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ABSTRACT 
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one-to-one mappmg between the two types of Dumont permutations was conJectured 
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1 Introduction 

This thesis 1s concerned with the generat10n of certam types of restn cted permu­

tat10ns That 1s, all the objects bemg considered for generat10n are subsets of the 

permutat10ns of the numbers from 1 through n mclus1ve, for some n 

We will be concerned with the efficiency of any algonthms developed In general, 

algonthms to generate combmaton al objects such as permutat10ns are considered to 

be mtractable This 1s due to the exponential mcrease m number of objects with 

mcrease m size of mput 

Smee the classical theory of computat10nal complexity only deals with the dif­

ference between polynomial and nonpolynomial tune, the class reduct10ns from that 

theory will be of little use to us All the generat10n algonthms considered here will 

necessanly mvolve nonpolynom1al time due to their nature 

We will, however, be concerned that the algonthms mvolved are as efficient as 

possible (from a time-complexity standpornt) What we want for any given problem 

is to have an algonthm that runs rn Constant Amortized Time, meanmg that the 

amount of processrng time is directly proportional to the number of objects that are 

listed The term Constant Amortized Time (CAT for short) ~111 be used throughout 

this thesis We will state that an algonthm JS CAT (see [17]) Jf Jt runs rn Constant 

Amortized Time Others refer to this behav10ur as lmear ( see [16]) What JS not 

counted m our consJderat10n is the time to actually process the objects by outputtmg 
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them or otherwise Instead, the important thmg to count 1s the amount of data 

structure change needed to generate the objects It should be noted that none of the 

algonthms developed m this thesis run m constant time 

Most of the algonthms m this thesis are generated usmg a backtracking approach, 

which 1s fairly common m combmatonal generat10n Bac1.trac1.mg mvolves the bmld­

mg of an obJect by first cons1dermg the possible placements of one element For each 

possible placement made, the algonthm recursively does the same with the remammg 

elements and positions 

For example, a backtrackmg algonthm to generate all permutat10ns of the num­

bers 1 through n could work as follows Choose which number will be placed m the 

first unused pos1t10n Recursively run this algonthm on the remammg list of numbers 

and empty positions Choose the next number to put m this first unused pos1t10n 

and run the algonthm recursively agam Choose the next number to put m this first 

unused pos1t1on and run the algonthm recursively agam Make these recursive calls 

for each possible number that can be placed m the first unused pos1t10n 

Vve will be concerned that such algonthms are CAT This will be the case when­

ever there are no dead ends and no outdegree one nodes m the computat10n tree 

A computat10n tree 1s a representat10n of the recursne subroutme calls made by an 

algonthm A dead end occurs when a recursive call is made and no valid data struc­

ture changes can be made (1 e none½ valid object 1s produced from that subroutme 

call) In that event , the algonthm must back up to the previous level of recurs10n 
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and contmue from there A dead end can also be thought of as a node m the compu­

tat10n tree with outdegree zero We call an algonthm BEST (meanmg Backtrac1..mg 

Ensurmg Success at Termmals, as given m [17]) when there are no dead ends An 

outdegree one node appears m the computat10n tree when only one recursive call is 

made from a particular mstance of the subroutme This slows the runnmg time of the 

algonthm sigrnficantly if the number of outdegree one nodes is larger than an amount 

proport10nal to the number of obJects bemg generated That is, if the number of 

outdegree one nodes is not O(number of objects) We can be sure that an algonthm 

is CAT if there are no dead ends or outdegree one nodes m the computat10n tree 

because this imp hes that each level of this tree (begmnmg at the leaves) is at least 

twice as large as the level above it It is tnvial to see that there can be at most 2£ 

nodes m such a tree if there are R leaf nodes 

In this thesis , we loosen this restnction of the number of outdegree one nodes 

We require the number of these nodes m the computat10n tree to be bounded by 

cl, where c is a constant This change gives us 3 sufficiency cntena for declarmg 

an algonthm CAT constant time is used per recursive funct10n call, there are no 

dead ends m the computation tree, and the number of outdegree one nodes m the 

computat10n tree is bounded by cl, where c is a constant and e 1s the number of leaf 

nodes m the computat10n tree 
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2 The Generation of Permutations 

A great number of algorithms have been developed for generatmg unrestricted permu­

tat10ns (see [18]) Many of these algorithms generate permutat10ns ma lexicographic 

( d1ct10nary) order Some start with the first element and use a Next element function 

to move to the next element, while others use a recursive backtrackmg algorithm 

Smee most of the algorithms developed m this thesis are of a recursive nature, 

it will be useful to consider a common recursive permutat10n generat10n algorithm 

By considering the Stemhaus-Johnson-Trotter (SJT) algorithm, we will illustrate a 

backtrackmg algorithm which 1s CAT This will be easily seen by considering that 

there are no dead ends or paths m its computation tree 

The idea of the SJT algorithm 1s to consider each permutation of size n - l 

(n - l -permutatzon) m turn One places the element n m each possible pos1t10n 

w1thm a given n - l-permutat10n startmg from the begmnmg and movmg to the 

end, or vice versa When one deals with the next n - l-permutat10n, one places the 

element non the same extreme (begmnmg or end) as the previous n-permutation left 

at If the n - l-permutat1ons one is usmg have been constructed m this manner as 

well, all n-permutations will be generated m such a way that there will only be two 

changed posit10ns from one permutation to the next - a swap 

The Stemhaus-Johnson-Trotter (SJT) algorithm is shown m Figure 1 The Move 

subroutme referred to m the SJT algori thm is given m Figure 2 



Perm (n) 
local i 

if n > N then 
Pnntlt 

else 
Perm (n+l ) 
for i from 1 to n - 1 

Move(n, dir[n]) 
Perm (n + 1) 

end for 
dzr[n] +-- -dzr[n] 

end 1f 

Move (x , d) 
local J 
) +-- 7!'-l[x] 
n[J] +-- n[J + d] 
n[J + d] +-- X 

n- 1 [x] +-- J + d 
7!'-l[n[J]] +-- J 

Figure 1 Pseudocode for SJT algonthm 

Figure 2 Move subroutme for SJT algonthm 

5 
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123 132 312 321 231 213 

1234 1243 1423 4123 4132 1432 1342 1324 3124 3142 3412 4312 
4321 3421 3241 3214 2314 2341 2431 4231 4213 2413 2143 2134 

