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Abstract 

We denote the class of snnple graphs with the same number of vertices, n, and same 

number of edges, e, by n ( n, e) A graph m n ( n, e) that has the most spannmg trees 

1s called Sp-optimal Kel'mans and Chelnokov and mdependently Shier showed that 

the Sp-optimal graph m n ( n, (;) - m), where m E (0, l? J], 1s the complement of a 

matchmg This thesis charactenzes the Sp-optimal almost-regular graphs m the class 

n ( n, (;) - m), where m E (l ~ j , n] Petmg1 charactenzed the Sp-optimal graphs for 

m up to n - 2 and for m up to n when m 1s d1v1s1ble by three W1thm the context 

of almost-regular graphs we extend his results This 1s achieved with the followmg 

results 

We give a new proof of Kel'mans result 1f G 1s composed of a collection of paths, 

then the number of trees m the complement of G 1s max1m1zed when the path lengths 

are as equal as possible 

We give two new results for graphs whose complements are composed of cycles A 

cycle on k vertices IS denoted by ck Let G = Cm and H = ck+Cm-k where k :::: m-k 

Then the complement of G has more spannmg trees than the complement of H 1f k 

IS even and fewer 1f k IS odd Secondly, let Q =ck+ Cm- k and H = Ck+c + Cm-k-c, 

where k:::: m- k and c = 1 or 2 Then the complement of G has more spannmg trees 

than the complement of H 1f k 1s odd and fewer 1f k is even 

We also give results for graphs whose complements are composed of a mixture of 

cycles and paths A path on k vertices 1s denoted by Pk vVe give a new proof of 

Kel'mans claim that the complement of C3 + Pk_3 has more spannmg trees than the 

complement of Pk, where k 2 5 We also show that the complement of C3 + Pk has 

more spannmg trees than the complement of C3+c + Pk- c, where k > c > 0 
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V/e also review the formulas for counting the number of spannmg trees 111 graphs 

whose complement 1s composed of path components or cycle components One fo1-

mula fo1 cycle components 1s new and the algebraic formulas have been neglected 

111 the literature Befo1e rev1ewmg these formu las we collect and relate the n1aJor 

methods for countmg the number of spannmg trees m arbitrary graphs 
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Chapter 1 

Introduction 

This thesis is concerned with the quest10n "given n vertices and e edges how does one 

arrange the edges so that the resultmg graph has as many spannmg trees as possible?" 

In general, this quest10n is difficult to answer and the pnmary objective of this thesis 

is to extend the subset of known results 

To achieve this end, many drfferent tools, from a vanety of fields, are reqmred 

For example, solutions have been obtamed usmg results from lmear algebra, combma­

toncs, and nonlmear optimization The secondary obJective of this thesis is to extend 

the set of tools We do this by presentmg new proofs for existmg formulas plus new 

formulas for countmg the number of spannmg trees m special classes of graphs 

For most classes of graphs the Sp-optimal graph can be descnbed succmctly and 

its status can be venfied with one mam method In contrast, the results m Chapter 5 

of this thesis and those by Petmgi [64] reqmre a number of methods and the solution 

statement is not succmct It is likely that the need for a diverse array of tools will 

persist m future work And so, future researchers m this field will need a broad 

background m all of the tools available This prompts the tertiary obJective of this 

thesis to collect some background matenal that may aid future research 

1 
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The rest of this mtroductory chapter provides basic defimtions and describes the 

problem (Section 1 1), discusses the motivat10n for this research (Section 1 2), outlmes 

known results (Section 1 3), previews the new results (Sect10n 1 4), and provides an 

overview of the rest of the thesis (Section 1 5) 

1.1 Problem statement 

To define our problem and discuss the known results we need to define our termmol­

ogy We start with basic graph theoretic defimtions, discuss the problem and then 

close this section with some more defimtions Essentially, these follow those of Bondy 

and Murty [13] We use common set notation and number theory notation (see, for 

example, [31]) and all notat10n, used m this thesis, is summarized m Appendix A 

An undirected multigraph G = (V(G), E(G)) consISts of a set V(G) of n = n(G) 

labeled vertices and a multiset E( G) of e = e( G) edges, where each edge is an un­

ordered pair of vertices from V If G is understood, then we wnte V and E mstead of 

V(G) and E(G) A multigraph with n vertices is called a multigraph of ordern and 

a multigraph with e edges is said to have size e A simple graph G is a multigraph 

such that there is at most one edge between any pair of vertices Obv10usly, simple 

graphs are a subset of multigraphs 

An edge x may be denoted by the unordered pair x = { u, v} or as x = uv, where 

u, v E V We say the edge e = uv is incident with u ( or v) and two vertices connected 

by an edge are adyacent An edge whose endpomts are the same vertex, i e x = vv, 

1s called a loop The degree of a vertex v, denoted dv, is the number times an edge is 
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mc1dent to v ( a loop 1s mc1dent to a vertex twice) If there 1s no edge mc1dent to a 

vertex v (1 e dv = 0) , then v 1s called isolated Edges are called non-ad;acent 1f they 

have no vertices m common 

An xy-path, or simply a path, 1s a simple graph with vertex set V = { x = 

1, 2, k = y} and edge set E = { {i, i + 1} 11 :Si< k} A cycle 1s a simple graph 

with vertex set V = {1,2, k} and edge set E = {1, k} LJ { {i,i + 1} I 1 :Si< k} 

A path of order k will be denoted by Pk and a cycle by Ck The length of a path or 

cycle 1s equal to the number of edges Note that, Pk has length k - 1 whereas Ck has 

length k 

Let G = (V, E) be a mult1graph A mult1graph G' = (V', E') 1s called a subgraph 

of G 1f V' ~ V and E' ~ E This relat1onsh1p shall be denoted as G' ~ G Two 

vertices x, y E V are connected 1f G has a subgraph which 1s an xy-path A multigraph 

1s connected 1f every pair of vertices 1s connected 

A spanning subgraph 1s any subgraph G' = (V', E') of G sat1sfymg V' = V A 

component of a mult1graph 1s a maximal connected subgraph 

A tree 1s a connected simple graph that contams no cycles A spannmg subgraph 

that 1s a tree 1s called a spanning tree of G Two spannmg trees, say T1 and T2 , of G 

are considered d1stmct 1f E(T1 ) 1s not equal to E(T2 ) Let Sp( G) denote the number 

of spannmg trees m the multigraph G 

Let G1 = (½ , E1) and G2 = (Vi, E2 ) be two mult1graphs These multigraphs are 

isomorphic 1f there exists a b1Jective function f ½. ➔ Vi such that { x, y} E E 1 1f 

and only 1f {f(x),f(y)} E E 2 We wnte G1 ~ G2 to show G1 and G2 are 1Somorph1c 

Let 0 ( n, e) denote the set of all mult1graphs, up to 1Somorph1sm, with n vertices 

and e edges S1m1larly let n (n, e) denote the set of simple graphs Notation of this 

form 1s used by Cheng [18], Boesch and Suffel [11] and others Any graph which 

max1m1zes the number of spannmg trees m 0 (n, e) (or n (n ~ e)) 1s called Sp-optimal 
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Our problem is to find Sp-optimal graphs for a given number of vertices and edges 

An obvious step to solvmg this problem is to discount graphs with loops smce a loop 

can never be m a spannmg tree Thus, we assume that all our graphs are loop free 

As we review the known results we will denote the most general problem as Prob­

lem M (M for multigraph) Formally, let Problem M be 

Given n and e, find G such that G is Sp-optimal with respect to all graphs 

m0(n,e) 

But sometimes it has only been possible to find a solution for simple graphs We 

denote this subproblem as Problem S (S for simple graphs) Formally, let Problem S 

be 

Given n and e, find G such that G is Sp-optimal with respect to all graphs 

m n (n, e) 

No total solution exists for either of these problems Instead researchers have 

worked with smaller classes of graphs For example, the class of graphs such that 

e( G) is a particular funct10n of n( G) ( e g e = n + 2) A review of these results is 

given m Section 1 3 

So far every solution has been a umque graph except for the case e::; n - 1 This 

trend will probably not contmue Nevertheless, we mformally say that one graph is 

better than another if it has more spannmg trees This makes the text easier to read 

We will formally define a partial order over 0 (n, e) m Chapter 3 (page 51) 

One way to solve Problem S for small n and each e = n - 1, n, n + 1, , (;) is 

to generate every simple graph and then count the number of spannmg trees usmg a 

countmg formula (see Chapter 3) Our answer , for each n and e, is the graph that has 
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the largest number This approach has been done, for small graphs, by the author 

and others (Myrvold [59], L1 [51]) Unfortunately, as n grows larger the number 

of graphs grows exponentially and so the computational task becomes 1mpract1cal 

Nevertheless, these early results are helpful for suggestmg d1rect10ns for research 

There remam a few terms, used throughout this thesis, that need defimt10n This 

thesis 1s concerned with graphs composed of some number of components The op­

erations described next facilitate this work Let G1 = (½, Ei) and G2 = (½, E2) 

The graphs G1 and G2 are dzs1omt 1f ½ n ½ = 0 (this 1mphes E1 n E2 = 0) For 

the disJomt graphs G1 and G2, the bmary operator + 1s defined as G = G1 + G2 = 

(½ U V2, E1 U E2) The special case G = G1 +G2 + +Gk where G1 ~ G2 ~ ~ Gk 

1s denoted by G = k G1 S1m1larly, for the graphs G1 and G2, where G2 ~ G1, the 

bmary operator - 1s defined as G = G1 - G2 = (½, E1 - E2) 

A complete graph 1s a simple graph, of order n, with an edge between every pa1r 

of vertices Such a graph is denoted by Kn Smee an edge is an unordered pa1r of two 

vertices, the number of edges m a complete graph is equal to the number of ways we 

can choose two vertices from the set of n vertices Thus , there are (;) = ½n( n - l) 

edges m Kn (Note that K1 1s an isolated vertex, K2 ~ Pi, and K3 ~ C3) 

If G ~ Kn then G = Kn - G 1s the complement of G with respect to Kn (Often 

we Just say G 1s the complement of G) Note that G 1s m !1 (k, m) where k::; n and 

m::; (;) Furthermore, note that Sp(G) denotes a number but, Sp(Kn - G) denotes 

a funct10n of n, smce Kn - G 1s an mfimte family of graphs so long as n ~ n( G) 

A graph where every vertex has degree k 1s called k-regular ( or Just regular) A 

graph G is called almost-regular if ldu - dv I ::; 1 for all u, v E V ( G) This thesis 

1s concerned with a subproblem of Problem S, specifically almost-regular graphs m 
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n ( n, (;) - m), where l ~ J < m :S n Formally, let Problem A ( A for almost-regular) 

be 

GIVen n and e, find G such that G 1s Sp-optimal with respect to all 

almost-regular graphs m n (n, (;) - m) , where l~J < m :Sn 

1.2 Motivation 

The mot1vat1on for findmg such extremal graphs arises from the notion that graphs 

with the most spannmg trees are, m a sense, "more connected" than the1r peers This 

is important m a number of fields, one of which 1s Network Reliability 

The all-terminal network reliability model 1s defined as follows Vertices represent 

sites and edges represent lmks between the sites The vertices are assumed to be 

perfectly reliable, but edges operate mdependently with the same probability p The 

network is said to be operat10nal if the underlymg probabilistic graph is connected 

The reliability polynomial of a graph G 1s a polynomial m p whose value for O :S p :S 1 

is the probability that G is operational The reliability polynomial, for graph G, is 

defined as 
e 

Rel(p, G) = L N, p' (l - Pt-' 
i=i 

where e = e( G) and N, = the number of connected spannmg i-edge subgraphs of G 

Note that for i < n -1 there are no connected spannmg i-edge subgraphs so the sum 

can be considered to start at n - 1 mstead of one 
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In 1967, Kel'mans [36] first proposed this model of reliability, but there are other 

models Colbourn's' monograph [20] is an excellent and precise survey of reliability 

models For an accessible discuss10n on the validity of network reliability models see 

the discussion paper by Colbourn [21] 

For completeness sake, we ment10n a set of papers by Kel 'mans that Colbourn [20] 

and others have missed A number of Kel 'mans ' papers remam untranslated [39], 

[42], and [44] The followmg have been translated [38], [41], [40] , and [46] Two other 

surveys that pertam specifically to the construction (synthesis) of reliable networks 

are by Boesch [8] and [9] The first paper discusses the probabihtistic model outlmed 

above while the second compares this model with a determm1st1c model 

Smee computmg the all-termmal rehabihty of a network appears to be mtractable 

(the problem is #P-complete [67]) , various approximat10n schemes have been pro­

posed (see Chapter 5 of [20]) Two of the more common of these is to let p approach 

either of its extreme values , zero or one 

When edges are very unreliable, then the number of spannmg trees is critical In 

particular we have the followmg theorem from Myrvold [59] 

Theorem 1.2 .1 Let G, H E !1(n,e) If N,(G) = N,(H) for z = 1,2, , k and 

Nk+i ( G) > Nk+i ( H) 1 then G zs more reliable than H for p zn the range O < p < E for 

some E > 0 

The key reason for this 1s because the dommant term of Rel(p, G) is the low order 

term, namely the term with coefficient Nn-i (G) = Sp(G) , for small p On the other 

hand for p very close to one we have the followmg theorem from the same source 

Theorem 1 2 2 Let G, H E n (n , e) If N,(G) = N,(H) for z = e, e - 1, , k + 1 

and Nk(G) > Nk(H) 1 then G zs more reliable than H for p zn the range 1 > p > 1- E 

for some E > 0 
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The proof of this theorem reasons as follows For any graph G a cutset is a subset 

of the edge set whose removal disconnects the graph Denote by c( G) the size of the 

mmimum cutset of G For z = e, e - 1, , e - ( c( G) + 1) the number of connected 

spannmg z edge subgraphs of G is Just (;) For example, when z equals e -1 ( assummg 

c( G) > 1) there are e connected spannmg subgraphs one for each edge that can be 

deleted Yet , when we delete c( G) edges, then some subgraphs are disconnected so 

Ne-c(G) < (e_;(G)) 

For two graphs G and H let c = mm{c(G) , c(H)} From the above argument we 

have 

Ni(G) = Ni(H) = G) 
for z = e, e - 1, , e - ( c + 1) Suppose, without loss of generality, that c( G) > 

c(H) = c Then 

( e ) = Ne-c(G) > Ne-c(H), 
e-c 

and for p very close to one we have Rel(p, G) > Rel(p, H) On the other hand suppose 

c = c( G) = c( H) Then the graph that has the smallest number of mmimum cu tsets 

is more reliable 

It can happen that two non-isomorphic graphs can have the same mmimum cutset 

size and have the same number of cutsets In this case we need to examme the next 

term m the reliability polynomial to determme which graph is more reliable for p very 

close to one Nadon did this for 3-regular graphs m her Master's thesis [63] 

In summary, for p close to one we first need to maximize c That is over all graphs 

we seek those with the largest mmimum cut size Then over the graphs that attam 

this maximum we seek those with the mmimum number of mmimum cutsets 

A graph GE 0 (n, e) is said to be a uniformly most reliable graph if Rel(p, G) ~ 

Rel(p, H), for all HE 0 (n, e) and for all p E (0, 1) Clearly a umformly most reliable 



CHAPTER 1 INTRODUCTION 9 

graph will be a graph that attams the maximum number of spannmg trees and has the 

mm1mum number of mm1mum size cutsets Thus, the search for Sp-optimal graphs 

1s a special case of the search for umformly most reliable graphs 

Sometimes, however , a Sp-optimal graph 1s not umformly most reliable because 

some other graph 1s better when p 1s sufficiently close to O It 1s known that umformly 

most reliable graphs do not always exist This was first discovered by Kel'mans and 

later mdependently discovered by Myrvold, Cheung, Page and Perry [59] 

Further motivat10n comes from a field of study called optimum design theory In 

1981, Cheng [18] shows that findmg Sp-optimal graphs 1s equivalent to findmg a D­

opt1mum mcomplete block design Cheng combmed this observation with his 1978 

work [17] to get his now famous result which we discuss below (p 15) 

1.3 Known Results 

Table 1 1 presents all known results The top portion of the table we call the sparse 

reg10n because the graphs have relatively few edges The lower portion of the table 

we call the dense region because the graphs have relatively many edges 

To solve problems m the sparse reg10n, researchers treat e as a function of n For 

example, e = n, e = n + 1, or e = n + 2 We will survey results of this type first To 

solve problems m the dense reg10n, e 1s determmed by a range of functions of n For 

example, e = (;) - m, where m is m the closed mterval (1, l n/2 J) This thesis uses 

the same approach but with m m the open mterval ( l n/2 J + 1, n) 
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Class Graphs with the most spannmg trees page 

0 (n, e) every graph smce all are disconnected and 
9 

e<n-1 hence have no trees 

0 (n , n - 1) any tree 9 

0 (n , n) n-cycle 12 

0(n,n+l) 
ti-graph with path lengths as even as possible 

12 
[51 , 60, 75] 

0 (n, n + 2) a particular subd1v1s1on of K4 [51, 70] 13 

0 (n, :) regular complete bipartite [18] 15 

n ( n, ;; (p - 1)) regular complete p--partite [18] 15 

presented m this thesis for almost-regular 

fl ln, (;) - m) graphs and [64] for liJ < m :s; n - 2 and 

li <m:s;n m = n - 1 or m = n provided (;) - m 1s a 
multiple of three 

n ( n, (;) - m) 
Kn mmus a matchmg [34, 68] 14 

o < m :s; l?J 
0 ( n, (;)) Kn [43, 47] 14 

Table 1 1 Summary of known results 
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The most trivial solution to problem M 1s the case e < n - 1 Here every graph 

is Sp-optimal graph smce all graphs are disconnected Another trivial case is for 

e = n - 1 In this case any connected graph is a tree and all other graphs are 

disconnected Hence the Sp-optimal graphs are trees and they have one spannmg 

tree Currently these are the only known cases where the Sp-optimal graph is not 

umque This leads to the followmg conJecture 

ConJecture 1 3 1 The Sp-optimal graph for 0 (n, e), e 2: n, is unique 

Note that there are nontrivial cases where non-1Somorphic graphs have the same 

number of spannmg trees For example the complement of the graphs m Figure 1 1 

have the same number of spannmg trees for n( G) 2: 7 We discuss and prove this 

statement m Chapter 3, Section 3 5 

• 

(a) G 
1 (b) G .t 

Figure 11 Kn - G1 and Kn - G2 have the same number of spannmg trees, for n 2: 7 

After the above simple cases problem M becomes more difficult Still it is not 

hard to see that for e = n the best graph is a cycle with n edges Let us mformally 

explore this simple case to exemplify the kmd of task that we are attemptmg to solve 

m general (We will work with the class n ( n, n) See Li [51] for a more formal proof 

for the class 0 ( n, n) ) Figure 1 2 shows every graph m n (5, 5) with their respective 
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number of spannmg trees Notice that each connected graph has exactly one cycle 

