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ABSTRACT

This thesis studies the resonances driven by beam-beam interactions in the planned
High Luminosity upgrade to the Large Hadron Collider (HL-LHC) using a Lie al-
gebraic formalism. With the suggested magnetic lattice for the HL-LHC, using the
accelerator code MadX, bunch data (containing information such as shape, phase ad-
vance, and bunch separation) for 70 bunches over the two interaction regions (IRs),
ATLAS and CMS, was computed. These data are used to create a 70 impulse beam-
beam Weak-Strong model combining both long-range and head-on interactions. An
effective Hamiltonian was derived for the system. The effective Hamiltonian and
a width formula derived in the thesis are used to analyze the system in betatron
frequency space. As algebraically derived in this thesis, resonances of order q can
be removed by phase-shifting both vertical and horizontal phase advances between
interaction points by π

q
. Namely, the 16th order resonances close to the proposed

working point of (62.31, 60.32) can be weakened by phase advances close to π
16
. This

is reflected in frequency space plots of the effective Hamiltonian and of the width
formula. Resonances are significantly weakened if phase advances are within 10−3

of the ideal ones for resonance cancellation; the phasing needs not be exact. The
effect of crossing angle was briefly investigated; according to the effective Hamilto-
nian and width formula, beam-beam resonances cannot be significantly improved by
increasing the tentative crossing angle of 590 µrad. However, decreasing the crossing
angle significantly strengthens the resonances of the system. A new working point
(0.475,0.485) suggested from a study by another author was investigated; it lies away
from dangerous resonances according to the tools used in this thesis, and should be
investigated further.
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1 Introduction

1.1 High-Luminosity LHC

The Large Hadron Collider (LHC), with a circumference of 27 km, designed for a
collision energy of 14 TeV, is the world’s largest and most powerful particle accelerator.
With the discovery of the Higgs boson in 2012, the LHC constantly probes the frontier
of particle physics.
The High Luminosity-LHC (HL-LHC) project, expected to be operational in 2026,
aims to increase the luminosity of the LHC by potentially a factor of 10. This increase
in luminosity, and the resulting increase in particle production rate, will allow for a
more detailed study of the more exotic particles produced at the LHC. In particular,
the HL-LHC upgrade is expected to produce at least 15 million Higgs bosons per year,
triple the amount produced in 2017. However, beam-beam effects, which describe the
physics of two beams passing each other at certain locations around the collider, are
known to be a limiting factor [1][2].

1.2 Beam-beam effects and resonances

The LHC is a hadron synchronton, a fixed orbit particle accelerator which uses mag-
netic fields to bend particle beams; the fields are synchronized to the increase in
particle momentum (and therefore rigidity).

In most places around the synchrotron, the transverse motion of the beam can be
approximated by linear optics and quasi-harmonic (betatron) motion about the ref-
erence orbit. However, in certain interaction regions (IRs), around interaction points
(IPs), non-linear effects due to beam-beam become non-negligible. These interaction
points host experiments such as ATLAS and CMS.

With the increase in luminosity planned for the HL-LHC, the modelling of these
effects become ever more important. Namely, the beam-beam interactions, which will
be explained in section 3, can become resonant with the transverse quasi-harmonic
motion of the beams.

1.3 An analytic model based on Lie algebra

A natural language to study non-linear systems is the Lie algebraic formulation of
Hamiltonian mechanics. In this formalism, (symplectic) maps are abstracted to Lie
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groups, and equations of motions are abstracted to their Lie algebras. This allows
for the study of non-linear effects in a language that is analogous to matrix algebra.
This formalism has the geometry of Hamiltonian phase space 1, and its conservation
laws, naturally built in.

Alex J. Dragt [3], introduced and popularized the "Lie operator formalism" to
the field of accelerator physics. By introducing simple notations, and distilling the
essence of symplectic geometry to its algebra, he constructed a formalism now favored
for the study of non-linear dynamics in accelerator physics. This thesis will use the
same conventions as Dragt, with the exception that here, {,} corresponds to Poisson
bracket, and [, ] corresponds to commutator or other Lie brackets, depending on
context.

1.4 Object of study and goal

The goal of this thesis is to study the beam-beam effect and its resonances using "Lie
algebra formalism", in order distinguish stable regions in phase space from unstable
ones due to beam-beam effects.

This type of study is usually done by performing a frequency space analysis using
"tracking". In this context, "tracking" means solving for the motion of a huge number
of particle with different initial conditions, by tracking their long time stability for
millions of turns and by quantifying stability in frequency space.

