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ABSTRACT

Data processing for Big Data plays a vital role for decision-makers in organi-

zations and government, enhances the user experience, and provides quality

results in prediction analysis. However, many modern data processing solu-

tions make a significant investment in hardware and maintenance costs, such

as Hadoop and Spark, often neglecting the well established and widely used

relational database management systems (RDBMS’s).

In this dissertation, we study three fundamental graph problems in RDBMS.

The first problem we tackle is computing shortest paths (SP) from a source to a

target in large network graphs. We explore SQL based solutions and leverage

the intelligent scheduling that a RDBMS performs when executing set-at-a-time

expansions of graph vertices, which is in contrast to vertex-at-a-time expansions

in classical SP algorithms. Our algorithms perform orders of magnitude faster

than baselines and outperform counterparts in native graph databases.

Second, we studied the PageRank problem which is vital in Google Search

and social network analysis to determine how to sort search results and iden-

tify important nodes in a graph. PageRank is an iterative algorithm which im-

poses challenges when implementing it over large graphs. We study computing

PageRank using RDBMS for very large graphs using a consumer-grade ma-

chine and compare the results to a dedicated graph database. We show that

our RDBMS solution is able to process graphs of more than a billion edges in

few minutes, whereas native graph databases fail to handle graphs of much

smaller sizes.

Last, we present a carefully engineered RDBMS solution to the problem of

triangle enumeration for very large graphs. We show that RDBMS’s are suitable
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tools for enumerating billions of triangles in billion-scale networks on a con-

sumer grade machine. Also, we compare our RDBMS solution’s performance

to a native graph database and show that our RDBMS solution outperforms by

orders of magnitude.
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Chapter 1

Introduction

The amount of data collected from different sources has reached unprece-

dented levels. According to the survey of McKinsey Global Institute in 2011

[45]: “Companies capture trillions of bytes of information about their cus-

tomers, suppliers, and operations, and millions of networked sensors are being

embedded in the physical world in devices such as mobile phones and automo-

biles, sensing, creating, and communicating data. Multimedia and individuals

with smartphones and on social network sites will continue to fuel exponential

growth. Big data–large pools of data that can be captured, communicated, ag-

gregated, stored, and analyzed is now part of every sector and function of the

global economy. Like other essential factors of production such as hard assets

and human capital, it is increasingly the case that much of modern economic

activity, innovation, and growth simply couldn’t take place without data.”

The data is now being measured in zettabytes, 1021 bytes, and petabytes,

1015 bytes. For example, Walmart estimates to create 2.5 petabytes of consumer

data every hour [46], Facebook processes tens of billions of likes and messages

every day, Google receives 1.2 trillion search requests every year, and Internet



2

of Things (IoT) data is expected to exceed 175 zettabytes by 2025 [42].

The graph is a natural fit to represent connected entities and their rela-

tionships as it can capture complex relationships. For example, users, posts,

images, and videos are represented as nodes in social networks, and the rela-

tionships between them are modeled as edges. The same goes for world wide

web where pages are considered as nodes and URL links in the pages as edges,

road maps where locations are represented as nodes and roads as edges, and

networks of items where the edges can represent consumer behavior similari-

ties or social network trends or specific associations based on similar posts or

similar likes and dislikes.

Graph analytics is the process of gaining new insights and patterns discov-

ery from the data. Analyzing the topology and properties of these graphs can

be extremely useful in obtaining valuable information. With the current level of

data, graph analytics drive business decisions and play a vital role in shaping

many commercial goals and even political goals. We have seen the impact of so-

cial network analysis in advertising campaigns and targeted political messages

in recent elections.

1.1 Motivation

Based on the survey conducted by Sahu et al. [57], the major challenges faced

by users of graph analytics are as follows.

• Large Graphs Are Very Common: most graphs used by organizations are

huge, over one billion edge, and big graphs not limited to large companies

like Google or Facebook but quite common among other companies as
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well.

• Scalability: With graphs, size grows exponentially, so scalability is the

most challenging issue facing companies where the need for fast process-

ing is also increasing.

• Prevalence of RDBMS: Relational databases still are the most common

system for data processing and data retrieval, and RDBMS systems are

the backbone for many organization operations and applications.

As graph sizes grow to billions of nodes and edges, many graph algorithms

that require loading of the whole graph into memory will not work or become

extremely slow due to memory swap, hence to run these algorithms, companies

might upgrade their hardware capacity or invest into new distributed systems

like Hadoop. However, both alternatives include high initial cost and signifi-

cant ongoing cost (operation cost). Relational Database Management Systems

(RDBMSs) are widely used in most organizations and are the main component

for most enterprise applications and day-to-day operations. Most companies

are already invested heavily to set up RDBMS infrastructure. The market share

of RDBMSs is worth billions of dollars, and it is increasing year over year. Also,

the maturity and stability of RDBMS systems are well established, and busi-

nesses rely on them for storage and data processing (create, update, delete

and query).

Based on the above, the logical conclusion is to run graph algorithms on

RDBMS and get the benefits of the existing infrastructure and the high perfor-

mance in terms of indexing, data buffering, storage, and query optimization.

However, RDBMSs are often viewed by businesses as inadequate for graph
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processing and therefore pushed aside in favor of alternative technologies such

as vertex-centric systems like Pregel, Giraph, and graph databases like Neo4J,

which we try to address in this dissertation as not entirely justified and answer

the question: Can we use an RDBMS as a single platform that supports graph

analysis?

In this dissertation, we propose algorithms for three fundamental graph an-

alytics problems. First, we address Source-to-Target Shortest Path Problem,

which is one of the core graph problems found in many applications. For ex-

ample, it is used to identify how people are connected in social networks, find

driving directions from location A to location B, and provide the backbone of

many graph analysis tasks. Shortest path algorithms can also be adapted to

compute other tasks, such as minimal spanning trees. Second, we address

Page Rank, which is widely used by Google and other search engines to sort

out search results. Third, we address Triangle Enumeration which is vital for

many applications like performing community searches and detecting fake ac-

counts, malicious pages, or instances of web spamming.

Our results show that graph analytics is possible with relational databases

and could perform better than graph databases and process massive datasets

in a consumer-grade server.

1.2 Contribution

We propose algorithms and implementations for three fundamental graph prob-

lems using RDBMS :

• Source-to-Target Shortest Paths: Chapter 2 focuses on studying the com-
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putation of shortest paths (SP) from a source to a target leveraging the

intelligent scheduling that an RDBMS performs when executing set-at-a-

time expansions of graph vertices. Proposed algorithms perform orders

of magnitude faster than baselines and even faster than main memory al-

gorithms for large graphs. Also, we show that our algorithms on RDBMS

outperform counterparts running on modern native graph databases. Our

research is published in the following article.

– Aly Ahmed and Alex Thomo. Computing source-to-target shortest

paths for complex networks in RDBMS. Journal of Computer and Sys-

tem Sciences (JCSS), 89:114–129, 2017. ([3])

• Page Rank Problem: Chapter 3 focuses on studying the Page Rank prob-

lem, which is vital in Google Search and social networks to determine how

to sort search results and how influential a person is in a social group.

Page Rank is an iterative algorithm that imposes challenges when im-

plementing it over a large graph. We study computing Page Rank using

RDBMS for very large graphs using a consumer-grade server and com-

pare the results to a dedicated graph database. Our research is published

in the following article.

– Aly Ahmed and Alex Thomo. Pagerank for billion-scale networks in

RDBMS. International Conference on Intelligent Networking and Col-

laborative Systems (INCoS), pages 89–100. Springer, 2020. ([4])

• Triangle Enumeration: Chapter 4 focuses on studying the Triangle enu-

meration problem, which is considered a fundamental graph analytics

problem with many applications, including detecting fake accounts, spam
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detection, and community searches. We present a carefully engineered

RDBMS solution to the problem of triangle enumeration for extensive

graphs. We show that RDBMSs are suitable tools for enumerating bil-

lions of triangles in billion-scale networks on a consumer-grade server.

Also, we compare our RDBMS solution’s performance to a native graph

database. Our research is published in the following article.

– Aly Ahmed, Keanelek Enns, and Alex Thomo. Triangle enumeration

for billion-scale graphs in RDBMS. In Advanced Information Network-

ing and Applications (AINA), pages 160–173. Springer, 2021. ([2])
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Chapter 2

Computing Source-to-Target

Shortest Paths for

Complex Networks in RDBMS

2.1 Introduction

Large graphs are everywhere nowadays. They model social and web networks,

knowledge networks, and product co-purchase networks, to name a few. We

label these networks “complex” to distinguish them from “spatial” networks,

such as road networks that have been studied extensively. Our focus in this

part of the dissertation is on complex networks.

Many classical graph algorithms face challenges when the graph is large.

This is because they need random access to the vertices of the graph and their

adjacency lists, and random access is expensive. While this is significantly more

pronounced for data residing in external storage, it is also true for data that

can fit in main memory (see [34] for discussions and experiments). For complex
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networks the situation is even more challenging because many optimization

ideas for spatial networks are not applicable to complex networks (see [65] for

a survey on shortest path approaches for different kinds of networks).

One family of graph algorithms that we identify as particularly demanding

for random-access is graph search. Graph search algorithms seek subgraphs

that satisfy some property, such as the shortest paths between a source and

destination [18], the minimum spanning tree rooted at a vertex [53], the con-

nected component containing a vertex [30], and so on. Most algorithms of this

family have an expand-and-explore nature that exhibits an intensive random

access pattern. Therefore, they are good candidates for re-engineering so that

random access is reduced.

In this part, we focus on source-to-target (s-t) shortest path queries (or sim-

ply s-t queries), also known as point-to-point queries in literature. These queries

are central in social network analysis. For instance, graph distance (often re-

ferred to as social distance) can play an important role in deriving insights on

user search in Linkedin, Facebook, and other social networks (see [31, 33, 66]

for examples of using social distance). S-t queries have also been used to lever-

age trust in social links in online marketplaces [70] and shown to be an integral

part of location and social aware search [64, 74]. Furthermore, the s-t queries

are a building block in answering regular path queries on semi-structured data

[24, 25, 47, 63].

S-t queries have a “local search” nature that is in contrast to the source-to-

all queries which have a “global search” nature. As such, s-t queries are not

a good fit for Pregel-like systems (such as Graphchi in [39]) which access the

whole graph in each pass.
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The approach we follow for computing s-t queries is to use relational databases

as pioneered by [21]. Relational databases are a mature technology represent-

ing more than 40 years of active development. What relational databases offer

is a set-at-a-time mode of operation, which allows data-access scheduling for

grouping requests to disk blocks and thus reducing random access.

However, the main algorithm for finding shortest paths, the Dijkstra’s al-

gorithm, follows a vertex-at-a-time approach; it seeks to expand only the best

vertex (path) discovered so far. On the other hand, other search algorithms,

such as breadth first search (BFS), expand a set of vertices (paths) in each it-

eration, thus making possible to use the set-at-a-time mode of operation that

a relational database offers. One can use BFS for s-t queries, however, the

discovered paths might not be the best (shortest), and we need to re-expand

vertices many times until we find the shortest paths.

The authors of [21] propose Bidirectional Restrictive BFS (B-R-BFS) which

is an adaptation of BFS to reduce the number of vertex re-expansions. This

is achieved by partitioning the table of graph edges into multiple tables based

on the weights of edges. The algorithm is also bidirectional, meaning that it

runs both from the source and the target until the two searches meet. The

performance improvements over the Dijkstra’s algorithm and pure BFS are im-

pressive. However, deciding termination in B-R-BFS is challenging, and the

condition proposed in [21] for checking termination is unfortunately not com-

plete.

Our contributions in this part are as follows.

First, we show the problem with termination in B-R-BFS and then propose

a new termination algorithm. In general, in any bidirectional s-t algorithm that
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starts two search processes, one forward from s and the other backward from

t, we need to determine whether both processes have finalized the distance of a

vertex v from s and t, respectively. In such a case, we can successfully terminate

the algorithm. In B-R-BFS, deciding whether a vertex v has its distance finalized

is not easy as v can be expanded multiple times using different edge tables. The

solution we propose is based on determining lower bounds for vertex distances

and inferring a termination condition based on these bounds.

Second, we propose another algorithm, Bidirectional Level-based Frontier

BFS (B-LF-BFS), for computing s-t queries in a set-at-a-time fashion. Differently

from B-R-BFS, we achieve restrictive BFS not by splitting the edge table, but

by selecting only a part of the visited vertices as a frontier to be expanded. The

frontier contains only those vertices that have a distance estimate less than a

“level” value. We show that, if the frontier is iteratively expanded until no more

expansion is possible, then the distances of the vertices expanded during the

current level are final. We, then, increase the current level to the next one (by

adding a step value) and repeat the process. Since we have an explicit way to

determine when vertices are finalized, we obtain a much simplified termination

procedure.

Third, we enhance B-LF-BFS to use a graph representation where the neigh-

bors of each vertex and their respective edge costs are compressed in an inverted-

index style. We call this enhanced algorithm B-LF-BFS-C. We borrow ideas from

Information Retrieval practice to perform compression by encoding the differ-

ences in neighbor ids using variable-byte encoding. The compression achieved

is such that B-LF-BFS-C is able to handle graphs of an order of magnitude big-

ger than what B-R-BFS and B-LF-BFS can.
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Finally, we present a detailed experimental study on real and synthetic datasets.

