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Abstract

In 2019, Adams, Ehlting, and Edwards developed a four-variable system of ordinary differen-
tial equations modelling phenylalanine metabolism in plants according to Michaelis-Menten
kinetics. Analysis of the model suggested that when a series of reactions known as the Shiki-
mate Ester Loop (SEL) is included, phenylalanine flux into primary metabolic pathways is
prioritized over flux into secondary metabolic pathways when the availability of shikimate, a
phenylalanine precursor, is low. Adams et al. called this mechanism of metabolic regulation
the Precursor Shutoff Valve (PSV). Here, we attempt to simplify Adams and colleagues’
model by reducing the system to three variables and replacing the Michaelis-Menten terms
with piecewise-defined approximations we call ramp functions. We examine equilibria and
stability in this simplified model, and show that PSV-type regulation is still present in the
version with the SEL. Then, we define a class of systems structurally similar to the simplified
Adams model called biochemical ramp systems. We study the properties of the Jacobian ma-
trices of these systems and then explore equilibria and stability in systems of n > 2 variables.
Finally, we make several suggestions regarding future work on biochemical ramp systems.
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Introduction

Many chemical reactions in biological systems are mediated by macromolecules called en-
zymes. Usually proteins, enzymes function as catalysts, substances which increase the rate
at which reactions proceed, but are not used up by the reactions [13, ch. 8].

During an enzyme-mediated reaction, the reactant(s) (known as substrate(s)) are bound
to a region of the enzyme called the active site [13, ch. 8]. The binding of the substrate(s)
and enzyme forms an enzyme substrate complex and facilitates conversion of the substrate(s)
into product(s), which are then released from the active site of the enzyme [13, ch. 8].

In the absence of enzymes, many metabolic reactions would proceed at very slow rates,
obstructing metabolic pathways [13, ch. 8]. Enzymes are thus critical to keeping metabolic
processes in living organisms running smoothly.

Michaelis-Menten kinetics has played an important role in the modelling of enzyme-
mediated reactions for more than a century. In the early 1900s, Leonor Michaelis and Maud
Menten, refining the efforts of Victor Henri, studied the initial rate at which a substrate is
converted into products with the aid of an enzyme catalyst; specifically, they studied the
invertase-catalyzed reaction in which sucrose is converted into fructose and glucose [3, 8].
Their results, published in 1913, showed that the initial rate v of an enzyme-mediated
reaction can be represented by a time-independent equation equivalent to

U o= Vmax[S] 7 (1)
K +15]
where [S] denotes the substrate concentration and V., and K, are positive parameters
that can be determined experimentally [5, 10, 15].

Graphing v as a function of [S] produces an initial-rate curve with a couple of key features
related to the parameters. The value V., represents a saturation point, the maximum value
of v, achieved when an unlimited amount of substrate is available, while K,, (the Michaelis
constant) represents the substrate concentration at which half of this maximum value is
reached [5]. Indeed, it is easy to see that the curve is increasing with

Vmax [S]

e Vmax
[S]linoo K, +[9]

and v = Ve /2 at [S] = K,,. These features can be seen on the graph of v in Figure 1 on
the next page.

Derivation of equation (1) relies on several assumptions. First, the concentrations of
species present during the reaction are subject to conservation conditions. For instance, it
is assumed that a state of equilibrium exists as the substrate binds to the enzyme, forming
the enzyme-substrate complex; that is, the concentration of the enzyme-substrate complex
is assumed to be constant [8, 14]. As mentioned earlier, catalysts increase reaction rates
without being consumed by the reactions; thus, the amount of enzyme present, equal to the
amount bound to substrate added to the amount left unbound, must also remain constant



[15]. Finally, the unbound substrate, enzyme-substrate complex, and product concentrations
must always collectively equal the initial concentration of substrate [15].

.li -|_|.-_|' __________________

llli -|_|_|_|- — =

Initial Reaction Rate, i

.

Substrate Concentration, [5]

Vmax [S]
Ky + 9]
point (K, Vinaz/2) falls on the curve, and that v — V4, as [S] — oc.

Figure 1: Graph of the Michaelis-Menten initial rate curve v = . Notice that the

The steps of the derivation also assume that reaction rates and reactant concentrations are
proportional to each other; this is the law of mass action, which was documented by Guldberg
and Waage in the 1860s [15, 17]. Many fields of biology, chemistry, and biochemistry have
been influenced by this law. For instance, mathematical models in ecology and epidemiology,
such as the famous Lotka-Volterra and SIR models, use the mass action law to describe
population growth and decay rates [17].

These fields have also seen influence, both theoretical and practical, from Michaelis and
Menten’s work. Equation (1) is vital to the study of topics including enzymology, proper-
ties of molecules, and fast chemical reactions, and has use in applications such as enzyme
engineering and drug development [3].

A specific application of equation (1) — and the motivating example for this thesis —
can be found in [1], a paper in which Adams, Ehlting, and Edwards modelled phenylalanine
metabolism in plants. The model (hereafter referred to as the Adams model) was structured
as a system of four differential equations derived from reactions that follow Michaelis-Menten
kinetics. Analysis was performed on two versions of the model: one that included a sequence
of enzyme-mediated reactions known as the Shikimate Ester Loop (SEL), and one that did
not include the SEL.

After studying equilibria in their model, Adams and colleagues’ analysis focused on flux
into metabolic pathways, with the goal of understanding the function of the SEL. In par-
ticular, they examined equilibrium fluxes of the amino acid phenylalanine into primary and
secondary metabolic pathways when the concentration of shikimate, a precursor to pheny-
lalanine, is low. Primary pathways describe metabolic processes required for survival of the



plant, whereas metabolic processes that are not essential to life are categorized as secondary
pathways [1]. The results of the analysis suggested that in the version of the model with
the SEL, phenylalanine is directed toward primary metabolism preferentially over secondary
metabolism when shikimate availability is poor, a mechanism of metabolic regulation Adams
et al. called the Precursor Shutoff Valve (PSV). The version of the model without the SEL,
which served as an experimental control, only showed evidence of this PSV type regulation
when it was much more difficult for phenylalanine to enter the secondary pathway than the
primary pathway.

Since the right hand side of equation (1) is nonlinear, analyzing Michaelis-Menten systems
such as the Adams model can be difficult. Thus, it is worth considering whether the Adams
model can be simplified to a more manageable form. An idea as to how to accomplish this
is to replace the nonlinear terms of the model with linear approximations. This approach
is not original; piecewise linear approximations in particular have been used for decades to
simplify models in mathematical biology. Gene regulation networks, for example, are often
modelled as hard switching networks (most notably as Glass networks) that use Heaviside
step functions [6, 11].

Here, in the first chapter we simplify the Adams model by replacing the Michaelis-Menten
functions with piecewise linear ramp functions, with a variable reduction as well, and perform
analysis similar to that of Adams and colleagues in [1]. Then, we define a class of systems in
the second chapter called biochemical ramp systems, and explore equilibria and stability in
these systems in the following chapters. We end with our conclusions and several suggestions
for further study on biochemical ramp systems.



Chapter 1

Analyzing the Adams Model with
Ramp Functions

1.1 The Original Model

We begin by describing the model of phenylalanine metabolism in plants developed by Adams
et al. This description will not be exhaustive; see [1] for a more detailed explanation of the
biology underlying the model.

As mentioned in the introduction, Adams and colleagues considered two versions of their
model, one with the SEL and one without the SEL. Figure 2 below shows diagram represen-
tations of both versions as presented in [1].

nput outs put outs
ap ap
Vo

X X3 ﬁ Vy X Vi
V1 Vl

Xy — X4 X Xy

V3 VS

Vs 1%

outy outy

(a) Model with the SEL (b) Model without the SEL

Figure 2: Representations of Adams and colleagues’ model of phenylalanine metabolism in
plants with and without the Shikimate Ester Loop (SEL). The SEL is represented by the
red arrows in (a).



As seen in Figure 2, the system receives a constant input ag; this represents the rate at
which shikimate is synthesized by the plant. The V; are fluxes assumed to follow Michaelis-
Menten kinetics, while the X; represent the concentrations of plastidial shikimate (X;),
phenylalanine (X3), cytosolic shikimate (X3), and caffeoyl-shikimate (X,). Finally, the sys-
tem outputs out; and outs represent primary and secondary metabolic pathways respectively;
in particular, out; represents protein synthesis from phenylalanine, while outs represents the
monolignol pathway, in which phenylalanine is used in the synthesis of lignin precursors.

The version of the model with the SEL can be described by the system of ordinary
differential equations

Xl = ap—Vi—Vs
X, =V-Va—V;
X; = Vo—V3+ Vi
Xy = V3=V,

while in the no SEL case, we simply have

Xl = ao—Vl
Xy = Vi—Vs—V;s
X, = V-V

as the system shown in Figure 2(b) does not depend on Xj3. Here, X; denotes the derivative
of X; with respect to time. From [1], assuming Michaelis-Menten kinetics for the V;, these
equations can be written in full as

X, = ay— a1 X, B as X, Ci;Xg
Ki(14bXo)+ X, Kf+X, K, +X;
X, = a1 Xi _ az X2 X3 a5 Xy
Ki(1+0Xo)+ X1 (K5 +Xo)(K3+X;) K+ X, (1.1)
X3 _ a;Xl _ Ci;Xg B a3 X2X3 as X4
Ky +X, Ky +X3 (K3+Xo)(K3+X3) Ki+X,y
X4 _ a3 X9X3 as X4

(K3 + Xo) (K3 + X3) Ky + Xy

in the case in which the SEL is present, and as



a1 X4

X, = ap—
P K +0X) + X,
X X X
X, — ~ 141 _ CQL:’) 2 G542 (1.2)
(1+0X0)+ Xy Ki+Xe Ks+Xo
X4 _ a3X2 a4X4

K2+ X, Ki+X,

in the no SEL case. The input term ay is assumed to be non-negative, whereas the remaining
a; and all K; are strictly positive. In the parameters K2 and K2, the superscripts are not
exponents; they are simply indices.

Note the parameter b, which models how phenylalanine inhibits it own production, in the
X, and X, equations. In [1], most of the Adams model analysis was done assuming b = 0;
consequently, this will be the only case we consider here. With b = 0, the equations contain
terms resembling the right hand side of the Michaelis-Menten equation (1), with the a; for
1 > 0 taking the role of V., and the K; as the Michaelis constants.

1.2 Variable Reduction and Ramp Functions

Now, we shift our focus to simplifying systems (1.1) and (1.2) with the goal of facilitating
analysis. The first thing we will do is reduce the Adams model with the SEL from four
variables to three. We accomplish this by combining X; and X3 into one variable, which we
will call Y. The reduced version of the model is diagrammed in Figure 3.

input outs
ag

Y ﬁ Vi
|1

X2 X4

Vs

Vs

outq

Figure 3: Representation of the model with the SEL from Figure 2(a) with X; and X3
combined into a new variable, Y.



The corresponding differential equations for the three-variable SEL system are
Y =a-Vi—-V3+V
Xy =Vi—-Vs—V4

Xy = Va—Vi,
or in full with b = 0,

. aY a3 XaY g Xy

Y = ag — - 2 3 +

; Y XoY X
X, = a1 . - azAg . G549 (1.3)

Ki+Y (Ki+X0)(K34Y) K5+ X,

X4 _ CL3X2Y CL4X4

(K2+ Xo)(K3+Y) K,+X,

We will not perform a variable reduction on the system without the SEL as it already
depends on just three variables. However, we will note that assuming b = 0, (1.2) can be
written as

; a1 X1
X) = ap— ——r
! " K+ X,
: X X X
X, = 1A . 62l3 2 a5A2 (1.4)
Ki+X, K2+X, K;+X,
X4 _ a3 Xy ag X4

K3+ X, K Xy

The second step in our simplification will be to replace Michaelis-Menten terms with

piecewise linear approximations. For consistency, every term we replace in (1.3) and (1.4)
as Xy

Kqi+ Xy

part will be approximated. As a result, each term being

will have V.. = 1; this means, for example, that instead of replacing the entire

term in X4, only the ﬁ
replaced will have the form of a Michaelis-Menten function M : [0,00) — [0,1) defined by
X
M) = 3 + X’
where 6 denotes the Michaelis constant.
Below, we define a piecewise linear approximation for M, which we call a ramp function.
It should be noted that other definitions of ramp functions exist in other contexts; see for

example [2] and [4], where ramp functions are defined in three pieces.

Definition 1. [Ramp Function] Suppose 6 > 0. Then, the ramp function r : [0,00) — [0, 1]
with threshold 26 is defined by



r(X) = 20’
1

’

0< X <26
X > 20.

As shown by the graph in Figure 4, this approximation maintains the key characteristics
of M, namely that 6 is mapped to 1/2 and the limit of the function as X goes to infinity is 1.
The point (0, 1/2) falls in the linear piece of r, which we will refer to as the ramp region of
the function. When r(X) = 1, meanwhile, we will say that r is in its saturated region. The
parameter 20, as mentioned above, is a threshold value; it is the point at which r switches
from being in the ramp region to being in the saturated region.

HX)

Figure 4: Graph of the ramp function r as defined in Definition 1. Like the
Michaelis-Menten function M, r(6) = 1/2 and )}im r(X) =1
—00

Using Definition 1, we define the following five ramp functions to approximate the
Michaelis-Menten functions seen in (1.3) and (1.4) (note that the function r; will be used

for both Y and X;):

(1 (Y) = 2_}(17

0<Y < 2K,
Y > 2K,

0<Y <2K;
Y > 2K3

0< X, < 2K,
Xy > 2K,

r3(Xa)

r5(X2)

0< X, <2K;
X, > 2K3

0< X, <2K5
Xo > 2K5



As with K3 and K3, the superscripts in 73 and 73 are indices. With the above ramp functions,
the three-variable system with the SEL from (1.3) becomes

Y = Qg — a1 (Y) — ag’l“g(Xg)Tg(Y) + a4r4(X4)
XQ = CL1T1<Y) — CL3T§(X2)T§(Y) — CL57’5(X2> (16)
Xy = agri(Xo)rj(Y) — asra(Xa),

while we have

Xl = ap — a171(X1)
Xy = a1 (X1) — asr3(Xy) — asrs(Xy) (1.7)
X, = CL3T§(X2) — ayr4(Xy)

as the approximation for system (1.4) without the SEL.

The rest of this chapter will be spent analyzing (1.6) and (1.7) in a way similar to that
of Adams et al. in [1]. Our focus in the next two main sections will be on existence and
stability of equilibria; under certain parameter conditions, both versions of the Adams model
in [1] exhibited a unique, positive equilibrium that was asymptotically stable. Then, we will
examine equilibrium flow into primary and secondary metabolic pathways in the system with
and without the SEL by producing graphs of the equilibrium fluxes V," and V;".

1.3 Three-Variable Ramp System — With the SEL

Much of this section will be devoted to solving for possible equilibrium points in (1.6) and
determining necessary and sufficient conditions on parameters required for existence of these
equilibria. There are two main cases we will consider, K5 = Kg and K5 < Kg; the case
K2 < K5 will be excluded since it was not considered by Adams and colleagues.

These two cases will be relevant when we study flux into metabolic pathways later in
this chapter. As described in [1], the parameters K5 and K2 are the threshold constants of
the primary and secondary metabolic pathways respectively, representing how “difficult” it
is for mass to move into the corresponding pathway.

Each case will contain several subcases regarding whether each ramp function in (1.5) is
in its ramp or saturated region. To simplify the labelling of these subcases, we introduce the
following terminology:

Definition 2. [o, 3, v Regions| Suppose r; and r; are distinct ramp functions of X, with
thresholds 26; and 26; respectively. Without loss of generality (WLOG), suppose 26; < 26;.
Then, we say that X, is in its

a region if X, < 26; < 26;,

B region if 20; < X, < 260, and



v region if 20; < 20; < X,.

If, instead, only one ramp function r; with threshold 26; is a function of X, then X, will
be in its a region if X, < 26; and its v region if 20, < Xy; no [ region exists in this case.

In other words, when a variable is associated with two ramp functions (e.g. X with rj
and 72 when K5 < K?2), it will be in its o region when both ramp functions are in the ramp
region, [ region when the function with the smaller threshold is in the saturated region and
the other function is still in the ramp region, and its v region when both ramp functions
are saturated. When a variable is associated with just one ramp function (e.g. X, with ry),
being in the a or 7 region is equivalent to the ramp function being in its ramp or saturated
region respectively.

Throughout all cases and subcases, we will hold several assumptions on parameters. As
done in [1], we will assume that ag < as. We will also assume an upper bound on ay attained
from Y™, the equilibrium value of Y. Setting all three differential equations in (1.6) to zero,
we have that

Y+X4 =0 = ao—alrl(Y*) =0
— (YT = 2
ai
which, since the range of 7 is [0, 1], is valid if and only if ap < a;.

A tighter bound on ag, along with an explicit formula for Y™, is possible depending
on which of the thresholds associated with Y (2K, and 2K3) is smaller, and which of the
Definition 2 regions Y is in. To reduce the number of subcases to consider, here we will
assume that Y is in its a region. Hence, we have Y* < min{2K,,2K3} and r(Y*) =
Y*/(2K,) < 1, giving us

Y= ag 2(1,0[(1

2K1 ay ai
as the explicit equilibrium solution for Y, with a¢ < a; if 2K; < 2K§’ or ag < alKg’/Kl < ay
if 2K3 < 2K,. Note that we will briefly consider the case with Y in its v region in section
1.3.3.

Assumptions on parameters (including non-negativity) and Y™ can be summarized as
follows:

2a0K
y* = 200Uy o omin{2k,, 2K3)
a1
az < ayg
a;,  if 2K; < 2K3 (1.8)
ap < alKg’

, if 2K < 2K,

ay > 0, a; >0 stéO, K, >0V

10



We are now ready to begin examining equilibria in (1.6).

1.3.1 Equilibria

Subcases regarding which of the Definition 2 regions each variable falls in will be listed in
the order (Y, X, X4), e.g (,7,) means Y is in its a region, X, is in its 7 region, and X,
is in its « region.

In the K5 = K3 case, the functions r5 and 73 from (1.5) are identical. As a result, the
variable Xy, like X4, only has an a and a 7 region. With the assumption that Y* is in its
a region from (1.8), the K5 = K3 case thus has four subcases: (o, a,a), (a,a,7), (a,7,a),
and («,7,7). The K5 < Kg case gives Xy a [ region and hence has six subcases, namely
the four listed above along with («a, 8, «) and (a, 3, 7).

Here, we will cover the four subcases common to both cases together. Then, we will
consider the two subcases exclusive to the K5 < K3 case.

Equilibria in System (1.6):

Subcase 1 (o, a, @) [V <min{2K,,2K3}, X, <2K; <2K;3, X, <2K/]

With every variable in its « region, all ramp functions are in their ramp regions. Thus,
the equations in (1.6) take the form

v Y Y X
= Qo — Q17— — @ Qa
MoK, PARIK? T 2K,
% Y X,V X,
= Q1— — Q — Q
> 7 oK, TPAKZKS  U2K,
¥ X, X,
= a — a .
YTOURIKE T MK,

Using our assumed Y™ value from (1.8), solving X, =0 and X, = 0 gives

2a0a1K32K§K5 2(13@3K1K4K5

X5 = )
2 a0a3K1K5 + CL16L5K§K§’ a4(a0a3K1K5 + (116L5K§K§)

and X =

Since Xy < 2K5 and Xy < 2Ky, these equilibrium values are possible if and only if

CLQCLlK??Kg a3a3K1K5
< 1 and < 1. Note that by (1.8),
aoaﬁK1K5 + a1a5K§K§’ CL4(CLOG3K1K5 —+ (I16L5K32Kg) Y ( )
we nhave
) apa K K3 < apa K3 K3, if 2K, < 2K3
Wik Rs g pe o 51 12
a = TS apar [5G K 273 3
4 T == G/O(I]_K3K3, lf 2K3 < QK]_,
1

11



CL%CL3K1K5 < a0a1K§K§’
Cl4<CLO&3K1K5 + CL1G5K§K§)) a0a3K1K5 + a1a5K§K§’
aoalK??Kg)
a0a3K1K5 + a1a5K§K§)

and thus always holds. Hence,

< 1 when it comes

we only need to worry about the inequality

to the existence of equilibria.

When K5 = K3, the equilibrium values and parameter condition can be expressed as
2a0a1K§K5 2&3@3K1K4 ao(llKg)

X; = X; = d
2 > a0a3K1 + CL16L5K§)

= < L
CLOCL3K1 + CL16L5K§’ 4 CL4(CLO(I3K1 + a1a5K§’)

Subcase 2 (o, a,7) [V < min{2K,,2K3}, X, < 2K5 < 2K2, 2K < X4
. XY
We have 74(X4) = 1 in this subcase, and thus X, = a3+ — a4. Setting this
AKZK?
2 K2K3
equation equal to zero, we get X; = SNBSS 5 ag # 0. As Xy is still in its «
a0a3K1
a1a4K§’

region, it must be the case that < K5/Kj; < 1. However, by (1.8) we have

Qpasihy

a/OKg Kg . 3
=2 >1 f 2K, < 2K
ara K3 N a1 K3 > aog Ky Ky — : o
apaz Ky T agk; P _ 4 if 2K3 < 2K,
= , 3 :

@o

In the special case ag = 0, we have Y* = 0 and thus X, = 0 if and only if ay = 0.
However, ay > 0 by assumption. Hence, we must conclude that equilibria are not
possible in this subcase.

Subcase 3 (a,, ) [V < min{2K,,2K3}, 2Ks <2K3; < Xo, X, < 2K,]
Here, the system becomes
. Y Y X4
Y = — —
G Mo T MoE T MK,
: Y Y
XQ = a12—[(1—a32—[(§)—a5
Y Xy
= QQ———— — Qu——
YT ¢ Y
2&0&3[(1[(4

as r5(Xs) = r72(X,) = 1. Solving X, = 0, we get X} = 5—, which falls in the
a1a4K3
a0a3K1

3
104183

a region if and only if < 1. This inequality is always true assuming (1.8); it

12



Subcase 4

aras i3

obviously holds when aqg = 0, and we showed that 203 5 1 when ag # 0 in the
Apagz iy

previous subcase.

Meanwhile, X, = 0 if and only if ap(a1 K — a3K,) = ajas K3, which only makes sense

if ag # 0 and a; K3 > a3K; since the right hand side is positive. Thus, this condition

(IICL5K§

—— with a; K3 > a3K;.
alKg’—a;;Kl 13 s

can also be expressed as ag =
Finally, with X5 above both of its thresholds and the differential equations no longer
depending on X,, we can choose any X5 > 2K§ > 2K5 at equilibrium. Hence, an
infinite number of equilibria are possible in this subcase.

(a,7,7) [V < min{2K,,2K3}, 2K; <2K2 < X,, 2K, < X4

With both r4 and r§ saturated, the X4 equation is simply X4 =q —ay. Ifag #0,

Y
POK3
ara K3

this equation equals zero if and only if = 1; however, we know this expression

Apasg iy )
is greater than 1. When a¢g = 0, we again get that X, = 0 if and only if ay = 0, which
is impossible. Thus, equilibria are not possible in this subcase.

Subcases exclusive to the Ky < K2 Case:

Subcase 5 (a, B, a) Y <min{2K,,2K3}, 2K;5 < X, < 2K, X, < 2K/]

With X, in its 3 region, the function r5 will be saturated, but r3 will still be in its
ramp region. Thus, our equations are

v Y N X
=@ — a1 —a a
MoK, PAKZIKE T TM2K,
% Y XoY
= QT — 3557 — @
> 7 Tk, akZKE P
¥ XY X,
= q — a .
PTOURIKE 2K,

We get the equilibrium values

2(@0 — CL5)CL1K§K§ and XZ _ 2((1,0 — CL5>K4
CLOCL3K1 Gy

X; =

from X, = 0 and X, = 0, assuming aq # 0. No equilibria are possible if ag = 0; the X,
equation becomes —as, which cannot equal zero as we have assumed that a5 is positive.

13



Subcase 6

((1,0 — CL5)CL1K§

The X; and X values exist in the given regions if and only if —Z < <1
K3 a0a3K1
ag — a
and — 5 < 1. Note that the first inequality implies the second; by the assumption
a4y
. . a1 K§’ . .
az < a4 from (1.8), the inequality % > 1 established in the (o, «,7) subcase,
CORSST

and the fact that the lower bound Kj/Kj3 implies that ayg — as is positive, we have

0 — as ((lo — CZ5)CL1K§) K5 ((lo — G5)CL1K§)
< holds. Thus, — <
ay a0a3K1 O s Kg B a0a3K1

inequality here.

that a4 < 1 is the relevant

(o, B,7) [V < min{2K,,2K3}, 2Ks < X, < 2K2, 2K < X4

: XoY
We have X, = a3+ — a4, which is the same as what we had in the (o, a,7)
4K3K3

subcase. Like that subcase, equilibria are not possible here; solving X, = 0 gives
2 K2K3 K
X5 = MBS Gith the impossible equilibria conditions NUBs (ag # 0) or
Aoa3 L apaz Ky
ayp = 0 (&0 = O)

The equilibria results we have accumulated here are summarized on the next two pages,
separated into K5 = K3 and K5 < K3 sections.
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1.3.1.1 Summary of Equilibria, K5 = Kg

Here, we summarize our discussion of the existence of equilibria in (1.6) for the K5 = K3
case. Assuming (1.8), equilibria are not possible in the (o, «r,7y) and («, 7, 7) subcases. The
results for the other two subcases are described below.

Subcase (o, a, ) [V < min{2K,,2K3}, X, <2K5, X, < 2K,
Assume (1.8) holds. Then, there is an equilibrium point
V¢ — 2@0K1 X — 2(10@1K§K5  _ 2CL(2)CL3K1K4
a aq ’ 2 CL(]CL3K1 + Q1G5K§’7 4 CL4(CL06L3K1 + CL16L5K§’)
. . aoa1K§
f and only if < 1.
1 and omy apaz Ky + ayas K3
Subcase (a,y, a) [V < min{2K,,2K3}, 2Ks < Xo, X, < 2K,
Assume (1.8) holds. Then, there exist equilibria
200K, 2apa3 K, Ky
Y* = X5 > 2K5, X = ——————
a T or aja K3
a1a5K§’

if and only if ag = and alKg > a3 K.

G1K§ — (I3K1

15



1.3.1.2 Summary of Equilibria, K5 < K§

Next, we summarize our system (1.6) equilibria results for the K5 < K2 case. With the as-
sumptions in (1.8), equilibria are not possible in the (a, a, ), (e, 8,7), and («, 7, ) subcases.
The results for the remaining subcases are described below.

Subcase (o, a, ) [V <min{2K,,2K3}, Xy < 2K5 < 2K, X, < 2K,
Assume (1.8) holds. Then, there is an equilibrium point
% 2@0K1 % 2&0G1K§K§’K5 % 2@%(13K1K4K5
Yt o= , Xy = 53 Xa = 2773
ay CLOCL3K1K5 + a1a5K3K3 CL4(CL06L3K1K5 + a1a5K3K3)
. . (IoalKgKg
f and only if < 1.
Hanc ony a0a3K1K5 + a1a5K§K§’
Subcase (a, 5, ) Y < min{2K,,2K3}, 2Ks < X, < 2K32, X, < 2K,

Assume (1.8) holds. Then, there is an equilibrium point

y* — 2&0}(17 X; _ 2(@0-(15)&1K§K§7 XZ _ 2(61,0—&5)K4
ay apaz Ky Q4
. . Ks  (ap—as)a K3
f and only if — < < 1.
if and only i K S e
Subcase (a,7,a) [V < min{2K,,2K3}, 2Ks < 2K < X,, X, < 2K,
Assume (1.8) holds. Then, there exist equilibria
200K, 9 2apa3 K1 K,y
Y = —— X5 > 2K, X} = ——————
a ) 2 = 3 4 a1a4K§
ajas K3

if and only if ag = and alKg > a3 K;.

alK?? — a3K1
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1.3.1.3 Graphs and Uniqueness

We will now visualize the equilibria results summarized above by graphing X; and X with
ag as the independent variable. The parameter values we will use are

a; = 100 K1 = 0.1

az = 75 K; = 0.1

’ 5 (1.9)
ay = 75 K4 =1

as = 5} K5 = ].,

which were the ones used by Adams and colleagues in [1].

Using (1.9) and the equilibria summary in section 1.3.1.1, we have the following graphs
for the K5 = K3 case:

8ayg 2(1(2)
= — 0<ay<20 = 0<ag <20
X3 3ag+20° = x: = { T5ao + 500 0
> 9 ap = 20 g—g, ap = 20

For the K5 < K2 case, we will take K2 = 10K5 = 10; this will be one of the K2 values
we will consider when discussing flux into metabolic pathways near the end of this chapter.
With our parameter values and the results from section 1.3.1.2, the graphs for this case are:

( 80aq
= 0 g <, < 200/37
3ag + 200 = 40 /
Xy g 80400 o087 < 20
3 3ag’ /3T < ap <
> 20, ag = 20
( 2a§
__ < gy < 200/37
75ag + 5000 = o /
* 2CL 2
Xy =420 2 200/37 < ay < 20
! 75 15 /37 < ag
Qo .
L %, ag = 20

The graphs are displayed in Figure 5 on the next page.
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Figure 5: Graphs of the equilibrium values X; and X for the three-variable ramp system
(1.6) with the SEL

These graphs emphasize the fact that equilibria in system (1.6) are almost always unique.
When qy is strictly below the maximum value for which equilibria are possible (which, under
ajas K3
alKg’ — a3K1
is our Y* value from (1.8)). It is only when qy is exactly equal to this maximum value that we
have infinitely many possibilities for X, as seen in (a) and (c) above. This is a consequence
of using ramp functions; our maximum aq value here corresponds to the (a,~, ) subcase

with 75(X5) = r3(X5) = 1, which has infinitely many solutions.

our chosen parameters, is ap = = 20), XJ and X are both functions of ay (as

1.3.2 Stability of Equilibria

The next part of our analysis will focus on the linear stability of equilibria in system (1.6).
Our technique will be to look at the eigenvalues of the system’s Jacobian evaluated at the
equilibrium points summarized in 1.3.1.1 and 1.3.1.2. Remembering that the equations of
(1.6) are
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Y = Qg — Cll’f’l(Y) — CL3’/’§(X2)T§(Y) + (I4T4(X4)
Xg = a1 (Y) — CZ3T32)(X2)T'§(Y> — G5T5(X2>
Xy = agry(Xo)r§(Y) — asra(Xy),

the general formula for the Jacobian is

dry dr3 dr? dry
—&1d—Y — Clg?"%(XQ)d—{j @3T§(Y)d—)?2 0/4d—)(4
= drq dr3 dr? drs
J(X) = 1= CL37’§(X2)d—Y3 —agrg’(Y)dst — a5d—X2 0
dr3 dr? dry
I ang(Xg)d—; a3r§(Y)d—)§’2 _a4d_X4_

Note that the ramp functions are not differentiable at threshold, as shown by the corner
at X = 26 on the general ramp function graph in Figure 4. In subcases with a variable in its
B or ~ region, we will circumvent this problem by assuming the variable is strictly above the
appropriate threshold(s) at equilibrium. For instance, in the (a7, a) subcase with K5 = K3,
we will assume that 2K5 < X; and disregard the X5 = 2K5 possibility.

