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SupervISor E J Cockayne 

ABSTRACT 

Let G be a p-verte>. graph which 1s rooted at >. lnformdlly the rotation numbe, 

h(G x) 1s the smallest number of edges in a p-vertex graph F such that for every ver­

tex y of F there 1s a copv of G in F with x at y 

Firstly we charactenze all rooted graphs (G x) such that h(G x) = q(G) the 

number of edges; in G We also establish nec..es,ary and sufficient cond1t1ons under 

p 
which h(G >. ) = 2 Secondly rotat10n numbers are calculated for the graph S which 

1s a union of two stars h 1 n and h 1 m where n~m Each of the four poss1b1ht1es for 

r 
the root x 1s considered Th1rdly we extend the idea of rotat10n numbers to graphs 

rooted at an edge by defining the edge rotation number h (G e) For the~e numbers we 

charactenze all edge rooted graphs (G e) such that h (G e) = q(G) and establish neces-

sary and sufficient conditions under which h' (G e) = i Edge rotallon numbers are 

calculated for the graph S mentioned above and the graph which 1s a un10n of two 

complete graphs In both cases both poss1b1lit1es for the root are considered Finally 

we examine some properties of rooted subgraphs and descnbe a backtrack.mg algonthm 

which given two rooted graphs (G x) and (F y) decides 1f (G >. ) 1s a rooted subgraph 

of (F y) 

F Ruskey 
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CHAPTER 1 

INTRODUCTION 

A 1ooted graph 1s an ordered pair (G x) where G 1s a graph and x 1s a verte>. of G 

called the rOOI. Let F be a graph and (G x) be a rooted graph We say mformall v 

that ( G x ) 1s a homogeneous root.ed subg, aph of F 1f for every y E V(F) there 1s a copy 

of Gm F with x at y This property 1s denoted by (G :x ) < F 

The rotation numhe, h( G x) of the rooted graph (G x) with p vertices 1s the 

smallest number of edges m a p-verte>. graph F such that (G >. ) < F A graph for 

which this mm1mum 1<; achieved 1s called an extremal graph 

Rotat10n numbers \),, ere first defined by Cockay ne and Lorimer [5] who were 

motivated by [7] Smee their introduction rotal!on numbers and extremal graphs have 

been calculated for complete b1partne graphs [l 5 9) un10ns of c1rcu1ts [2 4) and lol­

lipops [10) It 1s the purpose of this thesis to contribute to the study of rotation 

number" 

In Chapter 2 a summary of the basic graph theory used m this thesis 1s presented 

Rota l!on numbers are formall y defined as 1s the analagous concept of edge rotation 

numbers The latter 1s an extension of the former to graphs rooted at an edge 

Chapter 3 presents a survey of previous work on rotation numbers namely the 

cakulauon of the extremal graphs and numbers for complete b1partne graphs unions 

of orcu1ts and lollipops The connection between rotallon numbers and mm1mum 

broadcast graphs 1s discussed We show tha t mm1mum broadcast graphs are also 

related to edge rotation numbers 

1 



All graphs G such that G 1s an e:>.tremal graph for (G x) are characterized m 

Chapter 4 as are all rooted graphs (G :i,.) for 'which K. 1 1~ an extremal graph The 

corresponding results for edge rooted graphs are dlso proven 

In Chapter 5 w e study rotallon numbers fo r uniom of two stdrs (1 e 

G = k 1 m LJ "- 1 n where n~m ) When G 1s not rooted al the center of km we are able 

to calculate all such numbers and give extremal graphs For the case when the root x 

1s the cemer of "- m we are able to calculate rotation numbers and extremal graphs 

when n=m and n ~ 3m Some e>. tensions of these results are also ment10ned 

2 

In Chapter 6 we direct ou r attenllon to edge rotation numbers These numbers 

and e>.tremal graphs are calculated for unions of two stars and unions of two complete 

graphs 

Fmall v m .\ppend1-x .\ we d1<;cuss the problem (G :i-. ) < F Some general 

theorems are proven the co mplexnv of the problem 1s examined and an algorithm 1s 

presented which giv en (G :i,. ) dnd F decides 1f (G x) < F 



CHAPTER 2 

PRELJMIN AJ<IES 

It 1s the purpose of this chapter to present a summary of the basic graph theory 

used m this thes1<; For a more detailed discuss ion of th is matenal the reader 1s 

referred to Bondy and Murty [3] or Harary [8] 

A graph 1s an ordered pair G = (V(G ) E(G) ) where V(G) 1s a finite set of vertices 

dnd E(G) 1s a set of unordered pa1rs of d1stmct vertices The elements of E(G) are 

called edges Throughout this chapter let G and H be graphs 

The number of vertices of G 1s denoted by p(G) and the number of edges of G 1s 

denoted by q(G) When no confusion can result we somel!mes write p and q for p(G) 

and q(G) respect1 vel v 

A. rooted graph 1<; an ordered pa1r (G :ll. ) 'IA here G 1<; a graph and x 1s a vertex of G 

called the roa. S1milarh an edge-rooted graph 1s an ordered pair (G e) where G 1s a 

graph and e 1.; dn edge of G called the , oor 

A.n edge [u "] E E(G) 1s Sd1d to be incident with the vertices u and v which are 

ref erred to as the ends of e the vertices u and v are also said to be mciaenl with the 

edge e Two vertices are ad;acenl 1f thev are modent with a common edge as are two 

edges incident v.Jth a common verteA Let SC V(G) and v E V(G) We say that v 1<; 

ad;acenr to S 1f v 1s adJacent to every vertex of S - !vl Two subsets S1 and S2 of 

V(G) are ad;acenl 1f each verte}. m S1 1s adJacent to S2 

For subsets S1 and S2 of V(G) we denote by [S1 S2] the set of all edges of G with 

one end m S1 and the other end m S2 A subset). of V(G) 1s called an mdependenl set 

3 
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1f ["\ '\] = 0 (1 e no edge of G hac:; both ends m \. ) 

The line graph L(G ) of a graph G has , erte-x set E(G) and edge set 

E(L(G)) = { [e1 e2] I e1 and e2 are adJacent m G} 

Two graphs G and Hare isomo, phic 1f there exist s a 1- 1 onto function 

f V(G)-+ V (H ) such that [u v ] E E(G) 1f and onl y 1f [f(u ) f (v)) E E(H) Such a func­

t10n f 1s called an isomorphism An automorphism of G 1s an 1~omorph1sm from G t o 

itself The set of all autom orphisms of G together with the operation of function 

compos1t1on 1s a group called the aut omorphism group of G and denoted by r(G) A 

graph G 1c:; ve,·te.\ -transiine 1f for an y two vertices u v E V(G) there 1s an automor­

phism o E r(G ) c;;uch that o (u ) = v G 1s edge-transitive 1f for anv two edges [u v] and 

[:x v ] of G ther e 1<; an a utom orphism /3 E r(G ) such tha t f3 ({u v )) = lx v) 

lf [u v] E E(G) for ev ery pdir of d1st m ct vertices u \, E V(C1 ) G 1s called a com­

plete g, aph \\ e w rne J.... , to denote the unique ( up t o 1somorph1srn ) complete graph on 

n vertJCec:; If\ (G ) can be paruuoned mto nonempty subsets).. and ) such that each 

edge of G has one end m "\ and the other m ) G 1s called a bipartite graph Such a 

partn1on 0, Y) 1s called a bipartition of G (note that ).. and Y are mdependent sets ) 

When },. and ) are adJacent G 1s called a complete biparlile graph We denote the 

unique (up t o 1somorph 1sm ) complete b1partne graph w ith I\. I= m and !YI= n by 

h m n .\ circulant graph 1c:; a graph G such that the cyclic group Zp(G) 1s a subgroup of 

r(G ) 

A graph H 1s a subgraph of G 1f there exists a 1-1 function f V(H)-+ V(G) such 

that [u v] E E( H ) implies [f( u ) f(v)] E E(G) If H 1'- a subgraph of G we call Ga 

supergraph of H Let (G x ) and (F y) be rooted graphs We sa y that (G x) 1s a 

roaed subgraph of (F y) 1f G 1s a subgraph of F and add1t1onallv f(x) = y We 

den ote this propert y by (G x ) < (F y) \\ hen we want t o emphasize that this 1s 
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accomrltshed under the funcllon f we v..,rne (G :>.. ) < r (F y) If ( G x) < (F y) for 

even \ E \'(F ) then we Sa\ (G :>..) 1s a lw mogeneous ,noted subgraph of (F y) and wnte 

(G :>.. ) < F S1milar1'v 1f ( G [u v ]) and (F [x v ] ) are edge rooted graphs we say 

(G [u v ] ) 1s an edic 11x.1ted subgraph of CF h y ] ) 1f G 1~ a subgraph of F and add1-

llonall\ f(lu \,f ) = {:x v} This; propertv 1s den oted b\ (G [u v )) << (F [x y]) 

\\' hen w e v.., ant 10 emphasize that th1c:; 1s accomplished under the function f we wnte 

(G [u v ] ) << 1 ( F [x y ]) If F 1s a supergraph of G and (G e) << (F c) for every 

c E E(F) -v.e sa\ ( G e) 1s a lwmogeneous edge-rooted subgraph of (F c) and wnte 

(G c) << F 

Let S ~ V(G) The subgraph of G induced b) S 1s the subgraph of G whose vertex 

set 1s Sand whose edge set os the set of all edgec:; m E(G ) which have both ends m S It 

1s denot ed G[S] S1m1l arl y 1f D ~ E(G) the subg, aph of G induced b) D 1s the sub­

graph of G wnh edge , et D and -v. hose verte:x set 1s the set of all vertices of G mc1dent 

\),., nh at least one edge m D ll 1, denoted G[D] Let H be a subgraph of G Vv e wnte 

G-H to denote the subgrdph of G with vertex set \'(G) and edge set E(G )-E(H ) 

Let G1 and G2 be subgraphs of G We say that G1 and G2 are vertex dis;oml 1f 

\ ' (G 1 ) n V(G 2 ) = 0 and edge dis;mnt 1f E(G 1 ) n E(G 2 ) = 0 

Suppose that G and H have d1sJomt vertex sets (and hence d1s3omt edge sets) 

The union of G and H denoted G LJ H has vertex set V(G) LJ V(H ) and edge set 

E(G) LJ E(H ) Vve someumes abbreviate G LJ G to 2G etc The ;om of G and H 1s 

denoted G+H and 1s formed from G LJ H by addmg al l possible edgec:; wnh one end m 

V(G) and the other m V(H) 

The degree dG( v ) of a verle). v E V( G) 1s the number of vertices of G to which v 1<, 

adJacent Vve someumes refer to a vertex of degree l... d'> a k-verle)._ The degree dG(e) 

of an edge e E E(G) 1c:; the number of edge!> of G with which e 1s adJacent 
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The following result 1s sometimes called the handshaking lemma - because when 

a number of people shake hand<; the total number of hdnds shaJ..en 1s always even 

RemarJ.. 21 ~ dG(v) = 2q (G) 
Vf\ ( G \ 

Corollar) 2 2 In any graph the number of vertices of odd degree 1s even 

2q(G ) 
The average degree of G equals ( ) 

pG 

A graph G 1s k-regula, 1f every vertex of G bas degree exactl y k and almost k­

regular 1f p( G )- 1 vert1ce<; have degree k and the remdinmg verte::>. has degree k+ 1 If G 

1s k - regular (al mos t J..-regular ) for some k we sav that G 1s regular {almost regular) 