We observe that all the above three algorithms outperform the vertex-at-a-time

Dijkstra’s algorithm in RDBMS by orders of magnitude. This strongly affirms

the benefit of the set-at-a-time mode of operation offered by RDBMSs. Further-

more, we show that B-LF-BFS-C outperforms even a memory implementation

of the Dijkstra’s algorithm for a relatively large graph (Live Journal). We also

show that B-LF-BFS-C can easily handle very large graphs, such as UK 2005,

with close to one billion edges.

The rest of the chapter is organized as follows. In Section 2.2, we dis-

cuss other systems for graph management and processing. In Section 2.3, we

present preliminaries and explain the challenges of computing shortest path

queries on RDBMS. In Section 2.4, we describe the problem with termination

detection in B-R-BFS and the proposed solution to fix it. In sections 2.5 and

2.6, we present the B-LF-BFS and B-LF-BFS-C, respectively. In Section 2.7, we

present our experimental results. In Section 2.8, we describe the related works.

Finally, Section 2.9 concludes the chapter.

2.2 Other Systems for Graph Management and

Processing

Systems that allow for the storage and random access of big graphs are (native)

graph databases. One of the main graph databases is Neo4j1. To make random

access feasible, Neo4j builds indexes to quickly zoom in to a vertex and its

neighborhood. A good index makes random access fast. However, if there are

1http://neo4j.com
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massive requests for random access during the execution of an algorithm, the

performance will still suffer. As we show in our experiments, Neo4j is consid-

erably slower than the proposed algorithms on RDBMS; it even fails to return

results for our larger graphs.

A very different approach is followed by the systems geared towards graph

analytics. As representatives of such systems, we mention Pregel [43] for a

distributed setting and GraphChi [39] for a single machine. They do not offer

random access to a graph. Instead, they present a vertex-centric (VC) compu-

tation paradigm [43] where each vertex independently runs the same algorithm

and sends and receives messages to and from its neighbors. VC systems for a

single machine, such as GraphChi, significantly reduce random access to only

a negligible amount. The tradeoff is multiple sequential passes over the graph.

VC computation is quite good for some problems. Global graph search can be

nicely implemented as a VC computation (see [39] for a discussion). For in-

stance, finding the shortest paths from a source vertex to all the other vertices

of a graph or finding all the connected components of a graph can be efficiently

done as VC computations [39]. However, a VC computation is not a good fit for

more local graph search, such as finding s-t shortest paths. The latency is too

high as the whole graph will be accessed.

Our goal in this part is to provide algorithms for s-t shortest paths with a

latency in the order of a few seconds (on a consumer-grade machine).
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2.3 Preliminaries

We denote a directed, edge-weighted graph by G = (V, E, C), where V is the

set of vertices, E ⊆ V ×V is the set of edges, and C : E → {x ∈ R : x > 0} is the

edge-weight (or cost) function.

Let p = [(u0, u1), . . . , (uk−1, uk)], where (ui−1, ui) ∈ E for i ∈ [1, k], be a path

from u0 ∈ V to uk ∈ V . We denote by cp =
∑k

i=1C(ui−1, ui) the length (or cost)

of p.

Given two vertices s and t, we denote by d(s, t) the length of the shortest

path from s to t.

In this part, we are interested in source-to-target (s-t) queries which specify

a vertex pair s, t and ask for the shortest path from s to t.

2.3.1 Graphs and Shortest Paths in RDBMS

We store the edges of a graph in a RDBMS in a table TE with three columns,

fid, tid, and cost, for the source vertex id, target vertex id, and weight (cost) of

an edge, respectively. We also construct indexes on fid and tid. For the ease of

exposition, we will blur the distinction between a vertex and its id.

SP algorithms start out from the source vertex s and expand it by reaching

its neighbors. One or more of the neighbors are expanded in turn, and we

continue like this until we reach the target vertex t.

To accommodate expansions, we need a table, called TA, which stores the

set of vertices that have been visited so far. Table TA has four columns: (1) nid

for the id of a vertex we have visited, (2) d2s for the length of the best path we

have discovered so far from s to nid, (3) p2s for the id of of the vertex coming
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before nid in this path, and (4) f for flagging nid as finalized (the best path from

s to nid has been discovered) or not. When a node u is finalized it means that the

shortest path from source node s to u has been determined and the discovered

distance estimate will not change to a lower value in a later iteration. The main

goal of the shortest path problem is to finalize target node t. The computational

challenge is to finalize t as quickly as possible.

Table TA is typically much smaller than TE , usually by one or two orders of

magnitude. We do not create an index for TA as it is frequently updated.

In each iteration, we select from TA a set F of vertices for expansion. Vertex

expansion is computed by joining F with TE . The newly visited vertices are

merged into TA. Depending on the algorithm, a vertex can be visited multiple

times. Each visit can (possibly) cause an update or insert into TA. We handle

both cases using the MERGE operator in SQL.

Initially, (s, 0, s, 0) is inserted into TA. At the end of an SP algorithm, we

should have (t, d(s, t), uk, 1) in TA. Upon termination of the algorithm, we output

the shortest path by following backwards the chain of tuples (t, d(s, t), uk, 1), . . . ,

(u1, d(s, u1), s, 1) in TA, where s, u1, . . ., uk, t are the vertices along this path.

In order to speed up the computation, we can do bidirectional search and

expansions. We start simultaneously from s in the forward direction and from

t in the backward direction and discover paths that eventually meet at some

intermediate vertex. We need two TA tables for bidirectional search, TAf and

TAb. Also we refer to the F sets in the forward and backward directions as F f

and F b, respectively.

Dijkstra’s Algorithm on RDBMS Dijkstra’s algorithm only expands one ver-

tex at a time; the one with the smallest d2s value. The expansion joins are fast
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individually as each one only involves one tuple from TAf (or TAb) that needs

to be joined with TE . Unfortunately, these joins are too many and the overall

latency is high.

Termination. For the bidirectional Dijkstra’s algorithm, the termination con-

dition is when the forward search finalizes a vertex that has also been finalized

by the backward search (or vice-versa). A vertex is finalized in the forward

(backward) direction when it is selected to be in F f (F b).

2.3.2 Set-at-a-time Evaluation

One of the strengths of an RDBMS is its set-at-a-time evaluation mode. In graph

search, set-at-a-time is more efficient than vertex-at-a-time because it allows the

database to perform intelligent scheduling of buffer content and disk blocks;

access requests to the same block can be bundled and scheduled at the same

time, thus allowing for a better query evaluation plan.

Consider the join of F with TE . In the Dijkstra’s algorithm, F has only one

vertex. As such, the database needs to retrieve the edges of only one vertex

for each join. In the worst case there can be n such join queries. Clearly, a

vertex-at-a-time mode of operation is quite inefficient in this case; there will be

unnecessary I/Os for retrieving the edges of different vertices when they can

happen to be in the same block. In contrast, in a set-at-a-time mode, a block

can be read once and serve many vertex expansions.

On the other hand, there is significant overhead if the set-at-a-time strategy

is taken to the limit, which, in our case, translates to pure breadth-first-search

(BFS). In BFS, all newly visited vertices are selected to be in F , and the expan-

sion of all these vertices is achieved with a single join operation. However, BFS
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may expand the same vertices multiple times, thus incurring significant over-

head in the number of expansions compared to Dijkstra’s algorithm. Therefore,

we need to strike a balance between pure BFS and Dijkstra’s algorithm.

In [21], the strategy proposed is a restrictive BFS. Similar to BFS, multiple

vertices are selected to be in F . However, in each iteration, only a subset

of edges is allowed to be used for expansion. More specifically, vertices are

expanded first using the lightest edges, then using more heavier edges, and so

on.

However, when performing bidirectional search under a BFS-like strategy,

deciding termination becomes complicated. This is because when the two

searches meet at some vertex v, we do not know whether v is finalized or not.

Therefore, there is no guarantee that the path discovered is the shortest. In

contrast, in the Dijkstra’s algorithm, we have an easy way to finalize a vertex;

this happens when the vertex is selected to be in F f (F b). This is not true for a

BFS-like strategy.

2.3.3 Bidirectional Restrictive BFS (B-R-BFS)

Bidirectional Restrictive BFS (B-R-BFS) operates in set-at-a-time mode and per-

forms much better than the Dijkstra’s algorithm, however, its termination deci-

sion is not complete. In this section, we give an overview of B-R-BFS. In the next

section, we show the problem with its termination and then present a correct

termination procedure.

Partitioning the edge table. B-R-BFS starts by partitioning the TE table

based on the edge weights. Formally it is done as follows.

Let pts be the desired number of partitioned tables and [wmin, wmax] be the
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range of edge weights. We denote by [w0, . . . , wpts] the edge-weight partitioning

vector, where w0 = wmin, wpts = wmax + ε,2 and wi < wi+1 for 0 ≤ i < pts− 1. We

create pts partition tables, TE0, . . . , TEpts−1.3 For each edge e in the graph, if

wi ≤ C(e) < wi+1, then e is put into partition table TEi.

High-level overview of the algorithm. Recall the TAf and TAb tables we use

for the forward and backward search, respectively. These tables, instead of the

f column, will now have a different last column, fwd for TAf and bwd for TAb.

fwd and bwd store the number of iteration during which the tuple was inserted

or updated in TAf or TAb, respectively.

During an iteration, a vertex will only be expanded using one partition table.

Once a vertex is selected to be in F f (or F b), it remains there for pts iterations

until it is expanded using each of the partition tables. Initially, in the forward

expansion, table TAf will have the source node s. In the first iteration, s is

selected to be in F f and subsequently expanded using TE0. The neighbors of

s reachable using TE0 are added in TAf . Let the set of these neighbors be N0
s .

In the second iteration, we have F f = {s} ∪ N0
s , and try to expand s using TE1

while the vertices in N0
s using TE0. In general, consider a vertex v that enters

F f in iteration i (a vertex enters F f in the next iteration after it is inserted or

updated in TAf ). In iterations i, i+1, . . . , i+(pts−1), vertex v will be expanded

using tables TE0, TE1, TEpts−1, respectively. An analogous logic is followed

for the backward direction as well. In other words, a vertex can have delayed

expansions during the pts iterations it remains in F f (F b).

2ε represents a very small number.
3In [21], the partition tables are numbered from 1 to pts. We choose to number them from 0

to pts− 1 in order to simplify the exposition of results later.
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2.4 Termination Procedure for B-R-BFS

In this section we present a correct termination procedure for B-R-BFS.

Consider table TAf (or table TAb). We call a d2s (d2t) value in table TAf

(TAb) a distance estimation (DE). This is because it can (possibly) be lowered

and become a real distance later on during the execution of the algorithm.

Definition 2.4.1. Let v be a visited vertex in the forward direction and

(v, d2sv, p2sv, fwd v) be its tuple in TAf at the end of iteration i in the execution

of B-R-BFS. DE d2sv is called distance if and only if it cannot change in some

later iteration i′ > i.

An analogous definition can be stated for d2tu of a visited vertex u in the

backward direction.

Given a tuple (v, d2sv, p2sv, fwd v) in TAf or (u, d2tu, p2tu, bwdu) in TAb, it is

not easy to determine whether d2sv or d2tu are distances.

We define by mf
i and mb

j the minimum DE’s discovered in iterations i and j

in the forward and backward directions, respectively. Formally,

mf
i = min{d2sv : (v, d2sv, p2sv, i) ∈ TAf}

mb
j = min{d2tu : (u, d2tu, p2tu, j) ∈ TAb}.

These values can be easily obtained by simple MIN queries on the TAf and

TAb tables. We have mf
i = d2sv and mb

j = d2tu for some vertices v and u. We

might be tempted to declare mf
i and mb

j to be distances. This is not always true

however because d2sv and d2tu can be lowered in later iterations as result of

delayed expansions.



19

For an example see Fig. 2.1 where we want to compute the shortest path

from s to t. For simplicity, we are only considering the forward search. Sup-

pose the partition vector is [1, 5, 10 + ε]. We have two partition tables, TE0 =

{(s, u, 1), (s, v, 4), (v, t, 4)} and TE1 = {(u, t, 6), (t, s, 10)}.

Vertex s enters F f in iteration 1, and stays there for iterations 1 and 2.

Similarly, u enters F f in iteration 2, and stays there for iterations 2 and 3. It is

in iteration 3 that we find the shortest path from s to t via u. At the end of each

iteration, F f , TAf and mf
i are as follows.

Iteration 0: F f = {}, TAf = {(s, 0, s, 0)}, mf
0 = 0

Iteration 1: F f = {(s, 0, s, 0)},

TAf = {(s, 0, s, 0), (u, 1, s, 1), (v, 4, s, 1)}, mf
1 = 1

Iteration 2: F f = {(s, 0, s, 0), (u, 1, s, 1), (v, 4, s, 1)},

TAf = {(s, 0, s, 0), (u, 1, s, 1), (v, 4, s, 1), (t, 8, v, 2)},

mf
2 = 8

Iteration 3: F f = {(u, 1, s, 1), (v, 4, s, 1), (t, 8, v, 2)},

TAf = {(s, 0, s, 0), (u, 1, s, 1), (v, 4, s, 1), (t, 7, v, 3)},

mf
3 = 7

As we can see, mf
2 = 8, corresponding to d2st, is not a distance because d2st

becomes 7 in iteration 3. Tuple (u, 1, s, 1) is inserted into TAf in iteration 1, and

enters F f in iteration 2. However, (u, 1, s, 1) is not expanded using edge (u, t, 7)

in iteration 2. This expansion is delayed to iteration 3.