Figure 3 Results of SJT algonthm for N = 2, N = 3, and N = 4 

1 

123 132 312 321 231 213 

~~~~~~ 

6 

Figure 4 Computat10n tree for the SJT algonthm where N = 4 The leaf nodes are 
omitted due to space 

Before callmg Perm , the permutat10n 1s mitiahzed by settmg 1r = 1r-
1 = l, where 1r 

represents the permutat10n and l represents the identity function Also, the dnect10n 

is set ( -1 for left and 1 for nght) for each element m the permutation by settmg 

dir[i] = -1 for i E 1, 2, , N To use the algonthm, one calls Perm(l) To illustrate 

the SJT algonthm, Figure 3 shows the results for N = 2, 3, and 4 respectively 

It 1s easily observed how the pattern of the previous size result 1s contamed w1thm 

the result of a given size For example, the results of size 4 contam each of the results 

(123, 132, 312, etc) m the same order as m size 3 with the element 4 takmg on all 

the possible pos1t10ns with each ordenng of [3] 
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A computation tree for this algonthm for N = 4 is given m Figure 4 This will 

assist us m determmmg that the algonthm is CAT Three facts will suffice to show 

this F1rst, we must determme that only a constant amount of computat10n ( other 

than subroutme calls) is done at each node This is seen to be true by looh.mg at 

the algonthm m Figures 1 and 2 Secondly, we must know that there are no dead 

ends Th1rdly, we must know that the number of outdegree one nodes is bounded by 

O(f), where f 1s the number of leaves m the tree These latter two items hold by the 

followmg argument Each level of the computat10n tree lists all the permutat10ns of 

a particular length, say n Each of these n-permutat10ns has n + l permuat1ons of 

length n + l which are bmlt from it Thus, there is a branchmg factor greater than 

1 at each level of the computation tree , makmg this a BEST algorithm We may 

also conclude that the SJT algonthm is CAT These 3 cntena will be shown to be 

satisfied by each of the generat10n algorithms developed m this thesis, provmg that 

each is CAT 
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3 Stamp Foldings and Related Objects 

There are a number of vanat10ns of stamp foldmgs as well as some obJects related 

to them such as meanders and closed meanders We will be concerned with the 

development of CAT algonthms for many of these obJects 

3.1 Definitions and Previous Results for Stamp Foldings 

In mathematical terms, a stamp folding of length n, also known as an n-fold, 1s a 

permutat10n of the numbers from 1 through n with the added restnction related to 

the followmg physical model 

Consider a lmear stnp of n stamps numbered 1 through n, with perforat10ns 

between stamp k and k + 1 We d1stmgmsh between the top and bottom faces and 

also between the nght and left sides of each stamp Such a stnp of stamps may be 

folded m a vanety of ways along the perforat10ns to create a pile of stamps the size 

of one stamp We assume that the perforat10ns are completely elastic so the distance 

of stretchmg 1s not limited 

A stamp foldmg 1s represented by a permutat10n m the followmg way Take 

the above physical stamp foldmg and onent 1t so that the stamp labelled 1 1s fac­

mg upwards m the pile and 1s onented correctly with respect to nght and left sides 

(Whether this stamp labelled 1 1s actually on the top of the pile 1s irrelevant ) Read 

the labels of the stamps from the top of the pile through to the bottom This permu-
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tat10n represents a stamp foldmg mathematically We will refer to such permutat10ns 

of length n as S( n) 

In the diagrams shown, the pile of stamps is drawn rotated 90 degrees, so that 

the top stamp is the leftmost vertical lme and the bottom stamp is the nghtmost 

vertical lme The perforat10ns between stamps are represented by honzontal lmes 

Figure 5 shows all of S ( 4) , all of the 4-folds In our visual representat10n, we also use 

the convention that the perforat10n from the stamp labelled 1 to the stamp labelled 

2 is drawn towards the top of the diagram 

Given a valid permutat10n, 1t is easy to reconstruct the foldmg However, given 

a foldmg, extra mformat10n might be needed to reconstruct the permutat10n If n 

1s odd, no extra mformat10n will be needed On the other hand, if n 1s even, we 

would need to determme which end 1s which (1 e which vertical lme havmg only 

one connect10n to a horizontal lme 1s the stamp labelled 1 and which 1s the stamp 

labelled n ) We can see this problem m the first two stamp foldmgs on the top row of 

Figure 5 These diagrams are identical , yet the permutat10ns which correspond with 

them are different 

There are several simple and mterestmg properties of stamp foldmgs, two of which 

are 

(A) The lme cannot cross itself For this would mean that the top and bottom 

edges of the stnp touch at the pomt of mtersect10n In other words, the stnp would 
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llil llil ilO [lJl 
1 2 3 4 4 3 2 1 1 2 4 3 3 4 2 1 

[lJl n__O Q!J Q!J 
2 1 3 4 4 3 1 2 2 1 4 3 3 4 1 2 

ITT] [ITT [ITT ITT] 
1 4 3 2 2 3 4 1 3 2 1 4 4 1 2 3 

iTIJ [ITl [ITl iTIJ 
1 3 4 2 2 4 3 1 3 1 2 4 4 2 1 3 

Figure 5 The 16 stamp foldmgs of S( 4) 
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cross itself, which is physically impossible without the strip breakmg 

(B) The horizontal segments representmg the perforat10ns between the odd num­

bered stamps and their immediate successors be above the vertical segments, whereas 

the segments representmg the perforat10ns between the even numbered stamps and 

their successors be below the vertical segments This property follows by mduct10n 

on n 

For example, consider the permutat10n 1324 No matter which way one attempts 

to draw the correspondmg stamp-foldmg diagram for this permutat10n, the lme will 

cross itself or property (B) above will be v10lated This permutat10n fits the charac­

terizat10n gn en m the theorem follow mg, smce m this case k = 1 and r = 3 

Koehler [8] describes stamp foldmgs and gives an algorithm for countmg how 

many there are of each size A forbidden subsequence characterization of stamp 

foldrngs 1s given by the followmg Theorem of Koehler 

Theorem 1 (Koehler) An ordering of the numbers 1, 2, 

folding of length n if and only if 

, n represents a stamp 

No numbers appear in the order k r k + 1 r + 1) or any of the circular 

permutations of these numbers) where 1 :S k, r :Sn - 1, k -=I- r, k = r(mod2) 

Proof Necessity 1s shown as follow Property (B) above implies that k and r 

are both even or both odd There are eight such situations for a given k and r 
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k, r , k + l, r+l 
r, k + l, r + 1, k 

k + l, r + 1, k, r 
r + 1, k, r , k+l 

and four more where the roles of k and rare mterchanged These cover exactly the 

conditions given Given this fact from Property (B) , Property (A) above is v10lated 

if and only if between some stamp k and its successor k + l there is either a stamp r 

whose successor r + l hes outside the pa1r k k + l m the ordermg, or a stamp r + l 

whose predecessor r hes outside the pa1r 

Sufficiency will be shown by mduction on n As a basis, the condit10n is obv10usly 

true for n = l For the mductive step , Every n-fold may be considered as a superfold 

of the stamps 1, 2, , n - l, with stamp n so placed as to make a fold By the 

mduct10n hypothesis , we may assume that all the (n - 1)-folds are descnbed by all 

the possible ordermgs of n - l numbermgs satisfymg the condit10n 

If the vertical lme representmg stamp n-l , when extended, would hit a honzontal 

lme representmg the perforat10ns between some stamp k and k + l , where k = n -

l(mod2), then , to make a fold , the honzontal lme of perforat10ns between n - land 

n must he completely withm the other honzontal lme, and cannot cross the vertical 

lmes of stamps k or k + l 

If the vertical lme of stamp n - l , when extended, mISses the honzontal lme of 

perforat10ns between k and k + 1, k = n - l (mod2), then the vertical lme of stamp 

n may be placed so that stamps k, k + 1 he either ent1rely withm or ent1rely outside 
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the lmes n, n - l 

But these possibilities for placmg stamp n are precisely all the ways of satisfymg 

the given condit10n D 

The terms within and outside will be used agam later m provmg the correctness 

of an algonthm to generate stamp foldmgs 

A vanat10n on these stamp foldmgs we consider are those with one symmetry 

removed, which we will refer to as R(n ) We accept m R(n) only those members of 

S(n) which begm with a lower number than they end with We define an equivalence 

relat10n R on permutations such that aRb rff a 1s the reverse of b The relat10n R 

partit10ns S ( n) mto pairs of permutations This corresponds to ignormg the distmc­

tion between the stamp labelled 1 and the stamp labelled n, meanmg that we are not 

concerned with which end 1s which We notice that IR(n)I = \S(n)l/2 and that no 

two diagrams representmg different permutat10ns will be identical Figure 6 shows 

the permutat10ns of R(4) 

In addit10n, we can remove a second type of symmetry if we ignore which end 

of the stnp of stamps is labelled 1 ( as opposed to n) By domg this we can remove 

foldmgs that are symmetnc to each other by reversmg the labellmg Removmg both 

this symmetry and the one mentioned above gives us a representat10n for unlabelled 

stamp foldmgs, which we will refer to as U( n) m general For practical purposes , 

we must keep the labels For example, the permutat10ns 1342, 3124, 2431, and 4213 
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nJl nJ] [lJl QJ] 
1 2 3 4 1 2 4 3 2 1 3 4 2 1 4 3 

ITT] [ITT ffiJ ITfl 
1 4 3 2 3 2 1 4 1 3 4 2 3 1 2 4 

Figure 6 The 8 stamp foldmgs of R( 4) 

are all labellmgs of the same unlabelled stamp foldmg L1kew1se, 1234 and 4321 are 

both labellmgs of the same unlabelled stamp foldmg Out of the 4 maximum possible 

labellmgs of an unlabelled stamp foldmg , we choose the lexicographically smallest 

Figure 7 shows all the stamp foldmgs of U(4) 

3 2 Definitions for Meanders 

A meander is a permutat10n of 1, , n descnbed by the followmg physical model 

Consider a nver flowmg from the South-West to the East that crosses an East­

West road n times Our convent10n is to label the crossmgs of the road from 1 through 

n startmg with the entry pomt from the South-West as 1 and endmg with the exit 

pomt to the East as n Figure 8 show all the meanders where n = 5 The thm 

honzontal lmes represent roads We refer to all the meanders of length n as M ( n) 

The difference between a meander and an n-fold 1s that an n-fold has no restnct10ns 
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nJl illJ Q_i] 
1 2 3 4 1 2 4 3 2 1 4 3 

ITT] ffiJ 
1 4 3 2 1 3 4 2 

Figure 7 The 5 stamp foldmgs of U( 4) 

regardmg the 1-stamp and then-stamp , whereas a meander has restnct10ns regardmg 

the ends of the stnp 

A closed meander is a vanat10n of a meander m which there are 2n crossmgs of 

the nver They are obtamed by takmg all the odd-length meanders of size 2n - 1 

and addmg a connection (and extra crossmg of the road) between the entry and exit 

pomts As a convent10n, we always construct this connection to the east of the others 

This addit10n of one crossmg gives exactly all the closed meanders because any closed 

meander of length 2n can be broken apart at the last crossmg, leavmg a meander of 

length 2n - 1 Figure 9 shows the 8 closed meanders where 2n = 6 We refer to the 

closed meanders of length n as C ( n) 

Meanders are of mterest as a topological problem to nuclear physicists as a model 

for the compact foldmg of polymers ( see [2] [3], and [4]) 
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5 4 3 2 1 3 4 5 2 1 3 2 1 4 5 

5 2 3 4 1 1 4 3 2 5 1 2 5 4 3 

5 4 1 2 3 1 2 3 4 5 

Figure 8 The 8 meanders where n = 5, M(5) 

There 1s a one-to-one correspondence between meanders and simple alternating 

transit (SA T ) mazes, which 1s given m [14] 

Vie do not consider issues of symmetry with meanders and closed meanders m 

this thesis It appears to be a non-tnv1al problem to determme which closed meanders 

are symmetnc usmg a data structure 

