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Abstract 

Over the last decade, multirate digit:.i.l signal processing techniques have found many 

applications in speech and image compression, the digital audio industry, statistical 

and adaptive signal processing, numerical solution of differential equations, and in 

many other fields. Research activity in the area of multirate signal processing has 

been growing quickly and is producing a large amount of new literature in the 

design of multi rate digital filter banks, rrnltidimensional multirate systems, wavelet 

representations, and their applications in audio and im~ge compression etc. 

This tl:esis is dedicated to the design of multirate filter banks and their ap­

plications in audio and image compression, and it consists of three parts. Part I is 

concentrated on the design of 1-D filter banks. Several methods are proposed for the 

design of two-channel QMF banks with near-perfect reconstruction. The methods 

have improved design efficiency and lead to QMF banks with satisfactory perfor­

mance. Low-delay QMF banks, which are highly desired in real-time applic:itions, 

are also considered. A null-space projection method is then proposed to design 

pc!rfcct reconstruction QMF banks with either linear-phase responses or low recon­

struction delays. On the design of multi-channel cosine-modulated QMF banks, an 

efficient method is proposed which can be used in the design of both conventional 

and low-delay QMF banks. Part II is devoted to studies on nonseparable 2-D fil­

ter banks where the design of four-channel hexagonal QMF banks and two-channel 

diamond-shaped QMF banks are investigated, leading to several efficient design 

methods. Part III describes applications of the 1-D and 2-D filter banks designed 

by the' design methods developed in Parts I and II of the thesis in audio and image 

compression~ Some comparisons are made with the current international standards. 
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C hapter 1 

Introduction

M ulti rate digital signal processing techniques find applications in speech and 

image compression, th e  digital audio industry, statistical and adaptive signal pro­

cessing, the  num erical solution of differential equations, and in m any o ther fields. 

The discipline also fits na tu ra lly  w ith certain  special classes of tim e-frequency rep­

resentations such as the  short-tim e Fourier transform  and the  wavelet transform , 

which are useful in analyzing th e  tim e-varying natu re  of signal spectra.

Over th e  last decade, there  has been a  trem endous growth of activ ity  in  the 

area of m ultira te  signal processing, perhaps triggered by the  first book in  th is field

[1]. Particularly  im pressive .is th e  am ount of new literatu re  in m ultira te  d ig ital filter 

banks, m ultidim ensional m u ltira te  system s, and wavelet representations.

In the  thesis several new m ethods which could be used in the  design of a  wide 

range of one-dim ensional (1-D) and two-dimensional (2-D) filter banks are investi­

gated and some of th e  filter banks designed are used in audio and image compression.

1



Chapter 1 2

Figure L I :  A general m ultira te  filter bank system.

1.1 Filter Banks and Design Considerations

1.1.1 M ultirate Filter Bank

Fig. 1.1 shows the  block diagram  of a  general m ultirate  filter bank system , in which 

th e  spectrum  of th e  input signal, x(n ) ,  is divided into frequency bands using filters 

w ith im pulse responses hm(n)  in th e  analysis filter bank. These channel signals are 

then  maximally decimated individually a t a ra te  of M  : 1. which results in the aliased 

channel ou tpu ts

i  M —l

K „ (< ^ ) ( 1. 1)
M  r = 0

For m ost applications the  filters in the  analysis filter bank have uniform passbarid. 

Therefore, th e  set of decim ated signals, {?/m(n)}, form a critically sam pled time- 

frequency representation  of the  original signal, x{n).

In th e  absence of any processing, like quantization and coding, the  ou tpu t signal 

x (n )  is sim ply a  reconstructed  version of the  input, x(n).  The reconstruction is 

accom plished by up-sampling the  channel signals to  their original sam pling ra te , 

then passing each signal through a synthesis filter with impulse responses <jmfn),
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and sum m ing the  results. The resulting reconstruction equation is given by

M —1 i M —1

= £  M  £  (1.2)
m = 0 M  r= 0

For ideal bandpass filters, it  is simple to  show th a t Eqn. (1.2) results in an exact 

reconstruction of th e  inpu t signal. For such system, the aliasing term s, (i.e., term s 

involving r ^  0), are zero which modifies (1.2) to

M - l  |

X ( e T )  = X(e?u ) £  —  ffm(e> )G m(<>) = X(e*“) (1.3)
m = 0  W

if
M - l  |

E =  1 (1.4)
m =0 "

Since ideal filters are not realizable, in practice the  channel signals are always aliased. 

However, in a filter bank environm ent it is possible to  choose proper filters to  cancel 

the  aliasing and achieve analysis/synthesis system s th a t achieve exact reconstruction 

even though all th e  individual channel signals are aliased.

1.1.2 D esign  Problem s

The system  in Fig. 1.1 can be considered to  be a hierarchical. At the  lowest level 

there arc the  individual filters which typically consist of lowpass, bandpass, and 

highpass filters. A t the  second level th e  analysis filters are considered collectively 

as the analysis filter bank and the  synthesis filters are considered collectively as the 

synthesis filter bank. A t the  th ird  level, the  analysis filter bank and synthesis filter 

bank are viewed as a  so-called analysis/synthesis  system which is form ed by directly 

connecting the analysis ou tp u ts  to  th e  synthesis inputs w ithout any processing in 

between. T he final level in the  hierarchy is the  complete system  in which processing
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or coding of th e  analysis outputs is considered. In the rest of the section, design 

considerations and constraints for each of the levels are described.

A . F ilters

For th e  filters in  the analysis filter bank, the stopband, passband, and transition 

band characteristics of the  individual filters m ust be constrained to control the 

m agnitude, phase, and aliasing distortion of the channel signals. For the filters in 

th e  synthesis filter bank, in addition to  the  reconstruction issues, exactly the  same 

properties m ust be addressed so as to  control the effects of the processing distortion 

in the  reconstructed  signal. If the  com putational complexity is a  critical issue, the 

type of filters to  be  used, like finite-duration impulse response (FIR.) filter or infinite- 

duration  im pulse response (HR) filter, the param eter sensitivity o f the filters, and 

im plem entation  s tructu re  m ust also be considered during the design.

B . F ilter  B anks

Since the  to ta l set of channel signals constitutes a tim e-frequency representation, 

i t  is im p o rtan t to  ensure th a t  the  union of frequency bands of analysis filters or 

synthesis filters covers the  entire baseband. In addition, the realization of the filter 

bank needs to  be efficient.

C. A n a ly s is /S y n th es is  System

The goal of the  analysis/synthesis system in the  absence of channel processing 

is to  reconstruct the  inpu t signal a t the ou tput. Therefore, the distortion due to 

aliasing, and the  system  distortions in m agnitude and phase responses m ust be 

m inim ized.

D . C om p lete  S ystem

The com plete system  explicitly includes the  analysis and synthesis filter banks, 

and the  processing on decim ated m ultira te  signals such as quantization and coding.
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The final goal of the  design is to  m aximize th e  system  perform ance in the actual 

processing environm ent and reject th e  distortion introduced by the processing.

In th is thesis, p rim ary atten tion  will be given to the first three design issues. 

Com plete system s with coding m echanism  are used in C hapter 8 when applications 

of the analysis/synthesis system s are addressed.

1.2 Review of the Previous Work

Most of the work on m axim ally decim ated analysis/synthesis system s has been de­

veloped based on the  earlier work on the  frequency-dom ain processing of speech

[2] and on filter bank for T D M /FD M  conversion [3]. An early theoretical fram e­

work for signal analysis and reconstruction was form ulated by Portnoff [4] using 

the  short-tim e Fourier transform  (ST FT ). This work provided insight w ith respect 

to  the narrow band-w ideband n a tu re  of the tim e-frequency representation, the  fil­

te r constraints for reconstruction, and the  relationships between discrete-tim e and 

continuous-tim e analogues. However, the question of how to  design realizable m ax­

imally decim ated tim e-frequency system s able to  exactly reconstruct the  input was 

still unanswered.

In 1976, Crochicre e t al. [5] introduced the  subband coder as a  new technique for 

coding speech waveforms. In this m  fchod the  speech is split into four non-uniform  

frequency bands each of which is m odulated  to  the  baseband. The signal in  each 

channel is then lowpass filtered and decim ated. The dual process is applied for 

reconstruction. F ilters of 125 taps are used to  reject the aliasing distortion.
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1.2.1 Quadrature-M irror Filter Bank

•Almost a t the  sam e time-, Croisier e t a l .-[6] proposed a  two-band filter bank system  

now known as quadratu re  m irror filter (QM F) bank which consists of two analysis 

filters and  two synthesis filters. Certain frequency-domain relationships m ust be 

satisfied for the  filters to  cancel the  aliasing. If linear-phase F IR  filters are used, 

there will be no phase d istortion in the ou tpu t signal. However, the non-unity 

m agnitude, which introduces m agnitude distortion, still has to be m inim ized in 

the  design. A rem arkable feature of QM F banks is th a t they can be im plem ented 

using th e  efficient polyphase struc tu re  [7] where m ultiplications and additions can 

be shared betw een the  lowpass and highpass filtering. The two-channel Q M F bank 

system  can be cascaded in a  tree struc tu re  to perform a variety of m ulti-band spectral 

decom positions and its use in an octave-band structure  for the subband coder has 

substantively im proved the  speech quality [8],

The problem  of designing Q M F banks have been a subject for research since 

th e  m iddle of 7G’s. Johnston  [9] designed a family of QM F banks by m inimizing a 

weighted stopband-ripple/system  reconstruction error. The results have been widely 

used as a  standard  set of Q M F banks for m any years since their publication in 1980. 

Later, Barnwell [10] proposed a Q M F structu re  using H R  filters where either phase 

or m agnitude d istortion  could be elim inated. In [11] a tirne-domain algorithm  was 

proposed for the  design of QM F banks which involves calculation of the eigenvalue's 

and eigenvectors of a  m atrix  in each step of an iterative procedure. Recently, Cher) 

and Lee 112] in troduced an iterative algorithm  th a t improves design efficiency over 

the  design m ethods using conventional minimization.
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1.2.2 Filter Banks w ith Perfect Reconstruction

In the  design m ethods m entioned above, the  overall am plitude d istortion  is m in­

imized b u t not com pletely elim inated, which leads to  near-perfect reconstruction 

QM F banks. Sm ith  and Barnwell [13] [14] , and M intzer [15] proposed m ethods 

for the design of filter banks th a t yield perfect reconstruction of the  in p u t signals. 

These filters were term ed conjugate quadrature filters or C Q F’s [14]. In addition, 

Sm ith and Barnv/ell [16] [17] developed the  so-called A C -m atrix form ulation for an­

alyzing m ulti-band  filter banks. In particu lar, necessary and sufficient conditions 

for N -band perfect reconstruction filter banks were obtained.

Based on certain polyphase representations [7] of the  filter involved, Vetterli 

[18] and by V aidyanathan [19] proposed a variation of the  AC m atrix  form ulation. 

V aidyanathan reported  a paraun ita ry  structure  for the  polyphase m atrix  which, 

although was only sufficient to  ensure perfect reconstruction, greatly simplified the 

design procedure. Later, im provem ents to  th e  original scheme were reported  [20]

[21], Recently, a  Lagrange m ultiplier approach was proposed by Horng and W illson 

on the design of two-channel perfect-reconstruction linear-phase F IR  filter banks

[22].

1.2.3 C osine-M odulated QMF Bank

For uniform m ulti-band system s it was shown th a t satisfactory perform ance of the  

filter bank can be achieved by only canceling the  m ajor aliasing com ponents in the 

reconstructed  signal [23] - [26]. The m ajor benefit of th is approach, however, was 

th e  im provem ent in com putational efficiency. This is because each individual filter
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in the bank  is represented as a cosine-rnodulation of the  baseband filter in the form

By exploiting redundant arithm etic present among the bandpass filters, these par-

m odulated  QM F banks) achieve their enormous efficiency over tree structured  QM Fs 

in m ulti-band decomposition. One of the  m ost im portan t applications of cosine- 

m odulated  filter banks is in the  Moving P icture E xpert Group (M PEG ) audio com­

pression scheme [27].

Several m ethods for the  design of m ulti-channel cosine-m odulated QM F banks 

have been proposed. In [26][28][29], near-perfect reconstruction filter banks wore de­

signed by m inim izing a weighted objective function which is a fourth-order function 

of the  coefficients of the pro to type filter. In [30] a spectral factc ization approach for 

the  design of pseudo-Q M F banks w ithout using optim ization was proposed. In [31] 

a  lattice  s truc tu re  th a t  leads to  a perfect reconstruction filter bank was presented. 

In [32] an extended lapped transform  is described which also achieves perfect re­

construction filter bank. Recently, in [33] a m ethod for the design of near-perfect 

reconstruction Q M F banks was proposed. It appears th a t this approach can achieve 

high stopband a ttenuation  and very low aliasing and am plitude distortions.

1.2.4 Low-Delay Filter Banks

T he reconstruction delay is an im portan t issue in real-tim e applications arid to  date  

there are relatively few results available on the  design of low-delay filter banks. For 

m any popular filter banks such as two-channel QM F banks and m ulti-channel cosine- 

m odulated  Q M F banks, th e  reconstruction delay is fixed to be N  — 1 where N  is

(1.5)

tial aliasing cancellation filter banks (often called pseudo-QM F banks or cosine-
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the filter length. W hen high order filters are needed in order to  achieve satisfactory 

perform ance, or in  a tree struc tu re  where two-channel filter banks are cascaded, 

long reconstruction delays are unavoidable, which is highly undesired for real-tim e 

applications.

In [34] [35], a tim e-dom ain design m ethod is studied for the  design of low-delay 

two-channel filter banks. Some interesting observations and useful comparisons were 

m ade and low-delay tree-structu re  systems were constructed using the  obtained low- 

delay two-channel filter banks. For the  design of low-delay cosine-m odulated QM F 

banks, a class of generalized cosine-m odulated filter banks has been proposed in  [36] 

whose reconstruction delay is not fixed bu t could be chosen among several values. 

Some prelim inary  results were also reported  in [37] on low-delay cosine-m odulated 

filter banks through designing several filter banks w ith various-lengths b u t a  fixed 

reconstruction delay.

1.2.5 2-D Filter Banks

Since 1984, research on 2-D subband coding schemes has also been intensive. Vetterli 

[38] was the  first to  propose two-band nonseparable QM F banks w ith quincunx 

decim ation lattices, in which the aliasing term s are com pletely cancelled. Using 

linear-phase filters w ith certain  restrictions on the  order of filters, it was shown th a t 

the  reconstructed  signal coincides w ith the input signal up to  a  constant factor and 

a  spatial shift. A separable 2-D QM F bank where 1-D QM Fs operate first on the  

rows and then on the  columns of 2-D inputs or vice versa was also proposed in 

[38]. In  1986 Woods and O ’Neil [39] constructed a 2-D subband image coder using 

a  separable 2-D Q M F bank and reported  th a t the  subband coder has im proved the  

signal-to-noise ra tio  (SNR) and th a t the  subjective perform ance com pared to  th a t
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obtained  by using the  adaptive discrete-cosine transform  (DOT). Sm ith et al. [40] 

and R am stad  [41] suggested several 2-D perfect reconstruction recursive filter banks 

based on separable filters. In [42] both  recursive and nonrecursive filter banks were 

investigated.

In a  separable 2-D QM F bank the  frequency spectrum  of the input signal is split 

into cen tral lowpass, horizontal highpass, vertical highpass, and diagonal highpass 

bands in  which the  diagonal highpass band contains a m ixture of the  two orienta­

tions. To avoid th is problem , a  nonseparable four-band hexagonal Q M F bank based 

on hexagonal sam pling was proposed by Simoncelli and Adelson [43] where the anal­

ysis and synthesis filters have a  sim ilar structu re  to  th a t of 1-D Q M F banks. It has 

been shown th a t  aliasing in the  system  ou tpu t is cancelled and am plitude distortion 

can be m inim ized through the design. Another im portan t class of nonseparable 2- 

D filter banks is th e  class of two-band diam ond-shaped filter banks, in which the 

frequency spectrum  is split in to  diam ond-shaped lowpass and four-corner highpass 

bands. This type  of filter banks has been applied for image and video compres­

sion in high-definition television (HDTV) coding and the  results obtained appear to 

be satisfactory [44] [45]. M ost existing m ethods for the design of nonseparable 2-D 

diam ond-shaped filter banks are based on the application of transform ations to 1-D 

pro to type filters [45] - [47].

In th e  area of generalized m ultidim ensional bank design, Viscito and Allebach 

[48] ex tended  the  theory of perfect reconstruction filter banks to arb itrary  down- 

sam pling lattices introduced in [49][50]. The scheme of [48] is based on the concept 

of the  m ultidim ensional polyphase transfer m atrix . It was shown th a t  if the analysis 

polyphase m atrix  is form ed by cascading constant coefficient m atrices with diagonal 

shift m atrices betw een them , its inverse can be readily evaluated. The synthesis
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filters are then  derived from this m atrix  inverse. In [51], a  theory of m u ltira te  oper­

ations on arb itrary  m ultidim ensional lattices and a  num erical optim isation m ethod  

for designing the m ultidim ensional filter banks are proposed.

1.3 Scope of the Thesis

This thesis consists of three parts. P a rt I, comprising C hapters 2 to  5, is concentrated 

on several m ethods for the  design of 1-D filter banks; P a r t I I  (C hapter 6) is devoted 

to studies on the  design of 2-D filter banks; P a rt III, comprising Chapters 7 and 8, 

describes applications of the  1-D and 2-D filter banks designed in  P arts  I and II of 

the thesis in  audio and image compression.

The m ajor concern of C hapter 2 is th e  design of near-perfect two-channel Q M F 

banks from  the  frequency domain. F irst an improved version of the iterative m ethod, 

originally proposed in [12], is described. A simple and explicit form ulafor the  precise 

evaluation of integrals involved in  the objective function is derived. As will be shown 

in the  design exam ples, this significantly reduces the design complexity. To achieve 

low reconstruction delay in a QM F bank, a generalized two-channel QM F bank  is 

proposed, whose reconstruction delay is adjustable, leading to  low-delay filter banks.

C hap ter 3 is concerned with the  design of QM F banks from  the  tim e dom ain. A 

new approach is described in which the perfect reconstruction condition is form u­

lated  in th e  tim e-dom ain instead of in the  frequency dom ain as in C hapter 2. An 

iterative m ethod sim ilar to  th a t in C hapter 2 is used to  reduce th e  design complexity. 

For the  purpose o f designing low-delay QM F banks, a tim e-dom ain perfect recon­

struction condition is derived which can be m inimized efficiently by the  iterative 

m ethod.
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C hapter 4 describes a null-space projection m ethod for the design of two-channel 

perfect reconstruction  Q M F banks. In th e  proposed m ethod two filters, i.e., the  

analysis lowpass filter and the synthesis lowpass filter, need to be designed. The 

analysis lowpass filter is first designed by a conventional F IR  filter design m ethod. It 

is then  followed by solving a  constrained optim ization problem  using the  null-space 

pro ject m ethod  to  obtain  the  synthesis lowpass filter. The proposed m ethod is used 

in the  design of two-channel perfect reconstruction QM F banks w ith norm al and 

low reconstruction delays.

C hap ter 5 describes several m ethods for the design of cosine-modulated QM F 

banks, which have been widely used in m any applications due to their high design 

efficiency and im plem entation efficiency. In order to  design conventional cosine- 

m odulated  Q M F banks, a n ew  iterative  algorithm  is proposed th a t greatly improves 

the  design efficiency and leads to  filter banks with high stopband attenuation and 

low aliasing and am plitude distortions. A general version of the  algorithm is then 

developed, which can be used to  design low-delay cosine-modulated QM F banks. 

This algorithm  is based on a  weighted objective function th a t depends on the error 

betw een the  actual frequency response and th a t of a lincar-phasc ideal filter. A rti­

facts th a t  can occur in the  am plitude responses of the analysis and synthesis filters 

when designing low-delay filter banks can be reduced significantly by simply adding 

one m ore error com ponent to  the objective function.

A lthough separable 2-D filter banks are easy to  im plem ent, the class of non­

separable 2-D filter banks are believed to be m ore adequate for use in m any image 

processing re la ted  applications. In C hapter 6 several design m ethods for the de­

sign of four-channel hexagonal QM F banks and two-channel diam ond-shaped QM F 

banks are  proposed. It will be dem onstrated  th a t the hexagonal filter banks de­
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signed using the  proposed m ethods are superior to  th a t  described in [43] in  term s 

of design efficiency and system  perform ance. The problem  of designing diam ond­

shaped Q M F banks is solved by using some iterative m ethods. Unlike the  existing 

m ethods, no 1-D to 2-D transform ation is required in our designs. The proposed 

m ethods show high design efficiency and design flexibility.

In C hapter 7 a 32-band filter bank is designed using the  iterative m ethod pro­

posed in Chapter 5 and comparisons of the filter banks designed w ith the  current 

M PEC  filter bank are m ade. In order to  reduce the reconstruction del ;y of the  

M PEG  audio codec, a cosine-m odulated QM F bank whose reconstruction delay is 

about ha lf of th a t in the current M PEG  filter bank is designed and im plem ented 

using an efficient polyphase structure. Some sample sound signals are used to  test 

the  designed filter bank.

In C hapter 8, subband coding of images is studied. A two-stage subband coding 

system  is constructed  using diam ond-shaped filter banks, th e  D C T transform ation, 

and HuffmfU coding. In addition, the  Daubechies wavelet transform  is used in 

a  separable 2-D m ulti-stage subband coding system. Com parisons of the  wavelet 

transform  m ethod with the  current Jo in t P icture  E xpert G roup (JP E G ) coding 

scheme are >.onducted using sam ple images.
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Im proved Iterative M ethods for 
th e  D esign  o f QM F Banks

2.1 Introduction

The im portance of quadrature-m irror-filter (QM F) banks in subbaml coding has 

been widely recognized and various analysis, design, and im plem entation issues per­

taining to these filters have been intensively studied since the m id 70’s. T he quadra­

tu re  m irro r struc tu re  of Q M F banks leads to  the complete cancellation of iriterband 

aliasing due to  the  overlapping filter responses. If the filters involved have sym m et­

rical im pulse responses of finite duration (FIR ), no phase distortion will occur ai,:l, 

therefore, the  design can be focused on selecting filter param eters so as to  minimize 

the system ’s am plitude distortion.

Like the  design of conventional digital filters, the design of Q M F banks can be 

accom plished by using least-squares and m inim ax m ethods. In [52], the reasoning of 

using the  least-squares criterion for telecom m unication applications has been clar­

ified. O n the o ther hand, in [12][53][54] it has been shown th a t m inim ax design 

can be accom plished if an adequately updated  weighting function is included in a

14
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least-squares objective function. In either the  non-weighted or weighted case, the 

least-squares objective function is a fourth-order function of the  design param eters. 

Hence the  design is a  typical unconstrained, nonquadratic optim ization problem . 

Recently, an iterative design m ethod has been proposed by Chen and Lee [12] in 

which the  least-squares objective function is modified by assigning a  set of appropri­

ate  values, which form  a  vector h , to  a part of the design param eters in  such a  way 

as to obtain  a quadratic and globally convex objective function. Upon obtaining 

the global m inim um  point, say f ,  the value of h  is updated  accordingly and is then  

re-assigned to  the  sam e p a rt of the  design param eters. This procedure is repeated  

until f  and h become identical. Since in each iteration f  can be form ulated in closed 

form and only a  few iterations are needed for convergence when a  good in itia l h  is 

used, the  algorithm  is efficient and good perform ance is achieved in th e  filter bank. 

In the m ethod described two integrals are involved in the  objective function, which 

are evaluated by discretization. This gives rise to  two problem s. F irst, th e  solution 

obtained actually  m inim izes the  discretized version of the objective function ra the r 

than  th e  objective function itself. This can degrade the perform ance of the  Q M F 

bank designed. Second, in order to  reduce the perform ance degradation the density 

of sam ple points needs to  be high, which leads to  increased com putational com­

plexity. In  this chapter, we describe an improved version of th e  above algorithm  in 

which the  integral discretization is avoided by deriving a  sim ple and explicit form ula 

for the precise evaluation of th e  two integrals. As a result, filter banks w ith b e tte r  

perform ance can be designed w ith considerably reduced com putational complexity. 

Design exam ples are dem onstrated  to  show the  proposed algorithm  and comparisons 

are m ade in term s of design efficiency.

For real-tim e or quasi-real-tim e applications, filter banks with low reconstruc-
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tion  delay are highly desired. Unfortunately, in conventional QM F banks the  filter 

length N  is required  to  be fairly high in order to  achieve satisfactory performance, 

Consequently, th e  reconstruction delay, which is (iV — 1) sam pling periods, can be­

come too  long. A tim e-dom ain approach to  the  design of analysis/synthesis system s 

w ith  low reconstruction  delays was proposed in [34]. In this chapter, we propose a 

two-channel low-delay Q M F bank, and the iterative algorithm  m entioned above is 

extended to  the  design of low-delay QM F banks, first in a discretization version and 

then  in  an im proved version in which simple and explicit expressions arc derived for 

th e  precise evaluation of the  objective function. This increases the com putational 

efficiency during th e  design and improves the quality of the  filter banks designed. 

Design exam ples are illustrated  and comparisons are m ade w ith designs from [34] in 

term s of design efficiency, perform ance of the  resulting filter banks, im plem entation 

aspects, etc. By em ploying th e  proposed m ethod, a fam ily of two-channel low-delay 

Q M F banks were designed which could be used in  different kinds of applications.

From experim ents, it  is found th a t the  iterative m ethod can achieve filter banks 

of good perform ance w ith high design efficiency. To investigate the m ethod further, 

some analysis has been done concerning such aspects as the  choice of initial points 

and convergence speed.
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Figure 2.1: A two-band filter bank.

2.2 Design of Conventional QMF Banks

2.2.1 O bjective Function

Consider the two-band filter bank depicted in Fig, 2.1. T he inpu t-ou tpu t relation 

is given by

X { z )  =  ^[H0(z)G0(z) + H l ( z )G l (z)]X(z)

+ \ [ H o ( - z ) G 0(z) +  H ^ G t i z W - z )  (2.1)

where the second term  on the right-hand side represents aliasing due to  the dec­

im ation operation. By assuming th a t  Hi{z)  — Ho(—z), Co(z ) =  H 0(z),  and 

G\ (z) =  —Hq(—z ), which, in general, are referred to  as quadrature-mirror relation­

ships, we obtain a  Q M F bank in which the  aliasing term  is completely elim inated, 

and (2.1) becomes

X ( z )  =  i  I H f c )  -  H l ( - z ) \ X ( z )  (2.2)

If F IR  filters w ith sym m etrical im pulse responses are used in the  QM F bank, 

which is referred to  as the conventional QM F la n k , then the  frequency response of 

filter Ho can be expressed as

N0(e^)  =  Mh(u) e-M * - i) /2 (2.3a)
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where

M h(uj) = 2 h Tc(w) (2.8b)

h  ~ [ h 0 hi  • • • hff/2-i  ]T (2.8c.)

c(u>) =  [ cos ( N  — l)w /2  • • • cos or/2 f  (2.3d)

and N  is th e  length  of the  filter, which is assumed to  be even. From (2.2) and (2.8), 

the  perfect reconstruction condition of the QM F bank assumes the  form

T(w) =  M l ( u )  +  M l i w  +  tt) =  1 (2.4)

and th e  system  delay is (iV — 1) sampling periods. In order to  design a filter bank 

satisfying (2.4), an objective function is defined as

E  — Ei  -j- otE2 (2.5a)

where

Ei  = J * [ T {u )  -  l]2du> (2.5b)

and

E 2 = r  Ml{u)dto  (2.5c)
Jws

The param eter a  is a  positive weight th a t can be used to control the stopband 

a ttenuation  for Ho and u s is the  stopband edge.