The computational demand can be so large that these simulations are often run
on the distributed computing network (such as BOINC [4]), or in parallel on GPUs
[5].

Recent development [6] show that the "Lie algebra method" allows for a less
computationally intensive analysis of beam-beam effects coupled to betatron motion.

1.5 Outline of thesis

This thesis studies beam-beam interactions and their resonances using the model of
many beam-beam impulses coupled to a harmonic oscillator like linear one-turn map
using Lie algebraic methods (Section 4). An effective Hamiltonian for a one-turn map
coupled to 70 beam-beam impulses is computed (Eq.107) and plotted (Figure 14) in
frequency space to study resonances of this system. The model uses real HL-LHC

1Phase space is the space of canonical positions and momenta
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bunch data. In this thesis, "bunch data" refer to the normalized separations, phase
advances, and shapes of bunches in interaction regions, calculated from the HL-LHC
magnet lattice using MadX (Appendix A). The effective Hamiltonian is shown to
agree with numerical tracking away from resonance (Section 6.1). A width formula
is developed for resonance lines (124). The theory also predicts the possibility of
weakening, or even removing resonances of certain orders using appropriate phasing of
beam-beam impulses (Section 6.2). This is verified against the effective Hamiltonian
and the width formula. These tools are used to study the resonances close to the
suggested working point of the HL-LHC as well as a new working point suggested
by a previous study by Furuseth [7]. The effects of changing separations (crossing
angles) are also studied (Section 6.5).

3



2 Hamiltonian dynamics and linear beam optics

This section introduces the reader to basic accelerator physics in the context of clas-
sical Hamiltonian mechanics. The section first introduces linear accelerator optics,
and transitions to perturbations.

2.1 Variational principle

Classically, Hamiltonian mechanics has been thought of as a reformulation of La-
grangian mechanics2. Even without use of the Legendre transform, Hamilton’s equa-
tions are usually derived from the variational principle. This is done by optimiz-
ing the Lagrangian action, written in terms of phase space variables (Q,P ) instead
of Lagrangian variables. That is to say, using variational methods, find a curve
(..., Qi(t), ..., Pj(t), ...) optimizing the action S:

S =

∫ ∑
PidQi −Hdt. (1)

(Q′s, P ′s) are canonical positions and momenta, they may or may not correspond to
physical ones.
The solutions are curves satisfying Hamilton’s equations;

dQi

dt
=
∂H

∂Pi
,

dPi
dt

= − ∂H
∂Qi

. (2)

By defining Pt = −H,Qt = t, Pj = −Hj, Qj = qj,

S =

∫ ∑
i 6=j

PidQi + PtdQt −Hjdqj. (3)

Since the extremum does not depend on parameterization, (3) tells us that any one
of the momenta −Pj can be used as a Hamiltonian, and its corresponding canonical
position as independent variable. One finds that Hamilton’s equations become

dQi

dqj
=
∂Hj

∂Pi
,

dPi
dqj

= −∂Hj

∂Qi

,
dQt

dqj
=
∂Hj

∂Pt
,

dPt
dqj

= −∂Hj

∂Qt

. (4)

The relativistic electromagnetic Hamiltonian for a single particle of mass m expe-
2Hamilton 1833, Lagrange 1788
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riencing a scalar potential Φ and vector potential ~A can be written as

Ht = eΦ + c
√
m2c2 + (Px − eAx)2 + (Py − eAy)2 + (Pz − eAz)2 (5)

where P ’s are canonical momenta, and c is the speed of light.
By changing independent coordinates to s = z, the Hamiltonian becomes

Hs = −eAs −
√
−m2c2 − (Px − eAx)2 − (Py − eAy)2 + (

E − qΦ
c

)2. (6)

The beauty of phase space geometry is hinted at from equations (1) (2); canonical
positions and momenta are seemingly on equal footing. This hints at the possi-
bility that Hamiltonian mechanics can be approached geometrically. This will be
emphasized in the alternate geometric formulation developed mid-late 20th century,
introduced in section 4.

Linear magnets (dipoles and quadrupoles) have dominant potential terms of order
≤ 2. The resulting equations of motion are linear. The problem is then simple optical
(ray transfer) matrix operations. This is the foundation of many tracking codes such
as MadX.

2.2 Coordinate system

While modelling transverse motion, accelerator physicists are interested in deviations
from a reference trajectory (the ideal trajectory of a particle through the centre of all
magnetic elements).

