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ABSTRACT

Let G be a p-vertex graph which 1s rooted at x Informally the rotation number
h(G x) 1s the smallest number of edges 1n a p-vertex graph F such that for every ver-

tex y of F thereisa copvof Gin Fwithxaty

Firstly we characterize all rooted graphs (G x) such that h(G x) = q(G) the

number of edges in G We also establish necessary and sufficient conditions under

which h(G x) = |, | Secondly rotation numbers are calculated for the graph S which

e

1s a union of two stars k;, and K;, wheren2m Each of the four possibilities for
the root x 1s considered Thirdly we extend the idea of rotation numbers to graphs
rooted at an edge by defining the edge rotarion number h (G e) For these numbers we

characterize all edge rooted graphs (G e) such that h (G e) = q(G) and establish neces-

sary and sufficient conditions under which h'(G e) = Edge rotation numbers are

2

calculated for the graph S mentioned above and the graph which 1s a union of two
complete graphs In both cases both possibilities for the root are considered Finally
we examine some properties of rooted subgraphs and describe a backtracking algorithm
which given two rooted graphs (G x) and (F y) decides if (G 1) 1s a rooted subgraph

of (F y)

HP Smith

F Ruskey
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CHAPTER 1

INTRODUCTION

A roored graph 1s an ordered pair (G x) where G 1s a graph and x 1s a vertex of G
called the root  Let F be a graph and (G x) be a rooted graph We say informally
that (G x) 1s a homogeneous rooted subgraph of F if for every y € V(F) there 1s a copy

of Gin F with x at y This property 1s denoted by (G 3) < F

The rotation number h(G x) of the rooted graph (G x) with p vertices 1s the
smallest number of edges in a p-vertex graph F such that (G x) < F A graph for

which this minimum 1s achieved 1s called an extremal graph

Rotation numbers were first defined by Cockayne and Lorimer [5] who were
motivated by [7] Since their introduction rotation numbers and extremal graphs have
been calculated for complete bipartite graphs [1 5 9] unions of circuits [2 4] and lol-
lipops [10] 1t 1s the purpose of this thesis 1o contribute to the study of rotation

numbers

In Chapter 2 a summary of the basic graph theory used 1n this thesis 1s presented
Rotation numbers are formally defined as 1s the analagous concept of edge rotation

numbers The latter 1s an extension of the former to graphs rooted at an edge

Chapter 3 presents a survey of previous work on rotation numbers namely the
calculation of the extremal graphs and numbers for complete bipartite graphs unions
of circuits and lollipops The connection between rotation numbers and minimum
broadcast graphs 1s discussed We show that minimum broadcast graphs are also

related to edge rotation numbers



All graphs G such that G 1s an extremal graph for (G x) are characterized 1n
Chapter 4 as are all rooted graphs (G x) for which K, 1s an extremal graph The

corresponding results for edge rooted graphs are also proven

In Chapter 5 we study rotation numbers for unions of two stars (1 e
G=Kk;, U K,;, wheren2m) When G 1s not rooted ai the center of k, we are able
1o calculate all such numbers and give extremal graphs For the case when the root x
1s the center of K, we are able 10 calculate rotation numbers and extremal graphs

when n=m and n23m Some extensions of these results are also mentioned

In Chapter 6 we direct our attention to edge rotation numbers These numbers
and extremal graphs are calculated for unions of two stars and unions of two complete

graphs

Finally in Appendix A we discuss the problem (G x) < F Some general
theorems are proven the complexity of the problem 1s examined and an algorithm 1s

presented which given (G 1) and F decides if (G x) < F



CHAPTER 2

PRELIMINARIES

It 1s the purpose of this chapter to present a summary of the basic graph theory
used 1n this thesis For a more detailed discussion of this material the reader 1s

referred 10 Bondy and Murty [3] or Harary [8]

A graph 1s an ordered pair G = (V(G) E(G)) where V(G) 1s a finite set of vertices
and E(G) 1s a set of unordered pairs of distinct vertices The elements of E(G) are

called edges Throughout this chapter let G and H be graphs

The number of vertices of G 1s denoted by p(G) and the number of edges of G 1s
denoted by q(G) When no confusion can result we sometimes write p and q for p(G)

and q(G) respectively

A rooted graph 1s an ordered pair (G x) where G 15 a graph and x 1s a vertex of G
called the root  Similerl\ an edge-rooted graph is an ordered pair (G e) where G 1s a

graph and e 1< an edge of G called the 700t

An edge [u v] € E(G) 1s said 10 be tncident with the vertices u and v which are
referred 10 as the ends of e the vertices u and v are also said 1o be inciaent with the
edge e Two vertices are adjacent 1if thev are incident with a common edge as are two
edges incident with a common vertex Let S € V(G) and v € V(G) We say that v 1s
adjacent 10 S1if v 1s adjacent to every vertex of S —{v} Two subsets S; and S of

V(G) are adjacent if each vertex 1in S; 1s adjacent 10 S;

For subsets S; and S; of V(G) we denote by [S; S] the set of all edges of G with

one end 1n S; and the other end 1In S; A subset X of V(G) 1s called an independern: set



f [\ \] =@ (1e noedge of G has both ends in \)

The lLine graph L(G) of a graph G has vertex set E(G) and edge set

E(L(G)) =1{[e, e>] | e; and e, are adjacent in G }

Two graphs G and H are 1somor phic 1f there exists a 1-1 onto function
f V(G) = V(H) such that [u v] e E(G) 1f and only 1f [f(u) f(v)] € E(H) Such a func-
tion f 1s called an isomorphaism  An automor phusm of G 1s an 1somorphism from G to
itself The set of all automorphisms of G together with the operation of function
composition 1s a group called the awtomorphusm group of G and denoted by I'(G) A
graph G 1s vertea-transune 1if for any two vertices u v € V(G) there 1s an automor-
phism a € T(G) such that alu) =v G 1s edge-transuive 1if for anv two edges [u v]and

[x v]of G there 1s an automorphism B € T'(G) such that B(fu v}) ={x v}

If [u v]eE(G) for every pair of distinct vertices u v € V(G) G 1s called a com-
plete graph  We write K, 10 denote the unique (up to 1somorphism) complete graph on
n vertices If V(G) can be partitioned into nonempty subsets A and Y such that each
edge of G has one end 1n X\ and the other in Y G 1s called a biparrite graph Such a
partiion (X Y) 1s called a bipartition of G (note that X and Y are independent sets)
When X and Y are adjacent G 1s called a complete bipartite graph We denote the
unique (up to 1somorphism) complete bipartite graph with [\ |=m and |Y |=n by
KNm. A arculant graph is a graph G such that the cychic group Z,g) 1s a subgroup of
r'(G)

A graph H 1s a subgraph of G 1f there exists a 1-1 funcuon f V(H) = V(G) such
that [u v] € E(H) imples [f(u) f(v)] € E(G) If H 1s a subgraph of G wecall G a
supergraph of H Let (G x) and (F y) be rooted graphs We say that (G x) 1sa
rooted subgraph of (F y)if Gis a subgraph of F and additionally f(x) =y We

denote this property by (G x) < (F v) When we want to emphasize that this 1s



accomplished under the function { we write (G 1) <'(F v) If (G x) < (F y) for
ever\ \ € V(F) then we sav (G x) 1s a homogeneous rooted subgraph of (F y) and write
(G ») < F Simlarly 1if (G [u v]) and (F [x v]) are edge rooted graphs we say

(G [u v])1san edge rovted subgraph of (F [x y])if G 1s a subgraph of F and addi-
tonally f({u v})=1{x v} This property 1s denoted by (G [u v]) << (F [x y])
When we want 1o emphasize that this 1s accomplished under the function { we write
(G [u v]) <<'(F [x v]) If Fis a supergraph of G and (G e) << (F c¢) for every

ce E(F) wesa\v (G e) 1s a homogeneous edge-rooted subgraph of (F ¢) and write

(G ¢) << F

Let S € V(G) The subgraph of G induced by S 1s the subgraph of G whose vertex
set 1s S and whose edge sel os the set of all edges in E(G) which have both ends in S 1t
1s denoted G[S] Similarly if D € E(G) the subgraph of G induced by D 1s the sub-
graph of G with edge set D and whose vertex set 1s the set of all vertices of G incident
with at least one edge in D 11 1s denoted G[D] Let H be a subgraph of G We write

G-H 10 denote the subgraph of G with vertex set V(G) and edge set E(G)-E(H)

Let G, and G, be subgraphs of G We say that G, and G, are verzex disjoint 1f

V(G,) n V(G,) = @ and edge disjounz 1f E(G;) ﬂ E(G,) =@

Suppose that G and H have disjoint vertex sets (and hence disjoint edge sets)
The union of G and H denoted G |JH has vertex set V(G) |J V(H) and edge set
E(G)|J E(H) We sometimes abbreviate G|J G 10 2G et The join of G and H 1s
denoted G+H and 1s formed from G U H by adding all possible edges with one end 1n

V(G) and the other in V(H)

The degree dg(v) of a vertea v € V(G) 1s the number of vertices of G 1o which v 1s
adjacent We sometimes refer 10 a vertex of degree k as a k-vertex The degree dg(e)

of an edge e € E(G) 1s the number of edges of G with which e 1s adjacent
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The following result 1s sometimes called the handshaking lemma - because when
a number of people shake hands the total number of hands shaken 1s always even

Remark 21 3 dglv) =2q(G)
ve\V (G

Corollary 22 In any graph the number of vertices of odd degree 1s even

The average degree of G equals 2:((9)

A graph G 1s k-regular 1if every vertex of G has degree exactly k and almost k-
regular if p(G)-1 vertices have degree k and the remaining veriex has degree k+1 If G

