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Abstract: The Boiti-Leon-Mana-Pempinelli Equation (BLMPE) is an essential mathematical model
describing wave propagation in incompressible fluid dynamics. In the present manuscript, a novel
generalization of the BLMPE is introduced, called herein the functional BLMPE (F-BLMPE), which
involves different functions, including exponential, logarithmic and monomaniacal functions. In
these cases, the F-BLMPE reduces to an explicit form in the dependent variable. In addition to this, it
is worth deriving approximate similarity solutions of the F-BLMPE with constant coefficients using
the extended unified method (EUM). In this method, nonlinear partial differential equation (NLPDE)
solutions are expressed in polynomial and rational forms through an auxiliary function (AF) with
adequate auxiliary equations. Exact solutions are estimated using formal solutions substituted into
the NLPDEs, and the coefficients of the AF of all powers are set equal to zero. This approach is valid
when the NLPDE is integrable. However, this technique is not valid for non-integrable equations,
and only approximate solutions can be found. The maximum error can be controlled by an adequate
choice of the parameters in the residue terms (RTs). Multiple similarity solutions are derived, and the
ME is depicted in various examples within this work. The results found here confirm that the EUM is
an efficient method for solving NLPDEs of the F-BLMPE type.

Keywords: functional equation; Boiti-Leon-Mana-Pempinelli equation; similarity solutions; error
control; unified method

MSC: 35C05; 35C06; 35Q35

1. Introduction

With the help of mathematical equations and structures, mathematical modeling is a
methodical and rigorous approach used in applied mathematics. Indeed, mathematical
modeling aims to represent real-world phenomena and systems, making quantifying and
analyzing complex interactions, making predictions, and drawing insightful conclusions
easier [1]. As an example, the Boiti-Leon-Mana-Pempinelli equation (BLMPE) describes
wave dynamics in an incompressible fluid. Various works on solutions of (2 + 1) and
(3 + 1) dimensional (2D and 3D) BLMPE were performed in the literature by focusing the
attention on employing different techniques. In [2], the Hirota bilinear method (HBM)
was used to obtain the bilinear form of the 3D-BLMPE. In [3], the interaction solutions
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of lump and N-soliton for a new 3D-BLMPE was studied. A new lump solution was
found by applying the HBM and choosing a proper polynomial function [4]. The multiple
exp-function method was used in order to obtain multiple wave solutions of 3D-BLMPE [5].
By using HBM, different wave structures for the 3D-BMLPE were obtained [6]. Cluster
N x M dromions are constructed for the 3D-BMLPE by means of the multilinear variable
separation approach [7]. The singular manifolds method was employed to inspect the Lax
pair and Bécklund transformation of 3D-BLMPE [8]. In [9], the G’/ G-expansion approach
was used to solve 3-DBLMPE. The extended three-wave approach and the HBM were
utilized to investigate 3D-BLMPE [10].

On the other hand, the Painlevé-Backlund transformation was employed to derive
four types of lump-kink solutions and N exponential functions for the 3D-BLMPE [11].
The HBM of the 3D-BLMPE via the Bell polynomial was employed to obtain N-soliton
solutions [12]. Traveling wave solutions of the 3D BLMPE were obtained via the modified
exponential function method [13]. In [14], a new generalized 3D-BLMPE was presented.
Multi-solitary wave solutions, soliton resonant solutions and interactional solutions of
3D-BLMPE were obtained by using HBM [15]. A new solution for the 3D-BLMPE was
derived via the sine-Gordon expansion and the extended tanh function methods [16]. The
(1/G’)-expansion method, the Bernoulli sub-ordinary differential equation method and
the modified Kudryashov method were utilized to construct novel analytical solutions of
the 3D-BLMPE [17]. The exact solutions of 3D-BLMPE were derived by means of extended
homoclinic test approach, and N-soliton solutions related to BLMPE were derived by
inspecting a novel phenomenon [18].

A 3D-BLMPE with time-dependent coefficients was investigated in [19]. A nonlinear
integrable model known as the 4D-BLMPE was studied via the HBME [20]. The Bell
polynomial approach was utilized to obtain the bilinear Backlund transformation and
infinite conservation laws for the 4D-BLMPE [21]. The 2D-BLMPE was also considered in
the literature. In [22], a Backlund transformation of 2D-BLMPE was constructed by the
modified Clarkson-Kruskal direct method. Three mathematical methods were used to
construct solitary wave solutions of the 2D-BLPE and 2D-BLMPE [23]. In [24], a special
transformation for the N-soliton solution of the 2D-BLMPE was introduced to derive
solutions in the long-wave limit. The 2D-BLMPE was reduced to an ordinary differential
equation and the Maurer—Cartan infinite forms were constructed via the Lie symmetry
method [25]. The Pfaffian technique was used to find N-soliton solutions for 2D-BLMPE [26].
Also, it was used to inspect hybrid solutions consisting of the L-lumps, M-breathers and
N-solitons for the 2D-BLMP [27].

