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ABSTRACT

The object of the present paper is to derive several useful

properties of the class #(a) which is related to the class € ()

fagd iy

defined earlier by H. Silverman and M. Ziegler [Houston J. Math

4(1978), 269-275]. Relationships between %(a) and various other
classes including £(2), and some results for a modified convolution
product of functions belonging to the class %(a) are presented.

Finally, a certain functional f(q) of functions q(z) in %(o)

is considered.
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1. INTRODUCTION

Let {)(a) denote the class of functions of the form
(1.1) q(z) =1 - ) bz bz 0)
which are analytic in the unit disk U = {z: |z‘ < l} satisfying the condition
(1.2) la(z) - 1] =21 -« (z el)

for some o (0 = o < 1). The class §(o) was introduced by Silverman and
Ziegler [9]. A function q(z) of the form (1.1) is said to be in the class

%(a) if and only if
zq'(z) + 1 e Qo).

In the pfesent paper, we prove several interesting results for functions belonging

to the class R(a).

Let 4 denote the class of functions of the form

el

(1.3) f(z) = z + az

1eo~18

n=2

which are analytic in the unit disk 9. Also let § denote the subclass of
consisting of analytic and univalent functions in the unit disk Jl. Then a
function £(z) in § 1is said to be starlike of order o (0 =a < 1) if and
only if

(1.4) Re{ig%é§lJ > a (z € )



*
for some o (0 £ a < 1). We denote by § (o) the class of all starlike
functions of order o in the unit disk .
A function f(z) belonging to the class § is said to be convex of order

a (02 a<1) if and only if

(1.5) . Re(l + %;%%%l) > o » (z € I

for some o (0 = o < 1), We denote by F(a2) the class of all convex functions
of order o in the unit disk .

The classes 5*(a) and % (a) were first introduced by Robertson [4], and
were studied subsequently by Schild [5], MacGregor ([2], Pinchuk t3], Jack [1]},
and others.

Let § denote the subclass of § consisting of functions whose nonzero
coefficients, from the second one on, are negative. Thus an analytic and uni-

valent function f£(z) 1is in the class J if it can be expressed as

8

(1.6) £(z) = z - anzn (a 2 0).
2

n

I e~

*
We denote by 7 (@) and & (a) the classes obtained by taking intersections,

respectively, of the classes 5*(a) and # (o) with 7; that is,
.7‘*(&) =7—n§*(a) and (@) =7 n¥(a).

The classes .7j(u) and & (a¢) were studied by Silverman [8]. Schild [6]
considered a subclass of § consisting of polynomials having |z| = 1 as the
radius of univalence, Silverman [8] proved coefficient inequalities, distortion
theorems, and covering theorems for 7j(a) and % (a), and Schild and Silverman

[7] gave some interesting results for the convolution product of functions in



the classes 7*(00 and & (o).

We require the following lemmas due to Silverman [8] in our investigation.

LEMMA 1. Let the function f(z) be defined by (1.6). Then f(z) is in

*
the class J (a) if and only if

(1.7) E (n—a)an =1 - o,

LEMMA 2. Let the function f(z) be defined by (1.6). Then £(z) 1is in

the class (o) if and only if

- =1 -
n(n oc)an £1 o.

(1.8) )

n=2

2. PROPERTIES OF THE CLASS % (o)

We begin by recalling here the foilowing lemma due to Silverman and

Ziegler [9].

LEMMA 3. Let the function q(z) be defined by (1.1). Then q(z) 1is in

the class {(a) if and only if

(2.1) Y b_=1-a.

Making use of Lemma 3, we shall prove



THEOREM 1. Let the function q(z)

be defined by (1.1). Then q(z)

in the class %(a) if and only if

(2.2) Y nb_ =1 - a.
The result (2.2) is sharp.

PROOF. Since
(2.3) zq'(z) + 1 =1 - Y nb 2"

we prove the assertion (2.2) by substituting n bn for bn in Lemma 3.

Further, for the function defined by

(2.4) q(z) =1 - [1 — u]zn
we can easily see that the result (2.2) is sharp.

COROLLARY 1. Let the function q(z)

defined by (1.1) be in the class

%(a). Then

(2.5) b =it (n

v

1).