1s k-regular (almost k-regular) for some k we sav that G 1s regular (almost regular)

A path 1n G s a finite nonempty sequence of distinct veruices P = v, v, vy,
such that [v,-; v ] € E(G) 1<:1€n The vertices v, and \, are called the origin and the

termunus of P respectivelyv  The integer n 1s called the length of P

Two vertices u and v of G are connected 1if there 1s a path in G with origin u and
terminus \  Connecuion 1s an equivalence relation and thus parutions V(G) into
nonemptly subsets V; \> V., such that two vertices u and v are in V, 1if and
only 1f they are connected The subgraphs G[\;] G[\V.] G[\ ] are called the
components (or connecied components ) of G We say that G 1s connected 1if 1t has

exactly one component otherwise we say G 1s disconnected

A arcuu or cvele in G 1s a finite sequence of vertices C = v v, V, Vo such
that the v, are distinct and [v, v,4;) € E(G) 0 €1 £ n (where addition 1s modulo n+1)
The integer n 1s the length of C and the circunt C 1s sometimes called an n-circuur and
denoted bv C;, A p(G)-circuit 1s called a hamulton circuit and a graph which has a
hamilton circuit 1s referred to as a hamultonian graph A tree 1s a connected graph

which contains no circuits
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The following result characterizes those values of n for which K 1s 1n some sense

composed entirely of hamilton circuits

Theomem 23 K, 1s an edge disjoint union of hamilton circuits if and only 1f n 1s odd

The next theorem provides a useful characterization of bipartite graphs

Theorem 24 A graph G 1s bipartite if and only if 1t contains no circuits of odd length

Let v e VIG) The open neighbourhood of v denoted \g(Vv) 1s the set of all ver-

tices adjacent 1o v The closed neighbourhood of v 15 \glv] = N\g(v) |J {v}

A matching 1s a subset M of E(G) such that no two of 1ts elements are adjacent 1n
G the 1wo ends of an edge in M are said 1o be marched 1f V(G[M]) = V(G) we say
that M 1s 4 perfect matching A perfect matching 1s also called a /-factor A graph G 1s
1-factorable 1f there are edge disjoint 1-factors F; F, F, such that

G=F U F, U U F,. i F F, 1s called a / factorization of G The follow-

ing theorem tells when K, 1s 1-factorable

Theorem 25 K, 1s 1-factorable if and only if n 1s even

The vertex rotation number (or rotation number ) h(G x) of the p-vertex rooted
graph (G x) 1s defined 10 be the smallest number of edges 1n a p-vertex graph F such

that (G x) < F Such a graph F 1s called an extremal (G x) graph

In figure 2 1 (a) we show a rooted graph (G x) and a graph F such that
(G ») < F Figure 2 1 (b) shows the copies of (G x) rooted at each vertex of F It 1s

eas\ 1o show that h(G x) =15

The above concepts have an analog for edge rooted graphs The edge rotation
number h (G e) of the p-vertex edge rooted graph (G e) 1s defined to be the smallest

number of edges 1n a p-vertex graph F such that (G e) << F Such a graph F 1s called



G F
(a)

(b)
Figure 21 Anexampleof (G x) < F

an extremal (G e) graph

In figure 2 2 (a) we show an edge rooted graph (G e) and a graph F such that
(G e) << F Figure 2 2(b) shows the copies of (G e) rooted at each edge of F It 1s

easy to show that h'(G e) = 5



NI

(a)

NN

(b)

Figure 22 An example of (G e) << F



CHAPTER 3

PREVIOUS WORK

It 15 the purpose of this chapter to survey previous work on rotation numbers
These numbers were first defined by Cockayne and Lorimer [5] whose motivation
came from a special case of the problem studied by Farley et al [7] Since their intro-
duction rotation numbers and extremal graphs have been calculated for complete
bipartite graphs [1 4 9] unions of circuits [2 4] and lollipops [10] We survey the
results for each of these classes of graphs and the connection between rotation
numbers and minimum broadcast graphs In the latter section we show that
minimum broadcast graphs are also related to edge rotation numbers N\o proofs which

appear elsewhere are included 1n this chapter

31 Minimum Broadcast Graphs

Consider the problem of information dissemination 1n a communication network
(graph) whereby a single message known 1nitially 10 one member (zhe source) 1s com-
municated to all members (veruices) This 1s 1o be accomplished by a sequence of
phone calls over the edges of the network subject to

(1) Each phone call requires one unit of time
(1) A member may participate in at most one phone call per time unit
(1) A member mav only call an adjacent member

We refer to this process as broadcasting

For a p-vertex graph at least time units are required to broadcast from

log,p

any source A nurumum broadcast graph 1s a p-vertex graph with the smallest number

10
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of edges such that broadcasting from any source takes

logop ‘ time units

Broadcasting from source u defines a rooted tree (T u) When p = 2* there 1s
only one such tree (T, u) which 1s defined recursively as follows (T; u) = (K, u)
For k > 1 let (R,_; 1) and (S,_; s) be two disjoint copies of (T,_; u) Then

(Ty W =Ry DU Sy )+ [r s] 1)

N\ote that 1n order to broadcast in time k the first call must use the edge [r s]

If G has 2* vertices broadcasting from source x 1s possible in time k 1f and only
if (T, u) < (G 1) It follows that broadcasting in time k 1s possible from any source
if and onlv 1if (T, u) < G and the number of edges in a minimum broadcast graph 1s

h(T, u)

Theorem 3 1 1 [Farley Hedetniemi Mitchell and Proskurowski 1979]
BT, ) = k3*!

In the proof of theorem 311 a family {G,} of minimum broadcast graphs such
that q(G,) = k2*7! and (T, u) < G, 1s constructed A shightly specialized version of
their construcuon 1s the following Gy =Kk, Fork > 1 G, = 2G,_; together with a
set of edges which forms a perfect matching between corresponding vertices in the two
copies of G,_; (1e the 1-1 onto mapping induced by these edges 1s an 1somorphism)

The rooted tree (T3 u) and the graph G; are shown 1n figure 3 11

If we root T, at [u v] (see figure 31 1) then (T, [u v]) << G, and G, has the

minimum number of edges with respect to this property In other words

Theorem 312 h(T, [u v]) =k2¥™! and G; 1s an extremal (T, [u v]) graph

Proof Let F be an extremal (T, [u v]) graph It suffices to show that kK2¥7* 1s
the smallest number of edges required so that broadcasting from any source 1s possible

in time k regardless of over which edge the 1nitial call 1s placed



12

Figure 311 The graphs (T3 u) and Gs
For broadcasting 1o be possible in time k the number of "informed" vertices must
double at each ime unit  Therefore each vertex must have degree at least Kk This

establishes k2*7! as a lower bound for q(F)

The proof will be complete 1f we can show that (T, [u v]) << G, We do this

bv induction on k

Basis f Kk =1 G; = K, and the statement 1s true

Induction Assume that (T,_; [u s]) << G,_; Consider (T, [u v]) <<' (G, e) Ife
1s an edge of the perfect matching between corresponding vertices in the two copies of
Gy-; our problem 1s reduced to that of broadcasting in time k-1 from a vertex in each
copy and this 1s possible by theorem 311 Otherwise e joins a pair of vertices in the

same copy of G,_; At ime 2 let each of these vertices call the corresponding vertex
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in the other copv Note that the two called vertices are adjacent by construction The
problem 1< now equivalent to broadcasting in time k-1 1n each copy where the first
calls are placed over e and 11s corresponding edge But this 1s possible by the induction

hvpothesis
The result now follows B
Minimum broadcast graphs provided the motivauion for the study of rotation

numbers Extremal (G x) graphs are to general rooted graphs as minimum broadcast

graphs on 2* vertices are 10 the rooted trees (T, u)

32 Complete Bipartite Graphs

Let G =K, (p>n) and let x be a vertex of the defining independent set of size

If F1s a p-vertes graph such that (G x) < F every v € V(F) 1s 1n an n-subset

B, € V(F) such that the bipartite subgraph of F induced by [B, B,]1s complete

Let X be a class of n-subsets of S ={1 2 p} such that (JX=S We define

the graph F(X) to have vertex set S and

E(F(X)) = {[« b) | aeB beB for some BeX]}

An extremal (G x) graph 1s 1somorphic 10 a graph F(X) with the smallest

number of edges where the minimum 1s over all classes X

An edge [a b] € E(F(X)) if and only 1f for each B€ X we have a € Biff be B
This induces an equivalence relation on S and 1t follows that F(X) 1s a disjoint union
of complete subgraphs It 1s therefore convenient to tackle the problem of maximizing

q(F(X)) instead of the equivalent problem of minimizing q(F(X))

Rotation numbers for complete bipartite graphs were first calculated by Cockayne

and Lorimer [5]
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Theorem 3 2 1 [Cockavne and Lorimer 1980] Let p =ng+r wherer=0 1 or n-1

Then the complement of (g—1)Kk, U 2K, U K, _; 1s the unique extremal graph

Corollary 3 2 2 [Cockavne and Lorimer 1980] The conclusion of theorem 3 2 1 holds

forn=123

The only cases in which n = 4 or 5 not covered by theorem 3 2 1 are p = 4q+2
p = 59+2 and p = 5q+3 The extremal graphs for these cases are given 1n the next two

results

Theorem 3 2 3 [Cockavne and Lorimer 1980] Let p = 4g+2

(a) If g =1 (G = K,>) there are exactly two extremal graphs namely k¢—3Kk, and
Ke—h;

(b) If g =2 (G = K,,) there are three extremal graphs namely the complements of
3k, Uk KsUKsU3K, and 3k;|J K,

