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Abstract 

This thesis focuses on a model for the movement of a rotary drill, such as 

that used in oil drilling rigs. Such a rotary drill is typically composed of three 

intermeshed gears. During operation th~ drill hits and bounces off the rock, chipping 

the surface at contact. In order to design more efficient and durable drills, one 

may ask, for different parts of the wheel, what the long term distribution of hits is, 

should a stable one exist. To answer this question, A. Lasota and K. Rusek analyzed 

the movement of one of the wheels, which simplifies the model to two dimensions. 

Using the Birkhoff ergodic theorem they were able to find an estimate for the long 

term distribution of hits by computing long orbit averages. However, due to the 

nature of this method, computer round off error is compounded throughout the 

numerical process, contributing greatly to the uncertainty of the estimate. This 

motivates the need for an alternative way of computing the density function for the 

distribution of hits. The main results of this thesis are a confirmation of the Lasota 

and Rusek's work, and an alternative and more efficient way of obtaining refined 

density distribution estimates. 

We will begin by discussing the Birkhoff ergodic method, and Lasota and 

Rusek's model and results. Then, a Markov approximation scheme, known as Ulam's 

method of computing the density function will be presented. The similar estimate 

for the density function produced using Ulam's method will support Lasota and 

Rusek's results. More refined estimates will be computed using the latter method, 

providing numerical evidence of its stability. Furthermore, we will derive a formula 

for the drilling efficiency in terms of the rotational speed of the drill. Numerically 

we will determine the rotational speed that yields maximum drilling efficiency, and 

observe the asymptotic behaviour of the efficiency for large speeds. 
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Chapter 1 

Introduction 

In this thesis we will study the dynamics of an oil drill, consisting of three or more 

toothed wheels. Each wheel rotates about its axis, while the drill bit rotates about 

its vertical axis. For sufficiently high speeds this rotational movement forces the drill 

bit to jump off and subsequently land back on the surface. As a result, part of the 

kinetic energy is converted into work, thus providing the drilling action in crushing 

the rock. Should it exist, the distribution of the points of recontact is important 

not only from the point of view of drilling, but also for the uniformity of the wear­

and-tear of the drill bit. We will present two ways of computing an estimate for 

the distribution of hits - the Birkhoff ergodic method and Ulam's method and their 

respective advantages and disadvantages. Using the estimates for the distribution 

we will predict the asymptotics of the drill's efficiency as the linear speed increases 

to infinity, as well as the linear speed which yields highest efficiency. 

In Chapter 2 we will present the method used by Lasota and Rusek [8]. We begin 

this discussion by defining and studying the Perron Frobenius operator, which plays 

a key role in density estimation. The Birkhoff ergodic theorem will be presented 

and applied to a dynamical system of a given unit interval map in computing an 

estimate for its invariant measure. This is done by partitioning the unit interval, and 
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computing a long orbit produced by the map for a randomly chosen initial point. 

For each set in the partition the frequency at which it is revisited by the orbit will be 

determined numerically, thus producing a finite dimensional density vector. This is 

an approximation of the invariant density function. We will point out the drawbacks 

of this method, motivating the need for an alternative way of estimating the density 

function given a unit interval map. 

Chapter 3 establishes a two-dimensional model for the rock drill, which provides 

the transformation describing the movement of the wheel in the plane of its rota­

tion. The resulting unit-interval map is studied, and the Birkhoff ergodic method is 

applied to obtain the density function of the drill map. 

Ulam's method of computing the distribution vector is presented in Chapter 

4. We will explain how to discretise the Perron-Frobenius operator and obtain 

a finite dimensional density vector using the transition probability matrix of the 

transformation of interest. The method is illustrated on the dyadic map, providing 

a contrast with the Birkhoff Ergodic method discussed in Chapter 2. In addition 

the dyadic example will provide evidence of the efficiency and accuracy of Ulam's 

method. 

In Chapter 5 we will find estimates for the invariant density function of the 

rock drill map obtained in Chapter 3 using Monte-Carlo type simulations of Ulam's 

method. We will observe the fast convergence of this method by studying the percent 

error function between estimates numerically. The error function will pick up on 

discontinuities in the invariant density function, a feature which was not detected 

with the Birkhoff ergodic method. The distribution vector for several values of the 

linear speed will be estimated. Once a density function is found, we will explain 

how one can compute the efficiency of the drill (in terms of the drill parameters 

and speed). The speed which provides highest efficiency will be obtained and the 

asymptotic behaviour of the dynamics of the drill will be studied numerically. 
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In Chapter 6 we will summarize the results from the two methods and some 

future work will be suggested. 
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Chapter 2 

The Birkhoff Ergodic Theorem 

2.1 Introduction 

In this chapter we will introduce some of the terminology used in this thesis. Here 

we will begin the study of probability density functions, that is functions describing 

the probabilistic behaviour of an orbit produced by a given map. An integral part 

in this discussion is the Perron-Frobenius operator associated with the map. This 

operator will be introduced here and will be revisited in Chapter 3 and 4. 

The Birkhoff Ergodic Theorem will be presented, providing an intuitive way for 

computing the probability density function of a given map. This will be illustrated 

on the triadic and dyadic maps. 

2.2 Overview of Ergodic Theory 

Let (X, B, µ) be a measure space. We will call functions S: X ➔ X transformations. 

Most transformations in this thesis will not be invertible. 

Definition 2.1 A transformation S : X ➔ X is called measurable if A E B => 

s-1(A) EB, where s-1(A) = {x EX: S(x) EA}. 

Definition 2.2 A measurable transformation S: X ➔ X is measure preserving 
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if µ(S-1(A)) = µ(A) for all A EB. 

Definition 2.3 Let S: X --+ X be a measurable transformation. A Borel measure 

v will be called an invariant measure for S if S is measure preserving for v. 

It is often difficult to check whether S preserves a given measure since one rarely 

has an explicit knowledge of all members of B. It is therefore useful to define the 

following family of subsets. 

Definition 2.4 A family P of subsets of X is called a 71"-system if for any A, B 

in P their intersection An B is also in P . We say that a 11"-system generates a 

a -algebra B if B is the smallest a-algebra containing P. 

EXAMPLE 1: Let X = [O, 1) and µ be Lebesgue measure. Then P = { ( a, b) I O ~ 

a < b ~ 1} U {[O, c) I O < c < 1} U 0 is a 71"-system (it is easy to check that it is closed 

under intersections) . 

Since every open subset of [O, 1) is a countable union of (disjoint) intervals from 

P (see [2]) , the a-algebra generated by P contains all open subsets. It follows that 

P generates the Borel a-algebra. 

To check whether a transformation is measure preserving we just need to con­

sider the elements of a generating 71"-system. 

Theorem 2.5 Let S : X --+ X be measurable and let P be a 11"-system that generates 

B. Then S is measure preserving if µ(S- 1 (A)) = µ(A) for all A E P . 

Proof. Let measure 77 be defined by 77(A) = µ(S- 1 (A)). Then µ(A) = 77(A) for all 

A E P. But if two measures on B agree on every element of a given generating 

71"-system then they define the same measure (see Billingsley [6]). Therefore µ = 7J 

on B. □ 
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Figure 2.1: The transformation S(x) = 2x(mod 1) on (0, 1). 

We apply this result in the next example. 

EXAMPLE 2: Let X = [O, 1), B = Borel a-algebra of X andµ= Lebesgue measure. 

Let S: X ➔ X be defined by S(x) = 2x(mod 1), and refer to Figure 2.1. To see 

that S is measure preserving we show that the measure preserving property holds on 

the 1r-system P = {(a,b) IO~ a< b ~ l}U{[O,c) IO< c < l}U0. For any element 

J E P, s - 1(1) consists of two disjoint intervals Ii and 12 with µ(Ii) = ½µ(I) . Hence 

µ(s- 1 I) = µ(I) . 

In order to study the dynamical properties and asymptotics of a given transfor­

mation S we need the notion of absolutely continuous invariant measures. 

Definition 2.6 Let (X, B, µ) be a measure space. A Borel measure v on X is ab­

solutely continuous with respect to the measure µ, denoted v «: µ, if 

v(A) = 0 for every A E B(X) such that µ(A) = 0. 

If S : X ➔ X is a measurable transformation and v is invariant under S and 

is absolutely continuous with respect to µ , then we say that v is an absolutely 



2.2: Overview of Ergodic Theory 7 

continuous invariant measure, abbreviated acim, with respect to µ. Henceforth, the 

statement "with respect to the measure µ" will be omitted if it is clear from the 

context. 

Next we look at an example of an absolutely continuous measure with respect 

to Lebesgue measure. 

EXAMPLE 3: Consider the measure space X = [O, 1] equipped with Lebesgue mea­

sure µ. Let f = 2x and define the measure v by 

v(A) = l fdµ . 

Then if µ(A) = 0, v(A) = J A 2xdx = 0. Hence v « µ. 

The next theorem shows that this is, essentially, the only way v « µ can arise 

and will provide an invariant density. 

Theorem 2. 7 (Radon-Nikodym) Let (X, B, µ) be a a--finite1 m easure space. Let v be 

an absolutely continuous measure with respect to µ. Then there exists a nonnegative 

measurable fun ction f such that for each set A E B(X) we have 

v(A) = l f dµ. 

The function f is called the density of v and is unique in the sense that if g is any 

measurable function with this property then g = f , µ-a. e .. 

Proof. See [2]. D 

REMARK: The function f is also called the Radon-Nikodym derivative of v with 

respect to µ , and is denoted by t. 
Suppose X = [a, b] andµ is the normalized Lebesgue measure on X . Let X be a 

random variable taking values in the space X with a probability density function f. 

1 A measure µ is er-finite on X if X is a countable union of sets of finite µ-measure . 
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Then the probability that X E A defines an absolutely continuous measure, namely 

Prob{X EA}= l fdµ. 

The following definition describes the typical transformation that will be encountered 

in this thesis. 

Definition 2.8 A transformation S: X -+ X is nonsingular if it is measurable 

and 

for all A E B such that µ(A) = 0. 

Given a nonsingular transformation S : X -+ X, we would like to obtain the proba­

bility density function of S(X) in terms of that of X. To do so, observe that 

Prob{S(X) EA}= Prob{X E s-1 (A))} = { fdµ 
1s- 1(A) 

Note that v(A) = f f dµ defines an absolutely continuous measure since S is 
1s-l(A) 

nonsingular. So by Theorem 2.7 there exists a¢ such that 

v(A) = { fdµ = { <f;dµ . 
1s-l(A) }A 

Thus ¢ is the probability density function of S(X). This motivates the following 

definition. 

Definition 2.9 { The Perron-Frobenius operator) Let S: X -+ X be a nonsingular 

transformation. The Perron-Frobenius operator £: Li -+ Li corresponding to 

S is defined by 

{ Cf(x) µ(dx) = f f (x) µ(dx) 
}A 1s- 1(A) 

{2.1) 

for A EB, for any f ~ 0, f E Li. 
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The Perron-Frobenius operator maps the set of nonnegative L1 functions into itself 

and preserves the L1 norm (i.e. it is a Markov operator). These properties, among 

others, will prove to be very useful in studying the evolution of densities under a 

given transformation S. The operator C can be extended to all f E L1 by linearity. 

Namely, if g and hare nonnegative L1 functions such that f = g - h, then 

Cf= Cg-Ch. 

Lemma 2.10 The Perron-Frobenius operator C admits a unique extension to all of 

LI. 

Proof. Firstly, notice that the operator C is linear on Lt. Let f E L1. Suppose 

g, h,g, h E Lt are such that f = g-h = g-h (one such decomposition is f = j+ -!- , 

where J+ = maxxEX{f, O} and J- = maxxEx{- f, O} ). Then Cf = Cg - Ch, and 

we will show that Cg - Ch = Cg - Ch. 

g-h = g-h 

{::}g+h = h+g 

=> c (g + h) 

¢:}Cg+ Ch 

{::} Cg - ·Ch 

C (h + g) 

Ch+Cg 

Cg-Ch. 

since C is linear on Lt 

Now, if f = g - h define Cf= Cg - Ch. This yields a well defined operator on L1, 

that is the unique extension of C. □ 

We now make some important observations. 

REMARKS: 

i) Given Ji and h integrable functions such that 

l fi(x)µ(dx) = l h(x)µ(dx) for all A EB 
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then Ji = h a.e. and since S is nonsingular, (2.1) uniquely defines £ as an 

operator from L1 to L1. 

ii) Suppose X = [0, 1) C JR and S is piecewise differentiable and invertible (in 

particular Sis piecewise monotone). If A in Definition 2.1 is in fact an interval 

[a, x], then a more explicit form of the operator £ can be obtained. Suppose 

the intervals of monotonicity of S are B0 , such that for each a, 80 = s1 
Bo 

is a one-to-one transformation with inverse S-;;1 and derivative S~ # 0. Let 17 

denote the partition {B0 } of X. Differentiating both sides of (2.1) gives 

Cf(x) = dd L f f(s) ds a.e. 
X {o:: BoE'7} Js.; 1

([a,x]) 
(2.2) 

and a change of variables results in 

(2.3) 

Thus we have derived a pointwise formula for £. 