For asymptotic stability, we want the real part of every eigenvalue A of J to be negative.
The following Routh—Hurwitz criterion for three-variable systems (see, for example, [9, ch.
5]) will be useful when looking at the signs of the real parts of eigenvalues:

Theorem 1. [Routh-Hurwitz] Let N’ + b1 \* + by\ + b3 = 0 be the characteristic equation
of a 3 x 3 matriz with solutions A1, Ay, and A3. Then, Re(N\;) <0 Vi if and only if by > 0,
b3 >0, and biby > b3.

We begin our stability discussion with the two subcases common to both section 1.3.1.1
and section 1.3.1.2.

Subcase (o, a, ) Y <min{2K,,2K3}, X, <2K5 <2K3, X, < 2K,
The Jacobian evaluated at the equilibrium point is
"_ a as X5 _ asY™ as ]
2K, 4K:K3 AK2K3 2K,
aq a3X§‘ 0,3Y* as
_ _ _ 0 7
2K, AK3K3 4K2K3 2K
Cl,g)(ék CL3Y* ay
4K3K3 4K2K3 2K, |

which has the characteristic equation
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Subcase

Xt [2(21 N 26;?4 * 20;5 * 4}%31(; (X +77) ¥

+[ a0y a10s a40s arazY* asasY ™ asas X, \
AK K,  AKGKs  AKGKs  AK(K3KS  8KIK3K, 8KIKGK;
a0y [ as asY™* } _ 0
AK 1Ky 12K5  AKZKS '

The coefficients of this polynomial are all strictly positive. Notice that the degree 1
104

a
4K 1Ky

The product of these coefficients is then

coefficient contains an

term, while the degree 2 coefficient contains a term of the

*

as CL3Y a1y Qs CL3Y*
form

2K, AKIKD 1K K, 2K, TAKIRG

added to a positive sum, and is therefore larger than the polynomial’s constant term.
As a result, the Routh-Hurwitz criterion stated in Theorem 1 is satisfied, allowing us
to conclude that the real part of any root of the characteristic polynomial is negative.
Thus, the (o, a, @) equilibrium point from 1.3.1.1 and 1.3.1.2 is asymptotically stable.

(o, 7, @) [V < min{2K,,2K3}, 2K; <2K2 < X,, X, < 2K,

When a variable is in its 7 region and strictly above threshold, all ramp functions
associated with that variable are constant and have derivatives equal to zero. As a
result, the Jacobian will have a column of zeros and a zero eigenvalue. Thus, in this
subcase the Jacobian is

s T 0 Q4
2K, 2K3 2K,
ay as
—_— = — 0 0
2K, 2K3
as 0 Q4
i 2K3 2K, |
with characteristic equation
aq as Qy 1G4
A [Az ( >)\ ] = 0.
+ 2K, + 2K3 + 2K, + 4K K,

All coefficients of the quadratic term are positive, and hence both roots have negative
real parts. In fact, the roots of the quadratic will always be real. Letting

aq as Gy a104
PO = A ( ))\
() + 2K, + 2K3 + 2K, + AK K’
we have
aq as Qy 104
P( _ ( , )) — >0,
2K, + 2K3 + 2K, 4K 1K,
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ay asay
P( _ —) S <0, and
2K, AK3K, o

a1a4
PO) = 0

meaning that the quadratic must have two roots in the interval
ai as Qy > )
— 0).
( (2[(1 T oxg T o, )

Thus, the eigenvalues of the Jacobian in this subcase are all real with A\; = 0 and
A2, A3 < 0. This zero eigenvalue would normally preclude us from being able to deter-
mine stability. However, as shown in Figure 5(a) and (c), we have a line of equilibria
in this subcase. Hence, we can conclude that we have neutral stability here as the zero
eigenvalue corresponds to our line of equilibrium points as a neutrally stable centre
manifold.

Finally, we examine the stability of the («, 3, ) equilibrium exclusive to the K5 < K3
case.

Subcase (a, 3, ) [V < min{2K,,2K3}, 2Ks < X, < 2K3, X, < 2K,

With X in its 8 region and greater than 2K, the as/(2K5) term is dropped from the
Jacobian and characteristic equation. Hence, we have

r as X3 asY™ as ]
2K, AKZK?  4K!KD 2K,
aq (Ing CL3Y*
- - 0
2K, AKIK? AKZK3
a3X§‘ CL3Y* ay
AKZK3 AKZK3 2K, |
and
a1 Q4 as
Xt | X5 +v") |22
* 2K1+2K4+4K§K§’< 3 +Y7)
|: a1Qy CLl(ng* a3a4Y* :| a1a3a4Y* — 0
AK\K, 4K K2K? ' 8KIK3K, 16K, K2K3K,

The coefficients of this cubic are all positive. Note that the constant term cannot equal
zero as the equilibria summary in 1.3.1.2, based on our earlier discussion of equilibria
in the (o, 8, ) subcase, rules out the existence of equilibria when a¢ (and thus Y™)

a1a3a4Y*
dded t
16K, K2K3K, 007

equals zero. Multiplying the coefficients of A\* and \, we get
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several positive terms, thus exceeding the constant term of the polynomial. Hence,
Theorem 1 is satisfied, and the equilibrium point is asymptotically stable.

1.3.3 Equilibria with v Region Y~

Finally, we will provide equilibria results for system (1.6) covering the case in which Y™* is
in its  region. That is, when Y* > max{2K;,2K35} and r (Y*) = r3(Y*) = 1.

Equilibria with « region Y* are possible only at one specific ag value. In section 1.3, we
saw that solving Y + X, = 0 gives
ag
Y*) = —
r(Y") a1’
which equals 1 if and only if ag = a;. Assuming this and a3 < a4 as we did in (1.8), the

assumptions we will make on parameters here are
Y* > max{2K,,2K5}

CL3<CL4

(1.10)
ap = a1
apg > 0, a; >0 VZ#O, K, >0V

The equilibria results are summarized below; the details can be handled similarly to
section 1.3.1. Four subcases common to both K5 = K3 and K5 < K3 will be listed together,
followed by the two K5 < K3 subcases with 3 regions.

Equilibria in System (1.6):

Subcase 1 (v, ) [V* > max{2K,,2K3}, X, < 2K5 <2K3, X, < 2K,
Assume (1.10) holds. Then, there exist equilibria
2(10K2K5 2a0a3K4K5
Y* > 2K, 2K3Y, X = 800 oxe
- maX{ b 3}7 2 G3K5 + CL5K§’ 4 CL4(CL3K5 + CL5K§)
K
if and only if ag < i 25 + as.
K3
Subcase 2 (v, a,7) [V* > max{2K,,2K3}, X, < 2K5 <2K3, 2K, < X

Assuming (1.10), equilibria are not possible in this subcase.
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Subcase 3 (7,7, ) [V* > max{2K,2K3}, 2Ks5 < 2Kz < Xy, X, < 2K,
Assume (1.10) holds. Then, there exist equilibria

2a5 K.
Y* > max{2K;,2K3}, X; > 2K2 > 2K;, X = —304
Gy
if and only if ag = a3z + a5 and a3z < ay.
Subcase 4 (v,7,7) [V* > max{2K,2K3}, 2K5 <2K2 < X5, 2K < X4]

Assume (1.10) holds. Then, there exist equilibria
Y* > max{2K,,2K3}, X5 > 2K] > 2K;, X; > 2K,

if and only if ag = a3 + a5 and a3z = ay.

Subcases exclusive to the K5 < K2 Case:

Subcase 5 (v, 3, ) [V* > max{2K,2K3}, 2K5 < Xy < 2K3, X4 < 2K,
Assume (1.10) holds. Then, there exist equilibria

2(ap — as) K3 2(ap — as) K
Y* > max{2K,,2K3}, X} = M) X = 2(ao — as) Ky
as Qay
K
if and only if s 25 + a5 < ag < az + as.
K3
Subcase 6 (v, 3,7) [V* > max{2K,,2K3}, 2K5; < Xy < 2K3, 2K, < X,

Assuming (1.10), equilibria are not possible in this subcase.

1.4 Three-Variable Ramp System — Without the SEL

Now, we will move on to the existence and stability of equilibria in system (1.7). As with
system (1.6), we will focus on the cases K5 = K3 and K5 < K3, with subcases classified
using the «, 3, and 7 regions described in Definition 2.

Once again, we will assume that a3 < as. A condition on ag can be found from Xj.
Setting X; = 0 in (1.7), we have
ap — alrl(Xf) = O
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—— (Xik) = @
a1
The value of X7 and the exact condition on ay depends on whether we want X; to be in its
a or vy region. If X is below its (only) threshold 2K, then r1(X7) = X{/(2K;) < 1 and we

get the explicit equilibrium solution
Xik ao 2a0K1
2K1 aq ! aq

if and only if ap < a;. Meanwhile, we have X] > 2K, and r(X7) = 1 if and only if ag = a;.

Here, we will not specify whether X is in its « or 7y region, and allow for both possibilities.
Thus, we can express our upper bound on ag as ag < a;. Our assumptions on parameters
can then be summarized as:
ag

r(Xy) = o

a3 < g (1.11)
ap < ap

a >0, a; >0Vi#0, K; > 0Vi

1.4.1 Equilibria

The subcases listed here will use the notation a/v to denote that X; can be in its a or ~
region. Similar to section 1.3.1, there are four subcases shared by the K5 = K3 and K5 < K3
cases that will be considered together, and two subcases only present in the K5 < K3 case.

When we write the system of equations corresponding to each subcase, we will exclude
the X; equation because our assumptions in (1.11) already satisfy X; = 0. Our assumptions
also allow us to replace the ay7(X;) term in the X, equation with ay.

Equilibria in System (1.7):

Subcase 1 (a/v,a, ) [ri(X1) = ap/a;, Xy <2Ks5 <2K2, X, <2K,]
The system of equations in this subcase is

. X5 X,

Xy = a9 — a3—— — a5 ——
2 Gp — as 2K§ as 2K
; Xo X4

Xy = a3—= —ag——.
4T R T Mg,

Solving X, = 0 and X4 = 0, we get
200 K2 K 2 KK,
a0352ande[: a0a34527
CL3K5 + U,5K3 CL4(CL3K5 + CL5K3)

X5 =
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Subcase 2

Subcase 3

Subcase 4

CLDK?%

— s <1
a3K5 —I—(I5K§

which exist in the « region of their respective variables if and only if

apazKs
a4(a3K5 + a5K§)

implies the second. Thus, the parameter restriction we need to consider for existence

CL()K32 . . . CL3K5
———~> —— < 1, which can equivalently be written as q¢ < +as.
CL3K5 + CL5K§ ’ d Y 0 KS? 0

< 1. Since we have asz < ag and K5 < K2, the first inequality

and

of equilibria is

In the K5 = K case, the equilibrium values and condition on ag can be stated as

2a0 K 2apa3 K.
X;‘:&, Z:M,andao<a3+a5.
as +a5 CL4<CL3+6L5>

(Oé/’)/,Oé,’)/) [Tl(Xl):ao/al, X2<2K5 S2K327 2K4 SX4]

2 . . . « 2&4K§
a3-—5 — a4, which equals zero if and only if X; = ——=.
2K3 as

With X5 in its « region, existence of this value requires a4 /a3 < K5/K3; < 1. However,
this inequality cannot be satisfied because of the assumption az < a4 from (1.11).
Hence, this subcase has no possible equilibria.

The X4 equation is X4 =

(Oé/’)/,’}/,CY) [Tl(Xl) = ao/al, 2K5 S 2K§ S XQ, X4 < 2K4]
Our system of equations is
Xg = Qg — az — Qs

X4 = ag — a42£[?4.
20,3K4
Q4
have that X2 = 0 if and only if ag = a3 + a5. With X in its v region, we can choose
any X5 > 2K3 > 2K5 at equilibrium.

From X, = 0, we get X =

with the parameter condition as < a4s. Then, we

(a/v:7,7) [r(X)) = ap/ay, 2Ks5 <2K3 < X, 2K, < X,
The equations are
XQ = Qg — a3 — aj

X4 = Q3 — Q4.

25



Again, X, = 0 gives the necessary and sufficient condition ag = as + as. The X,
equation, meanwhile, equals zero if and only if a3 = ay. With both X5 and X, in their
7 regions, at equilibrium we can have any X; > 2K3 > 2K5 and X > 2K,.

Subcases exclusive to the K5 < K2 Case:

Subcase 5 (a/v, 5, ) [ri(X1) = ap/ay, 2K5 < Xy <2K3, X4 < 2K4]
In this subcase, the system becomes
. X5
X9 = ap— a3—— —
2 Qg — as 5 K§ as
; Xo Xy
Xy = a3—= — a4——.
17 Bog2 T Mog,
Solving X, = 0 and X, = 0 gives
2(ay — as) K2 2(ag — az) K.
X; = —(ao a5) K3 and X; = —(CL(] ) 4,
as Q4
. .. Ks ap — as ap — as
with the parameter conditions o < < 1 and < 1. If the first
3 as (2]
inequality holds, then so does the second one by the a3 < a4 assumption from (1.11).

Gy — Aas

K
Hence, the given equilibrium exists if and only if ?‘;’ < < 1, or equivalently,

3 as

Whs <y < as+
as < ag < az + as.
K2 5 < ag < az + as
Subcase 6 (a/v,5,7) [ri(X1) = ao/ar, 2K5 < X, < 2K3, 2K, < X4
; X
This is similar to what we had in the (a/7, «, ) subcase; we have Xy = a32—[?2 — ay,
3
% 2&4K§ ) . 9
and thus X; = with the requirement that K;/K; < as/az < 1. However,
as

as/az > 1 by (1.11) and thus equilibria are not possible.

The following two pages summarize what we have discussed here regarding equilibria in
system (1.7).
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1.4.1.1 Summary of Equilibria, K5 = Kg

Equilibria are not possible in system (1.7) in the (a/7,a,~) subcase, but are possible in
the three other subcases. In each subcase listed below, the «a region for X; corresponds to

and the condition ag < a; in (1.11), while we have X] > 2K; and ay = a;

when X is in its vy region.

Subcase (a/7,q, a) r(X1) = ap/ar, Xo <2K5, Xy < 2K,
Assume (1.11) holds. Then, there exist equilibria
2a0 K 2a0 K, 2 K.
X; = 2% or X7 > 2K, X5 = b xp = S0BTA
ay as + as as(as + as)
if and only if ag < az + as.
Subcase (a /7,7, a) [r(X1) = ap/ar, 2K5 < X, Xy < 2K,
Assume (1.11) holds. Then, there exist equilibria
2a0 K 2a3 K.
Xro= ZOOB oL xE > 9K, XE o> 2K, XP o= S8
aq Gy

if and only if ag = a3 + a5 and a3 < ay.

Subcase (a/v,7,7) [r(X1) = ap/a1, 2Ks < Xy, 2K; < X4
Assume (1.11) holds. Then, there exist equilibria
200K
X; = 2% or X7 > 2Ky, X] > 2Ks, X > 2K,

a1

if and only if ag = a3 + a5 and a3z = ay.
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1.4.1.2 Summary of Equilibria, K5 < Kg

Equilibria are possible in system (1.7) in four of the six subcases, summarized below. Only

(e, v, 7y) and (v, 3,7y) cannot have equilibria under our assumptions in (1.11). We again have

X* o QCLOKl
=

aq
where ay = a; and X is in its v region.

if Xy is in its « region and ag < ay from (1.11), and X7 > 2K, in the case

Subcase (a/v,a, o) [r1(X1) = ap/a;, Xy <2Ks5 < 2Kz, X, <2K,]
Assume (1.11) holds. Then, there exist equilibria
2a0K1 2a0K32K5 2@0G3K4K5
X7 = X > 2K, X5 = ————— X; =
! aj or 41 = b 2 CL3K5 + CL5}(§7 4 a4(a3K5 + (I5K§)
K
if and only if ag < a;(;) + as
3
Subcase (a/v, 5, ) [r1(X1) = ap/a;, 2Ks < Xy < 2Kz, X, < 2K,
Assume (1.11) holds. Then, there exist equilibria
2a0 K 2(ag — as) K2 2(ag — a5) K
xp = 20080 x> ok, xy = A0 @) e 20— ey
ax as aq
K
if and only if a;(;’ + a5 < ag < as + as.
3
Subcase (a/7,7,a) [r1(X1) = ap/ay, 2Ks <2K3 < Xo, X, < 2K,
Assume (1.11) holds. Then, there exist equilibria
2a9 K 2a3 K
X; = 20T o X7 o> 2K, Xp > 2KZ, Xp = B
a1 a4
if and only if ag = a3 + a5 and a3 < ay.
Subcase (a/v,7,7) [r(X1) = ag/ay, 2K5 <2K35 < Xo, 2K, < X
Assume (1.11) holds. Then, there exist equilibria
. _ 200K, ] ] "
X = s X7 > 2K, X; > 2K3, X; > 2K,

if and only if ag = a3 + a5 and a3z = ay.
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1.4.1.3 Graphs and Uniqueness

Again, we will produce graphs of X and X}, this time using the equilibria results for system
(1.7) summarized in sections 1.4.1.1 and 1.4.1.2. We will use the parameter values from (1.9).

For the K5 = K case, the graphs for X; and X will be identical using our parameter
values:
ao
= — 0<ag<80
0 =

> 2, &0:80

The K5 < K3 case will be handled using K3 = 10K5 = 10 again. The graphs are:

( 4a
:2—50, 0< ag < 25/2
Xy a0 4o,
e < 80
15 3’ /2 < a0
\Z 20, CLOZSO
( 2@0
_ 2% < 925/2
125’ 0= a0 <25/
X;q= 200 2 orio < <80
75 15 /2= a0
\Z 27 CLOISO

The graphs are presented on the next page in Figure 6.
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Figure 6: Graphs of the equilibrium values X; and X for the three-variable ramp system
(1.7) without the SEL

As was the case for the system with the SEL, equilibria in system (1.7) are almost always
unique. From the above graphs, X and X are unique for all ag below a3 + a5 = 80, and
only have an infinite number of possible values when ag is exactly equal to this upper bound.
The same applies to X7; from our assumptions in (1.11), X7 is unique for ag < a; and can
take on infinitely many possible values only when ag equals the upper bound a; exactly.

1.4.2 Stability of Equilibria

We will now discuss the linear stability of the equilibria summarized in sections 1.4.1.1 and
1.4.1.2. Again, we will assume that we do not have equilibria at threshold values, and thus
all of the derivatives of the ramp functions are defined.

Since the equations in (1.7) are
Xl = Qg — a17’1(X1)
X2 = (IlT’l(Xl) — OJ37’§(X2) — CL57’5(X2)

30



X4 = agT?Q)(XQ) — CL4T4(X4),

the Jacobian is the triangular matrix

_—alj—;l 0 0 ]
J(X) = alj—;(z —agj;i - a5j—§(52 0
I 0 agj—;i —a4j—§?4_
The eigenvalues are thus the diagonal entries —alj—;l, —CL35—§<322 — a55—;52, and —a4j—;44,

which are always non-positive. A zero eigenvalue is possible if and only if at least one
variable is in its v region.

In both the K5 = K3 and K5 < K3 cases, the (o, a, o) subcase will result in three negative
eigenvalues and an asymptotically stable equilibrium point. We will also get asymptotic
stability in the (o, 3, a) subcase of K5 < Kx.

1.5 Flux into Metabolic Pathways

The final piece of our analysis of the ramp systems (1.6) and (1.7) will focus on the primary
and secondary metabolic pathways represented in Figure 2 by out; and outs respectively.
In the introduction, we briefly described Adams et al.’s analysis of phenylalanine flux into
metabolic pathways performed in [1]; their results suggested a prioritization of primary
over secondary metabolism in the model with the Shikimate Ester Loop (SEL) when the
concentration of the phenylalanine precursor shikimate is low via a mechanism called the
Precursor Shutoff Valve (PSV). We begin here with a more detailed explanation of this
analysis and the results.

A major focus of Adams and colleagues’ work in [1] was to investigate whether the
SEL plays a regulatory role in plant metabolism. It had already been established that
the SEL is vital to the function of the secondary monolignol pathway, which consists of
reactions involving phenylalanine derivatives known as hydroxycinnamates. Some of the
enzymes catalyzing these reactions cannot bind to their hydroxycinnamate substrates unless
shikimate has been ligated to them. This is where the SEL comes in: it consists of three
reactions, starting with the one in which shikimate is ligated to a hydroxycinnamate, and
ending with one in which the shikimate-hydroxycinnamate bond is broken [1].

What had not been established, however, was whether the SEL can also affect the func-
tion of the monolignol pathway via a regulatory mechanism (the PSV) by which primary
metabolism is prioritized over secondary metabolism when the rate of shikimate synthesis
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(ap) is low. It had been hypothesized that through this PSV mechanism, the SEL limits flux
into the monolignol pathway, leaving most of the phenylalanine for the primary metabolic
pathway (protein synthesis). The justification for this mechanism is simple; when shikimate
production slows, the concentration of available phenylalanine (X3) decreases, and thus it is
sensible to direct most of the phenylalanine stores to protein synthesis, which is necessary
for the plant’s survival [1].

Adams et al. tested the hypothesis that the SEL carries out PSV regulation in phenylala-
nine metabolism by graphing the equilibrium fluxes V;* (flux into the monolignol pathway)
and V7 (primary metabolic pathway) as functions of ag. Graphs were made not only for the
system with the SEL ((1.1)), but also for the system without the SEL ((1.2)), which was
used as an experimental control. Three graphs for each version of the system were made,
with K2 set equal to each of K5, 10Kj5, and 100K5. As mentioned in section 1.3, K5 and K3
are the threshold constants of the primary and monolignol pathways respectively, denoting
the difficultly of entry into these metabolic pathways.

The results presented in [1] supported the idea that the SEL serves a PSV type role in
the regulation of phenylalanine metabolism in plants. The graphs for the system with the
SEL (for all values of K3) showed that when aq is low, the flux Vi* into the primary pathway
reaches near-maximum and is greater than the flux V" into the monolignol pathway. Thus,
when the rate at which shikimate is produced is low, phenylalanine is primarily channelled
toward protein synthesis.

In the system without the SEL, however, a PSV effect was only seen in the K2 = 100K
case. When K3 was set closer to K5 — which, based on kinetic data, seems to be more
biologically realistic — the graphs of both V" and V" resembled linear functions of ay with
a positive slope, with flux into the monolignol pathway exceeding flux into the primary
pathway for ay > 0.

Here, we will create V;" and V;* graphs for systems (1.6) and (1.7) to determine whether
the same results hold after transitioning the model from a four-variable Michaelis-Menten
system to a three-variable ramp system.

1.5.1 Parameters and Formulas for Flux Graphs

For consistency, we will make our V" and V" graphs using the same values that Adams and
colleagues used in [1] for the a; and K; parameters. These are the values from (1.9) that we
used to make our X; and X graphs earlier, along with a set range of a( values:

a; = 100
Kl - 01
as — 75 3
KS - O.]_
ay = 75 (1.12)
Ky =1
as = 5}
K; =1
ao € 0,35
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The parameter Kg will take on the values K5 = 1, 10K5 = 10, and 100K = 100 in different
graphs. Next, in Adams et al.’s work V" and V;" were Michaelis-Menten terms of the form

as X}
V;l* — 434 -
.

which for us, using the ramp functions defined in (1.5), become
Vi = asra(X])

(1.13)
Vi = asrs(X3).

We will now derive the formulas we will use to graph V," and V', starting with the system
without the SEL.

1.5.1.1 Formulas for the System Without the SEL

Starting with the K3 = K5 graph for system (1.7), we determine the formulas using the
equilibria results from section 1.4.1.1. First, we are in the (a/7, a, «) subcase when ay <
as + as, which, using the parameter values listed in (1.12), corresponds to 0 < ay < 75+5 =
80. With both X, and X, in their « regions, r4 and r5 will both be in their ramp regions.
Thus, by (1.12), (1.13), and the X and X values given in 1.4.1.1, the formulas for V" and
V" as functions of ay are
X3

“IK,

ay 2a0a3K,
2K4 . a4(a3 —+ CL5)

apas
as + as
75&0
80
15

16

Vi =

and
X3
oK,
as  2a9Ks5
2_K5 ' asz + as
apas
as + as

V=
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5(10
80
1

= 1—6a0.

We enter a new subcase when ag reaches az + a5 = 80; here, it would be the (a/7,7,7)
subcase since we have az = a4 = 75. However, we mentioned above that we want to graph
over the ag interval [0,35] for consistency with [1]. Hence, the K; = Kj graph will only
include the (a/7v, o, @) subcase, with the upper bound on ay capped at 35 instead of 80.

For the K3 = 10K5 and K3 = 100K graphs, we use the equilibria results from section
1.4.1.2. Starting again with the (a/7, «, «) subcase, the upper bound on qq is

(I3K5 75
= —+5
K?? + as Kg + o,
which becomes 25/2 when K3 = 10 and 23/4 when K3 = 100. For V;* and V;*, we have
] X4
Vi = g,
. ay 2&0@3[(4[(5
- 2K4 a4(a3K5 +G5K32)
B apaz K
N CL3K5 + a5K§
. 75(10
75+ 5K3
3a0/5, K3 = 10
3a0/23, K; = 100
and
] X5
V5 = s,

as 20,0[(3[(5
2K5 G3K5 + a5K§

apas K2
CL3K5 + CL5K§

5K32(L0
75+ 5K?

2a9/5, K: =10
20a0/23, Ki = 100.
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azKs
K3
in the (a/v, 8, @) subcase. The lower bound on ag is 25/2 if K3 = 10 and 23/4 if K = 100,
with the upper bound being 80. Again, we will cut off ag at 35. As X} is still in its « region,
V" is given by

Looking at the equilibria in 1.4.1.2, the next range of ag values is +as < ag < az+as

X
V* — 4
= M9K,
_ ay ) 2(&0 — CL5)K4
2K4 ay
= Qg — ajs
= ag — 57

for both K3 = 10 and K3 = 100. With X, in its 3 region, 75 is saturated and so 75(X;) = 1.
Thus, Vy" = a5 = 5.

With aq reaching 35, we do not have to consider any more subcases for the Kg = 10Kj5
and K = 100K5 graphs. Below, we summarize the formulas we derived in this section.

Graphs with K2 = K5
Graphed over 0 < ag < 35,

Vi = 15a0/16 Vo' = ag/16

Graphs with K2 = 10K

v 3@0/5, O§a0<25/2 v 2&0/5, O§a0<25/2
Y la—5, 25/2 <ap <35 | s, 25/2 < ay < 35

Graphs with K2 = 100K
3ap/23, 0<ay<23/4 20a0/23, 0<ay<23/4
vy o= V=

ap — 9, 23/4 < ay <35 D, 23/4 < ayg <35

1.5.1.2 Formulas for the System With the SEL

Now, we derive the V" and V;" formulas for system (1.6). These formulas will be constructed
using the results from sections 1.3.1.1 and 1.3.1.2 with Y™ in its « region; we will not make
graphs for the equilibria with Y™ in its v region described in section 1.3.3.
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We begin with K3 = Kj and the equilibria results from 1.3.1.1. Starting with the (o, a, a)
aoalK?:f
a0a3K1 + a1a5K§
in (1.12), this can be rearranged to give an upper bound on ay:

subcase, we have the parameter condition < 1. Using the parameter values

apa K3
apaz Ky + ayas K3
10ag
7.5a0 + 50

< 2.5a¢9 < 50

<1

< a9 < 20

For V', we have

X3

2Ky

Qy ) 2@%@3[(1[{4

2K4 a4(a0a3K1 + a1a5K§’)

Vi =

a%agKl
a0a3K1 + a1a5K§’
7.5a3
7.5a¢ + 50
3ad
3ag + 20
from (1.13) and the given X, while V" is
X5
2K
as 2a0a1K§’K5
2K5 a0a3K1 + CL1&5K§)

Vi = as

apayas K3
apas Ky + ajas K3
50aq
7.5a0 + 50
20a
3ag + 20

The only other subcase with possible equilibria when K: = Kj is (o, 7y, ). With 75 in
its saturated region, V;' is just a5 = 5. Meanwhile, V" is given by
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X;
2K,

ay ) 2CLQCL3K1K4
2K4 CL1(L4K§’

Vi = a4

apaz iy
alKg

7.5&0
10

The condition on ag in this subcase is

aras K3
CL1K§’ — a3K1
50

2.5
= 20,

ag =

which falls short of the upper bound of 35 we want. To continue the graphs for ag > 20,
we must find a way to extend the definitions of V" and V" beyond values of ag for which
equilibria are possible. In the («, 7, «) subcase, the differential equations are

v Y Yo X
= 4dp — a — a a.
MoK, Pok3 T 2K,
. Y Y
X, = — ga—— —
27 Mok, T Mogz ™
. Y X,
X, = g —=
4 a32K33 a42K4’

none of which depend on X,. From (1.8) and the fact that we have K; = K3 = 0.1 in (1.12),
the given value of Y* is valid for all ay < a; = 100. Similarly, the X value in this subcase
falls in the « region if and only if

2a0a3KlK4 a1a4K§’ .

< 2Ky <= a9 <
a1a4K§ 0 CL3K1

Thus, when aq is between 20 and 35, the equilibrium values for Y and X, given in the
(cv,7y, ) subcase in 1.3.1.1 are still possible. We will then assume that as we increase ag up
to 35, the values of Y and X, will continue to follow the given Y* and X formulas, with
both variables remaining in their o regions. As a result, the Y and X, equations will both
remain equal to zero. \

ayas K

The ag = K — ask

condition, as presented in 1.3.1.1, is necessary and sufficient for
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X, =0to hold. With Y at its equilibrium value and the system parameters set to the values
in (1.12), the X, equation becomes

ngy*< ai a3>_a5

2K, 2K3

2&0K1< ay as )

= — — 0/5
aq 2K1 2K§

~0.2a0 ( 25> 5
~ 100 \0.2

1
= Zao — 5

(IICL5K§) . . . . 17 -
When ag > ——=——— = 20, this equation is positive. Thus, X, will increase when ag
a1K3 — a3K1

increases above 20. However, as X, was already in its v region, this increase will not have
an effect on V;'; Xy will remain in the v region, and r5 will remain saturated.