(¢) If g > 2 then the complement of (q—2)K, together with any of the three graphs in

(b) 1s an extremal graph

Theorem 3 24 [Cockavne and Lorimer 1980]
(a) If p=5g-2 then the unique extremal graph 1s the complement of
(q—-Dk, Uk UK,

(b) If p =5g+3 then the unique extremal graph 1s the complement of

2]\"1U}\2 q:]
(q=2)ks|J 3K UK, q 22

The above work was greatly extended by Bollobas and Cockayne [1] who

obtained the following results

Theorem 3 2 5 [Bollobas and Cockayne 1982] 1f n € p € 2n then the extremal graphs

are the complements of
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2
]\,A_,U(r-i'l)l\] rgj(n—l)
2k, U K,o r?%(n—l)

Let p=ng+r where 0 £ r < n All cases in which g = 1 are covered by

theorem 32 5 so assume q 2 2 We define the graphs
G; = (g=Dh, Uk, J r+1)K,

(q—n+r)}\nU(n—r+])}\r_,U}\l n—r<q
Gy = (g+1 )}\“_UU U Ky, n—r>q

n—r

q

where u, = Define the functions

Au) = (r+2u)(n—u)

u(u) = (n—r+2u)(n—u)

Theorem 3 2 6 [Bollobas and Cockayne 1982] Forq 22 n 2 6

(a) If A(1) < p(u,) then G 1s the unigue extremal graph

(b) If 2—T 1< integral and A(1) > u(u,) then G, 1s the unique extremal graph
q

(0) 1f 272 15 integral and A(1) = u(u,) then G, and G, are the only two extremal
graphs

Hell and Haagvist [9] have calculated the rotation numbers and extremal graphs

for all cases not covered by the above results

33 Unions of Circuits

Let G =C; U Cp-\ where k < % and the root x 1s a vertex of C, (the case where

x1son C, 1stnivial) If (G x) < F every v € V(F) 1s 1n a k-circurt whose deletion

from F leaves a hamilionian graph An extremal (G ) graph 1s a p-vertex graph with



16

the smallest number of edges and the above property

The case where k = 3 has been settled bv Cockavne and Fang [4] who proved the

following theorem

Theorem 3 3 1 [Cockayne and Fang 1983] Let k=3 and p>9

() If p=0(mod 3) then h(G x) = 9P2+1
(b) 1f p=1(mod 3) then h(G x) = 9P2+8
(¢) If p=2(mod 3) then h(G x) = 9P2+6

(d) n(C;JCs x) =14 and H(C3 | C5 x) =15

Extremal graphs for the case where 3 divides p are shown 1n figure 331 The

reader 1s referred to the paper by Cockayne and Fang for the others

c e
€ ¢ 3 €
< 3 o

p odd P «Yen

Figure 33 1 Extremal (C3|J C,—3 x) graphs for
the case when 3lp
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The above work has been extended by Bollobas Cockayne and Fang [2] They
consider the case G = G, U C, where4 £ k < rand the root x 1son C; A lower
bound 1s established for the rotation number and an infinite class of graphs which
achieve the bound 1s exhibited The bound 1s used to establish rotation numbers for

the cases k. =4 p £3 or 4 (mod 7)

Theorem 3 3 2 [Bollobas Cockayne and Fang 1984] Letp 2 2k+1 (k 2 4) and

6
2k-1

(G x) < F Then the average degree of F 1s at least 2 +

If (2k=1) | p the graph F depicted 1n figure 3 3 2 sausfies (G x) < F and

achieves the lower bound of theorem 332 This 1s sufficient to prove

Theorem 3 3 3 [Bollobas Cockavne and Fang 1984] If k 2 4 and (2k-1) | p then

>

)
1%
v

Figure 332 An extremal (C, |JC,_, x) graph
for the case when (2k-1)ip
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3
R e X)) = .
WG, UG x)=pQ1 21\_])

Bollobas Cockayne and Fang conjecture that 1if (2k-1) does not divide p the

P
2k—1

extremal graphs consist of about pairs of k-circuits joined at a single vertex

together with some extra edges to compensate for the indivisibility This 1s the case

when k = 4

Theorem 3 34 [Bollobas Cockayne and Fang 1984] letq 2 2 Then
(a) p= 7g+1 imphes h(C,|J C,_4 x) = 10q+2
(b) p = 7g+2 imphes h(C, |J C,—s x) = 10g+4
(¢) p = 7q+5 imphes h(C, |J C,—s x) =10q+8

(d) p= 79+6 implies h(C, U Ci—s x) = 10g+9

In the case where p = 3 or 4 (mod 7) lower bounds for h(C,4 U Cp—s ) have
been calculated but no extremal graphs have been found However Bollobas
Cockayne and Fang report that they have constructed graphs F with (G x) < F and

only one more edge than the bound specifies

34 Lollipops
Let L, be the n-vertex lollipop graph 1e a vertex a of degree one joined to an
(n-1)-cycle by by bu—> by

Holyer and Cockayne [10] have calculated rotation numbers for (L, a) (L, bg)

and (Ln b])

Theorem 3 4 1 [Holver and Cockayne 1984] h(L, by) =h(L, a) = n

2

It turns out that in both cases each vertex must have degree at least three

Extremal graphs depending on the parity of n are shown in figure 341 When L 1s
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Figure 341 Extremal (L, b,) and (L, a) graphs

rooted at b; the problem 1s much more challenging In this case Holver and Cockayne

. 1%
prove that the average degree of F must be at least = This result arises from a care-

ful study of the number and arrangement of the vertices of degree two

Theorem 34 2 [Holyer and Cockayne 1984] Letn 2 5

9
= n

(a) If n 23 (mod 7) then h(L, b;) = -

(b) If n = 3 (mod 7) then S h(L, b)) € %n +1

9n
7
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Extremal graphs for the casesn = 0 3 or 6 (mod 7) are shown 1n figure 3 42

3.5 Conclusion

In this chapter we have surveved the work done 1o date on rotation numbers
Most of this work has focussed on calculating the numbers and extremal graphs for
rooted graphs where vertices have two orbits (1f there 1s only one orbit then G 1s ver-
tex transitive and (G x) < G) This 1s not the case for lollipop graphs but there the

orbits have order one or two

\

NZ oo 1)

Figure 3 42 Some extremal (L, b,) graphs
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Even for graphs with this simple structure the calculation of rotation numbers
appears 1o be a very difficult problem Determining these numbers for each class of
graphs seems 10 require a detailed examination of the properties particular 1o that
class This makes 11 difficult to believe that many results of general applicability will
ever be proven We conjecture that given an arbitrary rooted graph (G x) the prob-
lem of determining h(G x) 1s NP-complete (in appendix A we show that given (G x)

and F the problem of deciding if (G x) < F 1s \P-complete)



CHAPTER 4

COMPLETE EXTREMAL GRAPHS TRANSITIVITY

It 1s the purpose of this section to prove four results concerning vertex and edge
rotation numbers All graphs such that G 1s an extremal (G x) graph are character-
1zed as are all graphs such that k; 1s an extremal (G x) graph The corresponding

results for edge rooted graphs are also proven

It 1s clear that if G 1s vertex transitive h(G x) = q(G) for any x € V(G) The con-

verse 1S also true as we now show

Theorem 41 h(G x) = q(G) if and onlv if G 1s vertex transitive

Proof Suppose first that h(g 1) = q(G) Then (G x) < G Hence
(G %) <' (G y) implies that the mapping on E(G) induced by f 1s 1-1 and onto since
each edge of G 1s mapped 1-1 10 an edge of G Hence [f(u) f(v)] € E(G) imphes
[u v] € E(G) Combining this with the definition of { we deduce that { 1s an automor-

phism

leta be V(G) We must find an automorphism g such that gla) =b Let

(G x) <°(G a)and (G x) <P (G b) Let g be the automorphism Boa~? Then

gla) = Bla™'(a)) = B(x) =b

as required Therefore G 1s vertex transitive

On the other hand if G 1s vertex transiive (G x) < G by defimiion B

Theorem 42 Letp > 2 K,isan extremal (G x) graph if and only if either

dg(x) = p—1 or G-x 1s 1somorphic to K,_;

22
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Proof Suppose that dg(x) < p—1 and G-x 1s not 1somorphic to K,—; It follows
that there 1s a vertex v nonadjacent to x and distinct vertices a and b such that
[a b] € EIG] LetF =Kk —[u v] Foreachze V(F) we will find f such that

(G x) <" (F z) There are two cases 10 consider

CASE1 (G x) <" (F v)
Let f(v) = uand map the remaining vertices in any 1-1 fashion Since the only pair of

nonadjacent vertices in F 1s {u v} 1t follows that (G 1) <! (F v)

CASE2 (G.x) <'(F. w). w#u. v
Let f(a) = u f(b) = v and map the remaining vertices 1n any 1-1 fashion Since the

only pair of nonadjacent vetices in F 1s {u v} the result follows as above

Both cases have been considered and the result now follows

On the other hand 1if dg(x) = p-1 the conclusion 1s obvious so assume G-x 1s 150-
morphic to k,—; Let F be an extremal (G x) graph and s 1 € V(F) Since p > 2 there
1sa vertex w € V(F) w # s 1 Consider (G x) <'(F w) Then [s 1] € E(F) because
f(G-x) 1s complete Hence all pairs of vertices in F are joined bv an edge 1e F 1s com-

plete B

The graph K> shows that the condition p > 2 cannot be omitted (since K,-x 1s

1somorphic to Ky but h(K> x) =0)

We now prove the corresponding results for edge rooted graphs It 1s clear that

h (G e) = q(G) for anv edge e whenever G 1s edge transitive The converse 1s also true