2.2.2 Improved Iterative Algorithm

The basic idea in the  iterative algorithm  [12] is th a t instead of d irectly  minimizing 

the objective function in (2.5a), which is a fourth-order function of param eter vector 

h ,  one m inim izes the  modified objective function

E'  =  E[ +  aE!2 (2,6a)
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where

E[ =  A r ' H  - 1]2^  (2.6b)
Jo

E'2 =  f  R f] (u )d u  (2.6c)
Juja

T'(w) =  M h( w )M /(u )  + M h(oj + tt ) M j ( u  +  i t )  (2.6d)

Mj(ui) — 2 f 2c(o>) (2.6e)

f  = [ / o / i  ••• /AT/2-i]r  (2.6f)

under the  assum ption th a t coefficient vector h is fixed with respect to  the  m inim iza­

tion. Obviously, as a function of f , the  m odified objective function E '  is quadratic 

and globally convex and, therefore, its m inim um  can be obtained easily. Having 

obtained the  m inim um  point of E' ,  say f, vector h is updated  using a  linear combi­

nation of f  and h as

h := (1 -  r)h +  r f  (2.7)

where r  is a sm oothing param eter between 0 and 1. W ith  an appropriate choice

of r ,  which is found to  be in a vicinity of 0.5, f  will quickly converge to  h and an 

optim al design param eter vector results. In the approach in [12], discretization is 

used to  evaluate E[  and E L  An a lternative approach is to derive a closed-form and 

explicit form ulation of E'  as a  quadratic  function of f  w ithout discretizing E[ and 

E'r  As will be shown, this form ulation in conjunction with the  iterative procedure 

described above leads to improved com putation efficiency and perform ance in the  

designed filter bank.

From (2.6b) and (2.6d), E[ can be w ritten as

E[ =  4 f r U f  -  8?rhr f  +  7T (2.8)
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where

n<
u = Jo [M ^(w)c (w) + A^ ( w+ 7r)c (w+7r)][A/,l(w)c(a;)+iV4(w+7r)c(w+7r)]'-/\ /w  (2.9)

with c (uj) given by (2.3d) and

JV /'2 -l AT/2-1

M l ( u ) = A  Yh  Y  h n h m C OS 
n=0 m=0

N -  1 \  1
n   —  w

2 )  .
cos

\ (  N ~ l \  ,
( r o -------(2.10)

ive analysis shows

th a t th e  (i, j ) t h  entry  of m atrix  U  in (2.9) is given by 

N / 2 - I N / 2 - 1J V /2 - 1 J V / 2 - 1  z - 8

=  * Y  Y  h"hm |  Y  [1 +  H / ' ]  W  \ ,  1 <  i, j  < N / 2  (2 .11)
n=0 m=0 U = i  J

where

S(k,) =
1 , ki =  0

0 , otherwise

ki  =  (3 +  7  -f £ -f rp k i =  (3 -f  7  -f £ — t?

^3 =  /? +  7  — £ - f  T), h\ =  0 +  7  -  £  — r)

h  =  /? — 7 -f £ +  t], k$ =  (3 — 7 +  £ — ?|

k 7 = /3 - ' y - £ - \ - r } ,  ks =  {3 -  7 -  £ -  r/

(3 = n
N -  1 

2
y V - l

7 =  m 

,  A ^ + l
5 =  — 5--------*

+ 1  . v =  _ ---------j

k[ =  rn — j  +  1, /4 = m  + j  — N
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K  = K ,  K  = K  

y — ~y y — ~y'•'5 —  2 ) 6 ~  " '1

i j  _  7„' L' _  7/
f i / J  —  f l< )  j  » l / g  —  H / j

Now from (2.6c),

E '2 =  4 fr  f  c(u>)cT(u;) f/w
L/o/j

=  4 f U ,f (2 .12)

where the  (?!, f ) t h  en try  of U s is given by

„ TV — l
l  ~---  I 'J3 COS

. 1 TV -1j  _  i ------- —  | w duj

i = j
(2.13)

|  (tt — ws)/2  — sin[(2i — IV -  l)w s]/(4 i — 2 N  — 2) ,

{ cjn[(i -  j ) u s] / (2j  -  2i) -  sin[(z +  j  -  N  -  l ) u a]/(2i  +  2j  -  2 N  -  2) , i ^  j

Equation (2.13) was also used in [11] in a tim e-dom ain form ulation of the  design 

problem . Note th a t  m atrix  U s is independent  of h  and can be pre-calculated as long 

as the filter length  N  and stopband edge ivs are specified.

The objective function B'  can now be expressed as

E'  =  4 fr Q f  -  87thTf  + 7T (2.14)

where

Q =  U  +  cvUs (2.15)

From (2,9) and (2.12) it follows th a t m atrix  Q  is positive definite and, therefore, 

w ith a  fixed h  the global m inim um  of E '  is given by

f  =  7rQ-1h (2.16)
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On the  basis of the  preceding analysis, an iterative algorithm  can now be con­

structed  as follows:

A lgorithm  2.1

Step  1 Use a  conventional m ethod (e.g., the  window m ethod) to design a  linear

phase, lowpass, F IR  filter of length N  w ith stopband edge w.,, and use

the  coefficient vector of the  filter obtained as the in itial h.

Step 2 Use (2.11) to  com pute m atrix  U.

Step 3 Form  m atrix  Q using (2.15), and com pute f  in (2.16).

Step  4 If || h — f  || <  e, where t is a  prescribed tolerance, ou tpu t f  as the design 

resu lt and stop. Otherwise, update  h using (2.7) w ith a  r  close to 0.5 

and repeat from Step 2.

A rem ade on the  evaluation of m atrix  U  is appropriate a t this point. From (2.9) 

it  is clear th a t U  is sym m etric, and so only N ( N  + 2)/8  entries of U  need to be cal­

culated. For each entry  of U, ^ f _ l [1 +  (—1 ) ] A(A'/) is a simple combination of eight 

delta functions, each of which is very sparse and easy to determ ine. Consequently, 

designs using A lgorithm  2.1 can be accomplished very quickly.

2.2.3 D esign Exam ples

•Two F IR  QM F banks have been designed by using Algorithm  2,1. The param eters 

used in the  two designs, which will be referred to as Exam ples 2.1 and 2,2, are 

N  =  32, a  =  1, iuB =  0.67T, r  =  0.7, e =  lO-3 , and N  =  80, a  =  1, u)„ ~  0.557T, 

r  =  0.7, e =  10~3, respectively. T he in itial h  was [ 1 0 • • • 0 ~ }T . For comparison 

purposes th e  m ethod of Chen and Lee [12] was applied to design two FJR  QM F 

banks w ith th e  sam e design param eters and initial h .  The comparisons were m ade 

in term s of
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•  N um ber of floating-point operations in  millions (M FLOPS)

•  th e  m inim um  stopband attenuation

UJS <U/<7T

• the  peak-to-peak passbancl ripple

A a = ^ < ,  [ - 201o g 10 |f fo (e ,'u,) l ]

j \ u / \ w p
A ’  =  o S S ,  [201o« 1o | a ( ei " ) |]  - o m m _  [201og l o \ H 0 ( e >

v.'here cup is the  passband edge,

Peak  reconstruction error

P R E  =  m axW

•  Signal-to-noise ratio

energy of the signal
energy of the reconstruction noise 

S  x \ n )

SN R =  101og10

10 °S J0 2

where k,i is the  reconstruction delay.

B oth th e  proposed m ethod and the  m ethod of [12] were program m ed using MAT- 

LAB (version 4.1) and run on a Sun SPARC station. The num ber of frequency 

sam pling poiuts was set to  8N  when im plem enting the  m ethod  of [12], where N  is 

th e  filter length. T he results are sum m arized in  Table 2.1 where SNR* and SNRr 

denote th e  SN R w ith a  step inpu t and a random  input, respectively. The am pli­

tude responses of filter H0 designed by the  proposed m ethod and the  m ethod of [12] 

w ith two sets of design param eters specified above are depicted in Fig. 2.2 (a) and
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Table 2.1: Com parisons of the  proposed m ethod with the m ethod of Chen-Lee.

Exam ple 2.1 Exam ple 2,2

Proposed Chen-Lee Proposed Chen- Lee

M FLOPS 0.62 2.55 8.11 36.83

A a (dB) 35.20 36.SI 44,69 45.19

A p (dB) 0.0124 0.0139 0.0042 0.0045

P R E  (dB) 0.0148 0.0154 0.0091 0.0093

SN R5 (dB) 84.1 83.6 83.9 S2.7

SNRr (dB) 69.1 68.4 76.5 74.8

(b), respectively. As can be observed from  the  design results, the proposed m ethod 

shows consistent im provem ent over the  m ethod of [12] especially in term s of design 

efficiency where th e  com putation com plexity can be reduced by as much as 75%.

2.3 Design of Low-Delay QMF Banks

2.3.1 General Two-Channel QMF Bank

In Sec. 2.2.1, the  im pulse responses of the  filters in a QM F filter bank are assumed to 

be sym m etrical so th a t  they are of linear phase with group delay (N  —1)/2, whore N  

is the length  of th e  filter. This gives a  filter bank th a t has linear phase response and 

the reconstruction delay is fixed a t ( N  — 1) sampling period. Unlike the conventional 

QM F bank, here we consider a Q M F bank which imposes no sym m etry constraints 

on the  im pulse responses of the filters. From  [55] we know th a t optim i'/ation m ethods 

can be used to  design F IR  filters w ith group delay less than ( N  — l) /2 .  Suppose th a t 

we have designed a  lowpass F IR  filter H0 with group delay kd j2 < ( N  ~  I ) /2  where
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Figure 2.2: (a) A m plitude responses of the  filters in Exam ple 2.1. (b) A m plitude 

responses of the  filters in Exam ple 2.2.

kd is assum ed to  be an odd num ber, then  its frequency response can be expressed 

as

H0(ejw) =  \H0(ejw)\e~jujkd/ 2

So with the  same quadrature-m irror relationship among analysis and synthesis filters 

assum ed as in a  conventional QM F bank, the  aliasing term  in the  ou tpu t is cancelled 

arid the frequency response of the  filter bank is given as

=  \H0( e ^ ) \ e - ^ k“ +  \H0(e^ ŵ ) \ e ~ ^ w^ k^

=  [ |tf0V w)| +  |//o (eJ(w+,r))|] e~iwkd (2.17)

Therefore, if

l«oV")l + = 1

for all 0 <  u> <  7T, the  perfect reconstruction will be achieved while the reconstruction 

delay is kd < N  — 1, which is less th an  th a t in a conventional QM F bank, and it
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can be m ade small  if kd is small. The QM F bank obtained can be referred to  as a 

two-channel low-delay Q M F bank and its perfect reconstruction condition in the z  

dom ain can be expressed as

H l ( z )  -  H & ~ z )  =

Based on th e  above analysis, a design m ethod can be developed in which a  

weighted objective function is formed as

E  = Y J wiE i (2.18)
i = l

with

Ei =  E  l^ o V " )  “  H 20( c J ^ )  -  e~iujkd|2
W

E2 = Y 1 \ M ^ ) - H ^ ) \ 2a•

where to,- for i -  1,2  are weights and H i(e ju>) is the frequency response of an ideal 

lowpass filter w ith  group delay kd /2.

T he m inim ization of th e  objective function in the  above design procedures can 

be achieved by  optim ization. VVe have employed a quasi-Newton optim ization algo­

rith m  based on the  Broyden-Fletcher-Goldfard-Shanno (BFGS) updating form ula 

and th e  inexact line search described in [55] to  perform the optim ization. The 

num ber of variables is N .  A fortran program  has been w ritten to im plem ent the 

algorithm .

A filter bank  was designed w ith filter length N  =  32 and system  delay kd =  9, 

which is referred as Exam ple 2.3. F irst the coefficients of filter H0 are determ ined 

by m inim izing th e  objective function given in Eqn. (2.18) and then three other 

analysis and synthesis filters are obtain  through the  quadrature-m irror relation as
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Table 2.2: SN R for Exam ple 2.3.

kd SNRs (dB) SNR- (dB)

9 78.87 75.99

| - , 0

a
3
2  '20O

•30

•50
0.4 0.6

N orm alized  F requency
0.2 0.8

•10

•15

4 ^
3*.» .25Q. "
5  .30

•35

•40

-45
0 A 0.6

N orm alized  Frequency
0.80.2

(a) (b)

Figure 2.3: Exam ple 2.3 (a) A m plitude response of H0. (b) G roup delay of Ho.

in a conventional Q M F bank. The am plitude response and group delay characteristic 

of filter Ho are shown in Fig. 2.3 (a) and (b), respectively. It is observed th a t  in  the 

passband th e  group delay characteristic is flat. The SN R values for the  obtained 

filter bank  are listed  in Table 2.2.

2.3.2 Iterative M ethod

In Sec. 2.3.1, a two-channcl QM F bank is considered whose reconstruction delay 

could be lower th an  th a t in  a conventional QM F bank. Since the  objective function 

involved in the design is usually highly nonlinear, its m inim ization w ith standard
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optim ization m ethods is usually quite time-consuming and sensitive to  the initial 

points. In  th is section, we propose an iterative algorithm  for the design of two- 

channel low-delay Q M F banks.

The objective function involved in the  design can be rew ritten  as

E  — Ei  T  0 .E2 (2.1.9)

where

Ei = £  |//0V w) -  -  e- jwkd\2
0 < t u < i r  

w, < u /< ir

and a  >  0 is a weighting constant. Term  Ex deals with the perfect reconstruction 

condition and kd < N  — 1 is the  system  delay. Term ,fi2 deals w ith the intra-band 

aliasing where ujs is the  stopband edge.

Instead  of m inim izing directly the above objective function w ith respect to  the 

coefficients of Ho, an iterative m ethod, which is an extension of th a t in [12], is 

adopted. The error com ponents Ex and E? in (2.19) are changed to

E '  = E[  +  cxE'2 (2.20)

£  \H0(e^)Qo(ejw) -  f f0{ei^ ) Q o ( e j^ )  -  e~juk^
0<UI<7T

K =  £  l « o ( O I 2
w ,< w < *

where

Qo(ejn =  E M e - * " 1
li-O

is the transfer function of a  lowpass filter Q0, whose coefficient vector is v  =  

[9o(0) <Zo(l) • • • Qo( N  — l ))T . I t is assum ed th a t a t the s ta rt of the iteration process 

the  coefficient vector of H0, u =  [hQ(0) /i0( l)  • • • h0( N  -  l)]r , is known and so
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H0(ej")  is known. Let f t  =  {tui, a>2, . . . ,  w ,, . . . , u l } be the  set of sam pling

points and construct th e  m atrices

[ e- i “ i . . .  e-ju\(N-l)

U t (ft)  = I e~iu* . . . g-jWifV-L) (2.21a)

1 g-JWi . . ,

2 e~iw= . . .  e-iw,(JV-i)

U s = j ■ (2.21b)

\  e~iwL . . . q-}vl(N-1)

H (f t)  =  d ia g [F o (e ^ ) , - H0( e T ‘), . . . , H 0(ej^ ) \  (2.21c)

U  =  H ( f t)U t( f t )  -  H (f t  +  7r)Ut (ft +  tt) (2.21d)

E'  in (2.20) can be expressed in  th e  form

E '  = (U v  -  i f  (U v  -  I) +  a (U av f  (U Bv ) (2.22)

where I =  [e~iWlk e ~ ^ k • • • e~iWLh\T and superscript H  denotes complex conjugate

transposition. E '  in  (2.22) is a  quadratic  function of the  coefficients in v . I t  can

be shown th a t th is function has a  global m inim um  point given by the  closed-form

solution

v  =  (Re [U * U  +  a U / U s ] ) " 1 • Re ( [U " l])  (2.23)

where Re [•] is the  real p a rt of [•]. After obtaining v , a  linear form ula is adopted to

update  u as

u :=  (1 — r)u  +  t v (2.24)

and the  above process is repeated until || u -  v  || is less than  a  prescribed tolerance.
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A step-by-step procedure based on tbe  above m ethods is as follows:

A lgorithm  2.2

Step  1 Set the  weighting constant a,  the smoothing param eter r ,  and the stop­

ping criterion e and initialize the coefficients of vector u.

S tep  2 C alculate the  m atrices expressed in (2.21).

Step  3 O btain  coefficient vector v  using (2.23).

Step  4  If || u — v  || <  e, te rm inate  the process; otherwise, u pda te  coefficient

vector u using (2.24) and go to step 2.

By using th e  proposed ite rative  design m ethod, filter banks with low reconstruc­

tion delays were designed. Two design examples arc presented here. The filter 

length in these two design examples is 32. The first design exam ple, referred to as 

E xam ple 2.4, was to  design a filter bank with system reconstruction delay kd =  9. 

Fig. 2.4 (a) is th e  am plitude response of the  prototype filter H0 and (b) is its group 

delay plot. In th e  second exam ple, which is referred to  as Exam ple 2.5, a filter bank 

with system  delay kd =  15, was designed. Fig. 2.5 (a) is the  am plitude response 

of the  p ro to type  filter H0 and (b) is its group delay plot. From these plots, it is 

observed th a t the  filters achieved have fairly good passbancl and stopband charac­

teristics and in  th e  passbancl have nearly linear phase responses, which are desired 

in m any applications. For the above two examples, the SN R values and the num ber 

of iterations (N I) used in the  designs are listed in Table 2.3. Com pared with the 

exam ple in Sec. 2.3.1, it is observed th a t by using the iterative algorithm , design 

efficiency is im proved and filter banks with better performance are obtained.
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Figure 2.4: Exam ple 2.4 (a) A m plitude responses of H0. (b) G roup delay of H0.
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Figure 2,5: Exam ple 2.5 (a) A m plitude response of H0. (b) G roup delay of H0.
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Table 2.3: Results for Examples 2.4 and 2.5.

32

kd NI SNR* (dB) SNRr (dB)

Exam ple 2.4 9 15 81.84 74.05

Exam ple 2.5 15 10 82.31 76.85

2.3.3 Equiripple Com plex Reconstruction Error

Using A lgorithm  2.2, the m agnitude of the complex reconstruction error defined as

er (cu) =  /-/oV ") -  tf0V (w'Hr)) ~  c~jwk“ (2.25)

will be m inim ized. However, it is not equiripple in general. In what follows it will 

be shown th a t if a weighted objective function in the form of

Ew +  cth2W (2.2(ia)

£  lE (cu )|//o (c^)Q o(ei“ ) - //o (e i 'w+"))Qo(ej(w+7r)) - c - ^ ^ | 2 (2.26b)
0< o /< 7r

E  IG o(<*)|2 (2.26c)
Uli<UJ<V

is adopted  and the  weighting W(ui) is chosen adequately, equiripple complex recon­

struction  error can be achieved.

Since E'w in (2,26a) can be w ritten as

K  =  (U v  -  I)"w(Uv - 1) + a (U Hv ) " ( U Hv )

where U , U , are given by (2.21) and W  is defined as

W  =  diag [ iy (aq ), . . . ,  W{wt ), W { u L)}

Hence if

v =  (Re [U /yW U  +  a U H/yU H] ) - ' • Re ( [U"WI]) (2,27)
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th e  m inim um  of E'w is achieved. T hen a process similar to  th a t in A lgorithm  2.2 is 

repeated until || u — v  || <  c.

To obtain equiripple complex reconstruction error, th e  weighting W ( uj) should 

be updated  based on the weighted least squares (WLS) algorithm  proposed in [53]. 

Suppose th a t Wk{u) is the weighting function used in the  k th  iteration, then  the  

weighting used in the (h +  l ) th  iteration is expressed as

where v k (u))  >  0 is selected such th a t v k {u>{) >  v k (tOj)  if  \ e r k ( u i ) \  >  |erfc(w,-)| where 

e r k ( u )  denotes the values of e r (u>) defined in (2.25) a t the  kth. iteration . This ensures 

th a t  in the nex t iteration |er (u>t)| will decrease a t the expense of increasing \ e r ( w j ) \ .

reconstruction error erk(w) a t the  Ath iteration. Let the  ,/ th  extrem al value of 

|er/,.(o>)| be Vk(J )  =  |erfc(a;j)| if |erfc(u;j+i) | <  |er*(a;j)| and \erk( u <  |er* ( ^ ) |  

arc satisfied where uij is defined as the  J th  extrem al frequency of the  reconstruction 

error. For any nonband-edge extrem al point, let Vk(J)  =  0.1MIN[V*( J —1), 14 (</+!)] 

if Vk(J )  < 0.1M IN[l4-(^ — 1 )>Vk( J  +  1)] where M lN (rqu) denotes the  sm aller of 

u and v. An envelop function B k(u)  is then  formed by joining together all the  

extrem al points of the same frequency band of interest w ith straight lines, i.e., for

UJj <  u  <  U!j ,|. i 

B k(uj) =  [ (w -c o j ) / ( u J+l -u>j)]Vk( J  +  1)

+  - w ) / ( u ) j +l - u j ) ] V k(J)

Finally, vk(w) is constructed  as

l'F/t+i(w) =  W k(ui)vk(u) (2.28)

The criterion of choosing v k ( w )  is as follows: Com pute the  m agnitude of the  complex

(2.29)
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where param eter 0 affec* s the convergence ra te  and is chosen to I:cf ,1.5 in our designs.

Since the  purpose of the  design procedure is to achieve equiripple m agnitude of 

the com plex reconstruction error, th e  process could be term inated if

[niax(V') - - m ip tV )] s

m ax(F )

where k is a prescribed positive constant and max(V') and m in(K ) are the m axim um  

and m inim um  values of the m agnitude of the complex reconstruction error a t all 

ex trem al frequencies.

T he  steps th a t  need to  be taken  to  accomplish the  design of low-delay QA1 f  

banks w ith equiripple reconstruction error are sum m arized as follows:

A lg o r i th m  2 .3

S te p  1 Design a lowpass, F IR  filter of length N  w ith stopband edge' u># and 

group delay Ay/2, and use the coefficient vector of the filter obtained to 

initialize u. The in itia l weighting is set W(u>) =  I.

S te p  2 Use (2.21b) to com pute m atrix  TJa.

S te p  3 Form m atrix  U  using (2.21d) and com pute v  using (2.27).

S te p  4 If || u  — v  || <  (. where e is the prescribed tolerance, go to Step 5.

O therw ise, update  u  using (2.24) with a r  close to  0.5 and repeat from 

Stop 3.

S te p  5 If term ination condition (2,30) is satisfied, ou tpu t u as the design result 

and stop. Otherwise, update  l'K(w) using equations (2,28) - (2.30) arid 

repea t from Step 3,

It should be pointed out th a t, the algorithm  not only leads to designs of low- 

delay Q M F banks with equiripple complex reconstruction error, it can also be used 

to  design linear phase QM F banks w ith equiripple am plitude response if Ay =  N  I 

and initial u contains sym m etrical coefficients.
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Table 2.4: Results for Examples 2.6 and 2.7.

Exam ple 2.6 Exam ple 2.7

NI 23 11

P C R E 2.4223 xlO - '1 1a 627x - 4

SNRr (dB) 73.20 77.32

Two low-clelay QM F banks w ith equiripple complex reconstruction error were 

designed by using the proposed algorithm . The performance of the  designs are 

evaluated in term s of NI, th e  peak complex reconstruction error P C R E =  m ax |er (ce)|ut

where- er (w) is defined in (2.25), and SNR. In Exam ple 2.6 a filter bank  w ith the  

specifications N  =  32, kd =  15, a  — 0.01, ujs =  0.77T, r  =  0.5, k  =  0.02, e =  10- '1 

was designed. T he results are sum m arized in Table 2.4. The am plitude responses of 

the analysis filters obtained and the m agnitude of the complex reconstruction error 

are depicted  in Fig. 2.6(a) and (b), respectively. Exam ple 2.7 shows a  filter bank  

with design specifications N  =  44, h(i =  21, a  =  0.1, ios =  0.657T, t  =  0.5, k  =  

0.02 e =  10- '1. T he results are listed in Table 2.4. The am plitude responses of the  

analysis filters and the m agnitude of the  complex reconstruction error are shown in 

Fig. 2.7(a) and (b), respectively.

From Table 2.4 and the figures, it is observed the  filters obtained have satisfactory 

frequency responses, and th a t  the m agnitude of the complex reconstruction errors 

are m ade equiripple.
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Figure 2.6: Exam ple 2.6 (a) A m plitude responses of the analysis filters, (b) Magni­

tude of the  complex reconstruction error.
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Figure 2.7: Exam ple 2.7 (a) A m plitude responses of the analysis filters. (I>) M agni­

tude  of the  complex reconstruction error.
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2.3.4 Improved Iterative M ethod

Prom Sec. 2.3.2 it is observed th a t  in the  design of two-channel low-delay QM F 

banks, the  ite rative  m ethod has high efficiency compared w ith th a t using a  standard  

unconstrained optim ization m ethod. However, it  can be noticed th a t  discretized 

versions of the objective function is used which first will degrade the  evaluation of 

the error com ponents and second will increase the  am ount of calculations since a 

large density of sam ple points is required. In this section, an im proved iterative 

m ethod is proposed in which the  integral discretization is replaced by a  sim ple and 

explicit form ula of the  precise com putation of the integrals involved in form ing the 

objective functions.

Again the design problem  am ounts to  finding the  coefficients of H0 th a t m ini­

mize

E l  = E n  +  u E l i  (2.31a)

with a  >  0, where E l i  and are given by

E l i  =  l ^ o V " )  ~  ff0V (w+,r)) -  e - jkdW\2 dw (2.31b)
J  o

E l 2 =  ^  \Eo(ejn \ 2 doj (2.31c)

Note th a t in th is case, filter H0 does not have a sym m etrical im pulse response and, 

therefore, the  frequency response should be expressed as

H 0(eJW) =  h£c x(w) (2.32a)

where

h l =  [ ho hi hN- 1 ]T (2.32b)

Ci(w) =  [ 1 e - ju> ■ • • e-Mr-Ow f  (2.32c)
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The iterative algorithm  here is based 011 a modified objective function

E'i — E ’Ll +  ctE’L2 (2.33a)

where

E l i  = [  \HQ{c?w)FQ{e?”) -  H0(ej ^ ) F 0(ej ^ )  -  (r jk^ \ 2dio (2.33b)

E'l2 =  r \ F o ( e jn \ 2du
J UJg (2.33c)

and h i  is fixed; Fo(e3UJ) is given by

F0( e n  =  i [ CL(u) (2.33d)

f i  =  U o f i  ••• I n - i }T (2.33c)

After some fairly  extensive m anipulation, (2.32) and (2.33) give

F'l  =  f jQ if L  -  2 h l 'S f i  +  7T (2.3d)

where

Q  l  =  R  +  « R S (2.35a)

R  =  Re £  [H0(ejw)cL(u) -  H 0(ej ^ ) Cjj(oj +  tt)] 

■[HQ(ej“)cL(uj) -  +  (L} (2.35b)

E ntry  (z, j )  of R  is given by

N - l N - l
rij =  27r Yh hnhm[I +  (—1 y +m]6(—i +  j - n  +  m)

n=0 m=0
(2.35c)

where <)(•) is the de lta  function defined in (2.11),

R a =  Re f  c .i(a ; )c ^ ( u )  cId
Jw3
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7r — los — sinws —|s in 2 o ;s • • — jyZi s \n (N  — l)w s

=
— sino;s tt — u>s — sinu>s • - j ^ s ' m ( N  - 2 )ujs

.  - ; y r r  s'm (N  ~  1 )u » 7T — Us

(2.35d)

and

S =  Re f  [cL(u))c[(u;) -  cL(u + ir)c^(w +  n)\e?kd>*du} 
Jo

0 ................  1 0 ••• 0

0 1 0  ............. 0

=  2tt 1 (2.35e)

0

0 ••• ••• 0

Evidently, S has u n ity  entries on the  (kd +  l ) th  northeast-to-southw est sub-diagonal.

