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ABSTRACT

We consider the N-body problem given by quasihomogeneous force functions of
the form % + % (C1, Cy, a, b constants and 0 < a < b) and address the fundamentals
of homographic solutions. Generalizing techniques of the classical N-body problem,
we prove necessary and sufficient conditions for a homographic solution to be either
homothetic, or relative equilibrium. We further prove an analogue of the Lagrange-
Pizzetti theorem based on our techniques. We also study the central configurations
for quasihomogeneous force functions and settle the classification and properties of
simultaneous and extraneous central configurations. In the last part of the thesis,
we combine these findings with the Lagrange-Pizzetti theorem to show the link be-
tween homographic solutions and central configurations, to prove the existence of

homographic solutions and to give algorithms for their construction.
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DEDICATION
To young researchers of Celestial Mechanics

The advancement in any science happens by passing the torch of discoveries from

one generation to another, to shed light on newer and newer grounds.



Chapter 1

Introduction

1.1 Introduction

Historycally, the main motivation for the N-body problem was to understand the
motion of celestial bodies like the Sun and the eight planets around it, attracting
each other with the Newtonian force of gravitation. From the physical point of view,
the problem could be stated as follows: Given only the initial positions in space
and the initial velocities of a group of celestial bodies, determine the position of each
particle at every moment in time, or describe their motion.

Besides celestial bodies, there are many other systems in which the particles in-
teract with attracting forces of laws different from the inverse square of the distance.
For example, the van der Waals group of forces in chemistry, which describe the in-
teraction for various dipole molecules, are given by the general formula! F' = % + %,
where the exponents s, t are some positive integers and C; - Cy # 0. The Lennard-
Jones force function? describes well the interaction of neutral particles in quantum

CL _ O

chemistry and is given by U = const (m . T—G).

%, where b is a

+
&+ (an inverse-

In Celestial Mechanics itself, the Manev force function U = %
positive integer, was extensively used especially in the form: F' =
cubic perturbation to the Newtonian force itself). It can give a good explanation for
the theory of the Moon and the perihelion advance of inner planets (see [2]). It also
represents an approximation to the Einsteinian formula that describes the advance of

perihelion of Mercury, an effect that cannot be predicted using the Newtonian force

!The formulas for forces and force functions in this introduction are given for the interaction of
only 2 bodies.
ou

2Given a force function U, the corresponding force F is F = 5. as it will be seen in Section 2.1.



alone ([11]).

All these examples motivate the treatment of general force functions of the form:
U= % + %, b > a > 0, a topic introduced in 1993 by Diacu [5] as the quasihomo-
geneous N-body problem. Most of the work in this area has been focused on collisions
and central configurations® (as can be seen in [6], [5], [10], [7], [2] and others). In this
thesis, we focus on homographic solutions, in which the configuration formed by the
N bodies remains similar to itself in time.

These types of solutions represent one of the main application of central configura-
tions, for which the force that acts on each of the N bodies is proportional to the
position vector of that body. These homographic solutions belong to the very few
types of orbits for which there exists a complete theory for the Newtonian poten-
tial. Since they were only marginally treated in the context of quasihomogeneous
potentials, our ambition is to write here the basic foundation of quasihomogeneous
homographic solutions, trying to parallel the results obtained in the theory of the

classical N-body problem.

1.2 Owur Claims

For the quasihomogeneous N-body problem with {a # 2 and b # 2}, and also for the
quasihomogeneous 3-body problem with {a # 2 and b > a} or {b # 2 and a < b}, we

make the following claims:

Claim 1. A homographic solution is:
1. homothetic, if and only if it’s total angular momentum is zero;

2. a relative equilibrium, if and only if it is planar and rotates with a constant,

non-zero angular velocity.

Claim 2. A solution is homographic if and only if the configuration of the N bodies

forms equivalent central configurations during the time of its existence.
Claim 3. Prove the existence of homographic solutions and present how to construct
them.

In addition, for the quasihomogeneous N-body problem, with no restrictions on
a, b:

3The definition for central configuration will be given in 4.1.



Claim 4. A central configuration r is a simultaneous central configuration if and only

if at least one of the following holds:
1. Ye > 0, cr is a simultaneous central configuration;

2. Jde > 0, ¢ # 1, such that cr is a central configuration.

The Importance of Our Claims. The first three claims show that, with the
exception of forces inversely proportional to the cube of the distance (a = b = 2), the
results for quasihomogeneous forces closely imitate those of Newtonian one.

On the necessary and sufficient conditions Claim 1 provides, the whole theory of
homographic solutions is based. According to Wintner [15], Lagrange considered it to
be the main part of his theory for the homographic solutions of the 3-body problem.

Claim 2 proves the strong link between these solutions and central configurations.
This allows us to use all the results concerning central configurations, obtained in
the research of the Newtonian N-body problem, to the variety of quasihomogeneous
potentials.

Claim 3, through its existence proof, provides the mathematical soundness to all
the research concerning these homographic solution. It is also the most practical, since
using it we can explicitly construct and analyze homographic solutions of any type,
as well as decide whether or not an observed experimental solution is a particular
homographic solution.

Finally, besides being an inevitable ingredient for obtaining Claim 3, Claim 4 has
theoretical importance in itself due to the popular research involving central configu-
rations, not necessarily related to homographic solutions (see [12]). In particular, its
consequences complete Diacu’s findings concerning central configurations in [6] and

proves R. Jones conjectures [7].

1.3 Plan

Chapter 1 contains the motivation of the work and a statement of the claims which
will be proved in this thesis, followed by an overview of the structure of the
thesis itself.

Chapter 2 defines the concept of quasihomogeneous force function and derives the

equations of the quasihomogeneous N-body problem. The ten first integrals and



their important consequences are obtained: the Lagrange-Jacobi identity and

the basic properties of rectilinear, collinear, planar and flat solutions.

Chapter 3 introduces the homographic solutions (general, homothetic and relative
equilibrium) and the connection of those orbits with the spatial classification of
solutions (flat/planar), ending with some necessary and sufficient conditions for

a homographic solution to be either homothetic or a relative equilibrium (Claim

1).

Chapter 4 is where the two kinds of central configurations (simultaneous and extra-
neous) are described. Using their properties, Claim 4 is proved.
Next, we show that for a homographic solution, the configurations always form
equivalent central configurations (Claim 2). Finally, an exact procedure of con-
structing any homographic solution is provided, and the existence of homo-

graphic solutions is proved (Claim 3).

Chapter 6 contains a description of the main results and claims of the thesis. Ad-
ditionally, it hints at possible future development of the theory of homographic

solutions in the context of quasihomogeneous potentials.



Chapter 2

The first integrals of the
quasihomogeneous N-body

problem

2.1 The quasihomogeneous N-body problem

Consider a system of N bodies, each of them mathematically represented by points,
in which their mass is concentrated (such a model approximates a collection of bodies,
whose distance from one another is much bigger than the maximum of their size). It is
to be understood that the system of N bodies is not subject to any exterior influence.
For the i-th particle in the system, let m; be its mass and r; be the position
vector, in some coordinate system (z, y, z, O). As introduced by Diacu, [5], define
the quasihomogeneous force function as U : {(r1, 12, ..., rn) € B3N| 1y # 1y, Vi, j =
1.N} — R™, given by:
(v=v+w

_mimy
V Zl<]<l<N ‘7‘7-—7’L|‘17

kmjm;
W Zl<]<Z<N |r] 7‘1‘1’7

k>0 0<a<b.

(2.1.1)

(As we see, the name “quasihomogeneous” is justified by the homogeneous nature of
the force functions V' and W in U.) For a = b = 1, the force function above becomes

1
the classical/Newtonian force function: G' 7, oy mymip— 2

,7-2|

The force that acts on the i-th body is defined as the vector function F; = g—U =

r;



U,,. For example the component of the force due to V can be computed as fol-
1. v m;im; mim; o(rj—ri) .
lows': g& = am ( ZZ 123 1 ki mi—ma> Z] 1ji B rj—n) <[( i g> o

rj—ri)?]2
now the differentiations can be continued as: a(rirl)Q ([( L )2]%> %(Zj_;); a(g;”),
T Ti—T; T i
A(rj—r;)? .
where 8((1%—7"2-)) = (Za(zj—x ) +j[)( Yi) + ka(zj—z ))[(I] - xi)2 + (y] - yl)2 + (Zj - 21)2]

Finally, we obtain 9¥ = 3~ o1 it mjmi(rj n)m; after similar computations
k3 - 1= 1y

for W, we get the expression for the force:

- a k-b
= Z 'mjmi(rj — 1) e — |2 + | (2.1.2)

Let us first notice that, since a, b, k are positive constants, the force is oriented

from the body on which it acts; i.e., it is an attractive force. For a = b = 1,
mymg(r;—r;)

i This is the Newtonian force of

the force becomes F; = const Zjvzl i
gravitational attraction, discovered by Issac Newton in 17th century, observing the
motion of planets in our solar system, and published in his Principia (see [3]).

The general quasihomogeneous N-body problem is an initial value problem for
ordinary differential equations, which is obtained by using Newton’s second law of
motion m;r] = U,, (throughout the paper, “’ ” denotes differentiation with respect

to time):

Problem. Given initial values for the positions r;(0) and velocities }(0) of N particles
(i=1,...N), with r;(0) # r;(0) for all mutually distinct i and j, find or describe the

solution of the second order system:

a k-b '
]_;¢1m3m1 |:|rz - Tj|a+2 + |Ti . Tj|b+2 (T] - T’i>7 ('l = 1, ,N) (213)

(These equations are also called the equations of motion for the system of bodies.)
Based on standard results of the theory of ordinary differential equations, there always
exists a unique solution to this initial value problem, on a maximum interval [0, ¢*).
If t* = oo then we say that the solution exists for all time, otherwise t* is called a

singularity of the solution.

IThe coefficient % is set because of the double appearance of the term mjmim.
=T



2.2 The ten first integrals

First integrals, or conservation integrals, are functions that remain constant along any
given solution of the system, the constant depending on the initial condition of the
solution. In other words, integrals provide relations between the position and velocity
vectors, so that each of the integrals, if it is algebraic with respect to the components
of r; and r}, allows the reduction of the system’s dimension by one dimension. The
classical N-body problem has 10 independent algebraic first integrals, which we obtain
below for quasihomogeneous problem as well. In 1887 H. Bruns [1] proved, for the
classical force, that there are no other algebraic first integrals. The reader can consult

the book by Pollard [9] for an alternative description of the classical integrals.

2.2.1 Conservation of momentum

With p; = m;r] being called the momentum of the particle i, p = Zfil p; will be the

total momentum of the system. Let us add upon ¢ the equations in (2.1.3), to get:

i N
a k-b
Po= > p= > mym + J(rj —ri) =0,

e ke (R ] L

N

g m;r. = const = p,,
i=1

because every time the term with (r; — ;) occurs, the term with (r; — r;) will also
occur and they will cancel each other. As p = const = p,, in physics, this represents
the law of conservation of the momentum and it gives us the first three integrals.

Integrating this equation, we get:

=N
Zmﬂ“i :p0t+?]0, (221)

i=1

where the constant vector vy = Zziv m;r;o provides the next three first integrals.

=N
i—1 MiT5

But the magnitude z i
for the center of mass (see [9], page 39); therefore, equation (2.2.1) implies that the

N . ..
, where M = )"." m;, is known as the position vector

center of mass moves in a straight line, with a constant velocity vector.
In order to understand easier all other important features of the motion in the

system, we will study the positions of the N bodies with respect to the center of mass;



that is, we set the origin of the coordinate system at the center of mass:

N
> mri =0. (2.2.2)
i=1

This equation is often called the wntegral of the center of mass.

2.2.2 Conservation of energy

Writing the equations of motions as m;r! = g—g, if we dot-multiply them by % and

sum over all 7, to get:
dU o "o d ]‘ 2
= Zi:mzri r = Zi:mZ o 2(ri) )

But 7 = v; is the velocity vector of the particle i, while £ >, m? = T is called the

kinetic energy of the system, so we get

U/ — T/
T-U = h (2.2.3)

The magnitude —U is called the potential energy; therefore, the last equation is the

law of conservation of energy. The scalar h is the energy constant.

2.2.3 Conservation of the angular momentum

The angular momentum of a particle ¢ is defined to be the cross product of its position
vector and momentum: r; X p; = my;r; X r.. Let us cross multiply each side of system

(2.1.3) by r; and sum over ¢. Then

1 a = a kb
Zmﬂ”i Xr; = Z Z mjmi[m — T‘j|a+2 + |7’Z' — Tj|b+2](ri X Tj)?
7

i=1 j=1,ji



because r; X r; = 0. At the same time, in the above double sum, the terms r; X r;

cancel the terms 7; X r;, so that the right side is equal to zero. Integration yields:
C = me X 1, (2.2.4)
i

Yizi — ziy;
C = Zmi 2Tk — x2]
i TilYy — Yil;
The constant vector C'is the total angular momentum of the system and it forms the

last three first integrals.

2.3 Consequences of the first integrals

2.3.1 Consequences of the energy integral: Lagrange-Jacobi
identity

Lagrange-Jacobi identity for quasihomogeneous potentials was also obtained in [10].
This relation depends on the explicit form of the quasihomogeneous force function,
therefore it is not identical to the classical results.

We define the moment of inertia I of the system as:

N
I=> mpn}. (2.3.1)
i=1
Differentiating it twice with respect to time, we get:

]” = 2 Z m;v; - U; + 2 Z Timﬂ’gl, (232)

which, using equation (2.1.3), is equivalent to [ = 4742 )", Zjvzl g MMt
) [ J

k-b 2 ) 2
—m_mbﬂ](rjri —r7). We have: r;r; —r;

= %[7“]2 —r?—(r; —r;)? and
N 2 N r? N 2
2o 2 g mfmilm—r?-l“fv: 25 Qi iy MM fromr o7 = 20 Xojm, ki mjmim—:z-lﬂ”’
therefore [ — 4T = — 37, >0 | o mym;] e T ‘Ti_'fjﬁbﬂﬂrj —r;|%. With (2.1.1)

and (2.2.3), we get the Lagrange-Jacobi identity:

|7

I"=4h+2(2—a)V +2(2 - )W . (2.3.3)



10

Additionally, notice that (2.3.2) is equivalent to I"” = 4T + 2, rig—g; comparing
this to the above identity, after the use of energy integral, we find:

Zria—q = —aV — bI. (2.3.4)

This last relation (important for a later section) can also be obtained by noticing

that V, W are homogeneous functions of degree —a and —b, respectively. In the

configuration space r = (71, 72, ..., ™n), > ri% = r%—‘qf, therefore, according to Eu-
ler’s theorem for homogeneous functions, 7’%—‘7{ = —aV. With similar reasoning for W,

formula (2.3.4) follows.