Theorem 4 3 h'(G e)=q(G) if and only if G 1s edge transitive

Proof Suppose first that h (G e) = g(G) Then (G e) << G Therefore the map-

ping on E(G) induced by { 1s 1-1 and onto since each edge of G 1s mapped 1-1 10 an
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edge of G Hence (G e) <<' (G z) imphes that f 1s a 1-1 onto function on E(G) and
so [f(u) f(v)] € E(G) implies [u v] € E(G) Combining this with the definition of { we

deduce that f 1s an automorphism
Lets 1€ E(G) We want to find an automorphism g such that g(s) =t Let
(G e) <<° (G s)and (G e) <<®(G 1) Consider the automorphism g = Boa~! Then

g(s) = Bla7(s)) = Ble) =1

as required Therefore G 1s edge transitive

On the other hand 1t follows directly from the definition of an edge transitive

graph G that transitive graph that h (G e) =q(G) ®

We conclude this section with a characterization of all edge rooted graphs (G e)

such that K, 1s an extremal (G e) graph

Theorem 44 Letp >4 K, isan extremal (G e) graphif and only if either
dg(e) = 2p-2 or G-u-v 1s 1somorphic to K, where e = [u V]

Proof Suppose that dg(e) < 2p-2 and G-u-v 1s nonisomorphic to k,_, It fol-
lows that there 1s a vertex w € V(G) which 1s nonadjacent to u w# v There are also
vertices s and 1 1n G-u-v such that [s 1] € E(G) For each edge e€ E(K, —[x y]) we
will find { such that (G e) <<' (k=[x y]) thus proving that K, 1s not an extremal

graph There are two cases to consider

CASE 1 (G &) <<' (K, [x a])
Let f(u) = x f(v) = aand f(w) =y Map all remaining vertices 1n an arbitrary 1-1

fashion Since all edges except [x y] are present this case 1s Ok

CASE2 (G e) <<'(h, [a b)) a b=x vy
Let f(u) =a f(v) =b f(s) = x and f(1) = v Map all remaining vertices in-an arbitrary

1-1 fashion Then as above we are done
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Both cases have been considered and the result now follows

On the other hand 1if dgle) = 2p-2 the result 1s obvious so suppose G-u-v 1s 1so-
morphic to k;—» Let F be an extremal (G e) graph o generalitv 1s lost by assuming
that the veruces of F are labelled 1denuically to those of G We must show that an
arbitrary vertex w 1s adjacent to both u and v Since p > 4 and F-u-v 1s complete
there are vertices s and t distinct from u v and w such that [s t] € E(G) Consider
(G e) <<'(F [s 1]) Since f(G)-f(u)-f(v) 1s complete and since f(u) = s and f(v) = 1

we deduce w 1s adjacent to both u and v Therefore F i1s complete B

The graph 2K, shows that the hypothesis p > 4 cannot be omitted (since 2Kk,-e 1s

1isomorphic to K, but h (2K, e) =2 % 6)



CHAPTER 5

ROTATION NUMBERS FOR UNIONS OF STARS

In this chapter we calculate rotation numbers for the graph
S=Kk;, U K, n2m This graph 1s 1llustrated in figure 5 0 1 and the vertex labels
shown there are used throughout the chapter Each of the four possibilities for the
root 1s considered Note that p(S) = n+m+2 Throughout this chapter F denotes a
graph which has a minimal number of edges with respect 10 the constraints imposed

upon 1t

Figure 501 The graph S=Kk, Ul\lm

26
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51 Calculation of h(S a)

n(n+m+2)

Theorem 511 h(S a,) = 5

Proof Since (S a,) < (F v) foreverv v € \(F) each vertex of F must have

n(n+m+2)

degree at least n Hence 2q(F)2n(n+m+2) or q(F) 2 5

To complete the

proof of the theorem we construct graphs for which this lower bound 1s achieved

There are three cases 10 consider

CASE 1 niseven

Let F be the n-regular circulant graph with vertex set {0 1 n+m+1} Vertices 1

and j are jomed 1f 1—— € < 1+% (where addition 1s taken modulo n+m+2) For any

n
2
1€ V(F) we must find a vertex j € V(F) such that 1 and j are not adjacent and j 1s adja-

n+m+2

cent 1o all vertices nonadjacent to1 But since n 2 m the vertex j=1+ 5

has this property

CASE 2 n and m are both odd
Let n+m+2 = 2r Take two disjoint copies of K, call them C, and C; Let

V(C) = {v,;. v;» vis1=0.1 Forj=1.2 rjomn v,

1

10V 4k

k=12 n-r+1 (where addition 1s modulo r) Let F be the resulting graph Since
F 1s n-regular 1t suffices to find a vertex which 1s adjacent to all veruices nonad jacent
1o a vertex v,, and 1s 1tself nonadjacent to v,; Note that all vertices nonadjacent 10 v,

are in Cy_, and [v,, v;,] € V(F) Therefore v;_, , sausfies all conditions

CASE 3 n 1sodd and m 1s even

Let m+n+2 = 2r+1 Take a copy of K, and a disjoint vertex z Let Kk, have biparti-
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tion (A Y) where \ = {3; x> x,} and Y = {y; v v,} Let V(F)=XU\ U{z}
E(F) 1s constructed from E(K,,) as follows Delete [x, v,] 1<1<r Jomnz1to
x, 151Sr Jomztoy, 1¥)Sk wherek = n+l-r Since n+1 1seven so 1S
RSt Freo vl Join Y1 10 Visn Yi+3 10 Visa V-1 0y, In the graph con-
structed so far z has degree n+1 and all other vertices have degree r There are now
two subcases to consider

SUBCASE 31 r s even

letF; F> F,_; be a 1-factorization of K, where without loss of generality

F,_,=1{[1 2] [3 4] [r-1 r]} Since m22 n—d(v) € r—1 for all vertices

vZz Also n—r € r—3 Add the edges corresponding to F; F, F,_; to the

n—

subgraphs induced by X\ and Y In the resulting graph z has degree n+1 and all

other vertices have degree n Hence

n(n+m+2)
2

n+l+n(n+m+1)
2

q(F) =

SUBCASE 3 2 r1s odd

If risodd n-riseven Let C; G C,-; beafactorization of K. into ham-

2

ilton circuits where without loss of generality C,—; =1 2 r 1 Since

——

n—2 < r—3

m 2 2 n-d(v) € r-2 for all vertices vz Also 5 5

Add the edges

corresponding to C; G, C .- to the subgraphs induced bv X and Y In

5

the resulting graph z has degree n+1 and all other vertices have degree n Hence

n(n+m+2)

q(F) = 3

In either subcase the desired graph has been constructed
- Note that [x, y,] € E(F) and at least one of x and y, 1s adjacent to z 1<1<r Consider

(S a,) <" (F v) If visz x;1s adjacent to all vertices nonadjacent to v Otherwise X,
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(y,) 1s nonadjacent to v, (x,) and 1s adjacent to all vertices nonadjacent 10 y, (x,)
The result now follows B

52 Calculation of h(S a,;)

In this section we calculate rotation numbers for the rooted graph (S a;) We

first dispense with the trivial case m = 1

Theorem 521 I n=m=1 then h(S a,) =2

Proof When n=m=1 S 1s1somorphic to K, U K, and hence 1s vertex transi-

tive B

S 1s not vertex transitive unless m=n=1 In what follows this case should be

understood to be excluded

Lemma 52 2 Let F be an extremal (S a;) graph Then & 2 2 F has at least two ver-
tices of degree at least n and either another veriex of degree at least n or at least one

vertex of degree at least m+1

Proof Since (S a;) < (F v) for every veV(F) every vertex 1s adjacent 1o a ver-
tex of degree at least n It follows that F has at least two vertices of degree at least n

Letl x and v be two such vertices

Suppose that x and v are the only two vertices of degree at least n Consider
(S a;) <" (F 1) It follows that f(ag) =y The verteax w = f(b,) 1s adjacent 10 at least
m vertices distinct from x and y but must also be adjacent 1o at least one of x and v
Therefore 1f there 1s not a third vertex of degree at least n there 1s a vertex of degree

at least m+1

Let zeV(F) dp(z)<m+1 (note m+1 2 2) and let v be a vertex of degree at least n

with [z v] € E(F) We claim that dg(z) 2 2 Consider (S a;) <8(F v) Then either
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zeg(k;)orzeg(k;,) In ether case z1s adjacent 10 a vertex diferent from v

Therefore dg(z)22 Since m+1 2 2 11 now follows that §;22

The result now follows B

Theorem 523 1f m=1 and n>m=1 then h(S a;) = 2(m-+n)-1 = 2n+1

Proof By lemma 522 & 2 2 and there are at least two vertices of degree at
least n Hence
2q(F) 2 2n+2(m+n) = 4(m+n)-2
1e q(F) 2 2(m+n)—1 This bound 1s achieved by a 5-circuit when n=2 and when
n>2 by the graph formed from Kk, + (k,+e) by jomning a disjoint copv of K- to one

vertex of the K; (1e so that a triangle 1s formed) B
For the remainder of this section we consider only those cases where m 22

