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Abstract

Let Fa(a, A, B) denote the class of functions f of the form:

f(z)zz——Zanz" (an > 0),

n=2

which are analytic and univalent in the open unit disk
U={2:2€C and |z|<1}

and satisfy the condition:

(A== f2) + A F(2)] — 1 <1
BlA =Xz f(z) + Af'(2)] - [B+ (A~ B)(1 — a)]

(A>0; 0<a<l; —1<A<B<1; 0<B<1; z €U).

Also let f(z) € R(),a, A, B) if and only if zf'(z) € Fi(a, A, B). In this paper
we give basic properties of the function classes Fi(e, A,B) and R(), e, 4, B) and
obtain numerous sharp results including (for example) coefficient estimates, dis-
tortion theorems, closure theorems, linear combinations, and modified Hadamard
products of several functions belonging to the classes F A(a, A,B) and

R(A, a, A, B). We also obtain radii of close-to-convexity, starlikeness, and convex-

ity for functions belonging to the class F A(a, A, B) and consider integral operators
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associated with functions belonging to the class R(A a, A, B). Finally, we deter-
mine the support points of these classes of analytic and univalent functions with
negative coefficients, and extend some of the aforementioned distortion theorems
to hold true for certain operators of fractional calculus (that is, fractional integral

and fractional derivative).

1. Introduction

Let & denote the class of functions of the form:

fle) =24 a, 2", (1.1)

n=2
which are analytic and univalent in the open unit disk

U={z:2€C and [7] <1}

Also let 7" denote the subclass of § whose elements can be expressed in the form:
o0
f)=2z=) anz" (an>0). (1.2)
n=2

A function f(z) € T is said to be in the class Fi(a) if it satisfies the inequality:

ye{u-x)f-i—"lﬁf'(z)} > a (1.3)

for some A (A > 0) and o (0 < & < 1), and for all z € i, Further, a function f(z) belonging
to 7 is said to be in the class R(), a) if it satisfies the inequality:

R{f'(z)+ Xz f"(z)} > a (1.4)
for some A (A > 0) and & (0 < a < 1), and for all z € I. Tt is clear that
flz) eR(Na) &= zf'(2)€ Fi(a). (1.5)
A function f(z) belonging to 7 is said to be in the class

File,A,B) (A>20; 0<ac<l; -1<A<B<1, 0<B<I1)
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if and only if there exists a function w(z) analytic in U, and satisfying w(0) = 0 and

lw(z)| <1 for z € U, such that

=072 a0 = - o) 112D
(1.6)
_1+ [B + (A — B)(1 - a)|w(z)
1+ Bw(z) ’
It is easy to see that the above condition is equivalent to
(0= 227 () 4+ 07'(2)] 1 <1 (zel). (1.7)

B[(1-X)z71f(2) + Af'(2)] = [B+ (4 - B)(1 - a)]

Furthermore, a function f(z) € 7 is said to belong to the class R(A,a, A, B) if and only if
zf'(z) € Fa(a, A, B).

We note that, by specializing the parameters A, a, 4, and B , we obtain the following
interesting subclasses including those that were studied by various earlier authors.
(i) Fa(e,—1,1) = Fa(@) (Bhoosnurmath and Swamy [5]);
(ii) R(A, @, —1,1) = R(A, a)(Altintasg [1]);
(iii) Fo(e,~1,1) (Sarangi and Uralegaddi [17]);
(iv) Fi(e,~1,1) = R(0,, —1,1) (Sarangi and Uralegaddi [17] and Al-Amiri [2]);
(v) Fila,=B,8) = R(0,a,—8,8) = P*(a, ) (0 < < 1) (Gupta and Jain [10]);
(vi) R(1,,—8,8) (0 < B < 1) denotes the class of functions f(z) € T such that
zf'(z) € P*(a, B);
(vii) F1(0,4,B) = R(0,0,4,B) = P*(1, 4, B) (Shukla and Dashrath [19] and Owa
and Srivastava [14]);
(viii) R(1,0, A, B) denotes the class of functions f(z) € T such that zf'(z) € P*(1, A, B)
(Owa and Srivastava [14]);
(ix) Fi(e, 4,B) = R(0,a, A, B) = P(1, A4, B, &) (Aouf [3));
(x) R(1,@, 4, B) denotes the class of functions f(z) € T such that

2f'(z) € P(1, A, B, a).
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2. A Theorem on Coefficient Estimates

Theorem 1. Let the function f(z) be defined by (1.2). Then f(z) € Fa(a, A, B) if
and only if

o o]

Y A+ B)1+(n—-1)A] an < (B - A)(1 - a). (2.1)

n=2

The result 13 sharp.
Proof. Assume that the inequality (2.1) holds true and let |z| = 1. Then we obtain

(=X £(2) + A 2f'(2)] = 2| = |B[(1 = X) f(2) + A 2f'(2)]

—Z[l-&—(n——l)/\] a, z"

n=2

- [B + (A - B)(l — a)]zl =

~|(B-=A)(1-a)z=B > [1+(n-1)Na, 2"

n=32
<>+ B) [1+(n— 1N an— (B - A)(1-a)
SO’

by hypothesis. Hence, by the maximum modulus theorem, we have f(z) € F A(a, 4, B).

To prove the converse, assume that f(z) is defined by (1.2) and is in the class
Fala, A, B), so that the condition (1.7) readily yields

[A-X () +A2f(2)] - =
B[(1 =) f(z) + Azf'(2)] = [B+(A-B)1-a)] 2

- i [1 + (n — 1)/\] apn 2" (2.2)
- n=t <l (=€l
(B-A)1-a)z—B Z_;Q 1+ (n—1)}]a, 2"
Since |R(z)| < |z| for all z, we find from (2.2) that
[ § 1+ (n—1)A] a, 2"
iy n=2 - <1 (2.3)
I(B—A)(l—a)z—B 22 1+ (n—-1)}] an z"[
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Choose values of z on the real axis so that [(1—X) 2z~ f(z) +Af'(2)] is real. Upon clearing

the denominator in (2.3) and letting z — 1— through real values, we have

o0

l+(n-1DAa, <(B-A4)(1-a) -Bi [1+(n—1)A] an, (2.4)

n= n=2
which obviously is the required assertion (2.1).

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the extremal function

being
_ (B—A)(1-a)
(1+B)[1+ (n—1)A]

f(z) == z" (n>2). (2.5)

Corollary 1. Let the function f(z) defined by (1.2) be in the class Fa(a, A, B). Then

(B-—A)(1-a)
an < A+ B[+ (=1 (n>2). (2.6)

The equality in (2.6) i3 attained for the function f(z) given by (2.5).

Corollary 2. Let the function f(z) be defined by (1.2). Then f(z) € R()\, o, 4, B) if
and only if

oo

Y n(1+B)[1+(n—1)}] an < (B - A)(1-a). (2.7)

n=2

The result 1s sharp for the function f(z) given by

(B—A)(1-a)

f(z):z_n(1+B) [1+(n— 1))

z" (n>2). (2.8)

Proof. Note that f(z) € R(\, a, A, B) if and only if 2f'(z) € Fa(a, 4, B). Therefore,
Corollary 2 follows easily from Theorem 1.

