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Abstract

Supervisor: Professor G. W. Vickers

A novel approach for defining and fairing B-spline curves and surfaces
was developed in this work. The approach uses the error between the B-
spline approximation solution and the data vertices to iteratively adjust

the control vertices and hence the new curve or surface.

In the first part of the work, the errors are added iteratively to the
original data vertices to generate a new set of B-spline interpolation control
vertices. Consequently, the B-spline interpolation problems can be solved
by the B-spline approximation method. In addition, the errors can be easily
controlled to modify the control vertices at any region of the specified area.
This ensures that the resulting curves or surfaces meet design requirements,
especially the criterion for smoothness.

In the second part of the work, an iterative fairing algorithm, based on
checking the nature of the control polygon or polyhedron, is developed. For
curves, the sign of the cross-product at the control polygon vertices is used
as a tool to detect the fairness of the original data. For surfaces, the unfair
regions can be identified by irregular distributions of the B-spline error sign
matrix.

This work was done as a fourth order (degree three) B-spline, because
generally, in practical applications, only continuities up to a second degree
(curvature) are required. This approach has found a wide application in
representing curves and surfaces, which range from analytical functions to

human face to kayak hulls.
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Chapter 1

Introduction

1.1 Introduction

Mathematical models of curves or surfaces are frequently required in
computer-aided design and manufacture applications. The modeling re-
quires the construction of compact representations for given sets of data
points. The representations need to be flexible and be easily manipu-
lated. If the data points are accurate, the model can be constructed to
pass through the points. This process is called interpolation. If the data
points are in error, the model can be constructed to pass among the points.
This process is called approzimation. The choice of a particular model is
dictated by the requirements of the application. The selected model may
need to be modified until it meets some design constraint on smoothness
of form. This technique is called fairing.

The next two sections give a brief review of the most commonly used
curve and surface generation methods. A number of existing fairing tech-

niques are also discussed.

1.2 Literature Survey in Curve and Surface
Definition

There are several methods of defining curves or surfaces that have found

wide application in computer-aided design and manufacture. Early ap-



proaches were the Hermite curve interpolation and the Coons patch meth-
ods. Cubic Hermite interpolation uses a set of basis functions, which is
often referred to as the Hermite basis functions, to interpolate given posi-
tion and slope conditions. The approach gives a weighting to the position
and slope constraints that vary across the range. A difficulty with the
method is that it sometimes generates unexpected oscillations, particularly
with large number of points.

If the Hermite basis functions are used to blend four boundary curves,
the resulting patch is called a bicubic Coons patch. One of the great merits
of the Coons patch is that it does not require a particular form of boundary
curve. In practice, however, the most commonly used boundary curve is
the piecewise parametric cubic polynomial, which has sufficient flexibility
to meet both position and slope constraints at its ends.

Although the bicubic Coons patch has appeared in a number of practical
implementations such as the POLYSURF [15] and NMG (Numerical Master
Geometry) (29| systems, there are major disadvantages. One difficulty is
that the position, tangent and twist vectors, all generally of different orders
of magnitude, must be specified to describe the patch. The user does not
ordinarily have an intuitive feel for the behavior of twist vectors and the
effect they have on the surface. The mathematical expression of Hermite
basis functions and Coons patches are given in Appendix A.

Bezier curves and surfaces overcome these difficulties by using sets of
data points [14] to form a control polygon or polyhedron. The shape of
the curve or surface is controlled by the polygon or polyhedron but does
not, however, bear any close resemblance to the points. This is a useful
tool for interactive design of curves or surfaces by adjustment of the control

points. Bernstein polynomials form the basis functions for Bezier curves
and surfaces.

There are other shortcomings, however, with Bezier curves or surfaces.

One is that moving a single point of the control vertices will affect the



entire Bezier curve or surface because of the global nature of the Bernstein
polynomials. Another is that there are only sixteen conditions to specify
the bicubic Bezier patch and hence the flexibility of the shape description
is limited. If multiple patches are used, the degree of freedom per patch is
further reduced as position and slope matching at the patch boundaries is
required. Furthermore, the order increases proportionally to the number
of vertices used. The formulations for Bezier curves and surfaces are given
in Appendix B.

Recently, B-spline curves or surfaces have been used to overcome some
of these difficulties. The B-spline method [8,27] is based on the same kind of
control points as the Bezier technique; but instead of using Bernstein poly-
nomials as the basis functions, it employs B-spline basis functions (defined
and discussed in Chapter 2). The effect of each control point is limited to a
proportion of the span. This characteristic gives the better facility to make
alterations. In addition, the degree of the basis function is independent of
the number of the control points, so that a low degree B-spline curve or sur-
face can represent a complex shape. An efficient algorithm for computing

B-spline curve and surface approximations is given by de Boor [8].

1.3 Literature Survey in Curve and Surface
Fairing

To smooth or fair curves and surfaces, it is first necessary to detect
unsuitable regions and then to develop methods to remove them while at
the same time not unduly changing the shape. Recently, a number of
authors have investigated this problem [26,10,28,5].

Renz [26] uses the first and the second divided differences to detect
the data smoothness. Local corrections are performed on the first and the
second difference curves. The improved data points are then computed by

integration.



Poeschl [24] uses isophotes (lines of equal light intensity) to display ir-
regularities of a surface’s first and second derivatives as well as irregularities

of its Gaussian curvature. This method reveals discontinuities of the sur-

face’s derivatives at the common boundaries of surface patches. It can give
good results for curved surfaces but the method does not work well for flat
parts of a surface.

Hoschek [17] has shown that a polarity with respect to the complex unit
circle or the complex unit sphere can be used for detecting the undesirable
points on Bezier curves or surfaces. A point on a surface with vanishing
Gaussian curvature leads to singularities of the polar image (cusps, edges
of regression). These singularities can be easily seen on a graphic display.
The deviation can be removed interactively using the Bezier approach.

Recently, more attention has focused on the use of Gaussian curvature
as a mean of detecting unfairness in surface [10,28,5]. The Gaussian or
total curvature at a point on a surface is the product of the maximum and
minimum curvatures, and indicates whether the surface is locally elliptic,
hyperbolic, or parabolic (Gaussian curvature positive, negative, or zero).

Dill [10] used contours of Gaussian and average curvature combined
with color raster graphics to examine the fairness of a surface. He applied
this technique to toroidal and catenoidal test surfaces and to automobile
hood and fender surfaces. The results clearly show surface curvature dis-
continuities and hence provide an indication of surface fairness.

For many applications, it is the principal curvature that is of primary
interest. When a surface is to be machined by a spherical cutter, for ex-
ample, it is important to establish that the cutter radius is smaller than
the smallest concave radius of curvature of the surface if gouging is to be
avoided. For this reason, Beck (5] uses color-coded maps of the principal

curvatures as a tool to indicate unfair spots.



1.4 Problem Definition and Current Work

B-spline curves and surfaces are suitable for computer-aided design and
manufacture applications. However, a difficulty arises if the curve or sur-
face is required to pass precisely through a series of predefined data points.
Usually, for B-spline curve interpolation, a new set of control polygon ver-
tices can be obtained by solving a number of linear equations through a
band matrix solver [8]. For B-spline surface interpolation, it often requires
matrix inversion (28], which is computationally inefficient. In addition, if
the data base is large, the inversion may give erroneous results caused by
truncation and round-off errors. In order to apply more effectively the B-
spline method to the curve and surface interpolation problems, that is, not
only allow it to be suitable for shape design but also suitable for precise
shape representation, a new effective B-spline interpolation approach needs
to be developed.

Although several detecting methods have been developed, their correct-
ing methods have almost always been based on manual input. This work
is time consuming and requires a high level of skill. In addition, there is no
efficient method available that is particularly developed to fair or smooth
the B-spline curves or surfaces.

In the first part of this work (Chapter 3), a novel and efficient iterative
algorithm for defining B-spline interpolation curves and surfaces is devel-
oped. The difference or error between a B-spline approximation solution
and the actual data vertices is used to cumulatively modify the control ver-
tices in order to generate a B-spline interpolation solution. In the second
part of the work (Chapter 4 and 5), an iterative fairing algorithm for de-
tecting and smoothing B-spline curves and surfaces has been developed. In
the case of B-spline curves, the lack of smoothness is determined from the
cross products of the position vectors of the control polygon for a convex

curve. The unfair region is automatically detected and appropriately ad-



justed. In the case of B-spline surfaces, the unfair spots are identified by
the irregularities of the B-spline error sign matrix. The decision can then
be made on whether or not to correct these unfair regions. If the decision
is made to make a correction, then the corresponding modifications are it-
eratively made. The unique feature of this approach is that detection and

smoothing are done simply on the control polygons or polyhedrons and not

on the curves or surfaces themselves.

1.5 Thesis Plan

A definition and listing of the main properties of B-splines together with
the recursive algorithm are given in Chapter 2. In Chapter 3, an efficient
algorithm for B-spline interpolation is presented. The algorithm uses the
error between the original data vertices and the corresponding B-spline
approximation curve values to accumulatively adjust the control polygon
vertices. In Chapter 4, an iterative method to identify and modify unfair
spots on a B-spline control polygon is developed. The unfairness is detected
by using the cross products of the position vectors of the control polygon. In
Chapter 5, a similar smoothing procedure is developed for B-spline surfaces.
The irregularities of the parametric B-spline error sign matrices are used
as the indicators to the unfair spots on the control polyhedron vertices.
By iteratively determining these unfair regions and making corresponding
modifications, the faired control polyhedron vertices can be obtained. In
this way, the resulting B-spline surface satisfies the desired criterion of
smoothness. In Chapter 6, the conclusions and suggestions for further

research work are outlined.



