Maximizing Spanning Tiees m Almost Complete Graphs
by

Bryan John Gilbert
B Sc (Hon ), University of Victoria, 1993

A Thesis Submitted 1in Partial Fulfillment of the
Requirements for the Degree of

MASTER OF SCIENCE

in the
Department of Computer Science

We accept this thesis as conforming
to the required standard

Dr Wendy Myrvold, Supervisdr (Dept ~of Computer Science)

Dr Dale Olesk\ Depaltmental Meml ser (Dept of Computer Science)

Dr Ahmed Sourour, Outside Examiner (Dept of Mathematics)

Charles Suffel, Extérnal Examiner (Stevens Institute or Technology)

(© BRYAN JOHN GILBERT, 1995
Umniversity of Victoria

All nights reserved This thesis may not be reproduced mn whole or mn part, by
photocopy or other means, without the permission of the author



11

Supervisor Dr Wendy Myrvold

Abstract

We denote the class of simple graphs with the same number of vertices, n, and same
number of edges, €, by Q(n,e) A graph in Q(n,e) that has the most spanning trees
1s called Sp-optimal Kel’'mans and Chelnokov and independently Shier showed that
the Sp-optimal graph in (n, (Z) - m), where m € (0, L%J], 1s the complement of a
matching This thesis characterizes the Sp-optimal almost-regular graphs in the class
Q0 <n, (’;) - m), where m € ([%J ,n] Peting: characterized the Sp-optimal graphs for
m up to n — 2 and for m up to n when m 1s divisible by three Within the context
of almost-regular graphs we extend his results This 1s achieved with the following
results

We give a new proof of Kel’'mans result 1if G’ 1s composed of a collection of paths,
then the number of trees in the complement of GG 1s maximized when the path lengths
are as equal as possible

We give two new results for graphs whose complements are composed of cycles A
cycleon k vertices1s denoted by Cy Let G = C,, and H = Cy+C,,_x where k < m—k
Then the complement of G' has more spanning trees than the complement of H if k
1s even and fewer if k 1s odd Secondly, let G = Cy + Cp,—r and H = Crye + Crn—i—o,
where k < m—Fkand ¢ =1or 2 Then the complement of G has more spanning trees
than the complement of H 1if k 1s odd and fewer if &k 1s even

We also give results for graphs whose complements are composed of a mixture of
cycles and paths A path on k vertices 1s denoted by P, We give a new proof of
Kel’'mans claim that the complement of C5 + P;_3 has more spanning trees than the
complement of Pi, where k > 5 We also show that the complement of C3 + P has

more spanning trees than the complement of Csy. + Pi_., where k > ¢ > 0
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We also review the formulas for counting the number of spanning trees in graphs
whose complement 1s composed of path components or cycle components One for-
mula for cycle components 1s new and the algebraic formulas have been neglected
in the literature Befoie reviewing these formulas we collect and relate the major

methods for counting the number of spanning trees in arbitrary graphs
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Chapter 1
Introduction

This thesis 1s concerned with the question “given n vertices and e edges how does one
arrange the edges so that the resulting graph has as many spanning trees as possible?”
In general, this question 1s difficult to answer and the primary objective of this thesis

1s to extend the subset of known results

To achieve this end, many different tools, from a variety of fields, are required
For example, solutions have been obtained using results from linear algebra, combina-
torics, and nonlinear optimization The secondary objective of this thesis 1s to extend
the set of tools We do this by presenting new proofs for existing formulas plus new

formulas for counting the number of spanning trees in special classes of graphs

For most classes of graphs the Sp-optimal graph can be described succinctly and
1ts status can be verified with one main method In contrast, the results in Chapter 5
of this thesis and those by Peting: [64] require a number of methods and the solution
statement 1s not succinct It 1s likely that the need for a diverse array of tools will
persist 1n future work And so, future researchers in this field will need a broad
background 1n all of the tools available This prompts the tertiary objective of this

thesis to collect some background material that may aid future research

1
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The rest of this mtroductory chapter provides basic definitions and describes the
problem (Section 1 1), discusses the motivation for this research (Section 1 2), outlines
known results (Section 1 3), previews the new results (Section 1 4), and provides an

overview of the rest of the thesis (Section 1 5)

1.1 Problem statement

To define our problem and discuss the known results we need to define our terminol-
ogy We start with basic graph theoretic definitions, discuss the problem and then
close this section with some more definitions Essentially, these follow those of Bondy
and Murty [13] We use common set notation and number theory notation (see, for

example, [31]) and all notation, used 1n this thesis, 1s summarized in Appendix A

An undirected multigraph G = (V(G), E(G)) consists of a set V(G) of n = n(G)
labeled vertices and a multiset E(G) of e = e(G) edges, where each edge 1s an un-
ordered pair of vertices from V' If G 1s understood, then we write V' and E instead of
V(G) and E(G) A multigraph with n vertices 1s called a multigraph of order n and
a multigraph with e edges 1s said to have size e A simple graph G 1s a multigraph
such that there 1s at most one edge between any pair of vertices Obviously, simple

graphs are a subset of multigraphs

An edge z may be denoted by the unordered pair ¢ = {u,v} or as ¢ = uv, where
u,v € V. Wesay the edge e = uv 1s incident with u (or v) and two vertices connected
by an edge are adjacent An edge whose endpoints are the same vertex,1e z = vv,

1s called a loop The degree of a vertex v, denoted d,, 1s the number times an edge 1s
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mcident to v (a loop 1s incident to a vertex twice) If there 1s no edge incident to a
vertex v (1e d, = 0), then v 1s called wsolated Edges are called non-adjacent 1f they

have no vertices in common

An zy-path, or simply a path, 1s a simple graph with vertex set V = {z =
1,2, k=y}andedgeset E ={{1,2+1} |1 <1<k} A cycle1sasimple graph
with vertex set V = {1,2, k} andedgeset E ={L,k} U{{t,2+1} |1 <1<k}
A path of order k£ will be denoted by Py and a cycle by Cx The length of a path or
cycle 1s equal to the number of edges Note that, P, has length £ — 1 whereas Cj has
length k

Let G = (V, E) be a multigraph A multigraph G' = (V', E’) 1s called a subgraph
of Gif V' CV and E' C E This relationship shall be denoted as G' C G  Two
vertices z,y € V are connected 1f G has a subgraph which 1s an zy-path A multigraph
1s connected if every pair of vertices 1s connected

A spanning subgraph 1s any subgraph G' = (V',E') of G satisfymmg V' =V A
component of a multigraph 1s a maximal connected subgraph

A tree1s a connected simple graph that contains no cycles A spanning subgraph
that 1s a tree 1s called a spanning tree of G Two spanning trees, say Ty and Ty, of G

are considered distinct if E(T}) 1s not equal to E(T;) Let Sp(G) denote the number
of spanning trees in the multigraph G

Let Gy = (W4, E1) and Gy = (V, E3) be two multigraphs These multigraphs are
wsomorphic 1f there exists a byective function f Vi — V; such that {z,y} € E; if
and only if {f(z), f(y)} € E; We write G; = G, to show G; and G, are 1somorphic

Let © (n,€) denote the set of all multigraphs, up to 1somorphism, with n vertices
and e edges Similarly let Q (n,e) denote the set of simple graphs Notation of this
form 1s used by Cheng [18], Boesch and Suffel [11] and others Any graph which

maximizes the number of spanning trees 1n © (n,€) (or Q(n,e€)) 1s called Sp-optimal
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Our problem 1s to find Sp-optimal graphs for a given number of vertices and edges
An obvious step to solving this problem 1s to discount graphs with loops since a loop

can never be 1n a spanning tree Thus, we assume that all our graphs are loop free

As we review the known results we will denote the most general problem as Prob-

lem M (M for multigraph) Formally, let Problem M be

Given n and e, find G such that G 1s Sp-optimal with respect to all graphs
m O (n,e)

But sometimes 1t has only been possible to find a solution for simple graphs We
denote this subproblem as Problem S (S for simple graphs) Formally, let Problem S
be

Given n and e, find G such that G 1s Sp-optimal with respect to all graphs
m Q(n,e)

No total solution exists for either of these problems Instead researchers have
worked with smaller classes of graphs For example, the class of graphs such that
e(G) 1s a particular function of n(G) (eg e =n+2) A review of these results 1s

given 1n Section 1 3

So far every solution has been a unique graph except for the case e < n—1 This
trend will probably not continue Nevertheless, we informally say that one graph 1s
better than another if 1t has more spanning trees This makes the text easier to read

We will formally define a partial order over © (n,e) in Chapter 3 (page 51)

One way to solve Problem S for small n and eache =n —1,n,n +1, (Z) 18

to generate every simple graph and then count the number of spanning trees using a

counting formula (see Chapter 3) Our answer, for each n and e, 1s the graph that has
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the largest number This approach has been done, for small graphs, by the author
and others (Myrvold [59], L1 [51]) Unfortunately, as n grows larger the number
of graphs grows exponentially and so the computational task becomes impractical

Nevertheless, these early results are helpful for suggesting directions for research

There remain a few terms, used throughout this thesis, that need definition This

thesis 1s concerned with graphs composed of some number of components The op-

erations described next facihitate this work Let Gy = (V4, Eq) and Gy = (V3, Es)
The graphs G, and G, are disjoint 1f ViV, = @ (this imples E; N E; = 0) For
the disjoint graphs G; and G, the binary operator + 1s defined as G = G; + G =
(ViUVa, E1U E;) Thespecial case G = G1+G2+  +Gi where Gy = G, & = Gy,
1s denoted by G = k G Simuilarly, for the graphs G; and G,, where G, C Gy, the
binary operator — 1s defined as G = Gy — G, = (V, Ey — Es)

A complete graph 1s a simple graph, of order n, with an edge between every pair
of vertices Such a graph 1s denoted by K,, Since an edge 1s an unordered pair of two
vertices, the number of edges in a complete graph 1s equal to the number of ways we
can choose two vertices from the set of n vertices Thus, there are (’2‘) = in(n — 1)
edges in K,, (Note that K; 1s an 1solated vertex, K; = P;, and K3 = Cj3)

If G C K, then G = K,, — G 1s the complement of G with respect to K, (Often
we Just say G 1s the complement of G ) Note that G 1s 1n Q (k,m) where k < n and
m < (’2‘) Furthermore, note that Sp(G) denotes a number but, Sp(K, — G) denotes

a function of n, since K, — G 1s an nfinite family of graphs so long as n > n(G)

A graph where every vertex has degree k 1s called k-regular (or just regular) A
graph G 1s called almost-regular if |d, — d,| < 1 for all u,v € V(G) This thesis

1s concerned with a subproblem of Problem S, specifically almost-regular graphs n
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Q (n, (’2‘) - m), where {%J < m < n Formally, let Problem A (A for almost-regular)
be

Given n and e, find G such that G 1s Sp-optimal with respect to all

almost-regular graphs in (n, ('2‘) — m), where \_%J <m<n

1.2 Motivation

The motivation for finding such extremal graphs arises from the notion that graphs
with the most spanning trees are, 1n a sense, “more connected” than their peers This

1s important 1n a number of fields, one of which 1s Network Reliability

The all-terminal network reliability model 1s defined as follows Vertices represent
sites and edges represent links between the sites The vertices are assumed to be
perfectly reliable, but edges operate independently with the same probability p The
network 1s said to be operational if the underlying probabilistic graph 1s connected
The reliability polynomual of a graph G 1s a polynomial in p whose value for 0 < p <1

1s the probability that G 1s operational The reliability polynomial, for graph G, 1s
defined as

Rel(p,G) = 3 N.p'(1 - p)*™
=1
where e = e(G) and N, = the number of connected spanning i-edge subgraphs of G

Note that for 2 < n —1 there are no connected spanning :-edge subgraphs so the sum

can be considered to start at n — 1 instead of one
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In 1967, Kel’mans [36] first proposed this model of reliability, but there are other
models Colbourn’s’ monograph [20] 1s an excellent and precise survey of reliability
models For an accessible discussion on the validity of network reliability models see

the discussion paper by Colbourn [21]

For completeness sake, we mention a set of papers by Kel’mans that Colbourn [20]
and others have missed A number of Kel’mans’ papers remain untranslated [39],
[42], and [44] The following have been translated [38], [41], [40], and [46] Two other
surveys that pertain spectfically to the construction (synthesis) of reliable networks
are by Boesch [8] and [9] The first paper discusses the probabilitistic model outlined

above while the second compares this model with a deterministic model

Since computing the all-terminal reliability of a network appears to be intractable
(the problem 1s #P-complete [67]), various approximation schemes have been pro-
posed (see Chapter 5 of [20]) Two of the more common of these 1s to let p approach

either of 1ts extreme values, zero or one

When edges are very unreliable, then the number of spanning trees 1s critical In

particular we have the following theorem from Myrvold [59]

Theorem 1.2.1 Let G,H € Q(n,e) If N(G) = N,(H) for» = 1,2, |k and
Ni4+1(G) > Nit1(H), then G 1s more reliable than H for p in the range 0 < p < € for

some € > 0

The key reason for this 1s because the dominant term of Rel(p, G) 1s the low order
term, namely the term with coefficient N,_;(G) = Sp(G), for small p On the other

hand for p very close to one we have the following theorem from the same source

Theorem 12 2 Let G,H € Q(n,e) If N(G) = N,(H) for1 =e,e—1, ,k+1
and Ni(G) > Nx(H), then G 1s more reliable than H for p in the range 1 > p > 1—¢

for some € > 0
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The proof of this theorem reasons as follows For any graph G a cutset 1s a subset
of the edge set whose removal disconnects the graph Denote by ¢(G) the size of the
minimum cutset of G For ¢ = e;e— 1, ,e— (¢(G)+ 1) the number of connected
spanning ¢ edge subgraphs of G 1s just (f) For example, when ¢ equals e—1 (assuming
¢(G) > 1) there are e connected spanning subgraphs one for each edge that can be

deleted Yet, when we delete ¢(G) edges, then some subgraphs are disconnected so
Ne-c(c) < (e-:(c))

For two graphs G and H let ¢ = min{c¢(G),c(H)} From the above argument we

have

for v = e,e—1, ,e—(c+1) Suppose, without loss of generality, that ¢(G) >
¢(H) =c¢ Then

€
= Ne—c > Ne—c )
(e _ C) © ()

and for p very close to one we have Rel(p,G) > Rel(p, H) On the other hand suppose
¢ =¢(G) = ¢(H) Then the graph that has the smallest number of minimum cutsets

1s more reliable

It can happen that two non-1somorphic graphs can have the same minimum cutset
size and have the same number of cutsets In this case we need to examine the next
term 1n the reliability polynomial to determine which graph 1s more reliable for p very

close to one Nadon did this for 3-regular graphs in her Master’s thesis [63]

In summary, for p close to one we first need to maximize ¢ That 1s over all graphs
we seek those with the largest minimum cut size Then over the graphs that attain

this maximum we seek those with the minimum number of minimum cutsets

A graph G € O (n,e) 1s said to be a uniformly most reliable graph if Rel(p,G) >
Rel(p,H), forall H € © (n,e) and for all p € (0,1) Clearly a uniformly most reliable
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graph will be a graph that attains the maximum number of spanning trees and has the
minimum number of mimimum size cutsets Thus, the search for Sp-optimal graphs

1s a special case of the search for uniformly most reliable graphs

Sometimes, however, a Sp-optimal graph 1s not uniformly most reliable because
some other graph 1s better when p 1s sufficiently close to 0 It 1s known that uniformly
most reliable graphs do not always exist This was first discovered by Kel’mans and

later independently discovered by Myrvold, Cheung, Page and Perry [59]

Further motivation comes from a field of study called optimum design theory In
1981, Cheng [18] shows that finding Sp-optimal graphs 1s equivalent to finding a D-
optimum 1ncomplete block design Cheng combined this observation with his 1978

work [17] to get his now famous result which we discuss below (p 15)

1.3 Known Results

Table 1 1 presents all known results The top portion of the table we call the sparse
region because the graphs have relatively few edges The lower portion of the table

we call the dense region because the graphs have relatively many edges

To solve problems in the sparse region, researchers treat e as a function of n  For
example, e =n,e=n+1,or e=n+2 We will survey results of this type first To
solve problems 1n the dense region, e 1s determined by a range of functions of n For
example, e = (’;) — m, where m 1s 1n the closed interval (1, |n/2|) This thesis uses

the same approach but with m 1n the open interval (|n/2] 4 1,n)
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Graphs with the most spanning trees page
O (n,e) every graph since all are disconnected and 9
e<n-1 hence have no trees
O (n,n—1) any tree 9
O (n,n) n-cycle 12
f—graph with path lengths as even as possible
Blnsn+1) [51, 60, 75] =
O (n,n+2) a particular subdivision of Ky [51, 70] 13
C) (n, ';—2) regular complete bipartite [18] 15
Q0 (n, %(p - 1)) regular complete p—partite [18] 15
presented in this thesis for almost-regular
Q (n, (’2‘) m) graphs and [64] for {%J <m < n-—2and
[% <m<n m=n—lorm=nprov1ded(;)—mlsa
multiple of three
Q(n,(5) —
(n (2) m) K, minus a matching [34, 68] 14
0<m< %J
o (n, (7)) K, [43, 47] 14

Table 1 1 Summary of known results
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The most trivial solution to problem M is the case e < n — 1 Here every graph
1s Sp-optimal graph since all graphs are disconnected Another trivial case 1s for
e = n—1 In this case any connected graph 1s a tree and all other graphs are
disconnected Hence the Sp-optimal graphs are trees and they have one spanning
tree Currently these are the only known cases where the Sp-optimal graph 1s not

unique This leads to the following conjecture
Conjecture 1 3 1 The Sp-optimal graph for © (n,e), e > n, 1s unique