2.3.2 Consequences of the integrals of the center of mass and

of the total angular momentum integrals

The next definitions and consequences, unlike those above, do not depend on the form
of the force function; therefore their proof is identical to those for the classical force
function (and a version of them can be found, for example, in [15]). However, for the
convenience of the reader, we will present them here, with more details. These results
will be used in the subsequent sections of the thesis.

The central concepts of the paper, like homographic solutions, depend on some
rotation matrices. We want to introduce a special matrix-function, F'(¢), that will
allow us to reduce by one the order of the derivative of the rotation matrix {2 and, as

we will further see, to ultimately reduce the discussion to some algebraic equations.

Lemma 1. Any real-valued rotation 3-matriz Q(t), of class C?, determines a unique

skew-symmetric 3-matriz F(t), given by
F(t)=Q'. (2.3.5)

Conversely, given a particular constant rotation 3-matriz 2(0), any continuous skew-
symmetric 3-matriz F(t) determines a unique rotation 3-matriz (t), which satisfies

the same formula above.

Proof. € is an orthogonal matrix, so Q7 = Q7' = QTQ=F = (QTQ) = 0.
Using the fact that for two matrix-functions A(¢) and B(t) for which the product can
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be defined, we can apply the product rule (AB) = A’B + AB’, we obtains:
Q—IQ/ — —(Q_IQ/)T,

This implies that the rotational matrix 2 defines a unique skew-symmetric matrix-
function F(t):

0 —f3 fa
Fty=Q'Y =1 f 0 —f |. (2.3.6)
—f2 fi 0

On other hand, given a particular skew-symmetric matrix F'(¢) and a constant matrix
Q(0), the equation F(t) = Q71 <= Q/(t) = Q(t)F(t) is a homogeneous, linear
differential equation for which the I.V.P. always has a unique solution Q2 = €(¢), given
by:

Q(t) = Q(0) - exp < /0 tF(T)dT) | (2.3.7)

The integral of a skew-symmetric matrix is always a skew-symmetric matrix. Using
the familiar properties of the exponential of a matrix M: exp(M7T) = (exp M)T and
exp(—M) = (exp M)~!, for M skew-symmetric, we get that (exp M)~! = (exp M)T
and thus Q is orthogonal. Also, because det(exp M) = exp(trace(M)), det(€2) = +1.
Thus, Q(t) in (2.3.7) is indeed a rotation matrix. O

We can find the derivative of the auxiliary matrix F(¢) to be F' = Q7'1Q" +
(QF)T(Yand so:

F' = Q' — F? where (2.3.8)
—fE=1f At fifs
o= ffi  —B-f  ffs : (2.3.9)

fsh e —fi— 12

If the rotation is around the z-axis, in the positive sense, then it should be given
by

cosw —sinw 0
Q)= sinw cosw 0 |, (2.3.10)
0 0 1

where w = w(t). But, if we perform the simple computations in (2.3.5), this deter-
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mines:
0 —f; 0
Fity=1 fs 0 0 |, fs(t)=w'(t), (2.3.11)
0 0 0

while Lemma 1 indicates that the last form of F(¢) is not only necessary, but also

sufficient for €(¢) to have the form of a rotation around the z-axis (2.3.10).

Based on the existence of a constant total angular momentum vector, naturally
arrises the notion of a plane perpendicular to that vector. In the next definitions, by

solution we consider the solution of the quasihomogeneous N-body problem r(t) =
(r1(t), ro(t), ..., ry(t)).

Definition 1. The wnvariable plane for a solution with non-zero total angular mo-
mentum, C # 0, is defined as the plane through the center of mass and perpendicular
to the vector C' = (C,, Cy, C,):

Cor+Cyy+C,z=0. (2.3.12)

The invariable plane is not only constant, but also invariable in every inertial
barycentric coordinate system.
Many important N-body systems have all the motion in a single plane; for example,

such is (in approximation) the solar system of planets.

Definition 2. A solution r(t) of the N—body problem is called planar if there exists
a fixed plane 7y such that r;(t) € my, Vi, Vt € I, where [ is the interval of existence
for the solution.

But if the plane 7 is not necessarily fixed, then the solution r(t) is called flat:
Vt € I, 3m = 7(t) such that r;(t) € n(¢).

Depending on the initial conditions, there exist not only planar or flat solutions,
but also flat and non-planar solutions; for instance, if N = 3, the configuration
is always flat, but the initial velocities can be easily chosen such that the plane

containing them will change its position in space.

Lemma 2. If the solution is planar (with wy) and has a total angular momentum

(C #0), then the fized plane my coincides with the invariable plane.

Proof. For a planar solution, 7y will contain the center of mass; choose the coordinate
system such that mp = (x, y). Because z;(t) = 0, V¢, from (2.2.4) it follows that
C L (x, y). According to Definition 1, we finished the proof. O
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Next we introduce some relations useful for any flat solutions.

According to Definition 2, at any moment of time, there is a plane that contains
all N bodies. Let the position in those planes be described by the 7 = (&, ns;, ¢;)T of
the system (&, 7, (), centered at the same origin O as the system (z, y, z). The flat
solution can be thought of as a motion inside the plane plus some rotation (the same
for all bodies) around the origin due to the change in the position of the plane that

contains them. We can write:

&i
ri=Qn=Q 9 |, 6G=0 Vi=1,.,N. (2.3.13)
Gi
Denote:
I = Zmig’ I'" = me?, I = Zmifmz'- (2.3.14)
Zm 2 Zm b b 2
=1 4 i a;; m m a; )
For any m+m scalars a;, b; one has: ni:l ! 1;1 — % Smos
oimyaiby Y b ap by

and the factor % in front means that we exclude repetitions in the sum. Also, since

the rotation does not change the distance from the origin, r? = £ + n?, and with
(2.3.1) we have:

JE€  [én
Ny LU (2.3.15)

Jén  m

Because the angular momentum vector is constant and invariable with respect to
the coordinate system, we choose the orientation of the z-axis of the system (z, y, 2)
to be in the direction of C"

C,=0,C,=0, C.=1C|, (2.3.16)

so that Q71C = Q71(0, 0, |C|)T. (For the case of zero angular momentum, the above
relation holds trivially). In preparation for the proof of the next lemma, we now need
to show that, with fi, fo, f3 from the definition of the auxiliary matrix (2.3.6), the
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following holds:

0 flm — f2[£v7
01 0 _ Fo I8 — f I , (2.3.17)
C] > mi(&nt — ni&l) + fa(I56 + 1)

First, 75 x 7' = [0, 0, (&m; — ni€))] and 73 % [(fr, fos fa) ¥ 7] = [fin} — fo&imis [o€F —
f1&mi, f3(€2+n?)]. Therefore, we can show that the right-hand side of (2.3.17) is the
vector: >, myT; X 7'+ Y. m X [(fi, fa, f3) X 7). So, because from (2.2.4), Q71C =
Q71> my(r; x ), in order to prove (2.3.17), we need to show that Q=1 (r; x r}) = 7; x
7'+ 7 X [(f1, fo, f3) X 75]. But, from (2.3.13), after taking the derivative with respect
to time and using F' = Q7'Q, we find that Q7 'r} = Fr; + 7/ = (f1, fo, f3) X 7 + 7.

Since Q7 (r; x rl) = Q7 x Q74 =7 x Q71! formula (2.3.17) becomes true.

Lemma 3. If the solution is flat and does not have an invariable plane (C'=0), then
it 1is planar.
T~ oI =0

Proof. (2.3.17) implies that and, since from (2.3.1) I > 0 (it
AT = fol% =0

does not make physical sense to have more than one body at the origin), not both
of I%¢, I can be zero. One can divide one of the equation in the system by that I%
which is not zero and substitute one of f;, f5 in the second equation, to find that
either f1 = fo =0, or (I¢7)? — [6]" = (.

In the first case, the situation corresponds to (2.3.10). From (2.3.13) it follows
that the third coordinate of vectors r; remains the same as of vectors 7;, during the
rotation around z-axis. Thus z; = 0 for all times and this means that the motion
takes place in the (x,y) plane; so the solution is planar.

In the second case, formula (2.3.15) implies that for all distinct i, k& = 1,...; N,
&k — &m = 0 for all times. But this means that (&, 7;, 0) X (&, Mk, 0) = 0 and
therefore all N vectors 7; are collinear with the origin. Hence, the coordinate system
(&, 1, ¢) can be chosen such that all N bodies are on the ¢ axis for all time. Then
ni =0, 1M =0, 1 =0, &n) —ni&l = 0 and 1% = I and (2.3.17), with C' = 0, reduces
to sof = 0 = s3l. Because I > 0, it follows that s, = s3 = 0. Similar computations
as in relations (2.3.10), (2.3.11) show that this corresponds to a rotation around the
x-axis; thus, the motion takes place in a plane parallel to the (z, y) plane for all times,

so the solution is again planar. O
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Lemma 4. If the solution has an invariable plane (C' # 0) and, at a moment t*,
the N masses lie on a line, then at that moment, the N masses lie in the invariable

plane.

Proof. The hypothesis of the lemma implies that for all 2, £ =1,..., N the body i is

collinear with body k and with the origin; i.e., r; X rp, = 0, and therefore (r; X ry) -7} =

P =

0 = (r;xr})-ry = 0. Summing over all ¢ gives that C-r, = 0, Yk = 1..N; Definition

1 shows that all particles must lie in the invariable plane. O

Simpler than planar or flat solutions are the solutions in which all bodies lie on a

line.

Definition 3. A solution r(t) of the N—body problem is called rectilinear if there
exists a fixed line Ay such that r;(t) € Ay, Vt € I, where I is the interval of existence
of the solution.

But if the line A is not necessarily fixed, then the solution r(t) is called collinear:

Vt € I, 3N = A(t) such that r;(t) € A(t).
Lemma 5. Fvery collinear solution is planar.

Proof. If C # 0 then Lemma 4, for which a collinear solution is just a particular case,
implies that the solution is planar. If, on the other hand, C' = 0, then we merely

apply Lemma 3, because a collinear solution is necessarily flat. O

The next Lemma provides an early example of homographic solutions (which will
be described in detail in Chapter 3):

Lemma 6. If a collinear solution is not rectilinear, then the geometrical configuration
formed by the N masses remains similar to itself when t varies (i.e., the solution
is homographic). The size of the configuration is independent of time if and only
if so is the angular velocity of the rotating line A(t), which contains the collinear

configuration.

Proof. By Lemma 5 above, the solution is planar; choose the plane of motion to be
the (z, y) plane of the coordinate system. In this plane, consider another coordinate
system (possibly not inertial) (£, ) such that the line A(t), which contains all bodies
according to Definition 3, coincides with the &-axis; so, 17, = 0, Vi. The -axis,

together with all bodies, will be rotating with a certain angular velocity w’(t) around
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the z-axis, so that (2.3.13) holds, with (¢) given by (2.3.10). We want to prove that
&i(t) = s(t)&(0), for some real function s = s(t) that does not depend on i.

Differentiation of (2.3.13) gives that r/ = Q"r; + 27" + Qr;”; using (2.3.6) and
(2.3.8), we easily find that Q~'r/ = 7"+ 2F7' + (F'+ F?)7;. Substitution of (2.3.11),
and (2.3.9), with (; = 0, give that:

& — 2u/n, — w?€ — w'
Q—lrg/ _ ng/ + leéz{ _ w/277i +w"&;
0

Now, because all bodies are on the £-axis for all time, the n-component of the forces
that act on body ¢ should be zero; therefore, the absolute value of the projection of
the acceleration on the n-axis should be zero. The second line in the above formula
implies 2w'¢, + w"&; = 0, Vi. Because the solution is not rectilinear, w’ # 0; also
& # 0 at least for N — 1 values of ¢ (we can have at most 1 body in the origin, at
moment ¢). Dividing the previous relation by w’; and integrating from 0 to ¢, we get:
2In |&] |5 = —In | (t)] |5, (é((é)))z _ ‘Z’/_(((z)) , therefore we can write & (t) = s(t) - £(0),
where s(t) # 0 only depends on w(t), at least for N — 1 bodies. Using the center

of mass equation (2.2.2), it follows that for an Nth body situated in the center of
mass at a particular moment t*, {y(t*) = %{&(0) = (0. This shows that either
SVTE(0) and, thus, Ex(0) = 0, or s(t*) = 0; therefore, in either case formula
&(t) = s(t) - &(0) is satisfied even for the troublesome Nth body and thus the first
part of the lemma is proved.

To prove the second part, substitute s(t) - £(0) for &(t), and 7; = 0 into (2.3.13),
using (2.3.10), to get ry(t) = [s(t) cosw&o, s(t)sinw§o, 0]; then substitute this into
the definition (2.2.4) to get: C, = C, = 0 and C, = w's(t)* Y, m;&%. This shows

that the plane of motion is the invariable plane and that

C| = |w'|s(t)* > & > 0. (2.3.18)

Because C' = const and s # 0, this shows that s(t) = const <= w'(t) = consts;
together with r;(t) = s)(¢)7;0, this proves the second part of the lemma as well. [

Finally, we can give a necessary and sufficient criterion for a collinear solution to

be rectilinear:
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Lemma 7. A collinear solution does not have an invariable plane if and only if it is

rectilinear.

Proof. 1f the solution is rectilinear, from Definition 3 it follows there is a line Ay that
contains all r;(t) together with the origin, for all time. This also implies that their
velocities r}(t) will also be on the same line, so that r; x 7, = 0and C = ). m;r; Xr} =
0. The converse is thus proved; for the direct statement, notice that if the collinear

solution is not rectilinear then formula (2.3.18) in the above proof shows that C' # 0.