Equality holds true for the function q(z) given by (2.4).

COROLLARY 2. Let 0 = o < 1., Then

(2.6) R(a) cf(a).

is



Next, by using Theorem 1, we shall prove

THEOREM 2. The class £ (e¢) is convex.

PROOF, Let the function q(z) defined by (1.1) and the function g(z)

defined by

I

c.z (c

(2.7) g(z) =1 - 0 0

n

v

0)

io~18

1
be in the class ®(o). Then it suffices to prove that the function
h(z) =X q(z) + (1-M)g(z) (0=A=1)

is also in the class %(a). We note that

(2.8) h(z) = 1 -
n

W e~18

n
. {x b+ (1-x)cn}z

and

(o)

A z n bn + (1-2) z nc.
n=1 n=1

{2.9)

I o~18

n{x b+ (1-A)c_}

n=1

fIA

1 -a,

which evidently completes the proof of Theorem 2.

We know from Theorem 2 that there are some extreme points of R(a).

THEOREM 3. Let

(2.10) qo(z) =1

and



v

(2.11) qn(z) =1 - [ (n 1).

Then the function q(z) is in the class ®(a) if and only if it can be expressed

in the form

(2.12) . a(z) = L Ay a (2,
n=0

where An 20 (nz0) and

(2.13) YA = 1.

PROOF. We assume that

o0

(2.14) q(z) = nzo A a,(2)
o (1-a)A
:1_2__._—11.211
n=1 n

Then, by appealing to Theorem 1, we have

@ (1—a)kn
(2.15) Y ne——2=(1-0)(1-A)) s 1 -a,
n 0
n=1
which implies that the function ¢(z) belongs to the class R(a).

Conversely, let us assume that the function q(z) defined by (1.1) is

in the class %(a). Then, since

1 -«

W

for n

1,



we can set

n bn
(2.16) T (nz 1)
and
(2.17) Ao=1 - Y A

Consequently, we have the representation (2.12), and the proof of Theorem 3

is completed.

COROLLARY 3. The extreme points of %(u) are qn(z) (n

Y

O) given by

(2.10) and (2.11).

3. SOME INTERESTING RELATIONSHIPS

: ' %
Silverman and Ziegler [9] gave a relationship between {(a) and J (a).
. NN i . - * B
We derive several interesting relationships between Q) and 7 (o), and

between %(a) and & (o).

THEOREM 4. Let the function q(z) defined by (1.1) be in the class £(a).

Then

z
J q(z)dz

*
is in the class J (a).

PROOF. We note that



z o bn n+l
(3.1) J q(z)dz = z - nzl —1lz -

joo
A
It ~18
o
A
—
i
Q

(3.2) ) cn+1-u)[
which, in view of Lemma 1, implies that

Z .
J q(z)dz e 7 ().
0

COROLLARY 4. Let the function q(z) defined by (1.1) be in the class

#(a). Then

Z
J {2¢° (z) + 1}dz

*
is in the class 7 (o).

PROOF. Since q(z) € #(e) if and only if

2q’ (z) + 1 € Q(a),

the proof of Corollary 4 is straightforward.

“THEOREM 5. Let the function £(z) defined by (1.6) be in the class

7*(00. Then £/ (z) is in the class @{2 (f oc)'

PROOF. Note that Lemma 1 gives



10.

° 1 -«
(3.3) 2 a1 = S
n=1
Therefore, we have
= -
(3.4) nzl (n+1)an+l =1 o+ o nzl a1
o
=1 - o

which implies that

£/ (2) « @[2 = a].

COROLLARY 5. Let the function f(z) be defined by (1.6). Then f£(z) is

*
in the class 7 (0) if and only if f7(z) 1is in the class §(0).

PROOF. Corollary 5 follows easily upon setting o = 0 1in Theorem 5.

THEOREM 6. Let the function f£(z) defined by (1.6) be in the class

$(a). Then £’(z) 1is in the class

JORYIPS: J.

o

PROOF. To prove that f’(z) e (o), we need only show that
(3.5) Z n(n+1)an+l =1 - a.

In fact, from Lemma 2, we obtain



11.

