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Abstract 
The continuous expansion of industrial demand in various countries has increased the need for 

large commercial vehicles to transport products between locations. As a result, freight 

transportation has become a key driver of economic growth, contributing significantly to a 

country's GDP, typically accounting for 6-12% of the total. However, this rapid growth in road 

transportation has also brought about a rise in traffic congestion and a higher probability of 

road accidents. According to a European Union assessment, large vehicles are a significant 

factor in these incidents. Nevertheless, the primary cause of road accidents remains driver 

negligence. 

Work-related injuries and disorders caused by whole-body vibration have been extensively 

studied worldwide. To address this problem, researchers have developed a pitch plane model 

of a large vehicle using a Lagrangian approach coupled with various hybrid semi-active 

damping schemes based on the model predictive control (MPC) framework. The MPC-based 

suspension controller is designed to optimize comfort and handling by minimizing a quadratic 

cost function. 

The focus has been on reducing the vertical accelerations experienced by the vehicle due to 

variations in the vehicle and road profile to improve the vehicle's stability and ride comfort 

level. Additionally, managing the changes in vertical force encountered by each tire during its 

interaction with the road has been crucial. The ride comfort of the driver has been evaluated by 

analyzing the vertical accelerations at the center of gravity of the pitch plane model, both with 

and without the MPC-based controller, using the guidelines specified in ISO 2631-1/2. 

Simulation results have demonstrated the impact of the MPC-based controller, with and 

without its implementation, on the ride comfort level and road-holding capability of the heavy 
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vehicle system. These findings highlight the potential of the MPC-based controller to enhance 

the overall performance of heavy vehicle systems in terms of ride comfort and road holding. 

Keywords: heavy vehicle, ride comfort, road holding, MPC-based controller, suspension, 

industrial demand, freight transportation, road accidents, whole-body vibration, Lagrangian 

approach, model predictive control.	
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Chapter 1 

Introduction 

1.1 Background and Motivation 

Evaluating ride comfort and road holding for heavy vehicle suspension (HVS) is 

paramount in automotive engineering. Heavy vehicles play a critical role in various industries 

with the increasing demand for efficient and reliable transportation of goods. However, these 

vehicles often face challenges in providing a smooth and comfortable ride, especially when 

navigating uneven road surfaces or encountering external disturbances. The suspension system 

of heavy vehicles is responsible for mitigating the impact of road irregularities, ensuring the 

safety and comfort of the occupants, and protecting the transported goods. While simple and 

cost-effective, traditional passive suspension systems often fall short in delivering optimal ride 

comfort and road handling characteristics. There is growing interest in developing semi-active 

suspension systems that dynamically adjust real-time damping attributes based on road 

conditions and vehicle dynamics. Model predictive control (MPC) is a potential method for 

managing semi-active suspension systems that enables proactive damping force modification 

for enhanced ride comfort and road holding. 

The hybrid semi-active damping strategy, combining passive and active damping elements, 

presents an intriguing approach to enhance the performance of heavy vehicle suspensions. By 

utilizing a combination of passive components for load carrying and active elements for 

damping adjustment, this strategy aims to strike a balance between comfort and handling 

characteristics. Therefore, the motivation for this thesis is to thoroughly investigate the 

evaluation of ride comfort and road holding for heavy vehicle suspension through a model 

predictive controller based on a hybrid semi-active damping strategy. This research aims to 
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contribute to the existing knowledge by providing insights into the design, implementation, 

and control of such suspension systems, ultimately leading to improved ride comfort, road 

holding, and vehicle performance for heavy vehicles. 

Traditionally, trucks have a primary suspension between the axles and chassis and a secondary 

suspension system for the cabin and driver seat [1]. The secondary suspension system provides 

ride comfort without compromising the handling and stability of the vehicle. Over time, the 

cabin suspension has improved with various materials such as fixed cab mounts, rubber 

bushings, steel springs, and air springs. The air spring suspension offers larger suspension 

travel, lower isolation frequencies, and the ability to adjust for changes in cabin load. 

An upgrade from passive suspension systems with the use of semi-active or active suspension 

systems. Passive suspension elements such as springs and dampers can only store or dissipate 

energy. In contrast, semi-active suspension systems can add energy and adjust their 

characteristics using a small amount of external energy [2]. On the other hand, active 

suspension systems use actuators to provide the desired ride characteristics by applying 

controlled forces to the suspended mass through a system controller [3]. However, the energy 

consumption of active suspension systems is typically high. Semi-active suspension systems 

offer a balance between performance potential and energy consumption. 
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Passive System Semi-Active System Active system 

Table 1.1: Showing passive system, semi-active system, and active system. 

Semi-active suspension systems are a good compromise between active and passive suspension 

systems as they can store and dissipate energy at a rate that allows for quick changes in 

suspension characteristics, thus resulting in improved ride comfort [4]. However, the 

disadvantage is that they still require a certain amount of energy consumption compared to 

passive suspension systems [5,6]. 

The thesis proposes a model-based control strategy that considers the realistic framework of 

the semi-active suspension system and aims to utilize its potential fully. The control strategy 

ensures compatibility and transparency in modeling and controller design, making the system 

easier to understand and manage. The proposed controllers have low complexity and intuitive 

structures, making them comparable to established controllers. 

The thesis also presents two control approaches based on optimality; however, these 

approaches are not yet suitable for industrial applications due to their high computation time 

[7]. Despite this, the thesis provides a comprehensive review of literature, including recent 

developments in heavy vehicle dynamics, to thoroughly understand the current state-of-the-art 

in this field [8,9]. 
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1.2  Literature Review 

In recent years, the study of heavy vehicle dynamics has become a prominent focus in 

mechanical engineering. This research encompasses a range of topics, including the dynamic 

modeling of trucks, the development of suspension control systems, and the enhancement of 

ride comfort and road holding capabilities. Crucial to these studies is creating a comprehensive 

mathematical model that represents the truck's structure. Such a model typically includes 

elements like the cabin, suspension system, tires, and the influence of road surface 

irregularities. These models are pivotal in analyzing truck dynamics, particularly in 

understanding how chassis vibrations, primarily dictated by road conditions, can be mitigated 

through advanced suspension designs. 

Margolis [10,11] has been instrumental in exploring heavy vehicles' structural aspects and 

dynamic characteristics. In 1996, Ibrahim et al. [12] delved into the study of truck vibrations 

during transit, paying particular attention to how the flexural rigidity of the vehicle impacts the 

comfort experienced by the driver. They utilized finite element method (FEM) techniques to 

model the vehicle and assess its modal properties. Similarly, Kiencke and Daib (1997) [13] 

researched vehicles' linear and nonlinear dynamics, mainly focusing on tire side-slip angles. 

They created a linear observer to facilitate comparisons in their study. 

Extending these investigations, Carlbom, in 2000 and 2001 [14,15,16], assessed the effect of 

structural flexibility on the ride quality of road vehicles and their overall dynamics. His 

approach involved both measurements and simulations, leading to the proposal of four distinct 

criteria designed to streamline FEM modeling and enhance the efficiency of simulations. 

Margolis contributed significantly in 2001 [17] by developing a bondgraph model that 

integrates sensors, actuators, and vehicle dynamics to devise vehicle safety controls. This 

model simulated human body motion in six directions, including a representation of the front 
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steering mechanism, and mimicked the effects of the suspension on the vehicle, alongside 

incorporating data on road characteristics. 

In the same year, Margolis and Shim [16] innovated a nonlinear vehicle dynamic model for a 

four-wheel vehicle equipped with electrically controlled brakes, steering, and individual 

suspension controllers. Additionally, in 2005, Li and Sandu [18] introduced an algorithm for 

assessing the tractive capacity of off-road vehicles by considering rapidly changing external 

excitations and their effects on the vehicle. 

In 2005 [19], Cao advocated for a trio of modeling approaches in truck dynamics. These 

included discrete modeling of the chassis with preliminary assumptions and calculations, the 

estimation or measurement of modal masses and stiffness, and the comprehensive FEM 

modeling of the entire vehicle. 

Kiencke et al. 2007 [20] explored lateral vehicle dynamics, continuing this innovation trend. 

Their study focused on detecting critical driving situations and estimating adhesion 

characteristics during cornering, comparing the effectiveness of linear and nonlinear observers 

in these scenarios. 

Fischer et al. (2007) [21] ventured into stabilising horizontal and vertical motions in vehicles 

to prevent unstable or unpredictable behaviours. Their work highlighted the need for improved 

fault detection and diagnosis methods due to the complexities introduced by adding various 

actuators and sensors in modern vehicles. 

In the study by Teng et al. (2008) [22], a multi-body dynamics method was applied to study 

vehicle frontal collisions, creating a 15-part model representing a hybrid dummy. This research 

proved crucial for assessing vehicle crash safety and advancing safety technologies. Zhou et 
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al. (2009) [23] formulated an analytical model of a car body to explore how frame damping 

influences vertical stiffness and affects the vehicle's vibrational behavior. 

Furthermore, Huong et al. (2010) developed a model focusing on the vertical vibrations 

experienced in high-speed railway passenger cars. Their model treated the car as an Euler beam 

with free ends, revealing that the primary bending mode of the car body notably impacts 

passenger comfort. Tomioka et al. (2017) [25] delved into how suspension damping influences 

railway passenger car dynamics. Their study, which included various tests under different 

conditions, evaluated the effect of damping on the vertical oscillations of these vehicles and 

employed a specific method to calculate the average RMS value. 

å
=

=
N

n
rmsrms P

N
S

1

1

                                   (1.1) 

Dumitui et al. (2017) [26] developed a computational model of a railway car using the finite 

element method (FEM) and a flexible body model. By comparing the responses of the flexible 

body model with the rigid body response, the study demonstrated the effectiveness and validity 

of the computation model. 

The previous section has outlined the substantial research on modeling rail and road vehicles. 

In the following section, we will explore the existing literature about advancements in 

suspension control. 

Control Evaluation 

Several studies have compared the performance of semi-active suspension systems with 

conventional passive systems. Karnoop et al. (1974) [27] compared skyhook-controlled semi-

active and traditional passive systems. Karnopp (1990) [28, 29] further contributed to the 

research in this area. Semi-active systems offer the advantages of active systems with lower 

energy consumption and increased reliability compared to passive systems. 
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In the late 1980s, Alanoly and Sankar [30, 31] researched the application of balance logic for 

vibration and shock isolation. Liu et al. (2005) [32] compared the "on-off" and "continuous" 

skyhook and balance logics with an adaptive passive damping control system. Shamsi and 

Choupani (2008) [33] presented on-off and continuous skyhook control for a half-car roll plane 

model and compared its frequency and transient responses to a passive system. Strecker et al. 

(2015) [34] conducted a study comparing three semi-active control algorithms (groundhook, 

skyhook, and modified groundhook) with a passive system.  

The efficiency of the semi-active suspension system was evaluated through simulations using 

different response times of a magneto-rheological (MR) damper. Response times of 1.5 ms, 8 

ms, and 20 ms were tested to understand the impact of the damper's response time on the overall 

performance of the suspension. The algorithms employed in the study are also presented. 

Groundhook: 𝐹)* =
𝑐-./ 𝑥1 − 𝑥3 ,			 𝑥3 − 𝑥67 𝑥1 − 𝑥3 < 0
𝑐-67 𝑥1 − 𝑥3 ,				 𝑥3 − 𝑥67 𝑥1 − 𝑥3 ≥ 0 (1.2) 

Skyhook: 𝐹;. =
𝑐-./ 𝑥1 − 𝑥3 ,			𝑥1 𝑥1 − 𝑥3 ≥ 0
𝑐-67 𝑥1 − 𝑥3 ,				𝑥1 𝑥1 − 𝑥3 < 0 (1.3) 

Modified Groundhook:  

𝐹)*-<" =
𝑐-./ 𝑥1 − 𝑥3 ,			𝑥3 𝑥1 − 𝑥3 ≥ 0
𝑐-67 𝑥1 − 𝑥3 ,				𝑥3 𝑥1 − 𝑥3 < 0 

(1.4) 

The study showed that the modified groundhook approach enhanced the magneto-rheological 

(MR) damper effectiveness, particularly with shorter response times (1.5ms), and also 

marginally increased comfort compared to passive systems even with longer response times 

(20ms). The skyhook control strategy's impact on suspension quality was less dependent on 

response time, maintaining comfort levels even at 20ms. Generally, shorter response times 

correlated with improved overall performance. 
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In their 2015 research, Bakar et al. broadened the scope of control algorithms by evaluating 

skyhook and modified skyhook strategies within a fully modeled car. This analysis aimed to 

mitigate the water hammer effect observed in the modified skyhook approach. The modified 

skyhook control combined elements from passive and standard skyhook damping systems by 

adopting a hybrid approach. 

𝐼𝑓	𝑣1𝑣13 ≥ 0	𝑡ℎ𝑒𝑛	𝐹" = 𝑐;CD𝑣1
𝐼𝑓	𝑣1𝑣13 < 0	𝑡ℎ𝑒𝑛	𝐹" = 0										

 
(1.5) 

In the study, 𝑣1 represents the velocity of the sprung mass, 𝑣13 represents the difference in 

velocity between the sprung and unsprung masses, 𝐹"  denotes the damping force, and 𝑐;CD  

represents the skyhook damping constant. The logic may be given as,  

𝐹" = 𝑐-; 𝛼 𝑍G − 𝑍; + 1 − 𝛽 𝑍;  (1.6) 

In the revised interpretation of the skyhook logic, the damping constant is denoted  by		𝑐-; 

while		𝛽 represents the passive-to-skyhook damping ratio. Additionally	𝑍G	, 𝑍;	symbolize the 

velocities of the unsprung and sprung masses, respectively. The efficacy of semi-active 

suspension systems is intricately linked to the control algorithm employed. Studies have shown 

that under random road conditions, the skyhook control algorithm performance exceeds that of 

the modified skyhook algorithm by a margin of 3.2%. However, in scenarios involving vertical 

and roll movements, the modified skyhook algorithm demonstrates superior effectiveness 

compared to the traditional skyhook approach. 

In their 2013 research, Hailong and et al. [35] explored the semi-active control of full vehicle 

suspension systems using the skyhook principle, incorporating magneto-rheological (MR) 

dampers. The team developed a comprehensive 7-degree-of-freedom (DOF) dynamic model 

for the entire vehicle, integrating the modified Bouc-Wen hysteretic model specifically for the 



	

	 9	

MR dampers. This study utilized the modified skyhook control strategy enabling independent 

management of the four MR quarter vehicle subsystems. 

												𝑖"6 =
𝑘" 𝑥;6 -,			𝑥;6(𝑥;6 − 𝑥G6) > 0,
0,																𝑥;6(𝑥;6 − 𝑥G6) ≤ 0, 				𝑖 = 1, 2, 3, 4, (1.7) 

Hailong et al 2013 research [35] focused on comparing the efficacy of a Magneto-Rheological 

(MR) semi-active suspension system with its passive counterpart. Utilizing a sophisticated 7-

DOF dynamic model for the entire vehicle and an adapted Bouc-Wen hysteretic model tailored 

for the MR damper the investigation delved into the vertical movement attributes of the 

suspension system. Through the application of harmonic excitations coupled with delay times, 

it was observed that the MR system peak acceleration reduced notably by 30% in comparison 

to the passive system. However, it is important to note  that the MR system unsprung mass 

reacted more abruptly hinting at a possible trade-off in terms of road handling and comfort. 

Despite this, a decrease in both pitch and roll angular acceleration was noted in the MR system 

suggesting an enhancement in the overall ride quality. The study also explored the MR system 

shock isolation proficiency employing rounded pulse excitations. The findings highlighted the 

MR system superior shock isolation capabilities relative to the passive system. Additionally, 

the MR system showed promising potential in dampening low-frequency resonances (ranging 

from 0.5 to 2.0 Hz) under random road conditions, an indication of its capability to markedly 

elevate suspension performance particularly in diminishing lower frequency vibrations. 