Such graphs are called unzcyclzc 

5 3 3 

• 

0 4 3 

Figure 1 2 Graphs m n (5, 5) and their number of spannmg trees 

This arrangement 1s true for all graphs m n ( n, n) 1f the graph 1s connected then 

1t 1s umcychc First note that the non-cycle edges must be m every spannmg tree 

Then note that each edge m the cycle can be deleted m turn to produce a spannmg 

tree Smee we can do this k ways, where k 1s the size of the cycle, the best graph m 

n ( n, n) 1s the graph with the largest cycle namely Cn 

The next entry of Table 11 , e = n + 1, 1s a relatively easy result which can be 

found m 11 [51] , Wang and Wu [75] , and Myrvold [59] It 1s mterestmg that three 

different approaches were used Here 1s what they found 

A 0-graph E 0 ( n, n + 1) has two d1stmct degree 3 vertices v and u plus three edge 

d1sJomt vu-paths These graphs look like a cycle with a path across its middle For 

example, Figure 1 3 shows three 0-graphs It 1s possible to define such a graph G with 
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0(2,2,1) 

(a) 

V 

0 (5,3,2) 

(b) 

u 

Figure 1 3 Three 0-graphs 

0 (4,3,3) 

(c) 

u 

13 

three mtegers, a, band c, where a+ b + c = n + l , the paths are Pa, A , and Pc, and 

for convemence, a ~ b ~ c We shall denote such graphs as 0(a, b, c) When e = n + 1 

the Sp-optimal graph over all multigraphs is the 0( a, b, c )-graph where a - c :::; 1 In 

other words, the path lengths are nearly balanced 

When e = n + 2 we have a similar result due to 11 [51] and mdependently by 

Tseng and Wang [70] Li's result was subsequently published with Boesch and Suffel 

[10] We present Li's formulat10n of the solut10n because Tseng and Wang's 1s more 

complicated Furthermore, we present a simpler descnpt1on than 11 

The subdivision of an edge x = uv 1s accomplished by removmg the edge uv, 

addmg a new vertex w, and then addmg two edges uw and wv For example see 

Figure 1 4 

u 
• 

V 

• 
(a) edge uv 

u 
• 

W V 

• • 
(b) after subd1v1s1on 

Figure 1 4 Subd1v1s1on of an edge 

The Sp-optimal graph for 0 ( n, n + 2) 1s a subdivision of a K4 which 1s constructed 

as follows (Figure 1 5 shows the const ruction for 0 (7, 9) ) Form a K4 , label its six 

edges A, B, C, D, E, and F so that the three perfect matchmgs are {A, B}, {C, D}, 
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C 

A 

B 

(a) 

• 
D • 

• 

A 

C 

B 

(b) 

Figure 1 5 Construction of the Sp-optimal 0 ( n , n + 2) graph 

14 

D 

and {E, F} (See Figure 1 5(a)) Until the graph has n vertices subd1v1de the six 

ongmal edges ( makmg six paths) m lex1cograph1c order Figure 1 5(b) shows the 

completed graph (the three edges A,B ,C have been subd1v1ded) Boesch, Su:ffel and 

11 [10] showed that the Sp-optimal graphs fore= n , n + 1, and n + 2 descnbed above 

are also umformly most reliable 

For e = n + 3, Boesch, 11, and Su:ffel have shown that a subd1v1s1on of a K3,3 ( a 

3-regular complete bipartite graph) 1s umformly most reliable and hence Sp-optimal 

Our descnption of this graph follows Form a K3 ,3 , label its nme edges A, B , C, D , 

E, F, G, H, and / so that the three perfect matchmgs are 

{A , B, C}, {D, E , F}, and {G, H, I} 

Until the graph has n vertices repeatedly subd1v1de the nme ongmal edges (makmg 

nme paths) m lex1cograph1c order 

We have now reviewed all of the results m the sparse region and 1t 1s time to 

consider the dense reg10n We start withe = (;) Kiefer , m 1975 [47], and Kel 'mans , 

m 1976 [43], showed that Kn 1s Sp-optimal over all graphs m 0 ( n, (;)) K1efer 's 

work mvolved optimum design theory, a field of study which, m a restncted sense, 1s 

eqmvalent to problem M (see Cheng [17]) Kel'mans was the first to state this result 

m graph theoretic terms 
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We now restnct our attention to simple graphs Smee 1964, Kel'mans has mves­

t1gated many topics related to problems M and S One paper, wntten with Chel­

nokov m 1974 [34], contams the answer to problem S for graphs m n ( n, (;) - m), 
0 < m ~ l ~ Independently, m 197 4, Shier [68] denved the same answer For graphs 

m this class, the best graph 1s Kn -M, where M 1s a matchmg (the graph M = k K2 , 

k > 0, 1s called a matching) 

In his 1991 doctoral thesis, Petmg1 [64] states results for ~raphs m n ( n, (;) - m), 
for l ~ j < m ~ n - 2 and m = n - I or m = n provided (;) - m 1s a multiple of 

three This thesis strengthens his results and provides new methods for rankmg 

almost-regular graphs m this class In particular, this thesis finds the Sp-optimal 

almost-regular graphs m n ( n, (;) - m), l ~ j < m ~ n These results are previewed 

m the next section 

Fmally, we bnefly look at the work of Cheng [18] F1rst we need to descnbe 

two special types of graphs A multigraph G is called regular complete multi-partite 

if V ( G) can be partit10ned mto p subsets of equal size such that there are k edges 

between any two vertices m the same subset and k + 1 edges between any two vertices 

m different subsets, where k ?: 0 is an mteger (Note that if k = 0 the graph is 

simple ) If p = 2 then the graph is called regular complete bipartite (Note that 

de:firntions for less specialized graphs exist but we don't need them for this thesis ) 

Cheng [17] proved a result m optimum design theory that was later restated m 

graph theoretic terms [18] If G is regular complete bipartite, k ?: 0, then G is Sp­

optimal over all mult1graphs m its class Also m [18] he showed that if G is regular 

complete multi-partite, k = 0, then G is Sp-optimal over all simple graphs m its class 
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This completes our look at known results 

1.4 New Results 

As mentioned above, problem Sis solved for the class n (n, (;) - m), 0 < m ~ l?J 
and this thesis will work with class n ( n, (;) - m), l % j < m ::; n This suggests the 

followmg (new) notat10n Let 

n1 n (n, (;) - m), 0 <m::; l%J 
n2 n (n, (;) - m), l%J < m::; n 

n3 n (n, (;) - m), n < m::; l 3; J 

f!k - n (n, (;) - m), l(k-21)n J < m::; l k; J 

As discussed above for !11 , Kn mmus a matchmg is Sp-optimal This thesis and 

Petmgi work with !12 For each of these classes Cheng's result, regular complete 

mult1-partite graphs are Sp-optimal for the1r respective class, may apply 

Observation 1 4 1 For the class Ok a regular complete p-partite graph can be formed 

when kn is even and (k + l)ln Thus, e = (;) - (kn/2) (e g m = kn/2) and the 

number of partitions p is given by p = n /( k + 1) 

For example, let G be regular complete p-partite 

!11 If 21n then m = n/2, p = n/2 and G is the complement of p K2 's, 

!12 If 3ln then m = n , p = n/3 and G 1s the complement of p K3 's, 
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0 3 If 4ln then m = 3n/2, p = n/4, G is the complement of p K/s 

Before we discuss the mam results of this thesis we make two observations about 

the known results In every case the Sp-optimal graph is regular or almost-regular 

(For example, for 0 1 if n 1s not divisible by two, then m = l ~ j, p = n and the 

Sp-optimal graph is the complement of p K 2 's with a smgle ISolated vertex Hence 

the graph is almost regular ) Also, when a solution is known for all multigraphs m 

0 ( n, e), e :S (;), then the graph is simple Both of these observations make mtmtive 

sense, yet there is no proof that they always hold Still, the next two conJectures are 

widely behe,ed to be true 

Conjecture 1 4 2 If e :S (;) and G zs Sp-optimal over all multzgraphs) then G zs 

simple 

ConJecture 1 4 3 If e < (;) and G zs Sp-optimal, then G zs regular or almost­

regular 

For graphs with "sufficiently large" e the multigraph extension of ConJecture 1 4 3 

has been proven true ( e g e must be larger than (;)) Cheng et al [19] showed that 

for "sufficiently large'' e the graphs with the most spannmg trees are nearly balanced 

( almost regular and the number of multiple edges between any pa1r of vertices differs 

by at most one) From the1r work it is evident that there is no bound ( even 1mphc1t) 

on what constitutes "sufficiently large e" Also, there 1s no clear way to restnct their 

work to the class of simple graphs 

More important, m the context of this thesis, 1s Petmg1's [64] doctoral thesis 

By complicated arguments he shows that m 0 2 almost regulanty is reqmred when 

m :S n - 2 or when ( (;) - n) 1s congruent to zero modulo three 
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Observat10n 1 4 4 Let G E n (n, m) so that (Kn - G) E n2 Then Kn - G ZS 

almost-regular zf and only zf G zs almost regular 

Observat10n 1 4 5 If the graph G m the previous observation zs almost-regular then 

for all v E V(Kn - G) 1 dv = n - 2 or dv = n - 3 

Thus almost-regular 0 2 graphs have complements composed of paths and/or cy­

cles We consider the followmg cases m turn 

1 G 1s composed of path components 

2 G 1s composed of cycle components 

3 G 1s composed of a mixture of path and cycle components 

For the path case, a result due to Kel 'mans [43, Lemma 6 8,p 258] shows that 

given two paths 1t 1s best to make their lengths as equal as possible We give a new 

proof of this result and, at the same time, extend the result to show that given a path 

of length at least two and an isolated vertex that 1t 1s best to make two paths 

For the cycle case, we present two new results Consider Ck + Cm-k, where 

k ~ m - k If k 1s odd then Kn - ( Ck + Cm-k) has more spannmg trees than 

Kn - Cm (the complement of one large cycle) However, 1f k 1s even then the converse 

holds Kn - Cm IS better Second, let G = ck + Cm-k and H = Ck+c + Cm-k-c, 

where k ~ m - k and c 1s one or two Then the complement of G has more spannmg 

trees than the complement of H 1f k 1s odd and fewer 1f k 1s even (This result 1s 

actually presented via two theorems ) Although these results do not completely rank 

the graphs whose complements are a umon of d1sJomt cycles, 1t does provide the 

means to find the Sp-optimal graph m th.is class, with one small provable exception 

We also give md1cat1on of a complete rankmg for this class 
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For graphs whose complements are composed of a umon of disJomt cycles and 

paths ( mixed case), we show that breakmg down large paths mto a triangle and a 

smaller path mcreases the number of spannmg trees (This result was stated by 

Kel'mans [43 , 1976] We present the first proof) We also show that the complement 

of C3 + Pk has more spannmg trees than the complement of C3+c + Pk-c, where 

k - c > 0 and c > 0 We are then left with a set of three special cases which are 

proved algebraically Thus we are able to completely characterize the Sp-optimal 

almost-regular 0 2 graphs 

To obtam these results we review the maJor spannmg tree countmg methods and 

then summarize the known formulas for path components and cycle components We 

then derive some new formulas and give new proofs for some of the existmg formulas 

1.5 Thesis Overview 

Chapter 2 contams basic lmear algebra defirntions, notation, and results needed for 

this thesis Chapter 3 presents the maJor spannmg tree countmg formulas We discuss 

a recursive formula, an mclus10n exclusion formula and formulas derived from a special 

matrix associated with a graph We also discuss various properties of this matrix as 

they apply to countmg spannmg trees Chapter 3 concludes with a discuss10n of 

rankmg graphs by their number of spannmg trees 

Smee the thesis is concerned with findmg the Sp-optimal almost-regular graphs 

m 0 2
, Chapter 4 presents spannmg tree countmg formulas for Kn - Pk and Kn - Ck, 

k < n We refer to these formulas as formulas for path and cycle components , 
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respectively We present tngonometnc, combmatonal and analytic formulas for path 

and cycle components The combmatonal formula for cycle components is new as is a 

relationship between the formulas for odd cycles and two paths We give new proofs 

for the analytic formulas 

For other special classes of graphs formulas can be found m the literature Berge [6] 

reviews combmatonal formulas Moon [57] gives a comprehensive survey for countmg 

trees This work is extended m Moon [58] Kel'mans and Chelnokov [34] present 

many analytic formulas - work that extends Kel'mans ' [37] A more recent survey of 

analytic formulas can be found m an unpublished report by Boesch and Suffel [11] 

Chapter 5 presents the mam results of this thesis which we have previewed m the 

previous subsection Chapter 6 concludes with a discussion of possible directions for 

future research The appendices mclude a summary of all notation used m this thesis 

and some formulas for path and cycle components for small k 



Chapter 2 

Linear Algebra Definitions, 

Notation, and Basic Results 

This chapter gives a brief review of the lmear algebra necessary for this thesis An 

excellent source of further mformat1on 1s Horn and Johnson's book "Matrix Analysis" 

[32] This thesis only requues square real matrices and not the more general rectan­

gular matrices over an arbitrary field All vectors are assumed to be column vectors 

The 1dent1ty matrix of order n 1s denoted by In or Just I 1f n 1s understood The order 

n matrix composed entirely of ones 1s denoted Jn, or JUSt J The determmant of a 

matrix A 1s denoted by I A I The transpose of matrix A 1s denoted AT S1m1larly for 

vectors The sum of all elements on the mam diagonal of matrix A 1s denoted by 

trace(A) 

For matrix A= [a,3] E R nxn and for mdex sets a~ {1, , n} and /3 ~ {1, , n }, 

we denote, by A 0 ,,e, the submatrix that remams after the rows of A mdexed by a and 

the columns mdexed by /3 are simultaneously deleted The determmant of any such 

submatrix 1s called a minor of A 

21 
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If a = (3 then A0 , 0 is called a prznczpal submatrzx of A and is abbreviated to 

A 0 For convemence we wnte Ai mstead of A{i}, and Ai1 mstead of A{i}{J} The 

determmant of any prmcipal submatnx 1s called a prznczpal minor By convent10n, 

the empty prmcipal mmor is 1, that is, IA{ 1 ,2, ,n} I = 1 

The term (-l)i+J IAi1I is called the (z,J)th -cofactorof A Usmg cofactors we can 

express the determmant of A as 

n 

IAI = I: a,3 (-1r+1 IAi1I' 1 :'.S z :'.Sn, (row expans10n) 
J=l 

n 

I:ai1( -1r+1 IAi1I , 1 :'.SJ :'.Sn, (column expansion) 
i=i 

Either of these expressions is called a Laplace expansion of the determmant of A 

Let A E Rnxn The transposed matrix of cofactors B = [bi1] E Rn xn, where 

1s called the adJugate ( sometimes called the classical adJoznt) of A and 1s denoted by 

adJ(A) A calculation usmg the Laplacian expansion for the determmant shows that 

([32, p 20]) 

adJ(A) A= A adJ(A) = IAI I (2 1) 



Chapter 3 

Spanning Tree Formulas 

This chapter presents combmatonal and analytic formulas for countmg the number 

of spannmg trees ma graph Whenever possible the methods are presented for multi­

graphs However, when we count the number of spannmg trees remammg after the 

deletion of a set of edges from the complete graph (complement graphs), then the 

method pertams to simple graphs 

The methods mclude a bnef discussion of the well known recursive formula and a 

discussion of the mclusion exclusion formula Then the rest of the chapter is devoted 

to a special matnx associated with a graph called the Laplac1an (sometimes called 

the Kirchhoff matnx or the matnx of nodal admittance) From this matnx we denve 

analytic methods for countmg the number of spannmg trees m a graph The chapter 

ends with a discussion of rankmg simple graphs by the1r number of spannmg trees 

23 
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3.1 Feussner's Recursive Formula 

The followmg recursive formula 1s attnbuted to Feussner's 1904 paper [29] The 

reader 1s referred to Moon's 1970 monograph for a d1scuss1on of the ongm of this 

formula [57] In this section, by graph we mean mult1graph 

For a graph G an edge x = uv E E( G) 1s contracted when the vertices u and v 

are replaced by a new vertex, say w, all uv edges become loops mc1dent with w, and 

each edge that was mc1dent with u or v 1s replaced by an edge mc1dent with w Smee 

we are countmg spannmg trees we can delete the loops 

Theorem 3 1 1 (Feussner) Let x be any edge of graph G and let G - x denote the 

graph obtained from G by deleting the edge x , and let G/x denote the graph obtained 

from G by contracting the edge x Then 

Sp(G) = Sp(G - x) + Sp(G/x) 

Proof For any spannmg tree T of graph G, 1f x E E(T) then T 1s counted m Sp( G / x) 

otherwise T 1s counted m Sp( G - x) D 

L1 [51] made extensive use of Feussner's formula to denve Sp-optimal 0 (n , n + 1) 

and 0 ( n, n + 2) graphs He also gave a number of general results One that he 

did not mention 1s the followmg simple result that 1s easily achieved with Feussner 's 

formula 

Lemma 3.1.2 If the graph G E 0 (n , e) , where e ~ n , is Sp-optimal, then G does 

not contain a vertex of degree one 

Proof: Note that the condition e ~ n msures there exists a connected graph m 

0 ( n, e) Let G be one of these graphs such that G has a degree one vertex u and 
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let x be the edge mcident to u We show that, for any such G, there exists a graph 

HE 0 (n, e) such that Sp(H) > Sp(G) We do so by constructmg H from G Note 

that the condition e ~ n msures that G contams a cycle Choose an edge y = vw on 

this cycle Define H as 

H = G - X - y + UV + uw 

Let x' = uv and y' = uw 

Apply Feussner's formula twice to G 

Sp(G) = Sp(G-y)+Sp(G/y) 

= (Sp(G - y - x) + Sp(G - y/x)) + (Sp(G/y - x) + Sp(G/y/x)) 

Because the removal of x disconnects G this equals 

Sp(G - y/x) + Sp(G/y/x) 

Apply Feussner's formula twice to H as follows 

Sp(H) Sp(H - y') + Sp(H/y') 

(Sp(H -y' - x') + Sp(H -y'/x')) + (Sp(H/y' - x') + Sp(H/y'/x')) 

Note that H - y' - x' is disconnected so Sp(H - y' - x') 

(G -y/x) ~ (H -y'/x') and (G/y/x) ~ (H/y'/x') So, 

Sp(H) - Sp(G) = Sp(H/y' - x') 