3.3 A Data Structure and Algorithm for Stamp Foldings 

The proof of Koehler's Theorem msp1res a recursive algonthm for generatmg stamp 

foldmgs If we start with a valid stamp foldmg of size n, we can generate stamp 

foldrngs of size n + 1 by attachmg the stamp labelled n + l m all possible positions 
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5 4 3 2 1 6 3 4 5 2 1632 1 4 5 6 

5 2 3 4 1 6 1 4 3 2 5 6 1 2 5 4 3 6 

5 4 1 2 3 6 1 2 3 4 5 6 

Figure 9 The 8 closed meanders where 2n = 6, C(3) 



perf[l] 

prev10us value next 

perf[O] 

Stamp node 

left lmk nght lmk left value nght value 

left value nght value left lmk nght lmk 

an even 

Perforation node 
an odd 

Perforation node 

Figure 10 Nodes for the stamp foldmg Data Structure 

which do not v10late the condit10n of the theorem 
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The data structure we use mvolves a doubly-lmked list, where each element m the 

list represents a labelled stamp There are also pomter connections between stamps 

correspondmg to the perforations between them Each stamp except for the first and 

last will be connected by means of perforat10ns to exactly two other stamps 

These perforations are also represented by nodes Each perforat10n node has two 

values and tV1.o pomters to pomt to the stamps it connects This makes it possible to 

traverse from a stamp labelled k to a stamp labelled k + l or vice versa m constant 

time 

To illustrate this data structure, a diagram for the stamp foldmg 4, 3, 2, 6, 5, 1 

is shown m Figure 11 Figure 10 shows the fields for the stamp and perforat10n data 

structures We will refer to the left value and left lmk of a perforat10n as simply the 

left side ( and similarly for the nght) for the sake of brevity Note that m Figure 11 , 

the stamp labelled 4 and the stamp labelled O are connected, resultmg m a Circular 

list 
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Figure 11 The Data Structure for stamp foldmg 4, 3, 2, 6, 5, 1 The perforat10n for 
6 is omitted for clanty 
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3 3 1 D escr1pt 10n of Algorithm 

The pseudocode given m Figure 12 describes the algorithm to generate unrestricted 

stamp foldings of length n + 1 given a stamp foldmg of size n Parentheses are used 

m a funct10nal way to mdicate reference to fields m the different parts of the data 

structure This style will be used throughout the thesis when describmg algorithms 

The stamp foldmg algorithm accepts a valid member of S(n), say v and generates 

all possible members of S(n + 1) which have v as a subsequence For example, if 

the algorithm is given the stamp foldmg depicted m Figure 11, it would choose the 

followmg pos1t10ns as valid for placmg the stamp labelled 7 between 2 and 6, between 

4 and 3, between 6 and 5 It would also use this order of choices, smce it is designed 

to start from the current stamp (6 m this case) and move leftwards m its search for 

valid posit10ns , wrappmg around to the far right when the far left has been reached 

This is why lme 16 m the pseudocode of Figure 12 md1cates that the variable current 

is reset to the stamp prev10us to it (note that prev10us items are leftwards m the list) 

By performmg these stamp placements and generat10ns recursively, the algorithm can 

generate all valid stamp foldmgs 

Irntializahon mcludes creatmg the stamps labelled O and 1 and the perforat10ns 

attached to those stamps Then GenStamp can be called, passmg m the stamp labelled 

1 

The parameter latest represents the stamp most recently added to the data struc-



Gen Stamp( latest) 
(1) local parity, newPerf, temp, current 
(2) parity +-- value( latest) mod2 
(3) 1f value(lat est) = n then 
( 4) display the foldmg 
(5) exit 
(6) end 1f 
(7) value(temp) +-- value( latest) +l 
(8) right side( newPerf) +-- temp 
( 9) perf [ (parity + 1) mod 2] (temp) +-- newPerf 
(10) left szde( perf[parzty](latest)) +-- temp 
(11) current +- latest 
(12) repeat 
(13) Insert ( current, temp) 
(14) Gen Stamp (temp) 
(15) Remove (temp) 
(16) current +- prevzous(current) 
( 17) 1f value (current) i- value (latest) then 
(18) Move (parzty, current) 
(19) end 1f 
(20) until current = latest 

Figure 12 Pseudocode for Stamp generat10n algorithm 
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Move(parzty, current) 
1f rzghLszde ( Perf [parity]( current)) = current then 

current f----- lefLszde( Perf [parity] (current )) 
1f value (current) -f- 0 then 

return 
end 1f 
swap ( newPerf) 

else 
current f----- rzghLszde(Perf[parzty](current)) 
swap( newPerf) 

end if 

Figure 13 Pseudocode for Move subroutme 
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ture The variable temp is the new stamp bemg added to the permutat10n The 

variable newPerf 1s the newest perforat10n bemg added to the data structure It is 

connected to temp The variable current pomts to a stamp m the existmg data struc­

ture to mdicate the next valid posit10n m which to place the new stamp temp Insert 

is a procedure to msert the temp stamp before current m the lmked list When a new 

stamp is added, it is placed to the nnmediate left of current Delete is a procedure to 

delete the temp stamp from the lmked list 

Move is a subroutme which moves current to the next a\lailable posit10n to the 

left or moves current to the rightmost available posit10n if there are no more positions 

available on the left This decis10n is made by checkmg whether the connect10n to 

a perforat10n is on the left or right side of that perforat10n The Move subroutme is 

given m Figure 13 

The funct10n swap switches the right and left sides of a perforat10n This is 

necessary whenever C'U.rrent moves from a posit10n leftwards from latest to a posit10n 
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rightwards from latest 

3 3 2 Correct ness and Runnmg Time 

The correctness proof for GenStamp requues a few defimt10ns We will state that a 

perforat10n k, k + 1 m a stamp foldmg is wzthzn another perforat10n r, r + 1 when k 

and k + 1 both occur between the stamps r and r + 1 We will say that a perforation 

k, k + 1 m a stamp foldmg 1s outside a particular perforat10n 1f 1t 1s not w1thm that 

perforat10n The same termmology can be used of an md1v1dual stamp to say that 1t 

1s either wzthzn or outside a particular perforat10n 

Theorem 2 GenStamp generates all the stamp foldings of length n 

Proof Correctness of the algorithm 1s shown by referrmg to the argument m 

Koehler 's theorem and usmg mathematical mduction The followmg serves as an 

mvanant for the mduct10n In the GenStamp algonthm, given an r-fold, the Move 

subroutme always chooses exactly those pos1t10ns that are requued to build all the 

r + 1-stamps that start from that r-fold 

Basis Consider the stamp labelled 1 It 1s tnvial to see that Genstamp will 

generate both 21 and 12 from this, and so the mvanant holds for the basis 

Inductive Step Assume that we are given an r-fold which has been generated by 

GenStamp and that the mvanant was true durmg each step of that generat10n 
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When dec1dmg where all the valid pos1t10ns for the r+l-stamp are, the algonthm 

moves the current pomter usmg mformation about all the perforations between k and 

k + 1 where k = r(mod2) 

In creatrng the perforation r, r + 1, the algonthm begms knowmg the position of 

r relative to the other stamps It suffices to show that the Move subroutme mamtams 

these cond1t1ons while allowmg every valid position When Move traverses leftwards 

rn an attempt to place the stamp r + 1 m each valid position, 1t makes one of three 

decisions at each stamp 1t encounters (1) If current is at the left side of a perforation 

of the parity m question , r, r + 1 1s entuely withrn that perforation, so the algorithm 

resets current to the rightmost side of that perforation (2) If current is at the 

right side of a perforation of the panty m question, r, r + 1 1s entirely outside that 

perforation, so the algorithm resets current to Just beyond the leftmost side of that 

perforation (3) If current 1s the stamp labelled 1 and we are cons1dermg even parity, 

current 1s moved one place leftward , smce there 1s no perforation at this pomt It 

should be noticed that when the stamp labelled O 1s reached , Move does not cause a 

change to the current pomter Afterwards current 1s reset to the stamp on the far 

right of the lmked list ( to the left of 0) 

Thus, the algorithm ensures that the new perforation bemg added 1s either en­

tuely withm or entuely outside all other such perforations k, k + 1 In domg this, the 

perforations of a given panty never cross each other Also , all possible valid positions 

are used for current because the only pos1t1ons missed are those which are outside a 
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perforat10n that r 1s w1thm and those which are ms1de a perforation that r 1s outside 

□ 

The stamp foldmg algonthm works m a recursive backtrackmg manner It 1s 

obvious from the algonthm that the amount of computat10n done for each call of the 

algonthm 1s proportional to the number of recursive calls bemg made It will therefore 

suffice to show that there are no dead ends and no paths m the computat10n tree 

(Recall the defimt10ns of dead end and path given m the Introduct10n) There are 

no paths m the tree simply because at every recursive level there are at least two 

possible values for current - the pos1t10ns 1mmed1ately to the left and nght of latest 

There are also no dead ends because new stamps can always be bmlt from ex1stmg 

smaller ones m this way Thus, GenStamp 1s CAT 

It should be noted that an algonthm s1m1lar to GenStamp was developed by 

W F Lunnon (see [12]) Lunnon used a different data structure and did not adapt 

his result to the quest10n of generatmg meanders 

3.4 An Algorithm to Draw Stamp Foldings 

It 1s not difficult to design an algonthm which , given a stamp foldmg of length n, will 

draw a diagram s1m1lar to those of Figures 5 through 7 

The first step 1s to draw n parallel lmes to represent the stamps What then 

remains 1s to draw the perforat10ns We ½Ill consider only the perforations which are 
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drawn above the stamps smce the other perforat10ns can be drawn m an analogous 

way 

If we associate the left side of a perforat10n with a left parenthesis and similarly 

for the right side, -we notice a very simple property - the perforat10ns drawn above 

the stamps correspond to a well-formed parenthesis strmg This is true because each 

perforat10n drawn has two matchmg parts and no perforat10ns may cross each other 

We would like to know what horizontal posit10n each perforat10n should have 

Usmg the well-formed parenthesis concept, we can make use of a general tree to 

represent this The algorithm shown m Figure 14 constructs a general tree where 

each node represents mformation about a perforat10n Each node contams the vertical 

posit10n of each of the perforation's ends ( called leftorder and rzghtorder), a pomter 

to the perforat10n ( called perforation ), and the level at which that node occurs m 

the tree ( called level ) The level is to be filled m after constructmg the entue tree 

Figure 15 depicts the structure of a node m this tree 

The mitializat10n reqmred before usmg this algorithm is simple It mvolves set­

tmg treecurrent to a blank tree node which will be the root of the tree 

In TreeMake, current is a pomter to a stamp, node is used to make a new node m 

the tree, and order is the order m which current appears m the stamp foldmg Also, 

treecurrent is the current node m the tree e call TreeMake(8) m the example given 

TreeMake will build a general tree representmg the parenthesis structure of the 



TreeMake(first) 
local current, order} node, treecurrent 
current +-- next (first) 
order +-- 1 
while current is not the stamp labelled 0 

1f current is the stamp labelled n then 
order +-- order + 1 
current+-- next(current) 
contmue at the top of the while loop 

end 1f 
1f current 1s a left parenthesis then 

node +-- new, empty tree node 
leftorder(node) +-- order 

else 

place node as next child of treecurrent 
tretcurrent +-- node 