Chapter 2

B-spline Approximation

2.1 Introduction

The B-spline method is a generalization of the Bezier technique. There
are a number of unique features (such as local support) that make it very
attractive to the designer. In this chapter, a brief review is given on the
definition of the B-spline basis functions, its main characteristics, recursive
computational algorithm, and B-spline curve and surface approximation

problems [8].

2.2 Definition of the B-spline Basis Func-
tions

The k** order (degree k — 1) B-spline can be defined as an appropri-
ately scaled k** divided differences of the truncated power function [8] (see
Appendix C for the definition of divided differences). A useful notation,
defining the truncated power function t* for any variable ¢t and positive

integer k, is given by

(2.1)

- & HE>0
+ 7 1 0 otherwise.



A knot vector, x, is defined as a vector of real numbers, called knots, in
nondecreasing order, that is, x = [zo,21,*-,Z,], such that z;_; < =z,
i=1,-+,q.

The #** normalized B-spline basis function of order k for the knot vector

x is denoted by B; ) and is defined by the rule [8]

Bia(t) = (zivr — 2)[mi -y zisa] (- — )5 (2.2)

The “placeholder” notation employed here is to indicate that the k** divided

difference of the function (z — t)f__l of the two variables z and t is to be

taken by fixing t and considering (z — t)%¥™" as a function of z alone. The

resulting number depends, of course, on the particular value of ¢ chosen,
i.e., the resulting number varies as ¢ is varied, and so the function B;; of ¢

is eventually obtained.

2.3 Properties of the B-spline Basis Func-

tions
2.3.1 Local Support

From the definition (2.2) above, it can be noted that B; x(t) has small

support, i.e.,

Bix(t) =0 for t & i, Ziyi]. (2.3)

For, if t & [z;,%is4], then g(z) = (z —t)%¥™" is a polynomial of degree < k
on [z;,ziyx) and therefore, [z, -,zi1k|g = O (see Appendex C, Theorem
C.1).

It follows that only k B-splines have any particular interval [z;,z;41]
in their support, i.e., of all the B-splines of order k for the knot vector x,
only the k B-splines B;_g41,ky Bj—k+2,ks *** Bjr might be nonzero on the

interval [z}, Z;41].



2.3.2 “Sum” Equal to 1
Definition (2.2) can be rewritten as (see Appendex C, Theorem C.1):
Bik(t) = [Zig1y - Tk (- — t)fl — [®éy =y Bognea] (- — t)i_l- (2.4)

Now take t in the open interval (z;,z;4+1), by the small support of the

B-spline basis function, the results are:

S Bilt)

1=j+1-k

Z B.-I;,(t)

j i
> [zl =03 = X [m g (- )57
i=j+1-k i=j+1-k

Il

= [Zijpn, s Tiak) (- — )57 = [Tigaops oy 2] (- — 8)57T

— A
The last equality comes about as follows. For ¢ in the open interval
(zj,zj41), the function g(z) = (z — ?..‘)’_E;1 is a polynomial of degree k — 1 on

[Zj4+1, Zj+k], so that, by Theorem C.1, 241, ,Zj4x|g = 1, while g = 0 on

[Zj+1-k, Z;], hence [Zj11-k, -+, z;]g = 0. Thus it can be concluded that

ZB,-_,,(t) = ’if Bix(t) =1, (2.5)

i=r+l-k

for all z, < t < z,.

2.3.3 Positive

Another property of the B-spline basis functions is that B; (¢) is pos-
itive on its support, i.e., B;(t) > 0, for z; < t < z;4x. This is proved in

the next section.



2.3.4 Recursive Computation

The direct evaluation of the B-spline B;x(t) from its definition (2.2)

as a divided difference has to be carried out with caution because of the

possible loss of significance during the computation of the various difference
quotients. Also, special provisions have to be made in the case of repeated
or multiple knots. To avoid these difficulties, de Boor [8] developed an
algorithm that uses a recurrence relation of the B-spline. The recurrence
relation can be obtained by applying Leibniz’ formula (see Appendix C) for

the k** divided difference of a product as follows

(z—t)5 = (z—t)(z—t)52

This gives
iy s ikl (- — )57 = (mi— )]z, mana] ( — )57 +
Uzigr, oy Zig] (- — 8)%72, (2.6)

since

[2:] (- — 8) = (z: — ¢),

[zi, ziva] (- — ) =1,
and

[Ziy+ =y zi](-—1t) =0 for 7 > ¢+ 1.
As a result
(zi — t)[ziy- -+ s Tivs] = ;1—__2‘_{[37:41,' i s$i+k] = [Ziye o s Titr-a]}s

equation (2.6) can also be stated as

10



- t—z; -
iy o+ Tik] (- — t)i Po= m—_;:[:‘i:"' s Tivk-1) (- — t)i 24
1 1
Tivk —

t -
m[miﬂa ey (- — t)i L 20

In terms of the (normalized) B-spline, (2.7) reads

Bix(t)  t—zi Bix-a(t) 4 Tk~ t Bit1,k-1(t)
Tivk — T§ Titk — Ti Tivk-1 — T¢ Tivk — Ti Titvk — Titl '

(2.8)

Note that the weight factors in this formula (2.8) always adds up to 1

t— o Tivk — 1
Titk _'-'51' + -’B.'::— Ti B
Also, both factors are positive for z; < t < z;4x. Therefore, if it is known
that Bji-1(t) > 0 for z; < t < z;4k-1, all 7, then, it can be concluded from
(2.8) that B;i(t) > 0 for z; < t < z;4,. This proves that the B-splines are
positive on their support.

By induction on k, starting with the evident fact

- 1 ifIgSt<$§+1,
Bia(t) = { 0 otherwise. (2.9)

The recurrence relation (2.8) can also be written as

t— x Zivg — ¢

Bix(t) = Bix-1(t) + = Biy1,-1(1), (2.10)

Titk—1 — T4 i+k — Tit1

where z; is the element of the knot vector and ¢ is the local parameter.
In words, (2.10) means that the B-spline of order k in the ** span is the
weighted average of the B-splines of order k —1 on the ¢** and (¢ +1)st span,

each weight being the ratio of the distance between the parameter and the

11



end knot to the length of the k — 1 spans. If the knot vector is chosen from
a set of integers, then the so-called uniform B-spline basis will be generated
using (2.9) and (2.10). Choosing the elements (knots) of the knot vector
from real numbers, still subject to z; < z;,;, will generate the non-uniform
B-spline basis. Figure 2.1 shows the fourth order uniform B-spline basis

functions. More discussion about the knot vector is given in Section 2.5.

2.4 B-spline Curve Approximation

To apply the B-spline basis function to the problem of curve approxima-
tion, let P; (¢ = 0,1,---,n) be n+ 1 ordered points in two-dimensional (or
three-dimensional) space. The open polygon formed by joining successive
points is referred to as the control polygon.

The parametric B-spline curve approximation of order k to the control

polygon is defined (8] as

n
R(t) = z;P.-B,-,.,(t), (2.11)
=

where 0 < t < ¢4z, and

R(t) is the parametric B-spline curve approximation, which has two or
three components for two or three dimensional curves respectively,

P; is the 1*» polygon vertex,

B; (t) is the normalized B-spline basis function,

t is the local parameter,

tmas is the maximum range of ¢, which is determined by the order k and
the total number of the control polygon vertices.

From the property (Section 2.2.1) of local support, it is noted that the
computation of B;(t) involves all the knots from z; to z;;; but no others,

that is
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B;i(t) >0 for z; <t < zix,
Bii(t) =0 otherwise.
These relations show that to evaluate the function R(t) at t € [z;, z;41],
it is necessary to calculate only k numbers of B;x(t),t =7 —k+1,---,7.

Then R(t) is given by

R(t): zj: .P.'B,’Ik(t). (2.12)

i=j—k+1

Equation (2.12) shows that, as a consequence of the local support of a
B-spline basis function, B-spline approximation is a local approximation
scheme. The summation in (2.12) involves, at most, k successive nonzero
terms. Therefore, a local perturbation in the control polygon produces only
a local perturbation in the B-spline approximation. This stands in contrast
to the Bernstein approximation, which is a global approximation scheme.
Since the B-spline weighting functions (basis functions) B; x(t) in (2.11)
are non-negative and sum to 1, each point on a B-spline curve is a convex
combination of the control vertices. Specifically, for a B-spline curve of
order k (degree k — 1), a given point lies within the convex hull of the

neighboring k vertices.

2.5 Knot Vector and Order

It is known that the parameter range for any order of a Bezier curve
[14] is arbitrarily chosen to be 0 < t < 1. For a B-spline curve, it is nec-
essary to deviate from this convention and use a knot vector to specify
the parameter variation for the curve. The number of intermediate knots
depends on the number of spans in the defining polygon. A duplicate inter-
mediate knots value indicates that a multiple vertex (span of zero length)
occurs at a point, and an intermediate knot value in triplicate indicates

three concurrent vertices (two zero-length spans). The restriction on the
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specification of the knot vector other than in nondecreasing order is that
the same value cannot appear more than k (the order) times. Specifically,

z; is a knot of multiplicity M, if
Ty = Tigl =+ = TigM-1, (2.13)

where M < k. The continuity of R(t) at this knot is reduced by M — 1.

Since the continuity at a knot would otherwise be C*~%, this means that in
general, the continuity at a knot is C¥M~-1,

It is convenient to use an evenly spaced knot vector with unit separation
between noncoincident knots. This gives integer values for the components
of the knot vector. Since there are n + 1 control vertices in the control
polygon, and each control vertex has a corresponding basis function, there
are n + 1 basis functions. Moving through the knot vector, each basis
function is nonzero over a successive set of k+1 knots. Thus, k+n+1 knots
define n + 1 basis functions that correspond to the n + 1 control vertices.
From this, it can be seen that the uniform knot vector with multiple end

knots is
0---0012:--¢qq - ¢

where ¢ = n — k + 2, that is

0 ifi=0,---,k—2,
z;, = 1t—k+1 fe=k—-1,---,n+1, (2.14)
n—k+2 ifi=n+2,---,n+k.