I\ path in G 1s a finne nonempt y sequence of distinct vertices P = v<, v 1 vn 

<;uch that [v,_ 1 vJ E E(G) 1 ~1~n The vertices v(, and \ 1, are called the ongm and the 

ze1 nunus of P respect1\el\ The integer n 1s called the length of P 

Two ert1ces u dnd v of G are connected 1f there 1s a path m G with origin u and 

terminus\ Connection 1<; an equivalence relation and thu <; part1llons \, (G) into 

nonempt v subset<;\ 1 \ 2 Ym such that two vertices u and \, are m \,\ 1f and 

onl y 1f they are connected The subgraphs G[\ iJ G[\ 2 ] G[\, mJ are called the 

component s (or cc1nneczed components ) of G V. e say that G 1s connected 1f 1t bas 

exactly one component otherwise we say G 1s disconnected 

A circuzz or cvcle in G 1s a finite sequence of vert1ce<; C = v 0 \, 1 Yn v 0 such 

that the v, are d1stmct and [v, v,+ 1J E E(G) 0 ~ 1 ~ n (where add1t1on 1s modulo n+l ) 

The mteger n 1s the length of C and the circull C 1<; somel!mes called an n-circuu and 

denoted bv Cn A p(G )-circu1t 1s called a harrulron circuu and a graph which has a 

hamtlton circuit 1<; referred to as a hamiltonum grnph A tree 1s a connecte.9 graph 

which contains no circuits 



7 

The following result charactenzes those values of n for which Kn IS m some sen~e 

compo,ed ent!fely of hamilton Clfcu1t~ 

Theo, em 2 3 k n IS an edge d1s1omt umon of ham1lton circuit~ 1f and only 1f n 1s odd 

The n e:>..t theorem provides a useful charactenzauon of b1part1te graphs 

Them em 2 4 A graph G 1s b1part1te 1f and only 1f 1t contains no c1Tcu1ts of odd length 

Let v E V( G ) The npen neighbow hood of v denoted 1\G( v) 1s the set of all ver­

tices adpcent to, The clMed neighbourhood of v 1.;; '\dv ] = '\G(v) LJ {vi 

A. matching 1s a subset 1\1 of E(G ) such that no two of Jts elements are adJacent m 

G the tw0 ends of an edge m \1 are said to be matched If V(G[l\1]) = V(G ) we say 

that 'VI 1, d pe1-_fect matclung A perfect matching 1s also called a I-facto, A graph G 1s 

J-factwable 1f there are edge d1s1omt ] -factors F1 F2 F, . .;;uch that 

G = F1 LJ F2 LJ LJ Fn F1 F2 Fr, 1s called a 1 facwn=atwn of G The follow-

mg theorem t~lls when k n 1s 1-factorable 

Theorem 2 5 k n 1s 1-factorable 1f and only 1f n 1s even 

The vertex rolatwn number (or rotauon numbe,) h(G x) of the p-vertex rooted 

graph (G x) J<; defined to be the smallest number of edges ma p-verte>. graph F such 

that (G >.) < F Such a graph F 1s called an extremal (G x) graph 

ln figure 2 1 (d ) v. e show a rooted graph (G x) and a graph F such that 

(G >. ) < F Figure 2 1 (b) shows the copies of (G x) rooted at each verte>. of F h 1s 

eas, to sho\\ that h( G x) = 5 

1 he above concepts have an analog for edge rooted graphs The edge rotat wn 

number h (G e) of the r-verte:x edge rooted graph (G e) 1s defined to be the smallest 

number of edges map-vertex graph F such that (G e) << F Such a graph F 1s called 
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• 

an extreTTWl ( G e) graph 

c; F 
(a ) 

(b ) 

Figure 2 1 An example of (G x ) < F 

In figure 2 2 (a) we show an edge rooted graph lG e) and a graph F such thdt 

(C, e) << F Figure 2 2(b) shows the copies of (G e) rooted at each edge of F It 1s 

ea<;y to show that h'( G e ) = 5 

8 
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G F 

(a ) 

(b) 

Figure 2 2 An example of ( G e) << F 



CHAPTER 3 

PREVIOUS WORK 

It 1<; the purpose of this chapter to survey prev ious work on rotation numbers 

These numbers were first defined by Cockayne and Lorimer [5] whose mot1vat1on 

Cdme from a spec1dl c.,a~e of the problem studied by Farley et al [7] Smee their mtro­

ducllon rotauon number<; and extremal graphs ha ve been calculated for complete 

b1panne graphs [1 4 9) unions of circuits [2 4) and lollipops [10) We survey the 

re<;u]t<; for each of these cla<;ses of graph<; and the connection between rotation 

numbers and mm1mum broadcast graphs In the latter <;ecuon we show that 

minimum broadcast graphs are also related to edge rotation numbers '\o proofs which 

appear elsewhere are included m this chapter 

3 1 Mmrmum Broadcast Graphs 

Cons ider the problem of mformat10n d1ssemmallon m a communicat10n network 

(graph ) whereb) a single message known m1t1all y to one member (the source) 1s com­

municated to all members ( vert ices) This 1s to be accomplished by a sequence of 

phonf' calls over the edges of the network subJect to 

(1) t.ach phone call reqmres one unit of time 

( 11 ) A member ma v parllc1pate m at most one phone call per time unit 

(1J1) A,. member mav only call an adJacent member 

V•./e refer to this process as broadcasting 

For a p-vertex graph at least I log2p I t ime units are required to broadcast from 

an y source A minimum broadcast graph 1s a p-vertex graph with the smallest number 



of edges such that broadcac;;ting from an y source takes llog2p] time units 

Broadcasting from source u defines a rooted tree (T u ) When p = 2k there 1s 

onl y one such tree (Tk u ) which 1s defined recursively as follows (T1 u) = (K 2 u) 

Fork > l let CHi.-I r ) and (Si.-i s) be two d1s1oint cop1ec;; of (Tk-l u) Then 

(Tk u) = (((Rk-1 r) LJ (Sk-l s)) + [r s] r) 

'\ote that in order to broadcast in time k the first call must use the edge [r s] 

11 

If G hds 2' vertices broadcasting from source x 1s possible m time J... 1f and only 

1f (T, u ) < (G },. ) h follows that broadcasting in time k 1s possible from any source 

1f and onlv 1f (Tk u ) < (1 and the number of edgec;; in a minimum broadcast graph 1s 

h(T, u ) 

Theorem 3 1 1 [Fdrley Hedetn1em1 l\11tchell and Proskurowsk1 1979] 

In the proof of theorem 3 1 1 a famil y !Gi.l of minimum broadcast graphs such 

that g(Gi. ) = 1-_2k-l and (T k u ) < G, 1s constructed A '-hghtlv specialized version of 

their construction 1s the following G1 = k:, Fork > 1 G, = 2Gi.-l together with a 

set of edgec;; which forms a perfect matching between corresponding vertices in the two 

copies of Gi._1 (1 e the 1-1 onto mapping induced by these edges 1s an 1somorph1srn ) 

The rooted tree (T 3 u ) and the graph G3 are shown in figure 3 1 l 

If we root Tk at [u v] (see figure 3 11) then (Tk [u v]) << Gk and Gk has the 

minimum number of edges with respect to this property In other words 

Theorem 3 1 2 h (T k [u v]) = k2k-l and Gk 1s an extremal (T k [u v]) graph 

Proof Let F be an extremal (T k [ u v]) graph It suffices to show that k2k-l 1s 

-
the smallest number of edges required so that broadcasting from any source 1s possible 

in time k regardless of over which edge the in1t1al call 1s placed 
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u. 

Figure 3 1 1 The graphs (T 3 u ) and G, 

For broadca,;;ting to be possible m time k the number of "info rmed" vertices must 

double at each lime unit Therefore each vertex must have degree at least k This 

establishes k2 k-l as a lower bound for q(F) 

The proof w ill be complete 1f we can sho\), that (Tk [u v]) << Gk We do this 

bv mduct1on on k 

Basis If J... = 1 G1 = k 2 and the statement 1s true 

lnducz wn Assume that (Tk-l [u s]) << Gk-J Con.;;1der (Tk [u v]) << 1 (Gk e) If e 

1s an edge of the perfect matching between corresponding vertices m the two copies of 

Gk- I our problem 1s reduced to that of broadcasting m time k-1 from a vertex m each 

copy and this 1s possible by theorem 3 1 l Otherwise e JOms a pa1r of vertices m the 

same copy of Gk-J At time 2 let each of these verllces call the corresponding vertex 
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m the other copv l\i ote that the two called vertices are adJacent by construction The 

problem 1, no'w equi va len t to broadcas ting m ume k-1 m each copy whei:e the first 

calls are placed over e and its correspond mg edge But this 1s possible by the mducllon 

hv pothes 1<.. 

The re,ult now foll ow<. ■ 

1\11rnmum broadcast graphs prov ided the mouvauon for the study of rotation 

numbers E>.tremal (G x ) graphs are to genera l rooted graphs a,;; mm1mum broadcast 

graph'- on 2 • vert 1c~ <1re to the rooted trees (T 1. u ) 

3 2 Complete B1part1te Graphs 

Let G = k np- n (p >n ) and let JI. be a verte:>. of the defining independent set of size 

n 

If F 1s a p-verte:>. graph such that (G x) < F every v € \ ' (F) 1s man n-subset 

B, ~ V(F) ,;;uch that the b1partne subgraph of F induced b:_v [Bv BJ 1s complete 

Let X be a class of n- sub<;ets of S = { l 2 

the graph F(X ) to ha ve verte:>. set Sand 

pl such tha t LJ X= S We define 

E(F(X )) = l[d b] I aeB b€B for some BeX ) 

An eJ1.tremal (G ;,.. ) graph 1s 1somorph1c to a graph F(X ) with the smallest 

number of edge~ where the mm1mum 1s over all classes X 

l\n edge [a b] € E(F(X) ) 1f and only 1f for each B € X we have a€ B 1ff b € B 

This induces an equivalence relation on Sand 1t follows that F(X ) 1s a d1s1omt union 

of complete subgraphc; It 1s therefore convenient to tackle the problem of max1m1zmg 

q(F(X )) instead of the equivalent problem of mm1m1zmg q(F(X)) 

Rotation numbers for complete b1part1te graph,;; were first calculated-by Cockayne 

and Lonmer [5] 



Theorem 3 2 1 [Cod.a vne and Lonmer 1980) Let r = nq+r where r = 0 1 or n-1 

Then the complement of (q-1 )k n LJ 2h r LJ h r-r 1s the unique extremal graph 

14 

Carol.Zan 3 2 2 [Cocka v ne and Lonmer 1980) The conclusion of theorem 3 2 1 holds 

for n = 1 2 3 

The onlv case<; m which n = 4 or 5 not covered by theorem 3 2 1 are p = 4q+2 

r = 5q+2 and r = 5q+3 The extremal graphs for these cases are given m the next two 

result<; 

Theorem 3 2 3 [Cockav ne and Lonmer 1980) Let p = 4q+2 

(a) If q = 1 (G = 1'. 4 2 ) there are exactly two extremal graphs namel y h 6-3h2 and 

(b) lf q = 2 (G = h 4 6 ) there are three e>..tremal graphs namel y the complements of 

(c) If q > 2 then the complement of (q-2)1-....4 together with anv of the three graphs m 

(b) 1s an e:>..tremal graph 

Theorem 3 2 4 [Coc ka , ne and Lonmer 1980) 