In order to clarify some of these ideas, it is instructive to consider the dyadic 

transformation on the unit interval with µ = Lebesgue measure. This example is 

presented next. 

EXAMPLE 4: Let S(x) = 2x(mod 1). To determine the Perron-Frobenius operator 

associated with the transformation S let (0, x] C (0, 1). Then s-1([0, x]) = [0, x/2] U 

[1/2, 1/2 + x/2] as shown in Figure 2.1. Hence by (2.2) 

d ( { x/2 {1/2+x/2 ) 1 [ (x) (1 x)] Cf(x) = dx lo f(s) ds + 
1112 

f(s) ds = 2 f 2 + f 2 + 2 . 

Definition 2.11 A fixed point or an invariant function for an operator £ 

L 1(X) ➔ L 1(X) is a function f E L 1(X) with f # 0 and Cf= f µ-a.e .. 
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1.8 

0.2 

Figure 2.2: Illustrated are the first few iterates of the Perron-Frobenius operator 
with an initial density of fo(x) = 2x. In this case .t:,n(J0(x)) = 1 + (2x - 1)/2n, 
n = 0, 1, .... The iterates converge rapidly to the invariant density J. = l. 

It is easy to see that f * = 1 is a fixed point of the operator £ corresponding to the 

dyadic transformation (i.e. £(1) = 1) . 

Note that the probability density function f for the random variable X is a 

fixed point for the operator £ if and only if X and S(X) are equidistributed. The 

Perron-Frobenius operator may be viewed as the effect of the transformation S on 

a given probability density function. 

Hence, by definition, if vis an absolutely continuous invariant probability mea­

sure2 for the transformation S then f = dv / dµ is an invariant density function 

corresponding to S, i.e. f 2'. 0, J fdµ = 1 and C,f = f, µ-a.e .. 

To illustrate this concept, consider Example 4, and suppose that the initial 

density function is given by fo(x) = 2x, where x E (0, l] . Then £(Jo(x)) = 1/2 + 
x, and as can be seen in Figure 2.2, J will be rapidly flattened by the iterative 

application of the Perron-Frobenius operator. As n-+ oo, the density .t:,n(Jo(x)) = 

2 vis a probability measure on X if v(X) = 1. 
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1 - (2x - 1)/2n approaches the fixed point of£, f.(x) = 1, x E (0, l]. 

Further study and applications of the Perron-Frobenius operator will be devel­

oped in Chapter 3. 

Suppose Sis measurable and E E B. For x EX we may be interested in the 

frequency with which the points of the orbit {x, Sx, S 2 x, .. . } occur in the set E. The 

next theorem addresses this issue and is an important result due to G. D. Birkhoff 

proved in 1931. 

Theorem 2.12 (Birkhoff Ergodic Theorem} Let (X, B, v) be a a-finite measure 

space. Let S : (X, B, v) ➔ (X, B, v) be measure preserving and f E L1 (v) . Then 

there exists a function j* E L l ( V) such that 

l n-1 

lim An(/) = lim - ""'f(Sk(x)) = f*, 
n--+oo n--+oo n L...., 

k=O 

v- a.e .. 

Furthermore, f* is invariant, i.e. J* o S = f* , v -a.e. and if v(X) < oo, then 

Proof. See Gora [9]. D 

Let us apply this theorem to f = XE· Observe that XE(Skx) = 1 if Skx E E 

and zero otherwise. Therefore, 

gives the relative frequency that the finite orbit {x , Sx , ... , sn-1x} meets E. Thus 

Birkhoff's Theorem implies that for a.e. (v) x, the limiting frequency exists and 

lim An (XE) (x) = xEJ(x). 
n--+oo 

That is, the limiting relative frequency of visits to the target set E by the orbit 

starting at x exists, but depends on x. The Birkhoff theorem gives two implications 
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about this dependence. Firstly, the invariance of XE implies that two points on the 

same orbit give rise to the same frequency ( obvious if one assumes that the limiting 

frequency exists). The second implication is that fx XE(x) dv(x) = v(E), meaning 

that the expected, or average frequency of visits to target set E is the measure of E 

( although it is possible that no orbits yield this average frequency, as will be shown 

later) . In general not much more can be said about the function XE· However for 

ergodic transformations S defined below the function XE has a particularly simple 

form. 

Firstly we need the notion of invariant sets under a given transformation. 

Definition 2.13 Let S: (X,B,µ)-+ (X,B,µ) be measure preserving. A set A is 

called an invariant set under S if s-1(A) = A. 

Definition 2.14 Let S : (X, B, µ) -+ (X, B, µ) be measure preserving. If any in­

variant set A E B is such that either µ(A) = 0 or µ(X/A) = 0 then S is called 

ergodic. 

That is, S is ergodic if the only invariant sets are trivial sets. Equivalently, the space 

X may not be decomposed into two nontrivial invariant sets, X = AU X\A with 

µ(A) f= 0 and µ(X\A) f= 0. 

The next Lemma gives an equivalent but more convenient condition for checking 

ergodicity. 

Definition 2.15 The symmetric differnce of sets A and B is defined by 

A 6 B = (A\B) u (B\A) . 

Lemma 2.16 Let S: X-+ X be a measure preserving transformation. Then S is 

ergodic if and only if the only members BE B with µ(S- 1B 6 B) = 0 are such that 

µ(B) = 0 or µ(X). 
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Proof. (-<=) Let S be a measure preserving transformation such that µ ( s-1 B 6. 

B) = 0 only if µ(B) = 0 or 1. Thus the only invariant sets are the trivial sets. 

(⇒) Let S be ergodic and suppose BE B with µ(S- 1B 6. B) = 0. We need to 

show µ(B) = 0 or 1. We shall do so by constructing a set B00 which has the same 

measure as Band is invariant under s. Observe that s - n B 6.B C U?:o1 s-(i+l) B 6. 

s-iB = Uf:::-l s-i(s-1B 6 B), and hence µ(s-nB 6 B) ~ nµ(S- 1B 6 B). Thus 

for each n > 0, µ(S-nB 6. B) = 0. Define B00 by 

00 00 

B00 = n LJ 5-iB. (2.4) 
n=0i=n 

By our previous computation, for each n 2': 0 we have 

00 00 

µ(B 1::,. U s -iB) ~ I: µ(B 1::,. s-iB) = o. 
i=n i=n 

Since the sets U~n s-iB decrease with n and each has measure equal to B, we 

have µ(B00 6. B) = 0, thus µ(B00 ) = µ(B). To show that B00 is also invariant, we 

compute s-1 B00 using Definition 2.4. 

00 00 00 00 

s-1B00 = n LJ s-(i+l)B = n LJ 5-iB = B 00 • 

n=0i=n n=0i=n+l 

Thus µ(B00 ) = µ(B) = 0 or 1. D 

It is often quite difficult to determine directly from Definition 2.14 if a given 

measure preserving map is ergodic. However, in the next example we prove the 

ergodicity of the dyadic map introduced in Example 2. 

EXAMPLE 5: Let S(x) = 2x(mod 1), B = Borel er-algebra of [0, 1) andµ= Lebesgue 

measure on [O, 1). To show that Sis ergodic consider A= s-1(A). We will prove 

that µ(A) equals either O or 1. This will be done in steps. In Step 1 we will prove 

that µ(An [0, 1/2)) = µ(A)µ([O, 1/2)). In Step 2 we prove this for the intersection 

AnE, where Eis a subinterval of [0, 1) with dyadic endpoints. In Step 3 we extend 
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this result to a union of dyadic intervals, subsequently proving the result within E 

for An A. From this we will conclude that µ(A) must be either 0 or 1. 

Step 1: Let S1 : [O, 1/2) ➔ [0, 1) and S2 : [1/2, 1) ➔ [0, 1) denote the transfor­

mation S restricted to the intervals [0, 1/2) and [1/2, 1) respectively. Observe that 

for all y E [0, 1), S11 (y) = s - 1(y) n [0, 1/2) , while S21(y) = s-1(y) n [1/2 , 1) = 

S11(y) + 1/2. Then 

µ(An [1/2, 1)) = µ(s- 1 An [1/2, 1)) 

= µ(S21A) 

= µ(S11 A+ 1/2) 

(since A = s-1 A) 

µ(S11A) (sinceµ is translation invariant) 

= µ(s- 1An[o,1/2)) 

= µ(An [0, 1/2)) 

Thus for I = [0, 1) 

µ(A) = µ(A n s-1 I) = 2µ(A n S11 I)= 2µ(A n S21 I) . (2.5) 

Step 2: If E is an interval of the form 

[ 
s s + 1) 

E = 2k+l ' 2k+l 

where k is a nonnegative integer ands = 0, 1, ... , 2k+1 - 1, then 

µ(An E) = µ(A)µ(E). (2.6) 

This is shown by induction. The basis step is expression (2.5) . Assume that (2.6) 

holds for k = m and s = 0, 1, .. . , 2m+1 - 1. We need to show that the statement is 

true for E = [s/2m+2, (s + l)/2m+2). Notice that Eis entirely contained in either 

[0, 1/2) or [1/2, 1), that is En [0, 1/2) = E or 0. Without loss of generality suppose 
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En [O, 1/2) = E. Then using (2.5) with S11 I= E and the induction hypothesis we 

obtain 

µ(An E) = µ(An S11 I) 
1 = -µ(An s-1 I) (follows from expression 2.5) 
2 

= ~µ(s-1 (A n I)) 
1 = 2µ(Anl) 

- ~µ(A) µ ( [
2
,:+1, (~:+!))) (by Induction Hypothesis) 

µ(A)µ ( [2:+2' (~:+!))) 
= µ(A)µ(E). 

Step 3: The result of Step 2 can be extended to any set which is a finite union 

of dyadic intervals. 

Let E = U.i=l Ej be a finite union of dyadic intervals. Without loss of generality 

we can assume the Ej are disjoint and so 

n n 

µ(An u Ej) = µ( u (An Ej)) 
j=l j=l 

n 

= I:µ(AnEj) 
j=l 

n 

Lµ(A)µ(Ej) 
j=l 
µ(A)µ(E). 

Consider € > 0. The set A can be approximated arbitrarily closely by a union 

of dyadic intervals B = Uf=1 Ei such that µ(A.6.B) = µ((A - B) U (B - A)) ~ €/2. 

Therefore 

µ(A)(l - µ(A)) < µ(A) ( 1 - µ(B) + i) 
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€ 
µ(A) - µ(A)µ(B) + 2µ(A) 

€ = µ(A) - µ(An B) + 2µ(A) 

< µ(A) - (µ(A) - i) + i 
= €. 

Since € was chosen arbitrary this implies µ(A) = 0 or µ(A) = 1. Hence the dyadic 

map is ergodic. 

The following theorem gives an important characterization of ergodic maps. 

Theorem 2.17 The following are equivalent 

1. S is ergodic. 

2. If f is measurable and f o S = f a. e., then f is constant a. e. 

Proof. ( ⇒) Suppose S is ergodic and let f be such that f o S = f a.e.. If f is 

not constant a.e., then there exists a E JR such that the set B = {xlf(x) ~ a} is a 

nontrivial set. We will show that B = s-1B, thus contradicting the ergodicity of S. 

Let x E s-1 B. Then S(x) EB, and J(S(x)) = f(x) ~ a. Thus x EB. 

Let x EB. Then f(x) ~ a, thus J(S(x)) ~ a, or S(x) EB. Therefore x E s-1 B 

and B = s-1B . 

( ¢::) Suppose for all measurable functions f with the property f o S(x) = J(x) 

we have that f is constant a.e .. Let B be a set in X with the property s-1 B = B. 

Consider the characteristic function on B, XB· Since B is invariant xs(S(x)) = 

xs(x) = 1 on Band zero otherwise. Hence xsoS(x) = xs(x) and by assumption XB 

is constant a.e .. Thus µ(B) = 0 or µ(X\B) = 0, which proves that S is ergodic. □ 

The next corollary follows directly from Theorem 2.12 and Theorem 2.17. 

Corollary 2.18 If S is ergodic then the invariant function f* is constant v-a.e. 
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and if 11(X) < oo, then 

11 - a.e .. 

Returning to the calculation of the frequency of visits of an orbit {x, Sx, S2x, ... } 

to a measurable set E, it follows from Theorem 2.17 that if S is ergodic then 

Xe= 11(E) a.e .. 

That is, the orbit of almost every point of X occurs in the set E with asymptotic 

frequency 11(E). 

The following outlines a method for computing an estimate for the invariant 

density function given an ergodic transformation S: X--+ X, where X = [O, 1). 

Let 11 = f dµ be invariant. For each subset E E X and for a.e. x E X we have 

AnXE(x)--+ v(E) = l f dµ. 