Corollary 3. Let the function f(z) defined by (1.2) be in the class R()\, «a, A, B).

Then
. (B—4)(1-a)
"~ n(l+B)[1+(n—1)A]

(n>2). (2.9)

The equality in (2.9) is attained for the function f(z) given by (2.8).



3. Basic Properties of the Classes F)(«a, 4, B) and R(), o, A, B)

We begin by recalling the following result:
Lemma 1 (Aouf [3, p. 222, Theorem 1]). A function f(z) defined by (1.2) is in the

class P(1, A, B, ) if and only if
(3.1)

e o]

> n(l1+B)a, <(B-A4)(1-a).

n=2

The result is sharp.

Making use of Lemma 1, we now prove
If the function f(z) defined by (1.2) is in the class P(1, 4, B, o)

Theorem 2.
(0<a < 1), then f(z) € Fala, A, B) provided that 0 < )\ < 1.
Proof. It follows from the hypothesis 0 < A < 1 that

(1+B){n=[14+(n-1DA]}=1+B)(n-1)(1-2)>20 (n>2 0<B<1). (3.2

Thus, by means of Lemma 1, we have

i(HB) [1+(”“1))‘]an5i”(1+3)an

n==z2

<S(B-4)(1-a),

which (in view of Theorem 1) proves the assertion that f(z) € Fi(a, 4, B).

Theorem 3. Let0< A <X\, 0<a<1,-1<A<B<1,and0<B<1. Then

}—Az(aaA’B) - f)\l(a,A,B).

Proof. It follows from Theorem 1 that

3 (1+B)[1+(n—1)\]a, < i(l + B)[1+(n—1))s] an
n=2 n=2 (33)
S(B-4)(1-a)



for f(z) € Fa,(e, A, B).

Corollary 4. Let 0< A <X, 0<a<1,-1<A<B<1,and0<B<1. Then

R()\Q, o, A, B) - R(/\l,oz, A, B)

Theorem 4. Let A>0,0<a; <az<1,-1<A<B<1,and0< B<1. Then

Fa(az, A, B) C Fy(ay, A, B).

The proof of Theorem 4 uses Theorem 1 in a straightforward manner. The details

may be omitted.

Corollary 5. Let A>0,0<a; <a;<1,-1<A<B<1,and0<B<1. Then

R(), a2, 4, B) C R(A, a1, A, B).

Theorem 5. Let A >0, 0<a<1, -1<4; <4, <1,0< B, <B, <1, and
Ap < Bl. Then
Fa(a, Az, B1) C Fa(a, A1, Ba).

Theorem 5 follows easily from the definition of the class Fa(a, 4, B).

Theorem 6. Let A >0,0< a<1, -1<A4; <A, <1,0< B <B; <1, and
A2 <B1. Then
’R()\,a, A.z,B]) g R(/\, Q',A]_,Bg).

Proof. Let the function f(z) defined by (1.2) be in the class R(A, &, A;, By) and let
By = By + €. Then, by using Corollary 2, we have

(%]
W
pa—

Nk

~n(1+ By) [1—{-(11—1)/\] a, < (B; — A3)(1 — a). (3.

S
Il
]



Hence
oo

Z n(l+4 Bz) [1+ (n—1)A] a,

n=2

=in(l+31+€) [1—{—-(7’&—1))\]0”

:i n(1+ By) [1+ (n~1)})] an-;-ei n[l+(n~1)A] a,
(Br—A)(1-0)

<(B;—-A -

———( 1 2)(1 a)+€ 1+B1
S (Bl —-Az)(l —a)+e(31 ~—A2)(1~—a)
< (BZ - Al)(l - Ol),

which exhibits the fact that f(2) € R(}, a, A1, Bs).

Theorem 7. L€t0_<_/\1_<_/\2,0_<_011 Saz<1,——1SA1§A2<B]_SB2_<_1,{LTHZ
O<B1§Bg_<_]. Then

fAz(a27A2,B1) g fAl(a17A17B2)'

Theorem 7 is an immediate consequence of the definition of the class Fa(«, 4, B).

Theorem 8. LCtOS}qSAz,OSQISCYQ<1,*1SA1§A2<B1 532S1,(an
0<31SB2S1 Then

R(AQ,QQ,AQ,Bl) g R(Al,a’l,Al,Bg).

Proof. Let the function f(z) defined by (1.2) be in the class R()\z, az, A2, B;) and
let By = By + €. Then, by using Corollary 2, we get |

oo

Y n(1+B1) [1+ (n—1)Ae] an < (Br — 42) (1 — o). (3.5)

n=32



Hence

o0

Z n(1+ B2) [1+(n—1)A] an

n=2

=S n(14 By ) [14 (n - D] an

n=2

o0

= i n(l1+B1) [1+(n=1DM]an+e Y nll+(n—-1]an

n=2 n=2

oo

< i n(1+ By) [1+(n—— 1)/\2] an + € Z n[1+(n~1))\2] Gn

n=2 n=32

(B1— 42)(1 — o)
1+ By

<(Br—A2)(1—ag)+e(By —A2)(1 — az)

S(Bl-Az)(l—az)-}-e

S (B2 — A1) (1— o),
which implies that f(z) € R(\1, a3, A1, By).

Theorem 9. Let the function f(z) defined by (1.2) be in the class R(\, o, A, B). Then
f(2) also belongs to the following classes:
(1) Fr (22,4, B), that is,

R(/\,CY,A,.B) g]:)\ (1;aaAaB)1

(i) Fx (o, 22 B), that is,

R() a,4,B) C Fy (a, 3?,3) =

Proof. (i) Since f(z) € R(A, a, A, B), we have

- (B—A)(1—a)
Y (1+B)[1+(n-1Na, < ;

n=2

—(B-a) (1-1£2)
\ 2 )



with the aid of Corollary 2. Furthermore, since

l1+a
2

0< <1

for 0 < a < 1, we have Part (i) of Theorem 9.

(ii) Similarly, since f(z) € R(\, @, 4, B), we have

i(HB) [1+(n-1))a, < (B-A;(l—a)

_ =<B-§—‘§-4> (1-a).

Note also that

L, Bt4

<B for —-1<A<B<1 and 0<B<1.

Thus Part (ii) of Theorem 9 follows at once.

Theorem 10. Let the function f(z) defined by (1.2) and the function g(z) defined by
g(2)=2z=> baz"  (bs>0) (3.6)
n=2

be in the classes Fi(a, A, B) and R(A, o, A, B), respectively. Then the function k(z) defined
by
2 — n 4
k(z) =z — 3 T;Z (an+bn)z (an 2 0; b, >0) (3.7)
i5 in the class Fy(a, A, B).

Proof. Since f(z) € Fa(a, A, B) and g(z) € R(A, @, 4, B), by Theorem 1 and Corol-

lary 2, we get
Y (1+B)[1+(n—1))a. <(B-A4)(1-a)
n=2
‘Z(1+B) (14 (n—1)A] b, < (B_A;(l_a),
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respectively. Therefore, we have

= Y+ B) 1+ (= )] (an +5) < (B - A)(1 - a),

n=2

which implies that k(z) € Fa(a, 4, B), and the proof of Theorem 10 is thus completed.