(a) If r = Sq ,-2 then the unique e:>.tremal graph 1s the complement of 

(b ) If r = 5q +3 then the unique e»tremal grarh 1<; the complement of 

2:h~ LJ h 2 

(q-2)h5 LJ 3K4 LJ K1 
q = ] 

q ~ 2 

The above work was greatly extended by Bollobas and Cockayne [1] who 

obtained the follo'v. mg results 

Theorem 3 2 5 [Bollobas and Cockayne 1982) If n ~ p ~ 2n then the extremal graphs 

are the complements of 



2 
r~ - Cn-1 ) 

3 

2 
r~ - (n-1 ) 

3 
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Let :r = nq+r where O ~ r < n All ca,e~ m which q = 1 are covered by 

theorem 3 2 5 so assume q ~ 2 We define the graphs 

G1 = (q-1 )h 11 LJ h n-1 LJ (r+l )h J 

(q-n+r )h 11 LJ (n-r+l )k r-1 LJ k1 

( q + 1 )k ,,_uo LJ k uo 

where u,, = 
n-r 

Define the function s 
q 

.X.. ( u) = (r+2u )( n-u ) 

µ( u ) = (n-r+2u )( n-u ) 

Theorem 3 2 6 [Bollobas and Cocka yne 1982) For q ~ 2 n ~ 6 

(a ) If A( 1) < µ ( u 0 ) then <\ 1s the unique e>.tremal graph 

n-r -
( b ) If -- 1s mtegral and \ ( 1 ) > µ ( u 0 ) then G2 1s the unique e>.tremdl graph 

q 

n-r - -
(c ) lf -- 1s integral and A( l ) = µ ( u0 ) then G1 and G:, are the onl y two extremal 

q 

graph, 

Hel l and Haagv 1st [9] have calculated the rotatJon numbers and extremal graphs 

fo r all cases not covered by the above resu lts 

3 3 Un10ns of Crrcmts 

Let G = C,. LJ Cp-i.. where k < ~ and the root x 1s a verte>. of C,. ( the case where 

x 1s on Cp-k 1s trivial) If (G x) < F every v € V(F) 1s ma k-c1rcu1t whose delet10n 

from F leaves a ham1ltonian graph An extremal ( G >.) graph 1s a p-vertex graph wllh 
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the smallest number of edge~ and the above propert y 

The case where J... = 3 has been settled bv Cockayne and Fang [4] who proved the 

following theorem 

Theorem 3 3 1 [Cocka yne and Fang 1963] Let k=3 and p> 9 

(a ) If r = 0 (mod 3) then h(G x ) = 9P
2
+1 

(b ) If p = 1 (mod 3) then h(G x) = 9P
2
+8 

(c ) Ifp=2 (mod3 ) thenh( (1 -x)= 
9p+6 

2 

(d ) h (C3 LJ C:, x ) = 14 and h(C3 LJ C5 x ) = 15 

Extremal graph<: fo r the case v-,, here 3 d1 v1des p are shown m figure 3 3 1 The 

reader 1s referred to the paper by Cocka y ne and Fang for the others 

p o d d r, (._ , ' e.,\\ 

Figure 3 3 1 Extremal (C3 LJ Cr_3 x) graphs for 
the case when 31p 



The above work has been extended b, Bollobas Cocka y ne and Fang [2] They 

consider the ca<,e G = Ck LJ C, where 4 ~ k < r and the root x 1s on Ck A lower 

bound 1'- established for the rotation number and an infinite class of graphs which 

achieve the bound 1<, exhibited The bound 1s used to establish rotation numbers for 

the ca-.es k = 4 r :;t 3 or 4 (mod 7) 

The01·em 3 3 2 [Bollobas Cocka y ne and Fang 1964) Let p ;::: 2k+l (k ;::: 4 ) and 

(G x ) < F 6 Then the average degree of F 1s at least 2 + --
2k- 1 

lf (2k-l ) I p t he graph F depicted m figure 3 3 2 satisfies (G :x ) < F and 

achieves the lower bound of theorem 3 3 2 Thi" 1s sufficient to prove 

Theorem 3 3 3 [Bollobas Coc ka v ne and Fang 1964) If k ;::: 4 and (2k- l ) I p then 

/'. . 

r 
; .JYl_. 

• ' C , 

A 
' -

X 
V 

Figure 3 3 2 An extremal (Ck LJ Cr-k x ) graph 
for the case when (2k-1 )Ip 

17 



Bollobas Cockayne and Fang con3ecture that 1f (21.-1) doe" not d1v1de p the 

e},.tremal grdphs consist of about -
2 

p pa1Ts of k-c1Tcu1ts JOmed at a smgle vertex 
k-1 

together with some eHra edges to compensate for the md1 v1s1bil1ty This 1s the case 

-when 1. = 4 

Therwem 3 3 4 [Bollobas Cockayne and Fang 1964] Let q ~ 2 Then 

(a ) p = 7q+l implies h(C4 LJ Cr_4 x ) = 10q+2 

(b ) r = 7q+2 implies h(C4 LJ CP_4 x) = 10q+4 

Cc ) p = 7q-r-5 implies h(C4 LJ C
1

_ 4 x) = lOq+& 

(d ) r = 7q+6 1mphec;; h(C4 LJ Cr_4 },. ) = 10q+9 

In the case where r = 3 or 4 (mod 7) lo-wer bound s for h(C4 LJ Cr_4 },. ) have 

been calculated but no extremal graph<; ha ve been found However Bollobas 

Cockayne and Fang report that they have constructed graphs F wnh ( G x) < F and 

only one more edge than the bound specifies 

3 4 Lolhpops 

Let Ln be the n- verte},. lollipop graph I e a verte:\ a of degree one JOmed to an 

(n-1 )-cycle bo b1 

Holyer and Cockayne [10) have calculated rotation numbers for (L0 a) (L0 b0 ) 

Theorem 3 4 1 [Holyer and Cockayne 1984] h(L0 b0 ) = h(L 0 a)= 
3 
-n 
2 

18 

It turns out that m both cases each verte},. must have degree at least t-hree 

Extremal graphs depending on the pantv of n are shown m figure 3 4 1 When L0 1s 
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/ 

C r C 

I < C 

Figure 3 4 1 b trema l (Ln b0 ) and (Ln a ) graphs 

rooted al b1 the problem 1, mu ch m ore chall enging In this case Holyer and Cockayne 

lb 
prove that the average degree of F must be al least 7 This result arises from a care-

ful st ud \ of the number and arrangement of the vertices of degree two 

Theorem 3 4 2 [Holyer and Cock.ayne 1984] Let n ??: 5 

9 (a) 1f n :;E 3 (mod 7) then h(Ln b1 ) = 
7 

n 

(b) If n = 3 (mod 7) then 9 
-n 
7 
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f}.tremal graph, for the cases n = 0 3 or 6 ( mod 7) are shown m figure 3 4 2 

3.5 Conclusion 

ln this chapter we ha ve surveyed the w ork done to date on rotation numbers 

1\1ost of th1, work. has focussed on ca lculating the numbers and e}.tremal graphs for 

rooted graphs w here vert ice<; have two orb!ls (1f there 1s on ly one orbll then G J<; ver­

te>. trans 1t1 ve and (G x ) < G) Th is 1s not the case for loll1pop graphs but there the 

orbns ha ve order one or t"' o 

' 
t \-= (" (ff,c d 7) 

0 

Figure 3 4 2 Some extremal (L0 b1) graphs 
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Even for graphs wnh this simple structure the calculauon of rotation numbers 

appears to be a very difficult problem Determmmg these numbers for each class of 

graphs seems to require a detailed exammauon of the properties partJcular to that 

class This make,;; n difficult to believe that man y results of general applicab1lity will 

ever be proven We conJecture that given an arbitrary rooted graph (G x) the prob­

lem of determmmg h(G x) 1s NP-complete (m appendix A we show that given (G x) 

and F the problem of dec1dmg 1f (G x) < F 1s l\P-complete) 



CHAPTER 4 

COMPLETE EXTREMAL GRAPHS TRANSITIVlTY 

It 1s the purpo<,e of this section to prove four results concernmg vertex and edge 

rotation numbers All graphs such that G 1s an extremal (G x) graph are character­

ized as are all graphs sue h that ~ r 1s an extrema 1 ( G x) graph The correspond mg 

results for edge rooted grdphs are also proven 

It 1s clear that 1f G 1s vertex transltJ Ve h(G x) = q(G ) for any x € V(G ) The con-

verse 1s also true as we no\\ show 

Theo, em 4 I h(G x) = q(G) 1f and onl v 1f G JS verte>. transiti ve 

hoof Suppo<,e first that h(g >. ) = q(G) Then (G >. ) < G Hence 

(G JI.) < r (G y) implies that the mapping on E(G) mduced by f JS 1- 1 and onto since 

each edge of G JS mapped 1-1 to an edge of G Hence [f(u) f (v)] € E(G ) implies 

[u v] € E(G ) Combmmg this with the defi.n1t1on off we deduce that f 1s an automor­

phism 

Let a b € V(G ) We must find an automorphism g such that g(a ) = b Let 

(G x) < 0 (G a ) and (G x ) < /l (G b) Let g be the automorphism /300-1 Then 

g(a ) = {3(o-1(a) ) = {3 (x) = b 

as requ1red Therefore G 1s vertex trans1t1ve 

On the other hand 1f G 1s vene>. transn1ve (G x) < G by defi.nn1on ■ 

Theorem 4 2 Let p > 2 k r 1s an e:nremal (G x) graph 1f and only 1f either 

dG(x) = p-1 or G-x 1s 1somorph1c to K r- J 

22 
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Proof Suppose that dG(:x ) < p-1 and G-:>. 1s not 1somorph1c to Kp-l It follows 

that there 1<; a vertex y nonadJacent to:,.. and distinct vert1ce.:; a and b such that 

[a b]eE[G] Letf=1' r-[u v] Foreachz EV(f ) wew1llfindfsuchthat 

( G x ) < 1 ( F z) There are two cases to con.:;1der 

CA.SE 1 (G x) < 1 (F v ) 

Let f(v) = u and mar the remammg vertices many 1-1 fashion Smee the onl y pair of 

nonad1acent vert1ce.:; m F J<; {u vl 1t follows that (G :>.) < 1 (F v) 

CASE 2 ( G x ) < 1 ( F 'w ) 'w ;:cu v 

Let f (a ) = u f ( b ) = v and map the remammg vertices many 1-1 fashion Smee the 

onl ) pair of nonadJacent vet1ces m F 1s {u v) the result follows a.:; above 

Both cases have been considered <1nd the result now foll ows 

On the other hand 1f dG(:,..) = p-1 the conclusion 1.:; 0bv10us so assume G- :,.. 1s 1so­

morph1c to h 1.-J Let F be an e:xtremal (G x) graph and s t E V(F) Smee p > 2 there 

1s a verte>. 'w E V(F) w ;:cs t Consider (G :x) < 1 (f w ) Then[.:; t] E E(F ) becau.:;e 

f(G-:x ) 1s complete Hence all paJr<; of vertices m Fare JOmed bv an edge J e F JS com­

plete ■ 

The graph h::, shows that the cond1tion p > 2 cannot be omitted (smce k r x 1s 

1somorph1C to 1' 1 but h(k2 x) = O) 

Vve nov., prove the corresponding results for edge rooted graphs It JS clear that 

h (G e) = q(G ) for anv edge e whenever G 1s edge transitive The converse 1s also true 