rzghtorder( node) +-- order for current node m tree 
treecurrent +-- parent( treecurrent) 

end 1f 
order +-- order + 1 
current +-- next (current) 

end while 

Figure 14 Pseudocode for the TreeMake algonthm 

parent perforat10n level 

leftorder nghtorder 

children 

Figure 15 A node of the tree used m TreeMake 
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perforat10ns After usmg this algonthm, a simple recursive procedure can be used to 

assign the proper values to level m the tree by assignmg 1 to all leaves and assignmg 

1 + max( levels of children) to all other nodes We will then have a data structure which 

contams the relative honzontal level of each perforat10n m addit10n to the vertical 

pos1t10ns where t hey begm and end For example, Figure 16 depicts the tree this 

algonthm would construct for the stamp foldmg 8, 7, 6, 5, 10, 11, 4, 3, 12, 2, 1, 9 

after the levels have also been assigned 

The TreeMake algonthm and its data structure are ongmal work by t he author 

3. 5 Removing Symmetric Foldings 

We can easil) remove symmetn c foldmgs of R( n) by choosmg only those stamp fold­

mgs whose startmg number is smaller than its endmg number We know this because 

t he symmetry we are considermg simply mvolves the reversmg of the permutat10n 

To decide whether a particular stamp foldmg is to be kept or not simply reqmres 

a comparison of the first and last stamps - a constant time operat10n Thus, t his 

modificat10n to GenSta mp is also CAT 

Removmg the second type of symmetry also mvolves a relatively simple modifi­

cat10n to GenStamp This is equivalent to generatmg unlabelled stamp foldmgs and 

then imposmg a labellmg on them We know that for any given unlabelled stamp 

foldmg there are 4 different labellmgs an m1tial labellmg, its relabelled permutat10n, 

and the reverse of each of these, where a relabelled permutat10n is created by replac-
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0 0 

10, 9 3 

1 2 3 4 5 12 

1, 12 2 2, 1 1 

6 9 10 11 

7 8 

Figure 16 Example of the tree for 8, 7, 6, 5, 10, 11 , 4, 3, 12, 2, 1, 9 
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mg a value x with N + 1 - x We can thmk of these 4 labellmgs of a permutatwn as 

definmg an equivalence relation on all stamp foldmgs 

Suppose we consider only the first two and last two elements of a permutatwn 

that 1s generated, say a, b, , c, d Then, it suffices to only accept this permutatwn 

if a, b < d, c and a, b < N + 1 - a, N + 1 - b and a, b < N + 1 - d, N + 1 - c 

For example, 1f we allow 1r to represent a particular (n - 4) - permutatwn which 

forms part of a stamp foldmg, the stamp foldmg 3, 2, 1r , 1, 4, has 3 other equivalent 

labellmgs 4,1, 1r , 2,3 and 4, 5, 1r,6, 3, and 3,6, 1r , 5,4 Thus, we accept 3, 2, 1r , l , 4 

smce it is lexicographically least This decision to accept or reJect the given stamp 

foldmg can always be made m constant time, mdependent of the length of 1r Thus 

if we modify GenStamp to only accept those stamp foldmgs that match the above 

cntena, it will require a constant amount of time to make the decis10n, and at most 

3 m 4 stamp foldmgs will be reJected Thus, the modified algonthm is also CAT 

3.6 Meanders and Closed Meanders 

Meanders can also be generated by makmg some additions to GenStamp We can eas­

ily ensure that the stamp labelled 1 is not withm any even perforat10ns by restnctmg 

the additwn of odd-numbered stamps A new odd-numbered stamp will vwlate the 

needed condition for the stamp labelled 1 if and only if current changes from some 

posit10n on the nght of the stamp labelled 1 to the stamp labelled 1 To prevent this , 

we make two changes to the ongmal algonthm Firstly, if current ever gets reset to 
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the stamp labelled 1, we reset 1t to the last stamp Secondly, 1f current ever gets reset 

to the stamp labelled 0, we reset it to the stamp labelled 1 All that 1s reqmred to 

implement this 1s an array which, for each stamp label m the foldmg, mdicates which 

side of 1 1t 1s on This can be mamtamed m constant time per addition or removal 

These new cond1t10ns reqmre changes at lmes (11) and (16) of GenStamp on page 21 

What remams 1s to ensure that the stamp labelled n can be extended mfirntely m 

the vertical d1rect10n without crossmg any other stamps or perforat10ns Any stamp 

which may be extended m this way, we will call free Similarly, 1f the highest-numbered 

stamp m a foldmg 1s free , we will call the foldmg fre e Any stamp or foldmg which 

is not free, we call blocked We devise a data structure for this which will keep track 

of how many steps of new stamp add1t10ns 1t takes to make the highest-numbered 

end free If this number is greater than the number of stamps left to add, the stamp 

labelled n has no chance to be free 

Keepmg track of how many stamp additions are requued to make the highest­

numbered end free mvolves keepmg a count of that number A stack of data regardmg 

this is constructed so that the number of items on this stack is the number of stamp 

add1t1ons required to make the highest-numbered end free We also generate an 

extra stamp for each stack item so that when a path of length 2 or more would 

normally be made m the computat10n tree, the new stamps can simply be used 

These extra stamps will be part of the foldmg and will actually be the add1t10n 

reqmred to make the highest-numbered end free The extra stamps and perforat10ns 
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that are added must be designed so that when the algorithm decides to make a path 

m the computat10n tree, it will be able to simply connect the extra stamps to the 

others m constant time In general, GenStamp is enhanced mostly by usmg a separate 

stack and addmg m extra stamps that will funct10n as what would have been created 

by a path m the computat10n tree 

The AddStamp routme may push or pop stack items based upon the effect of 

the stamp berng added with respect to the free-ness of the highest numbered end 

RemoveStamp restores the changes made by AddStamp (as before) 

The new vers10n of GenStamp, called GenMeander is found as Figure 17 

Imtialization rncludes creatrng the stamps labelled O and 1 and the perforations 

attached to those stamps as with GenStamp Then Gen Meander can be called, passmg 

rn the stamp labelled 1 

In GenMeander, the variable latest represents the stamp most recently added to 

the data structure The field temp is the new stamp bemg added to the permutat10n 

The field newPerf is the newest perforat10n bemg added to the data structure It is 

connected to temp The field current pomts to a stamp rn the existmg data structure 

to mdicate the next valid posit10n rn which to place the new stamp temp Prune is a 

boolean function which determmes whether the last stamp or two need to be generated 

specially to keep the highest-numbered end free AddStamp 1s a procedure to rnsert 

the temp stamp after current rn the lmked list Note that current is to the left of 



Gen Meander( latest) 
(1) local parity) newPerf, temp) current 
(2) parity t-- value( latest) mod2 
(3) 1f value(latest) = n then 
( 4) display the foldmg 
(5) ex it 
(6) end 1f 
( 7) 1f Prune( latest ) 
(8) use the clue and generate up to two extra stamps 
(9) else 
(1 0) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 

value(temp) t-- value(latest) +l 
right side( newPerf) t-- temp 
perf[(parity + 1) mod 2]( temp) t-- newPerf 
left side (perf [parity]( latest)) t-- temp 
current t-- latest 
repeat 

AddStamp ( current) temp) 
Gen Stamp (temp) 
RemoveStamp (temp) 
current t-- previous (current) 
1f value( current) =/- latest then 

Move (parity) current) 
end 1f 

(23) until current = latest 
(24) end 1f 

Figure 17 Pseudocode for the GenMeander algonthm 
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where the next stamp should be mserted, so new stamps are mserted to the nght of 

current Re moveStamp is a procedure to delete the temp stamp from the lmked list 

Move is a subroutme which moves current to the next available posit10n to the left 

or moves current to the rightmost available posit10n if there are no more posit10ns 

available on the left This decis10n is made by checkmg whether the connect10n to a 

perforat10n from the current stamp 1s on the left or nght side of that perforat10n, as 

m GenStamp 

The stack data structure which 1s used to keep a record of how many stamps need 

to be added to make the highest-numbered end free 1s called a Clue The left side of 

Figure 18 depicts this data structure by showmg that there are 3 fields of data m the 

mam record, and 7 fields of data m each stack item (referred to as a step node) In the 

clue record, first 1s a lmk to the first step , which is the top of the stack, last 1s a lmk 

to the last step, which 1s the bottom of the stack, and depth is an mteger representmg 

the number of items on the stack Each step record represents where a stamp would 

be added to help make the highest-numbered end free In effect, each step represents 

a pos1t10n between two stamps Withm the step record, lefLwall represents the label 

of the stamp to the left of this pos1t10n, while rzght_wall represents the label of the 

stamp to the nght of this pos1t10n The fields dzrectzon_needed, dzrectzon_taken, and 

type are all used m the AddStamp and RemoveStamp routmes to help mamtam this 

data structure The field dzrectzon_needed mcL.cates the duect10n of the corresponding 

stamp of the present node m relation to the corresponding stamp of the first item that 

was pushed on the clue stack The field directzon_taken gives the duect10n of stamp 
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left-wall nght-wall 

direct10n direct10n 
first needed taken 

depth previous type 

last correspondmg 

the clue record a step node 

Figure 18 Clue data structure used for meanders 

addit10n which caused this step m the clue to be constructed The field previous is part 

of the stack structure, pomtmg to the next item m the stack Fmally, corresponding 

is a lmk to a stamp which is constructed and connected mto this posit10n m case 

the clue needs to be used m the stamp foldmg Two example clues are sketched m 

Figure 33 on page 46 

It is worth notmg that Gen Meander is simply a refinement of Gen Stamp Thus, 

it is also related to the proof of Koehler's theorem In Gen Meander , all the meanders 

of length n + 1 which are obtamed by a particular meander of length n are generated 

recursively by a smgle subroutme call to Gen Meander The only differences from the 

generation of stamps are the followmg (1) An addit10nal data structure is used and 

mamtamed m AddStamp and RemoveStamp to determme how many stamp addit10ns 

are needed to make the highest-numbered end free The data structure also holds 

those specific addit10ns that are needed (2) The Move subroutme now ensures that 

the mfirnte extension of the 1-stamp is not v10lated (3) Either t he last stamp or two 



Prune( value ) 
if N mod 2 = 0 and depth( clue) > 0 then 

if end mg( clue) is to left of the 1 stamp or is the 1 stamp t hen 
ret urn depth( clue) +2 ~ N- value 

end if 
if N mod 2 = 0 and value is to the left of 1 and depth( clue) = 0 t hen 

return depth( clue) +2 ~ N- value 
end if 
r eturn depth( clue) + 1 ~ N - value 

Figure 19 Pseudocode for the Prune funct10n 
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are generated m a way that guarantees the end will be free, or the addit10nal stamps 

from the clue are connected to the partially generated meander , or both 

Prune is a boolean function which tells GenMeander whether or not it should be 

attachmg the clue or generatmg the last few stamps m a careful way The section of 

the GenMeander algonthm which is used if Pru ne returns true restricts the additions 

of stamps to particular additions necessary to complete a path m the computation 

tree A descnption of the Prune funct10n is given m Figure 19 

Lme 8 of Gen Meander states "use the clue and generate up to two extra stamps" 

This mvolves the decisions and actions given m Pseudocode form m Figure 20 

Two examples of stamp foldmgs which would cause the execution of lme 5 of the 

pseudocode m Figure 20 are given as Figure 21 The solid lmes md1cate what has 