4. Distortion Theorems

Theorem 11. Let the function f(z) defined by (1.2) be in the class Fa(a, A, B).

Then, for |z| =1 < 1,

_(B-A)(1-q)
I+ B)(1+ N

Furthermore, for A > 1,

(B-4)(1-a) ,
A+B)1+N)

r? <|f(z)| < v+

2(B - A)(1-a)
T 1+B)(A+ AN

The estimates (4.1) and (4.2) are sharp.

. 2(B - A)(1 - a)

r<Ifi(2)l <1+

Proof. Since f(z) € Fa(a, A, B), in view of Theorem 1, we have

(1+B)(1+X) iangi(l—{—B) 14 (n~1))] an

2 n==2

S(B—A)(l—a)a

which immediately yields

- (B-=A)(1-a)
> an< Q1+B)(1+N

n=2

Consequently, for [z] = r < 1, we obtain

F@I<r+Y apr”
n=2

§r+r2 ian

(B-A)(1-a) ,

ST AEB LN

11

A+B)(A+N

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)



and
o0

f)2r=>" ar"
>r—r? i Gn (4.6)
n=2

> (B - A)(l“a)z
- (1+B)(1+)

which prove the assertion (4.1) of Theorem 11.

From (4.4) and Theorem 1, it follows also that

(B - A)(l—-a) —1
Z”“"— M1+ B) )\ I

a
[3¢]

(4.7)
< 2B-A)(1—-a)
T (1+B)(1+A)

Consequently, for |z] = r < 1, we have

F'@IS1+) napr

n=2

Sl-}—TZnan (4.8)

AB-A)(1-a)

S TTEaey

[f’(z)lzl—Znanr

21——7‘Znan (4.9)
n=2 ‘
_2B-A)(1- a)
- (1+B)(1+ /\)
which prove the assertion (4.2) of Theorem 11.

The bounds in (4.1) and (4.2) are attained for the function f(z) given by

/(‘ z (z = %r). (4.10)
\



Corollary 6. Let the function f(z) defined by (1.2) be in the class Fi(a, A, B). Then
the disk |z| < 1 is mapped onto a domain that contains the disk:

(1+B)(1+N)-(B-4)(1-a)

hwl < 1+ B)(1+ N

(4.11)

The result i3 sharp, the extremal function f(z) being given by (4.10).
Corollary 6 follows upon letting r — 1— in the left-hand side of (4.1).

Corollary 7. Let the function f(z) defined by (1.2) be in the class R()\, , 4, B).
Then, for |z =71 < 1,

(B-A)(1-a) , (B-A)(1-0a) ,
O e T O e e 1 (4.12)
and
(B-A)(1—-a) : (B-A)(1—-a)
1—-(1+B)(1+/\)r5|f(z)!S1+(1+B)(1+/\)r. (4.13)
Equalities in (4.12) and (4.13) hold true for the function f(z) given by
fl2)=z— (B-A)(1-a) , (z = #r). (4.14)

21+ B)(1+ 1)~

Corollary 8. Let the function f(z) defined by (1.2) be in the class R(\, «, A, B).
Then the disk |z| < 1 i3 mapped onto a domain that contains the disk:

21+B)(1+N) - (B—4)(1-a)

fwl < 201+ B) (1 + )

(4.15)

The result is sharp, the extremal function f(z) being given by (4.14).

Corollary 8 follows upon letting r — 1— in the left-hand side of (4.12).

5. Radii of Close-to-Convexity, Starlikeness, and Convexity

Theorem 12. Let the function f(z) defined by (1.2) be in the class Fa(a, A, B). Then
f(z) 1s close-to-convez of order p (0 < p < 1)in |z| < ri(A a,p, A, B), where

(1-p)(1+B)[1+(n—1)}] -l 1/(n—1)
n(B — A)1 - a) ]

ri(A, a,p, A, B) =inf (n>2). (5.1)
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The result is sharp, the extremal function f(z) being given by (2.5).

Proof. It is sufficient to show that
If'(2) =1 <1—p for |z| <ri() a,p,A,B).

Indeed we have

If'(z) — 1] < Z n a, |z[*7t.

n=2

Thus

FE-1<1-p it Y (1) a1 (5.2

But, from Theorem 1, we obtain

1+ B)[1+(n—1)A
z:( ) [1+(n—1)}]

B-A)(1-a ==t (5.3)
Hence (5.2) will be true if
n n1 o (1+B)[1+(n-1)}]
wa>kl ST E-AH0-a) (n22). (5.4)

Solving (5.4) for |z|, we obtain

1/(n—1)
ol < [(l—p)(l-}-B) [1+(n—1)/\]} (n32) (55)

n(B - A)(1-a)
Theorem 12 follows easily from (5.5).
Theorem 13. Let the function f(z) defined by (1.2) be in the class Fa(a, A, B). Then
f(2) is starlike of order p (0 < p < 1) in |z| < ry(), a, p, A, B), where
1/(rn-1)

(1-p) (14 B)[1+ (n—1)}]
(n—p)(B—-A)(1-aqa)

fg()x, a,p, A, B) = i%f [ (n>2). (5.6)

The result 1s sharp, the extremal function f(z) being given by (2.5).

Proof. We must show that

/
Z{I(i) - 1] <1 - p for lzl < Tz()\,a,p,A,B)-
JF
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Indeed we have

Z (n=1)an |z

zf'(z) 1]
7 S
Thus
zf'(z) _ o (n— )an 2|
o 1|<1 p if ; <1 (5.7)

Hence, by using (5.3), (5.7) will be true if

(n=p)le"t _ 1+ B)[1+(n =1
-5 = (B-AHl-a)

(n>2), (5.8)

that is, if

1/(n-1)
2] < [(1——,0)(1-}-3) [1+(n—1))\]] (n>92) (5.9)

(n—p)(B-A)(1-0a)

Theorem 13 follows easily from (5.9).

Corollary 9. Let the function f(z) defined by (1.2) be in the class Fy(a, A, B). Then
f(z) is convez of order p (0 < p < 1) in |z| < r3(A, @, p, A, B), where

(1—p)(1+B)[1+(n—1)A
n(n — p) (B — 4)(1 - a)

] /(n~1)
rs(A, a,p, A, B) = i%f [ ] (n 2 2). (5.10)

The result is sharp, the extremal function f(z) being given by (2.5).

6. A Family of Integral Operators

Theorem 14. Let ¢ be a real number such that ¢ > —1. If f(z) € R(\, e, A, B), then
the function F(z) defined by

c+1

F(z) = /0 71 f()dt (c> 1) (6.1)

also belongs to the class R(\, a, A, B).

Proof. Let the function f(z) be defined by (1.2). Then, from the representation {6.1)
of F(z), it follows that

oo

RN b, 2"
n=2

15



where

(c+1)

b, = ap.
c+n
Therefore, we have

Z‘n(1+B) [(1+(n—1)A] bn=Zn(1+B) [1+4 (n —1)A] (CH) an

C n
n=2 n=2 +

Sin(l—f—B) [1+(n——1))\]an

n=2

< (B_'A)(l —a)v
since f(z) € R(}, o, A, B). Hence, by Corollary 2, F(z) € R(A a, A, B).