(3.6) y n(n+l)a ;= Y (n+1) (n+l-o)a_ ., =1 - a,
n=1 n=1
and
(3.7) V o(nella 1 - =
. n=1 n+l 2 -a’

showing that

Thus we have Theorem 6.

THEOREM 7. Let the function £(z) defined by (1.6) be in the class

*
7 (o). Then
f(z 1
(3.8) —%;l-e P(a) n @{2 . u).
PROOF. Since
f(z) _ < n
(3.9) —=1- ) a7,
n=1
we obtain
(3.10) z na. . o= z (n-1)a_ = Z (n-o)a_ =1 -a
n=1 n=2 n=2
and
oo B oo l
(3.11) : Z a .= 2 a £1-5——
n=1 n=2

Now the assertion (3.8) of Theorem 7 follows at once from (3.10) and (3.11).



12.

Similarly, we have

THEOREM 8. Let the function £(z) defined by (1.6) be in the class

£ (a). Then

+ o) -
s sl nefiis)

4, A MODIFIED CONVOLUTION PRODUCT

Let qj(z) (j = 1,2) be defined by

[i\%

(4.1) qj(z) =1- Y b .z (b 0).

We denote by q, * qz(z) a modified convolution product of two functions

ql(z) and qz(z), defined by

n
(4.2) q; *ay(z) =1 - nzl bn’1 bn’2 z .

We now consider the modified convolution products of functions in the classes

Q) and R(a).

THEOREM 9. Let the functions .(z) (i =1,2) be defined by (4.1). Also
93 —

let ql(z) € $(a) and qz(z) € R(B). Then the modified convolution product

q; * q,(z) defined by (4.2) is in the class F(o + B - aB).

PROOF. We have to find the largest vy = y(a,B) such that



(4.3)

or equivalently,

n
(4.4) ) (———-_——]b b .= 1.
ne1 1 Y, n,1 n,2
We note from Theorem 1 that
(4.5) y (1 L a}bn 51
n=1 ’
and
n
(4.6) ) {-——_—}b s 1.
n=1 1 B) n,2

By using the Cauchy-Schwarz inequality, we have

n [ -
(4.7) nZlV1 —o YT-8 oh,1 Pn,2 = L

Hence, if

n e n n
[ ]bn,lbn,2=‘/l—u‘/1—6

(4.8) —

for nz 1, we have (4.4).

Further, it is sufficient to prove that

1 < n
(4-9) T = (T=0) (1)

v
-

for n

13.
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It follows from (4.9) that

(4.10) y=1 - (l-alfl—s) .
Since
(4.11) o(n) = 1 - (1-azfl-83

is an increasing function of n (n =z 1), putting n =1 in (4.11), we
obtain

(4.12) vy = o(l) =a + B -ap < 1.

Thus

(4.13) a; * a,(z) € R(a + B - aB),

which proves Theorem 7.

In a similar manner, we can prove

THEOREM 10. Let the functions qi(z) (i = 1,2) be defined by (4.1). Also

let ql(z) e (o) and q,(2) € ©(B). Then the modified convolution product

q; * q,(2) defined by (4.2) is in the class Qo + B - aB).

THEOREM 11. Let the functions qi(z) (i = 1,2) be defined by (4.1). Also

let ql(z) € @(a) and qz(z) e $(B). Then the modified convolution product

q; * q,(z) defined by (4.2) is in the class f(a + B - aB).




5. THE FUNCTIONAL f (a)

We introduce the functional f(q) defined by
1 (?
(5.1) Ja = ;J a(2)dz,
0
and prove
THEOREM 12. Let the function g(z) defined b

Q(a). Then f(q) is in the class
1
%() n@{ ;O‘)-
PROOF. Note that
o bn 0
(5.2) J@=1- 1 |557l2
n=1
Hence
> bn ©
< =< -
(5.3) nzl n|—rv nzl b =1-a,
which implies that f(q) e £(a). Furthermore,
5.4 § no_1 E bos1- |Li2
(.4 ILPEE I U A S U

which shows that

15.
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In a similar way, we prove

THEOREM 13.. Let the function q(z) defined by (1.1) be in the class

Then f(q) is in the class
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