Binary Bell polynomials were used to obtain the HBM for the 2D-BLMPE [28]. The
multilinear variable separation approach was used to derive a general variable separation
solution of the BLMPE [29]. The 2D-BLMPE was investigated by the extended homoclinic
technique and the HBM [30]. Periodic-wave solutions to 2D-BLMPE were constructed via
the Riemann theta function [31]. Some other relevant works were carried out, also [32-37].
In the present work, approximate similarity solutions of some functional BLMPEs with
constant coefficients are derived. Solutions are constructed by introducing an extended
unified method (EUM). The EUM was proposed and it was recently used in [38-42]. This
paper is organized as follows. In Section 2, the model equation and a brief presentation
of the EUM are provided. Section 3 is devoted to solutions in the logarithmic case, while
rational solutions are given Section 4. Multiple solutions are presented in Section 5, while
discussions and conclusions are presented in Section 6.

2. Preliminaries
2.1. Model Equation

This section starts by recalling that the 3D-BLMPE reads as follows [2]:

Q = wy+wZ/

Qt + aQuxxx + ,B(ZUXQ)X =0. (1)
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Here, w = w(x, ¥,z,t). Equation (1) is considered an extension of the 2D-BLMPE, which
describes Riemann waves along the y-axis with a long wave along the x-axis. It is important
to mention that if Q = wy, + w; = 0, then (1) holds trivially and it admits a class of infinite
direct (trivial) solutions. In turn, the 3D-functional BLMPE is defined as the system

Q Qxxx + ﬁ( Q_) (2)
Q= F(w)y + F(w): # 0.

In this work, attention is focused on deriving similarity solutions. Thus, we introduce
the similarity transformations w(x,y,z,t) = W(E,t) and { = u(t)x +o(t)y +v(t)z, where ¢
and t are independent variables. Here, we consider three cases, namely, the logarithmic case
(F(w) = Inw), the exponential case (F(w) = ¢**) and the monomaniacal case (F(w) = w").
These three cases are considered in view that they lead to satisfactory results using the
extended unified method presented below.

By substituting these functions F into (2), the model is transformed to an explicit
equation in w. The following three cases are then derived.

2.1.1. Logarithmic BLMPE

In this subsubsection, the mathematical model (2) is transformed into an explicit
equation in the case when F(w) = Inw. After substitution of this expression, it is possible
to obtain

22
1201 (u(8) +a<t>>W(¢,t>( A t)) aa;v(c, £) — Gap ()3 (u(t)

oW;

4
ot >>( e t>) S WG () + <>( (€0 @0+ ()

3 2 3
(ﬁ(aé ©n) +anto) (3(8352 @ t>) 4G EnSs @,t)))

Wit (VO 5 @0+ 5 60+ 00 +o(0)

4 2 2
(om0 g @0 + 2800257 €0 5 €0 + S

(&, t)TCz(Czt) + @(5/1‘)

2.1.2. Exponential BLMPE

In this subsubsection, the mathematical model (2) is transformed into an explicit
equation in the case when F(w) = . After substitution of this expression, it is easy
to obtain

ow
V()58 €0+ 05 €0+ v +o) (A5 €07 €0
4 2 2
(51 t>) oW @0 (G E0) + e .
2w 2 4
(e (G (@ t>) + B2 € t)( (Gren) +252¢ t))
3 4
aadpult )ﬂ?(é 5 (60l S En ) =o.

2.1.3. Monomaniacal BLMPE

In this subsubsection, the mathematical model (2) is transformed into an explicit
equation in the case when F(w) = w". After substitution of this expression, it is possible to
check that



Mathematics 2023, 11, 4569

4 0f 21

4
A t))
2
16(n2 — 30+ 2ap(t (1) + o()WE, ) ( e t>) aag!(@,o

(n® —6n% +11n — 6)au(t)3(v(t) + o(t)) <

(- DWE £Pu(t) +a<t>< e n2 T En +(r?

3 2 2 3
(ﬁ(‘”g@ ) +au<t><3(%g§<¢,t>) +4avg<¢t e ))

w<¢,t>3(v’<t>aw<c,t>+ o (1)° T ED+ 00 +olr)

a¢
o4 0 92
+ay(t)3ag2/(§/t) +2Bu(t)? V!@ ) ag;/(g’ agat ) 0

©)

2.2. The Extended Unified Method

The approximate solutions of Equations (3)—(5) are found by using a modified EUM.
The EUM asserts that exact solutions can be expressed in polynomial and rational forms in
an auxiliary function, which satisfies appropriate auxiliary equations (AEs). The present
work considers the case when polynomial or rational solutions are desired. Thus, for each of
the three types of models (namely, the logarithmic, the exponential and the monomaniacal
BLMPE), solutions will be derived in the polynomial and rational forms.

2.2.1. Polynomial Solutions

The polynomial solutions of (3)—(5) can be expressed in the form

j=s
=) a;j(t)g(G t)
j=0
j=pk
(8z(& 1) =7 Z cig(&,t) (6)
J=pk ]
(gt(&, )" =h(t) Y ¢g&t), ¥Yp=12,
j=0

where g(¢,t)/ is the auxiliary function and the last equations are the AEs.

The integrability can be tested by the Painlevé analysis, though such analysis is always
lengthy. Instead, it is preferred to test the integrability herein against the existence of
solutions in the form of (6). To this end, the balance condition (BC) and the compatibility
condition (CC) are employed. Substituting (6) into Equations (3)—(5), and letting p = 1, the
BCreadss =k —1.