Theorem 15. Let ¢ be a real number such that ¢ > —1. If F(z) € R(\ a, A, B), then
the function f(z) given by (6.1) is univalent for |z| < R*, where

1/(n-1)
e+ 1)1+ B)[14+ (n—1)}]
* = > 2). 6.2
R Hr}f (c+n)(B—A4)(1-a) (n22) (62)
The result is sharp.
Proof. Let -
F(z) =2 - Z a, z" (an > 0). (6.3)
n=2
It follows then from (6.1) that
Zl—c d .
f) = 2 £ (= F)

To prove the assertion of Theorem 15, it suffices to show that
If'(z) =1l <1 for |z|] < R*,

where R* is defined by (6.2). Now

@) -1= -3 M)




Thus

f'z)-1<1 if Y n (””) an 2" < 1. (6.4)

But Corollary 2 confirms that

2 n(l+B)[14+(n=-1)A
Z( ) [1+( )A]

B-A(-a) ==b

n=2

Thus (6.3) will be satisfied if

c+n ae1 . (L4 B) [1+(n—1)}]
(c+1>'2| ST B-A0-9

that is, if
1/(n-1)

ol < {(c +1) (14 B) [1 + (n - 1)A] (n>2) ©5)

(c+n)(B—A)(1-a)
The required result follows now from (6.4).

Finally, the result is sharp for the function f(z) given by

(c+n)(B-4)(1-e) (n > 2). (6.6)

f(z)zz_n(c+1)(1+B)[1+(n——1)/\]z =

7. Closure Theorems

Let the functions f;(z) ( = 1,---,m) be defined by

(& ¢]

fi(2)=2=>an; 2" (an;20; j=1,---m; z€U). (7.1)

n=32

Theorem 16. Let the functions fi(z) (j = 1,2) defined by (7.1) be in the class
Fia(a, A,B). Then the function h(z) defined by

h(z) =z —

NI =

Y (anptan)z®  (an; 20 j=1,2) (7.2)
n=2

i also 1n the class Fi(a, A, B).
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Proof. Since fi(z) and f3(z) are in the class Fa(a, A, B), by using Theorem 1 we

have
> (1+B)[1+(n—1)A]an1 < (B—A)(1-a) (7.3)
and -
Y (A+B)[14 (-1 tnz < (B-A)(1-a). (7.4)
n=2

From (7.3) and (7.4), we obtain

5 S (4 B) [1+ (0= D] (n1 + ana) < (B A)(1 - a). (7.5)

n=2

Hence, by Theorem 1, h(z) € Fi(a, A, B), which completes the proof of Theorem 16.

Corollary 10. Let the functions f;(z) defined by (7.1) be in the classes Fa(ej, Aj,B;)
for each j =1,---,m. Then the function h(z) defined by

h(z) =2z — % (Z an,1> z" (7.6)

n=2

18 1n the class Fy(a, A, B), where

a—lglélm{aj}7 A—-lémn {4;} and B—-lr<njaéxm{B} (7.7

Proof. Since f;(z) € Fa(a;, Aj, B;j) for each j = 1,---,m, we observe that
> (1 Bj) [1+(n =D an; < (B; = 4;) (1 - ay) (7:8)

n=2

with the aid of Theorem 1. Therefore, we have

i [1+(n — 1)A] (% i an,]-)
= % i {f: [14(n - 1)) an,j}

j=1 \n=2
1o~ [(Bi=4)(1-ay)
SE;{ 1+ B, }
(B—-4)(1-a)
= 1+ B



Thus

Y (1+B)[1+(n—1)) (i— > a,,,,-) <(B-4)(1-a), (7.9)

which shows that h(z) € Fy(a, A, B), completing the proof of Theorem 17.

Corollary 11.  Let the functions f;(z) defined by (7.1) be in the classes
R(\,aj,A;,Bj) for each j = 1,---,m. Then the function h(z) defined by (7.6) is also
in the class R(\, a, A, B), where o, A, and B are defined by (7.7).

8. Theorems Depicting Extremal Properties

Theorem 18. The class Fy(a, A, B) i3 a conver set.

Proof. Let the functions f;(z) (j = 1,2) defined by (7.1) be in the class Fi(e, 4, B).
Then it is sufficient to prove that the function h(z) given by

Wz)=p i(2)+(1—p) fo(z)  (0<p<T) (8.1)

is also in the class Fy(a, A, B). Since, for 0 < p < 1,

h(z) =z — Z {pan1+ 1 —p)ans} 2", (8.2)

with the aid of Theorem 1, we have

[eo]

S O+B) 14+ (-1 {pans+ (1= ans) S(B-A)(1-a),  (83)

n=2

which implies that h(z) € Fi(a, A, B). Hence the class F)(a, A, B) is convex.
As a consequence of Theorem 18, there exist the extreme points of the class

Fila, A, B), which are given by
Theorem 19. Let f1(z) = z and

(B-4)(1-a)
(1+B) [1+ (n~1)A]

falz) =z - @ (n22) (8:4)
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Then f(z) € Fa(a, A, B) if and only if it can be expressed in the form:

f(z) = Z pn fn(2),

where

oo
bn >0 and Z,unzl.

n=1

Proof. Suppose that

f(z) = Z Hn fn(z)

_z: (B — Ax1—@

A+B)[1+(m-1A 7
Then we get
oo (1+B)[1+(TL—-1))\] (B—A)(l—a) B o ~
L E-A0-a) QB rmo g AT sl m st

By virtue of Theorem 1, this shows that f(z) € Fi(a, 4, B).
On the other hand, suppose that the function f(z) defined by (1.2) is in the class
Fi(a, A, B). Again, by using Theorem 1, we can show that

B — -
IPSCEY I N,
(1+B)[1+ (n—1)}]
Setting [ |
(1+B){1+(n—-1)A
= >
n B-Ai-a = 022
and -
p=1->" pn,
n=2
we have
H) =S tin falo),
n=1
which completes the proof of Theorem 19.
Corollary 12. The class R(\, o, A, B) is a convez set.
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Corollary 13. Let f1(z) = z and

_ (B-#H1-a)
n(1+B) [1+(n— DA

fa(2)=12 (n>2). (8.5)

Then f(z) € R(A,a, A, B) if and only if it can be expressed in the form:
F(2)=Y" ta fal2),
n=1
where

bn >0 and i,unzl.

n=1

9. Linear Combination of Functions in the Classes

Fi(a,A,B) and R(A, a, A, B)

Theorem 20. Let each of the functions f;(z) (j = 1,---,m) defined by (7.1) be in
the same class Fy(a, A, B). Then the function h(z) given by

h() = — 3 £i(2) (91)

i3 also in the class Fa(a, A, B).
Proof. By the definition (9.1) of h(z), we have the expansion:
oo 1 m "
h(z) =z — Z—___; (-T—n- ; an,_,-) z". (9.2)

Since f;(z) € Fa(a, A, B) for every j = 1,---,m, by using Theorem 1 we obtain

3

1
m 4
j

i(lJrB) 1+ (n—1)}] (

n=2

a,,,j> <(B-A)(1-a), (9.3)

1

which, in view of Theorem 1, yields Theorem 20.