In summary, when 20 < ag < 35, we will graph the fluxes using the same formulas derived
above for ay = 20. That is, the formulas V" = 3ay/4 and V7" = 5 will be used for all gy in
the interval [20, 35].

Next, we consider the K§ = 10K5 and K§ = 100K5 cases. As usual, we start with the
(e, v, ) subcase in section 1.3.1.2. The upper bound on aq in this subcase is

aoa,lK??Kg’ <1
a0a3K1K5 + a1a5K§K§
10K2
30

7.5a0 + 50K2
<= ao(10K2 — 7.5) < 50K?
200
37
2000
397’

ag < K: =10

ag < K3 = 100.

Our formula for V' is
X
“9K,
ay 2@%&3K1K4K5
2K, ay(apas K1 K5 + ajas K3 K3)
a%agKlKg,
apas K1 K5 + ayas K2 K3

Vi =
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7.5a2
75a0 + 50K3

2
LT O QTS
~J 3ag + 200
B 3a3 N
_— K: = 100
3ag + 2000’ 5 ’
while for V7", we have
X*
V* — 2
° = oK,
. as 2&0G1K32K§)K5
N 2K5 a0a3K1K5 +CI,1G5K§K§)
. CL(]CLlCLg)KgKg’
N a0a3K1K5 +G1G5K§K§
. 5OK§CLO
~ T.5ag + 50K?
200
= g2 =10
) 3ap+ 200
B 2000ay )
_— = 100.
3ag + 2000’ K
The next subcase in 1.3.1.2 is (a, 8, «). We have the parameter condition
_ 3 _
52 < (a0 — as)a K <1 LQ < 10(a0 —5) _ 1,
Kg CL()CL3K1 K3 7.5@0

which can be rearranged to

200/37 < ag < 20, K2 =10

2000/397 < ap < 20, K3 = 100.

Then, we have

X*
Vo= :
Y
_ Qy ) 2(@0 — a5)K4
2K4 ay
= Qo — a5
= Qg — 5
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and V" = a; = 5 since r5(X;) = 1 when X3 is in its J region.
The final subcase is («,7, @), which is identical to the same subcase when Kg = K;.
Thus, V" and V7" will be graphed over 20 < ay < 35, beyond values of ag for which equilibria

are possible, with V;" = 3a¢/4 and V;" = 5.

The graph formulas derived in this section are listed below.

Graphs with K2 = K5
3a3 20aq
—_— 0<ag<20 PU—
ve = d3a+200 - v — J Bag+20

3ag/4, 20<ap <35 9, 20<ap <35

Graphs with K2 = 10K

2
3ag

=00 < g < 200/37 9
3ag + 200 0 / 2000 < 200737
Ve Ve — ) 3ag+ 200
4 a—5,  200/37 < ag < 20 5
5, 200/37 < ag < 35
3a0/4, 20 < ag < 35
Graphs with K2 = 100K5
345 0 < ag < 2000/397 2000
—’ ~ a
3o + 2000 0 _FN0 < gy < 2000/397
V* — V* — ?)CL() + 2000
4 ap — 5, 2000/397 < ap < 20 5
5, 2000/397 < ay < 35
3a0/4, 20 < ag < 35

1.5.2 Flux Graphs for the Three-Variable Ramp System

With the formulas derived, we now present and discuss the graphs of V" and V" for the three-
variable ramp system. The graphs for the system without the SEL are shown in Figure 7,
while the graphs displayed in Figure 8 are for the system with the SEL. All graphs were
created using MATLAB.

40



Efflux Rates
Efflux Rates

107

Efflux Rates
5]

—
[=]

0 3 M0 15 20 25 30 35
4

(1]

(c) K3 =100K5

Figure 7: Graphs of the equilibrium fluxes V" (blue, secondary metabolic pathway) and V'
(red, primary metabolic pathway) for the three-variable ramp system (1.7) without the
SEL.

The graphs in Figure 7 resemble those shown in [1] for the system without the SEL. When
K§ is set equal to K5 or 10K5, the fluxes are approximately linear functions of ag (except
Vs when K7 = 10K5, which is more comparable to one of our ramp functions) and flux
into the secondary (monolignol) pathway (V") always exceeds flux into the primary (protein
synthesis) pathway (VZ") for positive ag. It is only when Kj is much larger than Kj that we
have evidence of metabolic regulation; when K; = 100Kj, flux into the primary pathway
quickly reaches its maximum at ag = 23/4 and eclipses flux into the monolignol pathway

when a¢ < 10.
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Figure 8: Graphs of the equilibrium fluxes V,* (blue, secondary metabolic pathway) and V'
(red, primary metabolic pathway) for the three-variable ramp system (1.6) with the SEL.

Similarly, the graphs for the system with the SEL in Figure 8 resemble their counterparts
in [1]. In each of the three, evidence of PSV type regulation is present; there is an interval
of small, positive aq values for which V" is greater than V," in each graph, with V" reaching
its maximum or near-maximum.

1.6 Michaelis-Menten Comparisons and Conclusion

Figures 7 and 8 suggest that equilibrium flux into primary and secondary metabolic pathways
in the three-variable ramp system behaves similarly to flux in the original Adams model in
[1]. That is, the SEL plays a PSV type role in plant phenylalanine metabolism in which
protein synthesis from phenylalanine will be prioritized over the use of phenylalanine in the
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monolignol pathway when shikimate is being produced at a low rate, regardless of whether
the threshold constant of the monolignol pathway (K?3) is similar in magnitude to or much
larger than that of the primary pathway (K5). Meanwhile, when the SEL is absent, this
metabolic regulation only occurs when it is significantly more difficult for phenylalanine to
enter the monolignol pathway than the pathway in which protein is made.

Equilibria results for the three-variable ramp system also show similarities to those in [1].
Ahead of section 1.3, we mentioned that the original Adams model, both with and without
the SEL, was determined to have a unique, asymptotically stable equilibrium when certain
restrictions on parameters were met. While equilibria in the ramp version of the model are
not always asymptotically stable due to the possibility of zero eigenvalues, there are always
parameter conditions that allow the three-variable ramp system — regardless of whether
we are looking at the system with or without the SEL, or whether K5 = K3 or K5 < K3
— to have a unique, asymptotically stable equilibrium; for instance, each of the equilibria
summaries in sections 1.3.1.1, 1.3.1.2, 1.4.1.1, and 1.4.1.2 provides such parameter conditions
for an (o, o, @) equilibrium.

Conditions on parameters required for the existence of equilibria also show similarities
between the two models. For example, section 1.3 established ay < a; as one of the necessary
and sufficient conditions for equilibria to exist in system (1.6) with the SEL, while ay < a4
was such a condition for the Michaelis-Menten version of the system in [1]. Each version
of the SEL system had additional parameter conditions, such as those described in sections
1.3.1 and 1.3.3 for system (1.6), though further comparison is difficult; for instance, another
necessary and sufficient bound on ag in [1] involved parameters (such aj and a; from (1.1))
that were excluded from the ramp system due to combining X; and X3 into one variable.

For the version of the model without the SEL, necessary and sufficient conditions for
the existence of equilibria were almost identical between the Michaelis-Menten and ramp
systems. From (1.11) and the summaries in sections 1.4.1.1 and 1.4.1.2, system (1.7) has
equilibria if and only if ay < ay and ay < a3 + a5, while the Michaelis-Menten system in [1]
had an equilibrium if and only if ag < a; and ag < az + as.

Overall, our results in this chapter suggest that the three-variable ramp systems (1.6) and
(1.7) behave similarly to the original four-variable, Michaelis-Menten versions of the Adams
model analyzed in [1]. This in turn suggests that approximating Michaelis-Menten terms in
a system of ordinary differential equations with the ramp functions we defined in Definition
1 back in section 1.2 does not change the general behaviour of the system. If this is true
in general, then accurate analysis of any system following Michaelis-Menten kinetics can be
made significantly easier through the use of ramp function approximations. In any case,
the results presented here warrant further study of systems with Michaelis-Menten terms
replaced by ramp functions.
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Chapter 2

Biochemical Matrices and Ramp

Systems

2.1 Defining Biochemical Matrices

With the analysis of the Adams model with ramp functions complete, we now want to study
generalized n-variable systems of differential equations with ramp functions. In this chapter,
we will define a class of systems, which we will call biochemical ramp systems, similar in
structure to systems (1.6) and (1.7).

We characterize the structure of the Adams ramp systems using the (a, a, ) versions
of the differential equations. The («, o, a) subcase is used since no information is lost; in
subcases with [ or v regions, variables disappear from equations, leaving behind constant

terms that no longer appear in the Jacobian.

equations are

and

= ao— m

X, =

Xy

X

ai

=

With every variable in its « region, the

Y XY X
2K, CAKIK? 2K,
Y X,V X,
ok,  C4KIK? 2K, (21)
XY X
TAKIK? 2K,
Xi
= Qo — CL12—K1
X X, X,
~ MoK, T Bor2 T oK, (22)
_ a2 X
PoK? 2K,
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for (1.6) and (1.7) respectively. Aside from the constant input term ag, each term in these
equations is proportional to the concentration of one or more chemical species in the system,
reminiscent of the law of mass action mentioned in the Introduction.

In fact, the non-constant terms in (2.1) and (2.2) are derived from chemical reactions that
follow mass action kinetics. These reactions and their corresponding differential equations
are described below. For a detailed explanation of how these equations arise, see [7, ch. 2],
for example.

Important Note: For each system of differential equations, we will also list the entries
in the system’s Jacobian. As we will see, the diagonal entries will always be non-positive;
hence, throughout the rest of this thesis, we will use the notation —a;; with a; > 0 to denote
the entry in the i*" row and ™ column of the matrices we will be discussing. For j # i, the
entry in row ¢, column j will be denoted a;;.

As an example, we would list the entries of the matrix

-2 3
1 —4
as —ayj; = —2, as; = 1, a;p = 3, and —agy = —4.

Chemical Reactions Behind (2.1) and (2.2):

D W, ke

This represents the reaction in which a chemical species W, is converted into a product
not considered as part of our system. The number k£ > 0 is the rate constant for
this reaction. The differential equation for this reaction, describing the change in the
concentration of W; with respect to time, is

[Wz] = _k[Wz] )

which gives us —a;; = —k in the Jacobian.

In Figures 2(b) and 3 in the first chapter, this type of reaction is represented by
the arrow going from X, (the concentration of phenylalanine) to out; (the primary
metabolic pathway, which is not modelled by a variable in our equations). The X,

equation in both (2.1) and (2.2) contains a —%Xg term as a result. Figure 2(b) also
5

a
shows a similar relationship between X, and outs, giving us the —ﬁXLL term in the
4

X, equation in (2.2).

2) W, -,

The reaction in which W; is converted to a different species in our system, W;. The
corresponding differential equations are
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with Jacobian entries —a; = —k and aj; = k.
The +—L Y and +—2 X, t i (21)andthej:a1Xandj:&?’Xtermsin
e +—Y and +— erms in (2. — —
2K, 2K, * 2K, 2K2"?
(2.2) come from this reaction type.

Wi + W, = W,

In this reaction, two different species W; and W; combine to form a new species, W,,.
We have

(Wi = —k[Wi][W)]
(W;] = —k[W;][W}]
(W] = k[Wi][W;]

as the system of differential equations in this case. Two columns of the Jacobian will

be affected by this reaction; column ¢ will have entries —a; = —k[W;], a;; = —k[W,],
and a,; = k[W;], while in column j, we have —a;; = —k[W,], a;; = —k[W;], and
Amj = k[Wl]

In Figure 3, the relationship between the species whose concentrations are given by Y,
Xy, and X, is described by this type of reaction. This relationship is represented by

a .
the ZEW;}(;’XQY terms in (21)
k
W, —E W, W,

Finally, we have the reaction in which WW; dissociates into W; and W,, giving us the
differential equations

(Wil = —k[Wi]
(W] = kW]
(W] = k[Wil.
The Jacobian entries corresponding to these equations are —a; = —k, aj; = k, and

Ami — k.

We are considering this type of reaction because it is represented in Figure 3 by the
arrows from X, to Y and outs,. It should be noted, however, that this reaction type is
not explicitly represented in the differential equations of the Adams model, since outy
is not included as a variable.
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With the information on chemical reactions laid out above, we characterize Jacobian
matrices that are structurally similar to those of (2.1) and (2.2) (“Adams-like” Jacobians)
in the following definition. This characterization will form a major part of our definition of
biochemical ramp systems later in this chapter.

Definition 3. [Adams-like Jacobian| Let k denote a positive constant. Consider the n-

variable system of differential equations X = (Xl,Xg, e ,Xn) The system X is said to
have an Adams-like Jacobian if its Jacobian can be written as

P
J(X) = > Ju(X),
o =1
where p € N and each J,(X) is an n x n matrix whose entries take one of the following forms:
i) —ay; = —k for some 7, and all other entries are zero
it) —a; = —k and a;; = k for some i and j # 4, and all other entries are zero
ZZZ) —Qi; = —ka, ajl- = —]{Xj, Qi — l{Xj, and
—Cij = —]{ZXZ, CLij = —ICX“ and amj = le
for some i, j, and m all distinct, and all other entries are zero

iv) —a; = —k, a;; =k, and a,,; = k for some ¢, j, and m all distinct, and all other entries
are zero

Note that k can take a different value in different J,(X).

Before we define biochemical ramp systems, it would be useful to examine the properties
of Jacobian matrices satisfying Definition 3 when evaluated at an equilibrium point. To do
this, we define a general class of matrices, called biochemical matrices, to describe Adams-
like Jacobians evaluated at an equilibrium X (which, since our variables represent chemical
concentrations, will be assumed to be non-negative componentwise):

Definition 4. [Biochemical Matriz] Let k, ¢, and d be constants such that k& > 0, ¢ > 0,
and d > 0. An n X n matrix M is a biochemical matriz if it can be written as

M = zp: M,,
(=1

where p € N and each M, is an n X n matrix whose entries take one of the following forms:

i) —ay; = —k for some 7, and all other entries are zero
it) —a; = —k and aj; = k for some ¢ and j # ¢, and all other entries are zero
1) —a; = —C, Qj; = —C, Qy; = ¢, and
—Qj; = —d, Qi5 = —d, and Amj = d

for some 7, j, and m all distinct, and all other entries are zero
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iv) —a; = —k, aj; =k, and a,,; = k for some 4, j, and m all distinct, and all other entries
are zero

Note that k, ¢, and d can take different values in different M,.

The properties of a biochemical matrix depend on which of the four M, types are present,
and in what quantity. In the next few sections discussing properties of matrices satisfying
Definition 4, we will use the follow terminology to distinguish between matrices with different
M, types:

e A biochemical matrix with at least one M, of form i) or i7) in Definition 4 will be said
to contain single reactant and product (SRP) terms, since the chemical reactions these
forms arise from (reactions 1) and 2) described previously) have at most one reactant
and one product.

e A biochemical matrix with at least one M, of form iii) contains combining terms,
referring to reaction type 3) in which two reactants combine to form a product.

e A biochemical matrix with at least one M, of form iv) has dissociation terms as this
form is derived from reaction 4), in which a species dissociates into two products.

Before we begin discussing matrix properties, we end this section with a few examples of
matrices satisfying Definition 4.

2.1.1 Examples of Biochemical Matrices

3
Example 1. Consider the matrix M = Z M, given by

=1
-2 0 5 7 -2 000 0 0 00 00 5 7
O -1 0 0 [0 000 n 0 -1 00 n 00 0 O
0 0 -5 —7| |0 000 0 0 00 00 -5 —7
o 1 -5 -7 0 000 0 1 00 00 -5 -7

This is a biochemical matrix with an M, of each of the first three types listed in Definition
4. The first component M; is of form i) with & = 2, while M, follows form i) with k = 1.
The third component, Mj, takes the form of 7ii) with ¢ =5 and d = 7.

Example 2. The matrix
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-5 =2 0 -2 =20 -3 00 00 O 00 O
-2 -2 4|=|(-2 -2 0/+]0 O0O0+(00 4]+(00 O
5 2 =5 2 2 0 3 00 0 0 —4 00 -1

contains a single combining term with ¢ = d = 2, along with three SRP terms, one of form
i) and two of form 7).

Example 3. In the matrix

-4 2 0 —4 0 0 0 2 0 00 O
4 -2 0|=14 00 +1]0 -2 0 +1(00 0],
4 2 =5 4 00 0 2 0 0 0 =5

we have one M, of form i) and two dissociation terms, one with k£ = 4 and the other with
k=2.

Example 4. The Jacobian of (2.1) evaluated at an equilibrium point (Y™, X3, X]) is

Example 5. The Jacobian of (2.2) is
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61,3)(5< agY* Qy
4K2K3 4K2K3 2K, |
- _azXy o agY” 0 - . - 0
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T TiKIKD ariks | |0 -
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ai

2K,

aq as as
2K,  2K2 2K,

0 as _ ay
I 2K?2 2K, |
Ry . [0 0 0] - T [0 0 0 |
——t 00 0 0 0
2K,
as
a 0 ——— 0 as 0 0 0
— 0 0|t 2 +10 —— 0| +
2K, 2K 2K,
as Gy
0 0 0 ——
L0 0 0] ok 0| L0 0 0p ] 2K,

2.2 Properties of Single Reactant and Product Matri-
ces

Single reactant and product matrices is the name we will give to biochemical matrices that
only contain SRP terms. Looking at the structure of forms ¢) and 4i) in Definition 4, it is
easy to develop a characterization of SRP matrices, which we present in the theorem below.

Notation note: Since we are using —ay; to denote the ™" diagonal entry of a matrix,
a;; refers to the absolute value of the diagonal entry in the following theorem and beyond.
n

However, we will still be using the notation Z a;; to refer to the sum of the elements column

i=1
1 of the matrix, i.e.

E Aji = Q13 + Qi + -+ Qo1 — Qg + Qi1+ 000 i

Theorem 2. An n x n matriz A is an SRP matriz if and only if Vi, column i satisfies all
of the following:

n

[ J ZaﬁSO

=1

e 0< Zaji < a;;
J#
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e a;<ay; YVjF#iu

o —a;<0anda; >0 Vj#1i

o —a,; =0 = aji:O V]%Z

Note that the second bullet point above can be equivalently expressed as Z laji| < lail;
J#

this means that any SRP matrix is diagonally dominant with respect to columns (see [16,
ch. 1], for example).

The next theorem we will state here concerns 2 x 2 matrices. From Definition 4, combining
and dissociation terms require a matrix to have at least three rows. Thus, we have the
following;:

Theorem 3. All 2 x 2 matrices satisfying Definition 4 are SRP matrices.

2.2.1 Eigenvalues of SRP Matrices

The properties listed in Theorem 2 restrict where the eigenvalues of SRP matrices can fall
on the complex plane. To determine where on the plane eigenvalues can fall, we will use the
Gershgorin Circle Theorem (see, for instance, [16, ch. 1]) applied to columns:

Theorem 4. [Gershgorin Circle Theorem] Let A be an n x n matriz. Define the i™
Gershgorin disk I';(A) by

[i(A) = {z€C: |z—(—ay)] < pi(A)},

where

pi(A) = Y lajil-
J#
Let \ be an eigenvalue of A. Then,

A€ OFi(A)-

In other words, the Gershgorin Circle Theorem says that every eigenvalue of A falls in a
disk on the complex plane, centred at a diagonal entry of A with a radius given by the sum
of the absolute values of the off-diagonal elements in the same column. Using this, we have
the following:

Theorem 5. Consider an n x n SRP matrix A. Let A be an eigenvalue of A. Then,
i) Re(A) <0 and

i) A=0bi = b=0, where i is the imaginary unit
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Proof. The i™ Gershgorin disk is centred at the non-positive real number —a;;. From The-
orem 2, the radius of this disk satisfies
pi(A) = Z |aji| = Z aji < Qi
J# J#i

With the radius being smaller than —a;; in magnitude, every point z in the disk satisfies
Me(z) < 0. Additionally, the only point on the imaginary axis that the disk can touch is the
origin. Thus, RRe(A) < 0 as A must belong to at least one Gershgorin disk, and 0: = 0 is the
only purely imaginary value A can take. [

In the case of 2 x 2 matrices, we also have the restriction that eigenvalues must be real:

Theorem 6. Let A be a 2 X 2 matriz satisfying Definition 4. If X is an eigenvalue of A,
then X € R.

Proof. We have the matrix

A =

—a b
c —d] ’
where a, b, ¢, and d are non-negative. The characteristic polynomial of A is given by
N+ (a+d)\ + ad — be,
which has discriminant
(a+d)* —4(ad — bc) = a® + 2ad + d* — 4ad + 4bc
= a® — 2ad + d* + 4bc

= (a —d)?* + 4bc
> 0.
Thus, the roots of the characteristic polynomial are real. O

Theorem 6 does not apply to SRP matrices of size 3 x 3 or higher in general. As a
counterexample, the SRP matrix

has the complex conjugate pair of eigenvalues A\ =~ —2.5 4+ 0.8660:.

2.2.2 Inverses of SRP Matrices

If an SRP matrix is invertible, the entries of its inverse will be non-positive. To show this,
we will use the concept of a non-singular M-matriz. The following definition provides a
couple of characterizations of such matrices that will be useful to us here. Note that these
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are far from being the only characterizations; for instance, the survey in [12] provides forty
characterizations of non-singular M-matrices.

Definition 5. [Non-Singular M-Matriz] Let A be an invertible n x n matrix such that all
off-diagonal entries of A are non-positive, i.e. a;; < 0 for all ¢ # j. Then, the following
statements are equivalent:

e A is a non-singular M-matrix
e All entries of A are non-negative

e If \ is an eigenvalue of A, then Re(\) > 0

With that, we now have the following theorem:
Theorem 7. Let A be an invertible SRP matriz. Then, all entries of A~' are non-positive.

Proof. 1f A is invertible, then by Theorems 2 and 5 we have the following:

e All off-diagonal entries of A are non-negative

e For any eigenvalue A of A, Re(A) <0

This means that in the matrix — A, all off-diagonal entries are non-positive, and the real
part of any eigenvalue is positive. Thus, by Definition 5 —A is a non-singular M-matrix,
and all entries of —A™! are non-negative. Hence, the entries of A~! are all non-positive. [

Theorem 7 gives us the following corollary regarding the signs of the determinant and
cofactors Cj; of an invertible SRP matrix:

Corollary 1. Let A be an invertible n x n SRP matrix. Then,
o If n is even, det(A) > 0 and C;; <0 Vi,j
o If nis odd, det(A) <0 and C;; >0 Vi,j

Proof. We prove the case in which n is even. The proof for odd n is similar.

Since A is invertible, by Theorem 5 all n eigenvalues of A have negative real parts. As n
is even and det(A) is the product of the eigenvalues of A, we have det(A) > 0. Each entry

of A™! has the form 3 tE]A) Since det(A) > 0 and the entries of A~ are non-positive by
e

Theorem 7, it must be the case that C;; <0 V4, . O]
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2.3 Properties of Matrices with Combining Terms

Now, we consider biochemical matrices that contain combining terms. That is, matrices
satisfying Definition 4 with at least one M, of form iii), and an arbitrary number of M, of
forms i) and ii). Note that in this thesis, we will not be considering matrices with both
combining and dissociation terms. Hence, the matrices discussed in this section can be
assumed to not have any M, of form iv).

Like with SRP matrices, several properties of the columns of matrices with combining
terms can be derived from the structure of forms i), i), and 4ii) in Definition 4. These
properties are summarized in the theorem below.

p
Theorem 8. Let A = Z Ay be a matrix satisfying Definition 4 such that each Ay is of form
=1
i), i1), oriii). Then, Vi, column i satisfies all of the following:

n

o ZCLJ‘Z’SO

Jj=1

o —q; =0 = ajz-:() VJ#Z

When it comes to eigenvalues of matrices with combining terms, things are less restricted
than in the case of SRP matrices. In general, the eigenvalues can be real or complex, with
real parts that are negative, positive, or equal to zero. These eigenvalue possibilities are
illustrated with the matrices in the next example.

Example 6. Eigenvalues of Matrices with Combining Terms
The single combining term matrix from Example 2 in section 2.1.1,

5 -2 0
—2 -2 4,
5 2 =5

has a real eigenvalue \; ~ —8.5511 and two complex eigenvalues Ay 3 ~ —1.7244 + 0.73121.
Meanwhile, the eigenvalues of the matrix

-1 =2 0 00 O -1 =2 0
-1 -2 0|=1(00 O|+|-1 =20
1 2 -4 00 —4 12 0
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are the real numbers —4, —3, and 0. Finally,

-5 0 6 10
0 -7 =5 14
0 -7 —11 -10
o 7 -1 =28

-5 0 0 0 000 O 000 O 0 0 0 0 00 6 10
0 000 000 O 0 00 14 0 -7 =5 0 00 O 0

0 000 * 000 O * 000 O * 0 =7 =50 * 0 0 —6 —10
0 000 000 —4 000 —14 0O 7 5 0 00 -6 -10

has three negative and one positive eigenvalues:
(A1, A2, Az, \y) =~ (—31.8205, —15.0562, —5, 0.8767)

Eigenvalues with positive real parts are possible in matrices with combining terms be-
cause, unlike SRP matrices, the radius of a Gershgorin disk can exceed its centre point in
absolute value. This is evident with the 4 x 4 matrix in Example 6 with a positive eigenvalue;
in three columns, the sum of the absolute values of the off-diagonal elements are larger than
the absolute value of the diagonal entry. However, it is possible for combining term matrices
to be column diagonally dominant (i.e. satisfy Z laji| < |ai| = a;; for all 4), and in that

1
case we have the following: 7

p
Theorem 9. Let A = Z Ay be a matrixz satisfying Definition 4 such that each Ay is of form

=1
i), i), oriii). Let A be an eigenvalue of A. Then, if each column of A satisfies Z laji| < ag,
i
MRe(A) <0.
Proof. Follows from Theorems 4 and 8. [

The converse of this theorem does not hold, as shown by the two 3 x 3 matrices in
Example 6.

2.3.1 Eigenvalues of 3 x 3 Matrices

Another sufficient condition for a matrix with combining terms to have only eigenvalues
with non-positive real parts is the matrix being size 3 x 3. We prove this statement in the
Theorem 10 at the end of this section. This proof requires the use of two lemmas, which we
will state and prove first.
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Lemma 1. Suppose ci,¢a,...,c6 are constants such that |c;| < 1 for i = 1,2,...,6 and
0<ci+cy1 <1 fori=1,35. Then, cac3cg + c1c4c5 + CoC5 + cyce + c1c3 < 1.

Proof. To prove this lemma, we will consider several cases regarding the signs of the c¢;
constants.

Case 1: all ¢; > 0

Here, we have 0 < ¢;11 <1 —¢; for i =1,3,5. Thus,
C2C3C6 + 10405 + CoCs + a6+ 13 < (1 —cq)es(l —e5) +e1(1 —e3)es + (1 —¢p)es
+ (1 —c3)(1 —c5) + 13
= (e3 —c1e3)(1 — ¢5) + c1c5 — 1305 + €5 — €105
+1—c5 —c3+ c3c5 4 cic3
= (3 — C3C5 — C1C3 + Cc1C3C5 — c1c3¢5 + 1 — ¢35 + c3¢5 + c1c3
= 1.

Cases with negative c;

Because of our assumption that 0 < ¢; + ¢;41 for ¢ = 1,3, 5, at most one ¢; from each of the
three pairs can be negative (e.g. it is not possible to have both ¢; < 0 and ¢y < 0). Thus, at
most three ¢; can be less than zero.

Case 2: exactly one c; is negative

WLOG, suppose ¢; < 0. Then, for i = 2,3,...,6, we have 0 < ¢; < 1. Using this and the
fact that 0 < c¢; + ¢4y < 1fori=1,3,5,

C2C3C + C1C4C5 + CoCs + C4C6 + C1C3 C2C3Cp + C2C5 1 C4Cp

IA A

C3Ce + C5 + C4Cq
c(cs + cq) + 5
Ce + C5

1.

VARVAN

Case 3: exactly two c; are negative

We will assume that one of the negative ¢; is ¢ WLOG. Then, the other negative ¢; must
be one of c3, ¢4, cs5, or cq.
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D) ifcr, c5<0

Given that coczes + c10405 + Cocs + cac6 + c1c3 = ca(csc + ¢5) + ca(cres + cg) + c1e3, we
can proceed by considering the signs of c3cg + ¢5 and cic5 + cg.

1) ZngCG + ¢5 Z O, C1C5 + Cg Z 0

We have cy(c3cg + ¢5) + ca(cres + cg) + cres < 36 + ¢5 + c105 + ¢ + c1c3 since
0<c<land 0<c¢ <1.

Now, suppose WLOG, that ¢3 < ¢;. Since ¢g is non-negative, this means that
C3Cg + C5 + C1C5 + Cg + C1C3 S C1Cg + C5 + C1C5 + Cg + C1C3 = (01 + 1)(05 + CG) +cic3.
Then, because 0 < ¢5+¢s < land |¢;| <1 = ¢;+1 >0, we have (¢; +1)(c5+
cg)+cies < ¢+ 14+cc3 =ci(ez3+1)+ 1. Similarly, c3+1 >0, s0 ¢1(c3+1) <0
and thus ¢i(c3 +1) +1 < 1.

Putting everything together, we therefore have that

C3Cg + C5 + C1C5 + C6 + C1C3
(c1 +1)(c5 + ¢c6) + cics
cleg+1)+1

1.

ca(csc + ¢5) + ca(cres + ) + cics

VAN VAN VAN VAN

11) ’Lf C3Cg + Cs5 S O, c1¢5 + Cg S 0

In this case, co(c3ce + ¢5) + ca(cies + c6) + ez < ez < 1 since ¢y and ¢y are
non-negative and |c1|, |¢3| < 1.

111) ’Lf c3cg+ c5 <0, cie5 +c¢cg >0

Here, note that 0 < ¢; + ¢y = —c1 <o = oz + ¢5) < —cq(csce + ¢5),
and that ¢y, <1 = ¢4(c1¢5 + ¢6) < 165 + 6. Additionally, the fact that ¢g <1
and |cq], |es] <1 means 1 —¢ie3 > 0 and (1 — ¢ie3) < 1 — ¢yc3.

Therefore, we have

ca(cs3ce + ¢5) 4+ ca(crcs + c6) + cies < —ciesce + ¢5) + 165 + c6 + 13
= —c(1C3Cg + Cg + C1C3
= c(1 —c1c3) + i3
< 1l—cae+ac

1.