If E is a short interval E = (a, b), then 

l f dµ = ( b ~alb f dµ) (b- a) = f(a,b)µ(a, b) 

where fc.a,b) denotes the average value of density f on (a, b). This motivates parti­

tioning the space X into intervals. 

Definition 2.19 Ann-bin partition f/ of X = [O, 1) is a finite set {xo,x 1 , ... ,xn} 

of real numbers such that 

0 = XI < X2 < X3 < · · · < Xn < 1. 

The intervals [xi, Xi+1) for i = 1, ... , n - 1 are called the component intervals 

or bins of the partition rJ. If the component interoals have the same measure, i.e. 

µ([xi, Xi+1)) = 1/n for all i = 1, ... , n - 1, then we say that '1 is a uniform parti­

tion of X with lrJI = 1/n. 
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o. t 0.2 0.3 0.4 0.5 06 07 0.8 

Figure 2.3: The transformation S(x) = 3x(mod 1) on [O, l]. 

In the next two examples we will use a uniform fifty-bin partition rJ to obtain a 

picture off ~ L-IETJ J1x1 by calculating 

- . Anx1(x) . A ( ) !I = lim I I = 50 hm nXI x . 
n-+oo 'fl n-+oo 

The examples will show that for some values of x this gives an approximation 

for the true invariant density function, while others fall in the exceptional set of 

Birkhoff's Theorem, and produce incorrect estimates. 

To illustrate how we can make an estimate for the invariant measure for a 

given transformation S consider the following two situations illustrated by the next 

example. 

EXAMPLE 6: Let S(x) = 3x(mod 1) and refer to Figure 2.3. Let rJ be the partition 

of [O, 1] into 50 equal sized bins. For each E E rJ we may obtain an approximation 

for the measure v(E) using the Birkhoff Ergodic Theorem with 

(E) ~ (E) _ A ( ) _ #{ i < n : Si(xo) E E} 
1/ ~ 1/(n,xo) - n XE - n 

where #C denotes the number of elements in the set C. For any given initial point 

xo, v(n,xo) (E) represents the fraction of hits which occur in the set E . In particular 
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Figure 2.4: The estimate for the density of v for S(x) = 3x(mod 1). The orbit has 
a length of n = 105 and starts at x = y?,/2. 

we may think of {v(n,xo)(E)}~=l as a sequence of measures which converges weakly to 

an invariant density function on E. Consider the orbit of the initial point x = .../2/2. 

Computer simulations for an orbit of length n = 105 produce the estimate for the 

invariant density shown in Figure 2.4. 

In contrast, consider the orbit of the initial point x = l/3. By observing that 

S(l/3) = 0 and subsequently Si(O) = 0 \/i 2: 1, we see that in this case 

. {1 ifOEE 
v(E) = nt~ l/(n,l/3)(E) = 0 if O ¢ E. 

Therefore the orbit of the exceptional point x = l/3 produces a 8-function peaked 

at zero in the limit as n -+ oo. Computer simulations verify this result, which is 

illustrated in Figure 2.5. 

Example 6 shows the sensitivity to the choice of the starting point on the re­

sulting invariant density. Starting at x = .../2/2 produced an estimate for the true 

invariant density f = l, while starting at x = l/3 produced a 8-function. Clearly 

this latter density is the incorrect invariant density for the triadic map. 
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Figure 2.5: The estimate for the density of v with an orbit of length n = 105 of 
S(x) = 3x(mod 1) with an initial point x = 1/3. This approximates the 8-function 
at X = 0. 

The next example shows that the exceptional set of initial points x in Birkhoff's 

Theorem can nontheless be troublesome in applications. Recall that every number 

in a computer is represented by a dyadic rational, in any precision. 

EXAMPLE 7: Let S(x) = 2x(mod 1) and let the partition 'r/ be as above. Then apply 

the Birkhoff theorem as in the above example to the orbit corresponding to initial 

point x = 1;2n for some positive integer n. It is easy to see that sn(x) = 0. In fact 

because of its floating point representation, every starting point x E [0, 1] for this 

transformation will produce a 8-function as shown in Figure 2.5. 

2.3 Conclusion 

Although intuitive, the Birkhoff ergodic method of computing the invariant density 

function has a number of drawbacks. This method is based on the assumption that 

the map of interest is ergodic. We illustrated that even in the dyadic example, one 

which is relatively simple from the point of view of computations, ergodicity is dif-
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ficult to prove. The map of main interest in this thesis will be derived numerically 

using an approximation scheme. This makes ergodicity difficult or impossible to 

prove. In addition, computing long orbits using the approximation scheme com­

pounds on the round off error and makes the invariant density estimate less reliable. 

Another drawback to this method is that, as illustrated in the dyadic and triadic 

examples, it is highly dependent on the choice of orbits. In particular, certain initial 

orbit points belong to the exceptional set (of measure zero) which do not produce 

the correct invariant density function. In addition, due to some limitations of the 

floating point representations language, it is possible that all points produce an 

incorrect invariant density function (as shown in the dyadic example). The numerics 

require long orbits and laborious computations, which make this method also time 

inefficient. Furthermore, the rate of convergence to the invariant density function is 

unknown and there are no error estimates that can be made. In this thesis we will 

develop a method that will address some of these issues. 



Chapter 3 

Invariant Density Function for 
the Rock Drill Map 

3.1 Introduction 
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In this chapter a 2-dimensional rock drill model will be presented based on the 

geometry and the linear speed of the individual wheel of the drill. This was a 

model first presented by Lasota and Rusek [8] in 1974. In their analysis an estimate 

for the invariant measure was obtained using the method outlined in Chapter 2. 

This estimate is the objective of this chapter. In Section 3.2 we will see that the 

behaviour of the drill is directly related to the Froude number, dependent on the 

linear speed of the drill 's wheel and the force exerted by the drill onto the rock. 

Important conditions on this ratio will be discussed and we will see how one can 

numerically obtain a map which will fully describe the behaviour of the drill for 

different speeds. Motivated by the results for unit interval transformations in ergodic 

theory, in Section 3.3 the drill map will be redefined from the unit interval into itself. 

This map will be our main focus throughout the remainder of the thesis, in particular 

we will be interested in computing its invariant density function, given that it exists. 

In order to apply the existence result of Lasota-Yorke on absolutely continuous 

invariant measures, in Section 3.4 the idea of induced mappings is presented and 
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Figure 3.1: lliustrated above is a rock drill bit with three conical cutting heads. 

applied to the rock drill transformation. In Section 3.5 we use the existence of 

an absolutely continuous invariant measure to apply the Birkhoff Ergodic Theorem 

presented in Chapter 2 and obtain an estimate for the invariant density function of 

the rock drill map. 

3.2 Rock Drill Model 

A rock drill consists of a number of intermeshed toothed wheels as illustrated in 

Figure 3.1. The drill bit rotates about its central axis, and each wheel rotates about 

its centre. 

In this thesis the model is based on the action of only one of the wheels of 

the drill. This makes the model two-dimensional, with one dimension being the 
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X 

Figure 3.2: The cutting head is comprised of a number of gears. Illustrated is one 
such gear and the curve q(x) mapped out by its centre when the gear rolls. 

horizontal travel of the wheel and the other dimension describing vertical motion of 

the wheel hitting the rock. Let R be the radius of the wheel and T be the straight 

line distance between two consecutive teeth. Then the curve described by the centre 

of the wheel is periodic with period T, and consists of segments of circles of radius 

Rand centres ak = (2k + l)T/2 fork= 0, l , .... Namely q(x) = JR2 - (x - ak)2 

for kT :S x :S (k + l)T. This is shown in Figure 3.2. Then 

for kT :S x :S (k + l)T is the (k + 1)-th hump described by the centre of the wheel 

after the curve has been shifted down to the x-axis. We define the base curve J(x) 

with domain x ~ 0 to be f(x) = L~ofk(x)X[kT,(k+l)T)(x) 1
• 

1 xs is the characteristic function on the set B, defined by 

{ 
0 : x rt. B 

xs(x) = 1 : x EB 
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The centre of the wheel describes the curve f (x) if the component of the net 

reaction force on the wheel in the direction normal to the base curve points towards 

the rock surface. Thus, in this case the vertical component Fz of the net reaction 

force must be negative. 

Let F be the applied vertical force on the drill (i.e. the weight of the drill plus 

the press force), and M be the mass of the drill. We use Newton's Law to make an 

estimate on the drill's parameters in the case when the wheel simply rolls along the 

rock. Let c be the x component of the velocity of the mass centre of the wheel and 

t be time. Then x = ct and 
cPj 

:F= - M--F 
z dt2 

where ](t) is the curve described by the centre of the wheel as a function of time. 

For kT ~ x ~ (k + l)T 
c2R2 

(q(x))3 

where q(x) = f(x) + JR2 -T2/4 for all x. Thus for F z < 0 we need 

2 R2 
Fz = Mc (q(x)) 3 - F < 0 

~ F ( 1 - ;:x~;3) > 0 

( 
2 R

3 
) ~ F 1 - w (q(x))3 > 0 

where w2 = Af,c;, is known as the Froude number and represents the ratio between 

the force due to the rotation of the wheel, M c2 / R, and the applied force, F , exerted 

by and on the drill. In this thesis it will be assumed that the only applied vertical 

force is that due to gravity, namely F = Mg. Thus the Froude number simplifies to 

w
2 = ;~. Notice that w is proportional to c. The condition above translates to the 

inequality 

w2 < (q(x))3 
R3 
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for all x E R+. There are three cases. 

Case 1: 

0 < w2 < min ((q(x))
3
). 

- - xER+ R3 

The quantity (q(x))3 /R3 is minimum when q(x) is minimum, namely when x = kT, 

k = 0, 1, 2, .... Substituting q(kT) = q(O) = JR2 - T 2/4 gives the condition on w2 

O<w2 <----'-'-- = 1--
(q(kT))3 ( T2)3/2 

- - R3 4R2 

In this case at least one tooth of the wheel is in contact with the rock at all times. 

That is, the linear speed is low and the wheel simply rolls along the surface of the 

rock. 

Case 2: 

min ((q(x))
3

) < w2 < max ((q(x))
3

) . 
xER+ R3 xER+ R3 

The ratio (q(x)) 3 / R3 attains its maximum when q(x) is maximum, which occurs 

at ak. The substitution q(ak) = R gives the condition 

(q(kT))3 - ( - T2 ) 3/2 2 (q(ak))3 
R3 - 1 4R2 < w < R3 = 1. 

In this case, the linear speed is sufficient for the wheel to bounce off the rock as 

long as the position of the centre of the wheel, x, is outside an interval, h, around 

x = ak . In other words launching will occur over JR+\h, otherwise the wheel rolls 

along the surface of the roclc. 

Case 3: 

w2 ~ 1. 

In this case the linearl speed of the wheel is high enough, so that the drill always 

bounces off the rock at point of contact. This case will be our main interest in this 

thesis. 
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0.5T T 1.5T 2T 2.5T 3.5T ◄T 

Figure 3.3: Projectile motion described by the centre of the drill head once it 
launches from the first base curve. 

For effective drilling the linear speed of the wheel should be high enough so that 

the drill bit jumps away and subsequently lands back on the rock, hence transferring 

its kinetic energy into work (i.e. drilling). However w2 > 1 does not ensure uniform 

drilling. When 1 < w2 < 2 the wheel's trajectory rapidly approaches a periodic 

regime in that the drill lands on the same position of the base curve on every jump. 

This will be briefly discussed later on. 

We assume that there is no sliding of the teeth and all collisions are completely 

inelastic. Figure 3.2 shows what happens as the wheel jumps away from the rod. 

The centre describes a projectile motion curve which is initially tangential to the base 

curve ( corresponding to the assumption of inelasticity, i.e. no sliding of the teeth in 

the x direction) and its range depends on the launch point and the linear speed of 

the wheel. We will be interested in studying a map which describes the orbit of any 

given initial launch point, thus enabling us to study the longtime average landing 

point distribution, that is the uniformity of impacts and rate of drilling. Because of 
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this we are interested in the map L{x0 ), i.e. landing point L vs. launch point xo. 

Iterates of L will produce the orbit of a given initial point xo. To find an explicit 

form of the function L assume O ~ xo ~ T, i.e. launching occurs at {xo,fo(xo)). 

Then the projectile motion curve u(t) = (x(t), z(t)) satisfies 

u(t) = {O, -g) {3.1) 

with initial conditions 

u{O} = (xo, fo(xo)), u{O) = (c, cf~(xo)). 

Simple integration of both sides of {3.1) and using the initial conditions leads to 

gt2 
u(t) =(ct+ xo, - 2 + ctf~(xo) + fo(xo)). 

By letting x = x0 + ct be the horizontal position of the mass centre of the wheel one 

has 

u(t) = (x, w(x , xo)), 

where 

w(x, xo) = fo(xo) + (x - xo)f~(xo) -
2
~ (x - xo)2

. 