]

Chapter summary. We have introduced the notion of quasihomogeneous force
functions and the equations that describe the evolution of a system of N bodies:
the quasihomogeneous N-body problem. We also obtained the ten first integrals and,
based on them, we showed some important consequences, such as the Lagrange-Jacobi
identity (used in Section 4.1) and the basic properties of rectilinear, collinear, planar
and flat solutions (used in Section 4.2).

The next chapter introduces homographic solutions; as we shall see, one of the
main ingredients for all proofs regarding properties of those solutions will be Lemma

1 and its relations proved above.
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Chapter 3

Homographic solutions

3.1 Introduction to homographic solutions

Homographic solutions are among the very few types of known explicit solutions of the
general N-body problem. In their treatment, we were inspired by the corresponding

theory for Newtonian case, as presented by A. Wintner [15].

Definition 4. A solution r(t) is called homographic if the configuration formed by
ri(t), i =1,..., N, remains similar to itself during the time interval I of existence of

that solution.

That is, there exist a scalar function s(t) : I — R™ (s(t) > 0, Vt) and a matrix
function (rotational matrix!') Q(¢) : I — R?, such that:

(3.1.1)

where F/ denotes the identity matrix.

The translation is also a similarity transformation, but we exclude it since the
center of gravity is fixed at the origin. Thus, in a homographic solution, the configu-
ration can only rotate and/or dilate. Considering the two possibilities separately, we

get two independent types of homographic solutions:

Definition 5. A homographic solution r(t) is called homothetic if Vt € I, Q(t) =
E & s(t) # const, i.e.
ri(t) = s(t)ri(te), 1 =1,..., N. (3.1.2)

1Q(t) € SO(3), that is, it is special (det Q = +1) and orthogonal (Q7Q = E).
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Definition 6. A homographic solution r(t) is called a relative equilibrium if ¥t € I,
s(t) = const & §)(t) # const, i.e.:

ri(t) = Qt)rity), i =1,..., N. (3.1.3)

Thus, in a homothetic solution the configuration is dilating without rotation, while
in a relative equilibrium, the configuration is rotating without dilating.

There are deep facts connecting the homographic character of the solutions and
their flatness: If the homographic solution is not flat, then it is homothetic; if the
homographic solution is flat, then it is planar. For the Newtonian force function, the
former is due to Pizzetti, and the latter to Lagrange.

Using them, one can show that, for the Newtonian case, a homographic solution is:
homothetic, if and only if it’s total angular momentum is zero; a relative equilibrium,
if and only if it is planar and rotates with a constant, non-zero angular velocity
(Lagrange-Pizzetti).

The extension of these facts for the quasihomogeneous case will be done in the
next sections, while here we will prepare some of the needed ingredients.

In a homographic solution, the rotation does not change the mutual distances be-
tween bodies, therefore, with the substitution of position vectors in the homographic

form (3.1.1), the quasihomogeneous force function

1 k
U=V+W= Z mjmk( + b),k>0,0<a§b,

1<j<i<N |r; — il |y — i

takes the form - W
U=—2 0 3.1.4
) TS (3.14)

where Vo = V(rg) and Wy = W(rg). Also, the force acting on the i-th body, Bgff) =

Up, = D50 mymi(rj — 7“,-)[%,777”,1+2 + m_’:«j"bﬁ], becomes:

a k-b

5a+1’ri0 _ Tj0|a+2 + 5b+1|?az,0 _ TjO‘bJrQ

mﬂ’g, = sz Z mj (TjO — Tio)[
J#i

.(3.1.5)

At the initial moment, the accelerations due to V' (¢) and W (t) are :

a W, k-b
—ng rjo = Tio) 8= my(rsa— i) (3.1.6)

g |70 — Tj0|“+2 |7‘ o — T 0|bJr2
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Notice that these two vectors need not be parallel.
Using the new notations, one can write the equations of motions as:
b—a ‘/’I’io WTZ'O

st = (st 2 4
m; m;

). (3.1.7)

From Definition 4, for the position vectors we can write: r; = Qsr;p and so r, =
Vsrig + Qs'rio, 7 = Qs"Eryy + 20's'ryg + Q"sryp. Multiplying with Q! the last
equation and using the relations: F(t) = Q71 F' = Q7' — F? obtained in
Section 2.3.2, we obtain

Q' = (S'E + sF)ry (3.1.8)

and then Q7 'r! = ["E + 25'F + s(F' + F?)|ry.
By substituting the last expression into the left-hand side of (3.1.7) we get the
homographic form of equations of motion as:
K(t) 1= ghmaro + m (3.1.9)
m; m;
where the 3-matrix K (¢) is defined by K (t) = s"*1[s"E +25'F + s(F’ + F?)] and thus

has the form:

s"+s(—f3—12) 25’ (— f3)+s(—fs+f1f2) 25’ fa+s(fo+f1f3)
K(t)=s"*t1 25’ fats(fs+f1f2) s +s(—f2—f32) 2/ (—f)+s(—fl+fsf) |- (3.1.10)
25’ (= f2)+s(—f5+f1f3) 25’ fi+s(f{+f3f2) s"+s(—f3—f2)

For both theorems to follow, a crucial step will be to prove that the rotation takes
place around a fixed axis; the next lemma (for which a sketch of the proof can also

be found in [15]) gives a necessary and sufficient criterion for that.

Lemma 8. A rotation given by Q(t) is one about a fived axis if and only if there
exists a constant orthogonal matriz P, such that all elements of the third row of the
matriz P7F(t)P are equal to zero for all times, where F(t) = QY.

Proof. The direct part of the lemma is trivial, since for (2.3.10) and (2.3.11) one can
take P to be the identity matrix.

For the converse part, let us first show that if a rotation = Q(t) determines the
skew-symmetric matrix F' = F(t), then the rotation P~*QP determines the corre-
sponding P~'F P, where P~! = PT = const. Let = P~'QP and F = P7'FP; we

easily check that Q and F are indeed a rotation and, respectively, a skew-symmetric
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matrix. But QT = (PTQTP)(P~1YP) = P~'FP and Lemma 1 confirms the claim.

Now, if P~'FP vanishes in the third row and because it is skew-symmetric, it
will have the form (2.3.11) and then the uniquely determined 2 = P~*QP rotation
will have the form (2.3.10), that is, it will be a rotation around the z-axis. But
then, setting the equation for finding the axis of rotation u for Q: Qu = u, we get:
QP 'y = Py, which is in turn the equation for the axis of rotation of Q. Thus we
obtain: u = Pz = const; that is, the rotation given by 2 is indeed around a fixed

axis. =
Corollary 1. If F'(t) = Fy = const, then the rotation takes place around a fized axis.

Proof. A theorem by Wintner and Murnaghan ([14], p. 340-341) guarantees that for a
constant, real 3-matrix Fj, one can always find a constant, real, orthogonal matrix P,
such that P~1FyP will have upper triangular form. Because Fy is skew-symmetric,
P~'FyP will be so as well and will have zero entries in the third row. Lemma 8

completes the proof. O

3.2 Extension of Lagrange’s Theorem

The goal of this section is to extend Lagrange’s theorem to the quasihomogenous
case. The force functions where none of a and b is equal to 2 will be treated in the
first subsection. For the case when a = b = 2, the theorem does not hold even for
N = 3 bodies: A. Wintner [15] built a solution in which the three bodies start from
a configuration in the (z, y) plane and rotate around the z-axis.

For the situation in which only one of a and b is equal to 2 and N = 3, we managed

to prove that the extension applies as well; this is discussed in the second subsection.

3.2.1 Quasihomogeneous force function with {a # 2 and b #
2}.

In this subsection we will prove the most general extension of Lagrange’s theorem to

quasihomogeneous force functions:

Theorem 1. For the quasihomogeneous N-body problem with a # 2 and b # 2, if a

homographic solution is flat, then it is planar.
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The theorem holds for the collinear case, and without any restrictions on a, b,
as shown in Lemma 5 (Section 2.3.2). Thus, we now suppose that the solution is
homographic and flat, but not collinear. We plan to prove that the homographic
solution is such that, if there exist any rotation, then it should take place around a
fixed axis; then we show that the only allowed position of this axis will be the one
perpendicular to the plane of the initial configuration.

Choose the plane in which all 7 lie to be the (z, y) plane, thus z;o =0, i = 1,..., N
and Fj = 0. We begin with a lemma that will simplify the flat configuration.

Lemma 9. For a flat, non-collinear solution of an N —body problem, there exists an

initial moment ty, a real number e # 1, and a pair of bodies {1, 2}, such that

Too = € - T10, Z10 7é 0

(3.2.1)
Y20 = Y10 # 0.
Also there exists a pair of bodies {a, 5} such that:
det(F.o, F0) # 0, (3.2.2)

where Fjo, j = «, B, are the forces that act upon each body, in which the third
component is omitted, at the instant ty. (The first pair of bodies needs not be identical

to the second one).

Proof. Choose a body 1 not situated at the origin (it does not make physical sense
to have more than one body at that origin); thus x19 # 0 and y;9 # 0. Because
the configuration is not collinear at some moment ¢y, there should exist at least one
more body (index 2) not situated on the line containing the vector ryp; in particular,
not both coordinates of the second body are equal to those of the first body. We can
choose the y-axis to be perpendicular to (ryg —719), and thus 19 = ya0, then x99 # x1g
and formula (3.2.1) becomes true.

To prove the second assertion, fix the line determined by the vector force of one
body (F.g). Because the configuration is not collinear, we can argue that it is possible
to find a most distant body (index /) from that line and that F,o }f Fjo. This is
equivalent to Fno X Fgo # 0, which directly implies (3.2.2). ]

Denoting the elements of the K(t) matrix by Ky;, k,j € {1,2,3}, marking the



Figure 3.2.1: Two arbitrary bodies satisfying relations (3.2.1).
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Yrio - Wrio with a k exponent and applying the equation of motion

m; 7 omy

(3.1.9) to riy, i = 1,2, considered in Lemma 9, we get the following system:

components of

k

VE wh
Kkl(t)$10 + Kkg(t)ylo = gba_m0 4 0

mi1 mi1

b—a V’erO Wﬁzo
Kk1(t)ex10 -+ KkZ(t>y10 =S m_g + m_2

This 6 x 6 system, when keeping k fixed, has a non-vanishing determinant A =

) ) Vo Wi . }
(1 — e)z10y10; because zp = 0, (3.1.6) implies that = =2 =0,4i=1,2 Solving
it, we find:
( sb—a(vzlo7V120)+Wm107W120
K = m;  mg my ma
11 (1—e)z10 )
b—a(Vy10 _V920)+Wy10 _ Wy90
K — s mi m2 mi m2
21 — (1—6)3310 ?
V. V. W, %%
b— z90 z10 x50 z10
K _ i a( mo —¢ my )+ mo —¢ my (323)
12 — (1—e)y10 )
b—a(VyzofeVmO)JrWyzO 7€Wy10
K J— s ma mi m2 mi
2= (1-e)y1o )
| K31 = K32 = 0.

With A, B, C, D constants determined by initial conditions, we get:

V.ZQO —e V.ICIO Vylo _ Vy20 WJ:QO _ leo Wy10 _ Wy20
K Ko = gb—a mo my my  mo ma my my my — gb—a9 A L 2B
12 1+ £821 s (1—e)yio + (1—e)z10 + (1—e)yio + (1—e)z10 + )
V110_V220 Vy20 _eVylo Wzlo_szo Wy20 _eWylo
_ — gb—a my mg _ _mg my mj mo _ _mg my  _ cb—a D
Kiu—EKn=s ( (1-e)z10 (1-e)y10 ) + (1=e)z10 (1—=e)y10 sC+D.

(3.2.4)
Introducing these relations and the fifth equation of (3.2.3) into the definition
(3.1.10) of the matrix K(t), we get:

sh+2 = s""*A+ B,
hikz (3.2.5)
S~ f3) =s""C+ D

and
—28'fo + s(—f5 + f3f1) =0,
28 fr + s(fi + fafs) = 0.

From system (3.2.5) we find that fi(t) and fy(t) are given by the following expres-

(3.2.6)

sions (where we retained only those solutions who satisfy fZ > 0, f2 > 0 and denoted
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by o; the sign of f;):

hi=orr V2O T D) + (s A+ B + (sC + D),
fg = 025 \/25 \/\/(sb*“C’ + D)2 =+ 4($b7aA + B)2 — (SbfaC + D)

(3.2.7)

To shorten the expressions, let us denote: H = \/(s*¢C + D)2 + 4(s*=*A + B)?,
I=(s"A+B), J=(s"C+ D).

Next we find the derivatives of f; and fs, substitute all results in (3.2.6), and after
long computations, the equations (3.2.6) become:

b2 —5'00{(2 =) (H — VH + (b — a)s**[—C(H — J) + 4AI|} + 4s0, fsv/ T2 H

° ooV H — TH =0
2 So{ (2 - D) (H + J)H + (b - a)s"*[C(H 4 J) + 4AI]} + 450, fs/I2H _

W2oH + JH

Since s > 0, the above equations imply:

— Soo{(H = J)[(2 = b)H — (b—a)s"*C] + 4(b — a)s" A} + 4soy fs\/I2H = 0, (3.2.8)
sSo{(H+ J)[(2—=0)H + (b—a)s"*C] + 4(b — a)s"*AI} + 4soy fsVI2H = 0. (3.2.9)

We will continue the discussion in cases, as to whether or not some of f; or f5 is

Zero.

Case 1. If fi = fo = 0, then (2.3.10) and (2.3.11) show that the rotation (if any)
is about the z-axis for all time. But initially, as we chose in the beginning
of the proof, all bodies are in the (z, y) plane, therefore they keep moving in
that plane for all time and the solution is planar. This can happen, say, when
A=B=C=D =0, for all values of a and b.

Case 2. If fi # 0 but fo = 0, then from the first of (3.2.6), f3 = 0. Also, (3.2.7)
implies that / = 0 and H = J # 0. Introducing these in (3.2.9), we get that
s'[(2 = b)J + (b — a)s®=*C] = 0. One possibility is s = const; to find the others,
let us consider two subcases:

1. In the homogeneous case (a = b), the above equation requires b = 2.

2. Let a < b. After equating to zero the coefficients of the non-constant func-
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b—

tion s”~* in the above relation, we get the following system:

Since C' = D = 0 is excluded by J # 0, it follows that either a = 2 and
D=0,orb=2and C =0.
Thus, if a # 2 and b # 2, the only allowed possibility is s = const.