The case with c3cg + c5 > 0 and cic5 4+ ¢ < 0 can be treated similarly.

Il) ifcy, c4 <O
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We have cocgeg + 1405 + Cocs + ¢+ c105 = cg(Cacs + cq) + cs5(ci1cq + ¢2) + c1¢3, where
c1c4 + co > 0. The term coc3 + ¢4 can be positive, negative, or zero; we will consider
each of these cases.

i) ’Lf CaC3 + C4 S 0
Since ¢g > 0 and ¢5 < 1, we have cg(cacs + ¢4) < 0 and c5(cicq + ¢2) < ¢1eq + 2.
Furthermore, ¢;(c3 + ¢4) < 0 since 0 < ¢3 + ¢4. Thus,
ce(Cacs + c4) + cs(creq + c2) + c1c3 < creq+ e + c1c3
C1 (Cg + 04) + Co
C2
1.

IA A

11) ’Lf cocs +c4 >0
If cicq + co < cac3 + ¢4, then, using the fact that ¢; 4 co, c3, and c; + ¢4 are each
bounded between 0 and 1 and ¢4 < 0,

(c5+ c6)(cacs + ¢4) + 103

CoCs + C4 + C1C3

c3(cr + ) + ey

1+ cy+cy

14¢4

1.

ce(cacs + ¢4) + cs(cica + ca) + 13

VARVAN

VARVAN

A\

On the other hand, if coc3 + ¢4 < ¢1¢4 + o, then

(c5 + co)(crca + ¢2) + cics
C1C4 + C2 + C1C3

ci(cs +cq) + o

Ca

1

ce(cacs 4 ¢4) + cs5(cica + ca) + crc3

VARVAN

IA A

since 0 <cs+cg<land 0<c3+cy; = ci(ez3+c¢y) <O0.

The case in which ¢; < 0 and ¢; < 0 can be taken care of similarly.

III) if c1, cg <0

For this case, the only term in coczcg + crcac5 + cocs + cac6 + c1c3 that can be positive
is cocs, which cannot exceed 1. Thus, cocscg + cicacs + cocs + cace + c1c3 < coc5 < 1.
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Case 4: exactly three c; are negative

We will assume once again, without loss of generality, that one of the negative c; is ¢;. Then,
there are four possibilities for what the other two negative ¢; are: c3 and cs5, c3 and c¢g, ¢4
and cs, ¢4 and cg.

I) ’ifCl, c3, ¢ <0

Here, the fact that 0 < ¢; + ¢5 and c3cg + 5 < 0 implies co(cgcs + ¢5) < —cq(csce + c5).

We also have cy(cic5 + ¢6) < 105 + ¢ since 0 < ¢4 < 1 and ¢y¢5 + ¢g > 0. Similarly,
0<c<land1l—rcie3>0 = c5(1 —c1c3) <1—cyes.

Thus, we have

C2C3Cs + C1C4C5 + CoCs + Cacs + c103 = ca(cscs + ¢5) + calcics + c) + cics

IN

—01(6366 + C5> + c1¢65 + cg + C1C3

= —(1C3Cg + Cg + C1C3

06(1 — 0103) + cic3

IN

1-— C1C3 + ¢1C3
= 1.
The cases with ¢y, c3,c6 < 0 and ¢y, ¢4, cg < 0 can be handled in a similar manner.
IT) if 1, ¢4, 5 <0

For this case, the only term of coc3cg + c1cacs + cocs + c4c6 + ¢1c3 that can be positive is
coc3cg, which cannot exceed 1. Thus, cocscg + c1c4¢5 4 Cacs 4 cqc6 + c1c3 < cacgeg < 1.

Thus, for any sign combination of the ¢;, we have coc3cg + crcacs + cocs + cucg +cre3 < 1. O

Lemma 2. Suppose ci,ca,...,c6 are constants such that |¢;| < 1 for i = 1,2,...,6 and
0<c¢+cy1 <1 fori=1,35 Then, at least one of cic3 — 1, cac5 — 1, and cyce — 1 s
negative.

Proof. We have c;c;; < 1 for any two of the ¢;, and hence each of cicg — 1, cac5 — 1, and
csce — 1 is less than or equal to zero. If all three were zero, then it would have to be the
case that |¢;] = 1 for all i = 1,2,...,6. Given the restriction 0 < ¢; +¢;41 < 1 for i =1,3,5,
this is only possible if one member of each ¢;, ¢;;; pair is 1 and the other —1. However, with
three positive and three negative ¢;, at least one of ¢;c3, cocs, and cycg must be negative, and
thus one of the cjc; — 1 must be negative as well. Hence, at least one of cic3 — 1, cac5 — 1,

and cycg — 1 will be strictly less than zero. O

With these lemmas proved, we now present and prove Theorem 10.
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p
Theorem 10. Let M = Z My be a 3 x 3 matriz satisfying Definition 4 such that each M,

=1
has form i), ii), or iii). If X is an eigenvalue of M, then Re(\) < 0.

Proof. We have

-A B C
M= |D —-E F|,
G H -I
where, by Theorem 8, the entries satisfy
A>0 E>0 I>0
DL,|G| < A Bl,|H| < E CLIP| <1

0<D+G<A 0<B+H<EFE 0<CH+F<I.

We will divide this proof into several cases regarding how many columns of zeros M has
(or equivalently, how many of the diagonal entries are zero).

Case 1: M has one column of zeros

WLOG, suppose all entries in the first column are zero. Then, we have

0 B C
M=1l0 -E F|,
0 H -I

where F and [ are both strictly positive. The characteristic equation is
AN+ (I+E)\+I1E—FH] = 0,

which has a zero eigenvalue from the A factor in front. In the quadratic term, I + E is
positive, while ITE — FFH > 0. Thus, the real parts of the roots of the quadratic must be
non-positive.

Case 2: M has two columns of zeros

Suppose, WLOG, that the first and second column are full of zeros. Then,

00 C
M=100 F|,
00 —JI

which have eigenvalues 0, 0, and —1 < 0.

Case 3: M has no columns of zeros
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In this case, all three diagonal entries of M are strictly positive in absolute value. Using the
properties of the off-diagonal elements listed at the beginning of this proof, we can write the
matrix M in the form
—A E 5]
M= |ctA —F c¢l|,
A o -1

where |¢;| < 1fori=1,2,...,6 and 0 < ¢; + ¢;11 < 1 for i = 1,3,5. The matrix has the
characteristic equation

A* — Tr(M)A? — (CG + FH + BD — Al — AE — EI)A — det(M) = 0.

We will proceed by examining the coefficients of this cubic in hopes of determining their
signs. First, we have — Tr(M) = A+ E + I, which is positive. Determining the signs of the
A coefficient and the constant term will require the use of the two lemmas we proved.

For the degree one term, we have
—(CG+FH+ BD — Al — AE — EI) = —[cocsAl + cacg BT + c1c3AE — AI — AE — EI

= —[AE(cic3 — 1) + Al(caes — 1) + El(cacs — 1)].

By Lemma 2, at least one of the cjc; — 1 terms is strictly less than zero. Each cjc;, — 1 is
multiplied by a positive number, and thus the sum in the square brackets is negative. With
the negative sign out front, the A\ coefficient is positive.

Finally, the constant term is

—det(M) = AEI — (AFH + BDI + BFG+ CDH + CEG)
= AFEI — (cyc6 AET + c1c3AET + cocscg AET + cicacs AET + cocs AET)
= —AEI(CgCgCﬁ + c1¢4C5 + CaC5 + C4C6 + C1C3 — 1)

The term coc3cg + crcac5 + cacs + cac + c1c3 — 1 is non-positive by Lemma 1. Multiplied by
the negative term in front, we have —det(M) > 0. We will break this inequality down into
—det(M) > 0 and — det(M) = 0 cases.

1) —det(M) >0

In this case, all coefficients of the characteristic polynomial are positive. We will be
able to apply the Routh-Hurwitz criterion stated in Theorem 1 in section 1.3.2 if we
can show that biby — by > 0, where b3 = — det(M) and

biby = —Tr(M)[—(CG + FH + BD — Al — AE — EI)]
= Tr(M)[AE(cics — 1) + Al (cacs — 1) 4+ El(cacg — 1))
= —[A+ E+I[AE(cics — 1) + Al(cacs — 1) + El(cacs — 1))
= —[AFI(cic3 — 1+ cocs — 1+ cacs — 1) + AE(A+ E)(cre3 — 1)
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1)

+ AI(A+ I)(caes — 1) + EI(E + I)(cyce — 1)]
= —AFEI(cic3 + cacs + cyc6 — 3) — [AE(A + E)(cie3 — 1)
+ AI(A+I)(cocs — 1) + EI(E 4 I)(cqace — 1))
Let ¥ = —[AE(A+ E)(c1cs — 1) + AI(A+ I)(caes — 1) + EI(E + I)(cqce — 1)], which
is positive by Lemma 2 and the fact that A, E, and I are positive. Then,
biby — by = —AFEI(cic3 + cacs + cac6 — 3) + 2
+ AEI(cacs3c6 + c104¢5 + cocs + 406 + c1e3 — 1)
= AFEI(cocs3c6 + 1405 + 2) + 2.
We have |cocscs + creacs| < |cacscs| + |crcacs| < 2, and so the AEI(cacgeq + crcqes + 2)
term is non-negative. As > > 0, we conclude that byby — b3 > 0. Thus, by Theorem 1
the real part of any eigenvalue of M must be negative.
—det(M)=0
When the constant term is zero, the characteristic equation becomes
AN —Tr(M)A— (CG+ FH + BD — Al — AE — EI)] = 0.

The quadratic term has all positive coefficients, and thus its roots have negative real
parts. With the A term out front, all solutions of this equation satisfy JRe(\) < 0.

We thus conclude that the real part of any eigenvalue of a 3 x 3 matrix with combining
terms is non-positive. ]

2.3.2 Matrices with One Combining Term

Biochemical matrices with exactly one combining term (i.e. matrices satisfying Definition
4 such that exactly one M, is of form idii), and any other M, are of forms i) or ii)) also
have identifiable properties regarding eigenvalues and invertibility. We will state and prove
these properties in the next few theorems, making use of the fact that a matrix A" with one
combining term and at least one SRP term can be written in the form

A = A+ M,

where A is an SRP matrix and M, is of form iii) from Definition 4. For instance, the matrix
with one combining term from Example 2 in section 2.1.1 can be written as

-5 =2 0 -3 0 0 -2 =20
-2 -2 4|1=10 0 4|+1]|-2 =20
5 2 =5 3 0 =5 2 20
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The first theorem we present provides a sufficient condition for matrices with one com-
bining term to be invertible.

Theorem 11. Let A and M, be n X n matrices such that A is an SRP matriz and M, is of
form iii) from Definition 4. If A is invertible, then so is A’ = A + M,.

Proof. WLOG, we will assume that the indices 4, j, and m from i7) in Definition 4 for M,
are equal to 1, 2, and 3 respectively. Thus, we have

—c —d 0 0
—c —d 0 0
c d 0 0
Me = 0 0 0|
00 0 ... 0
where ¢ and d are non-negative, with A’ then having the form
a1 —c¢ ap—d a3z ... ai, |
g1 —C —aQgo—d asz ... A,
az1 +c¢  azg+d —asz ... az,
a1 a4 g3 ... Qup
| an1 Ao ang -+ —Qpn |

We will also be assuming, without loss of generality, that n is even (the proof when n is
odd is similar). By Corollary 1, this means that det(A) is positive. Our goal here will be to
show that det(A") > det(A).

To find an expression for det(A’), we use the fact that if J;, Jo, and J3 are matrices only
differing in the i*" column, and the sum of the i*® columns of J, and Js equals the i*" column
of Jy, then det(.J;) = det(J2) + det(J3). This gives us

—Qa11 — C a2 — d a13 . A1p
91 — C —Qag92 — d as3 Ce Aoy
, asy +c¢ ase + d —asz ... aspy
det(A") =
( ) aq1 Q42 aq3 ... Qqn
An1 An2 an3 N )
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—a;;  ajp—d 13 Q1n —c ajp—d a3 Q1n
a1 —ag —d ag A2p, —c —ag —d asg A2p,
asy asp +d  —ass A3n c azp+d —ass a3n

= +
Q41 Q42 Q43 Q4 Q42 43 Q4n
(07951 an?2 an3 —Qpp O An2 an3 —Ann
From here, the left determinant can be expressed as
—ann —d a3 A1n
agr  —d  ag Q2n
d (A) a3 d —ass A3n
et +
ayn 0 aus 4 |’
an1 O an3 —Qpp,
while the right determinant is equal to
—C a2 13 Q1n —c —d a3 Q1n
—C —Q22 A3 Q2 —c —d ag Q2n,
32  —A33 a3, c d —ass A3n,
+
(g2 Q43 (4, 0 0 g3 A4,
O an2 an3 —Qpp O 0 an3 —0Qpp

This last determinant is zero due to the proportional columns. As a result, we have

—a;; —d ais A1n —C Qa2 @13 Q1n

az;  —d ags A2n —C —Q22 23 Q2n,
d (A’) d (A) asi d —as3 a3n c azz2  —ass a3n,
et = det + +

Q41 0 43 . A4n aq2 Q43 Qqn

an1 O an3 —Unn O (02%5) an3 —Unn

The middle determinant in the above sum evaluates to —dC19 — dCo + dC5o, where the
C;o are cofactors of the SRP matrix A. Since n is even, C'5 < 0 by Corollary 1. As —d is also
non-positive, the term —dC'5 must be non-negative. Then, —dCy, + dC'35 is the determinant
of the SRP matrix
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—a11 0 a13 Ce Q1n
a921 —d 923 e Qon
31 —u33 .- 3n
a d a a
Q41 0 43 Ce Qyn ’
L Ap1 0 ap3 Ce —ann_

which is A with its second column replaced. If the determinant of this matrix is not zero,
then Corollary 1 says it must be positive. As a result, —dCyy + dC3, > 0.

Hence, —dC15 — dCys + dC'35 > 0. Similarly, the third determinant in the above sum is
—cChy — cCy + cC3; > 0. We then have det(A’) > det(A) > 0, and thus A’ is invertible. [

Note that the converse of this theorem is not true. To illustrate this, the single combining
term matrix

-2 5 5 -2 0 0 0 5 5
2 -6 =5|=2 -1 0[+1|0 =5 =5
0 -5 =5 0 0 0 0 -5 =5

is invertible as its eigenvalues are approximately —11.6099 and —0.6950 + 0.6150:. However,
the underlying SRP matrix

-2 0 0
2 =10
0 0 0

has a column of zeros and is thus singular.
With Theorem 11, we can prove the following theorem regarding real eigenvalues of
matrices with one combining term:

Theorem 12. Let A and M, be n x n matrices such that A is an SRP matriz and M, is of
form iii) from Definition 4. If X € R is an eigenvalue of A" = A + My, then A < 0.

Proof. We will prove the contrapositive. Suppose A € R is positive. Then, —\I = Z Jy,
(=1
where [ is the n X n identity matrix and for ¢ =1,2,...,n, J; has —ay = —\ and all other

entries equal to zero. That is, each Jy has form ¢) from Definition 4.

Hence, A — A\I is an SRP matrix. By Theorem 5 from section 2.2.1, A cannot have any
positive eigenvalues. Thus, A is not an eigenvalue of A, and so A — AI must be invertible.
The matrix A" — A\ = (A — AI) + M, must also be invertible by Theorem 11. Thus, A > 0
is not an eigenvalue of A’ O

We conjecture that Theorem 12 can be generalized to cover both real and complex eigen-
values:
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Conjecture 1. Let A and M, be n x n matrices such that A is an SRP matrix and M, is
of form 4i7) from Definition 4. If X is an eigenvalue of A" = A + M,, then Re()\) < 0.

We end this section by addressing the case in which a matrix has one combining term,
but no SRP terms. In other words, when we just have an M, of form ¢ii) from Definition 4.

Theorem 13. Let M, be an n x n matriz of form iii) from Definition 4. Then, if X is an
eigenvalue of My, N € R and A < 0.

Proof. We will assume, without loss of generality, that the indices i, j, and m from 4ii) in
Definition 4 for M, are 1, 2, and 3 respectively. Thus, M, has the form

¢ —d 0 ... 0
¢ —d 0 0
c d 0 0
Me=149 o o 0l
0 0 0 ... 0

with characteristic polynomial
P\ = (=N)"?[(A+d)(A+¢) —cd]
= (=N)"2[N2 + (c+ d))
= (=N)" A\ +c+d).

The roots of this polynomial are A =0 and A = —(c+d) < 0. O

2.4 Properties of Matrices with Dissociation Terms

Finally, we examine the properties of biochemical matrices containing dissociation terms.
These are matrices that satisfy Definition 4 and have at least one M, of form iv), with any
number of M, taking forms i) and 7). We will assume that no M, are of form ).

As usual, we begin with a few properties of the columns of matrices with dissociation
terms:

Theorem 14. Let A = iAg be a matrix satisfying Definition 4 such that each Ay is of
form 1), ii), or iv). Thenfzvli, column 1 satisfies all of the following:

o aj; <a; YVj#i

e —a;<0anda;; >0 Vj#1
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o —qa; =0 = ajizo V]%Z

Unlike terms of forms i), #7), and 47i) in Definition 4, dissociation terms allow for positive
column sums and for the sum of the off-diagonal elements in a column to exceed the absolute
value of the diagonal entry. This is shown by the first two columns of the two dissociation
term matrix

-4 2 0
4 =2 0
4 2 =5

from Example 3 in section 2.1.1.

Like matrices with combining terms, dissociation matrices are quite diverse when it comes
to eigenvalues. Several examples of matrices with dissociation terms and their eigenvalues
are provided in the next example. Most of the example matrices will be written as the sum
of an SRP matrix and one or more M, of form iv).

Example 7. Eigenvalues of Matrices with Dissociation Terms
The Example 3 matrix

-4 2 0
4 =2 0
4 2 =5

has eigenvalues —6, —5, and 0. Positive eigenvalues are also possible; examples are the
matrices

-9 7 4 -5 7 4 -4 0 0
6 -8 3|=12 -8 3|+]|4 00
5 1 -9 11 -9 4 0 0

with the eigenvalue A ~ 0.2751 (along with two negative eigenvalues approximately equal to
—10.8208 and —15.4543), and

-3 5 6 0 0 0 -3 0 0 0 5 0 00 6
3 -7 7]1=10 -2 1(+|3 0 O+1]|0 -5 0| +1]0 0 6
3 7T =7 0 2 -1 3 00 0 5 0 0 0 —6

with A &~ 4.4372 (as well as —14 and ~ —7.4372). Meanwhile, the eigenvalues of

—4 7/16 0 0 7/16 0 —4 0 0
4 -1 0|=1]0 -1 0|+|4 00
4 1/16 -1 0 1/16 —1 4 .00
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are all negative: —4.5, —1, and —0.5. Finally,

11 3 7 6 5 3 7 6 60 0 0
7 15 1 4 1 -15 1 4 000
s 10 -1 7] |2 10 -n 7|7 00 0
10 2 -18 0 2 18 0 000

has the complex eigenvalues A ~ —18.3860 + 4.0786¢ and two real eigenvalues which are
approximately —19.0149 and 0.7868.

Example 7 shows that the equivalents of Theorems 10 and 12 for dissociation matrices
do not hold; the real part of an eigenvalue of a 3 x 3 matrix with dissociation terms can
be positive, and matrices can have positive real eigenvalues even with just one dissociation
term. We do have, however, the equivalent of Theorem 9 for column diagonally dominant
matrices with dissociation terms:

p
Theorem 15. Let A = Z Ay be a matrixz satisfying Definition 4 such that each Ay is of form

=1

i), ii), oriv). Let A be an eigenvalue of A. Then, if each column of A satisfies Z laji| < ag,
i

MRe(A) <0.

Proof. Follows from Theorems 4 and 14. O

2.4.1 Inverses of Matrices with Dissociation Terms

Back in Theorem 7 in section 2.2.2, we established that the inverse of an SRP matrix has
non-positive entries. A similar theorem exists for invertible dissociation matrices:

p

Theorem 16. Let A = Z Ay be an invertible matriz satisfying Definition 4 such that each
=1

Ay is of form i), i), oriv). Then, all entries of A~' are non-positive if and only if for every

eigenvalue X of A, Re(A) < 0.

Proof. Suppose the entries of A™! are all non-positive. By Theorem 14, all off-diagonal
entries of A are non-negative. As a result, —A has non-positive off-diagonal entries, and all
entries of —A™! are non-negative. Hence, —A is a non-singular M-matrix by Definition 5,
and all of its eigenvalues have positive real parts. Thus, every eigenvalue A of A satisfies
Re(N) < 0.

The proof for the other direction is the same as the proof of Theorem 7. O

Several inverses of dissociation matrices are shown in Example 8 to illustrate how the
signs of the entries can vary.
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Example 8. Inverses of Matrices with Dissociation Terms
The matrices from Example 7 with positive eigenvalues have inverses given by:
—1

[—9 7 4] (3/2 67/46 53/46

6 —8 3 = [3/2 61/46 51/46

|5 1 9] |1 22/23 15/23

3 5 61" [0 1/6 1/6

3 -7 7 = |1/11 1/154 13/154

ERA 1/11 6/77  1/77
11 3 7 61" [1250/2653 138/379 1074/2653 1049/2653
7 -15 1 4 | 221/758 115/758  91/379  85/379
8§ 10 —-11 7  |3565/5306 339/758 1245/2653 1342/2653
1 0 2 -18 | 535/5306  53/758  198/2653 60,2653

Notice how all entries of these inverse matrices are non-negative. In contrast, the inverse of
the matrix with three negative eigenvalues is
—1

—4 7/16 0 —4/9 —7/36 0
4 -1 0| = |-16/9 —-16/9 0 |,
4 1/16 —1 ~17/9 -8/9 -1

which has solely non-positive entries as predicted by Theorem 16.

When an invertible dissociation matrix has at least one eigenvalue with a positive real
part, Theorem 16 says that A~ must have at least one positive entry. Based on what we
saw in Example 8, however, we hypothesize that there is a stronger restriction on the entries
of the inverse matrix:

p

Conjecture 2. Let A = ZAg be an invertible matrix satisfying Definition 4 such that
=1

each Ay is of form i), i), or iv). If A has at least one eigenvalue A such that fRe(\) > 0,

then all entries of A~ are non-negative.

2.5 Defining Biochemical Ramp Systems

Finally, we will develop our definition of biochemical ramp systems in this section. We stated
at the beginning of this chapter that we want this class of systems to be similar in structure
to the Adams model in (1.6) and (1.7), and began to characterize this structure with the
Adams-like Jacobian described in Definition 3 in section 2.1. The first thing we will do here
is continue with this characterization.
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The Jacobian structure defined in Definition 3 was based on the Jacobians of (1.6) and
(1.7) with all variables in their a regions. Thus, we want the Jacobian of a general biochem-
ical ramp system with every variable in its « region to satisfy this definition. However, this
is a problem as the definition of the a region in Definition 2 back in section 1.3 only covers
variables with one or two thresholds, but to keep our definition of biochemical ramp systems
as general as possible, we would like to be able to include systems with variables associ-
ated with more than two thresholds. We circumvent this issue by introducing the following
concept:

Definition 6. [All Ramp Region| Let X = (Xl,Xg, ..., X,) be an n-variable system of
differential equations with ramp functions. We say that the system is in the all ramp region

if every ramp function is in its ramp region, i.e. the output of every ramp function belongs
to [0,1).

Equivalently, a system is in the all ramp region if and only if for every i, the variable
X, is strictly below all of its thresholds. With this concept, we can refine what we wrote
above to: the Jacobian of a general biochemical ramp system in the all ramp region satisfies
Definition 3. Note that if the system has an equilibrium point in the all ramp region, then
the Jacobian evaluated at the equilibrium is a biochemical matrix satisfying Definition 4.

Another aspect of the structure of systems (1.6) and (1.7) is that every time a variable
appears in a differential equation, it does so as the input of a ramp function. For instance,
the variable X, always appears as 73(X5) or 75(X3). We want this to hold for any biochemical
ramp system, specifically for the general formula of any biochemical ramp system. Here, we
are using “general formula” to refer to systems such as (1.6) and (1.7), where each ramp
function is written in its general form r1(X7), r4(X4), etc., in contrast to systems such as
(2.1) and (2.2), where each ramp function has been specified to fall in its ramp or saturated
region.

It should be noted that it is acceptable if there is a variable that does not appear in any
of the differential equations. The above is saying that if a variable appears in one or more
equations, it must always do so in the context of a ramp function.

The final component of the structure of the three-variable Adams model with ramp
functions we need to address is the constant input term ag. Our definition of biochemical
ramp systems will allow each variable to have such a term, which we will assume is non-
negative.

Taking everything we have discussed into account, we now present the definition of a
biochemical ramp system:

Definition 7. [Biochemical Ramp System] Let X = (X1, Xy, ..., X,) be an n-variable sys-

tem of differential equations with ramp functions. The system X is a biochemical ramp
system if all of the following hold:

i) When X is in the all ramp region, its Jacobian J(X) satisfies Definition 3
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i1) In the general formula of X , if a variable appears in one or more differential equations,
it always does so as the input of a ramp function

iii) For alli=1,2,...,n, X, has a constant term iy > 0

We conclude this chapter with examples of systems that do and do not qualify as bio-
chemical ramp systems.

2.5.1 Examples and Non-Examples of Biochemical Ramp Systems

In each of the systems that follow, we will assume that the ramp functions rq, 79, and r3
have thresholds 26,, 26,, and 203 respectively. We begin with several examples of systems
that are not biochemical ramp systems, and state which of the three points in Definition 7
is violated.

Example 9. Point i) violated
Consider the system

X =2(X)+1
Y = —ro(Y).

The Jacobian of the system in the all ramp region is
s = | ,
0 —1/(202)

which does not satisfy Definition 3 as one of the diagonal entries is positive. Hence, the
system is not a biochemical ramp system.

Example 10. Point ii) violated
The system

X = —2r(X)
Y = 2r(X) + —r(Y) + X +2X°

does not satisfy Definition 7 because in the Y equation, the variable X appears three times,
but only once as the input of a ramp function.

Example 11. Point iii) violated
In the system

X = —2r(X)—1
Y = —TQ(Y),
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the constant term of X is negative, and thus this is not an example of a biochemical ramp
system.

Now, we present a couple of examples of systems that do satisfy Definition 7.
Example 12. The system
X = —7 (X)
Y =T (X)

is a biochemical ramp system. The Jacobian when the system is in the all ramp region is
- —1/(26,) 0
s = |
1/(26;) O

which is composed of one J;(X) of form 4¢) from Definition 3. The only variable that appears
in the equations is X, and all of its appearances are as the input of ry. Finally, the constant
term of both equations is zero.

Example 13. Consider the system
X = —r(X)r(Y)+05
Y = —r(X)r(Y) +1
Z = ri(X)r(Y) —r3(2).

The constant terms in the differential equations are all greater than or equal to zero, all
variables appear solely as the inputs of ramp functions, and the Jacobian in the all ramp
region is

— 1 1 —
Y —— X
40,0, 40,0, 0
J(X)= |- 1 vy -t x 0
| 46,06, 46,0, ’
1 1 1
Y - _
L 46,0, 40,6, 20,

which has J,(X) of forms ) and iii) from Definition 3. Hence, Definition 7 is satisfied.
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Chapter 3

Single Reactant and Product Systems

3.1 General Form of SRP Biochemical Ramp Systems

In this chapter, we will study equilibria and stability in single reactant and product biochem-
ical ramp systems. We will consider a system satisfying Definition 7 to be an SRP system
if its Jacobian when in the all ramp region is an SRP matix, i.e. each J,(X) is of form i) or
i1) from Definitions 3 and 4 in section 2.1. An example of an SRP biochemical ramp system
is the Adams model without the SEL in (1.7); the system’s all ramp region Jacobian shown
in Example 5 in section 2.1.1 only contains SRP terms.

To facilitate our analysis, the biochemical ramp systems studied in this and the following
chapters will be assumed to have a single threshold per variable. In other words, we will be
working with the restriction that the only ramp function the variable X; is associated with
is r;, with threshold 26;. System (1.7) with K7 = Kj is an example of an SRP system in
which each variable has a single threshold.

With one threshold per variable, the SRP biochemical ramp system X = (X1, Xa, ..., X0)
has the form

X1 = —CL11T1(X1) + a127“2(X2) +ot alnr"(X”) T T
X2 = a217“1(X1) — CLQQ’I“Q(XQ) + -+ a2nrn(Xn) + T,

Xn = Qp1T (Xl) + an2r2(X2> + = armrn(Xn) + Lng s
or using matrices and vectors,
X1 —a11 192 R Q1n (&} (Xl) 1’10
X2 a921 —a22 ... Qo T2 (XQ) T2,
= -
Xn an1 An2 cee —Ann Tn (Xn> xno
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Note that the n x n matrix A here is an SRP matrix. When the system is in the all ramp
region, the Jacobian is the SRP matrix

an ain 1
20, 20, T 20,
J()?) _ 291 292 2‘971 :
Qn1 Ap2 _&nn
L 260, 20, 20, 4

which is A with each column scaled by a positive constant. When an SRP term is multiplied
by a positive scalar, it is still an SRP term. Thus, A is also an SRP matrix.

The general form of an SRP biochemical ramp system in which every variable has a single
threshold is then

X = AF+ @, (3.1)
where
o Aisann x n SRP matrix
o 7= [r1(X1), r2(Xs), ..., 7 (X,)]" is the vector of ramp functions, where for each i,

® T0 = [T1,, Tay, - -5 Tny)” i the vector of constant input terms, with x;, > 0 for each i.

When studying equilibria in systems of form (3.1), we will mainly focus on equilibria
in the all ramp region. This is useful as the ramp functions are injective in their ramp
regions; every r;(X;) € [0,1) corresponds to a unique X; in [0, 26;). Also, instead of solving
for equilibria directly in terms of the X, we will solve in terms of the ramp functions, by
finding the equilibrium ramp function vector 7*. This is advantageous because we will just
have to ensure that 7 < 1 componentwise, instead of making sure each variable is below its
threshold. Using r* makes the individual thresholds of the X irrelevant when it comes to
finding equilibria in the all ramp region.

If we do ever need to express an equilibrium in the all ramp region in terms of the X;,
converting between 7* and X* is straightforward. If we have
*]T

3 * *
r* = [s], S5 ..., Sh

where each component falls in the interval [0, 1), then for each i,
ri(X) = sf — 25 = 57 <— X[ = 20;s],
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and thus

-

X* = [20,5], 20555, ..., 20,557,

We will now examine the conditions under which systems of form (3.1) have equilibria in
the all ramp region, starting with the two-variable case.