0 Also note that, 

This result is at least one smce H / y' - x ' is a connected graph □ 
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3.2 Temperley's Formula 

This section presents Temperley's complement mclusion exclus10n formula Smee the 

formula is for complement graphs, it can only be used for simple graphs Hence m 

this sect10n, by graph we mean simple graph The formula first appeared, implicitly, 

m Temperley's 1964 paper [69] (This paper's mam focus was modelmg the equation 

state of an imperfect gas ) Smee then it has been given and proved explicitly m 

two forms analytic and combmatonal The analytic version will be discussed later 

(Theorem 3 4 3) The combmatonal version (Theorem 3 2 3) and proof are due to 

Moon [55] Also see Berge [6] for a discussion of Moon's combmatonal approach 

The next theorem 1s used to determme a smgle term m the complement mclus10n 

exclusion formula It tells us exactly how many spannmg trees of the complete graph 

Kn use all the edges of a given simple and acyclic graph (No spannmg tree of Kn 

can use all of the edges of a cycle ) 

Theorem 3 2 1 Let V1, Vi, , Vi be a partition of V(Kn), T1 = (Vi, E1), T2 = 

(Vi, E2), , Tk = (Vi , Ek) be trees, and let n, = IV(T,) I, i = 1, 2, , k Then the 

number of spanning trees of Kn that have T1 , T2 , , and Tk as subgraphs is 

Proof See Moon [55 , Theorem 2, p 265] for a proof of this theorem ( Also see 

Moon [57, Theorem 6 1, p 52] for a discussion of other uses of this result ) D 

For example, if k = l then T1 is of order n and we have nni- 2 = n/n = l spannmg 

tree of G that has Ti as a subgraph Another example provides a simple proof for the 

most famous spannmg tree formula Cayley's formula for the complete graph [16] 

The followmg is Just one of the many ways to prove this important theorem See 

Moon's summary [56] for more 
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Theorem 3 2 2 ( Cayley 1857) For the complete graph Kn 

Proof Usmg the notat10n of Theorem 3 2 1 we need the number of spannmg trees 

~ Tk ~ K1 as subgraphs In this case k = n and 

the order of each Ti, l s; i s; n , 1s one Thus, from Theorem 3 2 1 

Define the function v !1 (n , e) ➔ z+ such that if G E !1 (n , e) has k > l 

components ( not necessanly trees) of orders n1 , n 2 , , nk then 

if G contams a cycle 

otherwise 
(3 1) 

Note that if the edge set of G is empty then there are n ISolated vertices so 11( G) = 

l n = 1 

We are now ready for the combmatonal version of Temperley 's complement mclu­

s1on exclusion formula This formula gives the number of spannmg trees that do not 

use any edge m a given simple graph In other words, the number of spannmg trees 

contamed m the complement of the graph 

Theorem 3 2 3 (Temperley's inclus10n exclus10n formula) Let G ~ Kn Then 

Sp(Kn -G)=nn- 2 L v(F)(-nte(F) (3 2) 
FCG 

V (F) = V(G) 
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I I 
Figure 3 1 Graph G = A + P2 

Smee the sum 1s over all spannmg subgraphs F of G, observe that the summation 

has an exponential nature This 1s because the sum 1s taken, m effect, over the power 

set of E(G) 

For example, suppose G = A + A E n ( 4, 2) ( see Figure 3 1) Then the four 

possible subgraphs of G are F0 , F1, F2, and F3 shown m Figure 3 2 

• 

• 

• 

• 
Fo 

I • • 

• I I I 
Figure 3 2 The four subgraphs of G = A + A 

Now usmg Theorem 3 2 3 we get 

3 

Sp(Kn - G) nn- 2 I: v(F,)(-n)-e(F,) 

This 1s a formula for arbitrary n For example, 1f n = 4 (Figure 3 3(a)) then Sp(Kn -

G) = 42
( 4;) = 4 and 1f n = 5, which 1s larger than n(G) , then Sp(Kn - G) = 

53(1- i + 5;) = 53 
5
9
2 = 45 (see Figure 3 3(b)) So our formula for Sp(Kn -(A+ A)) 

1s really a formula for two paths of order two and any number of isolated vertices 

A complete proof of Theorem 3 2 3 can be found m Moon [55 , Theorem 3, p 

267], but essentially it uses the mclus10n exclusion prmc1ple discussed m many discrete 
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□ ~ 
(a) Gwrt K4 (b) G w rt K5 

Figure 3 3 Complements of G = A + A 

mathematics texts ( e g Grimaldi [31] or Knuth [49]) The aBplication of this prmciple 

starts with Sp(Kn) (Theorem 3 2 2) and uses Theorem 3 2 1 to get each term m the 

summat10n 

Followmg the notat ion of Moon [55, p 266] , let 

f(n , G) = L v(F)(-nte(F) 
F(,;,G 

V(F)=V(G) 

(3 3) 

for GE n (k , e), ks; n Bedrosian [3, p 314] calls the polynomial f(n , G) the generic 

form of the graph G and m 1970 [4] he gives the generic form of certam classes of 

graphs Later , m 1983, Bedrosian and Moon [58] give results for the generic form of 

multigraphs In Chapter 4, we present Moon's formulas for the generic form of paths 

and cycles 

Notice that the defimtion of the generic form implies the followmg 
I 

Corollary 3 2 4 !JG E D.(n ,e) has k ~ l components Gi ,G2 , ,Gk, then 

k 

Sp(Kn - G) = nn-2 IT f(n , G,) 
t=l 

Thus, it is advantageous to know the generic form of certam classes of uncomplicated 

graphs which can then be considered as components of more complicated graphs 
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3.3 Laplacian Matrix 

For this sect10n by graph we mean multigraph This allows us to develop the followmg 

results m their more general settmg 

The matnx we are about to descnbe ( called the Laplacian) is important if one 

wIShes to develop formulas for the number of spannmg trees m a graph, but it has also 

seen many other uses Notably, Fiedler [26, 27] uses its second smallest eigenvalue 

and associated eigenvector to descnbe what he calls the algebraic connect1v1ty of a 

graph F1edler's work has lead to several useful numencal algonthms [2, 54, 65, 66] 

Other important uses of this matnx mcludes the determmat10n of a necessary 

cond1t10n for a graph to have a Hamilton cycle This result is due to Mohar [53] 

And m the theory of flexible polymer molecules ( a field of chemical physics) Forsman 

[28] states 

the matnx mcorporatmg entropy sprmg effects m the Rouse approach of 

descnbmg cham dynamics is shown to be given by [the Laplacian] 

The Laplac1an matnx can be defined d1rectly or m terms of other important 

matnces associated with a graph The direct defimtion allows use to wnte the matnx 

by mspectmg the graph On the other hand, definmg the matnx m terms of other 

matnces gives us additional mformation about the matnx itself We begm with the 

direct defimtion and then we mtroduce the other important matnces 

For the graph GE 0(n,e), let V(G) = {1 ,2, ,n} and let e,J equal the number 

of edges { i, J} E E ( G) Recall dv denotes the degree of vertex v E V ( G) The 

Laplacian matrix, .C(G) = [R,J ] E znxn, associated with the graph G is defined by 

1f i = J, 
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We write £ mstead of£( G) 1f G 1s understood It follows that £ 1s a real symmetric 

matrix Note that the trace of£ 1s the sum of the degrees of all vertices m G By a 

well known result m graph theory (see Bondy and Murty [13, Theorem 1 1, p 10]), 

trace(£) = 2 e( G) 

The adJacency matrix, A( G) = [ al J] E zn x n, IS defined by 

From the defimt10n 1t follows that the trace of A 1s zero ( all graphs are assumed to 

be loop free) , and that A 1s a real symmetric matrix 

The matnx ~(G) = [81 J] E znxn 1s the diagonal matrix d1ag(di,d2 , ,dn) Note 

that the Laplacian can be defined m terms of these two matnces smce 

£( G) = ~( G) - A( G) = [JIJ - 0:1J] (3 4) 

Before definmg the last matrix, we mtroduce a useful device For the graph 

GE 0(n,e), let V(G) = {vi,v2, ,vn} and let E(G) = {x1,x2, ,xe} For each 

edge x = { vJ, vk} of E( G), we arbitrarily choose one of vJ, Vk to be the positive end of 

x and the other one to be the negative end This procedure gives E( G) an orientation 

For example, Figure 3 4 shows a graph and a possible orientat10n 

V3 V3 

Figure 3 4 A graph with an arbitrary orientation 

The incidence matrix, f( G) = [771 J] E z nxe, for G and an arbitrary orientation of 
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its edges, is defined by 

+ 1 if v1 is the positive end of edge x 1 

f/1 1 = -1 if v1 is the negative end of edge x 1 

0 otherwise 

32 

Note that the rows of this matnx correspond to the vertices of G, and the columns 

correspond to the edges of G Also note that smce all column sums are zero, r( G) is 

smgular For example, the mcidence matnx for the graph m Figure 3 4 is 

1 1 1 0 

r = -1 -1 o 1 

0 0 -1 -1 

The followmg lemma with its proof is from Biggs [7, Prop 4 8, p 27] 

Lemma 3.3 1 For a graph G E 0 ( n, e) and some orientation of its edges1 let r = 
r ( G) 1 A = A( G) 1 and ~ = ~( G) be the matrices defined above Then 

Proof Note that (r rT)IJ (the (i,J) entry off rT ) is the mner product of row i and 

row J of r If i =/- J then these rows have a non-zero entry m the same column if and 

only if there is an edge Jommg v1 and v1 In this case, the two non-zero entries are 

+1 and -1 Thus, (r rT)IJ = -el] Similarly, (r rT)n is the mner product of row i 

with itself, and smce each term is ( -1 )2 or ( + 1 )2 this entry 1s equal to the degree of 
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For example consider the graph m Figure 3 4 Then 

rrT 
1 -1 0 

1 1 1 0 
1 -1 0 

-1 -1 0 1 
1 0 -1 

0 0 -1 -1 
0 1 -1 

3 -2 -1 

-2 3 -1 

-1 -1 2 

This lemma and Equation 3 4 mean we also have 

£ (G) = r rT (3 5) 

3.3.1 Characteristic polynomial of the Laplacian 

For graph G E 0 ( n, e), the characteristic polynomial i of G is defined as 

P(t, G) = ltI - .C(G)I (3 6) 

The characteristic polynomial of a graph is important m the countmg of spannmg 

trees and it will play a role m our attempt to rank graphs by their number of spannmg 

trees 

The n roots of P ( t, G) are called the eigenvalues of .C( G) and are denoted by 

>i, = .>i,( G), i = 0, 1, , n -1 With these eigenvalues we can write the characteristic 

polynomial as 
n -i 

P(t , G) = II (t - >i,) (3 7) 
i= O 

1 We adopt the convention of expressmg the characteristic polynomial m terms oft for the same 
reasons discussed m Horn and Johnson 's book [32, p 38] 
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We can also wn te the charactenstic polynomial m general form as 

n-i 

P(t ,G) = L (-lt c1 (G)tn- i (3 8) 
i=O 

where c1 (G) denotes the i th coefficient Later, m Lemma 3 3 12, we give Kel 'mans' 

graph theoretic formula for these coefficients Readers of Kel 'mans note that his 

defimtion of the charactenstic polynomial of a graph has an addit10nal factor of ½ 

and is P (t, G) = ½ ltI- £(G)I 

Some authors ( see Cvetkovic [23]) define the charactenstic polynomial of a graph 

m terms of the adJacency matnx mstead of the Laplacian This polynomial IS , m 

general , qmte different However , for regular graphs they are closely related For 

example, let GE 0 (n , e) be r-regular, £ = £ (G) , A= A(G), and~= ~ (G) Note 

that ~ = rl So, 

P (t , G) ltr-£1 

ltI- (~ - A)I 

l(t - r )I + Al 

(-1r l(r - t)I- Al (3 9) 

and this last equation, settmg A = ( r - t) and 1gnormg the sign term ( -1 t , con tams 

the charactenstic polynomial associated with A( G) Consequently, if£ has eigenval­

ues Ao, Ai, , An-i, then A has eigenvalues r - Ao, r - Ai , , r - An-I Thus, results 

denved from !tI - Al for regular graphs apply to P( t , G) Cvetkovic has produced a 

contmumg senes of surveys on graph spectra (24, 22 , 23] 

The next result, due to Kel 'mans [35] (1965), 1s related to Corollary 3 2 4 (p 29) 

above smce it too considers the mdividual components of a graph The proof that 

follows differs from Kel 'mans ' smce he worked with a vanant of the Laplacian 
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Lemma 3 3 2 (Kel'mans) If G E 0 (n, e) has k > l components G1, G2, , Gk , 

then 
k 

P(t, G) = II P(t, Gi) 
i=l 

Proof Let G' = G~ +G~+ +G~ where the vertices of each component, a:, are given 

consecutive labels, G, ~ a: and the vertices of a: are labelled before those of c:+1 
This corresponds to the transformation P £( G) pT = £( G'), for some permutation 

matrix P Smee no vertex m component a; is adJacent to a vertex m component G~, 

for all i # J, it folloV'is that £( G') is block diagonal Smee p T = p- 1 , £( G) is s1m1lar 

to a block diagonal matrix By considermg the Laplace expansion, it is clear that 

the determmant of a block diagonal matrix is the product of the determmants of the 

blocks This gives the reqmred result D 

3.3.2 Eigenvalues of the Laplacian 

In the prev10us subsection, we mtroduced then eigenvalues of£( G) as the roots of the 

characteristic polynomial An alternative defimt10n of an eigenvalue 1s any number, 

say >., that satisfies the equation ,C( G) x = >. x for some nonzero vector x 

This subsection summarizes some basic results concernmg the eigenvalues of the 

Laplacian As mentioned above the eigenvalues of a graph are important m a number 

of ways As well, they play an important role m the context of countmg spannmg 

trees and rankmg graphs by the1r number of spannmg trees 

A matrix C E R n xn 1s positive semidefinite if there exists a matrix M, not neces­

sarily square 1 such that C = M MT (see [77 , Theorem 1 5 4] or [32, Theorem 7 2 7, 

p 406]) Note that M can be smgular 1mplymg that C can be smgular as well Let 
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,C = £( G) Equat10n 3 5 (p 33) says ,C = r rT, therefore ,C is positive semidefimte 

Furthermore, smce .C is symmetnc all of the eigenvalues of .C are real by the Spectral 

Theorem (see Watkms [77, p 230] or Horn and Johnson [32, Theorem 2 5 6, p 104]) 

By a well known result m lmear algebra, all of the eigenvalues of a real symmetnc 

matnx are non-negative if and only if the matnx is positive semidefimte (see [32, The­

orem 7 2 1, p 402]) Smee all rows of .C sum to zero, .C is smgular In particular, any 

constant multiple of then-vector, u, composed of ones satisfies the equation ,Cu = Ou, 

and so zero is an eigenvalue of .C These results allow us to order the eigenvalues of 

.Cm nondecreasmg order For GE 0 (n, e) let Ai = Ai(G), i = 0, 1, , n - 1 denote 

the eigenvalues of .C such that 

Furthermore, let 

In other words, a( G) is the n-vector contammg all the eigenvalues of G arranged m 

non-decreasmg order 

The next result contmues our look at the components of a graph 

Lemma 3 3 3 (Kel'mans[35]) If GE 0 (n, e) has k ~ 1 components G1 , G2 , Gk , 

then 
k 

a(G) = LJ o-(Gi) 
t=l 

Proof By Lemma 3 3 2, P(t, G) = IT:=1 P(t , Gi) The result follows o 

The next result states how the eigenvalues of a graph are affected by the delet10n 

of an arbitrary edge 
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Lemma 3 3 4 (Kel'mans and Chelnokov) For G E n (n , e) and any edge u E 

E( G) , let G - u denote the graph obtained from G by deleting the edge u from E( G) 

Then 

fork= 0, l, , n - l 

Proof (From Kel'mans and Chelnokov [34, Lemma 2 2, p 204] ) Let M = £( G) -

£( G - u) For example, if u = { v1 , v2} then without loss of generality 

1 -1 
-1 1 

0 

M= 
0 0 

Smee P(t , M) = tn- 1( t-2) , the eigenvalues (roots) of this polynomial are nonnegative, 

and so M is positive semi-defimte Apply Weyl's theorem, a specialization of the 

Courant-Fischer Theorem (see Horn and Johnson [32, Theorem 4 3 1, p 181]) , to get 

for k = 0, l, , n - l D 

This next result was stated, m 1974, by Kel'mans [34] without proof but with 

reference to his 1965 paper [35] Smee the work m [35] deals with a vanant of the 

Laplacian, the result is difficult to find In a 1971 techmcal report Anderson and 

Morley present the same result m the proof of their Theorem 1 This techmcal report 

was subsequently published m 1983 [1] Another proof appears m Boesch and Suffel 's 

unpublished report [11, Theorem 1 2, p 5] 

Lemma 3 3 5 (Kel'mans) For the graph G E n (n, e) and for G = Kn - G the 

fallowing relation holds 

for z = 1, , n - 1 
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In lmear algebra the spectral radms of a matnx A 1s equal to the maximum of the 

eigenvalues taken m absolute value Thus for the graph G E 0 ( n, e) the spectral radius 

1s the nonnegative real number p( G) = An-I ( G) For simple graphs, Lemma 3 3 5 

1mphes that p( G) :S n It 1s also important to note that, 

P(t, G) > 0 fort> p(G) 

This 1s clear by Equation 3 7 (p 33) and we shall use this fact later In an untranslated 

1967 Russian paper [37], Kel'mans shows that 

p(G) :S max (dx + d11 ) 
x,yEVlG), 

xf.y 

Agam this result appears m Anderson and Morley [1, Theorem 2, p 143] A less pre­

cise, but for our purposes equally useful result, 1s easily obtamed from the Gersgorm 

Theorem Vve present a version that pertams specifically to Laplacian matnces 

Theorem 3 3 6 ( Gersgorm) Let G E 0 ( n, e) , and let 

Then for A E o-( G) 

dmax = max dv 
v EV (G) 

Proof. See Horn and Johnson [32, Theorem 6 11, p 344] for a proof of Gersgorm's 

Theorem and then note that for graphs £ = .6. - A □ 

A lower bound on the spectral radms of a graph 1s given next 
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Lemma 3 3 7 (Kel 'mans and Chelnokov) Let G E 0 ( n, e) where e ~ l Then 

p(G) ~ dmax + 1 

Proof See Kel'mans and Chelnokov [34, Lemma 2 3, p 205] D 

Usmg these results we obtam the bounds for the complement of an almost-regular 

graph Gm !V (G is composed of path and/or cycle components) For these graphs 

dmax equals two so, 

(3 10) 