Note that w(x, x0 ) describes the orbit of the mass centre of the wheel as a function 

of the initial launch point. It will enable us to obtain the landing point L as a 

function of xo. We do so by fixing xo and solving for L in 

where k is the smallest integer satisfying this equation. Figure 3.4 shows L(xo) 

for a typical wheel (R = 0.032m, T = 0.0198m}, when the linear velocity of the 

wheel is c = 1.oms-1. Here w2 = 3.186. The graph of L is based on 105 points 

numerically determined using an approximation scheme similar to Newton's method 

(see Appendix A). 
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L 3.5T 

1. 

Figure 3.4: Depicted is the trajectory map L(x0 ) where R = 3.2cm, T = 1.98cm 
(the wheel has 10 teeth) and c = 1.oms- 1 (w = 1.78). With this set of parameters 
the trajectory map has three disjoint branches. 

An important feature of the map L is its monotonicity. We prove in the next 

lemma that the map L is piecewise monotone decreasing provided the speed c is 

sufficiently large. 

Lemma 3.1 There exists a critical speed Vcr i t such that whenever c > Vcrit the m ap 

L is piecewise monotone decreasing. 

Proof. We show this by proving the monotonicity of w(x, xo) as a function of xo 

for a fixed x. Figure 3.5 shows this geometrically. We seek a condition for which 

ow/ oxo < 0, where 

We need 

w(xo) = - 2!2 (x - xo)2 + (x - xo)fo(xo) + fo(xo) . 

ow 
oxo = ~ (x - xo) '- fo(xo) + (x - xo)Jt(xo) + fo(xo) 

C 

= (x - xo) (!t(xo) +;) < 0. 
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z 

Figure 3.5: Depicted are two trajectories with launching points xo and xo + 6x and 
parameters R = 3.2cm, T = 1.98cm (1 = 9.55 x 10-2) and c = 1.oms-1 (w = 1.78). 
Geometry suggests w(x,xo + 6x) < w(x,xo)-

Since X > xo , one must have c2 > v~it = -g/ fo(xo)­

For our base curve fo(xo), 

Therefore the maximum of -g/ J0(xo) is attained when xo = 0. Hence the condition 

for the critical speed becomes 

D 

Applied to a typical wheel (R = 3.2cm and T = 1.98cm) Lemma 3.1 gives the 

monotonicity condition c ~ 0.27ms- 1 . 

For further analysing the map L we wish to nondimensionalize its parameters, 

hence obtaining a base curve of period one. This is done by making the following 
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substitutions: 

x=sT, 

Under this substitution the new form for the base curve becomes 

Pk(s) = [1 - 1(2s - 2k - 1)2]112 - (1 - 1 )112 

where k :S s :S k + 1 and , = (T /2R)2 is a dimensionless parameter depending only 

on the number of teeth on the wheel2 . Notice Pk(s) corresponds to the k-th hump 

of the base curve. The new base curve p(s) with domain s 2'. 0 is defined to be 

p(s) = LkEN Pk(s)X[k,k+l](s). The map landing point Y vs. launch point so may be 

obtained similarly as above. That is by solving for Y as a function of so in 

p(so) + (Y - so)p'(so) -
2
; (Y - so)2 = p(Y). 

w 
(3.2) 

Furthermore the condition corresponding to the critical speed translates to 

w2 = (l _ ,)3/2 

and by Lemma 3.1 this is sufficient for the monotonicity of Y(s) . 

3.3 Unit-Interval Map For The Rock Drill 

Our interest in the map Y lies in determining where the drill hits the rock when it 

lands. Recall that the variable s represents how much the drill has turned. We may 

think of the unit interval applied N times around the circumference of the wheel, 

where N is the number of teeth on a wheel. We shall restrict our attention to the 

map S: [O, 1} ➔ [O, 1} defined by 

S(s) = Y(s)(mod 1). 

2 'Y = sin2{1r/N), where N is the number of teeth on the wheel. 
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Figure 3.6: Left: Depicted is the unit-interval roclc drill map S : [0, 1] -+ [0, 1] with 
-y = 9.55 x 10- 2 and w = 1.78. Right: the unit-interval map S : [O, 1] -+ [0, 1] with 
same drill parameters and w = 2.5. 

Figure 3.6 shows the unit interval map S corresponding to the behaviour of a drill 

with typical parameters and speeds of c = 1.0 m/s and c = 1.4 m/s. 

The piecewise monotonicity of the map S follows from that of Y. An important 

observation is that a map S of k branches stands for the fact that the farthest 

landing point occurs in the k-th hump. That is, the first branch is the set of all 

points that get mapped to the k-th hump, the second branch consists of the points 

that get mapped to the (k - 1)-st hump, etc. 

In the case of a one branch map, S, it can be shown (see Boyarsky and Gora [9]) 

that S has an attracting fixed point as illustrated in Figure 3.7. In this analysis the 

circular segments of the base curve were approximated to parabolic, thus allowing 

for an explicit computation of the range map S(s) . An estimate for the number 

of branches was made depending on the speed, simply by finding the larger root 

of the approximated expression in (3.2) when the launch point is s0 = 0. This 

computation leads to the maximum value of landing point, the integer value of 
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which corresponds to the number of branches of the map S. This value is [ w2]. Thus 

with this approximation it can be shown that the map S(s) consists of one branch 

if 1 < w2 < 2. Furthermore, this approximation makes it possible for Gora and 

Boyarsky to establish analytically the existence and explicit form of an attracting 

fixed point s1 = 1/2 - 1/2w- 2 for 1 < w2 < 2. Thus, when the linear speed of 

the wheel is in this range the system eventually enters a periodic regime, in the 

sense that landing (i.e. drilling) occurs only at the fixed point sf. It can further be 

shown that when w2 > 2 there are no attracting fixed points and drilling is uniform. 

Numerical analysis in the exact case supports G6ra's results , and suggests that only 

the range w2 > 2 is of interest. 

An important result on acims is the Lasota-Yorke Theorem [7], which states 

that if Sq : [O, q] ➔ [O, q], where q E (0, 1), is a piecewise C2 function with finitely 

many pieces, having the property infxE [O,q) IS~(x)I > 2, then an absolutely continuous 

invariant measure exists. In the drill map of n branches S'(x) > 1 for all x, except 

on interval I near x = 1. This motivates the idea of inducing a map on a subinterval 

[O, q] C [O, 1]. The new induced map Sq : [O, q] ➔ [O, q] has the property S'(x) > 1 

for all x. Thus, there exists a p E N such that S~(x) is a map with finitely many 

branches which satisfies the condition infxE[O,q) l(SP)'(x)I > 2. For this map we can 

conclude that an acim exists due to Lasota-Yorkes's result. In the next section the 

idea of induced transformations will be developed, and we will discuss how one can 

lift the Lasota-Yorke result to the original unit interval map S . 

3.4 Induced Maps and Their Invariant Measures 

In this section let S be an ergodic measure preserving transformation on a normalized 

measure space (X, B, µ). 

Definition 3.2 A set A is called a recurrent subset of X if for all x EA there 
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Figure 3.7: Depicted is the trajectory map for a midrange speed (1 < w2 < 2) along 
with the line y = x to illustrate the fixed point property of the map S. In this case, 
, = 9.55 x 10- 2 and w = 1.37. 

exists an n(x) ~ 1, such that sn(x)(x) EA. Defin e the first return time function 

by N(x) = min{n(x)jsn(x) E A}. The first return time transformation or 

induced transformation on A, denoted by SA(x), is defined to be 

(3.3) 

for all x EA. 

REMARK: According to the Poincare Recurrence Theorem (see [9]) for a measure 

preserving transformation S the right hand side of expression (3.3) is necessarily 

finite almost everywhere. 

We illustrate the concept of induced transformations in the next example. 

EXAMPLE 1: Let S(x) = 2x(mod 1) and let A= [O, 1/2). We construct the induced 

map SA in Figure 3.8 by obtaining the first return time function N(x) . 

On A1 = [O, 1/4), N(x) = 1. Namely S(l/4) = 1/2 and for x E A1, S(x) E 

[O, 1/2]. Hence on A1, SA(x) = S(x) . Similarly on A2 = [2/8, 3/8), N(x) = 2, that 
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Figure 3.8: The induced transformation S[o,1; 21(x) corresponding to the dyadic map 
S(x) = 2x(mod 1) on [O, 1] . 

is S2 (3/8) = 1/2 and for x E A2 , S(x) ~ A and S2 (x) EA. Continuing in this way 

we obtain N(x ) = k on Ak = [s/2k+1 , (s + 1)/2k+l], where s= I:~,;:} 2i = 2k - 2. 

Hence SA(x) = Sk(x) for x E Ak. The resulting map is illustrated in Figure 3.8. 

Let (X, v) be a measure space and S: X--+ X be a nonsingular transformation. 

Let A C X be a recurrent subset and suppose SA is the transformation obtained by 

inducing the map Son A. Our interest in induced mappings arises from Lasota and 

York's result from 1973 (see [7]). It states that if a transformation SA : [O, q] --+ [O, q] 

has finitely many branches and is piecewise monotone and C2 with the property 

infxE(O,q] ISA(x)I > 2, then an acim exists for SA on [O,q]. The example above 

showed how an induced transformation may be constructed on a subset of the unit 

interval A = Uk=i Ak, where Ai n Aj = 0 and the first return time function on 

Ak takes the value k. In this case however the induced map has infinitely many 

branches, thus Lasota-York's Theorem cannot be applied. We will see that the 

induced transformation on the rock drill map has finitely many branches, and deduce 

that an acim on the induced map SA exists. The idea is to extend this result 
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Figure 3.9: The sets Ak and Tk, fork EN. When k = 0, To= A. 

from SA to the unit interval map S, i.e. the original rock-drill map. With this 

notation in mind we would like to relate the invariant density function of the induced 

transformation SA to that of the original transformation S. Referring to figure 3.9 

define Ak = { x E A I N ( x) = k} . Notice that since A is recurrent A = Uk= 1 Ak 

disjointly. The next theorem extends the result of existence of an acim from the 

induced to the original map. 

Theorem 3.3 Let S: [O, 1] ➔ [O, 1] be a measurable transformation and let A be a 

recurrent subinterval of [O, 1]. Let SA : A ➔ A be the induced map, preserving the 

measure, µA , Let B be an element of the Borel a-algebra on [O, 1] Then the lift of 

µA to the unit interval, denoted by µ, defined by 

oo k 

µ(B) = I: Lµ A (s - i+iB n Ak) (3.4) 
k= l i= l 

is an invariant measure for the transformation S. 

We prove this in a series of Lemmas. 
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Lemma 3.4 Let B be a measurable set in X. Then 

00 

SA. 1(B n A) = LJ 5-k B n Ak 
k=l 

as a disjoint union. 

Proof: The union above is disjoint since the Ak are disjoint. Now, 

00 

x E LJ s - k B n Ak {::} 3k, such that x E Ak and x E s-k B 
k= l 

{::} 3k, such that x E Ak and Sk(x) EB 

{::} 3k, such that x E Ak and SA(x) EB 

{::} 3k, such that x E Ak and SA(x) EB n A 

{::} x EA and SA(x) EB n A 

¢:} xEAnSA. 1(BnA) 

{::} x E S_::;:1(BnA) D 
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Lemma 3.5 The measure µ defined by expression 3.4 is invariant under the trans­

! ormation S . 

Proof: We show that µ(s- 1 B) = µ(B) . 

oo k 

µ(s- 1 B) = LL µA(s-iB n Ak) 
k=l i=l 

00 00 

µ(B) + L µA(s- k B n Ak) - L µA(B n Ak) 
k=l k= l 

00 

µ(B) + µA(SA 1 (B n A)) - L µA(B n Ak) by Lemma 3.4 
k=l 

µ(B) . □ 

Lemma 3.6 Suppose S is nonsingular w.r.t. the measure v and µA « vlA with 

:t,~ = 9A· Let the operator C : L1 -+ L1 be the Perron-Frobenius operator for 
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S : X -+ X, Then the measure µ defined by 

(3.5) 

is absolutely continuous w. r. t v and agrees with the lift of µA defined in expression 

Proof: Withµ defined by Equation 3.5, it can easily be shown thatµ« v . We need 

only verify the definition ofµ. Let B c X be a measurable set. Then 

oo k 

µ(B) = E ~ k-i+1BnAk 9A dv 

oo k 

- E~ l -i+lB XAk9AdV 

oo k 

LL/, ,ei- 1(XAk9A) dv 
k=l i=l B 

by definition of .C. 

We apply the Monotone Convergence Theorem to the increasing sequence of non­

negative functions Jj = E{=1 Ef=1 ,ei-l(XAk9A) for j = 1, 2 ... , converging to 

f = E~1 Ef=1 ,ei- 1(XAk9A) - Thus we obtain 

(3.6) 

Equation 3.6 leads to a natural definition for the invariant density function of 

the measure µ. Define 
oo k 

9 =LL _ci- l(XAk9A)- (3.7) 
k=l i=l 

The above calculation shows that g E £ 1 and 11911 = l. Furthermore, the sum in 

the definition converges in £ 1 . The next Lemma shows that g is a fixed point of the 

operator .C. 