On the other hand, for the CC to be satisfied, firstly it is required to calculate the
number of equations (s(k)) that result when setting the coefficients of g(¢, t)/ equal to zero,
forj=0,1,2,.... As the second step, it is necessary to determine (g(k)), that is, the number
of free parameters {a;(t),c;, h(t),r}. So, the CC reads s(k) — q(k) < I, where ! is the highest
order derivative (I = 4).

2.2.2. Rational Solutions

The rational solutions (RSs) of (3)—(5) are expressed in the form
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_ a1(H)g(S,t) +ao(t)
wien = s18(8, 1) +s0
j=pk
(gz(G, 1) =r Z cig(&,t) -
j=pk 4
(gt(& )P =h(t) Y, (g, t), Vp=12
=0

A discussion similar to that given for polynomial solutions holds. Find the approximate
solutions of (3)—(5) by taking some coefficients of (¢, t)j ,j=0,1,2,... not equal to zero.
Those terms are considered errors in the solution, that is, they are residue terms (RTs). The
maximum error (ME) is controlled by an adequate choice of the values of the parameters in
the RTs. According to the EUM, the errors are space- and time-independent for a traveling-
wave solution. Meanwhile, for a similarity solution, the errors are time-dependent. It is
worth pointing out that the EUM has a low time cost in terms of symbolic computations.

3. Logarithmic BLMPE

The solutions of (6) are found next in polynomial and rational forms. Beforehand, it is
worth pointing out that relatively small values of k were considered throughout this work.
Larger values could have been taken in order to obtain more accuracy. However, it was
decided to use small values in order to show that one can still obtain high precision in these
cases. Moreover, it must be pointed out that the computations become lengthier as k is
increased. In view of this fact, the case k = 2 is a relatively simple case which, in spite of
this fact, yields good results.

3.1. Polynomial Solutions

Solutions of Equation (3) when s = k — 1 and p = 1 will be obtained in this section.
Case k = 2 and s = 1. In this case, (6) takes the form

W(E, t) = a1(t)g(S, t) +ao(t),
ge (&) = r(c2g(&,1)* + c18(E, t) + o), (8)
8e(Z,t) = h(t)(c2g(&,£)* + 18(& ) + co).

Using Equations (8) and (3), and by setting coefficients of g(&,t)/ equal to zero for
j=1,2,3,..., the following relations are obtained:

() = - 220, wot) = -2,

(t) = — 2 (¢~ deer) (e, o) = /1), ©
sz

o(t) = oo —v(t), o= 4172

Here, it is worth emphasizing that these coefficients were obtained algebraically by setting
the coefficients g (¢, t)/ all equal to zero. The results are those shown in Equation (9). The
RTs are given in the first column of Table 1.
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Table 1. RTs and errors when solving the logarithmic BLMPE using polynomial forms with k = 2,
s=Tland p(t) = e 21(0.5 + cos(5(—5 +1)))7.

RTs Errors

a5Sep(m — UZ;ZT = 2)roou(t)’ 3.25626 x 10~ p(t)
205c3c3(m — i)2r7ﬂoﬂ(t)7 —2.97716 x 10~ p(t)
254 (m _/5 :)27700%!0)7 4.76345 % 10~ 0p(1)

In Equation (10), the following parameters were taken: m = 0.9, op = 0.5, 7 = 0.5,
«#=12,B8=13,c0=-08,c; =05and

u(t) = 03¢ %3 (cos(5(t — 5)) +0.5). (10)

The respective errors are given in Table 1 using p(t) = e~21(0.5 + cos(5(—5 +t)))’. By
using Equations (8) and (9), the solution of (3) is

w(x, 1,2, t) Pl(f)"wl[5 vi-mr <;c1\/l —m(B(t) + r(xu(t) + yoo
+v(t)(z—y) +(Toy)>r (11)

t
B(t) = /h(s)ds,
0

where y(t) and v(t) are arbitrary. For convenience, the time-dependent ME is displayed in
Figure 1. Notice that the absolute ME is 8 x 10~°. This is evident from the behavior of the
graphs. On the other hand, notice from the results that the error tends to decrease towards
zero for t > 1. These results are in qualitative agreement with the fact that error can be
controlled through the present analytical approach.

8 x 10777 ' ‘ ' ' 3
6 x1077 ]
gmmgi 1
2x109; ]
ol \ /\. ]

0o 1 2 3 4 5

Figure 1. The absolute ME for the case when k = 2 and s = 1, when solving the logarithmic BLMPE
using polynomial forms. The line colors represent the changes in the height of the graph.
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Case k = 3 and s = 2. In this case, system (6) becomes

w<c t>= w2 (t)g <c t> + o (HR(E 1) + ao(t),
= r(cag(& 1) + 28 (& D2 + c18(&, 1) + o), (12)
AGORY <>(c3g<c £+ (212 + e1g(& ) + o).