In addition to the knot vector values, the order of the curve must be
specified. The order of a curve is reflected in the knot vector that is used
to generate the curve. If the order k equals the number of polygon vertices
and there are no multiple vertices, then a Bezier curve will be generated.
As the order decreases, the curve produced lies closer to the defining control
polygon. When k = 2, the generated curve is a series of straight lines that

are identical to the defining polygon. For a third-order curve defined by
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five vertices, the values of ¢, = 4 — 3+ 2 = 3. The complete knot vector,
using the multiplicity of three at each end, is then given by [0001233 3.
For a second-order curve with four vertices, if the two center vertices are

made to coincide, the knot vectoris [00112 2 |.

2.6 Recursive Algorithm

The computational aspects of computing with B-splines have been con-
sidered by de Boor [8], who developed an algorithm that overcomes the
problems of numerical instability inherent in previous algorithms based
upon divided difference definitions of the B-splines. This is the essential
algorithm that is adopted for the computation of the parametric B-spline
curve approximations in this work. For the sake of completeness, the pro-
cedure is stated here for evaluating B-spline functions of the form in (2.11).

To be clear, the parameters used in the procedure are declared first as:

P; is the 1** vertex on the control polygon,

R; is the j** point on the resulting B-spline approximation curve,

k is the order of the B-spline basis function,

n + 1 is the total number of the control vertices,

z; is the ** element of the knot vector,

M is the multiplicity of the knot,

At is the increment of the local parameter ¢,

num is the total number of points defined on the curve in the current
knot interval,

ts and tg are the first and last parameter values of the current knot
interval,

NINT(z) is an internal function calculating the nearest integer of z.

The recursive procedure is as follows:

e Step 1. Calculate knot vector x according to the formula given in

(2.14). If there is an intermediate vertex that has multiplicity M
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(M < k), the corresponding knot will also have multiplicity M (see
expression (2.13)).

e Step 2. Initialize variables, 7 =0 and g = 0.

e Step 3. For L=k — 1 to n, do

— step 3.1. Fort =0ton+k —1,
find ¢, such that ¢+ = L and z; # =41, then set B;; = 1.0;
else, set B;; = 0.0.

— step 3.2. Compute tg, tz and num as
ts =z, if L = n, then set tg = z11;
else, set tg = zp41 — At.

tp — ts)

Set num = NINT( =

— step 3.3. For N = 0 to num,
set t =ts + N x At and
J=J+1
* step 3.3.1. For order = 2 to k, do
- step 3.3.1a. For 1 = 0 to n,

calculate B;opder using (2.10). If order = k, compute
parametrically the summation as
9= PFBi,+g.

* step 3.3.2. Store g in an array R; and reset g = 0.

2.7 Examples

Due to the flexibility of B-spline curves, different types of control can be
used to change the shape of a curve. Control can be achieved by changing

the integer order k for 2 < k < n + 1, by use of repeating vertices or by
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changing the number and/or position of nonrepeating vertices in the control
polygon. These effects are shown in the following figures.
Figure 2.2 shows three B-spline curves of different order, each defined

by the same four polygon vertices given by

—
o

o oW o
o O w

The second-order curve creates three straight lines between the four
vertices, the fourth-order curve corresponds to Bezier curve for the polygon
set, and the third-order curve produces a looser curve between the two end
points. As the order of a curve increases, the resulting shape looks less like
the defining polygon shape.

Figure 2.3 shows the effects of multiple vertices in the control polygon.
For each of the four curves shown, the order of the curve is equal to the
number of vertices in the defining polygon. The lower curve in Figure 2.3
is identical to the lower curve in Figure 2.2. The second lower curve in
Figure 2.3 is a fifth-order curve with a double vertex at (6,9). The third
curve is a sixth-order curve with a triple vertex at (6,9). The final seventh-

order curve has a defining polygon given by

COO o wWwo
[
Co©o©oOows

e.g., four multiple vertices at [6,9]. This figure clearly shows how a curve
can be pulled closer to a specific vertex position by use of multiple vertices.

In Figure 2.4 the control polygon vertices are
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for each curve. Here the curve is altered by changing the order of each
curve, keeping the defining polygon constant. The first curve is of order
seven. The second curve is of order five. This curve shape is closer to the
polygon shape, especially near the double vertex. The third curve is of
order three; notice that a “knuckle” occurs at the double vertex, since the
slope and curvature are discontinuous.

Figure 2.5 demonstrates the fact that local changes can be made without
affecting the entire shape of a curve. One can see that the last control vertex
has been moved to show how it only affects a parametrically limited portion

of the curve.

2.8 B-spline Surface Approximation

The parametric tensor product B-spline surface approximation to a con-

trol polyhedron can be defined [16] as

n m

Q(u,v) = > > VijBix(u)Bju(v), (2.15)

=0 =0
where
Q(u,v) is the B-spline surface approximation,
V;,; is the point forming a control polyhedron,

B; x(u) and Bj,;(v) are the normalized B-spline basis functions of order

k and [l along v and v directions respectively,
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u and v are the local surface parameters.

The shape of a B-spline surface is controlled by the polyhedron ver-
tices. All characteristics that B-spline curve approximation possesses can
be extended similarly to the B-spline surface approximation, e.g., since B-
spline basis function provides only local support, the extent of the surface

influenced by a given polyhedron vertex is limited.
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Figure 2.1: Fourth order B-spline basis functions.
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Figure 2.1: Tourth order B-spline basis functions.
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Figure 2.2: B-spline curves with different orders.
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Figure 2.3: Multiple vertex effect: B-spline curves with different orders,
defined on different number of the control vertices.
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Figure 2.4: Multiple vertex effect: B-spline curves with different orders,
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Chapter 3

Translation from B-spline
Approximation to B-spline
Interpolation

3.1 Introduction

In this chapter, a new efficient iterative algorithm for defining B-spline
interpolation curves and surfaces is developed. The difference between a B-
spline approximation solution and the data vertices is used to cumulatively
modify the control vertices in order to generate a B-spline interpolation
solution. The method converges rapidly to the interpolation solution and
is more computationally efficient than the current matrix inversion interpo-
lation solution. In addition, intermediate B-spline solutions are generated

between the extremes of approximation and interpolation solutions.

3.2 Error Definition

B-spline approximation has a variation diminishing property [8], which
means that the curve always lies within the convex hull of the enclosing
polygon, as shown in Figure 3.1. In general, there is always a difference
between each data vertex and the corresponding curve value. The error is

defined parametrically as the difference between the original data vertices
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F;’s, and the current parametric B-spline approximation curve values R;’s

at the relevant knot points as
E; =P, - R, (3.1)

for0<i:<n.

The values of R; at the end points of the curve are given by

Ry = By, (3.2)
R, = P, (3.3)

Since normalized B-spline basis functions have local support, the interme-

diate values of R; can be simply computed as 2]
R; = B;P; + B;_1Pi_y + Bi11 P41, (3.4)

where B; = %, B; 1 =}, Bjy; = },and 0<i < n.

For two-dimensional data points, (2.11) can be written as

Rz(t) = iPz"B.',k(t), (3.5)
By(t) = gf*yf&.ﬁ(t}. (3.6)

For equally spaced z values, P,’s, there is a linear relationship between R,
and t, hence the errors in the z component are zero. The total error E;
(3.1) at each control vertex can then be interpreted as E,; (y component) as
depicted in Figure 3.2. If the data points are unequally spaced in z values,
the errors occur both in z and y directions and given as E,; and E,, as

shown in Figure 3.3.
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3.3 Updating Control Polygon for Curve Fit-
ting

With data vertices equally spaced in the z direction, the control vertices
remain unchanged in the z values, as shown in Figure 3.2. The error E;
is added to the original data value Py (y component) to give a temporary
control value PTy;. The points (P,PTy)’s are then used as new control
vertices, thereby obtaining the temporary curve value RT,; corresponding
to the control vertex through (3.4). The error E,; = P,; — RT,; is again
calculated. If |E;| (0 < ¢ < n) is less than a given tolerance, the iteration
will terminate, otherwise PT), is updated to (PT,; + E,;) and the process is
repeated until the desired accuracy is reached. With data vertices unequally

spaced in the z direction, the control vertices in £ and y are processed
together, as shown in Figure 3.3.

Once the final control polygon is determined, the B-spline approxima-
tion to these points, which is a B-spline interpolation to the original data
vertices, can be obtained using de Boor’s algorithm. This algorithm re-
quires two additional vertices that are linearly interpolated in the first and
last spans of the final control polygon at one-third distance from each end.

The method can be readily extended to three-dimensional curves.

3.4 Iterative Algorithm

The procedure required to implement the algorithm is as follows:

e Step 1. Input original control data vertices P and tolerance €.
e Step 2. Store P in a temporary array PT, PT = P.

e Step 3. Calculate the current curve value R corresponding to each

new control vertex PT using (3.2), (3.3) and (3.4).



e Step 4. Compute the error between the original data vertex P and

current curve value R using (3.1).

e Step 5. Check if |E| < ¢, if yes go to step 6;
else, set PT = PT + E, go to step 3 (next iteration).

e Step 6. Linearly interpolate two points in the first and last interval
of the new control polygon formed by PT at one-third distance from

each end point.

e Step 7. Calculate the B-spline approximation solution to the final

control vertices.

3.5 Curve Fitting Illustration

To demonstrate the effectiveness of the technique and the very rapid
convergence from the approximation to the interpolation solutions, two
examples are given in Figures 3.4 and 3.5.

In Figure 3.4 the data vertices are derived from an analytical function
(v = sin(%F)). The B-spline interpolation solution after four iterations is

within a tolerance of 0.0001.
In Figure 3.5 a B-spline curve is fitted to the five data vertices given in

Figure 3.2 and has a tolerance equal to 0.001 after ten iterations.