Theorem 4 3 h'(G e) = q(G) 1f and only 1f G 1s edge transn1ve 

Proof Suppose first that h (G e) = q(G) Then (G e) << G Theref_ore the map­

ping on E(G) induced by f 1s 1-1 <1nd onto smce each edge of G 1s mapped 1-1 to an 
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edge of G Hence (G e) << 1 (G z) implies that f 1s a J -1 onto function on E(G) and 

so [f( u) f( v )] E E(G) implies [u v] E E(G) Combmmg this with the definition off we 

deduce that f 1s an automorphism 

Let s t E E( G ) \\ e want to find an automorphism g such that g(s ) = t Let 

(G e) << 0 (G s ) and (G e) <<fl (G t) Consider the dUtomorph1sm g = /300-1 Then 

g(s ) = {3(a-1(s )) = {3 (e ) = t 
as required Therefore G 1s edge transn1ve 

On the other hand It foll ows direct]\, from the definn1on of an edge trans1t1ve 

graph G that tran,;;1t1ve graph that h (G e) = q(G ) ■ 

v;e conclude th1~ section wnh a characten2<1t1on of all edge rooted graphs (G e) 

such that k r 1,;; an extremal (G e) graph 

Theorem 4 4 Let p > 4 k r 1s an extremal ( G e) graph 1f and on) v 1f either 

dG(e) = 2p- 2 or G-u-v 1s 1sornorph1c to k p- 2 where e = [u v] 

Proof Suppo,;;e that dG(e) < 2p-2 and G-u-v 1s non1somorph1c to k 1_ 2 It fol ­

lows that there 15, a vertex \\ E V(G ) which 1s nonadJacent to u \\ ;c v There are also 

vertices sand t m G-u-v such that [s t] ff E(G) For each edge e E E(k l'.- - [x y]) we 

v. ill find f such that (G e ) << r O·, r- [1 y ]) thus prO\-mg that k 1, 1s not an e1 tremal 

graph There are two cases to consider 

CASE l (G e) << r (k r [x a]) 

Let f( u ) = x f( v ) = a and f( w ) = y Map all remammg veruces m an arbitrary ] - l 

fashion Smee all edges e>.cept [>. y] are present this case 1s Ok 

CASE 2 (G e) << 1 (k P [a b]) a b ;c :x _ 

Let f( u) = a f( v ) = b f(s ) = x and f( t ) = y l\1ap all rem am mg vertices m-an arbnrary 

1-1 fashion Then as above we are done 
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Both case, have been considered and the re,ult no-w follows 

On the other hand 1f d G( e) = 2p-2 the re<;ult 1, obv1ou<; so <;uppose G-u-v 1s 1so­

morph1c to 1.r-? Let F be an extremal (G e ) graph '\ o generalitv 1s lost by assumin g 

that the vertices of Fare labelled 1dent1call y to those of G \\"e must shov. that an 

arbitrary verte>. w 1s adJacent to both u and \ Smee p > 4 and F-u-v 1~ complete 

there are vertices sand t d1stmct from u v and w such that [s t] E E(G) Consider 

(G e) << f (F [s 1]) Smee f(G)-f(u)-f(v) 1s complete and smce f (u) =sand f(v ) = t 

we deduce -w 1s adJacent t o both u and v Therefore F 1s complete ■ 

The graph 21-.. 2 shows that the hypotheqs p > 4 cannot be omitted (smce 21-.. r e 1s 

1sorn orph1c to 1-.. 2 but h l 2h 2 e) = 2 :;:c 6 ) 



CHAPTER 5 

ROT ATJON UMBERS FOR UNJONS OF STARS 

In this chapter we calculate rotation numbers for the graph 

S = h 1 n LJ h 1 m n~m This graph 1s illustrated m figure 5 0 1 and the vertex labels 

shown there are used throughout the chapter Each of the four poss1bil1t1es for the 

root 1s cons idered '\ot e that p(S) = n+m +2 Throughou t th1<; chapter F denotes a 

graph which ha<; a mm1mal number of edges with respect to the constraints imposed 

upon n 

u 
l,., 

Figure 5 0 1 The graph S = l<.1 n LJ h1 m 

h 

• 
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5 1 Calculat10n of h( S a<,) 

Theorem 5 1 1 h(S ap) = 
n(n+m+2 ) 

2 

27 

Proof Smee (S a11 ) < (F 'v) for everv v € \ (F ) each verte:x of F muc;;;t ha ve 

>, n ( n+m+2 ) 
degree al least n Hence 2q (F )1/n (n+m+2 ) or q(F ) ~ 

2 
To complete the 

proof of the theorem we construct graphs for which th is lower bound 1s achieved 

There are three cases to consider 

C .\SE 1 n 1s even 

Let F be the n-regular circulant graph with vertex set l O 1 n+m+l ) Vertices 1 

n n 
and J are Jomed 1f 1-2 ~ J ~ 1+2 ( where addJt1on 1s taken modulo n+m+2 ) For any 

1 E V(F) we must find a vertex J € V(F) such that 1 and J are not adpcenl and J 1s adJa-

cent t o all vertices nonad1acent to 1 But since n ~ rn the verte:x J = 1 + 

has this pro pert v 

C .\SE 2 n and m are both odd 

Let n+m-,-2 = 2r Take two d1sJomt copies of k , call them C(, and C1 Let 

v, ,l 1 = 0 1 For J = 1 2 

n+m+2 
2 

k = 1 2 n-r+ 1 ( \>v here addn10n 1s modulo r ) Let F be the result mg graph Smee 

F 1s n-regular n suffices t o find a verte:x which 1s adJacenl to all vertices nonadJacenl 

to a verte:x v , J and 1s nself nonadJacenl t o , J l\ote that all vert1ce5 nonadJacent to v , J 

are m C 1_ , and [ v0 1 v 1 ) (/ V(F) Therefore v 1_ , J satisfies all cond1t1ons 

C .\SE 3 n 1s odd and m 1s even 

Let m+n+ 2 = 2r+ 1 Take a copy of K.r r and a d 1sJomt verte:i-; z Let K.r r have b1part1-



lion(\. 1) where\.= h 1 :>,.2 Xrl and l = b1 Y2 

28 

Yrl Let V(F) = :X. LJ r LJ !z} 

E(F) 1s constructed from E(hr r) as follows Delete[:>,. , y.) l ~ 1 ~r Jom z to 

:>,. 1 l~1~r Jomzto yJ l~J~kwherel..=n+l-r Smcen+l 1seven so1<; 

y ,- 1 to yr In the graph con ­

<;tructed so far z has degree n+l and all other vertices have degree r There are now 

two subcases to con<.1der 

SlJBCASE 3 1 r I!> even 

F,_1 be a 1- factonzal!on of J,.,., where wnhout loss of generality 

F,_1 = ![1 2] [3 4] [r-1 r] l ~mce m;::: 2 n-d( v ) ~ r-1 for all vertices 

v ;r: z Also n-r ~ r-3 Add the edge, corresponding to F1 F2 F n-r to the 

subgraph!> induced by \. dnd I In the resulting graph z has degree n+ 1 and all 

other vertices ha ve degree n Hence 

q(F) = 

SGBCASE 3 2 r 1s odd 

n+l+n(n+m+l ) 
2 

= n(n+m+2) 

2 

If r 1s odd n-r 1s even Let C 1 C2 C , -I be a factonza lion of h . m to ham -
-2-

1lton circmts where without loss of generality C ,- 1 = 1 2 
T 

r 1 Smee 

n-2 r-3 
m :;?::: 2 n-d( v) ~ r-2 for all vertices v ;r: z Also -

2
- ~ -

2
- Add the edges 

corresponding t o C 1 C2 C n-r to the subgraphs induced bv A and ) In 
~ 

the re<;ultmg graph z has degree n+ 1 and all other vertices have degree n Hence 

q(F) = n(n+m+2 ) 
2 

In enher subcase the desired graph bas been constructed 

- !\ote that [:>,. , y,] fl E(F) and at least one of x and y, 1s adJacent to z 1 ~1~r Consider 

(S a0 ) < 1 (F v ) If v 1s z x 1 1s adJacent to all vertices nonadJacent to v Otherwise x 1 



(y,) 1<; nonadJacent to y , (>.,) and 1s adJacent to all verllces nonadJacent toy , (x,) 

The result now follow<; ■ 

5 2 Calculat10n of h( S a1) 

In this section we calculate rotat10n numbers for the rooted graph (S a1) We 

first dispense with the tri v ial case m = 1 

Theorem 5 2 I lf n=m= 1 then h( S a1) = 2 

P, oof When n=m= 1 S 1s 1somorph1c to K2 LJ 1\. 2 and hence 1s verte>. trans1-

t1 v e ■ 

S 1s n ot verte>. transitive unles<; m=n=l In what follows this cac;;e should be 

underst ood to be excluded 
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L emma 5 2 2 Let F be an extremal ( S a 1) graph Then OF ~ 2 F has at least two ver­

tices of degree at least n and either another v ertex of degree at least n or at least one 

vertex of degree at least m + 1 

Proof Smee (S a1) < (F v) for every v eV(F) every vertex 1s adJacent to aver­

tex of degree at least n It follows tha t F has at least two verllces of degree at least n 

Let x and v be two such vertices 

Suppose that x and y are the onl y two vertices of degree at least n Consider 

(S a1) < r (F >.) It follows that fCa 0 ) = y The verte>. v., = Hbc,) 1s adJacent to at least 

m vertices distinct from x and y but must also be adJacent to at least one of >. and y 

Therefore 1f there 1s not a third verte>. of degree at ledst n there 1s a vertex of degree 

at leac;;t m + 1 

Let zeV(F) dF(z) <m+l (note m+l ~ 2 ) and let v be a v ertex of degree at least n 

with [z \,] e E(F) \Ne claim that dF(z) ~ 2 Consider (S a1) < g (F v) Then either 



z € g(k 1 n) or z € g(k 1.m) In either case z 1s adJacent to a vertex d1ferent from v 

Therefore d~z) ~ 2 Smee m + 1 ~ 2 It now follo'w s that Of~ 2 

The result no'w follows ■ 

Theorem 5 2 3 If m=l and n>m=1 then h(S a1) = 2(m+n)-1 = 2n+1 

Proof By lemma 5 2 2 Of ~ 2 and there are at lea,t two vertices of degree at 

least n Hence 

2q(F) ~ 2n+2(m+n) = 4(m+n )-2 

1 e q(F) ~ 2(m +n )-1 This bound 1s achieved by a 5-circun 'when n=2 and when 

n > 2 by the graph formed from J.,. 2 + (};,_n +e) by JOmmg a dis Jo mt copv of k ~ to one 

vertex of the K 2 (1 e so that a triangle 1s formed ) ■ 

For the remainder of this section we consider only those cases where m ~ 2 

Suppose that F ha, only three vertices a b c of degree at least m and let 

30 

A = la b c} The mm1mahty of q(F) ensures that no two veruces of V(F) - A are 

adJacent (because nenher mav be f(bo) or f(a 0)) Therefore each of the m+n - 1 vertices 

of V(F) - A 1s adJacent to two (lemma 5 2 2 ) vertices of A and a further two edges are 

required to ensure that each vertex of ,\ 1s adJacent to a vertex of degree at least rn 