In a subsequent investigation by Amin et al. in 2015 [36], a skyhook logic controller was 

scrutinized for its application in a 7-DOF ride model of an armored vehicle. This controller 

consisted of dual loops; the first aimed at managing the vehicles body, pitch, and roll 

accelerations due to road disturbances while the second was responsible for modulating 
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damping characteristics. The system employed a PID control mechanism in the outer loop 

coupled with skyhook logic in the inner loop to regulate the damping force effectively. 

𝐹;. = −𝑐;. 𝑥3 − 𝑥1 = −𝑐;CD𝑥1 (1.8.) 

Where, 𝐹;.. is the damping force., 𝑐;. is the semi-.active damping coefficient., 𝑐;CD is the 

skyhook damping coefficient., 𝑥1 is the sprung mass velocity and 𝑥3 is the unsprung mass 

velocity. Raj et al. (2015) [37] conducted a study focusing on the application of a fuzzy logic 

controller based on skyhook logic to regulate a semi-active suspension system for a high 

mobility multipurpose wheeled vehicle (HMMWV). The fuzzy logic controller, based on 

multi-valued logic and the capability to operate between high and low damping states, utilized 

the sprung mass velocity and relative velocity as system inputs and controlled the damping 

coefficient of the controllable damper as the output. The evaluation of the system performance 

involved subjecting it to a sinusoidal road input. 

The study highlighted notable enhancements in vehicle dynamics when applying a fuzzy logic 

controller based on continuous skyhook logic, along with fuzzy PID and semi-active 

suspension. This approach outperformed traditional on-off skyhook and passive systems. 

Specifically, the fuzzy controller utilizing continuous skyhook logic excelled in reducing 

sprung mass displacement and acceleration, while the integration of PID control in the fuzzy 

logic system significantly ameliorated ride comfort by effectively moderating velocity 

fluctuations. 

Hybrid Control Strategies 

Strydom et al. (2014) [38] investigated the application of hybrid control in a compact off-road 

vehicle. This vehicle was equipped with a suspension system that combined adjustable dampers 

with conventional spring-damper units. They developed a comprehensive 12-DOF dynamic 
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model and applied both skyhook and groundhook control mechanisms. The skyhook control 

notably enhanced ride comfort but had the drawback of increasing unsprung mass motion. In 

contrast, groundhook control was more effective in road handling but at the expense of ride 

comfort. To address this, the study employed adaptive control techniques to optimize the 

relative velocity across the damper. 

𝑍;𝑥ST > 0:										𝜎;CD = 𝑍;
𝑍;𝑥ST ≤ 0:												𝜎;CD = 0
𝑍G𝑥ST < 0:					𝜎)7" = −𝑍G
𝑍G𝑥ST ≥ 0:											𝜎)7" = 0

 
(1.8) 

In the study, 𝑍; represents the velocity of the sprung mass, 𝑍G represents the velocity of the 

unsprung mass, 𝜎;CD and 𝜎)7"	(control inputs) for the semi-active force 𝐹WX,Y, is determined by 

the skyhook and groundhook control inputs. 

𝐹WX,Y = 𝐺 𝑎𝜎;CD + (1 − 𝑎)𝜎)7"  (1.9) 

In their 2015 research, Kashem and colleagues [39] introduced a novel approach to semi-active 

vehicle suspension systems focusing on a continuous skyhook mechanism with adaptable gain 

settings. They rigorously evaluated eleven different suspension configurations, emphasizing 

the enhancement of peak amplitude and settling times. This process involved initially halting 

road input and then determining the most effective skyhook gain, followed by the application 

of a newly developed skyhook control algorithm. Notably, employing a skyhook logic with a 

gain parameter set at 1200 Ns/m markedly enhanced ride comfort. Conversely, the 

implementation of groundhook logic was found to effectively diminish the wheels' vertical 

acceleration, contributing to better road holding. Among the tested configurations, a system 

with low damping and without control exhibited the most efficient performance in terms of 

road holding. 



	

	 12	

𝑓" =

𝐶-./ 𝑧3 − 𝑧1 ,																										𝑖𝑓	
𝑧3

(𝑧3 − 𝑧1)
≥
𝐶;CD
𝐶-./

𝐶;CD𝑧3,																										𝑖𝑓	
𝐶;CD
𝐶-./

>
𝑧3

(𝑧3 − 𝑧1)
>
𝐶;CD
𝐶-67

𝐶-67 𝑧3 − 𝑧1 ,																																													𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (1.10) 

In the study, Cmax and Cmin represent the semi-active damper's maximum and minimum 

damping coefficients, respectively. Csky is the skyhook damping constant, which is adjusted 

based on road inputs. z3 and z1 represent sprung velocities. 

The control strategy effectiveness was benchmarked against three distinct skyhook control 

methods as introduced in the studies by Bessinger et al. (1995) [40] and Nguyen et al. (2009) 

[41]. The modified skyhook approach developed by Kashemet et al. (2015) [39] demonstrated 

a notable 38.4% enhancement in ride comfort over passive systems. Meanwhile, Nguyen et al. 

(2009) [41] observed a 27.3% improvement in their optimal skyhook control method. 

Additionally, Bessinger et al. (1995) [40] reported a 2.8% increase in performance using their 

modified skyhook control, and Karnopp et al. (1974) [27] recorded a 5.9% improvement with 

continuous skyhook control. The modified skyhook system thus stands out for significantly 

improving ride comfort and outperforming both passive systems and other skyhook variants. 

Espinoza et al. (2014) [42] further explored this area by investigating three hybrid control 

strategies for semi-active suspensions: a combination of skyhook and ground hook controls, a 

hybrid mix-1-sensor approach, and a frequency estimation-based controller. 

In commercial magneto-rheological (MR) dampers, an innovative approach involving artificial 

neural networks (ANN) has been adopted. This system was seamlessly integrated with a 

controller area network (CAN), utilizing a microcontroller to fine-tune the balance between 

comfort and road handling efficiency. Compared to conventional solutions, this method 
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exhibited superior performance as validated through pseudo-Bode diagrams and RMS index 

analysis. 

Model predictive control (MPC), an advanced technique for dynamic system management, is 

gaining traction due to its proficiency in addressing various process constraints, including cost, 

safety, and actuator limits. Supported by a wide array of commercial software, MPC allows for 

extensive customization in model identification, controller design, and performance tuning 

[43,44]. The core principle of MPC involves the iterative, finite optimization of the system 

model, a concept depicted in the schematic diagram in Figure 1.1 [45,46,48]. 

	

Figure 1.1: Schematic representation of a model predictive algorithm[45] 

MPC uses the model to predict the future states of the system and computes the optimal control 

actions to drive the plant to a reference while considering disturbances and constraints on the 

control inputs u. Model predictive control uses finite impulse response models and dynamic 

matrix control [47]. Park et al. (2022) [51] developed a modal controller for an active 

suspension system using different 1-DOF models for three basic motions (pitch, heave, and 

roll) of the sprung mass. The modal controller was developed using LQ SOF methodology and 

a heuristic optimization technique to determine the optimal gain matrix. The frequency analysis 

and simulations showed that the modal controller design using LQR and SMS was effective in 

controlling the sprung mass motions and improving ride comfort [52,53 
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Different control strategies have been proposed for active suspension systems in vehicles. 

Schmitt et al. [54] used a proportional-integral sliding mode algorithm to control a half car with 

active suspension robustly. Schubert et al. [55] proposed a control that combines active 

suspension and ESP to optimize roll angle acceleration and suspension dynamic stroke. 

Schwenzer et al. [57] studied the effectiveness of a direct drive electromagnetic active 

suspension system and designed a LQR control strategy to enhance both ride comfort and 

vehicle stability. Another control proposed by Schwenzer et al. used a finite frequency method 

to account for actuator input delay and frequency constraints. Serale et al. [58] proposed a set 

of fuzzy logic controllers to account for actuator delay and faults. MPC controls are widely 

used due to their robustness, as seen in the MPC-based two-stage hierarchical control presented 

by Shekhar et al.[60] and the MPC-based trajectory control proposed by Shen et al.[61] to 

decrease lateral displacements after a burst tire. Wu et al. [62] developed an MPC-based non-

linear control, and Xie et al. [63] studied an MPC scheme based on neural networks for non-

linear control of the engine throttle and wastegate. Different control strategies have been 

proposed for vehicle suspensions, including autonomous ground vehicles and hydro-pneumatic 

suspensions.  

Yin et al.[64] investigated a speed tracking control using MPC for precise speed control in 

autonomous vehicles. Hydro-pneumatic suspensions are commonly used for their high bearing 

capacity and adjustable non-linear stiffness, and semi-active control can provide improved roll 

and pitch vibrations [65]. A hybrid control strategy was proposed to control active vehicle roll 

with electric control and adjustable damping coefficients. Yoon et al. [66] created a device 

using MR fluid to change the damping behavior of the hydro-pneumatic suspension.  

Yu et al. [67] studied a control algorithm for a semi-active suspension system to balance 

stiffness and prevent end-stop collisions. Luczko and Ferdek [68] introduced a dual-tube 
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hydraulic damper to optimize the damping force by adjusting pressure differences. Zhang et 

al.[70] developed a semi-active suspension model using a virtual reference model and a state 

observer with an Unscented Kalman Filter and SMC controller. Luczko and Ferdek[69] also 

studied the air spring ECAS vehicle height regulation system and developed a new damper 

with multiple adjustable levels and an optimized switching sequence for better performance. 

Zhongjun et al. [71] presented a particle swarm optimization using a new SMC method to 

control a semi-active suspension's damping force accurately. Though the overall performance 

of the semi-active system was better than that of a traditional passive hydro-pneumatic system, 

the performance was not satisfactory in the low-frequency range. In 2002, Zinober [72] 

proposed the concept of an inerter for the first time. An inerter can be characterized by the 

applied force at the two terminals, which is directly proportional to their relative acceleration. 

Inerters have immense potential at low-frequency levels and have been successfully adapted 

into mechanical systems such as vehicle suspensions, train suspension, bridge vibration 

isolation, and for cultural heritage protection. Integrating an inerter in a non-linear energy sink, 

Zou et al. [73] proposed an effective vibration control system.  

Zou et al. [74] optimized a mass-damper-inerter system with tuned Maxwell to reduce bridge 

vibrations from vortices. Waldrop et al.[75] improved earthquake resistance in statues with a 

passive vibration isolator and inerter, sparking renewed interest in mechatronic networks. 

There are various types of inerters, including rack and pinion, ball screw, and fluid-based. Qin 

et al. [76] introduced a semi-active inerter with force tracking for improved dynamic efficiency 

and more effective control force tracking. The advantages of semi-active suspension with an 

inerter have been established and utilized in adaptive vibration absorbers. Wu et al. [77] studied 

acceleration and velocity-based control methods to optimize the dynamic performance of a 
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vibration isolator with a semi-active inerter. An active vibration control system with an inerter 

was also proposed to stabilize the control loop through relative acceleration feedback. 

Developing an MPC controller involves three stages: Model predictive control, generalized 

predictive control, and receding horizon control. Model predictive control uses finite impulse 

response models and dynamic matrix control [47]. Generalized predictive control models are 

based on single-input-single-output models used in adaptive control, and receding horizon 

control is an extension of linear quadratic controllers that aims to minimize the quadratic 

criteria while ensuring terminal equality constraints [48]. Over time, the differences between 

these methods have diminished, and the term predictive or model predictive control is now 

used to describe the same concept [49,50]. Park et al. (2022) [51] developed a modal controller 

for an active suspension system using different 1-DOF models for three basic motions (pitch, 

heave, and roll) of the sprung mass. The modal controller was developed using LQ SOF 

methodology and a heuristic optimization technique to determine the optimal gain matrix. The 

frequency analysis and simulations showed that the modal controller design using LQR and 

SMS was effective in controlling the sprung mass motions and improving ride comfort [52,53] 

Different control strategies have been proposed for active suspension systems in vehicles. 

Schmitt et al. [54] used a proportional-integral sliding mode algorithm to control a half car with 

active suspension robustly. Schubert et al. [55] proposed a control that combines active 

suspension and ESP to optimize roll angle acceleration and suspension dynamic stroke. 

Schwenzer et al. [57] studied the effectiveness of a direct drive electromagnetic active 

suspension system and designed a LQR control strategy to enhance both ride comfort and 

vehicle stability. Another control proposed by Schwenzer et al. used a finite frequency method 

to account for actuator input delay and frequency constraints. Serale et al. [58] proposed a set 

of fuzzy logic controllers to account for actuator delay and faults. MPC controls are widely 
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used due to their robustness, as seen in the MPC-based two-stage hierarchical control presented 

by Shekhar et al.[60] and the MPC-based trajectory control proposed by Shen et al.[61] to 

decrease lateral displacements after a burst tire. Wu et al. [62] developed an MPC-based non-

linear control, and Xie et al. [63] studied an MPC scheme based on neural networks for non-

linear control of the engine throttle and wastegate. Different control strategies have been 

proposed for vehicle suspensions, including autonomous ground vehicles and hydro-pneumatic 

suspensions.  

Yin et al.[64] investigated a speed tracking control using MPC for precise speed control in 

autonomous vehicles. Hydro-pneumatic suspensions are commonly used for their high bearing 

capacity and adjustable non-linear stiffness, and semi-active control can provide improved roll 

and pitch vibrations [65]. A hybrid control strategy was proposed to control active vehicle roll 

with electric control and adjustable damping coefficients. Yoon et al. [66] created a device 

using MR fluid to change the damping behavior of the hydro-pneumatic suspension.  

Yu et al. [67] studied a control algorithm for a semi-active suspension system to balance 

stiffness and prevent end-stop collisions. Luczko and Ferdek [68] introduced a dual-tube 

hydraulic damper to optimize the damping force by adjusting pressure differences. Zhang et 

al.[70] developed a semi-active suspension model using a virtual reference model and a state 

observer with an Unscented Kalman Filter and SMC controller. Luczko and Ferdek[69] also 

studied the air spring ECAS vehicle height regulation system. They developed a new damper 

with multiple adjustable levels and an optimized switching sequence for better performance. 

Zhongjun et al. [71] presented a particle swarm optimization based on a new SMC method to 

control a semi-active suspension's damping force accurately. Though the overall performance 

of the semi-active system was better than a traditional passive hydro-pneumatic system, the 

performance was not found to be satisfactory in the low-frequency range. In 2002, Zinober [72] 
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proposed the concept of an inerter for the first time. An inerter can be characterized by the 

applied force at the two terminals, which is directly proportional to their relative acceleration. 

Inerters have immense potential at low-frequency levels and have been successfully adapted 

into mechanical systems such as vehicle suspensions, train suspension, bridge vibration 

isolation, and cultural heritage protection. Integrating an inerter in a non-linear energy sink, 

Zou et al. [73] proposed an effective vibration control system.  

Zou et al. [74] optimized a mass-damper-inerter system with tuned Maxwell to reduce bridge 

vibrations from vortices. Waldrop et al.[75] improved earthquake resistance in statues with a 

passive vibration isolator and inerter, sparking renewed interest in mechatronic networks. 

There are various types of inerters, including rack and pinion, ball screw, and fluid-based. Qin 

et al. [76] introduced a semi-active inerter with force tracking for improved dynamic efficiency 

and more effective control force tracking. The advantages of semi-active suspension with an 

inerter have been established and utilized in adaptive vibration absorbers. Wu et al. [77] studied 

acceleration and velocity-based control methods to optimize the dynamic performance of a 

vibration isolator with a semi-active inerter. An active vibration control system with an inerter 

was also proposed to stabilize the control loop through relative acceleration feedback. 

