as
Example 2.4, was to design a filter bank with system reconstruction delay ky = 9.
Fig. 2.4 (a) is the amplitude response of the prototype filter Ho and (b) is its group
delay plot. In the second example, which is referred to as Example 2.5, a filter bank
with system delay ky = 15, was designed. Fig. 2.5 (a) is the amplitude response
of the prototype filter Ho and (b) is its group delay plot. From these plots, it is
observed that the filters achieved have fairly good passband and stopband charac-
teristics and in the passband have nearly lincar phase responses, which are desived
in many applications. For the above two examples, the SNR values and the number
of iterations (NI) used in the designs are listed in Table 2.3. Compared with the
example in Sec. 2.3.1, it is observed that by using the iterative algorithm, design

efficiency is improved and filter banks with better performance are obtained,
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Figure 2.4: Example 2.4 (a) Amplitude responses of Ho. (b) Group delay of H,.
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Figure 2,5: Example 2.5 (a) Amplitude response of Hop. (b) Group delay of Ho.
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Table 2.3: Results for Examples 2.4 and 2.5.

ks | NI | SNR, (dB) | SNR, (dB)
Example 2.4 || 9 | 15 81.84 74.056
Example 2.5 || 15 | 10 82.31 76.85

2.3.3 Equiripple Complex Reconstruction Error
Using Algorithm 2.2, the magnitude of the complex reconstruction error defined ag
er(w) = Hy(e) — H(el ™) — giwha (2.25)

will be minimized. However, it is not equiripple in general. Tn what follows it will

be shown that il a weighted objective function in the form of

El = E, + ok}, (2.26a)

Ely= D" W(w)|Ho(e™)Qo(e™)—Ho(eM ) QoW )—gmdwha |2 (2,96),)
0w

By =3 |Qo(c™))? (2.26¢)
Wgsws‘f\'

is adopted and the weighting W (w) is chosen adequately, equiripple complex recon-
struction crror can be achieved,

Since £, in (2.26a) can be written as
Ey, = (Uv = 1)"W(Uv = 1) + o(U,v)" (U,v)

where U, U, are given by (2.21) and W is defined as

A

W = diag[W(w,), ..., W(w,), ..., W(wy)]

Hence if

v = (Re [U'WU + U, ""U,])"" - Re ((UWI)) (2.27)
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the minimum of E!, is achicved. Then a process similar to that in Algorithm 2.2 is
repeated until [|u—v || <

To obtain cquiripple complex reconstruction error, the weighting W (w) should
be updated based on the weighted least squares (WLS) algorithm proposed in [53].
Suppose that Wi(w) is the weighting function used in the kth iteration, then the

weighting used in the (k4 1)th iteration is expressed as
Wi (w) = Wi(w)vg(w) (2.28)

where vi(w) > 0 is selected such that ve(w;) > vi(w;) if |ers{w;)] > |eqs(w;)| where
erk(w) denotes the values of ¢, (w) defined in (2.25) at the kth iteration. This ensures
that in the next iteration |er(w;)| will decrease at the expense of increasing |e,(w;)].
The criterion of choosing vi(w) is as follows: Compute the magnitude of the complex

reconstruction crror e.x(w) at the kth iteration. Let the Jth extremal value of

lerk(w)] be Vi(J) = lers(wa)] il lers(was)] < lem(ws)] and |erp(wi1)] < |ers(ws)]

are satisfied where wy is defined as the Jth extremal frequency of the reconstruction
error. For any nonband-edge extremal point, let Vi(J) = 0.1LMIN[Vi(J~1), Vi(J+1)]
if Vi(J) < 0.IMIN[Vi(J — 1), Vi(J + 1)) where MIN(u,v) denotes the smaller of
w and v, An envelop function By(w) is then formed by joining together all the
extremal points of the same frequency band of interest with straight lines, i.c., for

wy <w < Wiy

Bi(w) = [(w—wis)/(wip1 = wi)]Vi(J +1)
H(wotr = w)/ (W1 = wy)]Vi(J)

Finally, vi(w) is constructed as

L{Byw)}’

it Wi(wi){ Be(wi)}) (2.29)

vi(w) =
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where parameter § affect s the convergence rate and is chosen to t:¢*1.5 in our designs.
Since the purpose of the design procedure is to achicve equiripple magnitude of

the complex reconstruction ervor, the process could be terminated if

[max(V) —min(V)] _ o
max(V) Sk (2:30)

where & is a prescribed positive constant and max(V) and min(V) are the maximnm
and minimum values of the magnitude ol the complex reconstruction error at all
extremal frequencies.
The steps that need to be taken to accomplish the design of low-delay Qa1
banks with equiripple reconstruction error are summarized as follows:
Algorithm 2.3
Step 1 Design a lowpass, FIR filter of length N with stopband edge w, and
group delay kq/2, and use the coeflicient vector of the filter obtained to
initialize u. The initial weighting is set W(w) = 1.
Step 2 Use (2.21bh) to compute matrix U,.
Step 3 Form matrix U using (2.21d) and compute v using (2.27).
Step4 Il || u—v || < ¢ where ¢ is the prescribed tolerance, go to Step 5.
Otherwise, update u using (2.24) with a 7 close to 0.5 and repeat from
Step 3.
Step 5 If termination condition (2,30) is satisficd, output u as the design rosult
and stop. Otherwise, update W(w) using cquations (2.28) - (2.30) and

repeat from Step 3.

It should be pointed out that, the algorithm not only leads to designs of low-
delay QMY banks with equiripple complex reconstruction error, it can also he used
to design lincar phase QM banks with equiripple amplitude response if kg = N - |

and initial u contains symmetrical coeflicients,
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Table 2.4: Results for Examples 2.6 and 2.7.

Exsmple 2.6 Example 2.7

NI 23 11
PCRE  2.4223x10™1  1.4627x~4
SNR, (dB) 73.20 77.32

Two low-delay QMF banks with equiripple complex reconstruction error were
designed by using the proposed algorithm. The performance of the designs are
evaluated in terms of NI, the peak complex rzconstruction error PCRE= max ler(w)]
where e,.(w) is defined in (2.25), and SNR. In Example 2.6 a filter bank with the
specifications N = 32, ky =18, @ = 0.01, w; = 077, 7 = 0.5, k = 0.02, ¢ =10~
was designed. The results are summarized in Table 2.4. The amplitude responses of
the analysis [ilters obtained and the magnitude of the complex reconstruction error
are depicted in Fig. 2.6(a) and (b), respectively. Example 2.7 shows a filter bank
with design specifications N =44, &y = 21, a = 0.1, w, = 0.657, 7 = 0.5, &k =
0.02 ¢ = 107", The results are listed in Table 2.4. The amplitude responses of the
analysis filters ard the magnitude of the complex reconstruction error are shown in
Fig, 2.7(a) and (b), respectively.

From Table 2.4 and the figures, it is chserved the filters obtained have satisfactory
frequency responses, and that the magnitude of the complex reconstruction errors

are made equiripple.
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Figure 2.6: Example 2.6 (a) Amplitude responses of the analysis filters. (b) Magni-
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2.3.4 Improved Iterative Method

From Sec. 2.3.2 it is observed that in the design of two-channel low-delay QMF
banks, the iterative method has high efficiency compared with that using a standard
unconstrained optimization method. However, it can be noticed that discretized
versions of the objective function is used which first will degrade the evaluation of
the error components and second will increase the amount of calculations since a
large density of sample points is required. In this section, an improved iterative
method is proposed in which the integral discretization is replaced by a simple and
explicit formula of the precise computation of the integrals involved in forming the
objective functions.

Again the design problem amounts to finding the coefficients of Hy that mini-

mize

Ep = BEp + aBpo (2.31a)

with o > 0, where Ep; and Ep, are given by

By = /0" |H2(e™) — H2 (/™) — gmikaw |2 g, (2.31b)
By = / " | Ho(e) ! dw (2.31¢)

Note that in this case, filter Hy does not have a symmetrical impulse response and,

therefore, the frequency response should be expressed as
Ho(e™) = hlecg(w) (2.32a)
where
h=[hohy -+ byt ]F (2.32b)

cp(w)=[1 e ... gniWN-Lw T (2.32c¢)
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The iterative algorithm here is based on a modified ob jective function
E} = E}, + aFE}, (2.33a)
where
E, = for |H0(Cjw)Fo(ejw) - HO(Cj(w+“))Fo(ej(‘”+")) - e‘j“'“‘“l"’dw (2.33b)
B, = /w " | Bo() 2 (2.33¢)
and hy, is fixed; Fy(e/) is given by
Fo(e™) = fFep(w) (2.38d)
fo =[fo fi - foor ¥ (2.33¢)

After some fairly extensive manipulation, (2.32) and (2.33) give

B, =fIQufr, — 2hiSf, + « (2.84)
where
Qz =R + aR, (2.35a)

R = Re /0 [Ho(e™)es(w) ~ Ho(@ M) (w + 1)]

[Ho(e™Yer(w) — Ho(e™“ ey (w + )" dw (2.35h)

Entry (¢, 7) of R is given by

N—-t N-t
rig =21 Y N hahu[L 4 (=16~ § — 14 m) (2.35¢)

n=0 m=0
where 6(-) is the delta function defined in (2.11),

R, = Re /” cp(w)e (w) dw

Ws
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[ T — Wy ~—sinw, —jsin2w, - —gEgsin(N — 1w,
— sin w, T—w, —SiDws -+ —ﬁ sin(N — 2)w,
_—NL_TSin(N—J)ws T — W ]
(2.35d)

and

S = Re /OW[CL(LU)C%(LU) — cp(w 4 m)ck(w + 7)) e* e dw

(0 e e 100 e 0]
0 1 0 +or «ev 0
=2r|1 .- (2.35¢)
0
0 - e 0]

Evidently, S has unity entries on the (kg+1)th northeast-to-southwest sub-diagonal.
From (2.35a), (2.35b) and (2.35d), we observe that Qy, is a positive definite sym-
metric matrix and, therefore, for a given hy, the global minimum of Ej is achieved
if
f; = Q'Shy (2.36)
Note that matrices R, and S are independent of hy, and can be pre-calculated as
long as filter length N, stopband edge wy, and reconstruction delay k4 are specified.
An algorithm for the design of a QMF bank with reconstruction delay ky is as

follows:
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Algorithm 2.4
Step 1 Use a least-squarcs method to design a lowpass, F1R filter of Jength N

with passband edge w, stopband edge wy, i.e., minimizing a quadratic

objective function
B = / "\ Ho(ei) — emiokal?|? gy 4 / " | Ho(¢?)? duw
0 ws

with respect to coeflicients of Hy and take it as initial hy,.

Step 2 Use (2.35¢) to compute matrix R.

Step 3 Use (2.35a), (2.35d) and R obtained {rom Step 2 to form matrix Qp;
then use (2.36) to compute {7,

Step 4 If || hy — fL || < ¢, where ¢ is a prescribed tolerance, output f, as the

design result and stop. Otherwise, update hy, as

hy := (1 - T)hL + 71y, (2.37)

with a 7 close to 0.5, and repeat from Step 2.

We note from (2.35b) and (2.35¢) that R is symmetric and cach entry is a
linear combination of delta functions, which are very sparse and casy to determine.
Consequently, the algorithm can be easily implemented.

We conclude this section with a remark on the issue of undesirable artifacts in
the transition region of . It has been observed [34] that the artifacts hecome more
apparent when a very low reconstruction delay ky is required. An effective approach
to this problem is to modily the objective function to include an additional term
o B .01

By = Ep, + ali, + il (2.38)
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where

a B, = alf ? | Fo(ei¥) — e 3kaw/2|2 gy (2.39)

wey

and [wq;, wyg) is an interval in the transition region where the artifacts occur. It can
be readily shown that with this modification the design algorithm, i.e., Algorithm
2.4, can still be used with modifications of (2.34)-(2.36) as follows

E, = £,Qsf, — 2(h%S + a,bT)fp + 7 + oy (w2 — wi) (2.40)

where

Q. =R+aR, +aR, (2.41)

with R and R, given by (2.35¢), (2.35d) and

Wwyg — Wy Plwiz, wn, 1) -+ Plwig, wa, N—1) ]
R, = ﬁb(wm, wii, 1) Wi — Wy
| ¢(wt23 Wi, N—l) noe e Wz — Wy ]
where

1., .
d(wiz, wi, k) = % [sin kwip — sin kwy]

b = Re / “? ()l du

kl [sin (—4—1” w ) —sin (J—M w )]
d 2 2

_ stz {an (4 = 1) an] - in (¢ = 1) ]}

| et {sin [(% =V + 1) wa] —sin[(% - ¥+ 1) n]}
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Table 2.5: Comparisons of the proposed method with the method by Nayebi.

Example 2.8 Example 2.9
Proposed Method of Nayebi Proposed Method of Nayebi

kq 7 7 15 15

MFLOPS 0.96 - 0.96 -
A, (dB) 29.17 30.00 66.15 36.97
A, (dB)  0.2804 0.2169 0.0412 0.0537

PRE (dB) 1.7x107® 3.5x10™ 1.5x10™3 1.2x1073

SNR, (dB) 75.6 74.3 77.5 75.8
SNR, (dB) 76.2 75.1 77.6 7.4

Two QMF banks with low reconstruction delays were designed by using Algo-
rithm 2.4. The design parameters for Example 2.8 were: N =32, ky =7, a =
1x10™, a = 5x107% w, = 0.757, wy = 0.37, wp = 0.57, 7 = 0.5 and
¢ = 1073, Those of Example 2.9 were: N =32, ky =15, a=1, oy =3x 10" w, =
0.727, wy = 0.357, wp = 0.457,7 = 0.5 and ¢ = 1073,

For comparison purposes, we refer to the examples presented in [34] which were
designed with a time-domain approach. The performance parameters are the same
as those defined in Sec. 2.2.3. The results obtained are summarized in Table 2.5.
The amplitude responses of the lowpass analysis filters designed by the proposed
method and the method of [34] are depicted in Fig. 2.8 (a) and (b), respectively.

As can be observed from Table 2.5, with ky = 7 the performance of the filter
banks designed by the proposed method and the method of [34] are ncarly the
same. However, as the latter design approach proposed is computationally more

demanding, increased computation is expected although no figure is specified in
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Figure 2.8: (a) Amplitude responses of tl~ filters in Example 2.8. (b) Amplitude

responses of the filters in Example 2.9.

[34]. For the case of ks = 15 the proposed method increased the minimum stopband
attenuation by 30 dB. In addition, unlike the low-delay systems proposed in [34],
the quadrature mirror structure of the proposed design is amenable to the efficient
polyphase-type implementation [29] which requires only N/2 additions and N/2
multiplications per input, as compared to N additions and N multiplications per

input for the low-delay filter banks of [34].

2.3.5 A Case Study

For further analysis and comparison, we used the iterative method introduced in
Sec. 2.3.4 to design five two-channel low-delay QMF banks with different filter
lengths and dclays. The performance of the obtained filter banks were evaluated in

terms of PRE and SNR defined in Sec. 2.2.3. The results are listed in Table 2.6. For
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Table 2.6: Results for a case study.

Low-delay QMF banks Conventional QMFE banks
length  delay | PRE (dB) SNR (dB) || length  delay | PRE (dB) $NR (dB)
N=16 kys=7 |2.08x10™2 53.09 N=8 ky=7 |6.35x10"? 43.44
N=24 k;=11| 55x1073 65.59 N=12 kg=1113.98x10~? H2.69
N=32 ki=15]| 1.7x1073 77.50 N=16 Fk=15|191x10"* 59.00
N=48 k;=23|5.27x10~" 95.55 N=2 Fk;=23| 82x107° 67.29
w =64 ky=231]287x10"* 98.42 N=32 Fkg=31] 2.9x107% 73.51

comparison, corresponding conventional QMF banks with the same reconstruction
delays were designed by using the improved iterative method introduced in Sec. 2.2.
The results obtained are also listed in Table 2.6.

Graphic displays are depicted in Figs. 2.9 to 2.13. For each design, four plots in

solid line are included to show:
(a) amplitude responses of analysis lowpass and highpass filters,
(b) amplitude response of the filter bank,
(c) group delay of filter Hy,
(d) group delay of the filter bank,

For comparison purposcs the plots corresponding to the conventional QMF banks

are also shown in dotted li.ie.

Several conclusions can be drawn from the design examples, as follows:
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(b) Amplitude responses of filter banks. (c) Group delay characteristic of Ho. (d)

Group delay characteristic of filter hanks,
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1. The amplitude responses of low-delay QMF banks are better than those of the
corresponding conventional QMF banks with the same reconstruction delays.
This is because, with a given reconstruction delay, the filter length of a low-

delay QMF bank can be made longer than that of a conventional QMT bank.

2. Since the impulse responses of filters in a low-delay QMF bank is not symmet-
rical in general, the linear pliase response is not guaranteed. However, from
the plots it is noticed that linear phase response is approximately well in the
passhband. The phase distortion in the stopband is usually insignificant due to

the small gain of the filter in the stopband.

In general low-delay QMF banks arc superior than corresponding conventional
QMF banks in terms of performances and it is a good choice to use low-delay QM1

banks in real-time applications.

2.4 Further Analysis on the Iterative Method

In previous sections an iterative method was proposed for the design of cither two-
channel conventional QMF banks or two-channel low-delay QMF banks. Compared
with the standard optimization methods, the iterative method proposed here hag
improved design efficiency. In the later chapters, we will sce that the iterative
method can also be used for the design of multi-channel cosine-modulated QM
banks as well as 2-D QMF banks. In this section several issues such as choosing the
initial point, effect of the smoothing parameter 7 and effect of the weighting o will

be addressed.
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2.4.1 The Initial Point

Choosing an initial point is quite important to an iterative method. A good initial
point can make the algorithm converge laster and lead to a better design. In the
design of two-channel conventional QMF banks, a good initial point can be obtained
by designing a linear phase half-band FIR filter with any conventional FIR filter
design method such as the window method, the Remez exchange method, etc. [55];
in the design of two-channel low-delay QMF banks, the initial points can be obtained
by either minimizing a quadratic least-squares objective function as in Algorithm
2.4, or by first using a conventional method to design a linear phase, lowpass, FIR
filter and followed by taking the last (N-+ky4+1)/2 filter coeflicients obtained padded
with (N — kg — 1)/2 zeros at the end to form the initial point, where N and k; are
the filter length apnd the desired reconstruction delay, respectively. By doing this
the obtained filter will have a group delay of approximately k4/2. In Figs. 2.14 and
2.15, two initial filters are illustrated which were obtained by the above-mentioned
two methods.

Although a good initial point is important to the iterative method, our simu-
lation study has indicated that the iterative method is more robust than standard
optimization methods in the sense that in the former convergence is less sensitive

to the initial point than in a standard optimization method like the BFGS method.

