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ABSTRACT

Cooperative relaying is a promising diversity achieving technique to provide reli-

able transmission, high throughput and extensive coverage for wireless networks in a

variety of applications. Two-way relaying is a spectrally efficient protocol, providing

one solution to overcome the half-duplex loss in one-way relay channels. Moreover,

incorporating the multiple-input-multiple-output (MIMO) technology can further im-

prove the spectral efficiency and diversity gain. A lot of related work has been per-

formed on the two-way relay network (TWRN), but most of them assume perfect

channel state information (CSI). In a realistic scenario, however, the channel is es-

timated and the estimation error exists. So in this thesis, we explicitly take into

account the CSI error, and investigate its impact on the performance of amplify-and-

forward (AF) TWRN where either multiple distributed single-antenna relays or a

single multiple-antenna relay station is exploited.

For the distributed relay network, we consider imperfect self-interference cancella-

tion at both sources that exchange information with the help of multiple relays, and

maximal ratio combining (MRC) is then applied to improve the decision statistics

under imperfect signal detection. The system performance degradation in terms of

outage probability and average bit-error rate (BER) are analyzed, as well as their

asymptotic trend. To further improve the spectral efficiency while maintain the spa-

tial diversity, we utilize the maximum minimum (Max-Min) relay selection (RS), and

examine the impact of imperfect CSI on this single RS scheme. To mitigate the

negative effect of imperfect CSI, we resort to adaptive power allocation (PA) by min-

imizing either the outage probability or the average BER, which can be cast as a
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Geometric Programming (GP) problem. Numerical results verify the correctness of

our analysis and show that the adaptive PA scheme outperforms the equal PA scheme

under the aggregated effect of imperfect CSI.

When employing a single MIMO relay, the problem of robust MIMO relay design

has been dealt with by considering the fact that only imperfect CSI is available.

We design the MIMO relay based upon the CSI estimates, where the estimation

errors are included to attain the robust design under the worst-case philosophy. The

optimization problem corresponding to the robust MIMO relay design is shown to

be nonconvex. This motivates the pursuit of semidefinite relaxation (SDR) coupled

with the randomization technique to obtain computationally efficient high-quality

approximate solutions. Numerical simulations compare the proposed MIMO relay

with the existing nonrobust method, and therefore validate its robustness against the

channel uncertainty.



v

Contents

Supervisory Committee ii

Abstract iii

Table of Contents v

List of Tables vii

List of Figures viii

List of Abbreviations x

Acknowledgements xii

Dedication xiii

1 Introduction 1

1.1 Motivation and Related Work . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Two-Way Distributed Relay Network . . . . . . . . . . . . . . 2

1.1.2 Two-Way MIMO Relay Network . . . . . . . . . . . . . . . . 3

1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Impact of Channel Estimation Error on the Performance of AF

Two-Way Distributed Relaying 6

2.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Performance Analysis on Impact of CSI Estimation Error . . . . . . . 9

2.2.1 End-to-End SNR for Relay Links with Estimation Error . . . 10

2.2.2 Outage Probability Analysis . . . . . . . . . . . . . . . . . . . 13

2.2.3 Average BER Analysis . . . . . . . . . . . . . . . . . . . . . . 15



vi

2.3 Max-Min Relay Selection . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.1 Outage Probability Analysis for Max-Min RS . . . . . . . . . 17

2.3.2 Average BER Analysis for Max-Min RS . . . . . . . . . . . . 18

2.4 Performance Enhancement by Adaptive Power Allocation . . . . . . . 19

2.4.1 Geometric programming . . . . . . . . . . . . . . . . . . . . . 20

2.4.2 Adaptive PA for Multiple Relays . . . . . . . . . . . . . . . . 20

2.4.3 Adaptive PA for Max-Min RS . . . . . . . . . . . . . . . . . . 21

2.5 Numerical Results and Discussion . . . . . . . . . . . . . . . . . . . . 22

2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3 Robust MIMO Relay Design for Two-Way MIMO Relaying with

Imperfect CSI 29

3.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.1.1 Data Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.1.2 Problem Formulation under Perfect CSI . . . . . . . . . . . . 33

3.2 Channel Uncertainty Model . . . . . . . . . . . . . . . . . . . . . . . 36

3.3 Proposed Robust MIMO Relay Design . . . . . . . . . . . . . . . . . 39

3.3.1 Problem Formulation with Imperfect CSI . . . . . . . . . . . . 39

3.3.2 Semidefinite Relaxation based Approximation . . . . . . . . . 42

3.4 Numerical Results and Discussion . . . . . . . . . . . . . . . . . . . . 46

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Conclusion and Future Work 55

4.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

A Joint PDF of γeff
A,i and γeff

B,i 57

Bibliography 59



vii

List of Tables

Table 2.1 Average processing time for the CVX algorithm based on 2.4 GHz

Intel Core 2 Duo processor. The channels of both sides of the

relays are i.i.d. with variances of 10 between A and Ri and 1

between B and Ri, and σ2
e = 0.001. . . . . . . . . . . . . . . . . 25

Table 3.1 Pesudocode for constructing HA and HB. . . . . . . . . . . . . . 42

Table 3.2 Simulation results with various transmit antennas N = 3 and

N = 6 versus received SNR threshold based on 1,000 different in-

dependent channel realizations. The noise variance at the MIMO

relay Nr is fixed at 0.1. . . . . . . . . . . . . . . . . . . . . . . . 52

Table 3.3 Simulation results with various noise variance Nr = 0.1 and

Nr = 0.01 versus received SNR threshold based on 1,000 dif-

ferent independent channel realizations. The number of transmit

antennas at MIMO relay N is fixed at 3. . . . . . . . . . . . . . 52



viii

List of Figures

Figure 2.1 System model for AF two-way distributed relay network. . . . . 7

Figure 2.2 Outage Probability and average BER of AF TWRN with two

relays using QPSK modulation. The channels of two relay links

are symmetric with variance of 10. Only equal PA is considered. 23

Figure 2.3 Outage probability of AF TWRN with two relays. The channels

of both sides of the relays are i.i.d. with variances of 10 between

A and Ri and 1 between B and Ri. . . . . . . . . . . . . . . . . 23

Figure 2.4 Average BER of AF TWRN with two relays using QPSK mod-

ulation. The channels of both sides of the relays are i.i.d. with

variances of 10 between A and Ri and 1 between B and Ri. . . 24

Figure 2.5 Outage Probability and average BER of AF TWRN with two

relays using QPSK modulation. The channels of both sides of

the relays are i.i.d. with variances of 10 between A and Ri and 1

between B and Ri, and σ2
e = 1

K·SNR
with K = 10. . . . . . . . . 24

Figure 2.6 Outage Probability of AF TWRN with multiple relays. The

channels of both sides of the relays are i.i.d. with variances of 10

between A and Ri and 1 between B and Ri, and σ2
e = 0.001. . . 26

Figure 2.7 Average BER of AF TWRN with multiple relays using QPSK

modulation. The channels of both sides of the relays are i.i.d. with

variances of 10 between A and Ri and 1 between B and Ri, and

σ2
e = 0.001. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

Figure 2.8 Outage Probability of AF TWRN with two relays for Max-Min

RS. The channels of both sides of the relays are i.i.d. with vari-

ances of 10 between A and Ri and 1 between B and Ri. . . . . 27

Figure 2.9 Average BER of AF TWRN with two relays for Max-Min RS

using QPSK modulation. The channels of both sides of the relays

are i.i.d. with variances of 10 between A and Ri and 1 between

B and Ri. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27



ix

Figure 3.1 System model for AF two-way MIMO relay network. . . . . . . 31

Figure 3.2 Transmit power at the MIMO relay versus received SNR thresh-

old γth for the robust (1− η = 0.12) and nonrobust methods. σ2
e

is fixed at 0.002. . . . . . . . . . . . . . . . . . . . . . . . . . . 48

Figure 3.3 Outage probability of SNR versus received SNR threshold γth

at both sources for the robust (1 − η = 0.12) and nonrobust

methods. σ2
e is fixed at 0.002. . . . . . . . . . . . . . . . . . . . 48

Figure 3.4 Transmit power at the MIMO relay versus received SNR thresh-

old γth for the robust (1− η is adjusted for each γth) and nonro-

bust methods. σ2
e is fixed at 0.002. . . . . . . . . . . . . . . . . 50

Figure 3.5 Outage probability of SNR versus received SNR threshold γth at

both sources for the robust (1 − η is adjusted for each γth) and

nonrobust methods. σ2
e is fixed at 0.002. . . . . . . . . . . . . . 50

Figure 3.6 Transmit power at the MIMO relay versus error variance σ2
e for

the robust (1− η = 0.12) and nonrobust methods. γth is fixed at

8 dB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Figure 3.7 Outage probability of SNR versus error variance σ2
e at both

sources for the robust (1 − η = 0.12) and nonrobust methods.

γth is fixed at 8 dB. . . . . . . . . . . . . . . . . . . . . . . . . 53



x

List of Abbreviations

AF amplify-and-forward

ANC analogy network coding

AWGN additive white Gaussian noise

BER bit-error rate

c.d.f. cumulative density function

CGRV complex Gaussian random variable

CSI channel state information

DF decode-and-forward

GP Geometric Programming

i.i.d. independent and identically distributed

LP linear programming

Max-Min maximum minimum

MGF moment generating function

MIMO multiple-input-multiple-output

MRC maximal ratio combining

MSE mean-square error

OWRN one-way relay network

p.d.f. probability density function

PA power allocation

QoS quality of service

QPSK quadrature phase shifted keying

r.v. random variable

RS relay selection

SDP semidefinite programming

SDR semidefinite relaxation

SNR signal-to-noise ratio

SOC second-order cone



xi

TDD time division duplexing

TWRN two-way relay network



xii

ACKNOWLEDGEMENTS

First and foremost, I owe my deepest gratitude to my supervisor Dr. Xiaodai

Dong. Her sage advice, insightful comments, and patient encouragement aided the

writing of this thesis. I am also grateful for her continuous support to my M.A.Sc

study, and her personal guidance leading me to taste the pleasure of research and

publication.

Besides, I would like to show my gratitude to my committee member Dr. T. Aaron

Gulliver for his insightful guidance and constructive comments, and to Dr. Jianping

Pan for being as the external examiner.

I would like to thank my graduate course instructors, Dr. Wu-Sheng Lu, Dr. Lin

Cai, Dr. Antoniou, Dr. Kui Wu, for their good teaching, great efforts to explain

things clearly and simply, kind assistance with projects, and so on. Especially Dr.

Wu-Sheng Lu providing me sound suggestion and help to my research deserves special

mention. I wish to thank in addition Dr. Alfonso Gracia-Saz from Department of

Mathematics and Statistics for his assistance with solving my mathematical problem

in my research.

I wish to thank my best friend Ping Li, for her accompanying and helping me

to get through my tough times in Victoria. Her persistent consolation, emotional

support, and pure-hearted caring provide me the courage to face and overcome the

difficulties. Ping indeed feels like a family.

I am indebted to my many student colleagues for providing a stimulating and fun

environment in which to learn and grow. I am especially grateful to Ted C.-K. Liu,

Yang Song, Moyuan Chen, Teng Ge, Congzhi Liu, Xi Tu, Dan Li, Jie Yan, Li Ji, and

Xuan Wang.

Lastly, and most importantly, I wish to thank my parents, Yusheng Wang and

Qiuhua Ma. They bore me, raised me, supported me, taught me, and loved me. To

them I dedicate this thesis.



xiii

DEDICATION

To my dearest parents



Chapter 1

Introduction

Relay networks have gained a lot of interest recently for the benefit of spectral effi-

ciency [1–6]. Comparing to one-way half-duplex relaying, bidirectional relaying is a

spectrally efficient protocol to simultaneously communicate between two users [4, 5].

The two widely used relaying protocols in one-way relaying – amplify-and-forward

(AF) and decode-and-forward (DF) [2, 3] – are naturally inherited by the two-way

relaying. Attracted by the benefits of lower complexity and easier implementation,

AF protocol is more desirable for practical consideration if compared to DF.

Typically, AF two-way relaying consists of two sources transmitting information

simultaneously to the relay in the first phase, and the relay amplifying the received

signals and broadcasting in the second phase. The process of linear amplifying the

sum signal received from both sources and then retransmitting the resulting signal

is also referred to as analogy network coding (ANC). The essential of ANC relies on

the observation that the collision at the relay in the first phase is totally harmless,

and that the so-called self-interference can be removed from the received signals at

the sources before data detection since both sources know their own transmitted

signals. The ANC has been extensively employed in the AF two-way relay network

(TWRN) [6–12].

1.1 Motivation and Related Work

In practice, channel state information (CSI) must be estimated, and therefore estima-

tion error exists. So it is important to study the influence of channel estimation error

on the system performance in AF TWRN. Furthermore, the strategies to enhance the
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performance and combat the channel uncertainty resulting from the estimation error

are also of practical interest. In this section, the related work in the literature for AF

ANC-based TWRN has been investigated, which demonstrates the lack of research in

the area of performance analysis and enhancement with imperfect CSI, and motivates

the work of this thesis.

1.1.1 Two-Way Distributed Relay Network

In the presence of multiple single-antenna relays, channel estimation for TWRN has

been comprehensively studied [6,13]. In [13], the training sequences from two source

nodes are designed to minimize the mean-square error (MSE) of channel estimation

according to zero forcing criterion. Gao, et. al. in [6] propose two channel estimators

for the AF TWRN – the maximum-likelihood estimator and the linear maximum

signal to noise ratio estimator. In these papers, the impact of inaccurate channel

estimation is measured by how well the estimator can approximate the actual channels

in the MSE sense.

Another line of research has been focused on power allocation (PA) for TWRN

[9, 10]. In [9], a PA scheme taking into account the trade-off of outage probability

between the two terminals for a single relay TWRN is presented. Adaptive PA al-

gorithms are proposed in [10] to maximize the instantaneous sum rate and minimize

the system outage probability for multi-relay systems. In the presence of multiple

relays, single relay selection (RS) is exploited in [10] to further improve the system

performance. Similar to one-way relay network (OWRN), performing RS in TWRN is

attractive due to its superior rate performance and cost effectiveness in implementa-

tion. Several RS schemes in an AF TWRN with the two-step transmission procedure

are studied in [11], including best-relay selection, best-worse-channel selection, and

maximum-harmonic-mean selection. All these RS schemes can achieve the full diver-

sity order. Researchers in [12] propose a simple suboptimal min-max criterion for RS

where a single relay that minimizes the maximum symbol error rate between the two

sources is selected. Although most papers consider PA and RS to improve the system

performance, they often assume perfect self-interference cancellation under perfect

CSI condition.