From  (2.35a), (2.35b) and (2.35d), we observe th a t Q i  is a  positive definite sym ­

m etric  m atrix  and, therefore, for a  given the global m inim um  of E'L is achieved 

:r

fL = QZl ShL (2.36)

Note th a t  m atrices R 3 and S are independent of I il , and can be pre-calculated as

long as filter length  AT, stopband edge u a , and reconstruction delay kd are specified.

An algorithm  for th e  design of a QM F bank with reconstruction delay kd is as

follows:



Chapter 2

A lgorithm  2 .4

Step  1 Use a  least-squares m ethod to  design a lowpass, F IR  filter of length N

w ith passband edge wp, stopband edge u s, i.e., m inimizing a  quadratic

objective function

Ei =  r \ H o { e ’w) -  e- ^ / 2|2 dw +  f  |/ fo (e ^ ) |2 dw 
J 0 Jw3

w ith respect to  coefficients of H0 and take it as initial h i .

Step  2 Use (2.35c) to  com pute m atrix  R.

Step  3 Use (2.35a), (2.35d) and R  obtained from Step 2 to  form m atrix  Q//,

th en  use (2.36) to com pute f/,.

Step  4 If || h i  — f i  || <  e, where e is a prescribed tolerance, ou tpu t f i  as the 

design resu lt and stop. Otherwise, update  h i  as

h i  :=  (1 -  r ) h i  +  r f i  (2.37)

w ith  a  t  close to  0.5, and repeat from Step 2.

We no te  from  (2.35b) and (2.35c) th a t R  is sym m etric and each en try  is a 

linear com bination of delta functions, which are very sparse and easy to determ ine. 

Consequently, th e  algorithm  can be easily implemented.

W e conclude th is section w ith a  rem ark on the issue of undesirable artifacts in 

the transition  region of II0. It has been observed [34] th a t the artifacts become more 

apparent when a  very low reconstruction delay kd is required. An effective approach 

to  this problem  is to  m odify the objective function, to include an additional term  

Qfi£x3, i.e.,

V'l =  U'lv +  + (Xi E'l.a (2.38)
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where

3 =  a i  /  \Fo(e?w) -  e- ^ " / 2|2 dw
Juiti

(2.39)

and >̂12] is an interval in th e  transition  region where the  artifacts occur. I t  can 

be readily  shown th a t  w ith  th is m odification the  design algorithm , i.e., A lgorithm

2.4, can still be used with modifications of (2.34)-(2.36) as follows

E'l  =  fhQifz, -  2(h£S + aibr)fL + 7r + a L(u i2 - u tl) (2.40)

where

Q i  =  R  +  a R ,  +  ®iR( 

with R  and R a given by (2.35c), (2.35d) and

(2.41)

R< =

— Wa 4>{ua, w<1, 1) ••• <j)(u)i2, toa, N  — 1)

Utl: 1) W(2 — CU(1

u)t2 — Ua

where

(f)(uji2 , w a, k)  =  — [sinfco;j2 — sin kua]

b =  Re f  c i ( u } ) e i kd'JJ!2
J u j u

dw

2_
kd [sin -  sin

k h  {sin [(^ ~ X) ^ 2] "  sin [(^ “ X) w<1]}

L kd- 2 N + 2 | s i n [ ( ^ -  AT +  1) ^ 2] -  sin [ ( ^  -  N  +  l )  u>u]} _

fL = QZl(ShL + b) (2.42)
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Table 2.5: Com parisons of the  proposed m ethod with the m ethod by Nayebi.

Exam ple 2.8 Exam ple 2.9

Proposed M ethod of Nayebi Proposed M ethod of Nayebi

kd 7 7 15 15

M FLO PS 0.96 - 0.96 -

A a (dB) 29.17 30.00 66.15 36.97

A p (dB) 0.2804 0.2169 0.0412 0.0537

P R E  (dB) 1 . 7 x l 0 - 3 3.5 xlO "4 1.5X10"3 1.2 X10~3

SN Rs (dB) 75.6 74,3 77.5 75.8

SNRr (dB) 76.2 75.1 77.6 77.4

Two Q M F banks w ith low reconstruction delays were designed by using Algo­

rith m  2.4. T he design param eters for Exam ple 2.8 were: N  =  32, k(i =  7 , a  = 

1 x 10-4 , =  5 x 10-6 , toa =  0.757T, i =  0.3tt, ujii =  0.5?r, r  =  0.5 and

e =  10~3. Those of Exam ple 2.9 were: N  =  32, kd =  15, a  — 1, a\ =  3 x 10~4 u)3 =

0.727T, wti =  0.357T, W(2 =  0.457r,r =  0.5 and e =  10-3 .

For com parison purposes, we refer to  the examples presented in [34] which were 

designed w ith a  tim e-dom ain approach. The performance param eters are the same 

as those defined in  Sec. 2.2.3. The results obtained arc sum m arized in Table 2.5. 

The am plitude responses of the lowpaso analysis filters designed by the proposed 

m ethod and the  m ethod of [34] are depicted in Fig. 2.8 (a) and (b), respectively.

As can be observed from  Table 2.5, w ith kd =  7 the perform ance of the  filter 

banks designed by the proposed m ethod and the m ethod of [34] are nearly  the 

same. However, as the  la tte r  design approach proposed is com putationally  more 

dem anding, increased com putation is expected although no figure is specified in
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Figure 2.8: (a) A m plitude responses of t i r '  filters in Exam ple 2.8. (b) A m plitude 

responses of th e  filters in Exam ple 2.9.

[34]. For the  case of kd =  15 the  proposed m ethod increased th e  m inim um  stopband 

attenuation  by 30 dB. In addition, unlike the low-delay system s proposed in [34], 

the quad ra tu re  m irror s truc tu re  of th e  proposed design is am enable to the  efficient 

polyphase-type im plem entation [29] which requires only N /2  additions and N / 2 

m ultiplications per in p u t, as com pared to  N  additions and N  m ultiplications per 

input for the low-delay filter banks of [34].

2,3.5 A Case Study

For fu rther analysis and comparison, we used the iterative m ethod introduced in 

Sec. 2.3.4 to  design five two-channel low-delay QM F banks w ith different filter 

lengths and delays. T he perform ance of the  obtained filter banks were evaluated in 

term s of P R E  and SN R defined in Sec. 2.2.3. The results are listed in Table 2.6. For
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Table 2.6: Results for a  case study.

Low-delay QM F banks Conventional QM F banks

length delay P R E  (dB) SN R (dB) length delay PR E  (dB) SNR (dB)

N  =  16 kd =  7 2 .0SX 10-2 53.09 N  = 8 kd =  7 6 .3 5 x l0 “ a 43.44

N -  24 kd =  11 5 .5 x l ( T 3 65.59 JV =  12 kd =  11 3.98 x lO "2 52.69

II C
O to kd =  15 1 .7 x l0 ~ 3 77.50 /V =  16 kd =  15 1.91 xIO - '2 59.00

G
OII C
O

CMII 5.27x10-'' 95.55 IV =  24 kd =  23 8.2 x l .0 -3 67.29

N  =  64 kd =  31 2.87 x lO ~ l 98.42 N  — 32 kd =  31 to X o
\m 73.51

comparison, corresponding conventional QM F banks witli the  sam e reconstruction 

delays were designed by using the  improved iterative m ethod introduced in Sec. 2.2. 

The results ob tained  are also listed in Table 2.6.

G raphic displays are depicted in Pigs. 2.9 to 2.13. For each design, four plots in 

solid line are included to  show:

(a) am plitude responses of analysis lowpass and highpass filters,

(b) am plitude response of the filter bank,

(c) group delay of filter H0,

(d) group delay of the  filter bank,

For com parison purposes the  plots corresponding to the conventional QM F banks 

are also shown in do tted  line.

Several conclusions can be drawn from the design examples, as follows:
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Figure 2.9: G raphic display for kd — 7 (a) A m plitude responses of analysis filters,

(b) A m plitude responses of filter banks, (c) Group delay characteristic  of Ho. (d)

Group delay characteristic  of filter banks.
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Figure 2.10: G raphic display for kd — 11 (a) Am plitude responses of analysis filters,

(b) A m plitude responses of filter banks, (c) Group delay characteristic of fl0, (d)

Group delay characteristic  of filter banks.
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Figure 2.11: G raphic display for kd =  15 (a) Am plitude responses of analysis filters,

(b) A m plitude responses of liiier banks, (c) Group delay characteristic of Ho. (d)

Group delay characteristic  of filter banks.
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1. T he am plitude responses of low-delay QM F banks are better than those of the 

corresponding conventional QM F banks with the same reconstruction delays. 

This is because, w ith a  given reconstruction delay, the  filter length of a  low- 

delay Q M F bank can be m ade longer than  th a t of a conventional QM F bank.

2. Since th e  im pulse responses of .filters in a low-delay QM F bank is not sym m et­

rical in  general, the  linear phase response is not guaranteed. However, from 

the  plots it  is noticed th a t linear phase response is approxim ately well in v.lio 

passbancl. The phase distortion in  the stopband is usually insignificant due to 

the  sm all gain of the  filter in the stopband.

In general low-delay QM F banks arc superior th an  corresponding conventional 

QM F banks in term s of performances and it is a  good choice to use low-delay QM F 

banks in  real-tim e applications.

2.4 Further Analysis on the Iterative M ethod

In previous sections an iterative m ethod was proposed for the  design of either two- 

channel conventional Q M F banks or two-channel low-delay QM F banks. Com pared 

with the standard  optim ization m ethods, the iterative m ethod proposed here has 

im proved design efficiency. In th e  la te r chapters, we will see th a t the iterative 

m ethod can also be used for the  design of m ulti-channel cosine-m odulated QM F 

banks as well as 2-D Q M F banks. In  this section several issues such as choosing the 

in itial po in t, effect of the  sm oothing param eter r  and effect of the, weighting a  will, 

be addressed.
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2.4.1 The Initial Point

Choosing an in itia l point is quite  im portan t to  an iterative m ethod. A good in itial 

point can m ake the  algorithm  converge faster and lead to  a  b e tte r  design. In the  

design of two-channel conventional QM F banks, a good in itial point can be obtained 

by designing a  linear phase half-band F IR  filter with any conventional F IR  filter 

design m ethod such as the  window m ethod, the  Remez exchange m ethod, etc. [55]; 

in the  design of two-channel low-delay QM F banks, the  in itial points can be obtained 

by either m inim izing a  quadratic  least-squares objective function as in A lgorithm

2.4, or by first using a  conventional m ethod to  design a linear phase, lowpass, F IR  

filter and followed by taking th e  last (JV-f kd+1)/2  filter coefficients obtained padded 

with (N  — kd — l ) /2  zeros a t th e  end to  form  the initial point, where N  and kd are 

the filter length  and the  desired reconstruction delay, respectively. By doing th is 

the obtained filter will have a group delay of approxim ately k d /2. In Figs. 2.14 and 

2.15, two in itia l filters are illustrated  which were obtained by the  above-m entioned 

two m ethods.

A lthough a  good in itia l point is im portan t to  the  iterative m ethod, our sim u­

lation study has indicated  th a t the iterative m ethod is m ore robust th an  standard  

optim ization m ethods in the  sense th a t in  the former convergence is less sensitive 

to the initial point th an  in a  standard  optim ization m ethod like the  BFGS m ethod.

2.4.2 The Effect o f Sm oothing Param eter r

From the  case study  presented in Sec. 2.3.5, we found th a t the  sm oothing param eter 

r  has an effect on the convergence rate. Taking the two designs w ith N  =  32, kd -  15 

and N  =  24, kd =  11 as exam ples, Fig. 2.10(a) and (b) shows how the  num bers of
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Figure 2.14: T he initial filter ( N  =  32, k d =  15) obtained by the least -squares 

approach, (a) A m plitude response, (b) Group delay
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Figure 2.15: T he in itia l filter (N  =  32, kd =  15) obtained by the shifting m ethod, 

(a) A m plitude response, (b) Group delay.
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Figure 2.16: Sm ooth param eter r  versus iteration  num bers, (a) In th e  experim ent 

when N  =  32. (b) In th e  experim ent when N  =  24.

iteration  depend on the  choice of param eter r .  These two exam ples as well as m any 

other designs have shown th a t  th e  iterative design algorithm  converges faster when 

a t  in the  vicinity of 0.5 is used.

2.4.3 The Effect o f W eighting a

In the iterative m ethod, the objective function to  be m inim ized is a weighted linear 

com bination of two error components, which are related  to t-he prefect reconstruction 

condition and the  in traband  aliasing, respectively. By adjusting th e  weighting a  in 

the design, tradeoff between the  reconstruction perform ance of the  filter bank and 

the frequency response of the  individual filters can be achieved. As a  increases the 

stopband edge attenuation  of individual filters is increased bu t the  reconstruction 

error becomes larger as shown in Fig. 2.17.
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Figure 2.17: (a) a  versus PR E. (b) a  versus SEA.

2.5 Conclusion

In th is chapter, we have first proposed an improved version of the iterative m ethod 

for th e  design of two-channel conventional QM F banks in which a simple and ex­

plicit form ula for precise evaluation ol integrals involved in the objective function is 

derived, fh is  im provem ent significantly reduced the design complexity. Later the 

design of low-delay QM14 banks has been considered and several design approaches 

have been dem onstrated  for the design of such filter banks. Comparisons have been 

m ade w ith another existing m ethod which shows th a t the proposed m ethod is su­

perior in term s of design efficiency, perform ance of the filter banks obtained and 

im plem entation. The chapter concludes with some analysis on the iterative m ethod 

in term s of choosing the appropriate  initial points and the sm oothing param eter.

s
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T im e-D om ain  Approaches for the  
D esign  o f QM F Banks

3.1 Introduction

As m entioned in  C hapter 2, two-channel QM F banks have been widely used in one­

dimensional (1-D) and two-dimensional (2-D) signal processing. In the  design of 

QM F banks, it is required th a t the perfect reconstruction condition be satisfied while 

the in tra-band  aliasing be elim inated or minimized. Most design m ethods developed 

so far involve m inim izing an error function directly in the  frequency dom ain to 

achieve the design requirem ents, which leads to  a  nonlinear optim ization problem .

In [11] an ite rative  algorithm  for the  design of QM F banks was proposed which 

involves calculating the  eigenvalues and eigenvectors of a m atrix  in each step. In [12], 

Chen and Lee introduced an iterative procedure to replace the conventional direct 

m inim ization of the  error function. Com pared with the  conventional QM F design 

techniques, this iterative design m ethod requires much less com putation and leads 

to fairly good results. Nevertheless two integrals involved in the  objective function 

are evaluated by discretization, which degrades the perform ance of the QM F bank
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designed and increases the  com putational complexity in the design. In C hapter 

2, we have proposed an im proved iterative m ethod which significantly increases 

the  design efficiency. In this chapter, we propose another approach in which the 

perfect reconstruction condition is form ulated in the time domain. This also leads 

to reduced com putational com plexity in the  design. In addition, on comparing with 

the  algorithm  of [11] there  is no need to  calculate eigenvalues and eigenvectors and a 

linear upda te  form ula is adopted which improves the convergence speed. In Section 

3.3, th is  tim e-dom ain approach is extended to  the design of two-channel low-delay 

Q M F bank.

3.2 Design of Conventional QMF Banks

3.2.1 Problem  Formulation

As m entioned in C hapter 2, in a conventional QM F bank filter Ho has sym m etrical 

im pulse response which guarantees th a t the filter has linear phase response, arid 

perfect reconstruction requires th a t

-  n l { - z )  =  (:i. i)

where N  is the  length  of filter Ho and is assumed to be even. The reconstruc­

tion delay is N  — 1. Eqn. (3.1) can be expressed in the tirne-domam by using the

convolution as

B h  =  m  (3.2)

with

B  =  [ di -f- dyv cb -f djv—i • • • djy/a -f- dyy/n-H ]
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D  =  [ d i  d 2 • • • dyv ]

h( 1) h(0) 0 ••• 0

h (3) h(2) h (1) h{0) ••• 0

. . .  o

h ( N - l )  h ( N - 2 )  

h =  [ /i(0) /i( l)  ••• h ( N / 2 - l ) f

m  =  [ 0 ••• 0 1 ]T

••• fc(0)

where h(n), for n  =  0, 1, 2, . . . ,  N /2  — 1, is the im pulse response of filter Ho- 

By considering the  design specifications for the frequency response of H0, th e  L 2 

objective function

can be constructed, where u)p and ujs are passband and stopband edges of H0, re­

spectively, Mh(w) =  2hTc(w), and c(w) =  [ c o s • • • cos \u> ]2’.

lem is reduced to m inim izing vp in (3.3) subject to the constraints in (3.2). Hence 

the design problem  now becomes a  constrained optim ization problem .

3.2.2 Iterative Approach

Instead of solving the above-m entioned constrained optim ization problem  directly, 

which in general is tim e-consum ing, an iterative approach is employed. The objective 

function in th is approach is assum ed to  be

(3.3)

Taking the perfect reconstruction condition (3.2) into account, the  design prob-

E  = Ei + a E 2 (3.4a)

where o: is a positive weight. E rror component

Ei  =  ( B f - m ) ' r ( B f - m ) (3.4b)
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where B  and m  are defined in (3.2), and f  =  [ /(0 )  / ( l )  ••• f ( N / 2 — I) ]r , is 

used to  approxim ate the  prefect reconstruction condition in the tim e-dornain. Error 

com ponent

E 2 — I  [Mj (lo) — I]2dto +  [  (3.4c)
JO J ujs

where M j(w )  =  2 f 2 c (uj) deals with the am plitude response requirem ent.

T he ite ration  s ta rts  by designing a linear phase lowpass filter Vl0 and using half 

of its coefficients to  form the in itial h. Then E  in (3.4a) can be. form ulated as a 

quadratic  function of f ,  i.e.,

E  =  f r (B 2 B  +  4 a Q )  f  -f (rvb2 -  2m 1 B ) f  + iop +

where
f w p  ... r n

Q =  /  c(w )c (u))(lu> -f / c(a?)c (oj)do) 
Jo Jw,

w ith its (i , j ) t h  en try  given by

rlOp

CJij =  /  COS
Jo

rrr
+  /  COS 

Jws

where

. , N -  1
t — 1 ------- —  ) a; COS

N

, N -  1
1 ------- -—- 1 u)

COS
IV ■

3 0)

_  1 
”  2

4>(ai,u)p,u)s) - { - n - u ) s +u!p * = J

i>(ci,y,ujp,ujs) -I- i/>(a2tv p,u>,) i ^ j

doj

do)

(3.5)

(3.(ia)

v>(fc, Wp, cjs) =  [sin(A:Wp) - si )]//„• 

«i =  i +  j  ~  N  - I  

a2 ~ i -  j
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and

b  =  —8

s m ( ^ u p) / { N  - 1 )

s \ n ( ^ u p) / ( N  -  3)
(3.6b)

s in ( iw p)

Evidently, B T B  -f 4 o:Q is positive definite and the  global m inim um  of E  is 

achieved if

f  =  - ^ ( B r B  +  4 a Q )~ l (a b  -  2B Tm ) 

Having obtained f , a linear form ula is used to update h

h :=  (1 — r ) h  -f r f

(3.7)

(3.8)

and the  above procedure is repeated  until || f  — h || is smaller th an  a prescribed 

tolerance.

On the  basis of the preceding analysis, an iterative algorithm  can now be con­

structed  as follows:

A lg o r ith m  3.1

S te p  1 Use a conventional m ethod (e.g., the window m ethod) to  design a  linear 

phase, lowpass, F IR  filter of length N  and use its coefficients to  form  the 

initial h.

S te p  2 C alculate Q  and b  using (3.6a) and (3.6b),

S te p  3 Form B  and m  in (3.2), and com pute f  in (3.7).

S te p  4 If || h  — f  || <  e, where e is a prescribed tolerance, ou tpu t f  as the  design

result and stop. Otherwise, update  h  using (3.8) w ith a  r  close to  0.5

and repeat from Step 3.
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3.2.3 D esign  Examples

In th is  section a case study is presented to dem onstrate the  proposed iterative ap­

proach. Two design examples are obtained by applying the proposed algorithm  and 

comparisons of th e  proposed m ethod with the  m ethod of Chen and Lee [12] are 

m ade in term s of design efficiency and performance of the filter banks obtained. 

T he param eters used in the two designs, which will be referred to as Exam ples

3.1 and  3 .2 , arc N  =  32, cv =  0.1, wp =  0.37T, toa =  0.67T, r  =  0.5, c =  10“3, and 

N  =  80, a  =  1, Up =  0.37T, =  0.55?r, r  =  0.5, e =  10“3, respectively. T he initial

h  was obtained by the window m ethod. For comparison purposes the m ethod of 

Chen and Lee [12] was applied to  design two QM F banks with param eters specified 

as N  =  32, a  =  1, =  O.Ott, r  =  0.5, c =  10"3; N  =  80, a  =  I , w, =  0.55tt, r  ~

0.5, e =  10"3 , and using the, same initial h  as for the proposed m ethod. The 

com parison param eters arc the  same as in Sec. 2.2.3. The num ber of frequency 

sam pling points was set to  8/V when implementing the m ethod of [12], where /V 

is the  filter length. The results are sum m arized in Table 3.1. Fig. 3,1 (a) and (b) 

shows the  am plitude response of Ho and the QM F bank, respectively, for Fxarnple

3.1 and Fig. 3.2 (a) and (b) shows those for Example. 3.2. As can be observed from 

the com parisons, the proposed m ethod can achieve alm ost the, same designs as the 

m ethod of [12] w ith only about 5 percent of the com putation.



Chapter 3 61

Table 3.1: Com parisons of the proposed m ethod and the  m ethod  by Chen and Lee.

Exam ple 3.1 Exam ple 3.2

Proposed Chen-Lee Proposed Chen-Lee

NI 3 5 3 6

M FLOPS 0.064 1.18 0.85 20.19

A a (dB) 34.9 35.27 42.5 42.9

A , (dB) 0.0114 0.0131 0.0068 0.0044

PILE (dB) 0.0145 0.0152 0.0106 0.0091

SN R . (dB) 82.9 83.4 83.3 82.7

SNR,. (dB) 69.5 67.8 75.3 75.0

0.1 0.10 0.2 0,20 0,3 0,35 0.4

N o rm a liz e d  fre q u o n c y N o rm a liz e d  f r e q u e n c y

Figure 3.1: Exam ple 3.1 (a) A m plitude response of filter Ho- (b) A m plitude response

of filter bank.
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Figure 3.2: Exam ple 3.2 (a) A m plitude response of filter Mo* (b) A m plitude response 

of filter bank.

3.3 Design of Low-Delay QMF Banks

3.3.1 Problem  Formulation

As shown in C hapter 2, the perfect reconstruction condition ir\ a  two-channel low- 

delay QM F bank becomes

H U - )  ~  H o i - * )  =  * ' kl

where ku < N  — I is the system  delay, Equation (3.9) can be expressed in the tim e 

dom ain as

B/,hn -  mi, (3 .!0a)

where h/, «  [ h{0) //(I) • h { N  1) ]T is the im pulse-nspouse vector of Hot and

m i  a  [ 0 > * > 0 1 0 • * • 0 JT (3.10b)
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where the  [(/j,j +  l ) /2 ]th entry is unity, and B/, is a  (A  — 1) x  N  m atrix  defined by

To m eet the  design specifications for the frequency response of H0, the  L 2 objec­

tive function

can be constructed where top and d s are the passband and stopband edges of Ho, 

respectively.

Taking the perfect reconstruction condition in (3.10a) into account, the  design 

problem  is reduced to m inim izing $  in (3.11) subject to the  constraints in  (3.10a), 

which is a constrained optim ization problem.

3.3.2 Iterative Approach

As in the  design of a  conventional QM F bank, an iterative approach is proposed for 

the design of two-channel low-delay Q M F banks in which the  ob jec t;ve function is

/i( l)  /.(0)

/i(3) h( 2) Mi)

0 0

B l  = 2 h ( N - l )  h ( N  — 2) (3.10c)

0 0 h ( N  - 1 )

0 h ( N -  1) h ( N  — 2)

(3.11)

formed as

A'l =  E li  +  a E p  2 (3.12a)

where a  > 0 is a  weighting constant,

E li = ( B l U  -  -  m /,) (3.12b)
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deals w ith th e  prefect reconstruction condition w ith Bj, and n i t  defined in (3.10c) 

and (3.10b), respectively, and f t  =  [ /(0 )  / ( l )  • • - f ( N  — 1) ]2 . The error compo­

nent

E L2 = r  \F0(ei“) -  e - ’^ f d u ,  +  f  \F0(eju’)\'2clto (3,12c)
J 0 */ ujg

deals with frequency-response requirem ents where Fo(e^)  =  c t(w ) and c,t(w) =  

[ 1 e~iw ■ ■ • e~iw{N~x) p \

The ite ration  procedure sta rts  by first designing a lowpass filter Ho with a group 

delay kd/2,  where kd is the  desired system delay, and taking its impulse-response 

vector as the  in itia l hx,. T hen error E l  in (3.12a) can be form ulated as a quadratic  

function in  fk, i.e.,

E l  =  fJ(B x B z , +  crQ i) f t  +  (ab£ -  2 m £ B t)  f t  +  Up +

where

Q t  =  Re f UJp IT F  I I
/  c L ( i o ) c l ( u ) )  i lu j  - f  I  ct(w)c/t (w) dw

.JO Juie

= up + u,

w ith  Up and U s l>eing two Tooplitz m atrices defined by

Tfirj-sin( N  ~  \ )u>p 

pjU. sin(/V -  2)wp
U„

sin to.p

sm OJn

_Tyh_sin(iV -  Hwp

U s

7T *s -  Kin w,

-  Slu 7T — U)g

‘ 7v~7 sin(/V -  1 H  

- p h i* \ n ( N  - 2 ) w ,

(3.13)

(3. H a)
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and

-2 Re
'  PUJp
/  c(io)e^kdUĴ  dto 

Jo

hfi—2 sin [(&  -  l )  u p]

. l j-2 'N+i sin [(¥ “  N  + 0 LO,

(3.14b)

Since B ^ B x  -f o:Qx is positive definite, the global m inim um  of E l  is achieved if

i L  = - \ { B Tl B l  +  a Q L ) - l { a b L  -  2 B im L) (3.15)

Having obtained fx, a linear form ula is used to  update hx

h L :=  (1 ~  r ) h L +  rfx, (3.16)

and the  above process is repeated  un til || h i - f i ,  || is less th an  a prescribed tolerance.