already been generated The dotted lmes mdicate what remams to be added, either 

by connectmg the stamps m the clue, or by generatmg new stamps, or both The 

stamps which are to extend mfimtely either up or down are md1cated with longer 



(1) old_depth +- depth( clue) 
(2) 1f clue 1s of length 0 t hen 
(3) 1f value(lat est) = n - l then 
( 4) 1f latest 1s to nght of 1 stamp or value (latest) is odd then 
( 5) add a final stamp on the far nght 
(6) else 
(7) 
(8) 
(9) else 

add a final stamp on the far left 
end 1f 

(10) add a stamp to the far left , then to the far nght 
(11) end 1f 
(12) else 
(13) 1f first( clue ) = n then 
(14) display the fo ldrng 
(15) else 1f first( clue) = n - l then 
(16) 1f N 1s even then 
(17) add a final stamp on the far nght 
(18) else 
(19) 
(20) 

1f correspondmg(first ( clue)) 1s to the right of 1 then 
add a final stamp on the far nght 

(21) else 
(22) add a final stamp on the far left 
(23) end 1f 
(24) end 1f 
(25) else 1f first( clue) = n - 2 then 
(26) add a final stamp on the far left , then one on the far nght 
(27) end 1f 
(28) end 1f 

Figure 20 Pseudocode for generatrng the last stamp or two rn Gen Meander 
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Figure 21 Addmg a final stamp on the nght when the foldmg 1s free 

Figure 22 Addmg a final stamp on the left when the foldmg 1s free 

lmes This kmd of diagram will be used several times followmg 
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S1m1larly an example of a stamp foldmg which would cause the execut1011 of lme 

7 of the pseudocode m Figure 20 1s given m Figure 22 

Figure 23 depicts an example of a stamp foldmg which would cause the execut10n 

of lme 10 of the pseudocode m Figure 20 

Lme 17 of the pseudocode m Figure 20 1s also clarified with an example Figure 24 

gives a stamp foldmg which would cause the execution of this lme In this case, 

the part of the dotted lme which extends the solid lme upwards would already be 
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Figure 23 Addmg final stamps on the left and then the nght when the foldmg 1s free 

I - - - - -

' 

Figure 24 Addmg a final stamp when the panty 1s even and the foldmg 1s blocked 

represented with the clue data structure, while the remammg part of the dotted lme, 

which extends to the nght and then downwards mfirntely, would be this final add1t10n 

S1m1lar to the prev10us diagram, Figure 25 gives a stamp foldmg which would 

cause the execut10n of lme 20 m the pseudocode of Figure 20 In Figure 25, the 

sect10n of the dotted lme which extends the solid lme downwards would already be 

represented with the clue data structure, while the remammg part of the dotted lme, 

which extends to the nght and then upward mfirntely, would be this final addition 

Figure 26 gives an example of a stamp foldmg which would cause the execut10n of 

lme 22 m the pseudocode of Figure 20 As rn the last two examples, the first sect10n 

of dotted lme connected to the solid lme represents a stamp which 1s already part of 
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' ·- - - - - - -

Figure 25 Addmg a final stamp on the nght when the foldmg 1s blocked 

' •-------• 

Figure 26 Addmg a final stamp on the left when the foldmg 1s blocked 

the clue The remamder of the dotted lme 1s actually added as a result of the rest of 

the algonthm 

An example of a stamp foldmg that would cause the execut10n of lme 26 m 

Figure 20 1s given m Figure 27 Agam, the first sect10n of dotted lme representmg 

a stamp would already be part of the clue while the sect10ns on the far left and far 

nght would be added as a result of this part of the pseudocode 

We return to descnbmg further details of the Gen Meander algonthm of Figure 17 

at this pomt 
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Figure 27 Adding final stamps on the right and then the left when the folding is 
blocked 

Given m Figure 28 1s the pseudocode for the new vers10n of the Move routine 

for Gen Meander The funct10n swap found in this pseudocode switches the right and 

left sides of a perforation This is necessary whenever current moves to a posit10n 

rightwards from latest 

\Ve now turn our attent10n to the AddStamp routine referred to m Gen Meander 

There are several details of that routme which are now discussed 

Pseudocode for the AddStamp routme is given m Figure 29 

Line 5 of the pseudocode for AddStamp is further described by the pseudocode 

of Figure 30 

Four stamp folding examples related to a free foldmg becoming blocked are given 

in Figure 31 These are examples of stamp foldings which are related to lme 5 

of AddStamp These four stamp foldmgs represent the four assignments to dzrec­

tzon_needed(temp_step) m Figure 30 

Lme 14 of AddStamp involves the followmg assignment 



Move(parzty, current) 
1f current = first and parity 1s even then 

set current to the 1 stamp and ret urn from Move 

end 1f 
1f current 1s not the 1 stamp then 

else 

1f rzghLszde(Perf[parzty](current)) = current t hen 
current +- lefLszde( Perf [parity]( current)) 
1f value (current) -=/ 0 then 

return 
end 1f 
swap( newPerf) 

else 
current +- rzghLszde(Perf[parzty]( current)) 
swap ( newPerf) 

end 1f 

current +- first 
end 1f 

Figure 28 Pseudocode for the Move routme m GenMeander 
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AddStamp( current} new) 
1 local temp_step 
2 code for addmg stamp mto lmked list 
3 1f depth( clue) = 0 then 
4 if new add1t10n 1s not at begmnmg or end then 
5 create temp_step appropriately 
6 Push ( temp_step) 
7 temp_step t-- 0 
8 end 1f 
9 else 
10 1f stamp to right of new add1t10n has value of rzght_wall(last(clue)) then 
11 temp_step t-- Pop() 
12 1f clue stack 1s not empty then 
13 last( clue) t-- prev( temp_step) 
14 set type (last (clue )) 
15 else 
16 temp_step(prev) t-- 0 
17 end 1f 
18 else 
19 1f the addition of last stamp shortened the clue then 
20 set dzrectwn_needed based upon type ( last (clue)) 
21 set rest of temp_step appropriately 
22 Push ( temp_step ) 
23 temp_step t-- 0 
24 else 
25 set temp_step and adjust last ( clue) appropriately 
26 Push ( temp_step ) 
27 temp_step t-- 0 
28 end 1f 
29 end 1f 
30 end 1f 

Figure 29 Pseudocode for the AddStamp routme m Gen Meander 



1f new is even then 

else 

1f new was added to the nght of new - 1 then 
dzrectzon_needed (temp_step) f-- left 

else 
dzrectzon_needed(temp_step) f-- right 

end 1f 

1f new was added to the nght of new - 1 then 
directzon_n eeded (temp_step) f-- right 

else 
dtrectzon_n eeded (temp_step) f-- left 

end 1f 
end 1f 
type (t emp_step) f-- 0 
1f new was added to the nght of new -1 t hen 

righLwall(temp_step) f-- next(new) 
left_ wall (temp_step) f-- new 

else 
righLwall(temp_step) f-- new 
lefLwall(temp_step) f-- prev(new) 

end 1f 
dzrectzon_takm(temp_step) f-- unknown 

Figure 30 Pseudocode for lme 5 of AddStamp 

-- ' 
' or or or 

Figure 31 Addmg a new stamp to create a new clue 
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,- - - - - - - - - - - - - - - - - - - - - -1 

' ' ' ' mto ' ' ' ' ' ' 

Figure 32 Addmg a new stamp which lengthens the clue when the previous addition 
had shortened the clue 

type (last ( clue)) f-- 4* ( new 1s even) + 2* ( new added nght ) + dzrectzon_taken 

(prev( temp_step() 1s left + 1 

This 1s simply a bmary encodmg based on the three variables parzty(new) , dzrec­

tzon_added (n ew) , and dzrectzon_taken (prev( temp_step) ) 

An example to illustrate the effects of the section of pseudocode m AddStamp 

from lmes 19 through 23 1s shown m Figure 32 

Two example clues which correspond to the two parts of Figure 32 are illustrated 

m Figure 33 

Lme 20 of AddStamp sets dzrectzon_needed(temp_step) accordmg to the table m 

Figure 34 A dash m the table md1cates that an item 1s irrelevant m determmmg the 

result column m that particular case 

Lme 21 of AddStamp 1s further explamed through the pseudocode of Figure 35 

The sect10n of pseudocode m AddStamp from lmes 25 through 27 1s shown m 

Figure 36 
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1 5 6 2 

I ' Left Right Left Left - , 

2 ~ 0 I/ = 2 
I 

l's 

•• I f f 
t t /]' 

stamp labelled 12 stamp labelled 11 

1 5 6 2 3 9 

' Left Right Left Left Left unknown - / 

3 ~ 0 / 2 I/ = 0 ' - r---

•• 
' f f 
t t l /r---

stamp labelled 12 stamp labelled 11 stamp labelled 10 

Figure 33 The two Clue data structures from Figure 32 

Lrne 25 of AddStamp is further explamed through the pseudocode of Figure 37 

We now turn our attent10n back to one remammg routme which 1s referred to 

m the Gen Meander algonthm Figure 38 gives the pseudocode for the RemoveStamp 

routme RemoveStamp restores the clue to the way it was before the correspondmg 

call to AddStamp 

Closed meanders of length 2n can be generated from regular meanders by domg 

the followmg Generate all meanders of a certam odd length 2n - 1, place a stamp 

labelled 2n at the end of this permutat10n connect perf [O] of this new stamp to the 

stamp labelled 1, and connect perf[l] of this new stamp to the stamp labelled 2n -1 

This addit10n to the meander generation algorithm does not affect its runnmg t ime 
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type ( last (clue)) new added dzrection_taken dzrectzon_needed 
to nght? ( last (clue)) ( temp_step) 

1 No Right 
1 Yes Left Left 
1 Yes Right Right 
2 Yes Left 
2 No Right Right 
2 No Left Left 
3 0 Right 
3 Yes Left Left 
3 Yes Right Right 
4 Yes Left 
4 No Right Right 
4 0 Left Left 
5 0 Left 
5 Yes Left Right 
5 Yes Right Left 
6 Yes Right 
6 0 Right Left 
6 Io Left Right 
7 No Left 
7 Yes Left Right 
7 Yes Right Left 
8 Yes Right 
8 No Right Left 
8 No Left Right 

Figure 34 A chart explammg line 20 of the AddStamp algonthm 



type( temp_step) f-- 0 
1f ( new is odd and dzrection_needed ( temp_step) is right) 

else 

or ( new is even and direction_needed ( temp_step) is left) then 
right_ wall ( temp_step) f-- next (new) 
left_ wall ( temp_step) f-- new 

right_wall( temp_step) f-- new 
left_ wall ( temp_step) f-- prev( new) 

end 1f 
direction_taken( temp_step) f-- unknown 

Figure 35 Pseudocode for lme 21 of AddStamp 

1----------------------1 
I~---~ I 

I 
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Figure 36 Addmg a new stamp which lengthens the clue when the prev10us addition 
had also lengthened the clue 



if new 1s added to the right of new - 1 then 
dzrection_taken ( last (clue)) +- right 

else 
dzrection_taken ( last (clue)) +- left 

end 1f 
dzrectwn_needed ( temp_step) +- dzrectwn_needed ( last (clue)) 
if new 1s even then 

else 

if dzrectwn_needed (last( clue)) 1s left then 
rzght_wall( temp_step) +- next( new) 
left_ wall ( temp_step) +- new 

else 
rzght_wall( temp_step) +- new 
left_wall( temp_step) +- prev( new) 

end if 

if dzrectwn_n eeded (last (clue)) 1s left then 
rzght_wall( temp_step) +- new 
left_wall( temp_step) +- prev( new) 

else 
rzght_wall(temp_step) +- next(new) 
lejt_wall( temp_step) +- new 

end if 
end if 
dzrectwn_taken( temp_step) +- unknown 
type(temp_step) +- 0 

Figure 37 Pseudocode for lme 25 of AddStamp 
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RemoveStamp ( new, temp_step) 
code to remove stamp from lmked list 
1f temp_step is empty and depth( clue) -=f O then 

temp_step = Pop() 

else 
delete temp_step 

1f only one item on stack then 
Push ( temp_step) 

else 
temp = Pop() 
delete temp 
Push (prev ( temp_step)) 
Push ( temp_step) 

end 1f 
end 1f 

Figure 38 Pseudocode for RemoveStamp routme m GenMeander 

smce addmg the extra stamp takes constant time 

3. 7 Open Problems and Extensions 
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This sect10n briefly ment10ns extens10ns to the above research and problems related 

to it for which the author does not know a solution 

As seen m the algorithm for drawmg stamp foldmgs, the perforat10ns of each side 

of the foldmg correspond to well-formed parenthesis strmgs, and thus also correspond 

to trees An algonthm to generate stamp foldmgs which d1rectly uses tree generat10n 

might possibly be more elegant than the one given Unfortunately, the problem of 

determmmg v.hen two well-formed paren heses form the perforat10ns to a valid stamp 