Later, m Chapter 4 Section 4 1, we give a precise descript10n of the spectrum of these 

graphs We use this mformation for a proof of Theorem 5 3 3 

3.3.3 Matrix Tree Theorem 

The followmg countmg theorem is attributed to Kirchhoff [48] who did work m electric 

theory m the mid 1800's The presentation adopted here and the next subsection is 

a composite of the work of Biggs [7, pp 22-39], Cvetkovic [23, pp 37-39], and 

Kel'mans [34, 43] 

Theorem 3 3.8 (Kirchhoff Matrix-Tree Theorem) For graph GE 0 (n, e), the 

classical adJoznt of £ (G), adJ(£(G)), equals Sp(G)J 

An algebraic proof of this theorem can be found m Biggs [7, Theorem 6 3, pp 

34-35] and a graph theoretic proof can be found m Gibbons [30] This theorem is 

implicitly contamed m Kirchhoff's 1847 paper [48], while the first proof can be found 

m the 1940 paper by Brooks, Smith, Stone and Tutte [14] Many other eqmvalent 
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results exist For example, Maxwell's Rule [52], published m 1892, gives the weighted 

tree products of a graph and, m 1948, Tutte [71] gave the number of spanning trees 

m directed graphs See Moon [57, pp 41-42] for a discussion of these results 

The next two results follow directly 

Corollary 3 3 9 For any i E {1,2, ,n(G)}, 1£ ,(G)I = Sp(G) 

Proof Obvious from Theorem 3 3 8 □ 

Corollary 3 3 10 The number of spanning trees of a graph G is invariant under any 

permutation of the labels of V ( G) 

Proof Let G' be the graph G with its vertices relabelled Let £' = £( G') and 

.C = £( G) This permutation of the labels of V( G) corresponds to a permutation P 

(a permutation matnx) of .C In other words,£'= P .C pT Then, 

Smee the adJugate of a product equals the product of the adJugates (see Lemma 3 4 1 

(p 45) we can expand this equat10n to 

Smee IPI = ±1 and adJ(P) = IPI p-i = pT this becomes 

P adJ(.C) pT 

But by Theorem 3 3 8 adJ(.C) is a constant matnx and remams so under any permu­

tation Thus , the above equals 

adJ(.C) = Sp(G)J □ 
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From Theorem 3 3 8 it is possible to derive other spannmg tree countmg formulas 

Two such methods follow, but first we generalize this theorem This generalization is 

stated m 1976 (as self evident) by Kel'mans [43, Eqn 2 2, p 243] The proof that 

follows is adapted from Cvetkovic et al [24 , p 38] 

Let GE 0(n,e) and let /3 ~ V(G) = {1,2, ,n} Then the graph Gf3 is the 

multigraph obtamed from G by identifymg ( amalgamatmg) the vertices m /3 mto a 

smgle vertex while mamtammg edges (yet, deletmg loops) We write Gv mstead of 

G{v}, and note that Gv = G for any v E V(G) (We use this fact m Corollary 3 3 13) 

Recall from page 22 that for a matrix A and mdex set /3 that A/3 1s a prmc1pal 

submatrix of matrix A (the rows and columns of A correspondmg to the mdices m /3 

are simultaneously deleted) 

Corollary 3 311 Let GE 0(n,e) , where V(G) = {1 , 2, ,n}, and let /3 be a 

nonempty subset of V( G) Then 

Proof Let i be the label of the node resultmg from 1dent1fymg the vertices m /3 

But £ 1 (Gt3 ) = £ t3 (G) and, by Corollary 3 3 9, 

as reqmred D 

To allow for the case /3 = 0, let Sp(G0) = 0 which is sensible because I..C (G0)1 = 
I..C(G)I = 0 
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For a matrix A E R nx n, let Ek(A) denote the sum of all prmcipal mmors of order 

k of A (The notation is from Horn and Johnson [32, p 42] ) In particular, for a 

graph GE 0 (n, e) 

Note that 

and 

Ek= Ek(£(G)) = I: 1£fj( G)I 
/3 ~V (G) 

l/31 =n-k 

E1 = trace(£(G)) = L dv = 2e, 
vEV(G) 

(3 11 ) 

Lemma 3 3 12 (Kel'mans [37]) For graph GE 0 (n , e), th e coefficients of P (t , G) 

are given by 

for i = 0, 1, , n - 1 

Ci = L Sp(Gfj ) 
,0~V(G) 

1.el=n- i 

Proof It is possible to show (mductively by Laplace expans10n) [32 , Eqn 1 2 11 , p 

42] that 

Thus, Ci = Ei By Equation 3 11 and by Corollary 3 3 11 , 1£,e(G)I = Sp(G,e ) so the 

result follows D 

Corollary 3 3 13 For graph GE 0 (n, e), 

1 
Sp( G) = -Cn -1 

n 
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Proof Use Lemma 3 3 12 and let z = n - 1 Then 

Cn-1 = L Sp( G13 ) 
{3~V(G) 

l.6I=1 

L Sp(Gv) 
vEV(G) 

n Sp(G) □ 

43 

Kel'mans and Chelnokov [34, eqn 2 14, p 203 ] give another expression for the 

coefficients of P(t, G) Recall the function v 1s defined on page 27 

Lemma 3 3 14 For graph GE 0 (n, e), the coefficients of P(t, G) are given by 

F~G 

e(F) = i 

for z = 0, 1, 1 n - 1 

We now develop a formula for Sp( G) based on the eigenvalues of the Laplacian 

F1rst, for the n numbers ao, a1, , an-l, the kth elementary symmetric function , 

k :Sn - 1, 1s given by 

Sk(ao, a1, , an-1) = L II at 
IPl=k tEP 

P~{0,1, ,n-1} 

Theorem 3 3 15 If a0 , , an-l are the eigenvalues of matrix A, then 

fork :Sn 
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Proof See, for example, Horn and Johnson [32 , Theorem 1 2 12, p 42] D 

The followmg is from Kel'mans and Chelnokov [34 , Equat10n 2 18, p 203] 

Theorem 3 3 16 For graph GE 0 (n, e) 

Proof By the defimtion of the Ph elementary symmetnc function and the fact that 

Ao= 0, we have 
n-1 

Sn-1(0-(G)) = IT AJ 
J=l 

By Theorem 3 3 15 this equals En-I which equals Cn-l ( G) Apply Corollary 3 3 13 

D 

Notice how this countmg method means the problem of findmg the Sp-optimal 

graph is a problem of maximizmg the product of n - 1 numbers subJect to the con­

stramt that the numbers are eigenvalues of a graph It is this observation upon which 

Cheng [18] based his results As well, Theorem 3 3 16 gives a simple proof of a well 

known result 

Corollary 3 3 17 The multzplzczty of O as an eigenvalue of the graph G zs equal to 

the number of components m G 

Proof Smee a component Gi is connected, it has at least one spannmg tree, and 

so its n( Gi) - 1 largest eigenvalues are nonzero The smallest eigenvalue of each 

component is zero so each component contnbutes exactly one zero to the spectrum 

of G □ 
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3.4 Complement Spanning Tree Formula 

We now return to the considerat10n of simple graphs From here to the end of the 

thesis , by graph we mean simple graph In 1974, Biggs [7, Prop 6 4, p 35] gave 

a formula (Equation 3 12 below) that uses the determinant of a matnx mstead of a 

cofactor of the Laplacian ( e g Theorem 3 3 8) Biggs gives Temperley credit for this 

formula smce it is implicit m his 1964 paper [69] F1rst we need a result from lmear 

algebra that says the adJugate of a product 1s the product of the adJugates 

Lemma 3 4 1 For the matrices A , B E R nxn and for C = AB the f ollowmg holds 

adJ(B)adJ(A) = adJ(C) 

P roof. The Cauchy-Bmet formula [32, p 22] states that for 1 :S r :S n , a, {3 ~ 

{1 , 2, , n} and lal = 1/31 = r, that 

det Ca ,/3 = L IAa,-y l IB"l,/31 
')' 

where the sum is taken over all mdex set s , ~ {1, 2, , n} of cardmahty r Take 

this formula with r = 1 and consider the ( i, J) entry of adJ ( C) 
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n 

= (-1)'+3 L det A3 k det Bki 
k=l 

n 

I)-1 r+k det AJ k(-1 t+J det Bki 
k=l 

n 

L( adJ(A) )k 3 ( adJ(B) ), k 

k=l 

The result follows by the defimt10n of matnx multiplication □ 

46 

The proof for the next theorem 1s taken directly from Biggs [7, Prop 6 4, p 35], 

but each step 1s explamed more fully 

Theorem a 4 2 (Temperley [69]) For G E n ( n, e) 

Sp(G)=n- 2 IJ+.C(G)I (3 12) 

Proof For Kn we have ~ = ( n - 1 )I and A = J - I so 

.C(Kn) = ~ - A= (n - l)I - (J - I)= nl - J (3 13) 

By Theorem 3 3 8, adJ(.C(Kn)) = Sp(Kn)J and by Theorem 3 2 2 

(3 14) 

Let .C = .C(G) Note that nJ = J 2 and J .C = 0 (all the column sums of .C are 0) 

This allows us to wn te 

(nl - J)(J + .C) = nJ + n.C - J 2 
- J .C = n.C, 

and by Lemma 3 4 1 

adJ(J + .C)adJ (nI - J) = adJ(n.C) 
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Apply Equations 3 13 and 3 14 on the left and on the nght and notice that each 

cofactor of adJ ( nC) 1s n n-I times the correspondmg cofactor of C 

Simplify and then use Theorem 3 3 8 

adJ(J + C)J = nSp(G)J 

Next pre-multiply each side by (J + C) and use Equation 2 1 (page 22) 

(J + C)adJ(J + C)J 

IJ +CIJ 

IJ +CIJ 

n Sp(G)(J + C)J 

n Sp(G) (J 2 + CJ) 

n 2Sp( G)J 

It follows that n-2 IJ +Cl= Sp(G), as reqmred D 

This theorem alleviates the need to take a cofactor of the Laplacian, but a more 

flexible formula is obtamable usmg the next theorem Note for any graph GE n (n , e) 

that G = Kn - G so 

C(G) + C(G) = C(Kn) = nl - J 

Thus 

J + C(G) = nl - C(G) 

Smee Theorem 3 4 2 says Sp(G) = n-2 IJ + C(G)I , we have proven the followmg 

Theorem 3 4 3 For the graph GE n (n, e) , 

Sp(G) = n-2 lnI - C(G)I 
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This is equivalent to the followmg (from Kel'mans and Chelnokov [34, Eqn 2 18, p 

203]) 

Corollary 3 4 4 For the graph G E n ( n, e ), 

Proof By defimt10n of the characteristic polynomial, P(n , G) equals In I - .C( G) I 
D 

Note that, unlike Temperley's complement mclusion exclusion formula (Theo­

rem 3 2 3), the above is for fixed n That is, the formula Sp(G) = n-2P(n, G) is for 

graphs G and G, both of order n We can remedy this via a couple of corollaries 

First we have another result for the components for a graph 

Corollary 3 4 5 If G E n (n, e) has k 2:: 1 components Gi, G2 , , Gk of orders 

k 

Sp(G) = n- 2 IT lnln, - .C(G,)I 

Proof Combme Lemma 3 3 2 and Corollary 3 4 4 D 

Corollary 3 4 6 (Temperley's complement spannmg tree formula) Let G E 

D(k,e), and let k :Sn Then 
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Proof Graph G 1s of order k and G = Kn - G But G can be expressed as 

G = Kn - G', ~here G' 1s composed of the graph G plus n - k isolated vertices 

Apply Corollary 3 4 5 and observe that P(n , K 1 ) = n to get 

n-2 (Yf P(n , Ki))P(n , G) 
i=l 

n-2 nn-k P(n, G) 

nn-2 n-k P(n , G) □ 

Now Theorem 3 2 3 gives the number of spannmg trees of Kn - G m terms of 

the generic form of the graph G (p 29) On the other hand this corollary expresses 

Sp(Kn - G) m terms of the characteristic polynomial So it is immediately evident 

that 

f(n , G) = n-k P(n, G) (3 15) 

Therefore, the comments and results that pertam to the generic form of a graph also 

apply to the charactenstic polynomial of a graph 

This observation motivates us to define the followmg matrix, sometimes called the 

Complement Spanning Tree Matrix For the simple graph G E n (k, e), and k :S n 

define the matrix Q( n, G) E z kxk as 

Q(n, G) = nh - £(G) (3 16) 

It is also possible to define Q( n, G) d1rectly from the graph G The ( i, J) entry 1s 

given by 

n - d if i = J v, 

1 

0 otherwise 

Corollary 3 4 7 Let GE n (k , e) Then 
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Proof This follows directly from Corollary 3 4 6 and the defimtion of Q( n, G) D 

Therefore, as with genenc forms, we are motivated to study families of graphs 

where Q is simple enough to permit an easy evaluat10n of IQ( n, G) I In the next 

chapter we present the formulas for IQ(n, Pk)I and IQ(n, Ck )I In the mean time, as 

an example of the usefulness of these results, we give an alternate simple proof for a 

result first given by Wemberg [78] 

Theorem 3 4 8 Let GE n (2k, k) be a matching of size k and let O ~ 2k ~ n Then 

Proof The graph G is composed of k components with one edge each By a smtable 

labelmg of the vertices, the matnx Q(n,G) can be made block diagonal composed of 

k two-by-two blocks of the form 

These have determmant 

lnh - £(K2)I = (n - 1)2 - 1 = n(n - 2) 

Thus, 

Sp(G) 

For example consider G 

nn-2 n-2k (n(n - 2)t 
nn-2 n-k (n - 2t □ 

A + P2 (like we did for Temperley's complement 

mclusion exclusion formula) By this theorem 
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This 1s the same expression we obtamed earlier 

3.5 Ranking Graphs by Their Number of Span­

ning Trees 

We close this chapter with a d1scuss10n of a partial order >- over n ( n, e) ( simple 

graphs) established by Kel'mans [43, p 254] We wnte G >- H 1f G, HE n (n, e) and 

P(t, G) > P(t, H ) for all t 2'. n Note that n 2'. max{p(G) , p(H)} by Lemma 3 3 5 so 

P(t ,G) > 0 and P(t ,H) > 0 fort 2'. n Also note that t = n gives Sp(G) > Sp(H) 

by Lemma 3 4 4 So, saymg G >- H 1mphes that Kn+k - G has more spannmg trees 

than Kn+k - H, for all k 2'. 0 There are two eqmvalent ways to define >-

Theorem 3 5 1 G >- H if and only if JQ(t, G)I > JQ(t , H )I fort> n(G) = n(H) 

Proof This follows smce P(n, G) = JQ(n, G)J □ 

Theorem 3 5 2 G >- H if and only if f(t , G) > f(t, H) , fort> n(G) = n( H ) 

Proof Equation 3 15 says that f(n, G) = n-kP(n, G) so the result follows □ 

For later, we present the next rather obv10us theorem 

Theorem 3.5.3 Gwen two graphs G, H E n (n, e) such that G >- H, then for any 

other simple graph F we have G + F >- H + F 
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Proof This is obv10us smce 

P(t , G + F) = P(t, G)P(t, F) and P(t, H + F) = P(t , H)P(t, F) □ 

We pomt out that >- is not a total order Kel'mans and Chelnokov give a com­

plicated example of a pair of >--mcomparable graphs m [34, p 211] Later , m 

a 1980 research announcement, Kel 'mans [45] states, without details, a number of 

other examples of >---mcomparable graphs Here we present a simple example of 

>--mcomparable graphs 

Figure 3 5 A crossmg example 

Let G, HE n (8, 6), where G = (2 C3 + 2 K1 ) and H = (K1,3 + P4 ) (Figure 3 5(a) 

and (b) respectively) Then usmg Theorem 3 2 3 and Corollary 3 2 4 it is possible to 

derive the followmg formulas 

(3 17) 

and 

Evaluatmg these functions for n = 8 we see that Ks - G has more spannmg trees 

than Ks - H yet K 9 - H has more than K9 - G for n = 9 See Table 3 1 The 

author found two other n (8, 6) graphs that have polynomials that cross with respect 

to G An open question is whether there exist graphs that have polynomials that 

cross twice 

Another mterestmg fact is the existence of non-isomorphic graphs that have the 

same characteristic polynomial and hence the same spectrum Such graphs are called 
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Sp(Kn - G) 
Sp(Kn - H) 

n=8 n=9 

40,000 944,784 
39,984 947,520 

Table 3 1 A crossmg example 

cospectral Smee these graphs have the same spectrum, they have the same number 

of spannmg trees (by Theorem 3 3 16), and so these graphs are also mcomparable 

For example, the graphs G1 and G2 m Figure 1 1 (p 11) are cospectral graphs 

Usmg Maple to evaluate the characteristic polynomials of these graphs we get 

P(t, Gi) = P(t, G2) 

t6 
- 12t5 + 54t4 

- 112t3 + 105t2 
- 36t 

t(t - 4)(t - 1)2(t - 3) 2 

Thus Kn - G1 and Kn - G2 have the same number of spannmg trees for all n ~ 7 = 

n(G1) = n(Gz) 

As well, Cvetkovic et al [24, Chapter 6] discuss examples of regular graphs that 

are cospectral with respect to the1r adJacency matrices By Equat10n 3 9 (p 34) such 

graphs are also cospectral with respect to the1r Laplacians 

The existence of mcomparable graphs shows that a strict rankmg of all simple 

graphs, by the number of spannmg trees m the1r complement, is not possible It also 

suggests that a counterexample to ConJecture 1 3 1 may exist Sp-optimal graphs 

may not be umque 
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Special Formulas 

The countmg formulas given m Chapter 3 are general and drfficult to use for rankmg 

families of graphs So, for various classes, many special formulas have been developed 

Two excellent summaries of results of this type are Moon's 1970 monograph [57] and 

Berge [6] Smee this thesis is concerned with graphs whose complements are composed 

of paths and/or cycles , we collect and develop formulas for such graphs m this chapter 

For these graphs, closed formulas exist m three formats trigonometric , combma­

tonal and algebraic These are all given m this chapter In addit10n, we present a new 

combmatorial formula for cycles and we give a new proof for the algebraic formulas 

Furthermore, the trigonometric formulas give us mformat10n about the eigenvalues 

of these graphs We also look at the relationship between the generic forms of paths 

and cycles 

54 
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4.1 Trigonom etric Formulas 

In 1961, Bedrosian [3] posed the problem of findmg the genenc form for what he called 

the r,p, m, ands senes of graphs The r senes represents graphs that are matchmgs 

on r edges, and the p senes correspond to star graphs (Star graphs are graphs that 

have p edges mc1dent to the same vertex ) This thesis 1s concerned with his m and s 

senes which correspond to the graphs Cm and Ps+i, respectively In 1958 Wienberg 

obtamed formulas for matchmgs ( see Theorem 3 4 8 above) as well for star graphs 

In 1969 Bercov1c1 [5] obtamed a formula for Cm and based on this Bedrosian, m 1970 