2.4.2 The Effact of Smoothing Parameter

From the case study presented in Sec. 2.3.5, we found that the smoothing parameter
7 has an effect on the convergence rate. Taking the two designs with N = 32, ky = 15

and N = 24,k = 11 as examples, Fig. 2.16(a) and (b) shows how the numbers of
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Figure 2.16: Smooth parameter 7 versus iteration numbers. (a) In the experiment

when N = 32. (b) In the experiment when N = 24.

iteration depend on the choice of parameter 7. These two examples as well as many
other designs have shown that the iterative design algorithm converges faster when

a 7 in the vicinity of 0.5 is used.

2.4.3 The Effect of Weighting «

In the iterative method, the objective function to be minimized is a weighted lincar
combination of two error components, which are related to the prefect reconstruction
condition and the intraband aliasing, respectively. By adjusting the weighting o in
the design, tradeofl between the reconstruction performance of the filter bank and
the frequency response of the individual filters can be achieved. As « increases the
stopband edge attenuation of individual filters is increased but the reconstruction

crror becomes larger as shown in Fig. 2.17.
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2.5 Conclusion

In this chapter, we have first proposed an improved version of the iterative method
for the design of two-channel conventional QMF banks in which a simple and ex-
plicit formula for precise evaluation of integrals involved in the objective function is
derived. 'This improvement significantly reduced the design complexity. Later the
design of low-delay QMF banks has been considered and several des gn approaches
have been demonstrated for the design of such filter hanks. Comparisons have been
made with another existing method which shows that the proposed method is su-
perior in ferms of desiga efliciency, performance of the filter banks obtained and
implementation. The chapter concludes with some analysis on the iterative method

in terms of choosing the appropriate initial points and the smootlLing parameter,
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Time-Domain Approaches for the
Design of QMF Banks

3.1 Introduction

As mentioned in Chapter 2, two-channel QMF banks have been widely used in one-
dimensional (1-D) and two-dimensional (2-D) signal processing. In the design of
QMF banks, it is required that the perfect reconstruction condition be satisfied while
the intra-band aliasing be eliminated or minimized. Most design methods developed
so far involve minimizing an error function directly in the frequency domain to
achieve the design requirements, which leads to a nonlinear optimization problem.

In {11] an iterative algorithm for the design of QMF banks was proposed which
involves calculating the cigenvalues and eigenvectors of a matrix in each step. In [12],
Chen and Lee introduced an iterative procedure to replace the conventional direct
minimization of the error function, Compared with the conventional QMF design
techniques, this iterative design method requires much less computation and leads
to fairly good results. Nevertheless two integrals involved in the objective function

ave evaluated by discretization, which degrades the performance of the QMF bank

o
(511
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designed and increases the computational complexity in the design. In Chapter
2, we have propesed an improved iterative method which significantly increases
the design efficiency. In this chapter, we propose another approach in which the
perfect reconstruction condition is formulated in the ¢time domain. This also leads
to reduced computational complexity in the design. In addition, on comparing with
the algorithm of [11] there is no need to calculate cigenvalues and cigenvectors and a
linear update formula is adopted which improves the convergence speed. In Section

3.3, this time-domain approach is extended to the design of two-channel low-delay

QMF bank.

3.2 Design of Conventional QMF Banks

3.2.1 Problem Formulation

As mentioned in Chapter 2, in a conventional QMF bank filter Ho has symmetrical
impulse response which guarantees that the filter has lincar phase response, and

perfect reconstruction requires that
HY(2) — HY(—2) = z~WV-1) (8.1)

where N is the length of filter Hy and is assumed to be even. The reconstruc-
tion delay is & — 1. Egn. (3.1) can be expressed in the time-domain by using the

convolution as
Bh=m (3.2)

with

B=[d+dy dy-+dyy -+ dyp+ dyyagr ]
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D={dyd; - dy]
r/L(l) h(0) 0 = 0

_ h(3) h(2) k(1) R(Q) --- O
| A(N —1) h(N-2) e R(0)

h = [h(0) (1) -+ h(N/2-1)]F
m=[0--01)
where h(n), for n =10, 1, 2, ..., N/2 ~1, is the impulse response of filter H,,.
By considering the design specifications for the frequency response of Hy, the L,

objective function
{25 "
V) =/ p[Mh(w) — 1]2dw+/ M} (w)dw (3.3)
0 Ws
can be constructed, where w, and w, are passband and stopband edges of Hy, re-
spectively, My (w) = 2h"¢(w), and ¢(w) = [ cos(Xxt)w +++ cos w7,
Taking the perfect reconstruction condition (3.2) into account, the design prob-
lem is reduced to minimizing ¥ in (3.3) subject to the constraints in (3.2). Hence

the design problem now becomes a constrained optimization problem.

3.2.2 Iterative Approach

Instead of solving the above-mentioned constrained optimization problem directly,
which in general is time-consuming, an iterative approach is employed. The objective
function in this approach is assumed to he

= E + aF, (3.4a)
where « is a positive weight, Error component

By = (Bf ~m)"(Bf — m) (3.4h)
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where B and m are defined in (3.2), and £ = [ f(0) f(1) -~ F(N/2 =1) )7, is
used to approximate the prefect reconstruction condition in the time-domain. Error
component

Ey; = /wp[z\lff(w) — 11%dw + " l\rf}l(w)(lw (3.1¢)
0 Wy

where M;(w) = 2 f¥e(w) deals with the amplitude response requirement.,
The iteration starts by designing a linear phase lowpass filter Hy and using half
of its coefficients to form the initial h. Then £ in (3.4a) can be formulated as a

quadratic function of f, i.c.,

E=1"(B"B+4aQ)f+(ab’ —2m"B) f +w, + | (3.5)
where

Q= Awp c(w)et (w)dw + " c(w)e! (w)dw

Wy

with its (¢, 7)th entry given by

wp . N-1 . N—-1
Gij = _/0 cos [<7—1— 5 >w] Cos [(g-——lm*——é—*)w] dw
+/Wcos [(z’-—l——iv—;—él’)w] cos [(j-—l.—- N; l)w] dw

1 7!’(&1,&)’),‘05)‘}'73-"'“)5 +wP 7: =j
=3 (3.6a)
d’(("l-a Wy, Ws) -+ "/’(a?awﬂa“‘)s) i #.7

where
h(ley wpy ws) = [sin(kwy) - sin(kw,)]/k
ay =1i4+5~N~1

Uy =1-—j
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and

-

[ sin(fsbw,) /(N — 1)

sin(iy'z,_—sz).)/ (N—-3) (3.6b)

sin(Lw,)

Evidently, BTB+4 aQ is positive definite and the global minimum of £ is

achieved if

—

f = —=(B"B +4 aQ)™ (ab - 2B"m) (37)

B2

Having obtained f, a linear formula is used to update h
h:=(l-7)h+f (3.8)

and the above procedure is repeated until || f — h || is smaller than a prescribed
tolerance,
On the basis of the preceding analysis, an iterative algorithm can now be con-
structed as follows:
Algorithm 3.1
Step 1 Use a conventional method (e.g., the window method) to design a linear
phase, lowpass, FIR filter of length N and use its coefficients to form the
initial h.
Step 2 Calculate Q and b using (3.6a) and (3.6b),
Step 3 Form B and m in (3.2), and compute f in (3.7).
Step 4 I['[|h—f || <¢, where cis a prescribed tolerance, output f as the design
result and stop, Otherwise, update h using (3.8) with a 7 close to 0.5

and repeat from Step 3.
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3.2.3 Design Examples

In this section a case study is presented to demonstrate the proposed iterative ap-
proach. Two design examples are obtained by applying the proposed algorithm and
comparisons of the proposed method with the method of Chen and Lee [12] are
made in terms of design elliciency and performance of the [ilter banks obtained.
The parameters used in the two designs, which will be referred to as Fxamples
3.1 and 3.2, are N = 32, = 0.1, w, = 037, wy, = 0.6m, 7 = 0.5, ¢ = 107, and
N =80,a=1,w,=03m,w, = 055, 7= 0.5, ¢ = 1073, respectively. The initial
h was obtained by the window method. For comparison purposes the method of
Chen and Lee [12] was applied o design two QMI" banks with parameters specifiod
as N =32, a=1w =06m,7=05c¢c=10"% N=80,a=1,w =056r, =
0.5, ¢ = 10~% , and using the same initial h as for the proposed method. The
comparison parameters are the same as in Sec, 2.2.3. The number of [requency
sampling points was set to 8V when implementing the method of [12], where N
is the filter length. The results are summarized in Table 8.1. Fig. 3.1 (a) and (b)
shows the amplitude response of Hy and the QME bank, respectively, for lxample
3.1 and Fig. 3.2 (a) and (b) shows those lor Fxample 3.2. As can he observed from
the comparisons, the proposed method can achieve almost the same designs as the

method of [12) with only about 5 percent of the computation,
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Table 3.1: Comparisons of the proposed method and the method by Chen and Lec.

Example 3.1 Example 3.2

Proposed Chen-Lee Proposed Chen-Lee

NI 3 5 3 6
MFLOPS 0.064 1.18 0.85 20.19
A, (dB) 34.9 35.27 42.5 42.9

Ay (dB) 0.0114 0.0131 0.0068 0.0044
PRE (dB)  0.0145 0.0152 0.0106 0.0091

SNR, (dB) 82.9 83.4 83.3 82.7
SNR, (dB) 69.5 67.8 75.3 75.0
FBpomrr g e e S e ) 0.0t
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Figure 3.1: Fxample 3.1 (a) Amplitude response of filter Hy. (b) Amplitude response

of filter bank,
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Figure 3.2: Example 3.2 (a) Amplitude response of filter Hy. (b) Amplitude response

of filter bank.

3.3 Design of Low-Delay QMF Banks

3.3.1 Problem Formulation

As shown in Chapter 2, the perfect reconstruction condition in a two-channel low-

delay QMF bank becomes
HE(2) = HE(—~z) = k4 (3.9)

where by < NV — 1 is the system delay, Fquation (8.9) can he expressed in the time
l I

domain as

Brhy, = my (3.10u)

where hy, = [ h(0) A(1) -+ A(N - 1) ] is the impulse-response veetor of Hy, and

my =0 010 0 (3,103
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where the [(kg+1)/2]th entry is unity, and By is a (N — 1) X N matrix defined by

) 1(0) 0 o |
M3 A2 A1) :

Br=2| h(N—1) A(N-2) - 1(0) (3.10c)
0 0 AN-1) - (2)
0 N ~1) (N —2) |

To meet the design specifications for the {requency response of Hy, the L, objec-

tive [unction

P = /pr | Ho(e™) — e=3kaw/22 gy 4 /: [Ho(e™™)|dw (3.11)
can be constructed where w, and w;, are the passhand and stopband edges of Hy,
respectively.

Taking the perfect reconstruction condition in (3.10a) into account, the design
problem is reduced to minimizing W in (3.11) subject to the constraints in (3.10a),

which is a constraiued optimization problem.

3.3.2 Iterative Approach

As in the design of a conventional QMF bank, an iterative approach is proposed for
the design of two-channel low-delay QMF banks in which the objective function is
formed as

Ly = Ep + oFp, (R.12a)

where a0 > 0 is a weighting constant,

K = (B, — mp)! (Byfy, — my) (8.12b)
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deals with the prefect reconstruction condition with By, and my, defined in (3.10¢)
and (3.10b), respectively, and fr, = [ f(0) f(L) -+ f(N —1)]%. The error compo-
nent

wp . " . L PR N
Er, = / | Fo(e) — e=#kaw/2|2dy +f | #o(e™)]2dw (3.12¢)
0 Ws

deals with frequency-response requirements where fo(e?) = /ey (w) and c(w) =
[1e 9 ... gmdelN-1)|T,

The iteration procedure starts by first designing a lowpass filter Ho with a group
delay kq4/2, where k4 is the desired system delay, and taking its impulse-response
vector as the initial hy. Then error By in (3.12a) can be formulated as a ¢uadratic

function in £y, i.e.,

Ep =fr(BIBL + aQy) fi, + (ebl —2miB) fL + w, + | (3.18)
where
QL = Re [/pr cr(w)e(w) dw + /w:r cr{w)e (w) dw
=U,+ U, (3.14a)

with U, and U, being two Toeplitz matrices defined by

’ l' Py -.:—-—-.‘l ‘. e
Wy sinwp - gy sin(V = Dw,
$in wy wp e g Sin(N - 2)wy
U=
l 1 ! L ax
I N=T s,m(N ~ jwy, Wy ]
f , U :
T —~8inwg v =g Sin(N = 1w,
— 81t W, T =wy rr =g sin( N = 2)w,
U=
Lo .
~rersin(N = Dw, e e T~ Wy ]
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and
Wp "
b;, = —2 Re [/ c(w)efkawl? dw]
Jo
[ . kawp
% sin (—ir)

S F%Si“ [(% — 1) ] (3.14b)

E_—}m—zsin [(—‘:2‘1 — N+ 1) wp] |

Since BYBy, - aQy, is positive definite, the global minimum of £y, is achieved if

f, = ~L(BIB, + QL) (aby, — 2B my) (3.15)
Having obtained f7,, a lincar formula is used to update hy,
hy = (l — 7')11[, + 7L, (3.16)

and the above process is repeated until || hy —ff, || is less than a prescribed tolerance.
The design procedure can be sumrmarized as follows:

Algorithin 3.2

Step 1 Usc a least-squares approach mentionerd in Chapter 2 to design a low-
pass FIR filter of length N with a group delay ky/2, and passband and
stopband cdges w, and wy, respectively; then use the coefficient vector
of the filter obtained as the initial hy,.

Step 2 Calculate Qg and by, using (3.14a) and (3.14b), respectively.

Step 3 [se (3.10¢) and (3.10b) to form By, and my, and compute £y, in (3.15).

Step 4 [ || hy — 1L || < ¢, where ¢ is a prescribed tolerance, output f7, as the
design result and stop; otherwise, update hy, using (3.16) with a 7 close

to 0.5 and repeat from Step 3.
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As mentioned in Chapter 2, when a low reconstruction delay ky is required,
artifacts may occur in the transition band of the obtained analysis and synthesis
flters, This problem can be climinated by modifying the objective Tunction to

include an additional term « Fs, i.e.,

Ep=FEp +abpy+ ol (3.17)

where

e jkgw/2)2
Bio = [ 1Fa(e™) — 5P o (3.18)

Wiy
and {wyy, wig] is an interval in the transition band where the artifacts oceur. 1t can
be readily shown that with this additional error term, the proposed algorithm can

still be used after modifying (3.13) as
Bp =fF(BYBL 4+ aQr + a1 Q) £, + (abl + aybf —omiIBL) fr, -+ K (3.19)

where K is a constant,

: 1
Wig — Wit dwizywin, 1) -0 Plwnz, wy, N--1)
Q= ¢(wl27wll7 ]) e — wp
_d’(wlZ)w[l,N"‘l) ey D) th "-wll

| ,
dlwiny wy, k) = T [sin kwyg — sin fuwy

and

by = —2 Re [ / P (w)edta? dw]

Wy
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r~ -

¢(w12, Wity %‘L)

¢(w12,wua%“ - 1)

L (ﬁ(wt?)wll)%t - N+ 1) i

The global minimum of £y, is now given by

f;, = —%(B%BL +aQr + ath)'l (abL + a by — ?.Brfl'l'l[,) (320)

3.3.3 Design Examples

We now present a design example, which is referred to as Example 3.3, to illustrate
the proposed iterative approach. The design parameters arve N = 32, kg =15, a =
5x 1073, a = 3x 1075, w, = 0.357m, w, = 0.727, wy = 0.357, wp = 0457, 7 = 0.5
and ¢ = 107, The design was achicved after 8 iterations.

For comparison purposes, we refer to Example 6.6.1 presented in [34], which is
designed by a dillerent time-domain approach. The comparisons are made in terms
of the parameters defined in Sece. 2.2.3. The results are summarized in Table 8.2. The
amplitude responses of the lowpass analysis filters designed by the proposed method
and the method of [34] are depicted in Fig. 3.3 (a). The group delay characteristic
of filter Hy obtained by the proposed method is shown in Fig. 3.3 (b) from where it
can be noticed that the filter has approximately lincar phase in the passhand.

As can be seen in Table 3.2, the proposed method has resulted in a large increase
in the minimum stophand attenuation relative to the design approach in [34], The
number of floating-point operations needed for the design was only 1.26 x 10%, which
should be substantially lower than that required by the method of [34], whicl is not

known,
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Table 3.2: Comparisons between the proposed method and the method by Nayebi.

Proposed  Method of [34]

MFLOPS 1.26 -

A, (dB) 6096 36.97
A, (dB)  0.0532 0.0537
PRE (dB) 1.8x107%  1.2x10~
SNR, (dB)  78.5 75.8
SNR, (dB)  77.6 774

3.4 Conclusion

A new time-domain approach has been proposed in which the perlect reconstrme-
tion condition is formulated in the time-domain, Then an iterative method has
been applied to minimize the objective function which reduces the computational
complexity significantly compared with the iterative method proposed hy Clen and
Lee in which a discretized version of the objective function was formulated i the
frequency-domain. The new time-domain approach has also heen extended to e
design of two-channel low-delay QMF banks. From the design examples, it can b
observed that the proposed approaches for the design of two-channel QMI™ hanks

are very cflicient.
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Figure 3.3: Example 3.3 (a) Amplitude responses of analysis lowpass filters. (b)
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Design of QMF Banks with
Perfect Reconstruction

4.1 Introduction

The importance of QME banks in subband cading Las heen wilely recognized. Sinco
the quadrature mirror structure leads to complete cancellation of interhaged aliasing
due to the overlapping fitter ~sponses, the design is reduced to satislying the perfect
reconstruction condition while. -ainimizing the intraband aliasing, Sinee the mid 70
several approaches have been proposed for the design of QMI® hanks. Some of the
design methods lead to near-perfect reconstruction QM hanks [11] [12] while others
lead to perfect reconstruction QME banks [22][56],

In Chapters 2 and 3, we proposed several approaches for the design of two-
channel QMF banks in which near-perfeet reconstruction is achioved, In some ap
plications filter banks with perfect reconstruction are desived, In this chapter,
new method for the design of linear phase perfeel reconstruetion QMF banks is pro-
posed on the basis of a time-domain formulation. The unalysis lowpass filter is first

obtained by a conventional method and the synthesis lowpass filter is obtained by

70
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a null-space projection approach. In Section 4.3, the proposed method is extended
to the design of low-delay perfect reconstruction QMF banks which are useful in

applications where long reconstruction delays are undesirable.