We conclude 

q(F) ~ 2(m+n-1 )+1 +1 = 2(m +n ) (2 1) 

and therefore an extremal graph F with fewer than 2(m+n) edges has at least four ver­

tices of degree at least rn 

Theorem 5 2 4 If n=m ~ 2 then h(S a1) = 2(rn+n)-2 = 4n-2 

Proof Suppose there exists an extremal graph F wnh fewer than 2(m+n) edges 

F must have at least four vertices of degree at least m=n Hence 1f k~4 vertices have 

degree at least m 
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2q (F) ~ kn+2(m+n+2-k ) ~ 4n+2( m+n-2) = 4m+4n-4 

from which it follo\\•S that q (F) ~ 2(m+n )-2 The graph 2(k 2 + kn_1) achieves the 

minimum ■ 

Rotati on nu mber<; fo r the remamm g case" are given m the following theorem 

Theo, em 5 ~ 5 If n > m ~ 2 then h(S a 1 ) = 2(m+n )-l 

P, oof B~ lemma 5 2 2 and (2 1 ) we need on! v consider the cases where four or 

more vertice,;; ha ve degree at lea<;t m Smee m ~ 2 

2q (F) ~ 2n+(m+l )+m+2 (n+m-2 ) = 4n+4m-3 

from which n follows that q (F) ~ 2(m+n)-1 Extremal (S a 1) graphs which achieve 

this bound 1s sho\\ n m figure 5 2 1 ■ 

5 3 Calculation of h(S b 1) 

In this section we calculate rotation numbers for t he rooted graph (S b1) The 

case where rn=n 1s covered m the previous section 

The following lemma 1s the key result m calculating rotat10n numbers fo r the 

rem am mg ca~es 

Lemma 5 3 1 Let n > m and F be an e:>. tremal (S b 1 ) graph Then there are three ver­

u ces :>. \ dnd z such that d F(x) ~ n dF(y) ~ n and dF( z) ~ m Furthermore 1f m > 1 

Proof It 1<; clear that at least two vertices x and :> must have degree at least n 

lt follows from cons1dermg (S b1 ) < (F x ) that there 1s another vertex z of degree at 

least m 

Let m> 1 v E V(F ) with dF(v ) < m Then v 1s adJacent to some vertex w of 

degree at least m Consider (S b1) < r (F w ) Smee"' ;cf(b0 ) we deduce that v 1s 
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2q (F) ~ kn+2(m+n+2-k ) ~ 4n+2( m+n-2) = 4m+4n-4 

from which 1t follO\l.·S that q (F) ~ 2(m+n )-2 The graph 20,. 2 + kn_1) achieves the 

minimum ■ 

Rotallon n um ber<; fo r the remaining case-, are gi ven m the following theorem 

Theo, em 5::? 5 If n > m ~ 2 then h(~ a 1 ) = 2(m+n )-l 

P, mf B\ lemma 5 2 2 and (2 1 ) we need onl v consider the cases where four or 

more vert1ce, have degree a t lea<;t m Smee rn ~ 2 

2q (F) ~ 2n+(m+1)+m+2(n+m-2 ) = 4n+4rn-3 

from which It follo\l.S that q (F) ~ 2(m+n )-1 E:xtremal (S a 1) graphs which achieve 

this bound 1s shown in figure 5 2 1 ■ 

5.3 Calculation of h( S b 1) 

In this secllon we calculate rotallon numbers for t he rooted graph (S b1) The 

case where m=n 1s covered m the previous section 

The following lemma 1s the key result m calculating rotat10n numbers for the 

remammg cases 

Lemm.a 5 3 1 Let n > m and F be an e:xtremal (S b1) graph Then there are three ver­

ll ces :x \ dnd z such that dF(x) ~ n dF(y ) ~ n and dF(z) ~ m Furthermore 1f m > l 

Proof It 1<; clear that at least two vert ices :x and ) must have degree at least n 

lt follows from cons1dermg (S b1) < (F :x ) that there 1s another vertex z of degree at 

least m 

Let m > 1 v e V(F ) 'with dF( v) < m Then v 1s adJacent to some vertex w of 

degree at least m Consider (S b1) <r (F w ) Smee w;z:f(b0 ) we deduce that v 1s 



n-,_ , e , ~ ' '-e::i \')'\- \ ~(,"t, '-...C. ':::, 

n = m+l 

h'\ \.JC::, {"~ 1 (._c;'...._ (\-(•('\·L. 1.J e1. \,(.L'c, ,-n -.ie<'t°\.:..~-, 

n > m+l 

Figure 5 2 1 Extremal (S a1 ) graphs when n > rn ~ 2 

adJacent to at least one other vertex so dF(\,) ~ 2 Smee m ~ 2 we conclude that 

OF~ 2 ■ 

32 
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Theorem 5 3 2 If m=l and n>m then h(S bi)= 2(m+n )- 1 = 2n+1 

Prwj lt 1s eas::, to see that fi ve edges are required when n=2 and seven edges are 

required v,.,hen n=3 Therefo re assume n ;:: 4 Bv lemma 5 3 1 there are at least two 

vertices :>. and \ of degree at least n If there 1s a third vertex of degree at least n then 

q(Fl ;:: 3n-3 ;::2n+l 

Consider now the case v,., here x and y are the onl y two vertices of degree at least 

nm F Suppose first that [x y]E E(F) Let (S bi) <1 (F :>. ) T hen f(a0)=y so 

d F(v) ;::n+l A c;1milar argument shows df(:>.) ;:: n+l Thus 

q(F ) ;:: 2(n+l )-1 = 2n+1 = 2(m+n )-1 

On the other hand suppose h y] e E(F) If dF(:>. )+dr( y) ;::2n+1 then so 1s q(F) 

Therefore ass ume dF(x) =dF(:-, )=n Smee F has n+ l other vertices x and y must be 

mutuall y adJacen t to n- 1 of them Thus at least n-1 > 0 verllces m V(F) - !x y} 

ha ve degree at least l WO Let V E '\i (>. ) n '\ (y) and consider (S bi ) <g (F v) If 

g(b;,) = >. we must ha ve g(a0 ) = y But smce y 1s adJacent to v this 1mphes that 

d F(v) ;:: n+J contrary to our assumpl!on The case where g(b0 ) = y similarly leads to 

a contrad1ct1on \\ e therefo re conclude that dF( v) ;:: 3 In add1t1on each of the two 

remammg vert ices must ha ve degree at least one (s mce we must have (S bi ) < (F u ) 

for every u E V(F)) Hence 

2q (F) ;:: 2n+3(n -1 )+2 = 5n-1 ;:: 4n+1 

from which It follows that q(F ) ;:: 2n+1 = 2(n+m )-1 

Thus 2(m+n )- 1 has been established as a lower bound for q(F ) This bound 1s 

achieved by the graph formed from k 2 n by JOmmg a verte>. of degree one to one of the 

vertices of degree three ■ 

Rotallon numbers for the remammg cases are calculated m the follo..ymg theorem 
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Theorem 5 3 3 Let n>m;:::2 Then h(S b1) = 2(m+n )-1 

Proof We will first sho\\ that a graph F with (S b1) < F and fewer than 

2(m +n )- 1 edges must ha ve exactl y two vertices of degree at least n (by lemma 5 3 1 F 

must ha ve at least t\\ O such vertices) \\e will then prove that 2(m +n )- 1 1s a lower 

bound on the n umber of edge'- of graphs m this cla<;s 

Suppose that m=2 (the case m>2 will be handled separatel y) Recall that c5F;:::2 

( lemma 5 3 1) If k.>2 vertices have degree at least n 

2q(F) ;::: k.n+2 (m+n+2-k. ) ;:::2n+l+2(n-rn ) ;::: 4n+4m-3 

\\. e conclude that q(F) ;::: 2(m+n )-1 m th1, case 

'\ o\\ <;uppose that m > 2 Suppose further that F has onl y three vertices a b c of 

degree at least m and let A.= la b cl The mm1mal1t v of F en, ures that no t'w O ver­

tices of V(F ) - A are adJdCent (because nei ther ma J be f(a 0 ) or f(b0 )) Therefore each 

of the m +n - 1 vertices of \'(F) - A 1<; adJacent to two ( lemma 5 3 1) vertices of A and a 

further two edges are required to ensure tha t each verte:x of A 1s adJacent to a verte:x 

of degree at led, t m \\. e conclude q(F ) ;::: 2(m+n-1 )+2 = 2(m+n )-1 m this case On 

the other hand suppose that three or more vertices have degree at least n and at least 

one other verte-x has degree at least rn Smee c5F;:::2 we deduce 

2q (F) ~ 3n+m+2(m+n-2 ) ~ 2n+2m+1+2(n+rn-2 ) = 4n+4m-3 

It now foll ows that 2(m +n )-1 1s a lower bound for q(F) m this case 

Therefore an extremal (S b1 ) graph wllh fewer than 2(m+n )-l edge, must ha ve 

exactl y two vertices x and y with degree at lest n By lemma 5 3 1 at least one other 

vertex has degree at least m and c5F ~ 2 

We claim that dix )+dF( y) ~2n+1 Suppose first that [x y]e E(F) and consider 

(S b1) <f(F x) ltfollowsthatf(a0 ) =_ and smcexef(K 1 m) dF(y)~n+l S1m1-

larl y dF(x ) ~n+l so dF(x )+dF( y )~2n+2 On the other hand assume [x y] f/ E(F) 
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Smee n>m there IS a verte:>. V E '\(:x ) n '\ (y) Consider (S b1) <g (F v) then one of 

x or\ must be g(a0 ) Smee, E g0., 1 m) dF(g(a<,)) ~n+l Therefore 

dF(x)+df(y ) ~2n+1 

1f m > 2 and e:xactl) one other \·erte, has degree m or m ore then as above we 

deduce q(F ) ~ 2(m+n-1)+l+l 

Oterw1se k > 1 vertices d1st mCl from >. and y have degree at least m and 

2q (F) ~ 2n+l +km+ 2(m+n-k ) 

~ 4n + 4m - 3 

smce m~2 This establishes 2 (m +n )- 1 as a lo\.\er bound for h(S b 1) .\n extremal 

(S b1) graph which achieves this bound 1s shown m figure 5 3 1 ■ 

5 4 Calculation of h( S b0 ) 

In this <;ecuon rotation numbers are calculated for the case where S 1s rooted at 

bc \\ e give the e>.act sol uuon when n=rn and n ~ 3m Some results concerning the 

cases where m < n < 3m are mentioned 

The case n=m 1, covered by theorem 5 1 1 so throughout this sect10n assume 

m > n \\ e now d1spen<;e with the tnv1a1 cases m=0 1 

The01em 5 4 1 If m=0 and n>m n;ie2 then h(S b0 ) = 2n+ l = 2(m+n )+ l If n=2 then 

h(S b0 ) = 4 

Proo/ If n=l then h(S be, ) = 3 = 2n+ 1 by Theorem 4 2 If n=2 then ll 1s easv to 

see that C4 1s an extremal (S b 0 ) graph So assume n > 2 Let the vertices of F be 

labelled 1dent1call y to those of S (1 e so that [a() ai] E E(F) and so on) Consider 

(S b 0 ) < 1 (F a0 ) If dF(a<.) = n+l then q (F ) ~ 2n+ l smce fCa 0 ) 1s adJacent ton ver­

t1ce<; d1ff erent from a <, Otherwise assume df(d11 ) = n There are now two cases to con­

sider 



ffi 2 .J.._(\ 1< .... r' 

Figure 5 3 1 An e:xtremal (S b1 ) graph 'when m~2 

CASE 1 fCa 0 ) = a, for some 1 1 ~ 1 ~ n 
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If dF( b<, ) = 1 then (S b0 ) < (F a,) implies that b0 1s adJacent to another verte:x a con­

tradJCtJon Otherwise ctib(.) ~ 2 But then q(F) ~ n+n+l smce b0 1s adJacent to a 

verte» d1ff erent from a, 

C <\SE 2 f( a<,) = b0 

1\ote that [b0 ai] E E(F) Consider (S bo) <g (F a 1 ) Smee [a0 b0] e E(F) g(a0);:ca0 