3.2 Equilibria in Two-Variable Systems

When the matrix A in (3.1) is 2 x 2, we are dealing with a system of the form
(&1 (X)

—a b o

+ ; 3.2
c —d] ro(Y) [y()] (32)
where a, b, ¢, and d are non-negative and ¢ < a and b < d. As we will see, whether this
system has equilibria in the all ramp region depends on the values of the input terms xy and

Yo. Some weak upper bounds on these constants, which are necessary for the existence of all
ramp region equilibria, are provided in the next theorem.

X
Y

Theorem 17. Consider a system of form (3.2). If the system has an equilibrium in the
all ramp region, then all three of xo < a, yo < d, and xog+ yo < a +d — b — ¢ must hold.
Additionally, if ad — bc # 0, these inequalities are strict.

Proof. We have an equilibrium in which r;(X™) < 1 and ro(Y™) < 1. By contradiction,
suppose that one of the given inequalities does not hold. If xy > a, then at equilibrium,

X = —ar (X™) + bra(Y™) + x9
—ar (X*) +bra(Y™) +a
a(l —ri(X™))+bra(Y™)
0,

v

v

contradicting that X = 0. The yo > d case is similar. If 2o+ yo > a4+ d — b — ¢, then
X+Y = (—a+e)r(X*) + (b—d)ra(Y™) + 20 + vo
> (—a+)r (X)) +b=—d)r(Y)+a+d—b—c
= —(a—c)r(X)+(a—c)+—(d=0)ra(Y*)+ (d = b)
(@ = o)1 = (X" + (d = 0)[1 = ra(Y7)]
0

+
+

v

at equilibrium, contradicting that X+Y=0.
If the matrix determinant ad — bc is not zero, then a and d must both be greater than
zero by Theorem 2 from section 2.2, and at least one of a — ¢ and d — b must be positive.
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Then, if we had z¢p = a (yo = d is similar) or ¢+ yo = a+d — b — ¢, at equilibrium we would
have

X = a(l—r (X)) +bry(Y*) >0

or

X+Y = (a—o)[1 = r(X*)] + (d = b)[1 — r2(Y")] >0,

both of which produce contradictions. Thus, if the matrix is invertible, the three inequalities
must be strict. N

The upper bounds on xy and yg in Theorem 17 are considered “weak” because the converse

of the theorem is not true. As a counterexample, consider the system
X —20 1 | |r(X) 19.5

Y 1 10| |r(Y) 8 |’
Here, we have 19 = 19.5 <a =20,y =8 < d =10, and 2o+ 1y =275 < a+d—b—c = 28.
However, when we set this system equal to zero and solve, we get the unique solution
(ri(X™),r2(Y™)) = (203/199,359/398). This is not a valid equilibrium point as it falls
outside the range of r.

Stronger restrictions on g and yo depend on whether the 2 x 2 matrix in (3.2) is invertible
or singular. We will consider each of these cases.

3.2.1 Invertible Systems

First, we consider systems of form (3.2) in which

—a b

c —d]

is invertible. Note that by Corollary 1 from section 2.2.2, det(A) is positive in this case.
Existence of equilibria in the all ramp region are described by the following theorem:

A=

Theorem 18. Consider a system of form (3.2) in which ad — be # 0. Then, there exists
an equilibrium point in the all ramp region if and only if both dxy + byy < ad — bc and
cxo + ayy < ad — be hold.

Proof. Setting

[—a b | |ri(X) N To| _ 0.

c —d| |raY) Yo

we get the equilibrium solution
r(X™) _ 1 [—d —b] —:170] _ 1 dxo + byo
ro(Y™) ad —bc |—c —al |—yo ad — be |cxg +ayo|
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This solution is non-negative and thus falls in the all ramp region as long as it is less than
1 componentwise; that is, if and only if dxg + byy < ad — bc and cxy + ayg < ad — be. n

Since A is invertible, if the equilibrium
dxg 4+ byg cxo + ayo
X*), ra(Y)) = ( , )
(r(X7), r2(Y7) ad —bc ~ ad — bc

falls in the all ramp region, then this is the unique equilibrium point for the system. It
should be noted that if this equilibrium fell in the saturated region of one or both ramp
functions, then we would have infinitely many equilibria; if we had, say, r1(X™) = 1, then
we can pick any X* > 26, at equilibrium.

We end this section with a theorem describing when we get the origin as the unique
equilibrium point of the system:

Theorem 19. Consider a system of form (3.2) in which ad — bc # 0. Then, the origin is
the system’s unique equilibrium if and only if o = yo = 0.

Proof. 1f the origin is an equilibrium point, then we have
—a b
[ c —d
which implies g = y9 = 0. Next, if both constant inputs are zero, finding equilibria is
equivalent to solving

Zo
Yo

—

0+ =0,

—a b | |rn(X)| 0
¢ —d| ()| 7
which, since the 2 x 2 matrix is invertible, only has the trivial solution r* = 0. O
3.2.2 Singular Systems
We now consider the case in which
—a b
A —
c —d

is singular, i.e. ad — bc = 0. Given that ¢ < a and b < d, there are two main ways in which
the determinant of A can be zero: A having a column of zeros (for instance, if b = d = 0),
or ¢ = a and b = d with both a and d non-zero. We will examine both possibilities.

Case l: c=a#0and b=d#0
This case gives us the following theorem:
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Theorem 20. Consider a system of form (3.2) in which ¢ = a # 0 and b = d # 0. Then,
there exist equilibria in the all ramp region if and only if xg = yo =0 .
Proof. Here, the system has the form

X —a d o
a —d Yo |

Y
Adding the differential equations, we get X +Y = o + yo. If the system has equilibria,
then xg + yo = 0 at equilibrium. Since xy and y, are both non-negative, both must equal
zero in order for this hold.

If xo = yo = 0, then setting both equations equal to zero gives
a

ro(Y™) = Erl(X*),

which results in the existence of a line of equilibria in the part of the all ramp region in

which 7 (X™) < min{d/a, 1}. O

r1(X)
T‘Q(Y)

Case 2: A has a column of zeros

Without loss of generality, we will assume the second column is zero, i.e. b =d = 0. Then,
a > 0 since A cannot be the zero matrix. We then have the following:

Theorem 21. Consider a system of form (3.2) in which d =b =0 and a > 0. Ifc =0,
equilibria are possible in the all ramp region if and only if xo < a and yo = 0. If ¢ # 0,
equilibira are possible in the all ramp region if and only if o = yo = 0.

r1(X)

)| " H |

Note that the system does not depend on Y'; thus, at an equilibrium point in the all ramp
region, ro(Y*) can take any value in [0,1). Setting X = 0, we get the equilibrium solution
r1(X™) = xo/a, which falls in the ramp region if and only if 2y < a. From Y =0, we have
that cr(X™) + yo = 0, which gives us two possibilities depending on whether ¢ is zero or
strictly positive:

Proof. In this case, the system has the form
X —a 0
Y c 0

e If ¢ = 0, then the Y = 0 equation simply becomes yg = 0. Hence, we have the line of
equilibria

(% (V) < 1)

in the all ramp region if and only if zy < a and yy = 0.
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e If ¢ # 0, then we have
Yo

7"1<X*) = c

Since 71 (X ™), yo, and c are all non-negative, this equality is satisfied if and only if both
sides are equal to zero. Hence, it must be the case that m(X™) = yo = 0. Then, in
order for the X = 0 solution r1(X*) = z¢/a to still hold, we must also have zy = 0.
Thus, we have the line of equilibria

(07 7ﬁ2<}/*) < 1)
in the all ramp region if and only if o = yo = 0.
O

Unlike invertible systems, singular systems can have multiple equilibria in the all ramp
region. In fact, we have shown in this section that if a system of form (3.2) in which
ad — bc = 0 has an equilibrium point in the all ramp region, then it actually has infinitely
many such points.

3.2.3 Examples

We now provide a few examples of systems of form (3.2) and determine whether or not they
have equilibria in the all ramp region.

Example 14. Invertible system with a unique equilibrium point

Consider the system
—2 1 1/2
+ :
1 -4 3/2

2 1] [~a7 7
1 -4  |=1/7 =2/7|’

setting the equations equal to zero gives us
—2 1] [rn(x 1/2
(0] 2]
1 —4 3/2

TQ(Y)
(X9 [-4/7 —1/7] [-1/2
(V)| |17 =27 [-3/2

12
2]

X
Y

r1(X)
9 (Y)

Using the fact that
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Thus, the system has the unique equilibrium point
(r(X7), r2(Y7)) = (1/2,1/2)

in the all ramp region.

Example 15. Invertible system with no equilibria
Solving for equilibria in the system

X —1 1] [rn(X) 1/2]
v~ (1120 —1] |[r(Y) +[1/4 ’
we get _
r(X*)|  [-20/9 —20/9] [—1/2'
ro(Y) ~11/9 —20/9| |—1/4

573
C|7/6|°

Both components of this solution are greater than 1, and thus fall outside the range of the
ramp functions. Thus, this system can never be at equilibrium.

Example 16. Singular system with infinitely many equilibrium points
Finally, we consider the system

X
Y

-2 1
2 -1

™ (X)
ra(Y)

Setting either equation to zero gives us the line of equilibria
ro(Y™) = 2r (X7).

Any point on this line for which r;(X™) < 1/2 falls in the all ramp region.

3.3 Equilibria in n-Variable Systems

We will now attempt to generalize our results regarding ramp region equilibria in two-variable
systems to systems with n > 2 variables. To begin, we present the general version of Theorem
17:

Theorem 22. Let X = A7 + i be a system of form (3.1) with n > 2 variables. If the
system has an equilibrium in the all ramp region, then both of the following must hold:
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’L) Vi:1,2,...,n, xioéaii
Z’l) Zl’io S — Zaij
i i,

Additionally, these inequalities are strict if A is invertible.

Proof. Similar to Theorem 17, we prove this by contradiction. If we had x;, > a;; for some
1, then at equilibrium
Xi =) ayri(X;) — airi(X]) + i,
J#
> ayri (X)) — auri(X]) + ai
J#i
= D ayri(X)) + au(l = ri(X)))
J#
> 0,

contradicting X = 0. Now, suppose Z Tiy > — Z a;j. Note that — Z a;j is always non-

1] 1,J
negative as the column sums of A are non-positive by Theorem 2 from section 2.2, and thus

Z a;j is non-positive. At equilibrium, we have
i,
ZXZ = 7’1(Xf) Zaﬂ + TQ(X;) Zan +-F T’n<X:;) Zajn + ino
( J J J i

>m<Xf>Zaﬂ+r2<X2>Zaﬂ+ +m<X:;>Zajn—Zaij
.

> 0,
contradicting that Z X, =0.

i
If A is invertible, then a; > 0 for all ¢ by Theorem 2 and at least one column sum must
be strictly negative. At equilibrium, if we had x;, = a;; for some 7 or ino = — Z aij,

then we would have
Za,]r] N4 aiu(1—ri(X]) >0

JF#i
or
D OXi= (X)) = 10D aj + [ra(X3) = 1D a4 [ral(X) =1 aje >0,
2 J J J
both of which are contradictions. Hence, the inequalities must be strict. O
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Again, the converse of Theorem 22 is not true. For instance, the system

X -1 0 0] [n(X) 0.5
Y|=]0 -2 0 oY)+ | 1
A 0 1 —=05]| |r3(2) 0.25

satisfies
g = 05 < app =1
Yo = 1 < axn = 2
zo = 0.25 < ag3 = 0.5
ro+yo+20=17<—-(1-1-2-0.5) =25,

but the only equilibrium point, (r1(X™),r2(Y™),r3(Z*)) = (0.5,0.5,1.5), falls outside the
range of 3.

Like in the two-variable case, additional restrictions on the constant input terms depend
on whether or not the matrix A in (3.1) is invertible. Both possibilities are explored in the
following sections.

3.3.1 Invertible Systems
When A is invertible, setting
Ar+a25 = 0
gives the equilibrium solution
o= — A,
The following theorem guarantees that this solution is always non-negative componentwise:

Theorem 23. Let X = AF+ 2y be a system of form (3.1) in which det(A) # 0. Then,
— A7 > 0 componentwise.

Proof. Since A is an SRP matrix, its inverse has all non-positive entries by Theorem 7 from
section 2.2.2. Hence, all entries of —A™' are non-negative. As each component of 7, is also
non-negative, —A~'#; > 0 componentwise. O]

Now that we have established that 7* is non-negative, we next need to determine when
r* < 1 componentwise. Theorem 18 can be adapted to the general n xn case for this purpose:

Theorem 24. Let X = AF+ 1y be a system of form (3.1) in which det(A) # 0. Then, there
exists an equilibrium point in the all ramp region if and only if Y i=1,2,...,n,
> i1 Ciujo

—det(4) b
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where the Cj; are cofactors of A.

Proof. The result comes from the fact that

Cn Cy ... Cpn
P 1 Cira Coy ... Cho
det(A) |+t oo |
Cin Cy ... Chy
which means the equilibrium vector ™ = —A~'7 has the form
Cii Coy ... Chua| |21,
. 1 Cia Cyp ... Chol |x2
ST R N
Cin Con ... Chunl| |70,

The i*® component of this vector is
Clixlo + 021'3320 + -+ Cm'iL'nO
—det(A)
> i1 Ciimi,
—det(A) ’

1

which falls in the all ramp region if and only if it is strictly less than 1.

Thus, existence of an equilibrium in the all ramp region depends on whether a series of n
inequalities involving the z;, is satisfied. Finding explicit bounds on the z;,, tighter than the
weak upper bounds given in Theorem 22, is difficult in general. However, we will consider a

few special cases in the next few theorems.

First, in the case where all of the matrix row sums are non-postive (i.e.z a;; < 0, or

equivalently, — Z a;; > 0 for all i), a sufficient condition for the existence of an equilibrium

j
in the all ramp region can be given:

Theorem 25. Let X = A7 + @y be a system of form (3.1) such that det(A) # 0 and
— Z a;; > 0 Vi. Let 1 denote the n x 1 vector of all 1s. Then, if o < —Al componentwise,

J

X has an equilibrium in the all ramp region.

Proof. For the i component of r* = —A™1%;, we have
r(X?) = Crimyy + CoTay + -+ + Chitp,
—det(A)

83



—Chi Z] a1 — Oy ZJ agj — - — Cpy Z?:1 Onj

—det(A)
B a1;C1; + a2iCoi + -+ + i Ci + Zk;ﬁi Z;'L:1 a;jkCji
B det(A)
~det(A) +0
~ det(A)
= 1,
and thus 7 falls in the all ramp region. O

The converse of Theorem 25 does not hold, as shown by the system

X ~15 5 0] [r(X) 12
V=5 =25 0| |r(Y)|+ |7
Z 0 0 —1||r(2) 0

This system has the equilibrium point (1 (X™),ro(Y™),r3(Z*)) = (67/70,33/70,0) in the all
ramp region. While we have yy = 7 < —Z(Igl =20 and zp = 0 < —Zagz = 1, the

inequality zp < — AT does not hold as To = 12 > — Z ay; = 10.

Next, we consider the case in which exactly one component of xj is non-zero, which is
what we have when ¢y > 0 in the Adams model:

Theorem 26. Let X = A7+ 7y be a system of form (3.1) such that det(A) # 0. Suppose
xi, > 0 for some i and xj, =0 V j #i. Define M >0 by
—det(A
J Cz'j

Then, there is an equilibrium point in the all ramp region if and only if z;, < M.

Proof. First, note that M is well-defined; at least one C;; must be non-zero or else all entries
in column i of A7 are zero, contradicting that A™! is invertible.
The j* component of 7* in this case is
L Cij
—det(A)’
If there is a j such that Cy; = 0, then r;(X7) = 0 is guaranteed to be in the ramp region of
. For all j such that Cj; # 0, of which there must be at least one, 7;(X7) is in the ramp
region if and only if

ri(Xj) =

J

—det(A)
S .,

Z;
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Thus, an equilibrium exists in the all ramp region if and only if z;, is smaller than all such

%@, ie. Ty < M. ]

Finally, we have the n-variable equivalent of Theorem 19 regarding equilibria at the
origin:

Theorem 27. Let X = A7+ 2 be a system of form (3.1) such that det(A) # 0. Then, the
system has the origin as its unique equilibrium if and only if ©5 = 0.

Proof. If the origin is an equilibrium point, then at equilibrium, A0 + 75 = 0 = 2 = 0.
If 7y = 0, then A7 = 0 only has the solution 7* = (0 as A is invertible. O

We end this section by emphasizing the uniqueness of the equilibria found here. Like in
the two-variable case, if the equilibrium solution
o= —A %
of an invertible system of form (3.1) falls in the all ramp region, then 7* is the system’s only
equilibrium point.

3.3.2 Singular Systems

Now, we examine equilibria in systems of form (3.1) in which A is singular. The conditions
required for equilibria in the all ramp region vary depending on the reason(s) why A is
singular (column of zeros, proportional non-zero columns, etc.). We will consider several of
these reasons here.

We will begin with the case in which A has a column of zeros; suppose this is column .
Then, if the system has an equilibrium point in the all ramp region, it must have infinitely
many such points since we can choose any r;(X;) < 1 at equilibrium.

To aid the search for possible equilibrium solutions, one idea is to reduce the system

X = A7+ 1 to the form

X == A’i()??ioﬂ
where A;, is the matrix obtained by replacing column ¢ of A with 2, and 75, is obtained by
replacing the i component of 7 with 1. That is, the system
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—ai;r a2 ... Qi1 0 agi .. A1n 1 (Xl) L1,
asy  —agy ... G217 0 ag;yr ... ag, r2(X2) T3,
X = +
;1 aip ... Qg1 0 @i .. Qi Ti(Xi) Ty
L Anl An2 <. an,ifl 0 an,i+1 <. —Qnp _Tn(Xn)_ | T
becomes
—a11 A1z ... G1i-1 T15 A1i41 ... Qip 1 (Xl)
Qg1 —Q22 ... Q24-1 Ty A2;41 ... Q2n, TQ(XQ)
X =
i1 Qg .. Qg1 Tiy o Qg .- Qg 1
L Gnl Qp2 cee Qpi—-1 Tpg Ang4+1 ---  —App _Tn(Xn)_
Hence, we can find equilibria of the original system by solving A; 7;, = 0 and then

assigning a value to r;(X]). Some necessary criteria for the existence of equilibria in the all
ramp region are given in the next theorem.

Theorem 28. Let X = A7+ 7 be a system of form (3.1) such that all entries in column

1 of A are zero for some 1. If the reduced system X = A; T, has an equilibrium with all
7;(X7) <1, then all of the following hold:
Z) Liy = 0
i) if ai; # 0 for j # i, then r;j(X;) =0
iii) A;, is singular
Proof. At equilibrium, the i™ equation of A; 7, = 0 is
Clﬂ?“l(Xik) + aiQTQ(X;) + -+ L + -+ amrn(X:) = 0.

The a;j, r;(X}), and z;, are all non-negative; thus, the only way for the above equation to
hold is if each term is zero. Hence, x4, = 0 and ayr;(X;) = 0 for all j # 4. If a;; # 0 for
some j # i, then we must have r;(X7) = 0.

Since the i™ component of 7, is fixed at 1, any solution to A;,7;, = 0 will be an eigenvector

of A;, corresponding to the eigenvalue A = 0. Thus, A;, must be singular. O

Next, we look at the case where all column sums of A are zero. Necessary and sufficient
conditions for the existence of equilibria in the all ramp region in this case are given below.
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Theorem 29. Let X = A7+ 1 be a system of form (3.1) such that for all i, the i™ column
of A satisfies
ZCL]‘Z' = 0.

J
Then, the system has an equilibrium point in the all ramp region if and only if 25 = 0.

Proof. 1f the system has an equilibrium in the all ramp region, then we have

2= 2w =
at equilibrium. As each component of T 18 non—negatlve the sum of the components is zero
if and only if z;, = 0 for all <.

If 75 = 0, then finding equilibria in the system is equivalent to solving A7 = 0, which
always has at least the origin as an all ramp region solution. O]

Thus, when all columns sum to zero, equilibria in the all ramp region are possible if and

only if the system has the form X = A7, Whether this system has all ramp region equilibria
besides the origin depends on the eigenvectors of A corresponding to the eigenvalue A = 0; if
there is an eigenvector ¢ with all non-negative components, then any positive scalar multiple
of ¥ such that all components belong to [0,1) will be an equilibrium point in the all ramp
region. However, if it is only possible to have eigenvectors with a mix of positive and negative
components, the origin will be the system’s only equilibrium in the all ramp region.

Removing the restriction that all column sums are zero, we can examine when any singular

system of form X = A has an infinite number of equilibria in the all ramp region. In the next
theorem, we provide three cases that guarantee the existence of a non-negative eigenvector
for the eigenvalue A = 0, and thus more than the trivial all ramp region equilibrium.

Theorem 30. Let A be an n X n singular SRP matriz. If all rows of A sum to zero, or if
A has a column of zeros or two proportional non-zero columns, then A has an eigenvector v
corresponding to the eigenvalue X = 0 such that v > 0 componentwise.

Proof. If all row sums are zero, then we can take ¢ = 1 as our eigenvector. Meanwhile, if
the i*" column of A is zero, then we can choose ¥ with components v; = 1 and v; = 0 for all

J# i
Now, suppose that columns ¢ and j are non-zero with column j equalling column ¢
multiplied by the scalar —m. Then, we have
—aj; = —Mmaj

ag = (—=m)(—as).

Since columns ¢ and j are non-zero, it must be the case that —a; < 0 and —a;; < 0 by
Theorem 2 from section 2.2, while a;; and a;; must both be strictly positive in order for the
two equalities above to hold. As a result, the constant —m must be negative, and thus m > 0.
Hence, we can take ¥ to be the vector with v; = m, v; = 1, and v, = 0 for £ # 1, j. n
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We conjecture that the conclusion of Theorem 30 holds for any singular SRP matrix,

thus giving all singular systems X = A7 of form (3.1) with 25 = 0 infinitely many all ramp
region equilibria:

Conjecture 3. Let A be an n x n singular SRP matrix. Then, A has an eigenvector ¢
corresponding to the eigenvalue A = 0 such that ¥ > 0 componentwise.

3.3.3 Examples

We illustrate what we have discussed with a few examples of systems in n > 3 variables.

Example 17. Invertible 4 x 4 system with a unique equilibrium point
We consider the system

X -2 0 0 07 [r(X) 1/4

Y 2 =3 0 0| |r(Y) 1/4

21 7o 3 =1 o |m@]| |1y

W 0 0 1 —4f [rs(W) 1/4

The unique equilibrium point of the system is

r1(X™) /2 0 0 0 1/4 1/8
ro(Y™) /3 1/3 0 0 1/4 1/6
(2 1 1 1 0| |1/4]  |3/4]
ra(W™) /4 1/4 1/4 1/4] [1/4 1/4

which is in the all ramp region.

Example 18. Singular system with infinitely many equilibria
The system

X —3 0 0] [r(X) 0
Yi=11 0 0] |r(Y)|+]0
Z 1 0 =2| |rs(2) 1

has a column of zeros and a non-zero constant input vector. Thus, we can try putting the
system in the X = A;, 75, form described in Theorem 28. Doing this, we have to solve

-3 0 0 r(X7™)

1 0 0 1 =0

1 1 =2 |r3(Z27)
for equilibria. Solving the first two equations gives r1(X™) = 0, while the third equation

yields r3(Z*) = 1/2. Thus, we have infinitely many equilibria in the all ramp region, given
by (0,72(Y™) < 1,1/2).
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3.3.3.1 Adams Model

As mentioned at the beginning of this chapter, the Adams model without the SEL from (1.7)
is an SRP biochemical ramp system. Thus, we can solve for equilibria in the model using
the linear algebra techniques used throughout this chapter. Assuming K3 = Kj so that the

variable X3 is only associated with the ramp function 75, we can write system (1.7) in form
(3.1) as

Xl —ay 0 0 1 (Xl) Qo
X2 = aq —(CL3 + a5) 0 7"5(X2) + 0
X4 0 as —Qay 7”4(X4) 0

The 3 x 3 matrix here has a determinant of —ajay4(as + as), which is non-zero as the a;
for i > 0 were assumed to be positive. Thus, the matrix is invertible and equilibria of the

system will be given by r* = —A™1a,.
It can be verified that
'—al 0 0 7 - [ __1 0 0 ]
aj
—1 -1
— pr— O
“ (a5 +as) 0 as + as as + as ’
—das —as —1
ol O as —CL4_ _a4(a3 + CL5) CL4(CL3 -+ CL5) a, |
and thus
_ e - 1 1 - _ -
ri(X7) — 0 0 ag %
451 aq
1 1 Qo
X* = O =
T5< 2) az + as as + as 0 as + as
. as as 1 @oa3
ra(Xy) Las(as +as) aslas+as) as) L0 Las(as+as).

If this equilibrium point falls in the all ramp region, we can replace r1(X7), r5(X5), and
ro(X3) with X7/(2K7), X5 /(2K5), and X /(2K4) respectively. Then, our equilibrium point
is given by

2CL()K1 2(10K5

2 K
Xp= 2 X = X; = — e

aq as + (15’ 4 (I4(CL3 + CL5)’

which is exactly the solution we got in the («, o, @) subcase in section 1.4.1.1.

3.4 Stability and Flow in Two-Variable Systems

For this section, we return to two-variable systems of the form
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X —a b | |ri(X) xg
Y C —d T2 (Y) Yo
seen in (3.2). We will be looking at flow in these systems with the aim of determining
whether trajectories move toward equilibria or infinity. Our focus will be on examining
how trajectories flow between four regions (or “boxes”) of the non-negative quadrant of the
XY-plane. These regions are defined based on whether the ramp functions r; and ro (with
thresholds 26, and 265 respectively) are in their ramp or saturated regions. The four boxes
are illustrated in the figure below.

Y Saturated | Both Saturated

¥

[E¥]

All Ramp X Saturated

Figure 9: The four regions of phase space for two-variable systems
The boundaries of the regions are outlined in the next definition.
Definition 8. [Four Regions] The regions shown in Figure 9 are defined as follows:

e All Ramp Region
{(X,Y) : X €[0,26)),Y €[0,265)}
— {(X)Y) : r(X) €[0,1), (Y) €[0,1)}

e X Saturated Region
{(X,)Y) : X >26,,Y €[0,265)}
— {(X,Y) : r(X)=1,m(Y)€[0,1)}

e Y Saturated Region
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{(X)Y) : X €[0,26)),Y >26,}
= {(X)Y) : r(X) €[0,1), (V) =1}

e Both Saturated Region
{(X)Y) : X >20,,Y >20,}
= {(XY) (X)) =r(Y) =1}

The first thing we will note regarding flow in systems of the form (3.2) is that it is
impossible for trajectories that start in the non-negative quadrant to leave it. Along the
X-axis, Y = er(X) +1o > 0, and along the Y-axis, X = bry(Y) 4z > 0, so flow cannot be
directed below the X-axis or left of the Y-axis. Aside from this, however, the flow patterns
seen in two-variable systems vary, depending on certain properties which will be discussed
in the following sections.

3.4.1 Invertible Systems with Equilibria in the All Ramp Region

Here, we are concerned with systems of form (3.2) in which the 2 x 2 matrix A is invertible
(and thus a and d are positive), and an equilibrium point exists in the all ramp region (i.e.
ri(X*) < 1 and m(Y™) < 1). The Jacobian J of such a system at its equilibrium point is
equal to the SRP matrix A with each column multiplied by a positive scalar; hence, J is also
an invertible SRP matrix.

By Theorems 5 and 6 from section 2.2.1, the eigenvalues of J are real and negative. Thus,
the equilibrium in the all ramp region is asymptotically stable. Here, we want to show global
stability, namely that trajectories starting in one of the saturated boxes ultimately enter the
all ramp region.

3.4.1.1 Nullclines: Locations and Flow

An important part of the discussion here will be flow along or toward nullclines. The systems
examined in this section have their X nullcline given by
Lo

TI(X> - ;7 b =20
a x
ra(Y) = 67"1()() ?07 b # 0,
with their Y nullcline being
c
ro(Y) = Erl(X)—i—%.
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Since we have z(o < a and yy < d by Theorem 17 from section 3.2, these nullclines begin
in the all ramp region; the X nullcline (regardless of which formula is used) starts on the
X-axis at 71(X) = x¢/a (or equivalently, X = (20;x¢)/a), and the Y nullcline starts on the
Y-axis at ro(Y) = yo/d (i.e. Y = (262y0)/d). Each nullcline eventually enters (or “extends”
into) one of the three saturated regions. The saturated region a given nullcline extends into
depends on whether the ramp functions reach 1 at the same time, or whether one saturates
before the other. These different possibilities will be discussed shortly.

Another thing to note about the nullclines of the systems we will be studying here is
that they intersect exactly once. Back in section 3.2.1, we established the uniqueness of
an equilibrium point in the all ramp region of an invertible system. Thus, the X and Y
nullclines intersect only in the all ramp region, at the system’s sole equilibrium.

We now present several examples of invertible systems with an equilibrium in the all
ramp region, each illustrating a different possibility for nullcline extensions into saturated
regions.

Example 19. X saturated and Y saturated regions each have a nullcline
X (&1 (X)

The system
2 1 L[
Y 1 =4 [r(Y) 3/2
from Example 14 in section 3.2.3 has the unique equilibrium (ry(X™),72(Y™)) = (0.5,0.5).
The X nullcline of the system is 75(Y") = 27, (X)—1/2, on which falls the point (r,(X), r2(Y)) =
(3/4,1); thus, in the Y saturated region, X = 0 along the line 1 (X) = 3/4. Meanwhile, the

Y nullcline, given by r5(Y) = (1/4)r1(X) + 3/8, extends into the X saturated region; the
nullcline passes through (1,5/8), and thus Y = 0 along r5(Y) = 5/8 when X > 26;.

Example 20. Both nullclines in X saturated region
X —15 5 | |r(X)

In the system
12
. + ,
Y 5 =25 [r(Y) 7

the X nullcline is 75(Y") = 3r1(X) — 12/5 and the Y nullcline is 7o(Y") = (1/5)r(X) + 7/25.
The nullclines intersect in the all ramp region at (67/70,33/70). When r;(X) = 1, the X
nullcline becomes 75(Y) = 3/5 and the Y nullcline is ro(Y) = 12/25.