Corollary 14. Let each of the functions f;(2) (7 = 1,---,m) defined by (7.1) be in
the same class R(A\, o, A, B). Then the function h(z) given by (9.1) is also in the class
R(A\, a, A, B).
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10. Theorems Involving Support Points

A function f(z) in the class Fa(a, 4, B) is said to be a support point of F3(a, A, B)
if there exists a continuous linear functional J on 7 such that R(I(£)) = R(I(g)) for all
9(z) € Fia(a,A,B) and R(J) | 1s nonconstant on Fj(a,A,B). We denote by
Supp {Fa(a, 4, B)} the set of support points of Fa(e, A, B), and by Ext {Fa(a, 4, B)}
the set of extreme points of Fy(«, 4, B).

Let F be a subfamily of univalent functions in the unit disk & whose set of extreme
points is countable, let fo(z) be a support point of F, and let J be a corresponding

continuous linear functional. Let

Gr={f e F:R()) = R(I(f))}. (10.1)

We begin by recalling the following known result:

Lemma 2 (Deeb [7]). Let G5 be defined by (10.1). Then Gy is convez,

Ext{Gs} C Ext{F},

and
gJ:{fE}-:f(z):Zﬂn fn(z) (,un.>..0;
"= (10.2)
Z bn=1; fa(z)€ Ext{gl})}-

n=1

Let A; be the class of functions of the form:

flz) = Z an z"
n=0

which are analytic in the unit disk . Brickman et al. [6] proved the following result.

Lemma 3. Let {b,}72, be a sequence of complex numbers such that
. 1
limsup |b,|"» < 1,
i—C0
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and set
oo

J(f)=) anbn

n=0
for f(z) € A;. Then J is a continuous linear functional on A;.
Conversely, any continuous linear functional on A, is given by the sequence {bn322,

defined above.

Making use of Lemma 3, we now prove

Theorem 21. The set Supp {Fa(a, A, B)} of support points of Fx(c, A, B) is given
by

(B=A)(1-a)un 2
+ B) [14(n—1)}]

n

Supp {Fi(a,4,B)} = {f € Fa(a, 4,B) : f(z) =z - Z (1

o0
(anO; Zungl; i =0 for some j22)}.

n=2

Proof. Let

L~ (B=A(1-a)p. o,
fo(2)=2z=)" BT (10.3)

n=2

be in the class Fx(a, A, B), where
>0, i bn <1, and pu; =0 forsome j>2.
n=2
b, =0(n>2 n#j)and by =b; =1, then
lim sup Ibn|% < L.

n—oo

Therefore, by Lemma 3, we define the continuous linear functional J given by the sequence

{bn}52,. It follows that
J(fo)=1 and J(f)=1-qa; <1 for f(z)€ Fa(a, A, B).
This implies that

R{J(fo)} > R{J(f)} forall f(z)€ Fala,A4,B).



Hence fo(z) is a support point of the class Fi(a, A, B).

Conversely, suppose that fo(z) is a support point of F. a(a, A, B), and that its contin-
uous linear functional J is given by the sequence {b,}22,. Then ®(J) is also continuous
and linear on Fx(«, A, B). Therefore, by the Krein-Milman theorem (see, e.g., Duren [8,
p. 281]), there exists an extreme point f,(z) of Fi(a, A, B) such that

R{J(fo)} = max{R{J(f)} : f € Fa(er, 4, B)} = R{J(fn)}. (10.4)
Let,
Gr={fa : R{J(f0)} = R{J(fa)}, fn€Ext {Fa(a,4,B)}}.

Then we note that Ext {Fa(a,4,B)} is countable by means of Theorem 19. If
Gy =Ext {Fi(a, A, B)}, then ®(J) must be constant on Fa(a, A, B). This contradicts the

hypothesis that fy(z) is a support point of F z(a, A, B). Consequently, there exists a j such
that

®{J(fo)} > R{J(f;)}. It follows from this fact that
Ext {G;} C {fa: fa € Ext{Fr(a,4,B)} (n>2 n #7)}. (10.5)

Consequently, with the help of Lemma 2, we have

fol2) =) tn fal2), (10.6)

where

pn20, > pa=1, and fu(z) €Bxt {G;} (n>2 n#j)
n=2

Further, by using Theorem 19, we obtain

o0

_ B-A)(A-a)pn 4,
Jo(z) =z — nz::z 1+B) [1+(n_1))‘] 2", (10.7)
n#j

which completes the proof of Theorem 21.

By using the same technique as in the proof of Theorem 21, and with the aid of

Corollary 2, we have
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Theorem 22. The set Supp {R(A, o, A, B)} of support points of R(X, a,A,B) is
gqiven by

Supp {R(\, @, 4, B)) = {f € RO\, A,B): f() = 2

o~ _(B-A)(1-a)p. ,
_Z n(1+B) [1+(n——1)/\] z (ﬂn 20; (108)

n=2

0
angl; p; =0 for some j22)}.
n=2

11. Definitions and Applications of Fractional Calculus

Many essentially equivalent definitions of fractional calculus (that is, fractional deriva-
tives and fractional integrals) have been given in the literature (cf., e.g., [4], [9, Chapter
13], [11], [13], [15], [16], [20, p. 21 et seq.], and [22]). We find it to be convenient to recall

here the following definitions which were used earlier by Owa [12] (and by Srivastava and

Owa [21]).

Definition 1. The fractional integral of order k is defined, for a function f(2), by

APV T R (9]
D; f(z)_.r(k)/(; i (>0, (11.1)

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin, and the multiplicity of (z — ¢)*~! is removed by requiring log(z — ¢) to be real

when z — ( > 0.

Definition 2. The fractional derivative of order k is defined, for a function f(=), by

1 d O
DAt % J, GooF

&  (0<k<1), (11.2)

where f(z) is constrained, and the multiplicity of (z — ¢)~* is removed, as in Definition 1.

Definition 3. Under the hypotheses of Definition 2, the fractional derivative of order
n + k 1s defined by




Theorem 23. Let the function f(z) defined by (1.2) be in the class Fa(a, A, B). Then

. 2]+ 2(B - A)(1-a)
D201 iy {1 R B

and

e g o Ll 2AB-A)(1-a)
D7 £( )|s———-——{1+ )|1}

L2+ k)
for k>0 and z € U. The result is sharp.