4.2 Design of Linear-Phase QMF Banks

4.2.1 Problem Formulation
Consider a two-channel filter bank whose output and input relation is given by
X(2) = §[Ho(2)Go(2) + Hi(2)G1(2)] - X ()
+3[Ho(—2)Go(2) + Hy(—2)G1(2)] - X(—2) (4.1)

where the second term on the right side represents the aliasing. By assuming that

G\ (2) = —Ho(—2), H\(2z) = Go(—2), the aliasing term is cancelled and (4.1) becomes
R(2) = SHo(2)Go(2) - Hol~2)Go(—2) X (2) (4.2)

To reconstruct the output perflectly, it is required that
Ho(2)Go(2) = Ho(=2)Gy(~2) = 2~k (4.3)

where g is the system delay, If we assume that the coeflicients of Hy(z) and Gio(z)
are symmetrical and their lengths, N and M, are even, M > N, and N + M is a
multiple of 4, then it can be readily shown that kg in (4.3) is equal to (M + N)/2—1.

In the time domain, (4.3) can be expressed as
Hg=m (4.4)
where

H=2{b+ by by+bpy - b+ by ]
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B=[by by by
[ R(1)  K(0) 0 e e 0
h(3) h(2) h(1)  A(0) --- O

h(N-=1) R(N-2) .. e 0
0 0 h(N—1)
o : P
g =1[g(0)g(1) --- g(M/2-1)]*

m=[0--01]eR™M"x

{#(n), for n =0, ..., N —1} is the impulse response of filter Hy, and {g(n), for
n=0, -, M/2—1} is the first half of the impulse response of filker Gy In our
approach, Hp is first designed by a conventional FIR filter design method; then the
entries of g are obtained by solving the linear system of equations in (4.4), where
we have (M 4+ N)/4 equations and M/2 unknowns, This leads to the number of
degrees of freedom

M M+N_M-N

= —_— = 4.5
Ja 5 1 y (4.5)

4.2.2 Null-Space Projection Approach
As is well known, the general solution of (4.4) is given by
g=Hm+{~HH) {4.6)

where HY is the Moore-Penrose psendo-inverse of H, and ¢ is an arbitrary colnrarn
vector, Note that

H(I--HH)¢p=0
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i.e., the second term on the right side of (4.6) represents a vector in the null space of
H. In other words, (I — HTH)¢ projects an arbitrary vector ¢ onto the null space

of H. Let
ol 0 ... 0

H=U : PvE (4.7)
O 0 .- 0
be the singular value decomposition (SVD) of H. It can be shown that g in (4.6)

can be written as

g=S.+ V¢ (4.8)
where
S.=H'm
ot T
O'Tv_llﬂ 7
=V A Ul'm
0 e
0 vee 0 ]
V= lvagug oo vyl

& = [ S [1
viyfor i = (M4 N)/A+1, ..., M/2is the ith column of matrix V, and ¢ contains
Ja Tree parameters, On comparing (4.8) with (4.6), it is observed that the last fy
column vectors of V* constitute a basis of the null space of Hj hence the problem
of designing Gy amounts to finding an optimal ¢~ such that the combination of the

cobimmn veetors of V=, V¢, leads to the minimum of

1= [ MEw) do

wa
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= (Sc+ V¢ Q(S. + V*o) (4.9)
where w; is the stopband edge of Gy,

My(w) = 2 g c(w)

M- o
c{w) = [ cos( g—w) cos(;;-w) &
7r tsal
Q=4 | c(w)ew) dw
We
and the (4, 7)th entry of Q is given by
T—Wy— L gin aiwy 9 == J

ay
Gij = 2
.—;;Ll 8in ¢y w, — ;‘;sin agwy i j
withi, j= 1, ..., M/2, 0, =i+j—N—1,and ay = i~j. By imposing s W=,

the minimum point can be obtained as
bo = —(V*TQV")~'V*1Qs, (4.10)
and the coeflicients of Gy can be obtained as
g8 =5.+ V¢, (4.11)

The design procedure can now be summarized as follows:

Algorithm 4.1
Step 1 Usc a conventional method to design a lincar phase, lowpass, IR filter

Ho whose length is N,

Step 2 Form matrices L and m in (4.4),

Step 3 Obtain the SVD of H as in (4.7), and caleulate S, and Q in (4.8) and
(4.9), tespectively,

Step 4  Obtain ¢, using (4.10) and g* using (4.11).
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4.2.3 Design Examples

We now present two design examples to illustrate the proposed algorithms. The
related computer programs were written in MATLAB and run on a Sun SPARC
station. The first example is referred as Example 4.1, and the design specifications
are N = 16, M = 24. The analysis lowpass filter Hy was first designed by the window
method with passband and stopband edges 0.447 and 0.67 rad/s, respectively. The

performance of the filter bank obtained is evaluated in terms of

’

PRI = max 20 log o [ | Ho(c™) () — Ho(/“M)Gy(elM)|] |

and SNR. The results obtained are listed in Table 4.1, and the amplitude responses
of the analysis lowpass and highpass filters are depicted in Fig. 4.1 (a) and Fig. 4.1

(b) shows that of the obtained filter bank.

Table 4.1: Performance evaluations of filter banks for Examples 4.1 and 4.2,

lq | PRE (dB) | SNR, (dB)
Fixample 4.1 | 19 | 3.02x10~13 | 271.52
Example 4.2 | 25 | 1,28%10~ | 302.99

The second example is referred as Example 4.2 and the design specifications are
N =20, M = 32. The analysis lowpass filter Hy was first designed by the window
method with passbanid and stopband edges 0,447 and 0.617 rad/s, respectively, The
resulbs obtained are given in Table 4.1, and the amplitude responses of the analysis
lowpass and highpass filters are depicted in Fig, 4.2 (a) and Fig, 4.2 (b) shows that

of the filter bank.

The performance of the obtained filter banks can also be checked by observing
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Table 4.2: Outputs of the filter banks of Examples 4.1 and 4,2 with a ramp input.

Example 4.1 Example 4.2

n a(n) E(n +19) 2( +25)

0 || 1.0000000000000 | 1.0000000000000 | 1.0000000000000
L || 2.0000000000000 | 2.0000000000000 | 2.0000000000000
2 | $.0000000000000 { 3.0000000000000 | 3.0000000000000
3 || 4.0000000000000 | 4.0000000000000 | 4.0000000000000
4 1 5.0000000000000 | 5.0000000000000 [ 5.0000000000000
5 | 6.0000000000000 | 6.6000000000000 { 6.0000000060000
6 )| 7.0000000000000 | 7.0000000000001 | 7.0000000000000
7 || 8.0000000000000 | 8.0000000000001 | 8.0000600000000
S if  9.000000C000000 | 9.000000000000L { 9.0000000000000
9 || 10.0000000000000 | 10.0000000000001 | 10.0000000000000

~1
-~

the output when the input is a ramp signal. As shown in Table 4.2 where 2(n) and
&(n) are input and output, respectively, for both examples the reconstructed signals
were exactly the sarne as the input signal to within at least 12 significant digits alter

the decimal point.

4.3 Design of Low-Delay QMF Banks

4.3.1 Problem Formulation

The assumption of lincar phase responses for Hg and Gy leads to fixed system delay
(M + N)/2 -- 1, which is somesimes undesirable in applications where the orders of

the filters are high, 1f the assumption on symmetry of the coeflicients in Ily(z} and
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Go(#) is removed, then it is possible to design a filter bank with low reconstruction
delay. We assume that the desired reconstruction delay k; is an odd integer. The

perfect reconstruction condition expressed in (4.3) can be written in the time-domain

as
Hpgr =my (4.12)
where
[ ]
h(1) h(0) 0 e e 0
h(3) h(2) h(l)  R(O) - 0
Hp =2 h(N-1) H(N=2) ... 0
0 0 h(N-1) -
0 RN —1) h(N —2)_

gL=[§&DgU)~'gM1—1)V

mg=[0--010-.- 0] e R¥*F-1x

where the [(kg+1)/2]th entry of my, is unity. A lowpass FIR filter Hy is first designed
with group delay k4 < (N —1)/2 and then gy, is obtained by solving (4.12). In
(4.12) there are (M + N)/2 — 1 equations and M unknowns, Hence the number of

degrees of freedom in the design is

M ~
h=M—~%ﬂ+1=M2N

+1 (4.13)
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4.3.2 Null-Space Projection Approach

As in the design of linear phase QMF banks described in the preceding section, the

general solution of (4.12) is given by
g =Him; + (1-HH)¢,
By applying SVD on H as

o1 g -+ 0

f . . T
HL = UL *. : : VL

TMen_ 0 -0

It can be shown that gz in (4.14) can be written as
8L = Ser + V;,q-";,
where

ScL = HEmL

i .
a{'l
-1
o .
=V, B UTm,
0 0
0 - 0 |

Vi=[vags - vy ]

6L =6+ By, !

(4.14)

(4.15)

(4.16)

Vi, for i = (M + N)/2, ..., M, is the ith column of matrix Vi, and ¢, is an

arbitrary vector of dimension (M — N)/2 + 1.
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The coeflicients of the transfer function constitute vector gz given by (4.16)

where parameter vector ¢ is determined Ly minimizing the objective function

B = [ [Go(e®) — ek do+ [ Gol)f? o

= ¢ (VL TQuVL )41 +2¢1 T (Vi " QuSer — Vi 1)

+ wp +87,QrSer (4.17)
where
[ THwp—ws  P(wp,ws 1) -+ zp(w,,,ws,N—l)-
(W, ws, 1) THwp—ws
Q=
¥ (wp, ws, N—1) T+ Wy —Ws

PY(wp, ws, k) = 1 (sin kw, — sin kw;)

k

Wp N
d; = Re / cp(w)e™ e dw
0

[ ﬁz- sin kgatwyp
k_azL:I sin(kqz — 1)w,

] __—kdz—1N+l sin(kay — N + 1)w, |
wp and w, are the passhand and stopband edges of Gy, respectively, ks = kg — kg

is the group delay of Go. Obviously, the mirimum point can be obtained as
¢2 opt = "(Vi TQLVZ)_l ' (V;, TQLSCL - VZ TdL) (418)
and the coefficients of Gg are given by

8L = Ser + Vi9L oy (4.19)
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The design procedure can now be summarized as follows:

Algorithm 4.2

Step 1 Use a least-squares approach to design a lowpass, FIR filter Hp whose
length is N and group delay is kg < ky.

Step 2 Form matrices Hy, and my, in (4.12).

Step 83 Obtain the SVD of Hy, as in (4.15), and calculate S.f, and Qy, in (4.16)
and (4.17), respectively.

Step 4 Obtain ¢}, using (4.18) and g} using (4.19).

4.3.3 Design Examples

The proposed algorithm is demonstrated by two design examples. The design spec-
ifications for Example 4.3 were N =20, M = 24, k; = 9, ky; = kgo = 4.5 and those
for Example 4.4 were N = 26, M = 34, ky = 15, ky, = kyy = 7.5. The petiormance
of the filter banks obtained was evaluated in terms of the paramecters defined in
Sec. 4.2.3 and the results are listed in Table 4.3. For Example 4.3 the amplitude re-
sponses of the obtained analysis lowpass and highpass filfers and the obtained filter
bank are depicted in Fig. 4.3 (a) and (b), respectively; Fig. 4.3 (¢) and (d) shows
plots of the group delays characteristic of the obtained filters as well as filter hank.
Fig. 4.4 depicts the results for Example 4.4. As can be obscrved from the plots,
the obtained analysis lowpass and highpass {ilters have approximately lincar phase
responses in their respective passbands, while the obtained filter bank has exactly
linear phase response and unity amplitude response in the entive baschand, which
is due to the fact that the periect reconstruction condition was exactly satisfied in
the design.

The performance of the obtained filter banks can also be checked by observing the

output when the input is a ramp signal. As shown in Table 4.4, for both ¢xamples
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Figure 4.3: Example 4.3 (a) Amplitude responses of the analysis lowpass and high-

pass filters. (b) Amplitude responsc of the obtained filter bank. (¢) Group delay of
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Table 4.3: Performance evaluations of filter banks for Examples 4.3 and 4.4.

ks | PRE (dB) | SNR, (dB)
Example 4.3 | 9 | 7.81x10~! 304.02
Example 4.4 || 15 | 1.56x10713 292.31

the reconstructed signals were exactly the same as the input signal to within 13

significant digits after the decimal point.

4.4 Conclusion

A null-space projection approach has been proposed for the design of two-channel
linear phase perfect reconstruction QMF banks. In this approach the analysis low-
pass filter is first designed by a conventional method and then the synthesis lowpass
filter is obtained by selving a constrained optimization problem by the null-space
project method. Later this approach has been extended to the design of low-delay
perfect reconstruction QMF banks. From the design examples it can be seen that
the proposed method leads to filter banks with perfect reconstruction in both the

linear phase and the low-delay rases.
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Table 4.4: Outputs of the filter banks of Examples 4.3 and 4.4 with a ramp input,

Example 4.3 Exarnple 4.4

n z(n) E(n+9) &(n + 15)

0 || 1.00000060000000 | 1.0000000000000 | 1.0000000000000
1 || 2.0000000060000 { 2.07°00000900000 | 2.0090000000000
2 || 3.0000000000000 | 3.0000000000000 { 3.0000000000000
3 || 4.0000000060000 | 4.0600000000000 { 4.0000000000000
4 || 5.0000000000000 | 5.0000000000000 | 5.0000000000000
5 {| 6.0000000000000 | 6.0000000000000 | 6.0000000000000
6 | 7.0000000000000 | 7.0000000000000 | 7.0000000000000
7 || 8.0600000000000 | €.0000000000000 | 8.0000000000000
8 {| 9.0000000000000 | 9.0000000000000 [ 9.0000000000000
9 || 10.0000000000000 | 10.0000090000000 | 10.0000000000000
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Design of Multi-Channel
Cosine-Modulated QMF Banks

5.1 Introduction

Among the various multi-channel filter banks, the cosine-modulated QMF bank has

two advantages:

1. The analysis and synthes’s filters are all obtained from a prototype filter and,
consequently, only the prototype filter needs to be designed. This results in

high design efficiency.

2. There are polyphase structures which make the implementation of the filter

bank very efficient.

Multi-channel cosine-modulated QMF banks can be categorized into two groups,
near-perfect and perfect reconstruction banks.

To date, many approaches have been proposed for the design of mulii-channcl
cosine-modulated QMF banks. In [26] [28] [29] [30] [33] [37], filter banks with near-
perfect reconstruction are considered. In [31] [32], methods for the design of perfect

reconstruction filter banks ar.: proposed. With the exception of the method in [30],

86
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these aporoaches use standard constrained or unconstrained optimization techniques
to obtaiu the design, which are in general quite time consuming.

In this chapter, we propose a new optimization algorithm in which, iustead of
being minimized directly, the objective function is converted into a quadratic func-
tion of the filter coeflicients whose minimum point can be obtained analytically.
Then a linear formula is adopted to upate the coeflicient vector and the proce-
dure is repeated until a termination criterion is met. The approach reduces the
computational complexity significantly and leads to filter banks with high stopband
attenuation and low aliasing and amplitude distortions.

Most cosine-modulated QMF banks investigated so far have reconstruction de-
lays of N—1 where N is the filter length. When the filter length is high, which is very
common in multi-channel filter bank designs, the reconstruction delay will be long,
which is undesirable for real-time applications. In [37] some preliminary vesults have
been given through a design example on low-delay cosine-modulated QME banks.
In [36], a class of cosine-modulated filter bank was proposed whose reconstruction
delay can take several values. Ir this chapter, a general cosine-modulated QM
bank is considered in which no constraint is imposed on the filter length N and
the reconstruction delay ky. By leting kg < N — 1, a low-delay cosine-modulated
QMF bank can be obtained. The iterative algorithm propesed is then applied for
the design of low-delay filter banks with necar-perfect reconstruction, Several de-
sign examples arc included to demonstrate the proposed algorithms. In addition,

performance comparisons with several other existing designs are provided,
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Figure 5.1: M-channel filter bank.

5.2 Conventional Cosine-Modulated QMF Bank

5.2.1 Review

In the M-channel filter bank shown in Fig. 5.1, the reconstructed signal is given by
[29]

l M-1 M-1

Z Fi(z) 3 Hi( W) X(Wi,z2)
=0
= A{j Ti(2)X(Wir2) (5.1)

=0

where

Wy = e—27rj/l\/1

Z Fk HL I/VMZ)

!
In order to cancel aliasing and achieve the perfect reconstruction, it is required that
Ti(z) =0 for l=1,2,...,M 1 (5.2a)

To(2) = 27 kq is an integer (5.2b)
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In a cosine-modu* s#2d (MF bauk, the transfer functions of the analysis and
synthesis flters, Hy(.. ) wd Fp(z) for k=0, 1, ..., M—1, respectively, are obtained
by modulating the transfer function P(z) of a prototype lincar phase lowpass FIR

filter P with bandwidth #/(2M), i.e.,

Hi(2) = aree P(eWSET) 4 asep P(eWa ) (5.3a)
Fi(2) = alen PEWE) 4 ape PeWitH ) (5.3b)

N—=1 .
for 0 < k< M — 1, where a; = &%, ¢, = W(H' W) , Wopr = ¢~ and N is
the filter length of P. The superscript # denotes the complex conjugate operation.
It follows that the impulse responses of the analysis and synthesis filters Hy and ¥y

are given by

hi(n) = 2p(n) cos [(QA + l) ( N; 1) + 0;;] (h.4a)
Jo(m) = 2ptm)con (28 + 1) (o iv_;—]) -0 (4D}

for0<n < N-1land 0 <k < M~—1, respectively, and p(n) is the impulse vesponse
of the prototype filter £. From (5.3) and (5.4), the analysis and synthesis filters are

related by
Je(n) = he(N —~1—n)
Fi(2) = 2 W= [ (z)

where Hy(2) = Hji(z=) for k=0, .... M — 1. As shown in [29], 0 can be chosen

as
0};+1 = 0}; + 123'_ for 0 __<, k < M -1 (5.5)

in order to cancel significant aliasing terms, In order to assure a relatively flat overall
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amplitude response, it is required that

T r
s mm .
0}\{_1 = 4 (Z + '2—> (5.0._))

where ! and m are integers. A good choice for 0 that satisfies (5.5) and (5.8) is
O = (2k + 1) /4 for 0<k<M-—1 (8.7)

Under these circumstance, the overall transfer function becomes

1 M-1
To(2) = 57 22 Hi(z;x3(2)
k=0

2=~ (N=1) M=1 .