Example 21. Both saturated region is a nullcline
The X nullcline of the system

X
Y

-2 1
0 -2

T1 (X)
T’Q(Y)

1

+
1
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is 75(Y) = 2r(X) — 1. The point (1,1) falls on this nullcline, and thus X = 0 in the entire
both saturated box. The Y nullcline is simply the line 75(Y") = 1/2, which intersects the X
nullcline at 1 (X) = 3/4.

The nullclines of these systems are pictured in the following figure.

26,
¥ 2 HE ¥
J
0 26, 0 26,
X X
(a) Example 19 Nullclines (b) Example 20 Nullclines
20,
;o
0 2 H]

X
(c¢) Example 21 Nullclines

Figure 10: Several examples of nullcline extensions into saturated regions. The X nullcline
of each system is in red and the Y nullcline is in blue.

When discussing flow along nullclines in saturated regions, the following theorem will be

useful:

Theorem 31. Consider a system of form (3.2), in which ad — bc # 0 and an equilibrium
exists in the all ramp region. Then, along an X nullcline (Y nullcline) in a saturated region,

Y <0 (X <0).
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Proof. Since we have an equilibrium point in the all ramp region, we have the following
inequalities from Theorem 18 in section 3.2.1:

1. dzg+byg < ad — be <= dzg— ad < —b(c+ yo)

2. cxg+ayy < ad — bc <= cb+ crg < a(d — yo)

First, suppose we have an X nullcline in the X saturated or both saturated region. Then,
when r;(X) = 1 we have

X = —a+bry(Y) 4z = 0,
where ro(Y”) denotes the fixed value of r5(Y") along this nullcline extension. Note that b # 0
in this case. If we had b = 0, then
X:—a—i—xg:O = x9 = a.
However, by Theorem 17 we must have zy < a.

Solving for 7o (Y”), we get
a— Xy

’I"Q(Y/) = b .

Plugging this and r1(X) = 1 in the Y equation, we have
Y = (X)) —dra(Y) + o

= C—d(a_x())-i-yo

b
dro — ad
=c+——+1Y
b
—b(c+
< C—FW‘FM)

= 0.

Now, suppose the X nullcline extends into the Y saturated region. When ry(Y) = 1, we
have

X = —ary (X" +b+z9 = 0

b
— (X)) = Z“”O.

Then, the Y equation along this extended nullcline is

. b
YZC( +x0)—d+y0
a
b+
_c acxo_d+y0
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d_
< —a( . yO) —d+ y

= 0.
The case with Y nullclines in saturated regions and X < 0 can be shown similarly. [

In Examples 19-21, we showed three possible combinations regarding which saturated
regions the X and Y nullclines extend into. Theoretically, since each nullcline has three
possible saturated regions to extend into, there are nine different arrangements for nullclines
in saturated regions. However, in the case of an invertible system with an equilibrium in the
all ramp region, not all of these combinations are possible.

For instance, at most one nullcline can extend into the both saturated region. Otherwise,
the X and Y nullclines would completely overlap in that box, contradicting the fact that
their only intersection is at the equilibrium in the all ramp region. Additionally, if the
Y nullcline extends into the Y saturated or both saturated region, then the extended X
nullcline must be in the Y saturated region. From Theorem 31, X < 0 along a Y nullcline in
a saturated region, and we earlier established that X > 0 along the Y-axis. Since the vector
field is continuous, X cannot switch signs without passing through a nullcline first. Hence,
the X nullcline must extend into the Y saturated region, either along the Y-axis or as a line
in between the Y-axis and extended Y nullcline. Similarly, if the X nullcline extends into
the X saturated or both saturated region, then the Y nullcline extends into the X saturated
region.

These restrictions leave five possible arrangements for nullclines in saturated regions,
which are listed in Table 1.

X Nullcline Y Nullcline
Y saturated X saturated
X saturated X saturated
Y saturated Y saturated
Both saturated | X saturated
Y saturated | Both saturated

Table 1: The five possible ways in which the nullclines of invertible systems of form (3.2)
with equilibria in the all ramp region can extend into saturated regions.

3.4.1.2 Flow in Saturated Regions

Now, we are ready to examine flow patterns in the saturated regions of invertible systems
of form (3.2) with equilibria in the all ramp region. For each of the pairings listed in Table
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1, our goal will be to show that net flow will always be toward the all ramp region when
starting in any of the three saturated regions.

To determine the direction of flow, we will use the signs of the differential equations.
Thus, we will first deduce when X and Y are positive and negative. From (3.2), the X
equation

X = —ar(X) + bry(Y) + 20

is negative when 7 (X) > x¢/a (when b = 0) or when o < (a/b)r;(X) — x¢/b (b # 0), and
positive when these inequalities are reversed. For the equation

Y = cri(X) — dra(Y) + yo,

we have Y < 0 when ro(Y) > (¢/d)r1(X) + yo/d, and Y > 0 when this inequality goes the
other way. The signs for X and Y are summarized in the following two tables.

X <0 X >0
Zo Zo
b= X)>— X) <=2
0 7’1( ) > a 7’1( ) < 4
a X a X
b#0 | ra(Y) < pri(X) = | 1Y) > or(X) =

Table 2: Sign chart for the X equation in an invertible system of form (3.2) with all ramp
region equilibria.

Y <0 Y >0

ra(Y) < Sry(x) + 2

C
ro(Y) > Sry(X) + 22 - ;

d d

Table 3: Sign chart for the Y equation in an invertible system of form (3.2) with all ramp
region equilibria.

We now examine flow in saturated regions by considering each of the nullcline combina-
tions given in Table 1.

Case 1: X Nullcline in Y Saturated Region, Y Nullcline in X Saturated Region

By Table 3, Y < 0 in the Y saturated and both saturated boxes as they lie above the ¥
nullcline. Meanwhile, X = 0 along the X nullcline in the Y saturated region. If the X
nullcline is not the Y-axis, then to the left of the nullcline in the Y saturated box (i.e.
decreasing 71 (X)), X > 0 by Table 2 (either b case). If we are to the right of the X nullcline
in the Y saturated or both saturated region, X < 0.
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Hence, in the Y saturated region, flow is right-downward to the left of the X nullcline
(if said nullcline is not the Y-axis), straight downward along the X nullcline, and then left-
downward to the right of the X nullcline. In the both saturated region, flow is left-downward.
Thus, if a trajectory begins in the Y saturated or both saturated region, it will head towards
the all ramp or X saturated region.

In the X saturated region, X will always be negative as we are to the right of the
X nullcline (large r1(X)). According to Table 3, Y will be negative when above the Y
nullcline and positive when below it (if said nullcline is not the X-axis). Thus, flow above
the Y nullcline will be directed left-downward, then directed strictly to the left along the
Y nullcline, and then if there is area below the Y nullcline, flow will be left-upward. As a
result, flow in the X saturated region will be toward the Y nullcline, where movement is
then straight into the all ramp region.

Thus, any trajectory starting in a saturated region must eventually enter the all ramp
region. This flow pattern is visualized in Figure 11. The vector field shown is that of the
system in Example 19 and, like all of the vector fields we will present here, was made using
Maple.
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Figure 11: Flow pattern in invertible systems of form (3.2) with equilibria in the all ramp
region whose X nullcline extends into the Y saturated region and Y nullcline extends in
the X saturated region.

Case 2: Both Nullclines in X Saturated Region
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In the Y saturated and both saturated regions, we are above both nullclines. By Tables 2
and 3 (with the b # 0 case for X by the proof of Theorem 31), we have X > 0 and Y < 0
in these boxes. Hence, flow will be right-downward, eventually entering either the all ramp
or X saturated region.

The X nullcline must be located above the Y nullcline in the X saturated box. We know
that Y < 0 along the X nullcline by Theorem 31, while Y > 0 on the X-axis. By continuity
of the vector field, the Y nullcline must therefore lie below the X nullcline.

Thus, in the X saturated region, flow will continue to be right-downward when above the
X nullcline, and then straight downward along the nullcline. Between the two nullclines, X
will become negative like Y, resulting in left-downward flow toward the Y nullcline, where
flow is to the left and into the all ramp region. If the Y nullcline is not the X-axis, then
Y > 0 below the Y nullcline, resulting in left-upward flow toward the Y nullcline and into
the all ramp region.

Once again, trajectories starting in saturated regions ultimately move into the all ramp
region. The flow pattern for this case, using the vector field of Example 20, is shown in the

next figure.
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Figure 12: Flow pattern in invertible systems of form (3.2) with equilibria in the all ramp
region whose X and Y nullclines both extend into the X saturated region.

The case from Table 1 in which both nullclines extend into the Y saturated region can
be handled similarly.

Case 3: X Nullcline in Both Saturated Region, Y Nullcline in X Saturated Region
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The Y saturated region is above the Y nullcline and above and to the left of the X nullcline,
meaning that ¥ < 0 and X > 0 by Tables 2 and 3 (again, we have b # 0 in this case). As
a result, flow is right-downward toward another box. Then, since the entire both saturated
region is an X nullcline, Y < 0 in the entire box by Theorem 31. Hence, flow in the both
saturated region is straight downward into the X saturated region.

We are below the X nullcline in the X saturated region, and thus X < 0 by Table
2. Above the Y nullcline, Y will remain negative. If the Y nullcline is above the X-axis,
Y will be positive below its nullcline. Thus, flow in the X saturated region will be left-
downward above the Y nullcline, straight left along the Y nullcline, and left-upward in the
area below the Y nullcline if said area exists. Hence, flow will be toward the Y nullcline,
where movement is then into the all ramp region.

As in the previous cases, if a trajectory starts in a saturated region, it will enter the all
ramp region in the end. Figure 13 displays the flow pattern discussed here, with the vector
field of the system from Example 21.
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Figure 13: Flow pattern in invertible systems of form (3.2) with equilibria in the all ramp
region whose X nullcline extends into the both saturated region and Y nullcline extends
into the X saturated region.

The final case listed in Table 1, in which the Y nullcline extends into the both saturated
region and the X nullcline into the Y saturated region, is similar.

In every case, we have found that in an invertible system of form (3.2) with an (asymp-
totically stable) equilibrium point in the all ramp region, trajectories starting outside the all
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ramp region must eventually enter it. Thus, we have the following:

Theorem 32. Consider a system of form (3.2), in which ad — be # 0 and an equilibrium
exists in the all ramp region. Then, this equilibrium is globally stable.

3.4.2 Singular Systems with Equilibria in the All Ramp Region

We will now consider systems of form (3.2) in which equilibria exist in the all ramp region,
but the matrix A is singular. From section 3.2.2, all ramp region equilibria in singular two-
variable systems are not unique; if equilibrium points are possible in the all ramp region, a
singular system will have infinitely many such points. As we will see in this section, these
systems will also have infinitely many equilibrium points in one of the saturated regions.

Since A is a singular SRP matrix, the Jacobian of the system in the all ramp region is also
a singular SRP matrix. Hence, the Jacobian has a zero eigenvalue, and so the asymptotic
stability of all ramp region equilibria seen in the invertible case is absent here.

Our discussion here will be divided into the same two cases we covered in section 3.2.2.

Casel: c=a#0and b=d#0

By Theorem 20, a singular system of this type with equilibria in the all ramp region must
have the form

X e d | r(X)
Y B a —d TQ(Y)
As a result, the X and Y nullclines of the system are identical, given by
a
T2 (Y) = 37’1 (X) .

Every point on this nullcline, regardless if in the all ramp or a saturated region, is an
equilibrium point. The saturated region the nullcline extends into depends on a and d. If
a < d, the nullcline extends into the X saturated region as the line ro(Y) = a/d; if a > d, we
get an extension into the Y saturated region along 1 (X) = d/a; and if a = d, the nullcline
becomes r9(Y) = r1(X) and extends into the both saturated region.

The following table summarizes where X and Y are positive and negative:

X <0 X >0 Y <0 Y >0
a a a a
TQ(Y) < ETI(X) T‘2(Y> > ETl(X) T’Q(Y) > erl(X) T’Q(Y) < Erl(X)

Table 4: Sign chart for the X and Y equations in a singular system of form (3.2) with all
ramp region equilibria and no columns of zeros.
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Table 4 tells us that regardless of whether we are in the all ramp or a saturated region,
when we are above or to the left of the nullcline, flow is right-downward toward the nullcline,
while if we are below or to the right of the nullcline, flow is left-upward toward the nullcline.

Flow patterns for the a < d, a > d, and a = d cases are visualized in the vector fields

provided in the following
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Figure 14: Flow patterns in singular systems of form (3.2) with equilibria in the all ramp
region and no columns of zeros. Nullclines (equilibria) are shown in purple.

Notice how in all three cases in Figure 14, flow is always to a point on the nullcline (i.e.
an equilibrium point). However, trajectories starting at different points on the plane can go
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to different equilibria, and trajectories can move toward equilibria in saturated regions.

Case 2: A has a column of zeros

Like we did in section 3.2.2, we will assume the second column of A is zero (b = d = 0), with
a > 0. Then, we have the cases ¢ = 0 and ¢ # 0 to consider.

e If ¢ = 0 and equilibria exist in the all ramp region, by Theorem 21 the system must
have the form

X _|—a 0] {ri(X) N To
Y |0 0] ]|r(Y) 0’
with o < a. The X nullcline is given by
Lo
X) = —
n(X) = —,

which extends into the Y saturated region. Meanwhile, Y =0 everywhere. As a result,
flow in this case is rather simple; if the X nullcline is not the Y-axis, then to the left
of the X nullcline (r(X) < 2¢/a), X > 0 and flow is to the right, while to the right of
the X nullcline (r(X) > zo/a), X < 0 and flow is to the left. Thus, flow is directed
toward equilibria on the X nullcline, in either the all ramp or Y saturated region.

e If ¢ # 0, the system has the form
X
Y

—a 0
¢ 0

r1(X)
TQ(Y)

by Theorem 21. Both nullclines of the system are given by
(&1 (X) = 0,

which is the Y-axis. As r1(X) increases, the X equation becomes negative while ¥
becomes positive. Hence, whenever r1(X) > 0, the vector field in all four regions will
be pointing in the left-upward direction. Trajectories will thus always head toward
equilibria on the Y-axis, in either the all ramp or Y saturated region.

Vector fields showing flow in both the ¢ = 0 and ¢ # 0 cases are provided in Figure 15
on the next page.
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Figure 15: Flow patterns in singular systems of form (3.2) with equilibria in the all ramp
region and zeros in column two. Lines of equilibria are shown in red.

Overall, trajectories in singular systems of form (3.2) with equilibria in the all ramp region
will move toward equilibria. However, with entire lines or regions of equilibria possible in
these systems, flow is not toward one equilibrium point in particular. Trajectories with
different initial positions can have very different final destinations. Additionally, flow is not
guaranteed to be toward the all ramp region; as shown by Figures 14 and 15, trajectories can
be directed to equilibria in saturated regions. Thus, the global stability seen in the invertible
case is not present here.

3.4.3 Invertible Systems with Equilibria in Saturated Regions

We will briefly touch on invertible systems of form (3.2) in which equilibria exist in saturated
regions, i.e. equilibria (r;(X™), (Y ™)) such that one ramp function is at 1, with the other
at or below 1. This occurs when the equilibrium solution

(X9 1 dxo + byo
r(Y*) | ad — be |exg + ayo

from the proof of Theorem 18 from section 3.2.1 satisfies dzy + byy < ad — bc and cxg+ ayg <
ad — be, with equality holding in at least one of these.

We will only be considering the xy < a and yy < d case here. These inequalities mean
that the X and Y nullclines start in the all ramp region, on the X-axis at m(X) = zo/a
and the Y-axis at 75(Y") = yo/d respectively. The nullclines intersect for the first time at the
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boundary of a saturated region, where they merge and extend into that saturated region as
one nullcline of infinitely many equilibrium points. Note that in the all ramp region, the Y
nullcline must always be located above the X nullcline, to ensure an intersection does not
occur until the boundary of a saturated region is reached.

The merged nullcline can extend into any of the three saturated regions. Examples of all
three possibilities are provided below.

Example 22. Invertible systems with equilibria in saturated regions
In the system

X
Y

-5 2
1 =2

r1(X)
TQ(Y)

4

+
0

Y

equilibria occur along (r1(X™),ro(Y™)) = (1,1/2), a line in the X saturated region. Moving
the coefficients of this system around, we get

X
Y

-2 1
2 =5

0
4

r1(X™)

T’Q(Y*) *

Y

which has equilibria (r1(X™),m2(Y™)) = (1/2,1) in the Y saturated region. Finally, the
system

reaches equilibrium at (r1(X™),r2(Y™*)) = (1, 1), the both saturated region.

The sign charts displayed in Tables 2 and 3 in section 3.4.1.2 are accurate for the invertible
systems we are interested in here, and thus will be used when discussing flow. To facilitate
our discussion of flow, we will also use the fact that the nullclines of the systems of interest
divide the non-negative quadrant into three distinct subregions with easily characterizable
flow patterns. The nullclines of systems with all three possible equilibria locations, based on
the systems in Example 22, are pictured in the figure on the next page. In each image, the
subregions the nullclines divide the plane into are labelled Uy, Us,, and Us.
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Figure 16: Nullclines of invertible systems of form (3.2) in which equilibria are located in

saturated regions, g < a, and yy < d dividing phase space into three subregions, Uy, Us,,
and Usz. Red lines are X nullclines, blue lines are Y nullclines, and equilibria are shown in

light purple.
The subregions shown in Figure 16 can be described as follows:

e Subregion U; encompasses the area above and to the left of all nullclines. Notice how
U, can include different parts of the four main regions depending on nullcline locations.
For instance, U; includes part of the all ramp region in both Figures 16(b) and (c), but
in (b) only the portion of the Y saturated region to the left of the extended nullcline
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is included, whereas the entire Y saturated region belongs to U; in (c¢). Meanwhile, U;
consists of area from all four regions in (a).

e Subregion U, is the part of the all ramp region that lies in between the X and Y
nullclines.

e Subregion Uj is the area below and to the right of all nullclines. Like U;, which, if
any, parts of the four main regions belong to Us depend on the arrangement of the
nullclines in the plane.

Using Tables 2 and 3, we then have the following flow patterns:

e In subregion U;, being above and to the left of all nullclines means that X > 0 and
Y < 0. Hence, flow is right-downward, heading toward either equilibria or the Y
nullcline in the all ramp region. Since we have not crossed the X nullcline yet, X is
still positive on the Y nullcline, resulting in rightward flow into Us.

e Subregion U, is located below the Y nullcline and above the X nullcline. Thus, X is
again positive, with Y also becoming greater than zero. Flow is therefore right-upward,
channelled toward the equilibrium point at the saturated region boundary where the
nullclines meet.

e With subregion Us lying below and to the right of all nullclines, we have X < 0 and
Y > 0. Thus, flow is left-upward, resulting in movement toward equilibria or the X
nullcline in the all ramp region. The Y equation is positive along the X nullcline,
which means flow is upward into U,, where movement is then toward an equilibrium
point.

Thus, any trajectory in an invertible system of form (3.2) with equilibria in saturated
regions and zy < a and yy < d will ultimately move toward an equilibrium point. However,
similar to what we saw in the previous section with singular systems, trajectories starting
at different points on the plane can move toward different equilibria.

The vector fields of the systems from Example 22 are provided in the next figure.
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Figure 17: Flow patterns in invertible systems of form (3.2) with equilibria in saturated
regions and g < a and yy < d. Red lines are X nullclines and blue lines are Y nullclines.
Equilibria are shown in light purple.

3.4.4 Systems with no Equilibria

Finally, we will look at systems of form (3.2) that do not have equilibria, with the goal of
showing that at least one variable must go to infinity over time. A system fails to have
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equilibria due to one of two reasons:

1.) the X and Y nullclines never intersect

2.) one or both nullclines does not exist

We will consider both of these reasons, starting with the case where the system is missing
one or both nullclines.

3.4.4.1 Non-Existence of Nullclines

The nullcline associated with a variable in a system of form (3.2) fails to exist when the
variable’s corresponding differential equation can only equal zero when one or both ramp
functions take values outside their [0, 1] range. For instance, suppose we had a system with
the Y equation

Y = Tl(X) — TQ(Y) + 3.

Setting Y = 0, we get
ro(Y) = ri(X)+3

as the Y nullcline. However, for any ri(X) € [0, 1], we have ro(Y) > 3, which is impossible.
Thus, Y can never be zero.

It is easy to verify that the Y equation above is always positive. In fact, this will always
be the case when a variable’s nullcline does not exist; if Y = ¢y (X) — dry(Y) + yo is never
zero, then at the origin Y = y, must be strictly positive, and Y cannot change signs without
first passing through a Y nullcline by continuity of the vector field. The same applies to X.

Thus, when a variable’s nullcline does not exist, the associated differential equation will
always be positive. As a result, that variable will go to infinity over time. To determine
whether or not nullclines exists in a system of form (3.2), we only need to compare the input
terms xg and yo to a and d, as shown by the theorem below.

Theorem 33. Consider a system of form (3.2). The system lacks an X nullcline (Y null-
cline) if and only if xog > a (yo > d).

Proof. Suppose the system does not have an X nullcline. Then, from our discussion above,
we know that

X = —ar(X) +bry(Y) + 25 > 0

for any values that r; and ro can take. In particular, when (X ) =1 and r5(Y") = 0,
X = —a+ o > 0

— Iy > Q.

Now, suppose that zg > a. Then for any values of 7 (X) and ro(Y),
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X = —ar(X) +bry(Y) + 20
(X)+br(Y)+a
a(l —r (X)) + bra(Y)
0.

\
|
S
3
—

v

Since X is always positive, the X nullcline does not exist.
The case with the Y nullcline and yy > d is similar. O]

Any system of form (3.2) satisfying the above theorem will lack at least one nullcline,
and thus will have a variable that blows up to infinity. In the next few sections, we will shift
focus to systems in which equilibria are not present, but both nullclines are (i.e. zo < a and
Yo < d).

3.4.4.2 Invertible Systems with Nullclines and no Equilibria

We consider the case in which the 2 x 2 matrix from (3.2) is invertible first. An invertible
system fails to have equilibria when the “theoretical” equilibrium solution

T1 (X*) . ]_ dlL‘O —I— byo
r(Y*) | ad — be |cxg + ayo

from the Theorem 18 proof in section 3.2.1 satisfies at least one of

dxo + byy > ad — bc

cxrg+ ayp > ad — be,

resulting in the impossible equilibrium values 71 (X™*) > 1 and/or r5(Y™) > 1. Note that
since ad — bc > 0 by Corollary 1 from section 2.2.2; the theoretical equilibrium will never
have negative components.

Once again, when determining flow patterns we will need to establish what flow along
nullclines is like. For this, we have a theorem analogous to Theorem 31:

Theorem 34. Consider a system of form (3.2), in which ad —bc # 0, xo < a, and yo < d.
If dxo + byy > ad — be, then X > 0 along the Y nullcline and Y > 0 along the X nullcline.
The same conclusion holds if cxg + ayy > ad — be.

Proof. If dxy + byy > ad — be, then we must have b # 0. Otherwise, given zy < a we would
have

drg+ by = drg < ad = ad — be,

a contradiction. Hence, the nullclines of the system are as follows:

X nullcline: ro(Y) = %7‘1()() — %
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Y nullcline: ro(Y) = C—CZrl(X)+%O

Then, along the Y nullcline we have

X = —arl(X)+b<§r1(X)+%> + xg
dxo + byo

(#)“MH d

while along the X nullcline,
Y = er(X)—d ( r(X >+yo

—ad + bc> dZL'() + byo

(=
( ad+bc> ad—bc
(

>
The cxg + ayy > ad — be case is similar. Note that this case implies ¢ # 0. [

Unlike Theorem 31, which only dealt with nullcline flow in saturated regions, the results
of Theorem 34 above apply to nullclines in both saturated regions and the all ramp region.
That is, in an invertible system with both nullclines and no equilibria, at any given point on
the Y nullcline (X nullcline), X (V) is guaranteed to be positive.

When looking at flow in the systems of interest here, there are slight differences that
depend on whether one or both of the theoretical r;(X™) and ro(Y™) values calculated in the
Theorem 18 proof are greater than 1. We will consider the case with both pseudo-equilibrium
components greater than 1 first.

Clarifying note: Here, we are not saying that it is actually possible to have r(X™) > 1 or
ro(Y™) > 1. We are studying systems that do not have equilibria because solving for possible
equilibria produces a “solution” satisfying one or both of these impossible inequalities.

Both components greater than 1

When both components of the theoretical equilibrium exceed 1, both of dzy+byy > ad—bc
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and czg + ayg > ad — bc hold. By the proof of Theorem 34, we have b # 0 and ¢ # 0, and
the nullclines are thus given by:

X nullcline: ro(Y) = %rl(X) — %
e _ ¢ Yo
Y nullcline: ro(Y) = C_ZTI(X>+E

In the non-negative quadrant, these nullclines start on the Y-axis (Y nullcline) or the X-
axis (X nullcline) and extend into one of the saturated boxes. However, just as was the case
for invertible systems with equilibria in the all ramp region, there are restrictions regarding
which of the nine nullcline extension combinations are possible. These restrictions ensure
that, since we have no equilibria, the nullclines never intersect.

For instance, if the X nullcline extends into the Y or both saturated region, then the Y
nullcline must extend into the Y saturated region to the left of the extended X nullcline.
This can be seen geometrically; the X nullcline in this case would resemble those shown in
Figure 10(a) and (c), and so the only way a Y nullcline can go from the Y-axis to a saturated
region without intersecting the X nullcline is if it extends to the left of the X nullcline and
into the Y saturated box. Similarly, if the Y nullcline extends into the X or both saturated
region, the X nullcline must extend below the Y nullcline and into the X saturated region.

With these restrictions, we have five possibilities regarding nullcline extensions:

X Nulleline Y Nullcline

X saturated
Y saturated
X saturated

X saturated
Y saturated
Both saturated

Y saturated
Y saturated

Both saturated
X saturated

Table 5: The five possible ways in which the nullclines of invertible systems of form (3.2)
with no equilibria can extend into saturated regions.

Our study of flow will focus on three of the pairings listed in Table 5:
1.) Both nullclines extend into the X saturated region

2.) Y nullcline extends into the both saturated region, X nullcline extends into the X
saturated region

3.) X nullcline extends into the X saturated region, ¥ nullcline extends into the Y satu-
rated region

The case in which both nullclines extend into the Y saturated region and the case with
the X nullcline extended into the both saturated region are similar to 1.) and 2.) above
respectively.
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Like in the section on invertible systems with equilibria in saturated regions, the three
nullcline pairings listed above divide the non-negative quadrant into Uy, Us, and Us subre-
gions with distinct flow patterns. The nullclines and the labelled subregions are shown in
Figure 18.

Ul U[
28 2
¥l y 2%
7 7 U U
Ug / U3 A / 3
0 26, 0 26,
X X
(a) Both nullclines in X saturated (b) Y nullcline in both saturated
region region
|I:)Ill
¥ 26,
UE UE
0 26,
X

(¢) X nullcline in X saturated
region, Y nullcline in Y saturated
region

Figure 18: Nullclines of invertible systems of form (3.2) with no equilibria and theoretical
equilibria 7 (X™) > 1 and m(Y™) > 1 dividing phase space into three subregions, Uy, Us,
and Usz. Red lines are X nullclines, blue lines are Y nullclines

The three subregions are similar to their Figure 16 counterparts: U, is the area above
and to the left of both nullclines, U, is the area between the two nullclines, and Us is the

112



area below and to the right of the nullclines. Note that since we can have xqg = a or yg = d
in these systems, it is possible for U; and Us to have zero area. For example, if

Y = r(X) —ro(Y) +1,
then the Y nullcline is
ro(Y) = m(X) + 1.
This nullcline only exists on the portion of the Y-axis that falls in the Y saturated region,
and thus no U; subregion exists.

Tables 2 and 3 from section 3.4.1.2 are still relevant in this case, and hence flow in each
of the subregions will be similar to what was seen in Figure 17:

e If the system has a U subregion, flow will be right-downward toward the Y nullcline.
By Theorem 34, X > 0 at any point on the Y nullcline, resulting in rightward flow.

e Both differential equations are positive in Us, meanining that flow is right-upward.

e The X equation is negative in subregion Us, if it exists, while Y > 0. Thus, flow is
left-upward toward the X nullcline, where movement is straight upward.

These flow patterns will result in at least one variable going to infinity. In the case where
the X nullcline extends into the X saturated region and the Y nullcline into the Y saturated
region, as in Figure 18(c), trajectories starting in subregions U; or Us or on either nullcline
will be directed into U, where right-upward flow pushes both variables to infinity. In (a)
and (b), however, only X will go to infinity; any trajectory is ultimately guided toward the
extended Y nullcline, on which movement is strictly to the right.

We now provide examples of systems with the nullcline arrangements shown in Figure
18, along with their vector fields.

Example 23. Both nullclines in the X saturated region
X —1 1| X

Consider the system
N 1/2
Y 11/20 —1| |rao(Y) 1/4)’

which has a theoretical equilibrium point of (r1(X™),r2(Y™)) = (5/3,7/6). The nullclines of
this system are

X nullcline: ro(Y) = ri(X) —1/2
Y nullcline: ro(Y) = (11/20)r(X) + 1/4,
which extend into the X saturated region as the lines r5(Y) = 1/2 (X nullcline) and ro(Y) =
4/5 (Y nullcline).
The vector field of this system in shown below, with the X nullcline in red and the Y

nullcline in blue. Flow is toward the Y nullcline in the X saturated region, where rightward
flow causes X to go to infinity.
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Figure 19: Flow pattern in invertible systems of form (3.2) with no equilibria and both
nullclines extended into the X saturated region.

Example 24. X nullcline in the X saturated region, Y nullcline in the both sat-

urated region
1/2
+ / ,
[9/20]

a system with the same X nullcline as the previous example and a Y nullcline given by

Changing the y, value of the previous system, we get
X —1 1| [nX)
Y 11/20 —1| |re(Y)

The point (r1(X),r2(Y)) = (1,1) falls on the Y nullcline, and thus the Y nullcline extends
into the both saturated box. If this system had an equilibrium, it would be (r;(X™),r2(Y™)) =
(19/9,29/18).

Figure 20 displays the vector field for this system. Movement is toward the both saturated
region, where flow is then to the right, causing X to blow up to infinity.
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Figure 20: Flow pattern in invertible systems of form (3.2) with no equilibria and the X
nullcline extended into the X saturated region and the Y nullcline extended into the both
saturated region.

Example 25. X nullcline in the X saturated region, Y nullcline in the Y saturated
region

Finally, increasing yo to 3/4 results in the system

X ~1 1| [nX)
Y 11720 —1| |[ro(Y)

1/2
3/4

_|_

The Y nullcline is
ro(Y) = (11/20)r1(X) + 3/4,

which becomes 71(X) = 5/11 in the Y saturated region. The theoretical equilibrium point
in this case is (r1(X™),r2(Y™)) = (25/9,41/18).