Case 3. If fo # 0 but f; = 0, then the treatment is similar and with identical con-

clusions: f3 =0, I =0, H = —J # 0 and, if s # const, then either a = b = 2
or a < b. In the last situation, either a = 2 and D = 0, C' # 0, or b = 2 and
C=0,D#0.

Case 4. If f; # 0 and fy # 0, then (3.2.7) gives that I # 0 and H # 0. Let us add

or subtract the (3.2.8) and (3.2.9) equations, according to: 0, = —/ 4 09; in any
case, we get: s'(—a2){(H — J)[(2—b)H — (b—a)s*2C] +8(b— a)s**Al + (H +
N2 —=b)H + (b—a)s*=C]} = 0. So, s = const (when (3.2.8) gives that f3 = 0)
or (2—b)H?+ (b—a)s**CJ +4(b—a)s*=*AI = 0. We again treat two subcases:

1. For a = b, we find b = 2.

2. For a < b, expanding the products and assuming s # const, one gets the
system:
(2 —a)(C?* +4A2) =0,
(4—b—a)(CD+4AB) =0,
(2—0)(D*+4B*) = 0.
Since (C*+4A?%) = (D*+4B?) = 0 is excluded by I # 0, it follows that either
a=2and (D*+4B?) =0, A#0,or b=2 and (C? +4A?) =0, B#0.

But in each situation encountered in subcases 1 and 2 above, equations (3.2.7)
give that fi = C1572 and f, = Cys~2, for some non-zero constants C;, Cs.
Substitution into the second of (3.2.6) shows that f; = 0 again.

Also, notice that for a # 2 and b # 2 it follows that s = const.

Thus, in the cases where at least one of fi, f5 is not zero, we got that f3 = 0.
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Because F' # (0), (2.3.5) shows that Q # const = Q7! # const. In each of
discussed cases, F'(t) can be put in the form F(t) = f(t)- Fy. The proof of Corollary 1
tells us that there exists a constant matrix P such that the matrix P~!F, P vanishes in
the third row, therefore P~1F' P also vanishes in the third row. Then Lemma 8 grants
that the rotation is about a fixed axis, its position being yet to be determined. For
that, consider the equation for finding the axis of rotation Qu = u, u = (uy, uy, u,),
which after differentiation implies v = 0. Using this in F' = Q71 we get Fu = 0;
thus, with the form of F' given by (2.3.6) and f3 = 0, we obtain:

f2uz = 07
_fluz = 07
—fgux + fluy =0.

Since not both f; and fy vanish, this clearly shows that the axis of rotation is fixed
in the (z, y) plane.

Taking the case when none of a, b is equal to two, we obtained that s = const.
Thus, each body moves on circles of constant position, centered on the axis of rotation.

This is physically impossible, because we can identify a body moving in a most
remote plane from the origin and thus the resultant force should have a component
that will force the body to move off that plane. To show this mathematically, in view of
F = const, equation (3.1.10) reduces to K (t) = F? and because f3 = 0, from (2.3.8),
det K = 0, where K denotes that we omitted the third line and column in K (t).
On the other hand, write (3.1.9) as the matrix equation (V;L—llo + Wrjo Vi + %) =

K (t)(719,7), taking the second pair of bodies in Lemma 9. Use (3.2.2) and Fy =

Vi.0+W,.o to get det (ﬁ + w, Vego 4 @> # 0; this would imply that both K (¢)

mi mi m2 m2

and (719, T9) have a non-vanishing determinant.

We reached a direct contradiction and therefore the situation: s = const and none
of a, b equal to zero, does not hold.

We are forced to conclude that, except when a = 2 or b = 2, only the case with

f1 = fo = 0 is allowed to exist, and thus Theorem 1 is proved.

3.2.2 Quasihomogeneous force function with a # 2 or b # 2,
N = 3.

The goal of the subsection is to prove the following theorem:
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Theorem 2. For the quasihomogeneous 3-body problem with a = 2 and b > 2, or

b=2 and a < 2, if a homographic solution is flat, then it is planar.

We will use all the above results in this section that do not make explicit use of
the degres a, b and will try to reach a contradiction when assuming that there is some
rotation not around the z-axis. Since in the Case 1 above, the theorem holds trivially,
the analysis will be continued in the cases where: at least one of f;, fs is different of
zero, thus f3; = 0 and the axis of rotation is in the (x, y) plane. As shown in the last
part of the previous proof, the situation with s = const leads to a contradiction, no
matter what a, b are. Therefore, we are left to analyze the situation with: s # const
and only one of a, b is equal to two. First, Cases 2 and 3 will be treated, then Case
4.

3.2.2.1 Only one of f;, f; is equal to zero.

The matrix K (t) from equation (3.1.10) for this case becomes:

s" + s(—f3) 0 0
K(t) = s 0 s" + s(—f}) 0
0 "+ s(=f3 = f1)

Comparisson with (3.2.3) gives that K5 = Ky = 0, or:

VxQO . Vxlo WxQO . WzIO
ma  ~ mi ' ma mi
)
V0 _ Viyso  Wypo _ Wys0
mi mo m1 m2

which when used in the second of (3.2.4) for K3 — Ky shows that:

Sba( VZUlO - V,;Jlo )+ W3310 . Wy10 :Sbfacf_i_D.

miTio miYio miTi0 miYio

But, as shown in Cases 2 and 3, either a = 2 and D =0, C # 0, or b = 2 and
C =0, D # 0, which means that one of the following two systems should hold (but
not both):

Wzq0 Wyi0 Waio0 Wy,0

210 Wyi0 0, 10 Wy 7& 07
mi1xio miyio . mi1xio miyio (3 9 10)
Vzy0 Viyq0 ! Vzio Vyio o
mizio  miyio 7& O’ mizio  miyio 0.

We will prove that actually none of the above systems can hold, and this will
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mean that the cases discused in this subsubsection lead to a contradiction. For this,
we compute directly the corresponding accelerations. The x-component due to force
function W has the form: % =k- bZ?:L#i mj(xjo — xio)l?# (we denoted by
lj; = |rjo — rio| the distance between bodies j, ¢ at the initial moment of time); the
component due to force function V' will have the same form, just with the exponent
b+ 2 replaced by a + 2 and the coefficient kb replaced with a.

From Lemma 9, x99 = ex19, € # 1, Y20 = Y10, While the integral of the center of

3 .
mass ijl rj0 = 0 gives that mgzsg = —z19(m1 + ema) and mgyso = —y10(m1 + ma).
: Wzi0 kb | mezio(e—1) m3(x30—10) ma(e—1) mi+emat+m
sing these, —-~ = — kb _ mytemytmsg
Using ? miz10 z10 1542 + b2 1542 b2
\% -1 . . %
and =22 = ¢ mQCEiQ ) _ mitematms | Ip a similar manner, we obtain that —4% =
mix10 135 113 m1Yy10
v, ) )
—kbm“Llﬁ,T;Lm?’ and m;“’;/fo = —amlJrl’a’f;m:*’. Thus, the sought differences in (3.2.10) can
13 13
be put in the form:
b2
Wzi0 _ Wyio _ kb(l—e)mg 1— lLis +
mi1T1o miyio 1b12 l12
13
(3.2.11)

Veo _ Voo _ pO=ema |1 (1"
mix1o miyio 1952 l12
Obviously, if one of them is equal to zero, then (because e # 1) ﬁ—z =1 and then the

other difference is also equal to zero:

Wx10 . Wy10 :O — %10 o Vy10

mi1Z10 miYio mi1Z10 miYio

— 0. (3.2.12)

In conclusion, our claim is proved, equation (3.2.10) is contradicted and the case
analyzed in this subsubsection is not allowed to exist.
3.2.2.2 None of fi, f, is equal to zero.
Here the matrix K (t) becomes:
s+ s(—f2) sfif 0

K(t) = s sfifa s" + s(—f7) 0
0 0 s fE )
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The comparison with equations (3.2.3) gives that K3 = Ky = s> A+ B # 0, or:

\Z V. \Z \Z

1720—6 z10 y10 _ Yyo0
Hoi —a-Fom
1—e)yio 1—6)$10
Ww20 _eleo Wy10 _WyQO 9 (3213)
LD/ L5 W— B —_m mo
(1—€)y10 (1—6)1‘10
and the second of equation (3.2.4) give that
VZlO_Vz2O Vy20 _evylo
e~ =
1—e)z10 1—e)yio
Wa:10 W9320 WyQO Wy10 . (3214)
my  mo __mg —€ mq o D
(1—e)z10 (1—e)yio -

As we found at the end of Case 4, only one of the following systems should hold:

a = b—2
A40 B#0

let us investigate them separately.
In the case a = 2, systems (3.2.13) and (3.2.14) yield the following conditions:

/

Vago Va0 Vo Vigo
Yy1o0m2 Yy1omi z10M1 T10M2
VZQO # eVzlo & Vylo ?é VyQO

ma my my mg

W, W,

@20 _ o 10 (3216)

mar10 mi1x10’

Wy10 — Wy20

miyio may20’

Wayo _ Wyo _
\ 110 mi1yio

We can continue the proof if we could show that at least one pair of initial position
vectors 10, j € {1,2,3} form an angle greater than 90°.

Mathematically, let, as previously, r19 be the position vector of the body not
situated at the origin and let r;;9 and ry;;9 be the other two position vectors. The

integral of the center of mass states that:
myrrirro = —(Mario + Mirrir)- (3.2.17)

None of r;;o and 77770 can be collinear with r9, otherwise the previous equation
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r 1T 1

¢ I

Figure 3.2.2: A possible position for the three vectors in (3.2.17).

requires that the third one will be collinear as well, but we excluded the collinear con-

figurations. Using the scalar product, we find cos Z(r1g, 7770) ~ 710 * T170 = T10% 170 +

T10m1+Trromyy +y10y10m1+y110m11 — _[(ﬂ)( 2 +

Y10Y110, €08 Z(T10, T1110) ~ — (xl() - g myr/\10

yl) + UL (2102110 + Y10Y110)], Where we used (3.2.17) in coordinates.
When cos Z(ryg, 7110) > 0, cos Z(r10, r1170) < 0, because z%, + y%, > 0.

We see that in any case, we can denote by ry that vector of {750, 7170} such that
4(7’10, 7"20) > 90°. (3218)

Take the y-axis perpendicular to r1g — 199, which will make this pair of vectors
satisfy all conditions of Lemma 9.

A first consequence is e # 0, otherwise ry is along the y- axis and the triangle
based on 719 and rg is right, which is a contradiction to (3.2.18). Returning to
(3.2.16), substituting the fifth and then the third equations into the forth equation,
we get:

Wyo — Wiy

= . (3.2.19)
maY20 moTa0

The relation (3.2.12) of the previous subsubsection is not specific to body 1 alone;

similar computations (now allowed by e # 0) show that:

o—1 b+2
WzQO _ WyQO — kb (Fe )ml 1 _ l2_3 +
m2T20 may20 lg§'2 l12

— 9
Vzs0 Vysgo Lel)ml 1 la3 a+2
mazog  May20 a 1912 = e

23

(3.2.20)

and therefore:
szo N Wng :O — ‘/rgo o ‘/;/20

MaZ20 maY20 MaZ20 malY20

— 0. (3.2.21)
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Using (3.2.12) and (3.2.21), we get that the fifth equation of (3.2.16) and equation
(3.2.19) imply:
‘/21710 N Vy10 _ O& %20 _ ‘/ygo

mi1Zi0 miYio MaZ20 malY20

— 0. (3.2.22)

Finally, we substitute these expressions into the right-hand side of the first equation

in (3.2.16) and get:
1 (@_e@) (1+ o ) _
Yo \ M2 my e I
2
1

But if 1"‘63.;%0 =0, or yfy = —e-xly, thenrfy = yfy+aty = (1—e)aty, 13y = —e(l—e)aty

and r}, + r3, = (1 — e)?x3,, while (r1g — 129)? = (z10 — T20)* = (1 — €)?x3,. That is,

this corresponds exactly to a right triangle formed by ¢ and r9y — a situation that
is excluded by relation (3.2.18).

Va Ve
Therefore, we are forced to conclude that -2 — ¢21°

= 0, which is a direct
contradiction of the second equation in (3.2.16).

As this ended the treatment of the case a = 2, we now move to the second one,
b = 2 and the second system of (3.2.15), the treatment of which will be similar.

In this case, systems (3.2.13) and (3.2.14) yield the following conditions:

(
szo _ Wzlo — Wyl() _ WyQO
yiomz Yyiomai xri10mi1 T10Mm2
WIQO # €W110 & Wy10 # WyQO
ma mi mi mo
V; V;
220 _ o Vo0 (3.2.23)
T10M2 T10Mm1
Vy10 — Vo0
yiomi y20m2’
Vzlo _ Vylo — 0
\ L10m1 y10mi ’

Substituting the fifth and then the third equations (with the use of e # 0) into the

forth equation, we get:
%20 o Vl’QO

Mayso  MaTag
With (3.2.12) and (3.2.21), we find that the fifth equation of (3.2.23) and equation
(3.2.24) imply:

(3.2.24)

leo N Wy10 :0& WZ‘QO B WyQO

mi1Zi9 miYio Mma2o0 maY20

= 0. (3.2.25)

Now we substitute these expressions into the right-hand side of the first equation
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in (3.2.16) and get:

1 (W, W, 7
_( 20 _, 10> <1+ ?J102):0.
Yo \ M2 m e- Xy

Again, since 1 + % = ( is interdicted by the fact that the triangle based on 71
10
and 7y is not right, this relation is a direct contradiction of the second equation in
(3.2.23).

To summarize, both a = 2 and b = 2 situations of the current subsubsection (when
none of fi, fo is equal to zero) lead to contradictions.

Together with the contradiction obtained in the previous subsubsection, it means
that the only possible situation remains Case 1, when f; = fo = 0 and the rotation
takes place around the z-axis, perpendicular to the initial plane of the configuration.
Thus, the configuration formed by the 3-bodies remains planar and Theorem 2 is

proved.

3.3 Extension of Pizzetti’s Theorem

The goal of this section is to extend Pizzetti’s theorem to quasihomogenous potentials.

Theorem 3. For the quasithomogeneous N-body problem with a # 2 and b # 2, if

the homographic solution is not flat, then it is homothetic.