Substituting Equation (12) into (3) and using the same approach as before,

dncsru(t 8¢xc r
112(1') _ 3‘8.u( ), lll(i’) _ :ZS‘BF( ),
20 (c2 —9cqics)ru(t 9cqcocs — 203
ao(t): (2 9’BC1 3) #( ), o = 1 232 2/
3 27cs
2a(c5 — 3cye3)2r3u(t) 13)
— ot1e3
h(t) - : 9C2 ’ U/(t) - _V/(t)r
3
c
o(t) =09 —v(t), €1 = *%

The RTs are given in Table 2. By considering the « = 1.1, B = 1.3, c; = 0.4, op = 04,
c3=15r=—-04and

u(t) = 0.3e7%% (cos(7(t — 5)) +0.5), (14)

then the errors are those reported in the second column of Table 2 using the function
p(t) = e 14(0.5 + cos[7(—5+t)))”. In these terms, the solution of (3) is

ZC%rn(B(t)+§r) 25%(B(t)+*§7>
0] L

wlx,y,zt) = - 23 (B(t)+¢7) 22m(B(t)+&r) ’
3Bcs|e —e 33
§=xu(t) +v(t)(z—y) + ooy,

B(t) = /h(s)ds,

0

(15)

where h(t) is defined in (13). The time-dependent ME is shown in Figure 2. Observe that
the absolute ME is equal to 3 x 10~°.

3 %1079

25x1072}
2 x1079}
W 15x107%F
E .
1 x1072F
5 x10710F

oj— L LA

Figure 2. The absolute ME for the case when k = 3 and s = 2, when solving the logarithmic BLMPE
using polynomial forms. The line colors represent the changes in the height of the graph.
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Table 2. RTs and errors when solving the logarithmic BLMPE using polynomial forms with k = 3,
s=2and p(t) = e 21(0.5 + cos(5(—5 +1)))7.

RTs Errors

363,520,0000cy>r” o (t)” —1.4892 % 10~ Mp (1)
1,162,261,467pc§ '

486,400,000045c%2r (70;4( )7 22417 x 10 3p(1)
387,420,4896c3 '

102,400,000a5c%0r7170 u(t )7
14,348 907[54 3
~ 25,600, 000a°c3r (Toy( )/

1,594 323/34 2
~5,120,0000°c8r” o (t)”

531,441B%;

1.7919 x 10~ p(t)

1.5119 x 10~ 1%p(t)

3.4019 x 10~ 10s(¢)

3.2. Rational Solutions

Throughout this stage of our work, let k = 2. Observe that the following formula is
obtained by using Equation (7):

_ a1 ()g(G,t) +ao(t)
Wi = s18(¢, ) +s0 (16)
Here, the AEs are
ge(@8) = (2@ ? + c1g(&,t) + o), W)
81(8,t) = h()(e28(8 12 + 1g(& 1) + o).
Substituting Equations (16) and (17) into (3) leads to
C15081 — CZS%
o = -2
1
, 4096831 (t)3v(t) 4 4096p%a; ()30 (t) + 9a®s3v/(t)
o)== 9a2s3 ’
1
_ . 32pm()
u(t) = 6acyrsg — 3acyrsy’
m(t) = g (32 - 22), 18)
h() = 41,7288%a4 ()3

274282 2(c151 — 20250)”
4096p° s)3d
a(t)_(foexp<( é >f0u1 S)

2.3
9a=sy
2cpsg m

7
51 51

—V(t) =1 =

where v(t) and a; (t) are arbitrary. Notice that the RTs are given as in Table 3. Moreover,
lettings; =3,¢c1 = —0.7,50 =2.5,cp = —04, = —-01,2a =05,7r=0.5,00 =03, m = 0.1,

p(t) = a1 ()7 exp <—0.0674239 /0 " (s)3ds>, (19)

the respective errors listed in Table 3 are obtained. Additionally, observe that the solution
of Equation (3) is given by



Mathematics 2023, 11, 4569

9o0f21

w(x,y,z,t) =

P
QI
2c950(B(t)+Er)
P = 1 (=B(1) <—26%503C13(t) (e16" — Zec%gr) — 3clsle%,

2¢o580 (B(#)+¢r)

+c (650(3 51 c151 + 1B (318 4ec%§’)) ) ay(f),

Q =4cpsq (czso (eclgr + e‘ﬁ’) - clsle"%cr) (20)
B (40968%) [, a1(s)3ds x(32Bay (t))
¢ = ooy exp< 9a2s3 + 6acyrsy — 3ucyrsy vz —y),

B(t) = /h(s)ds,
0

where h(t) is given in Equations (18). For illustration purposes, Figure 3 shows the asso-
ciated time-dependent ME when a; (t) = —0.5¢~%% 3/cos(7(t — 5)) + 1.5. Notice that the
absolute ME is of approximately 1.6 x 1078.

Table 3. RTs and errors when solving the logarithmic BLMPE using rational forms with k = 2 and
p(t) = al(t)7exp<—0.0674239 fot al(s)3ds).

RTs Errors
40963 [f a1 (s)3ds \ 2783m5s20, _
a1 ()7 exp ( 22 9~ig5?1( ) izcgsgo 0 2.71267 x 107 p(t)
409683 ! ay(s)3ds \ 5483m> _
a1(1)7 exp (120 Qf;s%l e 3.90625 x 107 p(t)
409683 [ a1 (s)3ds \ 27B3m5 _
al(t)7exp< b gigs?l e 6.51042 x 107 p(t)
14x1078F
12x1078F
1 %1078}
g x1072f
L L
= 5109
4 x1077f
2 x1072F
0 v \-/ U¥N—§__
0 1 23 4 5

Figure 3. The absolute ME for the case when k = 3 and s = 2, when solving the logarithmic BLMPE
through rational forms. The line colors represent the changes in the height of the graph.