As in [21], let lfi be the maximal distance finalized (discovered) from s after

the i-th forward iteration. Similarly, let lbj be the maximal distance finalized
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Figure 2.1: A graph illustrating the effect of delayed expansions.
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(discovered) from t after the j-th backward iteration. In [21], lfi is proposed to

be recursively computed as

lfi =


min{mf

i , w1}, if i = 1.

min{mf
i , l

f
i−1 + wi − wi−1}, i ≥ 2.

and lbj is analogously computed replacing i by j and f by b.4

The above computations for lfi and lbj pose the following problem: what hap-

pens when i or j are larger than pts? In such a case, wi or wj are undefined and

the above equalities do not work. This unfortunately is not addressed in [21].

In the following, we present another solution.It is inspired in part by an

email communication we had with the authors of [21].

In fact, what we propose is computing lower bounds to lfi and lbj. We use llfi

and llbj to denote the lower bounds for lfi and lbj and set them to be as follows.

First, llf0 = lf0 = mf
0(= 0), llb0 = lb0 = mb

0(= 0), and llf1 = lf1 = mf
1 , llb1 = lb1 = mb

1.

Now, let k = min{i− 1, pts} and h = min{j − 1, pts}. For i, j ≥ 2, we set

llfi = min{mf
i ,m

f
i−1 + w1, . . . ,m

f
i−k + wfk} (2.1)

llbj = min{mb
j,m

b
j−1 + w1, . . . ,m

b
j−h + wbh}. (2.2)

Suppose, for instance that i = 2, 3, 4, 5 and pts = 3. Then, k = 1, 2, 3, 3, and

for the forward direction, we have

4In [21], lfi and lbi are used to terminate the algorithm if the following condition is met:

minCost ≤ lfi + lbi , where minCost is defined later in this section.
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llf2 = min(mf
2 ,m

f
1 + w1)

llf3 = min(mf
3 ,m

f
2 + w1,m

f
1 + w2)

llf4 = min(mf
4 ,m

f
3 + w1,m

f
2 + w2,m

f
1 + w3)

llf5 = min(mf
5 ,m

f
4 + w1,m

f
3 + w2,m

f
2 + w3).

We show the following theorem.

Theorem 1. llfi ≤ lfi and llbj ≤ lbj.

Proof. Consider llf2 . We have that mf
2 is a distance of a vertex v (from s)

unless there exists a vertex u that has remained with fwd = 1 after the 2nd

iteration. Vertex u did not have any luck to be expanded by edges in [w0, w1),

however, it may be expanded by edges in the next interval and possibly cause

the DE of v to get lower. In this case, the distance of v should be at least

mf
1 + w1(< mf

2).

Now consider llfi . We have that mf
i is a distance of a vertex v (from s) unless

there exists a vertex u that has remained with fwd ≤ i−1 after the i-th iteration.

Suppose u has fwd = i − 1. As such, u did not have any luck to join with edges

in [w0, w1), however again, it may be expanded by edges in the next interval and

possibly cause the DE of v to get lower. In this case, the distance of v should

be at least mf
i−1 + w1(< mf

i ). Similarly, suppose u has fwd = i − r, for r ∈ [1, k].

As such, u did not have any luck to join with edges in [w0, w1),. . . , [wr−1, wr),

however, it may be expanded by edges in the next interval and possibly cause

the DE of v to get lower. In this case, the distance of v should be at least
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mf
i−r + wr(< mf

i ). From all the above, llfi ≤ lfi .

An analogous argument can be made for the backward direction as well. �

Remark. We would like to emphasize here that mf
i ’s (mb

j’s) are each time re-

computed. For example, mf
2 is recomputed when computing llf3 . This is because

the vertex achieving the old mf
2 might have been updated in the current iter-

ation and can now have fwd > 2. Therefore another vertex with fwd = 2 will

provide the new mf
2 . The new mf

2 is greater than the old one.

For the termination decision we define

minCost =


min{d2sv + d2tv}, if TAf 1nid TA

b 6= ∅

∞, otherwise.

(2.3)

Now, we give the following condition that we use in the termination proce-

dure.

minCost ≤ llfi + llbj. (2.4)

If the above condition 2.4 is true, then by Theorem 1, the following condition

is true as well.

minCost ≤ lfi + lbj. (2.5)

If the last condition is true, then we can safely terminate B-R-BFS (see [21]).

Upon such termination, minCost will be the length of the shortest path from the

source to the target vertex. In other words, even though we might not have
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computed yet lfi and lbj, we can infer that Condition 2.5 is satisfied based on

Condition 2.4 using the lower bounds llfi and llbj.

With the modified termination condition provided in this section, each vertex

in the shortest path p takes pts iterations to finalize, hence the algorithm is

estimated to take length(p) ∗ pts iterations.

2.5 Bidirectional Level-based- Frontier BFS

(B-LF-BFS)

Here we propose another set-at-a-time algorithm for computing shortest paths

in RDBMS. Similarly to B-R-BFS, it works in a set-at-a-time fashion by expand-

ing a set of vertices in each iteration. Differently from B-R-BFS, it achieves

restrictive expansions not by splitting the edge table, but by selecting only a

part of the visited vertices as a frontier to be expanded. The algorithm per-

forms better in practice than B-R-BFS and it does not require partitioning the

TE table into several tables as in B-R-BFS. This can be desirable as it does not

need extra space for partition tables and code complexity is reduced.

The Bidirectional Level-based-Frontier BFS (B-LF-BFS) we propose uses the

TE , TAf and TAb tables as defined before. We do not need to record the itera-

tion number as in B-R-BFS, and we bring back the finalization flag f in TAf and

TAb.

We define F f = F f
i , where F f

i is the set of all the vertices in TAf that are not

finalized and their d2s value is less or equal to Li, where Li is a distance level.

We define F b in an analogous way.

For the sake of explanation, let us assume we are working in the forward
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direction and that initially we set L1 = step, where step is a small constant. Now

the algorithm will (a) expand all the vertices in F f (i.e. unfinalized vertices in

TAf that have d2s ≤ L1), (b) merge all the new vertices into TAf , then (c) iterate

and do the same, until no more unfinalized vertices with d2s ≤ L1 exist in TAf .

At this point we say that level L1 is cleared, set L2 = L1 + step, and repeat the

above operations for L2.

In general, once level Li is cleared, we set Li+1 = Li + step, and repeat

the above operations for Li+1. This continues until termination is achieved.

The algorithm terminates when a vertex v is finalized by both the forward and

backward directions, or if there are no more unfinalized vertices in TAf or TAb.

Now, we illustrate the algorithm with an example. For the sake of simplic-

ity we will explain the forward expansion; the backward expansion is similar.

Consider the graph in Figure 1 and assume step = 3. In order to calculate the

shortest distance between s and t, we initialize L1 = step = 3, minCost =∞, and

the TAf table with the tuple (s, s, 0, false). In the first iteration, the algorithm

will expand the initial tuple in TAf with d2s = 0 ≤ L1 and f f = false. So, node

s will be expanded and nodes u with d2s=1 and v with d2s=4 will be merged

into TAf and node s will be flagged as processed (its flag f f becomes true). The

algorithm will iterate to check if there are any tuples in TAf with d2s ≤ L1 and

f f = false. Node u with d2s = 1 will be expanded and as a result node t with

d2s = 6 will be merged into TAf . At this point, no more nodes with d2s ≤ L1

are left to be processed, hence the algorithm declares that L1 is cleared and

sets L2 = L1 + step = 6. As node t is merged, the algorithm sets minCost = 6.

Next, the algorithm will expand the nodes that have not been processed yet and

have d2s ≤ L2. As a result, node v with d2s = 4 will be expanded resulting in
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rediscovering node t with higher cost d2s = 8, hence no tuple will be merged

in TAf . As no more nodes are left to process, level L2 is cleared. At this point,

node t will be flagged as finalized.

MERGE INTO TAf

USING (

WITH

--Compute frontier

F(nid,p2s,d2s) AS (

SELECT nid, p2s, d2s

FROM TAf

WHERE f_f='0' AND d2s <= Li

),

--Join frontier with the edge table

F_TE(nid,p2s,d2s) AS (

SELECT TE.tid AS nid, TE. d AS p2s, F.d2s+TE.cost AS d2s

FROM F JOIN TE ON F.nid=TE. d

),

--For each nid, select the tuple with the smallest d2s value

SELECT nid, p2s, d2s

FROM (SELECT nid, p2s, d2s,

row_number() OVER

(PARTITION BY nid ORDER BY d2s) AS rn

FROM F_TE)

WHERE rn = 1

) source

ON (TAf.nid=source.nid)

WHEN MATCHED THEN

UPDATE SET d2s=source.d2s, p2s=source.p2s, f_f='0'

WHERE source.d2s<TAf.d2s

WHEN NOT MATCHED THEN

INSERT (nid,d2s,p2s,f_f)

VALUES (source.nid, source.d2s, source.p2s, '0');

--Node �nalization

UPDATE TAf SET f_f='1' WHERE f_f='0' AND d2s <= Li;

Figure 2.2: SQL statements for the B-LF-BFS algorithm.

More formally, we give the following definitions for B-LF-BFS.
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Definition 2.5.1. The F f and F b sets in levels Li and Lj are

F f
i = {(nid, d2s, p2s, f f ) ∈ TAf : f f = 0 and d2s ≤ Li}

F b
j = {(nid, d2t, p2t, f b) ∈ TAb : f b = 0 and d2t ≤ Lj}.

Consider F f
i , for some i ≥ 1. The algorithm expands the vertices in F f

i , then

recomputes F f
i . We give the following definition.

Definition 2.5.2. We say that level Li, for i ≥ 1, is cleared in the forward

direction, if F f
i is empty. Likewise, level Lj, for j ≥ 1, is cleared in the backward

direction, if F b
j is empty.

Theorem 2. If level Li is cleared in the forward direction, then the d2s values

in TAf , such that d2s ≤ Li, are final and represent distances to source vertex s.

Proof.

Suppose not, i.e. let us assume there exists a vertex v ∈ V processed in

level Li and assigned a d2s value d, but in a later level, Li′ > Li, v is assigned a

lower d2s value d′ < d. Vertex v will be discovered in level Li′ through a vertex,

say u, not processed in iteration Li, which implies that vertex u has a d2s value

greater than Li, therefore d′ > Li > d, which is a contradiction. �

Similarly, we can show that

Theorem 3. If level Lj is cleared in the backward direction, then the d2t values

in TAb, such that d2t ≤ Lj, are final and represent distances to target vertex t.

Once we clear a level Li (Lj), we finalize all the vertices in TAf (TAb) with

d2s ≤ Li (d2t ≤ Lj). We finalize those vertices by setting their f f or f b flag
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to 1 (true). Observe that as we go to the next level, Li+1 (Lj+1), the set F f
i+1

(F f
i+1) will contain those vertices of TAf (TAb) that are unfinalized and have a

d2s value less than Li+1 (Lj+1). Since, all the vertices of TAf (TAb) with d2s ≤ Li

(d2t ≤ Lj) have been finalized, we have that in level Li+1 (Lj+1), we only process

vertices of TAf (TAb) with Li < d2s ≤ Li+1 (Lj < d2t ≤ Lj+1).

In the B-LF-BFS algorithm, we have a clear way to finalize vertices, hence

the termination decision becomes easier; it happens when we find a vertex that

is finalized by both the forward and backward directions, or if there are no

more unfinalized vertices in TAf or TAb. The validity of this condition for any

bidirectional shortest-path algorithm (that finalizes vertices) is shown in [29].

In contrast, we did not have the ability to easily decide how to finalize ver-

tices in B-R-BFS, hence, we had to resort to a much more complex termination

procedure.

The computed F f and F b sets in B-LF-BFS are only a part of the TAf or TAb

tables. Therefore the joins with the TE table are restricted in size compared to

a full BFS approach.

Whereas B-R-BFS achieves the join reduction by partitioning the TE table,

B-LF-BFS achieves a similar effect by performing first a selection on the TAf

and TAb tables to generate a smaller set to join with TE .

The pseudo-code for clearing a level in B-LF-BFS in the forward direction is

given in Algorithm 1. Please refer to Fig. 2.2 for the SQL statements. Once a

level is cleared, we go to the next level until no more expansions are possible.

The backward direction is analogous. B-LF-BFS alternates between the forward

and backward direction depending on the number of tuples merged in TAf and

TAb choosing each time the direction with the fewer merges.
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Algorithm 1 B-LF-BFS expand and merge

1: function ExpandAndMerge(TAf , TE , Li)
2: do
3: Compute F f

i (view F)
4: Join F f

i with TE (view F_TE)
5: For each nid in F_TE,
6: compute the tuple with the smallest d2s
7: Merge all the tuples thus produced into TAf

8: n← number of merged tuples
9: while n 6= 0

10: Finalize all vertices in TAf with f f = 0 and d2s ≤ Li
11: end function

The computations in lines 3–7 of Algorithm 1 are implemented by the SQL

MERGE statement in Fig. 2.2. There, we first create two views, F and F_TE.5

View F contains set F f . View F_TE contains the join of F f with TE .

Next, for each vertex id, nid, we compute the tuple with the smallest d2s in

F_TE. For this we use the row_number() SQL window function6. Then comes

the merge of thus obtained tuples into table TAf . If we obtained a tuple that is

better (with respect to d2s) than a tuple with the same nid in TAf , then the latter

will be replaced by the former. Also, the tuples that do not have counterparts

in TAf (with respect to nid) will be simply inserted into TAf .

Finally, we finalize all the vertices in TAf with f f = 0 (f_f = ‘0’) and d2s ≤ Li.

The finalization of vertices (tuples) in TAf is done by setting the value of their

f f flag (f_f) in TAf to 1. This is done with the last SQL statement in Fig. 2.2.