If N = 3, then the solution is always flat. So, throughout this section, we consider
N > 3.

Obviously, we need to prove that there is no rotation whatsover, that is, (t) =
Q(tg) = E. This will be done in two large steps: first, we will show that the rotation,
if any, should take place around a fixed axis; second, for that rotation, represented
by a particular angular velocity function w’ = w/(t), we obtain w'(t) = 0.

Using the proof of Corollary 1, if we could prove that
F(t) = f(t) - Fo, (3.3.1)

where f(t) is a scalar function and F a constant skew-symmetric 3-matrix whose
entries are fio, ¢ = 1,2, 3, then P~!FP would also have zero entries on the third row.
Therefore, with Lemma 8, the above formula would be sufficient for proving that the

rotation takes place around a fixed axis.
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Before beginning the proof of (3.3.1), we will use non-flatness to simplify the

expression of K (t).

Lemma 10. For a non-flat solution of a quasihomogeneous N —body problem, there

exists an initial moment tg and two triplets of bodies, such that:

det(rlo, T20, Tgo) 7A 0 (332)
det(F40, F50, F60> # 0, (333)

where 10, © = 1,2, 3, are the position vectors of those three bodies and Fjy, j = 4,5,6,
are the total forces that act upon the other three bodies, at the instant to.(The triplet
(1,2,3) needs not be identical to the triplet (4,5,6)).

Proof. Because the solution is not flat, there should be a moment t = ¢y such that
the configuration is not flat at that moment and N > 3.

To prove the first assertion, choose a body with ¢ = 1, not situated at the center
of gravity O (it does not make any physical sense to have more than one body at that
center). The configuration cannot be collinear at t = ¢y, therefore we can find a body,
i = 2, not situated along the vector 9. Consider another body (non-flatness allows
that) off the plane determined by vectors rip and ryy and the claim is proved.

For the second claim, not all forces will be parallel with any particular plane, for
one can pick a most distant body from that plane and argue that the force acting on it
should have a component perpendicular to that plane. In particular, not all forces can
be parallel with one another. Therefore, we can find two bodies, with i = 1 and i = 2,
such that Fig }f Fy, and consider the plane Pr built on these vectors (by translating
the Fyy vector till its origin coincides with that of Fjg), and passing through the
body 1. Because the solution is not flat, there should exist bodies above this plane,
and below it (otherwise the vector Fjy would have components perpendicular to that
plane). Now consider a most distant body with ¢ = 3 from that plane, in the upper
half-space. With the same argument as above, the force acting on this body cannot
be parallel with the plane Pr, which also shows it is not identical to ¢+ = 2. Thus the

three forces are not co-planar, for which formula (3.3.3) is satisfied. n

Equation of motion (3.1.9) can be written as the matrix equation (sl’_“M +
mi
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W, 0 —a Vs 0 w, 0 — V,o W, 0
n;l 7 Sb alra0 | Wry 7 Sb alrs0 4 Trs )
1 ma m2 ms3 ms

K (t)(r10,720,730), and using (3.3.2) we get:

Vo We —a Vo We —a Vo W, _ —a
K(t) _ (Sb_a 10_|_ 107 Sb 20+ 207 Sb 30+ 30)(7"10,7"20,7“30) 1 _ Sb D1—|—D2,
mq mq mo me ms ms3

(3.3.4)

where D; and D5 are constant 3-matrices.
We will also need the following two quantities, produced with K (t) = s**1[s"E +
2¢'F + s(F' + F?)] using simple matrix operations: 3(K + KT) = s"™(s"E +
sF?), YK — KT) = $""!(sF’ + 25'F). With the simplified expression for K, these

relations become:

s"TUS"E + sF?) = s""Ds+ Dy, (3.3.5)
s"TY(sF' +25'F) = s"*D5 + D, (3.3.6)

where D;, 1 = 3,4,5,6, are other constant 3-matrices.
The diagonal and the non-diagonal elements of the matrix equation (3.3.5) imply,

respectively, the following two systems:

(3.3.7)

S ) = A+ B
S2(f2 — f3) = $°C + D

and
Sb+2f1f2 — Sb_aG + H

Sb+2f1f3 = Sb_a[ +J s (338)
Sb+2f2f3 — SbfaK + L

where the 10 constants come from the matrices D;, i =1, 2, 3, 4, 5, 6.
These systems will turn out to be sufficient for proving (3.3.1), which is equivalent

to
fi(t) = f(t) - fio- (3.3.9)

It is easy to check that if s(t) = const, then all of f; will be some constants and the
assertion proved. Thus, we will assume, in all cases needed for proving (3.3.9), that
s(t) # const.

First. If at least two of f;(t) are equal to zero, then the above formula is trivially
satisfied.

Second. Suppose that only one of f; is zero, say f; = 0, (because of the symmetry

of the equations, the treatment for the other two possibilities is identical). The
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systems (3.3.7) and (3.3.8) become:

S2f2=s"%(-A) - B >0
SH2f2 = b=2(—A—C)—B—-D>0 (3.3.10)
8b+2f2f3 = Sb_aK + L 7é 0.

With a notation for convenience: A+ C = M, B+ D = N and o; standing for the

sign (+/—) of f;, we find that the non-zero functions are given by:

b—a A B b—a N[ N
fg(t) :O'Q’U—SST:_ 7&0, fg(t) 203\/—% 7&0 (3311)

When a = b, (3.3.9) is immediately satisfied. Let thus a < b. To get the relation
between the constants, take the product of the first two equations in (3.3.10) and
compare to the third, to obtain (s*=*A + B)(s*7 M + N) = (s*"*K + L)2. After
equating the coefficients of the function s*~¢(¢) > 0 with same degree, we have (AN +
BM)? = 4AM BN which implies:

AN = BM. (3.3.12)

All subcases can be split in two: N = 0 and N # 0. The first case, together with
fs # 0, implies that M # 0 & B = 0, and therefore A # 0. Then (3.3.11) shows that

sb—a

both f; are proportional to f(t) = 1/ %ss. In the second case, when N # 0, A = %
and so (3.3.11) gives fo(t) = Z—i,/% - f5(t). Thus, in both cases (3.3.9) is satisfied.

Third. Now we will deal with the most general case, when none of f; is equal to

zero. Equations (3.3.8) give:

G+ H stmal 4+ J
Sb+2f1 — —f2 s 3 = —Sb—aG + HfQ, (3313)
therefore:
b—a b—a
bi2 2 (s G+ H)(s" I+ J)
s"TE (K + L) , (3.3.14)
b—a b—a
b2 2 (8" "K+ L)(s"7 G+ H)
STy = It ) : (3.3.15)

sP7al + J)(s" K + L)
22— ( (sb—a)G e , (3.3.16)
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Clearly, when a = b, (3.3.9) is easily satisfied. Let a < b. Now we take the differences
between the above equations of indices 1&2 and 2&3 and introduce the results in
(3.3.7), after this we expand all the products from brackets and get the following

equations:

SO=VATK 4 s20~I[A(IL + JK) + BIK] + s*%[AJL + B(IL + JK)] + BJL =
= 3-IG(I? — K?) + s*0-9[2G(1J — KL) + H(I? — K?)|+
+579[G(J? — L?) + 2H(IJ — KL)| + H(J? — L?);
s=ICIG + s* =9 [O(IH + GJ) + DIG] + s*=*[CJH + D(IH + GJ)| + DJH =
= -V K(G? — I?) + s>~ 2K (GH — 1J) + L(G? — I?)]+
+sP7[K(H? — J?) + 2L(GH — 1.J)] + L(H? — J?).

Again, because these relations are to be satisfied for a continuous range of times ¢,
we need to equate the coefficients of the terms with same degree of s and so get the

following system:

(ATK = G(I2 - K?)
A(IL+ JK) + BIK =2G(IJ — KL) + H(I* - K?) (3.3.17)
AJL+ B(IL+ JK) = G(J? — L?) + 2H(I.] — KL)

| BJL = H(J? - L?);

(c16 = K(@G2 - 1?)

C(IH + GJ)+ DIG = 2K(GH — I]) + L(G? — I?) (3.3.18)

CJH + D(IH + GJ) = K(H? — J?) + 2L(GH — 1.J)
| DJH = L(H? - J?).

The relation we want to prove f;(t) = f(¢) - fio is equivalent to showing that f3 = pfs
and f; = qf2, where p and g are some non-zero constants. The second of (3.3.13) then
requires that s*~%(I —pG) = pH — J, while the first of (3.3.13) combined with (3.3.15)
requires that s®=%(I — ¢K) = qL — J. Because these relations are to be satisfied for

all time, we need to prove that there exist some non-zero constants p, ¢ such that:

I =pG, J=pH, I =qK, J=qL, (3.3.19)
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or, in case GG, I, K are all different of zero, one needs to prove that:

H J L
5 —_— T —_— E. (3.3-20)

We will first work on excluding the cases when some or all of those 6 constants in the

equation above are equal to zero.

Case 1. Assume that at least one of G, I, K constants is zero: let it be I = 0 (the
other cases are have identical conclusions, due to the symmetry of systems (3.3.7)
and (3.3.8)). Then the first equation in system (3.3.17) will require that at least
another constant from {G, I, K} should also be equal to zero. Let then also
G =0.

1. The situation when G = I = K = 0 is trivial: the equations (3.3.14)-(3.3.16)
show that the functions will have the form: f;(t) = f(¢) - fio-

2. If G =1 =0 and K # 0, then the system (3.3.17), after substitutions
gives that HJ? = 0 and, with (3.3.14) it follows that f; = 0, which is a

contradiction with the initial assumption that none of f; is zero.

Case 2. Assume now that all of G, I, K are different of zero, but one of H, J, L is
equal to zero: let J = 0. The forth equation in (3.3.17) then requires that at

least one more from among H, J, L is equal to zero. Let then H = 0 as well.

1. The situation: H = J = L = 0 is again trivial since the equations (3.3.14)-

(3.3.16) show that in this case the functions will have the required form:
fit) = f(t) - fio-

2. If H=J =0but L # 0, then the system (3.3.17), after substitutions, gives
that GI? = 0, which is a contradiction.

Case 3. Thus, we can now assume that none of the constants G, I, K, H, J, L is equal
to zero. This allows us to eliminate the constants A, B, C, D from the systems
(3.3.17) and(3.3.18). Next, we found that a shorter way to prove (3.3.20) is to
make the notations: % =P, % =Q, % = R, and then relation to prove becomes:
P =@ = R(# 0). After these eliminations and notations, the systems (3.3.17)
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and (3.3.18) transform to:

~ QK* + P(Q% — RE) = QI* - RK? + P(I* - K?)
QR(I* — K?) — P(BE2 90y — 22 — R?K? 1 P(I*Q — K*R)

L

—PI?+ QG* + R(P02 Q) = G?P — I?’Q + R(G? — I?)
|QP(G? — 1) + R(S3% — 4F) = P*G* — Q> + R(G*P — Q).
(3.3.21)
The first two equations in this system are equivalent to:
I2(B=P\(R _ — K2(E2=Q\(R —
(E2)(R - Q) = K*(E52)(R - Q) 99

P(R-Q)(R-P)=KR-Q)(P-Q)&.

All situations can be split as follows:

1. R4 Q.

(a) R = P. The first of (3.3.22) requires R = () - a contradiction.
(b) R # P. Equating I* from both of (3.3.22) one again gets R = @, thus

impossible.

. . . . . . P24Q? —
2. R = Q. The third equation in (3.3.21) simplify to: ; =20 = P=Q
and this proves that £ = Z = £ s satisfied. Therefore, f;(t) = f(t) - fio is

also proved in the most general case.

By now, we exhausted all possible types of f;(t) and proved that the required

relation f;(t) = f(t) - fio, which is equivalent to F'(t) = f(t) - Fy, is always satisfied.

As we showed in the beginning of the section, this means that we have proved that

the rotation takes place around a fixed axis, for all time. The rotation axis can be

chosen now to be the z-axis and so, the rotation matrix is given by (2.3.10) and the

auxiliary matrix by (2.3.11). Then the second equation in (3.3.7) gives

s"T2(w'(1))? = s"*(—C) — D. (3.3.23)
From (2.3.10) and (3.1.1) in Definition (4) of a homographic solution, we get:

ri = {s(ziocosw — yipsinw), s(xsinw + y;o cosw), $zio}-
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The projection of the integral of the total angular momentum Zf\il ri X ri = C on

the z-axis is C, = ), m;(x;y, — y;x;) and after simple computations:
C. = s"w' Y mi(xl + yi)- (3.3.24)

Suppose that w’ # 0, which implies €2 is not a constant.

If Y. mi(22% +y%) = 0, then that z,0 = y;0 = 0 and from the above representation
for r;, it follows that all bodies are situated on the z-axis, which contradicts the fact
that our solution is not flat. Therefore, >, m;(zh + yh) # 0 and we can divide
(3.3.24) by >" my(z3 + y2) to get: s*w’ = const # 0.

Introducing this in (3.3.23), we get:

Sb72 + Clsbia = CQ,

for some constants C; and Cs. Except when b = 2 or a = 2, this relation implies that
s = const = 1. This means that each body is rotating on fixed planes (in fact, on
fixed circles), parallel with one another and perpendicular to the z-axis. And this is
physically impossible, since we can find a most remote from the origin plane of rotation
and argue that all other bodies will create a resultant force not contained in that plane
of rotation, and thus determining the body to move off that plane. Mathematically,
equation K (t) = s**1[s"E+2s'F +s(F'+ F?)] reduces to K (t) = F’+ F? and because
fi = fo =0, det K = 0. On the other hand, write the equation of motion (3.1.9)
as the matrix equation (% + Wm;ff, an—f + Wm;zo, Vnz—? + Wm;zo) = K(t)(740,750,760),
taking the second triplet of bodies in Lemma 10, and use Fjp = V..o + W,,0. This
would imply that both K (t) and (r49, 750, 760) have a non-vanishing determinant and
we arrived to a direct contradiction.

We are led to conclude that w'(t) = 0 and Q(t) = const = E, thus the theorem is

proved, unless b = 2 or a = 2.