Ride Comfort and Road-Handling 

The significance of ride comfort in heavy vehicles has been a topic of ongoing research, mainly 

due to its impact on drivers who often spend extended periods behind the wheel. The interplay 

between ride comfort and the vehicle's road handling abilities is well-recognized, with the latter 

having a substantial influence on the former. A deeper understanding of this interplay is 

necessary to improve ride comfort in these vehicles. Uys et al. (2007) [78] explored the ideal 

suspension settings to enhance ride comfort in off-road vehicles traversing various road 

conditions at different speeds, employing the DQ algorithm and ADAMS software. Earlier, Els 
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and Uys (2003) [79] sought to optimize ride comfort by assessing the root mean square (RMS) 

value of vertical acceleration at the driver seat under periodic road excitation, using a weighted 

acceleration approach based on the BS-6841 filter. 

Eleberg and Karnoop (1996) [80] delved into the influence of broadband stochastic roadway 

forces on suspension deflection in a quarter-car model, using power spectral density (PSD) 

analysis across varying intensities. Their goal was optimal isolation balanced with controlled 

suspension deflection RMS values. Mastinu and team (2001) [81] developed transfer functions 

for variables such as the standard deviation of vertical force between the tire and road, vertical 

body acceleration, and the relative displacement of the wheel to the body. They expanded their 

analysis to different PSD models, seeking a balance between performance indices. Their 

findings outlined the optimal settings for suspension damping, stiffness, and tire stiffness, 

considering variables like speed and specific operational limits. In a related study, Lozia (1991) 

[82] investigated lateral vehicle dynamics, including factors like acceleration, velocity, 

displacement, and heading angle. A notable outcome was a 23% reduction in road roughness 

impact when considering lateral displacement relative to lane width. 

In 2004, Marzaband et al. [83] analyzed a coarsely paved road by assessing its elevation 

spectral density and the standard deviation of surface irregularities, noting a significant lift of 

0.01 meters. Their approach involved using a half-car model with four degrees of freedom to 

ascertain the most favorable suspension settings for enhanced ride comfort. Similarly, Tamboli 

and Joshi's work in 1991 [84] focused on determining the optimal coefficients for spring 

damping and stiffness. Their methodology aimed to minimize the vertical acceleration mean 

square value in vehicles navigating sinusoidal highways and city roads at varying speeds. 

Kassyzadeh and his team 2014 [85] utilized a quarter-car model categorizing road roughness 

based on the ISO 2631-1 standard. They employed MATLAB® to simulate the PSD function 
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of road roughness at steady vehicle speeds, identify critical challenges in suspension vibration, 

particularly resonance, and maximum adhesion, and explore the effect of tire grip on surfaces. 

Further efforts to enhance vehicle comfort have been noted in vehicle dynamics. Kong et al. 

2014 [86] conducted experimental simulations on an urban bus, examining its erratic vibrations 

on dual-track terrains. Their study led to developing a bus frequency model incorporating 

modal excitation data to streamline computational processes. Ke and Jie 2010 [87] introduced 

the virtual proving ground (VPG) software, utilizing LS-DYNA to analyze body acceleration 

across time and frequency spectrums comprehensively. This innovative approach boosts ride 

comfort, reduces production expenses, and accelerates the development process. 

In their 2007 research, Els and colleagues (Els et al., 2007) undertook enhancing the ride 

comfort of an off-road vehicle. They aimed to achieve this by identifying the optimal settings 

for dampers and springs tailored to various road profiles and velocities. They further developed 

these settings into a sophisticated four-stage semi-active hydro-pneumatic suspension system 

known as 4S4 to expand upon their findings. Subsequently, they applied the DQ algorithm to 

optimize the Land Rover vehicle, effectively implementing the improved suspension system. 

Els, in a prior study from 2005 (Els, 2005) [79], conducted a comprehensive evaluation of ride 

comfort, utilizing four distinct standards (BS-6841, ISO-2631, AAP, VDI-2057). This 

assessment involved the analysis of vertical body responses and root mean square (RMS) 

values. Such a multifaceted approach allowed for a thorough comprehension of a vehicle's ride 

comfort, serving as a foundation for potential enhancements in the future. 

Traditionally, vehicles' endeavors to enhance ride comfort have predominantly revolved 

around applying linear one-dimensional models [80]. These models, often characterized by 

limited degrees of freedom and linear elastic-damping components, do not fully capture the 

non-linear nature of biodynamic response functions. Furthermore, most research efforts have 
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concentrated on assessing human comfort through vertical vibrations, with scant attention 

given to transverse vibrations and the impacts of random or quasi-random vibrations and 

repeated shocks. 

In 2004, Yang et al. (2004) [88] delved into ride comfort in railway vehicles. Their approach 

involved modeling the vehicle as a moving load sequence, incorporating two-degree-of-

freedom systems as it traversed simple supported single and three-span bridges. The measure 

of comfort was primarily based on the maximum acceleration level experienced by passengers. 

Simultaneously, Lin et al. (2001) [89] established a safety criterion for irregularities in train 

travel, considering both passenger comfort and safety standards as critical factors in their 

analysis. 

In a related study, Demicd et al. (2002) explored the impact of broadband random road 

conditions on biodynamic models in road vehicles. Their research, conducted in two phases, 

initially focused on the influence of these conditions, marking a significant step in 

understanding the complexities of ride comfort and its correlation with road conditions. 

In 2000, Nisihiyam et al. [90] assessed the vibrational characteristics of various vehicle 

subsystems. These included the vehicle and elements such as the human occupant, seat, 

steering wheel, and pedals. They subjected these components to both sinusoidal and random 

excitations. The findings of this study unveiled a noteworthy revelation - the angle of the arm 

during driving played a pivotal role in influencing the dynamic behavior of humans and the 

overall comfort experienced during the ride. This groundbreaking insight prompted further 

exploration into ride comfort within the context of vehicular transportation. 

Subsequent research endeavors delved into the intricate relationship between human posture 

and ride comfort, considering both drivers and passengers. Kargornovin and his team (2005) 

[91], for instance, investigated the ride comfort of a high-speed train as it traversed a bridge. 
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They assessed this comfort using metrics such as the Sparling index and the peak value of 

vertical acceleration.  

In 2017, Ataei et al. [92] introduced a novel approach to enhance ride comfort by developing 

a hybrid electromagnetic suspension system. This innovation was seamlessly integrated with a 

two-degree-of-freedom (2 DOF) quarter suspension model, showcasing the potential for 

significant improvements in the overall riding experience. 

Furthermore, Mohajer et al. (2017) [93] proposed a technique involving digital filters to modify 

the frequency weighting factors outlined in ISO 2631 and 5349. Additionally, they introduced 

a passive three-dimensional (3D) biodynamic model designed to represent the seated occupants 

of road vehicles. This multifaceted approach aimed to create a more accurate representation of 

human response to vehicular vibrations. 

In 2001, Boileau et al. [94] extensively synthesized existing data. They defined the ranges of 

DPMI (discomfort perception magnitude index) and STHT (short-term health threshold) 

characteristics within the frequency range of 0.5x10^20 Hz for vehicle driving. These findings 

were subsequently incorporated into the ISO-5982 (2001) standard, thus reinforcing their 

significance in the field. 

The following section will shed light on the areas of research that have yet to be explored, 

drawing upon a comprehensive review of the existing literature. This review will serve as a 

foundation for identifying gaps in our understanding and guiding future investigations. 

1.3 Research Gap 

 Based on the literature review, several research gaps are identified in the area of ride 

comfort and vehicle suspension control. 
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1. The optimization of suspension systems is important for enhancing the ride comfort of a 

vehicle. However, despite the availability of various methods to improve suspension 

performance, an optimal suspension system is rare. This is largely due to the influence of 

suspension settings and road conditions, which can greatly affect the ride comfort of a 

vehicle. 

2. Few studies have attempted to create a ride comfort model that takes into account both the 

driver's seat and the cabin, as the focus is usually on peak vertical accelerations. A more 

comprehensive evaluation is necessary to better understand the comfort level experienced 

by the driver. 

3. Although there have been attempts to integrate controllers into suspension systems, the 

influence of hybrid controllers on the heave of vehicles is not well documented. Further 

research is necessary in this area as current limited studies indicate the need for more in-

depth exploration. 

4. The majority of research on ride comfort and road holding is focused on passive suspension 

integrated systems, leaving room for more exploration in this area. By broadening the scope 

of research, it is possible to develop a more comprehensive understanding of how suspension 

systems and road conditions affect the ride comfort and stability of a vehicle. 

There has been extensive research on suspension systems, particularly on semi-active and 

passive systems. Many researchers have examined various semi-active control strategies using 

practical methods and software such as MATLAB/Simulink®. The skyhook and groundhook 

control logic hybrid combination has been widely studied, however, other control logic 

combinations for hybrid control logic have not yet gained popularity. 
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1.4  Goals of the Project 

 The goal of the current research work is to create a detailed model for heavy road vehicles 

that takes into account various factors such as random road excitations, MPC based hook 

damping control system. The objectives of the research work have been established through a 

thorough literature review as follows: 

i. A mathematical framework of a heavy road vehicle's pitch plane model was found  

using the Lagrangian approach and was simulated with varying parameters to study its 

dynamic behavior under random road conditions according to ISO 8608. 

ii. To use a control model with hybrid hook damping strategies needs to be developed and 

integrated with the vehicle's suspension system. The model will be based on a Model 

Predictive Control (MPC) framework which allows for real-time optimization of 

control decisions and prediction of future system behavior. Hybrid hook damping 

strategies refer to a combination of different types of damping mechanisms, such as 

hydraulic and mechanical damping, to achieve optimal performance.  

iii. To conduct ride comfort analysis, the weighted vertical acceleration values need to be 

calculated and superimposed on ISO 2631 curves for artificial road conditions. This 

process involves determining the motion of a vehicle or ride system and evaluating the 

resulting comfort level for the passengers. The ISO 2631 standard provides guidelines 

for measuring human exposure to whole-body vibration and provides curves for 

assessing the vibration levels for different applications. The weighted vertical 

acceleration values help to account for the influence of different frequencies on the 

human body and can provide a more accurate assessment of ride comfort. 
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iv.  The goal of the research is to compare the effectiveness of Model Predictive Control 

(MPC) based hybrid hook control strategies against conventional control models in 

terms of ride comfort and road holding for heavy vehicle systems. 

 

1.5  Project Contribution 

 This project seeks to study of heavy road vehicle dynamics in the following ways: 

Mathematical Modeling through Lagrangian Approach: The previous research has focused 

primarily on car vehicles rather than heavy vehicles. This project is proposing to use a 

mathematical model based on Lagrange mechanics to study the truck frame and carry out 

simulations using random road conditions according to ISO 8608 standards. 

MPC based Hybrid Hook Control Framework: The semi-control logics are control systems 

used to regulate the suspension system of heavy vehicles. In the study, two types of semi-

control logics have been modeled using Simulink software: On-off skyhook and continuous 

skyhook. The simulation results of these two logics are compared in detail to evaluate their 

performance.	Where the two logics are combined to create three different hybrid control 

logics. A hybrid control logic is a combination of two or more control systems that aim to 

improve the performance of the suspension system. The study has combined the On-off 

skyhook and continuous skyhook logics to create three hybrid control logics that can 

potentially improve the performance of the suspension system. Finally, the hybrid control 

logic is integrated with a Model Predictive Control (MPC) framework and a Heavy Vehicle 

Suspension (HVS) model. MPC is a control strategy that uses a mathematical model of the 

system to predict future behavior and determine the optimal control action. Integrating the 

hybrid control logic with MPC and HVS suspension model can improve the overall 

performance and stability of the suspension system. 
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Ride Comfort and Road Holding:  The study conducted a ride comfort analysis for the heavy 

vehicle system based on the criteria specified in ISO 2631. This standard provides guidelines for 

evaluating the ride comfort of vehicles. To evaluate the ride comfort of the heavy vehicle system, 

the Root Mean Square (RMS) weighted value of the vertical accelerations of the Heavy Vehicle 

Suspension (HVS) integrated with the Model Predictive Control (MPC) model was captured and 

compared to ISO curves. The RMS value is a measure of the overall magnitude of the vertical 

accelerations experienced by the vehicle, and the comparison with ISO curves allows for 

evaluation of the ride comfort based on established standards. Additionally, the study presented 

a comparison of the ride comfort between a conventional suspension system and a control-based 

suspension system at different road conditions and speeds. This comparison provides insights 

into the performance benefits of using a control-based suspension system in improving the ride 

comfort of heavy vehicles. 

1.6  Summary of Project 

 The project comprehensively investigates heavy road vehicle dynamics, focusing on 

enhancing ride comfort and road holding by applying model predictive control (MPC) and 

hybrid hook damping strategies. The summary of the thesis can be outlined as follows: 

Chapter 1 serves as an introduction, presenting the objectives, motivation, and literature survey. 

It establishes the purpose of the research and provides a theoretical background on vehicle 

modeling, MPC-based control frameworks, ride comfort, and road holding for various vehicle 

systems. 

Chapter 2 details the formulation of the heavy vehicle system (HVS) using the Lagrangian 

approach. It explains the system's configuration, defines generalized coordinates, and derives 

the equations of motion through the Lagrange function and variational formulation. The 

resulting equations are expressed in state space format. 
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Chapter 3 focuses on applying MPC for the suspension system of heavy vehicles. A hybrid 

hook damping strategy is proposed, and an MPC-based hybrid hook controller will be 

integrated with the pitch plane model of a road truck. Simulations are conducted under random 

road conditions following ISO 8608 standards. 

Chapter 4 addresses ride comfort and road-holding criteria based on ISO 2631. The weighted 

vertical accelerations are analyzed and superimposed over ISO 2631 curves to determine 

fatigue limits. The impact of the MPC-based control network is compared to that of the 

conventional system, showcasing the effectiveness of the proposed method. The simulations 

are carried out using Matlab/Simulink software. 

Chapter 5 concludes the thesis by summarizing the essential findings and contributions. It 

emphasizes the potential for future research in heavy road vehicle dynamics, considering areas 

identified for further exploration and development. 
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Chapter. 2 

Mathematical Modeling of Heavy Road Vehicle through 

Lagrangian Approach 

 

2.1 Introduction 
 Several studies have been conducted to analyse the dynamics of vehicles using various 

mathematical modelling approaches. However, there is a lack of research specifically focusing 

on road trucks. While the finite element method and modal superposition technique have been 

widely used to study the dynamic characteristics of road vehicles, most analyses have been 

limited to specific types of models. Research efforts have predominantly concentrated on 

studying the effects of railway vehicles on track irregularities leaving a scarcity of studies 

investigating the behaviour of large road vehicles subjected to arbitrary road conditions. 

Considering the diverse road conditions in different countries, it becomes challenging for 

vehicle manufacturers to maintain comfort levels that adhere to ISO standards across all road 

situations. The suspension system of a vehicle plays a crucial role in ride quality but it faces 

challenges when encountering various road conditions. 

This chapter addresses these gaps by deriving the Lagrange equations for a finite pitch plane 

model of the heavy vehicle system (HVS) using a lumped mechanic approach. The derived 

equations are then transformed into a state space representation. Simulations are conducted to 

visualize the response of the HVS under random road conditions as specified by ISO 8608. 

These simulations provide insights into the dynamic behaviour of the road truck and its 

response to different road profiles thus helping to understand the performance of the suspension 

system. 
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2.2  Mathematical Modeling for Heavy Vehicle System through Lagrangian 

Approach 

 Lagrange equations are highly valuable as they offer reliable techniques for deriving 

equations of motion for various mechanical systems. One of the key advantages of Lagrange's 

equations is their versatility, allowing for their application to diverse mechanical systems. 