[4], obtamed a formula for Ps+l For the cycle Bercov1c1's formula 1s as follows 

Theorem 4 1 1 (Bercov1c1) For the cycle Ck the generic form zs given by 

k-1 ( (Z 7!")) f(n, Ck)= n1-k !J n - 4 sm2 k ( 4 1) 

For example, the genenc form for the tnangle, C3 , 1s as follows 

f(n ,C3 ) = n-2 
IT(n-4sm2 Ct)) 
i=l 

n -
2 

( n - 4 sm
2 (i) r 

n _, ( n2 - 6n + 9) 
Formula 4 1 has been rediscovered a number of times, m vanous forms, durmg the 

course of findmg a general formula for graphs whose Laplac1an matnces are cycle 

matnces (cf [12, 76]) Bedrosian [4] pomted out that 

(1 - ± )J2(n, Pk) = f(n, C2k) 
n 

(4 2) 

We give a new proof of this at the end of this chapter (Lemma 4 3 7) As well 

we present a new case for cycles of odd length (Lemma 4 3 8) (Moon [57, p 54] 

misquotes Equation 4 2 ) From Equation 4 2 Bedrosian obtamed the followmg 
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Theorem 4 1 2 (Bedrosian) For the path A the generic form is given by 

k-1 ( ( i 7r)) f(n,Pk)=n 1-k IT n-4 sm2 

2
k 

i=l 

(4 3) 

For example consider G = A + A (like we did for Temperley's complement 

mclus10n exclusion formula) By this theorem 

Sp(Kn - G) 

This 1s the same expression we got earlier 

Becov1c1 and Bedrosian both expressed their results m terms of genenc forms but 

1t 1s clear from Equation 315 (p 49) that they really gave results for P(n , A) and 

P( n , Ck) Furthermore the expressions they denved immediately give the eigenvalues 

of A and ck, respectively 

Lemma 4 1 3 The eigenvalues of £(Pk) are 

(4 4) 

for i = 0, 1, 2, , k - 1 

Observe that 

( 4 5) 

so 

(4 6) 
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for z = 1, 2, , k - 1 Thus, the eigenvalues of Pk are arranged m mcreasmg order 

Furthermore, it is easy to denve bounds on the spectral radms of Pk We need these 

bounds for a proof of Theorem 5 3 3 

Lemma 4 1 4 The spectral radius, p(Pk), of Pk has the following bounds, fork 2: 4 

(4 7) 

Proof The spectral radms of A is given by p(Pk) = 4 sm2 Uk;!l1r) The upper 

bound is immediate from Equation 4 6 The bounds for k = 1, 2, 3 are found by 

direct calculat10n For example, when k equals three then 

Square this and multiply by four to get the result Fork> 3, observe that (k - 1)/k 

monotomcly mcreases Therefore 

v'3 ((k-l)1r) 
2 < sm 2k 

Square both sides and multiply by four to get the result D 

Smee takmg the eigenvalues for Ck d1rectly from Equation 4 1 does not give us a 

nondecreasmg sequence, we express them as follows 

Lemma 4 1 5 The eigenvalues of .C( Ck) are 

for z = 1, 2, , k - 1 ( 4 8) 

and Ao= 0 
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Observe that ..\ 1 = .\2 , ).3 = ..\4 , etc , and 1f k 1s odd that Ak-2 = Ak-1 < 4 otherwise 

Ak_3 = Ak-2 and Ak-l = 4 It 1s mterestmg to note that when k 1s odd ( e g k = 

2J + 1), then p(Ck) = p(Pk) 

(r (2J + 1) - l11r) (2J 1r) ((k - l)1r) p(Ck)=4sm2 

2 
k =4sm2 Tk =4sm2 

2
k =p(Pk) 

With the above mformat10n we can give a refinement of Lemma 3 3 4 for A less 

an edge In particular, we can get strict mequahty 

Lemma 4 1 6 For the path Pk and any edge u E E(Pk) then 

f OT' i = 1, , k - 1 

Proof Consider that Pk-u = Pk_3 +P3 for someJ E {1, 2, , k-1} , and cr(Pk-u) = 

cr(Pk-J) LJcr(P3 ) (see Lemma 3 3 3) Without loss of generality suppose J ~ k- J To 

prove the lemma by mduction reqmres a double mduction on J and then i Instead 

let us look at the two extreme eigenvalues and leave the rest as an exercise For i = 1 

we have ..\ 1(A) > 0 = ..\ 1 (Pk - u), and for i = k - 1 we have 

p(P,_, + P,) = 4 sm2 ((J ;?') < 4 sm2 
( (k ;?') = p(P,) 

smce J ~ k - J and 

On the other hand, for Ck less an edge we can not improve on Lemma 3 3 4 ote 

that ck - u = pk So for any i E {1,2, ,k -1} we have 
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with equality only when z 1s even 

4.2 Combinatorial Formulas 

We now present the combmatonal formulas (1 e the generic forms) of path and cycle 

components Both are due to Moon but we present a new simpler formula for the 

cycle 

Theorem 4 2 1 (Moon) For the path Pk 1 where k ~ n 1 the generic form zs 

( 4 9) 

Proof See Moon [55, Theorem 6 5, p 56) D 

For example consider G = A + A (hke we did for Temperley's complement 

mclus1on exclusion formula) By this theorem 

nn-2 J2 (n, A) 

nn-2 (t (2:~ ~ 1) (~1 t)' 

Now, consider a simple example that ranks two graphs whose complements are 

composed of path components Let G = P3 + P3 and H = P2 + P4 (Figures 4 l(a) 
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LL I C 
Figure 4 1 Two graphs composed of path components 

and (b), respectively) For these graphs we use Theorem 4 2 1 and Lemma 3 4 5 to 

get 

(410) 

and 

Clearly ( 4 10) is larger than ( 4 11) by 1 / n4, for all n > 0 Thus G >- H otice 

that the path lengths m G are more equal than those m H In Chapter 5 we see this 

holds m general for graphs composed of path components 

The followmg formula for the genenc form of a cycle appeared m Moon [57, 

Theorem 6 6, p 56] 

Theorem 4.2.2 (Moon) For the cycle Ck, where k :::; n, the generic form is 

k-
2 1

+
1 

(2k-2- i -J) (-1) 1 (-l)k-l f(n,Ck) = L Lil 
1 

- +k2 
-

i =O J=l i + - J n n 
(4 12) 
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For example, consider Equation 4 12 for C3 

We now present a simpler formula suggested by Myrvold [61] 

Theorem 4 2 3 For the cycle Ck } where k :::; n } the generic form is 

Proof By Theorem 3 2 3 

f(n,Ck) = L v(F)(-nte(F) 
F<; Ck 

V (F )= V(Ck) 

61 

( 4 13) 

( 4 14) 

This formula sums over each spannrng subgraph F of the cycle Ck Smee v(F) equals 

zero if Fis a cycle, we consider rnstead Ck - u = Pk for any u E E( Ck) , and use 

L v(F')( - nt e(F') 
F'CP - k 

V(F')=V(Pk) 

k times - once for each edge u But, th.is over-counts srnce each k - i edge spannrng 

subgraph F' is counted i times once for each edge missrng from F' Thus Equation 
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4 14 equals 

k I: v(F)(-n)-e(F) (!) 
FCP i 

- " 
V(F)=V(P1c) 

Substitute Equation 4 9 to complete the proof D 

To illustrate the over-countmg argument consider C3 , and let E(C3 ) = {1, 2, 3} 

There are three ways to form P3 and for each we use 

I: v(F)(-nte(F) 

V(F)=V(P3) 

For example, suppose u 1s chosen from E( C3 ) and the two remammg edges are x and 

y Then the four spannmg subgraphs of P3 are 

F1 3 K1 E(Fi) = 0 

F2 K1 + P2 E(A) = {x} 

F3 K1+A E(F3) = {y} 

F4 A E ( F4) = { X, y} 

For any u E E( C3 ) the graph F4 1s umque and so 1t appears once - there 1s one edge 

m1ssrng At the other extreme, the graph F1 appears once for each u and so v(F1) 

1s counted three times - once for each of the three edges To see that the graph A 

appears twice suppose E(F2) = {1} and consider u = 1, 2, 3 m turn 

• When u = l then E(A) = {2, 3} , and F2 can not be a subgraph 

• When u = 2 then E(P3 ) = {1, 3}, and F2 can be a subgraph 

• And finally, when u = 3 then E(P3 ) = {1, 2}, and F2 can be a subgraph 
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Similarly the graph F3 appears two times - once for each edge missmg 

Now to illustrate the theorem we calculate the generic form of C3 

as expected 

Corollary 4 2 4 (to Theorem 4 2 1) Th e number of spanning trees zn Kn - Pk is 

Corollary 4 2 5 (to Theorem 4 2 3) Th e number of spanning trees zn Kn - Ck is 

4.3 Algebraic Formulas 

Each of the followmg algebraic formulas first appeared, implicitly, m Kel 'mans ' arti­

cle [35] Like many other results by Kel 'mans, these formulas were overlooked m later 
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works The reason 1s partly due to the delay m gettmg a translation of the Russian 

and partly to Kel'mans' presentat10n The formulas he presented are based on a 

matnx denved from the Laplacian matnx So, one needs to do some mampulations 

to get the formulas useful for countmg spannmg trees 

Boesch and Suffel denve these formulas m an unpublished 1984 techmcal report 

[11] Later the formula for Ck appeared m a 1993 class assignment by Dimakopou­

los [25] Based on this work, the author was able to obtam the path formula We 

present our denvat10n methods later and the results now because the denvat10ns are 

lengthy 

Theorem 4 3 1 Th e number of spanning trees m G = Kn - Pk , fork~ n, is given 

by 

Sp(Kn - A) 

nn-l -k ((n - 2 + Jn2 - 4n)k - (n - 2 - Jn2 - 4n)k) 
2kJn2 -4n 

43-kk 

Proof. Apply Lemma 4 3 5 to Corollary 3 4 6 □ 

if n > 4 

if n = 4 

The restnction n ~ 4 is not a senous hmitat10n because Sp( Kn - Pk) is tnvial for 

k~n~4 

Theorem 4 3 2 The number of spanning trees m G = Kn - Ck is given by 

Sp(Kn - Ck) 

= nn-2-k (2-k ((n - 2 + Jn2 - 4n)k + (n - 2 - Jn2 - 4n)k) + 2(-l)k+i) 

where n ~ 4 and 3 ~ k ~ n 
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Proof Apply Lemma 4 3 6 to Corollary 3 4 6 D 

Agam the requirement n ~ 4 1s not a problem smce C3 ~ K3 1s the smallest cycle 

and K3 - K3 1s bormg The first mterestmg case 1s K4 - K3 

For notational convemence we define the followmg funct10ns of n 

r - r(n) n-2 

s - s(n) Jn2 -4n ( 4 15) 

p p(n) - r+s 

q q(n) r-s 

With these abbrev1at1ons Theorem 4 3 1 can be written as 

and Theorem 4 3 2 can be written as 

To derive these formulas we start by fi.ndmg the determmant of a tri-d1agonal matrix 

that 1s common to the Laplacians of both Ck and Pk 

4.3.1 Determinants of Some Matrices 

To derive the formulas m Theorems 4 3 1 and 4 3 2, we want to determme \Q(n, A)I 

and \Q(n, Ck)\ Recall, Q(n, G) = n h - .C(G), 1s the complement spannmg tree 

matrix for G E n (k, e) To find the determmants of these matrices, we mitially use 

a Laplacian expansion and to make our work easier we Judiciously choose the vertex 

labelmg ( Corollary 3 3 10) 
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nh - .C(Ck) 

nh - (~(Ck) - A(Ck)) 

nlk - (2Ik - A(Ck)) 

(n - 2)Ik + A(Ck)) 

n-2 1 1 
1 n - 2 1 

1 n - 2 1 

1 

r 

1 

1 

1 
r 
1 

where an empty space denotes a value of 0 

1 
r 

1 n - 2 1 
1 n - 2 

1 

1 

1 r 1 
1 r 

66 

On the other hand, Pk has two degree one vertices and ( k - 2) degree two vertices 

Let Pk = v1, Vk, Vk-1, , V3, V2 (see Figure 4 2) 

• • • • • 

Figure 4 2 Chosen labelmg for a path 
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n-1 

Q(n,Pk) 

1 

r+l 

1 

n-1 1 
1 n-2 

r + 1 1 
1 r 

67 

1 

1 

1 n-2 1 
1 n-2 

1 

1 

1 r 1 
1 r 

We start by focusmg on the common tn-diagonal submatnx Let lk = [t,J ] E zkxk 

where 

Thus, 

r 1f i = J 

1 1f i + 1 = J or J + 1 = i 
0 otherwise 

r+l 1 
r + 1 1 

1 ,--------

lk-2 
1 

( 4 16) 
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and 

r 1 1 
1 

( 4 17) 

1 

Now we find the determmant of lk 

Lemma 4 3 3 Let Tk = llkl, where lk is the matrix defined above, and let n 2 4 

Then, 

{ 
( s2£+1) (pk+l - qk+l) 
k+l 

with initial conditions r 1 = r and To = 1 

if n > 4 

if n = 4 

(Equation 4 18 appears m the proof of Kel 'mans [43, Lemma 6 9, p 258] ) 

( 4 18) 

( 4 19) 

Proof By convention, the determmant of an empty matrix 1s one so To = 1 And 

smce Ti = [r] we have r 1 = r Now for k > 1, expand Tk about the first first row to 

produce two (k - 1) x (k - 1) determinants, and expand the second of these about 

the first row For example 

r 1 

1 r 1 

1 r 1 

1 r 
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r Tk-1 -

1 

1 r 1 

1 r 1 

1 r 

69 

This relation is called a second order lmear homogeneous recurrence relat10n We solve 

this equation usmg standard techmques ( see, for example, [15, 31) for a discussion 

on solvmg recurrence relat10ns ) The roots of the charactenstic equat10n of Tk = 

r ± Jr2 -4 
2 

r ± Jn2 - 4n 

2 

which we temporanly denote by b+ and b-, respectively So 

r±s 
2 

( 4 20) 

where the constants c1 and c2 are to be determmed Use the mitial conditions to get 

the followmg system of equations 

To 1 

r 

Solvmg, we find that 

and ( 4 21) 

We can make the followmg simplifications For the denommator 

r-s r+s 

2 2 
= -s 
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And for the numerators 

and 

r-s 
---r 

2 

r _ b + = 2r - ( r + s) 
2 

Collectmg these results we get 

-(r+s) 
2 

r-s 
2 

Tk = ( ~:) (b+f + ( ~~) (b-f 

l ( (b+t+l - (b-t+l) 

- -b+ - ' 

82
~+1 ((r + s/+1 - (r - s/+i) 

70 

( 4 22) 

estabhshmg the lemma 1f n-=/=- 4 But, if n = 4 then we have div1s10n by zero Instead, 

make use of the bmomial theorem and cancellation, and wnte Equat10n 4 22 as 

( 4 23) 

This form shows that the square root terms are always raised to an even power More 

importantly, if n = 4 (hence s = 0) then there is a formula for Tk that does not have 

a zero divisor Put n = 4 mto Equat10n 4 23 and note that the only nonzero term 

occurs when J = 1 We get 

;, (k; 1)(4 - 2)' 

k+l 

This completes the proof □ 

To get the formula for IQ(n, Pk)I, we need the followmg mtermediate result 
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Lemma 4 3 4 Let T,/ denote the matrix derived from fk = [t,J], where t11 = r + l 
instead of r Then 

Proof Note that, 

17ic'I = 

r + l 1 

l r l 

l r l 

l r 

Expand about the first row and expand the second determmant m this expans10n 

about the first column This gives 

llk'I (r + 1) Tk-1 - Tk-2 

by Equation ( 4 18) D 

4.3.2 Determinants of Q(n, Pk) and Q(n, Ck) 

It is now possible to prove Theorem 4 3 1, for Pk, usmg Lemmas 4 3 3 and 4 3 4 m 

the evaluation of the determmant of the matnx Q(n, Pk) 

Lemma 4 3 5 For a path Pk, where k::; n and n 2: 4, 

IQ(n, A)I s~k (Pk - qk) zf n > 4 

4k if n = 4 
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Proof Note that 

r+l 1 
r+l 1 

1 r 1 

Q(n, Pk)= 

1 r 1 
1 1 r 

contams lk-i' as a submatnx Expand IQ(n, Pk)I about the first row and then ex­

pand the second determmant of this expansion about its first column Then use 

Lemma 4 3 4, collect terms and rearrange to take advantage of the recurrence rela-

(r + 1) llk-i'I + (-l)k+i (-lik-i)+i llk-/1 

(r + 1) (rk-i + Tk-2) + (-1)2
k+l (rk-2 + Tk-3) 

nrk-1 smce r = n - 2 

The rest follows from Lemma 4 3 3 D 

It is also possible to prove Theorem 4 3 2 for Ck usmg Lemma 4 3 3 

Lemma 4 3.6 For cycle Ck , where 3 ~ k ~ n and n 2: 4, 
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Proof Recall , 

r 1 1 
1 r 1 

1 r 1 

Q(n , Ck)= 

1 r 1 
1 1 r 

Note that Q(n, Ck) contams lk-l as a submatnx 

r 1 1 
1 

1 

Expand this about the first row 

1 1 
1 

r Tk-1 - 'h-2 
1 1 1 

and expand the two unresolved determmants about their first columns 

1 

r 1 

r 1 + 

1 r 1 
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1 r 1 

1 r 1 

1 r 

1 

and notice that the remammg determmants are lower and upper diagonal respectively, 

with ones along the diagonal So we get 

We can substitute mto this expression the result for Tk from Lemma 4 3 3 and simplify 

Notice that pq = (r + s) (r - s) = (n - 2) 2 
- (n 2 - 4n) = 4 so we get 

-
1
- (r(l - qk) - (lq - Pl)) + 2(-ll+l s2k 

-
1 

(l(r-q ) -l(r-p)) +2(-1l+1 

s 2k 

Now r - q = r - (r - s) = s and r - p = -s so we have 
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(Note that there is no division by s so we do not need a special formula for n = 4 ) 

D 

4.3 .3 Generic Forms of Cycles and Paths 

We now present a new proof of Bedrosian's result [4] relatmg the genenc forms of an 

even length cycle and a path 

Lemma 4.3 7 Fork> 1, 

(4 24) 

Proof· By Equation 315 (p 49) f(n , G) = n-k jQ(n,G)I for any graph GE D(k,e) 