Note that there are nontrivial cases where non-i1somorphic graphs have the same
number of spanning trees For example the complement of the graphs in Figure 11

have the same number of spanning trees for n(G) > 7 We discuss and prove this

I7'

statement 1n Chapter 3, Section 3 5

(a G (b) G,

Figure 1 1 K, — G, and K, — G have the same number of spanning trees, for n > 7

After the above simple cases problem M becomes more difficult Still 1t 1s not
hard to see that for e = n the best graph 1s a cycle with n edges Let us informally
explore this simple case to exemplfy the kind of task that we are attempting to solve
in general (We will work with the class Q (n,n) See Li [51] for a more formal proof

for the class © (n,n) ) Figure 1 2 shows every graph 1n 0 (5,5) with their respective
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number of spanning trees Notice that each connected graph has exactly one cycle

Such graphs are called unicyclic

5 3 3
®
0 4 3

Figure 1 2 Graphs n ©(5,5) and their number of spanning trees

This arrangement 1s true for all graphs 1n  (n,n) 1if the graph 1s connected then
1t 1s unicyclic First note that the non-cycle edges must be in every spanning tree
Then note that each edge 1n the cycle can be deleted in turn to produce a spanning
tree Since we can do this k ways, where k 1s the size of the cycle, the best graph in

Q(n,n) 1s the graph with the largest cycle namely C,

The next entry of Table 11, e = n + 1, 1s a relatively easy result which can be
found mn L1 [51], Wang and Wu [75], and Myrvold [59] It is interesting that three

different approaches were used Here 1s what they found

A 0-graph € © (n,n + 1) has two distinct degree 3 vertices v and u plus three edge
disjoint vu-paths These graphs look like a cycle with a path across 1ts middle For
example, Figure 1 3 shows three f-graphs It 1s possible to define such a graph G with
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v
v
u W u
u

6(2,2,1) 6(5.3,2) 6 4,3,3)
(a) () ©

Figure 1 3 Three #-graphs

three integers, a,b and ¢, where a + b+ ¢ = n + 1, the paths are P,, P, and P., and
for convenience, a > b > ¢ We shall denote such graphs as 6(a,b,c) When e=n+1
the Sp-optimal graph over all multigraphs 1s the 6(a,b, ¢)-graph where ¢ —¢ <1 In
other words, the path lengths are nearly balanced

When e = n + 2 we have a simuilar result due to Li [51] and independently by
Tseng and Wang [70] Li’s result was subsequently published with Boesch and Suffel
[10] We present Li’s formulation of the solution because Tseng and Wang’s 1s more

complicated Furthermore, we present a simpler description than Li

The subdivision of an edge z = wuv 1s accomplished by removing the edge uv,

adding a new vertex w, and then adding two edges uw and wv For example see

Figure 1 4
u v uow v
——e —eo—
(a) edge uv (b) after subdivision

Figure 14 Subdivision of an edge

The Sp-optimal graph for © (n,n + 2) 1s a subdusion of a K4 which 1s constructed
as follows (Figure 15 shows the construction for © (7,9) ) Form a Kj, label 1ts six
edges A, B,C, D, E, and F so that the three perfect matchings are {4, B}, {C, D},
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A A
°
c D ® C D
°
B B
(a) (b)

Figure 1 5 Construction of the Sp-optimal © (n,n + 2) graph

and {E,F} (See Figure 15(a)) Until the graph has n vertices subdivide the six
original edges (making six paths) in lexicographic order Figure 1 5(b) shows the
completed graph (the three edges A,B,C have been subdlvided) Boesch, Suffel and
L1 [10] showed that the Sp-optimal graphs for e = n,n+ 1, and n + 2 described above

are also uniformly most reliable

For e = n + 3, Boesch, Li, and Suffel have shown that a subdivision of a K33 (a
3-regular complete bipartite graph) 1s uniformly most reliable and hence Sp-optimal
Our description of this graph follows Form a K33, label 1ts nine edges A, B, C, D,
E, F, G, H, and [ so that the three perfect matchings are

{A,B,C},{D, E, F}, and {G, H, I}

Until the graph has n vertices repeatedly subdivide the nine original edges (making

nine paths) 1n lexicographic order

We have now reviewed all of the results in the sparse region and 1t 1s time to
consider the dense region We start with e = (;‘) Kiefer, in 1975 [47], and Kel’'mans,
mn 1976 [43], showed that K, 1s Sp-optimal over all graphs in © (n, (g)) Kiefer’s
work 1nvolved optimum design theory, a field of study which, in a restricted sense, 1s
equivalent to problem M (see Cheng [17]) Kel’'mans was the first to state this result

in graph theoretic terms
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We now restrict our attention to simple graphs Since 1964, Kel’mans has inves-
tigated many topics related to problems M and S One paper, written with Chel-
nokov 1n 1974 [34], contains the answer to problem S for graphs in (n, (g) — m),
0<m< [%‘ Independently, in 1974, Shier [68] derived the same answer For graphs
n this class, the best graph 1s K,, — M, where M 1s a matching (the graph M = k K>,

k > 0, 1s called a matching)

In his 1991 doctoral thesis, Peting: [64] states results for graphs 1n {} (n, (’2‘) — m),
for [2] <m <n—2and m=n—1orm=n provided (;) —m 1s a multiple of
three This thesis strengthens his results and provides new methods for ranking
almost-regular graphs in this class In particular, this thesis finds the Sp-optimal

almost-regular graphs in Q (n, (2) - m), {%J < m <n These results are previewed

1n the next section

Finally, we briefly look at the work of Cheng [18] First we need to describe
two special types of graphs A multigraph G 1s called regular complete multi-partite
if V(G) can be partitioned into p subsets of equal size such that there are k edges
between any two vertices in the same subset and k+ 1 edges between any two vertices
in different subsets, where k > 0 1s an integer (Note that if & = 0 the graph 1s
simple ) If p = 2 then the graph 1s called regular complete bipartite (Note that

definitions for less specialized graphs exist but we don’t need them for this thesis )

Cheng [17] proved a result in optimum design theory that was later restated in
graph theoretic terms [18] If G 1s regular complete bipartite, & > 0, then G 1s Sp-
optimal over all multigraphs 1n 1ts class Also 1n [18] he showed that if G 1s regular

complete multi-partite, k = 0, then G 1s Sp-optimal over all simple graphs 1n 1ts class
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This completes our look at known results

1.4 New Results

As mentioned above, problem S 1s solved for the class Q2 (n, (Z) — m), g m < [%J

and this thesis will work with class {2 (n, ('2‘) - m), {%J <m <n This suggests the

following (new) notation Let

0 = Qn(2) - m), 0 < [3]
w2 = Q(n(5)-m), 3] < n
P = Q(n,(;‘)—m), R m= [3711}
= (s, (2)-m), [E52] <m< |f]

As discussed above for Q!, K, minus a matching 1s Sp-optimal This thesis and
Peting1 work with 92 For each of these classes Cheng’s result, regular complete

multi-partite graphs are Sp-optimal for their respective class, may apply

Observation 1 4 1 For the class QF a regular complete p-partite graph can be formed
when kn 1s even and (k + 1)|n  Thus, e = (;) — (kn/2) (eg m = kn/2) and the
number of partitions p s gwen by p=n/(k+1)

For example, let G' be regular complete p-partite

Q! If 2|n then m = n/2, p =n/2 and G 1s the complement of p K,’s,

Q? If 3|n then m = n, p=n/3 and G 1s the complement of p K3’s,
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03 If 4|n then m = 3n/2, p = n/4, G 1s the complement of p K4’s

Before we discuss the main results of this thesis we make two observations about
the known results In every case the Sp-optimal graph 1s regular or almost-regular
(For example, for Q' if n 1s not divisible by two, then m = [%J, p = n and the
Sp-optimal graph 1s the complement of p K,’s with a single 1solated vertex Hence
the graph 1s almost regular ) Also, when a solution 1s known for all multigraphs 1n
O (n,e), e < (’2‘), then the graph 1s simple Both of these observations make intuitive
sense, yet there 1s no proof that they always hold Still, the next two conjectures are

widely believed to be true

Conjecture 142 Ife < (’2‘) and G 1s Sp-optimal over all multigraphs, then G 1s

simple

Conjecture 143 If e < (’;) and G 1s Sp-optimal, then G 1s regular or almost-

reqular

For graphs with “sufficiently large” e the multigraph extension of Conjecture 1 4 3
has been proven true (e g e must be larger than (g)) Cheng et al [19] showed that
for “sufficiently large” e the graphs with the most spanning trees are nearly balanced
(almost regular and the number of multiple edges between any pair of vertices differs
by at most one) From their work 1t 1s evident that there 1s no bound (even implicit)
on what constitutes “sufficiently large €” Also, there 1s no clear way to restrict their

work to the class of simple graphs

More important, in the context of this thesis, 1s Petingi’s [64] doctoral thesis
By complicated arguments he shows that in Q2 almost regularity 1s required when

m < n — 2 or when ((;) - n) 1s congruent to zero modulo three
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Observation 14 4 Let G € Q(n,m) so that (K, — G) € Q* Then K, — G 1s

almost-regular +f and only if G 1s almost regular

Observation 1 4 5 If the graph G in the previous observation s almost-regular then

fordlveV(K,—-G),d,=n—-2ord,=n—-3

Thus almost-regular Q2 graphs have complements composed of paths and/or cy-

cles We consider the following cases in turn

1 G 1s composed of path components
2 (G 1s composed of cycle components

3 G 1s composed of a mixture of path and cycle components

For the path case, a result due to Kel’'mans [43, Lemma 6 8,p 258] shows that
given two paths 1t 1s best to make their lengths as equal as possible We give a new
proof of this result and, at the same time, extend the result to show that given a path

of length at least two and an 1solated vertex that 1t 1s best to make two paths

For the cycle case, we present two new results Consider Cy + C,,_x, where
k< m—k 1If k1s odd then K, — (Cx + Cp—x) has more spanning trees than
K, —C,, (the complement of one large cycle) However, if k 1s even then the converse
holds K, — C,, 1s better Second, let G = Cy + C,i_y and H = Cryc + Crnp—o,
where K < m — k and c 1s one or two Then the complement of G has more spanning
trees than the complement of H 1if k 1s odd and fewer if k 1s even (This result 1s
actually presented via two theorems ) Although these results do not completely rank
the graphs whose complements are a union of disjomnt cycles, 1t does provide the
means to find the Sp-optimal graph in this class, with one small provable exception

We also give indication of a complete ranking for this class
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For graphs whose complements are composed of a union of disjoint cycles and
paths (mixed case), we show that breaking down large paths into a triangle and a
smaller path increases the number of spanning trees (This result was stated by
Kel’'mans [43, 1976] We present the first proof ) We also show that the complement
of C3 + P has more spanning trees than the complement of C5.. + Px_., where
k—c>0and ¢ >0 We are then left with a set of three special cases which are
proved algebraically Thus we are able to completely characterize the Sp-optimal

almost-regular Q? graphs

To obtain these results we review the major spanning tree counting methods and
then summarize the known formulas for path components and cycle components We

then derive some new formulas and give new proofs for some of the existing formulas

1.5 Thesis Overview

Chapter 2 contains basic linear algebra definitions, notation, and results needed for
this thesis Chapter 3 presents the major spanning tree counting formulas We discuss
a recursive formula, an inclusion exclusion formula and formulas derived from a special
matrix associated with a graph We also discuss various properties of this matrix as
they apply to counting spanning trees Chapter 3 concludes with a discussion of

ranking graphs by their number of spanning trees

Since the thesis 1s concerned with finding the Sp-optimal almost-regular graphs
in Q% Chapter 4 presents spanning tree counting formulas for K,, — P, and K, — Cj,

k < n We refer to these formulas as formulas for path and cycle components,
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respectively We present trigonometric, combinatorial and analytic formulas for path
and cycle components The combinatorial formula for cycle components 1s new as 1s a
relationship between the formulas for odd cycles and two paths We give new proofs

for the analytic formulas

For other special classes of graphs formulas can be found 1n the literature Berge [6]
reviews combinatorial formulas Moon [57] gives a comprehensive survey for counting
trees This work 1s extended in Moon [58] Kel’'mans and Chelnokov [34] present
many analytic formulas — work that extends Kel’mans’ [37] A more recent survey of

analytic formulas can be found 1n an unpublished report by Boesch and Suffel [11]

Chapter 5 presents the main results of this thesis which we have previewed 1n the
previous subsection Chapter 6 concludes with a discussion of possible directions for
future research The appendices include a summary of all notation used in this thesis

and some formulas for path and cycle components for small &



Chapter 2

Linear Algebra Definitions,

Notation, and Basic Results

This chapter gives a brief review of the linear algebra necessary for this thesis An
excellent source of further information 1s Horn and Johnson’s book “Matrix Analysis”
[32] This thesis only requires square real matrices and not the more general rectan-
gular matrices over an arbitrary field All vectors are assumed to be column vectors
The 1dentity matrix of order n 1s denoted by I, or just I if n 1s understood The order
n matrix composed entirely of ones 1s denoted J,,, or just J The determinant of a
matrix A 1s denoted by |A| The transpose of matrix A 1s denoted AT Simularly for

vectors The sum of all elements on the main diagonal of matrix A 1s denoted by

trace(A)

For matrix A = [a,,] € R"™" and for indexsets « C {1, ,n}and 3C{l, ,n},
we denote, by A, g, the submatrix that remains after the rows of A indexed by « and
the columns indexed by 3 are simultaneously deleted The determinant of any such

submatrix 1s called a minor of A

21
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If « = 8 then A, 1s called a principal submatriz of A and 1s abbreviated to
A, For convenience we write A, instead of Ay, and A, instead of Ag,y(;; The
determinant of any principal submatrix 1s called a principal minor By convention,
=]

the empty principal minor 1s 1, that 1s, |Af 5, )

The term (—1)** |A,,| 1s called the (z,7)™-cofactor of A Using cofactors we can

express the determinant of A as

Al = Y a,(-1)* |4,], 1<:<n, (row expansion)
1

<
Il

= Y a,(-1)"|4,|, 1<3<n, (column expansion)
1

-
Il

Either of these expressions 1s called a Laplace expansion of the determinant of A

Let A € R™" The transposed matrix of cofactors B = [b,,] € R"*", where
b, = (=1 | Azl

1s called the adjugate (sometimes called the classical adjoint) of A and 1s denoted by
adj(A) A calculation using the Laplacian expansion for the determinant shows that

([32,p 20))
adj(A) A= Aadj(A) = |A4| I (21)



Chapter 3

Spanning Tree Formulas

This chapter presents combinatorial and analytic formulas for counting the number
of spanning trees in a graph Whenever possible the methods are presented for multi-
graphs However, when we count the number of spanning trees remaining after the
deletion of a set of edges from the complete graph (complement graphs), then the

method pertains to simple graphs

The methods include a brief discussion of the well known recursive formula and a
discussion of the inclusion exclusion formula Then the rest of the chapter 1s devoted
to a special matrix associated with a graph called the Laplacian (sometimes called
the Kirchhoff matrix or the matrix of nodal admittance) From this matrix we derive
analytic methods for counting the number of spanning trees in a graph The chapter

ends with a discussion of ranking simple graphs by their number of spanning trees

23
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3.1 Feussner’s Recursive Formula

The following recursive formula 1s attributed to Feussner’s 1904 paper [29] The
reader 1s referred to Moon’s 1970 monograph for a discussion of the origin of this

formula [57] In this section, by graph we mean multigraph

For a graph G an edge ¢ = uv € E(G) 1s contracted when the vertices u and v
are replaced by a new vertex, say w, all uv edges become loops incident with w, and
each edge that was incident with u or v 1s replaced by an edge incident with w Since

we are counting spanning trees we can delete the loops

Theorem 3 1 1 (Feussner) Let z be any edge of graph G and let G — = denote the
graph obtained from G by deleting the edge z, and let G/z denote the graph obtained
from G by contracting the edge x Then

Sp(G) = Sp(G — z) + Sp(G /)

Proof For any spanning tree T of graph G, if 2 € E(T') then T 1s counted in Sp(G/z)
otherwise T' 1s counted in Sp(G —z) O

L1 [51] made extensive use of Feussner’s formula to derive Sp-optimal © (n,n + 1)
and O (n,n + 2) graphs He also gave a number of general results One that he
did not mention 1s the following simple result that 1s easily achieved with Feussner’s

formula

Lemma 3.1.2 If the graph G € O (n,e€), where e > n, 1s Sp-optimal, then G does

not contain a vertex of degree one

Proof: Note that the condition e > n insures there exists a connected graph in

O (n,e) Let G be one of these graphs such that G has a degree one vertex u and
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let z be the edge incident to u  We show that, for any such G, there exists a graph
H € O (n,e) such that Sp(H) > Sp(G) We do so by constructing H from G Note
that the condition e > n insures that G contains a cycle Choose an edge y = vw on
this cycle Define H as

H=G-z—-y+uw+uw

Let 2’ = wv and ¢’ = vw

Apply Feussner’s formula twice to G

Sp(G) = Sp(G —y)+Sp(G/y)
= (Sp(G—y—2)+Sp(G —y/z)) + (Sp(G/y - z) + Sp(G/y/x))

Because the removal of = disconnects G this equals
Sp(G —y/z) + Sp(G/y/x)
Apply Feussner’s formula twice to H as follows

Sp(H) = Sp(H -y')+Sp(H/Y')
= (Sp(H -y — o)+ Sp(H —y'/2")) + (Sp(H/y' - 2') + Sp(H/y'[z"))

Note that H — y' — 2’ 1s disconnected so Sp(H — y' — z') = 0 Also note that,
(G —y/z) = (H —y'[<) and (G/y/z) = (H/y'[2") So,

Sp(H) — Sp(G) = Sp(H/y' — ')

This result 1s at least one since H/y' — z’ 1s a connected graph O
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3.2 Temperley’s Formula

This section presents Temperley’s complement inclusion exclusion formula Since the
formula 1s for complement graphs, 1t can only be used for simple graphs Hence n
this section, by graph we mean simple graph The formula first appeared, implicitly,
in Temperley’s 1964 paper [69] (This paper’s main focus was modeling the equation
state of an imperfect gas ) Since then 1t has been given and proved explicitly in
two forms analytic and combinatorial The analytic version will be discussed later
(Theorem 34 3) The combinatorial version (Theorem 3 2 3) and proof are due to

Moon [55] Also see Berge [6] for a discussion of Moon’s combinatorial approach

The next theorem 1s used to determine a single term 1n the complement inclusion
exclusion formula It tells us exactly how many spanning trees of the complete graph
K, use all the edges of a given simple and acyclic graph (No spanning tree of K,

can use all of the edges of a cycle )

Theorem 3 2 1 Let Vi,Va, ,Vi be a partition of V(K,), Ty = (W1, E1), Tz =
(Va, E3), , Tx, = (Vk, Ex) be trees, and let n, = |V(T))|,» = 1,2, ,k Then the
number of spanning trees of K, that have Ty, T, , and Ty as subgraphs s

ning nknk—2

Proof See Moon [55, Theorem 2, p 265] for a proof of this theorem ( Also see

Moon [57, Theorem € 1, p 52] for a discussion of other uses of this result ) O

For example, if £ = 1 then T} 1s of order n and we have nn!~2 = n/n = 1 spanning
tree of G that has T} as a subgraph Another example provides a simple proof for the
most famous spanning tree formula Cayley’s formula for the complete graph [16]
The following 1s just one of the many ways to prove this important theorem See

Moon’s summary [56] for more
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Theorem 3 2 2 (Cayley 1857) For the complete graph K,

Sp(Kn) = n"?