Therefore some other vertex 1s also ad3acent to a 1 whence q(F) ~ n+n+1 

Both case~ have been considered and 2n+ 1 has been established as a lower bound for 

q(F) Th1 <; bound 1"- achieved bv the graph 1-- 2 + k 1 ■ 

~mce 1' ? 1s \ erte» transn1ve the case m = 1 and n > m 1<; the same as w hen S v, as 

rooted at b1 \\ e therefo re ha ve the following result the proof of which may be 

found m Section 5 3 

Them cm 5 4 2 If m=l and n>m then h(S b,.) = 2( m+n )- 1 
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From this pomt onward as<;ume m ~ 2 Suppose that (S b0 ) < F We define a 

verte» of degree at lea<;t nm F to be an N-verle>.. A verte:>. v wnh m<dF(v) <n will 

be ref erred to as a B -verz e;,._ ( think Bet v., een ) \\, e observe that 8F ~ m and that F must 

have at least two '\ -vertices 

The maiorn y of the worJ.. m calculating rotation numbers fo r (S b0 ) invol ves a 

careful study of the number arrangement and connection between '\-vertices and m­

vert1ces ( 1 e vertices of degree m m F) 

Lemma 5 4 3 1\o m- vertex can be adJacent to a ll '\-vertices 

Prmf Let F be an extremal graph and suppose that v 1s an m-vertex which 1s 

adJacent to every i\ -verte:>. m F Consider (S b0) < r (F v) Smee div) = m 

f ( J-.. 1 m> = 1\[ v] But then all vertices m f( k 1.m) ha ve degree les<; than n so 1t 1s 1mpos­

s1ble to find an image of k I n (because none of these vertices ma y be f(a 0 ) ) This con­

tradicts our cho1c.e of Fa<; an extremal graph and the result no\\ follows ■ 

Lemma 5 4 4 If dF(\. ) <n then v 1s adJacent to an 1\-verte:>. 

P, ooj Smee dF( v) < n there 1s a vertex u E \ (F) such that [u v] e E(-F) Con­

sider (S b0 ) < 1 (F u ) Smee [u v] e E(F J v E f0" 1 n) l\ow dF(v ) <n 1mphes that 



v;cf(a0 ) therefore v 1s adjacent to an '\-vertex (namely Ha0 )) ■ 

Lemma 5 4 5 Let dF( u ) = dF( v ) = m If the set of '\ -vertices adJacent to u con tams 

the set of '\-vertices adjacent to v then [u v] E E( F) 
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P1wj Cons ider (S b(,) < r (F u ) Smee dF(u )=m f(h 1 m) = ;\'[u] Therefore no 

'\ -v erte>. adjacent to, can be Ha 0 ) This implies that v E HK 1 m) which implies that 

[u v] EE(F) ■ 

Bv Lemma 5 4 5 1f t'wo m-ven1ces are not adjacent we can conclude that each 1s 

adjdcent t o an '\ -vertex which 1s nonadJacent t o the other 

A.n upper bound on h(S b0 ) 1<; provided by the graph G which 1s cono;tructed as 

follow s Let H be an (m- 1 )-regular graph with n vertices (1f n (m-1 ) 1s odd let H be 

almost (m-1 )- regular ) Let 1 = H + h 1 G 1s formed by jOmmg each vertex m 

V(H) n V(I ) t o a d1stmgu 1shed vertex of h m+l ~ote that 

q(G) = (m+3 )n+m(m+l) 
2 

lt turns out that for any given m ~ 2 G 1s an extremal (S b0 ) graph for all but finitely 

man , value" of r 

Suppose that G 1<; not an extremal graph We will derive an upper bound for the 

number of '\ -vertices man e>.tremal (~ b0 ) graph F If F bask 1\-verl!ces and 

q(F) < q(G) then 

So 

l-.n+ (m+n+2-k)m < (m+3 )n+m(m+l ) 

k < 2 + n+m 
n- m 

( 4 1) 

l\ot1ce that for fixed m the nght band side of ( 4 1) 1s a decreasing function of n In 

parl!cular for n=3rn we get 
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k < 2 + 4
m = 4 

2m 

Therefore v. hen n ~ 3m an e:xtremal graph F with fewer edges than G must have 

either e:.xactl\ two or e>.actl\ three '\-vert1cec; V.e will show that no such graph can 

ex1c;1 m lemmas 5 4 6 t o 5 4 9 dnd hence establic;h G ac; an e:uremal graph for this case 

Lemma 5 4 6 If F has e>.acth two l\ - -vert1ces and (S brJ < F then q(F) ~q (G) 

Proof Let >. and y be the two 1\-veruces If F has no rn -vert1ces 

2q(F) ~ 2n+(m+n) (m+1 ) = (m+3)n+m(m+l) 

from which It follows that q(F) ~q(G) V. e ma y therefore assume that F has at least 

one m-verte>. z which without Joss of generality 1s adjacent to>. (note that by lemma 

5 4 3 z cdnnot be adjacent to v) 

V.'e claim that x 1s adjacent to every verte>.. except poss1bl) v Define 

CI = { u I [ u y] e E( F) u ;c >. l 
C2 = {v I [v x] e E(F) v ;c y) 

C 3 = V(F) - CI - C2 

'\ ote that z E C1 and that all verlices m C3 are B-vert1ces Let w E V(F) - {x y} and 

S1milarl\ y=fCa <, ) 1mpliec; that w 1s adjacent to CI Hence every vertex IS adjacent to 

C I or C 2 or both Smee C1 con tams an m-verte>. at most m+ 1 vertices can be adJacent 

to C 1 Therefore at least n+1 vertices are adJacent to C2 It follows that each vertex 

m C2 has degree at ledst n Bu t x and y are the only two '\-vertices m F so this IS 

possible only 1f C2=0 Therefore x 1s adJacent to everv vertex except possibl y y and 

the claim 1s proved 

It follows that a ll m-vert1ces are adJacent to x and hence by lemma 5 4 5 these 

m-verl!ces are adJacent Hence there are at most m of thec;e and at least n B-vert1ces 



2q (F ) ~ n+(n+m )+m 2 + ( m+1 )n ~ (m+3 )n+m (m+l ) 

from which 1t follow<: that q lF) ~q (G) ■ 

By Lemma 5 4 6 v., hen n ~ 3m we need only consider the case where F has 

exact l\ three '\ -veruce 
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Lemma 5 4 - Let n > m+ 1 If F has 3 or more '\ -vertices and some m-vertex 1s adJa­

cent to onl \' one of them then q(F) ~ q( G) 

P, no/ Let x be an '\ -vertex and w be an m-vene:x such that x 1s the only T\ -

verte:x to "'h1ch w 1s adJacent B} lemma 5 4 5 v- 1s adJacent to everv other m-verte}. 

adJacent to}. Thus at most m m-vert1ces are adJacent to }. 

Let u be non ad Jae en t to w and consider ( S b0 ) < r ( F u ) Then "- E fU-. 1 0 ) so 

}. = Ha0 ) T herefore for everv verte}. r which 1s nonadpcent to x we ha ve r E f (h 1 m) 

This implies that [r u] E E(F) fo r every vertex u which 1s nonadJacent to v., Smee 

there are n+ l such v ertices u dF(r ) :;::n Vve conclude that}. 1s adJacent to all vertices 

with degree less than n 

If F has l-.. :;:: 3 '\-vert1ce~ 

2q (F) :;:: (n+m+2-k )+ (k-1 )n+ (n+m+2-l-..)m+(n+2-k) 

= (m+3 )n+m(m+l)+(k-2)(n-m-2 ) 

:;:: (m+3)n+m (m+l ) 

from wh ich n follows that q(F):;::q(G ) ■ 

Thus a grarh F with lS b0 ) < F and q(F ) <q (G) must ha ve exactl v three l\: ­

vert1ces and everv m -verte}. must be adJacent to exactly two of them (bv lemma 5 4 3 

no m-vertex can be ad1acent to all three '\ -vertices) Moreover lemma 5 4 5 savs that 

an y paJr of m-veruce<; adJacent to the same two '\-vertices are ad1acent to each other 

Lemma 5 4 8 Let n :;:: 2m- l ~uprose that F ha exactl y three !\-vertices and every 
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m - vene:,, 1s adjacent LO e:,,a ctl v two of them Then F has at most 2m-2 m-vert1ces 

Proof Let :x \ and z be the '\-vertICes and CX\ Cxz and Cvz be the sets of m­

ven1ce; adjacent to the pairs of '\-veruce, l:x :>- l l:x zl and /y z) respectively l\ote 

that b\ lemma 5 4 5 each of these set<. induces a complete subgraph and has cardmahty 

at m o<.t m - 1 If one of Cx, Cxz C\Z 1!:> empty there 1s nothmg to prove so assume that 

all of them are non-empty Let C <, = V(F) - C"' - C,.2 - Cvz We note Ix y z) k C0 

Let v E C0 and (S b0 ) < r (F v) \\, e partn1on C0 = Ax LJ l\y LJ A 2 accord mg to 

which verte:x from Ix y z} 1<; used for fCa 0 ) If v E A x then C yz k f(K 1 ml and hence v 

IS adjacent to c \Z Similarly V E Av (Az) implies that V lS ad3acent to Cxz (Cyz) 

\\, e no\}, fi:x \ X\ Vxz v \Z m e x, c>-Z c )Z respectJvel v and note that by the above 

vx, Vxz vF dre adJacent to Ax Av A 2 respecti vel y These ad3acenc1es mclude onl :r one 

of the two edge<; from each of vx, Vxz \H t o the '\-vertices and we conclude the 

number of edge, from each of \xv \'xz V; z 1s at least 

I Ax I + I 1\ I + I A2 I + 3 = I C<, I + 3 

Smee \ X) 1s ad3acent to I Cx) I - l vertices m Cx) etc we have 

3m ~ ( I e x, 1-1 )+ ( ICXZ 1-1 )+ ( I c~ z 1-1 )+ I Co I +3 

= I C>-, I + I Cxz I + I C, 2 I + I C<, I = m + n + 2 

Therefore 2m-2 ~ n a contrad1 ct1on 

\\ e conclude that at lea<.t one of CX\ Cxz or C, 2 1<. empty It now follows that 

there are at mos t 2(m-l ) m -vert1ce!:> ■ 

Lemma 5 4 9 Let n > 2m - 1 If F satisfie the h'.) pothes1s of lemma 5 4 8 then 

q(F) ~q (G) 

Proo/ Let x y and z be the !\-vertices It follows from the proof of lemma 5 4 8 

that <;ome pair of '\ -vertices are not mutuall v ad3acent to an m-vertex Therefore 



some 1\-verte>. >. sav 1s adja cent 10 everv m -verte>. 

If x 1s also adJacent l o all B-vert1ces then 

2q (F) ~ 2n+ (m+n-1 ) + (m+n-1 )( m+ 1 )-(2rn-2 ) 

= (m+3 )n+m (m+1 Hn-2m 

~ (m+3 )n+m(m+J ) 

f rom w hich n fo ll ow !> that q (F) ~q (G) 
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\\ e ma \ therefore assume that some 8-vertex 1s nonadjacent to x Let Cx Cy and 

C7 be the set '- of vert1ce<.., excluding >. v and z \.\ h1ch are nonadjacent to x y and z 

re!,pecti vel) Let C<, = V(F ) - Cx - C, - Cz - b. y zl '\ ote tha t Cx cont.ams no m­

vert ices If in add 1u on C~ (C 1 ) also contains no m-vert1ces then no m-vert1ces are 

non-adjacent toy (z) Therefore all m-vert1ces are adjacent to >. and y (x and z) 

Smee by lemma 5 4 'i all such m-vert1ce!, are adjacent 1t folio\\ s that there are at most 

m-1 m-vert1ces Hence 

2q ( F) ~ 3n+(m-1 )m+(m+n-1-{m-1 ))(m+ 1) 

= (m + 3)n+m(m+l)+n-2m 

~ (m+3 )n+m(m+1 ) 

from which 1t foll ow s that q(F ) ~q (G) 

\\ e ma \ therefore a'>sume further that both of C) and C2 cont.am an m-verte>. 