Lemma 3. 7 If g and .C are as defined above, then .Cg = g a. e .. 
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We present two proofs. 

Proof 1: By Lemma 3.5 and expression (3.5), µ o s-1 =µandµ= g dv. Thus for 

all B C X we have 

Hence .Cg = g a.e.. D 

Proof 2: (Direct) Let f E L 1(A,vlA) and 'P: £ 1 ➔ £ 1 be the Perron-Frobenius op­

erator for SA· Then for all x E A Then 

00 

= L c,k(XAk/)(x). 
k= l 

Thus 
00 

'Pf(x) = L .Ck(XAk/)(x). (3.8) 
k=l 

Now, 

oo k 

.Cg = LL .Ci(XAkgA) 
k=l i= l 

00 00 

g + L .Ck(XAkgA) - L XAkgA by definition of g 
k=l k=l 

g + 'PgA - 9A by equation 3.8 and convergence in £ 1 of the infinite sum 

= g. □ 

This proves Theorem 3.3 and defines and acim µ on S lifted from that of the 

induced map SA. 

REMARK: To make sense of Figure 3.9, define Tj = {x I 3y EA with Si(y) = 

x} for j = 0, 1 .... Note that while Ai nAj = 0 for i -::/- j, Ti and Tj are not necessarily 
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Figure 3.10: Left: Induced map SA : (0, 0.451) -+ (0, 0.451) on the rock drill map 
S (based on usual parameters). Right: First return time function of the rock drill 
map defined by (3.3). 

disjoint. To see this, refer to the dyadic map example. We induced the map S(x) = 
2x(mod 1) on A = [0, 1/2]. Then T1 n A1 = (1/2, 3/4] and T2 n A2 = [1/2, 3/4]. 

Thus T1 nT2 f 0. 

The argument above shows that we may lift the measure of the induced map 

in order to obtain a measure for the original unit interval map, while preserving its 

invariance and absolute continuity. This allows us to use the Lasota-York result on 

existence of an acim to the oil drill map. In particular we may obtain the induced 

map SA : [0, q] -+ [0, q], where q is such that infxE(O,q) S' (x) > 1. For a typical drill 

(, = 9.55 x 10-2
, w = 1.78) q = 0.451. Figure 3.10 shows the induced map SA on 

[O, 0.451]. For a finite iterate of this map the hypothesis of Lasota-York's existence 

theorem holds. Hence an acim for the oil drill map exists. Thus the Birkhoff Ergodic 

method applies, provided the map is ergodic and we use the method outlined in 

Chapter 2 to compute the invariant density function of the oil drill map. 

0.◄5 
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Figure 3.11: Shown here is the invariant density for the rock drill map with 1 = 
9.55 x 10- 2 , w = 1. 78. In this particular example the orbit has a length of n = 20,000 
iterations and a starting point of ../2/2. 

3.5 Birkhoff Theorem on the Rock Drill Model 

Here we apply the Birkhoff Ergodic theory developed in Chapter 2 to the unit 

interval map S which models the dynamics of a roclc drill. In the same fashion as in 

the examples in Chapter 2 we may obtain an invariant density by following the orbit 

of a given initial point. Let TJ be the partition of the unit interval of 50 equal sized 

bins. Using initial point x = ../2/2 we may compute the Birkhoff ergodic averages 

of hits on each interval E E 17 and hence find an estimate for the invariant measure 

(E) ~ .!_ ~ Si ( ) _ #{i < n: Si(x) EE} 
V ~ L., XE O X - . 

n i=O n 

Figure 3.11 shows the result for an orbit of length n = 20,000. 

Figures 3.12 and 3.13 are the density function estimates on a 50 bin partition 

when the initial point is x = ../2/4 and x = ../3/3. These numerical estimates reveal 

a reasonable stability of the long orbit computations with respect to choice of initial 

point. Clearly the coarse structure of the approximate density function is being 
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Figure 3.12: Shown here is the invariant density for the rock drill map on 50 bins 
with 1 = 9.55 x 10-2

, w = 1.78. In this estimate the orbit has a length of n = 20,000 
iterations and a starting point of -/2/4. 

preserved between runs. This is in contrast to our experiments in Chapter 2 with 

the dyadic map. Nevertheless, one sees discrepancies between these runs, especially 

near the points where the density appears to be discountinuous. Figure 3.14 shows 

the invariant density function on 200 bins for the same initial point used for Figure 

3.12. Since every point in the orbit is computed only within a certain accuracy, 

the longer the orbit, the more compounded the error. Thus refining the partition 

may not produce a more accurate estimate. This is one of the major drawbacks of 

this method. This motivates the use of an alternative method outlined in the next 

chapter. 

3.6 Conclusion 

The method used here to determine an estimate for the invariant density function 

was used in the earlier work of Lasota and Rusek [8]. As concluded in Chapter 

2, there are several disadvantages to this method. Among them, this estimate of 

r, 
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Figure 3.13: Shown here is the invariant density for the rock drill map with 'Y = 
9.55 x 10-2

, w = 1.78. Here the orbit has a length of n = 20,000 iterations and the 
starting point is xo = v'3/3. 

the invariant density function relies on the fact that the rock drill map is ergodic, 

which, due to its nature, is impossible to prove. Furthermore, due to the nature 

of the numerical derivation of the drill map, in obtaining the long orbits computer 

error is compounded, making the estimate uncertain. This and the relatively slow 

rate of convergence motivates the need of a different method for an estimate of the 

invariant density function, which will be discussed in the next chapter. 
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35 

Figure 3.14: The invariant density for the rock drill map with 1 = 9.55 x 10- 2 , 

w = l. 78. In this 200-bin estimate the orbit has a length of n = 80,000 iterations 
and a starting point of ../2/4. 
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Chapter 4 

Ulam's Method 

4.1 Introduction 

In this chapter we analyse an approximation scheme for invariant density estimates 

which was originally proposed by Ulam (5] , known as Ulam's method. Here the 

Perron-Frobenius operator and its fixed point play an integral part. The convergence 

of Ulam's method depends on the form of the transition matrix associated with the 

transformation of interest. In Section 4.2 we will describe how this matrix can be 

obtained. The condition of convergence to an invariant density has been established 

for various classes of transformations. The Perron-Frobenius Theorem will be stated, 

providing the result we need to ensure the convergence of Ulam's method for the 

class of transformations with irreducible transition matrices. 

4.2 Ulam's Method 

In the subsequent material let X c ffi.n for some positive integer n be a compact 

metric space equipped with the Borel u-algebra B(X). Letµ be a Borel measure on 

X. 

Recall that v(x) = f f(x)µ(dx) defines an absolutely continuous invariant mea­

sure with density f . As in the Birkhoff ergodic method for predicting the dynamics 



4.2: Ulam's Method 47 

and asymptotics of a transformation S, Ulam's method produces an estimate for the 

invariant density. However, rather than computing a long orbit for an arbitrarily 

chosen initial point x, Ulam's method uses the fixed point of an approximation to 

the Perron-Frobenius operator£. 

In Chapter 2 we defined the Perron-Frobenius operator£, so that any fixed point 

of£, f+ ~ 0 is the density of an invariant measure under S (Definition 2.9). We 

applied the Perron-Frobenius operator to the dyadic map (Example 4) in an iterative 

manner and observed the quick convergence to the invariant density function f. = 1 

(see Figure 2.2). This asymptotic behaviour is in fact the feature carried into Ulam's 

method in obtaining an approximation of the true density corresponding to a given 

transformation. The details of this process are described in this section. Firstly we 

develop the notion of histogram measures beginning with the definition of a partition 

of X . Definition 4.1 is a generalization of Definition 2.19. 

Definition 4.1 Let (X, µ) be a measure space. Let rJ = {B1 , B2, .. . , En}, where 

µ(Bi) > 0 for all i, 1 ~ i ~ n . Then rJ is a partition of X of size n if Uf= 1 Bi = X 

and Bi n Bj = 0 for all i,j, 1 ~ i , j ~ n. If in addition µ(Bi)= µ(Bj) for all i,j , 

then we say that rJ is a uniform partition. 

Definition 4.2 An absolutely continuous probability measure v on X will be called 

a histogram measure over r, if one may choose its density f to be constant on 

each Bi E r,. That is 

f = L fB;XB; where fB; E IR+ 
B;Ef/ 

and 

llfll = L !B; µ(Bi) = v(X) = 1. 
B;Ef/ 
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The collection of such densities will be denoted by 

v,., = {! E L1 (X): / = L !B; XB;, /B; E JR+' \/Bi E f/, 11!11 = 1 }­
B;Ef/ 

48 

Notice that there is a one-to-one correspondence between the elements of v,., and the 

set of vectors {(v(B1), v(B2), ... , v(Bn)) E (JR+t: I:f=1 v(Bi) = 1 }. Throughout 

this thesis the representation of a histogram as an element in v,., and a vector in 

(JR+ )n will be used interchangeably. Depending on the representation XB; can take 

two forms. Namely 

XB; = { ~ 
when viewed as an element of v,.,, and 

XB; = (0, ... , 1, ... , 0) 

otherwise. From this point forward which form is used will be self evident from the 

context of where it is applied. 

Given an absolutely continuous measure v = f dµ, we can define the corre­

sponding histogram measure v,., by 

for every A E B(X). We will show this is a histogram measure. First we define the 

projection operator of £ 1 onto v,., , which will allow for a natural derivation of 

the density function of the measure v,.,. 

Definition 4.3 Let f 2'. 0 in L1 . Define the projection operator onto v,., by 
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That is, given any f E L1, ITT/f E 1Jfl, and if v is an absolutely continuous measure 

with density f, then the measure vf/ has density ITT/f. Hence we will refer to ITT/ as 

the projection off into 1Jf/(X). 

To see the vf/ is in fact a histogram measure, consider A E B(X) . Then 

vT/(A) = L µ(B n A) (~) r f dµ 
BET/ µ ls 

= L µ(An B)ITT/f ls 
BET/ 

= J L xsITT/f dµ. 
ABET/ 

Therefore vT/ is a histogram measure with density ITT/!. 

The following describes an approximation scheme proposed by Ulam as a way 

of obtaining an approximate invariant density for S, embedded in 1Jf/(X), using the 

fixed point of the Perron-Frobenius operator. 

Definition 4.4 Let £ be the Perron-Frobenius operator for the nonsingular trans­

formation S and T} = {Bi , B2, ... , Bn} be a partition of X. Then the operator 

Pf/ : 1Jf/ ➔ 1Jf/ is called the Ulam approximation of£ corresponding to S and is 

defined by 

A normalized fixed point of PT/ is an Ulam approximate density. 

To make sense of the this definition supposeµ is Lebesgue measure and let µ(X) = 1. 

Define the row stochastic matrix PT/ = (pij) by 

(4.1) 

so that Pij is the transition probability from the state Bi to the state Bj. In fact, if 

we let P; = (p~7)) it can be verified by simply using matrix multiplication that p~7) 
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is the probability of ending up in state Bj after k iterations given that you start in 

state Bi. Notice that P11 is an operator on V 11 , whereas P11 is a matrix of transition 

probabilities. We will show that P11 is in fact a matrix representation of the operator 

P11 • Define a basis for V 11 , { di}f=1, by 

di = _(l) XB · for i = 1, 2, ... , n 
µ Bi ' 

(4.2) 

and consider the standard basis for R.n, { e] }J=l • defined by ( e] )i = 1 if i = j, and 

(e] )i = 0 otherwise. Applying Definitions 2.1 and 4.3, 

= 
B;Er, 

Thus the vector a satisfies a= eiPr, = ith row of P11 , and since (a)j = (eiPr,)j = 
Pij, we see that the matrix representation of P11 is given by P11 = (pij) where Pii are 

as defined in ( 4.1). 

One can verify that matrix P11 has nonnegative entries and it is row stochastic. 

This follows from the fact that µ(·) is a probability measure (i.e. µ(X) = 1) and 17 

is a partition of X . This enables us to obtain an Ulam approximate density, i1 = 

(u1, u2, ... , un) by computing the invariant vector of matrix P11 , provided it exists. 

This vector will be the invariant density vector w.r.t. basis { d1 }J=i · Subsequently, 
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we may find the standard basis representation of the density vector, using 

(4.3) 

where dj, j = 1, ... , n are as defined in 4.2. The Perron-Frobenius theorem provides 

sufficient conditions for the existence of a fixed vector for matrix PT/. 

Theorem 4.5 (Perron-Frobenius Theorem) Let A# 0 be an irreducible1 stochastic 

matrix. Th en A has a strictly positive eigenvector2 xo with corresponding eigenvalue 

>. = 1 that is geometrically simple3 • Furthermore if /3 is another eigenvalue of A , 

then 1/31 ~ 1, and any strictly positive eigenvector of A is a positive multiple of xo. 