It’s not difficult to find that the existing work on imperfect CSI all consider

OWRN [14–16]; while those for TWRN only take into account the design of channel

estimators. To the best of our knowledge, performance analysis of TWRN and further
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enhancement by PA with imperfect CSI have not yet been studied.

1.1.2 Two-Way MIMO Relay Network

Since multiple-input-multiple-output (MIMO) systems are able to support high-data

rates by combating fading and interference, it is reasonable to exploit the advantages

of MIMO systems by accommodating multiple antennas at the relay node. Hence,

by introducing MIMO relay to assist the single-antenna sources communicating with

each other, the system can achieve impressive spectral efficiency improvements and

provide significant throughput gains.

The optimization of the AF MIMO relay precoder is extensively studied in [17–19].

In [17], the ANC-based two-way relay channel is considered and the optimal structure

for MIMO relay to achieve the capacity region is presented. Li, et. al. in [18] extend

to the relaying scheme that is suitable for any configurations of relays or antennas, and

design the relay precoder to minimize the MSE between the received and transmitted

signals with sum power constraints on all relays. In [19], the sources are equipped

with multiple antennas instead of a single antenna, so by using the minimum MSE

receivers the joint optimization of both the source and relay precoders with respect

to either minimal weighted sum-MSE or maximum weighted sum-rate of bidirectional

links is investigated. All optimal precoder design methods mentioned above assume

perfect self-interference cancellation under perfect CSI condition.

In practice, CSI needs to be estimated at the receiver by using a training se-

quence and fed back to the transmitter. In time division duplexing (TDD) systems,

the reverse-link estimation is possible at the transmitter by exploiting the channel

reciprocity [20]. Therefore, the error always exists in CSI due to various sources of

imperfection, such as estimation Gaussian noise, quantization errors, and interference

through the feedback channel. The optimal designs based upon the perfect CSI are

extremely sensitive to channel errors, which results in system performance degrading.

In fact, developing optimal designs that are robust to channel uncertainty is not a

new topic in one-way relaying, and can be found in the literature [21–23]. Chalise, et.

al. in [21] provide a robust design of MIMO relay precoder taking into account the

channel uncertainty for a system with multiple source-destination pairs assisted by a

single MIMO relay station, and further extend this work to multiple multi-antenna

relays in [22]. In [23], the same system as in [21] is considered, and the MIMO relay

precoder as well as the destination filters are jointly designed to provide robustness
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to errors in CSI, and both stochastic error model and norm-bounded error model are

investigated.

In the literature, the robust design in the presence of imperfect CSI in two-way

MIMO relay network is still a complete blank, but its research significance mandates

a thorough and timely study.

1.2 Contributions

The main contributions of this thesis are summarized as follows.

First of all, the two-way distributed relay network consisting of a pair of commu-

nicating sources and multiple single-antenna relays is considered. Under imperfect

channel condition, the system performance of outage probability and average bit-

error rate (BER) are analyzed. It’s worth to note that we take into account both the

imperfect self-interference cancelation and imperfect data detection due to the CSI

estimation error. Furthermore, instead of employing all relays, we also examine the

impact of imperfect CSI on a single RS scheme. To mitigate the negative impact of

imperfect CSI, we show that PA by minimizing either the outage probability or the

BER can be suitably casted as the Geometric Programming (GP) problem.

Secondly, we exploit a single MIMO relay station to substitute the multiple single-

antenna relays in the aforementioned AF TWRN, and investigate the problem of

designing the MIMO relay precoder by taking into account the imperfect CSI. We

design the MIMO relay based upon the CSI estimates, where the estimation errors are

included to attain the robust design under the worst-case philosophy. In particular,

the worst-case transmission power at the MIMO relay is minimized while guaranteeing

the worst-case quality of service (QoS) requirements that the received signal-to-noise

ratio (SNR) at both sources are above a prescribed threshold value. The optimization

problem turns out nonconvex, and we resort to the semidefinite relaxation (SDR)

coupled with the randomization technique to obtain computationally efficient high-

quality approximate solutions.

1.3 Thesis Outline

The rest of this thesis is organized as follows:

Chapter 2 analyzes the system outage probability and average BER of the AF dis-
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tributed TWRN in the presence of CSI estimation errors, as well as their asymp-

totic performance. Thereafter, the maximum minimum (Max-Min) single RS

scheme is presented to improve the rate performance. Finally, the adaptive PA

is proposed to further mitigate the effect of imperfect CSI on system perfor-

mance.

Chapter 3 considers the two-way MIMO relay network, and designs the AF MIMO

relay that provides robustness to the channel uncertainty resulting from the

estimation error by using the worst-case approach. Designing the robust MIMO

relay turns out to be a nonconvex optimization problem. This chapter shows

that the original optimization problem can be reformulated and then relaxed

to a convex problem that can be solved using interior point methods. Then

the randomization loop is carried out to obtain an approximate solution to the

original problem.

Chapter 4 concludes the thesis and suggests possible future work.
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Chapter 2

Impact of Channel Estimation

Error on the Performance of AF

Two-Way Distributed Relaying

In this chapter, we consider an AF ANC-based TWRN with a pair of communicating

sources and multiple relays under the influence of CSI estimation error. The CSI

estimation error is modeled as the actual channel plus a complex Gaussian random

variable (CGRV) as in [15, 16]. The source is assumed to have obtained an estimate

of its own channel so that it can perform the self-interference cancellation prior to

maximal ratio combining (MRC) from all relays to improve its decision statistics. We

take into account both the imperfect self-interference cancellation and the imperfect

data detection due to CSI estimation error. We first derive the effective end-to-end

SNR after self-interference cancellation and MRC. From this, we then derive both

the outage probability and system BER, as well as their asymptotic expressions.

Furthermore, we examine the impact of imperfect CSI on RS. To mitigate the negative

impact of imperfect CSI, we also show that PA by minimizing either the outage

probability or the average BER can be suitably cast as a GP [24–26] problem which

can be solved by efficient convex programming technique [27]. Numerical results

show the correctness of the derived expressions, and demonstrate that the adaptive

PA outperforms the equal PA scheme.

The remainder of the chapter is organized as follows. Section (Sec.) 2.1 introduces

the system model under consideration. Sec. 2.2 derives the effective SNRs under

CSI estimation error, and together with both the outage probability and the BER
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Figure 2.1: System model for AF two-way distributed relay network.

expressions. RS with imperfect CSI is studied in Sec. 2.3, and the corresponding

outage probability and average BER performance when considering estimation error

are determined. In Sec. 2.4, adaptive PA scheme is formulated as a GP problem to

improve the performance under imperfect CSI. Numerical results are given in Sec. 2.5,

and Sec. 2.6 concludes this chapter.

2.1 System Model

We consider a two-way AF relay-assisted system consisting of two sources A and B,

and J relays R1, R2, . . . , RJ . As shown in Fig. 2.1, there is no direct link between A

and B, and they exchange information with the help of J relays. We assume that

the TWRN operates under TDD mode, which means both the uplink and downlink

channels occupy the same frequency slot, but are differentiated in a time duplex

manner in information exchange. In the system herein, we consider a two-phase

cooperative strategy where the first phase involves the pair of sources broadcasting

to all of the relays. The second phase is where each individual relay retransmits, in

an orthogonal manner, its scaled information to the sources. During Phase I, both

sources A and B broadcast their information simultaneously in the first time slot,

which is also referred to as ANC in the literature [6, 9–12]. The signals received at
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the relays are

ri =
√

PAhixA +
√

PBgixB + nri , i = 1, 2, . . . J, (2.1)

where xA and xB denote the transmitted signals with unit average energy, i.e.,

E[|xA|2] = 1 and E[|xB|2] = 1, and PA, PB are the transmission powers of A and

B. Variables hi and gi are discrete baseband equivalent channel coefficients for both

sides of the link to the ith relay, as indicated in Fig. 2.1. The channel coefficients

hi, gi are modeled as CGRVs with zero-mean and variances σ2
hi

and σ2
gi
, respectively,

i.e., hi ∼ CN (0, σ2
hi
), gi ∼ CN (0, σ2

gi
). Parameter nri is circularly symmetric additive

white Gaussian noise (AWGN) with variance Nri , i.e., nri ∼ CN (0, Nri).

In Phase II, all relays simply amplify the received signals and retransmit to either

source. Let the estimates of channel coefficients for both links to the ith relay be ĥi

and ĝi. We assume that both pairs hi, ĥi and gi, ĝi can be modeled as jointly ergodic

and stationary Gaussian processes. The relations between the actual channels and

the estimated channels are given by

hi = ĥi + ehi
, and gi = ĝi + egi, (2.2)

where ehi
and egi are the channel estimation errors following the distribution of

CN (0, σ2
ehi

) and CN (0, σ2
egi
), respectively. Note that ehi

and ĥi are independent if

ĥi is the minimum mean square error estimation of hi. In this thesis, we consider in-

dependent ehi
and ĥi and independent egi and ĝi. Therefore, ĥi and ĝi are distributed

as CN (0, σ2
hi
− σ2

ehi
) and CN (0, σ2

gi
− σ2

egi
). Note that σ2

ehi
and σ2

egi
are parameters

that indicate the quality of the channel estimation schemes.

Now, for the ith (i = 1, 2, . . . J) relay in Phase II, it scales its received signal by

a factor βi and retransmits in the (i + 1)th time slot. We exploit the instantaneous

power scaling factor βi [2,3,9,10,15,16] that is chosen to scale the transmission power

at the ith relay to unity, i.e.,

βi =

√

Pri

PA(|ĥi|2 + σ2
ehi

) + PB(|ĝi|2 + σ2
egi
) +Nri

, (2.3)

where Pri is the transmission power of the ith relay. Because βi varies depending on

the instantaneous CSI, the relay using βi defined in (2.3) is called variable gain relay.
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The signals received by the two sources from the ith relay are

yA,i =
√

PAh
2
iβixA +

√

PBhigiβixB + hiβinri + nA,i,

yB,i =
√

PBg
2
i βixB +

√

PAhigiβixA + giβinri + nB,i,
(2.4)

where nA,i and nB,i denote the AWGN of the relay-source channels with variance NA,i

and NB,i, respectively. Then the self-interference can be cancelled as zA,i = yA,i −√
PAĥ

2
iβixA and zB,i = yB,i−

√
PBĝ

2
i βixB. The self-interference cannot be completely

removed due to imperfect CSI even if the sources know their own transmitted data.

To this end, we consider the case where the cancellation of self-interference will lead

to some new interference terms.

Note that each relay needs the CSI hi and gi to form the instantaneous power

scaling factor, and each source needs the corresponding link CSI hi and gi to remove

self-interference and perform the subsequent combining and detection. In this chapter,

we assume the CSI estimates used at the relay and the sources are identical, which

can be realized as follows. Each link CSI is estimated once at the relay by employing

pilots at the sources, e.g., estimators from [6,13]. The relay then forwards the channel

estimates to both sources. The manners as to how CSI is estimated and how it can

be forwarded are beyond the scope of this thesis.

2.2 Performance Analysis on Impact of CSI Esti-

mation Error

In this section, we will first determine the effective total SNRs at the sources. Based

on the effective SNRs, we then derive both the outage probability and average BER

under the impact of CSI estimation error. We validate our derivation with simulation

results in Sec. 2.5.
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2.2.1 End-to-End SNR for Relay Links with Estimation Er-

ror

The received signals after self-interference cancellation at two sources can be expressed

as

zA,i =
√

PBhigiβixB + hiβinri + nA,i +
√

PAh
2
iβixA −

√

PAĥ
2
iβixA

︸ ︷︷ ︸

ntot
A,i

,

zB,i =
√

PAhigiβixA + giβinri + nB,i +
√

PBg
2
i βixB −

√

PB ĝ
2
i βixB

︸ ︷︷ ︸

ntot
B,i

,
(2.5)

for i = 1, 2, . . . J , where ntot
k,i (k ∈ {A,B}) is defined as the total noise on the ith relay

branch at source k with power N tot
k,i given in (2.7).

At the source k, MRC is performed to improve the decision statistics by jointly

combining the received signals zk,i from all relays after self-interference cancellation.

By multiplying the MRC weight wk,i, the combiner output at k can be written as

Zk =
J∑

i=1

Zk,i =
J∑

i=1

wk,izk,i, (2.6)

where

wA,i =

√
PBĥ

∗
i ĝ

∗
i βi

N tot
A,i

, and wB,i =

√
PAĥ

∗
i ĝ

∗
i βi

N tot
B,i

,

N tot
A,i = |ĥi|2β2

i Nri +NA,i + 4PA|ĥi|2σ2
ehi

β2
i + 2PAσ

4
ehi

β2
i ,

N tot
B,i = |ĝi|2β2

i Nri +NB,i + 4PB|ĝi|2σ2
egi
β2
i + 2PBσ

4
egi
β2
i .