Moreover, these equations unveil the intrinsic connection between symmetric properties and 

the conservation principles of dynamical systems. This insight further enhances the 

understanding of mechanical systems and their behaviour. 

Joseph L. C. Lagrange introduced a comprehensive framework for describing dynamical 

systems using generalized coordinates. This approach involves considering scalar quantities 

such as kinetic energy, potential energy and work. The Lagrangian, denoted as L, is defined as 

the difference between the system kinetic energy and potential energy. This relationship is 

mathematically expressed as Eq. 2.1. 

𝐿 = 𝑇 − 𝑉                                                        (2.1) 

Here is the L Lagrangian function, T is the total kinetic energy, and V is the total potential 

energy and neither depends on velocity. For n generalized coordinates, Lagrange's equations 

of motion can be written as 

"
"f

gh
gij

− gh
gij

= 0, 

 for 𝑖 = 1. . . 𝑛.                                                                          (2.2) 

Lagrange developed the equations using the virtual work principle, and they only work when 

the system is considered closed, the constraints are integrable, and there is no gyroscopic 

coupling. 
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2.2.1 Mathematical Formulation for Pitch Plane Model 

 The truck vehicle is considered as a rigid body and its motion is described using a local 

coordinate reference frame (t, x). The center of mass, denoted as M, is located at the uniformed 

primary axis of inertia, as illustrated in Figure 2.1. The truck has a pitch inertia, denoted as J, 

with respect to the displacement of the body, 𝑝1(t), and the pitch velocity, θ(t). 

A pitch plane model is employed to describe the suspension system, with the damping coefficient 

(𝑅1) and spring stiffness(𝑘1) representing the damping and spring elements respectively. The 

vehicle different displacements are defined based on equilibrium positions and are denoted as p 

(x, t) for vertical deflection and θ(t) for pitch rotation about the transverse horizontal axis 

[101][104]. 

Key aspects of the pitch plane model include: 

1. Treating the vehicle body components as a rigid body. 

2. Considering the suspension damper and spring coefficients as linear features. 

3. Using a massless spring damper in the model. 

4. Modelling the tire as a spring element, contributing to the overall stiffness. 

5. Providing input data for the positions of the spring's two ends, which connect either two 

rigid bodies or one rigid body and one contact point. 

6. Utilizing spring-damper connections to hold the rigid bodies together. 

7. Assuming random road inputs and a straight traveling road. 

The mathematical formulation of the pitch plane model for the road is based on the Rayleigh 

beam approach which represents the road as a free-free beam structure. To describe this model, 
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let's consider the transverse deflection of the chassis as p1(t). The Lagrangian expression for the 

truck model can be written as follows [103]: 

 

Figure 2.1: Schematic diagram of a pitch plane model 

𝑇 = 1
3
𝑚𝑝1 + 𝐼n𝜃 +

1
3
𝑚p𝑝p𝜃 + 	

1
3
𝑚2𝑝2        (2.3) 

𝑉 = 1
3
𝑘3(𝑝1 − 𝑙3𝜃 − 𝑝p)3 +

1
3
𝑘1(𝑝1 + 𝑙1𝜃 − 𝑝3)3 +

1
3
𝑘p(𝑝p − 𝑧p)3 +

1
3
𝑘r(𝑝3 − 𝑧1)3					(2.4) 

𝑅 = 1
3
𝑐3(𝑝1 − 𝑙3𝜃 − 𝑝p)3 +	

1
3
𝑐1(𝑝1 + 𝑙1𝜃 − 𝑝3)3        (2.5) 

The equations of the motion may be obtained through well-known expressions of variational 

formalism Equations (2.6-2.9) 

g
gf

gs
gtu

− gs
gtu

+	 gv
gtu

+ gw
gtu

= 0     (2.6) 

g
gf

gs
gn

− gs
gn
+	gv

gn
+ gw

gn
= 0      (2.7) 

g
gf

gs
gtx

− gs
gtx

+	 gv
gtx

+ gw
gtx

= 0     (2.8) 

g
gf

gs
gty

− gs
gty

+	 gv
gty

+ gw
gty

= 0     (2.9) 

In this case, we are considering 𝑧1, 𝑧3 in the potential energy, 

𝑚1𝑝1 + 𝑐3(𝑝1 − 𝑙3𝜃 − 𝑝p) + 𝑐1(𝑝1 + 𝑙1𝜃 − 𝑝3) + 𝑘3 𝑝1 − 𝑙3𝜃 − 𝑝p  
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+𝑘1 𝑝1 + 𝑙3𝜃 − 𝑝3 = 0    (2.10) 

𝐼𝜃 + (−𝑐3𝑙3)(𝑝1 − 𝑙3𝜃 − 𝑝3) + 𝑐1𝑙1(𝑝1 + 𝑙1𝜃 − 𝑝3) + (−𝑘3𝑙3) 𝑝1 − 𝑙3𝜃 − 𝑝p  

 +		𝑘1𝑙1 𝑝1 + 𝑙1𝜃 − 𝑝3 =0                                        (2.11) 

𝑚3𝑝3 + (−𝑐3)(𝑝1 + 𝑙1𝜃 − 𝑝3) + (−𝑘1) 𝑝1 + 𝑙1𝜃 − 𝑝3 + 𝑘r 𝑝3 − 𝑧1 = 0  (2.12) 

𝑚p𝑝p + (−𝑐3)(𝑝1 − 𝑙3𝜃 − 𝑝p) + (−𝑘3) 𝑝1 − 𝑙3𝜃 − 𝑝p + 𝑘p 𝑝p − 𝑧3 = 0 (2.12) 

Simplified above equations, 

𝑚1𝑝1 = −𝑐3(𝑝1 − 𝑙3𝜃 − 𝑝p) − 𝑐1(𝑝1 + 𝑙1𝜃 − 𝑝3) − 𝑘3𝐷1 −	𝑘1𝐷3   (2.13) 

𝐼𝜃 = (−𝑐3𝑙3)(𝑝1 − 𝑙3𝜃 − 𝑝p) + 𝑐1𝑙1(𝑝1 + 𝑙1𝜃 − 𝑝3) − 𝑘3𝑙3𝐷1 + 𝑘1𝑙1𝐷3  (2.14) 

𝑚3𝑝3 = (−𝑐3)(𝑝1 + 𝑙1𝜃 − 𝑝3) + (−𝑘1)𝐷3 + 𝑘r𝐷p       (2.15) 

𝑚p𝑝p = (−𝑐1)(𝑝1 − 𝑙3𝜃 − 𝑝p) + (−𝑘3)𝐷1 + 𝑘p𝐷r    (2.16) 

𝐷1 = 𝑝1 − 𝑙3𝜃 − 𝑝p 																																   (2.17) 

𝐷3 = 𝑝1 + 𝑙1𝜃 − 𝑝3       (2.18) 

𝐷p = 𝑝3 − 𝑧1                       (2.19) 

𝐷r = 𝑝p − 𝑧3            (2.20) 

2.2.2 State Space Representation 

The state space form may be represented as, 

𝑥(𝑡) = 𝐀𝑥(𝑡) + 𝐁𝑢(𝑡)           (2.21) 

The state space model of the model can be derived as follows, 
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𝑥 𝑡 =

𝑝1
𝜃
𝑝3
𝑝p
𝐷1
𝐷3
𝐷p
𝐷r

,        𝑥 𝑡 =

𝑝1
𝜃
𝑝3
𝑝p
𝐷1
𝐷3
𝐷p
𝐷r

,   𝑢 𝑡 =
𝑧1
𝑧3  

𝐀 =

𝑎11 𝑎13 𝑎1p 𝑎1r 𝑎1~ 𝑎1� 𝑎1� 𝑎1�
𝑎31 𝑎33 𝑎3p 𝑎3r 𝑎3~ 𝑎3� 𝑎3� 𝑎3�
𝑎p1
𝑎r1
𝑎~1
𝑎�1
𝑎�1
𝑎�1

𝑎p3 𝑎pp 𝑎pr 𝑎p~ 𝑎p� 𝑎p� 𝑎p�
𝑎r3
𝑎~3
𝑎�3
𝑎�3
𝑎�3

𝑎rp
𝑎~p
𝑎�p
𝑎�p
𝑎�p

𝑎rr
𝑎~r
𝑎�r
𝑎�r
𝑎�r

𝑎r~
𝑎~~
𝑎�~
𝑎�~
𝑎�~

𝑎r� 𝑎r� 𝑎r�
𝑎~� 𝑎~� 𝑎~�
𝑎�� 𝑎�� 𝑎��
𝑎�� 𝑎�� 𝑎��
𝑎�� 𝑎�� 𝑎��

                𝐁 =

𝑏11 𝑏13
𝑏31 𝑏33
𝑏p1
𝑏r1
𝑏~1
𝑏�1
𝑏�1
𝑏�1

𝑏p3
𝑏r3
𝑏~3
𝑏�3
𝑏�3
𝑏�3

 

Whereas, 

𝑎11 = −𝑐3 − 𝑐1 ;     𝑎13 = 𝑐3𝑙3 − 𝑐1𝑙1; 𝑎1p = 𝑐1; 

𝑎1r = 𝑐3; 𝑎1~ = −𝑘3; 𝑎1� = −𝑘1; 

𝑎1� = 𝑎1� = 0;   

𝑎31 = −𝑐3. 𝑙3 + 𝑐1𝑙1      𝑎33 = 𝑐3𝑙33 + 𝑐1𝑙13 𝑎3p = 𝑐1𝑙1 

𝑎3r = 𝑐3𝑙3 𝑎3~ = −𝑘3𝑙3 𝑎3� = −𝑘1𝑙1 

𝑎3� = 𝑎3� = 0   

𝑎p1 = −𝑐3 ;     𝑎p3 = 𝑐3; 𝑎pp = 𝑎pr = 𝑎p~ = 𝑎p�

= 0; 

𝑎p� = −𝑘1; 𝑎p� = 	𝑘r;  

𝑎r1 = −𝑐1;      𝑎r3 = 𝑐1𝑙3; 𝑎rp = 𝑎r� = 𝑎r� = 0; 

𝑎rr = 𝑐1 𝑎r~ = −𝑘3 𝑎r� = 𝑘p 

𝑎~1 = 1;      𝑎~3 = −𝑙3; 𝑎~p = 𝑎~� = 𝑎~� = 𝑎~�

= 0; 
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𝑎~r = −1   

𝑎�1 = 1 𝑎�3 = 𝑙1 𝑎�p = −1 

𝑎�r = 𝑎�~ = 𝑎�� = 𝑎�� = 𝑎�� = 0; 

𝑎�p = 1 𝑎�1 = 𝑎�3 = 𝑎�r = 𝑎�~ = 𝑎�� = 𝑎�� = 𝑎�� = 0; 

𝑎�r = 1 𝑎�1 = 𝑎�3 = 𝑎�p = 𝑎�~ = 𝑎�� = 𝑎�� = 𝑎�� = 0; 

	

𝑏11 = 	 𝑏31 = 𝑏p1 = 𝑏r1 = 𝑏~1 = 𝑏�1 = 𝑏�1 = 0; 𝑏�1 = 1; 

𝑏31 = 	 𝑏33 = 𝑏p3 = 𝑏r3 = 𝑏~3 = 𝑏�3 = 𝑏�3 = 0; 𝑏�3 = 1; 

The output may be determined as  

𝑦(𝑡) = 𝐂𝑥(𝑡) + 𝐃𝑢(𝑡)    (2.22) 

2.3 Simulation Study 

 Studies using simulations are often adaptable and may be changed to account for a 

situation's changing surroundings. In this simulation work, four types of road inputs (H1, H2, H3 

and H4) are simulated which is prescribed by ISO 8608. All simulations are run for 1 sec and 

simulated on MATLAB/Simulink® software. In simulation work, a total of 1024 records are 

employed, with an error level maintained at 5.0 × 10-4. In the current study, the Runge-Kutta Gill 

technique is applied in the fifth order [102]. 

2.3.1 Random Road Inputs (ISO 8608) 

 A random road profile is generated according to the international organization for 

standardization (ISO 8608). Through an assessment of the PSD of the vertical displacements 𝑀", 

as a function of spatial frequency 𝑛(𝑛 = 𝛺/2𝜋 𝑐𝑦𝑐𝑙𝑒𝑠 /𝑚) n(n = Ω 2π cycles m)  and 

angular spatial frequency as well 𝛺. The ISO 8608 introduces a classification of spatial frequency 

based on conventional values of angular spatial frequency n' = 0.1 cycles m 𝑐𝑦𝑐𝑙𝑒𝑠/𝑚 and 
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spatial frequency n' = 0.1 cycles m 𝑐𝑦𝑐𝑙𝑒𝑠/𝑚Ω' = 1 rad m. There are four major road classes 

defined ranging from H1 to H4, based on the values of 𝑀"(𝑛) and 𝑀"(𝛺)specified in ISO 8608, as 

illustrated in Table 2.1 [95]. 

 

The following equations can be used to calculate the roughness of a road surface profile using 

ISO 8608: 

𝑀"(𝑛) = 𝑀"(𝑛')
𝑛
𝑛'

��
 (2.41) 

𝑀"(𝛺) = 𝑀"(𝛺')
𝑛
𝑛'

��
 (2.42) 

A value of 2 is taken for w, where it represents waviness. A random road input has been 

developed based on the PSD of vertical displacement 𝑀" as a function of spatial frequency 𝑛.  

The spatial frequency value inside a frequency band 𝛥𝑛 is specified by a dispersed road profile 

and the value of the PSD function is stated as follows: 

𝑀"(𝑛) = 𝑙𝑖𝑚
�7→'

𝜓/3

𝛥𝑛
 (2.43) 
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The mean square value for the purpose of spatial frequency is indicated by 𝜓/3, which represents 

the component of the signal for the purpose of spatial frequency n encompassed within the 

frequency band n. The road profile signal is discretized in this sense and consequently consists 

of an equally spaced set of elevation points. Here, sampling interval is denoted by B and road 

profile is given by L. Moreover, the maximum sampling spatial frequency c is 1 B, corresponds 

to the maximum effective sampling spatial frequency (n���) is 𝑛-./in the frequency domain 

and discretized spatial frequency values n� are equally distributed with an interval of (∆n) (𝛥𝑛) 

as 1 L. In this way, generic spatial frequency value 𝑛6 n� can be written as 𝑖. 𝛥𝑛i ∙ ∆n and the 

discrete form of Eq. (2.43) may be presented as 

𝑀"(𝑛) =
¤¥x(7j,�7)

�7
= ¤¥x(6.�7,�7)

�7
                                            (2.44) 

where 𝑖 varying from 0 to 𝑁,	N = n��� ∆n as	7¨©¥
�7

, using a simple harmonic function, one can 

calculate the road profile. 

 ℎ(𝑥) = 𝐴6 𝑐𝑜𝑠( 2𝜋. 𝑛6. 𝑥 + 𝜙) = 𝐴6 𝑐𝑜𝑠( 2𝜋. 𝑖. 𝑥. 𝛥𝑛 + 𝜙)      (2.45) 

where, amplitude is denoted by A�, spatial frequency is denoted by n� and phase angle is φ. The 

mean square value can be used to generate harmonic signals.  