This is mathematically defined by the Frenet-Serret coordinate system following
the reference orbit. When the reference orbit lies entirely in a plane, the Frenet-Serret
coordinates simplifies to:

• ŝ the local tangent unit vector to the reference orbit, with s measuring distance
along the trajectory

• x̂ the horizontal normal unit vector, with x measuring horizontal deviation from
reference trajectory, and ∂

∂x
containing a local curvature factor h = 1/ρ

• ŷ the vertical normal unit vector, defined in a right handed coordinate system
as ŷ = ŝ× x̂, with y measuring vertical deviation from reference trajectory

5



For circular accelerators, in sections with constant local curvature lying in a plane,
it is sufficient to map a shifted cylindrical coordinate system’s unit vectors (ρ, θ, y)

at a fixed radius ρ onto a locally Cartesian one (x, y, s) by mapping θ̂ −→ −̂s, ρ̂ −→ x̂,
ŷ −→ ŷ. In practice, in most circular accelerators, it suffices to construct the coordinate
system pieces by gluing local Cartesian and local cylindrical coordinate systems.

Figure 1: Diagram of right-handed Frenet-Serret coordinate system as a cylindrical
coordinate system (Figure 3 in [8])

2.3 Linear beam optics

Magnetic fields are used to control transverse deviations from reference orbits and
effects caused by such deviations. In this context, consider the Lorentz force, F =

e(v×B). It is standard to use the longitudinal coordinate s as independent variable;
let ẋ denote total time derivative, and x′ denote total s derivative.

ẍ =
e

m
(ẏBs − ṡBy).

ÿ = − e

m
(ẋBs − ṡBx).

(7)

It can be shown[9] in a fixed Cartesian coordinate that (7) can be written as:

x′′ =
v

ṡ

e

p
(y′Bs − (1 + x′2)By + y′x′Bx). (8)

y′′ = −v
ṡ

e

p
(x′Bs − (1 + y′2)By + y′x′By). (9)

The particle’s motion in the transverse (x, y) plane is called betatron motion. Let us
assume there are no solenoidal fields.

6



Maxwell’s equations in the vacuum of a beam pipe are:

∇ · ~B = 0.

∇× ~B = 0.
(10)

This implies that that ~B can be written as both the curl of some vector potential ~A,
and the gradient of some scalar potential V .

~B =∇× ~A.

~B = −∇ V.
(11)

By demanding the ~B fields be constant along ŝ inside the magnet, the vector potential
only requires As component. Using (11), we obtain the following constraint for the
field expansion:

Bx = −∂V
∂x

=
∂AS
∂y

.

By = −∂V
∂y

= −∂AS
∂x

.

(12)

The above constraint is the Cauchy Riemann equation [10], which is the analyticity
condition for the complex function As(x, y) − iV (x, y). Expanding the potentials as
a complex analytic function:

As(x, y)− iV (x, y) =
∑
n

(an + ibn)(x+ iy)n. (13)

From the expansion:

As = Re[
∑
n

(an + ibn)(x+ iy)n]

= a0 + a1x− b1y + a2(x2 − y2)− b2(2xy) +O(z3), z = x+ iy.

(14)

From here, it is easy to identify multipole terms.
The multipole expansion can also be expressed in polar coordinates. By substi-
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tuting (x+ iy)n = rneinθ, and using Euler’s identity,

As = Re[
∑
n

(an + ibn)rneinθ] = a0 +
∞∑
n=1

rn(an cos(nθ)− bn sin(nθ)). (15)

2.3.1 Magnetic dipole

A dipole magnet generates constant field [9]. From Ampere’s law, with gap height h
and current-turn nI:

By = B0 =
µ0nI

h
. (16)

We can identify −a1 in the vector potential (14) term to be the dipole field B0.
Dipole magnets bend charged particles. Using the uniform circular motion equa-

tion, the bending radius ρ depends on the particle’s momentum:

ρ =
p

eB0

. (17)

Hence the magnetic rigidity:
B0ρ =

p

e
. (18)

Dipole magnets are used to bend the beam. Particles that differ in momentum
have different bending radius. Around the ring, it is described by the dispersion
function, which is to be addressed in section 2.5.

2.3.2 Magnetic quadrupole

The poles of a quadrupole magnet are hyperbolic in shape. The field is a linear
function of distance from the axis. Let G be the field gradient, the B field can be
written as

Bx = Gy.