3.6 Updating Control Polyhedron for Sur-
face Fitting

The same concept and similar algorithm can be applied to B-spline sur-
face interpolation. For the parametric B-spline surfaces given by (2.15)
with k£ = = 4 and uniform knot sequences, the surface points correspond-
ing to the control polyhedron vertices can be easily calculated. The four

sets of boundary points are determined using (3.2), (3.3) and (3.4). The
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interior surface points may be determined in an equivalent way to (3.4) and
given as
2 2

2 1
Qij = (5) Vi; + 3 X E(Vi—l,;’ + Vi +

2

1
Vij-1+Vijn) +(3) (Vierjo + Vi +
Vit1,i-1 + Vit1,j41), (3.7)

for0<i<nand0<j<m.

According to the values of Q; ;’s computed using (3.2), (3.3), (3.4) and
(3.7), the errors are determined and control polyhedron vertices updated
in a similar way to the procedure given previously. The B-spline surface
approximation to the final set of control vertices may again be calculated
using de Boor’s algorithm. The additional vertices are calculated along the

boundary spans.

3.7 Surface Fitting Illustration

B-spline interpolation solutions for two different surfaces are given in
Figures 3.6 and 3.8.
In Figure 3.6 the original data vertices all lie on an analytical surface

given by

_ 1.25 + cos(5.4y)
 6+6(3z—1)2°

(3.8)

The original control polyhedron formed by (11 x9) vertices and the B-spline
interpolation solution after five iterations are shown. The maximum error
between the interpolating surface data points and the given data vertices

is 0.0001 and the average error is 0.00002.
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In Figure 3.7 an arbitrary surface is defined by (6 x 6) data vertices.
The B-spline approximation and the control polyhedron are shown. The
B-spline interpolation solution after ten iterations is given in Figure 3.8.
The maximum and average error for B-spline interpolation solution after
ten iterations is 0.01 and 0.001 respectively.

An intermediate B-spline fit to a set of data, obtained by stereo pho-
togrammetry of a human face, is given in Figure 3.9. The face surface is
defined by (80 x 80) points and the fitted surface by (160 x 160) points. The
B-spline fit in this case was done so that the error above a certain level was
not added and hence the surface not adjusted at these points. As the error
at the periphery of the face was the largest, this had the effect of adjusting
only the interior surface. This selective smoothing gives a close interior fit
to the face and yet avoids the edge oscillations that would normally occur

with a regularly interpolated surfaces.

3.8 Summary

In this chapter, an iterative algorithm for B-spline interpolation is devel-
oped. The number of iterations necessary to achieve the final interpolating
curves or surfaces that satisfy a given tolerance is finite. The algorithm
is numerically stable and computationally efficient; it can handle a large
amount of sampled data well. Furthermore, the algorithm generates the
intermediate B-spline solutions between the two extremes of approxima-
tion and interpolation, which may be used as preferred curve or surface

definition.
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Figure 3.1: B-spline approximation and interpolation to four points.
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Figure 3.2: An illustration of the iterative algorithm for equally spaced z
values.
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Figure 3.3: An illustration of the iterative algorithm for unequally spaced
z values.
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Figure 3.5: B-spline interpolation to five arbitrary data vertices.
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Chapter 4

Fairing of Compound
Curvature Curves

4.1 Introduction

With approximation (or interpolation) of curves using the B-spline
method, the approximating curves may sometimes have undesirable inflec-
tion points. In some engineering applications, for example, fairing ship hull
lines, this is unacceptable. Although several methods of detecting this lack
of fairness have been developed, interpretation and correction of the data

are based on manual input. This work is time consuming and requires high
skill.

In this chapter, a semi-automatic, iterative detection and fairing tech-
nique based on the B-spline error methods given in Chapter 3 is presented.
The detection of lack of smoothness is based on the sign of the cross-product
of consecutive line segments of the control polygon. In this approach, there-
fore, all detection and correction procedures are made on the control poly-

gon and not on the curve itself.
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4.2 Development of Smoothing Technique

4.2.1 Detecting Unfair Vertices

It is well known that the B-spline approximation has a variation di-

minishing property, that is [16],
1. it approximates linear functions exactly, and

2. the number of intersections of the graph of the B-spline approximation
with any straight line (y = @ + bz) does not exceed the number of

crossings of that straight line with control polygon.

In brief, the variation diminishing property means that the approxi-
mation is always “smoother” in the sense of undulations than the control
polygon, that is, if the control polygon has no change of sign in curvature,
then neither does the B-spline approximating curve. Using these charac-
teristics, the smoothness of the approximating curve can be predicted by
checking the nature of its control polygon.

In order to simplify the problem, consider the two-dimensional concave

down polygon vertices, as shown in Figure 4.1. The control polygon vertex

vector is given by P. (0 <7< n), and the vector cross-product on a vertex

P; is defined as
CP. = (P.— P..y) x (P11 — P) (4.1)
for 0 <1 < n.

For the control polygon lying on the z — y plane, the vector CP; can

only have two directions, namely +Z or —Z. The concave down polygon is

defined as one whose vector cross-product (CP;) (0 < i < n) can only have
one direction, that is, the direction of —2.

For the sake of simplicity, denote that

o if C'_P.- is in the —Z direction, then CP; < 0,
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o if (ﬁ’.— is in the +2Z direction, then CP; > 0,

o if CP, equals to zero, then CP; = 0,

for all 0 < i < n.

To illustrate the detection procedure, based on the sign of the vector
cross-products (C P;’s) of the control polygon, the vertex P, of Figure 4.1 is
moved downwards, as shown in Figure 4.2. If the vector cross-products are
calculated along the control polygon, the resultant C P;’s will be negative
at all vertices, except at one vertex, (P), which is positive, C P, > 0. This
indicates that if a B-spline curve were formed from this control polygon,
an inflection point might occur around the vertex P;.

The same result is obtained if the vertices P, and P; of Figure 4.1 are
moved upwards while vertex P, is not moved, as shown in Figure 4.3. After
calculating the vector cross-product at vertices along the control polygon,
it is found that only CP, > 0. Therefore, if the vector cross-product at
one point is non-negative, its two neighboring points may also need to be

adjusted.

4.2.2 Determining the Range of Adjustment

In many practical applications, the two end points on the curve are
fixed. Thus the maximum range of adjustment is between the second and
second to the last vertex of the control polygon. For convenience, the
sequence marks of these two vertices are denoted ifirst and ilast.

The actual range is determined in two steps. In the first step, the first
and last sequence marks of the vertices whose vector cross-product are
non-negative are determined. For convenience, these two extreme position
marks are denoted as low and upper respectively. In the second step, the
sequence position marks immediately before low and after upper are taken

as the limits of the adjustment range. The possibilities for the limit position
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of the adjusting range with starting sequence mark, tbegin, and ending
sequence mark, tend, are given below.

At first, if low = upper, there are three possibilities, which are
e if low = 1 first, set 1begin = low and 1end = low + 1,
o if low = ilast, set ibegin = low — 1 and iend = low,

o if low # ifirst and low # ilast, set thegin = low — 1 and tend =

low + 1.

Next, when low # upper, there are four cases, which are

o if low # ifirst and upper # ilast, set tbegin = low — 1 and iend =

upper + 1,

o if low # tfirst and upper = ilast, set tbegin = low — 1 and 1end =
upper,

o if low = ifirst and upper # ilast, set tbegin = low and tend =

upper + 1,
o if low = ¢ first and upper = ilast, set tbegin = low and tend = upper,

In the following section, the problem of how to adjust the points whose

sequence position mark is within tbegin and rend will be discussed.

4.2.3 Adjusting Unfair Vertices

In order to adjust unfair vertices so that the resulting curve does not
deviate too far from the original curve, corrections made to a vertex are
restricted to a triangular area formed by the vertex and the two surrounding
vertices.

For convenience, denote that as shown in Figure 4.4,

e the line (L;) connecting P;_; and Piy, is associated with vertex P;,



e the unit vector N, which is perpendicular to line L; and satisfies the

condition,
(P1— Pii1) x N; > 0,

is the direction of adjustment for P,
e the distance between P; and L; is d;,

e the triangle consisting of P;, P;_; and P;;, is FP;’s associated triangle

At‘ ’
The adjustment to a vertex P; is given by

PN; = P, +ratel xd; x N, for CP; >0, (4.2)

and

PN; = P, — rate2 x d; x ﬁc for CP; <0, (4.3)

where PN; is the new control polygon vertex after a correction is made to
P;. The amount of correction can be controlled by adjusting rates (ratel,
and rate2). If ratel and rate2 are given about the same values, the result-
ing curve will go through the middle between the control vertices whilst if
ratel > rate2, the finishing curve will go closer to those vertices whose vec-
tor cross-products are negative, and vice versa. The curves corresponding

to different adjusting rates are shown in Figures 4.5, 4.6 and 4.7.

4.2.4 Other Remarks

For curves with two or more concave sections, it is necessary to divide
the curve in segments in which only a single sign of curvature is expected.
The dividing sequence marks (:first and ¢last) are required to be input
manually. If the control polygon is concave up, it can be first swapped

into concave down form and then swapped back after the fairing procedure
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is finished. If the curve is given in three dimensions, the curve can be
smoothed in two dimensions by considering the cases in the z —y and z — 2

planes respectively.

4.2.5 B-spline Approximation Smoothing Procedure

The steps in the detection and adjustment of the control polygon for
B-spline approximation are given below. First, the vector cross-product
values, CP;’s, for each segment range (¢ first,ilast) are calculated. If one
or more results of the cross-products are found non-negative, it implies
that unfair spots exist within the segment. The corresponding correction

is made according to equations (4.2) and (4.3). In this way, a set of tem-

porary vertices, PTN.—’s, (¢first < ¢ < ilast) are obtained. The values for
C P;’s are calculated for the temporary control polygon vertices (PN;’s). If
non-negative results are still found, the above procedure is repeated. The
iteration terminates when the cross-product at all vertices in the segment
becomes negative. A B-spline approximation curve is then fitted to the

final control polygon as shown in Chapter 2.