T he design procedure cars be sum m arized as follows:

A lgorithm  3.2

S te p  1 Use a  least-squares approach m entioned in C hapter 2 to  design a  low-

pass F IR  filter of length N  w ith a group delay k<i/2, and passband and 

stopband edges lop and u 3, respectively; then use the  coefficient vector 

of the  filter obtained as th e  initial hx.

S te p  2 Calculate Q l and bx using (3.14a) and (3.14b), respectively.

S te p  3 l\ie  (3.10c) and (3.10b) to  form  Bx and nix , and com pute fx in (3.15).

S te p  4  If || hx  — fx || <  c, where e is a prescribed tolerance, ou tp u t fx as the

design re sult and stop; otherwise, update  hx using (3.16) w ith a r  close 

to 0.5 and repeat from Step 3,
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As m entioned in C hapter 2, when a low reconstruction delay kt{ is required, 

artifacts m ay occur in the transition band of the obtained analysis and synthesis 

filters, This problem  can be elim inated by modifying the objective function to 

include an additional term  UiE:i, i.e.,

E-l  = E n  +  olE l-i +  Eli, (3.17)

where

/  1 * 0 ( 0  ~  e"j W T  dujA h
(3.18)

and [ojh, u>t2] is an interval in the  transition  baud where the artifacts occur. It can 

be readily shown th a t with this additional error term , the proposed algorithm  can 

still be used after m odifying (3.13) as

E l  =  f j ( B £ B l  +  a q L +  <*iQ<) h  + («>>! +  b f  -  2 m [ B L) h  +  K  (3.19)

where K  is a  constant,

Q t—

W(2 — OJti (f)(wt2,U)a,l)

1) W/2—W(i

d>(w<2,w a ,y v - l )

, N  — 1)

U>1'2 — UJn

and

<?&(w<2» u?a, k)  -  -  [sin/uw(2 -  sin k u u ]

b ( =  - 2  Re / c ( u ) E kdWl'1 du)
.JuJt j
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=  - 2
i)

_ ^(W(2,W(X, — ./V +  l)

The global m inim um  of Cl is now given by

i L  =  +  a Q L  -fi q iQ j)  1 ( a b z  +  o^bt -  2 B j n u ) (3.20)

3.3.3 D esign Exam ples

We now present a  design exam ple, which, is referred to as Exam ple 3.3, to  illustra te  

the proposed iterative approach. The design param eters arc N  =  32, k j  =  15, a  =  

5 x 10 *, a-1 =  3 x 10-G, ojp — 0.35tt, ws =  0.727T, oja  =  0.357T, w(2 =  0.45tt, r  =  0.5 

and (. =  10-,i. T he design was achieved after 8 iterations.

For com parison purposes, we refer to Exam ple 6.6.1 presented in [34], which is 

designed by a different tim e-dom ain approach. The comparisons are m ade in term s 

of the param eters defined in Sec. 2.2.3. The results are sum m arized in Table 3.2. The 

amplitude' responses of the  lowpass analysis filters designed by the  proposed m ethod 

and the  m ethod of [34] are depicted in Fig. 3.3 (a). The group delay characteristic 

of filter H0 obtained by the  proposed m ethod is shown in Fig. 3.3 (b) from where it 

can be noticed th a t  the filter has approxim ately linear phase in the  passband.

As can be seen in Table 3/2, the proposed m ethod has resulted in a large increase 

in the m inim um  stopband a ttenuation  relative to the design approach in [34], The 

num ber of floating-point operations needed for the design was only 1.26 X 10°, which 

should be substantially  lower than  th a t required by the m ethod of [34], which is not 

known.
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Table 3.2: Com parisons between the proposed m ethod and the m ethod by Nayebi.

Proposed M ethod of [34]

M FLOPS 1.26 -

A a (dB) 60.96 36.97

A p (dB) 0.0532 0.0537

PRK (dB) 1.8 x lO "3 1.2x10“:

SN R, (dB) 78.5 75.8

SNRr (dB) 77.6 77.4

3.4 Conclusion

A new tim e-dom ain approach has been proposed in which the perfect reconstruc­

tion condition is form ulated in the tim e-dom ain. Then an iterative m ethod has 

been applied to m inim ize the  objective function which reduces the com putational 

com plexity significantly com pared w ith the. iterative m ethod proposed by Chen arid 

Lee in which a discretized version of the objective function was form ulated in the 

frequency-dornain. The new tim e-dom ain approach has also been extended to the 

design of two-channel low-clelay QM F banks. From the design examples, it can be 

observed th a t the proposed approaches for the design of two-channel Q M F banks 

are very efficient.
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D esign  o f QM F Banks w ith  
P erfect R econstruction

4.1 Introduction

The im portance of QM F banks in subband coding lias been widely recognized. Since 

the quadra tu re  m irror struc tu re  leads to complete cancellation of interband aliasing 

due to  the overlapping filter espouses, the design is reduced to satisfying the perfect, 

reconstruction condition while, -minimizing the intraband aliasing. Since flu* mid 70’s 

several approaches have been proposed for the design of QM F banks. Some of the 

design m ethods lead to near-perfect reconstruction QM F banks fl 1] [12] while others 

lead to perfect reconstruction QM F banks [22][50],

In C hapters 2 and 2, we proposed several approaches for the design of two- 

channel QM F banks in which mar-jx  rf<ct reconstruction is achieved. In sortie ap 

plications lilter banks with perfect reconstruction are desired. In this chapter, a 

new m ethod lor the  design of linear phase- pc r f t c f  ncondrucl ion  QM F banks is p ro ­

posed on th e  basis of a tim e-dom ain form ulation. T he analysis lowpass lilter is lirst 

obtained by a conventional m ethod and the  synthesis lowpass filter is obtained by

70
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a  null-space projection approach. In Section 4.3, the proposed m ethod is extended 

to  the design of low-delay perfect reconstruction QM F banks which are useful in 

applications where long reconstruction delays are undesirable.

4.2 Design of Linear-Phase QMF Banks

4.2.1 Problem  Formulation

Consider a  two-channel filter bank whose output and inpu t relation is given by

M z )  =  %[H0(z)Go(z)  + hh(z)Cn(z)} ■ X ( z )

+ L[H0( - z ) G 0(z) +  E \ ( - z ) G l (z)\ ■ X ( - z )  (4,1)

where the  second term  on the  right side represents the aliasing. By assum ing th a t

C\ (z) =  IIo( " ) i f 'li(z) =  G'0(—z), the  aliasing term  is cancelled and (4,1) becomes

X ( z )  =  \ [H q{z )G q(z ) -  H0( - z ) G 0( - z ) ) X ( z )  (4.2)

rl’o reconstruct the ou tpu t perfectly, it is required th a t

I M z ) G o ( z )  -  H0( - z ) G 0( - z )  =  z ~k* (4.3)

where kd is the  system  delay. If we assum e th a t the coefficients of IIq{z) and Go(z) 

are sym m etrical and their lengths, N  and M, are even, M > N ,  and N  + M is a

m ultiple of 4, then  it can be readily shown th a t kti in (4.3) is equal to (M +  N )

In the tim e dom ain, (4.3) can be expressed as

H g =  m  (4,4)

where

H  =  2 [ b i +  b.w b 2 +  b 4v/„i • • • b ^ , +  b^r +1 ]
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[bt b2 
/,(!) 

/.(3)

bj\i ]

h{ 0) 

A(2)

0

h( l)  h(0)

h ( N - l )  h ( N - 2 )

0 0 h ( N - l )

g  =  U (o )< ?(i)  ••• g ( M / 2 - i ) ] T 

m  =  [ 0 • • • 0 1 1T e  r m^ ><1

{/i(n), for n  =  0, . . . ,  iV -  1} is th e  impulse response of filter H0, and {//(n), for 

n — 0, • • •, M /2  — 1} is the  first half of the impulse response of filter Go. In our 

approach, H0 is first designed by a  conventional F IR  filter design m ethod; then the 

entries of g  are obtained by solving the linear system of equations in (4.4), whore 

we have ( M  4- N ) / 4 equations and M /2  unknowns. This leads to  the num ber of 

degrees of freedom
M  M  4 -  /V  M  -  N

(4.r>)
,  _  M  M  4  N  M  -  N

2 4 4

4.2.2 N ull-Space P rojection  Approach

As is well known, the  general solution of (4.4) is given by

g  =  H fm  4  (I -  H fH )0 (4.0)

where H ' is the  M ooro-Penrose pseudo-inverse of I I , and r/> is an arb itrary  column 

vector. N ote th a t

H(I -  -  0
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i.e., th e  second term  on the right side of (4.6) represents a  vector in the  null space of

H . In other words, (I  — HfH)^> projects an arbitrary  vector 4> onto the  null space 

of H . Let

<7l

H  =  U

0 ••• 0

V T (4.7)

be the  singular value decomposition (SVD) of H . It can be shown th a t g  in (4.6) 

can be w ritten  as

g =  Sc +  V V *  (4.8)

where

Sc =  H fm

=  V
G M+N 

4

0 - • • 0  

V* =  [ VU±K+i ' ’ ' VA£

~  E  ]2

U r m

v,-, for i =  (M  +  N ) / 4  + 1, . . . ,  M / 2  is the ith  column of m atrix  V , and <f>* contains 

fd free param eters. On com paring (4.8) with (4.6), it is observed th a t the last /«* 

column vectors of V* constitu te  a basis of the null space of H ; hence the  problem  

of designing Go am ounts to finding an optim al (ff  such th a t the com bination of the 

column vectors o f V*, V ^ " ,  leads to the minimum of
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=  (Sc +  V > f Q ( S c +  V * f )  (4 .9)

where uis is th e  stopband edge of Go,

Mg(u) =  2 g'r e(uj) 

c(w) =  [ c o s (~ ~  —w) cos(iw ) f

Q  =  4 f  c(cu)c(u>)'J
Jw$

lib)

and the  (i, j ) t h  entry of Q is given by 

Qij =  2
7T _  coa -  -L sin ctiu)a i — j

- -  a in o iw ,-  £ s i n a 2wa

w ith i, j  =  1, . . . ,  M /2 , a t =  i + j - N - 1 ,  and a 2 =  i - j .  By imposing It ~  0, 

the  m inim um  point can be obtained as

<KP1 =  - ( V *  TQ V * ) - 1V* 2' q s c (d.10)

and the  coefficients of Go can be obtained as

g* =  Sc +  V*(j)lpt ( 4 . | | )

T he design procedure can now be surnm am od as follows:

A lg o r i th m  4.1

S te p  1 Use a conventional m ethod to  design a  linear phase, lowpass, Kill lilter 

H0 whose length is N.

S te p  2 Form  m atrices H  and in  in (4,4),

S te p  3 O b ta in  the  SVI) of H  as in (4.7), arid calculate Sc and Q in (4,8) and 

(4,9), respectively.

S te p  4 O btain  <p*pl using (4,10) and g* using (4,11).
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4.2.3 D esign Exam ples

Wc now present two design examples to illustrate  the proposed algorithm s. The 

re la ted  com puter program s were w ritten in MATLAB and run on a  Sun SPARC 

station. T he first exam ple is referred as Exam ple 4.1, and the  design specifications 

are N  =  16, M  = 24. The analysis lowpass filter H0 was first designed by the window 

m ethod w ith passband and stopband edges 0.447T and 0.67T rad /s , respectively. The 

perform ance of the filter bank obtained is evaluated in term s of

PR E  =  m ax |201oglo [ | / / 0(ftjw)G,0(cJ'u') -  / f0(e5' ^ ))G,0(ei ^ ) | ]  |

and SNR. T he  results obtained are listed in Table 4.1, and the am plitude responses 

of the analysis lowpass and highpass filters are depicted in Fig. 4,1 (a) and Fig. 4.1 

(b) shows th a t of the  obtained filter bank.

Table 4.1: Perform ance evaluations of filter banks for Exam ples 4.1 and 4.2,

kt PR E  (dB) SNR*. (dB)

Exam ple 4.1 19 3.02x10“ 13 271.52

Exam ple 4.2 25 1.28x10“ 14 302.99

T he second exam ple is referred as Exam ple 4.2 and the design specifications arc 

N  =  20, M  =  32. The analysis lowpass filter Hq was first designed by the window 

m ethod with passband and stopband edges 0.44-7T and 0.6 Itt rad /s , respectively. The 

results ob tained  are given in Table 4,1, and the am plitude responses of the analysis 

lowpass and highpass filters are depicted in Fig. 4.2 (a) and Fig. 4.2 (b) shows th a t 

of the filter bank.

T he perform ance of the obtained filter banks can also be checked by observing
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•120
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Normalized frequency

Figure 4,1: Exam ple 4.1 (a) A m plitude responses of analysis lowpass and highpass 

filters, (b) A m plitude response of the  obtained filter bank.

•10
.•20

045 05 0 09

Figure 4,2: Exam ple 4,2 (a) A m plitude responses of analysis lowpass and highpass 

filters, (b) A m plitude response of the obtained filter bank.
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Table 4.2: O utpu ts of the lilter banks of Examples 4.1 and 4,2 with a ram p input.

n

1.0000000000000 

2.0000000000000

3.0000000000000

4.0000000000000

5.0000000000000

6.0000000000000

7.0000000000000

8.0000000000000

9.0000000000000

10.0000000000000

Example 4.1 

,r(n + 1 9 )

1.0000000000000 

2.0000000000000

3.0000000000000

4.0000000000000

5.0000000000000

6.0000000000000

7.0000000000001

8.0000000000001

9.0000000000001

10.0000000000001

Exam ple 4.2 

x{ +  25)

2.0000000000000

3.0000000000000

4.0000000000000

5.0000000000000 

6.00000000Q0000

7.0000000000000

5.0000000000000

9.0000000000000

10.0000000000000

th e  ou tpu t when the  input is a  ram p signal. As shown in Tabic 4.2 where :r(n) and 

x(n)  are input and ou tp u t, respectively, for both  examples the reconstructed signals 

were exactly  the sam e as the input signal to  within a t least 12 significant digits after 

the  decim al point.

4.3 Design of Low-Delay QMF Banks

4.3.1 Problem  Formulation

T he assum ption of linear phase responses for Ho and Co leads to fixed system delay 

( M  +  N ) (  2 — I , which is sometimes undesirable in applications where the orders of 

th e  filters are high. If  the assum ption on sym m etry of the coefficients in Ifo(z)  and

^



Chapter 4 78

Go(z) is rem oved, then  it is possible to  design a filter bank with low reconstruction 

delay. We assum e th a t  the  desired reconstruction delay kd is an odd integer. The 

perfect reconstruction condition expressed in (4.3) can be w ritten  in the  tim e-dom ain 

as

H ig js =  m L (4.12)

where

Hr, =  2

/< !)  

h( 3)

m

h(  2)

0

/t( l)  h( 0)

0

0

h ( N - l )  h ( N - 2) . . .

0 0 h ( N - l )

h ( N - l )  h ( N - 2)

E l  =  [ <7(0) g(  1) • ■ • g ( M  -  1) }T 

m L =  [ 0 • • • 0 i  0 • • • 0 }T e - i / . i

where the  [(A?a-f- l ) /2 ] th  en try  of n u  is unity. A lowpass F IR  filter H0 is first designed 

with group delay kd\. < ( N  — l ) /2  and then  g l is obtained by solving (4.12). In

(4.12) there  are (M  -f N ) / 2 — 1 equations and M  unknowns. Hence the  num ber of 

degrees of freedom  in the  design is

M  + N  M  -  N  
f u - M -  +  1 =  — -t—  +  1 (4,13)
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4,3.2 Null-Space P rojection  Approach

As in th e  design of linear phase QM F banks described in the  preceding section, the 

general solution of (4.12) is given by

By applying SVD on H  as

H i =  U L

(7M±N « 0
2 1

It can be shown th a t  g L in  (4.14) can be written as

0 ••• 0

V

(4.14)

(4.15)

where

sl =  S CL +  V14>1 (4.16)

Sci =  H l m L

=  V i
0

V m+N . 
2 1

0
U f m

0 ••• 0

V i  =  [ VM±N • • • VM ]

&L — [ 4>* $ k r * +1 ]2

Vj, for i — ( M  + N ) / 2, . . . ,  M , is the  ith  column of m atrix  V i ,  and <f>*L is an 

arb itra ry  vector of dimension ( M  -  N ) / 2 +  1.
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The coefficients of the transfer function constitu te vector gz, given by (4.16) 

where param eter vector (f)*L is determ ined by minimizing the objective function

E l =  r  \G°(eH  ~  e - ^ l 2 du; +  f  |G o(e^)12 dw
JO J u s

=  ^Lr ( n TQLVlWL+2<f}l ’r ( V i TQLScL- V l TdL)

+  uip +  S^Q zSoz, (4-17)

where

Q l =

TT +  W p - L O s  ^(w p,ws, 1) ••• tj;(up, u s , N - 1)

lp(u)p,U)s , 1 )  7T +  Wp — Us

TT+Up — Ws

ij)(tjjp, cos , k )  =  — (sin fcW p  — s \ n k u j s )

d i  =  Re f  cz,(w)eJU'fcd2 dw 
Jo

i  sin kd2u p

T £ = i M k d * - l ) u p

T ^ m s’m ( k d 2 - N  + l)up  _ 

ojp and oja are the passband and stopband edges of Go, respectively, kd2 — kd — kdi 

is the group delay of Go- Obviously, the  m inim um  point can be obtained as

4>l "t = -(V I  rQlV I)-1 ■ (VI -  V i Tdi)Tt (4.18)

and the coefficients of Go are given by

g i = S d i + v i ^ opt (4.19)
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The design procedure can now be sum m arized as follows:

A lg o r i th m  4 .2

S te p  1 Use a  least-squares approach to  design a lowpass, F IR  filter Ho whose 

length  is N  and group delay is kdi < kd-

S te p  2 Form  m atrices H& and m l  in  (4.12).

S te p  3 O b ta in  the  SVD of H& as in (4.15), and calculate S ĉ  and Q i  in (4.1 (i) 

and (4.17), respectively.

S te p  4  O btain  4>*opii  using (4.18) and g£ using (4.19).

4.3.3 D esign  Exam ples

The proposed algorithm  is dem onstrated  by two design examples. The design spec­

ifications for Exam ple 4.3 were N  =  20, M  =  24, kd =  9, kdi =  kd2 =  4.5 and those 

for Exam ple 4.4 were N  =  26, M  =  34, kd =  15, kdi = kd-i =  7.5. The perform ance 

of the  filter banks obtained was evaluated in term s of the param eters defined in 

Sec. 4.2.3 and th e  results are listed in Table 4.3. For Exam ple 4.3 the am plitude re­

sponses of th e  obtained analysis lowpass and highpass filters and the obtained filter 

bank are depicted  in Fig. 4.3 (a) and (b), respectively; Fig. 4.3 (c) and (cl) shows 

plots of th e  group delays characteristic of the obtained filters as well as filter bank. 

Fig. 4.4 depicts th e  results for Exam ple 4.4. As can be observed from  the plots, 

th e  obtained  analysis lowpass and highpass filters have approxim ately linear phase 

responses in their respective passbands, while the obtained filter bank  has exactly 

linear phase response and un ity  am plitude response in the  entire  baseband, which 

is due to  the  fact th a t  the perfect reconstruction condition was exactly satisfied in 

th e  design.

The perform ance of the obtained filter banks can also be checked by observing the  

ou tp u t when th e  inpu t is a  ram p signal. As shown in Table 4.4, for both  exam ples
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Figure 4.3: Exam ple 4.3 (a) A m plitude responses of the  analysis lowpass and high- 

pass filters, (b) A m plitude response of the  obtained filter bank, (c) Group delay of 

th e  analysis lowpass filter (do tted  line) and highpass filter (solid line), (d) G roup 

delay of th e  filter bank.
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Figure 4.4: Exam ple 4.4 (a) A m plitude responses of the analysis lowpass and high- 

pass filters, (b) A m plitude response of the obtained filter bank, (c) Croup delay of 

th e  analysis lowpass filter (dotted  line) and highpass filter (solid line), (d) G roup 

delay of th e  filter bank.
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Table 4.3: Perform ance evaluations of filter banks for Exam ples 4.3 and 4.4.

kd PR E  (dB) SNRr  (dB)

Exam ple 4.3 

Exam ple 4.4

9

15

7.81 x lO "14 

1.56x10“ 13

304.02

292.31

the  reconstructed  signals were exactly the same as the inpu t signal to  w ithin 13 

significant digits after the  decim al point.

4.4 Conclusion

A null-space projection approach has been proposed for the  design of two-channel 

linear phase perfect reconstruction Q M F banks. In this approach the  analysis low- 

pass filter is first designed by a  conventional m ethod and th en  th e  synthesis lowpass 

filter is obtained by solving a constrained optim ization problem  by th e  null-space 

project m ethod. L ater this approach has been extended to  th e  design of low-delay 

perfect reconstruction  Q M F banks. From  the design examples it can be seen th a t 

th e  proposed m ethod  leads to  filter banks w ith perfect reconstruction in b o th  the  

linear phase and th e  low-delay cases.
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Table 4.4: O utpu ts of the  filter banks of Examples 4.3 and 4.4 w ith a ram p input.

n x ( n )

Exam ple 4.3 

x (n  +  9)

Exam ple 4.4 

x (n  + 1 5 )

0 1.0000000000000 1.0000000000000 1.0000000000000

1 2.00000000C0000 2.0^00000000000 2.0000000000000

2 3.0000000000000 3.0000000000000 3.0000000000000

3 4.0000000000000 4,0000000000000 4,0000000000000

4 5.0000000000000 5.0000000000000 5.0000000000000

5 6.0000000000000 6.0000000000000 6.0000000000000

6 7.0000000000000 7.0000000000000 7.0000000000000

7 8.0000000000000 8.0000000000000 8.0000000000000

8 9.0000000000000 9.0000000000000 9.0000000000000

9 10.0000000000000 10.0000090000000 10.0000000000000
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D esign o f  M ulti-C hannel 
C osine-M odulated QMF Banks

5.1 Introduction

Among th e  various m ulti-channel filter banks, the  cosine-m odulated Q M F bank has 

two advantages:

1. The analysis and synthes' 3 filters are all obtained from a prototype filter and, 

consequently, only the pro to type filter needs to  be designed. This results in 

high design efficiency.

2. T here are polyphase structures which m ake the  im plem entation of th e  filter 

bank  very efficient.

M ulti-channel cosine-m odulated Q M F banks can be categorized into two groups, 

near-perfect and perfect reconstruction banks.

To date, m any approaches have been proposed for the design of m ulti-channel 

cosine-m odulated Q M F banks. In [26] [28] [29] [30] [33] [37], filter banks with near- 

perfect reconstruction are considered. In [31] [32], m ethods for the  design of perfect 

reconstruction filter banks arts proposed. W ith  the  exception of the m ethod in [30],

86
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these approaches use standard  constrained or unconstrained optim ization techniques 

to  ob tain  the  design, which are in general quite- tim e consuming.

In th is  chapter, we propose a  new optim ization algorithm  in which, instead of 

being m inim ized directly, the  objective function is converted into a quadratic  func­

tion of th e  filter coefficients whose m inim um  point can be obtained analytically. 

Then a  linear form ula is adopted to  update the coefficient vector and the proce­

dure is repeated  un til a term ination criterion is m et. The approach reduces the 

com putational com plexity significantly and leads to  filter banks w ith high stopband 

attenuation  and low aliasing and am plitude distortions.

M ost cosine-m odulated QM F banks investigated so far have reconstruction de­

lays of IV—1 where N  is the filter length. W hen the filter length is high, which is very 

com m on in  m ulti-channel filter bank designs, the  reconstruction delay will be long, 

which is undesirable for real-tim e applications. In [37J some prelim inary results have 

been given through a  design example on low-delay cosine-m odulated Q M F banks. 

In  [36], a  class of cosine-m odulated filter bank was proposed whose reconstruction 

delay can take several values. In this chapter, a  general cosine-m odulated QM F 

bank is considered in which no constraint is imposed on the filter length N  arid 

the  reconstruction delay kd- By letting  kd < N  — I , a low-delay cosine-modulated 

Q M F bank  can be obtained. The iterative algorithm  proposed is then applied for 

the  design of low-delay filter banks w ith near-perfect reconstruction. Several de­

sign exam ples are included to  dem onstrate the proposed algorithm s. In addition, 

perform ance comparisons w ith several o ther existing designs arc provided.
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x(n)

F,(z)H ! (z)

Figure 5.1: M -channel filter bank.

5.2 Conventional Cosine-M odulated QMF Bank

5.2.1 R eview

In the M -channel filter bank  shown in Fig. 5.1, the  reconstructed signal is given by 

[29]

I M — 1 M — 1

= M  E  E  f t < K * ) M K * )
m  k=0 1=0

M - l .

= E  T,(z)X(Wl,z)  (5.1)
(=0

where

WM = e-2*ilM
i M—1

'flW =  j j  E
h—0

In order to cancel aliasing and achieve the perfect reconstruction, it is required th a t

Ti(z) =  0 f o r / =  1, 2, . . . ,  M - l  (5.2a)

% (z) =  z~ki kd is an integer (5 .2b)
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In a  cosine-m odif ufed QM F bank, the  transfer functions of the analysis and 

synthesis filters, H k(„; ,ind Fk{z) for k  =  0, 1, . . , ,  M  — 1, respectively, are obtained 

by m odulating  th e  transfer function P (z )  of a  prototype linear phase lowpass F IR  

filter P  w ith  bandw idth  7r / ( 2 M ),  i.e.,

H k(z) = akckP ( z W ^ l/2)) +  (5.3a)

Fk(z) -  a lckP ( z W t i j U'2)) +  akc lP ( z W . ; t f+ i m ) (5.3b)

o / ( fc+5)(iT i ) ) W u l  _  e-j*IM  a n t | yy is

gate operation.

for 0 <  k  <  M  — 1, where ak = e^0k, ck =  W,2 M

th e  filter length  of P. The superscript * denotes the complex conji 

I t  follows th a t the  im pulse responses of the analysis and synthesis filters Uk and Fk 

are given by

N  -  I7T
/ifc(n) =  2p(n) cos | ( 2fc + 1)—  

f k{n) =  2pin)  cos (2k +  {)■—  ( n  -

+ Ok
-Ok

(5.4a)

(5.4b)

for 0 <  n  <  N  — I and 0 <  k < M —1, respectively, and p(n) is the impulse, response 

of the  p ro to type  filter P. From (5.3) and (5.4), the analysis and synthesis filters are 

related  by

fh(n)  =  hk(N  -  1 -  n)

H z )  =  z - ^ ~ ^ H k(z)

where H k(z)  — H k ( z " 1) for k  =  0 , ----- M  — 1. As shown ir) [29], 0k can be chosen

as

0kH - 0 k ± %  for 0 < k < M -  I (5.5)

in  order to  cancel significant aliasing term s, In order to assure a relatively Hat overall
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am plitude response, it is required th a t

00 = ± ( i + y )  (5,6a)

0M- i  =  ±  Q  +  —  j  (5.do)

where I and m  are integers. A good choice for Ok th a t  satisfies (5.5) and (5.6) is

0* =  (2& +  1)tt/ 4 for 0 <  <  M  — 1 (5.7)

finder these circum stance, the  overall transfer function becomes

1 M —1

ToM = ~  E  » * ( W * )
fc=o 

(JV -l) A f-1
£  H kKz ) H k(z)

and hence
p - j u j ( N - l )  M - L

K>(<>) =  — jj—  E  l^ ( ^ " ) |2 (5.8)
fc=o

Note th a t (5.8) is derived on th e  basis of the assum ption in (5.2a) and hence it 

represen ts the overall frequency response of the filter bank exactly only if the  aliasing 

com ponents are exactly  zero. Prom  (5.8) it follows th a t the  filter bank has a  linear

phase response, which leads to  a reconstructed signal w ith no phase distortion. If

the  am plitude distortion introduced by the filter bank is elim inated as well, i.e.,

M - i

E  l* (< ^ " ) |! = 1 (5.9)
fc=o

for 0 <  uj < 7r, then perfect reconstruction will be achieved and the  reconstruction 

delay will be N  — 1 sam pling periods.
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5.2.2 N ew  Iterative M ethod

It can be shown th a t  \T0(e?w) \ has a period of n / M  and if the prototype filter P has 

a large stopband a ttenuation , (5.S) can be approxim ately expressed by

_—ju j(  Ar— 1) r
To(e>) « ------ ------  jP(e^ -^ -5 5 r)) |2 +  |P (eh - ^ - * 3 7 ) ) f (5.10)

for a; in  the range of (k + < 10 <  (k  +  \ ) rc jM  [29]. Note th a t the quan­

tity  in th e  square brackets of (5.10) is a frequency-shifted version of ]P (c ,'u;) |a +  

|p ( eh “- H ))|2 and, therefore, if this term  can be m ade constant over [0 , 7r/;W ], 

|2 o(eJW)| will be constan t for all frequencies, th a t is, am plitude distortion is elimi­

nated. Hence the design problem  can be reduced to the problem  of m inimizing the 

objective function

E  = E L + a E 2 (5.1 l,a)

where

E i  =  j * /M [\P(ejn \ ' 2 +  \ P ( e ^ - ^ ) \ *  -  l ] 2 clw (5.11b)

deals w ith the am plitude distortion of the overall transfer function T q ( z ) ,

E 2 = r \ P ( e * u)\2 dui (5.11c)
JUJs

deals w ith the  stopband a ttenuation  of the prototype filter P, where cu, =  t t / (2 M)~\- 

e, and e  is a positive constant which depends on the required transition width. 