Proof Using the notation of Theorem 3 2 1 we need the number of spanning trees
of G =2 K, that have T} = T, = = Ty = K, as subgraphs In this case k = n and

the order of each T,,1 <1 < n, 1s one Thus, from Theorem 3 2 1

Define the function v Q(n,e) — Z* such that if G € Q(n,e) has k > 1

components (not necessarily trees) of orders ny,ny, ,ng then
0 if G contains a cycle
v(G) = ! (31)
ning Nk otherwise

Note that 1f the edge set of G 1s empty then there are n 1solated vertices so v(G) =
1*=1

We are now ready for the combinatorial version of Temperley’s complement inclu-
sion exclusion formula This formula gives the number of spanning trees that do not
use any edge 1n a given simple graph In other words, the number of spanning trees

contained 1n the complement of the graph

Theorem 3 2 3 (Temperley’s inclusion exclusion formula) LetG C K,, Then

Sp(Kn—G)=n"? Y u(F)(~n)=P) (32)

FCG
V(F)=V(G)
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| ]

Figure 31 Graph G =P+ P;

Since the sum 1s over all spanning subgraphs F' of G, observe that the summation

has an exponential nature This 1s because the sum 1s taken, in effect, over the power

set of E(G)

For example, suppose G = P, + P, € (4,2) (see Figure 31) Then the four
possible subgraphs of G are Fy, Fy, F;, and F3 shown 1n Figure 3 2

[ ] ] [ ] ®

[ ] [ ] I L] [ ] I I I
Fo F1 F2 FS
Figure 3 2 The four subgraphs of G = P, + P,

Now using Theorem 3 2 3 we get

Sp(Kn —G) = n"* 3 u(F,)(=n)™"

1=0

w2 (142(—n) " +2(-n) +2 2(-n)7?)

4 4
= wil= 4 )

This 1s a formula for arbitrary n  For example, if n = 4 (Figure 3 3(a)) then Sp(K, —
G) = 4%(5) = 4 and 1of n = 5, which 1s larger than n(G), then Sp(K, — G) =
5%(1— 2+ %)= 5°3% = 45 (see Figure 3 3(b)) So our formula for Sp(K, — (P + Pz))
1s really a formula for two paths of order two and any number of 1solated vertices

A complete proof of Theorem 323 can be found 1n Moon [55, Theorem 3, p

267, but essentially 1t uses the inclusion exclusion principle discussed 1n many discrete
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(a) Gwrt Ky (b)Gwrt Ks
Figure 33 Complements of G = P, + P,

mathematics texts (e g Grimald [31] or Knuth [49]) The application of this principle
starts with Sp(K,) (Theorem 3 2 2) and uses Theorem 3 2 1 to get each term 1n the

summation

Following the notation of Moon [55, p 266], let

fr,G) = 30 v(F)(=n)=") (33)
Fca
V(F)=V(G)
for G € Q(k,e),k <n Bedrosian [3, p 314] calls the polynomial f(n,G) the generiwc
form of the graph G and 1n 1970 [4] he gives the generic form of certain classes of
graphs Later, in 1983, Bedrosian and Moon [58] give results for the generic form of

multigraphs In Chapter 4, we present Moon’s formulas for the generic form of paths

and cycles

Notice that the definition of the generic form implies the following
Corollary 32 4 IfG € Q(n,e) has k > 1 components G1,G2, , Gy, then
k
Sp(Kn = G) =n"]] f(n,G.)

1=1

Thus, 1t 1s advantageous to know the generic form of certain classes of uncomplicated

graphs which can then be considered as components of more complicated graphs
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3.3 Laplacian Matrix

For this section by graph we mean multigraph This allows us to develop the following

results 1n their more general setting

The matrix we are about to describe (called the Laplacian) 1s important if one
wishes to develop formulas for the number of spanning trees in a graph, but 1t has also
seen many other uses Notably, Fiedler [26, 27] uses 1ts second smallest eigenvalue
and associated eigenvector to describe what he calls the algebraic connectivity of a

graph Fiedler’s work has lead to several useful numerical algorithms [2, 54, 65, 66]

Other important uses of this matrix includes the determination of a necessary
condition for a graph to have a Hamilton cycle This result 1s due to Mohar [53]
And 1n the theory of flexible polymer molecules (a field of chemical physics) Forsman

[28] states

the matrix incorporating entropy spring effects in the Rouse approach of

describing chain dynamics 1s shown to be given by [the Laplacian]

The Laplacian matrix can be defined directly or in terms of other important
matrices associated with a graph The direct definition allows use to write the matrix
by inspecting the graph On the other hand, defining the matrix in terms of other
matrices gives us additional information about the matrix itself We begin with the

direct definition and then we introduce the other important matrices

For the graph G € O (n,e), let V(G) = {1,2, ,n} and let ¢,, equal the number
of edges {1,7} € E(G) Recall d, denotes the degree of vertex v € V(G) The
Laplacian matriz, L(G) = [£,,] € Z™ ", associated with the graph G 1s defined by

d, ifi1=9;
—e; f1#£

big =
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We write £ instead of £(G) if G 1s understood It follows that £ 1s a real symmetric
matrix Note that the trace of £ 1s the sum of the degrees of all vertices in G By a

well known result in graph theory (see Bondy and Murty [13, Theorem 1 1, p 10]),
trace(L) = 2¢(G)

The adyacency matriz, A(G) = [an,] € Z™", 15 defined by
Biq = By
From the definition 1t follows that the trace of A 1s zero (all graphs are assumed to

be loop free), and that A 1s a real symmetric matrix

The matnix A(G) = [4,,] € Z™*" 1s the diagonal matrix diag(d;,d;, ,d,) Note

that the Laplacian can be defined 1n terms of these two matrices since

L(G) = A(G) = A(G) = [,y — )] (34)

Before defining the last matrix, we introduce a useful device For the graph
G € O(n,e), let V(G) = {v1,v2, ,v,} and let E(G) = {z1,23, ,z.} For each
edge x = {v,,vx} of E(G), we arbitrarily choose one of v,, vj to be the positive end of
r and the other one to be the negative end This procedure gives E(G) an orientation

For example, Figure 3 4 shows a graph and a possible orientation

T2
V1 )

x3 T4

U3
Figure 34 A graph with an arbitrary orientation

The wncidence matriz, I'(G) = [n,,] € Z™*°, for G and an arbitrary orientation of
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1ts edges, 1s defined by

+1 1f v, 1s the positive end of edge z,
;=19 —1 1f v, 1s the negative end of edge z,

0 otherwise

Note that the rows of this matrix correspond to the vertices of G, and the columns
correspond to the edges of G Also note that since all column sums are zero, I['(G) 1s

singular For example, the incidence matrix for the graph in Figure 3 4 1s

1 1 1 0
=] -1 -1 0 1
0 0 -1 -1

The following lemma with 1ts proof 1s from Biggs [7, Prop 48, p 27]

Lemma 3.3 1 For a graph G € O (n,e) and some orientation of its edges, let I' =
['(G), A= A(G), and A = A(G) be the matrices defined above Then

IIrT=A-A4

Proof Note that (I'T'T),, (the (z,7) entry of [ T'T ) 1s the mner product of row 2 and
row ) of [' If 2 # ) then these rows have a non-zero entry in the same column if and
only if there 1s an edge joining v, and v, In this case, the two non-zero entries are

+1 and =1 Thus, (I'TT),, = —e,, Smmlarly, (['TT), 1s the mner product of row @

2

with 1tself, and since each term 1s (—1)? or (4+1)? this entry 1s equal to the degree of

%, O
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For example consider the graph in Figure 34 Then

rrt
1 -1 0
( 1 1 1 0
1 -1 0
= -1 -1 0 1
1 0 -1
\ 0 0 -1 -1
0 1 -1
3 -2 -1
= -2 3 =1
-1 -1 2
This lemma and Equation 3 4 mean we also have
L(G)=TTT (3 5)

3.3.1 Characteristic polynomial of the Laplacian

For graph G € O (n,e€), the characteristic polynomial* of G 1s defined as
P(t,G) = |t1 - L(G)] (36)

The characteristic polynomial of a graph 1s important in the counting of spanning
trees and 1t will play a role 1n our attempt to rank graphs by their number of spanning

trees

The n roots of P(t,G) are called the eigenvalues of L£L(G) and are denoted by
A =AN(G),1=0,1, ,n—1 With these eigenvalues we can write the characteristic

polynomial as
n—1

P(t,G)=[[(t-X\) (37)

1=0

1We adopt the convention of expressing the characteristic polynomial in terms of ¢ for the same
reasons discussed 1n Horn and Johnson’s book [32, p 38]
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We can also write the characteristic polynomial in general form as

n—1
P(t,G) = > (-1) a(@)t" (38)
1=0
where ¢,(G) denotes the ¢*P coefficient Later, in Lemma 3 3 12, we give Kel’'mans’

graph theoretic formula for these coefficients Readers of Kel’'mans note that his

definition of the characteristic polynomial of a graph has an additional factor of %

and 1s P(t,G) = 1 [t — L(G)|

Some authors (see Cvetkovi¢ [23]) define the characteristic polynomial of a graph
in terms of the adjacency matrix instead of the Laplacian This polynomial 1s, 1n
general, quite different However, for regular graphs they are closely related For
example, let G € O (n, e) be r-regular, £L = L(G), A= A(G), and A = A(G) Note
that A = rI So,

P(t,G) = |[t1-L]

= [tI— (A - A)
= |(t—=r)I+ A
= (1) |(r == A4 (39)

and this last equation, setting A = (r —t) and 1gnoring the sign term (—1)", contains
the characteristic polynomial associated with A(G) Consequently, if £ has eigenval-
ues Ao, A1, ,An—1, then A has eigenvalues r — \g,7 — Ay, ,r—A\,_; Thus, results
derived from [tI — A| for regular graphs apply to P(¢t,G) Cvetkovié has produced a

continuing series of surveys on graph spectra [24, 22, 23]

The next result, due to Kel’'mans [35] (1965), 1s related to Corollary 324 (p 29)
above since 1t too considers the individual components of a graph The proof that

follows differs from Kel’mans’ since he worked with a variant of the Laplacian
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Lemma 3 3 2 (Kel’'mans) If G € ©(n,e) has k > 1 components G1,G2, Gy,
then .
P(t,G) =[P G)

=1

Proof Let G’ = Gi+G,+ +G) where the vertices of each component, G/, are given
consecutive labels, G, = G’ and the vertices of G, are labelled before those of G,

This corresponds to the transformation P £(G) PT = L(G'"), for some permutation
matrix P Since no vertex in component G: 1s adjacent to a vertex in component G;,
for all 2 # 3, 1t follows that £(G’) 1s block diagonal Since PT = P~1, £(G) 1s similar
to a block diagonal matrix By considering the Laplace expansion, 1t 1s clear that
the determinant of a block diagonal matrix 1s the product of the determinants of the

blocks This gives the required result O

3.3.2 Eigenvalues of the Laplacian

In the previous subsection, we introduced the n eigenvalues of £((G) as the roots of the
characteristic polynomial An alternative definition of an eigenvalue 1s any number,

say A, that satisfies the equation £(G)x = Ax for some nonzero vector x

This subsection summarizes some basic results concerning the eigenvalues of the
Laplacian As mentioned above the eigenvalues of a graph are important in a number
of ways As well, they play an important role in the context of counting spanning

trees and ranking graphs by their number of spanning trees

A matrix C € R™" 1s positwe semudefinite if there exists a matrix M, not neces-
sarily square, such that C = M MT (see [77, Theorem 1 5 4] or [32, Theorem 7 2 7,
p 406]) Note that M can be singular implying that C can be singular as well Let
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L = L(G) Equation 35 (p 33) says £ = ['T', therefore £ 1s positive semidefinite

Furthermore, since £ 1s symmetric all of the eigenvalues of £ are real by the Spectral
Theorem (see Watkins [77, p 230] or Horn and Johnson [32, Theorem 2 5 6, p  104])

By a well known result in linear algebra, all of the eigenvalues of a real symmetric
matrix are non-negative if and only 1f the matrix 1s positive semidefinite (see [32, The-
orem 721, p 402]) Since all rows of £ sum to zero, £ 1s singular In particular, any
constant multiple of the n-vector, u, composed of ones satisfies the equation £u = Ou,
and so zero 1s an eigenvalue of £ These results allow us to order the eigenvalues of
L 1 nondecreasing order For G € O (n,e€) let A\, = A\,(G),1=0,1, ,n—1 denote
the eigenvalues of £ such that

0=X<Ah<Ah< <A
Furthermore, let
O'(G) = [0 )\1 /\2 )\n_l]T € R"

In other words, o(G) 1s the n-vector containing all the eigenvalues of G arranged n

non-decreasing order
The next result continues our look at the components of a graph

Lemma 3 3 3 (KeI’mans[35]) IfG € O (n,€e) hask > 1 components Gy,G,, Gy,
then

o(G) = Jo(G.)

1=1

Proof By Lemma 332, P(t,G) = [I~, P(t,G,) The result follows O

The next result states how the eigenvalues of a graph are affected by the deletion

of an arbitrary edge
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Lemma 3 3 4 (Kel’mans and Chelnokov) For G € Q(n,e) and any edge u €
E(G), let G — u denote the graph obtained from G by deleting the edge u from E(G)
Then

A(G) 2 A(G —u)

Jor k=0,1,... ;=1

Proof (From Kel’'mans and Chelnokov [34, Lemma 2 2, p 204] ) Let M = L(G) —
L(G —u) For example, if u = {vy,v;} then without loss of generality

Since P(t, M) = t"~1(t—2), the eigenvalues (roots) of this polynomial are nonnegative,
and so M 1s positive semi-definite Apply Weyl’s theorem, a specialization of the

Courant-Fischer Theorem (see Horn and Johnson [32, Theorem 4 3 1, p 181]), to get
Me(G) = M(L(G —u) + M) > M(L(G — u))

for k=0,1, ,n—-1 O

This next result was stated, in 1974, by Kel’'mans [34] without proof but with
reference to his 1965 paper [35] Since the work 1n [35] deals with a variant of the
Laplacian, the result 1s difficult to find In a 1971 technical report Anderson and
Morley present the same result in the proof of their Theorem 1 This technical report
was subsequently published in 1983 [1] Another proof appears in Boesch and Suffel’s
unpublished report [11, Theorem 12, p 5]

Lemma 3 3 5 (Kel’'mans) For the graph G € Q(n,e) and for G = K, — G the

following relation holds

M(G) =n = \ei(G) fori=1,  ;n-1
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In linear algebra the spectral radius of a matrix A 1s equal to the maximum of the
eigenvalues taken 1n absolute value Thus for the graph G € O (n, e) the spectral radius
1s the nonnegative real number p(G) = A\,-;(G) For simple graphs, Lemma 3 3 5
implies that p(G) < n It 1s also important to note that,

P(t,G)>0 for t > p(G)

This 1s clear by Equation 3 7 (p 33) and we shall use this fact later In an untranslated
1967 Russian paper [37], Kel’mans shows that

p(G) < m%)(c),(da: +d,)

z,y€
Ty

Again this result appears in Anderson and Morley [1, Theorem 2, p 143] A less pre-
cise, but for our purposes equally useful result, 1s easily obtained from the Gersgorin

Theorem We present a version that pertains specifically to Laplacian matrices

Theorem 3 3 6 (Gersgorin) Let G € O (n,¢), and let

disz = max dy
veV(QG)

Then for A € o(G)
0 €A S 20

Proof. See Horn and Johnson [32, Theorem 6 1 1, p 344] for a proof of Gersgorin’s
Theorem and then note that for graphs L=A - A O

A lower bound on the spectral radius of a graph 1s given next
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Lemma 3 3 7 (Kel’mans and Chelnokov) Let G € O (n,e) where e > 1 Then

P(G) Z dmax 4 1

Proof See Kel’'mans and Chelnokov [34, Lemma 2 3, p 205] O

Using these results we obtain the bounds for the complement of an almost-regular
graph G 1 Q? (G 1s composed of path and/or cycle components) For these graphs
dmax €quals two so,

3 < p(G) < 4 (3 10)

Later, in Chapter 4 Section 4 1, we give a precise description of the spectrum of these

graphs We use this information for a proof of Theorem 5 3 3

3.3.3 Matrix Tree Theorem

The following counting theorem 1s attributed to Kirchhoff [48] who did work 1n electric
theory 1n the mid 1800’s The presentation adopted here and the next subsection 1s
a composite of the work of Biggs [7, pp 22-39], Cvetkovi¢ [23, pp 37-39], and
Kel’'mans [34, 43]

Theorem 3 3.8 (Kirchhoff Matrix—Tree Theorem) For graph G € O (n,e€), the
classical adjont of L(G), ad)(L(G)), equals Sp(G)J