3.4 Counterexamples to the Lagrange and Pizzetti

theorems for a = b =2

In the first subsection to follow, we point out some of the difficulties in extending the

above two theorems to a higher number of bodies, in the intermediate range of a and
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b values (that is, for a # 2 or for b # 2). In the next two subsections we’ll show that if
the degree of the force functions are: a = b = 2 (which corresponds to the cubic force
of attraction), then even for N = 3 and N = 4 one can construct counterexamples to
Theorems 1 and 3, respectively. For the case N = 3, we use the idea of Wintner [15]

and fill in all the necessary details.

3.4.1 The difficulty of extending Lagrange’s theorem to N = 4
and a # 2 or b # 2

As we showed that Theorem 2 holds, we may wonder whether such an extension can be
proved or disproved for a higher number of bodies. The main difficulty encountered for
extending was that for N = 4 bodies in an arbitrary configuration, the corresponding

expression of formula (3.2.11) is:

2 2
R I male—1)

Y10 Z10

Waio _ W0 _ k’bm2(1 - 6) o llgz My <y4o 11740) (1 B (l1_3)b+2)}

l14

No direct conclusion similar to (3.2.12) can easily be made. On the other hand,
this could suggest that this theorem does not hold for all configuration 4 bodies,
and we tried to find a counterexample in which some special initial conditions could
lead to a solution that was flat, but rotated around the z-axis, thus non-planar. In
simple configurations, like the four bodies at vertexes of a square, or the fourth body
situated at the center of mass, the solution failed to rotate, thus remaining planar.
We then focused on the arrangement depicted in Fig. 3.4.1, in which [, was arbitrary,
while y10, ¥30, Y40 Were variables to be determined from the condition that the given
configuration leads to the rotation around the the z-axis, when a = 2 and b > 2 2.

Even for small values of b (like, b = 3) the 3 equations for establishing the existence
of the appropriate solution {y19, y30, Y40} were of a degree higher than 7, which
made the analytical proof of the existence of the solution extremely hard, if not
impossible. Subsequently, extensive computer assisted numerical simulations showed
that the counterexample failed: there where no initial values of 419, 30, ys0 to make
the solution non-planar.

The proof of Theorem 3 shows that the corresponding analysis for N = 4 and
a=2,b>2o0rb=2 a< 2 would be even harder. Moreover, the next development

of the theory in this paper (see the next Corollary based on Theorems 3, 1, 2) requires

2The same approach was tried for the similar situation with b =2 and a < 2.



Figure 3.4.1: The configuration we tried for the failed counterexample.
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VAR

Figure 3.4.2: The isosceles configuration of equations (3.4.1).

that we first prove the flat theorem, then the non-flat one.
All this being said, the only remaining potentials for which we will make a firm

conclusion is ¢ = b = 2.

3.4.2 A counterexample to Theorem 1, a =0 =2

Let N = 3; we want to find such initial conditions (coordinates x;o, ¥, zio and
velocities (24)o, (yi)o, (21)o, where i = 1, 2, 3) that will result in the solution to the
equations of motion be a flat (since N = 3) and homographic, but rotating around
the z-axis solution (thus non-planar).

Choose the initial positions and masses of the 3 bodies in the (x, y)-plane as

follows: )
Mg = My,
T20 = —T10 = %2 > 0 = w3,
Yoo = Y10 =< 0 < Y30, (3.4.1)
2myy10 = —M3Yso
[ 20=0, Vj=1,2,3

Let us notice that the integrals of the center of mass,

3 3
ijl‘jo = 0, ijyjo = 07 (342)
i=1 i=1
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are satisfied.
Because a =b=2,let G =2(k+1); thus U=V +W = (k+1)V =<3, _ T

i<j |liz]?
and the (general) equations of motions are:

"o__ _ (zj—x;)
mx! = Uy, = m;G )Y m; ‘;M;

may! = U, =m,GY.m;%=4  i=1723. (3.4.3)

[2:]*

" __ _ (2i—2:)
mizl = U, = m;G Y m; ﬁmj

From the symmetrical arrangement of the three bodies it follows that the following
are guaranteed:
Uzpo = —Uzy0 < 0 = Ugyo,
Uyo = Uy,0 > 0, (3.4.4)
U.,o=0, Vi.
Let us notice that adding upon i each of the equations in (3.4.3) (and using the above

symmetry equations), we get a more exact expression for the integral of the center of

masses, which, however, do not impose any additional conditions on the coordinates
of the 3 bodies:
Y U, =0,) U, =0. (3.4.5)

To prove that the solution will be homographic, i.e. r; = s(t)€2(¢)r;o, but non-planar,

we want the rotation to be around the z-axis, in the positive direction:

4

1 0 0
Qt)=1 0 cosw —sinw |,
0 sinw cosw
(3.4.6)
w'(t) >0, w(0) =0
s(t) >0, s(0) =1,
\3’(15) # 0.
In coordinate form, the solution should satisfy:
T; = TS Yi = YioSCOSW; z; = YipSsinw. (3.4.7)

Urjo 'y = Yn® Then, using expressions (3.4.1), (3.4.2), (3.4.5)(3.4.4),

mizio’ miyio

Let X =
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the formula:
Uro = X -mixio, Uyo =Y - miyio (3.4.8)

will hold not only for the first body, but for all 1 =1, 2, 3.
To get all the conditions that are to be satisfied by the initial conditions, we
substitute (3.4.7) into the equations of motion (3.4.3). For instance, the z-component

of the force due to the force function W, that acts on the i-th body becomes:

3
Wmi = mZG Z m]M = 373Ux¢0- (349)

=1, g S Ul

After all substitutions, making use of (3.4.8), we get:

" = 573X, (3.4.10)
s" cosw — 25w’ sinw — s(w')? cosw — sw”sinw = s*Y cosw, (3.4.11)
s"sinw + 2s'w’ cosw — s(w')?sinw + sw” cosw = sV sinw. (3.4.12)

Multiply (3.4.11) by — sinw and (3.4.12) by cos w and add them to get 25'w'+sw” = 0.
Next multiply (3.4.11) by cosw and (3.4.12) by sin w and add them to get s” —s(w')? =

s73Y. Thus, the equations of motion conditions are

"= Xs3 <0,
2s'w’ + sw” = (s*w') =0, (3.4.13)

s" —s(w')? =Ys3.

Next we notice that the three equations are to be satisfied by only two functions (s(t)
and w(t)); to ensure the existence of solutions, we will eliminate one of them. After
substitution of the first equation for s” into the third, we get that the third equation
can be replaced by s?w’(t) = (X — Y)% , if we require X —Y > 0. But, using the

computations carried out in Section 3.2.2, formula (3.2.11), replacing e = —1, k — %,
4
we get: n(jf—xlfo - ;le—;i) =G {1 - (ﬁ—;) } Thus, X — Y is a positive constant if
13

we choose the initial position such that l13 = o3 < l12, and then the second equation

in (3.4.13) is eliminated by the other two. System (3.4.13) becomes equivalent to the
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following conditions of the the real functions s(¢) and w(t) :

s =Xs73

sPw'(t) = (X —Y)2.

NI

With the substitution s’ = p(s), the first equation transforms to %p(s) = Xs73,

which has the solution p? = (s')2 = —Xs72 + const. Choose s,_, = (—X)2, which
makes s’ = # and, after integration, s2(t) = 2(—X)2t 4 consty. Because s(0) = 1
and s(t) > 0, we have: consty = 1 and s(t) = [1 + 2(—X)zt]2.
Replacing that expression into the second equationlof the systlem above, we get
cfi_ztz; _ (X—Y)71 (X_Y)f In 1+2(_X)1§t + consts. Since
1+2(—X) 2t 2(-X)2 2(-X)2
w(0) = 0, consty = (;((__—Xy))f In[2(—X)2] and w(t) = % In[1 + 2(—X)=t].

In conclusion, the above mentioned initial positions ((3.4.1) and l13 = log < l12)

# 0 and after integration, w(t) =

and the initial velocities determined from (3.4.7) with the real functions s(t), w(t)
that satisfy conditions (3.4.6), means that the expressions (3.4.7) satisfy the equations
of motions; therefore, the found solution is flat (N = 3), homographic but non-planar

(W' #0 = Q(t) # const).

3.4.3 A counterexample to Theorem 3, a =b =2

Here we let N = 4; we want to find such initial conditions that will result in the
solution to the equations of motion be non-flat, but rotating around the x-axis (thus
not homothetic).

We choose the initial positions and masses of the 4 bodies in the (z, y)-plane as
follows (see Fig. 3.4.3):

mo =my,
m3z = My,
I
Tog = —x10 = 5 > 0 = x30 = T4o,

(3.4.14)
Y20 = Y10 =< 0 < Y30 = Yao0,

2miyi0 = —2mayso

| 710 = 220 = 0 < z40 = —230.



'

Figure 3.4.3: The tetrahedron configuration of conditions (3.4.14).

A7
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The integrals center of mass,

4 4 4
ijl’jo = 0, ijyj() = 0, ijng =0 (3415)
j=1 j=1 j=1

are satisfied.
The (general) equations of motions are (3.4.3), unchanged.

From the symmetry it follows that the following are guaranteed:

UIQO - _Umlo < 0= Uzg(] - U:E407
Uppo = Uyo > 0 > Uygo = Uy, (3.4.16)
Uz10 = UZ20 - O < UZ30 - _Uz40'

The equations of the center of mass (3.4.5) remain the same, for the same reason. To
prove that the solution will be not homothetic, we want the rotation to be around
the z-axis, in the positive direction, i.e. we require the same system (3.4.6). In

coordinates form, the solution should satisfy:
T = x08; Yi = S(Yiocosw — zpsinw);  z; = s(yio sinw + 2z cosw). (3.4.17)

Notice that since, initially, all bodies are not in one and the same plane, they will
remain in different planes forever, that is, the homographic solution will be non-flat.
We make the notations: X = -2 < 0, Y = 221° < Z = 2=° ~ (. Then,

mixi10 miyio mi1z30

using expressions (3.4.14), (3.4.15), (3.4.5)(3.4.16), the formula:
leo =X m;T;o, ino =Y. m;Y;o, Uzi(] =7 m;z;o (3418)

will hold for all i = 1,2, 3, 4.
After all substitutions of (3.4.17) into the equations of motion (3.4.3), making use
of (3.4.18), we get:

" =s57X  (3.4.19)
Yio[s” cosw — 25'w' sinw — s(w')? cosw — sw” sinw] — z[s” sinw+

2sinw 4 sw” cosw] = 573 (Yypcosw — Zzsinw)  (3.4.20)

+2s'w' cosw — s(w')
Yiols” sinw + 25'w’ cosw — s(w')? sinw + sw” cos w] + zi[s” cos w—

—2s'w’ sinw — s(w')? cosw — sw” sinw] = s (Yysinw + Zzgcosw).  (3.4.21)
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Multiplying (3.4.20) by —sinw and (3.4.21) by cosw and adding them, we obtain
Yio(28'w" + sw”) + zpls” — s(w')?] = z;9Zs™3. Next multiply (3.4.20) by cosw and
(3.4.21) by sinw and add them to get y;[s” — s(w')?] — zio[28'w’ + sw”) = s73Y . For
i = 1,2, these two equations are equivalent to the last two equations in (3.4.13). If we
can make Z =Y, then the above equations (3.4.19), (3.4.20), (3.4.21) will be implied
by the system (3.4.13) for any ¢ = 1,2, 3, 4.

We can easily compute that Y = —ZG% (Z—; + 1>, Z = —ZG% e+ (g—i>4>,
therefore the condition Z =Y is satisfied if we put l;3 = [34 in the initial positions.

Next, we repeat the same analysis of (3.4.13), and with the condition X > Y
equivalent to l13 < ly2, the same solutions s(t) and w(t) are obtained.

In summary, the above mentioned initial positions ((3.4.14) and l13 = l34 = loz <
l12) and the initial velocities determined from (3.4.17) with the real functions s(t),
w(t) that satisfy conditions (3.4.6), means that the expressions (3.4.17) satisfy the
equations of motions. Therefore, the found solution is non-flat (N = 4), homographic

but not homothetic (v’ # 0 = §(t) # const).

3.5 Extension of Lagrange-Pizzetti Theorem

Here we will prove important consequences of the theorems from the previous two
sections (partly announced in Section 3.1). Also, we will find the expressions for the
conservation integrals for homographic solutions, and gather the relations needed for
the next chapter.

Theorems 1 and 2 tell us that a non-planar homographic solution cannot be flat;

together with Theorem 3, we have the following:

Corollary 2. For a quasihomogeneous N-body problem with a # 2 and b # 2, and
also for a quasihomogeneous 3-body problem with a # 2 or b # 2, if a homographic

solution is not planar, then it is homothetic.

Let us first find the formulas for kinetic energy and total angular momentum for
planar homographic solution. Namely, in this case, the z- coordinate can be chosen

to be zero and therefore, the rotation matrix 2(¢) and the corresponding F-matrix
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are given by:

cosw —sinw 0 0 —w'(t) 0
Q)= sinw cosw 0 |, F@t)=| «'(¢t) 0 0 |, (3.5.1)
0 0 1 0 0 0

where w'(t) is the angular velocity of the rotating configuration. From formula (3.1.8)
of Section (3.1), by multiplying it with Q(t), we get: 7i(t) = (§Q + sQF)r; =
{(scosw) xi—(ssinw) i, (ssinw) zi+(scosw) yi, 0}. Thus (r))* = {[(scosw)']*+
[(ssinw)'|*}x2 +{[(ssinw)']?+[(s cosw)']*}y4, and, after simple calculations, (r})? =
(8% + s*w™)r,.

We also consider the moment of inertia I = ., m;r?, which for a homographic

7

solution becomes
I = Zmi(srio)Q = 521, (3.5.2)

because the rotation does not change the distance from the origin |r;|.
Therefore, we find that the kinetic energy T' = 5 >, m;(r})? takes the form:

1
T = 2(3 + s*w?) . (3.5.3)

Next, using the definition (3.1.1) of homographic solutions as r; = sQr;y, we find
that:

SCOSW + Tip — SSINW * Yip (scosw) xio — (ssinw) yio
/ . .
i Xry= | ssinw-xjp+scosw- -y | X | (ssinw)z+ (scosw)yio |,
0 0

and after reductions, it simplifies to r; x 7/ = (0, 0, w'(sr4)?) .
Using all these formulas, the absolute value of the total angular momentum C' =

/ .
>, mgr; X ri becomes:

|IC| = =w's’Iy. (3.5.4)

Z maw' (sr0)?
i

(Since C' = (0, 0, w' Y, m;(srip)?) is an integration constant, it follows that w’ cannot

change the sign during the motion; therefore we can choose, from the beginning,
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the orientation of the coordinate system such that the configuration rotates in the
counterclockwise direction, i.e. w’ > 0, and thus (3.5.4) makes sense.)