Param eter a  is a positive weight. Since filter P is a linear phase lowpass filter with 

a  sym m etrical im pulse response, when N  is oven, its frequency response can bo 

expressed as [55]

P{e?w) = M p(oj)e~j^ N- ' P 2 (5.12a)

Mp(u)  =  2 p Tc(io) (5.12b)
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where c(n>) =  [ cos(^yfu ;) ••• cos(|u>) ]T, and p =  [ p (0) p ( l)  ••• p ( y  — 1) ]T. 

Therefore, E\ ancl E 2 in  (6.11) can be rew ritten as

f7r/M T tr
E x =  Jq | m »  +  M 2(w -  £ )  -  1

=  r  m 2p(u ) du
Jws

M inimizing E  in (5.11a) by using a standard  optim ization m ethod tends to be tim e- 

consuming since th e  object!ve function is highly nonlinear. Instead of m inim izing 

function E  directly, we adopt an iterative procedure in which the  objective function 

in (5.11a) is modified to

E '  = E[ + aE'2 (5.13a)

where

E  [ m m  • M M  + « ■ „ ( „ - £ ) .  M ,  (a, — £ )  — l] '2 (5.13b)
0<UI<7t/ M

y2 —&  =  r  M 2(w) dee
JoJa

=  4qT JJ  c(ie)cT (ie)die q

=  q TU sq  (5.13c)

and

Q(ejw) =  M q(ie)e-jw^ - 1̂ 2 

M q(ie) =  2 q Tc(u>)

where q  =  [ r/(0 ) r/(l) • • • tf(y  — 1) ]3 . Q ( e ^ )  is the frequency response of a  lowpass 

linear phase F IR  filter Q w ith a passband width n / (2 M ) .

At the  beginning of the  iterative procedure, filter P is first designed using one of 

the  conventional m ethods such as the window m ethod, Remez exchange algorithm
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[55], etc. The sum m ation in (5.13b) is carried out over a  set of sampling points 

f2p =  {^pi =  0, o)P2, . . . ,  u;pfc =  7r / M  }. Then E '  in (5.13a) can be form ulated as a 

quadra tic  function of q given by

E'  =  (U q -  d f ( U q  -  d) +  a(qTU 8q)

where d is a  colum n vector w ith each en try  being a 1, and

u = H(n„)u,(np) + h n, -  ~ ) u, (n, -

® (^ p )  diag[Afp(u>pl), Mp(wp2), . . . ,  Mp(u)pkj\ 

cos (N  — l)o;pi/2  • • • cos u pl /2

U t(fi ) =  2 co s(y V _ 1H 2 /2 ••• cosWp2/2

cos ( N  — l)wpjt/2 • ■ • coswpfc/2

The (i , j ) t h  en try  of U s is given by

(5.14)

(■5.15a)

(5.15b)

(5.15c)

u.(«) =  4 r  cos 
JiUs

. , N - 1
Z —  1 -------------- ; -----------  I U) cos [ j - l -

N -  1
(ho

=  4-

x -u ; . ,    s in [ ( 2 i - y y —
2 2(2i—/V—1) for Z =  j

s in [ ( i—j) u i3] _  s in [ ( t+ J - J V - l ) h / ,1  r  • /  •
2(i-») 2(i+i-JV-l) 101 * r  0

for i j  =  1 , 2, . . . ,  JV/2.

Since U r U  +  « U S is positive definite, E'  has a global minimum point at

q =  (U r U  +  aU H)_1 • (U r d)

Having obtained  q, a  linear form ula is used to  update p as

p := (1 -  t ) p  +  rq

(5,15d)

(5.16)

(5.17)

where r ,  0 <  r  <  1, is a  sm oothing param eter. T he above process is repeated until 

|| p — cj 112 is less than  a specified tolerance.
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The iterative algorithm  can now be sum m arized in term s of the  following steps: 

A lg o r i th m  5.1

S te p  1 Use a conventional m ethod to  design a  linear phase, lowpass, F IR  filter of 

length N  w ith a bandw idth of ir / (2M).  T hen use the  coefficient vector of 

the  filter obtained to  initialize p.

S te p  2 Use (5.15d) to com pute m atrix  U 4.

S te p  3 Form m atrix  U  and vector q  by using (5.15a) and (5.16), respectively.

S te p  4  If || p  ~  q  112 <  where e is a  prescribed tolerance, ou tp u t p  as the  design

result and stop; otherwise upda te  p  using (5.17) w ith r  in the  range 0 <  r  <  

1, say r  =  0.5, and repeat from Step 3.

In the  above analysis, N  is assumed to  be even. If N  is odd, the  frequency

response of P can still be expressed as in (5.12a) with

M p(u:) =  p Tc(u;)

where c(cu) =  [ cos(Ar -  l)u ;/2  cos( N  -  3)cu/2 • • • cos a; 1 )T , p  =  [ 2p(0) 2p(l) • • • 

2 ]r > and A lgorithm  5.1 is valid if (5.15c) and (5.15d) are modified 

as

ut(np) =

cos (N  — l)wpi /2  

cos (N  — L)u}p2/2

cos ( N  — l)ejpk/2

cos U)pi 1 

cos Up2 1

COS LOpl; 1

for i = j  = 

for i =  j  < A±!

s i n [ ( i — j > , j  _  8 i n [ ( i + j - A f - l ) t t f , ]  f  • /  •

m - i )  2 { i + j - N - l )  r o r  f  J

for i , j  =  1, 2, . . . ,  ( N  + l ) /2 ,  respectively.

(s) u- ■ =

7T -  U s

■K—W, _  
2

sinful—N—1)u/j1 
2(2t—AT—1)

(5.18a)

(5.18b)
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A lthough a  rigorous proof of the algorithm ’s convergence is not available at this 

tim e, th e  algorithm  was found to always converge in a large set of designs when the 

in itial po in t is obtained as in step 1. Moreover, the  algorithm  converges faster if r  

is chosen to  be in th e  vicinity of 0.5.

5.3 Low-Delay Cosine-M odulated QMF Bank

5.3.1 A  G eneral Cosine-M odulated QMF Bank

T he reconstruction delay of the  cosine-m odulated QM F bank described in Sec. 5.2 

(referred to  as th e  conventional cosine-m odulated QM F banks henceforth) is iV — 1 

sam pling periods, where N  is the filter length. W hen the  num ber of channels M  

increases in  a  filter bank, the  bandw idth  of each filter decreases and, as a  result, 

high-order filters are required to  achieve the narrow passband. Consequently, the 

filter bonks designed have long reconstruction delays, which are highly undesirable in 

some applications. In  this section we proposed a m ethod for the design of low-delay 

cosine-m odulated Q M F banks.

Consider a  pro to type F IR  lowpass filter of length N  with ari asymmetrical  

im pulse response, a  bandw idth  of 7t / ( 2 M ) ,  and a phase response which is approxi­

m ate ly  linear. Its frequency response can be expressed as

PL(ejul) »  \ } \ { e iw)\ e" ^ /2 (5 .19)

and hence the  group delay of the filter is kd/ 2 where kd < N  — I . The transfer 

functions of the  analysis and synthesis filters, Hk{z) and /')j(z), arc related  to the 

transfer function Pc(z)  of th e  prototype lowpass filter P i  as

H k {z) =  e ^ P U W ^ f ^ z )  e - ^ P L{ W ^ Al'1]z)  (5.20a)
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Fk(z)  = e ^ P L{ W (2l } i/2)z)  +  e-i*kPL( W ; i j + m z)  (5.20b)

for 0 <  k < M  — 1, where

4>k = ( M  -  kd)(2k  +  1)tt/(4M )  

fc =  (- M  -  kd)(2k  +  1 )tt/(4 M )

From (5.1) and (5.20), the aliasing term s in the reconstructed signal can be w ritten  

as

i M - 1

T,(z)  =  - ^  ^ ^ P L (Wi%+k+L/2)z )PL( W ^ l/2)z)
M  fc=o

+e’l + ^ k)pL{WlM+k+1/*h)PL( W 2 ^ 1/2)z)  

+ e - M k^ P L( w ! & - k- L/*)z )PL( W $ x,2)z) 

+ e - i ^ ^ P L( W ^ ~ k- i m z)PL( W ^ k+l,2)z)  (5.21)

for 1 <  / <  M  — 1. If we assume th a t the  stopband attenuation  of filter P/, is high 

enough so th a t  the overlap among non-adjacent channel filters can be neglected, the  

only nonc-zero term s in (5.21) occur when k = M  — /, k  =  M  — I — 1 in the  second 

term , and k  =  /, k  =  / — 1 in the  th ird  term , and hence

T,(z) =  j j { P L ( - W & y /2)z)PL( - W i lM 1/2)z)  +

+ P L ( w l t i l/2)z)PL ( W ^ l/2)z)  [e -W '-W  +  e-W i-.-V-,-.)] J (5-22)

Substitu ting  </>/ and il’t into (5.22), it  can be shown th a t

Ti(z) =  0 for 1 <  I < M  — 1

which implies th a t the  aliasing term s are cancelled.
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U nder the  assum ption th a t the aliasing components are completely cancelled,

the  overall frequency response now is expressed as
I M- 1

r » ( < n  =  g  £  *>,(0 ^ ( 0

1 M—1
= 77 E  P 2{W~^-Hl2) < r)

I I  k=0
(5.23)

Substitu ting  (5.19) in to  (5.23) and considering lo in the range of \ - n / ( 2 M ) ,  n / (2 M ) \ ,  

we have

[IPi(e>(“- * ) ) p  +  [JPi (^<"+55r))p] (5.2-1)

As in th e  design of conventional cosine-m odulated QM F banks, if | a 5 r )) |2 4  

\PL( e ^ + m ) ) \ 2 is m ade sufficiently flat over [—7 t / ( 2 | 7b(eJ‘" ) | will be 

flat for all frequencies. T he perfect-reconstruction condition can be approxim ated 

by m inim izing the  error component

rr/(2M)Eu = /  \MTo(e>w) -  e-*k““\2 dta

r v / [ 2 M )  1 r  ,  o

=  J_ \e-3kdW [\PL( e ^ - ^ ) \ 2 4 \PL(eX“+m ) ) \ ^  _  du

=  £ / M \e~jkdW [ l W w)|2 +  \PL( e ^ ~ ^ ) \ 2] -  e - S ^ d u
r i r / M  , „

=  \PL(e?u)\2e -3kdU +  e - kd̂ M\PL(ej^ - & ) \ 2e - jk^w-fr) ~  (r jk“w dw
JO

= r /M P l ( e n  +  e - 3k^ M P l ( e ^ - f r ) )  _  dw (5>25a)
JO  I

Since the  phase response of is only approxim ately linear, both the phase and 

am plitude responses m ust be optim ized and hence the  above objective function 

includes bo th  phase and m agnitude error components. By also considering the 

stopband a ttenuation  of filter Pi,  the  error component

E l2 =  f  \Pi(e3U)\2du; (5.25b)
JUJa
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can be formed. A suitable objective function can now be constructed as

E l  —  E l i  T  f t E m (5.26)

where a  is a positive constant. To achieve the required design, the  objective function 

in (5.26) is m inim ized w ith respect to  the  coefficients of Pi,.

Having the coefficients of P i ,  the  impulse responses of the  analysis filters H* and 

the synthesis filters F* can be obtained from  (5.20) as

hk(n)  = 2pz,(n)cos 

f k (n )  =  2p i(n )  cos

7r
^ k + } ) W i [ n ~  Y 1 +0h

ok

(5.27a)

(5.27b)

for 0 <  n  <  N  — I. and 0 <  k  <  M  — 1, where Ok — (2k  +  l ) n / 4  and p/,(??,) is the 

impulse response of the  prototype filter P^.

On com paring (5.27) w ith (5.4), we observe th a t the  design m ethod proposed 

in Sec. 5.3 is a  general version of the  m ethod of Sec. 5.2 which includes the  la tte r  

de.-ign as the particular  case when filter P l  has a sym m etrical im pulse response and 

k,i = N  — 1. It should also be emphasized th a t no constraint has been imposed on 

the  filter length N  and the reconstruction delay kd of the cosine-m odulated QM F 

bank in (5.27).

5.3.2 D esign  M ethod

Instead of m inim izing the  highly nonlinear objective function in (5.26) directly, an 

iterative procedure sim ilar to  th a t of Sec. 5.2.2 can be used in which the  objective 

function is modified as

E'l =  E'n  +  ocE'l2 (5.28a)
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where

E 'li =  E  \FL(ej“)QL(ej“) + e~jk^ MPL( e ^ ~ ft>)Qh(ej{w- ft1) -  e ~ ^  2
0< o ;< 7r/jV/

(5.28b)

^L2 =  r \ Q L ( e r ) ? d u ,Jw. (5.28c)

Qr, is a lowpass F IR  filter w ith a  bandw idth k / ( 2M)  and the frequency responses 

of P l  and Q l can be  expressed as

PL(ej“) =  p£cz,(w)

Q i ( 0  =  q£cx,(w)

where c£ (w) =  [ 1 ]T, pr, =  [ p(0) p ( l)  ••• p ( N  -  I) ]r  and

q l =  [ ?(0) f/(l) • • • q ( N  — 1) ]2 are +he coefficient vectors of filters P /( and Q/,,

respectively.

We begin the  ite rative  procedure by designing a filter Pr, w ith group delay /,;<*/2 <  

( iV— l ) /2  using a least-squares design approach similar to  th a t in [82] and write; li'L 

in (5.28a) as

B'l  ---■ (U q t  -  d i ) " ( U q i  -  d t ) +  a q ? U » q t  (fi.29)

where dr, =  [e~*u>t,ikd e ~ ^ kd ••• e -M ***]2 and superscript H  denotes complex

conjugate transposition . In this case, we have

u  = H (n p) u ,(n p) +  e- ( a ,  -  i )  u ,  ( n ,

H(<1,) = cliag[Fi(e'""‘), « . ( > " ) ,  />L(e>“»)]
1 Q-jUpt  . . .  g-JW pl (/V -l )

7T
A? (5.80a)

(5.80b)

Ut(Op) =
1 e- ^ 2 ■t-jUfuiN -\)

1 g—iwp*. , , ,  g— i)

(5.80c)
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— sm u.

7T — Us — sino;s —| s i n 2o>, 

7x —  <jJs — sin u s

sin ( N  — l ) u s

j ^ s m ( N  - 2 ) u s

7r — u s

(5.30d)

As E'l  in (5.29) is a  quadratic  function in w ith [Re (U 7/ U ) -f o:Ug] >  0, it has 

the  unique global m inim um  point given by

where Re [•] is th e  real p a rt of [•]. Having obtained q^, a linear form ula is used to  

update  pz, as

The procedure is repeated  un til || — q i  ||2 is less than  a prescribed tolerance.

The iterative algorithm  for the  design of cosine-modulated Q M F banks with low re­

construction delays can now be sum m arized in term s of the  following sim ple steps: 

A lg o r i th m  5.2

S te p  1 Use a  least-squares approach to  design a lowpass, F IR  filter of length N  w ith

stopband edge u a and group delay ku/2,  and use the  coefficient vector of the  

filter ob tained  to  initialize p l-

S te p  2 Use (5.30d) to  com pute m atrix  U s.

S te p  3 Form m atr ix  U  and vector q i  by (5.30a) and (5.31), respectively.

S te p  4  If || p i  — q/, ||2 <  e, where c is a  prescribed tolerance, ou tpu t pz, as the

desired resu lt and stop; otherwise, update  p l  using (5.32) w ith r  in  the  

range 0 <  r  <  1, say r  =  0.5, and repeat from Step 3.

q L =  [Re (U " U )  +  a U ,]"1 • Re ( U " d L) (5.31)

Pz, := (1 -  r)pL +  rqz, (5.32)
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In  our experim ents we noticed th a t some undesirable artifacts can sometimes 

occur in  the  am plitude responses of the analysis and synthesis filter when the re­

construction delay is low. Such artifacts have been observed by other researchers as 

well w hen designing low-delay two-channel filter banks [34] [35] and m ulti-channel 

cosine-m odulated filter banks [37] [36]. In the m ulti-channel case, artifacts can occur 

in the tran sition  band when the  group delay is low if there is no constraint on the

transition  band of the p rototype filter P i .  These artifacts then lead to artifacts in

th e  am plitude responses of the  analysis and synthesis filters. An effective trea tm en t 

of this problem  is to  modify the  objective function in (5.28a) to include an additional 

term  <x iE'L3, i.e.,

E'l  =  +  a ®L2 +  a'i (5.33)

where

a i E 'L3 =  a i  /  ' |QL( e n  -  du  (5.34)
VWfl

and [wti, wt2] is an  interval in the  transition  region where the artifacts occur. It can 

be readily  shown th a t the objective function in (5.33) can be w ritten  as

e L =  (U q t  -  d J ^ U q , ,  -  d t ) +  m tfu .c fc

+O i(q'£Uaq -  2l)'J’q t +  UIa  - u „ )  (IS.HIS)

where U  and U* arc given by (5.30a) and (5.30d), respectively , and

U(2~U!(i W([, 1) ••• f/>(u>{2, W(|, A  -  I)

t t  — w a ,  1 ) a >t2 -  :

_ </’(w(2, a»u, N  — 1) ••• *’ • W(2 — wo
1

<j)(uji2 , ojn , k) =  j; [sin kuii2 — sin ku>t\)
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' c i (u )e^kdUĴ 2 du
Wt 1

^ [ s i n ( ^ ) _ s i n ( ^ . ) ]  

kh {sin [ ~ ]) “A - sin [ -  0 uA}

. k ^ m {sin[(%~N + 0 “A - sin[( i f“ N + 1 ) ^ i ] } .

The global min i mum point of E'L in each, step of the iterative algorithm  can now be 

obtained as

qL =  [Re (U 7/U) +  aU B +  atUa]"1 • [Re (U /fdL) +  a^b] (5.36)

The proposed low-delay cosine-m odulated QM F bank can be im plem ented by 

the efficient polyphase im plem entation using discrete Fourier transform  (D FT ) as 

described in [37]. The num bers of m ultiplications and additions per ou tpu t are 

com parable with those required by the  cosine-modulated filter bank in [32], which 

is based on the ex tended  lapped transform ation.

5.4 Design Examples

In this section, we present results obtained by applying the  iterative design algo­

r i thms described in Secs. 5.2 and 5.3 to  several examples. All th e  designs were carried 

out by running M AT LAB program s on a  bun SPARC workstation. The perform ance 

of the filter banks designed was evaluated in ierm s of com putational effic'ency, re­

construction error, and im plem entation considerations. T he perform ance evaluation 

param eters are: N l, M FLO PS and SN R  as defined in Sec. 2.2.3, and
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•  M axim um  reconstruction error

Aliasing error

Er = m ax | [|iV/T0(eJ'‘

where

E a =  m ax E( to)

'M - 1
E  \Ti{e*")\2

Lfcl,

1/2

M—[
T,(<>) =1 E  i-lk{ e ^ - ^ ) E k{ e n

k=0

N um ber of m ultiplications per ou tpu t in the im plem entation (MPIJ) [157]

M PU =  12 +  2 N / M  + 41og2(2 M )

N um ber of additions per ou tp u t in the im plem entation (A PI!) [:ii

APU =  4 +  2 N / M  +  4 log ,(2M )

5.4.1 Conventional Filter Banks

A lgorithm  5.1 has been used to  design two cosine-m odulated QM F bank,  as follows: 

Exam ple 5 1: In th is exam ple, a  four-band cosine-modulated Q M F bank satis­

fying the specifications

M  =  4, N  =  112, a  =  200, =  0.2J09tt, r  =  0.5, c =  10“ '*

was designed. The in itia l point of p in Step 1 of Algorithm  5.1 was the coefficient
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Figure 5.2: Exam ple 5.1 (a) A m plitude response of th e  prototype filter, (b) Am pli­

tude' responses of the  analysis filters.

vector ol a lowpass F IR  filter designed by using the  window m ethod. T he sam pling 

grid contained 200 sam pling points. The results obtained are sum m arized in Table 

5.1. Fig. 5.2(a) and (b) shows th e  am plitude responses of the prototype filter and 

the  analysis filters, respectively. To dem onstrate the  design efficiency of the  ite r­

ative algorithm , the quasi-Newton m ethod using the  BFGS form ula for updating 

the  approxim ation of the inverse Hessian m atrix  of the  objective function [57] was 

used to design the  sam e filter bank with the  same in itial point and sam pling points. 

T he quasi-Newton m ethod com pleted the  design w ith about 502 M FLOPS which is 

alm ost GO tim es th a t used by the iterative algorithm .

Exam ple 5.2: A 16-channel cosine-m odulated QM F bank was designed satisfying 

the specifications

M  =  16, IV =  386, a  =  100, =  0.0567?r, r  =  0.5, e =  10"'1

T he results ob tained  are listed in Table 5.1. G raphical displays for the  filter bank
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Table 5.1: Results for Examples 5.1 and 5.2.

Exam ple 5.1 Exam ple 5.2

NI 12 14

M FLOPS 8.66 219

E r 3.2594 xiO - 6 2.7563 x l0 " e

E a 3.2178 x lO - 7 2.5814 x l0 “7

SNRr (dB) 111.5 115.7

iYIPU 80 82

APU 72 74

in Exam ple 5.2 are shown in Fig. 5.3(a) to (cl). Fig. 5.3(a) illustrates the am plitude 

responses of th e  obtained  analysis filters. Fig. 5.3(b) shows the overall am plitude 

response of th e  filter bank, i.e., \M TQ(e?w)\, and Fig. 5.3(c) shows the aliasing error 

E(u>), Fig. 5.3(d) depicts the spectrum s of the input  signal and the reconstruction 

error. From  Table 1 and the  figures it  can be observed th a t the  iterative algorithm  

leads to  analysis and synthesis filters w ith a high stopband attenuation (>  - 120 dB) 

and low overall distortion and aliasing levels ( «  —100 clB). Such filter specifications 

were previously achieved with a constrained optim ization m ethod [33]. Using the 

algorithm  in [33] the  reconstruction error E r is of the order of I0_,;i while in our 

approach it is of the order of 10~6. However, since the  aliasing errors ICa achieved 

by b o th  algorithm s are of the  order of 10“® (-1 2 0  clB), in both  cases the output  

signals x(n )  approxim ate the input signals x(n)  with about -1 0 0  clB reconstruction 

error. This is evident from  the gap between the spectrum s of the input  and the 

reconstructed  error signals as depicted in Fig. 5.3(d).
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Figure 5.3: Exam ple 5.2 (a) A m plitude responses of the analysis filters, (b) A m pli­

tude response of the  filter bank, (c) P lot of the aliasing error E (u ). (d) Spectrum s

of the inpu t signal and the reconstruction error.
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5.4.2 Filter Banks w ith Low Reconstruction Delays

A lgorithm  5.2 has been used to  design two low-delay cosine-modulated QM F banks.

Table 5.2: Results for Examples 5.3 and 5.4.

Exam ple 5.3 Exam ple 5.4

kd 55 65

NI 11 13

E r 3.9808 xlO ' 5 1.8041 XlO"'1

E a 5.1584 x l 0 - (i 5.0333 x lO "5

SNRr. (dB) 88.3 82.8

M PU 80 62

APU 72 54

Exam ple 5.3: This exam ple dem onstrates th a t artifacts can occur when designing 

a  low-delay cosine-m odulated QM F bank  and th a t  it is possible to  reduce them . First 

a  four-channel filter bank was designed with N  =  112, kd =  55, and no constraint 

was applied to  the  transition  band of the  prototype filter. Fig. 5.4(a) and (b) shows 

th e  am plitude responses of the  prototype filter P l obtained arid the analysis filters,

respectively. It can be observed th a t there  is a  ‘bum p’ in the transition band of

P i ,  which in tu rn  leads to  artifacts in the  am plitude response of each analysis and 

synthesis filter. To reduce the  artifacts the  modified objective function in (5.33) was 

used to  design a  filter bank satisfying the  specifications

M -  4, N  =  112, k d =  55, a  =  10, a ,  =  10“3, wa =  0.2078tt

r  =  0.L, wa =  0.1234-7T, uju =  0 .12667T, c =  10~3

T he results obtained are sum m arized in Table 5.2. Fig. 5.4(c) and (d) shows the
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am plitude responses of the prototype filter P/, and the  analysis filters, respectively. 

Com paring them  w ith Figs. 5.4(a) and (b), we note th a t  the  artifacts have been 

reduced significantly. On comparing the filter bank designed in  th is exam ple w ith 

th a t in Exam ple 5.1, we observe th a t the  reconstruction delay in the  present design 

is only about 50% of th a t in Exam ple 5.1. However, this low delay is achieved a t the 

cost of reduced stopband a ttenuation  and SNR ratio. This was found to  the  case in 

a  num ber of designs and in  consequence, we believe th a t  the  designer can trade  off 

stopband attenuation  and reconstruction error for a lower reconstruction delay.