4.2.6 B-spline Interpolation Smoothing Procedure

With B-spline interpolation, the procedure described above is initially
undertaken. Once the final set of control polygon vertices is obtained,
the B-spline interpolation control polygon vertices, P7;’s, are calculated
using the B-spline error adding technique described in Chapter 3. The
cross-product check is then applied to the vertices, PT;’s. If unfair spots
are detected, the corrections are made to the corresponding first smoothed
vertices, PN;’s. To make sure that the result from the second correction
does not disturb the fairness obtained through the first smoothing proce-
dure, the newly adjusted vertices are passed through the first smoothing

process again. The whole procedure is repeated until the criterion of the
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cross-product check to the vertices, PT;’s, is satisfied. A B-spline approx-
imation curve to this control polygon actually gives a fully faired B-spline

interpolation to the original data.

4.3 Iterative Smoothing Algorithm

The steps required to implement the algorithm are as follows:
e Step 1. Input data file name.
e Step 2. Set the adjusting rates (ratel and rate?).

e Step 3. Identify curve segments and enter the dividing sequence

marks, tfirst and ilast, in which data points are to be examined.

e Step 4. Determine if any segment is concave down or concave up
within the above region. If it is concave up, swap the position of the

data points and set swap_flag = 1.
e Step 5. Go through the approximation smoothing procedure.

e Step 6. Decide if to smooth the data points further. If yes, go through

the interpolation smoothing procedure.
e Step 7. If swap_flag = 1, swap the final data points back.
e Step 8. Output the faired data file.
The flowcharts of the resulting computer program with relevant subroutines

are given in Figures 4.11 to 4.19.

4.4 Curve Smoothing Illustration

To illustrate the effectiveness of the technique, three examples are given
in Figures 4.8, 4.9 and 4.10.



In Figure 4.8, two curves are shown. One is a parabolic curve with
perturbations and the other is the corrected curve. It is clearly seen that
the corrections are only made around the region of disturbances.

The curves shown in Figures 4.9 and 4.10 represent the £ — y view of
two sheer lines of a single and double kayak hull. In Figure 4.9, the original
“concave down” data points show oscillations. The faired curve eliminates
these oscillations while preserving the original shape.

In Figure 4.10, the original curve is divided into three segments ac-
cording to convexity. The first and the last segments have concave up
characteristics and no inflection points, while the curve in the middle re-
gion should be concave down. However, the cross-product check indicates
that unfair spots exist. Corrections are made accordingly. The improved
data points (Figures 4.9 and 4.10) have been used for the single and double

kayak hull generation, respectively.
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0.00 - 2.00 4.00 6.00 B.00

Figure 4.1: A typical concave down polygon with its B-spline approxima-
tion.
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Figure 4.2: A concave down polygon with inflection point caused by moving
down vertex P,.
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0.00 ©2.00. 4.00 6.00 B.0D iC.00

Figure 4.3: A concave down polygon with inflection point caused by moving
up vertices P; and Ps.



Figure 4.4: The notation illustration.
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® Original Control Vertices F;
Ao Smoothed Control Vertices PN;
20
0.0 ¥ t + -
0.00 2.00 4.00 6.00 8.00

Figure 4.5: A faired curve to the control polygon vertices given in Figure 4.3
with ratel = 0.6, and rate2 = 0.3.
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® Original Control Vertices P;
4  Smoothed Control Vertices PN;
200
0 4 + + o
0.00 2.00 4.00 6.00 B.00

Figure 4.6: A faired curve to the control polygon vertices given in Figure 4.3

with rate2 > ratel.

10.00



54

®  Original Control Vertices P;

2.00 A  Smoothed Control Vertices PN;

0.00 2.00 4.00 6.00 8.00 10.00

Figure 4.7: A faired curve to the control polygon vertices given in Figure 4.3
with rate2 < ratel.
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6.00

0.00 1.00 2.00 3.00 4.00 5.00

Figure 4.8: A parabola with perturbations and its corrected curve.
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039

2.00 6.80 11.60 X 16.40 21.20

Figure 4.9: Original and improved sheer line of a single kayak hull (z — y
view).
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1.99
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149

049

0.00 6.18 12.39 18.59 24.79 30.99

Figure 4.10: Original and improved sheer line of a double kayak hull (z —y
view).
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ENTER RANGE
(I1tIlret & llast)
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CALL
SWAP_POSITION
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SMOOTH_PROCEDUREN1
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FURTHER SMOOTH? > 1
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Figure 4.11: Flowchart of the curve fairing program.
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INDICATOR = 1

YES

CALL
EXTREME_POSITION

A 4

CALL
ADJUST ING_RANGE

CALL

-~

ADJUST

‘P

RETURN

Figure 4.12: Flowchart detailing subroutine (smooth_procedurel).



CALL
ADD_ERROR

v

CALL
S|I1GN_CROSS_PRODUCT
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Y

INDICATOR = { 2 RETURN

CALL
EXTREME_POSITION

|

CALL

ADJUST ING_RANGE

CALL
ADJUST

CALL
SMOOTH_PROCEDURE

F 3

Figure 4.13: Flowchart detailing subroutine (smooth_procedure2).
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INDICATOR = 0
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Il = 11flret
=1 + 1 >
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CALCULATE
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I * i)
ISIGN(1)Y = { NO ISIGN(I) = -{
ISIGN(I) = 0
, I
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INDICATOR = {

NO /
I > llast 2

A

-

Figure 4.14: Flowchart detailing subroutine (sign_cross_product).
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Figure 4.15: Flowchart detailing subroutine (extreme_position).
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Figure 4.16: Flowchart detailing subroutine (adjusting_range).
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ADJUST VERTEX
USING EQ. (4.3)

ADJUST VERTEX
USING EQ. (4.2)
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NO
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RETURN

Figure 4.17: Flowchart detailing subroutine (adjust).
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Figure 4.18: Flowchart detailing subroutine (add_.error).
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FIND Ymax of
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|

Il = Iflrst — 1

| = 1+1

Y

|

2Ymax — Y (1)

Y1)

| > llast+1 ?

S

RETURN

Figure 4.19: Flowchart detailing subroutine (swap_position).
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Chapter 5

Fairing of Compound
Curvature Surfaces

5.1 Background Information

The method of detecting and fairing compound curvature surfaces is
analogous to the procedures for compound curvature curves given in Chap-
ter 4. The detection of unfairness using the vector cross-product method
is replaced by sign of the error between the data vertices and the B-spline
approximation at the control vertices. The resulting error signs are repre-
sented in a matrix format for further interpretation. This new approach,

called the error sign matriz method, can also be used for curves.

5.1.1 The Definition of the Error Sign Matrix

The parametric B-spline errors, E;; (0 < 7 < n, 0 < 5 < m), cor-
responding to the control polyhedron vertices V;;, can be calculated as

described in Chapter 3. The elements of the error sign matrix (S;;) are

defined as

0 if E;; =0,
S,',j' = 1 if E,"j >0, (5.1)
-1 if E; <0,
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Vertices at the four outermost corners of the surface are fixed and the error

at these four corners is 0. In order to distinguish them from non-corner ‘0’
elements, the value ‘-2’ is assigned to the four corner elements.
Error sign matrix identifies unfair regions of the control polyhedron,

which are then modified to obtain a fair surface. A surface has three cor-

responding error sign matrices, one for each of the three coordinates. If
the control polyhedron data vertices are based on linearly spaced z, y co-
ordinates, the z error sign matrix is the basis for surface fairing. However,
for irregularly spaced z,y data vertices, z, y and z error sign matrices
form the basis of the surface fairing. For the sake of simplicity, the control
polyhedrons with linearly spaced z and y data vertices are discussed first.

In the error sign matrix, the most frequently occurring element value is
called Sy,,., the second most frequently occurring element value is called
Smid, and the fewest occurring element value is called S,,;,. In Table 5.1
there are 32 elements whose value is 1, three elements whose value is —1, and
one element whose value is 0. Therefore, Spaz = 1, Spig = —1 and Sy, = 0.
In the whole matrix, if all the elements except that at the outermost corners
take only two values, Spis can be assigned arbitrarily a value of —3, as
shown in Table 5.2. Furthermore, if the elements have only one value,
i.e., a typical even distribution of the error sign matrix as is the case in

Table 5.3, then Sy, can be set arbitrarily to a value of —2.

-2 1 1111 -2
1 -1 1101 1
1 -1 -1 111 1
1 1 1111 1
1 1 1111 1

-2 1 1 11 1 -2

Table 5.1: Error sign matrix with Spin = 0, Spia = —1 and Spaz = 1.
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-2 1 111 1 -2
1 -1 1111 1
1 -1 -1111 1
1 1 1111 1
I 1 12 31 1 1

2 1 1111 -2

Table 5.2: Error sign matrix with Spin = —1, Spia = —3 and Spez = 1.

211111 -2
I 3T 1 11 1 1
1 1 1 32 1 1
i1 1 ¥ L3 4 1
1 1 L 11 X 1

-2 11111 -2

Table 5.3: Error sign matrix with Spin = —2, Spig = —3 and Spaz = 1.

5.1.2 The Definition of the Sub-Block

A sub-block is defined as a rectangular set of elements that enclose
all horizontally and vertically contiguous elements with value S, or Spig.
The particular value on which the sub-block is based (formed) is called the
“dominant” element value and is denoted S;. The notion of horizontally
and vertically contiguous elements is best explained by considering any two
sets of elements { S; 1, -+, S8;;, - ;g yand { Spjyeee, S, s Sy i}
In the first set, the elements are horizontal neighbors as they have the same
value. Similarly, in the second set, the elements are vertical neighbors; but
as there exists at least one common element, S;;, between the two sets,
they belong to the same sub-block.