Now we are ready to state and prove the extension of Lagrange-Pizzetti theorem:

Theorem 4. For a quasihomogeneous N -body problem with a # 2 and b # 2, and also
for a quasihomogeneous 3-body problem with a # 2 or b # 2, the following statements
hold:

(1) A homographic solution is homothetic if and only if C' = 0 (i.e., iff the motion
has no invariable plane);

(II) A homographic solution is a relative equilibrium if and only if it is planar and

rotates with a constant, non-zero, angular velocity.

Proof. Let us discuss separately planar and non-planar cases.

The planar case. Since s > 0 by definition, equation (3.5.4) implies that C' =
0 < w' = 0. According to the definition (3.1.2), w’ = 0 tells us that the solution
is homothetic, so part (I) is proved. Next, from (3.1.3), for a relative equilibrium,
s = const > 0 and w’ # 0; thus, formula (3.5.4) shows that w’ = const. Conversely,
if w' = const # 0, then the same formula implies that s = const; hence, (II) is also
proved.

The non-planar case. According to Corollary 2, the homographic solution is ho-
mothetic. This, on the one hand, excludes/completes the (II) part of the theorem;
on the other hand, it completes the converse part of (I) (our solution is homothetic,
even when C' = 0). We are left to prove the direct part of (I). But, for a homoth-
etic solution, C' = >, m;r; X ri = > m;srj X s'rjp = 0, which completes the entire

proof. n

Some consequences of this theorem concern collinear solutions.

First, for a collinear solution to be a relative equilibrium, in view part (II), it
should not be rectilinear (but this condition is not sufficient).

Second, let a solution be collinear and not rectilinear; using Lemma 7 of Section
2.3.2, we see that C' # 0. Then from Lemma 6 it follows that the solution is homo-
graphic, but, with part (I) of the current theorem, it is not homothetic. On the other
hand, a homothetic and collinear solution (thus, with part (I), C' = 0) is identical to

a homographic and rectilinear one (using Lemma 7 again).

In what follows, we prepare the relations that, apart from being self-relevant, will

also be used at the end of the next chapter.
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Using the above Corollary, it follows that the kinetic energy in the non-planar
case is T = £ >, m;(s'ry0)* = 351. Thus, formula (3.5.3) holds for the non-planar
case as well, if we consider w’ = 0. For the same reason, formula (3.5.4) holds for
non-planar solutions, with w’ = 0, because using part (I) of Theorem 4 we see that
C =0 in this case.

The expression of the force function (3.1.4) holds both for planar, and non-planar
situations; using (3.1.4) and (3.5.3), we can write the energy integral for homographic

solutions h =T — U as:
1
h= 5(5’2 + sw?) Iy — Vos™* — Wys™". (3.5.5)

In Section 2.3.1, we obtained that the Lagrange-Jacobi identity for the quasihomoge-
neous force function is I” = 4h + 2(2 — a)V + 2(2 — b)W. Substituting (3.1.4) and
(3.5.2) for V, W, I, the homographic version of that relation becomes:

(55" 4+ $%)Ip = (2= ) Vs~ = (2= b)Wos ™" = 2h. (35.6)

Finally, using the general formula (3.1.10) for K(¢), and expressions (3.5.1), for the

planar case we get:

s"—sw?  —25w —sw 0
K(t)=s""| 25w +sw” & —sw? 0 |, (3.5.7)
0 O S//

while for the non-planar case (where, according to Corollary 2, Q2 = const, F' = const)

we have:
s 0 0
Kt)y=s"] 0 s 0
0o 0 s

Hence, we again see that the planar relation (3.5.7) can be applied for non-planar

solutions as well, with the same convention: w’ = 0.

Chapter summary. We have introduced the equations that define and classify
the homographic solutions (general, homothetic and relative equilibria). Then, in
the ensuing three sections, we proved the tight connection of those types with the

spatial classification of solutions (flat/planar), culminating with some necessary and
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sufficient conditions for a homographic solution to be either homothetic or a relative
equilibrium (Theorem 4).

But we haven’t addressed the question of ezistence and construction of such solu-
tions. The second section of Chapter 4 is devoted to these issues, and it will largely
use the consequences presented in Section 3.5. As we shall see, the construction of
homographic solutions is based on the notion of central configuration, with which we

begin the next chapter.
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Chapter 4

Central configurations and the

homographic solutions

4.1 Central Configurations

To definine central configurations (denoted shortly by CC) of a system of N bodies,

with fixed masses m;, we will follow A. Wintner [15]:

Definition 7. The configuration r, formed by the N position vectors r; of the particles

in the system, is said to be a central configuration (CC), if:

ou
Al =const : Yie{l,.., N}, F,= o = Imgr;. (4.1.1)
T
In vectorial form,
3l = const : M‘la—U—lr—O (4.1.2)
= : 5 =0, 1.
where M is the diagonal matrix with entries x1, y1, 21, ---, TN, YN, ZN-

Multiply (4.1.1) by r; and sum over 7 to get: » ri% = 1>, m;r? =[I. But, using

expression (2.3.4) we have:

—(aV 4+ 0W)

l:
1

<0. (4.1.3)

Another type of configurations for the quasihomogeneous force functions, introduced
by Diacu et al. in [6], occurs when considering the component force functions V' and

W separately:
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Definition 8. The configuration r is called a simultaneous central configuration
(SCQC) if r is a CC for each of the force functions V and W, i.e.:

l,=const : M —lr=0&

(4.1.4)
dl, = const : M~ 1%‘1/—l r=20.
Using the same method as for the force function U, we can find that:
aV bW
= —— ly = —— ) 4.1.
) <0, Ly 7 <0 (4.1.5)

Note that if r is a CC for V or for W, then (4.1.3) holds with the respective
modifications.

As an example, in the 3-body problem, consider the three masses on a straight
line, with my symmetrically situated between the other two and m; = mgs. This
configuration is simultaneous, which shows that in general, the class of SCC is not
empty (and of CC is not empty as well).

There are simple connections between the two types of configurations, reflected

by the next two propositions.

Proposition 1. The configuration r is a SCC if and only if r is a CC for U and r
1s a CC for at least V or W.

Proof. The direct statement follows easily by adding together the equations (4.1.4);
r will be a CC for U with [ = [, + [,,. For the converse statement, substitute the
equation for [, in the relation (4.1.2) of CC for U, to get M‘l%—vf +l,r—Ir =0. From
this we see that r will also be a CC for W (with l,, = —[,) and, by the definition of
SCC, a SCC as well. O

Proposition 2. The configuration r is a SCC if and only if aV%—VX = bW%—‘; and r
1s a CC for at least one of the potentials: U, W or V.

Proof. For a SCC, the condition of a CC for W can be written as %—If,/ = l,Mr =
lwl Mr = l“’ 8V , and using (4.1.5) the direct part is proved.

Now let r be a CC for U (when it is a CC for W or for V| the treatment is
even simpler) and for this configuration, let 8—W = WOV " Then, substituting this

aV or

last relation for 2 ¥ in (4.1.2), we get: %—‘; = ww [ Mr. Using (4.1.3) and (4.1.5), i

follows that r is a CC for V' as well. Applymg Propos1t10n 1, it follows that r is a

SCC and the converse statement is proved. m
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(A trivial case where this proposition applies is the case of homogeneous force func-

tions: when a = b, for all 7, %TW = k%, where k£ > 0 is the constant of proportionality

7T — _ 1 k
of W: U=V +W =5, comm (& +£).)
Intuitively, if we rotate the entire system of N bodies that form a CC, the new

configuration will still be central. To see this mathematically, we write the condition
of a CC (4.1.1) in the form:

k-b
Sy — ) [y + | —lr; = 0,

o i = rgle*? i =g

for some constant | and for all i@ € {1,.., N}. Now take any rotation matrix A €
SO(3), which changes each position vector r; into Ar;, and multiply both sides of

the above relation by A. Because distances between particles remain unchanged after

rotation, we get: Zj# mym;(Ar; _Ari)[lAn—erla“ + |A”_’zlij|b+2] —m;lAr; = 0, which
shows that the new configuration is central, with the same constant [.

For the classical force this is also true under the action of homotheties (pro-
portional dilating or contracting). Because the shape of the configuration remains
unchanged under such transformations, we are led to the idea of equivalent central

configurations and equivalence classes:

Definition 9. Two CC-s, r and r*, are called equivalent if they can be made identical
via a rotation and/or a homothety. That is, there exists a real rotation matrix R and
a constant ¢ > 0, such that:

r=c-R-r. (4.1.6)

All CC-s that are equivalent to one another form a (equivalence) class of CC-s.

For Manev-type force functions (quasihomogeneous force functions with a = 1),
Diacu et. all [6] concluded that homotheties of CC-s are not always CC-s.
In this section, we will investigate the general question: Given a CCr, is c-r also a
CC, for some ¢ > 07 If so, then under what conditions?

In connection with this question, R. Jones [7] introduced the following subtype of
CC-s:
Definition 10. A CC r is called an extraneous central configuration (denote it by

ECCQ) if there exists a positive constant ¢, ¢ # 1, such that ¢r is not a CC.

Let {CC}, {SCC} and {ECC} denote, respectively, the sets of all possible: CC-s,
SCC-s and ECC-s. R. Jones made the following conjectures:
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Conjecture 1. (R. Jones) For a quasihomogeneous force function:
1. {SCC} ={CCY\{ECC}.
2. Ifr is a ECC, then for all ¢ >0, ¢ # 1, cr is not a CC.

Let us first show that for a homogeneous potential of any degree —a, a > 0, the
homotheties of a CC are again CC-s. The idea we follow was used by R. Moeckel [8]

to prove the property for the Newtonian case.

Lemma 11. Ifr is a CC for V, then for any constant ¢ > 0, the configuration c - r
1s also a CC for V.

Proof. We need to show the existence of a suitable negative constant [ such that
equation (4.1.2) be satisfied by this constant and the configuration c - r; i.e. we need
to prove that 3l < 0, such that:

ML) e —

Bler) 4.1.7
I* — __aV(er) ( )
v I(cr) *
But ava(:r) = caa‘?gi;) and %V(cr) = % i<i |m_1€rj‘a = C%%V(r), thus Mﬁlaav('g;) -
Ler = 2 (Mfla‘g—ff) — [*c¢*T2r). If one takes [} = l,c7* % < 0 then, in view of first

equation in (4.1.4), the last expression becomes zero and formula (4.1.7) becomes
true. (Additionally, we can easily check that the second equation of the system is also
satisfied then.) O

Obviously, for a homogeneous force function, {ECC} is empty.

We are ready to prove the main result of this section:

Theorem 5. Let r be a CC for the quasithomogeneous force function U. The following

statements are equivalent:
1. ris a SCC;
2. ¥e >0, cris a SCC;
3. e >0, ¢c#1, such that cr is a CC.

Proof. 1f r is a SSC for U, then r is a CC both for V and W. Using Lemma 11, cr is
a CC both for V and W and the implication (1) == (2) of the theorem follows.
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The second implication is obvious and therefore we are left to prove: (3) = (1).
The hypothesis of the third statement implies that 31* = const : M1 OUer) _pxep = 0.

d(cr)
Using U =V + W and 2V (cr) = L 2V(r), (similarly for W), we get:
1
A" = const : —[M_l(av—(r) + ca_baw—(r)) — [*c"?r] = 0.

Ca—i—l

or or

One the other hand, r is a CC for U, so we can substitute /"2~ from (4.1.2) into

the above relation to obtain:

@b oW (r)  I*c¢*™2 —1
M1 —
cotl [ or ( ot — 1

)T] = 07

[*cat2_
ca—b_1
such that the second equation in (4.1.4) is satisfied, and so r is a CC for W (detailed

computations show that [, = _I’TW, as expected). Proposition 1 helps us complete the

for some constants [, I*, ¢, ¢ # 1. But this means there exists a constant [,, =

proof. O

As a consequence, once a configuration is a ECC, then for all ¢ > 0, ¢ # 1, cr is

not a CC. Another conclusion follows from comparing Theorem 5 with the definition
of a ECC:

Corollary 3. The set of CC-s , {CC}, consists of two disjoint subsets: {SCC} (in-
variant both under rotation, and under homothety) and { ECC} (only invariant under

rotation).

Thus, Jones’s Conjectures 1 are proved.

In [6] Diacu et al. prove that in the collinear 3-body problem, most of the CC-s
are not simultaneous; this implies that, in general, the {ECC} set is not empty and
suggests that {SCC} is a poor set.

An example of non-trivial central configurations for quasihomogeneous force func-
tions are the equilateral triangle configurations for the three body problem with
Manev potentials (¢ = 1). It has been shown that there exists exactly 2 classes
of such configurations, correspondig to the two orientations of a triangle in a plane,
6].
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4.2 Homographic solutions and central configura-

tions

If in Chapter 3 we discussed the main properties and types of homographic solutions,
in this section we will address the question of existence of these solutions. Also, we
will show how homographic solutions can actually be constructed.

The following theorem! shows the connection between homographic solutions and

central configurations:

Theorem 6. Consider the quasihomogeneous N-body problem with a # 2 and b # 2,
or the quasihomogeneous 3-body problem with a # 2 or b # 2. If a solution is

homographic, then during its time of existence:

1. in case of homogeneous potentials (a = b), the configuration forms equivalent

central configurations;

2. in case of non-homogeneous potentials (b>a), the configuration forms equivalent
simultaneous central configurations if the solution is not a relative equilibrium,

and equivalent central configurations if the solution is a relative equilibrium.

Conwversely, if the solution forms equivalent central configurations while evolving in

time, then that solution is homographic.