𝜓/3 =
𝐴63

2
 (2.46) 

Therefore, 

𝑀"(𝑛6) =
𝜓/3(𝑛6)
𝛥𝑛

=
𝐴63

2. 𝛥𝑛
 (2.47) 
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Table 2.2: k values for ISO road roughness classification 

Road Class k 

Lower Limit Upper Limit 

𝐻1 𝐻3 3 

𝐻3 𝐻p 4 

𝐻p 𝐻r 5 

 

It has been demonstrated in several investigations that an artificial road profile can only be 

created using Eq. 2.45 if the PSD function of vertical displacements is well understood, with a 

random phase angle following a uniform probability distribution in the range of 0 to 2𝜋. The 

artificial profile can be given as 

																																									ℎ(𝑥) = 𝐴6 𝑐𝑜𝑠( 2𝜋. 𝑛6. 𝑥 + 𝜙6)
¯

6°'

= 2. 𝛥𝑛.𝑀"(𝑖. 𝛥𝑛) ⋅ 𝐴6 𝑐𝑜𝑠( 2𝜋. 𝑖. 𝑥. 𝛥𝑛 + 𝜙)
¯

6°'

 

(2.48) 

Using Eq. (2.47) in Eq. (2.45), a random road profile can be generated according to ISO 

classification by the following equation. 

ℎ(𝑥) = 𝛥𝑛.⋅ 2C ⋅ 10�p ⋅
𝑛'
𝑖 ⋅ 𝛥𝑛

𝑐𝑜𝑠( 2𝜋. 𝑖. 𝑥. 𝛥𝑛 + 𝜙)
¯

6°'

 (2.49) 

where L = 250, N = 100, and 𝑥 is the abscissa variable from 0 to L; ; 𝛥𝑛 is taken as 1/L; n��� is 

taken as 1/B; and N is 7¨©¥
�7

 or L/B; constant is designated as k, depending on the ISO 

categorization of road profiles. It has also assumed integers augmenting from 3 to 9, which 
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corresponds to profiles from class H1 to H4 (as shown in Table 2.3); here, k is assumed to take 

the value 3 corresponding to the class A road profile and 𝑀"(𝑛') G³ n'  is taken to be 32, where 

𝑛' is n' = 0.1 cycles m 𝑐𝑦𝑐𝑙𝑒𝑠/𝑚; 𝜙6 random phase angle following a uniform probabilistic 

distribution between 0 to 2𝜋. In this work, four type road conditions (H1-H4) are considered, 

which are shown in Figures (2.2-2.5).  

 

Figure 2.2: Random road profiles for road categories H1, H2, H3, and H4 at a speed of 40 kilometers 

per hour. 

 

Figure 2.3: Random road profiles for road categories H1, H2, H3, and H4 at a speed of 60 kilometers 

per hour. 
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Figure 2.4: Random road profiles for road categories H1, H2, H3, and H4 at a speed of 80 kilometers 

per hour. 

 
 

Figure 2.5: Random road profiles for road categories H1, H2, H3, and H4 at a speed of 100 kilometers 

per hour. 

The MATLAB/Simulink software is utilized to simulate road profiles based on the ISO 8608 

random input mentioned earlier. The simulations encompass various road classifications. 
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Specifically, road profiles are simulated for four different speeds: 40 km/h, 60 km/h, 80 km/h, 

and 100 km/h. 

In the Figures, the maximum magnitude of the unevenness in the random road profile is depicted. 

At a speed of 40 km/h, the maximum magnitude is 1.7 cm in an upward direction, while at a 

speed of 100 km/h, it is -1.8 cm in a downward direction. 

Figures 2.2 to 2.5 illustrate the road categories H2, H3, and H4. These figures display the 

maximum magnitudes of unevenness in the upward direction, which are 2.4 cm, 2.7 cm, and 3 

cm, respectively at a speed of 40 km/h. In the downward direction at a speed of 100 km/h, the 

maximum magnitudes are -2.2 cm, -2.5 cm, and -3.1 cm for H2, H3, and H4 road categories, 

respectively. 

2.4 Conclusions  

In this chapter, the focus is on the mathematical modelling of a pitch plane model for a 

road truck. The model takes into account the presence of two suspension systems that are 

subjected to random road inputs following the specifications outlined in ISO 8608. Simulations 

are conducted to visualize the random road inputs for different conditions (H1, H2, H3, and 

H4) and at various speeds. 

The subsequent chapter will delve into the development of a hook damping hybrid control 

system which utilizes a model predictive control (MPC) system. This control system will be 

integrated with the pitch plane model of the road truck. Subsequently, the integrated model will 

be subjected to simulations under different random road response. 
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Chapter 3 

Hybrid Semi-Active Damping Control for Heavy Vehicle 

Suspension Systems using MPC 

In the previous chapter, a mathematical model was established for the pitch plane of a heavy 

vehicle and simulations were performed to replicate an artificial road condition in accordance 

with ISO 8608 standards. This chapter delves into the exploration of semi-control techniques and 

proposes MPC-based hybrid semi-active damping control strategies. The objective is to broaden 

the scope of vibration reduction methods employed ultimately improving the comfort of heavy 

vehicles. 

3.1 Introduction 

Semi-active dampers are divided into two categories; on-off and continuously variable. An 

on-off damper utilizes a control algorithm to switch between "on" and "off" damping states. The 

"on-state" damping coefficient is typically high, while the "off-state" damping coefficient is 

relatively low. However, achieving a damping coefficient of zero in the off-state is not feasible. 

Conversely, a continuously variable damper adjusts between on and off states, with the on-state 

damping coefficient modulated to produce varying levels of damping force. Figures 3.1(a) and 

3.1(b) illustrate the force-velocity characteristics for on-off and continuous dampers, respectively 

[32]. 

The subsequent section provides an overview of various control algorithms used for semi-active 

damping control such as skyhook, balancing control and groundhook control. Both on-off and 

continuous versions of these control techniques are discussed [32]. Furthermore, hybrid control 

strategies that combine multiple control algorithms are explored. The development and 
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implementation of these control algorithms are demonstrated using half-car models with detailed 

explanations provided in the following sections [104] 

 

Fig. 3.1: (a) On-off damper, 

 

(b) Continuous damper 

3.2 Skyhook Control 

The skyhook design involves connecting a damper to an inertial reference point in the sky 

which effectively eliminates the trade-off between resonance control and high-frequency isolation 

commonly encountered in passive suspensions [96]. Skyhook control primarily targets the motion 

of the sprung mass reducing it as the skyhook damping coefficient, 	𝐶;CD	 increases. By isolating 

the sprung mass from base excitations, skyhook control comes at the cost of increased motion in 

the unsprung mass. The fundamental algorithm for skyhook control can be summarized as follows: 

𝐹" = 𝐹;CD*<<C =
𝑐;CD𝑝1,						𝑝1(𝑝1 − 𝑝3) ≥ 0
0,															𝑝1 𝑝1 − 𝑝3 < 0

 (3.1) 

The damping force, 𝐹", is determined based on the difference between the needed damping force 

of the skyhook damper, 𝐹;CD*<<C and the velocity of the sprung mass, 𝑝1. This unique configuration 

effectively addresses the tradeoff commonly encountered in passive suspensions between 

resonance control and high-frequency isolation. By increasing the skyhook damping coefficient, 
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𝑐;CD, the motion of the sprung mass is reduced. Skyhook control achieves isolation of the sprung 

mass, 𝑝1, from base excitations but at the expense of increased motion in the unsprung mass, 𝑝3. 

3.2.1 On-off skyhook control  

The on-off skyhook control strategy for the half-vehicle model determines the adjustment of the 

damper to its maximum or minimum value based on the product of the absolute velocity of the 

vehicle's sprung mass and the relative velocity across the suspension. In the half-vehicle model 

depicted in Figure 2.2 (Chapter 2), the absolute velocity of the sprung mass can be calculated as 

follows: 

𝑝.´;,µ = 𝑝1 − 𝑙 ∙ 𝜃 (3.2) 

𝑝.´;,¶ = 𝑝1 + 𝑙 ∙ 𝜃 (3.3) 

The following formulas determine the relative velocity across each suspension, 

𝑝¶·T,µ = 𝑝1 − 𝑝3 − 𝑙 ∙ 𝜃 (3.4) 

𝑝¶·T,¶ = 𝑝1 − 𝑝p + 𝑙 ∙ 𝜃 (3.5) 

As a result, the on-off skyhook control approach for a half-vehicle model can be summarized as follows: 

Front damper: 

𝑐",µ =
𝑐-./,µ,			𝑝.´;,µ ∙ 𝑝¶·T,µ ≥ 0,
𝑐-67,µ,			𝑝.´;,µ ∙ 𝑝¶·T,µ < 0,  (3.6) 

Rear damper: 

𝑐",¶ =
𝑐-./,¶,			𝑝.´;,¶ ∙ 𝑝¶·T,¶ ≥ 0,
𝑐-67,¶,			𝑝.´;,¶ ∙ 𝑝¶·T,¶ < 0,  (3.7) 

3.2.2 Continuous Skyhook Control  
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The continuous skyhook control strategy is an extension of the on-off skyhook control strategy. In 

the 4-DOF half-vehicle model with a skyhook damper connecting the body to an inertial reference 

point, the damping force can be expressed as follows; 

𝐹;CD*<<C = 𝑐;CD ∙ 𝑝.´;,µ (3.8) 

The continuous skyhook control strategy involves the calculation of the skyhook damping force 

𝐹;CD*<<C using the skyhook damping coefficient 𝑐;CD	and the absolute velocity of the sprung mass 

𝑝.´;,µ. The continuous skyhook control strategy aims to simulate the skyhook damping force by 

utilizing a semi-active damper connecting the sprung and unsprung masses. Unlike a passive 

damper that can only absorb energy, the semi-active damping force and the relative velocity across 

the damper must satisfy the following inequality: 

𝐹;. ∙ 𝑝¶·T,µ ≥ 0 (3.9) 

To create the required force 𝑐;CD ∙ 𝑝𝑎𝑏𝑠,𝑓, it is necessary for 𝑝.´;,µ and	𝑝𝑟𝑒𝑙,𝑓  to have the same sign. 

When these two velocities have opposite signs, the semi-active damper can generate a force that is 

opposite to the desired force. In such cases it is preferable to provide no force at all. Therefore, the 

semi-active damping coefficient can be determined using the following relationships. 

Front damper: 

𝑐",µ =
𝑐;CD ∙ 𝑝.´;,µ 𝑝¶·T,µ ,			𝑝.´;,µ ∙ 𝑝¶·T,µ ≥ 0,
0,																																			𝑝.´;,µ ∙ 𝑝¶·T,µ < 0,  (3.10) 

Rear damper: 

𝑐",¶ =
𝑐;CD ∙ 𝑝.´;,¶ 𝑝¶·T,¶ ,			𝑝.´;,¶ ∙ 𝑝¶·T,¶ ≥ 0,
0,																																		𝑝.´;,¶ ∙ 𝑝¶·T,¶ < 0,  (3.11) 
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As per Equation 3.11 when the relative velocity is extremely small, the required damping 

coefficient increases abruptly and tends towards infinity. However, in practical applications the 

semi-active damper constant is limited by the physical constraints of the damper, with an upper 

limit, 𝑐-./, and a lower limit, 𝑐-67. The control policy can be summarized as follows, taking into 

account these limitations: 

Front damper: 

𝑐",µ =
max	{𝑐-67,µ, min 𝑐;CD,µ ∙ 𝑝.´;,µ 𝑝¶·T,µ , 𝑐-./,µ },			𝑝.´;,µ ∙ 𝑝¶·T,µ ≥ 0,
𝑐-67,µ,																																																																																		𝑝.´;,µ ∙ 𝑝¶·T,µ < 0,

 (3.12) 

Rear damper: 

𝑐",¶ =
max	{𝑐-67,¶, min 𝑐;CD,¶ ∙ 𝑝.´;,¶ 𝑝¶·T,¶ , 𝑐-./,¶ },			𝑝.´;,¶ ∙ 𝑝¶·T,¶ ≥ 0,
𝑐-67,¶,																																																																																		𝑝.´;,¶ ∙ 𝑝¶·T,¶ < 0,

 (3.13) 

 

3.3  Balance Control 

The goal of the semi-active control system is to maintain equilibrium between the spring and 

damping forces when they counteract each other while minimizing the damping force in other 

circumstances. This approach results in reduced or eliminated force transmission when the damper 

is active and a slight force increase when it is inactive. This control strategy referred to as "relative 

control," is centered around managing the relative displacement and velocity between the vehicle 

body and wheels. 

3.3.1 On-Off Balance  

In the on-off balancing control strategy, the damping coefficient of the semi-active damper in the 

half vehicle model is adjusted. This coefficient is switched between high and low values depending 

on the relative displacement and velocity across the damper. When the product of these two values 
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is less than or equal to zero, the damper is set to the high state. Conversely, if the product is greater 

than zero the damper is set to the low state. The relative displacement in the half vehicle model can 

be determined using the equation presented in Figure 2.1 of Chapter 2. 

𝑝¶·T,µ = 𝑝1 − 𝑝3 − 𝑙 ∙ 𝜃 (3.14) 

𝑝¶·T,¶ = 𝑝1 − 𝑝p + 𝑙 ∙ 𝜃 (3.15) 

The relative velocity across the damper can be calculated using equations 3.14 and 3.15. This 

information is used to implement the on-off balancing control logic which determines the state of 

the damping coefficient.: 

Front damper: 

𝑐",µ =
𝑐-./,µ,			𝑝¶·T,µ ∙ 𝑝¶·T,µ ≤ 0,
𝑐-67,µ,			𝑝¶·T,µ ∙ 𝑝¶·T,µ > 0,  

(3.16) 

Rear damper: 

𝑐",¶ =
𝑐-./,¶,			𝑝¶·T,¶ ∙ 𝑝¶·T,¶ ≤ 0,
𝑐-67,¶,			𝑝¶·T,¶ ∙ 𝑝¶·T,¶ > 0,  

(3.17) 

3.3.2 Continuous Balance Control  

In continuous balancing control for the half vehicle model, the damping coefficient is continuously 

adjusted according to the relative displacement and velocity across the damper. This allows the 

semi-active damper to act as a spring with negative stiffness effectively counteracting both the 

spring and damping forces. The desired force can be expressed using the following equation; 

𝐹;. =
−𝑘;,µ𝑝¶·T,µ,			𝑝¶·T,µ ∙ 𝑝¶·T,µ ≤ 0,
0,																					𝑝¶·T,µ ∙ 𝑝¶·T,µ > 0. (3.18) 
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The damping force is adjusted to match the magnitude of the spring force resulting in zero 

acceleration. This control technique is responsible for determining the appropriate damping 

coefficient. 

𝑐",µ =
−𝑘;,µ𝑝¶·T,µ
𝑝¶·T,µ

,			𝑝¶·T,µ ∙ 𝑝¶·T,µ ≤ 0,

0,																						𝑝¶·T,µ ∙ 𝑝¶·T,µ > 0.
 (3.19) 

The damping coefficient in Eq. (3.19) approaches infinity for 𝑝¶·T,µ → 0,  which is practically 

impossible. Based on the damper's physical property, the damping coefficient has a maximum 

value, 𝑐-./, and a minimum value, 𝑐-67, considering physical constraints. The damping 

coefficient is defined as follows: 

Front damper: 

𝑐",µ =
max 𝑐-67,µ, 𝑚𝑖𝑛

−𝑘;,µ𝑝¶·T,µ
𝑝¶·T,µ

, 𝑐-./,µ ,			𝑝¶·T,µ ∙ 𝑝¶·T,µ ≤ 0,

𝑐-67,µ,																																																																	𝐷¶·T,µ ∙ 𝑝¶·T,µ > 0.
 (3.20) 

Rear damper: 

𝑐",¶ =
max 𝑐-67,¶, 𝑚𝑖𝑛

−𝑘;,¶𝑝¶·T,¶
𝑝¶·T,¶

, 𝑐-./,¶ ,			𝑝¶·T,¶ ∙ 𝑝¶·T,¶ ≤ 0,

𝑐-67,¶,																																																																𝑝¶·T,¶ ∙ 𝑝¶·T,¶ > 0.
 (3.21) 

 

3.4 Groundhook Control 

Groundhook logic aims to minimize dynamic tire forces leading to enhanced vehicle 

handling and reduced road damage. Similar to the skyhook damper, the groundhook damper is 

assumed to be connected to a fixed point which in this case is the ground.  
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𝐹" = 𝐹)¶<G7"*<<C =
𝑐)7"𝑝3, −𝑝3 𝑝1 − 𝑝3 ≥ 0
0,																	 − 𝑝3 𝑝1 − 𝑝3 < 0

 (3.22) 

The equation defines the damping force (𝐹") in terms of the required damping force (𝐹)¶<G7"*<<C) 

of the groundhook damper and the damping coefficient (𝑐)7") of the same damper. 