Proof. See Seneta [l]. D 

Therefore PT/ has a dominant eigenvalue >. = 1, to which there corresponds a 

right and left positive eigenvector, in particular (apply Theorem 4.5 to Pri and Pf) 

PT/ 1 = 1 and 3 unique xo s.t. xo PTJ = xo and I)xo)j = 1. 
j 

Hence xo is an Ulam approximate density function from Definition 4.4. To obtain 

this vector we note that it is an eigenvector of PT/ . The following theorem provides 

an alternate method, which in some cases is a more efficient way for obtaining this 

eigenvector. 

Theorem 4.6 Suppose P = (pij) is a nonnegative stochastic irreducible matrix, and 

let pk = (P1Jl). Ifxo = (x1,x2, . . . ,xn) is the normalized left Perron-Frobenius eigen­

vector then 

1. (k) 
1m P ·. = Xj 

k-too iJ 
f or j = 1, 2, ... , n. 

1 A matrix A is irreducible if for all (i , j) 3n such that (An);; > 0. 

2 A vector is considered positive if all its entries are positive. 

3 An eigenvalue is geometrically simple if its corresponding eigenspace is one-dimensional. 
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Proof. See Feller [3]. □ 

So Theorem 4.5 provides us with a unique invariant density vector and Theo­

rem 4.6 estimates it within arbitrarily small error. In fact, the normalized positive 

eigenvector xo = (x1 , x2, ... ,xn) corresponding to eigenvalue >. = l satisfies the con­

dition 
• (k) (k) mmp .. < Xj < maxp- · 
i iJ - - i tJ 

for all j, 1 :S j :Sn, where pk= (pi;\ Indeed, from xoP = xo we have xoPk = xo, 

thus for each j, 

n 

1:>~J) Xi = Xj 
i=l 

n '°' . (k) 
⇒ L.., mmpij Xi 

i = l t 

< Xj 

< x · 
- J 

Since I;f=1 Xi = l , we have minip~7) :S Xj, and with a similar argument we obtain 
(k) 

Xj :S maxiPij 

In order to be able to apply Theorems 4.5 and 4.6 PT/ must be irreducible. That 

is, it is necessary that for each ( i, j) after n steps (i.e. n iterations of the map S for 

some n E N), bin Bi meets bin Bj with positive probability. 

The convergence in Ulam's method is directly related to that in Theorem 4.6 , 

the rate of which will be observed numerically in the subsequent chapter. We will 

see that this method provides fast convergence to the invariant density of the rock 

drill map. The following theorem is of particular importance in applications, as it 

gives sufficient conditions for convergence in Ulam's method. 

Theorem 4. 7 Let S: [O, 1] ➔ [O, 1] be a piecewise C2 function with infxE[O,l] IS'I > 

2. Suppose £ is the Perron-Frobenius operator of S and f/ a unifiorm partition of 
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(0, 1] of size n. If C has a unique fixed point, then for any positive integer n, P11 has 

a fixed point fn in 1)11 with 11/nll = 1. Furthermore, as n ➔ oo the sequence Un} 

converges in L1 norm to the fixed point of C. 

Proof: See (4]. 

For the oil drill map the only hypothesis of Theorem 4. 7 we know analytically 

is the existence of a fixed point of the Perron-Frobenius operator . The argument 

involves inducing the unit interval map, applying Lasota-Yorke's existence Theorem 

(7] on the induced map, and lifting the existence result to the unit interval map using 

the discussion in Section 3.4. One could apply Ulam's method on the induced map 

(which does satisfy the hypothesis of Theorem 4.7) . However, in this thesis Ulam's 

method will be applied to the full transformation instead. Numerical evidence of 

the validity of this idea is provided in the next chapter. 

The next example is an illustration of Ulam's method, as well as a contrast with 

the Birkhoff ergodic method discussed in Chapter 2. 

EXAMPLE: Consider the dyadic map and refer to Figure 2.1. Suppose 17 is the four­

bin partition of equal subintervals B i. For each pair of bins B i, Bj compute the 

corresponding ratio in (4.1) and form the matrix P11 = (pij )- The resulted matrix is 

( 

l l O O ) 2 2 
0 0 l l 

Pr, = ½ ½ 0 0 . 
0 0 l l 

2 2 

Simple computation shows that P 2 > 0, hence the matrix P is irreducible, and 

by Theorem 4.5 it has a unique positive eigenvector, in particular the left Perron 

eigenvector, 
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For this low dimension example it is easy to compute xo directly from the 

definition of eigenvector. For more refined partitions it may be required to use 

Theorem 4.6 to find x0 . Observe that for the dyadic map high powers of the matrix 

P quickly converge to the matrix of columns xo. Indeed 

(

1 1 1 1) 
pn = ! 1 1 1 1 

rJ 4 1111 
1 1 1 1 

for n ~ 2. Thus the invariant density function is given by 

as expected (Theorem 2.17). Recall from Chapter 2 that using Birkhoff method 

for computing the invariant density function a 8-function was obtained. As we 

pointed out earlier this is due to the fact that in the computer language the floating 

point representation of every real number is a dyadic rational, and all such points 

eventually get mapped to the fixed point x = 0. That is, all values of the initial 

launch point xo fall within the exceptional set of Birkhoff's Theorem, yielding a 8-

function peaked at 0. Ulam's method bypasses this problem and produces the true 

invariant density, proving to be the more robust method between the two. 

4.3 Conclusion 

Relatively easy to implement on a computer (see Appendix A), Ulam's method 

offers an alternative to the Birkhoff method of numerical approximation of invariant 

measures. In Ulam's method rather than computing long orbits we are concerned 

with computing the eigenvector of the transition matrix associated with the map of 

interest. This significantly simplifies the numerics and offers a more efficient way 

to estimate the invariant density function. Furthermore, contrary to the Birkhoff 
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method, Ulam's method does not depend on the choice of initial point, therefore 

addressing the issue of the exceptional set of points in Birkhoff's Theorem. The rate 

of convergence of Ulam's method will be observed numerically in Chapter 5 for the 

specific example of the drill map. 
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Chapter 5 

Ulam's Method Applied 

5.1 Introduction 

The objective in this chapter is to obtain Ulam's approximate density for the oil 

drill map using the method outlined in the previous chapter. An estimate for this 

invariant density function was computed using the Birkhoff method in Chapter 3. 

We discussed that the Ulam's method is likely to be more reliable. We will see that 

in this case the computed density is consistent with the course structure obtained in 

Chapter 3, but more stable with respect to fine detail. The run time in both methods 

is comparable as can be seen in Appendix A. This is because in the Birkhoff method 

an orbit of length n is computed by evaluating n iterations of the drill map. In 

Ulam's method we estimate the drill map for n equally spaced values in the domain. 

The main advantage of Ulam's method, as mentioned earlier in this thesis, is in the 

nature of these evaluations. In contrast with the Birkhoff method, here the error 

is not compounded over the course of the evaluations. Thus, in Section 5.2 our 

goal is to produce the invariant density function for a given value of the speed, and 

subsequently convince the reader of the accuracy of this estimate with numerical 

evidence. 

In Section 5.3 we will compute the average amount of energy that is transferred 
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into the rock by the drill in one revolution of the wheel. This will be done numeri­

cally using the Birkhoff Ergodic Theorem along with the invariant density estimate 

produced by Ulam's method. 

5.2 Density Estimate Using Ulam's Method 

Consider the oil drill map 5 discussed in Chapter 3. Suppose rJ is a partition of the 

unit interval of 50 equal sized bins. To apply Ulam's method to the map 5 for each 

pair of bins Bi, Bj we need to compute the ratio defined by (4.1), and hence obtain 

Pf/ = (pij)- Recall from Section 3.2 that there is no closed form expression for the 

map 5 available to us, so it was determined numerically rather than analytically. 

This means that we do not have a precise way to obtain the Lebesgue measure of a 

given set, 5 - 1 Bj, Therefore a Monte-Carlo type estimate is used. That is 

µ(Bin 5-1 Bj) #points in Bin 5- 1Bi 
Pi·=--------''--=--------~. 

J µ(Bi) total #points in Bi 
(5.1) 

In this manner we form the Ulam matrix Pf/ . To check irreducibility we need to 

see that for all i, j, p~J> > 0 for some positive integer k, namely that one can get 

from bin Bi to bin Bj in finitely many steps. This was studied by computing a 

high power of the matrix for several values of the size of the partition rJ. The 

power of the matrix was observed to have positive entries for each of those values, 

thus suggesting the condition of irreducibility. Therefore by Theorem 4.5 there is 

a unique positive eigenvector corresponding to the matrix Pf/ of the transformation 

S which serves as Ulam's approximate density function. The vector in question 

was computed and it produced an invariant density function shown in Figure 5.1. 

The algorithms are described in Appendix A. It should be noted that for each i, j 

expression (5.1) is evaluated using the points that define the drill map S. This is 

done by counting the number of times that S(x) E Bj over all x E Bi, The density 

in Figure 5.1 corresponds to the rock drill map with usual parameters and a speed of 
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Figure 5.1: Shown here is the Ulam approximate density on a fifty bin partition for 
the oil drill map with 1 = 9.55 x 10-2 , w = 1.78. The drill map Sand the matrix 
P,, in expression (5.1) were defined with 20,000 function evaluations. 

c = 1.0 ms-1 . Notice the agreement with the course structure of the corresponding 

picture produced using the Birkhoff ergodic method (see Figure 3.11). 

Refining the partition gives an even better estimate for the invariant density 

function. It should be noted that for an accurate refinement we need to maintain 

the number of points per bin the same, namely the ratio between number of function 

evaluations to define the drill map and the number of bins will be preserved from 

one estimate to the next. Figure 5.2 shows the density function obtained when 

a 100-bin partition is used. Further refinement shows the fast convergence of the 

estimated density function and the limiting behaviour on the dynamics of the oil 

drill map. Figures 5.3 and 5.4 give an estimates for the invariant density function 

over a 200 and a 300-bin partition respectively when the map is defined with 80,000 

and 120,000 function evaluations for c = 1.0 ms- 1. Notice the discontinuities in 

the density estimates near x = 0.02, x = 0.1 and x = 0.2. Figure 5.5 shows the 
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difference-error function e50 ( x) for the 50 and 300-bin estimate, defined by 

where J50 (Bi), i = 1, ... , 50 is the ith component of the Ulam invariant density 

vector on 50 bins, and hoo(Bi), i = 1, . .. , 50, was found by downsampling the 

300-bin estimate, found by Ulam's method, into a 50-bin estimate. The analogous 

computation was done for the difference-error function e100 between the 300 and 100-

bin estimates in Figure 5.6. Notice that in both cases the error function peaks around 

x = 0.1 and x = 0.2. For those bins, where the true invariant density function is 

discontinuous, the error function peaks up to a difference of 0.3 in absolute value, yet 

everywhere else the error remains small in comparison. When a certain bin, Bi, in the 

50-bin estimate falls over a discontinuity, the discretisation process fails to detect 

it , and it produces an average over neighbouring behaviour, contributing to high 

error. This clearly suggests that the true density function is indeed discontinuous . 

While the discretisation process is similar in the Birkhoff method, the error function 

is much more unstable, thus failing to provide clear evidence for discontinuities. 

Figures 5.7, 5.8, 5.9 and 5.10 depict the 50, 100, 200 and 300-bin estimates 

for the invariant density function when the speed is c = 1.4 ms- 1. Figures 5.11 

and 5.12 show the difference-error function computed using the 300 and 50-bin 

estimates, and the 300 and 100-bin estimate. In both figures the error function 

peaks around x = 0.08, x = 0.12 and x = 0.22, suggesting that the density function 

is discontinuous at those values of x. However, because the jumps in this case are 

not as dramatic as in the case when c = 1.0 ms- 1 , the error function remains within 

an amplitude of 0.08 for eso and 0.037 for e100 -

REMARK: To apply Ulam's method, the conditions of Theorem 4. 7 must be 

satisfied. Namely, it is necessary that 

1. The drill map S is piecewise C2, 
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Figure 5.2: Shown here is the Ulam approximate density on a 100-bin partition for 
the oil drill map with 1 = 9.55 x 10- 2, w = l. 78. The drill map was defined with 
40, 000 function evaluations. 

2. infxE(O,l) S'(x) > 2, and 

3. The Perron-Frobenius operator P corresponding to S has a unique fixed 

point . 

Condition 1 is satisfied based on the nature of the drill map. Conditions 2 and 

3 are satisfied for the induced map corresponding to the drill map, making Ulam's 

method applicable to the induced map. It is possible to compute the invariant 

density distribution vector on the induced map, thereafter lift the result to the unit 

interval map, using formula (3.7) . In this thesis, however, Ulam's method will be 

applied directly to the unit interval map. Numerically we will obtain evidence for 

the validity of this approach. 