= 7 ;}Hk\Z)Hk(z)

and hence
—jw(N=1) M=1 .
T e o5
=0

(&

To(cjw) =

Note that (5.8) is derived on the basis of the assumption in (5.22) and Lence it
represents the overall frequency response of the filter bank exactly only if the aliasing
components are cxactly zero. From (5.8) it follows that the filtar bank has a linear
phase response, which leads to a reconstructed signal with no phase distortion, If
the amplitude distortion introdaced by the filter bank is eliminated as well, i.e.,
M~1
> [ Hy(¢) =1 (5.9)
(=0

for 0 £ w £, then perfect reconstruction will be achieved and the reconstruction

delay will be N — 1 sampling periods.
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5.2.2 New Iterative Method

It can be shown that |Tp(e™)| has a period of 7/M and if the prototype [ilter P has
a large stophand attenuation, (5.8) can be approximately expressed by

—jw(N=-1)

To(ei) m S [u>(ef(w-%’f"ff»‘z’)12+|1’(c"(‘”‘“f—‘1u‘?3‘7’)12] (5.10)

for w in the range of (k+ })m/M < w < (k+ 3)w/M [29]. Note that the quan-
tity in the squave brackets of (5.10) is a frequency-shifted version of |P(ed)[? +
|P(e’“=))|? and, therefore, if this term can be made constant over [0, x/A],
|To(e™)| will be constant for all frequencies, that is, amplitude distortion is elimi-
nated. Hence the desig.. problem can be reduced to the problem of minimizing the
objective function
E=E + «aF, (5.11a)
where
E, = /O”/M [[P(ej“’)l2 + | P )2 — 1]2 dw (5.110)

deals with the amplitude distortion of the overall transfer function 7y( ),
- " 4
E, =/ |P(es)|* dw (5.11¢)
Ws

deals with the stopband attenuation of the prototype filter P, where w, = m/(2M )+
€, and € is a positive constant which depends on the required transition width.
Parameter a is a positive weight. Since filter P is a lincar phase lowpass filter with
a symmetrical impulse response, when N is even, its frequency response can he

expressed as [55)]

P(e) = M(w)e~#N-112 (5.12a)

M,(w) = 2 pTe(w) (5.12h)
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where c(w) = [ cos(E=tw) -+ cos(3w) 1, and p = [ p(0) p(1) --- p(& —1) 7.

Therefore, E; and E; in (0.11) can be rewritten as

i /M AL2 2 7 2 dw
m= [Mp(w)+Mp(w——ﬁ)—-1]

E, = i Mz(w) dw

Minimizing E in (5.11a) by using a standard optimization method tends to be time-
consuming since the objective function is highly nonlinear. Instead of minimizing
function E directly, we adopt an iterative procedure in which the objective function

in (5.11a) is modified to

E' = E{ + aF, (5.13a)
where
2= Y M) Myw)+ M, ( -=) M, (w - ) - 1]2 (5.13b)
0<w<n /M M M
Ey = /1r M} (w) dw
= 4q" [/W c(w)cT(w)dw] q
= qTUsq (513(,)
and

Q) = My(w)emitV=1/2

My(w) =2 qTe(w)

where q = [¢(0) g(1) -+ q(§—1)]7. Q(e™) is the frequency response of a lowpass
lincar phase FIR filter Q witL a passband width =/(2M).
At the beginning of the ‘terative procedure, filter P is first designed using one of

the conventional methods such as the window method, Remez exchange algorithm
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[55], etc. The summation in (5.13b) is carried out over a set of sampling points
Q) ={wp =0, wpa, ..., wpr =7/M }. Then E' in (5.13a) can be formulated as a

quadratic function of q given by
E' = (Uq - d)"(Uq — d) + o(q" U,q) (5.14)
where d is a column vector with each entry being a 1, and

m ™

U =H(Q,)U,(9Q,)+H (n,, - Yv7> U. <n,, - zTi) (5.150)

H() = diag[M,(wp1), Mp(wp2), - .., My(wer)] (5.15D)
[ cos (N —Dwp1/2 -+ coswy /2 ]

cos(V — Dwye/2 -+ coswyy/2
U (92,) = 2 o .)”2/ _”"‘/ (5.15¢)

| cos (N — Dwpr /2 +-+ coswp/2 |

The (4, 7)th entry of U is given by

(s) _ " . N -1 . ; N —1
uij)"4 w’cos[<z——1—— 3 >UJ]COS[(]—-,[-— 5 w| dw

m—w, _ sinf(2{—N—~1)w,] for i —-j
i~N—1 =
=4.) ° 2(2i~N-1) 5150
in[(i-g)w, inf(i45—N—~1)w,] . .
; llz(zj-Ji)w] =* £(£+Jj_N_,,)w forisj

fori,j=1, 2, ..., N/2.

Since UTU + aUs; is positive definite, £ has a global minimum point af
q=(UTU + oU,)"! . (UTd) (5.16)
Having obtained q, a linear formula is used to update p as
p=(1-7)p+71q (5.17)

where 7, 0 < 7 < 1, is a smoothing parameter. The above process is repeated until

|| P —q ||z is less than a specified tolerance.
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The iterative algorithm can now be summarized in terms of the following steps:

Algorithm 5.1

Step 1 Use a conve:tional method to design a linear phase, lowpass, FIR filter of
length N with a bandwidth of n/(2M). Then use the coefficient vector of
the filter obtained to initialize p.

Step 2 Use (5.15d) to compute matrix U,.

Step 3 Form matrix U and vector q by using (5.15a) and (5.16), respectively.

Step 4 If || p—q || < ¢, where € is a prescribed tolerance, output p as the design
result and stop; otherwise update p using (5.17) with 7 in the range 0 < 7 <

1, say 7 = 0.5, and repeat from Step 3.

In the above analysis, N is assumed to be even. If N is odd, the frequency

response of P can still be expressed as in (5.12a) with
Mpy(w) = PTC(W)

where c(w) = [ cos(N ~1)w/2 cos(N —3)w/2 -+ cosw 1%, p=[2p(0) 2p(1) ---
277(”—{—’) p(2L) 17, and Algorithm 5.1 is valid if (5.15¢) and (5.15d) are modified

as
[ cos (N =1Dwu /2 - coswy 1 ]
cos (N — Lwpa/2 -+ coswy 1
U(R,) = ( _ o/ e (5.18a)
| cos (N = Dwpi/2 - coswp 1 |
T — Wy for ¢ = j = N‘éﬂ
uff = § - mEEERT feri=i<EE (sasy)
inf(i=jws] _ sinf(i4j=N=tlw] g o 4
k s"l;!(‘j.i')wj _ snn£((1i+]j_N_1))w ] for 1 # j

fori,j=1,2, ..., (N+1)/2, respectively.
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Although a rigorous pruof of the algorithm’s convergence is not available at this
time, the algorithm was found to always converge in a large set of designs when the
initial point is obtained as in step 1. Moreover, the algorithm converges faster if 7

is chosen to be in the vicinity of 0.5.

5.3 Low-Delay Cosine-Modulated QMF Bank

5.3.1 A General Cosine-Modulated QMF Bank

The reconstruction delay of the cosine-modulated QMF bank described in Sec. 5.2
(referred to as the conventional cosine-modulated QMF banks henceforth) is N — 1
sampling periods, where NV is the filter length. When the number of channels M
increases in a filter bank, the bandwidth of each filter decreases and, as a result,
high-order filters are required to achieve the narrow passband. Conscquently, the
filter banks designed have long reconstruction delays, which are highly undesirable in
some applications. In this section we proposed a method for the design of low-delay
cosine-modulated QMF banks.

Consider a prototype FIR lowpass filter Py, of length N with an asymmetrical
impulse response, a bandwidth of 7/(2M), and a phase response which is approxi-

mately linear. Its frequency response can be expressed as
Pr(e™) = | Pp(e/)] ¢iwkal? (5.19)

and hence the group delay of the filter is ky/2 where ky £ N — . The transfer
functions of the analysis and synthesis filters, H(z) and Fy(z), are related to the

transfer function Pr(2) of the prototype lowpass filter Py, as

Hy(2) = e/ PL(WEFD2) 4 em3% Py (WD ) (5.20a)
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Fi(z) = e PL(WSTD 2) 4 ek PL(WoE ) 5) (5.20b)
for 0 <k < M—1, where

$r = (M — ka)(2k + )7 /(4M)

Pr = (—M — kq)(2k + 1)7/(4M)

From (5.1) and (5.20), the aliasing terms in the reconstructed signal can be written

as
1A ) (2i+k+1/2) (k+1/2)
Ti(=2) = M Z e’ TR P (W 2)PL(Wyr '72)
) k:U

Feite—te) p (WRHERLD) )y pr (7= (E+1/2) 5
+e_j(¢""1/'k)PL(Wz(i,}-k_llz)z)PL(Wz(ffl/z)z)
+e—j(‘f’k+¢’k)PL(Wgﬁ—k_l/g)z)PI (W;A(lkﬂ/?)z) (5.21)
for 1 <1< M — 1. If we assume that the stopband attenuation of filter Py, is high
enough so that the overlap among non-adjacent channel filters can be neglected, the
only none-zcro terms in (5.21) occur when k= M — 1, k= M — | — 1 in the second
term, and k =, k = —1 in the third term, and hence
Ti(z) = % {PL(__WS‘PN)Z)PL(_M/?(]l\;lﬂ)z) [ej(¢nf—1—1l'1v!—l) + e.’i(‘ﬁM—-l-—l“'wM—-l—l)‘j

+PL(‘VSVTI/Q)Z)PL(‘VQ(,{VTI/Q)z) [e—j(dw,—z/;,) + e—j(¢l—1-¢4—x)]} (5.22)
Substituting ¢ and 4 into (5.22), it can be shown that
Ti(z) =0 for1<I<M~1

which implics that the aliasing terms are cancelled.
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Under the assumption that the aliasing components are completely cancelled,

the overall frequency response now is expressed as

. 1 M-1 . . .
o) = 4 2 HlE)F)
b=0

1 M= K1/2) 0 ) 12 rvepmlbb /2]
i kz(:) e’(""k”’k)PLz(VI@(M 1/2) i )+e a(¢k+dk)p]j(]4/2A§!k H/2)c.1w)

(5.23)

Substituting (5.19) into (5.23) and considering w in the range of [~n/(2M), 7 /(2M)],

we have
—Jkgw

M
As in the design of conventional cosine-modulated QMF banks, if | P (e/(v=28))[2 4

| P (e?+357))|2 is made sufficiently flat over [~m/(2M), = /(2M)], [To(e?)| will be

To(e) m S | Po(ef 30 P 4 [Py (f 2T ] (5.24)

flat for all frequencies. The perfect-reconstruction condition can be approximated

by minimizing the error component

=/ (2M) , s
By = / |MTy(ef) — e=ka|2 g
-7/ (2M)

7/ (2M) ” , 3 ‘ , " , 2
— L —Jkqw A odw—57) Y |2 Jwt T2 . —dkaw
= [ e (e ety o
M . . _ "
= /W g dkaw [lPL(e’“’)l2 + “')L(@J(w-ﬁ))lg] - c‘”k““’lzdw
0
/M

— | PL(ejw)'ze—jkdw + e~ kar/M | pb(ei(w-,—{',-))ﬁc—-a'ka(w—i%) —- c“jk¢1W|2 dw

[¢]
M . Foe s " , 2
= f P () + e~ dkam/M ply gilo=37)) e"""“’l dw (5.25a)
0
Since the phase response of Py is only approximately lincar, both the phase and
amplitude responses must be optimized and hence the above objective function
includes both phase and magnicude error components. By also considering the

stopband attenuation of filter Py, the error component

Epy = /w " 1Pu(e) P (5.25h)
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can be formed. A suitable objective function can now be constructed as
E[, = EL1 + HELQ (526)

where a is a positive constant. To achieve the required design, the objective function
in (5.26) is minimized with respect to the coefficients of Pp,.
Having the coelficients of Py, the impulse responses of the analysis filters Hy and

the synthesis filters Fy can be obtained from (5.20) as

k
hie(n) = 2pr(n) cos [(Qk + J)j?,j_]:i (n - —5) + Ok] (5.27a)
Sr(n) = 2pr(n) cos |(2k + 1)__7r n— ka) _ 0 (5.27h)
R = EpLim ¢ oM \" " 2) -

for0<n<N-—1land 0 <k < M-—1, where 0 = (2k + 1)r/4 and py(n) is the
impulse response of the prototype filter Py.

On comparing (5.27) with (5.4), we observe that the design method proposed
in Sec. 5.3 is a general version of the method of Sec. 5.2 which includes the latter
design as the particular case when filter Py, has a symmetrical impulse response and
ke = N — 1. 1t should also be emphasized that no constraint has been imposed on
the filter length NV and the reconstruction delay ky of the cosine-modulated QMF

bank in (5.27).

5.3.2 Design Method

Instead of minimizing the highly nonlinear objective function in (5.26) directly, an
iterative procedure similar to that of Sec. 5.2.2 can be used in which the objective
function is modified as

Bl = By + aBp, (5.28a)
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where

B= 5 |Pule)Qu(e) + himlM py (el )y (ol - omibas]

OSWSW/J“I
(5.28D)
T R s
Biy = [ 1Qu(e™)fdo (5.258¢)
Ws

Qr is a lowpass FIR filter with a bandwidth /(2M) and the frequency responses

of Py, and Qp, can be expressed as

PL(ij) = PfCL(w)
Qu(e™) = ajep(w)

where cp(w) = [1 e™... e dV=-0 1T b/ = [ p(0) p(1) -+ p(¥ -~ 1) ]* and
qar = [ q(0) ¢(1) --- g(N — 1) ]* are the coefficient vectors of filters Py, and Qy,
respectively.

We begin the iterative procedure by designing a filter Py, with group delay ke/2 <
(N —1)/2 using a least-squares design approach similar to that in [82] and write /2],
in (5.28a) as

B} = (Uq, — d)*(Uq, — dy) + aq)/ U,q, (5.29)
where dy = [em/Wmbd g=iwmba ... e=dwpkkd)T and superscript H denotes complex

conjugate transposition. In this case, we have

. , 7“' 'n' .
U = H(R,)U,(,) + ¢ #r/MH (np - Xi> U (n,, - 7‘7) (5.300)
H(£,) = diag[P(e™), Pu(e™), ..., Pu(e™r)] (5.30h)
[1 emdwm ... gmiwm(N-1) ]

| i ... gmiua(N-1)

U()=| . _ (5.30¢)

1 e ek ... e—dwp(N-1)
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Uy = Re /7r cr(w)el (w) dw

Uy

[ T — Wy —sinw, —isin2w, - —ggsin(N — Lw,
— sinw, T —Ws —SiNwWws - ——Nljz—sin (N — 2)w,
_.—.N—]—'-TSIH(N—I)LOJ vo e e T — W, '
(5.30d)

As E! in (5.29) is a quadratic function in q; with [Re (U#U) + aUj] > 0, it has

the unique global minimum point given by
qr = [Re (UMU) + oU,)™ - Re (UHd)) (5.31)

where Re [-] is the real part of [-]. Having obtained qg, a linear foimula is used to
update pg, as

ps:= (1= 7)pr + Tqr (5.32)

The procedure is vepeated until || pr, — qr |]2 is less than a prescribed tolerance.
The iterative algorithmn for the design of cosine-modulated QMF banks with low re-
construction delays can now be summarized in terms of the following simple steps:
Algorithm 5.2
Step 1 Use a least-squares approach to design a lowpass, FIR filter of length NV with
stopband edge wy and group delay ky/2, and use the coeflicient vector of the
filter obtained to initialize pg.
Step 2 Use (5.30d) to compute matrix U,
Step 8 Form matrix U and vector q, by (5.30a) and (5.31), respectively.
Step 4 If || pL —qs ||z < ¢ where € is a prescribed tolerance, output py as the
desired result and stop; otherwise, update py using (5.32) with 7 in the

range 0 < 7 < 1, say 7= 0.5, and repcat from Step 3.
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In our experiments we noticed that some undesirable artilacts can sometimes
occur in the amplitude responses of the analysis and synthesis filter when the re-
construction delay is low. Such artifacts have been observed by other rescarchers as
well when designing low-delay two-channel filter banks [34][35] and multi-channel
cosine-modulated filter banks [37][36]. In the multi-channel case, artifacts can occur
in the transition band when the group delay is low if there is no constraint on the
transition band of the prototype filter Py. These artifacts then lead o artifacts in
the amplitude responses of the analysis and synthesis filters. An effective treatment
of this problem is to modify the objective function in (5.28a) to include an additional

term oy Efg, lee.,

E, =El +aF, +a B, (5.33)
where
/ wea jw —ikqw/2(2 .
Bl = a1/ |QL(e™) — e™I"I2) dw (5.34)
wti

and [wyy, wig] is an interval in the transition region where the artifacts occur. It can

be readily shown that the objective function in (5.33) can be written ag

E}, = (Uqy, — d)?(Uq,, — di) + aq U,q,,

+a1(q; Uaq — 2b qp, + wiz — wyy) (5.35)

where U and U, are given by (5.30a) and (5.30d), respectively , and

Wz — Wy ¢(wl21 Wety l) v (/)((AJLQ, Wiy, N - I)
Wiz, Wy, 1 wyg = Wy
Ua — ¢( ? ) )
G(wiay Wi, N —1) Wiy~ Wy ]

[sin kwyy — sin kwy]

¢(w¢2, Wiy, k) =

?“l?—‘r
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_ wez Fgw/2
b = Re -/u./u cp(w)e™ ¥l dw
) () |

i fin (5= )] = in (5 = )]}

et (5 = N+ 1) ] —in (5 -+ 1) ]}

The global minimum point of £}, in each step of the iterative algorithm can now be

obtained as
qr, = [Re (UTU) + aUy + U] ™" - [Re (UfdL) 4 aib] (5.36)

The proposcd low-delay cosine-modulated QMF bank can be implemented by
the efficient polyphase implementation using discrete Fourier transform (DFT) as
described in [37]. The numbers of multiplications and additions per output are
comparable with those required by the cosine-modulated filter bank in [32], which

is based on the extended lapped transformation.

5.4 Design Examples

In this scction, we present results obtained by applying the iterative design alpo-
rithms described in Secs. 5.2 and 5.3 to several examples. All the designs were carried
out by running MATLAB programs on a Sun SPARC workstation. The performance
of the filter banks designed was evaluated in icrms of computational effi¢'ency, re-
construction error, and implementation considerations. The performance evaluation

parameters are: NI, MFLOPS and SNR as defined in Scc. 2.2.3, and
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o Maximum reconstruction error

Ey = max| {I MTo(e?*)] - l]{

¢ Aliasing error

E, = max B(w)
w

where

1 A —1 t/2
) = 37 {Z i) }

M-1
Ti(ei™) Z Hi(@=5D) 1)

o Number of multiplications per output in the implementation (MPU) [37]

MPU = 12 + 2N/M + 4log,(2M)

o Number of additions per output in the implementation (APU) [37]

APU =4 + 2N/ M + 4 log,(2M)

5.4.1 Conventional Filter Banks

Algorithm 5.1 has been used to design two cosine-modulated QMFE Lank, as follows:
Example 5 1: In this example, a four-band cosine-modulated QMI® hank satis-
fying the specifications
M =4, N=112, a =200, w, = 021097, 7= 0.5, ¢ = 10~

was designed. The initial point of p in Step | of Algorithm 5,1 was the coellicient
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Figure 5.2: Example 5.1 (a) Amplitude response of the prototype filter. (b) Ampli-

tude responses of the analysis filters.

vector of a lowpass FIR filter designed by using the window method. The sampling
grid contained 200 sampling points. The results obtained are summarized in Table
5.1. Fig. 5.2(a) and () shows the amplitude responses of the prototype filter and
the analysis filters, respectively. To demonstrate the design efficiency of the iter-
ative algorithm, the quasi-Newton method using the BFGS formula for updating
the approximation of the inverse Hessian matrix of the objective function [57] was
used to design the same filter bank with the same initial point and sampling points.
The quasi-Newton method completed the design with about 502 MFLOPS which is
almost 60 times that used by the iterative algorithm.