Now we analyze the number of iterations the algorithm would take. Suppose

first we only do forward search. Let mc > 0 be the cost of the lightest edge in

the graph. Let mp be the cost of the shortest path from s to t. In order to clear

5We are calling F and F_TE “views”, however, they are more precisely called “factored sub-
queries” (created with the SQL keyword WITH).

6See https://en.wikipedia.org/wiki/Select_(SQL)
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a level, we need dmp/stepe iterations in the worst case. In order to discover the

shortest path from s to t, we need dmp/stepe levels in the worst case. There-

fore, we need d(mp/step)e ∗ (step/mc) iterations in the worst case. When we

do bidirectional search, we will need about half this number of iterations. This

analysis shows that the algorithm terminates in a finite number of iterations.

Based on the above reasoning and Theorem 2, we conclude the correctness of

the algorithm.

2.6 B-LF-BFS with compressed adjacency lists

(B-LF-BFS-C)

In this section, we present B-LF-BFS-C, which enhances B-LF-BFS using a com-

pressed representation of the input graph.

A RDBMS often uses more space than necessary for storing numeric datatypes

(cf. [34]). Also, an edge table, such as TE , has unnecessary redundancy. For

example, if a highly connected vertex v has, say 1000 neighbors, u1, . . . , u1000,

then v’s id will repeat 1000 times to represent the 1000 edges that connect v to

its neighbors, i.e. we will have the triples (v, u1, c1), (v, u2, c2), . . . , (v, u1000, c1000).

A better alternative is to use an adjacency list of neighbors and costs, e.g.

for v, we would have a list such as [u1, c1, u2, c2, . . . , u1000, c1000]. While this is an

improvement, we can do better than just storing the numbers in their original

form. In fact, we can compress an adjacency list quite efficiently.

We borrow the idea of variable-byte-encoding of postings lists from Infor-

mation Retrieval practice (cf. [44, 7, 81]). A posting list for a term is a list of

documents that contain the term. For example, for a term, say dog, we can have
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a posting list like [334, 345, 350], where the numbers are document ids containing

dog. Observe that document ids are sorted in ascending order.

There is a similarity between a posting list and an adjacency list; instead of

document ids we have neighbor ids.

For representing a posting list, we do not store the original document ids;

rather, we store the gaps (or differences) between document ids. So, in the

previous example, the posting list becomes [334, 11, 5], where 11 is 345 − 334,

and 5 is 350− 345. Now, variable-byte encoding is used for the modified posting

list. Specifically, we need 2 bytes for 334, and only one byte for each of the

other two numbers, for a total of 4 bytes. In contrast, the original posting list,

with fixed-byte-encoded integers of, say 4 bytes, needs 12 bytes.

We applied this idea for encoding the graph adjacency lists. We stored the

obtained byte-encodings as BLOB’s (Binary Large Objects) in the TE table.

More specifically, the TE table has now only two attributes, fid (as before) and

ncb (which stands for neighbor-cost bytestream).

The pseudo-code for encoding/decoding sorted adjacency lists is given in

algorithms 2, 3, and 4.

A number is encoded by a list of bytes. The rightmost 7 bits in a byte are

content and represent a part of the number. The leftmost bit is an indicator flag.

If it is 1, it means that the byte is the last one in the number encoding. If it is 0,

it means there are more bytes following up in the encoding. In Algorithm 3, we

encode a list of neighbor/cost numbers. We iterate over the elements of this list

in pairs of neighbor and cost. We encode the difference of the current neighbor

from the previous one, then encode the cost of the edge reaching the neighbor.

When decoding a list of bytes (see Algorithm 4), we check for the leftmost bit of
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the bytes we read in order to detect the end of a number encoding. To decode

a number, we extract and put together the 7 rightmost bits of the bytes in its

encoding. We also check to see if the number we decoded is a neighbor (gap)

or a cost, and proceed accordingly.

Algorithm 2 Encoding of a number a

1: function encode(a)
2: bytelist ← ∅
3: do
4: bytelist ← bytelist .prepend(a & 0x7F)
5: a← a >> 7
6: while a > 0
7: bytelist [bytelist .size] = bytelist [bytelist .size] | 0x80
8: return bytelist
9: end function

Algorithm 3 Encoding of a list of neighbor/cost numbers

1: function encode(list)
2: bytelist ← ∅
3: prev_neighbor ← 0
4: for each neighbor , cost in list do
5: δ ← neighbor − prev_neighbor
6: bytelist1 ← encode(δ)
7: bytelist2 ← encode(cost)
8: bytelist .concatenate(bytelist1)
9: bytelist .concatenate(bytelist2)

10: prev_neighbor ← neighbor
11: end for
12: return bytelist
13: end function

Expansion. In the following we describe the forward expansion. The backward

version is analogous. The set F f is computed using a similar query as before

(see view F in Fig. 2.3). The join of F f with TE returns now a result set of

(nid, ncb, d2s) tuples. The ncb value is a list of bytes encoding the neighbors
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Algorithm 4 Decoding of a list of bytes bytelist

1: function decode(bytelist)
2: list ← ∅, a← 0
3: prev_neighbor ← 0, is_neighbor ← true
4: for each byte in bytelist do
5: if byte < 0x80 then
6: a← a << 7 | byte
7: else
8: byte ← byte & 0x7F
9: a← (a << 7) | byte

10: if is_neighbor = true then
11: a← prev_neighbor + a
12: prev_neighbor ← a
13: is_neighbor ← false
14: else
15: is_neighbor ← true
16: end if
17: list .append(a)
18: a← 0
19: end if
20: end for
21: return list
22: end function

of nid and the costs to reach these neighbors. The d2s value represents the

distance estimation of nid from the source vertex.

The neighbor-cost byte lists in the join result need to be decoded first in

order to obtain tuples that can be merged into TAf . This is done by a proce-

dure described in Algorithm 5. In this procedure, we populate a new table,

EX f (nid, d2s, p2s), which will contain the tuples that will be merged into TAf .

We truncate (clean-up) this table at each expansion round.

After performing the clean-up of EX f (first statement in Fig. 2.3), then the

computation of F f , and the join with TE , the procedure proceeds with the

creation of the tuples for EX f . Specifically, for each tuple in the join result, it

decodes the ncb byte list and iterates over the produced numbers. The iteration
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is done in pairs a, b to account for neighbor id and cost (a is neighbor id, b is

cost). Let t be the current tuple being processed from the join result. The

d2s and p2s values of the new tuple we create are set to be t.d2s + b and t.fid,

respectively.

Finally, once we populate the EX f table, we merge it with TAf using the

SQL MERGE statement in Fig. 2.3. Differently from Fig. 2.2, the view creations

in Fig. 2.3 are not part of the MERGE statement. Within the MERGE statement,

for each nid, we first compute the tuple with the smallest d2s in EX f . Then, we

proceed with the merge of these tuples into TAf . The vertex finalization query

is the same as in Fig. 2.2. The main algorithm for clearing a given level is shown

in Algorithm 6.

Algorithm 5 Populating expansion table EX f

1: procedure populate(EX f , TAf , TE , Li)
2: EX f ← ∅ (truncate statement in Fig. 2.3)
3: Compute F f

i (view F in Fig. 2.3)
4: Join F f

i with TE (view F_TE in Fig. 2.3)
5: for each t in F_TE do
6: list ← decode(t.ncb)
7: for each a, b in list do
8: nid← a, d2s← t.d2s+ b, p2s← t.fid
9: Insert (nid, d2s, p2s) into EX f

10: end for
11: end for
12: end procedure

2.7 Experimental Results

Setup. All our experiments are conducted on a consumer-grade machine with

Intel i7, 3.4Ghz CPU, and 12Gb RAM, running Windows 7 Professional. The

hard disk is Seagate Barracuda ST31000524AS 1TB 7200 RPM. We used the
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--Prepare the EXf table for a fresh expansion

TRUNCATE TABLE EXf;

WITH

--Compute frontier

F(nid,p2s,d2s) AS (

SELECT nid, p2s, d2s

FROM TAf

WHERE f_f='0' AND d2s <= Li

),

--Join frontier with the edge table

F_TE(nid,ncb,d2s) AS (

SELECT TE. d, TE.ncb, TA.d2s

FROM F JOIN TE ON F.nid=TE. d

),

SELECT * FROM F_TE;

--Merge into TAf

MERGE INTO TAf

USING (

--For each nid, select the tuple with the smallest d2s value

SELECT nid, p2s, d2s

FROM (SELECT nid, p2s, d2s,

row_number() OVER

(PARTITION BY nid ORDER BY d2s) AS rn

FROM EXf)

WHERE rn = 1

) source

ON (TAf.nid=source.nid)

WHEN MATCHED THEN

UPDATE SET d2s=source.d2s, p2s=source.p2s, f_f='0'

WHERE source.d2s<TAf.d2s

WHEN NOT MATCHED THEN

INSERT (nid,d2s,p2s,f_f)

VALUES(source.nid, source.d2s, source.p2s, '0')

Figure 2.3: SQL statements for B-LF-BFS-C.

Algorithm 6 B-LF-BFS-C expand and merge

1: function ExpandAndMerge(TAf , TE , Li)
2: do
3: populate(EX f ,TAf ,TE , Li)
4: Merge EX f into TAf (MERGE in Fig.2.3)
5: n← number of merged tuples
6: while n 6= 0
7: Finalize all vertices in TAf with f f = 0 and d2s ≤ Li
8: end function
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latest versions of two commercial databases (which we anonymously call D1

and D2) as well as PostgreSQL 9.4.4 (PG).

We performed our analysis on six real and ten synthetic graph datasets. We

show the results for the real datasets in Fig.( 2.6, 2.4, 2.5 ) and for synthetic

datasets in Fig.( 2.7, 2.8, 2.9).

The real datasets are Web-Google, Pokec, Live-Journal (all three from http:

//snap.stanford.edu), and UK 2002, Arabic 2005, UK 2005 (all three from

http://law.di.unimi.it/webdata).

The characteristics of the real datasets are as follows.

Table 2.1: Real Graph Datasets

Data Set Nodes# Edges# Diameter
Web-Google 875,713 5,105,039 21
Pokec 1,632,803 30,622,564 11
Live Journal 4,847,571 68,993,773 16
UK 2002 18,520,486 298,113,762 21
UK 2005 39,459,921 936,364,282 23
Arabic 2005 22,744,080 639,999,458 22

The last three datasets, UK 2002, Arabic 2005, and UK 2002 are significantly

bigger than the first three as well as the datasets considered in [21]. UK 2005,

for instance, has close to one billion edges. We give a bar chart of the edge

numbers in Fig. 2.4d.

The synthetic datasets vary in size from 1 million edges to 15 million edges.

We generated five random graphs with sizes of 1, 2, 5, 10, and 15 million edges

(denoted by 1M, 2M, 5M, and 15M), and five graphs of the same sizes using the

preferential attachment model.

In figures 2.7b, 2.7c, and 2.7d, we compare the performance of B-R-BFS,

B-LF-BFS, and B-LF-BFS-C on random vs. preferential attachment graphs. We
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see that their performance on the two types of graphs is more or less the same.

Therefore, we show results using random graphs in the rest of the charts of

Fig.( 2.7, 2.8, 2.9).

For edge weights, we generated random numbers from 1 to 100 using uni-

form distributions for both real and synthetic datasets.

Regarding indexes we experimented with clustered and non- clustered in-

dexes on the edge table. The results using clustered indexes are better (see

figures 2.9c and 2.9d). For the TA tables, we did not create indexes as this

slowed down the MERGE operations and the performance of all the algorithms

suffered.

Each running time is given in seconds and obtained as an average over 100

random s-t queries.

In the following, we give the questions we aim to address with our experi-

ments.

Questions.

Q1 How scalable are the algorithms we consider? How do they compare to

each other? In particular, can they handle large and very large graphs,

e.g. Live Journal (large) and UK 2005 (very large)?

Q2 How well do the algorithms perform against baselines, such as the follow-

ing variants of the bidirectional Dijkstra’s algorithm: (a) in memory (when

the graph fits there), (b) in RDBMS, and (c) in a modern native graph

database (Neo4j)?

Q3 What are the best parameters for B-R-BFS, B-LF-BFS, and B-LF-BFS-C

(number of partitions, p, for the first, and step size, s, for the second and
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(a) Algorithms under their best parameter settings.

(b) B-LF-BFS-C, different step sizes, big graphs

Figure 2.4: Experimental results for real datasets. All values on the vertical
axes are times in seconds, except for 2.4d.
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(c) B-LF-BFS-C vs. baselines.

(d) Graph sizes in millions of edges (for reference).

Figure 2.4: Experimental results for real datasets. All values on the vertical
axes are times in seconds, except for 2.4d.
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(a) B-R-BFS, different partition numbers.

(b) B-LF-BFS, different step sizes.

Figure 2.5: Experimental results for real datasets. All values on the vertical
axes are times in seconds.
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(c) B-LF-BFS-C, different step sizes.

(d) B-LF-BFS-C {s=1}, different RDBMSs.

Figure 2.5: Experimental results for real datasets. All values on the vertical
axes are times in seconds.
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(a) B-LF-BFS-C, different step sizes, big graphs, D1.

(b) B-LF-BFS-C, different step sizes, big graphs, PG.

Figure 2.6: Experimental results for real datasets. All values on the vertical
axes are times in seconds, except for 2.6d.



43

(c) Buffer size influence on run. time (B-LF-BFS-C).

(d) Original vs. Compressed TE (megabytes).

Figure 2.6: Experimental results for real datasets. All values on the vertical
axes are times in seconds, except for 2.6d.
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(a) Algorithms under their best parameter settings.