3.4.1 On-Off Groundhook Control  

The on-off groundhook control strategy for the half vehicle model decides whether the damper 

should be changed to its highest or lowest value based on the product of the absolute velocity 

of the unsprung mass and the relative velocity across the suspension. The absolute velocity of 

the unsprung mass for the half car model depicted in Figure 2.1. (Chapter 2) is provided by 

𝑝3	and 𝑝p for front and rear suspensions, respectively. Eqs. (3.12) and (3.13) yield the relative 

velocities throughout each suspension (3.13). As a result, the on-off skyhook control approach 

for a half vehicle model is as follows: 

Front damper: 

𝑐",µ =
𝑐-./,µ,			−𝑝3 ∙ 𝑝¶·T,µ ≥ 0,
𝑐-67,µ,			−𝑝3 ∙ 𝑝¶·T,µ < 0,  (3.23) 

Rear damper: 

𝑐",¶ =
𝑐-./,¶,			−𝑝p ∙ 𝑝¶·T,¶ ≥ 0,
𝑐-67,¶,			−𝑝p ∙ 𝑝¶·T,¶ < 0,  (3.24) 

 

3.4.2 Continuous Groundhook Control  

The 4-DOF half-vehicle model incorporates groundhook dampers that connect the body to a 

ground inertial reference point. The damping force can be expressed using the following 

equation: 
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𝐹)¶<G7"*<<C = 𝑐)7" ∙ 𝑝3,p (3.25) 

The equation represents the ground-hook damping force (𝐹)¶<G7"*<<C), which is determined 

by the ground-hook damping coefficient (𝑐)7")  and the absolute velocity (𝑝3,p) of the un-

sprung mass. The goal is to replicate this damping force by incorporating a semi-active damper 

between the sprung and un-sprung masses. 

However, due to the limitations of a passive damper that can only absorb energy, the semi-

active damping force and the relative velocity across the damper must satisfy the inequality: 

𝐹;. ∙ 𝑝¶·T,µ ≥ 0 (3.26) 

It is only when the absolute velocity 𝑝3 and the relative velocity𝑝¶·T,µ  have opposite signs that 

the desired force 𝑐)7" ∙ 𝑝3  can be achieved. If the semi-active damping force and relative 

velocity have the same sign, the semi-active damper can produce a force opposite to the 

required force and it is preferable not to apply any force at all. In such cases, the semi-active 

damping coefficient can be determined using the following relationships. 

Front damper: 

𝑐",µ =
𝑐)7" ∙ 𝑝2 𝑝¶·T,µ , −𝑝2 ∙ 𝑝¶·T,µ ≥ 0,
0,																																	 − 𝑝2 ∙ 𝑝¶·T,µ < 0,  (3.27) 

Rear damper: 

𝑐",¶ =
𝑐)7" ∙ 𝑝3 𝑝¶·T,¶ ,			− 𝑝3 ∙ 𝑝¶·T,¶ ≥ 0,
0,																															 − 𝑝3 ∙ 𝑝¶·T,¶ < 0, (3.28) 

According to Equation 3.28, the required damping coefficient experiences a rapid increase and 

approaches infinity for extremely small relative velocities. However, the semi-active damper 
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is constrained by its physical limitations, with an upper limit (𝑐-./) and a lower limit (𝑐-67). 

Therefore, the control strategy can be modified as follows: 

Front damper: 

𝑐",µ =
max 𝑐-67,µ, min 𝑐)7",µ ∙ 𝑝2 𝑝¶·T,µ , 𝑐-./,µ , −	𝑝2 ∙ 𝑝¶·T,µ ≥ 0,

𝑐-67,µ ,																																																																																− 	𝑝2 ∙ 𝑝¶·T,µ < 0,
 (3.29) 

Rear damper: 

𝑐",¶ =
max	{𝑐-67,¶, min 𝑐)7",¶ ∙ 	𝑝3 𝑝¶·T,¶ , 𝑐-./,¶ } ,				− 𝑝3 ∙ 𝑝¶·T,¶ ≥ 0,
𝑐-67,¶ ,																																																																																− 𝑝3 ∙ 𝑝¶·T,¶ < 0,

 (3.30) 

 

3.5 Hybrid Control Strategy 

Hybrid control strategies can be created by integrating two or more of the control 

techniques discussed earlier. These hybrid strategies leverage the strengths of each technique, 

resulting in enhanced performance in terms of vibration isolation and vehicle handling. 

3.5.1 Hybrid Skyhook-Groundhook Control 

The purpose of this logic is to minimize both the acceleration of the vehicle body and the 

dynamic tire force. The body of the vehicle is connected to a hypothetical damper that is 

attached to an inertial reference point in the sky, while the unsprung mass has a damper 

connected to a reference point on the ground. 

Combining both skyhook and groundhook control techniques yields the control algorithm. 

𝑊*D´¶6"�W¼�½¼ = 𝛼𝑊;CD*<<C + 1 − 𝛼 𝑊)¶<G7"*<<C (3.31) 

The hybrid controller damping force (𝑊*D´¶6"�W¼�½¼) combines the skyhook damping force 

(𝑊;CD*<<C), groundhook damping force (𝑊)¶<G7"*<<C), and a weighting factor (α) that 
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determines the trade-off between comfort and handling. The weighting factor ranges from 0 to 

1. The on-off skyhook strategy is employed to control the skyhook damping force while the 

on-off groundhook logic is utilized to regulate the groundhook force. 

3.5.2 Hybrid Skyhook-Balance Control 

Hybrid strategies similar to the aforementioned hybrid logic, can be developed by combining 

two or more control techniques. An example of a hybrid control logic illustrated below can be 

formed by integrating skyhook and balancing logic. 

𝑊*D´¶6"�W¼�¾ = 𝛽𝑊;CD*<<C + 1 − 𝛽 𝑊´.T.7S· (3.32) 

where 𝑊*D´¶6"�W¼�¾ is the hybrid controller damping force, 𝑊´.T.7S· denotes the balance 

control force which is influenced by a weighting factor (β) which modifies the degree of 

skyhook control or balance control. If β is equal to 1, the control will be solely skyhook control 

while if β is equal to 0, it will be purely balance control. The on-off skyhook and on-off balance 

control algorithms regulate the skyhook and balance damping forces. 

3.5.3 Hybrid Groundhook-Balance Control 

The hybrid control technique was created by combining the groundhook and balance control 

logics. 

𝑊*D´¶6"�½¼�¾ = 𝛾𝑊)¶<G7"*<<C + 1 − 𝛾 𝑊´.T.7S· (3.33) 

The hybrid controller damping force denoted as 𝑊*D´¶6"�½¼�¾, is determined by the weighting 

factor γ, which adjusts the extent of groundhook control and balancing control. When γ is set 

to 1, the control is solely based on groundhook control while a value of 0 represents pure 

balancing control. The on-off groundhook logic governs the groundhook damping force while 

the on-off balance logic regulates the balance damping force. 
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3.5.4 Hybrid Skyhook-Groundhook-Balance Control 

By combining all three control techniques, a hybrid control approach is formulated to leverage 

the advantages of each method. The weighting factors δ and µ determine the contribution of 

the different control systems as stated below. The on-off balancing logic is employed to govern 

the system. 

𝑊*D´¶6"�W¼�½¼�¾ = 𝛿𝑊;CD*<<C − 𝜇𝑊)¶<G7"*<<C + 1 − 𝛿 − 𝜇 𝑊´.T.7S· (3.34) 

 

3.6 MPC based Hybrid Hook Damping Suspension Control Development 

In this section, MPC equipped hybrid hook-damping suspension system has been 

developed following approach proposed by M.Q Nguyen et al. [98]. Adaptive MPC toolbox 

are attached with hybrid suspension model, which was presented in Eq 3.34. The state space 

equation of half car model presented in chapter 2,  may also be rewritten as follows:	

𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵1𝑧 𝑡 + 𝐵3𝑢 𝑡               (3.35) 

𝑦	 𝑡 = 𝐶𝑥 𝑡 + 𝐷1𝑧 𝑡 + 𝐷3𝑢 𝑡 + 𝑣(𝑡)      (3.36) 

Here,  

𝑥 𝑡 = [𝑝1, 𝜃, 𝑝3µ,𝑝p¶,𝑝1, 𝜃, 𝑝3µ, 𝑝p¶] 

𝑢 𝑡 = 𝑢µ, 𝑢¶  

𝑧 𝑡 = [𝑧1µ, 𝑧3¶] 

𝑦 𝑡 = [𝑝1, 𝑝3µ,𝑝p¶, 𝑝1, 𝑝3µ, 𝑝p¶] 

𝑥 𝑡  is the state vector, 𝑢(𝑡) is the control vector, 𝑧 𝑡  is the road disturbance vector, and 𝑦 𝑡   

is the output measurement vectors, 𝑣 𝑡  is the measurement noise. The system parameters of 
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the pitch plane model were determined according to the parameters of the half car model. 

𝐴, 𝐵1, 𝐵3, 𝐶, 𝐷1, 𝐷3 are the matrices of the state space representation.  

To address the limited MPC optimization problem, the state equation of the suspension system 

is presented in Eq 3.35 and Eq 3.36, and it must be developed in discrete time using the zero-

hold approach and a sampling time (𝑇;). The obtained discrete time model may denoted as, 

𝑥CÅ1 = 𝐴)𝑥C + 𝐵1)𝑧C + 𝐵3)𝑢C      (3.37) 

𝑦C = 𝐶)𝑥C + 𝐷1)𝑧C + 𝐷3)𝑢C + 𝑣C         (3.38) 

Here 𝐴), 𝐵1), 𝐵3), 𝐶), 𝐷1), 𝐷3)	 are the matrices of the state space representation. 

 

The dissipative conditions for the hybrid semi active damper strategies can be transformed into 

input constraints. It may be noted that from Eqs (3.32-3.34), it follows that: 

𝐶-67µ¶𝑝¶·Tµ¶ ≤ 𝐹*Dµ¶ ≤ 𝐶-./µ¶𝑝¶·Tµ¶       if             𝑝¶·Tµ¶ ≥ 0 

𝐶-./µ¶𝑝¶·Tµ¶ ≤ 𝐹*Dµ¶ ≤ 𝐶-67µ¶𝑝¶·Tµ¶       if             𝑝¶·Tµ¶ < 0              (3.39) 

This dissipative constraint can be recast into: 

𝐶-67µ¶𝑝¶·Tµ¶ ≤ 	𝐶7<-µ¶𝑝¶·Tµ¶ + 𝑢µ¶ ≤ 𝐶-./µ¶𝑝¶·Tµ¶    if        𝑝¶·Tµ¶ ≥ 0   

𝐶-./µ¶𝑝¶·Tµ¶ ≤ 𝐶7<-µ¶𝑝¶·Tµ¶ + 𝑢µ¶ ≤ 𝐶-67µ¶𝑝¶·Tµ¶       if      𝑝¶·Tµ¶ < 0        (3.40) 

Here,                                          𝐶7<-µ¶ = 
Æ¨©¥ÇÈÅÆ¨jÉÇÈ

3
  

It results:                                 𝑢µ¶ ≤ Æ¨©¥ÇÈ�Æ¨jÉÇÈ

3
𝑝¶·Tµ¶                        (3.41) 

Actually 𝑝¶·Tµ¶ is a combination of the system state 𝑥 𝑡 . 𝑖. 𝑒. 𝑝¶·Tµ¶ = 𝐶67	𝑥 is an appropriate 

matrix. Since in the discrete domain, the control input 𝑢C must satisfy the following constraints.  

𝑀1	𝑢C ≤ Γ1𝑥C   if   𝐶67	𝑥C ≥ 0 
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𝑀3	𝑢C ≤ Γ3𝑥C   if   𝐶67	𝑥C < 0         (3.42) 

Here, 𝑀1, 𝑀3, Γ1, Γ3 are appropriate matrices.  

Pitch angle 𝜃  and heavy vehicle centre of gravity 	𝑝;, respectively, can be used to characterize 

ride comfort and road holding capability in this context. The following may be used to 

determine the performance  

𝐻S<-µ<¶f = 	𝑝;3(𝑡)
s
' 𝑑𝑡         (3.43) 

𝐻*<T"67) = 𝜃3(𝑡)s
' 𝑑𝑡        (3.44) 

Nevertheless, the results of the equations contradict the goals. Because of this, a control rule 

must be created to maximize overall performance by appropriately balancing the requirements 

of Eqs. (3.43) and (3.44) and accounting for the dissipative limitation that is referenced in Eq 

(3.42). This allows the hybrid semi-active suspension control problem to be expressed as a 

limited optimization problem that can be solved within the well-known MPC framework. By 

designating the 𝑁t	as the MPC prediction horizon, the quadratic cost function that follows is 

defined:  

𝐽 𝑈, 𝑁t, 𝑥C|C = 1 − 𝜌 𝑝CÅ6|C~ 3¯Ð
6°' + 𝜌 𝜃CÅ6|C

3
   (3.45) 

Here, 𝑝CÅ6|C~ , 𝜃CÅ6|C refers to the body acceleration and pitch predicted by using the model Eq 

(3.37), given the initial state 𝑥C|C	  

and 𝑈 =

𝑢C|C
𝑢CÅ1|C..

𝑢CÅ¯Ð�1/C

, here 𝑈 is the vector of the control modes to be optimized. 𝜌	𝜖	 0	1 	 is 

a weighting coefficient that may be adjusted to strike an appropriate balance between handling 

performance and comfort. The load transfer ratio (LTR) approach can be used to tune 
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𝜌  [97][98][99]. The vehicle's LTR may be measured as it is moving and weight is transferred 

from the front to the back or vice versa, indicating that the vehicle is experiencing pitch motion. 

By defining the vertical forces acting on the left and right sides by  𝐹;µ and 𝐹;¶ respectively. It 

is represented as follows. 

𝐹;µ = 𝑚;
)
3
+ 𝑚;ℎ

t
T

𝐹;¶ = 𝑚;
)
3
− 𝑚;ℎ

t
T

        (3.46) 

That allows us to introduce the LTR as: 

𝜌 = ÒÓÇ�ÒÓÈ
ÒÓÇÅÒÓÈ

          (3.47) 

Here 𝑝 is the longitudinal acceleration of the vehicle at COG. According to Eq 3.46, the LTR 

ratio can be evaluated online through the measurement of the longitudinal acceleration  𝑝.	 

Since 𝜌	𝜖	 0	1 , when 𝜌 → 0,	there is neither longitudinal load transfer nor pitch motion which 

may be minimizes the body acceleration. On another hand, when 𝜌 → 1, the vehicle is within 

a critical situation caused by the pitch motion.  