Example 5.2: A 16-channel cosine-modulated QMF bank was designed satisfying
the specifications

M =16, N =386, a =100, ws; = 0.05677, 7=0.5, ¢= 10"

The vesults obtained ave listed in Table 5.1. Graphical displays for the filter bank
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‘able 5.1: Results for Examples 5.1 an- 5.2.

Example 5.1 | Example 5.2
NI 12 14
MFLOPS 8.66 219

E, 3.2594 %1076 | 2.7563%x10~6

E, 3.2178%x10°7 | 2.5814 %107

SNR, (dB) 111.5 115.7

MPU 80 82
APU 72 74

in Example 5.2 are shown in Fig. 5.3(a) to (d). Fig. 5.3(a) illustrates the amplitude
responses of the obtained analysis filters. Fig. 5.3(b) shows the overall amplitude
response of the filter bank, i.e., |MTy(e™)], and Fig. 5.3(c) shows the aliasing crror
E(w). Fig. 5.3(d) depicts the spectrums of the input signal and the reconstruction
error. From Table 1 and the figures it can be observed that the iterative algorithm
leads to analysis and synthesis filters with a Ligh stopband attenuation (> —120 dB)
and low overall distortion and aliasing levels (= —100 dB). Such filter specifications
were previously achieved with a constrained optimization method [33]. Using the
algorithm in [33] the reconstruction error K, is of the order of 10~ while in our
approach it is of the order of 1076, However, since the aliasing crrors J4, achieved
by both algorithms are of the order of 1676 (=120 dB), in both cases the output
signals &(n) approximate the input signals z:(n) with about —100 dB reconstruction
error. This is evident from the gap between the spectrums of the input and the

reconstructed error signals as depicted in Fig, 5.3(d).
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Figure 5.3: Example 5.2 (a) Amplitude responses of the analysis filters. (b) Ampli-

tude response of the filter bank. (c) Plot of the aliasing error E(w). (d) Spectrums

of the input signal and the reconstruction error.
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5.4.2 Filter Banks with Low Reconstruction Delays

Algorithm 5.2 has been used to design two low-delay cosine-modulated QME banks.

Table 5.2: Results for Examples 5.3 and 5.4.

Example 5.3 | Example 5.4
kq 55 65
NI 11 13

E, 3.9808%10-5 | 1.8041x101

E, 5.1584%x107¢ | 5.0333x10~°

SNR, (dB) 88.3 82.8

MPU 80 62
APU 72 54

Example 5.3: This example demonstrates that artifacts can occur when designing
alow-delay cosine-modulated QMF bank and that it is possible to reduce them. First
a four-channel filter bank was designed with N = 112, k; = 55, and no constraint
was applied to the transition band of the prototype filter. Fig. 5.4(a) and () shows
the amplitude responses of the prototype filter P, obtained and the analysis filters,
respectively. It can be observed that there is a ‘bump’ in the transition band of
Py, which in turn leads to artifacts in the aniplitude response of cach analysis and
synthesis filter. To reduce the artifacts the modified objective function in (5.33) was
used to design a filter bank satis{ying the specifications

M=4, N=112, ky =55, a =10, ¢q = 1073, w, = 0.20787
7 =0., wy =0.12347, wy = 0.12667, ¢ =103

The results obtained are summarized in Table 5.2. Fig. 5.4(c) and (d) shows the
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amplitude responses of the prototype filter Py, and the analysis filters, respectively.
Comparing them with Figs. 5.4(a) and (b), we note that the artifacts have been
reduced significantly. On cornparing the filter bank designed in this sxample with
that in Example 5.1, we observe that the reconstruction delay in the present design
is only about 50% of that in Example 5.1. However, this low delay is achieved at the
cost of reduced stopband attenuation and SNR ratio. This was found to the case in
a number of designs and in consequence, we believe that the designer can trade off
stopband attenuation and reconstruction error for a lower reconstruction delay.

Example 5.4: In this example an 8-band low-delay cosine-modulated QMF bank
satisfying the the specifications

M =8, N=132, kg=65 a=20, a; =103, w, = 0.13577
7 = 0.5, wy = 0.05617, wp = 0.06097, €¢=10"2

was designed. The results are listed in Table 5.2. Fig. 5.5(a) shows the amplitude
response of the prototype filter and Fig. 5.5(b) shows its group delay in the passband
and transition band. Fig. 5.5(c) and (d) shows the amplitude response of the analysis
filters obtained and the group delay of the filter bank. For comparison, Algorithm
5.1 was used to design a conventional cosine-modulated QMF bank with a filter
length of 66 and a reconstruction delay of 65 sampling periods. The achieved SNR
by this filter bank is 62 dB and the amrplitude response of its prototype filter is
also shown in Fig. 5.5(a). It is observed that with the same reconstruction delay,
the low-delay cosine-modulated QMF bank shows improved performance over the
converitional cosine-modulated QMF bank. From Fig. 5.5(b) it can be noticed that
in the passband of the prototype filter linear phase response is well approximated and
the phase distortion in its stopband can be neglected due to very small amplitude

response. As mentioned in Sec. 5.3, in the low-delay QMF bank proposed both the
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phase distortion and the amplitude distortion are minimized. Fig. 5.5(d) shows that

the phase distortion of the obtained filter bank is small.

5.5 Conclusion

An iterative algorithm for the design of conventional cosine-modulated QMF banks
has been proposed. The algorithm is very efficient and can design filter banks with
high stopband attenuation and low aliasing and amplitude distortions. Although
a rigorous proof on the convergence of the algorithm is not available at this time,
the algorithm converged in all the design examples attempted. A general version
of the algorithm has then been developed, which can be used to design low-delay
cosine-modulated QMF banks. This algorithm is based on a weighted objective
function that depends on the error between the actual frequency response and that
of a linear phase ideal filter. Artifacts that can occur in the amplitude responses
of the analysis a;:d synthesis filters when designing low-delay filter banks can be
reduced significantly by simply adding one more error component to the objective
function. The two algorithms have been illustrated by designing several filter banks
and the designs »,vtained have been compared with corresponding designs obtained

by using some other known methods.
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Improved Designs of 2-D
Nonseparable Filter Banks

6.1 Introduction

Most applications of QMF banks to 2-D signal processing, such as image subband
coding, use separable filters, which can be designed by using 1-D techniques. In this
scheme the frequency spectrum of the signal is split into central lowpass, horizontal
highpass, vertical highpass, and diagonal highpass bands in which the diagonal
highpass band contains a mixture of the two orientations. To avoid this problem, a
nonseparable hexagonal QMF bank based on hexagonal sampling was proposed by
Adelson and Simoncelli [43]. The analysis and synthesis filters in [43] have a similar
structure to 1-D QMF banks and it was shown that aliasing in the system output is
cancelled. The filters in [43] are designed by minimizing an objective function that
deals with the perfect reconstruction condition as well as the intraband aliasing.
In this chapter, we propose an improved method by taking the advantage of the
symmetry properties exhibited by the hexagonal FIR filter, both in the time and

frequency domains. This results in considerable computation reduction and the
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filter banks designed exhibit improved performance. To further increase the design
efficiency, an iterative method similar to that in chapters 2 and 3 is employed in the
design.

One of the important classes of two-dimensional (2-D) filter baniks is the class of
nonseparable diamond-shaped filter banks in which significant horizontal and ver-
tical frequency components are retained while less important diagonal frequency
components are rejected. These filter banks have been applied to image and video
compression in HDTV coding and the results obtained are satisfactory [44][45]. Fx-
isting methods for the design of 2-D nonseparable diamond-shaped filter banks ave
based on the application of transformations to one-dimensional (1-D) prototype
filters [44][46]{47] . In Sec. 6.3, an approach for the design of 2-I) nonscparable
diamond-shaped filter banks is proposed. To achicve perfect reconstruction and in-
traband aliasing minimization, we employ an objective function which is a weighted
sum of two error components. This objective function turns out to be a fourth-order
function of the filter coeflicients and, consequently, its minimization by conventional
optimization techniques would be computationally expensive. In our approach an
iterative linearization technique is introduced which (a) modifies the objective fune-
tion into a quadratic function so that its minimum can be obtained casily, and (b) the
algorithm used to minimize the modified objective function converges rapidly, yield-
ing a local solution of the design problem. The iterative method is first described
in a discretized version and then in an improved version where all the integrals
involved in the design are evaluated exactly. Compared with other existing meth-
ods, the proposed method is a direct 2-D design approach which does not require
transformations. In addition, since a weighting facter is available which provides

effective control on the tradeoff between the degree of perfect reconstruction and
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Figure 6.1: Diagram of a nonseparable hexagonal QMF filter bank.

the quality of the frequency responses of individual fiiters used, the design method

is more flexible.

6.2 Design of Hexagonal QMF Banks

6.2.1 The Hexagonal QMF Banks

In [43], Adelson and Simoncelli proposed a nonseparable hexagoral quadrature mir-
ror filter bank which is based on hexagonal sampling, and showed that the mixed
orientation problem in separable QMF banks can be eliminated by using a nonsep-
arable hexagonal QMF system.

A four-band, nonseparable, hexagonal analysis-synthesis filter bank in two di-
mensions is illustrated in Fig. 6.1. In this realization, fi(w), i = 1, ..., 4 and
Gi(w), i =1, ..., 4 are the transfer functions of the analysis and synthesis filters,
respectively. The input z(n) with index n = [n) n,)7 is 2 2-D digital signal sampled
on a hexagonal sampling lattice, and the filtering and subsampling are accomplished

1

in two dimensions, i.e.,, w = [w) wy]" is a vector, and the subsampling is param-
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eterized by a nonsingular two-by-two subsampling matriz, K, with integer entries,

[ 2 0 } |
K= (6.1)
0 2

which is chosen here as

Based on the scheme in Fig. 6.1, the relation between the input &(n) and the

overall filter bank output £(n) can be derived in the frequency domain as

X(w) =

S

gX (w + ) [)i Gi(w) Fy(w + fcz)] (6.2)

i=0
where X (w) and X(w) are the frequency spectra of x(n) and &(n), respectively.

Vectors ki, 1 =0, ..., 3 are the four modulation vectors defined by

] el
0 0

m i

It can be observed from Eqn. (6.2) that the output of the filter bank system
contains the input of the system, which corresponds to izo, and the aliasing terms,
which correspond to k), | = 1, 2, 3. If the analysis and synthesis filters are chosen

as such that

Fo(w) = Go(~w) = H(w) = H(~w)
Fi(w) = Gi(-w) = " H(w + ky)
Fy(w) = Gy(~w) = ™™ H(w + k) (6.3)
Fy(w) = Gy(~w) = ¢ H(w + ky)

where H(w) is a function that is invariant under negation of its argumant and the

expressions w -+ 8;, 1 = 1, 2, 3, denote inner products of the two vectors, then the
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analysis-synthesis system, is called a 2-D nonseparable hezagonal QMF bank. If s;,

the shifting vectors, are assigned as

s—[\/?—)m Sp = 0 s3 = —V3/2
1—[ e |07 T e

then it can be shown that the aliasing terms in Eqn. (6.2) will be cancelled regardless

of the choice of H(w), and the response in Eqn. (6.2) becomes

- 1 3 ~
X(w) = 7X(w) ) |H(w + ki)[* (6.4)
i=0
Now in order to achieve perfect reconstruction of the input from the output,
the design problem is reduced to finding a filter with frequency response H(w) that

satisfies the constraint

SS B (w + k)t =4 (65

i=0

Usually, a hexagonal lowpass filter is adopted to produce a band-splitting system.

6.2.2 Improved Design Method

The design of 2-D nonseparable hexagonal QMFs is similar to the design of 1-D
QMFs. It requires the design of only one filter represented by H(w). The whole
system then can be constructed from the relations in Eqn. (6.3). A “good” filter is
one that satisfies constraint (6.5), which guarantees the perfect reconstruction. In
addition, many applications require that the subband signals have minimal aliasing.

As the impulse respouse of an FIR hexagonal filter is defined on a hexagonal grid,
the size of an FIR hexagonal filter kernel can be measured in terms of the number of
hexagonal “rings” it contains, For example, a zero-ring filter contains only a single

impulse located at the origin while a one-ring filter contains impulses at the origin
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Figure 6.2: Coeflicients of a hexagonal filter with symmetry.

and six more impulses ar~und vertices of a hexagon centered at the origin. In general,
the impulse response and frequency response of a hexagonal FIR system can have
a 12-fold symmetry, i.e., they are symmetrical about the six vertices of a hexagon
and across the bisectors of the six sides, as illvstrated in Fig. 6.2. Therefore, the
independent parameters that need to be determined are defined on a wedge-shaped
region covering approximately one-twelfth of the whole kernel.

In order to satisfy Eqn. (6.5), an error function is defined as the p-norm of the
approximation errors, i.e.,

3 py p
By = {Z [Z |H(w + k;))? - 4] } (6.6)
w Li=0

An FIR filter with hexagonal symmetry in its impulse response has hexagonal sym-
metry in its frequency response. Consequently, the sampling points w can be chosen
in a wedge-shaped region in the frequency domain, as shown by the shaded arca in
Fig. 6.3 (a).

In order to reduce the intraband aliasing, an error function, called intraband
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i
i

(a) ®
Figure 6.3: Sampling area in forming the objective function. (a) To form Ey. (b)
To form FEj.

aliasing error function, is constructed as

1

By = %;(IH(‘U)I - Hi(w) " (6.7)

where Hy(w) is the amplitude response of an ideal hexagonal lowpass filter. Again,

the sampling points w here are on a sampling grid in a wedge-shaped area, which is

illustrate by shaded arca in Fig. 6.3 (b). Note that there is no sampling point in the

transition band. A method similar to the one used in [58] is utilized to construct

the sampling grid, which gives more samples over the regions near the passhand and
stopband edges.

The design objective is to satisly (6.5) while reducing the intraband aliasing .

This can be achieved by defining an objective function that is the weighted sum of

the above two error functions, i.c.,

E=al +(1 - )k, (6.8)
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where 0 < o < 1. The weight a can be adjusted during the design.

A quasi-New;on optimization algorithm can be utilized to minimize the above
objective function E with respect to the frec parameters of the lowpass hexagonal
filter represented by H(w). The power p in Eqns. (6.6) and (6.7) should be chosen
to be a large even number, e.g., p = 128, which would result in a nearly minimax
design. A small weight o should be used at the beginning of the optimization to let
error function F; be minimized first and then o should be increased to emphasize
the error function Ej.

By using the proposed algorithm, several non-separable hexagonal filter hanks
have been designed. The coefficients of the hexagonal lowpass filtecs with 3, 4, and
5 rings, which ar> referred as Examples 6.1, 6.2 and 6.3, are listed in Table 6.1. The
spatial positions of these coefficients in the 2-D space are illustrated in Fig. 6.2. The
corresponding coefficients of the three highpass filters can be obtained by modulating
and shifting the coeflicients of the lowpass filters using Eqn. (6.3). For the 4-ring
case, the 3-D plot of the amplitude response of the hexagonal lowpass filter is shown
in Fig. 6.4 (a). For comparison purposes, a 3-I) plot of the amplitude response of
the 4-ring filter in [43] is shown in Fig. 6.4 (b). As can be seen the passhands of
the two filters are almost the same but the stopband of the filter designed by the
proposed method is better than that in [43). In addition, as shown in Table 6.2 the
filter banks designed in general satisfies the perfect reconstruction more accurately

in terms of having smaller PRE where
1 3 g
PRE = njax |201og,, 1 [Z H(w + k;)"] l
' Li=0

The design method in [43] also involves optimizing an objective function contain-

ing two terms to deal with the perfect reconstruction condition and the intraband
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Table 6.1: The impulse responses of Examples 6.1, 6.2 and 6.3.

Table 6.2: PRE of Examples 6.1, 6.2 and 6.3 and those of Simoncelli.

Cocf. 3-ring filter 4-ring filter 5-ring filter
a 0.668372  0.639332  0.593442
b 0.297021  0.305619  0.321198
¢ —0.062023 —0.043298 —0.039581
d  —0.001132  0.009974 —0.004391
e  —0.006730 —0.015317 —0.006768
f  —0.006650 —0.033678 —0.036109
g 0.000359  —0.004358
h 0.008229  0.010173
i 0.020284  0.018715
i 0.001359
k —0.003973
1 0.003823

3-ring filter 4-ring filter 5-ring filter

Proposed method

Method in [43]

0.0080
0.0026

0.0262
0.1165

0.0165
0.4548

120
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Figure 6.4: (a) Amplitude response of the 4-ring filter by proposed method. (b)
Amplitude response of the 4-ring filter by Simoncelli,

aliasing. However, the objective function is evaluated on a grid of sample points
over the whole baseband. Our method makes use of the symmetry propurty of the
filter and takes into consideration only the samples in a wedge-shaped arca, which
is one-twelfth of the total area. This leads to a significant improvement in the ef-
ficiency of the optimization involved. In [43], the error function dealing with the
intraband aliasing is in the form of a product of the frequency response of the hexag-
onal lowpass filter with its nonzero modulation version, which is not very sensitive
to the characteristics of the filter in the passband and the stopband. Our method,
on the other hand, uses a p-norm approximetion error as the intraband aliasing error
function associated with a nonuniform sampling grid which is quite sensitive to the
filter characteristics in the passhand and stepband, including band cdges. This is
believed to be the reason why the designed filters have better frequency responses,

especially in the stopband.
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6.2.3 Iterative Method

Directly minimizing the objective function in (6.8) is a standard unconstrained op-
timization problem. In this section, an iterative method is proposed which avoids
direct minimization thereby reducing the computational complexity. The objective

function to be minimized is written as

E =E +aF, (698‘)
3 2
E =Y |3 Hw+k)? -1 (6.9b)
Q Li=0
E, =) H(w)* (6.9¢)
2.,

where @ > 0, is a weighting, constant. Error component E,! is used to approxi-
mate the perfect reconstruction condition where H(w) is the transfer function of a
hexagonal lowpass filter, and @ = {w;, w3, *--, ws, ..., wn} are sampling points
as shown in Fig. 6.3 (a). Intra-band aliasing is reduced by minimizing E; where
Q, = {ws, ..., Wn} are the sampling points which correspond to the stopband
area in Fig. 6.3 (b).