By = Gx.
(19)

The vector potential is chosen to be As = −K
2

(x2− y2), Ax = Ay = 0, where K = eG
p
.

Quadrupoles are used to focus the beam. A quadrupole which focuses vertically,
defocuses horizontally; and vice-versa. The principle of Strong Focusing, to be elab-
orated in a later section, uses alternating focusing and defocusing quadrupoles to
generate a net focusing effect.
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2.3.3 Hill’s equation

Hill’s equation (20) is a second order linear ordinary differential equation,

dy2

ds2 + f(s)y = 0 (20)

where f(s) is a periodic function, or a function defined on a fixed finite interval in s
(a single period).

It governs systems such as propagation through periodically loaded transmission
lines, the wave-function of an electron in a periodic lattice, and particle orbits in an
accelerator with a periodic lattice [11].

In the case of context of linear beam optics, f(s) is a piece-wise constant function,
in which case (20) takes a simple form.

Being a second order linear ordinary differential equation, it admits a space of
solutions such that two linearly independent solutions can be chosen to construct the
others. It is standard to choose one of the two solutions to be C(s), a cosine like
function, with C(0) = 1, C ′(0) = 0. The other one is chosen to be S(s), a sine like
function, with S(0) = 0, S ′(0) = 1.

The general solution is a linear combination of the two; this can be written as a
transfer matrix multiplication:[

y′(s)

y(s)
]

=

[
C(s) S(s)

C ′(s) S ′(s)

][
y′(0)

y(0)
]
. (21)

Another common way to represent the solution is

y =
√
εβ(s) cos(φ(s) + φ0). (22)

2.3.4 Transfer matrices

The equations of motion of a charged particle passing through a dipole or a quadrupole
may be written as:

x′′ +Kx(s)x =
1

ρ

∆p

p
. (23)

y′′ −Ky(s)y = 0. (24)
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K(s) is piece-wise constant. The ∆p
p

term is relative momentum deviation, which
results in orbit dispersion. Let G be the magnetic field gradient. Let p be the
longitudinal momentum of the reference particle and e be its charge.

For a horizontally focusing quadrupole, K(s) = k = G
ep
> 0,

[
x′(s)

x(s)
]

=

 cos (
√
|k|s) sin (

√
|k|s)√
|k|

−
√
|k| sin (

√
|k|s) cos (

√
|k|s)

[
x′(0)

x(0)
]
. (25)

For a horizontally defocusing quadrupole, K(s) = k = G
ep
< 0

[
x′(s)

x(s)
]

=

 cosh (
√
|k|s) sinh (

√
|k|s)√
|k|√

|k| sinh (
√
|k|s) cosh (

√
|k|s)

[
x′(0)

x(0)
]
. (26)

K=0 corresponds to a drift (unless 1
ρ
is non-zero, which corresponds to a dipole),

[
x′(s)

x(s)
]

=

[
1 s

0 1

][
x′(0)

x(0)
]
. (27)

The focal length of a quadrupole is given by f = 1
kL
, where L is the magnet’s

length. For f >> l, the thin lens approximation may be used. Taking the limit as
L −→ 0, with kL = 1

f
, the transfer matrices in (25) and (26) can be approximated as:

Mf =

[
1 0

− 1
f

1

]
.

Md =

[
1 0
1
f

1

]
.

(28)

From the equations of motion, it is clear that a quadrupole which focuses in x

will defocus in y, since k −→ −k, so f −→ −f , and vice-versa. However, the principle
of Strong Focusing shows that alternating focusing and defocusing quadrupoles will
have a net focusing effect. Consider a thin focusing lens, followed by a drift and a
thin defocusing lens,
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M =

[
1 0
1
f

1

][
1 L

0 1

][
1 0

− 1
f

1

]

=

[
1 + L

f
L

− L
f2

1− L
f

] (29)

where the −L/f 2 focusing term is negative regardless of sign of f .
It is on this Strong Focusing principle that the LHC is built. The beam optics

elements are arranged in a periodic lattice structure. The most common is the FODO
cell, a focusing half quadrupole, followed by drift, a defocusing quadrupole, another
drift, and a final focusing half quadrupole. The LHC contains 8 arcs, each with 23
FODO cells 107 meters in length [12].

2.4 The envelope equation and Courant-Snyder parameters

In the context of betatron motion, the solutions curves can be expressed as cosine
and sine functions; a parameter dependent ellipse is traced out in phase space as a
function of the betatron phase. Particles with the same given amplitude but different
phases will lie along the ellipse.