4. Exponential BLMPE

In the present section, solutions of Equation (4) are obtained using both polynomial
and rational forms.

4.1. Polynomial Solutions

To start with, let us consider Equation (8) and substitute it into (4) in order to obtain

2
3 cZm
that al(t) = _Cl%’ cp = (1:72,
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ut) = Par

a 1202 Ar — 12acocAr”
W) = B (27m? —19m — 1)
864a2c1A3(m —1)3 '
18m> + 6m? +2m — 11)tv(t) — 288a%A3(m — 1) In(v(t) + o(t))
2880274 (m —1)3 '

(21)

{lo(i’) =A+ '83(

By taking, c; =0.1,A =54 =12,¢c; =11, =01,r =03, m = 0.1, A = 2, and letting
p(t) =v(t) +o(t), (22)

we obtain the following errors: —5.46048 x 10~7p(t), —4.51913 x 10~ 7p(t), 7.52107 x
10~ p(t), —4.55446 x 10~ 13p(t) and —1.09988 x 10~p(t). So, the solution of (4) is

2AA —3vI—4m tanh(%clx/il —dm(B(t) + (,‘r)) —2In(v(t) + o(t)) +3

w(x,y,zt) =

27
B3 (18m> + 6m? + 2m — 11)tu(t)
28802\ 4 (m —1)3 ' (23)
B(t) = t(B®(27m* — 19m — 1))
(t) = 864a2c1A3(m —1)3
¢ = x(=(Per)) +yo(t) +zv(t),

- 12ac?Ar — 12acocoAr

where o (t) and v(t) are arbitrary. For convenience, the time-independent ME is displayed
in Figure 4.

15x1077

1 %1077}

WE

5 x10°8}

OZU v U UUU\_/\_/\_,-
0 2 B 6 8 10 12 14
t

Figure 4. The absolute ME when solving the exponential BLMPE through polynomial forms. The
line colors represent the changes in the height of the graph.

4.2. Rational Solutions

Now, explicit solutions for the exponential BLMPE using rational solutions are ob-
tained in various cases.
Case p = 2 and k = 1. Consider Equation (16) with the AEs

8e(,1) = r\Jeag (&, 1) + c1g(& 1) + co,

. (24)
$1(8,t) = h(t)\/e2g(E )2 + c1g(E 1) + co.
Substituting then Equations (16) and (24) into Equation (4) yields that m = —%,

= m(ZCzso)cl_l,
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Aag(t) — 2
W = ey, ey = 2200 20 Fas),
25
o 2 (7m? — 8m + 4) a(t) = A soln(v(t) +o(t)) @)
2 12¢om?2 0\ = A :

Letthenco=2,¢; =0.1,cp =08, A =3,7r=—01,50=04,f=02,a =12, A=3,

p(t) = u(D?*(v(t) +o(t)), (26)

where p(t), o(t) and v(t) are given by

() = 03¢ 0% eos(7(t —5)) + 15,
o(t) = 0.3¢ %3 (cos(6(t — 5)) + 1.3), (27)
v(t) = cos(7(t —5))sech(1.5(t — 5)) + 0.5.

Under these circumstances, the errors reported in Table 4 are obtained.

Table 4. Errors when solving the exponential BLMPE using rational forms with p =2,k = 1 and

p(t) = u(t)?(v(t) +o(t).

—5.3694 x 10~ 7p(t) —2.3053 x 10~ 12p(t)
1.1181 x 10~ 7p(t) 6.4022 x 10~ 4p(t)
—7.1703 x 10~p(t) —3.4715 x 10~ p(t)
2.0288 x 10~ %k(t) 7.6393 x 10~ 10p(t)
—2.1549 x 10~ 10p(t) 1.4263 x 10~ p(t)
6.2852 x 10~ 12p(t) 1.6395 x 10~ 18p(t)

As a consequence, the solution of Equation (4) is given by

w(x,y,z,t) = g,

pP=2 (32,674CO(A)\ —soln(v(t) + (1))

1 _ V/3361cq (B(t)+¢r) V/3361cq (B(t)+r)
5 —3,651,232cpe Vo +e W — 1156¢q

+31AA —s0(31In(v(t) 4 o (t)) +96)>, (28)

V3361cq (B(H)+¢r) _ V/3361cy (B(1)+¢r)
Q=3IA[ - * + 3264c¢( + 3,551,232c;e 3ve S0,
4

= xu(t) +yo(t) +zv(t),

where h(t), u(t), o(t) and v(t) are given in Equation (27). In turn, the time-ME is displayed
in Figure 5. Observe from the graph that the absolute ME is approximately equal to 8 x 10~°.
The maximum is obtained approximately at the time t = 5 and its behavior is oscillatory at
the beginning. In this case, the error tends asymptotically to 3 x 10~%. Observe that the
error trend in this case is not to approximate zero asymptotically. This fact is due to the
fact that more terms are required in this case to obtain a better result. However, it must be
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pointed out that the asymptotic error of 3 x 10~ represents a good approximation to the
solution of the problem, considering that k = 2 has been employed.

8 x1079}
6 x1079} A
y ) |
24)(109_
2)(109_
. Il
0 2 4 6 8 10 12 14

Figure 5. The absolute ME when solving the exponential BLMPE through exponential forms with
p = 2and k = 1. The line colors represent the changes in the height of the graph.