(2.7)

We first consider the transmission from B to A. By replacing (2.2) in ZA,i, the

MRC output of the ith relay link in terms of the estimated channel coefficients ĥi, ĝi,

and the estimation errors ehi
, egi, is given by

ZA,i = wA,i

[√

PB(ĥi + ehi
)(ĝi + egi)βixB + (ĥi + ehi

)βinri + nA,i +
√

PA(2ĥiehi
+ e2hi

)βixA

]

,

(2.8)

where βi, wA,i, N
tot
A,i are given by (2.3) and (2.7), respectively. The last term in (2.8)

results from the imperfect self-interference cancellation due to channel estimation

error.
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Then, (2.8) can be divided into the signal, the channel estimation error and noise

parts, which are given respectively as,

sA,i =
PBβ

2
i |ĥi|2|ĝi|2
N tot

A,i

xB, (2.9)

ǫA,i =
PBβ

2
i ĥ

∗
i ĝ

∗
i

N tot
A,i

(ĥiegi + ĝiehi
+ ehi

egi)xB +

√
PA

√
PBβ

2
i ĥ

∗
i ĝ

∗
i

N tot
A,i

(2ĥiehi
+ e2hi

)xA,

(2.10)

ηA,i =

√
PBβiĥ

∗
i ĝ

∗
i

N tot
A,i

(βiĥinri + βiehi
nri + nA,i). (2.11)

Using the property of mutual independence among ĥi, ĝi, ehi
, egi , nri and nA,i

[15,16], we can obtain the variance of the sum of (2.10) and (2.11). Thus, the effective

SNR for the ith relay link can be derived as

γeff
A,i =

PBPri |ĥi|2|ĝi|2
PB|ĝi|2(Priσ

2
ehi

+NA,i) + Pri|ĥi|2(PBσ2
egi

+Nri) + PA|ĥi|2NA,i + 4PAPri|ĥi|2σ2
ehi

+ κi

,

(2.12)

where κi = PBPriσ
2
ehi

σ2
egi

+2PAPriσ
4
ehi

+Priσ
2
ehi

Nri+PAσ
2
ehi

NA,i+PBσ
2
egi
NA,i+NA,iNri .

It should be noted that both (2.10) and (2.11) comprise of two Gaussian random

variables (r.v.’s) multiplying together, which would result in total noise not being

Gaussian. However, the result of this multiplication will not have a drastic effect on

performance since it is of small value in practice where both estimation error and

noise variances are small1.

The form of (2.12) is not easily tractable. However, assuming both estimation

error and noise variances are relatively small in practical system operating range,

e.g., by transmitting a large number of pilots at medium to high SNR2, the last four

terms of κi can be ignored. Similarly, the first and second terms can also be ignored

since they are the product of two estimation error variances. Hence, κi approaches a

very small number at high SNR, and can be negligible compared to other terms in

1Low estimation error and noise variances can be realized by transmitting a number of pilots at
medium to high SNR.

2The variance of estimation error can be modeled as a deceasing function of both SNR and the
length of training sequences K, that is, σ2

e = 1
K·SNR [28]. So the impact of the last four terms of κi

on (2.12) is insignificant if K > 10.
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the denominator3. Therefore, (2.12) can be simplified to

γeff
A,i ≃

γ̂1,i γ̂2,i

γ̂1,i

(

1 +
Pri

σ2
ehi

NA,i

)

+ γ̂2,i

(

1 +
PBσ2

egi

Nri

)

+ γ̂3,i

(

1 +
4Pri

σ2
ehi

NA,i

) , (2.13)

where γ̂1,i :=
PB|ĝi|2
Nri

and γ̂2,i :=
Pri

|ĥi|2
NA,i

are the estimated SNRs for the link from B

to Ri and from Ri to A, respectively; and γ̂3,i :=
PA|ĥi|2
Nri

is the estimated SNR for the

link from A to Ri. We also define γ̂4,i :=
Pri

|ĝi|2
NB,i

as the estimated SNR of the link

from Ri to B.

By observing the definition of γ̂2,i and γ̂3,i, we obtain the relationship of them as

γ̂3,i = γ̂2,i
PA

Pri

NA,i

Nri

. (2.14)

Using (2.14) to subsitute γ̂2,i for γ̂3,i, (2.13) can be further simplified in the form of

the harmonic mean as

γeff
A,i ≃

γeff
1,iγ

eff
2,i

γeff
1,i + γeff

2,i

, (2.15)

where

γeff
1,i :=

γ̂1,i
(

1 +
PBσ2

egi

Nri

+ PA

Pri

NA,i

Nri

+
4PAσ2

ehi

Nri

) , and γeff
2,i :=

γ̂2,i
(

1 +
Pri

σ2
ehi

NA,i

) .
(2.16)

It can be easily seen that the instantaneous effective SNRs γeff
1,i and γeff

2,i are independent

and exponentially distributed with mean respectively as

E[γeff
1,i] := γ̄eff

1,i =
PB(σ

2
gi
− σ2

egi
)

PBσ2
egi

+ PA

Pri

NA,i + 4PAσ2
ehi

+Nri

,

E[γeff
2,i] := γ̄eff

2,i =
Pri(σ

2
hi
− σ2

ehi
)

Priσ
2
ehi

+NA,i

.

(2.17)

Similarly, we can derive the effective SNR of the ith relay branch at source B for

3Through Monte Carlo simulations, the MSE between (2.12) and (2.13) is close to zero under all
SNR range at σ2

ehi
= σ2

egi
≤ 0.01. Therefore, this approximation can be safely used for practical

purposes.
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data transmission from A as

γeff
B,i =

γ̂3,i γ̂4,i

γ̂3,i

(

1 +
Pri

σ2
egi

NB,i

)

+ γ̂4,i

(

1 +
PAσ2

ehi

Nri

+ PB

Pri

NB,i

Nri

+
4PBσ2

egi

Nri

) . (2.18)

For the MRC in (2.6) at the source, the effective combiner output SNR is then

the sum of effective SNRs on each relay branch. Thus, the total effective SNRs at

both sources can be written mathematically as

γeff
A =

J∑

i=1

γeff
A,i, and γeff

B =
J∑

i=1

γeff
B,i. (2.19)

2.2.2 Outage Probability Analysis

In the AF TWRN, an outage of any two sources will cause an overall outage. We

denote the probability that the instantaneous capacity falls below certain rate for the

source k (k ∈ {A,B}) as Pr{Ck < Rk}, where Ck and Rk are the instantaneous rate

and the target transmission rate for k, respectively. Then we can write the overall

outage probability of the AF TWRN as

Pout = Pr{CA < RA}+ Pr{CB < RB} − Pr{CA < RA, CB < RB} (2.20)

≃ Pr{CA < RA}+ Pr{CB < RB} − Pr{CA < RA}Pr{CB < RB}. (2.21)

where

Pr{Ck < Rk} = Pr

{

1

(J + 1)
log2

(

1 +
J∑

i=1

γeff
k,i

)

< Rk

}

= Pr

{
J∑

i=1

γeff
k,i < γth,k

}

(2.22)

is the outage probability at source k denoted by P k
out, γth,k = 2(J+1)Rk −1 is the outage

threshold, and the factor 1/(J + 1) is due to the two-phase transmission in (J + 1)

time slots. Considering the dependency between CA and CB [29], a tight upper bound

can be derived for Pr{CA < RA, CB < RB} by using a similar approach to [29] for the

single relay case. For the multiple relay case, the derivation of Pr{CA < RA, CB <

RB} is not tractable due to the sum term
∑J

i=1 γ
eff
k,i in (2.22). However, (2.21) can
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be used to approximate the system outage probability4. Moreover, the last term in

(2.20) and (2.21) can be ignored in the asymptotically high SNR region.

Due to the symmetry of the end-to-end SNRs at two sources, we determine the

closed-form expression of Pr{CA < RA}, and similar approach can be applied to

obtain Pr{CB < RB}. In order to find the outage probability, we need to derive the

probability density function (p.d.f.) or cumulative density function (c.d.f.) of variable

γeff
A =

∑J
i=1 γ

eff
A,i. Since γeff

A,i is the harmonic mean of two exponential r.v.’s given

in (2.16), let X1,i = γeff
1,i and X2,i = γeff

2,i be two independent exponential r.v.’s with

parameters β1,i = 1/γ̄eff
1,i and β2,i = 1/γ̄eff

2,i. By using [30, Theorem 1], the c.d.f. of γeff
A,i

is given by

Pr{γeff
A,i < s} = 1− 2s

√

β1,iβ2,ie
−s(β1,i+β2,i)K1

(

2s
√

β1,iβ2,i

)

, (2.23)

where K1(·) is the first order modified Bessel function of the second kind [31]. The

function K1(·) can be approximated as K1(x) ≃ 1/x for small x [31]. Therefore, at

high SNR, we can approximate γeff
A,i as an exponential r.v. with rate λA,i = 1/γ̄eff

1,i +

1/γ̄eff
2,i. The c.d.f. of γeff

A,i is then Pγeff

A,i
(s) = Pr{γeff

A,i < s} = 1− e−λA,is.

Now, γeff
A becomes the sum of J independent exponential r.v.’s γeff

A,i. Assuming the

λA,i’s to be distinct, the c.d.f. of γeff
A can be obtained to be [32]

Pr{γeff
A < s} ≃

J∑

i=1

(
J∏

m=1,m6=i

λA,m

λA,m − λA,i

)

(1− e−λA,is). (2.24)

If the λA,i is the same, denoted by λA, then γeff
A follows Gamma distribution with

scale 1/λA and shape factor J , i.e., γeff
A ∼ Γ(J, 1/λA), where Γ(a, b) is the Gamma

distribution with shape factor a and scale b. Note that both distinct and identical

λA,i cases are special cases of the general form where some of λA,i’s are the same

and others are different. These two cases are in fact portraying two extreme network

topologies in cooperative communications5 which can encompass the two extreme

ends of performance under imperfect CSI with all other different λA,i combinations

falling in between. The general case is not included here, but it is straightforward

4Through Monte Carlo simulations, the difference between (2.20) and (2.21) is shown to be small
in the whole SNR range for the multiple relay case, so the approximation in (2.21) has negligible
effect on the performance.

5The first case where λA,i’s are different can be an example of where mobiles are used as relays
whereas the second case in which λA,i’s are identical can be an example of where a fixed relay station
with closely grouped antennas is used to relay information.
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to extend our analysis to include the general form. For the interested readers, the

p.d.f. of γeff
A with some distinct and some identical λA,i’s can be found in [33].

Furthermore, in fading channels, the error performance is dominated by the prob-

ability of having deep fades, which in turn pertains to the behavior of the p.d.f. of

the effective SNR at A, pγeff

A
(s), around zero. Therefore, by differentiating (2.24) and

using Taylor series to expand pγeff

A
(s), the p.d.f. of γeff

A can be written in the form of
∑J−1

n=0 p
(n)

γeff

A

(0)sn/n! + o(sJ), the expansion of pγeff

A
(s) at the origin6. That is

pγeff

A
(s) =

J−1∑

n=0

(
J∑

i=1

(
J∏

m=1,m6=i

λA,m

λA,m − λA,i

)

λn+1
A,i

)

(−1)n

(n)!
sn + o(sJ). (2.25)

Since the r.v. γeff
A is the sum of J r.v.’s of γeff

A,i, which is the harmonic mean of γeff
1,i

and γeff
2,i, it can be shown that the derivatives of pγeff

A
(s) evaluated at zero up to order

(J−2) are zero, while the (J−1)th order derivative is given by
∏J

i=1

(

pγeff

1,i
(0) + pγeff

2,i
(0)
)

[34, Proposition 1, 2]. So we have the coefficients of sn to be zero for n ∈ [1, J − 2],

and the coefficient of sJ−1 to be
∏J

i=1

(
1/γ̄eff

1,i + 1/γ̄eff
2,i

)
. Then by integrating pγeff

A
(s),

the asymptotic outage probability at A can now be expressed as

PA
out(γth,A) = Pr{γeff

A < γth,A} ≃ 1

J !
·

J∏

i=1

(

1

γ̄eff
1,i

+
1

γ̄eff
2,i

)

γJ
th,A. (2.26)

2.2.3 Average BER Analysis

The average BER depends on the effective combiner output SNR of the source. Simi-

lar to the outage analysis, we will only derive the BER performance at source A. From

(2.19), the effective SNR at the combiner output for A is the sum of effective SNRs

on each relay branch from B to A. Under M-ary phase shifted keying modulation,

the BER experienced by source A can be expressed as [35]

Pe,A =
2

π log2M

∫ π/2

0

J∏

i=1

MA,i(s) dθ, (2.27)

where s := − gpsk
sin2 θ

, gpsk := sin2(π/M), and MA,i(·) is the moment generating function

(MGF) of the fading distribution contributed through the ith relay branch to source

6We write a function f(x) of x as o(x) if limx→0 f(x)/x = 1, and denote f (n)(0) as the nth order
derivative of f(x) evaluated at x = 0.
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A. Therefore, we need the MGF expression of γeff
A,i which is the harmonic mean of

two exponentially distributed r.v.’s, γeff
1,i and γeff

2,i, with means given in (2.17).

By using the closed-form MGF expression of the harmonic mean from [36, Theo-

rem 4], the average BER in (2.27) can be derived as

Pe,A =
2

π log2M

∫ π
2

0

J∏

i=1

(
(β1,i − β2,i)

2 + (β1,i + β2,i)
gpsk
sin2 θ

∆2

+
2β1,iβ2,igpsk
∆3 sin2 θ

ln
(β1,i + β2,i +

gpsk
sin2 θ

+∆)2

4β1,iβ2,i

)

dθ,

(2.28)

where ∆ =
√

(β1,i − β2,i)2 + 2(β1,i − β2,i)
gpsk
sin2 θ

+
( gpsk
sin2 θ

)2
.

Eq. (2.28) can be easily calculated via numerical integration. In order to see

the effect of the system parameters more clearly, (2.28) can be approximated by an

asymptotic bound given by

Pe,A ≃ 2

π log2M

∫ π
2

0

sin2J θ

sin2J(π/M)
dθ

J∏

i=1

(

1

γ̄eff
1,i

+
1

γ̄eff
2,i

)

(2.29)

by invoking the asymptotic property of [36, Theorem 4] together with the linearity

of the MGF.

The BER at source B, Pe,B, can be obtained similarly. Finally, the average system

BER can be described as Pe = (Pe,A + Pe,B)/2.