An algebraic proof of this theorem can be found in Biggs [7, Theorem 6 3, pp
34-35] and a graph theoretic proof can be found in Gibbons [30] This theorem 1s
implicitly contained 1n Kirchhoff’s 1847 paper [48], while the first proof can be found
in the 1940 paper by Brooks, Smith, Stone and Tutte [14] Many other equivalent
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results exist For example, Maxwell’s Rule [52], published 1n 1892, gives the weighted
tree products of a graph and, in 1948, Tutte [71] gave the number of spanning trees
in directed graphs See Moon [57, pp 41-42] for a discussion of these results

The next two results follow directly
Corollary 339 Forany:1€ {1,2, ,n(G)}, |L.(G)|= Sp(G)

Proof Obvious from Theorem 338 O

Corollary 3 3 10 The number of spanning trees of a graph G s invariant under any

permutation of the labels of V(QG)

Proof Let G’ be the graph G with 1ts vertices relabelled Let £ = L£(G') and
L = L(G) This permutation of the labels of V(G) corresponds to a permutation P
(a permutation matnx) of £ In other words, £ = P L PT Then,

ad)(L') = ady(P L PT)

Since the adjugate of a product equals the product of the adjugates (see Lemma 3 4 1

(p 45) we can expand this equation to
adj(P") ad)(£) ady(P)
Since |P| = £1 and adj(P) = |P| P~! = PT this becomes
P ady(£) PT

But by Theorem 3 3 8 adj(£) 1s a constant matrix and remains so under any permu-

tation Thus, the above equals

ad)(£) =Sp(G)J O
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From Theorem 3 3 8 1t 1s possible to derive other spanning tree counting formulas
Two such methods follow, but first we generalize this theorem This generalization 1s
stated 1n 1976 (as self evident) by Kel’'mans [43, Eqn 22, p 243] The proof that
follows 1s adapted from Cvetkovi¢ et al [24, p 38]

Let G € O (n,e) and let 3 C V(G) = {1,2, ,n} Then the graph Gy 1s the
multigraph obtained from G by identifying (amalgamating) the vertices in 3 into a
single vertex while maintaining edges (yet, deleting loops) We write G, nstead of

G(v}, and note that G, = G for any v € V(G) (We use this fact in Corollary 3 3 13 )

Recall from page 22 that for a matrix A and index set 3 that Ag 1s a principal
submatrix of matrix A (the rows and columns of A corresponding to the indices in (3

are simultaneously deleted)

Corollary 3 311 Let G € O (n,e), where V(G) = {1,2, ,n}, and let B be a
nonempty subset of V(G) Then

Sp(Gp) = |Ls(G)|

Proof Let ¢ be the label of the node resulting from identifying the vertices in 3
But £,(Gg) = Ls(G) and, by Corollary 3 3 9,

Sp(Gp) = |£:(Gp)| = |1£5(G)|

as required O

To allow for the case 3 = 0, let Sp(Gg) = 0 which 1s sensible because |£(Gy)| =
I£(G)| =0
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For a matrix A € R™", let Ex(A) denote the sum of all principal minors of order
k of A (The notation 1s from Horn and Johnson [32, p 42] ) In particular, for a
graph G € O (n,€)

Ev=E(L@G) = ) |£s(G)| (311)
BCV(G)
IBl=n—k
Note that
E, =trace(L(G)) = D dy = 2e,
veV(Q)
and
By = [LIGY| =0

Lemma 3 3 12 (Kel’mans [37]) For graph G € ©(n,e), the coeffictents of P(t,G)

are gwen by

¢ = Z SP(G,@)
BCV(G)
|Bl=n—1

for1=0,1, ,n-1

Proof It 1s possible to show (inductively by Laplace expansion) [32, Eqn 12 11, p
42] that

P(t,G)=t"—Et" ' +Ejt"*~ £E,

Thus, ¢, = E, By Equation 3 11 and by Corollary 3 3 11, |£s(G)| = Sp(Gp) so the

result follows O

Corollary 3 3 13 For graph G € O (n,e),

Sp(G) = ~ea_s
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Proof Use Lemma3 312 and let 2 =n —1 Then

Ch-1 = Z Sp(Gpg)
BCV(G)
|Bl=1
= Z Sp(Gy)
veV(G)
= nSp(G) O

Kel’'mans and Chelnokov [34, eqn 2 14, p 203 ] give another expression for the
coefficients of P(¢,G) Recall the function v 1s defined on page 27

Lemma 3 3 14 For graph G € O (n,e), the coefficrents of P(t,G) are gwen by

Gl@) = Z v(F), for1=0,1, ,n-1
FCaG
e(F)=1

We now develop a formula for Sp(G) based on the eigenvalues of the Laplacian
First, for the n numbers ag,a;, ,a,_1, the k** elementary symmetric function,

k <n —1, 1s given by

Sk(ao, ai, ) an—l) = Z H a,
|[Pl=k 1€P
pPC{o,1, ,'n—l}

Theorem 3 3 15 Ifag, ,a,—; are the ewgenvalues of matriz A, then
Sk(ao, 3aﬂ—1) - Ek(A)

fork <n
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Proof See, for example, Horn and Johnson [32, Theorem 12 12, p 42] O

The following 1s from Kel’'mans and Chelnokov [34, Equation 2 18, p 203]

Theorem 3 3 16 For graph G € O (n,e)

1

5p(6) = -

n
J

Proof By the definition of the k" elementary symmetric function and the fact that

Ao = 0, we have
n—1
Sn-1(0(G)) = H A
=1

By Theorem 3 3 15 this equals E,_; which equals ¢,—;(G) Apply Corollary 3 3 13
O

Notice how this counting method means the problem of finding the Sp-optimal
graph 1s a problem of maximizing the product of n — 1 numbers subject to the con-
straint that the numbers are eigenvalues of a graph It 1s this observation upon which
Cheng [18] based his results As well, Theorem 3 3 16 gives a simple proof of a well

known result

Corollary 3 3 17 The multiplicity of 0 as an eigenvalue of the graph G 1s equal to

the number of components in G

Proof Since a component G, 1s connected, 1t has at least one spanning tree, and
so 1ts n(G,) — 1 largest eigenvalues are nonzero The smallest eigenvalue of each

component 1s zero so each component contributes exactly one zero to the spectrum

of G O
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3.4 Complement Spanning Tree Formula

We now return to the consideration of simple graphs From here to the end of the
thesis, by graph we mean simple graph In 1974, Biggs [7, Prop 64, p 35] gave
a formula (Equation 3 12 below) that uses the determinant of a matrix instead of a
cofactor of the Laplacian (e g Theorem 3 3 8) Biggs gives Temperley credit for this
formula since 1t 1s implicit 1n his 1964 paper [69] First we need a result from linear

algebra that says the adjugate of a product 1s the product of the adjugates

Lemma 3 4 1 For the matrices A,B € R™*" and for C = AB the follouwing holds

adj(B)ad)(A4) = ad)(C)

Proof. The Cauchy-Binet formula [32, p 22] states that for 1 < r < n, a,3 C
{1,2, ,n}and |a|=|B|=r, that

det Cop = Z |Aaﬁ| |B7,ﬁ|
o 4

where the sum 1s taken over all index sets v C {1,2, ,n} of cardimality » Take

this formula with r = 1 and consider the (¢, ;) entry of adj(C)

(ad)(C)).; = (-1)"* detC,,
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= (=1)""Y det A, det By,
k=1

Il
M=

2~
Il
—

Il
M=

(ady(A))k,(ady(B)):x

=~
Il
—

The result follows by the definition of matrix multiplication O

(—=1)"** det A, x(—1)**? det By,

46

The proof for the next theorem 1s taken directly from Biggs [7, Prop 6 4, p 35],

but each step 1s explained more fully

Theorem 3 4 2 (Temperley [69]) For G € Q(n,¢)

Sp(G) =n"% |J + L(G)|

Proof For K, we have A= (n—1)Tand A=J—1s0
LK,)=A-A=(n-1)I-(J-I)=nl-1J
By Theorem 3 3 8, adj(£(K,)) = Sp(K,)J and by Theorem 3 2 2

ad)(L(K,)) =n""2]

(312)

(313)

(3 14)

Let £ = £(G) Note that nJ = J* and J£ = 0 (all the column sums of £ are 0)

This allows us to write

(rI=J)J+L)=nl+nL—-J*-JL =nL,

and by Lemma 3 4 1
ad)(J + £)ady(nl — J) = adj(nL)
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Apply Equations 3 13 and 3 14 on the left and on the right and notice that each

cofactor of adj(nL) 1s n"~! times the corresponding cofactor of £
adj(J + £)n™"2J = n"tad)(L)
Simplify and then use Theorem 3 3 8
adj(J + £)J =nSp(G)J
Next pre-multiply each side by (J + £) and use Equation 2 1 (page 22)

J+L)adj(J+ L)) = nSp(G)(J+L)J
J+L]J = nSp(G)(J*+ L))
I+ L|J = n?Sp(G)J

It follows that n=% |J + £| = Sp(G), as required O

This theorem alleviates the need to take a cofactor of the Laplacian, but a more

flexible formula 1s obtainable using the next theorem Note for any graph G € Q (n, €)
that G = K, — G so
L(G)+L(G) = L(K,)=nl-1]

Thus
J+ E(_(?) =nl - L(G)

Since Theorem 3 4 2 says Sp(G) = n~2 |J + L(G)

, we have proven the following

Theorem 3 4 3 For the graph G € Q(n,€),

$p(G) = n™* Inl - L(G)|



CHAPTER 3 SPANNING TREE FORMULAS 48

This 1s equivalent to the following (from Kel’'mans and Chelnokov [34, Eqn 218, p
203])

Corollary 3 4 4 For the graph G € Q(n,e),

Sp(G) = n~*P(n,G)

Proof By definition of the characteristic polynomial, P(n,G) equals |n1 — L(G)]
a

Note that, unlike Temperley’s complement inclusion exclusion formula (Theo-
rem 3 2 3), the above 1s for fixed n That 1s, the formula Sp(G) = n=2P(n, G) 1s for
graphs G and G, both of order n We can remedy this via a couple of corollaries

First we have another result for the components for a graph

Corollary 345 If G € Q(n,e) has k > 1 components G1,G2, ,Gi of orders

ny,ng, ,nNg, respectiely, then

k
Sp(G) _2H|nln'— G)| = n7? [[P(n,G,)

i=1

Proof Combine Lemma 3 3 2 and Corollary 344 O

Corollary 3 4 6 (Temperley’s complement spanning tree formula) Let G €

Q(k,e), and let k <n Then

Sp(K, — G) =n"2n~*P(n,q)
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Proof Graph G 1s of order k and G = K, — G But G can be expressed as
G = K, — G', where G’ 1s composed of the graph G plus n — k 1solated vertices
Apply Corollary 3 4 5 and observe that P(n, K;) = n to get
n—k
Sp(Kn = G) = n7?(I] P(n, K1) ) P(n,G)
=1

= n”2n"* P(n,G)

= n"2n* P(n,G) O

Now Theorem 3 2 3 gives the number of spanning trees of K, — G 1n terms of
the generic form of the graph G (p 29) On the other hand this corollary expresses
Sp(K, — G) 1n terms of the characteristic polynomial So 1t 1s immediately evident
that

f(n,G) =n~* P(n,G) (3 15)

Therefore, the comments and results that pertain to the generic form of a graph also

apply to the characteristic polynomial of a graph

This observation motivates us to define the following matrix, sometimes called the
Complement Spanning Tree Matriz For the simple graph G € Q(k,e), and £ < n
define the matrix Q(n, G) € ZF** as

Q(n,G) = nl; — L(G) (3 16)

It 1s also possible to define Q(n,G) directly from the graph G The (z,7) entry 1s

given by
n—d, 1fi=y
(Q(n,G)),, = 1 f1#)and {v,v,} € E(G)
0 otherwise

Corollary 34 7 Let G € Q(k,e) Then

Sp(Kn — G) =n""'n"*[Q(n, G)|
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Proof This follows directly from Corollary 3 4 6 and the definition of Q(n,G) O

Therefore, as with generic forms, we are motivated to study families of graphs
where Q 1s simple enough to permit an easy evaluation of |Q(n,G)| In the next
chapter we present the formulas for |Q(n, P)| and |Q(n,Ck)| In the mean time, as
an example of the usefulness of these results, we give an alternate simple proof for a

result first given by Weinberg [78]

Theorem 3 4 8 Let G € Q(2k,k) be a matching of size k and let 0 < 2k <n Then

Sp(Kn — G) =n""2n* (n — 2)F

Proof The graph G 1s composed of k components with one edge each By a suitable
labeling of the vertices, the matrix Q(n,G) can be made block diagonal composed of

k two-by-two blocks of the form

n12 = £(K2) =

These have determinant
Inly — L(K2)| = (n—1)? =1 =n(n-2)
Thus,

Sp(G) = n™2n % (n(n —2))*

For example consider G = P; + P, (like we did for Temperley’s complement

inclusion exclusion formula) By this theorem

Sp(G) =n""2n"% (n — 2)F = "2 (1 -

SRS
+

|

N
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This 1s the same expression we obtained earlier

3.5 Ranking Graphs by Their Number of Span-

ning Trees

We close this chapter with a discussion of a partial order > over Q(n,e) (simple
graphs) established by Kel’'mans [43, p 254] We write G = H if G, H € 2 (n,€) and
P(t,G) > P(t,H) for all t > n Note that n > max{p(G), p(H)} by Lemma 3 3 5 so
P(t,G) > 0 and P(¢t,H) > 0 for t > n Also note that t = n gives Sp(G) > Sp(H)
by Lemma 34 4 So, saying G > H implies that K, ;x — G has more spanning trees
than K,,1x — H, for all K > 0 There are two equivalent ways to define >

Theorem 351 G > H if and only +f |Q(t,G)| > |Q(t, H)| for t > n(G) =n(H)

Proof This follows since P(n,G) = |Q(n,G)| O

Theorem 3 5 2 G > H 1f and only +f f(t,G) > f(t,H), fort > n(G) = n(H)
Proof Equation 3 15 says that f(n,G) = n™*P(n,G) so the result follows O

For later, we present the next rather obvious theorem

Theorem 3.5.3 Guwen two graphs G,H € Q(n,e) such that G = H, then for any
other ssmple graph F' we have G+ F - H + F
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Proof This 1s obvious since

P(t,G + F) = P(t,G)P(t, F) and P(t, H + F) = P(t, H)P(t,F) O

We point out that > 1s not a total order Kel’mans and Chelnokov give a com-
plicated example of a pair of >-incomparable graphs in [34, p 211] Later, in
a 1980 research announcement, Kel'mans [45] states, without details, a number of

other examples of >-incomparable graphs Here we present a simple example of

>-incomparable graphs

NN

G=2 Cs3+2 K, JH=K 3+ P4

Figure 3 5 A crossing example

Let G, H € ©(8,6), where G = (2 C5+2 K;) and H = (K; 3+ Ps) (Figure 3 5(a)
and (b) respectively) Then using Theorem 3 2 3 and Corollary 3 2 4 1t 1s possible to

derive the following formulas

12 54 108 81
So(n = G) =2 [L- 4 5 - 5+ o) el
and
12 55 122 138 76 16
S, —H) = [1- S+ - e 2-Se ] 6

Evaluating these functions for n = 8 we see that Ks — G has more spanning trees
than Kg — H yet K9 — H has more than K9 — G for n = 9 See Table 31 The
author found two other €2 (8, 6) graphs that have polynomials that cross with respect
to G An open question 1s whether there exist graphs that have polynomials that

cross twice

Another interesting fact 1s the existence of non-1somorphic graphs that have the

same characteristic polynomial and hence the same spectrum Such graphs are called
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n=8 n=9
Sp(K, — Q) 40,000 944,784
Sp(K, — H) 39,984 947,520

Table 31 A crossing example

cospectral Since these graphs have the same spectrum, they have the same number

of spanning trees (by Theorem 3 3 16), and so these graphs are also incomparable

For example, the graphs G; and G, 1in Figure 11 (p 11) are cospectral graphs

Using Maple to evaluate the characteristic polynomials of these graphs we get

P(t,Gy) = P(t,Gs)
= 15— 12" + 54¢* — 1121® + 10542 — 36¢
= t(t—4)(t - 1)*(t—3)*

Thus K, — G; and K,, — G, have the same number of spanning trees for alln > 7 =

n(G1) = n(Gz)

As well, Cvetkovié et al [24, Chapter 6] discuss examples of regular graphs that
are cospectral with respect to their adjacency matrices By Equation 39 (p 34) such

graphs are also cospectral with respect to their Laplacians

The existence of incomparable graphs shows that a strict ranking of all simple
graphs, by the number of spanning trees in their complement, 1s not possible It also

suggests that a counterexample to Conjecture 13 1 may exist Sp-optimal graphs

may not be unique



Chapter 4

Special Formulas

The counting formulas given in Chapter 3 are general and difficult to use for ranking
families of graphs So, for various classes, many special formulas have been developed
Two excellent summaries of results of this type are Moon’s 1970 monograph [57] and
Berge [6] Since this thesis 1s concerned with graphs whose complements are composed

of paths and/or cycles, we collect and develop formulas for such graphs 1n this chapter

For these graphs, closed formulas exist in three formats trigonometric, combina-
torial and algebraic These are all given 1n this chapter In addition, we present a new
combinatorial formula for cycles and we give a new proof for the algebraic formulas
Furthermore, the trigonometric formulas give us information about the eigenvalues
of these graphs We also look at the relationship between the generic forms of paths

and cycles
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4.1 Trigonometric Formulas

In 1961, Bedrosian [3] posed the problem of finding the generic form for what he called
the r,p,m, and s series of graphs The r series represents graphs that are matchings
on r edges, and the p series correspond to star graphs (Star graphs are graphs that
have p edges incident to the same vertex ) This thesis 1s concerned with his m and s
series which correspond to the graphs (), and P,y respectively In 1958 Wienberg
obtained formulas for matchings (see Theorem 3 4 8 above) as well for star graphs
In 1969 Bercovici [5] obtained a formula for C,, and based on this Bedrosian, in 1970

[4], obtained a formula for P,y; For the cycle Bercovic’s formula 1s as follows
Theorem 4 1 1 (Bercovici1) For the cycle Cy the generic form s quen by

fln, )= ni 1‘[( — 4 sin? (%)) (41)

For example, the generic form for the triangle, C3, 1s as follows
2 T g 2T
f(n,C3) = n H(n—él sin (—3-))
1=1
2
?(n-aen (3)

n (n s | 3
= n? (n2 —6n + 9)

Formula 4 1 has been rediscovered a number of times, in various forms, during the

course of finding a general formula for graphs whose Laplacian matrices are cycle

matrices (c f [12, 76]) Bedrosian [4] pointed out that

(1- %)fz(n, Py) = f(n, Ca) (42)

We give a new proof of this at the end of this chapter (Lemma 437) As well
we present a new case for cycles of odd length (Lemma 4 38) (Moon [57, p 54]
misquotes Equation 4 2 ) From Equation 4 2 Bedrosian obtained the following
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Theorem 4 1 2 (Bedrosian) For the path Py the generic form 1s gwen by

k-1
f(n,P) =n'"* T] <n — 4 sin? (;—2

=1

)

56

(43)

For example consider G = P, + P, (like we did for Temperley’s complement

inclusion exclusion formula) By this theorem

Sp(Kn - G)

=1

(- )
(2

This 1s the same expression we got earlier

1
n"? (n—l H(n — 4 sin?