Case p = 2 and k = 2. In this case, the AEs are

8¢(&t) = ry/mag (& )4 + mag(&,1)2 + my,

(29)
$1(6,1) = h(t)/mag (& D)% + mag (&, )2 + m.
2
Proceeding as in the previous cases, it is readily obtained that my = ’4(;1(1)2521) ,q = —1.7426,
) s1(4Amysoag(t) — 10mysf + mos?)
ai(t) = ,
! 4Am4s%
amy (53¢° + 26592 — 10259 — 125)r3u(t)*
h(t) = — /
40(7 —5)q (30)
my (11g% — 659 — 759 + 125)s3
my = — /
404252
so ((Lr2l=BHRE, g 1n(u(r) + o (1))
ag(t) = A+ :
8A2
Lets; = 0.05,50 = 0.1,51 = 0.3, mp = 0.1,7r = 0.3, = 0.6, = 0.2, A = 2, m = 0.01,
p(t) = u(t)’(v(t) +o(t)). (31)

Under these circumstances, the errors are provided by Table 5.

Table 5. Errors when solving the exponential BLMPE using rational forms with p = 2, k = 1 and
p(t) = p(t)(v(t) +o(t)).

9.21351 x 10720p(t) —5.28977 x 10~ 1p(t)
3.10814 x 10722p(t) 7.59575 x 10~ 12p(t)
6.58305 x 10~ 21p(t) 1.68252 x 10~ ¥p(t)

—6.9064 x 10~ 18p(t) 7.40374 x 10~ p(t)

—1.7738 x 10~ 16p(t) —1.53379 x 10~ 10p(t)
3.95762 x 10~ p(t) —8.35722 x 10~ p(t)
1.03685 x 10~ 2p(t) 2.44914 x 10~ p(t)

—1.33414 x 10~ Mk(¢)
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If h(t) is given as in Equation (30), then the solution of (4) is give by

w(x,y,z,t) = g,
P= (2048AA2 — 1659 (7955m2r2R(t) +128AIn(v(f) + a(t)))

1 [4/28,941 40 — /28,941
+\/2(\/28,94 —40)sn(zﬂ/ 5+ B+ B o)

F1284A2 — s, (795/3m2r2R(t) FAAB21In(v(E) + o)) + 75)) )

Q= 128/\250(\/2<\/28,94 - 40) sn(% VL | gm(re

5
40 — /28,941
O et v a0) T

E=uxu(t) +yo(t)+zv(t),

B(t) = /h(s)ds.
0
(32)
Figure 6 shows the time-independent ME associated to this case. Notice that the
absolute ME oscillates around 8 x 1077,

25x1077 [
2 %1077}

15x10?;‘ (\

1x107f

L
=

5 %1078}

of A AAAVAVAV NS

Figure 6. The absolute ME when solving the exponential BLMPE through rational forms with p = 2
and k = 2. The line colors represent the changes in the height of the graph.
5. Monomaniacal BLMPE

Now, find the solutions of Equation (5). Once again, consider both polynomial and
rational forms to obtain those solutions.

5.1. Polynomial Solutions

Case k = 1,s = 1and p = 1. Consider Equation (8) and substitute it into (5).
In such way, we obtain that o/ (t) = —v/(t) — % sin(5¢), u(t) = A(v(t) +o(t))~/" for

n# —1,-2,and )
_acy(n®+3n42)ru(t)

(O

2
wo(f) = _acy(n +327;+2)W(t)1

(33)
h(t) = ia(c% — 4c0c2) (nz —3n— 2) Vs#(t)B/
ot
Co

T 20,3-n)
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By taking the parametersr = 0.1, « = 0.5, =0.2,¢1 = 0.3, A = 0.3, ¢c; = 0.3, c = 0.005,
we obtain the errors 1.32149 x 10~ '?p(t) and 6.60811 x 10~2g(t) for this case, respectively.
In this numerical experiment, let

efO.St(n _ 2) (n _ 1)4

— —0.5¢ . =7/n
q(t) = =3y e >7"(0.19802 cos(5t) + 0.019802 sin(5¢))
4
(cos(5t) 4 0.1sin(5t)) (nz +3n+ 2) ,
2 3 2 4 _0.5¢ —7/n
p(t) = — (" + (:j 3))2 ¢ (70 (0.0198sin(5¢) + 0198 cos(5t)) )

((n5 — 6n* + 1413 — 16n® + 91 — 2) cos(5t) +4.48934 x 10%sin(5t)  (34)
1/
—1.49645 x 10% (e’O'St(0.0198 sin(5¢) + 0.198 cos(5t))) !

(o.1n5 —0.6n* + 1.4n% — 1.6n2 +0.9n — 0.2) sin(5¢)

3/
+ <670.5t(0.0198 sin(5¢) + 0.198 cos(5t))> ”).