With 12-fold symmetry in its impulse response, a hexagonal FIR filter will have

zero-phase frequency response. Then H(w) can be written as

il

H(w) = b(w) u
where u = [hy hy he -+ |7 is a column vector containing N independent filter
coefficients and b(w) = [To(w) Ty (w) -+ Ty-1(w)]” is a column vector with entries
being real functions of w.

To use the iterative method, the objective function in (6.9) is modified into

' = B, 4 aF} (6.10a)

LE, differs from that in Sec. 6.2.2 by a constant multiplier of 4
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3 2
El =3 Y H(w+k)Gw+ k) —1 (6.10b)
Q Li=0
Ey =% G(w)? (6.10¢)
Q,

Like H(w), G(w) is the transfer function of a lowpass hexagonal filter of the same

length with 12-fold symmetry in its impusle response and

- 1T is a column coefficient vector. It is assumed that af the

where v = [g, g5 9. --
start of the optimization, the coefficients in u are known and so H (w) is known. By

defining

-:[b(wl) Ti(wi) -+ Ty-r(wy)
U(2) = | Ty(w,) Ti(ws) <+ Tn-i(w,) (6.11a)

_-To(wm) Tl(wm) flv’IV——l(wru)J
(To(ws) Ty(ws) - Th-1(ws)

U=| s (6.11D)
| TO(wn-) Tl.(wm) tte TYN—-I.(w'mA) i
H(Q) = diag[H(w,),..., H(w,),..., H(wy,)] (6.11¢)
3 ~ ~
U =Y H(Q + &)Uy + k) (6.11d)
=0

E' in (6.10a) can be expressed as
E' = (Uv -1)'(Uv - 1) + a(U,v)"(U,v) (6.12)

where I is a column vector with cach entry being a 1. £ in (6.12) is a quadratic

function of the coefficients in v and its minimum point can be obtained by an
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analytic solution as

v = (UTU + oU,TU,) ! - (UTT) (6.13)
After obtaining v, a linear formula is adopted to update u as
u:=(1-7)utrv (6.14)

and the above process is repeated until || u—v || is less than a prescribed tolerance..
A step-by-step procedure based on the above analysis is as follows:

Algorithm 6.1
Step 1  Use a conventional method, e.g., optimization method, to design a hexag-

onal lowpass filter and to form the initial u using its coeflicients.
Step 2  Calculate the matrices Uy in (6.11b).
Step 3  Obtain U and v using (6.11d) and (6.13), respectively.
Step 4 I ||u—v || < ¢ where € is a prescribed tolerance, terminate the process;

Otherwise, update coefficient vector u using (6.14) and go to step 3.

The proposed iterative method has been used to design 2-D nonseparable hexag-
onal QMF filter banks. Three examples, referred as Examples 6.4, 6.5 and 6.6, are
to design 2-D hexagonal QMF banks with 3, 4, and 5 rings, respectively. The ob-
tained coeflicients arc listed in Table 6.3. The experimental results are summarized

in Table 6.4 in terms of

3
PRE = max |201og [Z H(w + ki)2] |

1=0

and NI. Fig. 6.5(a), (b) and (c) shows the 3-D plot of the amplitude responses of
the lowpass hexagonal filter in three examples. The designs by the iterative method
are in general superior to those in [43] in terms of having better performance, and
nceding less computational effort, since no computationally demanding standard

optimization method is involved.
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Table 6.3: The impulse responses of Examples 6.4, 6.5 and 6.6.

Coef.  3-ring filter

4-ring filter

5-ving filter

a

0.676408
0.295155
—0.056309
—0.006377
—0.005789
—0.005626

0.653134
0.302232
—0.041640
0.006792
~0.019342
—0.028962
0.002091
0.008020
0.016321

0.650778
0.303184
—0.045457
0.006826
—0.016672
—0.027096
0.001845
0.006875
0.014618
0.000405
~0.000431
0.000769

Table 6.4: Results for Examples 6.4, 6.5 and 6.6.

3-ring filter

4-ring filter

S-ring filter

PRE (dB)
NI

0.0070

9

0.C283

6

0.0182

9
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X(n), ny)

Figure 6.6: Diagram of a 2-D nonseparable diamond-shaped filter bank.

6.3 Design of Diamond-Shaped QMF Banks

6.3.1 Formulation of the Objective Function

A 2-D nonseparable diamond-shaped filter bank can be designed as shown in Fig. 6.6.

The ideal frequency response of the analysis lowpass filter Hy is illustrated in Fig. 6.7

(a). After analysis filtering, the signals are quincunx downsampled as shown in

Fig. 6.7 (b), where effectively half of the samples are discarded. At the reconstruction

end, upsampling will replace the discarded samples with zero values. The input and

output relationship of the filter bank can be expressed as

X(Z[, ZQ)

%[Ho(zu zo)Fo(zy, 22) + Hi(21, 22) Fi (21, 22)]

Nz, 20) + %[H‘o(—zh—zz)ﬁh(z‘x, Z2)

+H (=21, —2) Fi (21, 29)] - X (=21, —22)

(6.15)

where the first term represents the input signal component and the second term

represents the aliasing component.

By assuming that

H\(21,20) = 27 Ho(—21, = 2y)
Fy(z1,22) = Ho(z,22)

F](Z]_, ZQ) = leﬁo(-zl, "‘ZQ)

(6.16a)
(6.16b)
(6.16¢)
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Figure 6.7: (a) Band Characteristics. (b) Quincunx sampling.
the aliasing term in Eqn. (6.15) is cancelled and (6.15) becomes
X (21, 20) = §[H(21, 22) + HY(~21,—22)] - X (21, 22)

So if the condition

Hg(wl,wg) + HE(wy + mywq + T)=1

128

(6.17)

(6.18)

is satisfied for —m < wy < 7, —7 < wy < 7, the output will be a replica of the input.

In our design the region of support of filter Hy is assumed to be an N x N square

centered at the origin where NV is an odd number. If the impulse response of H,

h(ni,ng), for =N < ny < N,—N < ny £ N, has octagonal symmetry, then the

frequency response has zero phase and can be written as [59]

(N=3)/2 (N-1)/2
Ho(wi,wy) = Z Z a(ni, na)
np=0 ny=ns+tl
[eos(niwy ) cos(naws) + cos(ngwy) cos(nyw,)]
(N-1)/2
+ Y. a(n,n)cos(nwy) cos(nwsy)

n=0

(6.19)
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n,

Figure 6.8: The order of the a(n(,ny) in forming vector y.
where
a(0,0) = h(0,0)
a(ny,0) = 2h(n;,0)  for 1 <ny < (N —1)/2
a(ni,ng) = 4h(ny,ny) for 1 < my < (N —1)/2,
and ny <ny < (N —1)/2

For convenience, we write the frequency response in a matrix form as
Hy(w) = c(w)”
o(w) = c(w)y

where w = (wy,ws), y is a column vector formed by a(ny,ny) in the order shown in
Fig. 6.8, and ¢(w) denoted as [To(w) Ti(w) «-+ Tioy(w)]? with K = (N + 3}(N +
1)/8 is a column vector with T}(w) being the corresponding multiplier of a(nyymy)
in (6.19).

The design can be accomplished by minimizing the objective function given by

E =+ af, (6.20)
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(a) (b)

Figure 6.9: Sampling areas (a) whole band. (b) stopband.

where a is a positive weight,

- 2

E =) [Hg(w) + Hi(w + 1) — 1]

0
where Q = [wy, wy,...,w,] are chosen from the shaded arca shown in Fig. 6.9 (a),
and

By =3 Hy(w)
2,

where £, = [wyy,wa,...,wsm] are chosen from the shaded area in Fig. 6.9 (b).
On comparing (6.20) with (6.18), we see that term Ej in (6.20) deals with the
reconstruction requirement whereas E; is used to reduce the intraband aliasing

cflects,

6.3.2 Iterative Approach

The objective function E in (6.20) is a fourth-order function with respect to the
coefficients in y. Instead of minimizing the objective function directly, which is a

nonlinear optimization problem, an iterative method is adopted in which the error
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function in (6.20) is modified into
E' = E{ + aF) (6.21)
where
Bl = %: [Ho(w)Go(w) + Ho(w + ) Go(w + ) — 1]
By =3 Go(w)

Qs

Like Hy, Go is an N x N lowpass FIR filter with octagonal symmesrical impulse

response, and Go(w) can be expressed as
Go(w) = c(w)’x

where x is a column vector formed by the coeflicients of Go. To start the iteration,

we first design a diamond-shaped lowpass filter Hy, and write term £’ in (6.21) as

E' = (Ux - 1)"(Ux - I) + o(Uyx)* (Uyx) (6.22)
where
[ To(wl) Tl(wl) 7“'1(-1.(‘-01) -
T Ti(wy) o Tre-(w:
U(Q) = °(f"2) 1(ws) & ‘.(“”) (6.23a)
i To(wp) Ti(wp) - Tie-1(wp) |
[ To(wa) Tiws) - Tims(war) ]
U, = T()("""sﬁ’) Ty(ws) - 7’1(-1'(%2) (6.21)
b(wam) Tl(wam) vee rjll\’-l(wam) ]
H(Q) = diag[Ho(w)),..., Ho(w,), ..., Hy(w,)] (6.23¢)
U = H(Q)U,(Q) + H(Q + 7)Uy(2 +7) (6.23d)

I=[11:" .- 1) e RP¥ (6.23¢)
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Since UTU + UL, is positive definite, £’ has a global minimum poin% given by
x = (UTU + oU,Te7) 7t - (UTD) (6.24)

After obtaining x, y is updated using
y=(1~-7)y+rx (6.25)

where 0 < 7 < 1 is a smoothing parameter. The above process is repcated until
|| ¥ —x || is less than a prescribed tolerance.
A step-by-step description of this design method is as follows:

Algorithm 6.2
Step 1 Usc a conventional method (e.g., SVI) method) to design a 2-D N x N

diamond-shaped FIR filter and use its coefficients to form the initial y.
Step 2 C(alculate Uy (), U, and I using (6.23a), (6.23b), and (6.23c),
respectively.
Step 3 Use (6.23c) and (6.23d) to form H($2) and U, and compute x in (6.24).
Step 4 |l y—x || < ¢, where ¢ is a prescribed tolerance, output x as the design
result and stop. Otherwise, update y using (6.25) and repeat {from Step
3.

By applying the proposed iterative algorithm, a set of 2-D nonseparable diamond-
shaped filter banks were designed. The parameters used are o = 107%, 7 = 0.7,
¢ = 107 in three design examples where N = 7, 9, 11, referred to as Example
6.7, 6.8 and 6.9, respectively. The impulse responses of the obtained Hy are listed
in Table 6.5, They are in the order indicated in Fig. 6.8. The 3-D plots of the
amplitude responses of Hg and corresponding analysis highpass filter H; with N = 9

are shown in Iig. 6.10 (a) and (b) respectively. To evaluate the reconstruction
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s

QA N

(a) (b)

Figure 6.10: Example 6.8 (a) Amplitude response of Ho. (b) Amplitude response of
H,.

performance of the filter bank
PRE = max {|20log,, [ H3(w) + H(w + )] |}

was calculated where w varies over the entire frequency domain. The PRE and N!
for each design are listed in Table 6.6. From Table 6.6 and the plots, it is obvious

that good dcsigns can be aciieved after a small number of iterations.

6.3.3 Improved Iterative Approach

In the above section, the objective function is evaluated on discrete sampling points
and, therefore, if the density of the sampling points is not high enough, the perfor-
mance of the obtained filter bank will be degraded. In this section, an improved
iterative method is proposed in which the objective function is evaluated in an

explicit closed form.
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Table 6.5: The impulse responses of Examples 6.7, 6.8 and 6.9.

Coel. No.

N=7

N=9

N=11

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

6.303933e-01
1.550647¢-01
—1.414847e-02
—7.125124e-04
—3.333147¢-02
—1.279112e-02
2.544806¢-03
5.145418e-03
3.895804¢-04
—7.061552e-05

6.133241e-01
1.682721e-01
—1.245620e-02
1.426121e-03
—1.104196e-03
—3.472240e-02
~2.329296¢-02
4.409431e-03
2.493733e-04
1.102501e-02
1.911315e-03
—5.020628e-04
~1.062799¢-03
—1.620485e-04
2.189800e-05

5.988531e-01
1.778429e-01
—1.010828¢-02
1.940527e-03
—1.265525¢-03
—2.571798e-04
~3.521509e-02
—3.190801e-02
6.252349¢-03
—3.512157e-04
3.730406e-04
1.576852¢-02
4.451412e-03
—1.196672¢-03
—9.916944¢-05
—3.143924e-03
—3.937832¢-04
6.164737e-05
1.429489%e-04
9.356728e-05
—1.059957¢-05

Table 6.6: Results for Examples 6.7, 6.8 and 6.9.

N=7

N=9

N=11

PRE (dB) 0.0135 0.0067 0.0090

NI

8
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Assuming that the region of support of Hy(zy,2:) is a (2N, — 1) x (2N, — 1)
rectangle centered at the origin and its impulse responses h(ny, ny), for ny = —(N,—
1), ..., Ny—land ng = —(Ny—1), ..., Ny—1, is of quadrantal symmetry, then

the frequency response of filter Ho can be expressed as [59]

-1 No—1
o(wy, wy) = Z Z a(ny, ng) cos(nyw; ) cos(nyws)
n1=0 ny=0
= h%c(w,w,) (6.26)
where
a(0, 0) = h(0, 0)
a(ng, 0) =2h(n,0) forl<n <N -1
a(0, ng) = 2h(0, nq) for1<n, < Ny—1
a(nl, ’I’LQ) = 4/1(711, TLQ) for 1 < ny s (N1 - l) 1 < Ny S (Nz —_ l)
and

=[a(0, 0) a(1, 0) -+ a(Ny~1,0)a(0, 1) ... a(Ny—1,1) ...a(N,—1t, Ny—1)]"

is a column vector formed by reordering a(ny, ng) as shown in Fig 6.11; on the other
) ?

hand, c(wy, wy) is a column vector whose 7th entry can be expressed as

(1) = cos p(t)wy - cos g(1)w

p(i) = mt[;l]

L

1
Ny

q(z)-z——l—mt[. ] - Ny

forl1 <1< N x N,

The error function F in the iterative method is given by

B =E +aF, (6.27)
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n,

Figure 6.11: Reordering of the impulse responses of Ha.
where
El = /0 /“ | [Ho(ws,wy)Go(wi,ws) + Ho(w +7, wa+m)Go(wi +m,wa+7) —11* duwy duw

and

E) = / / G2 (w) dwy duws

Q,
where the integration region {1, is the shaded area in Fig. 6.12. Like Hy, Go is a low-

pass FIR filter of the same order with quadrantally symmetrical impusle response,
and [requency response

Go(wuwz) = ch(wuwz)

where g is a column vector whose elements are the impulse responses of Go. To
start the iteration, we design a 2-D diamond-shaped lowpass filter by a conventional
2-) FIR filter design method [59], and use its coeflicients to form the initial h.

After extensive manipulations, it can be shown that E' in (6.27) can be written
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Figure 6.12: Sampling arca in the stopband of Hg.
in terms of a quadratic form of g as
E' =g (U +aU,)g - 2h"Bg + 7* (6.28)
where
B= foﬁ /01: [c(wl,wg)cT(wl,wg) + c(wy + mywy + m)e (Wi + T, we + 7r)] dwy dwy
with the (7, 7)th entry given by
by = T (31p6) + 93]+ 3p(i) — PN} - (5100) + o)+ 3Tu) = o)} (6:290)

for 1 <4, j £ NNy, where

1, k=0
5([J)={

0, otherwise
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and

U = /0" /OW{HO(CUM w?)C(U)I) w2) + ,I:]D(wl + T, Wo + ’/T)C(wl + T, Wy + 7!')]

'[[‘fo(wl, wg)c(wl, wg) + Hb(wl + T, Wy + 7r)c(w1 + Ty, Wa + ’/T)]T dwldwg

with the (i, 7)th entry being

Ni—1Ny—=1 N;—) Np-1

up =2 . Y, Y, > h(ng,na)h(my,my) [1 + (—-1)’”‘+"‘2+”(j)+"(j)]

n1=0 np=0 m;=0 ny=0

A(ni,my, (i), ¢(5)) 1(ne, me, p(2), p(5)) (6.29D)
for 1 €1, 7 < NNy, where
v
I(ny,ng,ng,n4) = f COS M W COS Ny COS N COS Nqw dw (6.24¢)
0

Note that the integrations in (6.29¢) can be easily obtained.

[o evaluate Uy, we note from Fig. 6.12 that

Al m 4 2
g = L, (lwg [r—(wg—w,) Go(w]_,wg) dw1

vl i T
=g / dws / c(wy, wy)c* (wr,ws) dwy | g
ws n—(wp—ws)

where w; is the stopband edge and hence

v

U= [ dw [ o Cl )" 1,00)
- —Ws

Ws

with the (4, 7)th entry being

i ™ T
u,(;-) = / dw, / cos p(i Jwy cos ¢(1)wy cos p(F)ws cos g(7)w, dw,
w

= (wy ~ws)

= {0 o+ (o)~ L]
[__Mw, [cos(q(4) + q(4))wr + cos(q(i) — q(5))w) dwl} (6.29d)
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for 1 <4,5 < NiNp. The integration in (6.29d) can be evaluated by integrating

first with respect to w; and then with respect to w,.

Since that UTU + aUTU, is positive, E' has a global minimum point given by
g = (U+aU,)™" . (B¥h) (6.30)

Having obtained g, a linear formula can be used to update h as
h:=(1-7)h+rg (6.31)

and the above process is repcated until || h — g || is less than a prescribed tolerance,
The design procedure can now be summarized in terms of the following algo-
rithm:

Algorithm 6.3
Step 1 Use a conventional method (e.g., SVD method) to design a 2-1, (2N, ~

1) x (2N, — 1) diamond-shaped FIR filter and use its impulse response
to form the initial h.

Step 2 Calculate B, U, using (6.29a) and (6.29d), respectively.

Step 3 Use (6.29b) to form U, and compute g in (6.30).

Step 4 If{[h—g || < ¢, where € is a prescribed tolerance, output g as the design
result and stop. Otherwise, update h using (6.31) and repeat from Step
3.

Note that matrices B and U, in Step 2 of Algorithm 6.3 can be pre-calculatod
as soon as Ny, Ng, and w; are determined; this would make the design algorithm
computationally more eflicient. In addition, the integrations involved in determining
the entries of U can also be pre-calculated and stored in a table, which can be loaded

for use when the iteration starts. Note that B, U, and U are all symmetric matrices
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and, therefore, only about half of their entries need to be computed.