Thus F contains at most 2( m- 1) m-vert1ces (because there are at most m - 1 m-vert1ces 

adjacent to x and v (x and z)) Let v € \\ = V(F) - !x y z) and consider 

(~ b0 ) < 1 (F \ ) If fCa c,)=>. then vis adjacent to Cx Similarly for y and C..., and for z 

and Cz Smee both C, dnd Cz contam m-vert1ces at most m-1 vertices of W can be 

adjacent to each of them Thus at least n+m- 1-2( m-1) = n-m+ 1 veruces of \\1 are 

adJacent to Cx so every verte:x m Cx has degree at least n-m All vertices m 

V(F) - Cy - l:x v z ) which are not m-vert1ces must be 8-vertices hence 



2q(F) ~ 2n+(n+m-1- I Cx I )+ (n+m-l- 1 Cx I )(m+l )-(2m-2)+ (n-rn ) I Cx I 

= (m+3)n+m(m+l)+(n-2m-2) IC I +n-2m 

~ ( rn+3 )n+m (m+l )+2 > 2q (G ) 

The re, u ll now follo'v. s ■ 

Combining Lemma, 5 4 4 th rough 5 4 9 we ha ve proved 

Theorem 5 4 JO If n~3m (m ~2 ) then 

and G 1s an e-.. t rem al (S b(/) graph 

(m+3 )n+m (m+l ) 
2 
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The methods u sed lo prove theorem 5 4 l O can also be used to prove the follow­

mg rec;;ullc;; which we state without proof 

Result 5 4 11 Let 3m>n>3m-6 Then q(G) ~h(S b0 ) ~q(G)-1 

Result 5412 Let3m-6~n~2m n:;z:3m- 7 Thenh(S b0 ) =q (G)-l 

3 
Result 5413 Let 2m-l>n~

2
m Then h(S b0 ) = 

(m+2 )n+m(m+l ) 
2 

ln ddd!l 1on we conJecture that G 1c;; an extremal graph for 3m > n > 3m-6 and 

n=3m- 7 \\ e alc;;o believe that the rotation number given m result 5 4 13 covers all 

c.:ases rn < n < 2m- l 

Bevond the result, menuoned above ll seems verv difficult to extend the methods 

of th1, secu on to calcu late the rotation numbers for the unresolved case,; This 1s 

because as n approac hes m the number of '\ -vert1ce,; ma cad1date extremal graph 

3 
grows as a funcuon of m It v-. as the fact thal this number 1s bounded for n ~ 

2
m 

which enabled our approach to worJ... 



CHAPTER 6 

CALCULA TJON OF SOME EDGE ROT A TJON NUMBERS 

In this chapter we calc u late edge rotallon numbers and e:xtremal graphs for the 

graphs S = h 1 rr LJ h 1 " (m ~ n ) and h = h.m LJ h 0 ( rn ~ n ) ln each case both poss1-

biln1es for the root are considered 

6 1 Edge Rotat10n Numbers for Unions of Stars 

Let S = I-... 1 m LJ k 1 n (n ~ m ) the graph pictured m figure 5 0 1 In this sect10n 

we calculate h (S [at, ai] ) and h' (S [bt, b1]) and e:xh1b1t the associated e:xtremal 

graphs; 

If n=l or n=rn then S 1s edge trans1llve so 

h (S [ao a1D = h (S bo b1D = n+rn 

The two foll o\l. mg theorems cover all remammg cases 

Them em 6 1 J Let n>rn~ 1 Then h (S [a0 a1]) = 2n 

P, wj h 1, con\,enient to thml- of F as bemg labelled so that a subgraph 1so­

rnorph1c to S 1, ev ident (1 e [at, a 1] E E(F) and so on) Consider 

(S [a ,, a 1]) << (F [b,, b1)) Then enher b(, or b1 has degree at least n let x denote 

th1!> vertex If h a0 ] E E(F) then (S [a0 ai} ) << (F [:x a0 ]) 1mphes the existence of a 

vertex y which 1s mc1dent with m edges not mc1dent with :x or a0 Hence 

q(F ) ~ 2n-1 +rn ~ 2n m this case If [A a0] (/ E(F) then clearly 

q(F) ~ dF(a0 )+dF(:x) ~ 2n A graph which achieves this bound 1s constructed from 

1-... 1 n LJ h 1 m by Jommg the "center" of them-star to n-m vertices of degree-one on the 

n-star ■ 
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Theorem 6 1 2 Let n > m ~ 1 Then h (S [be, b 1]) = 2n+1 

P, oof A.:; above let the ldbel <; as<;1gned to\, (F) make explicit a subgraph iso­

morphic to S Consider (S [b, b 1]) << 1 (F [a0 a 1]) This implies that there is 

an other verte:x of degree at least n (=f(a() ) ) There are two ca,es to consider 

C.\SEl f(a ,,) =ak l<k~n 
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Therefore ak 1s ddJacent ton vertices different from a1 Hence q(F) ~ n+n+m ~ 2n+l 

where m 1s the number of edges [b0 bJ 1 ~1~m 

C'.\SE 2 f(a ,,) = b1 O~J~m 

Therefore b , IS adpcent to n vertices from V(F) - la,J Let V € l\l(b) n N(ao) and con­

sider (S [bu b1]) << g (F [v aoD If b1 = g(au) then dF(b_) ~ n+l and q(F) = n+(n+l ) 

Otherv. 1,e there is another vene:x of degree at least n which is adJacent to n vertices 

from V(F) - la0 l Smee n ~ 2 this means that at least one edge not mc1dent with a0 or 

b.1 has been found Therefore q(F) ~ n+n+l 

In both cases 2n+ l has been established as a lower bound for q(F) A graph which 

achieves this bound 1s constructed from K. 1 -i LJ k 1 m by Jommg the "center" of the m­

star to n-m + 1 vert1cec; of degree one m the n-star ■ 

6 2 Edge Rotation Numbers for Unions of Complete Graphs 

ln this secuon v.,e calculate edge rotation numbers for the graph k = km LJ k 11 

where 1 < m < n The cases m = l and m = n are tnvial 

\\. e will consider first the case where k 1s rooted at em an edge of km 

Lemma 6 2 1 If (k em) << F then F 1s b1partne 
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Pl uof Suppose that F contains a c.. vc le C and consider ( 1'. em ) << r (F e) Smee 

f(k m) and f( k r.) are complete adJacent vertices of C mu<;t be alternately in f(},;,_m ) and 

f(}" r) lt folio\\<; that the length of C 1<; even Therefore F contains no odd c1rcu1ts 

and hen ce 1, b1part1te ■ 

In order to min1m1ze q(F) 1l ~uffi c.. e<; to ma>.1m1ze q( F ) Let H be the subgraph of 

- -
F induced b\ the set of vertices which are not isolated m F Suppose that H has k con-

nected components with b1parllt10ns (L, V,) 1~1~k respectively Wnhout loss of 

generalny we can assume I L , I ~ I V , I 1 ~1~k 

Lemma 6 2 2 If (k em) << r (F e) then f (k m) and f(}l, n) each contain exactly one of 

L , or \ , ]~1~k 

Proof \\ 1thout loss of generaln y suppose that L 1 1s contained partl y in f(k n) 

and partl y in f (k. m) Let v E \ 1 be in f(k 0 ) the case where v E f (h m) is similar Then 

since f(h 0 ) and f (k. m) are complete v 1s adjacent m H only to those vertices m L 1 

\\-h1ch are in f( k m) S1milarlv a vertex u E L 1 m f (k 0 ) 1s adjacent m H onl y to those 

vert ices m \ 1 which are m f (k. m) But no pa1r of vertices m f(k. m) may be adjacent m 

H therefore there 1s no path in H from u to v contrad1ctmg the connectedness of 

Lemma 6 2 3 If k = l (1 e H ha<; onl v one component) then q(H ) ~ (m-l)( m-2 ) 

Proof A.n app!Jcal!on of lemma 6 2 2 with e jOining a pa1r of vertices m \ 1 gives 

I \ 1 I ~ rn and I l I I ~ m Smee m < n there 1s a vene:x x EV(F)-l 1-\ 1 Another 

applicauon of lemmd 6 2 2 th1 <; time wnh e = [x v] v E \ 1 yield<; I \ 1 I ~ m-1 Thi.;; 

implies that there e>.1sts a vertex\ ;c x E V ( F )-\' 1-L 1 One more application of 

lemma 6 2 2 th1~ time uc;;mg e = [x v] v 1elds i l., 1 I ~ rn-2 Therefore 
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q(H) ~ l l 1 I 1\ 1 I~ (m-1)(m-2) 

as requ ired ■ 

Lemma 6 2 4 If k > 1 then q(H) ~ (m-l)( m-2 ) 

P,o .. ,j .\n applicauon of lemma 6 2 2 \\Jth e = [u v] 'vvhere u E LJ and v E \ , 

1\' , 1 + i: I L 1 I ~ m 1=1 2 k (6 1) 
,,,. J 

s;mce , E \ must be in f( 1'.. m) and therefore all of \ , must be con tamed m f( 1'.. m) It 

no\),, folio'>-~ that 

and I \ J I ~ m-k J= 1 2 k (6 2) 

Bv (6 2 ) 1f IL ,! = I\ ,! 1 ~1~k then m < n implies there 1s a venex >. E \'(F)-V(H) 

L,smg lemma 6 2 2 wnh e = [>. u] where u E l,, 1 'we find 

).. 

L IL , I ~ m-1 (6 3) 
i=l 

Otherwise suppo '-e IL JI < I \ I for some J Then (6 1) implies (6 3) 

If I \ 1 
1 = m-1 then it follo'->-s from (6 1) that k=2 and I L 2 I =1 Appl v mg 

lemma 6 2 2 wnh e=h 1 v2 ] v ,E \ ', 1=1 2 gives I V 2 I =1 '\:ow m < n implies there 

exis t s b E \ ' (F )-V( H ) Another applicauon of lemma 6 2 2 this ume with 

e=[b u] u E L 1 y 1e)d<; I L 1 l + IL 2 I ~ m-1 Vve deduce that there 1s a vertex 

c~ b E \ ( F )- \'(H ) 1 et another application of lemma 6 2 2 (e = [b c]) gives 

IL 1 I + 1 L::, ; ~ m-2 Thus 

q(H ) ~ (m-1)( I L 1 I + I l --:? I) 

~ ( m-1 )( m-2 ) 

The case where I \ 2 , = m-1 1s similar 

Otherw1<;e I\ , I ~ m-2 1 ~1~1. By t6 3 ) we ha ve 
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q(H ) = L I L , I I v , I 
i=l 

~ (m-2 )( m-1 ) 

The result no'w follow<; ■ 

\Ve can no"v. prove the mam result of this chdpler 

Theorem 6 2 5 k m+,, - k m-I m-2 1s an extremal (k em) graph and 

m+n 

2 
- (m-1) 

Proof Th1<; 1s JUSt a straightforward venficat1on thal ( k em) << h m+ n -

h m-1 m-2 and 1s left for the reader ■ 

We now consider the case where h 1s rooted at en an edge of h " 

Theorem 6 2 6 h'( h ) = n(n-1 ) + m (rn-1) + ( _ ) en 
2 2 

m n ID 
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Proof Wnhout los<; of generaln v assume that V (F) 1s labelled to make a sub­

graph 1somorph1c to h explicn These are the h n and h n, menuoned below Let e be an 

edge of h m and consider ( h en) << (F e) This implies that each end of e (and there­

fore each vertex of h m) 1s adJacent t o at least n-m ven1ce<; of h n Thus 

>- n(n-1 ) m (rn-1) 
q( F ) ,,.. 