(m’
4

)

Becovici and Bedrosian both expressed their results in terms of generic forms but

1t 1s clear from Equation 315 (p 49) that they really gave results for P(n, P) and

P(n,Cx) Furthermore the expressions they derived immediately give the eigenvalues

of Py and Cy, respectively

Lemma 4 1 3 The eigenvalues of L(Py) are

A(Py) = 4 sin? <%)

fori=0,1,2,....6=1

Observe that

SO
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for1 =1,2, ,k—1 Thus, the eigenvalues of P; are arranged in increasing order
Furthermore, 1t 1s easy to derive bounds on the spectral radius of P, We need these

bounds for a proof of Theorem 5 3 3

Lemma 4 1 4 The spectral radwus, p(Py), of P has the follouing bounds, for k > 4
3<p(P) <4 (47)

for k <3, p(P3) =3, p(P) =2, and p(P1) =0

Proof The spectral radius of P; 1s given by p(P;) = 4 sin? (&;—}cﬂ) The upper
bound 1s immediate from Equation 4 6 The bounds for £ = 1,2,3 are found by
direct calculation For example, when k equals three then

n(5) =%

Square this and multiply by four to get the result For k > 3, observe that (k—1)/k
monotonicly increases Therefore

e (52

Square both sides and multiply by four to get the result O

Since taking the eigenvalues for C} directly from Equation 4 1 does not give us a

nondecreasing sequence, we express them as follows
Lemma 4 1 5 The eigenvalues of L(C}) are

A, = 4 sin? ([%l %) for1=1,2, k-1 (4 8)

and /\0 =0
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Observe that A\; = A3, A3 = Ay, etc, and 1if k 1s odd that Ax_o = Ax—1 < 4 otherwise
Ak—3 = Ak—z and A;_; = 4 It 1s interesting to note that when k 1s odd (eg k =
27 +1), then p(Ck) = p(Px)

g = ot ([EED1 2) -y e (22) =4 (A21T) < i

With the above information we can give a refinement of Lemma 3 3 4 for Py less

an edge In particular, we can get strict inequality

Lemma 4 1 6 For the path P, and any edge u € E(Py) then
/\z(Pk == u) < /\,(Pk)

fori=1, k-1

Proof Consider that Pi—u = Ps_,+P, forsome ) € {1,2, ,k—1},and o(Pr—u) =
o(Px-;)Uo(P,) (see Lemma 3 3 3) Without loss of generality suppose y > k-7 To
prove the lemma by induction requires a double induction on 7 and then ¢ Instead

let us look at the two extreme eigenvalues and leave the rest as an exercise For: =1

we have A;(P) > 0 = A\ (Px — u), and for : = k — 1 we have

p(Pi, + P)) = 4 sin’ (%) < 4 sin? <(k ;kl)”) = p(P:)

(=D (k—1)m (w)
b i) r» /0 ) o
0< ( 2 < 5% <{3
On the other hand, for C} less an edge we can not improve on Lemma 3 34 Note

that Cx —u =P, Sofor any: € {1,2, ,k—1} we have

since 3 > k — and

T

A (P;) = 4 sin? (%%) < 4 sin? ([%] E) = A(Ch)
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with equality only when 2 1s even

4.2 Combinatorial Formulas

We now present the combinatorial formulas (1 e the generic forms) of path and cycle
components Both are due to Moon but we present a new simpler formula for the

cycle

Theorem 4 2 1 (Moon) For the path Py, where k < n, the generic form 1s

sory=x ("1 () 9)

1=1 n

Proof See Moon [55, Theorem 6 5, p 56] O

For example consider G = P, + P, (like we did for Temperley’s complement

inclusion exclusion formula) By this theorem

Sp(Kn —G) = n"*f*(n, Py)

- (@)

2 2
= p"? (1 - —)
n

4
— nn_2 <]___+.i2)
n n

Now, consider a simple example that ranks two graphs whose complements are

composed of path components Let G = P3 + P; and H = P, + P, (Figures 4 1(a)
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L L | L

(a)G=P3+P3 (b)H=P2+P4

Figure 4 1 Two graphs composed of path components

and (b), respectively) For these graphs we use Theorem 4 21 and Lemma 34 5 to

get
o - ()
= (1—%'*'-723—2)2
i (1_% i%_% %) (4 10)
and
e = (£0377) G (07 6
= 1_2 8 1_(2)_13
_ El g>(22 YR ">
= _;+F—¥+F) il

Clearly (4 10) 1s larger than (4 11) by 1/n*, for alln > 0 Thus G >~ H Notice
that the path lengths in G' are more equal than those n H In Chapter 5 we see this

holds 1n general for graphs composed of path components

The following formula for the generic form of a cycle appeared in Moon [57,

Theorem 6 6, p 56]
Theorem 4.2.2 (Moon) For the cycle Ci, where k < n, the generic form 1s

f(n,Cx) = kfiy (2k 2_1_3) (%) +k2( 1)“ (412)

1=0 =1 t+1l=3 n
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For example, consider Equation 4 12 for C;

f(n,Cs) = 2;)212(?;12:;) )+ ()

=1
2\ /-1 1\ /-1 9
= 1*(1) (7)*4(0) (3 * i
6 9
n n

We now present a simpler formula suggested by Myrvold [61]

Theorem 4 2 3 For the cycle C, where k < n, the generic form 1s

f(n,C) =" (k :Z_: 1) (%)kﬂ (?) (413)

Proof By Theorem 323

f(n,C)= Y v(F)(-n)~® (414)

FCCy
V(F)=V(Cx)
This formula sums over each spanning subgraph F' of the cycle C); Since v(F') equals
zero 1f F'1s a cycle, we consider instead Cy — u = Py for any u € F(C}), and use

> v(F')(—n)~)

F'CP
V(F")=V (Px)

k times — once for each edge u But, this over-counts since each k — 1 edge spanning

subgraph F’ 1s counted : times once for each edge missing from F’ Thus Equation
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4 14 equals
1
EX uF) - ()
FCPy t
V(F)=V(Px)

Substitute Equation 4 9 to complete the proof O

To 1llustrate the over-counting argument consider C3, and let E(C3) = {1,2,3}

There are three ways to form P; and for each we use

> v(F)(=n)™®)

FCP;
V(F)=V(Ps)

For example, suppose u 1s chosen from E(C3) and the two remaining edges are z and
y Then the four spanning subgraphs of P; are
Fl - 3 Kl E(F1)=0
F2 = K1+P2 E(Fz)‘—‘{.’l)}
F3 = Ki+h E(F3) = {y}
Fy = P E(Fy)
For any u € E(C3) the graph Fj 1s unique and so 1t appears once — there 1s one edge
missing At the other extreme, the graph F) appears once for each u and so v(Fy)

1s counted three times — once for each of the three edges To see that the graph F;

appears twice suppose E(F3) = {1} and consider v = 1,2,3 1n turn
e When u =1 then E(P;) = {2,3}, and F; can not be a subgraph

e When u = 2 then E(P;) = {1,3}, and F; can be a subgraph

¢ And finally, when u = 3 then E(P;) = {1,2}, and F;, can be a subgraph
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Simularly the graph F3 appears two times — once for each edge missing

Now to 1illustrate the theorem we calculate the generic form of C3
3. (3+1—=1\ /=13 /3
e = (530G 6)

- (E A0 ECE @)

Corollary 4 2 4 (to Theorem 4 2 1) The number of spanning trees in K, — Py s
E (k40— 1) =1\
w1 ()
Sp(Kn — Pi) =n ;( L, ) -

Corollary 4 2 5 (to Theorem 4 2 3) The number of spanning trees in K, — Cy 1s

-0 -5 (1) G ()

4.3 Algebraic Formulas

Each of the following algebraic formulas first appeared, implicitly, in Kel’mans’ arti-

cle [35] Like many other results by Kel’'mans, these formulas were overlooked 1n later
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works The reason 1s partly due to the delay in getting a translation of the Russian
and partly to Kel’mans’ presentation The formulas he presented are based on a
matrix derived from the Laplacian matrix So, one needs to do some manipulations

to get the formulas useful for counting spanning trees

Boesch and Suffel derive these formulas in an unpublished 1984 technical report
[11] Later the formula for Ci appeared in a 1993 class assignment by Dimakopou-
los [25] Based on this work, the author was able to obtain the path formula We
present our derivation methods later and the results now because the derivations are

lengthy

Theorem 4 3 1 The number of spanning trees in G = K, — Py, for k < n, 1s gwen

by

Sp(Kn_Pk)
e _ 2 _ ko T k
= 2k\/m((n 24vVn?—4n) = (n—-2—+/n 4n)) f n >4
= 43~k ifiry =

Proof. Apply Lemma 4 3 5 to Corollary 346 O

The restriction n > 4 1s not a serious limitation because Sp(K, — Py) 1s trivial for

k<n<4

Theorem 4 3 2 The number of spanning trees in G = K, — C 15 quven by

Sp(Kn — Ck)
— pne2k (2—k <(n —2+vn?—4n) 4+ (n—2—vni— 4n)k) - 2(—1)k+1)

wheren >4 and 3<k<n



CHAPTER 4 SPECIAL FORMULAS 65

Proof Apply Lemma 4 3 6 to Corollary 346 O

Again the requirement n 2 4 15 not a problem since C3 = K3 15 the smallest cycle

and K3 — K5 1s boring The first interesting case 1s K4 — K3

For notational convenience we define the following functions of n

r = r(n) = n—2
s = s(n) = Vn?—4n (415)
p o= pn) = s
¢ = an) = s

With these abbreviations Theorem 4 31 can be written as

Sp(K, — P) = nt2-k (L) (pk _ qk)

2k s

and Theorem 4 3 2 can be wnitten as
Sp(Kn — Ci) = n™* (27 (p* + ¢*) +2(-1)*)

To derive these formulas we start by finding the determinant of a tri-diagonal matrix

that 1s common to the Laplacians of both Ck and Py

4.3.1 Determinants of Some Matrices

To derive the formulas n Theorems 4 3 1 and 4 3 2, we want to determine |Q(n, Px)|
and |Q(n,Cy)| Recall, Q(n,G) = nlk - L(G), 1s the complement spanning tree
matrix for G € Q(k,e) To find the determinants of these matrices, we imitially use

a Laplacian expansion and to make our work easier we judiciously choose the vertex

labeling (Corollary 3 3 10)
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Let Cy = vy,v9, ,vx So,
Q(n, Ck) = nIk = E(Ck)
= nlx — (A(Ck) — A(CY))

=l — (20 — A(C)
= (n—=2)L + A(Cy))

n—2 1 1
1 n—2 1
1 n—2 1
1 n—-2 1
1 1 n—2
( r 1 1
1 r 1
1 r 1
1 r 1
1 1

where an empty space denotes a value of 0

On the other hand, Pj has two degree one vertices and (k —2) degree two vertices

Let P, = vy, vk, vk—1, ,Us, v (see Figure 4 2)
U1 Vg Vk-1 U3 V2
— oo — —eo—

Figure 4 2 Chosen labeling for a path
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Q(n, P) =

1 n—2 1
1 n—2
1
1
1 r 1
1 T

67

We start by focusing on the common tri-diagonal submatrix Let Tz = [t,,] € ZF**

where
r fi=j
ty, = 1 ife+1=3 0or 741=1
0 otherwise
Thus,
(r-i-l I

r+1 1

Q(n, Pr) =

Tk-2

(4 16)
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and
( r 1 )!
1
Q(n,Cy) = Ty (4 17)

k 1

Now we find the determinant of Tx

Lemma 4 33 Let 7. = |Ti|, where Ty 1s the matriz defined above, and let n > 4

Then,

Tk = T Tg—1— Tk-2
- (321+1) (pk+1 _ qk+1)
k+1

with watial conditions 7y =7 and 19 =1

(4 18)

of n>4 (419)
if n=4

(Equation 4 18 appears in the proof of Kel’'mans [43, Lemma 6 9, p 258] )

Proof By convention, the determinant of an empty matrix 1s one so 7o = 1 And

since T; = [r] we have 71 = r Now for k£ > 1, expand 7 about the first first row to

produce two (k — 1) x (k — 1) determinants, and expand the second of these about

the first row For example

Tk =
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= TTg-1—

= T Tk-1— Tk-2

This relation 1s called a second order linear homogeneous recurrence relation We solve
this equation using standard techniques (see, for example, [15, 31] for a discussion
on solving recurrence relations ) The roots of the characteristic equation of 7, =
Tk—1 — Tk—2 are

revri—4 rty(n-2°-4 r+vn?—dn _rts (420)
2 B 2 - 2 2

which we temporarily denote by b* and b~, respectively So
7 = ¢ (bY)F 4+ ¢(b7)*

where the constants ¢; and ¢, are to be determined Use the initial conditions to get

the following system of equations

To = 1 = Cl+C2

=1 = ¢(b7)+c(b7)
Solving, we find that

b- — 1
= 27 and Cy = i (4 21)

b- — bt b- — bt
We can make the following simplifications For the denominator

__+ . T‘—S_T‘+s .
b it = 5 5 = -3
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And for the numerators

s r;s . B (r2+s) — bt
and
2r —(r+s) r—s _
=Y = ——z = =
r—b 5 5 b

Collecting these results we get

n - ()0 (5) 6
%(( HRH (5 )k+1)

1

= (o) = (- o) (422)

establishing the lemma if n # 4 But, if n = 4 then we have division by zero Instead,

make use of the binomial theorem and cancellation, and write Equation 4 22 as

1 ez 5 ES L
—_ =3 J
T, = T 2 Z; ( 3 r s

7 odd

1 k+1 (k+1

= o > J

J=1
7 odd

) (n -2 (VaT—4n)"" (4 23)

This form shows that the square root terms are always raised to an even power More
importantly, if n = 4 (hence s = 0) then there 1s a formula for 7 that does not have

a zero divisor Put n = 4 into Equation 4 23 and note that the only nonzero term

1 (k+1 .
2_( 1 )(4_2)
= k+1

occurs when 3 =1 We get

This completes the proof O

To get the formula for |Q(n, P)|, we need the following intermediate result
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Lemma 4 3 4 Let 7' denote the matrix derwed from Ty = [t,,], where t;; =r +1
instead of r Then

|TE'| = 7 + Te—1

Proof Note that,

7| =

Expand about the first row and expand the second determmant in this expansion

about the first column This gives

IT'| = (r+1)7Th-1 — Th-2
= TTk-1 — Tk-2 F Tk-1
= Tk + Tk-1

by Equation (4 18) O

4.3.2 Determinants of Q(n, P;) and Q(n,C)

It 1s now possible to prove Theorem 4 3 1, for Py, using Lemmas 4 3 3 and 4 3 4 in

the evaluation of the determinant of the matrix Q(n, P)

Lemma 4 3 5 For a path Py, where k < n and n > 4,
_ n (. k_ k
1Q(n, P)| = :5‘57;(}7 —q) ifn>4

= 4k ifn=4
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Proof Note that

Q(n, P) =

contains 7Tx_," as a submatrix Expand |Q(n, P;)| about the first row and then ex-
pand the second determinant of this expansion about its first column Then use
Lemma 4 3 4, collect terms and rearrange to take advantage of the recurrence rela-
tion 7, = r 71 — Tk—2
Q(n, P)l = (r+1) [Tiet| + (=1)" (=1)*D4 T3 y|

= (r41)(Th-1 + Te=2) + (=) (113 + 713)

= TTk—1 + TTk—2 + Tk—1 — Tk-3

= -1+ T+ (r Te=2 — Th-3)

= TTe-1+ Thk—1 + Th-1

= (r+42)m%-

= NTk_1 sincer =n — 2

The rest follows from Lemma 433 O

It 1s also possible to prove Theorem 4 3 2 for Cj using Lemma 4 3 3

Lemma 4 3.6 For cycle Cy, where 3 <k <n and n > 4,

Q0. Gl = o (¢ + &) +2(~1)+*
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Proof Recall,

r 1
1 r 1
1 r 1
Q(nv Ck) =
1 r
1 1
Note that Q(n,Cy) contains Tx_; as a submatrix
r 1
1
|Q(nv Ck)' = Tre-1
1
Expand this about the first row
1 1
1
=~ Flhe = Ti-2 +(=1)"
1 1

s Ti-2

and expand the two unresolved determinants about their first columns

4

= PTk-1— % Tk-2 + (—1)k

1
r 1
1 r 1

\
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1 r 1
(—1)k+l<(—1)k7’k-2+ 1 r 1]¢
1 r
1

\ 7
and notice that the remaining determinants are lower and upper diagonal respectively,

with ones along the diagonal So we get

Q(n, Co)l = r7ees = (Thez + (=1)F) + (= 7z + (=1)")

= Ty —27_o+ 2(—1)k+1

We can substitute into this expression the result for 74 from Lemma 4 3 3 and simplify