The solution of (5) is then

wAcy /=L (0% + 3n +2)r(v(t) + o(t)) /" tanh(%cl 1=1(B(t) + {;’r))

2 ’
&= Ax(v(t) + ()" + y(e*1(0.0039 sin(5.t) 4 0.1999 cos(5.t)))
+v(t)(—y+2z2),

w(x,y,zt) =

(35)

where h(t) is given in Equation (33). The time-independent ME is displayed in Figure 7 for
three different values of 1, namely, (a) n = —1/2, (b) n = —3/2 and (c) n = —5/2. Observe

that the absolute ME is approximately equal to 2.5 x 10~'* in all cases.
(a),n=-1/2
1x107"}
8 x10717}
15[
W 6 x10
=
4 10719}
2 x10719¢ ]
of AANUIUIU |
0 2 4 6 8 10

Figure 7. Cont.
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(b),n=-3/2
25x10714F . ‘ .
zxm’“‘E
15x107 M |
g [ .
1 x1074F
] fad NN
5 x10712f ]
0 fremeea e AUV VP UIVIVTUTU
0 2 4 6 8 10
t
» (¢),n=-5/2
25x10 - T T ———
2.x107 4
15x107 M} |
% [ A
1 %1074}
[ (W
5 x107 18} ]
of WUIVIVIVIVIVIY
0 2 4 6 8 10

t

Figure 7. The absolute ME when solving the exponential BLMPE through polynomial forms with
k=1s=1andp=1,and (a)n = —1/2,(b) n = —3/2 and (c) n = —5/2. The line colors represent
the changes in the height of the graph.

2
Case k = 3, m = 2 and p = 1. Substituting Equation (12) into (5), obtain ¢; = mi—g,

aa(t) = _ 2acs (n* + E;n + 2)ry(t)/ o (t) = Aacy (n? —I—;Z +2)ru(t) ’
2 2 _
a0(t) = a(c3 —9cqc3) (97/1%: 3n+ 2)7"1«!(t), o0 — 9c1022c73C§ 23 36)
2 _ 20,2 a2y 0)3,(5)3
ht) a(c5 — 3cqcs) (7”1962 3n—2)ru(t) () = A() + o() ",
3

By taking the constants r = 0.1, « = 0.5, 4 = 0.2,¢c; = 0.3, A = 0.3, c3 = 3, ¢ = 0.5, the
errors in the solution are shown in Table 6 for

n=7

p(t) = (n—2)(n — 1 (2 430 +2) (v(1) + 0(6)) ", 37)
and o(t) = 0.3(e7 %% (cos(6(t — 5)) +1.3)) 7",
v(t) = 0.7(e %3 (cos(6(t —5)) +1.3)) "

In turn, Figure 8 shows the time-ME for (a) n = 5/2, (b) n = 7 and (c) n = 5. Obviously,
the MEs are all approximately equal to 8 x 1017,

(38)
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Table 6. Errors when solving the monomaniacal BLMPE using polynomial forms with k = 3,5 = 2,
p=Tland p(t) = (n—2)(n—1)°(n? +3n +2)* (v(t) + o (1)) 7.

4.8170 x 10732((3n — 1)p(t) —8.7791 x 10727 (3n — 13)p(t)
—2.1676 x 10739 (91 — 19)p(t) 1.9753 x 10~24p(t)
~1.9509 x 10-28(—19 + 9n)p(t) 1.7777 x10~23p ()
(a), n=5/2
8 x10717
6 x10717}
LLl
= 4 %10 171
o 17; k_/\_/\_,\
of, ‘ , -
0 2 4 6 8 10
t
(b), n=7
8 x10°"7
6 %1077 ¢
L
=4 %107
o 17; \,/\/\_A
of W ‘ — -
0 2 4 6 8 10

Figure 8. The absolute ME when solving the exponential BLMPE through polynomial forms with
k=1ls=1landp=1and(a)n =5/2,(b)n =7.

Finally, the solution of (5) is given by

w(x,y,z,t) = —g,

—aczd(n—l)(n +3n+2 t) +o(t) V"
26%(B(t)+§r) 252;1 t)4¢r)
. e 3c3 3C3
22 (B(t)+Er) +¢r)
Q = 3f¢c3 (e T +e 363 ) (39)

E=dx(v(t) +o(t))"V" +03y(e "*z(cos(6(t —5)) +1.3)) "
+0.7z(e %3 (cos(6(t — 5)) +1.3)) 7",

= /th(s)ds
0

where h(t) is given in Equation (36).
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5.2. Rational Solution
Let us substitute Equations (16) and (17) into (5). In such way, obtain the following:

2
- P
ay(t) = —5, co= Clsosl% 20 u(t) = oo =2 P = (n+ 1)ay (£)*(c151 — 2¢280)%B,

10243 (n® — 22n° 4 238n* — 1008n° 4 116112 + 1134n + 2592) a; (t)*
- 19,68302(n — 2)3(n — 1)nsd(n —3) 3(n+1) 2
(B (1) + (1))
n(v(t) +o(t))
P = (spay (t)(m(n—9)+2(n+3))
(—1024Nu11(n —3)3(n +1)2(—1008n° + 1161n* + 1134n + 2592
(

n® —22n° +238n*)3a; (£)3(v(t) + o (t))? (40)
19,683a2(n — 2)3(n — )13 (v/(¢) + U’(t))),

Q = 78,7326%(n — 3)(n — 2)3(n — 1)Mnst(v(t) + a(t))),

Q1 =9( (n2 —3n+ 2) ra(t)(cys1a1(t) — ca(s1ao(t) + sear(t)))?

ca((n—3)s1ag(t) — (n+ 1)spaq (t)) + 2c1s1a1(t)),
. a1(t)(2c2(n 4 3)sg +c1(n—9)s7)
o(t) = 4cy(n —3)s1

The compatibility equation aj(t) — (ag(t))'= 0 gives rise to h(t) = %,

Py = (102483 (n — 3)3(n + 1)?(15n° — 297n° + 2348n*
— 7618n° + 459912 + 13,8511 — 8802)a; (t)°, (41)
Qo = 19,683a%cy(m —2)(n — 2)3(n — 1)25¢s3.