Thus we can use Lemmas 4 3 5 and 4 3 6 to establish the above result The special 

case n = 4 is easily confirmed directly, so we assume n > 4 By Lemma 4 3 6, 

n- 2k IQ(n, C2k)I 

n- 2kr2k(p2k + q2k) + 2( - l)2k+l-2k 

n- 2k4-\p2k + q2k _ 2 4k) ( 4 25) 

By Lemma 4 3 5, 

f2(n,A) n- 2 k jQ(n, Pk )l2 

n- 2k2- 2k :: (pk - l r 
n-2k4-k (n,: 4n) (p'' + q'' - 2p'q') 

n-"4-'(1~~)(p''+q"-2 4') (426) 
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Clearly ( 1 - ~) times Equation 4 26 equals Equation 4 25 D 

We now present a new formula relatmg the generic forms of an odd length cycle 

and that of two paths 

Lemma 4 3 8 Let m = 2 k + l, where k > 0 Then 

f(n ,Cm) = (1 - ~) f(n , Pk)f(n,Pk+i) + n 1
-m 

Proof By Equation 3 15 and Lemma 4 3 6, 

n-m2-m (pm+ qm) + 2(-1r+1 

n-m2-m (pm+ qm + 2m+l) 

By Equation 3 15 and Lemma 4 3 5, 

( 1 - ~) f(n, Pk)f(n , A+1 ) 

(1 - ~) n-mrm (i ~;) (P"- l) (p•+1 -q'+I) 
n-m2-m (pm+ qm _ 22k(p + q)) 

( 4 27) 

( 4 28) 

( 4 29) 

Smee p = (n - 2 + Jn 2 - 4 n) and q = (n - 2 - Jn2 - 4n) we have p + q = 2(n - 2) 

So Equation 4 29 becomes 

(4 30) 

Rearrangmg we see this equation contams the generic form for the odd cycle plus a 

remamder In particular Equation 4 30 equals 

( 4 31) 

as requued D 



Chapter 5 

Main Results 

In this chapter we find the Sp-optimal almost-regular graphs m !12 ( = !1 ( n , (; ) - m) , 

where l~J < m::; n) Also, when possible, we give a rankmg of graphs m this class 

Both the algebraic and combmatonal formulas, from the previous chapter, will play 

a role m this work We also work with an elegant techmque developed by Kel 'mans 

and Chelnokov 

Special mention 1s due to Myrvold [62] who suggested improvements to the proofs 

of Theorems 5 1 5, 5 2 1 and 5 3 3 These improvements allowed the author to denve 

Theorem 5 3 4 As well Myrvold provided Theorems 5 2 2, and 5 2 3 

5.1 Ranking Path Components 

The next two lemmas mtroduce new formulas which will be useful For the rest of 

this chapter let x = p/2, and let Sk = (- 1 / +1 

77 
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Lemma 5 11 For a path A, k > 0, and Jorn> 4, 

Proof From Lemma 4 3 5, 

xklQ(n,Pk)I = (~)k (;) ( (~r -(!)k) 
(;) ( (~) 2k _ (;~) k) 

= (;)(x2k _l) 
smce pq = 4 D 

Lemma 5 1 2 For a cycle Ck, n 2: k 2: 3, where n 2: 4, 

Proof From Lemma 4 3 6, 

m k ( m k + m k + 2s,) 
(p)2k (p)k - 2 + 1 + 2sk 2 

= (xk + Sk)2 □ 

78 

For the rest of this chapter let A(k) = (x 2k - 1) and let B(k) = (xk + sk) 2 Thus 

jQ(n, A)I = x-k (;) A(k) and IQ(n, Ck)I = x- k B(k) 
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Lemma 5 1 3 Let P denote a graph composed of path components and C denote a 

graph composed of cycle components Let G = P + C, k = n( G), and a equal the 

number of degree one vertices m G Then 

II A(i) II B(i) (5 1) 
FEP FEC 

i=n(F) i=n(F) 

Proof This lemma follows d1rectly from Corollary 3 4 5 and Lemmas 5 1 1 and 5 1 2 

D 

Observe that all graphs composed of path and cycle components, with n vertices 

and e edges, have the same number of degree one vertices (Consider that 2e = 

L iEV(G) d, and that d, equals one or two) So, when we rank the complement of two 

such graphs we can ignore all but the product terms m Equation 5 1 In particular 

we have the followmg 

II A(i) II B(i ) > II A(i) II B(i) 
FEP1 FEC1 FEP2 FEC2 

i=n(F) i=n(F) i=n(F) i=n(F) 

Our next theorem is due to Kel'mans [43] In 1976, he gave a proof of this 

theorem plus many other results A problem with this paper and his 1974 paper with 

Chelnokov [34] is the density of material and the new notat10n1 This leads us to 

present our ov.n (and qmte drfferent) proof of the theorem 

1 In a recent conversation, Kel'mans said foreign publication rights were restricted under the 
Soviet regime This lead to the necessity to put as much material as possible mto his papers 
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• 
] 

G(3) = P1 + K1 G(2) = P6 + P2 
(a) (b) 

G(l) =A+ P3 
(c) 

Figure 5 1 Comparison of paths on six edges 

Theorem 5 1 5 (Kel'mans) Let m 2'. 41 and let 

where O ::; c < l '; j Then 

G(c) >- G(c + 1) 
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Actually Kel'mans theorem does not cover the case c = 0 although he does have 

another theorem that covers this case 

To demonstrate this theorem, suppose m = 6 and let c = 0 Then the theorem 

says that P3 + P3 >- P2 + P4 , as we already know from page 60 For another example, 

consider the graphs m Figure 5 1 where m = 8 and the graphs G( c) are drawn for 

c = 3, 2, 1, 0 such that G(3) --< G(2) --< G(l) --< G(O) 

Proof For m = 4 the theorem 1s easily verified d1rectly Let m 2: 5 For a fixed 

c let k = !Tl+ c From Lemma 514 1t suffices to show that A(k)A(m - k) > 

A(k + l)A(m - k - 1) We have 

A(k)A(m - k) (x2k - l)(x2(m-k) _ l) 

x 2m _ x 2(m-k) _ x2k + l (5 2) 
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And 

A(k+l)A(m - k-1) (x2(k+l) _ l)(x2(m-k-1) _ l) 

x2m _ x2(m-k-1) _ X2(k+l) + 1 (5 3) 

Subtract Equation 5 3 from Equat10n 5 2 to get 

x2(m-k-1) _ x2(m-k) + x2(k+l) _ x2k 

X2k ( X2m-4k-2 _ X2m-4k + X2 _ 1) 
x2k ((l _ x2)(x2m-4k-2 - l)) 

ow x = p/2 > 2 smce p > 5 so 1 - x2 is negative Also, 

2m - 4k - 2 = 2m - 4 r; l -4c - 2 

(5 4) 

(5 5) 

is negative for any c ~ 0 and so, ( x2
m-

4k-2 - 1) is negative The product of two 

negatives is positive so Equat10n 5 5 is positive Hence the theorem is proven D 

Thus, if v.e are given a graph whose complement contams path components then 

we can mcrease the number of spannmg trees by dividmg the paths mto as many 

paths as possible ( usmg any isolated vertices) and then evenmg out their lengths As 

an aside, note that we have a result that extends beyond the class of graphs that are 

almost-regular 

5.2 Ranking Cycle Components 

We now proceed to consider the graphs m n2 whose complements are composed 

entirely of cycles The next theorem is new and allows us to extend the work done by 
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Kel'mans [43], Kel'mans and Chelnokov [34], and Petmg1 [64] Petmg1 has a vers10n 

of the followmg where k 1s fixed at three 

Theorem 5 2 1 Let m 2: 6 and 3 ::; k ::; m - k then 

zf k zs odd 

and 

zf k zs even 

Proof Note that n(Cm) = n(Ck+Cm-k) 2: 6 so we can safely use the formula derived 

m Lemma 5 1 2 (p 78) From Lemma 5 141t suffices to compare B(k)B(m - k) and 

B(m) Fork odd we will show that JB(k)B(m - k) - JB(m) 1s pos1t1ve, and fork 

even we will show that JB(k)B(m - k) - JB(m) 1s negative F1rst, 

(5 6) 

so, 

JB(k)B(m- k)- JB(m) (5 7) 

(xk + sk)(xm-k + Sm-k) - (xm + Sm) 

m-k + k + SkX Sm-kX SkSm-k - Sm (5 8) 

written as 

_ k( m-2k + ) 2 - X SkX Sm-k - Sm (5 9) 
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The sign of Equation 5 9 equals the sign of Sk smce 2k ::; m and x > 2 For example 

1f 2k = m then Sm -k = ( -1 )2k-k+1 = Sk and Equation 5 9 becomes 

So 1f k 1s odd, then Sk 1s pos1t1ve and Equation 5 9 1s pos1t1ve Therefore, Equation 

5 7 1s pos1t1ve and Ck + Cm-k >- Cm On the other hand, when k 1s even Equations 

5 6 and 5 7 are negative so ck + Cm-k -< Cm □ 

The above theorem compares one large cycle with two smaller ones The next 

two theorems compare pairs of cycles The first theorem compares two pairs of cycles 

m which the lengths have the same panty The second theorem handles the case m 

which the panties differ 

Theorem 5 2 2 Let m ;:::: 6 and 3 ::; k ::; m - k Then 

if k is odd 

and 

if k is even 

Theorem 5 2 3 Let m ;:::: 6 and 3 ::; k ::; m - k Then 

if k is odd 

and 

if k is even 

To prove these theorems we first prove the followmg theorem 
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Theorem 5 2 4 Let m 2: 6 and 3 ::; a, b::; m - k and let 

(510) 

where x = p/2 and s, = ( -1 )1+1 as above Then 

if and only if 

D(a) > D(b) 

Proof By Lemma 5 1 4 Ca + Cm-a ~ Cb + Cm-b holds 1f 

B(a)B(m - a) > B(b)B(m - b) (5 11 ) 

or 1f 

JB(a)B(m- a)> JB(b)B(m - b) (5 12) 

For an arbntrary c 

JB(c) B(m - c) 

(5 13) 

So, Equation 5 12 can be written as 

(5 14) 

which 1s the same as saymg D(a) > D(b) □ 

Proof. (Theorem 5 2 2) We must show that D(k) - D(k + 2) 1s positive when k 1s 

odd and negative when k 1s even Algebraic mampulat1on gives the followmg 

D(k) - D(k + 2) 

(5 15) 
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Note that x > 2, so 1 - x 2 1s negative Therefore Equation 5 15 1s pos1t1ve when k 1s 

odd and negative when k 1s even D 

We use a s1m1lar proof techmque for Theorem 5 2 3 

Proof (Theorem 5 2 3) We must show that D(k) - D(k + 1) 1s pos1t1ve when k 1s 

odd and negative when k 1s even Algebraic mampulat10n gives the followmg 

D(k) - D(k + 1) 

Clearly, this equation 1s pos1t1ve when k 1s odd and negative when k 1s even □ 

Let n~reg denote the sub-class of 0 2 that have 2-regular complements (1 e com­

posed of cycle components only) With Theorems 5 2 1, 5 2 2, and 5 2 3 we can rank 

most, but not all, of the n~reg graphs To illustrate what these theorems can and 

cannot do, we present some rankmg results for all graphs m nteg for up to 13 deleted 

edges 

Table 5 1 shows the rankmg of graphs m n~reg for m = 6, 7, , 13, where m 1s 

the number of edges deleted Each graph 1s listed by the cycle components m its 

respective complement For example, the entry 3, 3, 3, for m = 9, represents the 

graph C3 + C3 + C3 The graphs whose complement, for a given m, has the most 

spannmg trees 1s at the top of the column, while the graph with the least spannmg 

trees 1s at the bottom This data was compiled usmg Maple and Theorem 4 2 3 ( see 

Appendix B) 

Theorems 5 2 1, 5 2 2, and 5 2 3 can be used to rank all but two cases m Table 5 1 

We will pomt out the two exceptions below but first we consider the graphs form= 10 
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number of edges 6 7 8 9 10 11 12 13 
component lists 3,3 3,4 3,5 3,3,3 3,3 ,4 3,3,5 3,3,3,3 3,3 ,3,4 

6 7 8 3,6 3,7 3,8 3,3,6 3,3,7 
4,4 9 5,5 3,4,4 3,9 3,5,5 

4,5 10 5,6 3,4,5 3,10 
4,6 11 5,7 3,4,6 

4,7 12 5,8 
6,6 13 
4,8 6,7 
4,4,4 4,9 

4,4,5 

Table 5 1 Rankmg of some graphs whose complement is 2-regular 

Theorem 5 2 1 gives us 

and 

Theorem 5 2 2 gives us 

This covers all of the graphs m this category On the other hand the theorem does 

not deal with C3 + C4 + C4 versus C5 + Cs, for m = 11, and C3 + C4 + Cs versus 

C5 + Cs, for m = 13 These were found duectly (See Appendix B ) Generally, as 

m mcreases, more of these cases appear Nevertheless, the data m Table 5 1 and 

other expenments with Theorem 4 2 3 suggests the followmg conJecture for rankmg 

all graphs m n~reg 

ConJecture 5 2 5 Let G, HE n (n, m), where l~J < m::; n and let G = Ca1 +Ca
2 
+ 
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B = ( b1 , b2, , b3 ) denote the lists of components for G and H respectzvely1 where 

the elements are arranged in lexical order Suppose a1 = b1, a2 = b2, , a,-1 = b,-1 

for O :s; z < mm(J, k ) Suppose1 without loss of generalzty1 that a1 < b1 then 

G :,- H = { •f 
a1 is odd and b1 is even1 or 

a1 and b1 are both odd 
(5 17) 

H :,- G = { •f 
b1 is odd and a1 is even1 or 

a1 and b1 are both even 
(5 18) 

Even without a proof of this conJecture it is possible to find the Sp-optimal graph 

Lemma 5 2 6 Let GE n~reg To increase the number of spanning trees m G , apply 

the following spanning-tree-increasing operations on G 

Step 1 Repeatedly break any cycle, Ck, with k 2: 6 mto a C3 and a Ck_3 

(When done this leaves a number of C3 's, C/s, and Cs's) 

Step 2 Repeat the next two steps until there is at most one C4 and at 

most one Cs 

Step 2 a Transform each pau of C4's mto a C3 and a Cs (This leaves 

one Cs for every pair of C/s, at most one C4, and more 

C3's) 

Step 2 b Transform each pau of Cs's mto two C3 's and a C4 (This 

leaves one C4 for every pau of Cs's, at most one Cs, and 

more C3 's) 

Step 3 If there is a C4 C5 pair then replace it by three C/s 
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P roof Step 1 follows directly from Theorem 5 2 1 

For the two C/s m Step 2 a apply Theorem 5 2 1 with k = 4 and m = 8 to get a 

Cs Then transform the Cs mto C3 + C5 Alternatively we can use Theorem 5 2 3 to 

directly transform C4 + C4 to C3 + C5 

Theorem 5 2 2 transforms the two C5's m Step 2 b to C3 + C7 Then use Theo­

rem 5 2 1 to get C3 + C3 + C4 

For the C4, C5 pair m Step 3 apply Theorem 5 2 1 with k = 4 and m = 9 to get a 

C9 Repeat twice to get the three C3's as reqmred □ 

Notice that these spannmg tree mcreasmg operations produce as many C3's as 

possible and at most one C4 or one C5 More importantly we have found the graph 

with the most spannmg trees m n~reg 

5.3 Ranking Mixed Path and Cycle Components 

To find the Sp-optimal almost-regular graph m the class 0 2 we have observed that only 

graphs whose complements are composed of cycles and paths need to be considered 

In this section we firnsh off the work of the two previous sections by cons1dermg a 

mixture of cycle and path components 

Given an almost regular graph m 0 2
, one can perform the operations descnbed 

above to break all paths mto as many paths with lengths as even as possible and to 

break all cycles mto as many tnangles as possible In this section we will work with 

a mixture of cycle and path components In particular we show the followmg 
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(c) 03 +A+ A>- A+ P4 

Figure 5 2 Special cases 
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We present two proofs for Item (a) m the Subsection 5 3 2 and we prove Item 

(b) m Subsection 5 3 3 Then we deal with Items (c), (d), and (e) m Subsection 

5 3 4 Fmally, m Subsection 5 3 5, we show how these results give the Sp-optimal 

almost-regular graphs m n2 

Our first obJective is to show 0 3 + A-3 >- Pk, fork 2 5 Kel'mans states, without 

proof [43, p 260], that this is a spannmg t ree mcreasmg operation He probably 



CHAPTER 5 MAIN RESULTS 90 

had a proof but didn't publish 1t due to restrictions imposed by the Soviet regime 

We present two proofs The first proof 1s the one Kel'mans most likely derived smce 

1t uses a techmque he developed with Chelnokov [34] The second proof uses the 

techmques developed above 

5.3.1 Technique of Kel'mans and Chelnokov 

The purpose m presentmg the Kel'mans and Chelnokov techmque 1s twofold First 

the papers [34] and [43] present this techmque m a very brief manner and we hope 

to provide a more detailed derivat10n that may help future researchers Secondly 

we wish to show how this techmque 1s useful m the current context Besides these 

reasons the techmque 1s mterestmg because 1t uses mtegrat10n 

The followmg polynomial was mtroduced m Kel'mans and Chelnokov [34] For 

GE 0(n,e), let 

(5 19) 

Thus , 

n-1 

4>( t, G) te- n 2)-l )' Ci ( G)tn-1 

n-1 

2)-l )1c1 (G)te-i (5 20) 
i=O 

Note that this polynomial can be used to rank graphs m the same manner as the 

characteristic polynomial 

Lemma 5 3 1 G >- H (G, HE n (n, e)) if and only if 4>(t , G) > 4> (t, H) fort~ n 

Proof- This 1s clear from the defimt10n of q> and >- □ 
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We need this polynomial because it changes the exponent oft m the charactenstic 

polynomial and this is necessary to get the next lemma The followmg lemma, due to 

Kel 'mans and Chelnokov, is an elegant tool for rankmg some classes of graphs They 

used this tool to prove that Kn mmus a matchmg is Sp-optimal m 0 1 We are gomg 

to use this tool to show C3 + Pk-3 >- Pk 

Lemma 5.3.2 (Kel'mans and Chelnokov) Let GE n (n,e) J and let G-u denote 

the graph obtained from G by deleting the edge u E E( G) Then 

q> (t, G) = q>(a, G) + L lt <I>(x , G - u)dx 
uEE(G) a 

(5 21) 

Proof (This 1s the same proof as m [34, Lemma 2 4, p 205]) with more explanation 

provided ) By Lemma 3 3 14 (p 43) 