C+E) (1 +B)(1+A

Proof. Let
F(z)= D2+ k) 2~ D7* £(2)
X T(n+1)T2+k) "
o — n 2
n};z F(n+1+k)
=z— Z O(n)a, z",
n=2
where
. T(n+1)T(2+k)
o —_ . > .
O(n) Tt 117 (k>0; n>2)
It is easily seen that
2
< = — ;2> 2).
0 < B(n) <6(2) TR (k>0; n>2)
Therefore, by using Theorem 1 and (11.8), we find that
IF(2)] 2 |2~ 0(2) |2 ) an
n=2
2(B-A)(1-a) 9
> |z| —
2 Iz CrRa+B ALy
and -
[F()I < 121+ 6(2) 2> ) an
n=32
2(B-A)(1-a) .
<
Etrernaemary

(11.4)

(11.5)

(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

which prove the inequalities (11.4) and (11.5) of Theorem 23. Furthermore, the equalities

in (11.4) and (11.5) are attained for the function f(z) defined by

21tk {1 _2(B-A)(1-a)

—k - .
Dz f(z)_F(2+k (2+k(1+B)(1+/\)
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or, equivalently, by
(B-A4)(1-a) ,

& =z=armasn *

(11.12)

Corollary 15. Under the hypotheses of Theorem 23, D7 f(z) is included in the disk

with center at the origin and radius

1 2B - A) (1 - a)
T2+ ) {1+(2+k)(1+B)(1+>\)}'

Next, by using Lemma 2, we similarly have

Theorem 24. Let the function f(z) defined by (1.2) be in the class R(\, @, A, B).

Then
- Kl (B-A) (-0
|ID7F f(2)| > TeTh {1 REDETIIES) lz|} (11.13)
and
—k |2|1FF (B-4)1-qa) \
D" 1@ s 7 g {H C+R)(1+B)(1+N ""} (11.14)

for k>0 and z € U. The result is sharp for the function f(z) given by

(B-A)(1-0a) ,
A+B)(I+N)

fz) =2z - (11.15)

Corollary 16. Under the hypotheses of Theorem 24, D7* f(2) is included in the disk

with center at the origin and radius

1 (B—A4)(1-a)
(2 + &) {1+(2+k)(1+B)(1+A)}'

Theorem 25. Let the function f(z) defined by (1.2) be in the class R(\, a, 4, B).
Then

|2** (B—A)(1-a)
Dz f@ 2 5= {1_ 2-k)(1+B) 1+ 'z'} (11.16)
and
2% (B-4)(1-a) K
1Dz F) < 5=y i” 2—F 1+ B+ "‘"} (11.17)

for0<k<1landzel The result is sharp.
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Proof. Let
G(z) =T(2 - k) zF D* f(2)

(e o]

F(n+1)F(2—k) n
= — any 2
,,; I(n+1-k) (11.18)
=z——-z n ®&(n) a, 2",
n=2
where
[(n) T(2 — k)
= < ;2> 2). 1
®(n) Th¥1=F) (0<k<1; n>2) (11.19)
Noting that
0<®(n) <82 =2 (0<k<1;n>2) (11.20)

2—k
and with the aid of Corollary 2, we have

G(2)] 2 2|~ 8(2) [ 3 n a
n=2

(11.21)
> 12| (B-4)(1-a) 12|
- 2-K)Q+B)(1+})
and -
G(2)] < |zl +2(2) |2* D> n an
n=2 (11.22)
<2+ (B-—A)(1-qa) |Z|2

(2—-k)1+B)(1+ X))
which prove the inequalities (11.16) and (11.17) of Theorem 25. Since the equalities in
(11.16) and (11.17) are attained for the function f(z) defined by

D¥ f(z) = ffi- {1 __(B-A)(-e) } (11.23)

2 - k) C-BI+B)a+N "~

or, equivalently, by
| _,_B-Ad-a ,
fz) == 20+ B)(1+X)

we thus complete the proof of Theorem 25.

(11.24)

Corollary 17. Under the hypotheses of Theorem 25, DF f(z) is included in the disk

with center at the origin and radius

1 (B - 4)(1-a)
rm—k>{“*@—kx1+BM1+M}'
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12. A Generalized Fractional Integral Operator

We need the following definition of a generalized fractional integral operator given by

Srivastava et al. [24].

Definition 4. For real numbers k > 0, v, and §, the generalized fractional integral
operator I&,*/,& is defined by

z

z—k—‘f z
I;? f(z) = T /O (z=O'F (k 4, =6 k1 — -g-) f(¢)de, (12.1)

where f(z) is an analytic function in a simply-connected region of the z-plane containing

the origin, with the order
f(z)=0() (z—0),

where € > max{0, ¥ — 6} — 1, F(a, b; ¢; z) is the Gauss hypergeometric function defined by

F(a,b;¢; 2) = i (@)n (B)n 2" (12.2)

~ (o nl ’
and (a), is the Pochhammer symbol defined by

_Tlatn) _ ' (n=0) 2.3
(@) I'(a) {a(a+1)"'(a+n—1) (n€ N:=Np\ {0}), 122)

and the multiplicity of (z — ¢)*~! is removed by requiring log(z — ¢) to be real when
z—(>0.

Remark 1. Clearly, in the special case when v = —k, we have
7" f(z)=D7* f(2),

where D ¥ is the fractional integral operator given by Definition 1.

In order to prove our results for the generalized fractional integral operator I(f”g ’6, we

recall here the following lemma:
Lemma 4 (Srivastava et al. [24]). If k>0 and v > v —§ — 1, then

kv,6 v F(V+1) F(V_7+6+1) v—-
IOz z = T i, 1\ TV 1 Y 2 .
’ _L\u—7+1)1\i/+n’+5+1)
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With the aid of Lemma 4, we now prove

Theorem 26. Letk >0, v <2, k+6> -2, y—§ < 2, and y(k + 68) < 3k. If the
function f(z) defined by (1.2) is in the class Fi(a, A, B), then

T2 —v+86) |z~

II"”’ f(= )’_ T(2-7)T(2+Fk+38) (12.5)
_{1 A(B-A)(1-0a)(2—-7+9) |z|} |
(1+B)1+N(2-7)(2+k+9)
and
N T(2—v+6) |z|*~7
‘I(f iz )l- T2—7)T(2+k+0)
(12.6)

_{1 . 2B-A)(1—a)(2=—7+0) lzl}
TA+B I+ N2 =) (2+k+9)

for z € Uy, where

u (y<1)
uo = ) r 5
U\ {0} (v >1).
The equalities in (12.5) and (12.6) are attained for the function f(z) given by (11.12).

Proof. By using Lemma 4, we have

L'2—~v+56) -
k'Y: 1 ~
(=)= TC—)T2+k+d)
(12.7)
“Z N(n+1)T(n—v+64+1) R
*T(n—y+1)T(n+k+6+1) in '
Letting
_TE@-)TC+k+8) | 4o
H(")_ F(2—7+6) z IO,z f(Z)
-~ (12.8)
=z~ Z ¥(n) a, z
n=2
where
(2—7946)p-y n!
U(n) = > 2), 12.9
(n) - Cthro, (2 (12.9)
we can see that ¥(n) is non-increasing for integers n > 2, and we have
22—~+9)
0<¥(n)<¥(2)= (n > 2). (12.10)



Therefore, by using Theorem 1 and (12.10), we have

H(2) 2 2] = ¥(2) 2> Y an
n=2 (12.11)
s 2B A=) 2=a48)
= Q+B)1+NC -7+ k+0)
and -
HE| < 1+ 9@ 1 Y an
n (12.12)
S'Z;'{‘ 2(B'—A)(1_a)(2—7+5) |z|2

(1+B)1+N2—-7)(2+k+6)
This completes the proof of Theorem 26.

Remark 2. In view of Remark 1, taking v+ = —k in Theorem 26, we readily obtain

Theorem 23 as a special case.