Let w be the integer label for the sub-block. The extent of the sub-block
(w) is denoted as Ind,, 4, where 1 < ¢ < 4. Every element position, (,7),

in the sub-block satisfies
I"’dw,l a st B Indw,2a
and

Ind,s < j < Ind, 4.
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Furthermore, the number of dominant elements in the sub-block (w) is

denoted as Jn,,.

5.1.3 The Definition of Non-Convex Sub-Block

A non-convex sub-block is defined as one in which there are at least

two dominant elements surrounding at least one dissimilar element in either
horizontal or vertical direction. More precisely, assume that an element in
the sub-block is denoted as S;; (Indy; < ¢ < Indy,; and Ind,s < j <
Ind,4). A sub-block is defined as a non-convex form if there exists at
least one element, called the non-convex spot, S; ;, satisfying the condition

Sij # Sa; while at least one of the following two conditions hold:

1. There exists ¢ and i , which are in the range of Ind, ; < i <1and

s < J nd, 2, and satisfy the equation
S..r.:. — S‘-HJ» — Sd-

2. There exists j' and j", which are in the range of Ind, s < j' < j and

j<ji <I nd, 4, and satisfy the equation
Si,j‘ = Si,j" =55

Examples of non-convex sub-blocks are given in Tables 5.4 and 5.5.

5.2 The Classification of Matrix Sign Pat-
terns

There is a large but finite number of sign distribution possibilities for
any size of matrix. They can be interpretated in many ways, and as with
surface fairness itself, there is not a single correct answer. In this work, two
main types of matrix sign sub-block were selected as requiring modifications

to ensure surface fairness.

70



Case 1. The number of dominant elements in a sub-block are less than
or equal to four ( Jn, < 4 ), which means that the elements with
value S;, are surrounded by the elements with value Sp.... A typical

example is shown in Table 5.1.

Case 2. The sub-block is non-convex as shown in Table 5.4 and 5.5.

2 1 1 1 1 1 1 1 1 -2
-1 -1 1 1 -1 1 1 1 -1 -1
-1 -1 -1 1.1 1 1 -1 -1 -1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-2 -1 -1 -1 -1 -1 -1 -1 -1 -2

Table 5.4: Error sign matrix with non-convex subblock.

2 1 1 1 1 1 1 1 1 -2
-1 1 1.1 0 1 1 1 -1 -1
-1 -1 -1 1 1 1 1 -1 -1 -1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
-2 -1 -1 -1 -1 -1 -1 -1 -1 -2

Table 5.5: Error sign matrix with non-convex sub-block.

In order to automatically detect the irregular distribution states, it is nec-
essary to first separate the different sub-blocks, then to decide whether or

not to make modifications.

5.3 Recursive Sub-Block Definition

A recursive method is used to define sub-blocks. To explain the method
clearly, Table 5.6 is used as an example. Here S; is equal to S, which
is equal to -1. The matrix elements, S;;’s, which satisfy the condition,

Sij = Sa, distribute into four sub-blocks. In order to separate these four
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sub-blocks, the simplest way is to assign different values to the dominant

elements in the four sub-blocks. A convenient way to assign the values is

as follows.

-2 1 1 1 1 1 1 1 1 -2
-1 1 1 1 1 1 1 1 1 -1
-1 1 1 1 -1 -1 1 1 1 -1
-1 1 1 1 -1 1 1 1 1 -1
-1 1 1 1 1 1 1 1 1 -1

I ¥ 1 X I I 1L 1 3 1

1 1 1 -1 -1 -1 -1 -1 1 1

1 1 -1 -1 -1 1 -1 -1 -1 1
-2 -1 -1 -1 -1 -1 -1 -1 -1 -2

Table 5.6: Error sign matrix before separating different sub-blocks.

Assume in a sub-block, w (in the particular case given in Table 5.6
1 < w < 4), the dominant elements, S; ;’s, have the value of Sy, then S; s

can be reassigned with values of (w + 1), that is,
Sij = (w+1). (5.2)

The matrix, after separating different sub-blocks, is given in Table 5.7.

=2 11111111 -2
2 1 1 31 1 13241 B
21114 4111 3
211141111 3
211111111 3
i1 1 ¥ 331 1 1+ 1 T 1
1 115 5 5 5 5 1 1
115 5 5 15 5 5 1

-2 5 5 5 5 5 5 5 5 -2

Table 5.7: Error sign matrix after separating different sub-blocks.

The first step in the recursive search procedure is to check whether or
not the current position mark, (¢,7), is in the range of 0 < ¢ < n and
0 <7 < m, and if S;; is equal to S;. If either condition is violated, the

current search procedure terminates. Otherwise, S;; is given a new value
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using the formula (5.2). Taking S;; as a base, expansions are made in four
directions (lower, left, upper, right) to determine whether or not the values
of Si_1,j, Sij-1, Si+1; and S; ;11 are equal to S,. If it is found that one of
them is equal to Sy, then the particular element value is changed to (w+1).
Following, this new position is taken as a base, and the same expansions are
made again. The above procedure is repeated, until no more expansions
can be made. In this way, a new value (w+ 1) is assigned to every dominant
element in the sub-block (w).

The automatic separating sub-block method is based on linear scan-
ning the whole matrix, finding a element, S; ;, that satisfies the condition,
Si,; = Sa, setting the sub-block mark, w, and calling the search subroutine.
Thus the different values can be assigned to the dominant elements in the
different sub-blocks. In addition, the extreme position marks, Ind, 4, of

each different sub-block are determined.
The defining sub-block and search procedures are given respectively in

Algorithms 5.1 and 5.2.
Algorithm 5.1 ( subroutine defining sub-block )

e Step 1. Initialize, set w = 1.

e Step 2. For z =0 to n, do

— Step 2.1 For 5 = 0 to m, do

* Step 2.1.1. Determine if S;; = Sy. If yes, set w = w + 1;
else, go back to Step 2.1.

* Step 2.1.2. Call subroutine search (¢, 7, w) (as follow).

e Step 3. Fori=1tow —1,
initialize extreme marks, Ind;, (1 < ¢ < 4) and the dominant joining

numbers, Jn,, as

Ind;; = 9999,
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Ind;» =0,
Ind; 3 = 9999,
Ind;4 =0,
Jn; =0,

e Step 4. For 1 =0 to n, do

— Step 4.1. For 7 =0 to m, do

* Step 4.1.1. Determine if S;; > 2. If false, go back to
Step 4.1;

else, set w = S;; — 1 and Jn,, = Jn, + 1.
* Step 4.1.2. Determine if ¢ < Ind,, ;. If true, set Indyi =1.
* Step 4.1.3. Determine if ¢ > Ind, ;. If true, set Ind,; = 1.
* Step 4.1.4. Determine if j < Ind, 3. If true, set I Ndys = 7.

* Step 4.1.5. Determine if j > Ind, 4. If true, set Ind, 4 = j.

Algorithm 5.2 ( subroutine search (i, 7, w))

e Step 1. Determine if 0 < 7 < n. If false, go to Step 9.

Step 2. Determine if 0 < j < m. If false, go to Step 9.

e Step 3. Determine if S;; = S;. If false, go to Step O.

e Step 4. Set S;; = w.

e Step 5. Based on the position mark of (i—1, 7), call search (i —1, j,w).
e Step 6. Based on the position mark of (7, j—1), call search (3,5 —1,w).
e Step 7. Based on the position mark of (i+1, 5), call search (i+1, 7, w).
e Step 8. Based on the position mark of (1, 7+1), call search (i, +1,w).

e Step 9. Return.
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5.4 Local Modifications

Once the sub-blocks are identified, polyhedron vertices may need to be
changed. With Case 1 sub-block, it is likely that all the dominant elements
of the sub-block require adjustment so that a matrix of single sign elements
exists. With Case 2, it is likely that any minority elements of the sub-block
surrounded by the dominant elements of the sub-block should be changed,
thus giving an even variation in the sub-block.

The user is given the option of adjusting each sub-block previously iden-
tified. This is a manual override to the program that enables certain irreg-

ular feature of the surface to be retained if required.

5.4.1 Range Location

In either of the above cases, if a vertex V;; needs adjustment, the
neighboring points are also modified to account for the local support of the
B-spline basis functions. The range of the neighborhood that needs adjust-

ment are denoted by istart, iend, jstart and jend, that is, any position

mark, (¢',7'), in the range, satisfies the following conditions
istart < i < iend,

and
jstart < j' < jend.

According to the position of (7, 5), there are five situations to determine

the range, they are,
o if i =0, set ¢start =1, tend =1+ 1, jstart = j — 1 and jend = 5 + 1.
o if j =0, set tstart =1 — 1, tend =i+ 1, jstart = j and jend = 5 + 1.
e if 1 = n, set tstart =1 — 1, tend = 1, jstart = 7 — 1 and jend = 5 + 1.

o if j = m, set istart =¢—1,7end =i+ 1, jstart = j—1 and jend = j.
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o ift £#0,¢ #n, 7 #0and j # m, set istart =1 — 1, tend =1+ 1,
jstart =7 —1 and jend =7 — 1.