(b) B-R-BFS, pref. attachment and random graphs.

Figure 2.7: Experimental results for synthetic datasets. All values on the verti-
cal axes are times in seconds.
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(c) B-LF-BFS, pref. attachment and random graphs.

(d) B-LF-BFS-C, pref. attach. and rand. graphs.

Figure 2.7: Experimental results for synthetic datasets. All values on the verti-
cal axes are times in seconds.
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(a) B-R-BFS, different partition numbers.

(b) B-LF-BFS, different step sizes.

Figure 2.8: Experimental results for synthetic datasets. All values on the verti-
cal axes are times in seconds.
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(c) B-LF-BFS-C, different step sizes.

(d) B-LF-BFS-C, window functions vs. classical SQL.

Figure 2.8: Experimental results for synthetic datasets. All values on the verti-
cal axes are times in seconds.
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(a) B-LF-BFS, different RDBMSs.

(b) B-LF-BFS-C, different RDBMSs.

Figure 2.9: Experimental results for synthetic datasets. All values on the verti-
cal axes are times in seconds.
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(c) B-LF-BFS, non-cluster. and cluster. ind.

(d) B-LF-BFS-C with non-cluster and cluster. ind.

Figure 2.9: Experimental results for synthetic datasets. All values on the verti-
cal axes are times in seconds.
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third)?

Q4 What is the processing time trend as the size of the dataset grows?

Q5 What is the relative cost of database operations?

Q6 Is there a notable difference in the particular RDBMS chosen for this prob-

lem?

Answers.

Q1. In figures 2.4a and 2.7a, we show the running times of the algorithms

under their best parameter setup. For B-R-BFS, the datasets are partitioned

into 5, 10, and 15 tables (p=5, p=10, p=15), respectively, and for B-LF-BFS and

B-LF-BFS-C, step is set to 1,2 and 3 (s=1,s=2,s=3), respectively. Fig. 2.4a shows

the running times for the real datasets, whereas Fig. 2.7a for the synthetic ones

(all obtained using D2).

We see that B-LF-BFS outperforms B-R-BFS on all the datasets, with the

difference being more pronounced for the random graphs. Recall though that

our main contribution in B-LF-BFS is simplicity over B-R-BFS both in terms

of algorithmic design as well as termination detection. The fact that B-LF-

BFS performs better than B-R-BFS shows that we achieved simplicity without

sacrificing performance.

B-LF-BFS-C outperforms both B-LF-BFS and B-R-BFS, and the difference

becomes quite significant for Live Journal. This behavior of B-LF-BFS-C is due

to the fact that many fewer disk blocks are needed to store the TE table using

the compression presented in Section 2.6. Therefore, there are less disk blocks

to read to perform the main join. To see the compression achieved, please

refer to Fig. 2.6d that shows the sizes of original and compressed TE tables
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for various datasets (using D2, the best performing RDBMS). The compression

is quite significant for all the datasets, and for some, such as Arabic 2005 and

UK 2005, it is by a factor of more than 20. This compression ratio shows that

our compression is quite efficient; it also shows that there is a blowup factor

when storing data uncompressed in a database. For example the CSV edge file

of UK 2005 is 38 GB, which is less than half the size of the TE table (78 GB)

for the same dataset. A similar blowup has also been observed in other works,

e.g. [34].

Regarding UK 2002, Arabic 2005, and UK 2005, B-LF-BFS-C is the only one

to be able to handle them (see Fig. 2.4b). In fact, B-LF-BFS-C does on UK 2005

significantly better (by more than 27%) than what the other two algorithms can

do for Live Journal, which is an order of magnitude smaller than UK 2005. B-

R-BFS and B-LF-BFS were not able to handle the three largest datasets in our

machine in a reasonable time; for instance, it took B-LF-BFS about two hours

to compute a single s-t query on UK 2002.

We observe that the average time for B-LF-BFS-C is only 3.7 seconds on Live

Journal, and 12.4 seconds on UK 2005. Fig. 2.6c shows the running time of B-

LF-BFS-C on UK 2005 for different buffer allocations. We see there is only mild

improvement as the buffer size grows. This applies to all three RDBMSs we

used (D1, D2, PG). We discuss performance comparisons among RDBMSs later

in this section.

Q2. Regarding the baselines, we show the results in Fig. 2.4c. We compare

there the baselines against each other and B-LF-BFS-C. As expected, the in-

memory implementation of bidirectional Dijkstra’s algorithm (B-D-InMem) is

faster than its counterparts in RDBMS (B-D) and Neo4j. Also expected is the
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fact that B-LF-BFS-C does quite better than B-D and Neo4j; this is because

B-LF-BFS-C benefits from a set-at-a-time approach (see Section 2.3.2 for a dis-

cussion). What is quite revealing though is that B-LF-BFS-C is a close contender

to B-D-InMem and even outperforms it on Live Journal. This affirms the virtue

of set-at-a-time evaluation, intelligent scheduling by the RDBMS, and graph

compression in B-LF-BFS-C.

Q3. Now we focus on what the best parameters for the considered algorithms

are. We see in Fig 2.5a that p = 5 is the best number of partitions for B-R-BFS

in the real datasets. This is also confirmed by Fig. 2.8a for synthetic datasets.

For the latter, we only show lines for p = 5 and p = 10 as the numbers for

p = 15 were too large to be interesting. We explain this behavior of B-R-BFS as

follows. While having more partitions (edge tables) helps to potentially achieve

termination faster using the early joins (those using low-numbered edge ta-

bles), there is nevertheless an added penalty in terms of page scheduling by

the RDBMS, if we are to join the same part of the F set with too many edge

tables (which happens when the finalization is delayed). In other words, joins

become too-small-too-many, and the performance suffers.

In Fig. 2.5b and 2.8b we see the B-LF-BFS performance for different step

values on the real and synthetic datasets, respectively. We see that s = 1 is the

best value for B-LF-BFS. Whereas the differences in running time for s = 1, 2, 3

are not big for the real datasets, they become quite noticeable for the synthetic

datasets. For the latter, the performance for s = 1 is significantly better than for

s = 2, 3. Recall that the greater the step size, the bigger the F sets become, and

the more the B-LF-BFS gets closer to BFS. For B-LF-BFS-C, on the other hand,

we find that s = 3 is the best value for the three big real datasets (Fig. 2.4b),
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whereas s = 1 is the best value for the medium real datasets (Fig. 2.5c) and

synthetic datasets (Fig. 2.8c). This suggests that some parameter tuneup is

needed depending on the graph.

The tuneup of the step size can be performed by randomly selecting a set of

source-target pairs as we are doing in our experiments. Then, we test different

values for step starting from a value equal to the cost of the lightest edge and

incrementing it by this amount each time. What we look for is some value

for the step size such that the set-at-the-time evaluation has an opportunity to

better schedule disk accesses while not doing too much non-optimal work. As

our experiments show, moderate values for the step size give a good balanced

evaluation.

Q4. In Fig. 2.7a, we see that the curve for B-R-BFS, even for p = 5, grows

faster compared to B-LF-BFS and B-LF-BFS-C. This trend for B-R-BFS is more

pronounced in Fig. 2.8a for p = 10. The curve for B-LF-BFS grows in general

mildly, unless its step value is not tuned properly (see Fig. 2.8b). Finally, B-LF-

BFS-C has the mildest growing curve of the three algorithms and is somewhat

“forgiving” even when s is not tuned to the best value (see Fig. 2.8c).

Q5. The experiments in Fig. 2.10 were conducted using synthetic data sets

(random graphs of 1-15 million edges) with step = 3. Fig. 2.10a shows the

relative time for finding frontier nodes versus and the time taken for executing

the join queries in B-LF-BFS. The Merge time was not considered in the figure

as it was insignificant. We can see that the processing time is mainly consumed

by join queries. Fig. 2.10b shows the relative time for B-LF-BFS-C to decode

compressed tuples in table TE, find frontier nodes, and execute join queries.

We can see that decoding did not consume the significant portion of the whole



54

processing time. It is still the join time that dominates.

Q6. Figures 2.5d and 2.9b show the performance of different RDBMSs when

running B-LF-BFS-C (best algorithm). We allocated the same amount of buffer

space, 6G, and created the same index setup for all three of RDBMSs we used.

We see that D1 and Postgres performed similarly, however, D2 significantly

outperformed both of them. A similar behavior can also be observed when

running B-LF-BFS (see Fig. 2.9a).

To better see the performance of B-LF-BFS-C on different RDBMSs, we also

give figures 2.6a (for D1) and 2.6b (for Postgres), which should be compared

with Fig 2.4b (for D2).

These results suggest that even though well-developed RDBMSs (such as

those we consider) are close competitors in well-known benchmarks, when it

comes to handling specialized workloads (such as graph operations), they show

noticeable differences.

2.8 Related Work

Computing s-t queries on large complex networks has received considerable

attention from the research community (cf. [1, 5, 36] and [17, 26, 52, 54, 67,

68, 71]). The first and second group of works compute exact and approximate

answers, respectively. As we provide exact answers to s-t queries, our work

is more related to the first group. The works in the first group achieve very

good scalability, but focus on unweighted graphs, which is an easier problem to

tackle. In unweighted graphs, the length of a path amounts to the number of its

edges. Since social and web graphs have typically a small diameter, computing
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(a) B-LF-BFS, Merge and Frontier

(b) B-BFS-C, Merge, Frontier, Decode

Figure 2.10: Relative cost of different database operations.
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s-t shortest paths on unweighted graphs does not need to travel more than few

hops. On the other hand, if edge weights are taken into consideration, the

small diameter of the graphs is not that important anymore as shortest paths

can contain an arbitrary number of edges, hence, many more expansions are

needed. In this part, in contrast with the aforementioned works, we focus on

weighted graphs, which are more general and challenging to handle. While

we do not show experimental results for unweighted graphs, we mention that

we tested extensively with such graphs in RDBMS and our performance was

considerably better than for weighted graphs.

Bidirectional computation for finding shortest paths from a source to a tar-

get has been suggested in several works (cf. [23, 29]. In [29], it is shown

that proper termination is when both the forward and backward search finalize

a graph vertex in common. Recall, this was possible for the bidirectional Dijk-

stra’s algorithm and B-LF-BFS, but not for B-R-BFS (for which we need to resort

to a more complex termination procedure). In [23], the benefits of bidirectional

search are shown by experiments for graphs that fit in memory. Another part

of [23] is about A* heuristics for speeding up the s-t shortest path computation.

Such heuristics, however, were in practice observed in [23] to be mainly use-

ful for spatial networks (and not much for complex networks). In this part, we

focus on complex networks (social and web networks). As such, we have not

employed A* heuristics.

Relational Databases have been often used to store complex data, such as

XML and RDF graphs (cf. [14, 56] and [13, 28], respectively). They have also

been shown to be a good choice to support advanced applications, such as data

mining [62, 80] and machine learning [22, 38].
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For graph queries, as [27, 72] argue, relational technology can sometimes

outperform more specialized solutions. An interesting work that uses relational

technology for answering subgraph and supergraph queries is [58]. These

queries are different from our source-to-target shortest path queries. Other

works, such as [20, 37] use relational databases to build vertex-centric (VC)

systems in the Pregel model. As we explained in Section 2.2, a VC computation

is not a good fit for computing s-t shortest paths. In terms of table structure,

the edge tables used in B-R-BFS and B-LF-BFS are similar to the edge table in

[20]. All these works (including ours) suggest that using relational databases

for graph management can be for some problems better than using specialized

graph engines.

2.9 Conclusions

We showed that designing algorithms for RDBMS is a good avenue to pursue

for graphs that do not fit in memory, and sometimes, even for graphs that can

(e.g. Live Journal). Also, RDBMS technology is quite mature and can accommo-

date complex data and algorithms, sometimes, even better than special purpose

systems.

We presented a correct procedure for deciding termination in B-R-BFS. We

argued that it is challenging to determine whether a vertex has its distance

finalized in B-R-BFS. Then we showed that we can decide termination by care-

fully deriving lower bounds on the forward and backward distances of vertices

from the source and target.

We gave next a new algorithm, B-LF-BFS, which performs restrictive BFS by
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selecting only a part of the visited vertices as a set to be expanded. This was

achieved by setting distance levels that need to be cleared (in terms of expan-

sions) before going to the next level. We showed that, once a level is cleared,

the vertices that were expanded in that level have their distance finalized. This

allowed us to use a much simplified termination procedure.

Then, we presented B-LF-BFS-C, an algorithm that enhances B-LF-BFS by

using a compressed representation of neighbor-cost lists. The compression

achieved was such that B-LF-BFS-C was able to handle graphs of an order of

magnitude bigger than what B-R-BFS and B-LF-BFS could.

Using detailed experiments, we showed that all three algorithms scale well

(for their best parameter setup), and B-LF-BFS-C in particular can produce

results in a reasonable time even on the largest dataset we experimented with,

UK 2005, with close to one billion edges, using only a consumer-grade machine.
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Chapter 3

PageRank for Billion-Scale

Networks in RDBMS

3.1 Introduction

With the amount of data produced daily, one of the main challenges facing big

data is filtering out data and identifying the wheat from the precious. As search

results tend to be in millions of pages, ranking search results becomes very

crucial, however ranking pages tends to be one of the most difficult problems

as the search engine is required to present a very small subset of results and

order them by relevance. A variety of ranking features such as page content

or hyperlink structure of the web are used by Internet search engines to come

up with a good ranking. Many algorithms have been proposed to sort query re-

sults and return the most relevant pages first. Among them are PageRank [48],

HillTop [10] and Hypertext Induced Topic Selection (HITS) algorithms [12].