The general equation of an ellipse in x, x′ can be written as

ε = γx2 + 2αxx′ + βx′2 (30)

For beam optics, the coefficients are called Courant-Snyder parameters, or Twiss
parameters. In this context, α, β, γ are implicit functions of the independent variable
s.

The β parameter describes size, with
√
εβ = xmax.

The α parameter describes ellipse tilt.
The γ parameter can be written as γ = 1+a2

β
, with √εγ = x′max.

The geometric emittance ε measures the area of the ellipse A = πε.
Courant-Snyder parameters are used in two different contexts; to describe prop-

erties of both the machine and the beam. The linear betatron motion induced by the
machine is quasi-periodic; orbits trace out (as a function of phase) ellipses in phase
space, the shapes and orientations of which change along the longitudinal coordinate.
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These ellipses can be represented by the parameters. In this context, the parameters
are properties of the lattice. For a ring, because of periodicity, the Courant-Snyder
parameters are unique.

Ensembles of particles are described by statistical distributions in phase space
which can be approximated by ellipses. The ellipse representing a distribution evolves
like a Courant-Snyder ellipse as it travels through the accelerator. In this context, the
parameters describe properties of the beam. Each beam can be described by infinitely
many sets of Courant-Snyder parameters, one of which matches that of the lattice.
If matched, the beam’s ellipse returns to the same Courant-Snyder ellipse after each
turn.

The emittance is inversely proportional to beam momentum; a normalized emit-
tance can be introduced ε∗ = βγε, (relativistic β and γ).

The phase space parameters have their own equations of motion. The evolution
of β in particular is useful.

Writing the solutions to Hill’s equation as x(s) =
√
εβ(s) cos (φ(s) + φ0), and

substituting into the equations of motion, the equation of motion for β can be found:

1

2
ββ′′ − 1

4
β′2 +K(s)β2 = 1. (31)

Letting u(s) =
√
εβ be the envelope, a second order DE for the envelope may be

written.
u′′ +K(s)u− ε2

u3
= 0. (32)

This non-linear equation can be solved numerically. In practice however, the envelope
or the β function is found by studying the one-turn matrix at some location s,

M(s) =

[
cosµ(s) + α(s) sinµ(s) β(s) sinµ(s)

−γ(s) sinµ(s) cosµ(s)− α(s) sinµ(s)

]
. (33)

One then equates this symbolic matrix to the numerical one computed by multiplying
transport matrices for one turn starting and ending at s.

M(s) =

[
m11 m12

m21 m22

]
. (34)
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Then β(s) is just given by

µ(s) = cos−1(Tr(
M(s)

2
))

β(s) =
m12

sinµ(s)

(35)

This is repeated at different values of s to obtain the longitudinal dependence of
the envelope. The other Courant-Snyder parameters can be obtained by the same
method.

One notes that this procedure can be easily extended to a 4D phase space. In
absence of x − y coupling, one simply constructs the 4D matrices block diagonally
with the 2D matrices of x− x′, y − y′.

Figure 2: Courant-Snyder ellipse (Figure 2 in [13])

2.4.1 Emittance

The emittance has unit of length (angle × distance) and is a measure of phase space
area. It is important to distinguish between single particle emittance, and beam
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emittance. Single particle emittance refers to the geometric emittance of the phase
space ellipse traced out (as a function of phase, at fixed s) by the solution to hill’s
equation, x =

√
εβ(s) cos(φ(s) + φ0) for the trajectory of a single particle. If we

observe the turn by turn motion of a particle at the same location in s, we see that
it lies on this Courant Snyder ellipse. For now, let us only consider

√
εβ to be the

particle’s local amplitude. Using the equation for area of ellipse, we find it to be
πε√
γβ−α2

= πε.

For the beam, consider a distribution of particle in phase space (x, x′) at a fixed
s. Choosing an amplitude

√
εβx = σx such that one standard deviation of positions

x are enclosed within the ellipse. Simultaneously, we require
√
γβx = σx′ to enclose a

standard deviation of angles x′. ε = σ2
x

βx
, gives the emittance of the beam, sometimes

also denoted as εRMS. This can be expressed in terms of statistical moments of x and
x′ as ε =

√
< x2 >< x′2 > − < xx′ >2.

2.5 Dispersion function

Consider (23), with non-zero momentum deviation ∆p
p

= δ. The solution is then
x(s) = xh(s) + δD(s), where xh is the homogeneous solution, and D is the disper-
sion function which may be computed using a Green’s function, and describes the
dependence on δ to linear order.