2.3 Max-Min Relay Selection

Although all participating relaying as studied in Sec. 2.2 has been demonstrated to

provide spatial diversity to combat wireless fading, it is of a lower achievable rate due

to the use of orthogonal time slots in TDD mode. RS can be exploited to further

improve the spectral efficiency while maintaining the spatial diversity. The optimal

RS [12] should choose the relay minimizing the system BER as

i∗ = argmin
i
{BER(γeff

A,i|ĥi, ĝi),BER(γ
eff
B,i|ĥi, ĝi)}. (2.30)

However, the optimal RS is hard to implement and its performance is analytically

intractable. Since the system BER is typically dominated by the worse user, a subop-

timal RS [12, 37] is proposed to minimize the higher BER in the pair sources, which
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is formulated as

i∗ = argmin
i

max{BER(γeff
A,i|ĥi, ĝi),BER(γ

eff
B,i|ĥi, ĝi)}. (2.31)

The suboptimal RS in (2.31) can be further equivalently formulated in terms of the

instantaneous effective received SNRs at sources as

i∗ = argmax
i

min[γeff
A,i, γ

eff
B,i], (2.32)

which is referred to as maximum minimum RS (Max-Min RS ). The Max-Min RS

chooses the “best relay” as one that maximizes the minimum of the two instanta-

neous effective SNRs for the pair sources, which coincides with the best-worse-channel

selection [11,37]. Equivalently, the Max-Min RS minimizes the maximum error prob-

ability of two-way communication through the selected best-relay link rather than

the average BER of the two sources. Comparing to other RS schemes, Max-Min RS

not only achieves full diversity but is also easier to implement and achieves nearly

the same BER performance as other RS schemes [11]. In this section, we examine

the effect of imperfect CSI under the Max-Min single RS scheme to improve the rate

performance.

2.3.1 Outage Probability Analysis for Max-Min RS

First, we determine the outage probability under the Max-Min RS when the channel

estimation error exists. Since either γeff
A,i < 22RA − 1 or γeff

B,i < 22RB − 1 will cause

a system outage, under the assumption that RA = RB the overall system outage

probability with this Max-Min RS scheme is

PRS
out = Pr

{
min

[
γeff
A,i∗ , γ

eff
B,i∗

]
< γRS

th

}

=

J∏

i=1

Pr
{
min

[
γeff
A,i, γ

eff
B,i

]
< γRS

th

}

=
J∏

i=1

(
Pr
{
γeff
A,i < γRS

th

}
+ Pr

{
γeff
B,i < γRS

th

}

−Pr
{
γeff
A,i < γRS

th , γeff
B,i < γRS

th

})
,

(2.33)

where γRS
th = 22RA − 1 is the outage threshold, and Pr{γeff

k,i < γRS
th } = 1− e−λk,iγ

RS
th for

k ∈ {A,B}, and Pr
{
γeff
A,i < γRS

th , γeff
B,i < γRS

th

}
is derived in Appendix A.
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In the high SNR regime, we can approximate PRS
out as

∏J
i=1(Pr

{
γeff
A,i < γRS

th

}
+

Pr
{
γeff
B,i < γRS

th

}
). Moreover, based on the fact that limX→0(1 − e−X ) = X , the

asymptotic outage probability can be derived as

PRS
out ≃

J∏

i=1

((
1/γ̄eff

1,i + 1/γ̄eff
2,i

)
γRS
th +

(
1/γ̄eff

3,i + 1/γ̄eff
4,i

)
γRS
th

)
. (2.34)

2.3.2 Average BER Analysis for Max-Min RS

Define PRS
e,u = max{Pe,{A,i∗}, Pe,{B,i∗}} as the higher BER of the two-way communica-

tion sources, where Pe,{k,i∗} (k ∈ {A,B}) is the BER at source k when relay i∗ is the

best relay selected. Note that PRS
e,u is an upper bound of the exact average system

BER given by PRS
e = (Pe,{A,i∗} + Pe,{B,i∗})/2. Under the Max-Min RS, the upper

bound PRS
e,u is minimized. In this subsection we derive the average BER upper bound

expression for tractable analysis.

Conditioned on the instantaneous received SNR, the BER of a linear modulation

format under AWGN can be approximated as Q(
√
cγR) [38], where Q(·) is Gaussian-

Q function, Q(x) = 1√
2π

∫∞
x

e−t2/2dt, c is a constant determined by the modulation

format, e.g., c = 1 for quadrature c shifted keying (QPSK) constellation, and γR

represents the received SNR per symbol.

For the Max-Min RS, let γR denote the worse received SNR of the pair sources

communicating through the selected best-relay link, formulated as γR = max
i

min[γeff
A,i, γ

eff
B,i]

where i = 1, · · · , J . Since both γeff
A,i and γeff

B,i follow exponential distribution with the

rate λA,i = 1/γ̄eff
1,i + 1/γ̄eff

2,i and λB,i = 1/γ̄eff
3,i + 1/γ̄eff

4,i, the c.d.f. of γR can be easily

derived from (2.33) as

Pr{γR < s} ≃
J∏

i=1

(1− e−(λA,i+λB,i)s). (2.35)

Furthermore, under independent and identically distributed (i.i.d.) channel scenario

for both sides of relays, λk,i is the same for i = 1, · · · , J , and hence denoted by λk,

where k ∈ {A,B}. Thus,

Pr{γR < s} ≃ (1− e−(λA+λB)s)J . (2.36)

By introducing a new r.v. with standard Normal distribution X ∼ N (0, 1), the
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average system BER upper bound can be rewritten as [39]

PRS
e,u = Pr{X >

√
cγR} = Pr

{

γR <
X2

c

}

= E

[

FγR

(
X2

c

)]

=

∫ ∞

0

FγR

(
X2

c

)

fX(x)dx.

(2.37)

By substituting (2.36) into (2.37) and using Binomial theorem to expand (2.36)

and the fact that
∫∞
0

e−q2x2

dx =
√
π/2q [40], we obtain

PRS
e,u =

∫ ∞

0

(1− e−(λA+λB)x2/c)J
1√
2π

e−x2/2dx

=
1

2
√
2

J∑

k=0

(
J

k

)

(−1)k
(
(λA + λB)k

c
+

1

2

)−1/2

.

(2.38)

In the high SNR regime, we can also exploit the fact that limX→0(1 − e−X ) = X
to approximately calculate (2.35) as

∏J
i=1((λA,i + λB,i)s). Recalling (2.37) and X ∼

N (0, 1), the asymptotic average BER upper bound can be written as

PRS
e,u ≃

∫ ∞

0

J∏

i=1

(
(λA,i + λB,i)x

2/c
) 1√

2π
e−x2/2dx

=
(2J − 1)!!

2

J∏

i=1

(
λA,i + λB,i

c

)

,

(2.39)

where the last equation is based on the fact that
∫∞
0

x2ne−kx2

dx = (2n−1)!!
2(2k)n

√
π
k
[40].

2.4 Performance Enhancement by Adaptive Power

Allocation

In this section, we show how performance degradation due to imperfect CSI can

be mitigated by adaptive PA. We consider both cases of PA by minimizing either

the outage probability or the average BER subject to both the total and individual

power constraints. However, the minimization problems are not easy to solve due to

the nonconvexity of the expressions in (2.24), (2.28), (2.33), and (2.38). In order to

make the PA problem more tractable, we instead design the PA scheme by minimizing

the asymptotic outage or BER expressions and use GP to address this.
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2.4.1 Geometric programming

Geometric programming is a class of nonlinear, nonconvex optimization problem

which can provide a global solution since it can be turned into a convex optimiza-

tion problem [24–26]. In its standard form GP involves minimization of a mono-

mial/posynomial7 function subject to (s.t.) posynomial upper bound inequality and

monomial equality constraints. The transformation to its convex form can be done

with a logarithmic change of variables8. Then, recognizing that in its convex form

GP is indeed convex since log-sum-exp function is convex [24,25], GP can be readily

solved by convex optimization technique [24]. For a greater in-depth look into the

GP problems and its use in power control and communications problems please refer

to [24–26].

2.4.2 Adaptive PA for Multiple Relays

By observing the asymptotic expressions of (2.26) and (2.29), we notice that both

terms contain the form of 1/γ̄eff
1,i + 1/γ̄eff

2,i, which is a generalized posynomial in terms

of PA, PB, and Pri. Similar observation can be made to PB
out(γth,B) and Pe,B which

all contain the term 1/γ̄eff
3,i + 1/γ̄eff

4,i that is again a posynomial in terms of PA, PB,

and Pri. Then by introducing the auxiliary variables (tA,i, tB,i), and recognizing that

posynomials are closed under addition, multiplication and positive scaling [24], the PA

problem based on minimizing the asymptotic Pout approximated as Pout = PA
out+PB

out

or the average BER Pe = (Pe,A + Pe,B)/2, subject to total and individual power

7From [24–26], a function is called monomial when it is defined as f(x) = dxa(1)

1 xa(2)

2 · · ·xa(n)

n ,
where d ≥ 0, and a(j) ∈ R, j = 1, 2, . . . , n. On the other hand, a sum of monomials is called a

posynomial and is given as f(x) =
∑K

k=1 dkx
a
(1)
k

1 x
a
(2)
k

2 · · ·xa
(n)
k

n , where dk ≥ 0, k = 1, . . . ,K, and

a
(j)
k ∈ R, j = 1, . . . , n, k = 1, 2, . . . ,K. Monomials are closed under multiplication and division;

whereas, posynomials are closed under addition, multiplication and positive scaling [24], e.g., division
of a posynomial by monomial is also a posynomial.

8From [24–26], a log transformation of variables to a posynomial f(x) can be realized by sub-
stituting xi = eyi and dk = ebk into the expression and after some manipulations to obtain

p(y) = log
∑K

k=1 exp(bk + a
T
k y), where ak = [a

(1)
k , . . . , a

(n)
k ]T , y = [y1, . . . , yn]

T , and (·)T denotes
the transpose operation. The function p(y) is now affine and is convex. Similar transformation can
be applied to the objective function and its corresponding constraints. For more information please
refer to [24–26].
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constraints, can be formulated as

min
{PA,PB,Pri

}

(
J∏

i=1

tA,i +

J∏

i=1

tB,i

)

,

s.t. (1/γ̄eff
1,i + 1/γ̄eff

2,i)KA ≤ tA,i, (1/γ̄eff
3,i + 1/γ̄eff

4,i)KB ≤ tB,i,

PA + PB +

J∑

i=1

Pri ≤ Ptot,

0 ≤ PA ≤ PMAX
A , 0 ≤ PB ≤ PMAX

B , 0 ≤ Pri ≤ PMAX
ri

, i = 1, . . . , J,

tA,i ≥ 0, tB,i ≥ 0, i = 1, . . . , J,

(2.40)

where Ptot and PMAX
A , PMAX

B , PMAX
ri

are upper bounds on system power and individual

powers, and Kk (k ∈ {A,B}) is a constant and equal to γJ
th,k for outage probability

or 1 for average BER. The optimization problem of (2.40) is a GP problem with

optimization variables of PA, PB, Pri, tA,i, and tBi
in standard form, i.e., minimizing

a posynomial objective function s.t. posynomial upper bound inequality, that can be

transformed into its convex form [24–26] by a log transformation of variables, which

can then be solved efficiently with convex optimization algorithm such as the CVX [27].

2.4.3 Adaptive PA for Max-Min RS

Similarly, based on the asymptotic expressions of (2.34) and (2.39), we can formulate

the adaptive PA problem for Max-Min RS as the following GP problem in standard

form

min
{PA,PB ,PR}

J∏

i=1

(tA,i + tB,i) ,

s.t. (1/γ̄eff
1,i + 1/γ̄eff

2,i)KA ≤ tA,i, (1/γ̄
eff
3,i + 1/γ̄eff

4,i)KB ≤ tB,i,

PA + PB + PR ≤ Ptot,

0 ≤ PA ≤ PMAX
A , 0 ≤ PB ≤ PMAX

B , 0 ≤ PR ≤ PMAX
R ,

tA,i ≥ 0, tB,i ≥ 0, i = 1, . . . , J,

(2.41)

The constant Kk (k ∈ {A,B}) is equal to γRS
th for outage probability or 1/c for average

BER. Once again (2.41) is GP in standard form that can be log transformed into the

convex form and be solved efficiently by CVX.
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2.5 Numerical Results and Discussion

This section provides numerical results to confirm the correctness of our theoretical

analysis. We consider an uncoded QPSK system with either symmetric and asymmet-

ric channels. With symmetric channels, the channels in between sources and relays

are modeled as i.i.d. with an equal variance of 10, i.e., σ2
hi
= σ2

gi
= 10. In asymmetric

channels case, the channels are only i.i.d. from one source to the relays while being

distinct in between both sources to the relays and we let σ2
hi

= 10 and σ2
gi

= 1. In

our simulations, we assume that the error variances are identical across all links, i.e.,

σ2
ehi

= σ2
egi

= σ2
e . Moreover, two different models for channel estimation error are

used: 1) σ2
e is independent of the transmitted SNR, and 2) σ2

e is a decreasing function

of both SNR and the length of training sequences K, formulated as σ2
e = 1

K·SNR
[28].

We further assume that the noise components are i.i.d. with common variance, i.e.,

Nri = NA,i = NB,i = 1, and the target transmission rates are RA = RB = 1 bit per

second per Hz. The results shown are averaged over 1,000 independent trials.

When employing multiple relays, we compare the outage and BER analytical

expressions against simulation for both symmetric and asymmetric channels cases

in Figs. 2.2 through 2.5. The σ2
e is assumed to take values of 0.01 and 0.001 in

Figs. 2.2 to 2.4, and be a deceasing function of the transmitted SNR in Fig. 2.5. The

result of these simulations show that our analysis matches well with the simulation

results and adaptive PA significantly outperforms that of equal PA in asymmetric

channels case. We would like to note that Fig. 2.2 includes both outage and BER

and contains only the equal PA results since the performance gain from adaptive

PA is limited due to the symmetry of the channels. We also plot the performances

with perfect CSI, and observe that the imperfect CSI brings forth irreducible error

floor at high SNR as illustrated in Figs. 2.2 through 2.4, when σ2
e is modeled as a

constant. As shown in Fig. 2.5, when σ2
e is modeled as SNR and K dependent, i.e.,

σ2
e = 1

K·SNR
, we observe both the outage and BER performance with and without

the channel estimation error are deceasing as a function of the transmitted SNR but

preserving a gap, irrespective of the SNR. This performance gap results from the

SNR loss due to the estimation error. The observation of the irreducible error floor

in Figs. 2.2 through 2.4 and preserved performance gap in Fig. 2.5 agrees with the

previous results in OWRN [15,16].