Finally, by employing the same technique as in the proof of Theorem 26, and applying
Corollary 2, we obtain

Theorem 27. Letk >0, v <2, k+6> -2, v—-6 <2, and v(k + 6) < 3k. If the
function f(z) defined by (1.2) is in the class R(\, a, A, B), then

P2 —y48)]2'
2-7)T2+Ek+6)

I ()] 2 5

(12.13)
{1__ (B_A)(l_a)(2"'7+6) |Zl}
A+B)(1+M)2—7v)(2+k+06)
and
s F(2_7+5) lz|l_7
52 10| <t T T B
(12.14)

(B-4)(1-a)(2—7+0)
'{”<1+B><1+/\>(2—7><2+k+6> 'z'}

for z € Uy, where Uy 13 defined as in Theorem 26. The equalities in (12.13) and (12.14)
are attained for the function f(z) given by (11.24).
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13. Inclusion Properties Involving Modified Hadamard Products

Let the functions fj(z) (j = 1,-- -, m) be defined, as before, by (7.1). Then the modified
Hadamard product of fi(z) and f;(z) is defined here by

fixfa(z)=2z~— Z an1 Gn2 2". (13.1)
n=2
Theorem 28. Let the functions f;j(z) (j = 1,2) defined by (7.1) be in the classes
Fa(ej, A5, B;) (5 = 1,2), respectively. Then the modified Hadamard product f1* f2(2)
defined by (13.1) belongs to the class .7:,\(01(2 —a), A(2B — A), B2), where

a =min{o;, a0z}, A=min{4;,4,}, and B= max{B;, By }. (13.2)

Proof. Since fi(z) € Fia(an,41,B1) and fo(2) € Falaz, Az, By), by using

Theorem 1, we have

o0

Z (1+B*)[1+(n- DA] @n1ane

n=2

< i (1+B) [1 +(n— 1))\] Gn,1 Gn 2

n=2

(13.3)

(Bo—A4)(1-a)
(14 Bo)(1+X)

<(B-A4)*(1—a)®={B* - A(2B - Al -2 -a)},

<(B-4)(1-a)

where a, A, and B are given by (13.2), and (for convenience) By = min{Bi, B;}. Now
observe that

-1<A(2B-A)<B*<1 and 0<B%*<1

for

~1<A<B<1 and 0<B<I,

and also that
0<af2-a)<l for 0<ea<l.
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Hence, by Theorem 1, the modified Hadamard product f; * f2(z) is in the class
Fi(a(2 —a), A(2B - A), Bz).

In a similar manner, with the aid of Corollary 2, we can prove

Theorem 29. Let the functions fj(z) (j = 1,2) defined by (7.1) be in the classes
R(A aj,A;,B;) (7 = 1,2), respectively. Then the modified Hadamard product fi x fa(2)
defined by (13.1) belongs to the class ’R,()\, a(2—a), A(2B - A), BZ), where o, A, and B
are given by (13.2).

Employing the technique used earlier by Schild and Silverman [18], we next prove

Theorem 30. Let the functions f;(z) (j = 1,2) defined by (7.1) be in the same class
Fi(a,A,B). Then f1* fa(z) € Fa(B(X, e, A, B), A, B), where

(B—-A)(1—a)?
)‘7 7AaB =1- . 13.4
P e 4, B) (1+B) 1+ (13.4)
The result 13 sharp.
Proof. Under the hypotheses of Theorem 30, we find from Theorem 1 that
(1+B)[1+(n—1)A]
1 <1 .
Z (B-A4)(1—-a) Gn1 = (13.5)
and
(14 B) [1+ (n—1)A]
na < 1. .
Z (B A) 1-a) Gn2 = (13.6)
We only need to find the largest § = (A, a, A, B) such that
= (1+B)[14+(n—1)}]
<1. .
2 m-ma-p o=l (13.7)
From (13.5) and (13.6) we get, by means of the Cauchy-Schwarz inequality,
(1+B)[1+(n—1)A]
faTaes < 1. 13.8
;};2 (B-A)(1—a) Vintom= (13.8)
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Thus it is sufficient to show that

(1+ B) [1+ (n —1)A] . a
B-aa-p

(14 B) [1+(n—1)]
S (B — A) (1 _ a) AV an,1an,2 (TL ?. 2)7

that is, that

Van18na < 1 i (n > 2).
-«
Note that
(B-A4)(1-a)

Van1dn2 < >2).
O S B oy 2P
Consequently, we need only to prove that

(B-A4)(l-o) _1-8

(1+B)[1+(rn-1))] " 1-a (n>2),
or, equivalently, that
(B-—A)(1-0a)?
IBSI—(1+B)[1+(n_1)/\] (n>2).
Since =(n) defined by
Z(n)=1 (B-4)(1-a)

0+ B 1+ (-1
is an increasing function of n (n > 2), letting n = 2 in (13.14) we obtain

(B=4)(1-a)?

P<E@=1-"argmasn

which proves the main assertion of Theorem 30.
Finally, by taking the functions f;(z) (j = 1,2) given by

B-A4)(1-a) ,

D= = ey -

(.7 =1, 2)7

we can see that the result is sharp.

(13.9)

(13.10)

(13.11)

(13.12)

(13.13)

(13.14)

(13.15)

(13.16)

Corollary 18. Let the functions f;(z) (7 = 1,2) defined by (7.1) be in the same class

R(A o, A, B). Then fi % fo(2) € R(\,v(\, o, A, B), A, B), where

_(B-A)(1-o)
21+ B)(1+ N

v(A, o, A,B) =1
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The result is sharp for the functions f;(z) (j = 1,2) given by

(B-4)(1-a) ,
2(1+B)(1+4+X)

fiz) =2 - (G =1,2). (13.18)

Theorem 31. Let the function f1(z) defined by (7.1) be in the class Fy(a, A, B), and
let the function fy(z) defined by (7.1) be in the class Fy(v, A, B). Then

fl *f2(z) € ]:A(é(A7a7 VvAaB))1

where

(B=4A)(1-a)(1-v)

A =1 i
£\ a1, 4, B) eIy (13.19)
The result 13 sharp.
Proof. Proceeding as in the proof of Theorem 30, we get
B-A)(1- 1-
E<Am)=1-" JA=0)A=v) 50 (13.20)

(1+B)[1+(n—-1))]

Since the function A(n) is an increasing function of n (n > 2), letting n = 2 in (13.20) we

obtain
(B-A)(1-0)(1-v)
<A2)=1-— .

£ < A(2) T+ Bty (13.21)

which evidently proves the main assertion of Theorem 31.
Furthermore, taking
_ ., _B=AH0-0a) ,
and
B - A)1-
fals) =z — & —v) . (13.23)

T+B) I+~

we can show that the result of Theorem 31 is sharp.