Exam ple 5.4: In this exam ple an 8-band low-delay cosine-m odulated QM F bank 

satisfying the  the specifications

M  =  8 , N =  132, k d =  65, a  =  20, =  10~3, u s =  0.1357tt

t  =  0.5, a>u =  0.05617T, wt2 =  0.06097T, e =  10-3 

was designed. T he results are listed in Table 5.2. Fig. 5.5(a) shows the  am plitude 

response of the p ro to type  filter and Fig. 5.5(b) shows its group delay in the  passband 

and transition  band. Fig. 5.5(c) and (d) shows the am plitude response of th e  analysis 

filters obtained and  th e  group delay of the filter bank. For com parison, A lgorithm  

5.1 was used to  design a  conventional cosine-modulated QM F bank with a  filter 

length of 66 and a  reconstruction delay of 65 sampling periods. The achieved SN R 

by this filter bank  is 62 dB and the  am plitude response of its p ro to type filter is 

also shown in Fig. 5.5(a). It is observed th a t w ith th e  sam e reconstruction delay, 

th e  low-delay cosine-m odulated Q M F bank shows improved perform ance over the  

conventional cosine-m odulated Q M F bank. From Fig. 5.5(b) it  can be noticed th a t 

in the passband of the  pro to type filter linear phase response is well approxim ated and 

the phase d istortion in its stopband can be neglected due to  very sm all am plitude 

response. As m entioned in Sec, 5.3, in the low-delay QM F bank proposed bo th  the
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Figure 5.4: Exam ple 5.3 (a) P rototype filter with artifacts, (b) Analysis filters 

with artifacts, (c) P ro to type filter with reduced artifacts, (d) Analysis filters with 

reduced artifacts.



Chapter 5 110

phase d istortion and the am plitude distortion are minimized. Fig. 5.5(d) shows th a t 

the  phase distortion of th e  obtained filter bank is small.

5.5 Conclusion

An ite ra tive  algorithm  for the  design of conventional cosine-m odulated QM F banks 

has been proposed. The algorithm  is very efficient and can design filter banks w ith 

high stopband attenuation  and low aliasing and am plitude distortions. A lthough 

a  rigorous proof on th e  convergence of the  algorithm  is no t available a t th is tim e, 

the  algorithm  converged in all th e  design examples a ttem pted . A general version 

of the algorithm  has then been developed, which can be used to  design low-delay 

cosine-m odulated QM F banks. This algorithm  is based on a  weighted objective 

function th a t  depends on th e  error betw een the  actual frequency response and th a t 

of a linear phase ideal filter. A rtifacts th a t  can occur in the  am plitude responses 

of the analysis and synthesis filters when designing low-delay filter banks can be 

reduced significantly by simply adding one m ore error com ponent to  the  objective 

function. T he two algorithm s have been illustrated  by designing several filter banks 

and the designs obtained have been com pared w ith corresponding designs obtained 

by using some other known m ethods.
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Figure 5.5: Exam ple 5.4 (a) P ro to type  filters, (b) Group delay of the prototype 

filter (low-delay). (c) Analysis filters (low-delay). (d) Group delay of the filter bank 

(low-delay).
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Im proved D esigns o f 2-D  
N onseparable F ilter Banks

6.1 Introduction

Most applications of QM F banks to  2-D signal processing, such as image subbancl 

coding, use separable filters, which can be designed by using 1-D techniques. In th is 

scheme the  frequency spectrum  of the  signal is split into central lowpass, horizontal 

highpass, vertical highpass, and diagonal highpass bands in which the  diagonal 

highpass band  contains a m ix tu re  of the  two orientations. To avoid this problem , a 

nonseparable hexagonal QM F bank based on hexagonal sam pling was proposed by 

Adelson and Simoncelli [43]. The analysis and synthesis filters in [43] have a sim ilar 

structu re  to  1-D Q M F banks and it was shown th a t aliasing in th e  system  ou tp u t is 

cancelled. The filters in [43] are designed by minimizing an objective function th a t  

deals w ith  the perfect reconstruction condition as well as th e  in traband  aliasing. 

In this chapter, we propose an improved m ethod by taking the  advantage of the  

sym m etry properties exhibited by th e  hexagonal F IR  filter, bo th  in the  tim e and 

frequency dom ains. This results in considerable com putation reduction and the

112
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filter banks designed exhibit improved performance. To further increase the design 

efficiency, an ite rative  m ethod sim ilar to th a t in chapters 2 and 3 is employed in the 

design.

One of the  im portan t classes of two-dimensional (2-D) filter banks is the class of 

nonseparable diam ond-shaped filter banks in which significant horizontal and ver­

tical frequency com ponents are retained while less im portan t diagonal frequency 

com ponents are rejected. These filter banks have been applied to  image and video 

compression in H D TV  coding and the results obtained are satisfactory [44] [45]. Ex­

isting m ethods for the  design of 2-D nonseparable diam ond-shaped filter banks are 

based on the  application of transform ations to one-dim ensional (1-D) pro to type 

filters [44] [46] [47] . In Sec. 6.3, an approach for the design of 2-D nonseparable 

diam ond-shaped filter banks is proposed. To achieve perfect reconstruction arid in­

traband  aliasing m inim ization, we employ an objective function which is a weighted 

sum  of two error com ponents. This objective function turns out to  be a fourth-order 

function of the  filter coefficients and, consequently, its m inim ization by conventional 

optim ization techniques would be com putationally expensive. Irr our approach an 

ite rative  linearization technique is introduced which (a) modifies the objective func­

tion in to  a  quadra tic  function so th a t  its m inim um  can be obtained easily, and (b) the 

algorithm  used to  m inim ize the  modified objective function converges rapidly, yield­

ing a local solution of the  design problem . The iterative m ethod is first described 

in a discretized version and then  in an improved version where all the integrals 

involved in  the  design are evaluated exactly. Compared with other existing m eth­

ods, the  proposed m ethod  is a direct 2-D design approach which does not require 

transform ations. In addition, since a weighting factor is available which provides 

effective control on th e  tradeoff between the  degree of perfect reconstruction and
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y3 [n]

Figure 6.1: D iagram  of a nonseparable hexagonal QM F filter bank.

the quality  of the  frequency responses of individual filters used, the  design m ethod 

is more flexible.

6.2 Design of Hexagonal QMF Banks

6.2.1 The H exagonal QMF Banks

In [43], Adelson and  Simoncelli proposed a nonseparable hexagonal quadra tu re  m ir­

ror filter bank which is based on hexagonal sampling, and showed th a t th e  m ixed 

orientation problem  in separable Q M F banks can be elim inated by using a  nonsep­

arable hexagonal Q M F system .

A four-band, nonseparable, hexagonal analysis-synthesis filter bank in two di­

mensions is illustrated  in Fig. 6 .1. In this realization, F ,(w ), i =  1, . . . ,  4 and 

G{(a;), i =  1, . . . ,  4 are the  transfer functions of the  analysis and synthesis filters, 

respectively. T he inpu t a:(n) w ith index n =  [m n.2]T is a  2-D digital signal sam pled 

on a hexagonal sam pling lattice , and the  filtering and subsam pling are  accom plished 

in two dim ensions, i.e., uj =  [uq ui2]2 is a vector, and the  subsam pling is param ­
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eterized by a  nonsingular two-by-two subsampling matrix, K , w ith integer entries, 

which is chosen here as
r 2 0

K  =
0 2

(6 .1)

Based on th e  scheme in Fig. 6.1, the relation between Vie input a-(n) and the 

overall filter bank  ou tp u t x (n )  can be derived in the  frequency domain as

* ( « )  =  1 £ * (< •>  +  &,)
(=0

£  Gi(w)Fi(u> +  k/)
L»=0

(6 .2)

where X (w ) and X(u>) are the  frequency spectra of x (n )  and ®(n), respectively. 

Vectors k(, I — 0, . . . ,  3 are th e  four m odulation vectors defined by

k 0 =
0

, k t =
2n/y/3

0 0

i i

, L  =

i

i

__
__

_i

7T
J o

7r

k 2 =

I t  can be  observed from Eqn. (6.2) th a t the ou tpu t of the filter bank system 

contains th e  in p u t of the  system , which corresponds to £:0, and the aliasing term s, 

which correspond to  k;, 1 =  1 ,2 ,  3. If the analysis and synthesis filters are chosen 

as such th a t

=  G ' o ( - U f )  =  H ( u > )  =  7i/(—u>)

F i (u )  =  G i( -w )  =  +  k ,)

F 2(u>) -  G'2( - u ) =  c?u 'H2H{u; -j- k 2) (fi.3)

F3(u ) t= C 9(-u>) =  +  k 3)

where H(u>) is a  function th a t is invariant under negation of its argum ent and the 

expressions u> • s<, i =  1, 2, 3, denote inner products of the  two vectors, then the



Chapter 6 116

analysis-synthesis system , is called a  2-D nonseparable hexagonal QM F bank. If  s*, 

the shifting vectors, are assigned as

\/3 /2
So =

0
, S3 =

- V 3 /2

1/2
) °2 —

1 X/2

then it can be shown th a t the  aliasing term s in Eqn. (6.2) will be cancelled regardless 

of the  choice of and the response in Eqn. (6.2) becomes

i-(a.) =  ix (o .) i; |J / (a ,  +  kj)p (6.4)
1 i=0

Now in order to  achieve perfect reconstruction of the  input from the  o u tp u t, 

the design problem  is reduced to finding a filter with frequency response H ( uj) th a t  

satisfies the constrain t

y ; i f f ( u l + k , ) i ! =  4 (6.5)
i=0

Usually, a  hexagonal lowpass filter is adopted to  produce a band-splitting system .

6.2.2 Improved D esign M ethod

T he design of 2-D nonseparable hexagonal QMFs is sim ilar to  th e  design of 1-D 

QM Fs, I t requires the design of only one filter represented by f/(cu). T he whole 

system  then  can be constructed from the relations in Eqn. (6.3). A “good” filter is 

one th a t  satisfies constrain t (6.5), which guarantees the  perfect reconstruction. In 

addition, m any applications require th a t  the subband signals have m inim al aliasing.

As th e  im pulse response of an F IR  hexagonal filter is defined on a  hexagonal grid, 

the  size o f an F IR  hexagonal filter kernel can be m easured in term s of the  num ber of 

hexagonal "rings” it  contains. For exam ple, a zero-ring filter contains only a single 

impulse located a t the origin while a  one-ring filter contains impulses a t the  origin
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Figure 6.2: Coefficients of a  hexagonal filter with symm etry.

and six m ore im pulses around vertices of a hexagon centered at the origin. In general, 

th e  im pulse response and frequency response of a hexagonal F IR  system can have 

a  12-fold sym m etry, i.e., they are sym m etrical about the six vertices of a hexagon 

and across th e  bisectors of the  six sides, as illxistrated in Fig. 6.2. Therefore, the 

independent param eters th a t need to be determ ined are defined on a  wedge-shaped 

region covering approxim ately one-twelfth of the  whole kernel.

In order to  satisfy Eqn. (6.5), an error function is defined as the p-norrn of the 

approxim ation errors, i.e.,

An F IR  filter w ith  hexagonal sym m etry  in its impulse response has hexagonal sym ­

m etry  in its frequency response. Consequently, the sampling points ui can be chosen 

in a wedge-shaped region in the  frequency dom ain, as shown by the shaded area in

In order to reduce the  in traband  aliasing, an error function, called in traband

Fig. 6.3 (a).
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Figure 6.3: Sam pling area in form ing the objective function, (a) To form E t . (b) 

To form  E?.

aliasing error function, is constructed  as

where lli(u>) is the  am plitude response of an ideal hexagonal lowpass filter. Again, 

the sam pling points u  here are on a sam pling grid in a  wedge-shaped area, which is 

illustrate  by shaded area iri Fig. 6.3 (b). Note th a t there is no sam pling point in  the 

transition  band. A m ethod sim ilar to  the one used in [58] is utilized to construct 

the sam pling grid, which gives more samples over the regions near the  passband and 

stopband edges.

The design objective is to satisfy (6.5) while reducing the  in traband  aliasing . 

This can be achieved by defining an objective function th a t is the  weighted sum  of 

the above two error functions, i.e.,

i/p
E 2 = (6.7)

E  = <xE, +  (1 -  a ) E , (6.8)
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where 0 <  a  <  1, The weight a  can be adjusted during the  design.

A q u a s i - N e w o p t im iz a t io n  algorithm  can be utilized to m inim ize the above 

objective function E  w ith  respect to  the  free param eters of the lowpass hexagonal 

filter represented by H ( u ) .  The power p in  Eqns. (6.6) and (6.7) should be chosen 

to  be a  large even num ber, e.g., p — 12S, which would result in a nearly m inim ax 

design. A sm all weight a  should be used a t the beginning of the optim ization to let 

error function E 2 be m inim ized first and then a  should be increased to em phasize 

the  error function Ey.

By using the  proposed algorithm , several, non-separable hexagonal filter banks 

have been designed. The coefficients of the  hexagonal lowpass filters with 3, 4, and 

5 rings, which ai3 referred as Exam ples 6.1, 6.2 and 6.3, are listed in Table 6.1. T he 

spatial positions of these coefficients in the  2-D space are illustrated in Fig. 6.2. The 

corresponding coefficients of the  th ree  highpass filters can be obtained by m odulating 

and shifting the  coefficients of the lowpass filters using Eqn. (6.3). For the 4-ring 

case, th e  3-D plot of the  am plitude response of the hexagonal lowpass filter is shown 

in Fig. 6.4 (a). For comparison purposes, a  3-D plot of the am plitude response of 

the 4-ring filter in [43] is shown in Fig. 6.4 (b). As can be seen the passbands of 

th e  two filters are alm ost the same bu t the  stopband of the filter designed by the  

proposed m ethod  is b e tte r  than  th a t  in [43]. In addition, as shown in 'fable 6.2 the 

filter banks designed in general satisfies the  perfect reconstruction more accurately 

in term s of having sm aller PR E  where

PRE =  l.iax|201oglo j
u=o

The design m ethod in [43] also involves optim izing an objective function contain­

ing two term s to  deal with the  perfect reconstruction condition and the  in traband
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Table 6.1: The impulse responses of Examples 6.1, 6.2 and 6.3.

Coef. 3-ring filter 4-ring filter 5-ring filter

a 0.668372 0.639332 0.593442

b 0.297021 0.305619 0.321198

c -0.062023 -0.043298 -0.039581

d -0.001132 0.009974 -0.004391

e -0.006730 -0.015317 -0.006768

f -0.006650 -0.033678 -0.036109

g 0.000359 -0.004358

h 0.008229 0.010173

i 0.020284 0.018715

i 0.001359

k -0.003973

1 0.003823

Table 6.2: P R E  of Exam ples 6.1, 6.2 and 6.3 and those of Simoncelli.

3-ring filter 4-ring filter 5-ring filter

Proposed m ethod 0.0080 0.0262 0.0165

M ethod in [43] 0.0026 0.1165 0.4548
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(») (b)

Figure 6.4: (a) A m plitude response of the 4-ring filter by proposed m ethod, (b) 

A m plitude response of th e  4-ring filter by Simoncclli.

aliasing. However, th e  objective function is evaluated on a grid of sample points 

over th e  whole baseband. Our m ethod makes use of the sym m etry property of the 

filter and takes in to  consideration only the  samples in a wedge-shaped area, which 

is one-twelfth of the  to ta l area. This leads to a  significant im provem ent in the  ef­

ficiency of the optim ization involved. In [43], the error function dealing with the 

in traband  aliasing is in th e  form  of a product of the  frequency response of the hexag­

onal lowpass filter w ith its nonzero m odulation version, which is not very sensitive 

to  th e  characteristics of the  filter in the passband and the  stopband. Our m ethod, 

on the  o ther hand, uses a  p-norrn approxim ation error as the  in traband aliasing error 

function associated with a nonuniform  sam pling grid which is quite sensitive to  the 

filter characteristics in the  passband and stopband, including band edges. This is 

believed to  be the  reason why the designed filters have be tte r frequency responses, 

especially in th e  stopband.
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6.2.3 Iterative M ethod

Directly m inim izing the objective function in (6.8) is a standard  unconstrained op­

tim ization problem . In this section, an iterative m ethod is proposed which avoids 

direct m inim ization thereby reducing the  com putational complexity. The objective 

function to  be m inim ized is w ritten  as

E  — Ei  -f a E 2 (6.9a)

• E i = £
n

3

] T / / ( u , +  k,-)2 - !
Li=0

2

(6.9b)

F 2 =  £  H { u f  (6.9c)
n 3

where a  > 0, is a  weighting constant. Error component E i 1 is used to  approxi­

m ate  the  perfect reconstruction condition where H(u>) is the  transfer function of a 

hexagonal lowpass filter, and Ct = {u>L, U 7 2 , • • • , ws, u>m} are sam pling points 

as shown in Fig. 6.3 (a). In tra-band aliasing is reduced by m inimizing E 2 where 

. . . ,  u>m} are th e  sam pling points which correspond to  the  stopband 

area in Fig. 6.3 (b).

W ith  12-fold sym m etry  in its impulse response, a hexagonal F IR  filter will have 

zero-phase frequency response. Then H { u )  can be w ritten as

H{ u )  = b (w )r u

where u =  [ha hi  hc • • • ]7 is a colum n vector containing N  independent filter 

coefficients and b(u>) =  [Tq{u ) T\ (u>) • • • Tn -.i (io)]'1' is a column vector w ith entries 

being real functions of u>.

To use the  ite rative  m ethod, the objective function in (6.9) is modified into

E 1 =  E[ -I- aE'2 (6.10a)

lEi differs from that in Sec. 6.2.2 by a constant multiplier of 4
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K  = H
r 3

n
£ f f ( u >  +  k i )G {u  + k i ) - l  
.»=0

E'2 =  ^ G ( u f
n s

(6 .10b)

(6.10c)

Like H(ui).  G (w ) is the transfer function of a  lowpass hexagonal filter of the same 

length  w ith  12-fold sym m etry in its im pusle response and

G(w)  =  b(u>)2 v

where v  =  [ga gb gc ■■■ ]T is a column coefficient vector. It is assum ed th a t a t the 

s ta r t of the  optim ization, the  coefficients in u  are known and so H (ui) is known. By 

defining

ut(n) Tq(u;s) rJ \ ( u s) ••• Tyv-i(ws)

U s =

T0(o>m) I \ ( w m) 

T0( u a) T f a . )

Tn - i M

TN- t{u>s)

(6.11a)

To{un:) T|(u>m) ••• 7yv-l(^m ) 

H (O ) =  d iag[tf(u> i),. . . ,  H ( u 9),

u = X ) H ( n  + kl.)ut(n + k{)

(6.1 lb)

(6.11c) 

(6. l id )

E '  in (6.10a) can, be expressed as

E '  =  (U v  -  I f  (U v  - 1) +  „ ( U , v f  (U .v ) (6 , 12)

where I  is a colum n vector w ith each entry being a  1. E'  in (6.12) is a quadratic  

function of the  coefficients in v  and its m inim um  point can be obtained by an
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analytic solution as

v  =  (U TU  +  a U / U * ) - 1 • (U TI) (6.13)

After obtaining v , a linear form ula is adopted to  upda te  u  as

u  :=  (1 — r)u +  t v  (6.14)

and the  above process is repeated until || u  —v  || is less th an  a prescribed tolerance..

A step-by-step procedure based on the  above analysis is as follows:

A lgorithm  6.1

S te p  1 Use a conventional m ethod, e.g., optim ization m ethod, to  design a  hexag­

onal lowpass filter and to  form  the initial u  using its coefficients.

S te p  2 Calculate the m atrices U s in (6.11b).

S te p  3 O btain U  and v  using (6.l id )  and (6.13), respectively.

S te p  4  If || u  - v  || <  e, where e is a prescribed tolerance, te rm inate  the process;

Otherwise, u p d a te  coefficient vector u  using (6.14) and go to  step 3.

The proposed iterative m ethod has been used to  design 2-D nonseparable hexag­

onal Q M F filter banks. T hree examples, referred as Exam ples 6.4, 6.5 and 6.6, are 

to  design 2-D hexagonal Q M F banks with 3, 4, and 5 rings, respectively. The ob­

tained  coefficients arc listed in Table 6.3. The experim ental results are sum m arized 

in Table 6.4 in term s of

PR.E =  m ax |201og10 rE %  +
li= 0

U

arid NI. Fig. 6.5(a), (b) and (c) shows the 3-D plot of the  am plitude responses of 

the  lowpass hexagonal filter in  three examples. The designs by the iterative m ethod 

are in general superior to  those in [43] in term s of having b e tte r  perform ance, and 

needing less com putational effort, since no com putationally  dem anding standard  

optim ization  m ethod is involved.
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Table 6.3: The impulse responses of Examples 6.4, 6.5 and 6.6.

Coef. 3-ring filter 4-ring filter 5-ring filter

a

b

c

d

e

f

g

h

i

j

k

1

0.676408

0.295155

-0.056309

-0.006377

-0.005789

-0.005626

0.653134

0.302232

- 0. '

0.006792

-0.019342

-0.028962

0.002091

0.008020

0.016321

0.650778

0.303184

-0.045457

0.006826

-0.016672

-0.027096

0.001845

0.006875

0.014618

0.000405

-0.000481

0.000769

Table 6.4: Results for Examples 6.4, 6.5 and 6.6.

3-ring filter 4-ring filter 5-i'ing filter

P R E  (dB) 0.0070 0.C283 0.0182

NI 9 6 9

^
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(a) (b)

(c)

Figure 6.5: A m plitude response of obtained hexagonal filters, (a) 3-ring, (b) 4-ring.

(c) 5-ring.
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A
X(n,,n2)

Figure 6.6: Diagram  of a 2-D nonseparable diam ond-shaped filter bank.

6.3 Design of Diamond-Shaped QMF Banks

6.3.1 Formulation o f the Objective Function

A 2-D nonseparable diam ond-shaped filter bank can be designed as shown in Fig. 6.6. 

The ideal frequency response of the analysis lowpass filter H0 is illustrated in Fig. 6.7

(a). A fter analysis filtering, the  signals are quincunx downsampled as shown in 

Fig. 6.7 (b), where effectively half of the  samples are discarded. At the reconstruction 

end, upsam pling will replace the  discarded samples with zero values. The input and 

ou tp u t relationship  of the filter bank can be expressed as

X ( z u z-i) =  ^[Ho(zii z>i)F0(zi,Z'i ) +  H i( z i ,Z 2) f i \ ( z l ,Z‘i)]

• X ( z u Z2)  +  \ [ [ - h ) ( - Z \ , - Z ' l ) l ' \ ) { z u  Z'l)

+ H i ( - z h - z 2)Fi(zi,Z'/i)] ■ X ( ~ z t ) —Z'i) (6.16)

where the  first te rm  represents the  input signal com ponent and the  second term  

represents the aliasing component.

By assum ing th a t

I f \ ( Z i , Z t )  -  Z ~ l H u ( - Z \ , ~ Z 2)

J ' o { z i , z 2 )  =  H 0 { z \ ) Z'i )

~  z yH0{ ~ z u - z 2)

(6.16a)

(6.16b)

(6.16c)
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9  passband 

O  stopband

( a )

retained samples 

discarded samples 

(b )

Figure 6.7: (a) B and Characteristics, (b) Q uincunx sampling, 

the aliasing term  in Eqn. (6.15) is cancelled and (6.15) becomes

A r ( n ,z j ) =  Jp?o(*i>*i) +  f l o ( - * i , - * j ) ]  -X (z i,* 2 ) (6.17)

So if the  condition

H q ( u ) i ,L 02)  - f  H q ( u>i  +  7T,w2 +  7r) =  1 ( 6 . 1 8 )

is satisfied for — 7r <  u q  <  t t ,  — i t  <  w 2 <  7 t ,  the ou tp u t will be  a replica of the  input.

In our design the region of support of filter H0 is assum ed to  be an N  x IV square 

centered a t the  origin where N  is an odd num ber. If th e  im pulse response of Ho, 

/ i ( n i ,n 2), for - N  < ni < N , - N  < n 2 <  N ,  has octagonal sym m etry, then  the 

frequency response has zero phase and can be w ritten as [59]

(IV -3 )/2  (JV -l) /2

H0(w1,w2) =  X) a(nt,n-2)
712= 0 m = T l 2 + l

•[cos(nlu>i) cos(n2u>2) +  cos(n2uq) cos(nxw2)]
( N - 1)/2

+  X ] a(ra,n)cos(nu>i)cos(nu/2) (6.19)
nssO
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Figure 6.8: The order of the a (n i ,n 2) in forming vector y .

where
o(0 ,0) =  /i(0,0)

a (n l50) =  2h(n i ,0 )  for 1 <  m  < ( N  — l.)/2 

a ( n i ,n 2) =  4/i(nx,n 2) for 1 <  n2 <  ( N  -  l) /2 ,

and n 2 <  n t < ( N  ~  l ) /2  

For convenience, we w rite the  frequency response in a m atrix  form as

Hq(u ) =  c(o))2y

where u) =  (w i,a;2), y  is a column vector formed by a ( m ,n 2) in the order shown iri 

Fig. 6.8, and c(u>) denoted as [T0(u>) T,(u>) • • • TK-i(u})]t  w ith l< =  (jV +  S){N + 

l ) /8  is a  colum n vector w ith 1  <(u>) being the corresponding m ultiplier of a ( n , ,n 2) 

in (6.19).

The design can be accomplished by minimizing the objective function given by

E  =  Ei  +  al'h  (6.20)
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( a )  (b)

Figure 6.9: Sam pling areas (a) whole band, (b) stopband, 

where a  is a positive weight,

n

where =  [u>j, u 2, . . .  ,u>p] are chosen from  the shaded area shown in Fig. 6.9 (a), 

and

o.

where f i s =  [u;3t, . . . , u;sm] are chosen from the shaded area in Fig. 6.9 (b).

On com paring (6.20) w ith (6.18), we see th a t term  Ex in (6.20) deals w ith the  

reconstruction requirem ent whereas E2 is used to  reduce the in traband  aliasing 

effects.

6.3.2 Iterative Approach

The objective function E  in (6.20) is a fourth-order function w ith respect to  the 

coefficients in y . Instead of minimizing the objective function directly, which is a  

nonlinear optim ization problem , an iterative m ethod is adopted in which the error
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function in (6.20) is modified into

E'  =  E[ -f cvE'

where

E[ — ^ 2  [Ho(u})Gq(w ) -f ffo(u> +  7r)G'o(a> -f 7r) — l]2 
n

£S =  £ G 3 (u > )
U3

Like Ho, Go is an N  x  iV lowpass F IR  filter w ith octagonal sym m etrical impulse 

response, and G o(uj) can be expressed as

G'o(w) =  c ( w f  x

where x  is a column vector formed by the coefficients of G0. To s ta rt the iteration, 

we first design a  diam ond-shaped lowpass filter H0, and write term  E'  in (6.21) as

E' =  (U x -  I)T(U x -  I) +  a (U ,x )r (U ,x )  (6.22)

where

T0(u>i) Ti (u l ) ••• 7a'- i(^i)

T0(u>2) Ti(u>2) 7/c_i(a>a)
U ,( f i)

U . =

7 o K )  Ti(ujp) .

To(vsi) Tj.(wtft) 

2o(w42) rl \ { u a2)

Tk- i (u>p)

■ Ta>_,( u>ai)

■ Tk - i M

2o A (w «m) "*  T /f_i(w am)

H(O) =  diag[ff0(w i) , . . . ,  / /0(a;a) , . . , ,  Hu{uv)\ 

U  =  H (0 )U /(n )  -f H(f2 +  7r)U,(n +  it)

I =  [ 1 1  i f  € R pXI

(6.23b)
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Since JJ'1 U  +  o U f  U a is positive definite, E ’ has a global m inim um  point given by

x  =  (U r U  +  a U / 'C J ,) - 1 • (U r I) (6.24)

After obtaining x , y  is updated  using

y  :=  (1 — r ) y  +  r x  (6.25)

where 0 <  r  <  1 is a  sm oothing param eter. The above process is repeated  un til 

|| y  — x  || is less th an  a prescribed tolerance.