In Lasota-Rusek's [8] approach the invariant density function for a given value of 

w2 was approximated to ,-distributions based on 50-bin estimates produced by the 

Birkhoff method (where the orbits are taken of length 10,000 points). Lasota and 

Rusek obtained the best-fit ,-distribution, ,(b,p), using the least squares method 

to find the parameters b and p, dependent on w2. They observed that as w2 -+ oo 



5.2: Density Estimate Using Ulam's Method 61 

3.5 

Figure 5.3: Shown here is the Ulam approximate density on a 200 bin partition for 
the oil drill map with 'Y = 9.55 x 10- 2 , w = l. 78. The drill map was defined with 
80, 000 function evaluations. 

the distribution function approaches a limiting 'Y distribution with set parameters , 

namely 'Yoo = -y(9.68, 2.75). Lasota and Rusek used this limiting distribution to 

predict not only the efficiency, but also the asymptotics of the dynamics of the drill 

for high speeds. Note that the -y-distributions have continuous densities. 

Our estimates suggest that the density for the rock drill map may not be con­

tinuous. Namely, at the end of each branch of the map S, due to the sudden change 

in weight in the Perron-Frobenius operator representation 2.3 (i.e. introducing the 

base of the new branch a with nontrivial derivative S'(S;; 1x)) the value of the 

Perron-Frobenius operator changes significantly. This gives rise to discontinuities 

in the resulting density. Especially indicative of this phenomena is the density in 

Figure 5.3 and its corresponding map in Figure 3.6. Observe that when x = 0.04 

there is a sharp increase in the density function, which corresponds to introducing 

the weight of the low end of branch two of the unit interval map (see Figure 3.6, 

Left). In some cases, however the branch cut-off points do not seem to be reflected 

in the density function. As an example consider x = 0.7, where branch three ends. 
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3.5 

Figure 5.4: Ulam approximate density on a 300 bin partition for the oil drill map 
with 'Y = 9.55 x 10- 2 , w = l. 78. The drill map was defined with 120, 000 function 
evaluations. 

The top of this branch is fairly steep, making its weight at that end negligible. The 

density function appears continuous as a result . 

5.3 Invariant Density Function Applied 

In this section we will use the estimate for the invariant density function obtained in 

Section 5.2 to study the efficiency of the drill. For this we apply the Birkhoff Ergodic 

Theorem, namely given a function f(s) we may compute the long-time average with 

initial point so over the transformation S using the expression 

f = lim t J(Sk(so)) = f
1 

f(s)g(s)ds 
n-too k= l lo 

{5.2) 

where g(s) is the invariant density function. 

The efficiency of the drill will be studied using the average energy absorbed by 

the rock per revolution, denoted by h. Namely 

{5.3) 
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Figure 5.5: Shown here is the difference-error function between the 300-bin and 
50-bin estimates in Figures 5.4 and 5.1. 

where d is the diameter of the base of the drill bit, E is the average energy lost 

by the drill mechanism per hit, !:::,.x is the average distance traveled by the wheel 

between two consecutive hits and K < 1 is a constant of efficiency, due to friction, 

heat transfer, etc. Thus, 

h = K x (Avg Energy per Hit) x (Avg Number of Hits per Revolution). 

We will compute E and !:::,.x using expression (5.2) . 

As discussed in the earlier chapters, uniformity of drilling occurs only if w2 > 2. 

In the case 0 < w 2 < 2 drilling occurs only at the fixed point, an estimate for which 

was made by Gora [9]. This not only makes the work inefficient, but also increases 

the wear and tear of the drill. Thus in this case the ratio (5 .3) does not reflect the 

efficiency of the drill and its computation will be omitted. 

To find !:::,.x whenw2 > 2 observe that !:::,.x = Xn+1 -Xn = T(sn+l -sn) = TY(s) , 

where Y(s) is the range function computed in Chapter 3. Therefore 

!:::,.x = T fo1 

Y(s)gc(s)ds (5.4) 
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Figure 5.6: Shown here is the difference-error function between the 300-bin and 100-
bin estimates computed over 120, 000 and 40, 000 function evaluations respectively 
when w = l. 78. 

where 9c(s) is the invariant density of the transformation S corresponding to linear 

speed c. 

We now turn our attention to the calculation of the average energy per hit, lost 

by the drill, namely E. Recall the mechanical assumptions of the drill/rock collisions 

described in Chapter 3. Suppose the previous collision took place at x = Xn - I , 

and the current collision at x = Xn (in non-normalized variables - see Chapter 3 

for notation). Let I be the moment of inertia about the mass centre and Dpre 

be the angular velocity just before collision. By Konig's Theorem (see (12]) the 

precollisional kinetic energy is 

where w = w(x, Xn-d is the vertical component of the trajectory leading from the 

(n - 1)-st collision to the n-th. The derivative in this last expression is evaluated 

at x = Xn. At the moment of collision the vertical component of the wheel's mass 

centre trajectory is assumed to become zero with respect to the rock, therefore the 
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Figure 5. 7: Shown here is the Ulam approximate density on a fifty bin partition for 
the oil drill map with 1 = 9.55 x 10-2 , w = 2.5. The drill map was defined with 
20, 000 function evaluations. 

energy lost by the drill at the n-th collision is 

where Opost is the angular velocity after collision, i.e that angular velocity respon­

sible for the fact that the centre of the wheel is moving at constant linear speed c. 

We assume that the change in kinetic energy due to the rotation is small relative to 

the change in kinetic energy due to the translation of the wheel. Since this change 

is dependent on the change of angular velocity of the wheel, the greater the number 

of teeth the better the approximation 

E :::::; ~Mc2 (dw)2 
n 2 dx 

The post collisional velocity is tangential to the base curve, i.e. 



5.3: Invariant Density Function Applied 66 

2.5 

Figure 5.8: Shown here is the Ulam approximate density on a 100-bin partition for 
the oil drill map with 'Y = 9.55 x 10-2 , w = 2.5. The drill map was defined with 
40, 000 function evaluations. 

and we assume that the energy required for the launch is provided from the drilling 

mechanism itself, that is input externally. 

Suppose for the moment that the entire energy transferred to the rock during 

the n-th collision is effective in breaking the rock (the extent to which this is not 

valid is addressed by the efficiency constant K < 1 in expression (5.3). 

Using the change of variables x = sT, pk(s) = fk~T) and the formula c2 = gRw2 

we obtain 

and 
df o 1 df o R dpo 
dx (xo) = T~(soT) = T ds (sn-1 ). 

Recall that Pk(s) = J1 - ,y(2s - 2k - 1)2 -~ is the nondimensionalized 

base curve and therefore 
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Figure 5.9: Shown here is the Ulam approximate density on a 200 bin partition for 
the oil drill map with 'Y = 9.55 x 10-2 , w = 2.5. The drill map was defined with 
80, 000 function evaluations. 

Hence 
dw dq ds 1 dq 

= = dx ds dx T ds 

and 

This implies that the energy at the n-th landing point is given by 

MeR
2 

(dp 4'Y )
2 

En ~ 2T 2 ds (sn- 1) - w2 Y(sn-1) 

where,= {;,, as defined in Section 3.2. 

Thus, using expression 5.2, the average energy per hit is given by 

E~ Mc2R2 {1 (dp(s) - 4,Y( ))2 ( )d 
2T2 lo ds w2 s 9c s s (5.5) 

where w2 = ;~. Using 5.4 and 5.5 we can obtain an estimate for the ratio (5.3). 

This was done using the Simpson's Rule of numerical integration and the results are 

shown in the table below. 



5.3: Invariant Density Function Applied 68 

Figure 5.10: The Ulam approximate density on a 300 bin partition for the oil drill 
map with 1 = 9.55 x 10-2 , w = 2.5. The drill map was defined with 120,000 function 
evaluations. 

Speed c (m/s) b.x(m) E(J) h/K(J/rev) 
0.92 0.0346 0.0243 0.2053 
0.93 0.0357 0.0253 0.2071 
0.94 0.0356 0.0249 0.2042 
0.95 0.0357 0.0250 0.2043 
0.96 0.0362 0.0273 0.2207 
0.97 0.0369 0.0281 0.2229 
0.98 0.0381 0.0294 0.2256 
0.99 0.0388 0.0290 0.2188 
1.00 0.0400 0.0295 0.2158 
1.02 0.0417 0.0297 0.2083 
1.05 0.0434 0.0296 0.1990 
1.10 0.0458 0.0305 0.1949 
1.15 0.0501 0.0330 0.1926 
1.20 0.0534 0.0338 0.1852 
1.40 0.0698 0.0420 0.1757 
1.60 0.0883 0.0513 0.1696 
3.00 0.2832 0.1510 0.1563 
5.00 0.7642 0.4018 0.1536 
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Figure 5.11: The difference-error function between the 300-bin and 50-bin estimates 
computed over 120,000 and 20,000 function evaluations respectively, when w = 2.5. 

In Table 5.3 it can be observed that as the speed c increases, the average energy 

per hit shows a general increase. However this increase is at the expense of the 

number of hits per revolution, i.e. the average energy per revolution drops, because 

of the excessive number of revolutions between hits. We remark that the peak area 

has been fairly carefully computed. 

Figure 5.13 shows the graph h/ K vs. rotations per minute, rpm. The expression 

for p = rpm in terms of speed c is 

p = 60c ( 2:R) (2
:) ~ 205.4c, 

where the factor ( 2;R) converts the speed c from units meters/sec to wheel rota­

tions/sec, and ( 2!!) converts from wheel rotations to drill bit rotations. 

Our result supports Lasota and Rusek's results and those observed in the field. 

Namely, as the speed increases the efficiency of the drill has the asymptotic behaviour 

h/ K -+ 0.15 Jrev-1 . Furthermore, the graph shows that the peak efficiency occurs 

when c = 0.98 ms- 1. Then h/ K = 0.2256 Jrev- 1. The analogous run on 200 bins 

and 80,000 points gives a value of h/ K = 0.2235 Jrev- 1 when c = 0.98 ms- 1. Due 
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Figure 5.12: Shown here is the difference-error function between the 300-bin and 100-
bin estimates computed over 120, 000 and 40, 000 function evaluations respectively, 
when w = 2.5. 

to the laborious nature of these evaluations and the negligible error, the data is 

based on 50 bins, and the drill transformation is defined on 20,000 points. Observe 

that the asymptotic value of hf K is 66% of the peak value of hf K = 0.2256 Jrev- 1 . 

5.4 Conclusion 

In this chapter we estimated the invariant density function using Ulam's method, 

known for its fast convergence. The reliability of this method was observed through 

several numerical estimates for different speeds. Some discontinuities of the invari­

ant density function were observed and discussed. Thus, unlike the assumption by 

Lasota and Rusek of the continuous ,-distribution, in this work we used the raw 

estimate from Ulam's method for further analysis. Once the estimate was computed, 

the mean energy per revolution was determined as a function of the Froude number 

w2
, using the Birkhoff ergodic Theorem. The graph of mean energy per revolution 

vs. rotations per minute was plotted for different values of the speed c, and we 
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Figure 5.13: Shown here is the graph of hf K vs. rpm. 

observed the asymptotic behaviour of the dynamics of the drill. Namely, as the 

speed increases, the amount of energy lost by the drill approaches the limiting value 

of 0.15 Jrev- 1 . Furthermore, the maximum amount of energy transferred from the 

drill was found to be 0.2256 Jrev- 1 , occurring when the speed is c = 0.98 ms- 1 . 

This means, that the limiting value is 66% of this maximum amount of energy. In 

Lasota-Ruseks ' results, this percentage was found to be 60%. The discrepancy is 

perhaps due to the assumption of the gamma distribution in that work. 



Chapter 6 

Summary Of Results And 
Future Work 

6.1 Summary 

72 

The invariant density function plays a central role in predicting the wear-and-tear of 

the drill and the uniformity and rate of the drilling. In this thesis we have presented 

two ways of computing an estimate for this function. 

In Chapter 2 we discussed the Birkhoff Ergodic method for computing the 

invariant density function. Applied to the drill map derived in Chapter 3, this 

produced the estimates in Figures 3.11, 3.12 and 3.13. We observed that this method 

is sensitive to slight perturbations in the choice of initial point of launching, and very 

labour intensive for long orbits. Due to the numerous function evaluations along the 

orbit of the initial point, computer round off error is compounded, making estimates 

based on longer orbits less reliable. This established the need for Ulam's method, 

which was presented in Chapter 4. Applied to the drill map this method showed 

better stability in the estimates and gave confidence for the overall shape of the 

frequency of hits. The energy formula (5.5) allowed us to predict the efficiency of 

the drill for various linear speeds. The speed which yields highest drilling efficiency 

was computed, and the asymptotic efficiency (as a function of speed) was calculated. 
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Although counter-intuitive, we attempt to make sense of this behaviour. Consider 

for a moment that launching occurs from a flat surface ( as opposed to the base 

curve) . Then using a simple projectile motion argument it can be shown that the 

distance between points of contact varies as the square of the speed. Of course, the 

kinetic energy also varies as the square of the speed, thus we expect that in this case 

the ratio between energy and distance would be constant. Now, returning to the 

model of the drill, similar behaviour can be expected for high speeds, since the base 

curve is of relatively small curvature. In other words, the higher the linear speed 

of the wheel, the less noticeable the curvature of the base curve. In contrast, when 

the speed is lower, the projectile described by the wheel is more sensitive to the 

curvature of the base curve, explaining the peak in Figure 5.13. This behaviour has 

been observed over the years of drilling practical experience. It was first studied by 

Lasota and Rusek [8] , who provided a mathematical explanation to this phenomenon. 