Qs8] = r (P" —q’“) _5 (M) o)

s2k §2k-1

Q(n, Gl = — (r(* = ¢") = (P'a— pg")) +2(-1)**

5 (P = 9) = ¢ (r = p) +2(-1)*

Nowr —g=r—(r—s)=sand r —p= —s so we have
1Q(m, Gl = ¢ (sp* + sa) +2(~1)+
’ g 2%

= 5 (" + ) +2(-1y
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(Note that there 1s no division by s so we do not need a special formula for n = 4 )

O

4.3.3 Generic Forms of Cycles and Paths

We now present a new proof of Bedrosian’s result [4] relating the generic forms of an

even length cycle and a path
Lemma 4.3 7 Fork > 1,

f(n, Cax) = (1 - %) 2(n, Po) (4 24)

Proof* By Equation 315 (p 49) f(n,G) = n~%|Q(n,G)| for any graph G € Q (k,¢)
Thus we can use Lemmas 4 3 5 and 4 3 6 to establish the above result The special

case n = 4 1s easily confirmed directly, so we assume n > 4 By Lemma 4 3 6,

f(n,Ca) = n72*|Q(n, Cay)|
— n—2k2—2k(p2k+q2k)+2(_1)2k+1—2k

— n—2k4—k(p2k +q2k -9 4k) (4 25)
By Lemma 4 3 5,

A, P) = n7?*(Q(n, Py)l*

2 2
_ n—2k2—2k:’_2(pk _ qk)

2k g n?
_ po2kgek (n2_4n) (p2k+q2k —2pqu)

1
_ p2kgk (1_1) P+ 9 4k) (4 26)
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Clearly (1 - %) times Equation 4 26 equals Equation 4 25 0O

We now present a new formula relating the generic forms of an odd length cycle

and that of two paths

Lemma 4 38 Let m =2k + 1, where k >0 Then

£(2,C) = (1= 2) Flm, ) f (1, Prsa) + ™ @20)

Proof By Equation 3 15 and Lemma 4 3 6,
im0kl = a ™2™ (pm + qm) + 2(=1)"*
= e (pm +q"+ 2m+1) (4 28)
By Equation 3 15 and Lemma 4 3 5,
(1=3) 71, PO (0, Pesa)
= (1 —~ %) n~m2™ ( i) k+1 q"“)
= p ™™ (p +q™ - 2% (p+ ) (4 29)

Smcep=(n—-2++n?—4n)and ¢g=(n—2—+/n? —4n) we have p+ ¢ =2(n —2)
So Equation 4 29 becomes

n~m2™™ (pm +q™ + 2™t — an) (4 30)
Rearranging we see this equation contains the generic form for the odd cycle plus a

remainder In particular Equation 4 30 equals
f(n,Cp) —n""27™2Mn
= Fn,C) " (4 31)

as required O



Chapter 5

Main Results

In this chapter we find the Sp-optimal almost-regular graphs in Q%( = Q (n, (Z) - m),
where {%J <m < n) Also, when possible, we give a ranking of graphs in this class
Both the algebraic and combinatorial formulas, from the previous chapter, will play

a role in this work We also work with an elegant technique developed by Kel’'mans

and Chelnokov

Special mention 1s due to Myrvold [62] who suggested improvements to the proofs
of Theorems 515,521 and 533 These improvements allowed the author to derive
Theorem 534 As well Myrvold provided Theorems 52 2, and 52 3

5.1 Ranking Path Components

The next two lemmas introduce new formulas which will be useful For the rest of

this chapter let z = p/2, and let s, = (—1)*+!

77
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Lemma 5 1 1 For a path Pi, k > 0, and forn > 4,

1Q0n, Pl =27 (2) (@~ 1)

S

Proof From Lemma 4 3 5,

" IQ(n’ Pk)' =

sincepg=4 0O

Lemma 5 12 For a cycle Cx, n > k > 3, where n > 4,

Q(n, C)| = 272" + si)?

Proof From Lemma4 3 6,

somen = (2 (' +(0) +»)

B B 2k (P)k
= (2) + 1+ 2s; 9

= (:ck+sk)2 ]

For the rest of this chapter let A(k) = (% — 1) and let B(k) = (z* + s¢)? Thus
|Q(n, )| = 27 (%) A(k) and |Q(n, Cy)| = =™* B(k)
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Lemma 51 3 Let P denote a graph composed of path components and C denote a
graph composed of cycle components Let G = P +C, k = n(G), and a equal the

number of degree one vertices in G Then

Sp(Kn =G =n ke (2| I aw || I B@| D)

o Fep Fec
1=n(F) 1=n(F)

Proof This lemma follows directly from Corollary 3 4 5 and Lemmas 51 1 and 51 2
a

Observe that all graphs composed of path and cycle components, with n vertices
and e edges, have the same number of degree one vertices (Consider that 2e =
.ev(c) & and that d, equals one or two ) So, when we rank the complement of two
such graphs we can 1gnore all but the product terms in Equation 51 In particular

we have the following

Lemma 514 Let G, =P, +C;, and G, = P, +C; Then Gy = G, if and only of

II A®) II BG|> II A®) II B()

FeP, Fec, FeP; FeC,
1=n(F) 1=n(F) 1=n(F) 1=n(F)

Our next theorem 1s due to Kel’'mans [43] In 1976, he gave a proof of this
theorem plus many other results A problem with this paper and his 1974 paper with
Chelnokov [34] 1s the density of material and the new notation’ This leads us to

present our own (and quite different) proof of the theorem

In a recent conversation, Kel’'mans said foreign publication rights were restricted under the
Soviet regime This lead to the necessity to put as much materal as possible 1nto his papers
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L

= Pr+ K = Pg+ P, =Ps+P; G(0)=P+ P
(a) (b) (d (d)

Figure 51 Comparison of paths on six edges

Theorem 5 1 5 (Kel’mans) Let m > 4, and let
G0 = Fra1ect Plp -

where 0 < ¢ < [%J Then
G(c) > G(e+1)

Actually Kel’mans theorem does not cover the case ¢ = 0 although he does have

another theorem that covers this case

To demonstrate this theorem, suppose m = 6 and let ¢ =0 Then the theorem
says that P3+ P3 > P, + Py, as we already know from page 60 For another example,
consider the graphs in Figure 51 where m = 8 and the graphs G(c) are drawn for
c=3,2,1,0 such that G(3) < G(2) < G(1) < G(0)

Proof For m = 4 the theorem 1s easily verified directly Let m > 5 For a fixed
clet k = [%1 + ¢ From Lemma 514 1t suffices to show that A(k)A(m — k) >
A(k+1)A(m — k —1) We have

AK)A(m —k) = (2% =1)(z¥™b —1)

= I2m _ x2(m—k)

2% +1 (52)
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And

Ak +1)A(m —k—1) = (X —1)(z2m-k-1) 1)

- $2m _ xZ(m—k—l) _ :L‘2(k+1) | (5 3)

Subtract Equation 5 3 from Equation 5 2 to get

$2(m—k—-1) - :L,2(m—k) 4 CL‘2(k+1) = ka (5 4)
= g2 (x2m—4k—2 L L 1)
= 2k ((1 _ $2)(x2m—4k—2 _ 1)) (5 5)

Now z = p/2 > 2 since p > 5 so 1 — z? 1s negative Also,
om —4k -2 = 2m—4[-72ﬂ ~do—2

1s negative for any ¢ > 0 and so, (22™~*-2 — 1) 1s negative The product of two

negatives 1s positive so Equation 5 5 1s positive Hence the theorem 1s proven O

Thus, if we are given a graph whose complement contains path components then
we can increase the number of spanning trees by dividing the paths into as many
paths as possible (using any 1solated vertices) and then evening out their lengths As
an aside, note that we have a result that extends beyond the class of graphs that are

almost-regular

5.2 Ranking Cycle Components

We now proceed to consider the graphs in Q? whose complements are composed

entirely of cycles The next theorem 1s new and allows us to extend the work done by
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Kel'mans [43], Kel’'mans and Chelnokov [34], and Peting: [64] Peting: has a version
of the following where k 1s fixed at three

Theorem 521 Letm >6 and 3 < k <m — k then
Ci+Cpi > Cn if k 1s odd

and

Ci+Chmck < Cp iof k 15 even

Proof Note that n(C,,) = n(Cx+Cp—x) > 6 so we can safely use the formula derived
mn Lemma 512 (p 78) From Lemma 5 1 4 1t suffices to compare B(k)B(m — k) and
B(m) For k odd we will show that \/B(k)B(m —-k)- \/B(m) 18 positive, and for k
even we will show that \/B(k)B(m —k)— \/B(m) 1s negative First,

B(k)B(m — k) = (zF + s1)%(z™* + sm_s)? (56)
s0,
B(k)B(m — k) — \/B(m) (57)
= (2" 4+ s)(@™ " + smk) — (2™ + 5m)
= k2™ F 4 sk 2* + SkSm_k — S (58)
Now, sksm—k = (=1)F1(=1)mF+1 = (—1)(=1)™*+! = —s,, so Equation 56 can be
written as

k™ F + sp_pz® — 25

= xk(skx"“z" + Sm—k) — 28m (59)
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The sign of Equation 5 9 equals the sign of s; since 2k < m and z > 2 For example

if 2k = m then s,,_x = (=1)*~%*1 = 5; and Equation 5 9 becomes
z*(spz® + s3) + 2 = 2(spz” + 1)

So 1f k 1s odd, then si 1s positive and Equation 5 9 1s positive Therefore, Equation
57 1s positive and Cy + Cp_x > C,  On the other hand, when & 1s even Equations
56 and 5 7 are negative so C + Cpp < C,, O

The above theorem compares one large cycle with two smaller ones The next
two theorems compare pairs of cycles The first theorem compares two pairs of cycles
i which the lengths have the same parity The second theorem handles the case 1n

which the parities differ

Theorem 52 2 Letm >6 and3<k<m—k Then

Cr + Coi = Ck+2 + Cr—k—2 lfk 15 odd

and

Ce+ Cimik < Crya+ Crp—2 if k 1s even

Theorem 523 Letm >6 and3<k<m—k Then

Ci + Crek > Cry1 + Crn—p—i i ks odd

and

Cr+ Crmk < Crp1 + Crak—1 if k 1s even

To prove these theorems we first prove the following theorem
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Theorem 52 4 Let m > 6 and 3 < a,b<m — k and let

D(k) = spz™ * + s z*, (5 10)
where © = p/2 and s, = (—1)"*! as above Then

Cat Cp—a > Cp + Cry

if and only of
D(a) > D(b)

Proof By Lemma 514 C, + Cpi—g = Cp + Crup holds 1f
B(a)B(m — a) > B(b)B(m — b) (511)

or if

\/B(a)B(m — a) > /B(b)B(m — b) (5 12)

For an arbritrary ¢

\/B(C)B(m —¢) = (2°435)(=™ 4 sm—c)
= ™+ 887 $ 8" — 85 (513)
So, Equation 5 12 can be written as
SaZ™ % + Sp—qZ® > 2™ + Sp_pz’ (5 14)
which 1s the same as saying D(a) > D(b) O

Proof. (Theorem 5 2 2) We must show that D(k) — D(k + 2) 1s positive when k 1s

odd and negative when k 1s even Algebraic manipulation gives the following

—k o,

Dk) =Dk +2) = spz™* 4 s p2* — spyoz™ 52 — 5, _p_ozht?
= Skmm_k 4 Sm—kmk _ Sk(Em—k—z _ Sm—k$k+2
= CL‘k(Sk.’Em_2k I Gy = Skxm—Zk—2 _ Sm_ka)

= mk(sm_k — sk:cm_%—z)(l - m2) (5 15)
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Note that z > 2, so 1 — z% 1s negative Therefore Equation 5 15 1s positive when & 1s

odd and negative when k 1s even O

We use a similar proof technique for Theorem 5 2 3

Proof (Theorem 52 3) We must show that D(k) — D(k + 1) 1s positive when k 1s

odd and negative when k 1s even Algebraic manipulation gives the following

D(kk)—-D(k+1) = k™% o Sp_ka® — sppr2™ P — spp_pg 2t

m—k—1 k+1

= 3™ % 4 sz 4 spx + Sm—kT

k -2k —2k-1
= (k2™ + 8 + 2™ + Sm-kZ)

= 2*(spm-t + k2™ 1)1 + 2) (516)

Clearly, this equation 1s positive when k 1s odd and negative when k 1s even O

Let Q3,., denote the sub-class of Q that have 2-regular complements (1e com-

posed of cycle components only) With Theorems 52 1, 52 2, and 5 2 3 we can rank
most, but not all, of the Q3. graphs To illustrate what these theorems can and
cannot do, we present some ranking results for all graphs in Q%,eg for up to 13 deleted

edges

2
2reg

Table 5 1 shows the ranking of graphs in Q5 for m = 6,7, 13, where m 1s
the number of edges deleted Each graph 1s listed by the cycle components in 1ts
respective complement For example, the entry 3,3,3, for m = 9, represents the
graph C3 + C3 + C3 The graphs whose complement, for a given m, has the most
spanning trees 1s at the top of the column, while the graph with the least spanning

trees 1s at the bottom This data was compiled using Maple and Theorem 4 2 3 (see
Appendix B )

Theorems 5 2 1, 52 2, and 5 2 3 can be used to rank all but two cases in Table 5 1

We will point out the two exceptions below but first we consider the graphs for m = 10
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number of edges [6 7 8 9 10 11 12 13
component lists | 3,3 3,4 3,5 3,33 334 335 3333 3334
6 7 8 36 37 38 336 33,7
44 9 55 344 39 3,5,5

4,5 10 5,6 34,5 3,10

46 11 5,7 3,4,6

4,7 12 5,8

6,6 13

48 6,7

444 49
4,4,5

Table 51 Ranking of some graphs whose complement 1s 2-regular

Theorem 5 2 1 gives us

Cs+ C3+ Cy > C5 + Cr,
(75 + (75 = C'107

and

Cro > Cs+ Cg

Theorem 5 2 2 gives us

Cs+C7r > Cs+Cs

This covers all of the graphs in this category On the other hand the theorem does
not deal with C3 + C4 + Cy4 versus Cs + Cg, for m = 11, and C3 + C4 + Cg versus
Cs + Cg, for m = 13 These were found directly (See Appendix B ) Generally, as
m 1ncreases, more of these cases appear Nevertheless, the data in Table 51 and

other experiments with Theorem 4 2 3 suggests the following conjecture for ranking

2
2reg

all graphs in Q

Conjecture 52 5 Let G, H € Q(n,m), where [%J <m<nandlet G=Cy, +C,,+
+Coy H=Cp +Cp, + +Cy,, such that GE H Let A= (ay,ay, ,ax) and
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B = (by,b;, ,b,) denote the lists of components for G and H respectwely, where
the elements are arranged in lexical order Suppose a; = by,a; = by,  ,a,-1 = b,y

for 0 <1< min(y,k) Suppose, without loss of generality, that a, < b, then

a, 15 odd and b, 15 even, or
G>H=<X:f (517)
a, and b, are both odd

b, 1s odd and a, 1s even, or
H>G= (5 18)
a, and b, are both even

Even without a proof of this conjecture 1t 1s possible to find the Sp-optimal graph
in Q2

2reg

Lemma 5 26 Let G € Qg,eg To wncrease the number of spanning trees in G, apply

the following spanning-tree-increasing operations on G

Step 1 Repeatedly break any cycle, C, with k£ > 6 into a C3 and a Cj_3

(When done this leaves a number of C3’s, Cy’s, and C5’s )

Step 2 Repeat the next two steps until there 1s at most one Cy and at

most one Cs

Step 2 a Transform each pair of Cy’s into a C3 and a Cs (This leaves
one (5 for every pair of C,’s, at most one Cy, and more
Cs,s )

Step 2b Transform each pair of Cs’s into two C3’s and a Cy (Thus

leaves one Cy for every pair of Cs’s, at most one Cs, and

more C3’s )

Step 3 If there 1s a Cy C5 pair then replace 1t by three Cs’s
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Proof Step 1 follows directly from Theorem 5 2 1

For the two Cy4’s 1n Step 2 a apply Theorem 5 2 1 with £ =4 and m = 8 to get a
Cs Then transform the Cg into C3 + Cs Alternatively we can use Theorem 5 2 3 to
directly transform Cy + Cy4 to C5 + Cs

Theorem 5 2 2 transforms the two Cs’s 1n Step 2b to C3 + C7 Then use Theo-
rem52 1 toget C3+C3+C4

For the Cy, Cs pair in Step 3 apply Theorem 52 1 with £k = 4 and m = 9 to get a
Cy Repeat twice to get the three C3’s as required O

Notice that these spanning tree increasing operations produce as many C3’s as

possible and at most one Cy4 or one C5 More importantly we have found the graph

2

with the most spanning trees in €5,

5.3 Ranking Mixed Path and Cycle Components

To find the Sp-optimal almost-regular graph in the class 22 we have observed that only
graphs whose complements are composed of cycles and paths need to be considered
In this section we finish off the work of the two previous sections by considering a

mixture of cycle and path components

Given an almost regular graph 1n 2, one can perform the operations described
above to break all paths into as many paths with lengths as even as possible and to
break all cycles into as many triangles as possible In this section we will work with

a mixture of cycle and path components In particular we show the following
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N LoD L

03+P3+P2>'P4+P4

SN A Al S B B

(b) Cg+3 P2>-3 P3

AN O A S
(c)Cs+ P+ P> P+ Py T

Figure 5 2 Special cases

(a) C3+ Py > P, for k> 5

(b) C3+ Py > Ca4c+ Pr—z,fork—c>0and ¢ >0
(c) C3+ P3+ P, > Py + Py (Figure 5 2 (a))

(d) C3+3 P, >3 Ps (Figure 52 (b))

(e) C3+ P+ P, > P; + P, (Figure 5 2 (c))

We present two proofs for Item (a) in the Subsection 53 2 and we prove Item
(b) 1n Subsection 533 Then we deal with Items (c), (d), and (e) in Subsection
534 Finally, in Subsection 53 5, we show how these results give the Sp-optimal

almost-regular graphs in 02

Our first objective 1s to show C3+ Pi_3 > P, for k > 5 Kel’mans states, without

proof [43, p 260], that this 1s a spanning tree increasing operation He probably
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had a proof but didn’t publish 1t due to restrictions imposed by the Soviet regime
We present two proofs The first proof i1s the one Kel’'mans most likely derived since
1t uses a technique he developed with Chelnokov [34] The second proof uses the

techniques developed above

5.3.1 Technique of Kel’mans and Chelnokov

The purpose in presenting the Kel’mans and Chelnokov technique 1s twofold First
the papers [34] and [43] present this technique in a very brief manner and we hope
to provide a more detailed derivation that may help future researchers Secondly
we wish to show how this technique 1s useful in the current context Besides these

reasons the technique 1s interesting because 1t uses integration

The following polynomial was mntroduced in Kel’mans and Chelnokov [34] For
G € O (n,e), let
®(t,G) =t°"P(t,Q) (519)

Thus,

B(,G) = 3 (1) a(G)
= TG (520)

1=0

Note that this polynomial can be used to rank graphs in the same manner as the

characteristic polynomial
Lemma 531 G >~ H (G,H € Q(n,e)) if and only of (¢t,G) > ®(¢t,H) fort > n

Proof This 1s clear from the definition of ® and > O



CHAPTER 5 MAIN RESULTS 91

We need this polynomial because 1t changes the exponent of ¢ 1n the characteristic
polynomuial and this 1s necessary to get the next lemma The following lemma, due to
Kel’'mans and Chelnokov, 1s an elegant tool for ranking some classes of graphs They
used this tool to prove that K, minus a matching i1s Sp-optimal in Q2! We are going

to use this tool to show Cz + Pi_3 = Px

Lemma 5.3.2 (Ke’mans and Chelnokov) Let G € Q(n,e€), and let G—u denote
the graph obtained from G by deleting the edge u € E(G) Then

8(t,G) = 8(a,G) + Y /t (2, G — u)dz (521)
weE(G)"?