Three design examples are presented to illustrate the proposed algorithm, which
were obtained using MATLAB on Sun SPARC stations. The design specifications
were Ny = Ny = 4, a = 0.005, 7 = 0.5, w, = 2, ¢ = 1072 for Example 6.10; N, =
Ny =4, a=0.5,7=0.5,w, =2, ¢=1073 for Example 6.11 and Ny = N, =5, o =
0.05, 7 = 0.5, wy, = 1.5, ¢ = 107 for Example 6.12. The perfect reconstruction
performance of the filter banks obtained was evaluated in terms of PRE defined in
Sec. 6.3.2. Stopband attenuation of the individual filter was evaluated in terms of

the minima of stopband attenuation defined as

MSA = min_ [-20log,, |Ho(w,ws)|]

wy wa €€,
The results and NI used for ecach design are listed in Table 6.7. The 3-D plot of
the amplitude responses of the obtained analysis lowpass and higlipass filters of
Example 6.10 are shown in Fig. 6.13 (a) and (b), respectively. Fig. 6.i4 (a) and
(b) shows those for Example 6.12. From the results of Examples 6.10 and 6.11, we
observe that as ¢ is increased from 0.005 to 0.5, the MSA is increased from 27.79 to
34.36 dB but the PRE is also increased from 1.26 x 1072 to 3.05 x 10~2. In effect,
the weight « provides effective control of the tradeoff between the quality of the
reconstruction and the quality of the individual filters whereby low values of o lead

to reduced PRE and large values lead to increased MSA in the individual filters.

6.4 Conclusion

In this chapter, we have proposed two methods for the design of 2-D nonsepara-
ble hexagonal QMF Banks. The new approaches are computational efficient and

superior to the existing method in [43]. Moreover, we have proposed an iterative




Chapter 6

Table 6.7: Results for Examples 6.10, 6.11 and 6.12.

141

Example 6.10

Example 6.11

Example 6,12

NI
PRE (dB)
MSA (dB)

4
1.26x10~*

27.79

)

3.05%x 102
34.36

6
3.26x 10~*

38.90

Figure 6.13: Example 6.10 (a) Amplitude response of Ho. (b) Amplitude response

of Hl.
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Figure 6.14: Example 6.12 (a) Amplitude response of Hy. (b) Amplitude response

of Hy.

method for the design of 2-D nonseparable diamond-shaped QMF banks in which

no transformation from 1-D to 2-D is required and the design efficiency is achieved

by using a lincarization technique in the optimization. The availability of parameter

a renders the approach more {lexible and enables the designer to choose between

low PRE in the filter bank and high MSA in the individnal filters.
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Filter Banks for the MPEG Audio
Codec

7.1 Introduction

Digital coding of high quality audio signals is becoming an important issuc in the

field of acoustics and signal processing. Here the term “high quality audio” is re-

ferred to signals with fidelity similar to that generated by compact discs (CDs), Since

1986, applications which require high quality audio at low bit-rates bave emerged

in:

Professional studio sound recording, playback, editing, and postprocessing,
3 bl ) T

Digital compact cassette (DCC), which can record a stereophonic sound on a

mini cassette in digital sound compressed mode.
Primary distribution links from studio to transmitter stations.

Radio sound programme emission, Digital audio broadcasting (DAB) based

on coded orthogonal frequency division multiplexing (COFDM),

143
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ISO/MPEG/Audio

Digital Audio Bitstream
Signal (PCM)

Time / Frequency

Mapping

~

Psychoacoustics
Model

Figure 7.1: Sketch of the basic structure of the ISO/MPEG/AUDIO encoder.

e Stercophonic transmission via narrowband 1SDN for reporting links and video-

conlerencing,.
o Multimedia and hypermedia applications.

The international interest in audio coding algorithms is centered around the
recently completed MPEG audio standardization under International Standard Or-
ganization (ISO) [27]. The ISO/MPEG audio coding standard consists of three
layers (codecs) of increasing complexity and improving subjective performance, It
supports coding of PCM audio signals with sampling rates of 32, 44.1, and 48 kHz
at bit rates in a range of 32 and 192 kbit/s per mono or 64 to 384 kbit/s per stereo
audio channel, As shown in Fig. 7.1, the MPEG audio coding system does the

following:

o A time/frequency mapping (i.e., a filter bank) is used to decompose the input

signal into subsampled spectral components.
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o The output of this filter bank is used to obtain an estimate of actual masking

threshold using rules known from psychoacoustics.

o The subband samples are quantized and coded to ensure that the noise intro-

duced by quantization is lower than the masking threshold.

o A frame packing is used to assemble the bit stream.

See [60] and [61) for more technical details on MPEG.

In layer I and II of the MPEG, a 32 band equal-spaced cosine-modulated IPIR.
filter bank with 512 taps is employed. This filter bank exhibits satisfactory [re-
quency response with at least 96 dB stopband attcnuation and allows an eflicient
polyphase implementation. In this chapter, we first use the iterative method devel-
oped in Chapter 5 to design a cosine-modulated filter bank for MPEC audio coding
and then compare it with the filker bank currently used in MPEG. To reduce the
reconstruction delay caused by the MPEG audio coding process, we use the method
proposed in Chapter 5 to design a low-delay cosine-modulated filter bank with a 50%
reduction of the reconstruction delay needed by the current MPEG filter bank. A

polyphase implementation of this low-delay 32-band filter bank will also be derived.

7.2 Design of the MPEG Filter Bank

Although the prototype filter in the current MPEG filter bank is of 512 tap, the
impulse response of the filter is of odd symmetrical. Thereflore, the actual filter
length should be 513 with the last coellicient dropped for the sake of implementation
convenience. The design in this case is specified by the following parameters:

M =32, N =513, a=100, w, = 003157, 7=0.5, ¢= 10~
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Table 7.1: SNR of the current MPEG filter bank and the filter bank designed.

MPEG filter bank | filter bank dcsigned

SNR, (dB) 84.97 97.37

The Algorithm 5.1 converges after 11 iterations. Table 7.1 lists the SNR of the
current MPEG filter bank and the filter bank designed. The amplitude responses
of the analysis filters of the current MPEG filter bank and the filter bank designed
are depicted in Fig 7.2 (a) and (b), respectively. Fig 7.3 (a) and (b) shows the
amplitude responses of the first three analysis filters in both cases. From Table 7.1
it is observed that the filter bank designed achieves a SNR of 97 dB while the current
MPEG filter bank could only achieve a SNR of 84 dB. In addition, Fig. 7.3 shows
the filters designed have improved stopband attenuation over those in the current
MPEG filter bank. Therefore, the filter bank designed is superior to the current

MPEG filter bank.

7.3 Low-Delay Filter Bank for MPEG Audio Codec

7.3.1 Low-D-¢lay Filter Bank

For some applications, low reconstruction delays are desired for the MPEG audio
coding and decoding process. Obviously, the reconstruction delay of the filter bank
contributes to the total delay of a MPEG audio codec. In the current MPEG audio
codee, the filter bank lias a reconstruction delay of 512 T where T is the sampling
period. From Chapter 5, we know that one can design a general M-channel cosine-

modulated filter bank in which the impulse responses of the analysis filters Hy, and
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Figure 7.2: Amplitude responses of the analysis filters in (a) the current MPEC

filter bank, (b) the filter bank designed.
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the synthesis filters Iy, are given by

hi(n) = 2pr(n) cos [(2k + 1)-2—2—4 <n - %’-) — (2 + 1)%} (7.1a)
fi(n) = 2p(n) cos [(27@ + 1)52—[ (n - %) + (2k + l)ﬂ (7.1b)

for0<n<N—-1and0< k< M—1, where pr(n) is the asymmetrical impulse
response of the prototype filter Py. The reconstruction delay of this filter bank is
kg with kg < N —1.

We applied Algorithm 5.2 in Chapter 5 to design a low-delay filter bank with M =
32, N = 513 and kg = 255 for use in a MPEG audio codec. The performance of the
filter bank obtained is evaluated in terms of the same parameters as in Sec. 5.4. For
comparison, the performance of the current MPEG filter bank is also evaluated using
the same criteria, and the results are listed in Table 7.2. The amplitude response of
the analysis filters of the low-delay QMF bank are illustrated in Fig. 7.4. From the
design specification it can be observed that the low-delay filter bank designed has a

reconstruction delay about half of the current MPEG filter bank.

Table 7.2: Comparisons of the low-delay filter bank and current MPEQ filter bank.

kq E, E, SNR, (dB)
Low-dclay filter bank || 255 | 7.1657 x 1075 | 4.6497 x 1076 88.14
MPEG filter bank || 512 | 8.6296x10~% | 2.7128 x 10~¢ 84.34

7.3.2 Polyphase Implementation

The current MPEG filter bank can be implemented by the efficient polyphase struc-

ture. In this section we show that a polyphase implementation also exists for the
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low-delay filter bank designed.
A. Analysis Subband Filtering
For implementation convenience, coeflicient py,(512) is dropped as in the MPREC,

At the I-th instant, the subsampled signal in the kth channel 24() is given by

N—{
wr(l) = D7 hi(n)a(IM —n)

n=0
fork=0,1,...,M~1with N =512, M = 32, and 2(n) represents the input audio
signal. Let n = 2yM +p, for v=0,1,...,7, p=0,1,...,63 and by substituting »

in the above equation, we obtain

63 7
ap(l) = 3 D" hi(29yM + p)a(IM — 2y M — p)

=0 =0
= giz?:Zcos (2 + 1) (2yM 4 p— T2} Z (2t 4 1)
- p=0 ry=0 ) 21‘/[ 7 P 2 ) 4
PL(27M + p)a(lM — 29 M ~ p)
83, T ki &
=Y cos [(Qk + 1);2-17(/) - 16 — -—9-)} > 2A=1Y (64 + p)a(320 - Gy ~ p)
p=0 1 ~ =0

(7.2)
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where k= 0,...,31. It follows that the analysis subband filtering can be performed
by the following steps:

o Input 32 audio samples.

Construct zn input sample vector x of 512 entries. Shift in 32 samples of the

audio signals at positions 0 to 31 with the most recent ine at position 0 and

shift out the 32 oldest signal samples.

Compute z; = 2 (=1)"1/84x; . p,(4), for i = 0,1,...,511.

Compute y; = S7_, zipeq;, for i =0, 1,...,63.
-

)=

Compute s; = 9o My, - yi, for 1 = 0,...,31, where
M = cos[(2i + 1)(k — 16 — kq/2) /64] (7.3)
for i =0 to 31 and k& = 0 to 63.

e Qutput s; for 7 = 0,...,31 as the subband samples.

B. Synthesis Subband Filtering
The upsampled signal #,(n) and the subsampled signal z4(n) in the kth channel

is related by

Fi(n) = z(n)  n=IM, forinteger!
0 otherwise

for k=0,1,..., M — 1. Hence the reconstructed signal can be expressed as

M-1

Bn) = X En) * fuln)
k=0
M-1N-1

=Y 3 fild)ix(n ~ 1)

k=0 {=0
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If we let y(n,1) = oMo fuli)Zk(n — 1), then

N=1
E(n) = ; y(n,i)

By assuming

fo(0)  Soll) o S(N=2  f(N=1) ]
f1(0) N e N =2) SN =1)

| Sae-a(0) Sarea(D) oo far(N = 2) Sara(N = 1) |
= [pr(0)qo pr(Dar -+ pu(NV — an-1 ]

where ¢; for 1= 0,1,..., N — 1 are column vectors and

T . ]’»‘d (i ( ]\Jd T
A A9k N 3k = ) ) (2 4 1) —
¢(k) = cos [( E+ 1)———2M (z 2) + (2k + 1)4} cos { 16+ 5 ) (2% 4 1)(54]

N
fork =0,..., M—1, weobtain y(n, 1) =< pr(i)q;, Wn—; > where wy, = [Fo(n) F1(n) -
Ep-i(n) ] and < , > denotes the inner product. Hence &(n) can be expressed as

N-1
B(n) = < pr(i)di Wo-i > (7.4)
1220
Now consider a reconstructed signal vector X formed by the reconstructed

signals at the [M-th, (IM + 1)-th, ..., (IM + 31)-th instants, by (7.4) and noting

that only wias # 0 for integer I, we can write

_— i » ' )
#IM) | Tt < pr((L = 5)M)ag-our, wine >

fupy = (M +1) ST < pu((L = )M + 1) ageaippr g, Wint >

| BIM A431) | | T < pn((= )M+ 3 dgeiyarpas Wint >
ADypr (7.5)

I
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where A =[ Ao Ay ... Ay ] and A; = diag[ p(iM) -+ po((t +1)M —1) ] for

1=0,1, ..., 15, and
[ T [

d, [QO qr - CI31]TW1M
d; [as2 qa3 -+ qes]T W(—1)m
Dy=|d; | = [%4 Qgs -~ Cl95]TW(1—2)M
| dis ] i [qaso qust « - Q511.]TW(1-15)M ]

Note that for an integer m

Goam+i(k) = cos[(16 + 64m + i — ky/2)(2k + 1)7/64]

= (=1)" cos[(16 + ¢ — kq/2)(2k + 1)7/64] = (—~1)"q:(k)

fori=0,...,63, then Qsam+i = (—1)™q;. Therelore, to form Dipr, only qo q; -+ qes
need to be caleulated.
In summary, the synthesis subband filtering can be carried out by the following

steps:

o Input 32 new subband samples s;, for 7 = 0,...,31 and initialize vector v of

length 1024,
e Sct vy = vig4, for 7 = 1023 to 64.
o Compute v; = Y3L N - sy, for i =0,...,63, where
Ni = cos [(16 + i — ka/2)(2k + 1)7 /64] (7.6)
for 0<i1<63, 0<k <3l

o (lonstruct vector u as follows

fori=10¢to T,
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for j =0 to 31,
{ Ugdi4-j = V128i4j

UGdi+j+32 = V128i496+; }
o Compute w; = 2. (=1)nli/%y; . py(7), for i =0,...,511.

e Compute 32 samples %; = 32 13 wpaqi, for § = 0,..., 31, and output X; as

the reconstructed PCM samples.

7.3.3 Comparisons

The polyphase implementation described in Sec. 7.3.2 is a modified version of that
in the MPEG standard [27] in that the prototype filter with symmetrical impulse
response in [27] is replaced by a filter with asymmetrical impulse response, and
enfries My, and Ny are now calculated using (7.3) and (7.6), v pectively.

To show the efficiency of the polyphase implementation, the numbers of multi-
plications (multi) and additions (add) per input and per output for the polyphase
implementation, and those for a direct implementation [29] where cach channel is
implemented individually in a polyphase form, are listed in Table 7.3, It is observed
that the operations required in a polyphase implementation are much less than those
in the direct implementation.

To verify the polyphase implementation, we used two sound signals “Hallelujah®
and “Chinete Gong” supplied by MATLAB as test signals. For comparison the
current MPEG filter bank was also implemented by the polyphase structure as de-
scribed in [27]. Fig, 7.5 (a), (b) and (c) shows the original, the MPEC filter hank re-
constructed, and the low-delay filter bank reconstructed, “Hallelujah”, respectively.

Fig. 7.6 (&), (b) and (c) shows the original, the MPEG filter bank reconstructed,
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Table 7.3: Operations in polyphase and direct implementations

per input per output

multi. add. | multi. add.

Polyphase 80 77 80 7
Direct 512 511 512 511

and the low-delay filter bank reconstructed, “Chinese Gong”, respectively. 1t can be
obscrved that in agreement with the design specification the low-delay QMF bank
has reduced the reconstruction delay to about half of that produced by the current

MPEG @ .F bank.

7.4 Conclusion

In this chapter, we have designed a conventional cosine-modulated QMF filter bank
for MPEG audio codec by using the iterative method proposed in Chapter 5. Tt is
observed that the overall performance of the filter bank designed is superior to the
current MPEG filter bank. To reduce the reconstruction delay of the MPEG audio
codec, a low-delay filter bank has been designed by using the method described in
Chapter 5. Morcover, an eflicient polyphase implementation of this low-delay filter

bank has been derived,
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Chapter 8

Subband Coding of Images

8.1 Introduction

The concept of subband coding and its application to image signals goes back to
as carly as 1959 [62]. The practical implication of this concept was not recognized
until the introduction of the quadrature mirror filtering (QMIY) technique which
was proposed by Esteban and Galand [8] for subband coding of speech signals.
More recently, the concept of QME has been extended to the 2-1) case [38] and its
application to image coding has emerged [39] [63].

The idea of subband coding of images is based on the observation that for a
typical natural scene, the signal encrgy is non-uniformly distributed in the frequency
domain and the signal components from the different regions of the spectram have
different tolerance to quantization errvors from a perceptual point of view., One c¢an
thus take advantage of it by partitioning the signal into subband componcents and
suitably allocating bits according to their perceptual significance,  As illugtrated
in Fig. 8.1, an input image is decomposed into several subimages using a hank of
filters called the analysis filter bank. The lowest frequency component is a lower

resolution version of the original scene, and the high froquency bands carry the
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Figure 8.1: Subband coding procedure.

information about the cont;)urs, edges and other finer details of the image. These
filtered signals are then downsampled to yield the subband signals, which are coded
using procedures appropriate to the information content. With a prescribed bit
rate, one has to apperiion the bits among the different subband signals. A judicious
allocation of a given budget of bits/pixel can be made by choosing the quantizer
to produce an overall good reconstruction. With roughly equal bandwidth for the
different analysis filters, the lowest frequency subband signal usually ends up with
the largest slice of the budgeted bits. At the receiver the bit stream of encoded
signals arc decoded, upsampled and merged by the synthesis filter bank to yicld a
close approximation to the input scene,

In this regard the wavelet transform has emerged as a powerful tool for non-
stationary signal analysis. Mallat [64][65] developed a framework which unified the
wavelet theory and subband decomposition based multiresolution signal represen-
tation methods, By using Mallat’s framework, a two-dimensional (2-D) wavelet

transform can be performed separably by applying 1-D wavelet transforms to rows
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and columns of a image to sucressively decompose it into uncorrelated subimages.

In this chapter we first construct a nonseparable quincunx subband coding
scheme for image compression. Then we use a 2-D separable wavelet transform
with Daubechies wavelet cocfficients to decompose images into subbands and en-
code the subband signals accordingly. Comparisons will be made with the current

JPEQ encoder.