5.4.2 Adjusting Unfair Vertices

The amount of adjustment to vertices within the above range is dis-

cussed below. For convenience, the following terms are denoted first:

e SUM, is the sum of the absolute errors in the range,

e SUM, is the sum of the absolute parametric vertex values in the
range,

e C, is the average relative change in the vertices set by the user,

R,, is the ratio between SUM, and SUM,,

Coeff is the ratio between C, and R,,, and

D is the distance between an arbitrary position mark, (1, 3"), in the

range and the center, (¢,7), of the range, that is
D = Abs(i' — i) + Abs(j' — 7). (5.3)

The first step in the modification is to set the value of C,, e.g., assume
that the surface errors are in the range between 1% and 0.1%, then C,
can be set reasonably to 0.1%. Next, the values of SUM, and SUM, are
calculated, and R,, and Coeff are obtained using the following formulas,

(5.4) and (5.5) as

SUM,

Reo = SUM,’

(5:4)

Coeff = gr ; (5.5)
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The modification made to a arbitrary vertex point, Vi ;#, can be com-

puted as follows,
VN‘.IJJ = V'-f}ji — Weight x Coef f x E,-'}," (56)

where VN,-rljc is the new control polyhedron vertex after a correction is

made to Vi o+, and Weight is determined by the value of D. A set of

1.7

commonly used value setting is given as

1 D=0,
Weight =< 0.6 if D=1, (5.7)
0.1 D=2

From formulas (5.6) and (5.7), it is found that for the fixed values of
Weight and Coeff, the amount of correction made to a vertex is pro-
portional to the error at that position. This enables the elimination of
undesirable “peaks” and “valleys” on the resulting surface. As the modifi-
cations are focused on the center of the range, the corrections made to the
neighbouring points are appropriately relaxed. The parameter, Weight,

determines the relaxation at various positions in the range.

5.4.3 Relevant Algorithms

For the sake of completeness, the algorithms to implement the above
procedures are given below.

Algorithm 5.8 (subroutine classify)
e Forll =2 to w,

— Determine if Jny—y > 4. If true, call subroutine case 1;

else, call subroutine case 2.
Algorithm 5.4 (subroutine case 1)

e Step 1. Determine if the current sub-block needs modification; if yes,

then
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— Step 1.1. For ¢ = Indy_, 1 to Indy_, 2, do

* Step 1.1.1. For j = Indy_,3 to Indy_, 4, do

- Step 1.1.1a. Determine if S;; < 2. If true, go back to
Step 1.1.1;

else, call subroutine range and set repeat = 1.
Algorithm 5.5 (subroutine case 2)

e Step 1. For ¢+ = Indy_,, to Indy_,,, do

— Step 1.1 For j = Indy_y3 to Indy_1 4, do
* Step 1.1.1. Determine if S;; < 2. If false, go back to
Step 1.1.
* Step 1.1.2 For jj = j to Indy_; s increment —1, do
- Step 1.1.2.A. Determine if S; ;; = Il. If false, go back to
Step 1.1.2.
- Step 1.1.2.B. For jj = j to Indy_, 4, do
- Step 1.1.2.B1. Determine if S;;; = ll. If false, go back
to Step 1.1.2.B;

else, call subroutine range, set repeat = 1 and go to

Step 1.1.
*+ Step 1.1.3 For 12 = ¢ to Indy_;,; increment —1, do
- Step 1.1.3.A. Determine if S;;; = ll. If false, go back to
Step 1.1.3.
- Step 1.1.3.B. For #1 = 1 to Indy_; 3, do
- Step 1.1.3.B1. Determine if S;;; = ll. If false, go back
to Step 1.1.3.B;

else, call subroutine range, set repeat = 1 and go to

Step 1.1.



Algorithm 5.6 (subroutine range)

o Step 1. Determine if E;; = 0. If true, calculate the average error in

the range, update the vertex by adding this average error, and go to

Step 8.

e Step 2. Determine if 1 = 0. If true, set istart = i, tend = 1 + 1,

jstart = 3 — 1, jend = 7 + 1 and go to Step 7.

e Step 3. Determine if j = 0. If true, set istart = ¢ — 1, tend =1 + 1,
jstart = 3, jend = 7 + 1 and go to Step 7.

e Step 4. Determine if ¢+ = n. If true, set istart = 1 — 1, tend = 1,

Jstart = 3 — 1, jend = 7 + 1 and go to Step 7.

e Step 5. Determine if 7 = m. If true, set tstart =1 — 1, tend =1 + 1,

jstart = 3 — 1, jend = j and go to Step 7.

e Step 6. If 2+ # 0, 5 # 0, ¢+ # n and 7 # m, set istart = ¢ — 1,
tend=1+1, jstart =5 — 1, jend = 5 + 1.

e Step 7. Call subroutine modify.

e Step 8. Return.
Algorithm 5.7 (subroutine modify)

e Step 1. Initialize variables and set C,.

e Step 2. Calculate sum (SUM.,) of the absolute errors, E; ;’s, and sum
(SUM,) of the absolute vertices, V; ;’s, where (istart < ¢ < tend and

Jstart < j < jend).

e Step 3. Compute values of R,, and Coeff using the formulas (5.4)
and (5.5).



e Step 4. For 11 = istart to iend, do
— Step 4.1. For j7 = jstart to jend, do

* Step 4.1.1. modify vertex using equation (5.6), (5.7) and
(5.3).

5.5 B-spline Approximation Smoothing Pro-

cedure

The first step in the fairing procedure is to calculate the error at the
vertex, V;; (0 < ¢ < n, 0 < 57 < m), using the method described in
Chapter 3, and obtain the corresponding error sign matrix. Then the values
of Spmin, Smia and Spa, are computed. If S, is equal to —2, then by
definition, it means that the matrix has a regular distribution, as shown in
Table 5.3, and the fairing procedure is terminated. If Sy is equal to —3,
that is, two values occur in the matrix as shown in Table 5.2 (the elements
at the most outside four corners are not considered here), then S; can be set
equal to Spin. The sub-block identification procedures are then performed
based on the dominant elements, and the type of the irregularities of the
different sub-blocks are classified, and the corresponding modifications are
made. If Spn # —2 and S,,;q # —3, that is, three values occur in the
matrix, as the example given in Table 5.1, then S; is set at first equal
to Smi¢ and the procedures just described are followed. Next, S; is set
equal to Spin, and the same procedures are executed. The total procedures
described above are repeated until all the irregular distributions of the

vertex error sign matrix disappear.
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5.6 B-spline Interpolation Smoothing Pro-
cedure

In order to do B-spline interpolation, a given set of data points is
smoothed by the procedure described above. Once the final set of control
polyhedron vertices is obtained, the B-spline interpolation control polyhe-
dron vertices, PT’s, are calculated using the error adding technique de-
scribed in Chapter 3. This set of control vertices is again checked for
smoothness and unfair region is modified in the original set of vertices.
It is observed that error sign matrix of this new set of control vertices
enhances any potential undulations that might exist within the original

vertices. To ensure that the result from the second correction does not

disturb the fairness obtained through the first fairing procedure, the newly
modified vertices go through the first fairing process again. The whole pro-
cedure is repeated until all the irregular distributions of this new vertex

error sign matrix disappear.

5.7 Other Remarks

The fairing procedure described above can modify the undesired regions
while preserving the feature of the original surface. Additionally, in this
method, a range for a sub-block can be defined by the user to deal with
unforeseen situations. This feature is useful for smoothing data with large
errors. In Table 5.8, although the number of contiguous dominant elements
are greater than four and the sub-block is convex, the manual override
feature can be used to fair the control polyhedron and obtain the total

convex surface.

If z, y coordinates of the data vertices of the control polyhedron are
sparsely spaced, there are two possible ways to smooth the surface. One is
to check and modify the error sign matrices of z, y and z simultaneously.

The second is to first compute the surface interpolating the original data
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vertices, then to obtain a new set of control vertices, which have linearly
spaced z, y coordinates. Next, a new error sign matrix (in z) is calculated

and the fairing procedure described above is performed.
5.8 Surface Smoothing Illustration

During the course of this work, many examples were tested to demon-
strate the effectiveness of the technique. Four representative examples are

discussed below.

In Figure 5.1, the control polyhedron vertices before the correction are
derived from a known analytical function, and a small error was introduced
at one vertex in z coordinate. Table 5.9 shows the z error sign matrix.
It can be seen that the whole matrix has the same value except at one
element. The opposite error sign indicates the position of the unfair spot.
The control polyhedron vertex after the adjustments eliminate the error,
and the new error sign matrix is given in Table 5.10.

The control polyhedron vertices given in Figure 5.2 were also obtained
from a known analytical equation, and small perturbations were introduced
at two vertices. As one can see from the the error sign matrix shown in Ta-
ble 5.11, there are five sub-blocks. Two sub-blocks with dominant elements
value 2 and 4 are modified. The local corrections are made iteratively only

in these two sub-blocks, until the irregularities disappear. The error sign

=21 1 1 1111 -2
11 1 1 1111 1
11 1 1 1111 1
1 1-1-1-1111 1
11 -1 -1 1111 1
11 1 1 1111 1
L X 0B T LI X 1 1
11414 1 1T 1+ 31 1 1 1

=21 1 1 1111 -2

Table 5.8: Error sign matrix with irregular distribution.
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-2
1
1
1
1
1
1
1

-2

221111111

11111111

11211111

11111111

11111111

11111111
11111111

11111111

221111111

Table 5.9: Error sign matrix with irregular distribution.

-2

21111111

1
1
1
1

11111111

11111111
11111111

i 1 3 1 4 4 1 41

1
1
1
-2

11111111

1 11 11 1% 1 1
11111111
21111111

Table 5.10: Error sign matrix after correction is made to Table 5.9.

-2

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1

2
-1
-1
-1
-1
-1
-1
-1
-1
-1

2
2
2
2
-1
-1
-1
-1
-1

2

2

-2

2
2
2
-1
-1
-1

-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
-1
-1
-1

4
-1
-1
-1
-1

5
5
5

5

5
5

-2

-1 5

2

Table 5.11: Error sign matrix with irregular distribution.



matrix after modification is shown in Table 5.12.

The original data vertices given in Figure 5.3 are developed by linearly
blending a parabola and a straight line. Errors are introduced at certain
vertices. The corresponding error sign matrix have four sub-blocks, in
which two sub-blocks, whose dominant elements are 4 and 5, are classified
as need modifications. Appropriate corrections are made iteratively and
the new error matrix is given in Table 5.14.