Once again, this system’s vector field is shown on the next page. This time, flow is away
from both nullclines, resulting in both variables going to infinity.
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Figure 21: Flow pattern in invertible systems of form (3.2) with no equilibria and the X
nullcline extended into the X saturated region and the Y nullcline extended into the Y
saturated region.

One component greater than 1

Now, we look at flow in invertible systems in which just one component of the theoretical
equilibrium solution from Theorem 18 is greater than 1. WLOG, we will assume the case
r1(X*) > 1 and ro(Y™) < 1, which we have if and only if dzo + byy > ad — bc and czy + ayy <
ad — bc. Remember that these are theoretical equilibrium values calculated as done in the
proof of Theorem 18, and that we cannot actually have r1(X™) > 1. Once again, this gives
us the nullclines

X nullcline: ro(Y) = %rl(X) — %
; ¢ Yo
Y nullcline: ro(Y) = C—Zrl(X)jLE

When it comes to nullcline extensions, possibilities are very limited. If ro(Y™) < 1,
then both nullclines must extend into the X saturated region. A theoretical equilibrium
of (ri(X™) > 1,7(Y™) < 1) means that if the ramp functions were allowed to take values
greater than 1, the nullclines would eventually intersect at a point in which r (X™) > 1,
but ro(Y™) is still less than 1. Thus, the nullclines must reach the line 7(X) = 1 when
T9 (Y) < 1.

As discussed in the previous section, the Y nullcline must be situated above the X
nullcline to avoid an intersection. Thus, when ro(Y™) < 1, the system’s nullclines resemble

116



those shown in Figure 18(a), and divide phase space into the same three Uy, Us, and Us
subregions. By Theorem 34 and the sign charts from Tables 2 and 3, the system has the
flow pattern seen in Figure 19, with X going to infinity over time.

If 7o(Y™) = 1, the X nullcline still extends into the X saturated region, as does the Y
nullcline in most instances, resulting in the same flow pattern as ro(Y™*) < 1. However, a
slightly different pattern is possible in a special case that allows the Y nullcline to extend
elsewhere. To have the Y nullcline extend into a saturated region other than the X saturated

region, we need
¢ Yo
V) = Srxy o o
ra(Y) q 1(X) + P
to contain a point (r;(X) < 1,ry(Y) = 1), meaning that r5(Y") must reach 1 before or at the
same time 71 (X)) does. If the ramp functions could take values greater than 1, the theoretical
equilibrium solution (r1(X™) > 1,72(Y™) = 1) would also have to fall on the Y nullcline. The

only way both of these are possible is if ¢ = 0, and consequently, yo = d.

Thus, this special case gives us the Y equation
Y = —dry(Y) +d,

with Y nullcline 75(Y) = 1. This nullcline consists of the entire Y saturated and both
saturated regions. With the X nullcline extended into the X saturated region, we have a
nullcline setup similar to those seen in Figure 18, but with no U; subregion. Trajectories
starting on the X nullcline or subregions U, or Us will move toward the Y nullcline on the
upper half of the non-negative quadrant, where rightward flow pushes X to infinity.

An example illustrating this special case is provided below.
Example 26. Special case c =0 and yo =d

-1 1 1/2
O]

has the theoretical equilibrium point (r1(X™),r2(Y™)) = (3/2,1). The X nullcline ro(Y') =
r1(X) — 1/2 extends into the X saturated region. The Y nullcline is r5(Y") = 1, consisting
of the Y saturated and both saturated boxes.

The system
X
Y

r1(X)
9 (Y)

The following figure shows this system’s vector field. The direction of flow is toward the
Y nullcline, where movement is straight rightward, resulting in X going to infinity over time.
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Figure 22: Flow pattern in invertible systems of form (3.2) with no equilibria and the X
nullcline extended into the X saturated region and the Y nullcline consisting of the entire
Y saturated and both saturated regions.

3.4.4.3 Singular Systems with Nullclines and no Equilibria

Finally, we study flow in singular systems of form (3.2) that have both nullclines, but no
equilibria. Again, we will consider the two cases from section 3.2.2 explaining why the 2 x 2

matrix A is singular.

Case l: c=a#0and b=d#0

The system has the form

e _|ma d] r1(X) N Zo

Vol —df [n0M] " [w]
with zop < a and yo < d and nullclines

X nullcline: ro(Y) = %rl(X) — %

Y nullcline: ro(Y) = %7‘1()()4-%

These nullclines intersect if and only if o = yo = 0. Since we are interested in the case in
which equilibria do not exist, at least one of gy and yo must be positive, i.e. xg+ yo > 0.
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With no equilibria, flow patterns here will be similar to those in invertible systems with
nullclines and no equilibria. The signs of X and Y still follow Tables 2 and 3 from section
3.4.1.2, and with nullclines that cannot intersect, only the five extension combinations listed
in Table 5 are possible. Flow along nullclines is the same as in systems that satisfy Theorem
34; along the Y nullcline, we have

X = —ar(X) + d(grl(X) + %) + o
= Zo+ Yo
> 0,
and along the X nullcline,
Vo= an(X) = d(5n(X) = ) + o
= o+ Yo
> 0.

Thus, a singular system of this form will have a flow pattern resembling that of an
invertible system with no equilibria and one of the nullcline arrangements from Table 5 in
section 3.4.4.2, with the result that at least one variable goes to infinity over time.

Case 2: A has a column of zeros

As usual, we assume that the second column is zero, giving us the system
X —a 0f [m(X) Zo

. + .

Y & 0 TQ(Y) Yo

The X nullcline is 71(X) = zo/a, with X > 0 when r(X) < zo/a and (if 2o < a) X <0
when 7 (X) > z¢/a.

o If ¢ = 0, then Y = y5. We do not want yo = 0 here, since then every point on the
X nullcline would be an equilibrium for the system. However, if yo > 0, there is no
Y nullcline and Y grows without bound. Hence, the ¢ = 0 case is notable in that
existence of both nullclines always results in the existence of equilibria, and absence of
equilibria requires the absence of at least one of the nullclines.

e If ¢ # 0, then the Y nullcline is given by r1(X) = —yo/c. This only makes sense if
yo = 0, resulting in the Y nullcline being the Y-axis. For any r(X) > 0, Y will be
positive. To avoid a nullcline intersection, we must have zy > 0, placing the X nullcline
to the right of the Y-axis.

Thus, flow along the Y-axis will be rightward, then right-upward in the region between
the Y-axis and the X nullcline. If zy < a, there is a region to the right of the X
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nullcline, where flow is left-upward. Hence, flow is toward the X nullcline, along which

flow is straight upward, resulting in Y going to infinity.

An example of a system with this flow pattern is shown below.

Example 27. Column of zeros with ¢ # 0 and yo =0

Consider the system

shown in Figure 23.

X
Y

-5 0
1 0

S .
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T (X)
9 (Y)
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Both nullclines are vertical lines, given by r(X) = 4/5 for the X nullcline and r(X) =0
for the Y nullcline. Equilibria are not possible in this system. The system’s vector field is
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Figure 23: Flow pattern in singular systems of form (3.2) with no equilibria, zeros in
column two, ¢ # 0, and yy = 0. The X nullcline is in red and the Y nullcline is in blue.

3.4.4.4 Conclusion

Our study of flow in two-variable systems with no equilibria has shown that at least one
variable must go to infinity, regardless of whether the system’s 2 x 2 matrix is invertible or
singular. Thus, we have the following:
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Theorem 35. Consider a system of form (3.2) that does not have any equilibria. Then, at
least one variable will go to infinity over time.

3.5 Flow in n-Variable Systems

Here, we discuss flow in systems of form

X = A7+ 7
from (3.1) with n > 2 variables in general. Since flow is much more complex in higher
dimensional systems, the discussion will be brief in comparison to the two-variable case.

We begin by defining the regions (or boxes) trajectories can flow between in the non-
negative orthant, the equivalent of the four regions of two-variable systems seen in Figure 9
and defined in Definition 8 back in section 3.4. Since each of the n ramp functions has two
possible states, namely being in its ramp region or being in its saturated region, phase space
is divided into 2" regions. One of these is the all ramp region, while the remaining 2" — 1
are saturated regions. The boundaries of these regions are given below in Definition 9.

Definition 9. [2" Regions] Let X = A7 + 1 be a system of form (3.1) with n variables
X1, Xs, ..., X,, and corresponding ramp functions ry, 79, ..., 7, with thesholds 26, 26, ..., 260,
respectively. Then, the 2" regions of phase space are defined as follows:

e All Ramp Region
{(X1,X5,...,X,) : X;€[0,20,) Vi=1,2,...,n}
= {(X1,Xs,...,X,) : 1(X3) €[0,1) Vi=1,2,...,n}

e All Saturated Region
{(X17X27...,Xn) : Xz Z 261 Vi= 1,2,...,”}
<~ {(Xl,XQ,...,Xn) : T2<Xz) =1Vi= 1,2,...,77,}
For the other saturated regions, where some but not all of the ramp functions are in

their saturated regions, consider a non-empty subset { Xy, , Xp,, ..., Xp,, } of {X1, Xo, ..., Xy}
where m < n. Letting B = {by,b,...,b,}, we have the

o Xp, Xp, ... Xp, Saturated Region
{(Xl,XQ,...,Xn) : Xz Z 297, Vi S B, Xj S [0,29]) VJ g_ﬁ B}
— {(X1,Xs,...,X,) : 1i(Xy) =1Vie B, rj(X;)€[0,1) Vj ¢ B}
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We now present a few theorems describing flow in n-variable systems, starting with the
n-dimensional equivalent of Theorem 33 from section 3.4.4.1. For this, we use the fact that
if the X; nullcline does not exist, then X; is always positive; similar to the two-variable case,
at the origin X; = x;, must be positive, and X, can only change signs after passing through
an X; nullcline because the vector field is continuous.

Theorem 36. Consider a system of form (3.1). The system lacks an X; nullcline if and
only if x;, > a;.
Proof. If the system lacks an X; nullcline, then when ;(X;) =1 and r;(X;) = 0Vj # 1,
XZ' = —aii+$i0 > 0
— L > Q.
If Tiy > Qy, then
Xi = Zaijrj(Xj) — CLzzT’z(Xl> -+ L

J#i
> Z aijri(X;) — ayri(X;) + a4
J#
= a;(1 —ri(X;)) + Zaijrj(X
J#i
> 0,
and hence X; is always positive. O

Thus, like in two-variable systems, if for some ¢ the input term z;, in an n-variable system
is larger than the absolute value of the diagonal entry a;;, then X; grows without bound.

Next, the following two theorems provide some insight into flow in invertible systems
with an equilibrium in the all ramp region. In the first theorem below, we show that when
all ramp functions are saturated, at least one of the differential equations must be negative.

Theorem 37. Consider an invertible system of form (3.1) that has an equilibrium point in
the all ramp region. Then, in the all saturated region, 31 : X; < 0

Proof. By Theorem 22 from section 3.3, we have Z Ty < — Z a;j. With all ramp functions

7-]
at 1, we then see that

E Xz = E CLZ']'—FE A
i i, )
< E CLij— E CLij
0] i,k

= 0.
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Since the sum of all the differential equations is negative, we must have X; < 0 for at
least one 1. O

Finally, we show that for every i, X; must be negative at some point in the X; saturated
region (i.e the region of phase space in which r; is the only ramp function at 1). We use the
fact that when the n X n matrix is invertible, a; > 0 for all 7.

Theorem 38. Consider an invertible system of form (3.1) that has an equilibrium point in
the all ramp region. Then, Vi X; <0 at some point in the X; saturated region.

Proof. We have x;, < a;; for every i by Theorem 22. Thus, if we choose 7;(X;) = 0Vj # i
along with r;(X;) = 1, we have
X = —ay +
< =i+ Qg
=0
as desired. For another option, since

Xi = Zaijrj(X;) —CZZ'Z'T’Z'(X;)—FZ'Z'O = O

JFi
at the equilibrium point in the all ramp region, we will have X; < 0 if we increase r;(X;) to
1 and leave all other ramp functions at their equilibrium values. O

3.5.1 Nullclines in Invertible Systems with Equilibria in the All
Ramp Region

This section will make some observations about nullclines in invertible n-variable systems

with equilibria in the all ramp region. As we will see, the properties we saw with nullclines in

the two-variable equivalent do not carry over as-is to systems with more than two variables.
Our observations will be guided by the following example:

Example 28. Nullclines in an invertible 3-Variable system
We will consider the invertible system

X -5 2 17 [nX) 4
Yi=]10 —4 1| |r)]|+]|1],
Z 0 0 =3 |r(2) 0
which has an equilibrium point in the all ramp region at (ry (X™), ro(Y™),73(Z*)) = (9/10,1/4,0).

The nullclines of this system are given by the equations
X nullcline:  —5r(X) +2r(Y) +7r3(Z2)+4 = 0
Y nullcline: —4ry(Y) +73(Z)+1 = 0
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Z nullcline: r3(Z) = 0

The first thing we will examine is nullcline extensions into saturated regions. With n = 3
variables, phase space has 2% = 8 regions, seven of which are saturated regions. All eight
regions are listed in Table 6 below.

All Ramp Region XY Saturated Region
X Saturated Region X7 Saturated Region
Y Saturated Region Y Z Saturated Region
Z Saturated Region  All Saturated Region

Table 6: The eight regions, as defined in Definition 9, of the non-negative quadrant in a
three-variable system of form (3.1).

Starting with the X nullcline, it can be verified that (1,1/2,0) and (1,0,1) satisfy the
equation given above. Thus, the X nullcline extends into the X saturated and X Z saturated
regions. We do not get an extension into the region in which just Z is saturated; setting
r3(Z) = 1, we have

X = —5r(X) +2ry(Y) +5
= 5(1 —ri (X)) + 2r(Y),
which requires 71 (X) = 1 to equal zero. Then, when Y is saturated,
X = —5r(X)+73(2)+6
> —5+0+6
= 1’

and thus X # 0 in the three regions in which Y is saturated.
Next, the Y nullcline extends into three saturated regions — X saturated, Z saturated,
and X Z saturated regions — confirmed by the fact that (1,1/4,0), (0,1/2,1), and (1,1/2,1)

satisfy Y = 0. The nullcline does not extend into any of the remaining saturated regions
because when 7 (Y) =1,

Y = r3(Z)—3
< 0.

Finally, the Z nullcline is simply the plane Z = 0, which exists in the X saturated, Y
saturated, and XY saturated regions.

Back in section 3.4.1, we saw that in invertible systems with equilibria in the all ramp
region, the nullclines started in the all ramp region and then each extended into exactly
one saturated region. As shown above, however, this conclusion does not hold in higher
dimensions; each of the Example 28 nullclines extends into multiple saturated regions. The
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exact number of saturated regions the nullclines extend into varies; the Y and Z nullclines
each extend into three saturated regions, but the X nullcline only extends into two.

The next topic we will examine is flow along nullclines in saturated regions. In Theorem
31, we established that in invertible two-variable systems with equilibria in the all ramp
region, X <0 along a Y nullcline in saturated regions, and vice versa. However, when
moving to higher dimensions, it is possible for a differential equation to be positive on another
variable’s nullcline in a saturated region, and a differential equation can even change signs
along such a nullcline.

For instance, in Example 28 we have
X = =51 (X) +2ry(Y) + 4
along the Z nullcline 73(Z) = 0. In the Y and XY saturated regions, this becomes
X = —5r(X) +6,
which is always positive. Meanwhile, in the X saturated region we have
X = 2r(Y) — 1.
This gives us X < 0 when ro(Y) < 1/2, X = 0at r5(Y) = 1/2, and X > 0 when r5(Y") > 1/2.

Note that when X > 0 along the Z nullcline, Y will be negative. The Y equation along
the Z nullcline is

Y = —4ry(Y) + 1.
In the Y and XY saturated regions, this becomes
Y = —4+1
= —3,
while in the X saturated region with ro(Y) > 1/2,
Y = —dry(Y)+1
< —4(1/2) +1
= —1
With this, we end the chapter with a conjecture that at any point along a nullcline in a

saturated region, at least one differential equation will be negative:

Conjecture 4. Consider an invertible system of form (3.1) with n > 2 variables that has an
equilibrium point in the all ramp region. Pick a point P* on the X; nullcline in a saturated
region. Then, 3j #1i: X, <0 at P".
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Chapter 4

Invertible Systems with One
Combining Term

4.1 General Form of Invertible Biochemical Ramp Sys-
tems with One Combining Term

With our analysis of SRP systems complete, we now consider biochemical ramp systems with
exactly one combining term. A system satisfying Definition 7 from section 2.5 with n > 3
variables contains a single combining term if the Jacobian

p
J(X) = > Ju(X)
=1
in the all ramp region contains one J;(X) of form iii) from Definition 3 in section 2.1, and
the remaining p — 1 J,(X) are of forms i) and ii).
Without loss of generality, we will assume that in the Jy(X) of form 7iz), the indices 1,
J, and m from Definition 3 are 1, 2, and 3 respectively. In other words, we assume that the

system’s combining term is derived from a chemical reaction of the form

Wy + W, — W,

for some k > 0. As a result, the X; and X, equations will each contain a —kry (X1)r2(X2)
term, while X3 will have a kry(X;)ra(X3) term.

We will also be assuming that the Jacobian evaluated at a point X’ in the all ramp region
(not necessarily an equilibrium point - we want to include systems with no equilibria here)
has the form

J(X') = A+ M,

previously seen in Theorems 11 and 12 from section 2.3.2, where A is an SRP matrix and
My is of form 4i7) from Definition 4. Here, we will be interested in the case where the SRP
matrix is invertible.

Thus, the invertible biochemical ramp systems we will be considering here have the form
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Xl _—CLH a12 a13 a14 e QA1n i _Tl(Xl)- _—le(Xl)T2<X2)- _ZE10-
Xy Q21  —Q22 423 a4 ... Q2n, 7’2(X2) —kﬁ(Xl)T2(X2) T2,
X azy Az —az3 (34 ... (3p r3(X3) kri(Xq)re(X2) X3,

s | = + + ,
X4 aqn Q42 Q43  —Q44 ... Q4n ra(Xy) 0 T4
Xn | An1 an2 Qan3 Qng <o T Qpn _T'n(Xn)_ L 0 _ L Tng

which can be expressed more compactly as
X = AF+k+ @, (4.1)
where

e A is an invertible n x n SRP matrix with n > 3

o = [r1(X1), ra(Xy), ..., 7o(X,)]" is the vector of ramp functions, where for each i,

X,
Z, 0<X; < QQZ
[ E = [—kT1<X1)7“2(X2), —krl(Xl)T2<X2), k?"l(X1>7”2(X2), O, cey O]T is the combining
term vector, with £ > 0.
® 10 = [T1,, Tay, - -+, Tny)” i the vector of constant input terms, with x;, > 0 for each i.

As we will see later in this chapter in section 4.7.1, the Adams model with the SEL from
(1.6) is a system of form (4.1) when we have K = K5 and K; = K.

4.2 Necessary Conditions for Equilibria in the All Ramp
Region

Like the previous chapter, the main focus here will be on determining when systems of form
(4.1) have equilibria in the all ramp region. In this section, we present upper bounds on the
x;, necessary for the existence of all ramp region equilibria, similar to what we did for SRP
systems in Theorems 17 and 22 back in sections 3.2 and 3.3.

Theorem 39. Let X — AF + k + @ be a system of form (4.1). If the system has an
equilibrium in the all ramp region, then all of the following must hold:

Z) T, < a11 +k’, Lo, < ass + k
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iii) Y wi, < — Y ay+k
% ,J

Proof. Like with Theorems 17 and 22, we use proof by contradiction. We will make use of
the following: k[1 — ry(X7)r2(X7)] is strictly positive, a; > 0 for all i since A is invertible,
and all column sums of A are non-positive.

To prove that i) holds, suppose that zy, > a1 + k. Then at equilibrium, we have

X, = —ayr (X +Za1m — kri(X)ro(X3) + 21,
i#1
> —apr (X +Z@117’z — kri(X{)ro(X5) +an + k
1#£1
= CLH[]_ — T’l(Xf)] + k[l — Tl(Xik)TQ(X;)] + Z(Ih‘?”i(X
i£1
> 0,

contradicting X, =0. The proof for xy, < age + k is similar.

For ¢ > 4, the proof from Theorem 22 can be used to show i) holds. The ¢ = 3 case is
similar; assuming xs3, > ass, we have

X3 = —(1337“3 + Z a3ZT2 + kTI(X ) Q(X;) + T30
1#£3

> ags[l—r3(X3)] + > asiri(X]) + kro(X7)ra(X5)
1#3
> 0,
at equilibrium, a contradiction.

Finally, suppose Z Ty > — Z a;; + k. Then at equilibrium,

; X; = Z (v &;) ; aji) — kri(X Z Tig
> Z (r:(x7) zj: aji) — kri(X Z ai + k
= 37 (I X)) = 0D a) + {1 = ra(XD)ra(X3)]
- |
contradicting 3 X; = 0 0
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As was the case with Theorems 17 and 22, the converse of Theorem 39 is not true. A
counterexample is the system

X1 [=2 0 0 0][n0] [-nOrRm] [
Y 0 =3 0 0/ [r(Y) —r (X)ra(Y) 1
z1 7o 0 =4 1| |me| | neomen | T35
W 0 0 0 =5|/|rsW) 0 45
Here, kK = 1 and the input terms satisfy
o =1 <ay+k =3
Yo =1 < an+k =4
20 = 3.5 < agz = 4
wy = 4.5 < ayy =
To+yo+z+wy = 10 < =Y a;+k = 14
irj

However, if each of the four equations are set equal to zero, one can show that the only
possible equilibrium points (r1(X™), ro(Y™), 73(Z%), ro(W)) are

_ 5 — 15 42— 515 4.
( 34—2¢_5, 34;/_5, 225, ?5) ~ (0.4365, 0.2910, 1.1318, 0.9)

(—(3+\/ﬁ) —(8+V15) 42+5V15 45
2 ’ 3 ’ 20 5

both of which have at least one component falling outside the range of the ramp functions.

) R~ (— 3.4365, —2.2910, 3.0683, 0.9),

4.3 Solving for Equilibria

Our strategy for finding equilibria in systems of form (4.1) will make use of the fact that
since A is invertible, solving
A+ k425 = 0

for 7* is equivalent to doing the same in

AR = —A7a, (4.2)
The right hand side of (4.2) is the equilibrium solution to the corresponding SRP system
X = AP+ %,

To make our proceeding analysis easier to follow, we will denote the i*" component of the
right hand side by S;, i.e.
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—A_l.’ll?(‘) = [517 SQ, ey Sn]T. (43)
By Theorem 23 from section 3.3.1, we know that Vi, S; > 0.
On the left hand side, the i*® component of A is given by

[—kry (XT)ra(X3)]

—kri(X7)ra(X3)

L (o o c . kri(X{)re(X3)
det(A) |: 1% 21 31 nz] O

L. O -

—k?Tl (XT)TQ(X;)CH — k??“l (XT)TQ(X;)CQZ + lf?”l (XT)TQ(X;)C&

det(A)
ki (X)ra(X5)(Csy — Cry — C)
- det(A) '
If we let
D, — Cs — Ch; — Oy Vi, (4.4)

det(A)
then the i component of A~k is kry(X})ro(X3)D;.

Thus, putting everything together, the i*" equation we need to solve is

Much of the rest of this chapter will be spent solving the equations in (4.5), and deter-
mining the conditions under which solutions fall in the all ramp region. We begin with a
theorem regarding D; and D, that will be useful.

Theorem 40. Let A be an n X n invertible SRP matriz. For all i, define D; as in (4.4).
Then, Dy > 0 and Dy > 0.

Proof. We prove the result for Dy (Ds is similar), which is given by
Cs1 — Oy — Oy
D, =
! det(A)
Suppose n is even. Then by Corollary 1 from section 2.2.2, det(A) > 0 and C;; < 0

for all cofactors of A. Hence, we have —C5; > 0. Now, we employ a technique previously
done in the proof of Theorem 11: replace the first column of A with —ay; = —1, a3z = 1,
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and all other entries zero. This new matrix is an SRP matrix of even size with determinant
—(C'1 + (31, which is either zero or positive by Corollary 1.

Thus, C3; — C1p — Cy > 0. Combined with the fact that det(A) > 0, this means D; > 0.
The odd n case can be handled in a similar fashion. O

It should be noted that there is not an equivalent theorem for the other D;. When ¢ > 3,
D, can be positive, negative, or zero.

We now begin solving the equations in (4.5). Setting i = 2, we have
ra(Xy) + kri(X7)ra(X3) Dy = 5,
and thus

Sy
X)) =
TQ( 2) 1+I{?T1(XT)D2

is the equilibrium value of ro(X3) in terms of r1(X7). Substituting this into the i = 1
equation in (4.5), we have

Tl(Xik) -+ le(Xf)TQ(X;)Dl = Sl

So
Dy =S
1+kr1(Xf)D2> ! !

eSS T’I(Xf)<1 + /{?Tl(XT)DQ) + ]{ZT’l(Xf)SQDl = 51(1 + k'f’l(Xik>D2)
— Tl(Xf)(]_ + le(Xik)DQ) + k?Tl(Xf)SQDl — Sl(l + le(Xf)Dg) = 0,

(4.6)

— (X)) + krl(Xf)(

which simplifies to

kDor1(X7)? + (14 kDySy — kD2 S1)ri(X7) — S1 = 0. (4.7)

4.4 Solving for rq(X})

The approach we take to solving (4.7) for r1(X}) depends on the coefficient of the r1(X7})?
term, kDs. Since Dy > 0, we have two cases:

1.) Dy =0, and (4.7) is a linear equation in ry(X7)
2.) Dy >0, and (4.7) is a quadratic equation in r1(X7)

We will consider each of these cases separately.
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4.4.1 D3 =0 Case
If Dy = 0, then (4.7) becomes

(1 + lesg)?“l(XT) - Sl = 0.
With the £D;Ss term being non-negative, we can divide by the r1(X7) coefficient and get
S
X)) = ———.
Tl( 1 ) 1 + kD182
This equilibrium value is always non-negative, and thus falls in the all ramp region if and
only if
S
1+ k’Dl SQ

<~ 5 < 1+ kDS,.

<1

4.4.2 Dy > 0 Case
If Dy > 0, we find r1(X7) by solving for the roots of the quadratic
kDyri(X7)? + (1 + kD1Sy — kDo S1)ri(X7) — Si.
Note that this quadratic must have real roots as the discriminant,
(14 kD1Sy — kD3S))? + 4kDySy,

is always non-negative. Thus, letting

b = 1+kD\Ss — kD,Si, (4.8)

the roots of the quadratic are given by

—b £ Vb? + 4kDyS,
2k Dy '

Since we need r1(X7) > 0, we must determine the signs of the two roots. The denominator
2k D, is positive, so we only need to consider the sign of the numerator. As both terms under
the square root are non-negative, we have

VB2 +4kD,S; > b,

which gives us two cases to consider.

Case 1: /b2 + 4kD,S; > |b|

In this case, we have —b + \/b% + 4kD5S; > 0 and —b — \/b% + 4kD,S; < 0.

r(Xy) =
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Case 2: /b2 + 4kD,S; = |b|

This equality is true if and only if 4kD5S; = 0. Since k& and D, are assumed to be strictly
positive, this means S; = 0. With S; =0, b = 1 + kDS, which is positive. Hence, |b] = b
and so —b+ /b2 +4kDyS; = —b+b=0and —b— /b2 +4kD>;S, = —-b—b=—-2b< 0.

In either case, taking —+/b% + 4k D5S; in the numerator always yields a negative value for
r1(X7), whereas ++1/b2 + 4kDyS; gives r1(X]) > 0. Thus, we only take the positive square
root in the above expression, giving

—b+ b2+ 4kD5 S,

rn(Xy) = 25D,

Next, we determine under what conditions this ri(X7) value will fall in the all ramp
region. Assuming r1(X7) < 1, we have

—b+ \/b? +4kDyS; < 2kDy
= V/b0? +4kDyS; < 2kDs +b.
Squaring both sides, we then find that
b +4kDyS; < (2kDy+b)* = 4k*D3 + 4kDob + b
= 4kD,S; < 4kDy(kDy +b)
= S1 < kDy+b = kDy+ 1+ kD1Sy — kDS,
= S1(1+ kD) < 1+ kDsy+ kD1Ss
—

kD15,
1+ kDy

Sl<1‘|‘

We can show that
kD155
1+ kD,
by reversing the above steps. Note that we will have no issues taking a square root and
maintaining the direction of the inequality when getting to b? + 4kDyS; < (2kDy + b)?
because 2k D, + b is positive assuming the given upper bound on S;:

2kDy +b = 2kDy + 1+ kD,Sy — kD35S,

ST < 1+ T1(Xf) <1

kD1S,
2kD 1+ kD — kD[ 1
> o+ 1+ 182 2( + 11 k?Dg)

k*D1 Dy S,

= KDy + 1+ kD, Sy — 122
2t LD = s
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(14 kDo)? + (kD1S5)(1 + kDy) — k2Dy Dy,
14+ kD,
(]. + ]{?DQ)Q + kD152 —+ kZ_DlDQSQ - ]{I2D1D282
14+ kD,
(1+kDy)?* + kDS,
14+ kD,

> 0.

Thus, we conclude that r1(X7]) falls in the all ramp region if and only if
kD15,
1+ kDy

Sl<1+

4.4.3 Summary

We summarize our findings regarding r1(X™) here. First, note that if we set Dy = 0 in the
upper bound on S; above, we get

kD155

14+ kD,

kD15

140

=1+ les27

Sl<1+

— 1+

which is what we had in section 4.4.1. Hence, the upper bound found in section 4.4.2 applies
to both the Dy = 0 and Dy > 0 cases.

With that, we can now state that the equilibrium value of r1(X) is

S
_ Dy, =0
1+ kD,S,’ 2
r(X7) = (4.9)
—b+ Vb +4kDy S, Do = 0
2]€D2 ) 2 ’
which falls in the all ramp region if and only if
kD15,
S <1 :
! T %D,
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4.5 Simplifying ry(X3})

From (4.6), we know that the equilibrium value of 75(X3) is
S2

X2) = .
r2(X3) 1+ kri(X7)Ds

With (4.9), we can substitute in a value for 7 (X7]) and then simplify to get an expression
for ro(X3) independent of r1(X7). The r(X7) value we use depends on whether Dy is zero
or positive. Both cases will be considered, starting with Dy > 0.