In Figs. 2.6 and 2.7, we plot outage probability and average BER for different

number of relays with a fixed σ2
e of 0.001. It is not surprising to observe that using
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Figure 2.2: Outage Probability and average BER of AF TWRN with two relays using
QPSK modulation. The channels of two relay links are symmetric with variance of
10. Only equal PA is considered.
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Figure 2.3: Outage probability of AF TWRN with two relays. The channels of both
sides of the relays are i.i.d. with variances of 10 between A and Ri and 1 between B
and Ri.
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Figure 2.4: Average BER of AF TWRN with two relays using QPSK modulation.
The channels of both sides of the relays are i.i.d. with variances of 10 between A and
Ri and 1 between B and Ri.
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Figure 2.5: Outage Probability and average BER of AF TWRN with two relays using
QPSK modulation. The channels of both sides of the relays are i.i.d. with variances
of 10 between A and Ri and 1 between B and Ri, and σ2

e = 1
K·SNR

with K = 10.
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more relays achieves a better performance, especially for medium SNRs in which

adding more relays can provide a steeper decaying slope. However, these performance

gains diminish due to the irreducible error floor from CSI error, which ultimately

results in a zero diversity order at high SNR. However, when the channel estimation

error is modeled as a decreasing function of the transmitted SNR, then the system

achieves the same diversity order as in the perfect CSI as illustrated in Fig. 2.5.

Figs. 2.8 and 2.9 illustrate the system outage probability and BER performance

of Max-Min RS under both adaptive and equal PA schemes for σ2
e of 0.01, and 0.001.

By comparing with that of perfect CSI, we observe similarity to the multiple relay

case, namely the irreducible error floor at high SNR. However, comparing between

Figs. 2.3 and 2.8, under perfect CSI we observe that adaptive PA achieves 1 dB gain

over equal PA with multiple relays while 3 dB gain with Max-Min RS at an outage

probability of 10−3. Similar trend in performance can also be observed for the BER.

It should be noted that a small gap between the theoretical results and simulations

can be observed in Fig. 2.9. However, the theoretical analysis indicates the general

trends in average BER which are consistent with the simulations.

Finally, the processing time for the CVX algorithm is shown in Table 2.1. It takes

seconds to implement PA for a two-relay network, and about 10 seconds for a 8-relay

network. The efficiency of solving GP has also been studied in [24], indicating that

the standard interior-point algorithms can solve a GP with 1,000 variables and 10,000

constraints in under a minute, on a small desktop computer. Note that the power

allocation algorithm is based on average channel statistics (not the instantaneous

channel realization) which does not change quickly with time. So the deployment of

the CVX algorithm to implement PA as a GP problem is feasible in practical scenarios

to enhance the system performance.

Table 2.1: Average processing time for the CVX algorithm based on 2.4 GHz Intel Core
2 Duo processor. The channels of both sides of the relays are i.i.d. with variances of
10 between A and Ri and 1 between B and Ri, and σ2

e = 0.001.
# of Relays 2 4 8

Average Time (sec.) 3.7637 5.7631 10.1362
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Figure 2.6: Outage Probability of AF TWRN with multiple relays. The channels of
both sides of the relays are i.i.d. with variances of 10 between A and Ri and 1 between
B and Ri, and σ2

e = 0.001.
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Figure 2.7: Average BER of AF TWRN with multiple relays using QPSK modulation.
The channels of both sides of the relays are i.i.d. with variances of 10 between A and
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e = 0.001.
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Figure 2.8: Outage Probability of AF TWRN with two relays for Max-Min RS. The
channels of both sides of the relays are i.i.d. with variances of 10 between A and Ri
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2.6 Conclusions

In this chapter we have provided both the outage probability and BER analysis of

multi-relay bidirectional AF protocol in the presence of channel estimation error. We

have derived both outage probability and BER bounds which prove to be tight at high

SNR. Based on the derived performance bounds, we have performed PA among all

the nodes in the network that minimizes both outage probability and BER bounds

with imperfect CSI. Single relay selection has also been taken into consideration

to improve the system performance, and its degradation due to imperfect CSI has

been examined. We have shown that the adaptive PA by GP provides substantial

performance enhancement as compared to the equal PA scheme.
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Chapter 3

Robust MIMO Relay Design for

Two-Way MIMO Relaying with

Imperfect CSI

In this chapter, we introduce the MIMO relay into the AF TWRN, and consider

a system consisting of a pair of communicating single-antenna sources and a single

multi-antenna relay under imperfect CSI condition. It is assumed that the MIMO re-

lay has obtained channel estimates of both backward and forward channels to perform

the robust precoder design, and the source has the knowledge of an estimate of its own

channels so that it can perform self-interference cancellation. We take into account

both the imperfect self-interference cancellation and imperfect data detection due to

the CSI estimation error. To simplify the analysis and design, we further assume that

the powers of CSI estimation error with exponent larger than 1 are negligible because

in reality the CSI estimation error is usually small. Based upon all these assump-

tions, we propose a robust design of the AF MIMO relay precoder for the TWRN

with imperfect CSI at both sources and relay. By using the worst-case approach [41],

the transmit power at the relay is minimized while fulfilling the SNR constraints at

both sources. This approach is widely used in robust MIMO relay designs for down-

link broadcast channel [42, 43], single-user or multiuser MIMO system [44, 45], and

one-way MIMO relaying system [21–23]. The design optimization problem turns out

to be nonconvex. However, we utilize the SDR technique to reformulate this robust

MIMO relay design problem as a convex optimization problem with second-order

cone (SOC) program and semidefinite cone constraints, solved efficiently by means of
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well established convex programming technique. Since the feasible set of the natural

optimization problem is a subset of that of SDR-based problem, the randomization

procedure is then applied to obtain an approximate solution of the original program.

To this end, the SDR-based approximation method successfully derives the precoder

matrix of the MIMO relay by minimizing the relay power and meanwhile maintaining

the SNR at both sources above a threshold value in the worst-case sense.

The remainder of the chapter is organized as follows. Sec. 3.1 introduces the

system model under consideration. Sec. 3.2 presents the channel uncertainty model

as well as the optimization formulation with imperfect CSI. The robust design of the

MIMO relay in the presence of channel estimation error is proposed in Sec. 3.3, and

the semidefinite relaxation as well as the randomization technique are exploited to

solve the optimal MIMO relay precoder. Numerical results are given in Sec. 3.4, and

Sec. 3.5 concludes this chapter.

Notation: Boldface uppercase/lowercase letters denote matrices/vectors. The su-

perscripts (·)T and (·)H denote transpose and Hermitian transpose. tr(·), vec(·), ‖·‖,
and rank(·) denote the trace, the vectorization, the Euclidean norm, and the rank

operators, respectively. ⊗, ⊙, R{}, and I{} denote Kronecker product, elementwise

product, the real part and the imaginary part, respectively. By X � 0 we denote

that X is a Hermitian positive-semidefinite matrix. Finally, IN , 11×N , and CN×N de-

note the N ×N identity matrix, the all-ones column vector, and the space of N ×N

matrices with complex entries, respectively.

3.1 System Model

We consider a two-way AF relay-assisted system consisting of two sources A and B

exchanging information with the help of a single relay with multiple antennas. As

shown in Fig. 3.1, each source is equipped with a single antenna while the relay

has N antennas, but all are operated under half-duplex mode so that they cannot

transmit and receive at the same time. There is no direct link between A and B.

We assume that the TWRN is a TDD system, which means both the uplink and

downlink channels occupy the same frequency slot, but are differentiated in a time

duplex manner in information exchange.
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Figure 3.1: System model for AF two-way MIMO relay network.

3.1.1 Data Model

In the ANC-based system herein, we consider a two-phase cooperative strategy where

the first phase involves the pair of sources transmitting simultaneously. At the MIMO

relay, the received sum signal is linearly processed and then broadcasted in the second

phase. Since TDD is assumed, the signal received at the relay station in the first time

slot is

rR = hxA + gxB + nR, (3.1)

where xA and xB denote the transmitted signals with unit average energy, i.e.,

E[|xA|2] = 1 and E[|xB|2] = 1, and the unit transmit power is assumed at both sources

A and B. Variables h = [h1, . . . , hN ]
T and g = [g1, . . . , gN ]

T are discrete baseband

equivalent channel coefficient vectors for both sides of the link to the MIMO relay,

as indicated in Fig. 3.1. Vector nR = [n
(1)
R , . . . , n

(N)
R ]T is circularly symmetric AWGN

at the relay antennas. Each entry of nR is independent and modeled as CGRV with

zero-mean and the same variance NR, i.e., nR ∼ CN (0, NRIN).

We assume that both uplink (from source to relay) and downlink (from relay to

source) CSI are available at the relay station to serve the precoder design. The relay

can employ the pilots from both sources to estimate the uplink channels, and use

them as estimates in the downlink due to the channel reciprocity principle. In the
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second time slot, the relay linearly processes the received signal by multiplying it with

the precoder matrix W, and then forwards the following signal to the sources,

sR = W · rR. (3.2)

Note that the transmit power at the MIMO relay can be derived from (3.2) as

PR = tr
(
E[sRs

H
R ]
)

= tr
(
W
(
hhH + ggH +NRIN

)
WH

)
,

(3.3)

where E[xkx
H
k ] = 1 (k ∈ {A,B}), and E[nRn

H
R ] = NRIN . The signals received by the

two sources in scalar form are

yA = hT sR + nA = hTWgxB
︸ ︷︷ ︸

Signal Part

+ hTWhxA
︸ ︷︷ ︸

Self-interference

+hTWnR + nA
︸ ︷︷ ︸

Noise Part

, (3.4a)

yB = gT sR + nB = gTWhxA
︸ ︷︷ ︸

Signal Part

+ gTWgxB
︸ ︷︷ ︸

Self-interference

+ gTWnR + nB
︸ ︷︷ ︸

Noise Part

, (3.4b)

where nA and nB denote the AWGN with variance NA and NB, respectively. Let ĥ

and ĝ denote the channel estimates. We assume the relay forwards CSI estimates as

well as the precoder matrix W to the sources through the feedback channels. The

quantization error as well as the error in the feedback channels is not considered in

this chapter. So the CSI estimates used for the source-relay reciprocal channels are

identical, and the sources have a copy of W for the further process of the received

signal. Then the self-interference can be cancelled as zA = yA − ĥTWĥxA and zB =

yB − ĝTWĝxB. If perfect channel condition is assumed, the self-interference can be

totally removed since the sources know their own transmitted data. For the imperfect

CSI case, however, the self-interference cannot be completely subtracted due to the

fact that the channel estimates are not always equal to the actual channel in practice.

To this end, we consider the case where the imperfect self-interference cancellation

will lead to residual self-interference, although it is shown later in this chapter that

the residual self-interference can be ignored based upon some assumption.

For the convenience of future analysis, define HDL = [g h]T and HUL = [h g],
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and we can represent both (3.4a) and (3.4b) in an equivalent matrix form as

y = HDLWHULx+HDLWnR + n (3.5)

where y = [yB yA]
T , x = [xA xB]

T , and n = [nB nA]
T .

3.1.2 Problem Formulation under Perfect CSI

The design of MIMO relay precoder is based upon providing the QoS assurance for

both sources. The QoS is usually measured in terms of SNR, which determines the

maximum achievable data rate and essentially determines the BER. There are two

design criteria widely considered in the literature [46, 47] – QoS and max-min fair

(MMF). The QoS-guaranteed design is to minimize the transmit power at the relay

station while providing a guaranteed minimum received SNR to both sources, while

MMF design problem is to maximize the minimum received SNR of two sources

subject to a bound on the transmitted power at the MIMO relay. Both have been

proved NP-hard [46, 47]. For the single-group multicast problem which is essentially

involved in the second time slot of MIMO relay broadcasting the linear processed

received signal, it has been theoretically shown that the two design formulations

of QoS-guaranteed and MMF are algorithmically equivalent [47], i.e., an optimal

algorithm that provides the exact solution to one could be used to obtain the exact

solution to the other. In this thesis, we resort to the QoS-guaranteed method to

design the MIMO relay.

In this subsection, we will present a quick review of the optimal MIMO relay

structure in the perfect CSI case. The SNR at the source is derived, and then the

power minimization problem under SNR constraints is formulated. Similar work has

been done in [17], and an efficient algorithm is also provided to compute the optimal

precoder matrix. But the design in [17] is based on the ideal situation where perfect

CSI is available, which we will refer to as the nonrobust method in the following

chapter. The nonrobust precoder structure will provide us a baseline for our robust

design, and some comparison will be given in Sec. 3.4. In this chapter, we only

mathematically analyze the transmission from B to A, and similar method can be

applied to that from A to B.

First, the following operation is defined to convert a column vector f = [f1, . . . , fN ]
T
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with N entries to two new row vectors f̃1 and f̃2 with N2 entries each as

f̃1 = fT (IN ⊗ 11×N)N×N2 , fTD1 = [f1 · · · f1 · · · fN · · · fN ],
f̃2 = fT (11×N ⊗ IN)N×N2 , fTD2 = [f1 · · · fN · · · f1 · · · fN ].

(3.6)

So the received signal at source A in (3.4a) can be rewritten as

yA = (g̃1 ⊙ h̃2)wLxB + (h̃1 ⊙ h̃2)wLxA + (ñR,1 ⊙ h̃2)wL + nA, (3.7)

where h̃1 = hTD1, h̃2 = hTD2, g̃1 = gTD1, ñR,1 = nRD1, and wL = vec(W). Note

that the vec(W) operation stacks the columns ofW each by each, and finally converts

the matrix W to a column vector as [w11 w21 · · ·wN1 · · · w1N w2N · · ·wNN ]
T . After

cancelling the self-interference, the signal at source A becomes

zA = yA − ĥTWĥxA

= (g̃1 ⊙ h̃2)wLxB
︸ ︷︷ ︸

Signal part rA

+ (ñR,1 ⊙ h̃2)wL + nA
︸ ︷︷ ︸

Noise part tn

+
(

(h̃1 ⊙ h̃2)− (ˆ̃h1 ⊙ ˆ̃
h2)
)

wLxA

︸ ︷︷ ︸

Interference part ts

.

(3.8)

The received SNR at source A after self-interference cancellation is obtained as

γA =
wH

L

(

g̃1 ⊙ h̃2

)H (

g̃1 ⊙ h̃2

)

wL

tn + ts
,

rA
sA

(3.9)

where

tn = wH
L

(

Nr ⊙
(

h̃H
2 h̃2

))

wL + σ2
nA
, and

ts = wH
L

(

h̃1 ⊙ h̃2

)H (

h̃1 ⊙ h̃2

)

wL +wH
L

(
ˆ̃
h1 ⊙ ˆ̃

h2

)H (ˆ̃
h1 ⊙ ˆ̃

h2

)

wL

−wH
L

(

h̃1 ⊙ h̃2

)H ( ˆ̃
h1 ⊙ ˆ̃

h2

)

wL −wH
L

(
ˆ̃
h1 ⊙ ˆ̃

h2

)H (

h̃1 ⊙ h̃2

)

wL.