2 
+ 

2 
+ m(n-m ) A graph which achieves this bound may be 

constructed from h r. LJ k m by JOmmg each vertex of h rr lo n-m vertices of h n ■ 
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APPENDIX A 

PROPERTIES OF ROOTED SUBGRAPHS AND AN ALGORITHM 

To calculate the rotation number b(G x) one must find the mmimum number of 

edge,; m a graph F such that (G >.) < F The problem of dec1dmg if a rooted graph 

(G :x) is a homogeneous rooted subgTdph of a graph Fis therefore closely related to the 

problem of determmmg h(G 2,) In this appendix we examme the problems 

(G :x) < (F y) and (G x) < F A bad.tracking algorithm which solves the former 

problem (and therefore also the latter) is presented 

V. e first present some miscellaneous results 

Theorem A 1 Let p(G) = p(F) If (G x) < (F y) then (F y) < (G x) 

Proof Let (G x) <r (F y) Then f is a 1-1 mappmg of V(G) onto V(F) and 

[a b] E E(G) implies [f(a ) f(b)] E E(F) Therefore if [c d] e E(F) 

[f-1(c) r-1(d)] ,t E(G) or mother words [c d] E E(F) implies [f-1(c) r-1(d)] E E(G) 

, - -] -
Smee r-1 1s a 1-1 mappmg of V(F) onto V(G) It follows that (F y) < r (G x) ■ 

Theorem A 2 If (G a) << (F b) then (L(G) a) < (L(F) b) where L(X) denotes the 

lme graph of A 

Proof Let (G a ) << r (F b) Then f 1s a 1-1 mappmg of V(G) mto V(F) and 

[u v] E E(G) 1mphes [f(u) f(v)] E V(F) Thus f mduces a 1-1 mappmg from E(G) mto 

E(F) This is equivalent to a 1-1 mappmg from V(L(G)) mto V(L(F)) 

Suppose x and y are adjacent edges m G Then f(x) and f(y) are adjacent edges m 

For mother words [x y] E E(L(G)) implies [f(x) f(y)]e E(L(F)) Therefore 

(L(G) a) <r (L(F) b) ■ 
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Coral.la,, A 3 If (G e) << F then (L(G) e) < L(F) 

Corollar:-, .\ 3 provides an equJ\,alent defm1t1on of the edge rotation number 

h'(G e) 1s the smallest number of ven1ces ma lme grdph L such that (L(G) e) < L 

G1\ en two arbnran rooted graphs (G x ) and (F v) the problem of dec1dmg 1f 

(G >,. ) < (F y) 1~ ev identl y equivalent to the subgraph 1somorph1sm problem and 

therefore 1s '\P-complete One would expect that the problem of dec1dmg 1f 
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( G x) < F for an arbitrary rooted graph ( G x) and an arbitrary graph F 1s at least as 

hard as; the prev ious problem The following theorem shows that this 1s the case 

Theorem A 4 Gi ven an arbitrary rooted graph (G :ll.) and and arbitrary graph F the 

problem of deciding 1f (G :x ) < F 1s "-\P-complete 

Proof The problem 1s easil y seen to be m 1\P .\ nondetermin1st1c Turing 

machine need onl y guess p 1-1 onto functions f , V( G)- V(F) 1 ~ 1 ~ p and then check 

to see that all of the required properties hold 

The problem ( C1 >,. ) < F 1s e:ll.actl v the ham1lton c1rcun problem so the result 

follow s b\ restncting G to be a circuit with p(F) vertices ■ 

\\I e now des;cnbe a back track mg algonthrn which given two p-verte:x rooted 

graphs (G x) and ( F \ ) decides 1f (G x) < (F y) This algornhm may be used to 

decide 1f (G :ll. ) < F bv applvmg n to each y e V(F) 

Back tracking algorithms are based on the idea of mtelhgently enumerating the 

solut10n space (in our case the set of all 1-1 mappings from V(G) into V(F)) by part1-

t1oning 1t into mutuall y exclusive and exhaustive subsets It 1s hoped that this can be 

done in such a wav that only a small portion of the solution space must be examined 

before a solut10n 1s found or we have determined that no solut10n exists 



In order to speofy our algonthm we must descnbe strategies for 

(1) Part1t10ning the sol ution space into mutuall y exclusive and exhaustive 

subsets 

(11) Ehminating nodes that do not lead to solutions 

(111) Deciding which nod e to expand and how this should be done 

Each of these issues 1s tackled in turn 
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(1) Part1t10nmg If there 1s a funct10n f with the required properties ll may be 

found by examining all 1-1 mappings from V(G) mto V(F) 

Let us define a partial emheddmg of (G x) to be an ordered tnple (g S L) where 

S ~ V(G) g ts a 1-1 map from S into V(F) with the property that [u v] e E(G) implies 

[g(u ) g(v)] E E(F) and L 1s a family of subsets of g(S) which 1s indexed by Sand gives 

for each v e S the set of possible images of v under an extension of g Vve shall say 

that a partial embedding f 1s obtainable from g 1f and only 1f the restncuon off to S 1s 

g 

Lsmg the above defin1t1ons we can descnbe our approach to the problem and 

consequently the partitioning rule Each node corresponds to a partial embedding 

When a node (g S L) 1s expanded its children are l(g, SLJ lv} L-1\1J} where v ES 

1 ~ 1 ~ k = I \1, I g, 1s the extens ion of g to S LJ l u,} u, E l\1v and Mv 1s the set of 

possible images of v The cntena for choosing (g S L) and v are descnbed in section 

(111) ~ote that every partial embedding obtainable from (g S L) 1s obtainable from 

exactl y one of Its children Hence the part1t1onmg rule d1v1des the space of partial 

embeddings obtamable from (g S L) mto mutually exclusive and exhaustive subsets 

We reqmre an m1t1ahzauon The choice 1s obv ious 

((x y) {x} !M, I v ¢xeV(G) }) 

where u E V(F) 1s m Mv 1f and only 1f dF( u ) ~ dG( v) and [x v] E E( G) 1mphes 



54 

[y u] E E(F) It follows from the definition of the part1t1oning rule that using this 

in1t1ali?.at1on all nodes generated are distinct and that all partial embeddings in which 

x -y may be generated 

(11) Eh.mmat1on It 1s a waste of time to examine the children of a node which 

cannot be extended mto an 1somorph1sm of (G x) into (F y) 

A new piece of mformat1on 1s gamed each time a child 1s generated Suppose that 

m generating the child node v 1s mapped to u Therefore whenever [v w] E E(G ) we 

must also have [ u z] E E(F) for all z E Mw Thus we can scan the sets M,.. and elim­

inate possible mappings using the above rule ( u can al,;;o be eliminated as 1t 1s now 

used) If 1\10 = 0 for some o and S ~ V(G ) we can conclude that the child cannot be 

e:x tended to producf a solution 

The above elimmauon rule can be made much stronger The key 1s the following 

theorem of Hall 

Theorem [Ha ll ] Let G be a b1part1te graph with b1part1t1on ( >.. ) ) where I A I= I Y l 

Then G has a perfect matching 1f and onl y 1f 

I l\(S) I ~ IS I for all S ~ "\ 

In order to applv Halls theorem to our problem we define a b1part1te graph B 

with verte:x set S LJ g(S) and edge set 

E(B) = {[a b] I a € S b € g(S) n M3 } 

An extens ion of (g S L) into an 1somorph1sm of ( G x) into (F y) corresponds to 

a perfect matching in B unfortunately not every perfect matching in B corresponds 

to an 1somorph1sm However Hall s theorem enables us to deduce that 1f no perfect 

matching exists the given node can not be extended to produce a solution Note that B 

can be constructed m pol ynomial ume and that we can determine in polynomial time 



whether B has a perfect matching [ 11] Th 1, ehmmat10n rule covers all of the cases 

handled by ns predecessor and man:- more 
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hn) Expansion We require t\lvO rules one for dec1dmg which node to expand 

and another for deodmg the verte>. wnhm that node to expand upon These rules 

must be chosen wllh a v ie\),, tov.ard mm1m1z111g the tota l number of nodes to be exam­

med 

It would be nice 1f our node select10n cntena had two properties 

( ) 
II II 

l A node hk.el y to lead to a solution will be expanded soon 

(2) A node unlikely to lead to a solution will either be e:i-.panded and ehm­

mated "soo n" or will be ignored while "more prom1smg" nodes are considered 

One would e>.pect that a node "near" a solut10n would have fe\lv potenual descen­

dant c.; (1 e L 1 \1, I 1s small) a node which could be ehmmated soon would have IM, I 
v~s 

small for at least one v a node requmng lots of processing would have lots of poten­

t1dl de~cendants (1 e [ 11\1, I 1s large) This suggests three possible expansion rules 
VfS 

Expand the node with 

( l ) c.;mallest [ 11\1. I 

(2) smallest I S 1- 1 L I M, I 

( 3 ) small est I M, I for some v e S 

Each of these rules gives nse to a vanat1on of the algorithm We have implemented 

(l) and (2) For the graphs m this thesis (and a few others) fewer nodes were gen­

erated when rule (l) was used (rather than rule (2)) 

The vertex expansion rule should complement the node expansion rule In vie\),, 

of the fact that It 1s not efficient m terms of space (memory) to generate a Jot of nodes 

It makes sense to e>. pand on a vertex v with small 11\1.v I and possibly div) large 



Thus we could expand on the vertex v with 

(1) smallest I M v I 

(2) largest d G( v) 

1 M, I 

( 3 ) smallest ( ) 
d G V 
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We ha ve implemented ( 1) and (2) and have obtained mixed results Sometimes (1) 1s 

better than (2 ) somellmes the opposite 1s true Rule (2) seems to be better whenever 

G has a f e\). veruces whose degrees are large compared to the rest of the vertices m G 

and 1f F has the sa me propertJ 

The above d1scuss1on leads to the algorithm shown m figure A 1 This algorithm 

has been useful m fi.ndmg man y of the extremal graphs m this thes is A straightfor­

ward extension enables the algorithm to handles the cases 'where F has; more vertices 

than G 



INPLT (G x ) and (F y ) 
queue = empty 
in1t1ahze 
while queue not empt y do 

(g S L) = queueJemove 
1f S=V(G) then 

OCTPCT "(G x) < (F y )" 
stop 

else 
Let v e:S ha ve smallest I Mv I 
For all ue:1\1, do 

generate the child corresponding to u 
construct B for this child 
1f B has no perfect matching then 

eliminate this node 
else 

insert this child into the queue 
end 1f 

next u 
end 1f 

end while 
OL TPL T "F bas no subgraph isomorphic to (G x ) rooted at y" 

The queue 1s kept ordered according to the node expansion cntena 

Figure A 1 An algonthm that decides (G x) < (F y) 
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