4.5.1 D3 > 0 Case

When Dy > 0, we use the 7 (X]) value from (4.9) with the square root. Substituting this
value into the solution for r5(X;), we have

S
1+ kr(X{) Dy

Sy
1+ —b+\/b2+4kD231

2

ra(X3) =

S
27b+\/ b2+4kD251

2
259
2 — b+ 02+ 4kD,S;

Our next step is to eliminate the square root in the denominator. We could accomplish

this using the conjugate
2—b— b+ 4kDy5,,

but we first must ensure that it is non-zero. Note that if kDS = 0, which happens if
D1 =0 or Sg = O, then
2-b = 2—(1—kDyS)

= 1+ kDy5;

and

V24 4kDyS; = /(1 — kD3S1)2 + 4kDyS,

= /14 2kDyS; + (kD5S))?

= /(1 4+ kDyS;)?
= 1+ kDyS,
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making the conjugate expression equal to zero.

Hence, we will consider D; = 0 and D; > 0 subcases here. The Sy, = 0 possibility will be
addressed within each subcase.

4.5.1.1 D; =0 Subcase

The denominator of the expression for ro(X;) becomes

2 - b -+ AV 62 + 4]{}D251 - 1 + kDQSl —+ 1 -+ ]{ZDQSl
= 2(1 + kDyS))

when Dy = 0. Thus, we have
255
2 —b+ Vb + 4kDyS,
255
2(1 4 kD5S)
Sy
1+ kDsS;

If we had Sy = 0, then the denominator of the above expression would be the same, and we

*

would simply get ro(X3) = 0 as our equilibrium solution for ry(Xs).

ro(X3) =

In this subcase, the equilibrium solution falls in the all ramp region if and only if

52 < 1+ kDQSl.

4.5.1.2 D; > 0 Subcase

We will start by assuming Sy > 0. Then, we can multiply ro(X) by the conjugate of the
denominator as follows:

25, 2—b— Vb2 +4kD,S;
2—b+Vb®+4kDyS, 2 —b—+/b?+4kD,S,

285,(2—b— B+ 4kD,5))
T (2-0)2— (1 + 4kDySy)

_25(2—b— V02 +4kD55))
4 —4b+ b2 — b2 — 4kD5S,

ro(X3) =
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_25(2—b— V0?2 +4kD,S5))
B 4(1 — b — kDySy)

25,(2 — b — /B2 + 4k D557)
A(1 = (14 kD1Ss — kD3Sy) — kD»Sy)

29(2 — b — /B? + 4k D,5,)
—4kD1 S,

b—2+vb?+4kD5S;
2kDy '

If S5 = 0, then the numerator of this final expression is

b—2+ 0 +4kDyS; = —(2—=b— \/b>+4kD,S;)

=0,

giving us r2(X3) = 0 as expected from (4.6). Hence, the expression for ro(X5) we just found
can be used for any Sy > 0.

We now need to determine when this 75(X) value falls in the all ramp region. Assuming

r9(X5) < 1, we have
\ b? + 4]{'D251 < 2]{3D1 +2— b,
and then

b2 + 4]{3D251 < (2<I{JD1 + ].) — b)2
= 4(kDy +1)* — 4b(kD;y + 1) + b

kDS,
1+kD

< kDi+1-b

= kD) +1— (1 + kD, Sy — kD,S))
= ]fDl - k:D152 + kDQSl

kDQSl

kDS kD{+kDyS| — ——

— 102 < 1+ 201 1+ kD,
Dy S, Dy S,

= Sy < 1+

Dy Dy(1+kDy)

DQSl(l + l{Dl) — DQSl

=1+
Dy(1+ kDy)
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kD1 DS,
= 14—
Dy(1+ kD)

kDyS,

= S < 14+ ——.
2 +1+le

Reversing the above steps, we can show that
kDyS,
1+ kD,
Again, taking the square root at the last step will not be an issue since 2(kD; + 1) — b is
positive under the assumed upper bound for Sy; this can be shown by noting that

Q(le + 1) —b =2kD,+1+ k’DgSl — k’D152,

SQ<1+

T’Q(X5> < 1.

and the upper bound on S5 have the same form as 2kDy + b and the upper bound on 5
respectively from section 4.4.2, and thus the proof used there works here.

Hence, the value of ro(X;) found in this section falls in the all ramp region if and only if
kDQSl

S. 1 .
2 < +1+kD1

4.5.2 D, =0 Case

Setting Dy = 0 in the expression for ro(X3) in (4.6), we get
S
1+ kri(X7)(0)

- SQ.

ro(X3) =

As we will see below, this solution is just a special case of the solutions found in sections
4.5.1.1 and 4.5.1.2.

From (4.8), we have

b =1+kD.S;
when Dy = 0. Then, the ro(X3) value from section 4.5.1.1 becomes
Sa
X} = —2
&) = TS,

= 527

and from section 4.5.1.2, we have
b—2+ b+ 4kDyS,

ro(X3) = %D,
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1 -+ leSQ — 2 + \/ (1 + kDIS2)2

2kD,
_ kDySy —1+ 1+ kDS,
2kD;
2kD, S,
2kD;
= 5.

Thus, r9(X5) = S is already covered by the equilibrium values found in the Dy > 0
section. We then only need to consider D; = 0 and D; > 0 when it comes to the equilibrium
value of 75(Xs).

4.5.3 Summary

Similar to what we had with 7 (X7), the upper bound on S5 found in the D; > 0 subcase
also applies to the D; = 0 subcase. When we have D; = 0, the Sy upper bound from section
4.5.1.2 becomes

kDyS,
Sy <1
A )
=1+ kD2Sh
which is what we had in section 4.5.1.1.
Thus, the equilibrium value of r5(X3) is
Sy
_ D =0
1+ kDyS,’ !
ro(X5) = (4.10)
b—2+ Vb2 +4kD,S, D =0
2]€D1 ) 1 )
which falls in the all ramp region if and only if
k.DQSl
S 1 .
> < ST T RD,

4.6 1(X;) for i > 3, Equilibria Summary, and Stability
From (4.5), for i > 3 we have

(3
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the exact value of which depends on which r;(X7) and ro(X5) values from (4.9) and (4.10)
are used.

To determine when r;(X[) falls in the all ramp region, we not only need to ensure that
ri(X]) < 1, but also r;(X]) > 0. Since there is no sign restriction for D; when i > 3, we
cannot guarantee that (4.11) is non-negative. Thus, the above equilibrium value falls in the
all ramp region if and only if

maX{O, le(Xf)TQ(X;)DZ} < Sz <14 k’?"l(Xik)’I"Q(X;)DZ

We now consolidate our results regarding equilibria in systems of form (4.1) into the
following theorem:

Theorem 41. Let X — AP+ k + @ be a system of form (4.1). Define S; and D; for alli as
in (4.3) and (4.4) respectively, and let b =1+ kD1Sy — kD2Sy. Then, the equilibrium point

(5 D, — 0
1+ kD, S, 2
ri(X7) =
—b+ Vb + 4kDy S, Do = 0
\ 2]€D2 ) 2 ’
S
_ Dy =0
1+ kDS, !
ra(X3) =
b— 2+ V0> +4kDyS, D= 0
\ 2]{)D1 ) 1 )
falls in the all ramp region if and only if all of the following hold:
kDISQ kDQSl
14+ —F—F 1+ ———
Sty 2 S M iy

maX{O, krl(Xf>7’2(X;)Dz} S Sz <1 + kT1<Xf)T2(X;)DZ VZ Z 3

Based on our work in this chapter and Theorem 41, systems of form (4.1) can have at
most one equilibrium point in the all ramp region. While the quadratic in (4.7) theoretically
allows for multiple equilibria, we saw in section 4.4.2 that one of the roots always yields a
negative r1 (X7 ) value, thus preventing the existence of multiple all ramp region equilibria.

The Jacobian of a system of form (4.1) evaluated at an equilibrium point is a biochemical
matrix in which exactly one M, is of form 4ii) from Definition 4. Back in section 2.3.2, we
hypothesized that all eigenvalues of such matrices have non-negative real parts in conjecture
1; however, this is still unresolved, although we do know that all real eigenvalues are non-
negative by Theorem 12. In Theorems 9 and 10 from sections 2.3 and 2.3.1, we saw a couple
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of cases that guarantee all eigenvalues have non-positive real parts, namely if the radius of
each Gershgorin disk is small or if the Jacobian at the equilibrium point is of size 3 x 3.

A special case regarding stability is when S; or S, are zero. If we have S; = 0, then we
must have 7 (X7) = 0; this can be seen from the equilibrium values given in Theorem 41 or
from the fact that (4.5) with ¢ = 1 becomes

ri(XT) + kri(XT)r(X35)Dy = 0,

which holds if and only if 7 (X]) = 0 since each term on the left hand side is non-negative.
Similarly, 7(X}) = 0 if and only if Sy = 0.

Thus, when we have S; = Sy = 0, both r{(X7) and ro(X3), and consequently X7 and
X5, will be zero. If the system has an equilibrium point in the all ramp region, the single
M, of form iii) from Definition 4 will have ¢ = d = 0 when the Jacobian is evaluated at
the equilibrium. As a result, the combining term is wiped out, leaving the Jacobian as an
invertible SRP matrix. By Theorem 5 from section 2.2.1, the eigenvalues of the Jacobian at
the equilibrium point must all have strictly negative real parts, resulting in the equilibrium
being asymptotically stable.

4.7 Examples

Here, we work on finding equilibria in several example systems of form (4.1).

Example 29. System with Dy, =0
We consider the system

X -2 0 0] [rn(X) —r1(X)ry(Y) 2
Y|i=10 =3 4| |[rW)|+ |—r(X)r(Y)| + |1],
7 0 0 —4| |r3(2) r(X)ra(Y) 1
with k£ = 1. Putting the system into form (4.2) after multiplying by
12 0 0
At=| 0 -1/3 —1/3],
0 0 —1/4
we get
ri(X7) (1/2)r (X7)ro(Y) 1
ro(Y) | + 0 =12/3
r3(Z") —(1/4)r (X" )ro(Y™) 1/4

Immediately, with Dy = 0 we get ro(Y™) = 2/3. Solving for r (X™) next, we have

rl(X*)(H%rQ(Y*)) -1,
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and thus

1
Tl(X*) =
1—|—%T'2(Y*)
B 1
EEE
B 1
1+
_3
=7
Finally, for r3(Z*) we get
. 11 . .
T‘g(Z) = Z+ZT1(X )TQ(Y)
B 1( +3 2)
4 4 3
= 3+ 3)
4 2
_3
=3

Thus, our system has the unique equilibrium point
(r(X7), ra(Y7), 73(27)) = (3/4, 2/3, 3/8),

which falls in the all ramp region.

Example 30. System with D, > 0
Taking k£ = 1 again, we now find equilibria in the system

X -2 0 0] [rn(X) —r1 (X)r(Y) 1
Y{=[0 =3 0| [r)]+|-rX)r®)|+ |1
A 2 3 -4 |rs(2) r1(X)r2(Y) 1
Here, the inverse matrix is
~1/2 0 0
At=1 0 -1/3 0

—1/4 —1/4 —1/4,

and so the system is



in form (4.2).

This time, we will find the equilibrium values of the ramp functions using the formulas
listed in Theorem 41. The D; and S; are

Dy = 1/2 S; = 1/2
Dy, = 1/3 Sy = 1/3
D3 - 1/4 53 - 3/4,

with b from (4.8) being
b= 1+kD1Sy — kD)5,

SRR

Notice that Dj is positive here. In the previous example, we had D3 = —1/4, thus illustrating
the lack of sign restrictions on the D; for ¢ > 3.

The r1(X7) value from Theorem 41 we will use is the Dy > 0 one. Thus, we have

—b+\/b? +4kD5 S,
2k Do

—1++/1+4(1/3)(1/2)
2/3

T1<X*) =

~ 0.4365.

For r5(Y™), we use the D; > 0 solution and get

b—2+ b+ 4kDyS,
2kDy

—1+5/3
1

ro(Y™) =
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SNGERE

0.2910.

Q

Then, r3(Z*) is
r3(Z%) = Sz — kri(X7)r2(X35)Ds

|
=~ w
|
N
N
|
w
ol T
w
wlot
~
N
W ot
|
—_
~_—

=~ (.7183.

Thus, the system has the equilibrium point

—34 3\/§ 5 -1+ 3\/§
—— 5 L | & (04365, 0.2910, 0.7183)

in the all ramp region.

4.7.1 Adams Model

When each variable has a single threshold, the system with the SEL from (1.6) is of form
(4.1). To have a single threshold per variable, we assume the K3 = K5 and K = K, case.
We will use r; and r5 as the ramp functions associated with Y and X, respectively.

Then, system (1.6) can be written in form (4.1) as
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Y —a; 0 ay r1(Y) —agr (Y)rs(Xs) ag
Xl = | ey —as O rs(Xa2) | + | —asri(Y)rs(X2)| + |0 |,
X, 0 0  —aq| |ra(Xy) azri(Y)rs(Xz) 0
with £ = a3. The 3 X 3 matrix has determinant —a,a4a;, which is negative. Using the fact

that
1

—a 0 ay - —1/@1 0 —1/(1,1
aq —dasg 0 = —1/CL5 —]_/CL5 —1/CL5 s
0 0 —ay 0 0 —1/@4
the system can be put into form (4.2) as
TI(Y*) —1/CL1 0 —1/CL1 —(137’1(}/*)7’5(Xg>_ _1/(11 0 1/@1 Qo
7'5(X;> + —1/CL5 —1/a5 —1/615 —agrl(Y*)T5(X§) = 1/&5 1/@5 1/&5
T’4(XI) 0 0 —1/CL4 CL3T1(Y*>T5(X;) ] L 0 0 1/@4 0
Tl(Y*) 0 i _ao/al
- 7“5(X;) + agrl(Y*>T5(X;)(1/a5) = CLQ/(Z5
ra(X3) azr1 (Y *)rs(X5)(=1/a4) | 0
The S; and D; are
Dy, =0 S1 = ao/m
Dg = 1/&5 SQ = ao/a5
D3 = —]./Cl4 Sg = 0.
With D; = 0, we have
b =1- kDQSl

and

VU2 +4EDyS, = 1+ kD,S;.

By Theorem 41, the equilibrium values of the ramp functions are:
—b+ Vb? + 4k D5S;
2k Dy

—(1 = kD3Sy) + 1+ kDyS,
2kD,

r((Y") =

2]€D251
2k D,
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Sa

X)) = ———
T5( 2) 1—|—sz81

CL()/CL5

apas
+ aias

Qo

apas
as + a1

Qo

ajas+apas
ai

apay
)
apas + a1as

T4(XZ) = Sg — ]CTI(Y*)T5(X5)D3

0= 0(22) (o) ()
= —G/ e _— —_—
3a1 apasz + a1as ay4

ataz

as(apaz + ayas)

When these values fall in the all ramp region, we have

Y* _ 20,0K1’ X* _ 2&0&1[(5 X* _ 2&3@3[(4

2 9 4 )
ay apas + aias as(apas + aras)

which is the equilibrium point given in the (o, a, ) subcase in section 1.3.1.1 when Kg’ is
set equal to K.
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Chapter 5

Systems with Dissociation Terms

5.1 General Form of Biochemical Ramp Systems with
Dissociation Terms

Finally, we examine systems with dissociation terms in this section. A biochemical ramp
system contains dissociation terms if its Jacobian

J(X) = > Ju(X)

in the all ramp region contains at least one J,(X) of form iv) from Definition 3 in section

—

2.1, and all J,(X) are of forms i), i7), and iv). Any number of SRP terms are allowed, but
we will assume no combining terms are present.

Systems with dissociation terms thus have a form very similar to that of SRP systems
seen in (3.1):
X = Ay + @, (5.1)
where

p
o A; = Z Ag, is an n X n biochemical matrix , n > 3, such that at least one Ay, is of

=1
form 4v) from Definition 4, and all Ay, are of forms i), i), and ).

o "= [r1(X1), ra(Xy), ..., 7o(X,,)]" is the vector of ramp functions, where for each i,

X

® 1) = [Ty, T2, - - - s an]T is the vector of constant input terms, with z;, > 0 for each i.
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As usual, we will focus on finding equilibria in the all ramp region in systems of form
(5.1). To begin, we present some upper bounds on the z;, necessary for the existence of
equilibria in the all ramp region, similar to what we did in the previous two chapters with
Theorems 17, 22, and 39. In the following theorem, we make use of the fact that if the ‘"
column contains dissociation term(s), then the diagonal entry is —(a; + k) for a; > 0 and
some k > 0, and if said column has no dissociation terms, then the diagonal entry is just
— Q5.

Theorem 42. Let X = Ay7+ 1y be a system of form (5.1). If the system has an equilibrium
in the all ramp region, then Vi:

e if column i has dissociation term(s), x;, < a; + k.

o if column i does not have any dissociation terms, x;, < a;. If Aq is invertible, this
inequality is strict.

Proof. For the first bullet point, if we had xlo > ay; + k, then at equilibrium

X, = —(agu + k)ri( X)) + Z a;;ri(X7) + x4
J#i
> —(ay; + k)ri(X]) + Z a;ri(X7) + ay + k
J#i
= (as + k)1 —ri(X])] + Z agri(X
J#i
> 0,

a contradiction. For the second bullet, the proof is similar to the proof of Theorem 22. [J

Note that unlike previous theorems, this one does not include the inequality
Say <Y

In SRP and one combining term systems, the matrices always had non-positive column sums,
which allowed us to bound the sum of the constant input terms above by the negative of the
sum of all the matrix entries. However, as we saw in Example 7 from section 2.4, dissociation
matrices can have positive column sums. This makes it difficult to bound the sum of the
inputs as the negative sum of the entries can be negative.

In the special case where all column sums are non-negative, however, we have the follow-
ing:

Theorem 43. Let X = A7+ 1 be a system of form (5.1) such that all column sums of Ay
are non-negative. If the system has an equilibrium point in the all ramp region, then both of
the following hold:

i) 27, =0
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i) z'fZaji > 0 for some i, then r;(X]) =0

j
Proof. At equilibrium, we have
ZXI = rl(Xi‘)Zajl —I—TQ(X;)ZCLJ'Q + - +rn(X;)ZaJn+leo = 0.
‘ j J j i

Each term in this sum is non-negative, and thus the sum equals zero if and only if each term
is zero. As a result, we have
2w =0,
i

which implies 27, = 0 as each z;, is non-negative. Then, for all i,
7’1<XZ*) Z Qj; = 0,
J
which, if the ™ column sum is strictly positive, implies 7;(X;) = 0. ]

Once again, we have that the converse of Theorem 42 is not true. In the system

X -9 7 47 [nX) 0
Y =16 -8 3| |r.(Y)|+]|0],
Z 5 1 =9 |r(2) 1
for instance, we have the invertible single dissociation term matrix
-9 7 4 -5 7 4 -4 0 0
6 -8 3|=12 -8 3|+([4 00
5 1 -9 1 1 -9 4 00

from Example 7, with
o =0 < an+k =9
Yo = 0 < axp = 8
zo = 1 < azs = 9.

However, all components of the sole equilibrium solution are negative and thus fall outside
the range of the ramp functions: (—53/46, —51/46, —15/23)

Further discussion on equilibria in systems of form (5.1) will be divided into cases regard-
ing whether Ay is invertible or singular. Many of the results in the following two sections will
be similar to what we had with SRP systems; forms (3.1) and (5.1) are structurally similar
with both having the form

M7+ g,

where M is an n xn matrix with non-positive diagonal entries and non-negative off-diagonals.
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5.2 Invertible Systems

In a system of form (5.1) in which A, is invertible, we have the equilibrium solution

-

r* = — A7, (5.2)

To see when this solution falls in the all ramp region, we can slightly tweak Theorem 24:

Theorem 44. Let X = AyF + @y be a system of form (5.1) in which det(Aq) # 0. Then,
there exists an equilibrium in the all ramp region if and only if ¥ i=1,2,...,n,
0 < > =1 Ciimjo <1
—det(A)
where the C}; are cofactors of A.
Proof. Similar to the proof of Theorem 24 in section 3.3.1. m

Note the inclusion of the zero lower bound in the statement of Theorem 44, which was not
present in Theorem 24. This is because the equilibrium solution in (5.2) is not guaranteed
to be non-negative componentwise. As we saw in section 2.4.1 with Example 8 and Theorem
16, it is possible for A;l to have positive entries. Consequently, —Agl can have negative
entries, which could result in one or more components of —A;lfﬁ being negative.

The equilibrium solution —Aglfo is guaranteed to be non-negative componentwise if all
entries of —A;' are non-negative. By Theorem 16, this happens if and only if the real part
of every eigenvalue of A, is negative. Thus, if A; has an eigenvalue with a positive real part,
—A;l has at least one negative entry and hence it is possible that at least one component
of —A; 'z is negative.

In Conjecture 2, we hypothesized that if the real part of at least one of the eigenvalues
of A4 is positive, then all entries of A;' are non-negative (i.e. all entries of —A;' are non-
positive); this was suggested based on what we saw in Example 8. While this conjecture has
been neither proved nor disproved, we have the following when —A;l has all non-positive
entries:

Theorem 45. Let X = Ag7+ @ be a system of form (5.1) in which det(Ay) # 0 such that
all entries of —A;l are non-positive (i.e. A;l is non-negative entrywise). Then, there is an
equilibrium point in the all ramp region if and only if To = 0.

Proof. If @ = 0, then from (5.2) we have
o= —A;lﬁ = 0.
Now, suppose we have an equilibrium point in the all ramp region. Then, the i™® com-
ponent of the equilibrium solution is

Cli C2’L' an
(XF) = g mi
X = @™t Tae@ ™ T Tt

with
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Cji
—det(A)
for all j. Hence, the above sum consists solely of non-positive terms, and gives us a value in

[0,1) if and only if every term is zero.
Thus, every time we have a j such that

<0

Cji
—— <0
—det(A) ’
we must have z;, = 0. In the case that Cj; = 0 for some j, there must be an m such that
&
— <0
—det(A) ’
or else —A;" would have a column of zeros. Thus, the expression for 7,,(X}) will force us
to have z;, = 0. [

5.3 Singular Systems

The theorems presented for singular SRP systems back in section 3.3.2 also apply to system
of form (5.1) when A, is singular. For instance, if the i** column of A is zero, we can put
the system in the form

X = Adio T3

by replacing the i column of A4 with 27, and the ™ component of 7 with 1, and then we
have the equivalent of Theorem 28:

Theorem 46. Let X = Ay7+ 7 be a system of form (5.1) such that all entries in column

1 of A are zero for some 1. If the reduced system X = Ag, Tip has an equilibrium with all
7;(X5) <1, then all of the following hold:

i) i, =0
i) if ai; # 0 for j # i, then rj(X;) =0
ii) Aq,, is singular
Proof. Same as the proof of Theorem 28. [

If all columns of A; sum to zero, we have the following result with the same proof as that
of Theorem 29:
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Theorem 47. Let X = Ayf+ 7y be a system of form (5.1) such that for all i, the i™ column
of A satisfies
Z aji = 0

J
Then, the system has an equilibrium point in the all ramp region if and only if 25 = 0.
When 2y = 6, any singular dissociation system will have infinitely many equilibria in the all
ramp region if and only if A; has an eigenvector corresponding to A = 0 with all non-negative

components. The conditions listed in Theorem 30 that guarantee the existence of such an
eigenvector also apply here:

p
Theorem 48. Let A; = Z Ag, be a singular n x n biochemical matriz such that at least one

=1
Ag, is of form iv) from Definition 4, and all Ay, are of forms i), ii), and iv). If all rows of Ay

sum to zero, or if Aq has a column of zeros or two proportional non-zero columns, then Ag
has an eigenvector v corresponding to the eigenvalue A = 0 such that v > 0 componentwise.

5.4 Stability and Examples

In general, equilibria in systems of form (5.1) can be stable or unstable. The Jacobian of the
system in the all ramp region contains dissociation terms, and we know from Example 7 in
section 2.4 that the real parts of the eigenvalues of such matrices can be positive, negative, or
zero. Theorem 15 provides a sufficient condition for all eigenvalues to have non-negative real
parts. In the case where A, is invertible, we will have an asymptotically stable equilibrium
point in the all ramp region if and only if A;l is non-positive entrywise by Theorem 16.

We end with a few examples of finding equilibria in dissociation systems.

Example 31. Invertible system with an all ramp equilibrium
Consider the system

X -2 0 0] [r(x) 0.25
Y{i=12 -1 0| [r)]|+]025
A 2 0 1| |r(2) 0.25

where
-2 0 0 0 0 0 -2 00
2 -1 0| = -1 0[+]12 0O
2 0 -1 0 0 -1 2 00

contains one dissociation term, and
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-2 0 0 -05 0 O
2 -1 0 =|-1 -1 0
2 0 -1 -1 0 -1
Then, the system has the unique equilibrium point
r(X*) 0.5 0 0] [0.25 0.125
ro(Y* ) =11 1 0| [025] = | 0.5
r3(Z") 1 0 1] (025 0.5

in the all ramp region.

Example 32. Invertible system with no equilibria
Changing the previous system slightly, consider

X -2 1 0] [n(X) 0.25
V=12 -1 1| |r)]|+] 0
Z 2 0 —1| |rs(2) 0
Here,
-2 1 0 0 1 0 -2 0 0
2 -1 1|=10 -1 1|+4+[2 00
2 0 -1 0 0 -1 2 00
is still a matrix with one dissociation term, but its inverse now has non-negative entries:
—2 1 0] [05 05 05]
2 -1 1 =12 1 1
2 0 -1 1 1 0]
Then, we have
(X7 -0.5 —0.5 —0.5]| [0.25 [—0.125
Y| =]-2 -1 -1 0| =1 —-05
r3(Z") -1 -1 0 0 | —0.25

This falls outside the range of all three ramp functions, and thus this system does not have
any equilibria.

Example 33. Singular system with infinitely many equilibria
Finally, we consider the system

X -2 1 1] [nx) 0
V=11 -2 1] |ra(Y)|+ |0
Z 11 2| |r(2) 0



The matrix

-2 1 1 -1 0 0 -1 0 0 0 1 0 00 1
1 -2 1|{=10 -1 Of(+|1 OO +(0 -1 Of+1]0 0 1
1 1 =2 0 0 -1 1 00 0 1 0 00 -1

contains three dissociation terms and is singular since all column sums are zero, as are all
row sums. From Theorem 47, we have an equilibrium solution if and only if 25 = 0; since
this is indeed the case here, we know the origin is an equilibrium point. By Theorem 48, the
matrix has an eigenvector will all non-negative components; from the proof of Theorem 30
in section 3.3.2, ¥ = 1 is such an eigenvector.

Thus, we have that

is an equilibrium in the all ramp region for any ¢ € [0, 1).
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Conclusions and Future Work

In Chapter 1, we introduced ramp functions in Definition 1 as piecewise linear approxi-
mations of Michaelis-Menten functions, with the goal of facilitating analysis of Adams and
colleagues’ model of phenylalanine metabolism in plants. As summarized in section 1.6, the
results of our analysis of the Adams model with ramp functions were very similar to those
of the analysis of the original model in [1].

Our results provided evidence that replacing Michaelis-Menten terms in dynamical sys-
tems with ramp functions does not fundamentally alter the behaviour of such systems. Thus,
it may be possible to model biochemical systems that would normally be expected to follow
Michaelis-Menten kinetics with ramp functions instead. Since ramp functions are linear,
unlike Michaelis-Menten functions, they should make analysis of systems noticeably easier.

We broadened the application of ramp functions in Chapter 2 by establishing a class of
biochemical systems called biochemical ramp systems in Definition 7. In the chapters that
followed, we accumulated results regarding equilibria and stability in certain subclasses of
these systems, namely SRP systems (Chapter 3), single combining term systems (Chapter
4), and systems with dissociation terms (Chapter 5).

The theory developed in Chapters 2-5 can be used to study the properties of certain
systems with Michaelis-Menten terms replaced with ramp functions. However, there is still
much theory left to develop. For instance, Chapter 4 only covered invertible systems with
one combining term, leaving theory regarding singular systems with one combining term and
systems with multiple combining terms still in need of development. Equilibria and stability
in systems containing both combining and dissociation terms is another topic that should
be explored in the future.

Additionally, some of the theory developed here is incomplete. As an example, flow in
SRP systems with three or more variables is an unresolved area in general; while section
3.5 briefly delved into this topic, it is not yet known whether certain properties seen in two-
variable systems, such as the global stability of equilibria in the all ramp region in invertible
systems and blowup in systems with no equilibria, carry over. Conjecture 4 from section
3.5.1, concerning flow along nullclines in these systems, is also an open problem.

Another issue is that our analysis of general biochemical ramp systems here focused on
the case in which each variable was associated with exactly one ramp function. As seen in
the Adams ramp system in (1.6) and (1.7) when K3 # K5 or Kj # K, however, it is possible
for a variable to be the input of multiple ramp functions. Thus, further work on biochemical
ramp systems should cover the case of more than one ramp function per variable.

More avenues for future work can opened up by expanding the definition of biochemical
ramp systems to include systems with terms derived from chemical reactions not covered
back in section 2.1. A couple of reaction types that could be added are

oW, e W

and

155



Wi + W, — W, + W,

Each of the above suggestions for future work is a step toward building a broad, general
theory for biochemical ramp systems, one that applies to a wide range of dynamical systems
after their Michaelis-Menten terms have been replaced by ramp functions.

In addition to our biochemical ramp system theory, we also had some interesting linear
algebra results here. We introduced the concept of a biochemical matriz in Definition 4,
and devoted much of Chapter 2 to studying the properties of this class of matrices. Many
properties, such as those regarding eigenvalues and the signs of the entries of the inverse of a
biochemical matrix, were useful when studying equilibria and stability in biochemical ramp
systems in the later chapters.

There are many opportunities for further study when it comes to biochemical matrices.
For instance, we have three unresolved conjectures regarding these matrices: Conjecture 1
from section 2.3.2 concerning eigenvalues of matrices with one combining term, Conjecture
2 from section 2.4.1 concerning the entries of the inverse of a matrix with dissociation terms,
and Conjecture 3 from section 3.3.2 concerning eigenvectors of singular SRP matrices. Ad-
ditionally, expanding the definition of a biochemical ramp system to include more reaction
types will also allow us to expand the class of biochemical matrices; this will give us new
subclasses of matrices to study.

Overall, here we have begun developing the theory behind a class of biochemical dynam-
ical systems that seem to behave similarly to their Michaelis-Menten counterparts, but are
much simpler to analyze. Continued evolution of this theory depends on further study of
the properties of these systems, as well as the biochemical matrices underlying them.
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