C1(G) = I: v(F), for i = 0, 1, , n - 1 (5 22) 
FCG 

e(F)=i 

So, 

c,(G-u)= I: v(F), for i = 0, 1, , n - 1 (5 23) 
FCG-u 

e(F)=i 

Equation 5 23 sums over every i edge subgraph F of G that does not contam the edge 

u We first show that 

L ci (G - u) = (e - i)ei(G) for i = 0, 1, , n - 1 (5 24) 
uEE{G) 

Suppose E( G) = {1, 2, , e} We argue by example but we skip the tnvial 

cases of i = 0 or i = 1 Suppose i = 2 and look at c2( G) By Equation 5 22 

this sums over every two edge subgraph of G Pick one of these, say F', where 
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w o 1 g E(F') = {1, 2} Notice that v(F') does not appear m the left hand side of 

Equation 5 24 when u = 1 or u = 2 but it does when u = 3, 4, , e Thus, v( F') 

is counted e - 2 times Similarly for all other two edge subgraphs of G A similar 

argument holds for any i = 0, 1, , n - 1 That is for any i edge subgraph F', v(F' ) 

is counted e - i times m the left hand side of Equation 5 24 End of proof of claim 

We next prove that 

L <I>(t, G - u) = <I>'(t , G) 
uEE(G) 

By defi.mtion 

L <I>(t,G-u) L te-l-n P(t , G - u) 
uEE(G) uEE(G) 

Rearrange to get 

n-1 L te-1-n I:(-1)1 C1(G - u) tn-1 
uEE(G) 1=0 

n-1 
L L (-1)' c1(G - u) te-l-1 

uEE(G) 1=0 
n-1 
L L (-1)' c1(G - u) te-l-1 
1=0 uEE(G) 

n-1 L ( -1 )1 te-l-1 L ci(G-u) 
1=0 uEE(G) 

By Equation .5 24 this equals 

n-1 
I:(-1)' te-l-i (e - i)ei(G) 
1=0 

But this is the denvative with respect to t of Equat10n 5 20 , so we have 

(5 25) 
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Fmally, the funct10n <I>(t, G) satisfies the cond1t10ns reqmred for the Fundamental 

Theorem of Calculus (e g Larson and Hostetler [50, Theorem 5 14, p 290]) smce 1t 1s 

contmuous over the closed mterval [a, t], where 0 < a < t So, 

Incorporate Equation 5 25 and rearrange to get 

<I>(t,G) = <I>(a ,G)+ 1t L <I>(x,G-u)dx 
a uEE(G) 

<I>(a, G) + L 1t <I>(x, G - u)dx 
uEE(G) a 

as reqmred D 

We now show that C3 + A-3 >-- A, for k 2: 5 As ment10ned, Kel'mans stated this 

result without proof m [43, p 260] We will give two proofs; the first will be the proof 

he most likely denved and the second will use the techmques we have developed 

Theorem 5 3 3 (Paths to C3 's) Let k 2: 5 Then 

Proof. (1) Induct10n on k For k = 5 we claim P(t, C3)P(t, P2 ) > P(t, Ps) (t 2: 5) 

The followmg are easily computed 

P(t, C3) 

P(t, A) 

P(t, Ps) 

t (t2 
- 6 t + 9) 

t (t- 2) 

t (t4 
- 8 t3 + 2lt2 

- 20 t + 5) 
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Compute 

Subtract 

t2 (t - 2)(t2 
- 6 t + 9) 

t2 (t3 
- 6t2 + 9t - 2t2 + 12t - 18) 

t2 (t 3 
- 8 t2 + 21 t - 18) 

t5 
- 8t4 + 2lt3 -18t2 

'P(t , C3)'P(t, A) - 'P(t , A) 

(t5 
- 8t4 + 2lt3 -18t2

) - t(t4 
- 8t3 + 21 t2 

- 20t + 5) 

2 t 2 
- 5 t 

> 0 

for t > ! End of proof of claim 

i, /\. a, a4 a5 a6 aLl . . . . ak-3 ak-2 ak-1 • • • • 
a3 
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IN the mduct10n step , we assume k ~ 6 Let G = C3 + Pk-3 and let E( G) = 
{ a1 , a2 , , ak-d where the edges are labelled as m Figure 5 3 ( e g E( C3 ) = { a1 , a2 , a3 } ) 

Let H = A and let E(H) = {b1 , b2 , , bk-d where the edges are labeled as m Figure 

5 4 For a mappmg of the edges of G to those of H, let ,(a,) = b, for 1 ~ i ~ k - l 



CHAPTER 5 MAIN RESULTS 95 

So, usmg Lemma 5 3 2 we can wnte 

<I>(t, G) - <I>(t, H) = 

~(µ,G)- <I>(µ,H) + 'z::: Jt[<I>(x,G- u)-<I>(x , H -,(u))]dx (5 26) 
v.EE(G) µ, 

for µ < t We claim this equation 1s positive and demonstrate this m two steps 

Claim 

<I>(x, G - u) - <I>(x, H - ,(u)) 2 0 (5 27) 

for any u E E( G) And for at least one edge this expression 1s pos1t1ve 

For u E { a1, a 2, a3} we have G - u 9=' P3 + Pk-3 Compare this to H - ,( u) When 

u = a3 then G - a3 9=' H - 1 (a3) so that <I>(x, G - u) - <I>(x, H - ,(u)) = 0 For 

u = a1 , a 2 then Theorem 5 1 5 applies to give G - u >-- H - ,( u) smce the path lengths 

are more equal m G - u than m H - ,(u) Thus <I>(x, G - u) - <I>(x, H - ,(u)) > 0 

For i = 1, 2, , k - 4 we have G - a3+1 ~ C3 +Pi+ Pk-3-1 and H - ,(a3+1) 9:' 

P1+3 + Pk_3 _ 1 D1sregardmg the common subgraph Pk_3 _ 1 we note that the mductive 

hypothesis gives <I>(t, C3 + P1 ) > <I>(t, P1+3 ) This means Equation 5 27 1s positive for 

each of these edges 

Next consider that forµ equal to the spectral radrns, p(Pk), of Pk that <I>(µ, A) = 
0 From P(t, C3) = t(t - 3)2 we know that p( C3) = 3 so p( G) = max{3, p(Pk_3 )} 

And from Lemma 4 1 6 we know that 

Thus, 

smce k 2 5 Therefore, 

<I>(µ, G) - <I>(µ , Pk) = <I>(µ, G) > 0 
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and Equat10n 5 26 is positive D 

P roof (2) We must show B(3)A(k - 3) - A(k) is positive We have 

B(3)A(k - 3) - A(k) (x6 + l)2(x2(k-3) - 1) - (x 2k - 1) 

2x2 k-3 + x 2 k-6 _ x6 _ 2x3 

This is clearly positive smce x > 2 and k 2'. 5 □ 

After we apply the spannmg-tree-mcreasmg operat10ns for cycle components (Lemma 

5 2 6) , we may have one C4 or one C5 After we break down long paths mto shorter 

ones with a tnangle (Theorem 5 3 3) we may have some short paths as well This 

subsection presents one theorem that handles the case of a C4 or a C5 with short 

paths In particular we will show that a tnangle and path 1s better than a larger 

cycle and shorter path 

Theorem 5 3 4 Let k - c > 0, and let c > 0 Then 

C3 + Pk >- C3+c + Pk-c 

P roof As before we use the functions A(k) and B(k) mtroduced m Sect10n 5 1 (p 

78) In particular we show that 

B(3)A(k) - B(3 + c)A(k - c) (5 28) 

is positive F1rst we develop a formula for B(a)A(b) Let m =a+ b then 

B(a)A(b) (xa + sa)2(x2b - 1) 

(x 2a + 2saxa + l )(x 2b - 1) 

x2m - 1 - x2a + x 2b + 2saxa( x2b - 1) (5 29) 
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We now develop Equat10n 5 28 as follows 

B(3)A(k) - B (3 + c)A(k - c) 

= - x6 + x2k + 2s3x3( x2k - 1) - [-x2(3+c) + x2(k-c) + 2s3+cX3+c( x2(k-c) - 1)] 

Now smce S3 = 1 and s3+c = - Sc this equals 

-x2 - 2x3 + x6+2c - 2scx3+c + x2J + 2x2J+3 - x2(J - c) + 2scX3+c+2J-2C 

Collect the terms without k's and factor out an x3 and collect the terms with k's and 

factor out an x 2k to get 

x3 (-x3 - 2 + x3+2c - 2scxc) + x2k ( (1 - x-2c) + 2x3(1 + scx-c)) 

Factor the two mner terms 

x3 (x3(x2c -1) - 2(1 + ScXc)) + x2k((l - x-2c) + 2x3(1 + ScX-c) ) 

Smee x > 2 and c > 0 this express10n 1s pos1t1ve Hence Equation 5 28 1s pos1t1ve 

and the result follows D 

Corollary 5.3.5 The following special cases hold 

( a) C3 + A ?"" C4 + P2 

( d) C3 + P4 ?-- C5 + P2 

(e) C3 + A ?"" C5 + P3 

(f) C3+ P6?--C5+P4 

Proof These follow directly from Theorem 5 3 4 D 
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5.3.4 Special Cases 

We have found that if there is a C4 or a C5 and any paths that we can mcrease the 

number of spannmg trees by replacmg the cycle with a triangle and makmg the path 

a bit longer (Theorem 5 3 4) Of course if the longer path has length greater than 

five, then we shorten it and make another triangle (Theorem 5 3 3) So what if there 

are no cycles larger than C3 yet there are some paths? Observe that they will have 

length two, three, or four because otherwise we apply Theorem 5 3 3 to shorten them 

The next lemma says that if the collect10n of paths have enough degree two vertices, 

then we can make a triangle Note that if there are not enough degree two vertices , 

then there are no further spannmg tree mcreasmg operations The graphs described 

m this lemma are drawn m Figure 5 2 

Proof The followmg algebra was done with Maple See Appendix D For Item (a) 

B(3)A(3)A(2) - A( 4)A( 4) 

(x 3 + 1)2(x6 
- l)(x4 

- 1) - (x8 
- 1)2 

x
3 

( x2 + 1) ( 2 x4 
- x

3 + 2 x2 
- x + 2) ( x - 1 )2 

( x + 1 )2 

For Item (b) 

B(3)A(2) 3 
- A(3)3 

(x3 + 1)2(x4 
- 1)3 

- (x6 
- 1)3 

x3 
( 2 x2 + X + 2) ( x2 

- X + 1 )2 ( X - 1 )3 ( X + 1 )3 
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And for Item ( c) 

B(3)A(2)2 
- A( 4)A(3) 

(x 3 + l)(x4 
- 1)2 

- (x8 
- l)(x6 

- 1) 

2x3 (x 2 +1) (x2 - x+l)(x-1)2(x+1) 2 

Clearly each of these express10ns are pos1t1ve for x > 1 D 
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Petmg1's Lemma 5 10 parts (a), (cl) and (e) [64, p 38] are eqmvalent to our 

Lemma 5 3 6 parts (a), (b) and ( c) respect1 vely 

5.3 .5 Solution for Almost-Regular Graphs in 0 2 

We now describe the Sp-optimal almost-regular graph m 0 2 

Lemma 5 3 7 Gwen an almost-regular graph G' m 0 2 , perform the spannmg-tree­

mcreasmg operations prescribed m Theorem 5 1 5 (p 80, balance paths lengths) and 

Lemmas 5 2 6 (p 88, decompose cycles) and 5 3 3 (p 93J long path to triangle and 

shorter path) to produce the graph G Then the complement of G has the following 

components 

• zero Pk 'sJ where k ~ 5, 

• zero C1 's, where J ~ 6J 

• a P4 J where a 2 OJ 

• b P3 , where b ~ OJ 

• c AJ where c ~ OJ 
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• d C3 , where d 2 0, 

• and at most one of a C4 or a Cs 

Proof. Suppose the complement of G' has path components To these apply Theorem 

5 1 5 and balance the path lengths Then while there is any path with length greater 

than five decompose (Lemma 5 3 3) it mto a triangle and a path shorter by three edges 

This proves there are no paths with length greater than five and the remammg paths 

have lengths of two, three, or four 

Next suppose the complement of G' has cycle components To these apply Lemma 

5 2 6 resultmg m some number of C3 's and at most one C4 or one Cs D 

Lemma 5 3 8 Given an almost-regular graph G' m 0 2
, perform the spannmg-tree­

mcreasmg operations prescribed m Lemma 5 3 7 followed by the operations prescribed 

m Corollary 5 3 5 and Lemma 5 3 6 to produce the graph G Let a, b, c, d have the 

values resulting from the application of Lemma 5 3 7 Then the complement of G has 

the following components 

• zero Pk 's, where k 2 5, 

• zero C3 's, where J 2 6, 

• c' P2 , where c' 2 c, 

• d' C3 , where d' 2 d, 

• and at most one of these graphs {P4 , Ps, P3 + Ps , C4 , Cs} 

Proof After performmg the operations m Lemma 5 3 7 we perform the followmg 
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• If there is a C5 and a path, say Pk for k = 2, 3, 4, then apply the appropnate 

Step ( d,e, or f) of Corollary 5 3 5 ( C5 + Pk --+ C4 + Pk+i) If k = 4 then take 

the resultmg A and make a C3 and P2 ( A --+ C3 + P2) 

• If there is a C4 and a path, say Pk for k = 2, 3, 4, then apply the appropnate 

Step (a,b, or c) of Corollary 5 3 5 (C4 + Pk --+ C3 + A+1) If k = 4 then take 

the resultmg A and make a C3 and A (A --+ C3 + P2) 

• For each P4, P4 pau repeatedly apply Step (a) of Lemma 5 3 6 (2 P4 --+ C3 + 
P3 + A) 

• For each P3 , P3 , P3 tnple repeatedly apply Step (b) of Lemma 5 3 6 (3 A --+ 

C3 + 3 A) 

• If there is a P3 , P4 pair then apply Step (c) of Lemma 5 3 6 (A+ P4 --+ C3 + 

A+A) 

We are left with some A's, some C3 's and at most one of these graphs { P4 , A, P3 + 
P3, C4, C5} □ 

The result of this lemma is clearly the Sp-optimal almost-regular graph m its 

respective class because no further decompositions can be performed Essentially 

the complement of the Sp-optimal graph uses as many of the degree two vertices as 

possible m tnangles with the remammg degree two vertices gomg to a C4 or a C5 

provided there are no paths or the degree two vertices go to a P3 , a P3 , P3 paII, or a 

P4 only if there is no G4 or C5 The rest of the components, if they exist, are A's or 

tnangles We summanze these observations m our final theorem This theorem also 

mcludes the Kel'mans, Chelnokov and Shier result (Case E) as well as two special 

cases of Cheng's result ( Cases A 1 and D 1) 
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Theorem 5 3 9 Let G E {!VU !12
} be almost-regular and be Sp-optimal Then G 

has the following form 

(A) Case m = n 

( A 1) n = 3k G = k C3 

(A2) n=3k+l G=(k-l) C3+C4 

(A3)n=3k+2 G=(k-l) C3+Cs 

(B) Case m = n - l 

(B 1) n = 3k G = (k - 1) C3 + P4 

(B 2) n = 3k + 1 G = k C3 + P2 

(B 3) n = 3k + 2 G = k C3 + P3 

(C) Case l nt2 j < m < n - l 

( C 1) n - 2m = 0 mod 3 

Let k and J be positive integers that satisfy the following system of equations 

n = 3k + 2J 2: 5, and m = 3k + J 

Then 

( C 2) n - 2m = 1 mod 3 

Let k and J be positive integers that satisfy the following system of equations 

n = 3k + 3 + 2J 2: 8, and m = 3k + 2 + J 

Then 
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( C 3) n - 2m = 2 mod 3 

Let k and J be positive integers that satisfy the following system of equations 

Th en 

(D 1} m = % 

{D 2} m = nf 
(D 3} m= ~ 

(E) Case O < m < l ~ J 

n = 3k + 6 + 2J 2: 11, and m = 3k + 4 + J 

G = ( m - 2) A + P3 

G = (m - 4) A+ 2 P3 

Items E and D 1 are due to Kel'mans and Chelnokov [34] and mdependently Shier 

[68] Items D 1 and A 1 are two cases covered by Cheng's result [18] that complete 

multipartite graphs are Sp-optimal for then respective classes Items A 2, A 3, B 2 

and B 3 are presented for the first time here while the remammg items are due to 

Petmgi [64] 



Chapter 6 

Future Research 

This thesis has charactenzed the Sp-optimal almost-regular graphs m n ( n, (;) - m), 
l ~J < m :S n, which we have denoted as !12 Petmgi obtamed similar results by 

different methods and he showed that the Sp-optimal graph m !12 is almost-regular if 

• m is m the open mterval ( l n/2 J + 1, n - 2), or 1f, 

• m E { n - 1, n} and e is a multiple of three 

As well, we have collected and developed formulas for the number of spannmg trees 

m graphs whose complements are composed of disJomt umons of cycles or paths 

Our motivat10n for findmg Sp-optimal graphs comes from the all-termmal relia­

bility question from the theory of network reliability And it is from this pomt of 

view that we ask where do we go from here Nevertheless, there are many mterest­

mg problems yet to be solved that are graph theoretic, combmatonal, or related to 

optimization theory The followmg is a list of possible direct10ns for future research 

• Are the Sp-optimal graphs that we have found umformly most reliable? (See 

page 8 for the defimtion of this term ) To be umformly optimal a graph must 

104 
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be optimal at both ends of the reliability polynomial 

• What about the next term m the rehabihty polynomial? Which graphs on 

n vertices and e edges have the most connected spannmg n edge subgraphs 

Notice that a subproblem of this is how to count Hamilton cycles m a graph 

Recall that determmmg if a graph has a Hamilton cycle is NP-complete 

This topic 1s important m the case two graphs have the same number of spannmg 

trees Then the rehab1hty of one over the other will be determmed by the 

number of n edge subgraphs The same will hold 1f the two graphs have close 

to the same number of spannmg trees and the probability of edge failure 1s not 

very close to zero 

• What happens when we take the complement of a simple graph with respect to 

complete bipartite graphs mstead of complete graphs? Can we charactenze the 

Sp-optimal graph(s) m this subclass? 

• Can we prove the almost-regulanty conJecture (ConJecture 1 4 3)7 We discuss 

some of the possibilities below m Section 6 1 

• Can we find the Sp-optimal almost-regular graphs m D3? (See page 16 ) 

• Sp-optimal graphs are known for e ~ n + 3 Can we extend this to e = n + 4 or 

larger? 

• Is 1t possible to prove the conJecture that Sp-optimal graphs are simple for 

e ~ (;)? 