foldmg that is connected and does not cross itself appears to be qmte complicated 
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There 1s a connect10n between stamp foldmgs and simple alternatmg transit 

(S AT ) mazes (see [14]) It would be mterestmg to explore this connect10n to deter-

mme how to generate these mazes 

A vanat1on of the stamp foldmg generation algonthm that would be of use m 

countmg the number of stamp foldmgs of different sizes 1s the followmg Generate 

only those foldmgs which are oriented An onented foldmg 1s one which begms with 

the stamp labelled 1 All foldmgs can be obtamed from these by performmg cyclic 

shifts of the permutation Thus, we could generate all onented stamp foldmgs of 

length n, and then multiply the number of these by n to get the total number of 

stamp foldmgs 

The problem of generatmg multidimensional foldmgs such as map foldmgs (2 

d1mens10nal) may be a matter of simply extendmg the ex1stmg data structure and 

algonthm One algonthm that treats this subject 1s found m [13] S1m1larly, it might 

be mterestmg to develop an algonthm to generate multidimens10nal meanders 

Another consideration would be to generate partial stamp foldmgs, where the 

stamps have not been completely piled Flexagons (see [6]) are partial stamp fold­

mgs where the stnp is still lmear but the stamps are all tnangular Generat10n of 

Flexagons may be mterestmg as well 
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4 Dumont (Genocchi) Permutations 

This begms the second half of the research m this thesis, which can be read separately 

from the firs t There are two d1stmct classes of permutat10ns which are called Dumont 

Permutations These permutat10ns were mtroduced m [5] and elaborated m [15], 

[10], and [11] The two classes of permutat10ns have the same enumeration but no 

obv10us b1Ject10n had been discovered The highlight of this section of the thesis is 

t he conJecture of such a b1Ject10n m sect10n 4 5 

4.1 Definitions and Previous R esults 

The Dumont permutations ( also called the Genocch1 permutat10ns) are of two kinds 

The Dumont permutations of the first kind (DPl ( n)) are the set of permutat10ns 

of [2n] = { 1, 2, , 2n} w1 th the followmg two rules as restn ct10ns 

1) every even number must be followed by a smaller number 

2) every odd number must be followed by a larger number or be t he last value m 

the permutation 

For example, DP1 (2) contams the followmg three permutat10ns 

2143 3421 421 3 

Those for which 2n = 6 are 



214365 342165 421365 435621 563421 
215643 356421 421563 4 36215 564213 
216435 364215 421635 562143 621435 

6 3 4 2 1 5 
6 4 2 1 3 5 
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These permutat10ns are defined to be of even length for the sake of convemence If 

we were to consider odd-length sequences, our highest value would be an odd number 

Accordmg to rule 2 above, it would necessanly be last Obviously, the permutat10ns 

of length 2n + 1 are simply the sequences of length 2n with the number 2n + 1 

appended at the end For example , DPl(n) where 2n = 5 contams the followmg 

three permutat10ns 

21435 34215 42135 

The Dumont permutations of the second kind (DP2( n)) are a set of permutations 

of [2n] with the followmg two rules as restnct1ons 

1) every odd posit10n must have a value greater than or equal to its mdex 

2) every even pos1t10n must have a value less than its mdex 

For example, DP2(2) mcludes only the permutat10ns 

2 1 4 3 3 1 4 2 4 1 3 2, 

and DP2(3) mcludes only the permutat10ns 

214365 314265 415263 416253 514263 614253 
215364 315264 415362 416352 513264 613254 
216354 316254 413265 514362 614352 

These permutat10ns are defined to be of even length for the sake of convemence, 
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as with DPl (n) If we were to consider odd-length permutations , our highest value 

would be an odd number Accordmg to rule 1 above, 1t would necessarily be last 

Obviously, the permutat10ns of length 2n + 1 are simply the permutat10ns of length 

2n with the number 2n + 1 appended at the end For example, DP2(n) where 2n = 5 

mcludes only the permutat10ns 

21435 31425 41325 

\i\Tith the mam defirnt10ns now given, the remamder of this part of the thesis deals 

with the followmg items a brief discuss10n of the Genocch1 numbers , an algorithm 

to generate the set DP2( n) and a proof of its correctness, an algorithm to generate 

the set DPl (n) and a proof of its correctness , an algorithm which maps an element 

from DP2(n) to an element of DPl (n) , and an algorithm which maps an element from 

DPl (n) to an element of DP2(n) The last algorithm 1s simply a modificat10n of the 

one precedmg it All these algorithms are neV\ results 

4.2 Genocchi Numbers 

The enumerat10n of both kmds of Dumont permutat10ns give the Genocchi numbers , 

denoted by g2n, and found m Sloane's database of mteger sequences ([19]) as number 

A001469 or M3041 The first several values are given m the followmg table 

n 1 2 3 4 5 6 7 8 9 10 
92n 1 1 3 17 155 2073 38227 929569 28820619 1109652905 
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One can obtam these usmg the generatmg function 

2i i i 2n 

- t - = t(l - tanh(-)) = t + L (-l f -( )' 92n, 
e + 1 2 n> l 2n 

which is given m [15] and [1] Another way is to use the recurrence formula 

given m [11] 

The Genocchi numbers are related to the Bernoulli numbers m the followmg way 

( see [7]) The tangent funct10n 

2n -l 
sm z ~ ( )n-1 n( n )B z tanz = -- = ~ -1 4 4 -1 2n--
cos z n >O (2n)1 

mcludes the Bernoulli numbers Bn as coefficients A sect10n of this formula is 

referred to as the tangent numbers Tn 

The odd positive mtegers (n + l)T2n+i/22n are the Genocchi numbers g2n 

D Dumont ([5]) showed that g2n+i is the number of permutat10ns of [2n] which 

are Dumont permutation of the first kmd and also of the second kmd In other words, 
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JDPl(n)J = JDP2(n)J = gn+l 

These results give no mdicat10n of how to generate the permutations 

4.3 A Backtracking Algorithm for Generating DP2(n) 

In this section , we develop an algorithm for generatmg Dumont permutat10ns of the 

second kmd (DP2 's) and prove that it is CAT 

The first approach we might take is to create a backtrackmg algorithm that 

determmes the value of each successive posit10n startrng at the first Unfortunately, 

this naive approach to backtrackmg will not give us a CAT algorithm, as can be seen 

by the lexicographic computat10n tree shown m Figure 39 For example , the leftmost 

bottom leaf of this tree represents the permutat10n 214365 The rat10 of dead ends 

and paths m the computat10n tree to g n+l is not bounded by a constant Therefore, 

the algorithm cannot be CAT 

4 3 1 Description of Algorithm 

The algorithm is of the backtrackmg type and fills m positions m the followmg order 

We keep two pomters to the mdices of the permutat10n One pomts to even pos1t10ns , 

the other to odd They are mibahzed to 2 and 2n - 1 respectively Pos1t10n 2 is filled 

first, followed by posit10n 2n - 1 Then each pomter is moved the even pomter 
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1 2 3 4 5 6 
I I I I I 
1 1 1 1 1 

~ ~ ~ ~ ~ 
3 4 5 6 4 5 6 3 5 6 3 4 6 3 4 5 

I I I I I I I /\ /\ I /\ /\ I /\ /\ 
3 3 3 2 2 2 2 2 3 2 3 2 2 3 2 3 2 2 3 2 3 

/\ I I /\ I I /\ I I I I I I I I I I 
5 6 6 5 5 6 6 5 5 6 6 6 5 5 6 6 6 5 5 5 

I I I I I I I I I I I I I I I I I 
5 4 4 5 4 4 5 3 2 3 2 4 3 2 4 3 2 

Figure 39 The computat10n tree for DP2(3) usmg the naive approach 

moves up by two posit10ns and the odd one moves down by two posit10ns This 

contmues until the even pomter reaches pos1t10n 2n and the odd pomter reaches 

1 This forward-backward scan is the mam idea that allows us to develop a CAT 

generation algorithm and also the biJect10n algorithms 

We mitialize a lmked list of the values 2 through 2n m mcreasmg order so that 

the use of values can be remembered The array perm of [l, 2, , 211] is where the 

permutat10n is stored 

The algorithm, which is given as Figure 40, is used by makmg a call to Du­

mont2 (1,2) after settmg perm[2] to 1 smce the first step is always to place a 1 m the 

2nd posit10n 

The for loops at lmes (D8) and (D1 6) reqmre some explanat10n We can deter­

mme which items have not been used by mamtammg a doubl) lmked list mitialized 
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Dumont2(position) 
(Dl ) local i , J 

(D2) 1f (position = l) then 
(D3) display the sequence 
(D4) return 
(D5) end 1f 
(D6) 1f (position mod2 = 0) then 
(D7) oddPosition +- oddPosition -2 
(D8) for all i E {J I oddPosition ~ J ~ n and J not used yet} 
(D9 ) perm[ oddPosition] +- i 

(DlO) Dumont2( i} oddPosition) 
(Dll ) perm[oddPosition] +- nothmg 
(D12) end for 
(D13) oddPosition +- oddPosition +2 
(D14) else 
(D15) evenPosition +- evenPosition +2 
(D16) for all i E {J I J < evenPosition and J not used yet} 
( D 1 7) perm [ evenP osition] f- i 

(D18) Dumont2( i} evenPosition) 
(D19) perm [ evenPosition] +- nothmg 
(D20) end for 
(D21) evenPosition +- evenPosition - 2 
(D22) end 1f 

Figure 40 Dumont2 Algonthm 



59 

with the values 1 through 2n As a value 1s used , 1t 1s removed from the list and a 

local vanable m the procedure that removed 1t keeps a pomter to 1t and the value 1t 

should succeed upon remsert10n mto the list When the value must be returned to 

the list , this will be tnvial to accomplish Usmg such a list guarantees that we will 

use only a constant amount of computat10n per recursive call, smce at any call of the 

procedure, we simply need to use either all unused values < k or all unused values 

2:: k In the former case, we use every item m the list from the begmnmg through 

k - 1 In the latter , we use every item m the list from the end through k, traversmg 

backwards 

Figure 41 shows the computation tree for the DP2(n) algonthm where n = 3 

Beside the tree 1s an md1cat10n of which pos1t10n m the permutat10n corresponds to 

that level m the tree For example, the first leaf m the tree represents the permutat10n 

613254 Note that out degree 1 nodes occur only at the last two levels Below, we will 

show that this 1s true m general 

4 3 2 Analysis - Proof of Efficiency 

The algorithm described above for generatmg DP2(n) will be shown to be CAT m 

this subsect10n 

Theorem 3 The DP2 algorithm is CAT 
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pos1t1on 

1 2 

5 5 

/\ 
2 3 2 3 4 

ffi /\ ~ /\ 
346 46 3 4 5 4 5 3 

I I /\ I /\ /\ /\ /\ /\ /\ 
4 5 3 4 2 2 3 4 5 3 5 3 4 2 5 2 4 6 

I I I I I I I I I I I I I I I I I 
6 6 4 3 6 3 2 5 4 5 3 4 3 5 2 4 2 1 

Figure 41 Computat10n Tree for DP2(3) 
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Proof Smee the computat10n at each node only mvolves the placement of a value 

and a constant amount of time for each valid value for the next position to be filled , 

it suffices to show that the computation tree for the algorithm has no dead ends , and 

has at most 2g2n nodes of outdegree one We divide a latter sect10n of the proof mto 

two cases , based on the parity of n 

Define a funct10n 1r to map the mdices mto the order m which the algorithm 

treats them This funct10n is a permutat10n Specifically, 1r [2n] --+ [2n], where if 

x E [2n] then 

1r(x) = { 
2n - x + l 
x+l 

if x even 
if x odd 

Define a to be a funct10n on [2n] which, given an rndex value , returns the maxi-

mum number of values which can be placed there considermg only the restrict10ns m 

the defimt10n of DP2(n) Some rnitial values are a(l) = 2n , o:(2) = 1, o:(3) = 2n - 2, 

a( 4) = 3 In general, 

a(x) = { 
x - l if x even 
2n - x + l if x odd 

It is trivial to show that a = 7r-i But rr-i is simply a mappmg which gives, 

for each mde:>.. x E [2n], m which order that pos1t10n 1s filled Thus we see that the 

respective order m which each pos1t10n 1s filled 1s the same as the number of items 

that are eligible to go m each of those posit10ns In other words , the first position to 

be filled can only have one possible value the second pos1t10n filled has at most two 
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possible values, and so on 

Define a function j3 which gives, for each position, the maximum number of 