A step-by-step description of this design m ethod is as follows:

A lg o r ith m  6.2

S te p  1 Use a conventional m ethod  (e.g., SVD m ethod) to  design a 2-D N  x N

diam ond-shaped F IR  filter and use its coefficients to  form  the in itia l y . 

S te p  2 Calculate Uj(12), U s and I  using (6.23a), (6.23b), and (6.23e),

respectively.

S te p  3 Use (6.23c) and (6.23d) to  form H (O ) and U , and com pute x  in (6.24).

S te p  4 if || y  — x  || <  c, where e is a prescribed tolerance, ou tpu t x  as the design

result and stop. Otherwise, update  y  using (6.25) and repeat from Step 

3.

By applying the proposed iterative algorithm , a set of 2-D nonseparable diam ond­

shaped filter banks were designed. The param eters used are a  =  10~5, r  =  0.7, 

e =  10“ :! in three design examples where N  =  7, 9, 11, referred to  as Exam ple 

6,7, 6.8 and 6.9, respectively. The impulse responses of the  obtained H0 are listed 

in 'fable 6.5. They are in the order indicated in Fig. 6.8. The 3-D plots of the 

am plitude responses of H0 and corresponding analysis highpass filter Hi w ith N  -  9 

are shown in Fig, 6.10 (a) and (b) respectively. To evaluate the  reconstruction
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(a) (b)

Figure 6.10: Exam ple 6.8 (a) A m plitude response of Ho. (b) Am plitude response of

Hi.

perform ance of th e  filter bank

PR E  =  m ax {|201ogto [tf02(u>) +  H%(u +  tt)] |}

was calculated where u> varies over the entire frequency domain. The PR E  and NI 

for each design are listed in Table 6.6. From Table 6.6 and the plots, it is obvious 

th a t  good designs can be achieved after a small num ber of iterations.

6.3.3 Improved Iterative Approach

In the above section, the objective function is evaluated on discrete sampling points 

and, therefore, if  the density of the sampling points is not higli enough, the perfor­

m ance of the obtained  filter bank will be degraded. In this section, an improved 

iterative m ethod is proposed in which the objective function is evaluated In an 

explicit closed form.
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Table 6.5: The im pulse responses of Examples 6.7, 6.8 and 6.9.

Coef. No.

i'­ll2; N =9 N = l l
1 6.303933e-01 6.133241&-01 5.988531e-01
2 1.550647e-01 1.682721e-01 1.77S429e-01
3 — L.414847e-02 —1.245620e-02 — 1.010828e-02
4 —7.125124e-04 1.426121e-03 1.940527e-03
5 —3.333147e-02 —1.104196e-03 — 1.265525e-03
6 —1.279112e-02 —3.472240e-02 —2.571798e-04
7 2.544806e-03 —2.329296e-02 —3.521509e-02
8 5.145418e-03 4.409431e-03 —3.190801e-02
9 3.895804e-04 2.493733e-04 6.252349e-03
10 —7.061552e-05 1.102501e-02 —3.512157e-04
11 - 1.911315e-03 3.730406e-04
12 - —5.020628e-04 1.576852e-02
13 - —1.062799e-03 4.451412e-03
14 - —1.620485e-04 —1.196672e-03
15 - 2.189800e-05 —9.916944e-05
16 - - —3.143924e-03
17 - - —3.937832e-04
18 - - 6.164737e-05
19 - - 1.429489e-04
20 - - 9.356728e-05
21 - - —1.059957e-05

Table 6.6: Results for Examples 6.7, 6.8 and 6.9.

N = 7 N =9 2 II i—
i (—1

P R E (d B )  0.0135 0.0067 0.0090

NI 7 8 7
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Assuming th a t  the region of support of H 0 ( z i , z 2) is a (2/V( — 1 )  x (2/V2 — I )  

rectangle centered at the  origin and its impulse responses /i(n L, n 2), for n t =  —(N\ — 

1), . . . ,  Ny — 1 and n 2 =  —(iV2 — 1), . . . ,  N 2 — 1, is of quadrantal symm etry, then 

the frequency response of filter H0 can be expressed as [59]

(6.26)

N i - l N 2- l

H q{u u u}2) =  o,(nu  n 2)co s(n1w1)cos(n2W2)
m=o Ti2—o

=  hTc(w1,w2)

where

u(0, 0) =  /i(0, 0)

a (n l5 0) =  2h(ni ,  0) for 1 <  n v < N\  — 1

a(0, n 2) =  2/i(0, n 2) for 1 <  n 2 < N 2 — 1

a(n,y, n 2) =  4h (n1} n 2) for 1 <  ny < (Ah -  1), 1 <  n 2 < ( N 2 -  I)

and

h =  [ o(0, 0) a( 1, 0) • • • a(Ny - 1, 0) o(0, 1) . . . a(Ny - 1, 1) . . .  a{Ny -  1, N 2 -  1 )]r

is a colum n vector form ed by reordering a (n i, n 2) as shown in Pig 6.11; on the other 

hand, c(wi, u 2) is a  column vector whose *th entry can be expressed as

c(i) — cos p( i)u2 • cos <7(«)ô i 

ft -  1‘p(i) =  int L ^

q{i) = i — 1 — int
i — 1
Ny

for 1 <  i < Ny x  N 2.

The error function E  in the  iterative m ethod is given by

E '  =  E[ +  a.E2 (6.27)
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Figure 6.11: Reordering of the  im pulse responses of Ho.

where

P I T  P I T

E[ =  I /  [Ho(Wj,W2)Go(ti;b t*;2) +  ̂ o(Wi+7r)W2 +  ̂ )G!o(wl +7T,W2 +  7r) —I]2 (liCiduJ  ̂
J 0 */()

and

E'2 ~  J  J  G'o(a;) dojidw2
u,

where th e  in tegration region is the  shaded area in Fig. 6.12. Like Ho, Go is a low- 

pass F IR  filter of the  same order w ith quadrantally  sym m etrical im pusle response, 

and frequency response

Gofwijwa) = g rc(u>i,tc>2)

where g  is a  colum n vector whose elem ents are the  im pulse responses of Go- To 

s ta rt th e  iteration , we design a  2-D diam ond-shaped lowpass filter by a  conventional 

2-D F IR  filter design m ethod [59], and use its coefficients to  form the  initial h. 

A fter extensive m anipulations, it can be shown th a t E l in (6.27) can be w ritten
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Figure 6.12: Sam pling area in the stopband of 1-lo­

in term s of a  quadra tic  form  of g  as

E'  =  g r (U  +  a U s)g -  2hr B g  +  7T2

where

B  ~  J0 JQ [ c ( w i , w 2 ) c r ( w l , W 2 )  +  c ( w ) .  +  7T,o;2 +  7 t ) c 7 ( w i +  7 r ,W 2 +  7 r)]  d u j \d u ) i

with the  (i , j ) t h  en try  given by

%  =  \ { $ W )  +  p(j)} +  £fo(») ~  ?U)}}  • {&[<!(%) +  f/(j)] +  &[q{i) ~  (6.29a)

for 1 <  i, j  < N i N 2, where

5(k)  -
1 , k  =  0

0 , otherwise
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a n d

t i t  t i t
U  =  /  /  [ t f o ( w i ,  w 2 ) c ( a ; i ,  o > 2 )  +  / / o ( w i  +  7T, w 2 +  7 r ) c ( w 1 +  7T 

J O  J o
, W 2 +  7r)]

• [ / / o ( t c > i ,  w 2 ) c ( w i ,  0> 2 )  +  f l 0 ( w i  +  7T, U>2  +  7 r ) c ( w i  +  7T,  U>2  +  7r ) ] T  t k o y d u 0 2

w i t h  t h e  ( i ,  j ) < / i  e n t r y  b e i n g

ATj — 1, N 2—  1 VVi — A r2 “ l

« i i = 2 E  £  £  £ % i , n 2 ) / i ( m 1 ) m 2 ) [ l  +  ( - i r i + m 2 + ^ ) ]

m = 0  n 2 = 0  m i = 0  n 2 = 0

/ ( n 2 , m 2 , p ( i ) , p ( j ) )  ( 6 . 2 0 b )

f o r  L <  i ,  j  <  N i N 2 ,  w h e r e

f i r
I ( n \  , n 2 , n , 3, n , i )  =  /  c o s  n i w  c o s  n 2 w  c o s  n 3 w  c o s  d w  ( ( i , 2 ‘ ) c )

J O

N o t e  t h a t  t h e  i n t e g r a t i o n s  i n  ( 6 . 2 9 c )  c a n  b e  e a s i l y  o b t a i n e d .

T o  e v a l u a t e  U a , w e  n o t e  f r o m  F i g .  6 . 1 2  t h a t

t i t  t i t
E ' 2  =  /  d u > 2  /  G q ( c j i , w 2 )  d u > i

J u t s  J i t  —  ( o / 2 — Wi»)
r

=  g T  /  d u j 2 c ( a > 1 , a > 2 ) c T ( w 1 , o ; 2 )  d w i
[ J u t s  J - K — ( uJ2 — UIs )

g

w h e r e  u > 3  i s  t h e  s t o p b a n d  e d g e  a n d  h e n c e

t i t  t v
U s  =  I d u ) 2  /  c ( w i  , o ; 2 ) c 2  ( a » i , a ; 2 )  d w i

J w $  J i t — [ w 2 — 0 J a )

w i t h  t h e  ( ? ’,  j ) t h  e n t r y  b e i n g

M  r n  [ i r
u i j  ~  /  d u ! 2  /  c o s  p ( i ) u } 2  c o s  q ( i ) u j l  c o s  p ( j ) c j 2  c o s  q ( j ) i v L  

J  U>, J ' l T  —  (u)2 —U/4 )

=  \  M r f i )  +  p ( i ) ) w a  +  c o s ( p ( i )  -  p ( j ) ) ( v 2 )  d w 2

'  I r - ( w 2 - w )  [ c o s ( q ( ^  +  9 ( i ) ) w i  + c o s ( « ( 0  -  g ( i ) M  M  |  ( 6 . 2 9 d )
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for 1 <  i, j  <  iViJV2. The integration in (6.29d) can be evaluated by integrating 

first w ith respect to and then  with respect to lo-2.

Since th a t  U 2U  -f aU ^ U 5 is positive, E ' has a global m inim um  point given by

g  =  (U  +  aU  8, f 1 • (B r h) (6.30)

Having obtained g, a linear form ula can be used to update h as

h : = ( l - r ) h  +  rg (6.31)

and th e  above process is repeated until 11 h — g | J is less than a  prescribed tolerance.

The design procedure can now be sum m arized in term s of the following algo­

rithm :

A lgorithm  6.3

S te p  1 Use a  conventional m ethod (e.g., SVD m ethod) to design a 2-1), (2 Ah -  

1) x  (2;Y2 — 1) diam ond-shaped F IR  filter and use its impulse response 

to  form  the in itial h.

S tep  2 C alculate B, U s using (6.29a) and (6.29d), respectively.

Step  3 Use (6.29b) to  form U , and com pute g in (6.30).

Step  4 If || h — g || <  e, where e is a  prescribed tolerance, ou tpu t g as the design

result and stop. Otherwise, upda te  h using (6.31) and repeat from Step

3.

N ote th a t  m atrices B  and U s in Step 2 of Algorithm 6.3 can be pro-calculated 

as soon as Ah, A 2, and u s are determ ined; this would make the design algorithm  

com putationally  m ore efficient. In addition, the integrations involved in determ ining 

the entries of U  can also be pre-calculated and stored in a  table, which can be loaded 

for use when th e  ite ration  starts. Note th a t B , U a and U  are all sym m etric m atrices
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and, therefore, only about ha lf of their entries need to be com puted.

Three design examples are presented to  illustrate the  proposed algorithm , which 

were obtained  using MATLAB on Sun SPARC stations. The design specifications 

were Afi = N>2 =  4, a  =  0.005, r  =  0.5, ws = 2, e =  10-3 for Exam ple 6.10; N i  =  

N2 =  4, a  =  0.5, t  =  0.5, (jjs =  2, e =  10“3 for Exam ple 6.11 and N\  = N 2 =  5, a  — 

0.05, r  =  0.5, u>s =  1.5, c =  10~3 for Exam ple 6.12. The perfect reconstruction 

perform ance of the  filter banks obtained was evaluated in term s of P R E  defined in 

Sec. 6.3.2. S topband a ttenuation  of the  individual filter was evaluated in term s of 

the m in im a of stopband attenuation  defined as

MSA =  m in [-201oglo |/*0(wi,wa)|]

The results and NI used for each design are listed in Table 6.7. T he 3-D p lo t of 

the am plitude responses of the  obtained analysis lowpass and highpass filters of 

Exam ple 6.10 are shown in Fig. 6.13 (a) and (b), respectively. Fig. 6.14 (a) and

(b) shows those for Exam ple 6.12. From  the results of Exam ples 6.10 and 6.11, we 

observe th a t as a  is increased from 0.005 to  0.5, the MSA is increased from  27.79 to  

34.36 dB b u t the  P R E  is also increased from 1.26 x 10” 2 to  3.05 x  10-2 . In effect, 

the weight a  provides effective control of the tradeoff between the  quality  of th e  

reconstruction and the  quality  of th e  individual, filters whereby low values of a  lead 

to  reduced P R E  and large values lead to  increased MSA in the  individual filters.

6.4 Conclusion

In this chapter, we have proposed two m ethods for th e  design of 2-D nonsepara- 

ble hexagonal Q M F Banks. The new approaches are com putational efficient and 

superior to  the  existing m ethod in [43]. Moreover, we have proposed an ite rative



Chapter 6 141

Table 6.7: Results for Examples 6.10, 6.11 and 6.12.

Exam ple 6.10 Exam ple 6.11 Exam ple 6.12

NI 

P R E  (dB) 

MSA (dB)

4

1 .2 6 x l0 “ 2

27.79

5

3.05x1 0 "2 

34.36

6

3.25x1 O '2 

38.90

1

n

1

n

(a) 0>)

Figure 6.13: Exam ple 6.10 (a) A m plitude response of Ho. (b) Amplitude1 response

of Hi.
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(a) (b)

Figure 6.14: Exam ple (i. 12 (a) A m plitude response of Ho- (b) A m plitude response 

of Hi.

m ethod for the design of 2-D nonseparable diam ond-shaped QM F banks in which 

no transform ation from 1-D to  2-D is required and the  design efficiency is achieved 

by using a linearization technique in the  optim ization. The availability of param eter 

a  renders the  approach more flexible and enables the  designer to  choose between 

low PR E  in the filter bank and high MSA in the  individual filters.
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Filter Banks for the M PEG  A udio  
C odec

7.1 Introduction

Digital coding of high quality audio signals is becoming an im portan t issue in the 

field of acoustics and signal processing. Here the term  “high quality audio” is re­

ferred to  signals w ith fidelity sim ilar to th a t generated by com pact discs (CDs). Since 

1986, applications which require high quality audio at low b it-rates have emerged 

in:

•  Professional studio sound recording, playback, editing, and postprocessing,

•  D igital com pact cassette (DCC), which can record a  stereophonic sound on a 

m ini cassette  in digital sound compressed mode.

•  P rim ary  distribu tion  links from studio to tran sm itte r stations.

•  Radio sound program m e emission. Digital audio broadcasting (DAB) based 

on coded orthogonal frequency division m ultiplexing (COFDM ).
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Tim e/ Frequency 
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Figure 7.1: Sketch of the  basic s tructu re  of the  ISO /M PE G /A U D IO  encoder.

•  Stereophonic transm ission v ia  narrow band ISDN for reporting links and video­

conferencing.

•  M ultim edia and hyperm edia applications.

The in ternational in terest in audio coding algorithm s is centered around the  

recently com pleted M PEG  audio standardization under In ternational S tandard  Or­

ganization (ISO) [27], T he  ISO /M PE G  audio coding standard  consists of th ree  

layers (codecs) of increasing com plexity and improving subjective perform ance. It 

supports coding of PCM  audio signals w ith sampling rates of 32, 44.1, and 48 kHz 

a t b it rates in a  range of 32 and 192 k b it/s  per mono or 64 to  384 k b it/s  per stereo 

audio channel. As shown in Fig. 7.1, the  M PEG audio coding system  does the  

following:

•  A tim e/frequency  m apping (i.e., a  filter bank) is used to  decompose the input 

signal into subsam pled spectral components.
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•  T he ou tpu t of this filter bank is used to  obtain an estim ate of actual m asking 

threshold  using rules known from  psychoacoustics.

•  T he subband samples are quantized and coded to ensure th a t the noise in tro­

duced by quantization is lower th an  the  masking threshold.

•  A fram e packing is used to  assemble the bit stream.

See [60] and [61] for m ore technical details on M PEG.

In layer I and II of th e  M PEG , a 32 band equal-spaced cosine-m odulated EIH. 

filter bank w ith  512 taps is employed. This filter bank exhibits satisfactory fre­

quency response w ith a t least 96 dB stopband attenuation and allows an efficient; 

polyphase im plem entation. In this chapter, we first use the iterative m ethod devel­

oped in  C hapter 5 to  design a cosine-m odulated filter bank for M PEG audio coding 

and then  com pare it w ith the  filter bank currently used in M PEG . To reduce the 

reconstruction delay caused by the M PEG  audio coding process, we use the m ethod 

proposed in C hapter 5 to  design a  low-delay cosine-modulated filter bank with a  50% 

reduction of the reconstruction delay needed by the current M PEG filter bank. A 

polyphase im plem entation of this low-delay 32-band filter bank will also be derived.

7.2 Design of the MPEG Filter Bank

A lthough the  pro to type filter in the current M PEG filter bank is of 512 tap , the 

impulse response of the filter is of odd symm etrical. Therefore, the actual filter 

length  should be 513 with the last coefficient dropped for the sake of im plem entation 

convenience. The design in this case is specified by the following param eters:

M  — 32, N  =  513, a  -  100, u ,  =  0.0315*, r  =  0.5, c =  H r 4
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Table 7.1: SN R of the  current M PEG filter bank and the filter bank designed.

M PEG filter bank filter bank designed

SNR, (dB) 84,97 97.37

The A lgorithm  5.L converges after 11 iterations. Table 7.1 lists the  SNR of the 

current M PEG filter bank and the filter bank designed. The am plitude responses 

of the analysis filters of the current M PEG filter bank and the filter bank designed 

are depicted in Fig 7.2 (a) and (b), respectively. Fig 7.3 (a) and (b) shows th e  

am plitude responses of the  first three analysis filters in bo th  cases. From Table 7.1 

it  is observed th a t  the  filter bank designed achieves a SNR of 97 dB while the current 

M PEG filter bank could only achieve a SNR of 84 dB. In addition, Fig. 7.3 shows 

the  filters designed have im proved stopband attenuation  over those in the current 

M PEG filter bank. Therefore, the filter bank designed is superior to  the current 

M PEG  filter bank.

7.3 Low-Delay Filter Bank for M PEG Audio Codec

7.3.1 Low-Dplay Filter Bank

For some applications, low reconstruction delays are desired for the  M PEG  audio 

coding and decoding process. Obviously, the reconstruction delay of the  filter bank 

contributes to the to ta l delay of a  M PEG audio codec. In the current M PEG audio 

codec, the  filter bank  has a reconstruction delay of 512 T  where T  is the  sam pling 

period. From C hapter 5, we know th a t  one can design a general M-channel cosine- 

m odulated  filter bank in which the  Impulse responses of the  analysis filters H& and
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the synthesis filters F*, are given by

hk(n ) =  2pi (n)  cos (2k  +  1) 

f k(n )  -  2pz,(n) cos (2k +  1)

n
2M  

7r
2M n - y )  +  (2/c +  1) J

(7.1a)

(7.1b)

for 0 <  n <  /V — 1 and 0 <  & <  M  — 1, where p£,(n) is the asymmetrical  im pulse 

response of the prototype filter P/,. The reconstruction delay of this filter bank is 

k,i w ith kj, <  N  — 1.

We applied A lgorithm  5.2 in C hapter 5 to  design a low-delay filter bank w ith  M  =  

32, N  =  513 and ka =  255 for use in a  M PEG audio codec. The perform ance of the 

filter bank  obtained is evaluated in term s of the same param eters as in Sec, 5.4. For 

comparison, the perform ance of the current M PEG filter bank  is also evaluated using 

the sam e criteria, and the  results are listed  in Table 7.2. The am plitude response of 

the analysis filters of the low-delay Q M F bank are illustrated  in Fig. 7.4. From  the 

design specification it can be observed th a t  the  low-delay filter bank designed has a 

reconstruction delay about ha lf of the current M PEG filter bank.

Table 7.2: Com parisons of the  low-delay filter bank and current M PEG filter bank.

kd. E r E a SNRr (dB)

Low-delay filter bank 255 7.1657 x 10"5 4.6497 x 10"6 88.14

M PEG  filter bank 512 8.6296 xlO - 5 2.7128 x 10“6 84.34

7.3.2 Polyphase Im plem entation

The cu rren t M PEG  filter bank can be im plem ented by the  efficient polyphase struc­

ture, In th is section we show th a t a  polyphase im plem entation also exists for the
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Figure 7.4: A m plitude responses of the  analysis filters in the low-delay filter bank.

low-delay filter bank  designed.

A. A nalysis Subband F iltering

For im plem entation convenience, coefficient Pi,(512) is dropped as in the M PEG .

At the  /-th  in stan t, th e  subsam pled signal in the kth  channel xic(l) is given by

N - 1

x k{l) =  E  hk{n)x ( lM  -  n)
n = 0

for k  =  0 , 1 , . . . ,  M  — 1 w ith N  =  512, M  =  32, and x(n)  represents the input audio 

signal. Let n  =  27M  +  p, for 7  =  0 , 1 , . . . ,  7, p =  0 , 1, . . . ,  63 and by .substituting n 

in the above equation, we obtain

6 3  7

a,*(0 =  E  E  h t t l M  +  p ) x ( l M  -  2j M  -  p)
p —Q 7 - . O

= £ £>os (2i + ̂  (27M + p  -  7) - (2,i +1)
•PrX^ lM  •+• p ) x { lM  — 27M  — p)

7T

63

=  2 > o s
/)=0

E  2 ( - l ) 7 W , ( 6 4 7  +  p ) x ( ‘. \ 2 l  -  6 4 7 -  p )

7 = rt)

(7.2)
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where k — 0 , . . . ,  31. It follows th a t th e  analysis subband filtering can be perform ed 

by the  following steps:

•  Inpu t 32 audio samples.

•  C onstruct an input sample vector x  of 512 entries. Shift in 32 samples of the

audio signals a t positions 0 to 31 with the m ost recent me at position 0 and

shift ou t the  32 oldest signal samples.

•  C om pute z t- =  2 • (—1 )*n*I*/64]xf • p i ( i ) ,  for i =  0 , 1 , . . . ,  511.

•  C om pute y t- =  £ j =0 z,-4.6-1/, for i =  0 , 1 , . . . ,  63.

•  C om pute s t- =  0 Ma- • y t ,  for i =  0 , . . . ,  31, where

M ik =  cos [(2* +  1 ) (k  -  16 -  kd/2)n/6A]  (7.3)

for * =  0 to 31 and k  =  0 to  63.

•  O u tp u t s,* for i -■ 0 , . . . ,  31 as th e  subband samples.

®*(n)

B. S yn thesis Subband F iltering

The upsam pled signal x k(n)  and the  subsarnpled signal x k(n) in the  /ctb channel 

is rela ted  by

x fc(n) n  =  IM,  for integer I

0 otherwise

for k  =  0 , 1, . . . ,  M  — 1. Hence the reconstructed signal can be expressed as

M- 1

x(n) = ®fc(n) * /fc(n)
k~ 0

A l - l N - l

= E E J k ( i ) x k [ n - i )
k=o <=0



Chapter 7

If we le t y(n,  i) =  EfcLo' f k ( i ) x k(n  -  i ), then

,r(n) =  y (n , i )  
i-o

151

By assum ing

Q  =

/o (0) ,/o(l)

A(0) A d )

M N - 2 ) M N - 1 )

/ t ( / V - L )

. / jw- i (0) . /W-i( i )  ••• A - , ( ; V - 2) / a/ _ , ( / V ~  1) 

[P i (0 )qo  px,(l)qi ••• P l { N -  l)qAf-i ]

where q» for i =  0 , 1 , , , . ,  N  — 1 are column vectors and 

qi(k) =  cos =  cos

for k  =  0 , . . . ,  M - l ,  we obtain  y(n,  i) = <  PL(*)q,-, w n_,- >  where w „ =  [ ;to(n) 5 1 (n) • 

]r  and <  , >  denotes the  inner product;. Hence a;(n) can be expressed as

JV-1
?;(n) =  Y j < P i ( * ) q » w n-i >

»s=0
(7/1)

Now consider a  reconstructed signal vector x lM formed by the reconstructed 

signals a t the I M - th , ( I M  -f l)- th , . . . ,  (IM  -f 31 )-(;li instants, by (7/1) and rioting 

th a t only w ^ /  ^  0 for integer I, we can write

xjjw =

x ( l M ) Efe!5 < PL((l -  WiM >

x ( l M  + 1 )
= £ f e / C <  PlXil -  i ) M  +  l)q(/_ ,>H .|, VfiM >

_ x ( l M  +  31) _ . £{=/" <  prX[l -  i )M  +  31)q(/_{)A,/ |-:)i, w,A/ >  _

=  A D  im (7.5)
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where A  =  [ A 0 A] . . .  A 15 ] and A,- =  diag [ p l (i M ) • • • p l (( i +  1 ) M  — 1) ] for 

i — 0, 1, . . . ,  15, and

di [qo qi • •• q3i]r w Wf

d 2 [q32 q33 • • • q63]TW(/_i)A./

d3
=

[qe-i qes • • • q95]r W(/_2)M

d ] 5 [q-iso q-isi • • • qou]r W(/_i5)M

Note th a t  for an integer m

c/Gdm+t (k)  =  cos[(16 +  64m +  i — kdj2)(2k +  l)7r/64]

=  (—l ) m cos[(l6 +  i -  k d/2){2k  +  1)tt/64] =  (- l ) m«(&)

for i =  0 , . . . ,  63, then  qe4m+» =  (—l ) mq,-. Therefore, to  form  D i m , only q 0 q t • • ■ q 63 

need to  be calculated.

In sum m ary, th e  synthesis subband filtering can be carried out by the  following 

steps:

•  Inpu t 32 new subband samples s ; ,  for i =  0 , . . . ,  31 and initialize vector v  of 

length  1024.

•  Sot v,- =  v,-_c.i, for i =  1023 to 64.

•  C om pute v ; =  E '^ o  N;jt • sk, for i =  0 , . . . ,  63, where

N,-fc =  cos [(16 +  i -  kd/2)(2k + 1)71-/64] (7.6)

for 0 <  i <  63, 0 <  k < 31.