PageRank [11, 48] developed by the Google founders is based on the hyper-

link structure and on the assumption that high ranked pages usually contain
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links to useful pages, therefore giving more weight to pages that have more in-

bound links from high weighted paged. PageRank is an iterative algorithm and

executed on the whole graph, which, in Google’s case, is very large. Algorithms

such as PageRank for big data sets require extensive hardware setups and, in

many cases, distributed computing, such as Hadoop [79] and Spark [77]. This

is because we cannot fit the whole data set in one machine’s memory. Building

such a setup comes with significant investment and continuous running costs.

Nevertheless, some of the existing systems such as Relational Database

Management Systems (RDBMS’s) are still widely used and will not be depre-

cated in the future as the amount of investments on them is growing over the

years. More specifically, RDBMS’s have been around for over half-century [16]

and proven to provide consistent performance, stability, and concurrency con-

trol. RDBMS’s are currently the backbone of the IT industry and have been

evolving over the past few decades for better performance.

On the other hand, using dedicated graph databases for graph process-

ing is presumed to provide better performance and scalability over relational

databases (c.f. [6]), however, graph databases still have a long way to reach the

level of maturity of RDMBS’s. From this perspective, using an RDBMS to im-

plement graph algorithms seems logical and in fact more efficient. However

computing graph algorithms using SQL queries is challenging and requires

novel thinking. This chapter presents a PageRank algorithm implementation

using RDBMS with table partitioning and compares it with the implementation

provided by a dedicated Graph Database.

The rest of this chapter is organized as follows. A brief background review of

the PageRank algorithm is given in Section 3.2. Our PageRank implementation
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using RDBMS with table partitioning is given in Section 3.3. Section 3.4 shows

the results of the experiments. Section 3.5 concludes the chapter.

3.2 Preliminaries

In this chapter, different from before, we consider graphs to be unweighted.

Specifically, we denote by G = (V,E) a graph with V as a set of vertices, and

E as the set of edges. For each vertex v there will be a non-negative initial

PageRank value PR(v) and for each edge e = (u, v) there is a weight of 1/n

assigned to it, where n is the number of outgoing edges (links) from u.

We can use the following relational tables to store a graph. The TE table

contains all the edges e = (u, v) ∈ E along with their weights, where u is de-

noted by fid, and v by tid and w(u, v) by rank. So, the schema of the table is

TE(fid,tid,rank). We construct a unique index on (fid,tid).

The TV table contains all vertices u ∈ V in the graph, denoted by id along

with its rank PR(u), denoted by pgrank. So the schema of the table is TV(id,pgrank).

We construct a unique index on id.

The PageRank algorithm assigns a weight value to each page in the web or

vertex in a graph; the higher the weight of a page or vertex, the more important

it is. Web pages are represented as a directed graph where pages are vertices

and links are edges. Below is an example of how we calculate PageRank for a

small graph.

The graph in Figure 3.1 has four vertices representing four web pages. Page

1 has links to each of the other three pages; page 2 has links to 1 and 3 only;

page 0 has a link only to 1, and page 3 has links to 2 and 0 only. Let us assume
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Figure 3.1: Simple Directed Graph

a random user is visiting page 1; this user will have a probability of 1/3 for

each link (0,2,3) to follow and visit a next page. If the user is visiting page

0, then he will have a probability of 1 to visit page 1 as this is the only link

available. If we follow the same logic, we will have a probability of 1/2 for each

link on page 2 and page 3. The probability value for each link is the weight for

each link, and based on this, we could build an adjacency matrix for the graph

as a square matrix M with a number n of columns and rows. The PageRank

algorithm proceeds in the following steps.

• Set an initial PageRank value for each page

• Repeat until convergence: compute PageRank using Equation 3.1

PR(A) =
n∑
i=1

PR(i)

C(i)
(3.1)

where PR(A) is the PageRank value of vertex A, PR(i) is the PageRank value of

vertex i, and C(i) is the number of outbound links (edges) of vertex i. Vertices

i for i ∈ [1, n] are all the vertices of the graph that contain links pointing to A.

Usually, there is also a damping factor present in the computation of PageRank

values but we ignore it in this research for simplicity and because all techniques
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we present can be extended easily to that case.

The link probabilities (1/C(i)), as described above, could be represented as

a matrix M . For the graph in Figure 3.1, the matrix will be as follows.

M =



0 1/3 0 1/2

1 0 1/2 0

0 1/3 0 1/2

0 1/3 1/2 0


Regarding the PR(i) values, we can represent them all by a PageRank vector

V . Then the computation given by Equation 3.1 can be written as M · V , which

captures the computation of PR values for all the vertices of the graph at the

same time. We denote by Vt the version of V at iteration t. Then, PageRank is

iteratively computed using equation 3.2, by multiplying matrix M and vector Vt

and repeating until convergence.

Vt+1 =M · Vt (3.2)

where Vt+1 is the new vector holding the newly computed PageRanks for all the

vertices. In each iteration, the newly computed PageRank values will get closer

to the final PageRank values. We stop when PageRank values do not change

much.

Observe that the PageRank value of a vertex A is dependent on the value

of PageRank of vertices pointing to it. However, we do not know the Pagerank

value of inbound vertices till we calculate the ones pointing to them and we will

not know the Pagerank values of them till we calculate the PageRank values of



64

vertices pointing to them too and this keeps on. So, to overcome this starting

problem, we initially set an estimated PageRank value for each vertex. This can

be represented as a vector

V0 = [1/n, 1/n, · · · , 1/n]

where n is the number of vertices in the graph.

3.3 PageRank in RDBMS

Representing the graph in a square matrix, M requires quadratic size. Comput-

ing Pagerank in its matrix representation requires the matrix to be fully loaded

in memory; however, loading the graph into memory might not be possible for

large graphs like the Google web or Facebook. However, since the matrix is

very sparse, all the implementations exploit sparsness and do not materialize

the matrix as is. Instead only the non-zero entries are stored in the format

(i, j,mij).

Using RDBMS is quite efficient in this regard. First, matrix M could be

saved as tuples (i, j,mij) of only connected vertices (this is the TE table with its

three columns). Second, when computing PageRank for a vertex A, the edges

that need to be considered are only those pointing to vertex A. This is a tiny

subset of the matrix.

Figure 3.2 shows the SQL statement used to compute Pagerank using equa-

tion 3.2, where TE stores graph edges and TV stores vertices’s Pagerank es-

timates. If we run this SQL query, it will produce the result of multiplying the

matrix with the vector Vi. The multiplication is very efficient as we only do the
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calculation for existing edges in the matrix.

Figure 3.2: Compute Pagerank For one Iteration

Figure 3.3 shows the full SQL statement using the new Merge SQL [19] op-

eration, which is very efficient in saving SQL results. This way, we save the

new Pagerank estimate so that it can be used in the next iteration. The query

will do a full table scan or index scan based on the table setup. RDBMS will

need to load parts of the table into memory to compute Pagerank. This process

is acceptable when the loaded parts could be loaded into memory but cumber-

some when graph size is hugely larger than available memory, which inevitably

will lead to use data swap and, as a result, diminish the performance dramati-

cally. In the following section, we solve the graph size problem by using table

partitioning based on partitioning of matrix M (table TE) and vector Vi (table

TV) into parts that can be loaded into memory. We would have liked for the

RDBMS to do the partitioning itself, but in reality we observed that this does

not happen, so we do that as part of the algorithm we implement.

Figure 3.3: Compute Pagerank and update vector V
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3.3.1 Table Partitioning

To overcome the matrix size problem, we partitioned both the matrix and the

vector into k parts and saved each part in a separate table, TVi, and TEi, where

i ∈ [1, k]. We divide the matrix into stripes of almost equal size, and we create

vectors to have only the vertices that are needed to compute Pagerank for each

matrix stripe.

Figure 3.4 shows how the matrix and vector are partitioned. Each matrix

stripe will have a full set of inbound edges for a set of vertices and matched

with a vector containing all the fid’s that exist in the partitioned matrix. This

way, we will be able to compute Pagerank for the set of vertices of interest. A

similar matrix partitioning scheme is also described in the Map-Reduce paper

of [41].

Figure 3.4: Matrix and vector partitioning into k stripes.

The main goal is to create as many stripes as needed so that the portions

of the matrix in one partition can fit conveniently into memory. We used the

SQL statements in Figure 3.5 to build the partitioned tables based on matrix

partitions. Each TEi table will have a subset of vertices along with all inbound

edges, and each table TVi will have all fid’s that exist in TEi.
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Figure 3.5: Creating partition tables TVi and TEi for i ∈ [1, k].

3.4 Experimental Results

3.4.1 Setup Configurations

We executed the experiments on a consumer-grade server with Intel Core i7-

2600 CPU @3.4 GHz 64 bit Processor, 12 G of RAM and running Windows 7

Home Premium, using Java JDK SE 1.8.

As RDBMS’s we used the latest versions of a commercial database (which

we anonymously call CD) and an open-source database (which we anonymously

call OD). As graph database, we used the latest version of a graph database

(which we anonymously call GD). We refrain from using the real names of these

databases for obvious reasons.

We used four real datasets from Stanford’s Data collection and a one-billion-

edge graph from The Laboratory for Web Algorithmics. By default, we used

three table partitions in the case of table partitioning experiments except stated

otherwise. All the results shown are based on computing one Pagerank itera-

tion. The real datasets are Web-Google, Pokec, Live-Journal and Orkut (from

http://snap.stanford.edu), and UK 2005 (from http://law.di.unimi.it/

webdata). Table 1 shows statistics about the datasets used.
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Table 3.1: Page Rank Datasets

Data Set Nodes# Edges#
Web-Google 875,713 5,105,039
Pokec 1,632,803 30,622,564
Live Journal 4,847,571 68,993,773
Orkut 3,072,441 117,185,083
UK 2005 39,459,921 936,364,282
IT 2004 41,291,594 1,150,725,436

3.4.2 Results

We observed that in all the datasets we used, OD and CD clearly out-perform

GD significantly. Figure 3.6 shows how GD performs poorly with large datasets,

such as Live Journal (LJ) or Orkut. Orkut was the largest dataset that GD could

manage to process without crashing out.
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Figure 3.6: Results of running PageRank using GD, CD, and OD.

Using table partitioning gives significant enhancement in managing mem-

ory load which in turn boosts PageRank processing time especially with large
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data sets such as LJ, Orkut and the large graph UK-2005. Figure 3.7 shows

significant performance differences between the GD processing time and both

RDBMS approaches using table scan and table partitioning. The impact of table

partitioning starts to appear once the datasets become larger, as shown in the

chart. Table partitioning significantly improved over the approach of table scan

especially for LJ and Orkut.
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Figure 3.7: Results of PageRank in RDBMS CD using Table Scan, Table Parti-
tioning and GD. We show here only the dataset sizes as opposed to their names.
The names are as in Figure 3.6.

In our experiments we also wanted to decouple the processing time of com-

puting PageRank from the time to save the results, hence we ran two separate

experiments; one with saving the outcome and the other without saving the

outcome. Figure 3.8 shows the results of these experiments. We noticed that

CD did a better job than OD in both operations and the time taken for saving

data was noticeably shorter for CD compared to OD. We relate this to the Merge
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operation which exists in CD but does not in OD. The Merge operation showed

to have superior performance over regular insert/update operations.
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Figure 3.8: Show the difference between the time taken to only calculate
PageRank without saving the results and the time taken to do the same with
saving the results.

In addition to the above, OD performs poorly in computing PageRank using

a non-clustered index scan. Figure 3.9 shows a big jump in time when we used

non-clustered index scan in large data sets, in contrast to a clustered index

scan or table scan. We relate this to the OD optimizer not being good enough

in planning and executing the queries. More specifically, the query optimizer

should have chosen a plan that uses table scan rather than the index. Also

the I/O cost was high which indicates the data retrieval process included high

random access. Such random access was reduced significantly when the table

was reordered as part of building the clustered index, hence the processing

time was also reduced significantly.
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Figure 3.9: OD performs poorly in the case of non-clustered index vs table scan
or clustered index.

Figure 3.10 shows the processing time in the case of using table scan and

clustered index scan. Using an index did not help that much in reducing pro-

cessing time and the results were very comparable to just table scan and dif-

ferences were not noticeable. We relate this to the fact that the query used to

calculate PageRank requires a full table retrieval hence using an index will not

make that big of a difference.

3.4.3 Experiments on Billion-Scale Networks

Here we show our experiments on two very large datasets, namely UK-2005

and IT-2004, the latter with more than a billion edges. They represent the

web network of UK and Italy in 2005 and 2004. The precise number of nodes

and edges is given in Table 2. We ran the PageRank algorithm using table
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Figure 3.10: Results of using table scan vs index scan in OD and CD

partitioning. Both data sets were partitioned into 12 partitions and we sum up

all the processing time to compute PageRank for each partition.

Figure 3.11 shows the runtime for each of the datasets. We used CD as it

showed superiority over OD in I/O and memory management. GD could not be

a part of the experiment as it failed to process any graph bigger than Orkut in

our test environment setup. As Figure 3.11 shows, even with over one billion-

edge graph size, we managed to get a good processing time. More specifically,

for IT-2004, we were able to complete the computation of PageRank for all the

partitions in about 10 min (600 sec).

Table 3.2: Page Rank Billion-size Datasets

Data Set Nodes# Edges#
IT 2004 41,291,594 1,150,725,436
UK 2005 39,459,921 936,364,282
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Figure 3.11: Results of calculating PageRank on very large data sets, IT 2004:
1.15 billion edges and UK 2005:0.93 billion edges.