Suppose that F has< only three vertices a b ¢ of degree at least m and let

A={a b ¢ The mimimality of q(F) ensures that no two vertices of V(F) — A are
adjacent (because neither mav be f(b,) or f(a;)) Therefore each of the m+n-1 vertices
of V(F) — A 1s adjacent 10 two (lemma 5 2 2) veruices of A and a further two edges are
required to ensure that each vertex of A 1s adjacent 10 a vertex of degree at least m
We conclude

q(F) 2 2(m+n—1)+1+1 = 2(m+n) (21)
and therefore an extremal graph F with fewer than 2(m+n) edges has at least four ver-

tices of degree at least m

A

Theorem 524 1f n=m22 then h(S a,) = 2(m+n)-2 = 4n-2

Proof Suppose there exists an extremal graph F with fewer than 2(m+n) edges
F must have at least four vertices of degree at least m=n Hence 1f k24 vertices have

degree at least m
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2g(F) 2 kn+2(m+n+2—k) 2 4n+2(m+n—2) = 4m+4n—4
from which 1t follows that q(F) 2 2(m+n)—=2 The graph 2(k, + k,_,) achieves the

minimum |

Rotation numbers for the remaining cases are given 1n the following theorem

Theorem 525 1 n>m 2 2 then h(S a,) =2(m+n)—1

Proof By lemma 52 2 and (2 1) we need onlv consider the cases where four or
more vertices have degree at least m Since m 22
2q(F) 2 2n+(m+1)+m+2(n+m-2) = 4n+4m—3
from which 1t follows that g(F) 2 2(m+n)—1 Extremal (S a,;) graphs which achieve

this bound 1s shown in figure 521 B

53 Calculation of h(S b,)

In this section we calculate rotation numbers for the rooted graph (S b;) The

case where m=n 1s covered 1n the previous section

The following lemma 1s the key result in calculating rotation numbers for the

remaining cases

Lemma 531 Lletn>m and F be an extremal (S b;) graph Then there are three ver-
tices x \ and z such that d(x) 2 n de(y) 2 nand de(z) 2 m Furthermore 1f m>1

then 6p22

Proof It 1s clear that at least two vertices x and y must have degree at least n
It follows from considering (S b;) < (F x) that there 1s another vertex z of degree at

least m

Let m>1 veV(F) withdg(v) < m Then v is adjacent to some vertex w of

degree at least m Consider (S b;) <" (F w) Since w#f(b,) we deduce that v 1s
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2q(F) 2 kn+2(m+n+2—Lk) 2 4n+2(m+n—2) = 4m+4n—4
from which 1t follows that q(F) 2 2(m+n)—2 The graph 2(k, + k,_;) achieves the

minimum i

Rotation numbers for the remaining cases are given 1n the following theorem

Theorem 525 1f n > m 2 2 then h(S a;) =2(m+n)—1

Proof By lemma 522 and (2 1) we need onlv consider the cases where four or
more vertices have degree at least m Since m 22
2q(F) 2 2n+(m+1)+m+2(n+m—2) = 4n+4m—3
from which 1t follows that g(F) 2 2(m+n)—1 Extremal (S a,) graphs which achieve

this bound 1s shown in figure 521 B

5.3 Calculation of h(S b,)

In this section we calculate rotation numbers for the rooted graph (S b;) The

case where m=n 1s covered 1n the previous section

The following lemma 1s the key result 1n calculating rotation numbers for the

remaining cases

Lemma 531 Letn>m and F be an extremal (S b;) graph Then there are three ver-
tices x \ and z such that de(x) 2 n di(y) 2 nand de(z) 2 m Furthermore if m>1

then 6522

Proof It 1s clear that at least two vertices x and y must have degree at least n
It follows from considering (S b;) < (F x) that there 1s another vertex z of degree at

least m

let m>1 veV(F) withdg(v) < m Then v 1s adjacent 10 some vertex w of

degree at least m Consider (S b;) <" (F w) Since w#f(b,) we deduce that v 1s
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n =m+1l

ECEEXN |\80 XN

m yodthiees A-N-L velies M ovectees

n > m+l
Figure 52 1 Extremal (S a,) graphs whenn > m 2 2
adjacent 1o at least one other vertex so dg(v) 2 2 Since m22 we conclude that

22 B )
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Theorem 532 1f m=1 and n>m then h(S b;) = 2(m+n)-1 = 2n+1

Proof 1t 1s easy to see that five edges are required when n=2 and seven edges are
required when n=3 Therefore assumen 2 4 By lemma 5 3 1 there are at least two
veruces 1 and \ of degree at least n If there 1s a third vertex of degree at least n then

gq(F) 2 3n—=3 22n+1

Consider now the case where x and v are the only two vertices of degree at least
nin F Suppose first that [x yle E(F) Let (S b;) <'(F 1) Then f(ay)=y so
de(v)Zn+1 A similar argument shows dg(x) 2 n+1 Thus

g(F) 2 2(n+1)=1 = 2n+1 = 2(m+n)-1
On the other hand suppose [» v] € E(F) If dg(x)+d(y)22n+1 then so 1s q(F)
Therefore assume dg(x)=dg(y )=n Since F has n+1 other vertices x and y must be
mutually adjacent to n-1 of them Thus at least n—1 > O vertices in V(F) — {x v/
have degree at least two Let v € N(3) [} \(y) and consider (S b;) <¢(F v) If
g(b,) = x we must have g(a,) =y But since y 1s adjacent 1o v this imphes that
dg(v) 2 n+1 contrary to our assumption The case where g(b,) = v similarly leads to
a contradiction We therefore conclude that dg(v) 2 3 In addition each of the two
remaining vertices must have degree at least one (since we must have (S b;) < (F u)
for every ue V(F)) Hence

2q(F) 2 2n+3(n—1)42 = 5n—1 2 4n+1
from which 1t follows that q(F) 2 2n+1 = 2(n+m)—1

Thus 2(m+n)-1 has been established as a lower bound for q(F) This bound 1s
achieved by the graph formed from K, by joining a vertex of degree one 1o one of the

vertices of degree three B

Rotation numbers for the remaining cases are calculated 1n the following theorem
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Theorem 533 Letn>mz22 Then h(S b,;) = 2(m+n)-1
Proof We will first show that a graph F with (S b;) < F and fewer than
2(m+n)-1 edges must have exactly two vertices of degree at least n (by lemma 531 F
must have at least two such vertices) We will then prove that 2(m+n)-1 1s a lower

bound on the number of edges of graphs in this class
Suppose that m=2 (the case m>2 will be handled separately) Recall that §;22
(lemma 53 1) If k>2 vertices have degree at least n

2g(F) 2 kn+2(m+n+2—Xk) 22n+k+2(n—m) 2 4n+4m-3
W e conclude that g(F) 2 2(m+n)—1 1n this case

\ow suppose that m>2 Suppose further that F has only three verticesa b ¢ of
degree at least m and let A ={a b ¢} The minimality of F ensures that no two ver-
tices of V(F)— A are adjacent (because neither may be f(ag) or f(by,)) Therefore each
of the m+n-1 vertices of V(F) — A 1s adjacent to two (lemma 5 3 1) vertices of A and a
further two edges are required to ensure that each vertex of A 1s adjacent 10 a vertex
of degree at least m We conclude q(F) 2 2(m+n—1)+2 = 2(m+n)—1 1n this case On
the other hand suppose that three or more vertices have degree at least n and at least
one other verlex has degree at least m Since 822 we deduce

2q(F) 2 3n+m+2(m+n—2) 2 2n+2m+1+2(n+m—2) = 4n+4m—3

It now follows that 2(m+n)-1 1s a lower bound for g(F) in this case

Therefore an extremal (S b;) graph with fewer than 2(m+n)-1 edges must have
exactly two vertices x and y with degree at lest n By lemma 5 3 1 at least one other

vertex has degree atl least m and 8522

We claim that dg(x)+dg(y)22n+1 Suppose first that [x y]e E(F) and consider
(S by) < (F x) It follows that f(a,) = y and since x € f(k; ;) de(y)Zn+1 Simi-

larly dp(x) 2n+1 so dp(x)+dp(y)22n+2  On the other hand assume [x y] ¢ E(F)
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Since n>m there 1s a vertex v € N(2) [ ) \(y) Consider (S b;) <2 (F v) then one of
x or v must be g(a,) Since v € g(k; ) de(gla))Zn+1 Therefore
de(x)+dp(y)22n+1

If m>2 and exactly one other vertex has degree m or more then as above we

deduce q(F) 2 2(m+n—1)+1+1

Oterwise k> 1 vertices distinct from x and y have degree at least m and

2q(F) 2 2n+1 + km + 2(m+n—k)

2 4n +4m — 3

since m22 This establishes 2(m+n)-1 as a lower bound for h(S b;) An extremal

(S b;) graph which achieves this bound 1s shown in figure 531 B

54 Calculation of h(S b)

In this section rotation numbers are calculated for the case where S 1s rooted at
b. We give the exact solution when n=m and n23m Some results concerning the

cases where m <n<3m are mentioned

The case n=m 1s covered by theorem 5 11 so throughout this section assume

m>n We now dispense with the trivial cases m=0 1

Theorem 541 1f m=0 and n>m n#2 then h(S b,) = 2n+1 = 2(m+n)+1 If n=2 then

h(S b(,) =4

Proof 1f n=1 then h(S b,) = 3 = 2n+1 by Theorem 42 1f n=2 then 11 1s easv 10
see that C, 1s an extremal (S b) graph So assume n>2 Let the vertices of F be
labelled 1dentically to those of S (1e so that [a, a;] € E(F) and so on) Consider
(S b)) <'(F a,) If dela,) = n+1 then g(F) 2 2n+1 since f(a,) 1s adjacent to n ver-
tices different from a, Otherwise assume dgla,) =n There are now two cases to con-

sider
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Figure 531 An extremal (S b;) graph when m22