For Hills type equations, D is given by [9] as

D(s) = S(s)

∫ s

0

C(s′)

ρ(s′)
ds′ − C(s)

∫ s

0

S(s′)

ρ(s′)
ds′. (36)

In practice, the result of this integral is well known for common accelerator ele-
ments (Steffan in [9]). The linear dispersion function D is included in the transfer
matrix by using an additional columnR11 R12 D

R21 R22 D′

0 0 1


x0

x′0

δ

 =

x(s)

x′(s)

δ

 . (37)

The total dispersion after multiple elements can be found via matrix multiplication.
The closed dispersion function η can also be found. The closed orbit of a one-turn

map M is its stable fixed point, M(x(s0)) = x(s0). There are numerous methods for
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solving such problems in order to find the closed orbit (fixed-point iteration, Newton’s
method). The closed dispersion function η can be found by imposing the fixed point
condition. To linear order, the analysis reduces to a matrix eigenvector equation.cosµ(s) + α(s) sinµ(s) β(s) sinµ(s) D(s+ C)

−γ(s) sinµ(s) cosµ(s)− α(s) sinµ(s) D(s+ C)′

0 0 1


ηη′

1

 =

ηη′
1

 (38)

where C is the circumference of the ring and the matrix map is a one turn map.
Note that in general, we can have non-linear dependence on δ which give rise to

higher order dispersion. For a Lie method based approach, one studies a one turn
Lie map coupling the closed dispersion function η and momentum deviation δ to
transverse motion.

2.6 Perturbations

2.6.1 Tune shift

In accelerator physics, the tunes νx,y are the number of betatron oscillations per
revolution around the accelerator. They may also be given in radians as µx,y; in
this form it is also called phase advance per turn. For a Hamiltonian H, the bare
(un-shifted) tunes are given by

µx,y =
∂H

∂A x,y
(39)

where Ax =
∮
x dpx, Ay =

∮
y dpy.

Given a Hamiltonian H0 + V , where H0 is the simple harmonic oscillator and
V =

∫ x
0
F (x′, s)dx′ is the potential for a periodic impulse (also called a kick).

To calculate the tune shift for the whole ring,

∆νx,y =
∂ < V >

∂Ax,y
. (40)

where < V > is the average of the potential over the angles in action-angle coordi-
nates, and over the independent angle coordinate θ = 1

ν

∫ s
0
ds′

βs′
.

It can be shown [14] that in action-angle coordinates, the tune shift (in 1-D) is
given by
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∆ν = − 1

4π2ν
√

2A

∫
dφ sinφ

∫
dθν2β3/2F (

√
2A sinφ, θ). (41)

The tune shift in general can be computed via particle tracking. The amplitude
dependence of the tune shift causes an ensemble of particle to form a distribution in
frequency space. The tune footprint is the 2 dimensional representation of detuning at
machine bare tune caused by this amplitude dependent tune spread. It is important
to minimize the tune spread, and to choose a working tune far enough away from
dangerous resonance lines such that the footprint does not fall on such resonances.

2.6.2 Closed orbit distortion

Closed orbit distortion refers to effects which change the orbit of a particle on the
reference orbit. The most common ones are lattice errors such as alignment and
strength errors.

For the long-range beam-beam, there is another closed orbit distortion effect.
When the beams are separated by a normalized distance d, a test particle at the
origin of one of the beam will experience a force due to the other beam. This effect
can be adjusted for by shifting the "Weak bunch coordinates" 3 and subtracting away
this force.

2.6.3 Tune space and resonance

Given an integrable Hamiltonian system, an action-angle transformation is permitted.
The solutions are oscillatory and form a topological n-torus [15].

Let ν = µ
2π

denote the tune of the system in cycles per turn, where µ is the tune in
radians. When an integrable Hamiltonian system is perturbed, resonances may form
when the tunes of the system satisfy

mµx + nµy = 2πq (42)

where m,n, q are integers.
For a weak perturbation, this can be easily understood in terms of the effective

Hamiltonian of the system (107), where resonances correspond to singularities. In
general, not every such line is active. The active ones may not necessarily be unstable.