3.5 Conclusions

We presented the implementation of the PageRank algorithm over RDBMS us-

ing different options, such as table-scan, non-clustered-index, clustered-index,

and table-partitioning. We showed that RDBMSes could perform better than

GD and could process very big datasets in a consumer-grade machine.

The experiments showed that the OD optimizer was not good enough for our

task. For instance, it was not able to determine that using a non-clustered index

is not a good choice for our queries. The OD clustered index behaved better

but still there was no improvement compared to simple table-scan without any

indexing at all. The CD commercial query optimizer is more intelligent than its

open-source counterpart.

We observed that manually partitioning tables gives a significant improve-
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ment in the execution time of our queries. This tells us that RDBMS optimizers

of today, even after many decades of development, still can be improved further

in order to handle heavy analytical queries such as those computing PageRank.

CD did not consume significant processing time in order to merge the data

but OD in large datasets consumed significant processing time, in some cases

double the query time. We clearly observed that both RDBMSes we use, without

using any indexing or partitioning still dramatically outperform graph database

GD. This comes as a surprise because the latter was designed for handling

graphs from the ground up. Therefore we conclude that specialized graph

databases still have a lot of ground to cover in order to be good competitors

to RDBMS engines for large datasets when executing heavy analytical tasks.
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Chapter 4

Triangle Enumeration for

Billion-Scale Graphs in RDBMS

4.1 Introduction

The problem of triangle listing or triangle enumeration can be stated as follows:

Given an undirected graph G = (V,E) with no parallel edges or self loops,

output all tuples (a, b, c) such that nodes a, b, c ∈ V are pairwise connected in

G (i.e., they form a triangle). Some algorithms only need to touch triangles

or count them, but in this research, we require that algorithms store them

explicitly (hence the term triangle listing).

Triangle enumeration is considered a fundamental graph analytics problem

that constitutes a large portion of the computational work required for prob-

lems such as calculating a graph’s global clustering coefficient (in which the

number of triangles each node is involved in is required) [69], finding k-truss

decomposition, and calculating the transitivity ratio of a graph. Some of the in-

direct applications of triangle enumeration include identifying social networks,
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determining a community’s age [40], performing community searches [9, 55],

and detecting fake accounts, malicious pages, or instances of web spamming

[50, 8]. Triangles are also used as a building block for enumerating higher

order structures [59, 60, 73].

Triangle enumeration is a nontrivial problem. The optimal worst case for

any algorithm’s time complexity is O(|E|3/2) [50]. Triangle enumeration does

not scale very well with large datasets as any node can participate in a tri-

angle with any other node in a graph so long as they have an edge between

them, making it difficult to break the problem into smaller pieces. The sizes of

datasets continue to grow, and massive datasets are becoming more common

in business and research. In particular, data in real-world networks is growing

to unprecedented levels [35]. Many algorithms either enumerate triangles for

graphs that can fit in memory [c.f. [61, 78]], are I.O. intensive [c.f. [32, 15]] or

use distributed systems such as MapReduce [c.f [51, 69]].

Relational Database Management Systems (RDBMSs) have been vital tools

in storing and manipulating data for many decades [16]. They are common-

place in most businesses, and they are familiar to technical and non-technical

users alike. This research aims to show that they are also useful for analyzing

large graphs, specifically in the area of triangle enumeration. The research

also shows how a single machine can use partitioning techniques to enumerate

billions of triangles efficiently.

In recent times, native Graph Databases (GDBs) have grown in popularity.

Many businesses may be considering moving to GDBs if they often analyze large

graphs. Using dedicated graph databases for graph processing is presumed to

provide better performance and scalability over relational databases (c.f. [6]);
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however, as we demonstrated for the previous two problems, graph databases

still have a long way to go in order to reach the level of maturity of RDMBS’s.

Using an RDBMS to implement graph algorithms is, in many situations, more ef-

ficient. However, designing graph algorithms using SQL queries is challenging

and requires novel thinking. This is especially true for triangle enumeration,

which is a computationally challenging problem. Again we will show that us-

ing RDBMS’s provides higher efficiency over graph databases and this is quite

pronounced for the problem of triangle enumeration.

Our contributions in this part are as follows:

1. We engineer triangle enumeration algorithms in SQL using partitioning

and coloring.

2. We propose a modification of the distributed algorithm PTE CD of [50],

which we name Source Node Partitioning, that allows us to scale effi-

ciently to very large graphs.

3. We compare the performance of a popular open source GDB and com-

monly used RDBMS’s.

4. We give a comparison of the performance of each algorithm on several

graphs including billion-scale graphs.

4.2 Triangle Enumeration in RDBMS

The following section introduces state of the art triangle enumeration algo-

rithms and techniques. The basic method used for triangle enumeration, known

as the Compact Forward algorithm [75], is explained first. Adaptations created
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to handle larger graphs that cannot fit into a single machine’s memory are then

discussed. These adaptations are known as Triangle Type Partitioning [49],

and Pre-partitioned Triangle Enumeration [50]. Finally, a further adaptation

contributed by this research that aims to reduce the complexity and the num-

ber of queries generated, named Source Node Partitioning, is explained. The

SQL implementation of each algorithm developed is illustrated so that readers

may recreate these results in an RDBMS of their choice.

4.2.1 Compact Forward

The compact forward algorithm constitutes the main portion of work done to

enumerate triangles in all of the algorithms that follow. Its pseudocode is shown

as Algorithm 7. It consists of two main parts: an edge iterator and an orienta-

tion technique.
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Algorithm 7 Compact Forward
Input: Undirected graph G = (V, E)

Output: All triangles of G

//Orientation of G

for Each (u, v) ∈ E do

if deg(u) > deg(v) OR (deg(u) = deg(v) AND u > v) then

Replace (u, v) with (v, u) in E

end if

end for

//List triangles of G

for Each (u, v) ∈ E do

for w ∈ N(u) ∩N(v) do

Output triangle (u, v, w)

end for

end for

Edge Iterator. For any edge (u, v) ∈ E, we can find the triangles associated

with it by considering the intersection of the neighbors of u and v (denoted

N(u) and N(v) respectively). That is, if (u, v) exists, we can check to see if both

(u,w) and (v, w) exist for all such nodes w ∈ V . By performing this operation

on all edges, we are guaranteed to enumerate all triangles in the graph. Un-

fortunately, we might count many duplicates depending on how the undirected

graph G is represented.

Orientation Technique. In order to eliminate duplicates, we direct the

graph G with a total ordering. Define the degree (or number of neighbouring
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nodes) of a node v to be deg(v) and assume nodes are represented by unique

integer identifiers (i.e. V ⊂ N). Define a total ordering of the nodes in V ,

denoted →, as follows: For all nodes u, v ∈ V , we say u → v if and only if

deg(u) < deg(v) OR (deg(u) = deg(v) AND u < v). We then arrange all the edges

in the graph according to this total order. The resulting graph is a Directed

Acyclic Graph or DAG. But how does this help?

Consider a triangle (a, b, c), such that a → b, b → c, and a → c. When iter-

ating over edge (a, b), we discover (b, c) and (a, c) in the neighbours of a and

b. However, when we iterate over edge (b, c), we will not find (c, a) due to the

total ordering properties (similarly for edge (a, c), we will not find (c, b)). Thus

each triangle is counted exactly once. From now on, when we refer to triangle

(a, b, c), we assume the total ordering applies from left to right.

Notice that a total ordering could have been defined on the node identifiers

alone assuming they are unique. The reason for involving node degrees in the

total ordering is to prevent any given node from having a large list of outgoing

neighbours to search through. In the given total ordering, nodes of high degree

will have fewer outgoing neighbours and nodes of low degree, though their

neighbourhood primarily consists of outgoing neighbours, have few neighbours

by definition.

The SQL queries for orienting G are lengthy, yet simple to implement, so

we omit them. Algorithm 8 shows the edge iteration component written in SQL

and assumes the edge list E has already been oriented.
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Algorithm 8 Compact Forward Edge Iteration in SQL
SELECT g1.fromNode AS A, g1.toNode AS B, g2.toNode as C

FROM E g1, E g2

WHERE g1.toNode = g2.fromNode

AND EXISTS (

SELECT 1 FROM E

WHERE fromNode = g1.fromNode AND toNode = g2.toNode)

4.2.2 Triangle Type Partitioning

Suppose G is a large graph that does not fit in a single machine’s memory, then

the edge list E must be partitioned into smaller lists in order to fit. Even though

an RDBMS is designed to handle data that does not fit in main memory, when it

has to deal with smaller chunks of the data at a time, the RDBMS can use more

efficient join algorithms, such as one-pass joins. However, a problem arises

when trying to list triangles in the edge partitions. Consider triangles that have

edges in more than one partition, they are certainly missed. As such, we cannot

expect the RDBMS query optimizer to be able to automatically find ways to

break up the data into chunks to facilitate better query evaluation algorithms.

Therefore, we focus here in ways to intelligently partition the data and create

independent subtasks.

The triangle type partitioning (TTP) algorithm of [50] was designed to re-

solve this issue. Originally it was designed as a Map Reduce algorithm to be

run on distributed systems1, but in this research, we re-purpose it be used on a

single machine.

1See also [76] for an implementation on Amazon AWS Lambda.
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Figure 4.1: An example of each type of triangle in a node coloured graph

The first step is to colour the nodes using a function f : V → {0, 1, . . . , ρ− 1}

that maps each of the graph nodes to one of the ρ colors. This allows every

triangle to be classified into the following three types:

• Type 1: All three nodes have the same colour.

• Type 2: Exactly two nodes have the same colour.

• Type 3: Each node has a distinct colour.

A visualization of the triangle types can be seen in Figure 4.1.

Let Eij be the set of edges that have endpoints coloured i or j. There are
(
ρ
2

)
such sets. Let Eijk be the set of edges that have endpoints coloured i, j, or k.

There are
(
ρ
3

)
such sets as seen in Figure 4.2.

No edge in a type 3 triangle has endpoints with the same colour. Knowing

this, we can transform the set Eijk into E ′ijk = Eijk − {(u, v)|f(u) = f(v), (u, v) ∈

Eijk} where we remove all such edges. This vastly improves performance when

enumerating type 3 triangles by reducing the size of the edge lists. On the

other hand, each set Eij can contain type 1 and type 2 triangles.
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In order to enumerate all triangles, Algorithm 8 is run on all
(
ρ
2

)
+
(
ρ
3

)
edge

sets (replace E with Eij or E ′ijk for all i, j, and k). This can be seen in Algo-

rithm 9, which shows the structure for partitioning and generating the SQL

queries.

Algorithm 9 Triangle Type Partitioning

for i = 0 to ρ− 2 do

for j = i+ 1 to ρ− 1 do

Generate Eij from E

Run Algorithm 8 on Eij

end for

end for

for i = 0 to ρ− 3 do

for j = i+ 1 to ρ− 2 do

for k = j + 1 to ρ− 1 do

Generate E ′ijk from E

Run Algorithm 8 on E ′ijk

end for

end for

end for

Eliminate duplicates from generated triangles

Consider the sets E02 and E12 from Figure 4.2. The type 1 triangle of colour 2

is counted twice. In fact, this is true of all type 1 triangles.

Thus we count every type 1 triangle ρ − 1 times, and we count type 2 and

type 3 triangles exactly once. The duplicate triangles can then be eliminated.
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Figure 4.2: A visualization of the edge sets from the graph in figure 2 when
ρ = 3: yellow = 0, blue = 1, pink = 2

4.2.3 Prepartitioned Triangle Enumeration -

Colour Direction

Triangle type partitioning [50] is an effective method for enumerating trian-

gles in massive graphs that do not fit into memory, yet it is also possible to

ensure each triangle is counted exactly once as well as greatly reduce the size

of the edge sets to be searched through in the CF algorithm. This is the goal of

the Prepartitioned Triangle Enumeration - Colour Direction (PTE CD) method,

which expands on the TTP algorithm. Again, this algorithm was proposed in

[50] for a Map Reduce setting. Here we adapt it for an RDBMS. Consider how

the TTP algorithm pays no attention to the direction of edges when partition-

ing the edge set, indeed Figures 4.1 and 4.2 do not display the direction of the

edges because that information is irrelevant to the algorithm. PTE CD, however,

takes advantage of the direction of each edge in the oriented graph.

Let Tijk be the set of triangles (a, b, c) where f(a) = i, f(b) = j, and f(c) = k

(i.e. ijk is a permutation of the colours with replacement). For example, T001 6=

T010 due to the total ordering on the edges in G. This is made more clear in

Figure 4.3. There are ρ3 such triangle sets.

Suppose we are trying to find a triangle (a, b, c) ∈ Tijk and we reach edge
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Figure 4.3: The graph of figure 4.1 with edge directions and triangles labels.

(a, b). We know edge (b, c) is in Ejk and edge (a, c) is in Eik, which may or may

not all be the same edge set from our previous definitions, but more specifically,

we know (b, c) goes from colour j to k, and (a, c) goes from colour i to k.

Let Eij be redefined in the following way:

Eij = {(u, v)|f(u) = i, f(v) = j, (u, v) ∈ E}

There are ρ2 such edge sets. This new definition allows the algorithm to

more precisely choose which edge sets to search through and thereby reduces

the total work.

The pseudo code in Algorithm 10 shows the implementation of the PTE CD

algorithm. It counts triangles of all types exactly once and improves the perfor-

mance greatly.