CASE 1 f(ag)=a, forsome:1 1 S£1<n

If de(b,) =1 then (S by) < (F a,) implies that b, 1s adjacent 10 another vertex a con-

tradiction Otherwise dg(b,) 2 2 But then g(F) 2 n+n+1 since b, 1s adjacent to a

vertex different from g,

CASE 2 f(a,) =b,

Note that [b, a;] € E(F) Consider (S b,) <®(F a;) Since [a, bo) € E(F) glag)®a,
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Therefore some other vertex 1s also adjacent to a; whence g(F) 2 n+n+1

Both cases have been considered and 2n+1 has been established as a lower bound for

q(F) This bound 18 achieved bv the graph k> + K, B

Since K- 15 vertex transitive the case m=1 and n> m 1s the same as when S was
rooted at by We therefore have the following result the proof of which may be

found in Section 5 3

Theomem 542 1f m=1 and n>m then h(S b,) = 2(m+n)-1

From this point onward assume m22 Suppose that (S b,) < F We definea
vertex of degree al least n in F 1o be an N-vertex A vertex v with m<dg(v)<n will
be referred 1o as a B-verzex (think Between) We observe that 82 m and that F must

have at least two \-vertices

The majority of the work 1n calculating rotation numbers for (S b) involves a
careful study of the number arrangement and connection between \-vertices and m-

vertices (1e vertices of degree m in F)

Lemma 54 3 ™o m-vertex can be adjacent to all \-vertices

Proof Let F be an extremal graph and suppose that v 1s an m-vertex which 1s
adjacent 1o every N-vertex in F Consider (S b,) < ' (F v) Since de(v) =m
f(Ny ) =N\[v] But then all vertices in m have degree less than n so 11 1s 1mpos-
sible 1o find an 1mage of K, (because none of these vertices may be f(a,)) This con-

tradicts our choice of F as an extremal graph and the result now follows B

Lemma 54 4 1f dp(x )<n then v 1s adjacent to an \-vertex

Proof Since dp(v)<n there 1s a vertex u € \ (F) such that [u v] ¢ EF) Con-

sider (S b,) <' (F u)Since [u v] € E(F) vef(k;,) Now dp(v)<n implies that
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v#f(a,) therefore v is adjacent 10 an \-vertex (namely f(a;)) B

Lemma 54 5 Let dp(u) = de(v) = m 1f the sel of \-vertices adjacent 10 u contains

the set of \-vertices adjacent to v then [u v]e E(F)

Proof Consider (S b,) <" (F u) Since dp(u)=m f(k; )= N[u] Therefore no
\-vertlex adjacent 1o v can be f(a,) This implies that v € f(K,; ;) which imples that

[u v]eE(F) m

By Lemma 54 5 1if two m-vertices are not adjacent we can conclude that each 1s

adjacent 10 an \-vertex which 1s nonadjacent tc the other

An upper bound on h(S bg) 1s provided by the graph G which 1s constructed as
follows Let H be an (m-1)-regular graph with n vertices (1f n(m-1) 1s odd let H be
almost (m-1)-regular) Letl=H+ Kk, G isformed by joining each vertex in

V(H) n V(1) 1o a disunguished vertex of k4; Note that

(m+3)n+m(m+1)

q(G) = 5

It turns out that for any given m22 G 1s an extremal (S b,) graph for all but finitely

man\ values of r

Suppose that G 15 not an extremal graph  We will derive an upper bound for the
number of \-vertices in an extremal (S b,) graph FIf F has k \-vertices and
q(F) < q(G) then

kn+(m+n+2—k)m < (m+3)n+m(m+1)
So

n+m
n—m

k <2+ (41)

Notice that for fixed m the right hand side of (4 1) 1s a decreasing function of n In

particular for n=3m we get
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k <2+ .ﬁ =4
2m
Therefore when n23m an extremal graph F with fewer edges than G must have
either exactly two or exactly three N-vertices We will show that no such graph can

ex1s1 1n lemmas 54 6 10 549 and hence establish G as an extremal graph for this case

Lemma 54 6 1f F has exactly two N-veruces and (S b,) < F then q(F)2q(G)
Proof let x and v be the two N-vertices If F has no m-vertices
2q(F) 2 2n+(m+n)(m+1) = (m+3)n+m(m+1)
from which it follows that q(F)2q(G) We may therefore assume that F has at least
one m-vertex z which without loss of generality 1s adjacent 1o 3 (note that by lemma

543 zcannot be adjacent 10 V)

We claim that x 1s adjacent to every vertex except possibly v Define

C,={ul [u y]€EF) u=a}
Co={v | [v x]¢ E(F) vay)
C3= \7(}:)_(:] —Cz

N\ote that z € C, and that all vertices in C; are B-vertices Let we V(F) —{x v} and
consider (S b,) <’ (F w) If x=f(a,) then C, C f(k, ) and so w 1s adjacent 1o C,
Similarly v=f(a,) implies that w 1s adjacent 10 C; Hence every vertex 1s adjacent to
(", or C5 or both  Since C, contains an m-vertex at most m+1 vertices can be adjacent
to C; Therefore at least n+1 vertices are adjacent 1o C, It follows that each vertex
in C, has degree at least n But x and y are the only two \-vertices in F so this 1s
possible only 1if C,=@ Therefore x 1s adjacent to every vertex excepl possibly y and

the claim 1s proved

It follows that all m-vertices are adjacent to x and hence by lemma 5 4 5 these

m-vertices are adjacent Hence there are at most m of these and at least n B-vertices

Now
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2g(F) 2 n+(n+m)+m’+(m+1)n 2 (m+3)n+m(m+1)
from which 1t follows that q(F)2q(G) ®

By Lemma 546 when n 2 3m we need only consider the case where F has

exactly three \-vertices

Lemma 54~ letn>m+1 If F has 3 or more \-vertices and some m-vertex 1s adja-

cent 1o only one of them then q(F)2q(G)

Proof let x be an \-vertex and w be an m-vertex such that x 1s the only N-
vertex 10 which w 1s adjacent By lemma 5 4 5 w 1s adjacent 10 everv other m-vertex

adjacent 1o x Thus at most m m-vertices are adjacent 10 x

Let u be nonadjacent to w and consider (S b,) <’ (F u) Then w € f(Kk;,) so
x» =f(a,) Therefore for everv vertex r which 1s nonadjacent 1o x we have r € f(k; )
This implies that [r u) € E(F) for every vertex u which 1s nonadjacent to w Since
there are n+1 such vertices u dg(r)2n We conclude that x 1s adjacent 1o all vertices

with degree less than n

If F has k 23 \-vertices

2g(F) 2 (n+m+2—k)+(k—=1)n+(n+m+2—Kk)m+(n+2—k)
= (m+3)n+m(m+1)+(k—=2)(n—m—2)

2 (m+3)n+m(m+1)
from which 11 follows that g(F)2q(G) ®

Thus a graph F with (S b,) < F and q(F)<q(G) must have exactlv three N-
vertices and everv m-vertex must be adjacent 10 exactly two of them (bv lemma 5 4 3
no m-vertex can be adjacent 1o all three \-vertices) Moreover lemma 5 4 5 savs that

any pair of m-vertices adjacent to the same two \-vertices are adjacent 1o each other

Lemma 548 letn 2 2m-1 Suppose that F has exactly three N-vertices and every
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m-verlex 1s adjacent 10 exactlv two of them Then F has at most 2m-2 m-vertices

Proof Let x \ and z be the \-vertices and C,, C,, and C,, be the sets of m-
vertices adjacent 1o the pairs of \-veruces {x v} {x z}and {y 2z} respecuively MNote
that by lemma 5 4 5 each of these sets induces a complete subgraph and has cardinality
al most m-1 If one of G, C,, C,1s empty there 1s nothing to prove so assume that
all of them are non-empty Let C,=V(F)—-C,, —C,,—C;, Wenote{x y z} € C,

Let veCoand (S by) <'(F v) We partiuon C, = A, |J A, |J A, according 1o
which vertex from {x y z}1s used for f(a;) If v € A, then Cy, € f(K, ) and hence v

1s adjacent to Cy, Similarlv v e A, (A,) implies that v 1s adjacent to C,, (Cy,)

We now fix v,y vy, vy, G, C,, C,, respectivelv and note that by the above
Vxy Vxz Vyzdre adjacent 10 Ay A, A, respectively These adjacencies include only one
of the two edges from each of vy, vy, Vy, 10 the \-vertices and we conclude the
number of edges from each of v,; V,, vy, 1s at least
Al + 1Al + 1A, 1 +3=1C,! +3
Since \,, 15 adjacent 1o |Cy, | — 1 vertices in C,, etc we have
3m 2 (1C,, | =1)+(IC,, | —1)+(IC,,!=1)+1C, 143

= 1Cy |+ I1C, I +I1C, I +I1Cyl = m+n+2

Therefore 2m—2 2 n a contradiction

W e conclude that at least one of C,, Cy, or C,, 1s empty It now follows that

there are at most 2(m-1) m-vertices R

Lemma 549 Letn>2m-1 If F satisfies the hypothesis of lemma 5 4 § then

q(F)2q(G)

Proof Let x vy and z be the N-vertices It follows from the proof of lemma 54 8

that some pair of \-vertices are not mutuallv adjacent to an m-vertex Therefore
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some N\-vertex x sav 1S ad]acem 10 every m-vertex

If x 1s also adjacent to all B-vertices then

2q(F) 2 2n+(m+n—1)+(m+n—1)(m+1)—(2m—-2)
= (m+3)n+m(m+1)+n—2m

2 (m+3)n+m(m+1)
from which 1t follows that q(F)2q(G)