As a consequence, it is readily obtained that

10243 (n® — 2205 4 238n* — 100813 + 1161n2 + 1134n + 2592)
B 656102 (1 — 2)°(n — 1) Tns}(n — 3) 3 (n +1)2 2)
+d(v(t) + ().

ar(t)

Setting 51 = 5,59 = 0.1, m = 2.01, B = 0.1, « = 2, then the errors are, respectively,
—8.77915 x 10~ 28k(t), 2.19479 x 10~26k(¢) and —8.7791 x 10~2%k(t), for the case when

o (1= 9+ 1 (1 ((0) + o)
O =m0

(43)

and

o(t) =03 (6*0'1t(cos(6(t -5))+ l.3))n/3,
n/3 (44)
v(t) = 0.7(e*°-1t(cos<6<t —5)) + 1.3)) .

Then, the solution of (7) is
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w(x,y,z,t) =

&=

B(t) =

_ comsq (B(t)+Er)
e 51

4(n —3)sq
102483 (n — 3)3(n 4 1)%(n® — 22n° + 238n* — 1008n> + 1161n% + 1134n + 2592)
6561a2(n —2)3(n — 1)1 ns3

comsq (B(t)+Er) 2¢o50 (B(t)+¢r)
<3(n —1)e = +(n—9e = )

F(u(t) + o(6)"), 5)

ut)x +o(t)y +v(t)z,

O/h(s)ds,

where h(t), o(t) and v(t) are defined as above. Figure 9 shows the time-ME for (a) n = 5/2
and (b) n = 5. Note that the absolute ME 6 x 1072 in (a) 6 x 10~2!. Meanwhile, the MEs in
(b)is 1.5 x 10726,

(a).n=5!'2
6 x10721 ¢
w4 x1072
=
2 x10721 ¢
0,
0 1 2 3 4 5
t
(b), n=5
15%x10726F
1 %10 26 |
L
=
5 x 10727}
0 VAN
0 1 2 3 4 5

t

Figure 9. The absolute ME when solving the exponential BLMPE through polynomial forms with
k=1,s=1landp=1,and (a)n =5/2and (b) n = 5.

6. Discussion and Conclusions

Indeed, a functional BLMPE, with constant coefficients is not integrable. This implies
that no exact solutions are available for such cases is amenable. This was the main moti-
vation to develop a technique for finding approximate solutions of the aforementioned
equation by using the EUM. As shown in this manuscript, the errors can be controlled by
an adequate choice of the relevant parameters. Three cases were considered in this work,
which led to explicit equations in the dependent variable. The results for the errors are
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shown in the figures of this paper. As shown by those figures, the maximum error is less
than 8 x 10~7. Comparing the three case, it is found that the lowest maximum error occurs
in the monomaniacal case. Thus, the present technique is actually a reliable tool for dealing
with nonlinear evolution equations with variable coefficients.

The purpose of this work was to present a functional extension of the well-known
BLMPE from fluid dynamics. This generalization was called the F-BLMPE, and it con-
sidered three different cases for the functional term. They were the cases in which the
functional term adopts an exponential, a logarithmic or a monomaniacal form. The math-
ematical advantages of considering those particular cases is that mathematical model
can be conveniently simplified to an explicit equation. Moreover, this process induces a
straight-forward approach to deriving approximate similarity solutions of the F-BLMPE
with constant coefficients. To that end, the EUM was employed using the mathematical
model of a NLPDE. By employing functions in the form of polynomials and rational forms,
some solutions were obtained in the exact form by means of AFs with suitable auxiliary
equations. For integrable NLPDE, exact solutions are estimated via the EUM by means
of formal solutions. Those formal solutions are substituted into the NLPDEs, and the
coefficients of the AF of all powers are set equal to zero. However, this technique is not
valid for non-integrable equations, and only approximate solutions can be found. The
maximum error can be controlled by an adequate choice of the parameters in the residue
terms (RTs). Multiple similarity solutions were derived herein. Summarizing:

¢ A functional Boiti-Leon-Mana-Pempinelli equation is considered in this work.

e  Three particular cases (which are the logarithmic, exponential and monomaniacal
versions) are investigated herein.

*  Approximate similarity solutions in the three previous cases are obtained by using
the extended unified method, which is presented here. According to this method, the
residue terms are considered as errors in the solution.

*  Here, in the case of self-similar solutions, the errors are time dependent.

¢  The maximum error is estimated and it is found that the presented method leads to a
good accuracy, due to the possibility of controlling the maximum error.

*  Thus, this method is efficient when studying evolution equations with time dependent
coefficients.

* A class of similarity solutions for the three cases are established. It is found that the
method used here gives rise to a high accuracy due to the parameters control.

e  Furthermore, the extended unified method is of lower time cost in symbolic computa-
tions when compared, for instance, against Lie symmetries. Indeed, the later approach
requires a hierarchy of long steps.
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