values which satisfy both the follow mg conditions ( assummg that we fill entries m 

this function m the order mapped to by 1r) 

1) the value is eligible for that position, and 

2) the value could be already taken 

Define one final function 5 as follows For x E [2n] 

5(x) = a(x) - j3(x) 

Note that 5(x) enumerates the lowest possible branchmg factor m the computa­

tion tree when the value for position x 1s bemg chosen This 1s a computation of the 

worst-case branchmg factor at each level of the computation tree We can show that 

there are no dead ends and at most c g2n paths ( where c is a constant) by show mg 

that 5(x) -=I- 0 for all x E [2n] and 5(x ) = 1 for only a constant number of x E [2n] 

We now consider how to compute 5(x) m the order given by 1r That is, we 

compute 5 o 1r m order 

We compare the sequences produced by a o 1r and /3 o 1r to compute the sequence 

5 o 1r The first value filled 1s always at mdex 1r(l) = 2 /3(1r(l)) = 0 smce none 

of the values have even been taken yet Smee a(1r(l)) = 1, then 5(1r(l)) = 1 The 



63 

second value gives 1r (2) = 2n - 1, ,B( 1r(2)) = 0 ( smce the two values 2:: 2n - 1 could 

not yet have been used), a(1r(2)) = 2, and 5(1r(2)) = 2 Contmumg m this fash10n, 

we notice that the even-numbered pos1t10ns requ1re a value less than the mdex, and 

odd-numbered pos1t1ons reqmre a value greater than or equal to the mdex Therefore 

the computat10n of /3 for the even-numbered pos1t10ns can be computed regardless 

of what values have been chosen for odd-numbered pos1t10ns and vice versa until 

the odd-numbered pos1t10n 1s less than the even-numbered pos1t10n In other words , 

every second value of 5 will be unaffected by every other second value of 5 until the 

even and odd mdexes start to count some of the same items due to overlappmg 

There are l 2n/ 4 J even-mdexed values which are unaffected by choices for odd­

mdexed values, and s1m1larly for odd-mdexed values 

Consider the sequence produced by ,Bo1r over [2n] It starts with 0, 0, 1, 1, 2, 2, 

The sequence produced by ao1r over [2n]1s 1 2, 3, 4, 5, Thus, t he sequence produced 

by 5 o 1r begins 1, 2, 2, 3, 3, 4, 4, This pattern contmues until the even and odd 

mdexes begm to allow some of the same used items Exactly when this happens 

depends upon the value of n (mod 2) 

Case 1 (n (mod 2) = 0) 

In this case, the overlap begms at posit10n 7r( n + l ) The odd and even md1ces of 

,Bo 7r do not affect each other for n/2 or le s Thus , the m1tial subsequence of ,Bo 7r 

IS 0, 0, 1, 1, 2, 2, , n/2 - 1, n/2 - 1 The top half of Figure 42 depicts this s1tuat10n, 
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Figure 42 Computat10n of /3 for case 1 of DP2 proof 
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showmg the (3 values for the last 6 mdices from 1r(n - 5) t o 1r(n) mclusive The next 

f3 value to be computed is at mdex 1r (n + 1), which corresponds to relative mdex 7 m 

the diagram This will count the entry at relative mdex 5 and the entry at relative 

mdex 6 as well as all the entries to the left of that, already determmed to be n/2 - 1 

Thus , at the bottom half of the diagram, n/2 + 1 is at mdex 7 Similarly, mdex 8 

has a value 3 greater than mdex 6 ( which is n/2 + 2) because the values at mdices 

5, 6 and 7 are all new smce computmg the value for mdex 6 We can observe that 

the pattern of addmg 3 to the value two mdices lower will contmue from this pomt 

onwards 

Thus , we get a recurrence for this second half of the sequence of /3( 7r) , say tm 



/3 X - 4 x -3 
relative 1 12 3 10 
order 

where x = I n/21 

{3 X - 4 x -3 

x -2 
5 
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4 
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11 

--- ---------
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order 

12 3 10 5 8 7 6 9 4 11 

Figure 43 Computation of {3 for case 2 of DP2 proof 

{ 

n/2 + 1 if m = 0 
tm = n/2 + 2 if m = 1 

tm- 2 + 3 otherwise 

Notice that tm = {3 o 1r(n + m) 
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x -4 
2 

x -4 
2 

For example, when 2n = 16, tm = 5, 6, 8, 9, 11 , 12, 14, 15 for m = 0, 1, , 7 This 

recurrence relation has t he closed form solut10n 

n m 
tm = 2 + 3 l 2 J + 1 + ( m ( mod 2)) 

Case 2 (n (mod 2) = 1) 

In this case, the overlap also begms at posi t10n 1r ( n + 1) The odd and even 

mdexes of {3 o 1r do not affect each other for n/2 or less Thus, the m1tial subsequence 
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of {301r IS 0,0,1,1,2, 2, , I n/21 - 2, I n/21 - 2, I n/21 - 1 The top half of Figure 43 

depicts this s1tuat10n, showmg the {3 values for the last 7 mdexes from 1r( n-6) to 1r( n) 

mclus1ve The next (] value to be computed 1s at mdex 1r(n + 1), which corresponds 

to mdex 8 m the diagram This will count the entry at mdex 7 and the entry at mdex 

6 as well as all the entries to the right of that , already determmed to be I n/21 - 2 

Thus, at the bottom half of the diagram, I n/21 1s at mdex 8 S1m1larly, mdex 9 has 

a value 3 greater than mdex 7 (which IS r n/21 - 1) because the entries at md1ces 

6, 7 and 8 are all new smce computmg the entry for mdex 7 We can observe that 

the pattern of addmg 3 to the value two entnes lower will contmue from this pomt 

onwards 

Thus, we get a recurrence for this second half of the sequence of (J(1r) , say Sm 

I n/21 1f m = 0 
I n/21 + 2 1f m = 1 
sm-2 + 3 otherwise 

Notice that Sm = {3 o 1r(n - 1 + m) 

For example, when 2n = 14, Sm = 4, 6, 7, 9, 10, 12, 13 for m = 0, 1, 

recurrence relat10n 1s eqmvalent to the closed form 

, 6 This 

Now we may consider the computat10n of o o 1r for both cases This is Just the 

computat10n of a o 1r - {3 o 1r , which is i - o 1r where l is the identity function Two 
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observat10ns can be made regardmg this computat10n from the analysis presented 

Firstly, there are only three values of l for which l - f3 o rr( l) = 1, namely l = 

1, 2n - 1, 2n Secondly, 1t 1s evident that for other values 1 < l < 2n - 1, we have 

We can see from the above argument that the worst-case branchmg factor 1s 1 m 

at most 3 levels m the computat10n tree - the first one and the last two This means 

that m the v.orst case, there could be only 3 levels of recursive calls where only one 

choice 1s possible The last two levels of the computat10n tree could each have at most 

g2n paths The first level 1s not counted because 1t is dealt with m the m1tializat10n 

of the algorithm by placmg a 1 m the second pos1t10n 

We have now established that the computat10n tree for the algorithm has no dead 

ends and at most 2g2n outdegree one nodes D 

Hence, the algorithm 1s CAT It 1s also BEST 

4 4 A Backtracking Algorit hm for Generating DPl(n) 

In this sect10n, we develop an algorithm for generatmg Dumont permutations of the 

first kmd (DPl (n)) and prove that 1t 1s CAT 

The first approach we might take 1s to create a backtrackmg algorithm that 

determmes the value of each successive pos1t10n startmg at the first As m the case of 

DP2(n), this naive approach to backtrackmg will not give us a CAT algorithm, as 1s 
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I I I I I I 
5 3 5 5 1 5 

Figure 44 Part of the cornputat10n tree for DP1(3) usmg the naive approach 

seen by the partial le"Xicographic cornputat10n tree shown m Figure 44 For example, 

the first bottom leaf of this tree represents the permutat10n 214365 The rat10 of dead 

ends and paths m the computat10n tree to total nodes mcreases at a rate greater than 

a constant 

4 4 1 Descr1pt 10n of A lgorithm 

The algorithm is of the backtrach.mg type and determmes which values follow which 

other values m the order mapped to by 1r discussed m the sect10n on DP2 's For 

example, for 2n = 6, the algorithm will determme what follows 2, then what follows 
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5, then what follows 4, then what follows 3, then what follows 6, then what follows 1 

We mitialize a set of 2n + 1 sublists, each contammg a number from 1 through 

2n or 0 - an mdicat10n that no item follows These sublists will be merged m pairs 

throughout the execut10n of the algorithm to form new sublists which reflect which 

element follows which We also keep a list of elements which are available to follow 

other elements , and call these followers Smee exactly one element is to be last m 

the permutation, we need to be aware that 0 is a follower as well The mitial list of 

followers should be 1, 2, 3, ,2n,0 

The algorithm is used by makmg a call to Dumontl (l,2) 

The for loops at lmes (DlO) and (D2O) reqmre some explanat10n We can deter­

mme which items have not been used by mamtammg a doubly lmked hst mitiahzed 

with the values 1 through 2n As a value is used, it 1s removed from the list and a 

local variable m the procedure that removed it keeps a pomter to it and the value it 

should succeed When the value must be returned to the list this will be trivial to 

accomplish 

Also, the decision given at Imes (D 11 ) and (D21) require some explanat10n It 

must be recogmzed that a value at the begmnmg of a sublist can still be m the list 

of available followers and yet not be available to follov. a particular value If there 1s 

such an item, 1t is at the begmnmg of a sublist The particular value 1t cannot follow 

is the value at the end of the same sublist Notice that this special situat10n only 



Dumontl ( valu e1 position) 
(Dl ) local i , J 
(D2) adjust sublists so that value follows position 
(D3) 1f (position = l) then 
(D4) display the one remammg sublist 
(D5) adjust sublists so that value no longer follows position 
(D6) return 
(D7) end 1f 
(D8) 1f (position mod2 = 0) then 
(D9) oddPosition +-- oddPosztion -2 
(DlO) for all 1. E {J I (oddPosition > J or J = 0) and J not used yet} 
(D11 ) 1f i can follow oddPosition then 
(D1 2) remove z from list of available followers 
(D13) Dumontl ( i1 oddPosztion) 
(D14) add z back to list of available followers 
(D1 5) end d 
(D1 6) end for 
(Dl 7) oddPos1tion +-- oddPosition +2 
(D18) else 
(D19) 
(D20) 
(D21) 
(D22) 
(D23) 
(D24) 
(D25) 
(D26) 

evenPosztion +-- evenPosition +2 
for all z E {J I J < evenPosition and J not used yet} 

1f z can follow evenPosition then 
remove z from hst of available followers 
Dumontl ( i1 evenPosition) 
add z back to hst of available followers 

end 1f 
end for 

(D27) evenPosition +-- evenPosztion - 2 
(D28) end 1f 

Figure 45 Dumontl Algorithm 
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occurs for at most one available follower for any given value Thus , these decis10n 

structures will not affect the time complexity of a smgle funct10n call of Dumont! 

Havmg reasoned that the decis10n structures will not affect the time complexity 

of one call of the function, we can now consider the time complexity as we did with 

DP2(n) Usmg the hst of followers m the way described guarantees that we will use 

only a constant amount of computation per recursive call, smce at any call of the 

procedure, we simply need to use either all unused values < k or all unused values 

~ k and 0 In the former case, we use every item m the list from the begmnmg 

through k - 1 In the latter, we use every item m the hst from the end (which is 0) 

through k, traversmg backwards 

Figure 46 shows the computat10n tree for the DPl algorithm where 2n = 6 The 

notat10n xfy m this diagram denotes "x follows y" The first leaf m the tree represents 

the permutation 634215 ote that degree 1 nodes occur only at the last two levels 

Below, we will show that this is true m general 

4 4 2 Analysis - Proof of Efficiency 

The algorithm described above for generatmg DPl(n) will be shown to be CAT m 

this subsection 

Theorem 4 The DP1 (n) algorithm zs CAT 
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5£1 6fl 6fl 3fl 5fl 3£1 4fl 6fl 5fl 4fl 5fl 3fl 0fl 0fl 4fl 5fl 0fl 

Figure 46 Computat10n Tree for DP1 (3) 
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Proof Smee the computat10n at each node only mvolves the placement of a value 

and a constant amount of time for each valid value for the next posit10n to be filled, 

it suffices to show that the computat10n tree for the algonthm has no dead ends, 

and has at most cg2n outdegree one nodes, where c is a constant We divide a latter 