One issue is that it increases the number of edge sets from
(
ρ
2

)
to ρ2 and

the number of enumeration tasks from
(
ρ
2

)
+
(
ρ
3

)
to ρ3. However, it reduces the

number of colours needed to be effective compared to TTP, and since ρ is often

relatively small, this does not create a major issue in performance.
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Algorithm 10 PTE CD

for i = 0 to ρ− 1 do

for j = 0 to ρ− 1 do

Generate Eij from E

end for

end for

for i = 0 to ρ− 1 do

for j = 0 to ρ− 1 do

for k = 0 to ρ− 1 do

Run Algorithm 8 with Eij as g1, Ejk as g2, and Eik in the EXISTS

clause.

end for

end for

end for

4.2.4 Source Node Partitioning (SNP)

In this section, we propose another algorithm, called Source Node Partitioning

(SNP), that partitions the graph into ρ partitions and generates ρ2 enumeration

tasks. SNP is conceptually simpler than PTE CD. Similar to PTE CD, SNP enu-

merates each triangle only once and exhibits comparable performance to PTE

CD for medium datasets and even better for larger datasets.

The main idea is to partition an oriented input graph G into ρ parts where

all the edges (u, v) whose source nodes u are the same are placed in the same

partition i based on a partitioning function f(u). Partition i will contain all the

edges (u, v), where f(u) = i. In addition to the edge endpoints, u and v, we also
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(a) Input Graph (b) Partitioning into tables

Figure 4.4: SNP partitioning

store along the edge the partition number of v. So, instead of the pair (u, v) we

will have a triple (u, v, j) where j is equal to the partition number for node v.

Specifically, the i-th partition is as follows

Ei = {(u, v, j)|f(u) = i, f(v) = j, (u, v) ∈ E}, 0 ≤ i, j ≤ ρ− 1.

Now, in order to find a triangle (u, v, k) we only need to check if there is a

shared node k between the neighbours of nodes u and v. This is achieved by

joining in SQL the tables for Ei and Ej (assuming f(u) = i and f(v) = j).

For example, given the graph in Figure 4.4 (a), and ρ = 3, we partition the

edges of the graph into the partition tables given in Figure 4.4 (b). Along with

the FID and TID attributes, which give the source and target of each edge, we

also have a third attribute, called Part, which stores the partition number, of

the target node.

To check for instance, if edge (3, 6) is part of a triangle, we need to find

the intersection of the neighbors of node 3 with the neighbors of node 6. These

neighbors can be extracted from the set of edges (6, _), which exist in Partition 1
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(as indicated by column Part) and the set of edges (3, _), which exist in the

current partition, Partition 0.

Partition oriented graph G based on the source node can be done by several

ways, for instance, we could use interval partitioning where each partition i

will have a unique range of node ID or use a modulo function to distribute the

source nodes over partitions as shown in Algorithm 11.

In terms of pseudo code we create the partition tables using the queries

given in Algorithm 11. Then, we enumerate triangles using Algorithm 12. In a

nutshell, it joins two tables, for partitions Ei and Ej, respectively, and limits the

scope of the join in the table for Ei to only those nodes that have Part = j.

Algorithm 11 SNP: Graph Partitioning

Input: Oriented Graph G = (V,E), number of partitions ρ

Output: A set of ρ partition tables.

for i = 0 to ρ− 1 do INSERT INTO Ei

SELECT FID, TID, TID % ρ AS Part

FROM E

WHERE FID % ρ = i

end for
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Algorithm 12 SNP (Enumerate Triangles)
Input: A set of ρ partition tables Ei.

Output: All Triangles (u, v, w).

for i = 0 to ρ− 1 do

for j = 0 to ρ− 1 do

SELECT G1.fid AS A, G1.tid AS B, G2.tid as C

FROM Ei AS G1, Ej AS G2

WHERE G1.tid = G2.fid AND G1.part = j AND

EXISTS

(SELECT 1 FROM Ei AS G3

WHERE G3.fid = G1.fid AND G3.tid =G2.tid)

end for

end for

Theorem 4. SNP Partitioned graph can only distribute a triangle (u, v, k) over

a maximum of 2 partitions.

Proof. To prove it by contradiction let us assume there is a triangle (u, v, k)

whose edges exist in three partitions which means neighbors of u and v in an

edge (u, v) must exist in three partitions. However, SNP will not separate the

edges with the same source node across different partitions, therefore neigh-

bors of u and v will only exist in a maximum of 2 partitions. �
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4.3 Experimental Results

4.3.1 Setup Configuration

We executed the experiments on a cloud based virtual server running Windows

Server 2019 with 4 vCores and 16 GB of RAM.

As RDBMS we used the latest version of a commercial database (which we

anonymously call CD). As a native graph database, we used the latest version of

a graph database (which we anonymously call GD). We refrain from using the

real names of these databases for obvious reasons.

4.3.2 Datasets

We used four datasets from Stanford’s Data collection and four datasets from

The Laboratory for Web Algorithmics including a one-billion-edge graph.

The datasets are Web-Google, Pokec, Live-Journal and Orkut (from http:

//snap.stanford.edu), and Hollywood 2009, Hollywood 2011, UK 2005 and IT

2004 (from http://law.di.unimi.it/webdata). Table 1 shows statistics about

the datasets used.

Table 4.1: Triangle Enumeration Datasets

Dataset # Nodes # Edges # Triangles
Web-Google 875,713 5,105,039 13,391,903
Pokec 1,632,803 30,622,564 32,557,458
Live Journal 4,847,571 68,993,773 177,820,130
Orkut 3,072,441 117,185,083 627,584,181
Hollywood 2009 1,139,905 113,891,327 4,916,374,555
Hollywood 2011 2,180,759 228,985,632 7,073,951,555
UK 2005 39,459,921 936,364,282 21,779,347,099
IT 2004 41,291,594 1,150,725,436 47,249,138,589
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4.3.3 Results

Our experiments begin with a comparison of the performance of the popular

graph database (GD) and the well-known, commonly used RDBMS (CD).

The initial idea was to compare the time it took for each database system

to compute the clustering coefficient of each graph. However, after running

various experiments, it was determined that the graph database likely used

approximation algorithms. This theory was then supported when attempting

to use the graph database’s triangle listing algorithm which took substantially

longer than the clustering coefficient calculation, which does not make logical

sense if no approximation algorithms are involved because triangle listing is a

subset of the computations required for calculating the clustering coefficient.

Moreover, the triangle listing algorithm seemed to have a bug at the time of

experimentation, and only listed around a tenth of the triangles in the graph.

In order to ensure the measurements for the graph database were as fair

as possible, we caused the output to be written to a file instead of writing to

standard out (which can often take longer than a computation itself), and we

scaled the triangle listing time linearly to match the approximate amount of

time it would take to enumerate all of the triangles rather than a fraction of

them.

Figure 4.5 shows a comparison between the projected runtime of the graph

database and the actual runtime of the RDBMS baseline, which is the compact

forward algorithm run on the entire edge set at once. Note that the time scale

is logarithmic and we can see that the RDBMS greatly outperforms the graph

database when the graph database is required to list all triangles explicitly.

After seeing the drastic performance difference between the two databases
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Figure 4.5: Runtime comparison (in log scale) of a graph database and RDBMS
when enumerating triangles on the four smallest datasets: google, pokec, live-
journal, and orkut.

in just the baseline case, we did not see value in pursuing any further compar-

isons with other methods or larger datasets.

Figure 4.6 compares the performance of all the algorithms discussed above

on the Orkut dataset. Smaller datasets did not see much improvement when

partitioned, as their edge sets were already quite small. No entry has been

given for the PTE BASE method (which is another name for TTP) when ρ = 2.

This is because the algorithm no longer benefits from the partitioning in this

case, and the results would be the same as the baseline CF results.

Note that the yellow bar is the same datapoint that was used in Figure 4.5 for

the RDBMS baseline on the Orkut dataset. Clearly the partitioning algorithms

made great improvements over the single table compact forward algorithm.

From this we conclude that partitioning can be helpful even when the dataset is
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Figure 4.6: A comparison of runtimes of the four algorithms discussed above
on the Orkut dataset. ρ is the number of node partitions of the graph, not the
number of edge sets created by the algorithms.

able to fit into a machine’s memory (as is the case with the orkut dataset). How-

ever, as noted before, the benefits become less notable the smaller the dataset

becomes and in some cases the performance decreases slightly as the cost of

partitioning tables and query planning overcome the savings. As we moved

to graphs with billions of triangles, PTE Base reached its performance bottle-

neck; eliminating duplicate triangles takes a considerable amount of time and

resources to perform, therefore, we decided not to test it with other datasets.

We turn our attention to the hollywood datasets for 2009 and 2011 which

have over 8 and 11 times more triangles than orkut respectively. Figure 4.7

shows that PTE CD slightly outperforms the SNP method. Notice, however,

that the performance gap begins to close with more node partitions or colours.



94

At first inspection, this seems to be due to the growth rates in the number of

queries generated by each method. SNP generates ρ2 queries compared to PTE

CD’s ρ3 queries, which conceivably increases compiling and execution time as

well as clutters the SQL script files.

However, the difference is not as clear cut as it may seem. SNP only creates

ρ edge sets (or edge partitions), whereas PTE CD creates ρ2 edge sets. If the

desired edge set size is the same relative to the size of a machine’s memory

(e.g. we want edge sets to be a third the size of a machine’s available memory),

then PTE CD can use a smaller value for ρ than SNP can. Therefore PTE CD

may actually use less queries in practice.

For example, suppose a graph has an edge list with 1.2 million entries, and

we desire to use a machine that can fit 300,000 edges, then our edge sets

should have about 100,000 edges in them (if we want the database to perform

an all-in-memory join). SNP will use ρ = 12 to meet this requirement, whereas

PTE CD will use ρ = 4. Notice that 43 = 64 < 122 = 144 in this instance, and

PTE CD actually has fewer queries for similar-sized edge sets. Nevertheless, in

a very large graph, fewer queries might not be as desired. SQL might need in

worst-case scenario memory size of |Ei|∗ |Ej|∗ |Ek| to find triangles; hence more

scoped queries would be more efficient. Also, the partitioning function used

in SNP impacts the performance; Figure 4.9 shows a noticeable difference in

performance when we used the modulo function, and this could be explained as

it is most likely to distribute high degree nodes across all partitions relatively

than distribute them using interval partitioning.

It is also worth mentioning that the distance between squares increases

quickly. In the previous example, PTE CD creates 16 edge sets rather than
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Figure 4.7: Runtimes of SNP (blue) and PTE CD (red) algorithms on the
hollywood-2009 dataset (∼ 5 billion triangles) and hollywood-2011 dataset (∼
7 billion triangles). The x axis shows the value of ρ or the number of node
partitions.

the ideal 12. Suppose we need to divide the edge list of the graph into 37

edge sets. Then PTE CD must use ρ = 7 and create 49 edge sets, which may

cause performance issues because the edge sets are too small compared to the

optimal value and the time to shuffle the data will increase. Figure 4.8 shows a

decrease in the performance of PTE CD as the number of triangles increase.

It would seem that using the same value of ρ for both methods is in inap-

propriate comparison, and this would explain the reduction in the performance

gap as ρ increases, since SNP performs better for higher values of ρ.

In each case, it may take some testing and experimentation to determining

the ideal value for ρ for a given dataset.
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Figure 4.8: A comparison of running time between SNP and PTE CD as the
number of triangles increased. PTE CD takes more time as partitioning takes
longer than SNP.

4.3.4 Experiments on Billion-Scale Networks

We show our experiments on two vast datasets, namely UK-2005 and IT-2004,

the latter with more than a billion edges. They represent the web network

of UK and Italy in 2005 and 2004, respectively. The precise number of nodes

and edges is given in Table 1. We ran both the SNP algorithm with ρ = 20

and PTE CD algorithm with ρ = 8. Both algorithms ran in a single machine

and enumerated all triangles in a very reasonable time regarding the graph’s

size and the number of triangles found in each data set; IT 2004 and UK 2005

contain 47.2 and 21.7 billion triangles, respectively.

We compare the running time of the two algorithms in Figure 4.10. The

result indicates that the SNP algorithm shows better performance than PTE CD.

The reason being that SNP scales linearly with ρ in partitioning the tables and
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Figure 4.9: SNP: A noticeable difference in running time when partitioning the
graph using Interval Partitioning vs using Modulo function.

quadratically in the number of queries when enumerating triangles, however

PTE CD scales quadratically to ρ for partitioning tables and cubic to the number

of queries performed.

Figure 4.11 shows the running time differences to partition the datasets and

to enumerate triangles between SNP and PTE CD algorithms. PTE CD takes

significantly more time to create ρ2 tables and execute ρ3 queries.

4.4 Conclusions

We implemented triangle enumeration algorithms, such as CF, PTE Base, and

PTE CD, using RDBMSs. We proposed the SNP algorithm that partitions the

graph into ρ partitions and generates ρ2 enumeration tasks. SNP exhibits com-

parable performance to PTE CD for medium datasets and even better for larger
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Figure 4.10: Results of triangle enumeration on very large data sets, IT 2004:
1.15 billion edge graph and UK 2005:0.93 billion edge using SNP and PTE CD.

Figure 4.11: The time for SNP to build the partitions and run queries is signifi-
cantly less when datasets get significantly larger.
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datasets. We experimented with billion scale graphs and enumerated tens of bil-

lions of triangles, showing that RDBMS’s can perform better than GBDs by mul-

tiple orders of magnitude and process massive datasets in a consumer-grade

server. One possible direction for future research is to improve performance on

RDBMS’s by compressing the edge list using variable byte encoding (VBE).
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