The optimization problem of the MPC design can be defined as: 

minÔ	𝐽 𝑈, 𝑁t, 𝑥C  

Subject to 
𝑥CÅ1 = 𝐴)𝑥C + 𝐵1)𝑧C + 𝐵3)𝑢C
𝑀1	𝑢C ≤ Γ1𝑥C			if			𝐶67	𝑥C ≥ 0
𝑀3	𝑢C ≤ Γ3𝑥C			if			𝐶67	𝑥C < 0

   (3.48) 

Evaluating the cost function as specified in Eq (3.45) is the first step in computing the control 

action in the MPC framework. Equation 3.37–3.38 provides the state equation that is used for 

this evaluation, which takes place along the state trajectory inside the prediction horizon. A 

deviation from the methodology in chapter 2 should be noted when discussing the role of road 

disturbances. Thus, an extended state observer is developed in order to account for the effects 

of disturbances during the prediction stage. This observer allows the simultaneous estimate of 
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the state variables and the road input while taking into account conventional sensors that are 

already installed.. By using the complete state equation for both state estimate and prediction, 

this dual estimation is made possible. It is a typical assumption in MPC design that the road 

disturbance will remain constant during the course of the prediction horizon. i.e. 𝑤CÅ6 =

𝑤C, 𝑖 = 0… ,𝑁t − 1.	 Now here, the augmented value of state space model presented in Eq 

3.35 can be written as,  

𝑥CÅ1
𝑧CÅ1 = 𝐴) 𝐵1)

0 𝐼
𝑥C
𝑧C + 𝐵3)

0
𝑢C    (3.49) 

Now optimization can be written as, 

minÔ	𝐽 𝑈, 𝑁t, 𝑥C  

Subject to 

𝑥CÅ1
𝑧CÅ1 = 𝐴) 𝐵1)

0 𝐼
𝑥C
𝑧C + 𝐵3)

0
𝑢C

𝑀1	𝑢C ≤ Γ1𝑥C			if			𝐶67	𝑥C ≥ 0
𝑀3	𝑢C ≤ Γ3𝑥C			if			𝐶67	𝑥C < 0

       (3.50) 

Then, using the receding horizon technique, the MPC control law is calculated, with the actual 

control action : 𝑢C = 𝑢C|C. being limited to the first element in the computed optimum sequence 

U:  However, the dissipative limitation shown in Eq. 3.42 is contingent upon the suspension 

deflection speed's sign 𝐶67𝑥C.  Consequently, it is necessary to satisfy the switching between 

the constraints based on the sign of 𝐶67𝑥C. This goal can be achieved by formulating the 

optimization using a quadratic problem with logic constraints. As a result, integer quadratic 

programming (MIQP) is combined with the optimization process [98].  

To begin creating an observer methodology, the output equation might be expanded in the 

manner shown below: 

𝑦C = 𝐶" 𝐷1)
𝑥C
𝑧C + 𝐷3)

0
𝑢C + 𝑣C   (3.51) 

If the observability of the Eq 3.50 and Eq 3.51 is satisfied. Then the both the system state and 

road disturbance can be evaluated with following expression: 
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𝑥CÅ1
𝑧CÅ1

= 𝐴�
𝑥C
𝑧C

+ 𝐵3�𝑢C + 𝑀 𝑦C − 𝑦C    (3.52) 

𝑦C = 𝐶�
𝑥C
𝑧C

+ 𝐷3)
0

𝑢C 

Here, M is the observer gain that will be designed  

And 𝐴� =
𝐴) 𝐵1)
0 𝐼

, 𝐵3� =
𝐵3)
0

 𝐶� = 𝐶) 𝐷1)  

Let us define the estimation error of the augmented system: 

𝑒C =
𝑥C
𝑧C − 𝑥C

𝑧C
 

Then the estimation error can be inferred form Eq (3.49) and Eq. (3.52) as: 

𝑒CÅ1 = 𝐴�
𝑥C
𝑧C − 𝑥C

𝑧C
− 𝐿𝐶�

𝑥C
𝑧C − 𝑥C

𝑧C
− 𝐿𝑣C  (3.53) 

Finally we can simplify this equation, 

𝑒CÅ1 = 𝐴� − 𝐿𝐶� 𝑒C − 𝐿𝑣C    (3.54) 

The state observer is presented in Eq. 3.52. due to presence of this observer, the robust MPC 

design can be adopted to the state estimation error presented in Eq. 3.54. The Simulink model 

is constructed in Figure 3.2 based on above mentioned MPC model.  

Fig. 3.2: MPC based hybrid hook Simulink model 
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3.7 Numerical Simulation 

Computer simulation offers the advantage of assessing system performance over 

extended durations in a short amount of computational time. Simulation models are flexible 

and can be adjusted to simulate dynamic real-world conditions. Differential equations are 

frequently employed to construct simulation models as the complexity increases. In this study, 

MATLAB/Simulink® software is utilized to analyse half-car suspension systems under 

different road profiles and speeds [104]. 

3.7.1 Parameters of Half Vehicle Model 

Table 3.2 displays the simulation parameters for the 4-DOF half vehicle model. In this work, 

the parameters utilized by Goncalves [96] for a whole automobile model are applied. In the 

half-vehicle model, the sprung mass and pitch moment of inertia of the complete automobile 

model from [96] have been halved, but the parameters for the front and rear suspension remain 

unchanged. 

Table 3.1: Model Parameter for 4-DOF half vehicle model [96] 

Parameter Value  Parameter Value 

𝑀; 730 kg 𝑐-./,µ 2838 Ns/m 

𝑀G,µ 40 kg 𝑐;CD,µ 1290 Ns/m 

𝑀G,¶ 35.5 kg 𝑐)7",µ 1290 Ns/m 

𝐼DD 1230 kg.m2 𝑐-67,¶ 324 Ns/m 

𝑘;,µ 19960 N/m 𝑐-./,¶ 3564 Ns/m 

𝑘;,¶ 17500 N/m 𝑐;CD,¶ 1620 Ns/m 

𝑘f,µ 175500 N/m 𝑐)7",¶ 1620 Ns/m 

𝑘f,¶ 175500 N/m 𝑑. 1.011 m 
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𝑐-67,µ 258 Ns/m 𝑑´ 1.803 m 

 

3.8 Results and Discussion 

As mentioned earlier, a half-car model was exposed to random road inputs and 

simulations were performed using the quarter car model Simulink model within the 

MATLAB/Simulink® software environment. The simulation results were categorized into 

three groups: i) on-off control strategies, ii) continuous control techniques and iii) hybrid 

control strategies. 

3.8.1 Performance of On-Off Control Strategies 

In this section of study, we conduct a thorough evaluation of different on-off semi-active 

control algorithms and compare their performance. Our primary focus is on two key 

performance metrics: body acceleration and displacement. These metrics serve as essential 

indicators of how effective these control strategies are in mitigating vibrations and improving 

the overall quality of the ride experience. 

To provide a visual representation of our findings, we have included Figure 3.3, which 

illustrates the comparison of body acceleration over time for two main scenarios; the passive 

suspension system and various on-off semi-active suspension strategies. These simulations 

were conducted under specific conditions, specifically at a speed of 60 kilometers per hour 

(km/h) and on a road characterized by H1-based random road conditions. 

Our analysis of the results consistently reveals that the semi-active skyhook logic consistently 

outperforms the passive system. This means that the body acceleration experienced by the 
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vehicle occupants is notably reduced when utilizing the semi-active skyhook control strategy 

throughout the experimental duration. 

However, it is important to note that the on-off skyhook control strategy exhibits a distinct 

behaviour. In this approach, the damping force experiences sudden and dramatic changes each 

time the control function shifts direction. These abrupt transitions lead to the formation of sharp 

peaks and unexpected jerking motions. Figure 3.3 visually highlights the presence of a 

substantial number of these abrupt changes. Consequently, while the skyhook method reduces 

body acceleration compared to the passive system, it introduces a significant amount of 

discomfort due to these abrupt shifts. 

In contrast, the on-off balance control strategy shows a more favourable performance profile. 

It yields lower body acceleration values with the maximum magnitude remaining below 1-

meter per second squared (m/s²). Additionally, the acceleration values generated by this 

approach remain consistently lower over a duration of 10 seconds. Furthermore, the on-off 

balance control strategy results in fewer and less severe jerking motions when compared to the 

skyhook method, making it a more appealing choice for enhancing ride quality. 

In summary, our comprehensive comparison of on-off semi-active control algorithms suggests 

that the semi-active skyhook logic effectively reduces body acceleration but introduces abrupt 

transitions. On the other hand, the on-off balance control strategy minimizes body acceleration, 

maintains lower values consistently and offers a smoother ride experience making it a 

promising choice for improving overall ride quality. 
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Fig. 3.3: Body acceleration response of on-off control strategies for random input at 60 kmph 

 

3.8.2 Performance of Continuous Control Strategies 

We assessed the performance of vehicle models employing continuous control techniques by 

subjecting them to simulations with random road inputs at a speed of 60 kilometers per hour 

(kmph). In Figure 3.4, we present the acceleration response of the continuous skyhook control 

strategy when exposed to random road inputs. Notably, the continuous skyhook control 

consistently yields lower acceleration values when compared to the passive system throughout 

the simulation. Furthermore, it is worth highlighting that, in contrast to the on-off skyhook 

logic, the continuous control approach mitigates the severity of jerking motions, resulting in a 

smoother ride experience even on uneven terrain. This observation suggests that continuous 

skyhook control is effective at reducing both body acceleration and the discomfort associated 

with abrupt movements as we see a lower acceleration amplitude. 

Another noteworthy finding is that all three continuous control strategies exhibit greater 

displacement responses than the passive system. This implies that the vehicle experiences 
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larger magnitudes of displacement throughout the simulation when continuous control 

techniques are employed. However, it is important to note that the behaviour of these three 

continuous control methods closely resembles that of the passive system. 

In particular, the continuous skyhook logic stands out as it consistently demonstrates slightly 

better results over time when compared to the other two continuous control methods. This 

suggests that continuous skyhook control strikes a favourable balance between minimizing 

body acceleration and optimizing ride comfort, making it a promising choice for enhancing 

vehicle performance on uneven road surfaces. 

In summary, our evaluation of continuous control techniques in vehicle models, as illustrated 

in Figure 3.4, highlights the superiority of continuous skyhook control in reducing acceleration 

and minimizing jerking motions. While all continuous control methods result in greater 

displacement compared to the passive system, the continuous skyhook approach emerges as a 

particularly effective solution, offering improved performance while closely resembling the 

behaviour of the passive system. 

 

 

Fig 3.4: Body acceleration response of continuous control strategies for random input at 60 kmph 



	

	 63	

 

3.8.3 Performance of Hybrid Control Strategies 

In this section, the performance of a semi-active suspension system for a half car was assessed 

by analysing four hybrid control systems.  

When analysing the effects of random road inputs on half of the vehicle, we observed that the 

HY-SH-GH logic performs similarly to the on-off skyhook logic in some scenarios. However, 

in other instances it manages to achieve lower acceleration values. Nevertheless, sharp jerking 

motions persist throughout the simulation. This suggests that while there is similarity between 

the two systems in certain conditions, the HY-SH-GH logic offers a slight advantage in 

reducing acceleration. 

Now, let us turn our attention to the HY-SH-B logic system which is designed to control a 

vehicle's acceleration response. Figure 3.5 illustrates the system response to a set of inputs. 

Notably, the HY-SH-B logic system exhibits a more gradual and smoother acceleration 

response compared to a passive system. This smoother profile leads to a reduction in 

acceleration magnitude and a decrease in the occurrence of abrupt peaks. These outcomes 

underscore the effectiveness of the HY-SH-B logic system in delivering a more comfortable 

and less jarring driving experience for vehicle occupants. 

On the other hand, we have the HY-GH-B logic system, also designed to regulate a vehicle 

acceleration response. Based on the provided description, it can be inferred that this system's 

reaction to random road inputs closely resembles that of a passive system. However, the 

presence of noticeable jerks in the system's response indicates a lack of smoothness. 

Furthermore, the degree of acceleration varies across different cases with some instances 

exhibiting higher acceleration while others show lower values. This inconsistency suggests that 
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the HY-GH-B system fails to provide a uniform acceleration experience, resulting in an 

unpredictable and less comfortable ride for vehicle occupants. 

In summary, the HY-GH-B logic system displays inconsistent behaviour when exposed to 

random road inputs, characterized by noticeable jerks and varying degrees of acceleration. 

While its performance aligns with that of a passive system, the higher variation in its response 

diminishes its effectiveness in delivering a smooth driving experience. In contrast, the HY-SH-

GH-B control system demonstrates a reduction in acceleration amplitude compared to the 

passive system. It exhibits similar strength and frequency of jerking motions as observed in the 

HY-SH-GH control, indicating comparable acceleration responses for half of the vehicle on a 

random road. 

 

Fig 3.5: Body acceleration response of hybrid control strategies for random input at 60 kmph 

 

3.8.3 Performance of MPC based Hybrid Control Strategies 

In the study on the semi-active suspension system for the half-car model, a comprehensive 

evaluation was conducted on four hybrid control systems and an MPC-based hook control 

system. The objective was to compare their performance in terms of body acceleration. The 
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results were analysed and presented in the form of a graph depicting body acceleration versus 

time, as shown in Figure 3.6. 

 
 

 

Fig. 3.6: Body acceleration response of MPC based hook suspension system over random input 

 

Remarkably, the MPC-based hook control system outperformed not only the hybrid control 

systems but also the passive system in terms of body acceleration by reducing the RMS of the 

best performing hybrid (HY-SH-GH-B) by roughly 25% as we can see lower acceleration 

amplitudes even if it follows the same pattern. It demonstrated superior performance, indicating 

its capability to provide a smoother and more comfortable ride experience for the occupants of 

the half-car model. 

These findings highlight the effectiveness of the MPC-based hook control system and certain 

hybrid control strategies in reducing the vertical acceleration of the half-car model, enhancing 

ride comfort, and improving the overall performance of the semi-active suspension system. 
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3.9 Conclusions  

The chapter described a control framework for the suspension system in a pitch plane 

model supported by two suspension systems, subjected to random road input as prescribed by 

ISO 8608. The chapter carried out simulations to present the random road inputs for different 

control and hybrid control schemes as well as MPC-based hybrid control. The next chapter will 

evaluate the ride comfort and road holding of a heavy vehicle system under random road 

conditions according to the guidelines outlined in ISO 2631. This assessment will provide 

insights into the performance of the suspension system in maintaining stability and comfort for 

passengers in real-world conditions. 
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Chapter 4 

Evaluation of Ride Comfort and Road Holding of a Half-

Vehicle System with MPC under Random Road 

Conditions 

In the previous chapter, we explored the model predictive control (MPC) based hook damping 

suspension system for heavy road vehicles. The system was formulated and analysed to 

understand its dynamic behaviour. In this chapter, our objective is to assess the ride comfort and 

road holding performance of heavy road vehicles according to ISO 2631 standards.  

ISO 2631 is an internationally recognized standard that provides guidelines for evaluating ride 

comfort in transportation systems. It quantifies the level of vibrations experienced by individuals 

while traveling in a vehicle. To evaluate ride comfort, we measure the vertical acceleration in a 

half-car model using ride index weighing functions. These functions are then compared to ISO 

2631 curves to determine the level of ride comfort experienced by passengers. 

Additionally, we also assess the road holding capability of heavy road vehicles in this chapter. 

Road holding capability refers to the vehicle's ability to maintain stability and control on different 

road conditions. This evaluation is crucial to ensure passenger safety and prevent accidents. 

We conduct tests and evaluations on the MPC-based hook damping suspension control system 

to understand its impact on ride comfort and road holding. The results reveal the improvements 

achieved in the ride comfort and road holding ability of heavy road vehicles with the 

implementation of the proposed control system. 
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4.1 Introduction 

With increasing industrial demand, overloading and unpredictable road conditions, truck 

vibration issues have become more prominent in recent years. In the context of large road 

transportation systems ensuring ride comfort is of utmost importance as drivers spend a 

significant amount of time in their cabins. Various factors contribute to travel comfort and 

sedentary activities such as temperature, noise, vibration, seat characteristics, posture and 

backrest among others. Among these factors, vibration is widely recognized as a critical element 

of the physical environment that can lead to driver discomfort. 