The fairing procedure developed in this chapter was used to design the
surface of a kayak. Data points were digitized from rough sketch showing
the feature of the hull. Figure 5.4 shows the front part of the kayak. As
surface data was unevenly spaced in y and 2z, their error matrices were
faired and the modified polyhedron was used to generate the hull surface.
The single and double kayak hulls (half) are shown in Figure 5.5 and 5.6

respectively.

2 -1 2 2 2 -1 -1 -1 -2
2 2 2 2 2 2 -1 -1 3
2 2 2 2 2 -1 -1 -1 3

-1 2 2 2 2 -1 -1 -1 -1

-1 -1 -1 2 -1 -1 -1 -1 -1

-1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1 -1 -1
-1 -1 4 4 -1 -1 -1 -1 -1
4 4 4 4 4 -1 -1 -1 5
-2 -1 4 4 4 -1 -1 -1 -2

Table 5.12: Error sign matrix after corrections are made to Table 5.11.
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-2

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

5

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
-1
-1

4

4
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1

2
-1
-1
-1
-1
-1
-1
-1
-1

-2
2
2
2

4
-1
-1

2
-1
-1
-1
-1
-2

-1
-1
-1
-1
-2

5
5
-1

5
-1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1

-1

Table 5.13: Error sign matrix with irregular distribution.

-2

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1

-1
-1
-1
-1

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

-1

-2

2
-1
-1
-1
-1
-1
-1
-1
-1

2
2
2
2
-1
-1
-1
-1

-1
-1
-1
-1
-1
-1

-1
-1
-1
-1
-2

1

4

4

4

4
4
-1

4
-1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1

-1

-2

Table 5.14: Error sign matrix after corrections are made to Table 5.13.
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0.00 il.39 0.79 1.19 1.59

Figure 5.1: Perspective views of the control polyhedrons before and after
the corrections.
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0.00 0.38 0.79 1.19 1.59

Figure 5.2: Perspective views of the control polyhedrons before and after
the corrections.

1.99



3.00 .

.40 |

=200 -4

Z
-1.80 1
5.40
-4.99 " + # + ]
-4.00 ~2.20 -.41 Y 1.39 3.18 4.98

Figure 5.3: (y — z) views of the control polyhedrons before and after the
corrections.
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Figure 5.4: (y — z) views of the kayak hull before and after the corrections.
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gingle kayak

135,63

167.22

view of a single kayak hull.

Figure 5.5: Perspective
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double kayak
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126.97

" 48.50

87.74

9.27

view of a double kayak hull.

Figure 5.6: Perspective



Chapter 6

Conclusions and Further Work

6.1 Conclusions

In the first part of this work, a novel and efficient B-spline interpola-
tion algorithm was developed. Instead of using the conventional matrix
inversion method, it employs B-spline errors to update the control vertices
iteratively. The method not only gives a complete interpolation solution,
but also can generate a number of intermediate solutions between the ap-
proximation and the interpolation. Furthermore, according to the require-
ments, the B-spline errors can be used to modify, in a controlled manner,
any particular area of the curve or surface.

In the second part of the work, simple iterative fairing algorithms based
on checking the nature of the control vertices were developed. Using the
sign of the cross-product at control polygon vertices, the characteristics of
the control polygon are determined. This leads to the prediction of the
fairness of the resulting curve.

Similarly, with the aid of the control polyhedron vertex error sign ma-
trix, the unfair areas of the control polyhedron can be identified. In either
case, all the modifications needed are made automatically and iteratively.
The work enables the B-spline method to be applied more effectively to
curve and surface definitions in engineering, specially in computer-aided

design and manufacture applications.
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6.2 Further Work

Presently, only the fourth order B-spline interpolation solution has been
solved efficiently. Although the concept of adding the B-spline error to up-
date the control vertices can be extended to any order of B-spline interpola-
tion problems, a simple and effective algorithm to calculate the error needs
to be developed. In addition, in order to apply the error sign matrix method
more efficiently when z, y coordinates of the control polyhedron vertices
are arbitrarily located, non-uniformly spaced knot vectors may be used and

the corresponding error calculation formula is required to be developed.
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Appendix A

Hermite Interpolation and
Coons Patch

A.1 Hermite Interpolation

It is known that interpolation to both position and slope constrains is

called Hermite interpolation. Assume {P,, Py,---,P, } be n+ 1 points to
be interpolated and {Pj, P}, ---, P! } be the corresponding values of the

first derivative vector. Parametrically the ¢** curve segment is described as

Ri(t) = 30 3 hix(t) PLiss- (A.1)

7=0k=0

The functions h;i(t) are the cubic Hermite basis functions

hoo(t) = 2t°—3t? +1, (A.2)
hoi(t) = —2t°+ 3¢, (A.3)
hio(t) = t*—2t% +1t, (A.4)
hu(t) = -4, (A.5)

A.2 Coons Patches

One of the first method for surface representation was proposed by

Coons. The basic idea is to create a patch by blending four boundary
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curves. A simple Coons patch can be expressed as

Q(u,v) = Z(;a.-(u)F(i,v) + gaj(v]F u,J

~ 33" au(way(0) ). (A.6)
i=0 j=0

Here, F(u,0), F(u,1), F(0,v) and F(1,v) are the boundary curves; F(0,0),
F(0,1), F(1,0) and F(1,1) are the corner points; and ao(t) and ay(t) are
the blending functions. The blending functions satisfy o;(5) = &, where
6;; is the Kronecker delta. This simple Coons patch does not constrain
the cross boundary derivatives; thus it is not possible to ensure continuity

higher than positional when using composite patches.
For first derivative continuity this method is extended so that the cross-
boundary derivative can be specified. This requires four blending functions,

hoo(t), hoi(t), hio(t), and hq1(t). The patch is now written

Qu,v) = ZZF"D(z v)hyi(u)

1=0 r=0
1 1
+2. 2 F*(u,5)hsj(v)
=0 a=0
1 1 1! 1

- Z z Z Z F (1, ) hei(w) hs i (v), (A.7)

1=0 7=0r=0 s=0
where

3°t F(u,v)

Fd,b(ui’ v,-) - oudv

lu = uiyv = v;.

One way to simplify Equation (A.7) is to use the following boundary func-



tions

1 1

Fo(u,g) = 220 F™*(4,5)his(u), (A.8)

=0 r=0

and

11
Fro(i,0) = 3.3 F™(i,5)hja(v). (A.9)
7=028=0
Substituting Equation (A.8) and (A.9) into (A.7), the three terms are now

equal, and thus Equation (A.7) reduces to

Q0) = 3333 (i i) () has(v), (A.10)

1=0 =0 r=0s=0

The blending functions have to satisfy

hoi(7) = hy(s) = &, (A.11)
hi(f) = ha(s) =0. (A.12)

these conditions are satisfied by the cubic Hermite basis functions given in
Equations from (A.2) to (A.5).

The simplified Coons patch is completely defined in terms of four points,
eight first partial derivatives and four second partial derivatives at the
outermost four corners, also known as the position, slope and twist. Large
surfaces are defined by a mesh of such patches. Point and slope continuity

for bicubic patches can be ensured by only matching the corner quantities.
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Appendix B

Bezier Curves and Surfaces

B.1 Bezier Curves

A Bezier curve is associated with the “vertices” of a polygon which

define the curve shape. In general, an n'* degree Bezier curve is defined by

n + 1 vertices as
n
R(t) =) _PBin(t), 0<t<l. (B.1)
e
Where P; is the ** control vertex, and

n! p 3y
(1 - )™,

Pl = =iy

is the so called Bernstein polynomial basis function.

B.2 Bezier Surfaces

A Bezier surface is a tensor product of Bezier curves. It is defined by
a set of control vertices, V;;’s (0 <7 < n,0 < j < m), in three-dimensional
z—y—z space. A point on the surface is a weighted average of these control

vertices. That is,

Q(u,v) = E > VijBin(u)Bjm(v), 0<u,v<1. (B.2)
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Appendix C
Divided Difference

Definition
The k** divided difference of a function g(z) at the points z;,- -+, Zi4, is
the leading coefficient (i.e., the coefficient of z* ) of the polynomial of order

k + 1 which agree with g(z) at the points z;,- -+, zi+x [8]. It is denoted by

[Ziye s Tita]g-
Theorem C.1
The k** divided differences of a polynomial g(z) of degree k are all equal,
and the (k + 1)** divided differences are consequently all zero (see Faux [14]
for proof).
Theorem C.2

The computation of a divided difference can be carried out recursively

[14], that is

Tst1y" s T — | Ty y Tp—
[:c,,---,zg]gz [ +1 t]g [ t 1]9_ (C.l)
Ty — T,
Leitbniz’ Formula
If f = gh,i.e., f(t) = g(t)h(t), for all ¢, then
i+k
(@i szirslf = D ([0 %)) (@ meal).  (C.2)

see de Boor [8] for the proof.



Appendix D

List of Symbols

Bi(t) the ¢** normalized B-spline basis function of order k
z; the i** element of the knot vector

P; the #** control polygon vertex

R(t) the parametric B-spline curve approximation

k the order of the B-spline basis function

M the multiplicity of the knot

R; the 7** point on the B-spline approximation curve
Q(u,v) the B-spline surface approximation

PT; the i** temporary control vertex

PT,; the 1** temporary control vertex value in y

Vi; the control polyhedron vertex

Q;; the** and j** B-spline approximation surface point corresponding to

Vi

C’_P,- the vector cross-product on a vertex P;
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P;  the i** control polygon vertex vector

PN, the i** new control polygon vertex vector after a correction is made

—

to P;
Smaz the most frequently occurring element value in the error sign matrix

Smia the second most frequently occurring element value in the error sign

matrix
Smin the least frequently occurring element value in the error sign matrix

S; the dominant element value
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