In this thesis, we presented more numerically accurate evidence in support of Lasota 

and Rusek's work. 

6.2 Future Work 

The stability of Ulam's method is apparent, still with every estimate one asks how 

close we are to the true invariant density function. In his dissertation, [10], Rua 

Murray answered this question for a class of maps with certain characteristics. For 

these maps he was able to give an explicit upper bound on the approximation error in 

Ulam's method. He found that the nth Ulam approximate density (i.e. one based on 

n bins) is within C 10
~n of the true invariant density, measured in L1 norm, where 

C is a constant which has an explicit formula depending only on the map itself. 

Unfortunately, the drill map does not fit into this class of maps, thus the study of 

the error bounds of the Ulam approximate density remains open. 
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In Chapter 4 we discussed Ulam's method and Li's theorem about convergence of 

Ulam's method. We noted that in fact the drill map cannot been analytically proven 

to satisfy all of the hypotheses of Li's theorem. An alternative way of obtaining the 

invariant density function would be to apply Ulam's method on the induced map, 

which does satisfy the conditions in question. A comparative analysis on the relative 

efficiency of the two methods would make an interesting future project. 
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Appendix A 

Pseudocode 

A.I Range Map 

The Range map L discussed in Chapter 3 is determined by calling the routine 

Getmap, which in turn calls the subroutine Drillmap, both described in this section. 

Consider a drill bit of mass M, with a wheel of radius R , distance between teeth 

T and number of teeth N . Suppose g is the acceleration due to gravity, and c is the 

linear velocity of the wheel. This set of parameters will be referred to as the drill 

parameters. 

A.1.1 Getmap Routine 

This routine will be called in both the Birkhoff method and Ulam's method routine, 

in each case before computing the invariant density function . 

Given the drill parameters and a launch point x E [O, l ] thi routine determines 

the range map L(x) : [O, l] ➔ (0, oo] . 

GLOBAL VARIABLES: Drill parameters , , = -li,, , w2 = ;~ 

INPUT: Launching point x 

• Step l: Determine the maximum launching distance K , thus restricting the 

range of the map L : [O, l] ➔ [O, K]. This is the point of contact of the base 
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curve with the projectile curve described when launched at x = 0. A simple 

substitution leads to 
w2 

K~~. 1-, 

The value of K also gives the number of branches that the map L will have. 

Namely, number of branches= B d~ I Kl-1 , where I Kl is the smallest integer 

i, such that i ~ K. 

• Step 2: While n < B, call subroutine Drillmap with input parameters launch­

ing point x and branch number n. 

CASE 1: If landing point does not occur on the current hump, [n, n + 1], 

Drillmap returns a default value of n + 2 (i.e. outside the admissible range for 

the landing points on this hump). This default value tells the routine to move 

to the next hump (increment n ton+ 1) and check again. If beyond the last 

branch number, inform the user of an error. 

CASE 2: If landing does occur on the current hump, then Drillmap returns the 

approximate value of landing point, L(x). Thus in this case we do not need to 

iterate to the next hump; the routine stops. 

A.1.2 Drillmap Routine 

This routine is concerned with finding the approximate value of the landing point 

L E [n, n + 1), given launching point x E [O, 1), and branch n to search in. The 

routine checks if this occurs on the given hump [n, n + l] and gives the approximate 

root of the function 

y = {projectile curve described when launched at x) - (base curve). 

If the given hump [n, n + 1] is not the right place to search this root, the routine 

returns a value outside the admissible region, so that the driver routine knows to 
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move to the next branch. 

G V D '11 T2 2 c2 LOBAL ARIABLES: fl parameters, 'Y = 4W, w = gR 

INPUT: Launching point x, and branch number n. 

• Step 1: Set up the function that needs to be minimized, y(x , L , n) , 
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y = ✓1 - ,(2x - 1)2- 2,(L - x)(2x - 1) - 2,(L - x)2 -✓1 - (2L - 2n - 1)2. 
Jl - 1 (2x - 1)2 w2 1 

Steps 2 and 3 are a root finding routine which approximates the value of L 

where y = 0 for fixed x and n. Step 2 determines if the root exists. In case 

it does, Step 3 finds its approximation. There are three possibilities for this 

root. 

1). There are two real roots, r 1 < r 2 . In this case the routine finds L = r1, 

where r 1 E [n, n + l] . 

2). There is one real root, r. This is the case when one branch ends and 

another begins. That is, the projectile curve hits the base curve tangentially 

at the single root, and for any !::..x > 0, the projectile curve described for 

launching point x + !::..x intersects the base curve in hump [n + 1, n + 2). In 

this case the routine described in Steps 2 and 3 returns an approximation to 

the single root r E [n, n + l]. 

3). There are no real roots. The routine returns a value outside the admissible 

region , indicating to the driver routine that the wrong branch was searched, 

which in turn will iterate on the branch number and search again. 

REMARK : The Drillmap routine is called iteratively. That is, the value of 

the function y on the given hump will always be positive, unless the root in 

question belongs to this interval. In other words, this routine does not get 

called when the value of the branch n is greater than the value of the root (in 

which case y(s) < 0 for alls E [n, n + 1]). 
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• Step 2: In this step we determine if the given hump contains the root in 

question, by minimizing the function y on this interval and checking if this 

minimum value is negative. It returns a value for the position s where that 

negative y value occurs. If this subroutine finds only positive values for y 

(minimum is positive), it returns the value of s = n + 2, indicating to the 

driver routine that there are no real roots for this value of n . 

Initialize the outside range [x0, x3] = [n, n + 1] and the inside range [x1 , x2] = 

[(n + 1/2) - (1 - p)(x2 - x0 ),n + 1/2], where p = (v'5 - 1)/2. Here the 

golden ratio is used in the bisection method (see [11)) , for proven efficiency of 

minimization. Evaluate the function y at the end points of the inside range, 

L_e at x1 and x2. 

While no negative value for y has been detected repeat: 

Case 1. If the value ofy(x,x 1 ,n) > y(x,x2 ,n), move the outside interval to 

[xo, x3] = [x1, x3], and the inside interval to (x1, x2] = [x2, (p)xo + (1 - p) x3]. 

Compare the values of y at the end points of the iterated inside interval. 

Case 2. If y(x, x1, n) < y(x, x 2 , n), move the outside interval [xo , x3] = [xo, x2] 

and the inside interval [x1, x2] = [(p)x1 + (1 - p)xo, x1] -

Break when a negative value for y has been detected, or the distance between 

the outside interval has become smaller than or equal to 10-5 (/x1 / + /x2I). In 

the former case return the value xstar E [n, n + 1] where the negative value of 

y occurs, and in the latter case return xstar = n + 2, indicating to the driver 

routine that it needs to move to the next branch. 

If the value returned in Step 2 is negative, then we know that there is at least 

one root. In this case we will find an approximation for the root in [n, xstar], 

since we want the smaller of possibly two roots. In this case Step 3 performs 
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a root finding routine to approximate its value. 

• Step 3: Perform the secant method to find the root in [n, xstar], with an 

accuracy of xacc = 10- 5 • We are guaranteed of the existence of this root by 

Step 2. 

(1) Initialize x1 = n and x2 = xstar. 

(2) Evaluate Ji = y(x, xi, n) and J = y(x, x2, n). 

(3) Now we compare their absolute values. If lfil < Ill, return with Xtemp = 

x1, otherwise Xtemp = x2. 

( 4) Preset f to be the smaller and Ji to be the larger of the two values. Let 

Then let Ji = J and J = y(x, Xtemp + dx, n). Repeat (4) in an iterative 

manner until ldxl < xacc or J = 0. 

(5) Return the final value of Xtemp ~ L. 

A.2 Birkhoff Method Routine 

The Birkhoff routine described in this section produces the invariant density function 

of the Range map using the Birkhoff method discussed in Chapter 2. The method is 

characterized by the point of initial launch, the length of its orbit, and the number 

of bins over which the invariant density will be approximated. 

GLOBAL VARIABLES: Drill parameters 

LOCAL VARIABLES: 

1) Number of bins= numbins, 

2) Initial point of launching= xposition, 
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3) Length of orbit to be computed starting at xposition = numiters 

• Step 1: Initialize all of the bins to start their count at 0. Thus at this 

point, Bin #1 = [O, 1/numbins] has a total of O hits, as well as Bin #i = 

( (i - 1)/numbins, i /numbins] for i = 2 .. . (numbins + 1) . Note that only Bin 

#1 is closed. 

• Step 2: Iterate on i = 1 to numiters. Beginning with xposition, determine 

the point of landing, yposition, by calling the Getmap routine. Change the 

returned value to yposition (mod 1). This value of yposition belongs to Bin 

with index # (f yposition x numbins l ). Thus, increase the count inside this 

bin by 1. Reassign xposition = yposition and repeat Step 2 until every hit of 

the orbit of length numiters has been assigned to its appropriate bin. 

• Step 3: The resulting histogram needs to be renormalized to have Lebesgue 

measure one. If C is the renormalization constant, then 

1 numiters . (numiters ) 
--bi- L C (count in bm (i)) = C b" = 1. 
num ns i=l num ins 

Therefore the normalization constant is C = numbins/numiters . 

• Step 4: For i = 1 to numbins, output each of the numbins components of the 

distribution vector, where component i = (count in bin i)(numbins/numiters). 

• Step 5: Plot the histogram with components determined in Step 3 to obtain a 

picture of the distribution vector. 

A.3 Ulam's Method Routine 

In this section we describe the numerics behind the Ulam routine, which produces an 

estimate for the invariant density vector using Ulam's method, described in Chapter 
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4. In this method, the variables are the number of points that define the drill map, 

and the number of bins over which the approximation will be produced. Recall that 

here the matrix of transition probabilities corresponding to the the drill map must 

be set up. The eigenvector belonging to the dominant eigenvalue, >. = 1, is the 

approximation of the invariant density vector. 

GLOBAL VARIABLES: Drill parameters 

LOCAL VARIABLES: 

1) Number of bins= numbins, 

2) Number of points that describe the drill map = numiters 

• Step 1: Initialize the count in each of the numbins (the components of the 

invariant density vector) to 0. 

• Step 2: Initialize all of the matrix entries to q(i , j) = 0, for 1 ~ i, j ~ numbins. 

• Step 3: For i = 1 to (numiters + 1) , compute the value of the landing point 

using the Getmap routine for each of the numiters points Xi spaced equally 

in the unit interval. Determine the corresponding point Yi after computing 

the returned value mod 1. Increase the count q(xbin, ybin ) by 1, where xbin = 

r Xi x numbins l and ybin = r Yi x numbins 1. This counts the number of points 

that after one iteration of the drill map move from Binxbin of the domain 

into Biilybin of the range. That is, this determines the measure of the set 

Binxbin n s-1 (Binybin) -

• Step 4: Make sure that all of the points are accounted for. Initialize countpoints = 

0. For i = 1 to numbins and, j = 1 to numbins, countpoints = countpoints+ 

q(i, j). If at the end of this counting subroutine countpoints -/= numiters + 1, 

print out a warning message, that not all of the points have been accounted 

for. 
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• Step 5: Form the row stochastic matrix {p(i,j)} defined by 

{p(i,j)} = q( i, j) 
numiters+l 

I: q(i,j) 
i=l 

• Step 6: In this step we compute the eigenvector of the dominant eigenvalue>. = 

1 of the transition matrix. This is done in two ways, so that any discrepancies 

can be detected. Both methods are relatively fast. 

Method 1. Get Matlab to compute all of the eigenvalues and eigenvectors and 

extract the eigenvector that corresponds to the dominant eigenvalue >. = 1. 

Suppose the eigenvector appears in the column with index evector. 

Method 2. Presumably the matrix of transition probabilities is not only row 

stochastic, but also irreducible. Thus, by Theorem 4.6, high powers of the 

matrix converge to one with columns the eigenvector of interest. 

• Step 7: Form the histogram, after renormalization. If C is the renormalization 

constant, then 

numbins 

I: 
i= l 

1 
C ( sum of entries in row ( i), column evector) b. 

num ins 

C llevectorll _ 
b

. - 1, 
num ins 

which implies C = numbins/ll evectorJI, where Jl evectorll is the L 1 norm of 

the dominant eigenvector. 

Thus, for the invariant density vector we have for i = 1 to numbins, component 

( i) = C ( entry in row ( i), column evector). Output these values and plot the 

histogram. 
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