Extensive research on ride comfort emphasizes the significance of addressing vibrations, 

considering them as one of the primary factors affecting driver well-being. This recognition stems 

from the understanding that vibrations can significantly impact the overall comfort experience 

during travel. 

4.2 Evaluation of Ride Comfort in Road Vehicle Applications 

Ride comfort encompasses both psychological and physiological aspects, and it is 

evaluated through various techniques that assess the mechanical environment experienced by 

passengers. To measure human ride comfort, four commonly used approaches are employed: 

ISO 2631 (Europe), BS 6841 (UK), VDI 2057 (Germany and Austria) and average absorbed 

power (USA). In the subsequent sections, we will provide a brief overview of these protocols. 

4.2.1 AAP (Average Absorb Power) 

The average absorbed power (AAP) method, devised by the US Army Tank Automotive 

Command (Pradko, 1966), is a technique used to assess human comfort in relation to vibrations. 

This method is based on the elastic characteristics of the human body, which generate restorative 

forces in response to vibrations resulting in the generation of energy that needs to be absorbed or 
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dissipated. The absorbed power refers to the rate at which this energy is absorbed (Pradko, 1966). 

The evaluation process involves analysing ride comfort in both time and frequency domains, 

providing a comprehensive understanding of the vibrations and motions experienced by drivers 

or passengers. 

AP = 𝐾6		(𝐴6È¨Ó	)
¯
6°'

2 (4.1) 

The average absorbed power (AAP) method can be assessed in both  time and frequency domains 

and it exhibits a primary resonance at approximately 4-5 Hz. However, its effectiveness diminishes 

in the frequency range of 1 to 80 Hz. 

4.2.2 BS 6841 

The BS 6841 standard is a ride comfort evaluation method specifically designed for road 

vehicles. It considers a frequency range of 0.5 to 80 Hz and does not rely on time-dependent 

curves. Instead, it employs the concept of vibration dose value (VDV). The accelerations are 

weighted using various weighting functions based on different directions. The weighted signal is 

then utilized to calculate the root mean square (RMS) value, which serves as a measure of ride 

comfort. Unlike time-based curves, this method emphasizes the importance of weighing the 

accelerations in the evaluation process. 

The RMS values of vibration are compared to subjective values to estimate the probable human 

reaction to vibration. The frequency range may be extended to compensate for motion 

smoothness based on measurements. The overall ride comfort is evaluated by additional vehicle 

tests on the same road at the same speed and can be compared directly to other values. 

 

RMS = 1
¯
. 𝑎73¯

7°1    (4.2) 
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4.2.3 VDI-2057 

The first calculation of ride comfort was done using the VDI-2057 standard, published in 1963 

by the Society of German Engineers. The standard evaluated comfort by exposing individuals to 

sine-wave vibrations with specific intensity and frequency and then determining a ride comfort 

index (K-factor). The K-factor was compared to a subjective table to assess comfort according 

to human perception. In 1979, the VDI adopted the ISO-2631 tolerance curves while still using 

the K-factor for subjective comparison to human response. To evaluate the performance, the 

acceleration response was transformed into the frequency domain using fast Fourier transform 

(FFT). The RMS values were then calculated at specific third-octave center frequencies and 

represented as a single value. The weighted RMS acceleration data and K-values in the z-

direction are then determined accordingly  

1≤ f ≤ 4 Hz KZ = 10. aZ. 𝑓 (4.3) 

4≤ f ≤ 8 Hz KZ = 20. aZ, (4.4) 

8≤ f ≤ 80 Hz KZ = 160aZ. 𝑓 (4.5) 

After the weighted RMS acceleration data and K-values in the z-direction are determined, the 

weighted signal is plotted using limit plots. The limit plots used are based on those approved by 

ISO-2631. The frequency range of the bandwidth or the range of frequencies used to measure the 

vibration is between 1 Hz and 80 Hz. This means that the weighted signals are plotted using data 

that is collected within this frequency range. This range was chosen as it is considered to provide 

a comprehensive assessment of the ride comfort, taking into account the different frequencies 

that contribute to the overall vibration experienced by the occupants. 
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4.3 Comfort Guidelines -ISO 2631 (ISO-2631, 1997) 

 The ISO 2631 standard outlines a methodology for measuring whole-body vibrations 

including periodic, random and transient vibrations. The standard outlines key elements that 

establish the acceptable degree of vibration exposure and offers recommendations for evaluating 

its potential effect on health, comfort and likelihood of motion sickness. The ISO 2631 standard 

serves as a reference for engineers and researchers to determine the acceptable limits of vibration 

exposure in various scenarios and applications. 

 

Fig 4.1: Frequency weighing curves for comfort evaluation 

Table 4.1: Principal frequency weighting in one third octave 

Frequency 

,f  Hz 

Wk Wd Wf 

Factor 

×1000 

dB Factor 

×1000 

dB Factor 

×1000 

dB 

0.1 31.2 -30.11 62.4 -24.09 695 -3.16 

0.125 48.6 -26.26 97.3 -20.24 895 -0.96 
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0.16 79 -22.05 158 -16.01 1006 0.05 

0.2 121 -18.33 243 -12.28 992 -0.07 

0.25 182 -14.81 365 -8.75 854 -1.37 

0.315 263 -11.60 530 -5.52 619 -4.17 

0.4 352 -9.07 713 -2.94 384 -8.31 

0.5 418 -7.57 853 -1.38 224 -13.00 

0.63 459 -6.77 944 -0.50 116 -18.69 

0.8 477 -6.43 992 -0.70 53 -25.51 

1 482 -6.33 1011 0.10 23.5 -32.57 

1.25 484 -6.29 1008 0.07   

1.6 494 -6.12 968 -0.28   

2 531 -5.49 890 -1.01   

2.5 631 -4.01 776 -2.20   

3.15 804 -1.90 642 3.85   

4 967 -0.29 512 -5.82   

5 1039 0.33 409 -7.76   

6.3 1054 0.46 323 -9.81   

8 1036 0.31 253 -11.3   

10 988 -0.10 21 -13.91   

12.5 902 -0.89 161 -15.87   

16 768 -2.28 125 -18.03   

20 636 -3.93 100 -19.90   

25 513 -5.80 80.0 -21.94   

30.1 405 -7.86 63.2 -23.98   

40 314 -10.05 49.4 -26.13   

50 246 -12.19 38.8 -28.22   

63 186 -14.61 29.5 -30.60   

80 132 -17.56 21.1 -33.53   

 

The ISO 2631 standard addresses vibrations transmitted through supporting surfaces which are 

commonly experienced in various applications such as vehicles, machines and structures. The 
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standard defines different frequency ranges for health, comfort, perception and motion sickness. 

For health, comfort and perception the frequency range is from 0.5 Hz to 80 Hz, while for motion 

sickness it is from 0.1 Hz to 0.5 Hz. 

To evaluate these vibrations, the ISO 2631 standard utilizes RMS values of frequency-weighted 

accelerations. Translational vibrations are measured in m/s², while rotational vibrations are 

measured in rad/s². The standard applies weighting curves (Wd for horizontal and Wk/Wb for 

vertical) to express the weighted RMS acceleration. In railway applications, Wb is used for 

vertical acceleration. These weighting curves are provided in Figure 4.1 of the ISO 2631 

standard. 

To calculate the weighted RMS acceleration, the standard provides an equation or its equivalent 

in the frequency domain, which should be followed for accurate assessments. 
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a                                                              (4.6) 

The equation for calculating wia frequency-weighted acceleration, expressed in m/sec2, takes 

into account the integration time (T) for the running average and  time (t). 

The evaluation of the acceleration signal can be performed using either a constant bandwidth or 

a proportional bandwidth spectrum of unweighted acceleration. The proportional bandwidth 

method involves dividing the frequency range into one-third octave bands and calculating the 

weighted RMS acceleration by weighting and summing the data from each one-third octave band. 

The specific weightings for each band can be found in Table 4.1. The overall weighted 

acceleration is then determined using an equation in the frequency domain. 
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The frequency-weighted RMS acceleration (aw) is obtained by multiplying the RMS acceleration 

(ai) of each one-third octave band by its corresponding weighting factor (wi), and then summing 

the results. The acceptable levels of acceleration magnitude for comfort can vary depending on 

various factors and are not explicitly defined in ISO 2631. However, Table 4.2 serves as a general 

reference for assessing the expected human response to vibration in public transportation based 

on the frequency-weighted RMS acceleration values. 

Table 4.2: ISO classification of comfort levels 

Subjective Comment Accelerations value (m/s2)  

Not Uncomfortable. <0.0315 m/sec2 

A Little uncomfortable. 0.0315 to 0.63 m/sec2 

Fairly uncomfortable. 0.5 to 1.0 m/sec2 

Uncomfortable. 0.8 to1.6 m/sec2 

Very uncomfortable. 1.25 to 2.5 m/sec2 

Extremely uncomfortable. >2.0 m/sec2 

 

4.4 Ride Comfort Guidelines (ISO-2631 approved) 

 The assessment of ride comfort involves evaluating the human body response to 

vibration. It is not only influenced by biomechanical and physiological factors but also by 

environmental factors such as heat, pressure and ventilation. The international standards 

organization (ISO 2631, 1997) has established limits for human exposure to vibrations in the 

frequency range from 1-80 Hz which can cause fatigue, discomfort and other health issues if 
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exposed to frequently. Whole-body vibrations from road vehicles can also cause damage to the 

back and other health consequences. 

Discomfort refers to feelings caused by vibration and can be affected by various factors in 

different contexts. A limiting value for discomfort should be identified for specific applications. 

According to ISO, exposure to vibrations within the frequency range of 0.5 Hz to 80 Hz can lead 

to various health issues such as fatigue, discomfort, obesity and other severe consequences 

(Griffin, 2012). Prolonged exposure to vibrations transmitted from road vehicles through the seat 

to the body particularly the pelvis, can result in serious damage to the back and other health 

issues. Whole-body vibrations also produce diverse and complex sensations that change based 

on frequency, axis and other variables. 

It is important to note that many factors can contribute to the level of discomfort and therefore a 

specific limiting value for discomfort should be identified for different applications based on the 

specific needs and requirements. This limiting value should take into account the various factors 

that can influence discomfort levels. Additionally, different limiting values for discomfort may 

be appropriate in different contexts, so it is crucial to be aware of these variations when assessing 

ride comfort in transportation systems. 

Figure 4.2 shows that the vertical RMS (root mean square) accelerations at different control 

configurations in one-third octave bands. The accelerations are superimposed on ISO curves 

for reduced comfort boundaries over 2.5 hours, 4 hours, and 8 hours. According to the data, 

the acceleration response of the vehicle body is below the 4-hour curve at 60 km/hr on H1 road 

conditions. However, for vehicle vibrations the fatigue limit increases up to 8 hours. This 

means that if a driver is exposed to ride vibrations for more than 4 hours at speeds greater than 

60 km/h on H1 road conditions, they may experience a normal or common sense of discomfort. 
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The figure also indicates that the MPC based suspension system provides more comfort 

compared to other hybrid strategies as we can see that the RMS weighted acceleration at 

different frequencies is lower than the other hybrid systems.  

 

Fig 4.2: Comparison for ride comfort of MPC based suspension with hybrid hook strategies 

 

4.5 Conclusions  

 The chapter evaluates the ride comfort and road holding of a heavy vehicle system 

(HVS) on different road conditions. The assessment is performed by measuring the vertical 

RMS acceleration of a half car model with ride index weighing functions. These measurements 

are then compared to the ISO 2631 comfort guidelines by superimposing the results over the 

ISO 2631 curves for reduced comfort boundaries of 2.5 hours, 4 hours, and 8 hours. The chapter 

concludes by suggesting that the MPC-based suspension system provides a more comfortable 

ride compared to other hybrid strategies. The next chapter will present the overall conclusions 

and future scope of the research. 
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Chapter 5 

 Conclusions and Future Scope 

This dissertation aimed to investigate the dynamic behaviour of a semi-active suspension 

system designed for heavy vehicles operating under random road conditions, following the 

guidelines outlined in ISO 8608. The analysis was conducted using simulation techniques, 

considering both the quarter automobile model and the half car model. Various road profiles 

including bump-type road profiles and random road inputs, were used to assess the system's 

performance. The study focused on evaluating different control logics employed in semi-active 

suspension control and the obtained results are presented and discussed in the following 

sections. 

5.1   Conclusions 

1. The dynamic model of a road vehicle was developed using the bond graph approach 

and implemented in the MATLAB/Simulink® environment. 

2. The research focused on a 4-DOF half automobile model to study the behaviour of the 

system. The tire velocity input was calculated considering half sine bumps and random 

road irregularities.  

3.  The primary objective of the study was to analyse the dynamic behaviour of a semi-

active suspension system specifically designed for road vehicles. 

MATLAB/Simulink® was employed to evaluate the system parameters and the 

performance of various control logics utilized in semi-active suspension control. The 

analysis was conducted using the half car model subjected to bump-type road profiles 

and random road inputs. The study encompassed the following aspects of the 

suspension system: - Vertical acceleration of both the sprung and unsprung masses. - 

Transmission of acceleration from the wheel to the vehicle body.  
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4.  The on-off skyhook logic exhibited promising results in reducing the vertical 

acceleration of the body for bump-type inputs. However, it occasionally resulted in 

sudden jerks and an uncomfortable ride experience. Conversely, the on-off groundhook 

logic demonstrated improved performance in reducing the acceleration of the unsprung 

mass leading to quicker dampening of wheel vibration and enhanced road holding force.  

5. The study evaluated the performance of different control logics employed in the semi-

active suspension system for road vehicles. The results indicated that continuous 

control logics effectively reduced body acceleration but exhibited longer settling times 

compared to other control methods. While the continuous control logics successfully 

minimized body acceleration they took more time to achieve a stable state. Among the 

hybrid logics, the HY-SH-GH and HY-SH-GH-B demonstrated superior performance 

in terms of reducing vertical acceleration, resulting in reduced magnitude and severity.  

6. Integration of MPC with a combined hybrid model yielded significantly improved 

results compared to other proposed strategies. 

7. Ride comfort assessment was conducted by evaluating the weighting values of vertical 

acceleration using 1/3-octave band frequencies and overlaying them with ISO 2631 

curves. 

8. Performance analysis revealed that the MPC-based hook damping suspension system 

outperformed other hybrid control strategies in terms of overall performance. 

5.2 Future scope 

The study evaluated the performance of a semi-active suspension system for road vehicles 

using the bond graph approach and MATLAB/Simulink®. The results of the study suggest 

several avenues for future research. 
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• Full car model evaluation: In future studies, the semi-active suspension system can be 

evaluated using a full car model. This will provide a more complete understanding of 

the suspension system and its behaviour in a real-world scenario. 

• Lateral dynamics: The current study only evaluated the vertical and longitudinal (pitch) 

dynamics of the suspension system. Future studies can extend the analysis to include 

the lateral dynamics of the vehicle model. 

• Different road inputs: The study used bump type road profile and random road inputs 

to evaluate the performance of the suspension system. In future studies, other types of 

road inputs can be considered to provide a more comprehensive understanding of the 

suspension system behaviour. 

• Active suspension system: The study focused on the semi-active suspension system. 

Future studies can extend the analysis to include active suspension systems with various 

control strategies. This will provide a comparison of the performance of different 

suspension systems and control methods. 

Overall, the results of the study suggest several avenues for future research to further improve 

our understanding of suspension systems for road vehicles. 
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