Proof. We first aim to show that, in the conditions stated in the theorem, if a solution
is homographic, then the initial configuration ry should be a CC. Subsequently, we
will show that the same will be true for the configuration r(¢) at any moment in time.
As in Section 3.5 of part I, if the solution is planar, then we orient the coordinate
system so that z; = 0, Vi, and the angular velocity of the rotating configuration is
positive w'(t) > 0. Then, with the convention w'(¢) = 0 for a non-planar solution (see
Corollary 2), all relations specific for the planar case, described in detail in Section
3.5, will hold for a general homographic solution.
Since Iy > 0, Vy > 0, Wy > 0, we can denote:
C

W, h
=—>0 =— >0, hg=—>0, Ch = —. 4.2.1
Do ]—0 » 4o IO y 10 IO ; 0 ]—0 ( )

'For the 3-body problem, with classical potential, this result is due to Lagrange.
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With them, the relations for the energy integral (3.5.5), the total angular momentum
(3.5.4) and the Lagrange-Jacobi identity (3.5.6) become, respectively:

1

ho = 5(8/2 + 52?1/2) - pOS_a - qOS_ba (422)
Co| = w's?, (4.2.3)
2ho = (58" +5%) = (2—a)pos ™ — (2= b)gos™". (4.2.4)

We can equate s from (4.2.2) and (4.2.4); also, we notice that, from (4.2.3), @ =

25w’ + sw” = 0. Altogether, we obtain:

" 2 apo bgo
S —Sw __Sa+1 _Sb+17

(4.2.5)
2s'w’ + sw” = 0.

We are going to use this information in the equations of motion, which for homo-

graphic solutions were deduced in Section 3.1, equation (3.1.9), to be: K(t) - ryy =
—aVio | Weo

s awio + mio, 1€ {1, . N}

For the planar case, substituting (4.2.5) into K(¢) given by (3.5.7), we get that

the matrix K (¢) becomes:

—sP%apy — by 0 0
K(t) = 0 —s""%apy — bqo 0 . (4.2.6)
0 0 —Sb_aapo _ bCIO + Sb+2w/2

The same substitution into K (¢) for the non-planar case, with w’ = 0, gives that:

—s%apy — by 0 0
K(t) = 0 —s""apy — bqo 0
0 0 —sP%apy — by

Knowing that for the planar case, zy = 0, V,,0 = W,,0 = 0, we find that for any
homographic solution, K (t)riy = (—s*"apy — bqo) - r40 and the equations of motion

can be written as:

Vio  Wio .
(—s"%apy — bgy) - i = 8702 4 "0 e {1,..., N} (4.2.7)

i m;

Now we need to divide the treatment in two cases, as to whether or not s*=¢ =
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const.

1. Let b = a (homogeneous force function) or s = const = 1 (relative equilibrium
solution). With U,,o = V,..o+W,,0, equation (4.2.7) becomes U,..o = (—apy—bgo)m;rio.
But, in view of the definition (4.1.1), this means that the initial configuration given
by 7 is a CC, with | = (—apg — bgo) = —% < 0.

As shown in Section 4.1, the rotation of a CC is a CC of the same class. Also,
because in a homographic motion the successive configurations are formed by com-
posing rotations (which preserve the class of a CC) and homotheties, then according
to Definition (9) and Lemma (11), it follows that r;(¢) will form a CC of the same
class as r;g, for all times of the solution ¢.

2. If b > a (purely quasihomogeneous case) and s # const (the homographic solu-

tion is not a relative equilibrium), then (4.2.7) can be written as: =@ (VT:L—ZZO + apori()) +

(WT?O + bqorm) = 0. Because it has to be satisfied for all times ¢ , that relation implies

ms

the following system:

But according to definition 8, this system implies that the initial configuration r;y is

a simultaneous central configuration, with constants [, = —apy = —%, ly = —qo =
_ bWy
Io

Moreover, using Theorem 5 of Section 4.1, it follows that during the time of the
solution, r;(¢) form simultaneous central configurations, of the same class as those
formed by 70 (applying again Definition 9).

Thus, the proof of the first part of Theorem 6 is finished.

The second (converse) part is rather straightforward. Namely, if (¢) is a solution
of the N-body problem that forms central configurations of a particular class, then,
according to Definition (9) and Definition (4), r(¢) will be necessarily homographic.

O

Diacu et al., using totally different methods, proved in [6] that, for the Manev-
type N-body problem, if a solution is homothetic, then it forms simultaneous central
configurations for all time. Thus, this can be seen as a particular case of Theorem 6.

As follows from the definition (4) of a homographic solution, from the arguments

of Section 3.5 and of the beginning of the above proof, any homographic solution
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ri(t), i =1,..., N, can be represented as:

with s, w satisfying:

Tl(t) = S(t)Q(t)Tw,
cosw —sinw 0
(4.2.8)
Q)= | sinw cosw 0 |,
\ 0 0 1
4
s(t) >0, s(0) =1
w(0) =0, w'(0) >0,
(0) (0) (4.2.9)

w'(t) >0, r(t) — planar,
r(t)

w'(t) =0, 7r(t) —non — planar.

\

The next theorem concerns the construction of any homographic solution.

Theorem 7. Consider the quasihomogeneous N -body problem with a # 2 and b # 2,

or the quasihomogeneous 3-body problem with a # 2 or b # 2. Let ri(t), i =1, ..

"Ni

be some vector-functions defined by (4.2.8), where s(t), w(t) are some real functions

and rig, © = 1,..., N, are some constant position vectors. Then:

1. for homogeneous force functions (a =b), r;(t) represent a homographic solution

if and only if ri form a central configuration and s(t), w(t) satisfy (4.2.5),

(4.2.9);

2. for non-homogeneous force functions (b>a), r;(t) represent a relative equilibrium

solution if and only if ;o form a central configuration, s(t) = 1 and w(t) satisfies

(4.2.5), (4.2.9);

3. for non-homogeneous force functions (b>a), r;(t) represent a homographic so-

lution which is not a relative equilibrium if and only if ryy form a simultaneous
central configuration, s(t) # const and s(t), w(t) satisfy (4.2.5), (4.2.9);

where po, qo are given by (4.2.1).

Proof. The direct part of all three situations follows immediately from the previous

theorem and it’s proof.
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To prove the converse, we need to show that the functions r;(¢) satisfy the general

equations of motion m;r} =V,, + W,,, or
Q' 'mg! = QU (4.2.10)

We analyze the above 3 cases separately, beginning with the third one, the most

general:

e For a < b, s # const, because r;y form a SCC, formulas (4.1.1), (4.1.5) imply

- aVe o bW, . -1 . V.0 Wir.0
that V.0 = —4EmTio, Wio = Sy el LU We can write Q7 'U,, = 47 + 1

(see Section 3.1, formula (3.1.7)) and, using (4.2.8), (r;)" = (sQ)"r;0. Substitut-
ing all these into (4.2.10), the relation to be proved becomes: s*™1Q71(sQ)"r; =
(—sb—. a‘;—g - bv}/—;’)rio.

Now, with direct differentiations, s®™1Q71(sQ)" = s*T1[s" E+25'Q7 1 +sQ 1],
which is, according to Lemma 1 and equations 2.3.5, 2.3.8, equal to K(¢) in

(3.1.10). Using (3.5.1) we find that

s"—sw?  —25w —sw 0
K(t) =" 26w 4+ sw” & — sw™ 0 |. (4.2.11)
O 0 S//

But because (4.2.5) are satisfied by s, w, this matrix transforms exactly to
(4.2.6). With the same reasoning as in the proof of Theorem 6, using the
convention about the sign of w’, we get that s*T1Q71(sQ)"ry = K(t)rip =
(—s"~apy — bqo) - 0. Thus, with pg, go given by (4.2.1), the equation of motion

is proved.

e When a = b, W = kV and because r;p form a CC, Proposition 2 tells us that

r;0 are SCC-s, and from here on the treatment is almost identical to the above

case. The relation to be proved becomes: s**1Q~1(sQ)"ry = —b(‘l/—g + V}/—O‘))no,

while s"t1Q71(sQ)"r; turns out to exactly equate (—s* %apy — bqo) - r40. Thus,

with a = b and pg, qo given by (4.2.1), the equations of motion are proved.

e If b > a, but s = const = 1, the treatment is even simpler. The vectors ;9

forming a CC, we have U, = Mmmo; with (3.1.7), Q7'U,, = 1V,f+01 +
WriO

1ot = Up0. Consequently, the relation to prove becomes Q1'ryy = (—a‘l/—g —
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b‘}v—(f)r,-g. After substituting s = 1 in the derivations of the first case, we find

that Q71Q"r,y = (—apy — bqo) - 740 and this case is proved as well.
]

In Section 4.1 we showed that the set of simultaneous central configurations is
not empty, in general. According to this last theorem, to prove the existence of
homographic solutions for any degree of the homogeneous force function, it is thus
sufficient to prove the existence of solutions of the system (4.2.5), with the initial

conditions given in (4.2.9):

;

" 2 apo bgo
§ T SWT = T3 T oot

2s'w" + sw” =0,
s(0) =1, w(0) =0,
\s’(t) € R, w'(t) > 0.

(4.2.12)

While it is possible to invoke directly classical results in the theory of differential
equations, we can first show a direct path for solving this system. Because @ =
2s'w'+sw”, the second equation above is equivalent to the first integral s?w’ = const =

w'(0). Also we notice that [$5% 4 3s?w? —pos™* —qos "] = §'s" — ss'w + sw' (25w’ +

—b—1S/

sw”) + apos™* s’ + bgos and, using the latter, and then the former equation in

(4.2.12), we get [%3'2 + %3210’2 — pos~® — qos Y = §[s" — sw” + B+ Sl{ffl] =0.
If ¢ =0, then using (4.2.12), s(t) = 1, while w(¢) = ¢t-w'(0). That is, the simplest

homographic solutions are the relative equilibria, when one imposes on the bodies

arranged in a central configuration a constant angular velocity w’ = w’(0) (which can

aVy+bWo
T) As an example,

be computed from the first equation in (4.2.12) to be
such relative equilibria can be constructed using the equilateral central configuration
for the Manev problem, mentioned at the end of Section 4.1. For a discussion about
the stability of such periodic solutions see [13], [4].

When " # 0, the first equation in (4.2.12) is equivalent to 35 + $s*w — pos™* —
qos " = const = 5(s'(0)*+w'(0)? — po — go. The first two equations in (4.2.12) become

equivalent to the system:

s?w' = O,

1.2

1.2,,.72 —a
557+ 357wW* — pos
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where O, C, are constants?.

Substituting s?w’? = % into the second equation, we get the initial value problem:

& — i\/QhO +2(82 +B) - 5—212, s(0) = 1. For the majority of values of a, b, this

equation cannot be integrated in terms of elementary functions, but standard results

of ordinary differential equations assure that there is a unique solution to it, s(¢), on
some interval ¢ € [0, ¢§). Since this solution is continuously differentiable, it follows
dw |Co|

that there will exist a unique solution to %7 = O w(0) = 0 as well, and the

existence of homographic solutions is now proved.

Chapter summary. We introduced central configurations and proved several prop-
erties about simultaneous and extraneous central configurations. We showed that
these types are mutually exclusive and determined by the possibility for a homothety
of a central configuration to be again a central configuration. Using these results,
we showed that homographic solutions evolve by forming equivalent central configu-
rations. We also introduced a procedure for constructing any homographic solution

(Theorem 7), which helped us prove the existence of these solutions.

2Because a homographic solution always satisfies (4.2.2) and (4.2.3), for a solution pair s(t), w(t),
the constants C, Cs will be, respectivelly, |Co| and hyg.
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Chapter 5
Conclusions

In this work we have addressed the basics of the theory of homographic solutions for
the N-body problem given by quasihomogeneous force functions.

After writing the equations for the quasihomogeneous N-body problem and en-
listing the main consequences of its first ten integrals, we derived the homographic
form of the equations of motion. Separating the cases of flat and non-flat solutions,
we proved that for a quasihomogeneous problem with a # 2 and b # 2, if a homo-
graphic solution is flat, then it is necessarily planar (this property also holds for a # 2
or b # 2, when N = 3), while if it is non-flat, then it should be homothetic. The
main consequence of this result was that if a homographic solution is not planar,
then it is homothetic. This fact and and the simplified relations of the first integrals
written for planar and non-planar solutions, allowed us to prove the extension of the
Lagrange-Pizzetti theorem for quasihomogeneous case: (i) a homographic solution is
homothetic if and only if C' = 0 (i.e., when it has no invariable plane); (ii) a homo-
graphic solution is a relative equilibrium if and only if it is planar and rotates with a
constant, non-zero, angular velocity.

Next, the main properties of the two types of central configurations (simultaneous
and extraneous) have been determined. We showed that these types are mutually
exclusive and determined by the possibility for a homothety of a central configuration
to be again a central configuration, a property that only holds for simultaneous cen-
tral configurations. In our opinion, working exclusively in the space of configuration
vectors r is the reason of the relative easyness with which these results were obtained.

Joining the Lagrange-Pizzetti theorem and the associated results we proved about
central configurations, we showed that for quasihomogeneous force functions, like for

the Newtonian case, a solution is homographic if and only if the bodies form central
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configurations of the same type (equivalent) for all time. Finally, the last theorem
we proved provides an exact way of constructing any desired homographic solution,
starting with a given central configuration and two real functions as solutions for a
specific system of differential equations (functions which play the role of the angle
of rotation and, respectively, the dilatation coefficient for the configuration of the
homographic solution). Also, showing that the corresponding initial value problem
always has solutions, it was easy to prove the existence of homographic solutions.

All the results concerning homographic solutions were obtained for quasihomoge-
neous force functions with degrees a # 2 and b # 2, for any N > 2, and for a # 2 and
b>a,orforb#2anda<b, if N=3. For a =2 and b = 2, we showed that even in
the case of 3 bodies, the theorems of Lagrange and Pizzetti do not hold.

The cases that remain unsolved correspond to force functions with a < 2 = b or
a =2 < b, for N > 4. The long and unsuccesful search for a counterexample of

Lagrange’s theorem encourages us to state (at least for N = 4) the following:

Conjecture 2. For the quasihomogeneous 4-body problem with a <2 =0 ora =2 <

b, if a homographic solution is flat, then it is planar.

Before ending this work, we would like to point out that the research on homo-
graphic solutions does not end here. An enumeration of all possible homographic
solutions should be caried out, based, on one hand, on the value of the constants of
integration and, on the other hand, on the variety of central configurations known
for different values of N. And this will possibly constitute the object of our future

research.
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