sect10n of the proof mto two cases, based on the value of 2n mod 4 Smee 2n is even , 

this value will be either O or 2 

We agam use the defimtion for 7r [2n] ----t [2n], where if x E [2n] then 

n(x) = { 
2n - x + l 
x +l 

if x even 
if x odd 

We also define a m an analogous way as m the proof for CATness for DP2 's 

Define a to be a funct10n on [2n] which, given a value, returns the maximum number 

of different possible values which can be placed after it (mcludmg the possibility of no 

followers) considenng only the restnctions m the defimt10n of DPl(n) Some mitial 

values are o(l) = 2n, o(2) = 1, o(3) = 2n - 2, o(4) = 3 In general , 

a(x) = { 
x - l if x even 
2n - x + 1 if x odd 

It 1s tnvial to show that a = n- 1 But n- 1 is simply a mappmg which gives , for 

each mdex x E [2n], m which order the followers of values should be chosen Thus we 

see that the respective order m which followers are chosen is the same as the number 

of followers that are eligible to go after each of those values In other words, the first 

value to have a follower chosen can only have one possible follower , the second value 
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for which a follower 1s chosen has at most two possible followers, and so on 

Define a function /3 which gives, for each value, the maximum number of values 

which satisfy both the followmg conditions (assuming that we assign followers to 

values m this funct10n m the order mapped to by 7r) 

1) the follower is ehgi ble to go after the value, and 

2) the follower could be already taken 

Define one final function 5 as follows For x E [2n] 

5(x) = a(x) - /J(x) 

We can show that there are no dead ends and at most c g2n paths (where c is a 

constant) by show mg that 5 ( x) -/- 0 for all x E [2n] and 5 ( x) = 1 for only a constant 

number of x E [2n] 

It becomes evident that a, /3, and 5 behave exactly the same as m the proof of 

CATness for DP2(n) Thus, by the details of that proof, we have now established that 

the computat10n tree for the algorithm has no dead ends and at most 2g2n outdegree 

one nodes □ 
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n usableDP2(n) n usableDPl (n) 
1 1, 2, 3, 4, 5, 6 1 2, 3, 4, 5, 6, 0 
2 1 2 1 
3 3, 4, 5, 6 3 4, 5, 6, 0 
4 1, 2, 3 4 1, 2, 3 
5 5, 6 5 6, 0 
6 1, 2, 3, 4, 5 6 1, 2, 3, 4, 5 

Figure 47 Available values for each position m a DP2(3) and the correspondmg 
DP 1 ( 3) followers 

4.5 Conjecture: An explicit mapping between DP2(n) and 
DPl(n) 

We present an algonthm which takes as mput a Dumont permutation of the second 

kmd and produces the correspondmg Dumont permutat10n of the first kmd The 

algonthm uses a list of available values ( or followers, as the case may be) for each of 

the values 1 through 2n for both DPl(n) and DP2(n) of size 2n We refer to these 

available choice lists through the use of the arrays usableDPl and usableDP2 For 

example, the lists of available values for a DP2(3) and DP1(3) are shown m Figure 47 

It should be noticed that the number of items ma given list of choices for DP2( n) 

1s the same as the number of items m the correspondmg list of choices for the DPl ( n) 

The mam idea of the algorithm is to match each value choice of the DP2 that 

has been mput with a choice of follower m bmldmg a DPl When the correspondence 

of a smgle value and followmg value has been determmed, all the usable lists for 

both DP2 's and DPl 's are changed to reflect these choices This is accomplished by 
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removmg all mstances of the value from the usableDP2 lists and all followers which 

reflect the choice of follower from the usableDP 1 lists This last part mvolves first 

removmg all mstances of the follower chosen and then also mvolves possibly removmg 

a particular follower from a particular usableD Pl list Whenever a new follower is 

chosen, two sublists are Jomed The Jommg of these two sublists gives a new constramt 

with respect to followers smce the end of this new sublist cannot have the begmnmg 

value of the same sublist as its follower Thus , such a follower is removed m the case 

where the endmg of the sublist is not 0 

The mput of a DP2 is assumed to be accessed through an array called dp2 The 

settmg of followers for the DPl is assumed to be set by assignmg values to the array 

dpl and by mergmg appropriate sublists as m the algorithm for generatmg DPl 's 

dpLpomter and dp2_pomter are used to search through correspondmg lists of 

choices 

The Convert algorithm is given m Figure 48 

In the above, begmmng and ending denote the first and last values m the latest 

sublist created 

Consider the mput of 415263 mto convert The usable lists will mitially be as 

given above Then the 1 m this DP2 will correspond to choosmg a 1 as a follower of 

2, producmg the modified vers10n of the usable lists found m Figure 49 

Next, the 6 m posit10n 5 of our mput permutat10n corresponds to 0 as a follower 
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n 
1 
2 
3 
4 
5 
6 

local i, current_pos, dpLpointer, dp2_pointer 
for all 1 S i S 2n 

currenLpos f-- 7r ( i) 
dp 1 _pointer f-- usableD P 1 [ currenLpos] 
dp2_pointer f-- usableDP2 [ currenLpos] 
while dp2 [ currenLpos] -=I- value ( dp2_pointer) 

move both dp pomters ahead one node m respective list 
end while 
dpl[ currenLpos] f-- value( dpLpoznter) 
Jorn two dpl sublists so dpl [currenLpos] follows currenLpos 
remove all mstances of dp 2[ currenLpos] from usableDP2 lists 
remove all mstances of dpl [ current_pos] from usableDP 1 lists 
remove any mstance of beginning from dpl [ ending] 

end for 

Figure 48 Convert algonthm which takes a DP2(n) and maps it to a DPl(n) 

usableDP2(n ) n usableDPl (n) 
2, 3, 4, 5, 6 1 3, 4, 5, 6, 0 

2 
3, 4, 5,6 3 4, 5, 6, 0 
2, 3 4 2, 3 
5, 6 5 6, 0 
2, 3, 4, 5 6 2 3, 4, 5 

Figure 49 First data structure change rn mappmg the DP2 415263 to a DP l 
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n usableDP2 (n) n usableDPl (n) 
1 2, 3, 4, 5 1 3, 4, 5, 6 
2 2 
3 3, 4, 5 3 4, 5,6 
4 2, 3 4 2, 3 
5 5 5 6 
6 2, 3, 4, 5 6 2, 3, 4, 5 

Figure 50 Second data structure change m mappmg the DP2 415263 to a DPl 

n usableDP2(n) n usableDPl (n ) 
1 3, 4, 5 1 3, 5, 6 
2 2 
3 3, 4, 5 3 4, 5, 6 
4 3 4 3 
5 5 5 6 
6 3, 4, 5 6 3, 4, 5 

Figure 51 Third data structure change m mappmg the DP2 415263 to a DPl 

of 5 We then get the usable lists shown m Figure 50 

Next , the 2 m position 4 of our mput permutat10n corresponds to 2 as a follower 

of 4 We then get the usable lists of Figure 51 

Next, the 5 m posit10n 3 of our mput permutation corresponds to 6 as a follower 

of 3 We then get the usable lists of Figure 52 

Next , the 3 m pos1t10n 6 of our mput permutat10n corresponds to 4 as a follower 

of 6 We then get the usable lists of Figure 53 

We are left with the 4 placed at pos1t10n 1 of our mput correspondmg to 5 

followmg 1 m the DPl we bmld By puttmg together all the sublists based on the 
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n usableDP2(n) n usableDPl (n) 
1 3, 4 1 3, 5 
2 2 
3 3, 4 3 4, 5 
4 3 4 3 
5 5 
6 3, 4 6 4, 5 

Figure 52 Fourth data structure change m mappmg the DP2 415263 to a DPl 

n usableDP2(n) n usableDP 1 ( n ) 
1 4 1 5 
2 2 
3 4 3 5 
4 4 
5 5 
6 4 6 5 

Figure 53 Fifth data structure change m mappmg the DP2 415263 to a DPl 

followers we have determmed, we get 364215 

The correctness of this algonthm 1s a conJecture and relies on the supposed 

property that at any given execut10n of the loop, the number of available choices 

m correspondmg lists 1s always the same This conJecture is supported by some 

expenmentat1on, as follows All DP2( n) 's were generated and redirected to a file , 

for some n Each of these DP2(n)'s were converted usmg the Convert algonthm, 

and this output was redirected to a file, which was then sorted Next, all DPl (n)'s 

were generated and redirected to a file , which was also subsequently sorted The two 

sorted files were compared and found to be the same This expenment was tned for 

n = 2, 4, 6, , 12 Recall there are 38227 DP1 (12)'s and DP2(12)'s 



mput to Convert 
2 1 4 3 6 5 
2 1 6 3 5 4 
3 1 5 2 6 4 
4 1 5 2 6 3 
4 1 3 2 6 5 
4 1 6 3 5 2 
5 1 4 2 6 3 
6 1 4 3 5 2 
613254 

output from Convert 
2 1 6 4 3 5 
2 1 5 6 4 3 
4 2 1 3 6 5 
3 6 4 2 1 5 
342165 
5 6 2 1 4 3 
4 2 1 6 3 5 
4 3 5 6 2 1 
5 6 3 4 2 1 

mput to Convert 
215364 
314265 
316254 
415362 
416253 
514362 
5 1 3 2 6 4 
6 1 4 2 5 3 
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output from Convert 
2 1 4 3 6 5 
642135 
564213 
436215 
421563 
621435 
634215 
3 5 6 4 2 1 

Figure 54 The mappmg of DP2(6) to DP1 (6) 

The mappmg m Figure 54 was generated usmg the Convert algorithm to illustrate 

the correspondence between DP2's and DPl 's of length 6 

The time complexity of the Convert algonthm is of mterest We now provide an 

analysis of that 

If we count the number of items placed m an array at m1tialization, assummg that 

n 1s the length of the permutat10ns, we find the pattern n, 1, n-2, 3, n-4, 5, , 2, n-1 

m attemptmg to count If we count these m pans, we find that each pair has n + 1 

items and there are n/2 pans Smee this 1s done with two sets of arrays, we get a 

total of n( n + 1) operations for mitiahzat10n of arrays 

vVe now consider the number of operat10ns mvolved m searchmg through these 

n( n + 1) items for the correspondmg values and searchmg through all the relevant 

arrays to remove those values and followers which are no longer necessary Once a 

decision has been made that an entry m the dp2 array corresponds to a follower for the 



Convert 
local i , currenLpos, dpLpomter, dp fLpomter 
for all 1 S i S 2n 

currenLpos +-- 1r ( i) 
dpLpomter +-- usableDP 1 [ current_pos] 
dp 2_pomter +-- usableDP2 [ currenLpos] 
while dpl [ currenLpos] -=/= value( dpLpomter) 

move both dp pomters ahead one node m respective list 
end while 
dp 2 [ currrnLpos] +-- value ( dp2_pomter) 
JOm two dpl sublists so dpl [ currenLpos] follows currenLpos 
remove all mstances of dp2 [ currenLpos] from usableDP2 hsts 
remove all mstances of dpl [current_pos] from usableDPl lists 
remove any mstance of begmnmg from dpl [ ending] 

end for 
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Figure 55 Convert algorithm which takes a DPl(n) and converts it to a DP2(n) 

DPl(n) bemg bmlt, this value is removed from all the relevant arrays and the follower 

is removed likewise However, mdices m the DPl for which the correspondmg follower 

has been determmed need not be searched We notice that the order m which we 

consider md1ces of the DPl(n) mput provides a certam pattern for countmg (Recall 

that we consider md1ces m the order mapped to by rr ) The first mdex considered 

(2) has 1 element , the second has 2, the thud has 3, and so on This contmues to 

then - 1st element Thus, if we assume the algorithm ignores previously considered 

mdices when searchmg through to remove values and followers that are no longer 

necessary, we ignore at least 1 element the first time, 1 + 2 = 3 elements the second 

time, 1 + 2 + 3 = 6 elements the thud time, and a( a + 1) elements m general each 

time, where a is the number of times through the loop Smee there are n( n + 1) items 
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m total, we want to consider the value of n(n + 1) - a(a + 1) summed over a from 

0 (to consider mitial1zation) ton - 1 This summat10n is O (n3
) Thus , we conclude 

that the worst case runnmg time of Convert 1s O(n3
) 

An algonthm which takes as mput a DPl of length 2n and converts it to the 

correspondmg DP2 of length 2n can be constructed with a few mmor changes to the 

previous algorithm This new vers10n of Convert 1s given m Figure 55 

The runnmg time for this vers10n of the Convert algorithm is the same as the 

prev10us one 
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5 Cone I us ion 

We have been successful at des1gnmg generat10n algonthms for a vanety of permu­

tat10ns charactenzed by particular restnct10ns All of the generation algonthms are 

CAT, meanmg that they have a time complexity that 1s asymptotically the best they 

can be with a sequential computmg model 
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