We ma\ therefore assume that some B-vertex 1s nonadjacent to x Let C, C, and
C, be the sets of vertices excluding » v and z which are nonadjacent to x y and z
respectively let C.=V(F)—=C,—C,—C,—1{x v z} Note that C, contains no m-
vertices 1f inaddiuon C (C,) also contains no m-vertices then no m-vertices are
non-adjacent to v (z) Therefore all m-vertices are adjacent to » and v (x and 2z)
Since by lemma 5 4 5 all such m-vertices are adjacent 1t follows that there are at most

m-1 m-vertices Hence

2¢(F) 2 3n+(m—1)m+(m+n—1—m—1))(m+1)
= (m+3)n+m(m+1)+n—2m

2 (m+3)n+m(m+1)
from which 1t follows that q(F) 2g(G)

We may therefore assume further that both of C; and C, contain an m-vertex
Thus F contains at most 2(m-1) m-vertices (because there are at most m-1 m-vertices
adjacent 10 x and v (x and z)) Let ve W =V(F)—{x y z| and consider
(S by) <" (F V) If f(ag)=x then v 1s adjacent 1o C, Similarly for v and C, and for z
and C, Since both C, and C, contain m-vertices at most m-1 veruces of W can be
adjacent 1o each of them Thus at least n+m-1-2(m-1) = n-m+1 veruices of W are
adjacent to C, so every vertex in C, has degree at least n-m All vertices n

V(F)—C, —{x v z} which are not m-vertices must be B-vertices hence
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2q(F) 2 2n+(n+m—1—1C, | )+(n+m—1—1C, | )(m+1)—(2m—2)+(n—m) | C, |
= (m+3)n+m(m+1)+(n—2m—-2) IC, | +n—2m

2 (m+3)n+m(m+1)+2 > 2q(G)

The result now follows B
Combining Lemma s 5 4 4 through 5 4 9 we have proved
Theorem 5410 1{ n23m (m22) then

(m+3)n+m(m+1)
2

h(S b(;) =

and G 1s an extremal (S b,) graph

The methods used 1o prove theorem 5 4 10 can also be used to prove the follow-

ing results which we state without proof

Result 54 11 Llet 3m>n>3m-6 Then q(G)2h(S b,)2q(G)—1

Result 54 12 let 3m—62n22m n®3m-7 Then h(S by) =q(G)—1

(m+2)n+m(m+1)
2

Result 54 13 let 2m—1 >n>%m Then h(S b,) =

In addition we conjecture that G 1s an extremal graph for 3m>n>3m-6 and
n=3m—7 We also believe that the rotation number given in result 5 4 13 covers all

cases m<n<2m-1

Bevond the resulis mentioned above 1t seems very difficult 1o extend the methods
of this section to calculate the rotation numbers for the unresolved cases This 1s

because as n approaches m the number of \-vertices 1n a cadidate extremal graph

grows as a function of m It was the fact that this number 1s bounded for n?.%m

which enabled our approach to work



CHAPTER 6

CALCULATION OF SOME EDGE ROTATION NUMBERS

In this chapter we calculate edge rotation numbers and extremal graphs for the
graphs S=k; . UKy, (m €n)and Kk =k, |JK, (m € n) Ineach case both possi-

bilities for the root are considered

6.1 Edge Rotation Numbers for Unions of Stars

LetS=Kk,, U K1, (n 2 m) the graph pictured in figure 501 In this section
we calculate h (S [a, a;]) and h'(S [b, b;]) and exhibit the associated extremal
graphs

If n=1 or n=m then S 1s edge transitive so

h (S [a, a;]) =h(S b, b)) =n+m

The two following theorems cover all remaining cases

Theorem 611 letn>m=21 Then h(S[a, a;]) =2n

Proof Itis convement to think of F as being labelled so that a subgraph 1so-
morphic 1o S1s evident (1 e [a, a;] € E(F) and so on) Consider
(S [a, a;]) << (F [b, b;]) Then either b, or b; has degree at least n let x denote
this vertex If [x a,) e E(F) then (S [a, a;]) << (F [x a,]) implies the existence of a
verlex v which 1s incident with m edges not incident with x or a; Hence
q(F) 2 2n—1+4m 22n 1n this case 1If [x a,] € E(F) then clearly
q(F) 2 dgla,)+dp(x) 2 2n A graph which achieves this bound 1s constructed from
Ky, [J K, m by joining the “center” of the m-star 1o n-m vertices of degree one on the

n-star B
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Theorem 612 letn>m 21 Then h(S [b, b;]) =2n+1

Proof As above let the labels assigned to V(F) make explicit a subgraph 1so-
morphic to S Consider (S [b, b;]) <<' (F [a, a;]) This imples that there 1s

another vertex of degree at least n (=f(a,)) There are two cases to consider

CASE1 f(a,) =a, 1<k<n
Therefore a, 1s adjacent 10 n vertices different from a, Hence g(F) 2 n+n+m 2 2n+1

where m 1s the number of edges [b, b] 1<1<m

CASE2 f(a,) =b, 0%;€<m

Therefore b, 1s adjacent to n vertices from V(F) — {a,} Let v € N(b) n N(a,) and con-
sider (S [b, b)) <<®(F [v a)])If b, = gla,) then dg(b)) 2 n+1 and q(F) = n+(n+1)
Otherwise there 1s another vertex of degree at least n which 1s adjacent to n vertices
from V(F) —{a,} Since n22 this means that at least one edge not incident with a; or

b, has been found Therefore q(F) 2 n+n+1

In both cases 2n+1 has been established as a lower bound for q(F) A graph which
achieves this bound 1s constructed from Kk, - U K m by joining the "center” of the m-

star to n-m+] vertices of degree one 1n the n-star W

62 Edge Rotation Numbers for Unions of Complete Graphs

In this section we calculate edge rotation numbers for the graph K = K, U K,

where1 < m < n The cases m =1 and m = n are trivial

We will consider first the case where K 1s rooted at e,, an edge of k,

Lemma 6 21 1f (k e,) << F then F 1s bipartite
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Proof Suppose that F contains a cvcle C and consider (K e,,) <<’ (F e) Since
f(h;,) and f(K,) are complete adjacent vertices of C must be alternately in f(k ) and
f(N,) It follows that the length of C1s even Therefore F contains no odd circuits

and hence 18 bipartite B

In order to minimize g(F) 1t suffices 1o maximize q(F) Let H be the subgraph of
F induced by the set of vertices which are not isolated in F Suppose that H has k con-
nected components with bipartitions (L, V,) 1<1<k respectively Without loss of

generality we can assume | L, | 1V, 1<Kk

Lemma 622 1f (k ey) <<'(F e) then f(k,,) and f(k,) each contain exactly one of

L,or}, 1Sk

Proof Without loss of generality suppose that U; is contained partly in f(k,)
and partly in f(K,,) Let ve\, bein f(K,) the case where v € f(k,) 1s ssmilar Then
since f(k,) and f(Kk,,) are complete v is adjacent in H only to those vertices in L;
which are in f(Kk,) Similarly a vertex u € L, in f(k,) is adjacent in H only 1o those
vertices 1n \; which are in f(k,) But no pair of vertices in f(h ) may be adjacent in
H therefore there 1s no path in H from u to v contradicting the connectedness of

HU, UV, =

Lemma 6 23 1f k =1 (1e H has onlv one component) then qg(H) £ (m-1)(m-2)

Proof An application of lemma 6 2 2 with e joining a pair of vertices in \; gives
IV, €mand |, €£m Sincem < n there s a vertex x €V(F)—=L,;—\; Another
apphication of lemma 6 22 this time withe =[x v] ve\,yields [V;| € m—1 This
implies that there exists a vertex y = x € V(F)=V,—L; One more application of

lemma 6 2 2 this ime using e = [x v] vields IL,! € m—2 Therefore
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g(H) £ 1Ly 1V € (m—1)m=2)

as required B

Lemma 6 24 1f k > 1 then g(H) € (m-1)(m-2)

Proof An apphcation of lemma 62 2 withe = [u v] where u € L_, and v € |,

1 % jgives

IVii+ 2 I €m =12 Xk (61)
1)

since v € V' must be in f(k,,) and therefore all of V, must be contained in f(k,) It

now follows that

>IL, €m and NS m—k =1 2 K (62)

1

Bv (62) if iLi=N,1 1<:<k then m < n imphes there 1s a vertex x € V(F)—V(H)

Using lemma 6 2 2 with e = [x u] where u€ L, we find

K
Y Il € m-1 (6 3)
1=1

Otherwise suppose IL | < |\ | for some j Then (6 1) imples (6 3)

If 1V;! =m-1 then 1t follows from (6 1) that k=2 and IL,|=1 Applving
lemma 6 22 with e=[\; v,] vieV, 1=1 2 gives | V,1=1 Now m < n implies there
exists b € V(F)=V(H) Another application of lemma 6 2 2 this ime with
e=[b u] uel, vields IL; ! + /L, € m—1 We deduce that there 1s a vertex
c=be \V(F)=V(H) Yet another application of lemma 62 2 (e = b c]) gives

;! + 1L, £ m—2 Thus

g(H) € (m=1)(IL,| + 1L,1)

€ (m—1)(m—-2)

The case where |\, = m—1 1s similar

Otherwise V| € m—2 1)<k By (6 3) we have
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b
g(H) =Y 1L, IV,I

=1

€(m=2) F IL,I

< (m—2)m—1)
The result now follows B

We can now prove the main result of this chapter

Theorem 6 25 K., — Kp—1m—> 15 an extremal (K e, ) graph and

h(k ey, = - (m-1)

2
Proof This 1s just a straightforward verification that (K e;) << Kpy; -

KNi-1m—> and 1s left for the reader B

We now consider the case where K 1s rooted at e, an edge of Kk,

n(n—1) " m(m—1)

i - + m(n—m)