8.2 Quincunx Subband Coding of Images

As shown in Fig. 8.2 (a), a quincunx subband image coding scheme consists of two
stages. The first stage is a diamond-shaped prefilter, followed by a 2:1 line quincunx
downsampling pattern. The second stage uses a nonseparable diamond-shaped filter
bank to decompose the signal into two bands, and a quincunx downsampling in each
band. The downsampled signals are then encoded by different coders. Fig. 8.2 () il-
lustrates the subband partition in a quincunx subband coding scheme, After the first
stage, the frequency bands marked by "H” are deleted, while the diamond-shaped
frequency band is preserved. In the second stage, the diamond-shaped frequency
band is further decomposed into two frequency bands denoted by “LLY and “ILH*
and downsampled. The “LL” band signal is then encoded by a JPEC encoder and
the “LH” band signal is encoded by a Huflman encoder after being quantized by a
dead-band uniform quantizer. The decoding process is the dual process of the encod-
ing process, in which the bit streamn is first decoded and then quineunx upsampled
before going through two synthesis diamond-shaped filters. The filtered signals are
summed up and quincunx upsampled again before going through a diamond-shaped

post-filter to form the reconstructed image.
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8.2.1 First Stage

The ideal frequency response of a diamond-shaped prefilter is shown in Fig. 8.3 (a).
The reason why a diamond-shaped prefilter is used here is that the frequency content
of an image in most cases is largely confined to a diamond-shaped frequency band.
Therefore, by preserving the information in this frequency band while deleting the
content in the corner high frequency bands will not cause much distortion in the
reconstructed image. The prefiltering is followed by a non-rectangular sarpling,
which is often referred to as a line quincunx sampling pattern shown in Fig. 8.3 (b),

to reduce the signal amount to half of that in the original image.

8.2.2 Second Stage

In the sccond stage, the prefiltered and downsampled signal is [urther decomposed
by a nonseparable diamond-shaped filter bank consisting of filters Hy and H,. 'he
frequency responses of these filters are illustrated in Fig. 8.4. They are designed hy
using the methods described in Chapter 6. After the filtering, signals are quincunx
downsampled again to obtain signals corresponding to the “LL” and “LH” hands
shown in Fig. 8.2(h).
A. Encoding of the LL Band Signal

As will be seen from the examples deseribed in Sec, 8.2.3, the “LL” band signal
is a low resolution version of the original image and is encoded by a JPIC coder.
A block diagram of the JPEC coder is shown in g, 8.5.

In a JPEG encoder, the inpu nage is first divided into small disjoint blocks of
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Figure 8.3: (a) Diamond-shaped prefilter {requency response. (b) Quincunx sam-

pling grid.
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size Ny X Ny, say Ny = Ny = 8. Then DCT is applied to each block to obtain

N 4 Niz i Vo=l (2ny + Dk (2ng + Vkyr
X(ky, k) = NV, (ke )e(ks) mZ=:O n%;o z(ny,ng) cos o, cos oW,
(8.1)

for ky = 0,1,...,N;—1, 1 = 1, 2, where z(ny, ns) is the image pixel and X (ky, ko) is
the DCT coefficient. The function ¢(+) in (8.1) is given by

L for k=
(k)= V2 (8.2)

1 otherwise

The DCT cocellicients X (ki, k2) obtained are then quantized and re-arranged to form
a 1-D scquence by a zigzag scanning. Finally, the nonzero amplitudes and run-length
of zeros are entropy coded.
B. Encoding of the LH Band Signal

The “LH” band signal confains more information about edges and contours and
is not suitable for transfovm coding. Instead these signals are directly quantized
in the spatial domain. Since most signal values in this band are close to zero, the
quantizer used is a dead-band uniform quantizer shown in Fig, 8.6, which has a
dead-zone centered at zero and uniformly spaced outer quantization intervals. Alter
the quantization, the nonzero amplitudes and run-length of zeros are entropy coded

by a Huflman encoder.

8.2.3 Examples

The programs that implement the encoder and decoder described above are written
in C. The JPEG encoder for coding the “LI” band signals was obtained from a public
fip site. Several test images are encoded and decoded and hereby we describe two

examples, The first image is “Lenna” and the second image is “plane”, hoth of a
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Figure 8.6: A dead-band uniform quantizer,

size of 256 x 256. Fig. 8.7 (a) and (b) show the subband images of “Lenna® after the
prefiltering and quincunx downsampling, the image in () is further decoriposed into
(¢) and (d), which correspond to the “LL” and “LH” band, respectively. Fig. 8.8 (a),
(b), and (c) show the original “Lenna®, the reconstructed “Lenna” from subband
coding, and the difference image, vespectively. Similar results for the “plane” arve
shown in Figs. 8.9 and 8.10, respectively.

The SNR is used to measure the difference between the original image and the

reconstructed image. It is defined by

My—1 M1 T
SNR = 10log;y 3. 3 YLD (8.3)

=0 ny=0 [""(nl’n'l) - ‘7"(7"1’“2”2
where z(ng,ng) is the pixel of the original image, #(ni ng) is that of the yecon-
structed image, and M, and My are the sizes of image, In our examples, M, =

My = 256, The SNR values for two examples ate listed in Table 81, The bit, allo
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Table 8.1: Bit allocation and SNR values for the examples.

bpp
image || LL | LH | Total | SNR (dB)
Lenna || 3 102 0.8 21.10
plane || 2 | 64| 0.6 23.48

cation for cach band of the signals as well as the total bit rate denoted by bits per

pixel (bpp) are also listed in Table 8.1, where bpp is defined as

total bits

bpp = ———w—
PP pixel number

8.3 Image Compression Using Discrete Wavelet

Transform

8.3.1 Wavelet Transform

From the Fourier transform of a function f(z), irregularities (high frequencies) of
the signal can be observed. However, this information is not spatially localized. The
reason is that the basis functions of the Fourier transform, i.e., the cosine and sine
functions are supported by the entire spatial domain, leading to the difficulty of
identifying the positions where the jrregularitics occur. In order to localize the in-
formation contained in the signal, the window Fourier transform which incorporates
a spatiai window g(x) into the Fourier integral may be employed, This window is
franslated along the spatial axis t~ cover the entire spatial domain, At a position u

and for a [requency w, the window Fourier transform of a function f(2) € L¥(R) is
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Figure 8.7: Decomposition stages for “Lenna” First-stage (a) Lowpass [ilteroed
image (L), (b) Highpass filtered image (H). Second-stage (¢) Lowpass [iltered image
(LL). (d) Highpass (iltered image (LH).
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Figure 8.8: (a) Original “Lenna”. (b) Reconstructed “Lenna. (¢) Difference image.
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Figure 8.9: Decomposition stage for “planc”. irst-stage (a) Lowpass filsered image
(L) (b) Highpass filtered image (H), Second-stage (¢} Lowpass filtered image (LLj,
(1) Highpass filtered image (L11).
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Figure 8.10: (a) Original “plane”, (h) Reconstructed “plane”, (¢) Diflerence image.
g 8
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defined by
oo,
G (w, 1) = /_ g~ ) (o) d (8.4)
It provides the local Irequency behaviour of the signal around the point w.

It can be shown that the spatial and frequency resolutions of a window Fourier
transform are constant, which for some applications is not adequate.

The wavelet transform decomposes the signal into a family of lunctions which
are the translations and dilations of a unique function #(x). The function is called
a wavelet and the corresponding wavelet family is given by {/s9h[s (2 — )] }pene-
Analytically, the cor :aous wavelet transform of a function f(x) € L%(R) is defined
by

+oo
W f(s,u) = /_oo J(@)Wshls — (2 — w)] da (8.5)
It has been shown that a wavelet transform has a constant resolution on a logarithm
scale in both spatial and frequency domains. This is to say, il the scale ¢ is small,
the resolution is coarse in the spatial domain and fine in the frequency domain, and
if the scale ¢ increases, the resolution increases in the spatial domain and decreases
in the frequency domain,

A very important class of discrete wavelet transforms was foand by Meyer and
Stottnberg, They showed that there exist some wavelets (2) € L4(R) such that
{1has [ = (n/2))}m.j)ez2 is an orthogonal basis of L*(R). These particular wavelets
are called orthogonal wavelets. In [64) Mallat developed an iterative algorithm for
caleulating the discrete wavelet transform of a signal, In this chapter we restriet
ourselves to a class of discrete wavelet transform (DWI') developed by Daubechies
[66]. This class includes members ranging from highly localized to highly smooth,

'I'he vimplest (and most localized) member, often called DA/4, has only four coeffi-
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cients, o, ¢4, ¢z, and ¢3. A discrete wavelet transform using DAU4 can be expressed

as

Y =CX (8.6)

where
¢ € C C3

3 —Cy € —7
g ¢ €2 C3

Cy —C 1 —Cp

G € € 3
Cg —Cp € —Cp

C2 O3 o

Lo —a 3 —cp |
X is the input vector and Y is the wavelet output vector. From the structure of
the matrix, the coeflicients co, e, ¢9, 3 can be thought of as the coefficients of a
smoothing (lowpass) filter Hy. The odd rows in the matrix arc used to complete
the lowpass filtering on the input signal, which results in low frequency component
of the original signal. On the other hand, the coeflicients e, —¢y, €1, —¢g can be
thought of as the cocfficients of a highpass filler H;, and the even rows are used
to complete the highpass filtering on the input signal, resulting in high frequency
component of the original signal. From a multirate signal processing point of view,
the filbers Ho and Hy are equivalent to a QMF bank, High order DWT using 12
(DAUL2) or 20 (DALI20) Daubechies wavelet coefficients have a similar format as
in (8.6).

The DW'T can he applied to a signal vector hierarchically as shown in Eqn.(8.7).

Consider an input vector of length N with N being some power of 2. Firsi the DW'T




Chapter 8 173

is applied to the entire vector. After downsampling the resulting vector yields a
“smoothed” vector of length N/2, The DW'T is applied then to this N/2-dimensional
vector to obtain a further smoothed vector of N/4 after downsampling., This DWT-
subsampling process continues as necessary. This process is the same as the tree-
structure decomposition in the subband coding of a speech signal [§] as illustrated

in Fig. 8.11.

[ Ty 81 [ St [ S Sy [ S\
T2 dy 82 D S, S,
Ty 8 53 Sy Sy | | Dy
T4 da §4 Dy S Dy
26 5 5 (8.6) 9, permute D, D,
€Tg (13 8¢ ])3 ! )2 / )2
Ty 84 87 S iy Dy
g d 88 Dy Dy Dy,
Qo (86) 85 permutc dl (l] (l| (l]
AT (15 (12 (12 (l'g (lz
Ty 8¢ (13 d(; (l;) (l;)
Xio ds (14 (Lg (14 ([.;
g S7 d{; (15 (15 (lr,
24 dy dg dy dy dy
Tip S8 (17 (l7 (l'f (l7

| 16 | | ds | | ds | | ds | | ds | | dy
(8.7)

8.3.2 Image Compression Using DWT

A 2-1) wavelet transform can be petformed separably by applying 1-1) wavelet trans-
forms to the row and column components of an image successively, In this case a 2-1)
wavelet decomposition structure is the same as the 2-1 separable subband decom-

position structure shown in Iig, 8.12 (a), except that the filter coeflicfonts are the
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Figure 8.11: The tree-structure decomposition.

wavelet coeflicients satisfying certain regularity or orthogonality conditions, This
leads to the decomposition of an image into uncorrelated subimages, Fig. 8.12 (b)
shows the spectrurn partition by one stage separable subband decomposition, 1t con-
sists of one low-frequency band “LL” and three high-frequency bands “LH”, “HL.”
and “HH”. This rrocess can be repeated to further decompose the “LIL” frequency
band hierarchically like the tree-structure in the 1-D signal decomposition.

Fig. 8.13 shows a decomposed image “Lenna” of size 512 X 512 after two-stage
wavelet decomposition. The low-frequency-band image is at the upper left corner
and high frequency bands from diflerent decomposition stages are shown in the
rest part of the figure. It can be observed that the low-frequency bands image
is the most important since it is in fact a low resolution version of the original
image. On the other hand, subimages in the high-frequency bands contain only
the edge and contour information of the original image. In order to achieve a high
compression ratio while minimizing visible distortion in the reconstructed image,
more bits should be allocated for encoding the lovi-frequency-band subimage, For

the examples shown later, we apply a four-stage DW'T' decomposition using DAU/12
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LL

LH

(b)

Figure 8.12: (a) One stage of 2-I) separable subband decomposition. (b) Spectrum

partition from onc-stage subband decomposition.
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Figure 8.13: Two-stage decomposition of “Lenna” by DW'T.

on the images and leave the low-lrequency band subimage uncoded. For subimages
in the high-frequency bands, a threshold is set and only those above the threshold
are preserved.

The program that implements the encoder is written in C with some subrou-
tines from [67]. The two images used here are: “Lenna” and “baboon”, Both are
256 x 256 irrages with 8-bit grayscale. For comparison, the two images are encoded

by a JPEG encoder as well. The bits per pixel (bpp) rates and SNR are given in
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Table 8.2: Bit allocation and SNR for examples.

DWT JPEG
bpp | SNR (dB) | bpp | SNR (dB)
.L(:nna 0.44 25.06 0.44 25.72
baboon || 0.29 16.65 0.28 15.30

Table 8.2. Fig 8.14 (a), (b) and (c) shows the original, the reconstructed “Lenna”
from JPEG and from DWT, vespectively. Fig. 8.15 shows the images for “baboon”.
From Table 8.2, the difference in SNR values when the same bpp rates are achieved
by DWT and JPEG can hardly be observed. However from the figures shown, differ-
ences of subjective performance can be easily observed. Both images reconstructed
from JPEG show block effects because of the use of the 8 x 8§ DCT, while the im-
ages reconstructed using DWT show no such effects. As reported in the literature,
our observation leads to a similar conclusion that in general DW -based coding is

superior to JPEG coding.

8.4 Conclusions

In this chapter we have constructed a nonseparable quincunx subband coding scheme
by using the 2-D nonseparable diamond-shaped filter bank designed in Chapter 6.
Two examples have been presented to show the coding results. Moreover, the DWT
has been used to compress sample images and the results are compared with those
from JPEG coding. 1t has been observed that DWT-based coding is in general

superior to JPEG coding,
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o

Figure 8.14: (a) Original “Lenna”. (b) Reconstructed image from JPEC, (¢) Re-

constructed image from DW'T',




Chapter 8 179

Figure 8.15: (a) Original “baboon”. (b) Reconstrucied image from JPEG. (c) Re-

constructed image from DWT.
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Conclusions

In this chapter the contributions of each chapter are summarized and recommenda-

tions for {uture research are proposed.

9.1 Summary of Contributions

Chapters 2 to 5 have concentrated on the detign of a varicty of 1-D and 2-1) filter
banks. In Chapter 2 an improved version of an iterative method for the design of
two-channel conventional QMF banks has been proposed. A simple and explicit for-
mule for the precise evaluation of the integrals involved in the objective function has
been derived. This significantly reduces the design complexity and improves the per-
formance of the QMF banks designed. A new method for the design of two-channel
QMF bank with low reconstruction delay has then been proposed. Comparisons of
the filter bank designed with an existing method have been made, which indicates
that the proposed method has improved design efliciency and leads to low-delay
QMF banks with better performances. In a case study a family of low-elay filter
banks have been designed which can be used in varions applications,

In Chapter 3, a new time-domiain approach for the design of the sane type of

180
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QMF banks as in Chapter 2 has been proposed. Compared with the method in [12]
the proposed method reduces the computational complexity significantly since no
discretization is needed in the frequency-domain. This new time-domain approach
has been extended to design two-channel low-delay QMF banks.

A null-space projection approach has been proposed in Chapter 4 for the design
of two-channel linear phase perfect reconstruction QMF banks. In this approach the
analysis lowpass filter was first designed by a conventional filter design method and
the synthesis lowpass filter was then obtained by solving a constrained optimization
problem by the null-space projection method. In addition, the null-space projection
approach has been extended to design low-delay QMF banks.

In Chapter 5 a new iterative algorithm has been proposed for the design of con-
ventional cosine-modulated QMY banks. Since the need of standard constrained
or unconstrained optimization is eliminated, the algorithms have reduced compv.-
tational complexity considerably, The design example presented has demonstrated
that high stopband attenuation and low aliasing and amplitude distortions can be
achieved by the proposed method. Furthermore, a general design method which can
be used in the design of low-delay cosine-modulated QMF banks has been proposed.
Again, the iterative method has been used in the design of such filter banks.

In Chapter 6 the designs of nonseparable 2-D four-channel hexagonal QMF" banks
and two-channel diamond-shaped QMF banks have been considered. Two design
approaches have been proposed for the design of hexagonal QMF banks with im-
proved performance. An iterative method and its improved version for the design
of 2-I) diamond-shaped QMF lanks have been described. The method is flexible
in the sense that a weighting can be adjusted to control the tradeoff between the

degree of the perfect reconstruction and the frequency response of the individual
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filters.

Chapters 7 and 8 of the thesis are concerned with applicstions of filter banks
in audio and image coding. In Chapter 7 a 32-band filter bank has been designed
using the iterative method proposed in Chapter 5. On comparison with the current
MPEG filter bank, the filter bank designed is superior in terms of reconstruction
performance and stopband attenuation. In addition, a QMF bank with about a
half of reconstruction delay needed by the MPEQG filter bank has been designed and
evaluatzd. It is interesting to note that the efficient polyphase implementation can
also be made available to construct a low-delay MPEG audio codec.

In Chapter 8, the diamond-shaped filter bank designed in Chapter 6 has been
used to construct a subband image coding system, and several test images have been
compressed using this coding system. Daubechies wavelet tronsform hag been used
in a 2-D separable multi-stage image coding system. It has been observed that in
general the wavelet transform method is superior to the current JPEG standard as

it eliminates the block effects on the images reconstructed.

9.2 Recommendations for Future Research

The iterative methods have been successlully used in this thesis for the design of
various types of 1-D and 2-D filter banks. From the many designs carvied ont
we are convinced that the methods are efficient, robust and lead to satisfactory
designs. However, a rigorous proof of the convergence of such algorithms is still not
available. We believe the search of a convergence proofl is meaningful as it would
provide more confidence in the algorithms and lead to insights into the quantitative

relation between the convergence rate and the smoothing parameter 7 used,
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The low-delay QMF banks designed for 1-D two-channel and multi-channel cases
are believed to be useful for real-time applications such as speech coding. In the
9-1) case, low reconstruction delay can also be a useful feature in applications such
as real-time image coding or progressive image transmission. The design of 2-D
low-delay filtei banks is believed to be eu interesting topic to investigate.

In Chapter 7 it has been shown that a low-delay cosine-modulated QMF bank
allows a polyphase implementation similar to the one suggested by the MPEG stan-
dard. It will be interesting to construct a MPEG audio codec using a low-delay
QMF bank designed to evaluate the real compression ratio that the system can
achieve and the subjective performance of the reconstructed audio signal.

Two-dimensional nonseparable filter banks have been successfully used in image
and video compression. Wavelet transforms appear to be a more powerful tool for
signal decomposition and coding due to their orthogonality property and available
fast algorithms. However, most applications on imuge coding utilize separable 2-D
wavelet transforms. Since nonseparable 2-D wavelets have more degrees of freedom
they should be more efficient than their 1-1) counterparts in image and video decom-
positions. Studies on lower-order nonseparable 2-D DWT’s and their application to

image coding should, therefore, be explored.
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