(3.10)

Note that Nr = E[(ñR,1)
HñR,1] ∈ CN2×N2

, which can also be expressed as Nr =

NR(IN ⊗ 1N×N). Since the perfect channel is assumed, the self-interference can be

completely removed and therefore ts in (3.10) is equal to zero.

Also, by using the identical transformation as shown in (3.12) the transmit power
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in (3.3) can be further rewritten in terms of wL and HUL as

PR = tr
(
WHW

(
HULH

H
UL + σ2

nR
IN
))

(a)
= tr

(
W
(
HULH

H
UL + σ2

nR
IN
)
WH

)

(b)
= vec (W)H vec

(
W
(
HULH

H
UL + σ2

nR
IN
))

(c)
= vec (W)H

((
HULH

H
UL + σ2

nR
IN
)T ⊗ IN

)

vec (W)

, wH
L CwL,

(3.11)

where the identical transformation in each step are provided as

(a) tr (AB) = tr (BA) ,

(b) tr
(
AHB

)
= vec (A)H vec (B) ,

(c) vec (AB) =
(
BT ⊗ I

)
vec (A) .

(3.12)

Now, the optimal precoder design with the actual channel knowledge at the relay

can be formulated as the optimization problem with the objective of minimizing the

transmit power at the relay and constraints of satisfying the prescribed SNR threshold

value at both sources, i.e.,

Pnrob : min
wL

PR

s.t. γk ≥ γth, k ∈ {A,B}.
(3.13)

It should be noted that Pnrob is not always feasible especially when the target SNR

value is set too high [46, 48].

Back to the main concern of this chapter, it’s too optimistic to assume the precise

knowledge of CSI at the relay, and estimation errors should be taken into account

to guarantee the robustness of MIMO relay design. Hence, the channel uncertainty

ought to be incorporated to both objective and constrains in (3.13), and modeling

the channel uncertainty along with the problem of designing the robust MIMO relay

is investigated in the following two sections.
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3.2 Channel Uncertainty Model

In the aforementioned system, the CSI is estimated once at the MIMO relay, and

then forwarded to both sources through the feedback channels. We assume that the

feedback channel is error-free and has low delay, and that the quantization of the

channel estimates at the relay is perfect. So AWGN is the main source of CSI error,

which is referred to as channel uncertainty in the following part of this chapter. It

should be noted that different from one-way relaying where the downlink CSI is fed

back from the destination to the MIMO relay [21–23], the MIMO relay here uses the

uplink CSI estimates as that of downlink to design the precoder since the uplink and

downlink is reciprocal to each other.

Let the estimates of the channel coefficients for both links to the MIMO relay be

ĥ = [ĥ1, . . . , ĥN ]
T and ĝ = [ĝ1, . . . , ĝN ]

T . We assume that both entry pairs hi, ĥi

and gi, ĝi can be modeled as jointly ergodic and stationary Gaussian processes. The

relations between the actual channels and the estimated channels are given by

h = ĥ+ eh, and g = ĝ + eg, (3.14)

where the channel estimation errors are eh = [e
(1)
h e

(2)
h · · · e(N)

h ]T and eg = [e
(1)
g e

(2)
g · · · e(N)

g ]T .

We consider the entries of eh and eg are i.i.d. following the distribution of CN (0, σ2
eh
)

and CN (0, σ2
eg), respectively.

We further assume that both eh and eg are norm-bounded as

‖eh‖ ≤ δh, and ‖eg‖ ≤ δg, (3.15)

where ‖·‖ denotes the Euclidean norm of a vector. Equivalently, the uncertainty

region for each channel can be specified as [44]

Rh = {ζ |ζ = ĥ+ eh, ‖eh‖ ≤ δh},
and Rg = {ζ |ζ = ĝ + eg, ‖eg‖ ≤ δg}.

(3.16)

The relation between error variance and upper bound of the norm is also discussed

in [44]. A more definite mathematical method is provided in [21] to determine δh(δg)

from σ2
eh
(σ2

eg) by means of numerical search, which will be summarized with δh and

σ2
eh

as an example.

Let T be a r.v. following the chi-square distribution with N degrees of freedom,
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and its p.d.f. is given by [49]

fT (t, N) =
1

2N/2Γ(N/2)
vN/2−1e−v/2. (3.17)

Define ‖eh‖2 = σ2
eh
T , then the outage probability of the received SNR is shown equal

to 1 − Pr{σ2
eh
T ≤ δh} [44]. Pr{σ2

eh
T ≤ δ2h} is some predefined bounding probability

and given by

Pr{σ2
eh
T ≤ δ2h} =

∫ δ2
h
/σ2

eh

0

fT (t, N)dt

=
1

Γ(N/2)
γ

(
N

2
,

δ2h
2σ2

eh

)

,

(3.18)

where Γ(·) and γ(·) are the complete and lower complete Gamma functions, respec-

tively. So given the predefined outage probability and estimation error variance, the

upper bound of the norm of the channel uncertainty can be numerically determined.

Generally speaking, the channel estimation error is much smaller compared to the

actual channel, so it is reasonable to not take the second-order terms of eh and eg and

their cross-product into account. By applying the operation in (3.6) to the channel

estimates vectors, ĥ and ĝ, as well as the estimation error vectors, eh and eg, we can

obtain

h̃j =
ˆ̃
hj + ẽh,j, and g̃j = ˆ̃gj + ẽg,j, (j = 1, 2). (3.19)

Then we substitute (3.19) into (3.9), the received SNR at source A under imper-

fect channel condition γrob
A in terms of channel estimates and estimation errors can

be determined. After ignoring the second-order terms and cross-product of channel

estimation errors, both the numerator and denominator of γrob
A are given by

rrobA ≈ tr
(
wLw

H
L a

Ha
)
+ tr

(

wLw
H
L

(

aH
(

ˆ̃g1 ⊙ ẽh,2

)

+
(

ˆ̃g1 ⊙ ẽh,2

)H

a

))

+ tr

(

wLw
H
L

(

aH
(
ˆ̃
h2 ⊙ ẽg,1

)

+
(
ˆ̃
h2 ⊙ ẽg,1

)H
)

a

)

,

(3.20a)
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srobA = trobn + trobs = trobn

≈ tr
(

wLw
H
L

(

Nr ⊙
(
ˆ̃
hH
2
ˆ̃
h2

)))

+ tr
(

wLw
H
L

(

Nr ⊙
(
ˆ̃
hH
2 ẽh,2

)))

+ tr
(

wLw
H
L

(

Nr ⊙
(

ẽHh,2
ˆ̃
h2

)))

,

(3.20b)

respectively, where a = ˆ̃g1 ⊙ ˆ̃
h2 and trobs = 0. Note that though the imperfect

self-interference is considered in our initial motivation, the introduced interference

resulting from imperfect self-interference cancellation turns out insignificant and neg-

ligible1.

It can be easily shown that the following relations hold true:

wLw
H
L (x⊙ y) (x⊙ z)H = z

(

(xx)T ⊙wLw
H
L

)

y, (3.21a)

tr
(
wLw

H
L

((
xHy

)
⊙ Z

))
= y

(
ZT ⊙wLw

H
L

)
xH , (3.21b)

where x,y, z ∈ C1×N2

, and Z ∈ CN2×N2

. By using (3.21a) and (3.21b), and noting

that R
{
wH

L ZwL

}
= R

{
wH

L Z
HwL

}
and I

{
wH

L ZwL

}
= −I

{
wH

L Z
HwL

}
, rrobA and

srobA can be simplified to

rrobA ≈ tr
(
wLw

H
L a

Ha
)
+ 2R

{

ẽh,2

((

ˆ̃gH
1
ˆ̃g1

)T

⊙wLw
H
L

)

ˆ̃
hH
2

}

+ 2R
{

ẽg,1

((
ˆ̃
hH
2
ˆ̃
h2

)T

⊙wLw
H
L

)

ˆ̃gH
1

}

,

(3.22a)

srobA ≈ tr
(

wLw
H
L

(

Nr ⊙
(
ˆ̃
hH
2
ˆ̃
h2

)))

+ 2R
{

ẽh,2

(

(Nr)T ⊙wLw
H
L

)
ˆ̃
h2

}

+ σ2
nA
.

(3.22b)

For the transmit power at the MIMO relay, the channel uncertainty should also

1In the simulations, the actual received SNR at the sources is calculated including the second-
order terms of estimation errors and their cross-product.
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be included by incorporating EUL = [eh eg] into (3.11) as

P rob
R = wH

L ĈwL + tr
(

W
(

EULĤ
H
UL + ĤULE

H
UL

)

WH
)

≈ wH
L ĈwL + 2R

{(
ˆ̃
h1 ⊙ vec

(
WHW

)T
)

ẽHh,2 +
(

ˆ̃g1 ⊙ vec
(
WHW

)T
)

ẽHg,2

}

,

(3.23)

where Ĉ =

((

ĤULĤ
H
UL + σ2

nR
IN

)T

⊗ IN

)

.

3.3 Proposed Robust MIMO Relay Design

Typically, robust techniques employ stochastic or worst-case approaches depending

upon different CSI error models [41]. The statistics of the CSI error are known under

the stochastic philosophy, while the channel error is specified in some uncertainty

region in the worst-case method. Since the CSI errors are assumed to be inside the

sets of Rh and Rg in (3.17), the worst-case approach is exploited in this section to

design the robust MIMO relay precoder by optimizing the worst-case performance.

3.3.1 Problem Formulation with Imperfect CSI

The objective of the proposed robust MIMO relay design is to minimize the worst-

case transmit power while fulfilling the worst-case SNR constraints at both sources.

The so-called worst-case is based upon the largest possible errors eh and eg which are

norm-bounded by δh and δg, respectively. Hence, the worst-case SNR for each source

is the minimum SNR above the predetermined threshold to guarantee the QoS in the

presence of largest possible errors. Similarly, the worst-case transmit power is also

defined for the largest possible CSI esitmation errors as the maximum power that the

MIMO relay needs to forward the linearly processed signal.

Let Pwc
R denote the worst-case transmit power whereas γwc

A denote the worst-case

SNR at source A. So Pwc
R can be mathematically expressed as

Pwc
R = max

‖eh‖≤δh,‖eg‖≤δg
P rob
R , (3.24)
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where P rob
R is given by (3.23), and γwc

A can be written as

γwc
A = min

‖eh‖≤δh,‖eg‖≤δg
γrob
A . (3.25)

Then we modify both the objective of transmit power as well as the QoS conditions

in (3.13) by replacing both with the worst-case transmit power of (3.24) and the

worst-case received SNR of (3.25) to incorporate the robustness against unknown but

norm-bounded channel estimation errors. The so-called robust design of MIMO relay

precoder under the worst-case philosophy becomes

Prob : min
wL

max
‖eh‖≤δh,‖eg‖≤δg

P rob
R

s.t. min
‖eh‖≤δh,‖eg‖≤δg

γrob
k ≥ γth, k ∈ {A,B}.

(3.26)

Note that the objective turns out to minimize the maximum MIMO relay transmit

power with respect to the largest possible CSI errors.

Unfortunately, the numerator and denominator of γrob
A , i.e., (3.22a) and (3.22b)

are not independent, which complicates further solving (3.26) to obtain any tractable

design. So we strengthen the worst-case QoS constraints by replacing the worst-case

received SNR of (3.25) with its lower bound γ̃wc
A as [50]

γwc
A ≥ min‖eh‖≤δh,‖eg‖≤δg r

rob
A

max‖eh‖≤δh s
rob
A

, γ̃wc
A . (3.27)

To this end, the proposed optimization problem can be rewritten as

P : min
wL

Pwc
R

s.t. γ̃wc
k ≥ γth, k ∈ {A,B},

(3.28)

where the worst-case SNR is substituted by its lower bound γ̃wc
k .

Moreover, considering the numerator of γ̃wc
A in (3.27), it’s a minimization problem

with the estimation errors bounded by their Euclidean norms. Referring to (3.22a),

since ẽh,2 and ẽg,1 are defined from (3.6) and equal to eThD2 and eTg D1 respectively,

we can apply Cauchy-Schwarz inequality to the last two terms of rrobA and determine
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the minimum as

min
‖eh‖≤δh,‖eg‖≤δg

rrobA = tr
(
wLw

H
L a

Ha
)
− 2δh

∥
∥
∥
∥
D2

((

ˆ̃gH
1
ˆ̃g1

)T

⊙wLw
H
L

)

ˆ̃
hH
2

∥
∥
∥
∥

− 2δg

∥
∥
∥
∥
D1

((
ˆ̃
hH
2
ˆ̃
h2

)T

⊙wLw
H
L

)

ˆ̃gH
1

∥
∥
∥
∥
.

(3.29)

Similarly, the maximization problem of the denominator in (3.27) can also be solved

by replacing ẽh,2 with eThD2 and then applying Cauchy-Schwarz inequality to the

second term. However, the solution is positive for maximization whereas negative for

minimization. So we get

max
‖eh‖≤δh

srobA = tr
(

wLw
H
L

(

Nr ⊙
(
ˆ̃
hH
2
ˆ̃
h2

)))

+ 2δh

∥
∥
∥D2

(

(Nr)T ⊙wLw
H
L

)
ˆ̃
hH
2

∥
∥
∥+ σ2

nA
.

(3.30)

Applying (3.29) and (3.30) to (3.27), the robust SNR constraint at source A in (3.28)

can be given in tractable form. For the problem of maximizing the robust transmit

power at the MIMO relay P rob
R as given in (3.24), the worst-case transmit power can

be derived as

max
‖eh‖≤δh,‖eg‖≤δg

P rob
R = wH

L ĈwL + 2δh

∥
∥
∥D2

(
ˆ̃
h1 ⊙ vec

(
WHW

)T
)∥
∥
∥

+ 2δg

∥
∥
∥D2

(

ˆ̃g1 ⊙ vec
(
WHW

)T
)∥
∥
∥

, wH
L ĈwL + 2δh

∥
∥HAvec

(
wLw

H
L

)∥
∥+ 2δg

∥
∥HBvec

(
wLw

H
L

)∥
∥ ,

(3.31)

where HA,HB ∈ CN×N4

can be constructed by using the pseudocode presented in

Table 3.1.