Corollary 19. Let the function fi(z) defined by (7.1) be in the class R(\, o, A, B)

and let the function f2(z) defined by (7.1) be in the class R(A,v, A, B). Then

t

fix fa(2) € R(A (X, e, v, A, B), A4, R
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where

_(B-A4)(1-a)(1-v)
20+ B)(1+X)
The result 1s sharp for the functions fi(z) and fo(z) given by

n(A\ a,v,A,B)=1 (13.24)

(B-A(1-a) ,
201+ B) (1 + )

filz) =2~

and
(B-H(1-v)
20+B)(1+A)

falz) = 2 —

Theorem 32. Let the functions f;(z) (j = 1,2,3) defined by (7.1) be in the same
class Fy(a, A, B). Then

fixfax fs(2) € Fa(C(\, &, A, B), 4, B),

where
(B—-A)?*(1-a)d .
A B)=1- . 13.25
The result is the best possible for the functions f;(z) (j = 1,2,3) given by
fi(2) =z~ (B=A)(1-0) , (j=1,2,3). (13.26)

Q+B)(1+N) -
Proof. From Theorem 30, we have

fi*x fa(z) € Fa(B(A, o, A, B), 4, B),

where f3 is given by (13.4). Also, by using Theorem 31, we get

fixfax fs(z) € ]-",\((()\,a,A,B), A, B)>

where

., _(B-A4)(1-a)(-5)
(Ao, 4, B) =1 A+B)(1+N
(B~ 4P (1— o)
(1+B)2(1+A)%°

=1

This completes the proof of Theorem 32.
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Corollary 20. Let the functions fj(z) (j = 1,2,3) defined by (7.1) be in the same
class R(\,a, A, B). Then

fl *f2 *f3(Z) € R()\,K,()\,a’, A, B), A, B)7

where

(B-A?(1-0o)

A =1-— . .
k(A a,A,B)=1 T BEA T (13.27)
The result i3 the best possible for the functions f;i(z) (j = 1,2,3) given by
fi(z) == ST B) (11N z (7=1,2,3). (13.28)
Theorem 33. Let fi(z) € Fa(a, A, B) and fa(z) € Fa(v, A, B). Then
fl *fZ(z) € 'R(A,,u()\,a, V7A’B)7 A7 B)')
where
_ 2B-A)(1-a)(1-v)
u(A, a,v,A;B) =1 EDIESY (13.29)
The result 13 sharp.
Proof. Since f1(z) € Fa(a, 4, B) and fa(z) € Fa(v, A, B), we have
> +B)[1+(n-1)Aan1 <(B-A4)(1-a) (13.30)
n=2
and
Y (1+B) 1+ (n-1)Aam2 < (B-4)(1 ). (13.31)
n=2
It follows from (13.30) and (13.31) that
Z (L+B?[1+(n—1)A]) an1an2 <(B— AP (1—a)(1-7). (13.32)
n=2

We want to find the largest u = p(A, a, v, A, B) such that

oo

Y n(1+B)[1+(n—1Man1an: < (B—A)(1-p).

n=2
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This will certainly be satisfied if
n(1+B)[1+(m-1N _(1+B)*[1+(n— 1)A]*

B-A(i-pn -~ @B-Arl-ad-»n "z (13.33)
that is, if
n(B - 4)(1- a)(1- 1)
psl- (]_ + B) [1 + (n — 1))‘] (n 2 2)- (13.34)
Since Q(n) defined by
Qn) =1 n(B—-A)(1-a)(1-v) (13.35)

(1+B)[1+(n—1)}]

is an increasing function of n (n > 2), letting n = 2 in (13.35) we obtain

2B-A)(1-a)(1-v)
(1+B)(1+)) ’

which proves the main assertion of Theorem 33. Finally, the result is sharp for the functions

p<D=1- (13.36)

_, B-4)(1-a) , N
fi(z) ==z ATBITN € Fa(e, A, B)
and
fa(s) =z - B=A=v) 22 € Fa(v, A, B).

1+B)1+XA)
Theorem 34. Let the functions f;(z) (j = 1,2) defined by (7.1) be in the same class
Fa(a, A, B). Then the function h(z) defined by

oo

h(z) = z — Z (au?l’1 + ai’z) z" (13.37)

n=2
belongs to the class Fx(6(), a, A, B), A, B), where
2(B—A)(1-a)?
1+B)(1+X)
The result 1s sharp for the functions fi(2) (7 =1,2) defined by (13.16).

§(\ a, A, B) = 1 (13.38)

Proof. By virtue of Theorem 1, we obtain

© (1+B)[1+(n-1A])" ,
Z{ (B——[A)(l—a) ]} 1

n=2

—A)(1-a)

o 1+B) [1+(n—1)A ’ (13.39)
(S

n=2

INA

1
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and

fi{u+BHLwn—nﬁ}2J

2N\ (B-AH(l-a) n.2
©_ (14 B)[1+(n—1)] ’
3{2; (B-A4)(1-a) %ﬂ}
< 1.

It follows from (13.39) and (13.40) that

1| (A+B)[14(n—1)}] 2 . 2
ZE{ (B—-A)(1-a) }(a"’1+an»2)51-

n=2

Therefore, we need to find the largest § such that

(+B)[1+0m-1Y _1

1+B)[1+m-1)’
B-A)(1-9) 2{ b o2,

B-Al-a) |

that is,
_ 2AB-A)(1-a)
T (0+B)[1+(n-1))

Since II(n) defined by
_ 2(B-A)(1-0a)
(1+B)[1+(n—1)}]

is an increasing function of n (n > 2), we readily have

II(n)=1

_2AB-A)(1-a?

6= h(2)=1 1+B)(1+A)

which completes the proof of Theorem 34.

(13.40)

(13.41)

(13.42)

(13.43)

(13.44)

(13.45)

Corollary 21. Let the functions f;(z) (j = 1,2) defined by (7.1) be in the class
R(A a,A,B). Then the function h(z) defined by (13.37) belongs to the class

R\ w() a, A, B), A, B), where

_(B-A)(-oa)

wha,A,B)=1 DR

The result is sharp for the functions fj(z) (j = 1,2) defined by (13.18).
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Theorem 35. Let the function fi(z) defined by (7.1) be in the class Fa(a, A, B). Also
let the function fy(z) be defined by

(=]

fo(2) =2=) " anzz®  (lang| <1 n=2,3,4,--). (13.47)

=2

Then fl*f2(z) € .F)\(CY,A,B).

Proof. Since

ST (+B) 14 (n— DA [ans ans]

n=2

=3 1+ B)[1+(n - 1)A] ans [any]

n=2

< iu +B)[1+(n— 1)\ an,

n=2

S(B-4)(1-a),
by Theorem 1, it follows that f1 * fo(2) € Fa(a, 4, B).

Corollary 22. If fi(z) € Fa(a, A, B) and
fa(2)=2=) anpz®  (0<anz<1; n=234, ), (13.48)
n=2

then f1 x fa(z) € Fale, A, B).

Corollary 23. Let the function fi(z) defined by (7.1) be in the class R(M\ a, A, B).
Also let the function fo(2) be defined by

oo

fo(z2) =z — Z ano 2" (lan2] £1; n=2,3,4,--.). (13.49)

n=2

Then f1 x f2(2) € R(\, «, A, B).

Corollary 24. If f1(z) € R(A\, o, A, B) and

(o ]

f(2)=2=) anzz" (0<an2<1; n=23,4,-), (13.50)

n==2
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then f1* fa(2) € R(\, a, A, B).
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