3The Weak-Strong model is explained in the next section.
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The Hamiltonian of the one-turn map is as an invariant of motion, independent of
the independent variable (in this case the turn index). For these type of Hamiltonian,
the solution curves (orbits) lie 4 on the level surfaces of the Hamiltonian. Poincare
sections [16] may be constructed, allowing the analysis of dynamical systems as maps.
Far from resonance, the repeated intersection of the orbit in phase space with the
Poincare section’s surface lie on smooth curves. Near resonances, the topology of
these curves break, and the motion becomes chaotic [17].

The solution lines of (42) is dense in the space of tunes. In theory, this means
that every position in tune space is infinitesimally close to some resonance. But not
all resonances are equally strong. In practice, higher order resonances contribute
negligibly to chaotic behaviour. See figure 8.

In accelerator physics, non-linear effects coupled to the quasi-harmonic transverse
(betatron) motion drive resonances. This effect may be studied using Guignard’s
analysis [18], or Lie algebra formalism [3][14]. When near resonance, the long-term
stability of a particle’s transverse motion is not guaranteed. This can cause a drop
in dynamic aperture, the stability region in phase space.

4The orbits fill the space densely, by Poincare Recurrence.
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3 Beam-beam interaction

The LHC collides bunches from two opposing beams. These intersect at four Inter-
action Points (IPs) in four out of the eight interaction regions (IRs): ATLAS, CMS,
Alice, LHCb. See figure 3.

Figure 3: LHC schematic layout (Figure 1 in [19])

The increase in luminosity planned for the HL-LHC increases the contribution of
the beam-beam effect to the overall non-linearity of the system.

3.1 Transverse impulse due to a charge distribution

The Weak-Strong model treats the "Weak beam’s" bunches as being composed of
test particles, which experience beam-beam impulses (also called beam-beam kicks)
caused by the Strong bunches in the "Strong beam". This does not mean that one
beam is stronger than the other, only that coherent effects between the two beams
are ignored.

Consider a cylindrically symmetric charge distribution which has Gaussian drop
off as function of cylindrical radius r. Let the charge distribution be also Gaussian
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in the longitudinal direction.
Suppose the charge distribution moves in the longitudinal direction. The result-

ing electric and magnetic fields can be computed by a Lorenz transformation. The
resulting effect is a pancaking of the rest frame (charge distribution frame) electric
field in the boosted frame (lab frame). In the relativistic limit, the field becomes
strictly transverse; the longitudinal dependence can be ignored (trivial to integrate
out). The beam-beam interaction is treated as an impulse.

A general three dimensional round beam charge distribution takes the form of

ρ =
ne

σ2
rσz(2π)3/2

e
− r2

2σ2r
− s2

2σ2s . (43)

The net contribution of the longitudinal component of the force experienced by a
test particle in the counter rotating "weak beam" of charge e moving at velocity v in
the field generated by this "strong beam" charge distribution is zero. The transverse
component of the force is [20]

Fr(r, s, t) =
ne2(1 + β2)

(2π)3/2ε0r
(1− e−

r2

2σ2 )e
− (s+vt)2

2σ2s . (44)

The transverse impulse generated by this force is

∆r′ =
1

mcβγ

∫ ∞
−∞

Frdt =
2ne2

4πε0γmc2r
(1− e

−r2
2σ2 ). (45)

Given that the longitudinal dependence is integrated out, a strictly transverse
approach may be taken to arrive at the same result.

The transverse charge distribution is [20]

ρ =
ne

σ2(2π)
e−

r2

2σ2 . (46)

Derived by Houssais [21], as cited in [22], the electric potential may be written as

Φ =
ne

4πε0

∫ ∞
0

e
− r2

2σ2+q

(2σ2 + q)
dq (47)

where σ denotes the "Strong Bunch" distribution’s standard deviation. This is the
conventional form for beam-beam interactions [23].
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The magnetic fields are related to the electric fields by the equations

By = −βEx/c.

Bx = βEy/c.
(48)

This results in a radial force due to the fields Er and Bφ. For two beams of the
same charge,

Fr(r) =
ne2(1 + β2)

2πε0r
(1− e−

r2

2σ2 ). (49)

The longitudinal dependence can be restored, resulting in (44), and then inte-
grated over to generate an impulse.

The beam-beam parameter ξ, which is a measure of interaction strength, is equal
to the tune shift for particle of zero amplitude during head-on beam-beam interac-
tions. It is defined as

ξ =
nr0βcs
4πγσ2

(50)

where ro = e2

4πε0mc2
is the classical particle radius.

The Hamiltonian of an impulse is the integral of the impulse over the independent
variable. There is no kinetic term.