• There 1s a need for a thorough survey of all known results This would mclude a 

survey of the countmg methods , specialized countmg formula, rankmg methods , 

and rankmg results To effectively conduct a survey one needs to be fluent m 
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English, German, Russian, Chmese, and probably other languages Even withm 

results published m English we have seen poor accreditation (e g Kel 'mans 

work) 

Beyond the above, the survey should explore the mter-relat10ns of the various 

methods We did this m part throughout this thesis For example, we exploited 

the relationship between generic forms and characteristic polynomials, and later 

this facilitated the development of results for cycle and path components 

Furthermore, there are related theories that need to be better understood, de­

veloped and utilized These mclude the relationship between the eigenvalues of 

the Laplacian and adJacency matrices of regular graphs (and for lme graphs) , 

the theory of optimal block design, and the mverse eigenvalue problem 

6.1 The Importance of Being Almost-Regular 

This section is concerned with the almost-regularity conJecture (ConJecture 1 4 3) 

We ask is it possible to prove the conJecture that Sp-optimal graphs are almost­

regular? We outlme some possible approaches 

• One startmg pomt for further research may use the Lagrange multiplier tech­

mque from non-lmear optimization Cheng [18] used this techmque to show 

that regular complete p-partite graphs are Sp-optimal m their respective classes 

of simple graphs 

The author attempted to extend this work but to · no avail The approach 

mvolved expressmg Cheng's non-lmear optimization problem as 

n-i 

max IT x 1 , 

xeR"- 1 
1=1 
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where x , 1s the i th component of the vector x, subJect to 

n-1 

I: x, - 2e o, 

n -1 

I:x;-g(n , e) > 0, 

x, > 0, for i = 1, 2, ' , n - 1 

In this problem, e 1s the number of edges, n 1s the number of vertices, and the 

funct10n g( n, e) 1s 

g(n, e) = na2 + k(2a + 1) + 2e, 

where a= l ~ j , k = 2e - an This function 1s the solution to the mm1m1zat10n 

problem 
n 

mm I:d; + 2e 
deZ" •=I 

n 

Ld, 2e 
•=1 

d, > 0 for i = 1, 2, n, 

d, < n - 1 for i = 1, 2, n 

This funct10n and its correspondmg constramt anse from the fact that the sum 

of the squares of the eigenvalues of the Laplacian equals the sum of the squares 

of the degrees of the vertices plus 2e 

The author believes that we need another constramt on the x, that msures they 

are eigenvalues This 1s an inverse eigenvalue problem In our context , the 

problem 1s given a set of n - 1 numbers, do they constitute the eigenvalues of 

some graph? 

• Can we extract any more mformat1on from Cheng's nearly balanced result? It 

1s only the last portion of his proof that reqmres the graphs have multiple edges 
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Perhaps some further work would dispose of this reqmrement , at least m some 

special circumstances The general problem is as follows 

Question Given a simple graph G that is not almost-regular, 1s there an oper­

ation that produces G' such that the spectrum of G' maJonzes the spectrum of 

Q? 

• Can we add loops to a graph to make 1t regular and then use any results for 

the spectrum of the adJacency matrix? 

This question 1s prompted by a result due to Hutschenreuther [33] (see Cvetkovic 

[24, Propos1t1on 1 4, p 39]) 

Theorem 6 1 1 For any regular multigraph G of degree r , 

1 n-i 1 d 
Sp(G) = - IT (r - .\,) = - -d Jnl - A(G)J, 

n i=l n n 
(6 1) 

where .\, E a-( G) and A( G) is the adyacency matrix of G 

This result corresponds to Lemma 3 3 16 (page 44), for regular graphs Notice 

that the process of addmg loops has no mfluence on the number of spannmg 

trees So we can take any non-regular graph and make 1t regular The important 

thmg 1s to use the eigenvalues of the regular graph created and not the ongmal 

graph Cvetkovic says this observation 1s due to D A Waller ([72, 74 , 73]) 
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Appendix A 

Notation 

A.1 Set Theory Notation 

The set notation used m this thesis follows [31]) For sets A and B 

A~B A is a subset of B 

Ac B A is a proper subset of B 

0 the empty set 

AUB A umon B {x Ix EA V x E B} 

AnB A mtersect B {xlxEAl\xEB} 

A-B relative complement of B m A {xlxEA,xiB} 
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A.2 Number Theory N otat ion 

The number theory notation used m this thesis follows [31]) 

R the set of real numbers 

Z the set of mtegers 

z+ the set of nonnegative mtegers 

C the set of complex numbers 

alb a d1v1des b, for a, b E Z, a =J 0 

a lb a does not d1v1des b, for a, b E Z , a =J 0 

a= b (mod c) a 1s congruent to b modulo c 

l x J equals i where i E Z 1s the maximum mteger such 

that i ~ x 

IX l equals J where J E Z 1S the mm1mum mteger such 

that J 2: x 

nl 
(n _ 2)121 - n (n - 1)/2 
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A.3 Linear Algebra 

The page number mdicates the page where the symbol is defined 

Symbol 

X 

u 

JAaJ 
E1c( A) 

trace(A) 

adJ (A) 

Descnption 

a vector 

n-vector of ones 

identity matnx of order n 

matnx of all ones of order n 

equals the set {1, 2, , n} 

transpose of matnx A 

determmant of matnx A 

a submatnx of A, for a, (3 ~ N delete the 

rows mdexed by a and columns mdexed by 

{3 

a prmcipal submatnx of A, for a~ N delete 

the rows and columns mdexed by a 

a prmcipal submatnx of A, delete row and 

column i 

a submatnx of A, delete row i and column J 

a prmcipal mmor of A 

sum of all prmcipal mmors of A of order k 

sum of diagonal elements of A 

adJugate of A 

S1c(Ao, Ai, , An-d kth elementary symmetnc function 

Page 

21 

21 

21 

21 

22 

22 

22 

22 

22 

41 

21 

22 

43 
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A.4 Graph Theoretic 

The page number md1cates the page where the symbol is defined 

Symbol Descnption Page 

G a graph 2 

V(G) vertex set of G 2 

E(G) edge multiset of G 2 

n = n(G) number of vertices m G 2 

e = e(G) number of edges m G 2 

0 (n, e) set of mult1graphs on n vertices and e edges 3 

D(n,e ) set of simple graphs on n vertices and e edges 3 

f1k n ( n , (~) - m)' l (k-21)n J < m ::; l k; J 16 

Kn complete graph on n vertices 5 

G denotes the complement of G w rt Kn 5 

dv degree of vertex v 2 

G~H graphs G and H are 1somorph1c 3 

G <;_ H graph G 1s a subgraph of H 3 

G+H d1sJomt umon of graphs G and H 5 

G/x graph G where edge x 1s contracted 24 

Gf3 /3 C V ( G), /3 =J 0 vertices m /3 are amalgamated 41 

Sp(G) number of spannmg trees of graph G 3 

pk path of order k 3 

Ck cycle of order k 3 

v(F) 27 

f(n, G) generic form 29 

~ eg G~ H 51 
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A.5 Special Matrices and Functions 

The page number md1cates the page where the symbol is defined 

Symbol Descnpt1on Page 

.C( G) = [t'i 3 ] Laplacian matnx of graph G 30 

A(G) = [a,3 ] adJacency matnx of G 31 

r( G) = [7Ji 3] mc1dence matnx of G 31 

D.( G) = [oi3] diag( dv1 l dv2 l , dvn) 31 

P(t , G) charactenstic polynomial of matnx .C( G) 33 

o-(G) spectrum of .C ( G) 36 

Q(n,G) complement spannmg tree matnx 49 

Tn = [tiJ ] a special tn-diagonal matnx of order n 67 

Tn = l'Tnl determmant of Tn 68 

r r(n)=n-2 65 

s s(n) = Jn2 - 4n 65 

p p(n) = r + s 65 

q q(n) = r - s 65 
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Polynomials for Cycle 

Components 

The data m Figure 5 1 (page 86) is calculated by usmg the formula m Theorem 4 2 3 

The process starts by computmg a polynomial for each graph These polynomials are 

then evaluated and the results are compared The table below shows the coefficients 

for the polynomials for these graphs The top row gives the i th exponent for n and 

the complete formula is obtamed by multiplymg the given polynomial by nn- 2 For 

example, the graph C3 + C4 has polynomial 

The Maple code that produced this table (form up to 10) is given m the next sect10n 

and the output of the code is m the section after that 
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Cycles Coefficients of n 

n-o n - 1 n -2 n - 3 n - 4 n - s n - 6 n - 8 

3 1 -6 9 

4 1 -8 20 -16 

1 -10 35 -50 25 

1 -12 54 -108 81 

1 -12 54 112 105 -36 

3,4 1 -14 77 -208 276 -144 

7 1 -14 77 210 294 -196 49 

3,5 1 -16 104 350 640 -600 225 

8 1 -16 104 352 660 -672 336 -64 

4,4 1 -16 104 352 656 -640 256 

3,3,3 1 -18 135 540 1215 -1458 729 

3,6 1 -18 135 544 1263 -1674 1161 -324 

9 1 -18 135 546 1287 -1782 1386 -540 81 

4,5 1 -18 135 -546 1285 -1760 1300 -400 

3,3,4 1 -20 170 -796 2217 -3672 3348 -1296 

3,7 1 -20 170 -798 2247 -3850 3871 -2058 441 

5,5 1 -20 170 -800 2275 -4000 4250 -2500 625 

10 1 -20 170 -800 2275 -4004 4290 -2640 825 -100 

4,6 1 -20 170 -800 2273 -3980 4180 -2400 576 

3,3,5 1 -22 209 -1118 3676 -7590 9585 -6750 2025 

3,8 1 -22 209 -1120 3708 -7800 10308 -8128 3408 -576 

3,4,4 1 -22 209 -1120 3704 -7744 10000 -7296 2304 

5,6 1 -22 209 -11 22 3740 -8006 10985 -9310 4425 -900 

11 1 -22 209 -1122 3740 -8008 11011 -9438 4719 -1210 121 

4,7 1 -22 209 -11 22 3738 -7980 10857 -9016 4116 -784 

3,3 ,3,3 1 -24 252 -1 512 5670 -13608 20412 -17496 6561 

3,3 ,6 1 -24 252 -1516 5742 -14148 22572 -22356 12393 -2916 

3,9 1 -24 252 -1518 5778 -14418 23661 -24894 15795 -5346 729 

3,4,5 1 -24 252 -1 518 5776 -14384 23452 -24040 14100 -3600 

5,7 1 -24 252 -1 520 5814 -14686 24724 -27300 18865 -7350 1225 

12 1 -24 252 -1520 5814 -14688 24752 -27456 19305 -8008 1716 -144 

6,6 1 -24 252 -1520 5814 -14688 24748 -27408 19089 -7560 1296 

4,8 1 -24 252 -1520 5812 -14656 24544 -26752 17984 -6656 1024 

4,4,4 1 -24 252 -1 520 5808 -14592 24128 -25344 15360 -4096 



APPENDIX B POLYNOMIALS FOR CYCLE COMPONENTS 

B.1 Maple code used to produce cycle data. 

# This file generates the data given in an appendix of my thesis 

1nth(linalg) 

' To generate the data all I need is the coefficients in a list ' , 

C = proc (k,A ) 

A = vector (k ) , 

for i from Oto k-1 do 

A[i+1] = (k/ (k-i )) • ( -1 )" i • binom1al(2•k-i-1 , i ), 

od , 

end 

# multiply t9o arrays 

Pmult = proc (a1 ,a2, rval ) 

local n1 ,n2, n ,k , i,J 

n1 = vectdim(a1 ) 

n2 = vectdim(a2 ) 

n = n1 + n2 

k 

rval = vector(n-1) 

for i to n-1 do rval[i] = 0 od 

for i from 1 to n1 do 

for J from 1 to n2 do 

k " i+J-1 

rval[k] = rval[k] + a1[i] • a2[J] 

od 

od 

end 

C(3 , c3) C(4 , c4 ) C( 5,c5 ) C(6 , c6) 

C(7 , c7 ) C(8 , c8 ) C(9 , c9 ) C( 10 , c10) 

Pmult (c3 , c3, r33 ) Pmult (c3 , c4, 

Pmult (c3 , c5, r35 ) Pmult (c4,c4 , 

Pmult (c3,r33 , r333 ) Pmult (c3 , c6, 

Pmult (c4,c6 , r46 ) Pmult (c3 , r34 , 

Pmult (c3,c7 , r37 ) Pmult (c5 , c5 , 

Pmult (c4 , c6 , r46 ) 

r34 ) 

r44) 

r36 ) 

r334 ) 

r55 ) 
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APPENDIX B POLYNOMIALS FOR CYCLE COMPONENTS 

M "' 13 

amp = ' t' 

en = ' \\\\' 

inb = cat ( '\\hline ', en ) 

p proc ( ind,r ) 

t cat ( ind ,' ' amp ) 

n = vectdim(r ) 

for 1 ton do 

t = cat (t, ' ' r[i] , amp ), 

od 

for J from 1 to M dot = cat ( t,amp) , od, 

t cat ( t , en), 

end 

p (' 3 ' , c3) , inb , 

p ( '4 ' ,c4) , inb, 

p ( '5' , c5) , inb , 

p ( ' 3,3 ' ,r33), p ( ' 6 ' ,c6 ), inb , 

p ( '3 , 4 ' , r34 ), p ( ' 7 ' , c7), inb , 

p( ' 3 , 6 ' ,r35), p (' S ', c8) , inb , 

p ( '3 , 3 , 3 ' ,r333) , p (' 3,6 ' ,r36), p (' 9 ' , c9 ) , inb , 

p('3 ,3,4' ,r334), p (' 3,7 ' ,r37), p (' S,6 ' ,r55), p (' 10 ' , c10) , p( ' 4,6 ' , r46 ), inb , 
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B.2 Maple output for cycle data 

l\"/1 Maple V Release 2 (University 0£ Victoria) 

_I\I 1/1_ Copyright (c) 1981-1992 by the University 0£ Waterloo 

\ "APLE / All rights reserved "APLE is a registered trademark 0£ 

< ________ > Waterloo "aple So£tvare 

Type 7 £or help 

> read('cyc_app maple'), 

3 t 1 t -6 t 9 t t t t t t t t t t t \\ 

4 t 1 t -8 t 20 t -16 t a a a a a a a a a\\ 

5 t 1 t -10 t 35 t -50 t 25 t t t t t t t t t \\ 

3,3 t 1 t -12 t 54 t -108 t 81 t t t t t t t a t \\ 

6 t 1 t -12 t 54 t -112 a 105 t -36 t t t t t a t t \\ 

3,4 t 1 t -14 t 77 t -208 t 276 t -144 t t t t t t t t \\ 

7 t 1 t -14 t 77 t -210 t 294 t -196 t 49 t t t t t t t \\ 

3,5 t 1 t -16 t 104 t -350 t 640 t -600 t 225 t t t t t t t \\ 

8 t 1 t -16 t 104 t -352 t 660 t -672 t 336 t -64 t t t t t t \\ 

3,3,3 t 1 t -18 t 135 t -540 t 1215 t -1458 t 729 t t t t t t t \\ 

3,6 t 1 t -18 t 135 t -544 t 1263 t -1674 t 1161 t -324 t t t t t t \\ 

9 t 1 t -18 t 135 t -546 t 1287 t -1782 t 1386 t -540 t 81 t t t t t \\ 

3,3,4 t 1 t -20 t 170 t -796 t 2217 t -3672 t 3348 t -1296 t t t t t t \\ 

3,7 t 1 t -20 t 170 t -798 t 2247 t -3850 t 3871 t -2058 t 441 t t t t t \\ 

5,5 t 1 t -20 t 170 t -800 t 2275 t -4000 t 4250 t -2500 t 625 t t t t t \\ 

10 t 1 t -20 t 170 t -800 t 2275 t -4004 t 4290 t -2640 t 825 t -100 t t t t \\ 

4,6 t 1 t -20 t 170 t -800 t 2273 t -3980 t 4180 t -2400 t 576 t t t t t \\ 
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Appendix C 

Polynomials for Path Components 

The table below shows the coefficients for the polynorrnals of some small paths The 

top row gives the i th exponent for n and the complete formula is obtamed by multi­

plymg the given polynomial by n n-
2 For example, the graph A has polynomial 

nn-2 (1 - ~ + 10 - ±.) 
n n 2 n3 

These polynomials were denved with Maple m a manner similar to that used for the 
cycle data above 

Path Coefficients of n 

n-o n-1 n-2 n-3 n-4 n - 5 n - 6 n-7 n -8 n-9 n -10 n-11 

3 -4 3 I 
4 -6 10 -4 

I 5 -8 21 -20 5 

I 6 -10 36 -56 35 -6 

I 7 -12 55 -120 126 -56 7 

I s -14 78 -220 330 252 84 -8 

I 9 -16 105 -364 715 792 462 -120 9 
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Appendix D 

Special Cases: Maple output 

I\./ I 

_I\ I I/ I_ 

\ IIAPLE / 

llaple V Release 2 (University of Victoria) 

Copyright (c) 1981-1992 by the University of Waterloo 

All rights reserved IIAPLE is a registered trademark of 

< ________ > Waterloo llaple Softvare 

Type? for help 

> A = k -> (x·(2•k)-1), 

(2 k) 

A = k -> x - 1 

k (k + 1) 2 

B = k -> (x + (-1) 

> a2 = A(2), 

4 

a2 = X - 1 

>a3 =A(3), 

6 

a3 =x -1 

>a4 =A(4), 

8 

a4 = X - 1 
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> b3 = B(3), 

3 2 

b3 = (x + 1) 

> 

> a = factor(s1mpl1fy(b3•a3•a2 - a4-2)) , 

3 2 4 3 2 2 

a = x (x + 1) (2 x - x + 2 x - x + 2) (x - 1) (x + 1) 

> b = factor(simpl1fy(b3•a2-3 - a3-3)), 

3 2 2 2 3 3 

b = x (2 x + x + 2) (x - x + 1) (x - 1) (x + 1) 

3 2 2 2 2 

c = 2 x (x + 1) (x - x + 1) (x - 1) (x + 1) 

> 

> latex(a), 

x-{3}\left (x-{2}+1\right )\left (2\,x-{4}-x-{3}+2\,x"{2}-x+2\r1ght 

\left (x-1\right )-{2}\left (x+1\right )-{2} 

> latex(b), 

2 

x-{3}\left (2\,x-{2}+x+2\right )\left (x-{2}-x+1\right )-{2}\left (x-1 

\right )-{3}\left (x+1\r1ght )-{3} 

> latex(c), 

2\,x-{3}\left (x-{2}+1\right )\left (x-{2}-x+1\r1ght )\left (x-1 

\right )-{2}\left (x+1\right )-{2} 

> 

> quit 
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