•  C onstruct vector u as follows 

for i =  0 to  7,
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for j  =  0 to  31,

{  U fi'lt '+ j =  V i2 8 i+ j

U 6<lt'+ j+32 =  V 128t'-|-9G+j }

•  Com pute w t- =  2 • ( - l ) " 1̂ '/6'1!,^. • pl(«), for i =  0 , . . . ,  511.

•  Com pute 32 samples x }- =  32 wi+32l-, for j  =  0 , . . . ,  31, and ou tpu t Xj as

th e  reconstructed  PCM  samples.

7.3.3 Comparisons

The polyphase im plem entation described in Sec. 7.3.2 is a modified version of tha t 

in the  M PEG standard  [27] in th a t  the  prototype filter w ith sym m etrical impulse 

response in [27] is replaced by a filter with asym m etrical impulse response, and 

entries M,-* and N,-* are now calculated using (7.3) and (7.6), r  pectively.

To show the  efficiency of the polyphase im plem entation, the num bers of m ulti­

plications (m ulti) and additions (add) per input and per ou tpu t for the. polyphase 

im plem entation, and those for a direct im plem entation [29] where each channel is 

im plem ented individually in a. polyphase form, are listed in Table 7.3. It is observed 

th a t th e  operations required in a polyphase im plem entation are m uch less than those 

in the  direct im plem entation.

To verify th e  polyphase im plem entation, we, used two sound signals “Hallelujah” 

and “Chinese Gong” supplied by MATLAB as test signals. For comparison the 

current M PEG filter bank was also im plem ented by the polyphase structure  as de­

scribed in [27], Fig, 7.5 (a), (b) and (c) shows the original, the MPICG filter bank re­

constructed , and the  low-delay filter bank reconstructed, “Hallelujah” , respectively. 

Fig. 7.6 (a), (b) and (c) shows the  original, the M PEG filter bank reconstructed,
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Table 7.3: O perations in polyphase and direct im plem entations

per input per ou tpu t

m ulti, add. m ulti, add.

Polyphase 80 77 80 77

Direct 512 511 512 511

and th e  low-delay filter bank reconstructed, “Chinese C ong” , respectively. It can be 

observed tha t in  agreem ent with the  design specification the  low-delay QM F bank 

has reduced the reconstruction delay to  about half of th a t produced by the  current 

M PEG  C ,F bank.

7.4 Conclusion

In this chapter, we have designed a  conventional cosine-m odulated Q M F filter bank 

for M PEG  audio codec by using th e  iterative m ethod proposed in C hap ter 5. It is 

observed th a t the  overall perform ance of the filter bank designed is superior to  the  

current M PEG filter bank. To reduce th e  reconstruction delay of the  M PEG audio 

codec, a  low-delay filter bank has been designed by using the  m ethod described in 

C hapter 5. Moreover, an efficient polyphase im plem entation of th is low-delay filter 

bank has been derived,



Chapter 155

COO

400

200

•200

*400

•600, 100 200 300 400 500 600 700 800 900 1000

600

400

200

•400

100 200 300 400 500 600 700 BOO 900 1000

600

400

200

•200

*400

•600, 100 200 300 400 500 700 800 900 1000
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Subband C oding of Im ages

8.1 Introduction

The concept of subband coding and its application to imago signals goes back to 

as early as 1959 [62]. The practical implication of this concept was not recognized 

until th e  in troduction  of the  quadrature  m irror filtering (QM F) technique which 

was proposed by Esteban and Galand [8] for subband coding of speech signals. 

M ore recently, the  concept of QM F has been extended to the 2-1) case [88] and its 

application to imago coding has emerged [39] [63].

T he idea of subband coding of images is based on the observation th a t for a, 

typical na tu ra l scene, the signal energy is non-uniforrnly d istributed in the frequency 

dom ain and the  signal com ponents from the different regions of the spectrum  have 

different tolerance to  quantization errors from a perceptual point of view. O ik; can 

thus take advantage of it by partition ing  the signal into subband com ponents and 

suitably  allocating b its  according to  their perceptual significance. As illustrated  

in  Fig. 8.1, an in p u t image is decomposed into several subimages using a  bank of 

filters called the analysis filter bank. T he lowest; frequency com ponent is a  lower 

resolution version of the original scene, and the high frequency bands carry the

157
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Figure 8.1: Subband coding procedure.

inform ation about the  contours, edges and other finer details of the  image. These 

filtered signals are then downsam pled to  yield the  subband signals, which are coded 

using procedures appropriate to  the  inform ation content. W ith a prescribed bit 

rate , one has to  apportion the bits among the  different subband signals. A judicious 

allocation of a  given budget of b its/p ixel can be m ade by choosing the  quantizer 

to  produce an overall good reconstruction. W ith  roughly equal bandw idth  for the 

different analysis filters, the lowest frequency subband signal usually ends up with 

the largest slice of the budgeted bits. At the  receiver the  b it stream  of encoded 

signals are decoded, upsam pled and m erged by the synthesis filter bank to  yield a 

close approxim ation to  the input scene.

In this regard  the wavelet transform  has emerged as a  powerful tool for non- 

sta tionary  signal analysis. M allat [64] [65] developed a framework which unified the 

wavelet theory and subband decomposition based m ultiresolution signal represen­

tation  m ethods. By using M alla t’s framework, a two-dimensional (2-D) wavelet 

transform  can be perform ed separably by applying 1-D wavelet transform s to  rows
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and columns of a image to  successively decompose it into uncorrelatod su him ages.

In th is chapter we first construct a  nonseparable quincunx subband coding 

scheme for im age compression. Then we use a 2-D separable wavelet transform  

with Daubechies wavelet coefficients to  decompose images into subbands and en­

code th e  subband signals accordingly. Comparisons will be m ade with the current 

JP E G  encoder.

8.2 Quincunx Subband Coding of Images

As shown in Fig. 8.2 (a), a  quincunx subband image coding scheme consists of two 

stages. T he first stage is a diam ond-shaped prefilter, followed by a 2 :1 line quincunx 

downsam pling p a tte rn . T he second stage uses a  nonseparable diam ond-shaped filter 

bank to  decompose the  signal into two bands, and a quincunx downsampling in each 

band. T he downsam pled signals are then encoded by different coders. Fig, 8.2 (b) il­

lustrates the subband partition  in a quincunx subband coding scheme. After the first 

stage, th e  frequency bands m arked by ”H” arc deleted, while the diam ond-shaped 

frequency band is preserved. In the second stage, the diam ond-shaped frequency 

band is fu rther decomposed into two frequency bands denoted by “Lb” and “L ll” 

and downsam pled. The “LL” band signal is then encoded by a JP E G  encoder and 

the “LH” band signal is encoded by a Huffman encoder after being quantized by a  

dead-band uniform  quantizer. The decoding process is the dual process of the encod­

ing process, in which the b it stream  is first decoded and then quincunx upsam pled 

before going through two synthesis diam ond-shaped filters. T he filtered signals are 

sum m ed up  and quincunx upsam pled again before going through a  diam ond-shaped 

post-filter to  form  the  reconstructed image.
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8.2.1 First Stage

The ideal frequency response of a diam ond-shaped prefilter is shown in Pig. 8.3 (a). 

The reason why a diam ond-shaped prefilter is used here is th a t th e  frequency content 

of an image in m ost cases is largely confined to a  diam ond-shaped frequency band. 

Therefore, by preserving the  inform ation in this frequency band while deleting the 

content in the  corner high frequency bands will not cause much distortion in the 

reconstructed  image. The prefiltering is followed by a non-rectangular sampling, 

which is often referred to  as a  line quincunx sampling pattern  shown in Fig. 8.3 (b), 

to  ieduce  the signal am ount to  ha lf of th a t  in the original image.

8.2.2 Second Stage

In th e  second stage, the  prefiltered and downsampled signal is further decomposed 

by a nonseparable diam ond-shaped filter bank consisting of filters H0 and Mj. Tim 

frequency responses of these filters are illustrated in Fig. 8.4. They are designed by 

using th e  m ethods described in C hapter 6. After the filtering, signals are quincunx 

downsam pled again to obtain signals corresponding to the “LL” and “LH” bands 

shown in Fig. 8.2(b).

A . E n c o d in g  o f  t h e  LL  B a n d  S ig n a l

As will be seen from the examples described in Sec. 8.2.3, the “LL” band signal, 

is a low resolution version of the  original image and is encoded by a JPHC.J coder. 

A block diagram  of the JPE G  coder is shown in Fig. 8.5.

In a  JP E G  encoder, the inpu *nagt, is first divided into small disjoint blocks of
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Figure 8.4: (a) A m plitude response of filter H0. (b) A m plitude response of filter Hi
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size /V| X  Ar2, say Ah =  yV2 =  8 .  Then D CT is applied to  each block to obtain

w ,  ^  4  , /  w ;  n V  /  n ( 2 ^  +  1 ) ^  ( 2 n 2 +  l ) / c 2 7T
A ( k i , fca) =  rr c(/i;1 )c(/c2) 2 ^  2 ^ n 2) co s  —  co s  — -------

1 2 n,=0 n2=0 2iVi 2/V2
(S.l)

for /q =  0, 1, . . . ,  yV,- — 1, i ~  1, 2 , where x(n i ,  n 2) is the im age pixel and X ( k i , k 2) is 

the D C T coefficient. The function c(-) in (8.1) is given by

c(k)  =
4 -  for k — 0 
^  (8 .2) 
1 otherwise

The D CT coefficients X ( h i , k i )  obtained are then  quantized and re-arranged to  form 

a 1-D sequence by a  zigzag scanning. Finally, the nonzero am plitudes and run-length 

of zeros are entropy coded.

B. E ncoding o f  th e  LH B and Signal

The “LH” band  signal contains m ore inform ation about edges and contours and 

is not suitable for transform  coding. Instead these signals are directly quantized 

in the  spatial dom ain. Since m ost signal values in th is band  are close to  zero, the 

quantizer used is a dead-hand uniform quantizer shown in Fig. 8 .6, which has a 

dead-zone centered a t zero and uniform ly spaced outer quantization intervals. After 

the quantization, the nonzero am plitudes and run-length of zeros are entropy coded 

by a  Huffman encoder.

8.2.3 Exam ples

The program s th a t  im plem ent the  encoder and decoder described above are w ritten  

in C. T he JP E G  encoder for coding the “LL” band signals was obtained from a  public 

ftp  site. Several test images are encoded and decoded and hereby we describe two 

examples. T he first im age is “Lenrm” and the second Image is “plane” , bo th  of a
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OUPUT

3*

IN PU T

Figure. 8 .6: A dead-hand uniform quauti'/.er.

size of 256 x 256. Fig. 8.7 (a) and (b) show the  subband images of “ henna” after the 

prcfiltering and quincunx downsampling, the image iri (a) is further decomposed into 

(c) and (d), which correspond to  th e  “LL” and “LH” band, respectively. Fig. 8.8 (a),

(b), and (c) show the  original “Lenna” , the reconstructed “henna” from sublmwl 

coding, and th e  difference image, respectively. Similar results for the  “plane” are 

shown in Figs. 8.9 and 8 .10, respectively.

The SNR is used to  m easure the difference between the original image and the  

reconstructed  image. It is defined by

A /1 - l  M i - 1  ,‘l ( , .  „  \

where x ( r p , m )  is the pixel of the original image, , i ( n ^ n ^ )  is th a t o f the recon­

structed  image, and M i  and M i  are the sizes of image, In our examples, Mi  ~  

M i  =  250, T he  SNR values for two exam ples are listed in 'Fable 8 4 . The. b it alio-
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Tabic 8.1: B it allocation and SNR values for the  examples.

hpp

image LL LH Total SNR (dB)

Lerma 3 0.2 0.8 21.10

plane 2 0.4 0.6 23.48

cation for each baud of the  signals as well as the to ta l b it ra te  denoted by b its  per 

pixel (bpp) are also listed in Table 8.1, where bpp is defined as

j _  to ta l bits 
pixel num ber

8.3 Image Compression Using Discrete Wavelet 

Transform

8.3.1 W avelet Transform

I'Yom the Fourier transform  of a function f ( x ) ,  irregularities (high frequencies) of 

the signal can be observed. However, this information is no t spatially  localized. The 

reason is th a t the basis functions of the Fourier transform , i.e., th e  cosine and sine 

functions are supported  by the  entire spatial domain, leading to the  difficulty of 

identifying the  positions where the  irregularities occur. In order to  localize the  in­

form ation contained in the signal, th e  window Fourier transform  which incorporates 

a spatial window ,<y(.r) into the Fourier integral m ay be employed. This window is 

transla ted  along the spatial axis F  cover the entire spatial dom ain. At a  position u 

and for a frequency w, the window Fourier transform  of a function f { x )  £  L 2(R )  is



Chapter 8 107

(c) (d)

Figure 8.7: Decom position stages for “Lenna” ; First-stage (a) Lowpass filtered 

image (L). (b) Higlipass filtered image (H). Second-stage (c) Lowpass filtered image 

(LL), (d) Higlipass filtered image (LH).
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(k) (c)

Figure 8.8: (a) Original “Lenna” . (b) Reconstructed “Lenna” . (c) Difference image.
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Figure 8,9: Decom position stage for “plane” . First-stag? (a) Lowpass filtered image 

(L). (b) Iiighpass filtered image (H), Second-stag/' (c) Lowpass filtered image (U .j . 

(d ) Higlipass filtered image (LH),



Chapter 8 170

Figure 8.10: (a) Original “plane” , (b) Reconstructed “plane” , (c) Difference image.
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defined by

G f{ tv, u) =  / +C° e~iwxg{x u)f{.r.) dx  (8,4)
J — CO

It provides the  local frequency behaviour of the signal around the point it.

I t can be shown th a t the  spatial and frequency resolutions of a window Fourier 

transform  are constant, which for some applications is not adequate.

T he wavelet transform  decomposes the  signal into a  family of functions which 

are the  translations and dilations of a  unique function rf>(x). The function is calk'd 

a wavelet and the corresponding wavelet family is given by (\/W>(.'.(.r — ".)])(* .„)en'n 

Analytically, the  cor nous wavelet transform  of a function J'(.v) 6  L'2(R ) is delined 

by

/ - J - 0 0

f{ x )V s 4 '[ s  -  (s; -  ?/)] dx  (8.5)
*oo

It has been shown th a t  a wavelet transform  has a constant resolution on a logarithm  

scale in bo th  spatia l and frequency domains. This is to say, if the scale a is small, 

the  resolution is coarse in the  spatial domain and fine in the frequency dom ain, and 

if th e  scale a increases, the resolution increases in the spatial dom ain and decreases 

in the  frequency dom ain.

A very im portan t class of discrete wavelet transforms was found by Meyer arid 

Stortnberg. T hey showed th a t there exist some wavelets €  Ii2(R ) such tha t 

— { n /‘y)}}(n,i)ezv  is an orthogonal basis o fL '2(R ). These particular wavelets 

are called orthogonal wavelets. In [04] M allat developed ari iterative algorithm  for 

calculating the  d iscrete wavelet transform  of a signal, In this chapter we restrict 

ourselves to  a  class of d iscrete wavelet transform  (DW T) developed by Daubeehies

[06]. T h is class Includes m em bers ranging from highly localized to highly sm ooth. 

The .simplest (and m ost localized) m em ber, often called I) A l l  A % lias only four eoeffi-
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d e n ts , Co, Ci, c2, ancl C3 . A discrete w avelet transform  u sin g  D A U 4 can b e  expressed  

as

Y  =  C X  (8.6)

where

C  =

Co Ci C2 C3

C 3 —  C'i ci —*o

Co Cl C2 C3

C3 - C 2 -V -co

Co Cl C'i C3

C3 —C2 Cl —Co

C'i C3 CO Cl

cl -c o  C3 — c2

X  is the inpu t vector and Y  is the wavelet ou tpu t vector. From the  struc tu re  of 

the m atrix , the coefficients cq, c t ,c 2, C3 can be thought of as the  coefficients of a 

sm oothing (lowpass) filter Hq. The odd rows in the m atrix  arc used to com plete

the lowpass filtering on the input signal, which results in low frequency com ponent

of the original signal. On the other hand, the coefficients c3, - e 2, cu  -Co can be 

thought of as the  coefficients of a higlipass filter Hi and the even rows are used 

to com plete the higlipass filtering on the Input signal, resulting in high frequency 

com ponent of the  original signal. From a  m ultira tc  signal processing point of view, 

the filters Ho and Hi are equivalent to  a  QM F bank. High order D W T using 12 

{D A U  12) or 20 {D A U 20) Daubeehies wavelet coefficients have a  sim ilar form at as 

in (8 .6 ).

'fh e  DW T can be applied to  a signal vector hierarchically as shown in Eqn.(8.7). 

Consider an inpu t vector o fleng th  N  with N  being some power of 2. F irst the D W T
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is applied to  the  entire vector. After downsampling the resulting vector yields a 

“sm oothed” vector of length N /2 . The D W T is applied then to this N /2-d imonsional 

vector to  ob tain  a  further smoothed vector of N / 4 after downsampling. This DWT- 

subsam pling process continues as necessary. This process is the same as the tree* 

s tructu re  decom position in the subband coding of a speech signal [8] as illustrated  

in Fig. 8.11.

ail Si Sl Si S’, Si
x 2 (k S2 /), S i
®3 S2 S3 s* S'A Vi.

d>i S.( lh S \ v%
»G S3 S5 (8.6) S'A perm ute /), lh
Xo k sc l h lh lh
x 7 s,| S7 S', l h >h
x 8 d,\ Ss I k lh I k
Xg (8.6)

Sg
perm ute

di d\ di di
a'io ds da k tk d'i
®u Sc k k k k
a'i2 do di k d, i d„i
a  i3 S7 da dr, dr, dr,
3! 14 d7 do da da da
a  is ss d7 dr dr dr

. *10 . ll . d» . da d8
(8.7)

8.3.2 Im age Compression Using D W T

A 2-D wavelet transform  can be performed separably by applying 1-1) wavelet trans­

forms to  the  row and column components of an image successively. In this ease a 2-1) 

wavelet decom position s tructu re  is the sam e as the  2-1) separable subband decom­

position s tru c tu re  shown in Fig, 8.12 (a), except th a t the lilter coefficients are the
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Figure 8.11: The tree-sfcructvire decomposition.

wavelet coefficients satisfying certain regularity or orthogonality conditions. This 

leads to th e  decomposition of an image into uncorrelated subimages. Fig. 8.12 (b) 

shows th e  spectrum  partition  by  one stage separable subband decomposition. It con­

sists of one low-frequency band “LL” and three high-frequency bands “LH”, “111,” 

and “HIT’. This process can be repeated to further decompose the “LL” frequency 

band hierarchically like the tree-structu re  in the 1-D signal decomposition.

Fig. 8.13 shows a decomposed image “Lenna” of size 512 x 512 after two-stage 

wavelet decom position. The low-froquency-band image is a t the upper left corner 

and high frequency bands from different decomposition stages are shown in the. 

rest p a rt of the figure. It can be observed th a t the low-frequency bands image 

is the  m ost im portan t since it  is in fact a  low resolution version of the original 

image. On the  o ther hand, subimages in the high-frequency bands contain only 

th e  edge and  contour information of the  original image. In order to achieve a  high 

compression ratio  while m inimizing visible distortion in the reconstructed image, 

m ore b k s  should be  allocated for encoding the  lov/-frequeney-band subim age, For 

th e  exam ples shown later, we apply a  four-stage DW T decomposition using D A U  12
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Figure 8.12: (a) One stage of 2-D separable subband decomposition, (b) Spectrum  

partition  from one-stage subband decomposition.
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Figure 8.13: Two-stage decomposition of “Lenna” by DW T.

on the  images and  leave the  low-frequency band subimage uncodcd. For subimages 

in the  high-frequency bands, a threshold is set and only those above the threshold 

are preserved.

T he program  th a t  im plem ents th e  encoder is w ritten in C w ith some subrou­

tines from  [67]. T h e  two images used here are: “Lenna” and “baboon” . Both are 

256 x 256 images w ith 8-bit grayscale. For comparison, the  two images arc encoded 

by a JP E G  encoder as well. The bits per pixel (bpp) rates and SNR are given in
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Table 8.2: B it allocation and SNR for examples.

DW T JP E G

bpp SNR (dB) bpp SNR (dB)

Lenna 0.44 25.06 0.44 25.72

baboon 0.29 16.65 0.28 15.30

Table 8.2. Fig 8.14 (a), (b) and (c) shows the  original, th e  reconstructed  “Lenna” 

from JP E G  and from  DW T, respectively. Fig. 8.15 shows th e  images for “baboon” . 

From Table 8.2, th e  difference in  SNR values when the same bpp rates are achieved 

by DW T and JP E G  can hardly  be observed. However from  the  figures shown, differ­

ences of subjective perform ance can be easily observed. B oth  images reconstructed 

from JP E G  show block effects because of the  use of the  8 x 8  D C T, while the  im­

ages reconstructed  using D W T show no such effects. As reported  in th e  litera tu re , 

our observation leads to  a sim ilar conclusion th a t  in general D W T-based coding is 

superior to  JP E G  coding.

8.4 Conclusions

In this chapter we have constructed a nonseparable quincunx subband coding scheme 

by  using the  2-D nonseparable diam ond-shaped filter bank  designed in C hapter 6. 

Two exam ples have been presented to  show the coding results. Moreover, the  D W T 

has been used to  compress sam ple images and the  results are com pared w ith those 

from  JP E G  coding. It has been observed th a t DW T-based coding is in general 

superior to  JP E G  coding.
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Figure 8.14: (a) O riginal “Lenna” . (b) Reconstructed image from /R E G . (c) Re­

constructed  image from  DW T.
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Figure 8.15: (a) Original “baboon” , (b) Reconstructed image from JP E G , (c) Re­

constructed image from  DW T.
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C onclusions

In this chapter th e  contributions of each chapter are sum m arized and recom m enda­

tions for fu tu re  research are proposed.

9.1 Summary of Contributions

C hapters 2 to  5 have concentrated on the  design of a  variety of l-D and 2-1) filter 

banks. In  C hapter 2 an improved version of an iterative m ethod for the design of 

two-channel conventional Q M F banks has been proposed. A simple and explicit for­

m ula for th e  precise evaluation of the integrals involved in the objective function has 

been derived. This significantly reduces the design complexity and improves tlic per­

form ance of the  Q M F banks designed. A new m ethod for the design of two-channel 

QM F bank w ith low reconstruction delay has then been proposed. Comparisons of 

the  filter bank  designed with an existing m ethod have been m ade, which indicates 

th a t  the proposed m ethod has improved design efficiency and leads to low-delay 

QM F banks with b e tte r  performances. In a case study a fam ily of low-delay filter 

banks have been designed which can be  used in various applications.

In C hap ter 3, a new tim e-dom ain approach for the  design of the  same type  of

180
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QM F banks as in  C hapter 2 has been proposed. Com pared w ith th e  m ethod  in [12] 

the  proposed m ethod reduces the com putational complexity significantly since no 

discretisation is needed in the  frequency-dom ain. This new tim e-dom ain approach 

has been extended to  design two-channel low-delay QM F banks.

A null-space projection approach has been proposed in C hapter 4 for the  design 

of two-channel linear phase perfect reconstruction QM F banks. In this approach the  

analysis lowpass filter was first designed by a conventional filter design m ethod and 

the  synthesis lowpass filter was then obtained by solving a constrained optim ization 

problem by the null-space projection m ethod. In addition, the  null-space projection 

approach has been extended to  design low-delay QM F banks.

In C hapter 5 a  new iterative algorithm  has been proposed for th e  design of con­

ventional cosine-m odulated QM F banks. Since the  need of standard  constrained 

or unconstrained optim ization is elim inated, the algorithm s have reduced com pu­

ta tional com plexity considerably. The design exam ple presented has dem onstrated  

th a t  high stopband a ttenuation  and low aliasing and am plitude distortions can be 

achieved by the  proposed m ethod. Furtherm ore, a general design m ethod  which can 

be  used in the  design of low-delay cosine-m odulated QM F banks has been proposed. 

Again, the  iterative m ethod has been used in th e  design of such filter banks.

In C hapter 6 the designs of nonseparable 2-D four-channel hexagonal Q M F banks 

and two-channel diam ond-shaped QM F banks have been considered. Two design 

approaches have been proposed for th e  design of hexagonal Q M F banks w ith im ­

proved perform ance. An ite rative  m ethod and its improved version for th e  design 

of 2-D diam ond-shaped QM F banks have been described. The m ethod is flexible 

in the  sense th a t a  weighting can be adjusted  to  control the  tradeoff betw een the 

degree of the perfect reconstruction and the frequency response of the  individual
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filters.

C hapters 7 and 8 of th e  thesis are concerned with applications of filter banks 

in  audio and  im age coding. In  C hapter 7 a  32-band filter bank has been designed 

using the  ite ra tive  m ethod  proposed in Chapter 5. On comparison with the current 

M PEG filter bank, the filter bank designed is superior in term s of reconstruction 

perform ance and stopband a ttenuation . In addition, a QM F bank with about a 

ha lf of reconstruction  delay needed by the  M PEG filter bank has been designed and 

evaluated. I t is in teresting to  no te  th a t the efficient polyphase im plem entation can 

also be m ade available to construct a  low-delay M PEG audio codec.

In C hap ter 8, th e  diam ond-shaped filter bank designed in C hapter 6 has been 

used to  construct a subband image coding system, arid several test images have been 

com pressed using th is coding system . Daubechies wavelet transform  has been used 

in  a 2-D separable m ulti-stage image coding system. It has been observed th a t in 

general th e  wavelet transform  m ethod is superior to  the current .]PEG standard  as 

i t  elim inates the  block effects on the  images reconstructed.

9.2 Recom m endations for Future Research

T he ite ra tive  m ethods have been successfully used in this thesis for the design of 

various types of 1-D and 2-D filter banks. From the m any designs carried out 

we are convinced th a t  the m ethods are efficient, robust and lead to satisfactory 

designs. However, a  rigorous proof of the  convergence of such algorithm s is still not 

available. We believe the  search of a convergence proof is m eaningful as it would 

provide m ore confidence in th e  algorithm s and lead to  insights into the  quan tita tive  

relation betw een the  convergence ra te  arid the smoothing param eter r  used.
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The; low-delay Q M F banks designed for 1-D two-channel and m ulti-channel cases 

arc believed to be useful for real-tim e applications such as speech coding. In the 

2-D case, low reconstruction delay can also be a useful feature in applications such 

as real-tim e image coding or progressive image transm ission. The design of 2-D 

low-delay filter banks is believed to  be an interesting topic to  investigate.

In C hapter 7 it has been shown th a t  a low-delay cosine-m odulated Q M F bank 

allows a  polyphase im plem entation sim ilar to  the one suggested by the  M PEG stan ­

dard. It will be interesting to  construct a M PEG audio codec using a low-delay 

QM F bank designed to  evaluate the  real compression ratio  th a t  the system  can 

achieve and the  subjective perform ance of the  reconstructed audio signal.

Two-dim ensional nonseparable filter banks have been successfully used in image 

and video compression. Wavelet transform s appear to  be a  m ore powerful tool for 

signal decom position and coding due to  their orthogonality property  and available 

fast algorithm s. However, m ost applications on image coding utilize separable 2-D 

wavelet transform s. Since nonseparable 2-D wavelets have m ore degrees of freedom  

they should be m ore efficient than  their 1-D counterparts in im age and video decom­

positions. Studies on lower-order nonseparable 2-D D W T ’s and their application to 

image coding should, therefore, be explored.
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