The same approach can be applied to the transmission from A to B to derive the

robust SNR constraint at source B. Finally, the proposed optimization problem in
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Table 3.1: Pesudocode for constructing HA and HB.
Step 1: Initialization: l = 0, H̃A = H̃B = zeros(N2, N4).
Step 2: For j = 1 : N
Step 3: For i = 1 : N
Step 4: l = l + 1;

p = [(i− 1)N3 + (j − 1)N + 1 : N2 + 1 : iN3 + jN ];

H̃A(l, p) = ĥ1(l), H̃B(l, p) = ĝ1(l)
Step 5: End Step 3.
Step 6: End Step 2.

Step 7: HA = D2H̃A, HB = D2H̃B, where D2 = 11×N ⊗ IN as provided in (3.6).

(3.28) can be specified as

P : min
wL

wH
L ĈwL + 2δh

∥
∥HAvec

(
wLw

H
L

)∥
∥+ 2δg

∥
∥HBvec

(
wLw

H
L

)∥
∥

s.t. tr
(

wLw
H
L

(

aHa− γth

(

Nr ⊙
(
ˆ̃
hH
2
ˆ̃
h2

))))

≥ 2δh

∥
∥
∥
∥
D2

((

ˆ̃gH
1
ˆ̃g1

)T

⊙wLw
H
L

)

ˆ̃
hH
2

∥
∥
∥
∥
+ 2δg

∥
∥
∥
∥
D1

((
ˆ̃
hH
2
ˆ̃
h2

)T

⊙wLw
H
L

)

ˆ̃gH
1

∥
∥
∥
∥

+ 2γthδh

∥
∥
∥D2

(

(Nr)T ⊙wLw
H
L

)
ˆ̃
hH
2

∥
∥
∥+ γthσ

2
nA
,

tr
(

wLw
H
L

(

bHb− γth

(

Nr ⊙
(

ˆ̃gH
2
ˆ̃g2

))))

≥ 2δg

∥
∥
∥
∥
D2

((
ˆ̃
hH
1
ˆ̃
h1

)T

⊙wLw
H
L

)

ˆ̃gH
2

∥
∥
∥
∥
+ 2δh

∥
∥
∥
∥
D1

((

ˆ̃gH
2
ˆ̃g2

)T

⊙wLw
H
L

)

ˆ̃
hH
1

∥
∥
∥
∥

+ 2γthδg

∥
∥
∥D2

(

(Nr)T ⊙wLw
H
L

)

ˆ̃gH
2

∥
∥
∥+ γthσ

2
nB

,

(3.32)

where a = ˆ̃g1 ⊙ ˆ̃
h2 and b = ˆ̃

h1 ⊙ ˆ̃g2.

3.3.2 Semidefinite Relaxation based Approximation

By observing the optimization problem of (3.32), both the objective and constraints

consist of the second-order terms of wL inside the norms and accordingly are non-

convex. However, after some tricky manipulation step by step, this problem can be

solved, and an approximate solution to P can be obtained. We refer to this approach

as the two-stage SDR-based approximation [46].

Define W̃ = wLw
H
L ∈ CMM×MM , then W̃ � 0 and rank(W̃) = 1. It can be easily

shown that wH
L XwL = tr(wH

L XwL) = tr(XwLw
H
L ) = tr(XW̃). Now we change the
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optimization variable in (3.32) from wL to W̃, and rewrite the optimization problem

in terms of W̃ as

P2 : min
W̃

tr
(

ĈW̃
)

+ 2δh

∥
∥
∥HAvec

(

W̃
)∥
∥
∥+ 2δg

∥
∥
∥HBvec

(
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)∥
∥
∥
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(
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∥
∥
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∥
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2
nB

,

W̃ � 0, rank(W̃) = 1,

(3.33)

where A = aHa− γth

(

Nr ⊙
(
ˆ̃
hH
2
ˆ̃
h2

))

and B = bHb− γth

(

Nr ⊙
(

ˆ̃gH
2
ˆ̃g2

))

.

The problem P2 is still nonconvex due to the last W̃ rank-one constraint in (3.33).

After removing this nonconvex constraint, we obtain a relaxation counterpart of (3.33)

denoted by P3 as shown below.

P3 : min
W̃

tr
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ĈW̃
)

+ 2δh
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∥
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∥
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∥
∥
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∥
∥
∥
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,

W̃ � 0,

(3.34)

which is a convex optimization problem. Note that by introducing a new variable, P3

can be easily reformulated as a standard semidefinite programming (SDP) problem

consisting of linear objective and SOC and positive semidefinite constraints. The

convex problem of (3.34) can be efficiently solved with Matlab by using the YALMIP
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toolbox 2 [51, 52].

The optimization problem P3 subsumes the problem P2, since the feasible region

of P2 is a subset of that of P3. In general, the optimal solution to P3 is of rank r with

r > 1 rather than rank-one, which makes P2 infeasible. The Gaussian randomization

technique [21,46,47,53] can be adopted to construct a feasible rank-one solution to P2

from the optimal solution of relaxed SDP problem P3. So the two-stage SDR-based

approximation method used in this chapter consists of solving the relaxation problem

P3 in the first stage and then applying the randomization technique to the optimal

solution of P3 in the second stage. This method will lead to an approximate solution

to P2. In the following, the Gaussian randomization method is presented.

Let W̃opt denote the optimal solution to P3 in (3.34). The idea behind the Gaus-

sian randomization is to generate a large number of candidate vectors representing

the MIMO relay precoder matrix from W̃opt and choose the one that can be scaled

to guarantee the SNR constraints of P2 in (3.33) at the minimum transmit power

cost. Initially, the eigenvalue decomposition of the optimal matrix W̃opt is calcu-

lated as W̃opt = UΣUH . Let vL be a column vector of N2 zero-mean, unit-variance

complex circularly symmetric uncorrelated Gaussian r.v.’s, i.e., vL ∼ CN (0, IN2).

Then the candidate vector wc
L is constructed as wc

L = UΣ1/2vL, and the MIMO

relay precoder matrix can herein be obtained through the reverse vectorization op-

eration as Wc = vec−1(wc
L). This ensures that E[wc

L(w
c
L)

H ] = W̃opt, denoted by

wc
L ∼ CN (0,W̃opt).

Since wc
L depends on the particular realization of vL, the constraints of the original

problem P in (3.32) might be violated or over-satisfied. Accordingly we can seek a

positive boost or reduction factor to scale wc
L to the minimum length that is necessary

to satisfy the constraints. Denote the scale factor as
√
λ, and based upon the problem

2
YALMIP is to concentrate on the language and the higher level algorithms, while relying on

external solver such as SeDuMi for the actual computations [51].
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P2 in (3.33) define
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∥
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∥
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D1
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2
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(
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∥
∥
∥ ,

(3.35)

where W̃c = wc
L(w

c
L)

H . Then, it turns out that the following problem can be resorted

to converting the candidate MIMO relay precoder to the candidate solution to P2.

Q : min
λ≥0

λα s.t. λβk ≥ γthσ
2
nk
, k ∈ {A,B}. (3.36)

Problem Q is a linear programming (LP) with a single variable λ and linear inequality

constraints. For a feasible instance of the LP problem Q, it is obvious that βk should

be positive. So for those wc
L candidates that make βk positive, the scaling factor can

be easily solved as

λ = max

(
γthσ

2
nA

βA
,
γthσ

2
nB

βB

)

. (3.37)

Therefore, the two-stage SDR-based approximation algorithm for generating an ap-

proximate solution to the original problem P can be summarized as

• Relaxation: Solve the relaxed equivalent SDP problem P3 and obtain the

optimal solution W̃opt.

• Randomization: Check the rank of W̃opt.

– If W̃opt = 1, then use its principal eigenvector as the optimal solution to

problem P.

– Otherwise, generate a candidate wc
L by using the aforementioned Gaussian

randomization method. Calculate βk, k ∈ {A,B} in (3.35), and if nega-

tive discard the corresponding candidate wc
L. Otherwise, determine and

record the scaling factor λ from (3.37), as well as the associated objective
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value in (3.36) and the candidate vector. Repeat a large enough number3

of the randomization procedures. In the end, choose the candidate and

scaling factor with the minimum objective value, denoted by w◦
L and λ◦,

respectively.

The approximated optimal solution to problem P can be given aswopt
L =

√
λ◦w◦

L. The

robust MIMO relay precoder matrix can herein be determined through the reverse

vectorization operation as Wopt = vec−1(wopt
L ).

3.4 Numerical Results and Discussion

This section will first provides a numerical example to show the robustness capabilities

of the presented design and compare its performance with the nonrobust approach

[17]. In this example, we take N = 3, and consider the standard i.i.d. Rayleigh

fading model – the elements of each channel vector between the source and relay

are i.i.d. CGRV with zero-mean and unit variance. For all simulations, the channel

estimates are given as ĥ = [0.6282−0.8111i −2.0819+1.0171i 0.9689−1.2102i]T

and ĝ = [−0.7558− 0.5724i 0.2299− 0.5338i − 0.0723− 0.1707i]T , and the noise

power at the MIMO relay and sources are fixed at -20 and 0 dBW respectively.

Furthermore, we assume that the error variances are identical across all links, i.e.,

σ2
ehi

= σ2
egi

= σ2
e or δh = δg = δ. Through Fig. 3.2 to 3.5, we take the error

variance σ2
e = 0.002, and the upper norm-bound δh can be calculated by using a

numerical search based on (3.18). The optimization problem P3 in (3.34) is solved

using the YALMIP toolbox4. If the solution matrix W̃opt turns out being rank one,

the associated principal component solves the original problem P. Otherwise, the

SDR-based approximation in Sec. 3.3.2 is carried out. With the obtained optimal

wL, the worst-case transmit power at the MIMO relay is calculated based on (3.31).

Moreover, after substituting HUL = ĤUL + EUL into (3.11) and then averaging over

1,000 independent realizations of estimation errors eh and eg, the average transmit

power of the robust method is obtained. For comparing purpose, the nonrobust

method in (3.13) is implemented to obtain the optimal solution denoted by wnrob
L

3In our numerical results, we run the randomization loop till generating 1,000 candidates with
positive βk, k ∈ {A,B} in (3.35).

4Since P3 is essentially a SDP problem, and can be efficiently solved using interior point method,
at a complexity cost that is at most O((M + N2)3.5) and is usually much less [47]. In all of our
simulations, YALMIP takes seconds to solve P3 if a feasible solution exists.
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without taking into account the channel estimation error. Similarly, the transmit

power for the nonrobust method with wnrob
L in (3.11) is averaged by considering 1,000

random realizations of eh and eg.

Fig. 3.2 illustrates the transmit power at the MIMO relay versus SNR threshold

γth for both robust and nonrobust methods. Denote η = Pr{σ2
eh
T ≤ δ2h}, and 1 − η

is fixed at 0.12 in this figure which corresponds to δ of 0.108. As shown in Fig. 3.2,

the transmit power increases for all cases with the increasing γth. It is intuitive to

expect that the MIMO relay requires more power in order to guarantee higher QoS

requirement at the sources. For the robust method, the worst-case transmit power

is larger than the average power, which can also be observed from that (3.31) has

two more terms comparing to (3.11). Moreover, the average transmit power curve of

the nonrobust method lies below that of the robust method as expected, since more

power is needed to combat channel uncetainty. The power gap between robust and

nonrobust methods is around 2 dBW, and what kind of performance increase can

this extra cost bring? To answer this question, we plot the outage probability for

each source in Fig. 3.3 as a function of SNR threshold based on the same simulation

parameters of Fig. 3.2. It should be noted that the outage probability here is not the

conventionally defined one to indicate the fading of the channel itself, but refer to the

probability that the received SNR at the sources is below the threshold for the given

channel estimates due to the CSI errors. The actual received SNR in the simulations

is calculated for both sources including the second-order terms of estimation errors.

The outage probability is averaged over 1,000 independent trials, and in each trial

1,000 outage events are captured by randomly generating the estimation errors. It can

be observed from Fig. 3.3 that both sources have almost the same outage probability

resulting from the symmetric channel condition. Furthermore, the outage probability

for the nonrobust method is affected deeply by the channel estimation errors, whereas

the proposed robust mehthod efficiently combats the effect of estimation errors as the

outage probability remains zero-outage through all the SNR range.

Next, Figs. 3.4 and 3.5 investigate the outage probability for the robust and non-

robust methods under the same amount of average transmit power. Take the average

transmit power of the nonrobust method in Fig. 3.2 as a baseline, the appropriate η

or δ in the robust method is determined with the help of numerical search for each

SNR threshold to achieve almost the same average transmit power at the relay as in

the nonrobust method. The resulting average transmit power is plotted in Fig. 3.4.

As shown in Fig. 3.5, the outage probability of each source for the robust method is
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Figure 3.2: Transmit power at the MIMO relay versus received SNR threshold γth for
the robust (1− η = 0.12) and nonrobust methods. σ2

e is fixed at 0.002.
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Figure 3.3: Outage probability of SNR versus received SNR threshold γth at both
sources for the robust (1− η = 0.12) and nonrobust methods. σ2

e is fixed at 0.002.
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still zero, fully exhibiting the robustness of the proposed MIMO relay design against

the influence of estimation errors. So we can conclude that the robust method far

outperforms the nonrobust method in terms of outage probability with the same or

similar average transmit powers at the MIMO relay.

In Fig. 3.6 and 3.7, we plot the transmit power at the MIMO relay and the outage

probability of SNR for both sources versus the error variance σ2
e , respectively. We take

1−η = 0.12 and γth = 8 dB for both figures. It can be observed from Fig. 3.6 that the

average transmit power remains almost the same across different CSI errors for both

the robust and nonrobust method, and the robust method needs more transmit power

to provide the robustness against the channel uncertianty than the nonrobust method.