Proof (This s the same proof as in [34, Lemma 2 4, p 205 |) with more explanation
provided ) By Lemma 3 3 14 (p 43)

aG)= > v(F), fore=0,1, ,n-1 (522)
Fca
e(F)=1
So,
aG-u)= Y uPF), fort=0,1, ,n-1 (523)
FCG-u
e(F)=1

Equation 5 23 sums over every  edge subgraph F' of G that does not contain the edge
u  We first show that
Y (G —u)=(e—1)a(G) for1=0,1, ,n-1 (524)
w€E(G)
Suppose E(G) = {1,2, ,e} We argue by example but we skip the trivial
cases of 1 = 0 or + = 1 Suppose + = 2 and look at c;(G) By Equation 522

this sums over every two edge subgraph of G Pick one of these, say F’, where
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wolg E(F') ={1,2} Notice that v(F’) does not appear in the left hand side of
Equation 524 when u = 1 or u = 2 but 1t does when u = 3,4, ,e Thus, v(F’)
1s counted e — 2 times Simularly for all other two edge subgraphs of G A similar
argument holds for any + = 0,1, ,n—1 That 1s for any 1 edge subgraph F’, v(F’)
1s counted e — 1 times 1n the left hand side of Equation 524 End of proof of claim

We next prove that
> ®(t,G—u)=9'(t,G) (5 25)

u€E(G)

By defimition

Y ®(t,G—u) = Y t7I7TP(LG - )

w€E(G) u€E(G)
Rearrange to get
n—1
Z te—l—n E(_l)z C,(G _ u) tn—z
u€E(G) =0
n—1
= ¥ Y (De@-wet
u€E(G) =0
n-1
= > Y (-)ea(G-uwt
=0 weE(G)
n-1
= Y)Y a(G-u)
1=0 u€E(Q)

By Equation 5 24 this equals

n—1

2 (=17 (e = 1)a(G)

1=0
But this 1s the derivative with respect to ¢ of Equation 5 20, so we have
d n—1
& (Eeao)

1=0

= ®(t,G)
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Finally, the function ®(¢, G) satisfies the conditions required for the Fundamental
Theorem of Calculus (e g Larson and Hostetler [50, Theorem 5 14, p 290]) since 1t 1s
continuous over the closed interval [a,t], where 0 < a <t So,

/ " ¥(2,G)dr = B(t,G) —(a,G)

Incorporate Equation 5 25 and rearrange to get

o(t,G) = aG+/ S 8(z,G —u)de
% weE(G)

= (z,G —u)d
uegG)'/

as required O

5.3.2 (3+ P,_3 verses P,

We now show that C3 + Pi_3 > P, for kK > 5 As mentioned, Kel’mans stated this
result without proof in [43, p 260] We will give two proofs, the first will be the proof

he most likely derived and the second will use the techniques we have developed

Theorem 5 3 3 (Paths to C3’s) Let k> 5 Then

Cs+ Pz > P

Proof. (1) Induction on k& For k = 5 we claim P(t,C3)P(t, P,) > P(t, Ps) (t > 5)
The following are easily computed

P(t,C3) = t(t*—6t+9)

P(t,P) = t(t—2)

Pt,Bs) = t(t*—8t3+21¢2 —20t +5)
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Compute
P(t,C3)P(t,P) = *(t—2)(t* —6t+9)
= 2(t*—6t*+9t—2¢* +12¢ — 18)
= t*(t* - 8t* + 21t —18)
= t°—811 + 2143 — 1842
Subtract

P(t,C3)P(t, P;) — P(t, Ps)
= (t°—8t* +21#> — 18t%) — ¢ (¢* — 8> + 21> — 20¢ + 5)
= 2¢*—~51

> 0

for t > 2 End of proof of claim

ff a a a Af-3 Q-9 Af-
a; as 4 5 6 k-3 Ug-2 Ufg-1

as
Figure 53 G = Cs+4 Pi_3

bl b2 bk—Z bk—l

B

Figure 54 H =Py

IN the induction step, we assume k > 6 Let G = (U5 + Py_3 and let E(G) =
{a1,as, ,ax-1} where the edges are labelled as in Figure 5 3 (e g E(C3) = {a1,az,a3})
Let H = Py and let E(H) = {b1,b2, ,bx—1} where the edges are labeled as in Figure
54 For a mapping of the edges of G to those of H, let y(a,) =b, for 1 <1< k-1
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So, using Lemma 5 3 2 we can write

®(t,G) — ®(t, H) =

6(1,G) ~ 2 B)+ [ [0(e,G—w)— 0(e, H —2(w)]de (526)
w€E(G) ' #

for p <t We claim this equation 1s positive and demonstrate this in two steps
Claim
O(z,G—u)—®(z,H—~v(u) >0 (527)
for any u € E(G) And for at least one edge this expression 1s positive
For u € {a1,az,a3} we have G—u = P+ P,_3 Compare this to H —+y(u) When
u = a3 then G — a3 = H — 7(as) so that ®(z,G —u) — ®(¢, H — y(u)) = 0 For
u = ay,a3 then Theorem 5 1 5 applies to give G —u > H —~(u) since the path lengths

are more equal in G — u than in H —y(u) Thus ®(z,G — u) — ®(z, H — y(u)) >0

For:=1,2, ,k—4 wehave G— a3y, £ C3+ P, + Pr_3—, and H — y(a3y4,) =
P53+ Py_3-, Disregarding the common subgraph Py_s5_, we note that the inductive

hypothesis gives ®(t,C5 + P,) > ®(t, P.4+3) This means Equation 5 27 1s positive for
each of these edges

Next consider that for p equal to the spectral radius, p(Px), of Pr that ®(p, Py) =
0 From P(t,C3) = t(t — 3)* we know that p(C3) = 3 so p(G) = max{3,p(Pi_3)}
And from Lemma 4 1 6 we know that
= p(Px) > p(Pr-3)
Thus,
= p(Px) > p(G)

since k > 5 Therefore,

O(u,G) — @(u, Pe) = ®(p, G) > 0
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and Equation 5 26 1s positive O

Proof (2) We must show B(3)A(k — 3) — A(k) 1s positive We have
B(3)A(k—3) — A(k) = (2°4+1)%(2¥*3 —1)— (2% -1)
_ 9y2k-3 4 2k-6 _ 6 o3

This 1s clearly positive sincez > 2 and £ >5 0O

5.3.3 C3+ P verses C3,.+ P_.

After we apply the spanning-tree-increasing operations for cycle components (Lemma
52 6), we may have one Cy or one C5 After we break down long paths into shorter
ones with a triangle (Theorem 5 3 3) we may have some short paths as well This
subsection presents one theorem that handles the case of a C4 or a Cs with short
paths In particular we will show that a triangle and path 1s better than a larger

cycle and shorter path

Theorem 53 4 Letk—c >0, and let c> 0 Then

Cs+ Py > Csqe + Pr—c

Proof As before we use the functions A(k) and B(k) introduced in Section 51 (p

78) In particular we show that
B(3)A(k) — B(3+c)A(k —¢) (5 28)
1s positive First we develop a formula for B(¢)A(b) Let m = a + b then
B(a)A(b) = (2% +s.)*(z* - 1)
= (2 + 2s,2° 4+ 1)(z® —1)

= 2™ —1—-2% 4 2% 4 25,2%(z® - 1) (529)
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We now develop Equation 5 28 as follows
B(3)A(k) — B(3+ ¢)A(k —¢)

= =gb4 2k + 233333(:0% =)= [_$2(3+c) 4 22(=0) + 283+c$3+6(m2(k—c) _ 1)]
Now since s3 = 1 and s34, = —s, this equals
—a% — 2% + 8% — 25,23+ 4 ¥ 4 2gWH3 — 20-9) 4 95 g3 tetU -2

Collect the terms without k’s and factor out an z2 and collect the terms with k’s and

factor out an z2* to get

z° (—x3 — 24 g3t% — QSC:EC) + o ((1 —27%) 4+ 2231 + scx_c))
Factor the two inner terms

z® <:z:3(x2° —1)—-2(1+ scmc)) + z%* ((1 — %)+ 22%(1 + sc:v“c))

Since £ > 2 and ¢ > 0 this expression 1s positive Hence Equation 5 28 1s positive

and the result follows O

Corollary 5.3.5 The following special cases hold
(a) C34+ P> Cy+ P,
{b) 03+P4>-C4+P3

(¢c) C3+ Ps = Cy+ Py

(d) C3+P4>-05+P2
(6) C3+P5>-C5+P3

(f) Cs+ Ps > Cs + P4
Proof These follow directly from Theorem 534 O
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5.3.4 Special Cases

We have found that if there 1s a C4 or a C5 and any paths that we can increase the
number of spanning trees by replacing the cycle with a triangle and making the path
a bit longer (Theorem 5 3 4) Of course if the longer path has length greater than
five, then we shorten 1t and make another triangle (Theorem 5 3 3) So what if there
are no cycles larger than C3 yet there are some paths? Observe that they will have
length two, three, or four because otherwise we apply Theorem 5 3 3 to shorten them
The next lemma says that if the collection of paths have enough degree two vertices,
then we can make a triangle Note that if there are not enough degree two vertices,
then there are no further spanning tree increasing operations The graphs described

in this lemma are drawn 1n Figure 5 2

Lemma536 (a) C3+ P+ P> P+ Py
(b) Cs+3 P,=3 Py
(c) C3+2 P, > Py+ Ps
Proof The following algebra was done with Maple See Appendix D For Item (a)

B(3)A(3)A(2) — A(4)A(4)
= (®+ 1)z -1)(z* - 1) — (2® - 1)*

= g ($2+1) <2m4—x3+2x2——x+2) (z—1)%(z +1)°
For Item (b)

B(3)A(2)° — A(3)®
e (xa ol 1)2($4 i 1)3 . (1:6 _ 1)3

= 2(2c+2+2) (P -2 +1) (2— 1?2 +1)°
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And for Item (c)

B(3)A(2)? — A(4)A(3)
= (@ +1)(z*-1)* - (e®* - 1)(e® - 1)

= 2x3(x2+1) (mz—x+1)(m—1)2(a:+l)2

Clearly each of these expressions are positive for z >1 O

Peting1’s Lemma 5 10 parts (a), (d) and (e) [64, p 38] are equivalent to our
Lemma 5 3 6 parts (a), (b) and (c) respectively

5.3.5 Solution for Almost-Regular Graphs in (?

We now describe the Sp-optimal almost-regular graph in 02

Lemma 5 3 7 Gwen an almost-regular graph G' in Q?, perform the spanning-tree-
increasing operations prescribed in Theorem 51 5 (p 80, balance paths lengths) and
Lemmas 5 2 6 (p 88, decompose cycles) and 5 3 8 (p 93, long path to triangle and
shorter path) to produce the graph G Then the complement of G has the following

components

o zero P’s, where k > 5,

zero C,’s, where 3 > 6,

a Py, where a >0,

b Pz, where b >0,

¢ P,, where ¢ >0,
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o d (3, whered >0,

e and at most one of a C4 or a Cs

Proof. Suppose the complement of G’ has path components To these apply Theorem
51 5 and balance the path lengths Then while there 1s any path with length greater
than five decompose (Lemma 5 3 3) 1t into a triangle and a path shorter by three edges

This proves there are no paths with length greater than five and the remaining paths

have lengths of two, three, or four

Next suppose the complement of G’ has cycle components To these apply Lemma

5 2 6 resulting 1n some number of C3’s and at most one Cy or one Cs O

Lemma 5 3 8 Gwen an almost-regular graph G' wn Q2%, perform the spanning-tree-
increasing operations prescribed in Lemma 5 3 7 followed by the operations prescribed
in Corollary 5 3 5 and Lemma 5 3 6 to produce the graph G Let a,b,c,d have the
values resulting from the application of Lemma 5 3 7 Then the complement of G has

the following components

zero Py’s, where k > 5,

zero C,’s, where 7 > 6,

¢ P, where c >c,

d Cs, where d' > d,

and at most one of these graphs { Py, P3, P; + P3,C4,Cs}

Proof After performing the operations in Lemma 5 3 7 we perform the following



CHAPTER 5 MAIN RESULTS 101

o If there 1s a C5 and a path, say P; for k = 2,3,4, then apply the appropriate
Step (d,e, or f) of Corollary 535 (Cs + Px — Cy+ Pry1) If k = 4 then take
the resulting Ps and make a C3 and P, (Ps — C3+ P,)

o If there 1s a Cy and a path, say Py for k = 2,3,4, then apply the appropriate
Step (a,b, or c) of Corollary 535 (Cs + Px — C3 + Piy1) If k = 4 then take
the resulting Ps and make a C3 and P, (Ps — C5+ P»)

e For each Py, P, pair repeatedly apply Step (a) of Lemma 536 (2 Py — Cs +
P+ P,)

e For each Ps, Ps, P3 triple repeatedly apply Step (b) of Lemma 536 (3 P; —
C3+3 P,)

o If there 1s a P3, Py pair then apply Step (c) of Lemma 536 (P; + Py — C3 +
P+ P)

We are left with some P;’s, some C3’s and at most one of these graphs {Py, P3, Ps +
P;,Cy,Cs} O

The result of this lemma 1s clearly the Sp-optimal almost-regular graph n 1ts
respective class because no further decompositions can be performed Essentially
the complement of the Sp-optimal graph uses as many of the degree two vertices as
possible 1n triangles with the remaining degree two vertices going to a C4 or a Cj
provided there are no paths or the degree two vertices go to a Ps, a P3, P3 pair, or a
Py only 1f there 1s no Cy or C5 The rest of the components, if they exist, are P,’s or
triangles We summarize these observations in our final theorem This theorem also
includes the Kel’'mans, Chelnokov and Shier result (Case E) as well as two special

cases of Cheng’s result (Cases A 1 and D 1)
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Theorem 5 39 Let G € {Q*UQ?} be almost-regular and be Sp-optimal Then G
Rous B Jollting o
(A) Case m =n
(A1) n=3k E=k B
(A2) n=3k+1 G=(k—1) Cs+Cs
(A3) n=3k+2 G=(k—1) Cs+0Cs
(B) Casem =n—1
(B.1) n =3k G=(k-1) Cs+ P
(B2) n=3k+1 G=k Ci+P
(B3) n=3k+2 G=k Cs+Ps
(C) Case [#J <m<n-—1

(C1) n—2m =0mod3
Let k and j be positwve integers that satisfy the following system of equations

n=3k+2)>5 andm=3k+

Then
G=k C3+3 P,

(C2) n—2m=1mod 3
Let k and j be positwe integers that satisfy the follouwrng system of equations

n=3k+3+27>8, andm=3k+2+

Then
G=k C3+3 P+ Ps
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(C3) n—2m =2mod3
Let k and ) be positwe integers that satisfy the following system of equations

n=3k+6+2y>11, andm =3k +4+

Then
G=k C3+3) Po+2 P

(D2 m=2L G=(m-2) P,+P

(E) Case 0 <m < [%J
G=m P+ (n—-m)K,

Items E and D 1 are due to Kel’mans and Chelnokov [34] and independently Shier
[68] Items D 1 and A 1 are two cases covered by Cheng’s result [18] that complete
multipartite graphs are Sp-optimal for their respective classes Items A 2, A 3, B 2
and B 3 are presented for the first time here while the remaining 1tems are due to

Peting: [64]



Chapter 6

Future Research

This thesis has characterized the Sp-optimal almost-regular graphs in (n, (g) — m),
[%J < m < n, which we have denoted as Q* Peting1 obtained similar results by

different methods and he showed that the Sp-optimal graph 1n 2 1s almost-regular 1f

e m 1s 1n the open interval (|n/2] +1,n — 2), or i,

e m € {n—1,n} and e 1s a multiple of three

As well, we have collected and developed formulas for the number of spanning trees

in graphs whose complements are composed of disjoint unions of cycles or paths

Our motivation for finding Sp-optimal graphs comes from the all-terminal relia-
bility question from the theory of network reliability And 1t 1s from this point of
view that we ask where do we go from here Nevertheless, there are many interest-
ing problems yet to be solved that are graph theoretic, combinatorial, or related to

optimization theory The following 1s a list of possible directions for future research

o Are the Sp-optimal graphs that we have found uniformly most reliable? (See

page 8 for the definition of this term ) To be uniformly optimal a graph must
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be optimal at both ends of the reliability polynomial

e What about the next term in the reliability polynomial? Which graphs on
n vertices and e edges have the most connected spanning n edge subgraphs
Notice that a subproblem of this 1s how to count Hamilton cycles in a graph