Theorem 6 26 h'(N e)) =

Proof Without loss of generality assume that V(F) 1s labelled to make a sub-
graph 1somorphic to Kk explicit  These are the K, and K, mentioned below Let e be an
edge of K, and consider (K e,) << (F e) This implies that each end of e (and there-

fore each vertex of K,,) 1s adjacent to at least n-m vertices of Kk, Thus

n(n—-1) 3 m(m—1)

(F) 2
atk) 2 2

+ m(n—m) A graph which achieves this bound may be

constructed from k U K., by joining each vertex of k. to n-m verticesof Kk, B
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APPENDIX A

PROPERTIES OF ROOTED SUBGRAPHS AND AN ALGORITHM

To calculate the rotation number h(G x) one must find the minimum number of
edges 1n a graph F such that (G x) < F The problem of deciding if a rooted graph
(G x) 1s a homogeneous rooted subgraph of a graph F 1s therefore closely related to the
problem of determining h(G 1) In this appendix we examine the problems
(G x) < (F y)and (G x) < F A backtracking algorithm which solves the former

problem (and therefore also the latter) 1s presented

We first present some miscellaneous results

Theorem A1 Let p(G) = p(F) If (G x) < (F y) then (F y) < (G x)

Proof Let (G x) <'(F y) Then fisa 1-1 mapping of V(G) onto V(F) and
[a b] € E(G) mplies [f(a) f(b)] € E(F) Therefore 1f [c d] € E(F)
[f=(c) f~)(d)] € E(G) or 1n other words [c d] € E(F) implies [f~'(c) ~%(d)] € E(G)

Since ™1 1s a 1-1 mapping of V(F) onto V(G) 1t follows that (F y) < (G x) ®

Theorem A2 1f (G a) << (F b) then (L(G) a) < (L(F) b) where L(X) denotes the

line graph of X

Proof Let (G a) <<'(F b) Then f 1s 2 1-1 mapping of V(G) into V(F) and
[u v] € E(G) implies [f(u) f(v)] € V(F) Thus f induces a 1-1 mapping from E(G) into

E(F) This 1s equivalent to a 1-1 mapping from V(L(G)) into V(L(F))

Suppose x and y are adjacent edges in G Then f(x) and f(y) are adjacent edges in
F or 1n other words [x y]e€ E(L(G)) imples [f(x) f(y)]e E(L(F)) Therefore
(L(G) a) <'(L(F) b) ®

51
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Corollary A3 1f (G e) << F then (L(G) e) < L(F)

Corollary A 3 provides an equivalent defimition of the edge rotation number

b'(G e) 1s the smallest number of vertices in a line graph L such that (L(G) e) < L

Given two arbitrary rooted graphs (G x) and (F v) the problem of deciding if
(G a) < (F y) s evidently equivalent 1o the subgraph isomorphism problem and
therefore 1s \P-complete One would expect that the problem of deciding if
(G x) < F for an arbitrary rooted graph (G x) and an arbitrary graph F 1s at least as

hard as the previous problem The following theorem shows that this 1s the case

Theorem A4 Given an arbitrary rooted graph (G x) and and arbitrary graph F the

problem of deciding if (G x) < F 1s NP-complete

Proof The problem 1s easily seen to be in \P A nondeterministic Turing
machine need only guess p 1-1 onto functions f, V(G)—=V(F) 1<:1<p and then check

to see that all of the required properties hold

The problem (C, 1) < F 1s exactly the hamilton circuit problem so the result

follows by restricting G 1o be a circuit with p(F) vertices B

We now describe a backiracking algorithm which given two p-vertex rooted
graphs (G x) and (F \) decides if (G x) < (F y) This algorithm may be used to

decide if (G x) < F bv applving 1t to each y € V(F)

Backiracking algorithms are based on the idea of intelligently enumerating the
solution space (in our case the set of all 1-1 mappings from V(G) into V(F)) by paru-
tioning 1t into mutually exclusive and exhaustive subsets It 1s hoped that this can be
done 1n such a way that only a small portion of the solution space must be examined

before a solution 1s found or we have determined that no solution exists
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In order to specify our algorithm we must describe strategies for
(1) Partitioning the solution space into mutually exclusive and exhaustive
subsets
(1) Eliminating nodes that do not lead to solutions
(11) Deciding which node 10 expand and how this should be done

Each of these i1ssues 1s tackled in turn

(1) Partitioning If there 1s a function f with the required properties it may be

found by examining all 1-1 mappings from V(G) into V(F)

Let us define a partial embedding of (G x) to be an ordered triple (g S L) where
S € V(G) gisa1-1 map from S into V(F) with the property that [u v] € E(G) imples
[g(u) g(v)] € E(F) and L 1s a family of subsets of g(S) which 1s indexed by S and gives
for each \ € S the set of possible images of v under an extension of g We shall say
that a partial embedding f 1s obrainable from g if and only if the restriction of f to S 1s
g

Using the above definitions we can describe our approach 1o the problem and
consequently the parutioning rule Each node corresponds to a partial embedding
When a node (g S L) 1s expanded 1ts children are {(g, S{J {v} L=M,)} where v e S
1 <1< k= IM,| g s theextension of g to SU {u,} u, €M, and M, 1s the set of
possible images of v The criteria for choosing (g S L) and v are described 1n section
(11) Note that every partial embedding obtainable from (g S L) 1s obtainable from
exactly one of 1ts children Hence the partitioning rule divides the space of partial

embeddings obtainable from (g S L) into mutually exclusive and exhaustive subsets

We require an imtialization The choice 1s obvious

((x y) {x} {M, | v=xeV(G) }) _
where u € V(F) 1s in M, 1f and only if dg(u) 2 dg(v) and [x v] € E(G) implies
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[y ul e E(F) It follows from the definition of the partitioning rule that using this
initialization all nodes generated are distinct and that all partial embeddings in which

X—y may be generated

(11) Elimination It 1s a waste of time 1o examine the children of a node which

cannotl be extended into an 1somorphism of (G x) into (F y)

A new piece of information 1s gained each time a child 1s generated Suppose that
In generating the child node v 1s mapped to u Therefore whenever [v w] € E(G) we
must also have [u z] € E(F) for all ze€ My, Thus we can scan the sets M, and elim-
inate possible mappings using the above rule (u can also be eliminated as it 1s now
used) If M, = @ for some a and S # V(G) we can conclude that the child cannot be

extended to produce a solution

The above elimination rule can be made much stronger The key 1s the following

theorem of Hall

Theorem [Hall] Let G be a bipartite graph with bipartition (A Y) where |\ [=]|Y|

Then G has a perfect matching 1f and only 1if

IN(S)I 2 IS forall SE X
In order to applv Hall s theorem to our problem we define a bipartite graph B

with vertex set S U g(_S) and edge set

E(B)={[la bl | aeS beglS[M,)
An extension of (g S L) into an 1somorphism of (G x) into (F y) corresponds to
a perfect matching in B Unfortunately not every perfect matching in B corresponds
to an 1somorphism However Hall s theorem enables us to deduce that if no perfect
matching exists the given node can not be extended to produce a solution Note that B

can be constructed 1in polynomial time and that we can determine 1n polynomial time
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whether B has a perfect matching [11] This elimination rule covers all of the cases

handled by 1ts predecessor and many more

(1) Expansion We require two rules one for deciding which node to expand
and another for deciding the vertex within that node to expand upon These rules
must be chosen with a view toward minimizing the total number of nodes to be exam-

ined

It would be nice if our node selection criteria had two properties
(1) A node likely 1o lead to a solution will be expanded "soon"
(2) A node unlikely to lead to a solution will either be expanded and elim-

inated "soon" or will be 1ignored while "more promising” nodes are considered

One would expect that a node "near" a solution would have few potential descen-

dants (1 e Z iM, | 1s small) a node which could be eliminated soon would have | M, |

ves
small for at least one v a node requiring lots of processing would have lots of poten-

tia] descendants (1 e z IM, | 1s large) This suggests three possible expansion rules
ves

Expand the node with

(1) smallest ) | M, |

(2) smallest IS17! ¥ 1M, |

(3) smallest | M, | for some v €S
Each of these rules gives rise to a variation of the algorithm We have implemented
(1) and (2) For the graphs in this thesis (and a few others) fewer nodes were gen-

erated when rule (1) was used (rather than rule (2))

The vertex expansion rule should complement the node expansion rule In view
of the fact that 1t 1s not efficient 1n terms of space (memory) to generate a lot of nodes

1l makes sense 10 expand on a vertex v with small | M, | and possibly dg(v) large
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Thus we could expand on the vertex v with
(1) smallest | M, |

(2) largest dg(v)

M, |
(3) smallest rrian

We have implemented (1) and (2) and have obtained mixed results Sometimes (1) 1s
better than (2) sometimes the opposite 1s true Rule (2) seems 10 be better whenever
G has a few veruices whose degrees are large compared to the rest of the vertices in G

and if F has the same propert)

The above discussion leads to the algorithm shown 1n figure A1 This algorithm
has been useful 1n finding many of the extremal graphs in this thesis A straightfor-
ward extension enables the algorithm to handles the cases where F has more vertices

than G
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INPUT (G x) and (F y)
queue = emply
initialize
while queue not empty do
(g S L) = queue_remove
if S=V(G) then
OUTPLT "(G x) < (F y)°
stop
else _
Let veS have smallest | M, |
For all ueM, do
generate the child corresponding to u
construct B for this child
if B has no perfect matching then
eliminate this node
else
insert this child into the queue
end 1f
next u
end 1f
end while
OUTPLUT "F has no subgraph 1somorphic to (G x) rooted at y"

The queue 1s kept ordered according to the node expansion criteria

Figure A1 An algorithm that decides (G x) < (F y)
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