As before, the outage probability of SNR versus σ2
e in the given range remains zero

for the robust method whereas more than 50% for the nonrobust method. So the

proposed robust method can serve the QoS requirement for both sources but at the

cost of a larger transmit power at the MIMO relay.

Besides the performance improvement, the feasibility issue is also of interest. Since

problem P3 is a relaxation of problem P2, if P2 is feasible so is P3. But the converse is

generally not true – if P3 is feasible, P2 is not necessarily feasible. In order to establish

the feasibility of the proposed two-stage SDR-based approximation, the first is that

P3 is feasible, and once a feasible solution to P3 is found the randomization loop

should yield at least one feasible solution, i.e., βk, k ∈ {A,B} in (3.35) should be

positive. It has been verified in the simulations that if the randomization loop can

yield at least one feasible solution, each randomization procedure of the loop can give

a feasible solution. So after a large number of randomization procedures to generate a

predetermined number5 of feasible solutions, the best feasible solution can be selected

as the approximated optimum solution to the original problem P. This is most often

the case. Otherwise, the randomization loop will fail to return any feasible solution.

Note that the randomization loop is another factor contributing to the complexity of

the SDR-based approximation algorithm. As long as the randomization loop can yield

at least one feasible solution, the randomization loop will run a predetermined number

of times and each run will generate a feasible solution. So the complexity of the

randomization loop is O(1) under the condition that the feasible solution exists. In our

simulations, it usually takes around one second to generate 1,000 candidates based on

2.4 GHz Intel Core 2 Duo processor. So plus the time solving the relaxed optimization

problem P3, the total processing time to yield an optimal approximate solution to

5In our simulations, we choose 1,000.
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Figure 3.4: Transmit power at the MIMO relay versus received SNR threshold γth
for the robust (1− η is adjusted for each γth) and nonrobust methods. σ2

e is fixed at
0.002.
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Figure 3.6: Transmit power at the MIMO relay versus error variance σ2
e for the robust

(1− η = 0.12) and nonrobust methods. γth is fixed at 8 dB.

the original problem P is in the time order of seconds. It can also be concluded that

the feasibility issue is of more significance than the algorithm complexity.

Feasibility depends on various factors: namely, the number of transmit antennas,

the channel characteristics, the noise variance, and finally the received SNR threshold,

which will be investigated in the simulations by exploiting 1,000 different channel

realizations. For each simulation run, the feasibility of P3 is first verified. If P3 is

feasible, the randomization loop will be carried out to see if any feasible wL to the

original problem P can be yielded. Table 3.2 compares different number of transmit

antennas, i.e., N = 3 and N = 6 with fixed noise variance of 0.1 at the MIMO relay,

while Table 3.3 fixes the number of transmit antennas at N = 3 and compares the

different noise variance of 1 and 0.01. For each such configuration, the same received

SNR targets are requested for both sources ranging from 2 dB to 14 dB, so the impact

of received SNR threshold is also investigated. The other simulation parameters are

the same as aforementioned.

The number of 1,000 simulations and corresponding percentage for which P3 is

feasible are listed in the columns “Feas. P3”, in which “#” denotes the number

and “%” represents the percentage. Columns “Feas. appr.” report the number of

problem instances (in terms of 1,000 simulations) for which, once a feasible solution
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Table 3.2: Simulation results with various transmit antennas N = 3 and N = 6 versus
received SNR threshold based on 1,000 different independent channel realizations.
The noise variance at the MIMO relay Nr is fixed at 0.1.

N = 3 N = 6
γth Feas. P3 Feas. appr. Feas. P3 Feas. appr.

# % # % # % # %
2 974 97.4 965 99.1 995 99.5 995 100
4 950 95.0 932 98.1 991 99.1 991 100
6 899 89.9 870 96.8 971 97.1 970 99.9
8 795 79.5 752 94.6 927 92.7 922 99.5
10 597 59.7 513 85.9 831 83.1 808 97.2
12 341 34.1 262 76.8 672 67.2 596 88.7
14 93 9.3 70 75.3 339 33.9 277 81.7

Table 3.3: Simulation results with various noise variance Nr = 0.1 and Nr = 0.01 ver-
sus received SNR threshold based on 1,000 different independent channel realizations.
The number of transmit antennas at MIMO relay N is fixed at 3.

Nr = 1 Nr = 0.01
γth Feas. P3 Feas. appr. Feas. P3 Feas. appr.

# % # % # % # %
2 341 34.1 273 80.6 995 99.5 993 99.8
4 93 9.3 71 76.3 995 99.5 990 99.5
6 14 1.4 10 71.4 994 99.4 988 99.4
8 1 0.1 - - 988 98.8 980 99.2
10 - - - - 984 98.4 976 99.2
12 - - - - 972 97.2 962 99.0
14 - - - - 948 94.8 929 98.0
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Figure 3.7: Outage probability of SNR versus error variance σ2
e at both sources for

the robust (1− η = 0.12) and nonrobust methods. γth is fixed at 8 dB.

to P3 is found, the randomization loop yields at least one feasible solution, as well

as the corresponding percentage (in terms of the number of “Feas. P3”). In all

configuration considered, the higher the received SNR threshold, the less likely it

is that P3 is feasible and that the randomization loop yields feasible solution to P.

It can be observed in Table 3.2 that increasing the number of transmit antennas

at the MIMO relay increases the feasibility for both relaxation and randomization.

This observation can be expected since exploring more antennas can better combat

the channel uncertainty by providing higher received SNR for both sources. Finally,

P3 is getting more difficult to solve for higher noise variance at the MIMO relay as

illustrated in Table 3.3.

3.5 Conclusions

In this chapter, we have addressed the robust MIMO relay design problem in TWRN

and provided the robust MIMO relay design based on the channel estimates. The

channel estimation error has been explicitly taken into account in the design, and the

worst-case philosophy has been adopted to include the robustness. Based upon the

design criteria of QoS, we seek to minimize the worst-case transmit power at MIMO
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relay while guaranteeing the worst-case received SNR above a prescribed threshold

at both sources. The formulation turns out nonconvex, but has been transformed

into a convex optimization problem that can be efficiently solved by means of SDR

and randomization technique. The robust approach has been compared with the

nonrobust strategy [17], and the improved robustness of our proposed design has

been verified in the simulations. Finally, we have investigated the feasibility issue of

the proposed robust method.
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Chapter 4

Conclusion and Future Work

4.1 Conclusions

In this thesis, we have addressed the impact of channel estimation error on the per-

formance of AF two-way relaying. We have considered a system of two single-antenna

sources communicating with each other with the assistance of either multiple single-

antenna relays or a single MIMO relay station. The performance degradation and

enhancement due to the estimation error for both cases have been investigated in

Chapter 2 and 3, respectively.

In Chapter 2, when exploiting multiple single-antenna relays, we have derived the

effective SNR subject to noisy channel estimation, and based on this, the system

outage probability is given. In addition, we have derived the closed-form expression

of the average system BER as well as the asymptotic expressions for both outage

probability and BER. Furthermore, instead of employing all relays, we have examined

the impact of imperfect CSI on the Max-Min RS scheme. To enhance the system

performance to combat the negative impact of imperfect CSI, adaptive PA algorithm

by minimizing either the outage probability or the average BER has been proposed.

The adaptive PA has been suitably casted as GP problem, and solved efficiently by

convex programming technique. We have validated the correctness of the derived

expressions by means of numerical simulations and showed that adaptive PA scheme

outperforms equal PA scheme under the aggregated effect of imperfect CSI.

Motivated by the advantages of MIMO systems, we have accommodated multiple

antennas at the relay node. So in Chapter 3, a robust MIMO relay design strategy

has been proposed for AF ANC-baed TWRN. The estimation error in CSI has been
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explicitly taken into account, obtaining a robust solution less sensitive to this er-

ror. In particular, the worst-case philosophy has been utilized to achieve robustness.

This approach strives to minimize the worst-case transmit power at the MIMO relay

while guaranteeing the worst-case SNR above a prescribed threshold value at each

source. The mathematical optimization problem corresponding to the robust MIMO

relay design has been showed nonconvex. We have reformulated the design problem,

and exploited the algorithm called two-stage SDR-based approximation consisting of

relaxation and a combined randomization/scaling loop, to attain an approximated op-

timal solution to the original design. We have further compared the proposed MIMO

relay with the nonrobust method by means of numerical simulations, and therefore

verified its robustness against the channel uncertainty.

4.2 Future Work

In this thesis, we considered the distributed and centralized relaying to assist the in-

formation exchange between two single-antenna sources. There are several extensions

on the system configuration which can be investigated as possible future work. For

distributed relaying case, we may be able to extend our work to multiuser scenario,

and introduce opportunistic relaying to the sources. For centralized relaying, we can

first extend our single MIMO relay case to any configurations of relays or antennas.

Moreover, we can also incorporate multiple antennas at both sources, and jointly

design both the source and relay precoders.
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Appendix A

Joint PDF of γeffA,i and γeffB,i

In this appendix, the derivation of the joint PDF Pr
{
γeff
A,i < γRS

th , γeff
B,i < γRS

th

}
is pre-

sented in detail.

First, by observing the relationship between γeff
1,i and γeff

4,i, and γeff
2,i and γeff

3,i, γ
eff
A,i

and γeff
B,i are given by

γeff
A,i =

γeff
1,iγ

eff
2,i

γeff
1,i + γeff

2,i

, and γeff
B,i =

C1,iC2,iγ
eff
1,iγ

eff
2,i

C1,iγeff
1,i + C2,iγeff

2,i

, (A.1)

where

C1,i =

(

1 +
PBσ2

egi

Nri

+ PA

Pri

NA,i

Nri

+
4PAσ2

ehi

Nri

)

Pri

NB,i

(

1 +
Pri

σ2
egi

NB,i

)
PB

Nri

,

and C2,i =

(

1 +
Pri

σ2
ehi

NA,i

)

PA

Nri

(

1 +
PBσ2

ehi

Nri

+ PB

Pri

NB,i

Nri

+
4PBσ2

egi

Nri

)

Pri

NA,i

,

(A.2)

and γeff
1,i and γeff

2,i are independent exponentially distributed r.v.’s with mean given by

(2.16).

Note that γeff
A,i is symmetric in terms of γeff

1,i and γeff
2,i, and γeff

B,i is symmetric in

terms of C1,iγ
eff
1,i and C2,iγ

eff
2,i. Without loss of generality, we assume C1,i > C2,i.

The scenario C1,i < C2,i can be obtained similarly. By using the similar approach

in [29], the inequality of
XY

X + Y
< min{X, Y } can be adopted to derive Pr{γeff

A,i <

γRS
th , γeff

B,i < γRS
th }, and a strict lower bound of system outage probability is equivalently
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obtained. By utilizing the independence of γeff
1,i and γeff

2,i and the law of total probability,

Pr{γeff
A,i < γRS

th , γeff
B,i < γRS

th } can be derived as

Pr{γeff
A,i < γRS

th , γeff
B,i < γRS

th }
≤Pr{min{γeff

1,i, γ
eff
2,i} < γth,min{C1,iγ

eff
1,i, C2,iγ

eff
2,i} < γRS

th },

=Pr{γeff
1,i > γeff

2,i}Pr{γeff
2,i < γRS

th , γeff
2,i <

γRS
th

C2,i
}

+ Pr{C2,i

C1,i
γeff
2,i < γeff

1,i < γeff
2,i}Pr{γeff

1,i < γRS
th , γeff

2,i <
γRS
th

C2,i
}

+ Pr{γeff
1,i <

C2,i

C1,i

γeff
2,i}Pr{γeff

1,i < γRS
th , γeff

1,i <
γRS
th

C1,i

}.

(A.3)

Since γeff
1,i and γeff

2,i are independent exponentially distributed r.v.’s with parameters

denoted by λ1,i and λ2,i, respectively, we can determine each term in (A.3) and obtain

Pr{γeff
A,i < γRS

th , γeff
B,i < γRS

th }

≤ λ2,i

λ1,i + λ2,i

(

1− e−λ2,i min{γRS
th

,γRS
th

/C2,i}
)

+

(

λ1,i

λ1,i + λ2,i
− λ1,i

λ1,i +
C1,i

C2,i
λ2,i

)
(

1− e−λ1,iγ
RS
th

)(

1− e−λ2,iγ
RS
th
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)

+
λ1,i

λ1,i +
C1,i

C2,i
λ2,i

(

1− e−λ1,i min{γRS
th

,γRS
th

/C1,i}
)

.

(A.4)

The authors in [29] has shown that irrespective of the values of channel variances, the

lower bound of the system outage probability based on the upper bound in (A.4) is

very close to the exact outage in the whole SNR range.
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[52] J. Löfberg, “Automatic robust convex programming,” Optimization Methods and

Software, 2010.

[53] Z.-Q. Luo and W. Yu, “An introduction to convex optimization for communica-

tions and signal processing,” IEEE J. Sel. Areas Commun., vol. 24, pp. 1426–

1438, Aug. 2006.


	Supervisory Committee
	Abstract
	Table of Contents
	List of Tables
	List of Figures
	List of Abbreviations
	Acknowledgements
	Dedication
	Introduction
	Motivation and Related Work
	Two-Way Distributed Relay Network
	Two-Way MIMO Relay Network

	Contributions
	Thesis Outline

	Impact of Channel Estimation Error on the Performance of AF Two-Way Distributed Relaying
	System Model
	Performance Analysis on Impact of CSI Estimation Error
	End-to-End SNR for Relay Links with Estimation Error
	Outage Probability Analysis
	Average BER Analysis

	Max-Min Relay Selection
	Outage Probability Analysis for Max-Min RS
	Average BER Analysis for Max-Min RS

	Performance Enhancement by Adaptive Power Allocation
	Geometric programming
	Adaptive PA for Multiple Relays
	Adaptive PA for Max-Min RS

	Numerical Results and Discussion
	Conclusions

	Robust MIMO Relay Design for Two-Way MIMO Relaying with Imperfect CSI
	System Model
	Data Model
	Problem Formulation under Perfect CSI

	Channel Uncertainty Model
	Proposed Robust MIMO Relay Design
	Problem Formulation with Imperfect CSI
	Semidefinite Relaxation based Approximation

	Numerical Results and Discussion
	Conclusions

	Conclusion and Future Work
	Conclusions
	Future Work

	Joint PDF of A,ieff and B,ieff
	Bibliography