Recall that determining if a graph has a Hamilton cycle 1s NP-complete

This topic 1s important in the case two graphs have the same number of spanning
trees Then the reliability of one over the other will be determined by the
number of n edge subgraphs The same will hold if the two graphs have close
to the same number of spanning trees and the probability of edge failure 1s not

very close to zero

e What happens when we take the complement of a simple graph with respect to
complete bipartite graphs instead of complete graphs? Can we characterize the

Sp-optimal graph(s) in this subclass?

e Can we prove the almost-regularity conjecture (Conjecture 1 4 3)? We discuss

some of the possibilities below in Section 6 1
o Can we find the Sp-optimal almost-regular graphs in Q°? (See page 16 )

e Sp-optimal graphs are known for e < n+3 Can we extend this to e = n+4 or

larger?

e [s 1t possible to prove the conjecture that Sp-optimal graphs are simple for
e< (3)’

o There 1s a need for a thorough survey of all known results This would include a
survey of the counting methods, specialized counting formula, ranking methods,

and ranking results To effectively conduct a survey one needs to be fluent 1n
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English, German, Russian, Chinese, and probably other languages Even within
results published 1n English we have seen poor accreditation (e g Kel’'mans

work)

Beyond the above, the survey should explore the inter-relations of the various
methods We did this in part throughout this thesis For example, we exploited
the relationship between generic forms and characteristic polynomials, and later

this facilitated the development of results for cycle and path components

Furthermore, there are related theories that need to be better understood, de-
veloped and utilized These include the relationship between the eigenvalues of
the Laplacian and adjacency matrices of regular graphs (and for line graphs),

the theory of optimal block design, and the inverse eigenvalue problem

6.1 The Importance of Being Almost-Regular

This section 1s concerned with the almost-regularity conjecture (Conjecture 14 3)
We ask 1s 1t possible to prove the conjecture that Sp-optimal graphs are almost-

regular? We outline some possible approaches

¢ One starting point for further research may use the Lagrange multipler tech-
nique from non-linear optimization Cheng [18] used this technique to show
that regular complete p-partite graphs are Sp-optimal 1n their respective classes

of simple graphs

The author attempted to extend this work but to no avail The approach

involved expressing Cheng’s non-linear optimization problem as
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where z, 1s the :** component of the vector x, subject to

n—1
Zx,—2e = 1
=1

n—1

S at—g(ne) > 0,
1=1

# = 0, fore=1,2 . x,n~1

In this problem, e 1s the number of edges, n 1s the number of vertices, and the
function g(n,e€) 1s

g(n,e) = na®* + k(2a + 1) + 2e,

where a = [";—CJ ,k = 2e—an This function 1s the solution to the minimization

problem

min d* + 2
deZ” ;

subject to

Z = 2¢
1=1

d,
d: 2 Dferi=1,2,...%,
d,

< n—-1lfor2=12, n

This function and 1ts corresponding constraint arise from the fact that the sum
of the squares of the eigenvalues of the Laplacian equals the sum of the squares

of the degrees of the vertices plus 2e

The author believes that we need another constraint on the z, that insures they
are eigenvalues This 1s an wnverse eigenvalue problem In our context, the

problem 1s given a set of n — 1 numbers, do they constitute the eigenvalues of

some graph?

e Can we extract any more information from Cheng’s nearly balanced result? It

1s only the last portion of his proof that requires the graphs have multiple edges
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Perhaps some further work would dispose of this requirement, at least in some

special circumstances The general problem 1s as follows

Question Given a simple graph G that 1s not almost-regular, 1s there an oper-

ation that produces G’ such that the spectrum of G’ majorizes the spectrum of

G?

e Can we add loops to a graph to make 1t regular and then use any results for

the spectrum of the adjacency matrix?

This question 1s prompted by a result due to Hutschenreuther [33] (see Cvetkovic
[24, Proposition 14, p 39])

Theorem 6 11 For any regular multigraph G of degree r,

YT e-20=1 Lo a, 61)

where A, € 0(G) and A(G) 1s the adjacency matriz of G

This result corresponds to Lemma 3 3 16 (page 44), for regular graphs Notice
that the process of adding loops has no influence on the number of spanning
trees So we can take any non-regular graph and make 1t regular The important
thing 1s to use the eigenvalues of the regular graph created and not the original

graph Cvetkovic says this observation 1s due to D A Waller ([72, 74, 73])
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Appendix A

Notation

A.1 Set Theory Notation

The set notation used 1n this thesis follows [31]) For sets A and B

ACB A s asubset of B
A C B A s a proper subset of B

0 the empty set
AUB Aunon B {z|z€ AV z € B}
AN B A tersect B {z|z€ AN\ ze€B}
A — B relative complement of B in A {z |z € A, z¢ B}

117
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A.2 Number Theory Notation

The number theory notation used n this thesis follows [31])

R the set of real numbers
Z the set of integers
Z the set of nonnegative integers
C the set of complex numbers
alb a divides b, for a,b € Z,a # 0
a [b a does not divides b, for a,b € Z,a # 0
a=b (modc) a1s congruent to b modulo ¢
|z] equals ¢ where 1 € Z 1s the maximum mteger such
that : < z
[z] equals ) where y € Z 1s the minimum integer such
that y >«

®) g =2
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A.3 Linear Algebra

The page number indicates the page where the symbol 1s defined

Symbol Description Page
X a vector
u n-vector of ones
L. identity matrix of order n 21
Jx matrix of all ones of order n 21
N equals the set {1,2, ,n}
AT transpose of matrix A 21
|Al determinant of matrix A 21
Aup a submatrix of A, for o, C N delete the 22
rows indexed by a and columns indexed by
g
A, a principal submatrix of A, for o C N delete 22
the rows and columns indexed by «
A, a principal submatrix of A, delete row and 22
column ¢
A, a submatrix of A, delete row : and column 22
|Aq| a principal minor of A 22
E.(A) sum of all principal minors of A of order k 41
trace(A) sum of diagonal elements of A 21
adj(A) adjugate of A 22

Se(Mo, A1, A1) k' elementary symmetric function 43
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A.4 Graph Theoretic

The page number indicates the page where the symbol 1s defined

Symbol  Description Page
G a graph 2
V(G)  vertex set of G 2
E(G)  edge multiset of G 2
n =n(G) number of vertices in G 2
e =¢(G) number of edges in G 2
O (n,e) set of multigraphs on n vertices and e edges 3
Q(n,e) set of simple graphs on n vertices and e edges 3
¥ o) m). |52 <m ) !
Ky complete graph on n vertices 5
G denotes the complement of G wrt K, 5
d, degree of vertex v 2
G = H graphs G and H are 1somorphic 3
G C H graph G 1s a subgraph of H 3
G+ H  disjoint union of graphs G and H 5
G/z graph G where edge z 1s contracted 24
G B C V(G), B # 0 vertices in § are amalgamated 41
Sp(G)  number of spanning trees of graph G 3
P path of order k 3
C cycle of order k 3
v(F) 27
f(n,G)  generc form 29
>~ eg G- H 51

120
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A.5 Special Matrices and Functions

The page number indicates the page where the symbol 1s defined

121

Symbol Description Page
L(G) =[¢,,] Laplacian matrix of graph G 30
A(G) = [an,] adjacency matrix of G 31
I'(G) = [p,] mcdence matrix of G 31
A(G) =1[6,,] diag(dy,,dw,, ,d.,) 31

P(t,G) characteristic polynomial of matrix £(G) 33

o(G) spectrum of £(G) 36
Q(n,G) complement spanning tree matrix 49
Tn =[t,;]  aspecal tri-diagonal matrix of order n 67
T = [T determinant of 7, 68
r r(n) =n—2 65

S s(n) =v/n?—4n 65

P p(n)=r+s 65

q g(n)=r—s 65



Appendix B

Polynomials for Cycle

Components

The data in Figure 5 1 (page 86) 1s calculated by using the formula in Theorem 4 2 3
The process starts by computing a polynomial for each graph These polynomials are
then evaluated and the results are compared The table below shows the coefficients

for the polynomials for these graphs The top row gives the th

exponent for n and
the complete formula 1s obtained by multiplying the given polynomial by n"~2? For

example, the graph C5 + Cy has polynomial

ne2 (1_E+H_ % 276 144)
n  n? n3 n4 n®

The Maple code that produced this table (for m up to 10) 1s given in the next section

and the output of the code 1s in the section after that

122



APPENDIX B POLYNOMIALS FOR CYCLE COMPONENTS 123
Cycles Coefficients of n
S e n=3 p—t n—5 n—"6 n=7 n—8 n=9 p-10  p-11

| 3 1 -6 9 |
| 4 1 -8 20 -16 |
E 1 -10 35 -50 25 |

3,3 1 -12 54 -108 81

1 -12 54 112 105 -36
3,4 1 -14 77 -208 276 -144
1 -14 77 210 294 -196 49

3,5 1 -16 104 350 640 -600 225

8 1 -16 104 352 660 -672 336 -64

4,4 1 -16 104 352 656 -640 256

3,3,3 1 -18 135 540 1215 -1458 729

3,6 1 -18 135 544 1263 -1674 1161 -324

9 1 -18 135 546 1287 -1782 1386 -540 81

4,5 1 -18 135 -546 1285 -1760 1300 -400

3,3,4 1 -20 170 =796 2217 -3672 3348 -1296

3.7 1 -20 170 =798 2247 -3850 3871 -2058 441

5,5 1 -20 170 -800 2275 -4000 4250 -2500 625

10 1 -20 170 -800 2275 -4004 4290 -2640 825 -100

4,6 1 -20 170 -800 2273 -3980 4180 -2400 576

3,3,5 1 -22 209 -1118 3676 -7590 9585 -6750 2025

3,8 1 -22 209 -1120 3708 -7800 10308 -8128 3408 -576

3,44 1 -22 209 -1120 3704 -7744 10000 -7296 2304

5,6 1 -22 209 -1122 3740 -8006 10985 -9310 4425 -900

11 1 -22 209 -1122 3740 -8008 11011 -9438 4719 -1210 121

4,7 1 -22 209 -1122 3738 -7980 10857 -9016 4116 -784

3,3,3,3 1 -24 252 -1512 5670 -13608 20412 -17496 6561

3,3,6 1 -24 252 -1516 5742 -14148 22572 -22356 12393 -2916

3,9 1 -24 252 -1518 5778 -14418 23661 -24894 15795 -5346 729

3,4,5 1 -24 252 -1518 5776 -14384 23452 -24040 14100 -3600

5,7 1 -24 252 -1520 5814 -14686 24724 -27300 18865 -7350 1225

12 1 -24 252 -1520 5814 -14688 24752 -27456 19305 -8008 1716 -144

6,6 1 -24 252 -1520 5814 -14688 24748 -27408 19089 -7560 1296

4,8 1 -24 252 -1520 5812 -14656 24544 -26752 17984 -6656 1024

444 1 -24 252 -1520 5808 -14592 24128 -25344 15360 -4096
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B.1 Maple code used to produce cycle data.

# This file generates the data given in an appendix of my thesis

with(linalg)

‘To generate the data all I need is the coefficients in a list‘,
C = proc(k,A)

A = vector(k),

for 1 from O to k-1 do

A[1+1] = (k/(k-1))*(-1)"1 * binomial(2%k-1-1,1),

od,

end

# multiply two arrays
Pmult = proc (al,a2,rval)

local ni,n2,n,k,1,)

nl = vectdim(al)
n2 = vectdim(a2)

n =nl + n2

k =1

rval = vector(n-1)

for i to n-1 do rval[i] =0 od
for 1 from 1 to n1 do

for j from 1 to n2 do

k = 1+3-1

rval[k] = rvallk] + ai[1] * a2[;]
od

od

end

C(3,c3) C(4,c4) cC(5,c5) C(6,c6)
Cc(7,c7) c(8,c8) C(9,c9) C(10,c10)
Pmult (c3,c3, r33) Pmult (c3,c4, r34)
Pmult (c3,c5, r35) Pmult (c4,c4, r44)
Pmult (c3,r33, r333) Pmult (c3,c6, r36)
Pmult (c4,c5, r45) Pmult (c3,r34, r334)
Pmult (c3,c7, r37) Pmult (c5,c5, r55)
Pmult (c4,c6, 146)
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M =13
amp =‘l‘
en = ‘“\\\\¢

inb = cat (‘\\hline ¢,en)

P proc(and,r)

t

cat (ind,‘ ¢, amp)

n = vectdim(r)

for 1 to n do

t =cat (t, ¢ ¢, r[1], amp),

od

for j from 1 to M do t = cat (t,amp), od,
t = cat (t, en),

end

p(¢3¢,c3), 1nb,

p(‘4¢,c4), 1nb,

p(‘6¢,c5), 1nb,

p(¢3,3¢,r33), p(‘6¢,c6), 1nb,

p(¢3,4¢,r34), p(‘7¢, c7), 1nb,

p(¢3,56¢,r35), p(‘8¢, c8), 1inb,

p(¢3,3,3¢,r333), p(¢3,6¢,r36), p(‘9¢, c9), inb,

p(‘3,3,4¢,r334), p(‘3,7¢,r37), p(‘6,5¢,r65), p(¢10¢,c10), p(‘4,6¢,r46), imb,
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B.2 Maple output for cycle data

IN=Z1 Maple V Release 2 (University of Victoria)
AN |/1. Copyright (c) 1981-1992 by the University of Waterloo
\ MAPLE / All rights reserved MAPLE is a registered trademark of
I > Waterloo Maple Software
| Type ? for help
> read(‘cyc_app maple‘),

3 &£1&-6&89% & & & & & & & & & & \\
4 £1&-8220&-16& & & & & & & & & & \\
5 £1&-10&35&-50&25¢& & & & & & & & & \\

3,3 £1&-12%54% -108&81 & & & & & & & & & \\
6 &1 & -12 &54 & -112 & 1056 & -36 & & & & & & & & \\

3,4 &1 & -14 & 77 & -208 &£ 276 & -144 & & & & & & & & \\
7 &1 &-14 & 77 & -210 £ 294 £ -196 £ 49 & & & & & & & \\

3,6 &1 & -16 & 104 & -350 £ 640 & -600 & 2256 & & & & & & & \\
8 &1 & -16 & 104 & -352 £ 660 & -672 &£ 336 & -64 & & & & & & \\

3,3,3 &1 k& -18 & 135 & -540 & 1215 & -1458 &£ 729 & & & & & & & \\
3,6 & 1 & -18 & 135 & -544 & 1263 & -1674 & 1161 & -324 & & & & & & \\
9 &1 & -18 & 135 & -546 & 1287 & -1782 & 1386 & -540 &£ 81 & & & & & \\

3,3,4 &1 & -20 & 170 & -796 & 2217 & -3672 & 3348 & -1296 & & & & & & \\

3,7 &1 & -20 & 170 & -798 & 2247 & -3850 & 3871 & -2058 & 441 &k & & & & \\
5,56 &1 & -20 & 170 & -800 & 2275 & -4000 & 4250 & -2500 & 625 & & & & & \\

10 & 1 & -20 & 170 & -800 & 2275 & -4004 & 4290 & -2640 & 825 & -100 & & & & \\
4,6 &1 & -20 & 170 & -800 & 2273 & -3980 & 4180 & -2400 & 576 & & & & & \\
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Appendix C

Polynomials for Path Components

The table below shows the coefficients for the polynomials of some small paths The
top row gives the *" exponent for n and the complete formula 1s obtamned by mult-

plying the given polynomial by n"~? For example, the graph P; has polynomial
6 10 4
n—2
Y e s oy o
n ( n T n? n3>
These polynomials were derived with Maple in a manner similar to that used for the
cycle data above

Path Coefficients of n
n—O ,n—l ,n—2 ,n—3 n—4 ﬂ_5 n—G n-—7 n-—& n—9 71_10 n—ll
[s [ + 4 3 |
[« ] 1+ 6 10 - |
s | + 8 21 20 5 |
le | 1 10 36 56 3 -6 |
l7 | 1 12 s 120 126 56 7 |
[8 [ 1 14 78 220 330 252 84 -8 |
lo | 1 16 105 364 715 792 462 -120 9 |
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Appendix D

Special Cases: Maple output

N~/ Maple V Release 2 (University of Victoria)
~INI 1/1- Copyraght (c) 1981-1992 by the University of Waterloo
\ MAPLE / All rights reserved MAPLE is a registered trademark of
S > Waterloo Maple Software

| Type ? for help

>A =k -> (x~(2%k)-1),
(2 x)
A =k ->x - 1
>B =k => (x°k + (-1)"(k+1))"2,
k (k +1) 2
B =k -> (x + (-1) )
> a2 = A(2),
4
a2 =x -1
> a3 = A(3),
6
a3 =x -1
>ad = A@4),
8
aéd =x -1
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> b3 = B(3),
3 2
b3 = (x +1)

v
[
]

factor(simplify(b3*a3%a2 - a4"2)),
3 2 4 3 2 2 2

a =x (x +1) (2x =-x +2x =-x+2) (x-1) (x+1)

> b = factor(simplify(b3*a2-3 - a3°3)),
3 2 2 2 3 3
b =x (2x +x+2) (x -x+1) (x-1) (x+1)
> ¢ = factor(simplify(b3*a2~2 - a4*a3)),
3 2 2 2 2

c =2x (x +1) (x =x+1) (x-1) (x+ 1)
>
> latex(a),

x"{3F\left (x~{2}+1\right )\left (2\,x"{4}-x"{3}+2\,x"{2}-x+2\right )
\left (x-1\right )~{2}\left (x+1\right )~{2}

> latex(b),

x"{3N\1left (2\,x"{2}+x+2\right )\left (x~{2}-x+1\right )~"{2}\left (x-1
\right )~"{3}\left (x+1i\right )~{3}

> latex(c),

2\,x"{3}\left (x~{2}+1\right )\left (x~{2}-x+1\right )\left (x-1
\right )~"{2}\left (x+1i\right )~{2}

>

> quat
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