Normalizing the Hamiltonian by nr0
γ

and after a change of variable (see section
3.3), the Hamiltonian may be written in the form of

H =

∫ P

0

(1− e−tP )
dt

t
(51)

where p = r2

σ2 . This may be written using the Euler Gamma function [24].

H = γ + Γ0(P ) + ln(P ). (52)

Gauss’s Law may be used to arrive at the same result for this highly symmetrical
case.
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3.2 2D Weak-Strong long-range model

The beam-beam effect will be treated using a 2D Weak-Strong long-range model. The
bunches are elliptical 2D Gaussian distributions with unequal σx, σy. The beams are
separated by a distanceD(s) =

√
D2
x(s) +D2

y(s), which goes to zero at the interaction
point. Dx and Dy are the horizontal and vertical planes respectively.

In the interaction regions, the separation distances decrease linearly. This dis-
tance, when normalized by the beam’s emmitance, is constant (except at the IP)
in a ≈ 60 meters region around the interaction point [25]. The longitudinal bunch
separation is around 25 ns, during which no significant change occur in transverse
dynamics. Bunches in the opposing weak and strong beam come into close proximity
each 12.5 ns.

Figure 4: Beam-beam separation in standard(left) and normalized(right) coordinates.
(Figure 3 in [25])

3.2.1 Weak-Strong vs Strong-Strong model

The treatment is mirrored when modelling the bunches in the other beam, as the
beta functions have the symmetries β1

x = β2
y , βLx = βRy [25].

The Strong-Strong model treats both beams as affecting each other; the effects
caused by this coupling are modelled. This problem is much more complicated and re-
quires an entirely different set of approximations, namely various field discretizations
not used in Weak-Strong models. Due to these additional approximations, the Strong-
Strong model is not necessarily a more accurate model in the Weak-Strong regime.
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There are strictly Strong-Strong effects which are invisible to the Weak-Strong model
such as certain coupled oscillation modes due to mutual perturbation [26]. These
coherent modes are important in the analysis of impedance driven instabilities [27].
There are various work using the Strong-Strong model [28][29].

3.2.2 Head-on interactions

The head on model treats the beam-beam interaction as occurring at the intersection
point of the two beams; both beams share a common axis at the interaction point.

The potential and the Hamiltonian in this case is rotationally symmetric for round
beams, and has elliptical symmetry for elliptical beams. The Fourier coefficients (3.3)
are faster to compute in these cases. Furthermore, the odd coefficients are zero since
the potential is symmetric about the origin. It is important to note that the Fourier
coefficients used in this thesis are computed in a normalized action-angle coordinates;
the change of variable (93) is first performed.

3.2.3 Long-range interactions

In the long-range model, the beams are offset by some distance D, which decreases
to zero approaching the IP. However, the normalized distance d = D(s)

σ(s)
is constant

near the interaction point (except very close to the IP) [25].
The physical distance D depends on the beam β’s and on the crossing angle Θc.

D(s) ≈ (
√
βx(s)β∗ +

√
βy(s)β∗)

Θc

2
(53)

where β∗ is defined as the round beam β at the interaction point. Given the 1σ

emmitance ε, the normalized crossing angle is defined as

Θ∗c = Θc

√
β∗

ε
. (54)

This allows for the normalized distance (d), used to for beam-beam analysis (66), to
be written in terms of the normalized crossing angle (Θc)

dx,y ≈ [1 +

√
βy,x(s)

βx,y(s)
]
Θ∗c
2
. (55)
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For the round beam, βx = βy. So, for D =
√
D2
x +D2

y. (45) becomes

Φ =
ne

4πε0

∫ ∞
0

e
− (r+D)2

2σ2+q

(2σ2 + q)
dq. (56)

This results in a constant (0th order) force at the origin, causing closed orbit distortion.
The long-range model captures effects such as dependence of dynamic aperture and

integrated loss on normalized separation. This has been studied in simulations and
experimentally. Namely, it was experimentally observed in 2011 [30], that significant
losses occur at IP1 for bunches when separation is around 5 σ for a 3.5 TeV beam
with β∗ = 1.5 m, Θc = 120 µrad, ε = 2− 2.5 µm.

3.2.4 Long-range interactions and luminosity

Key parameters in long-range interactions are directly related to luminosity. Varying
the separations of these long-range interactions requires changing the crossing angle,
directly affecting the collision luminosity, which is defined as

L =
fNbN1N2

4πσxσy

1√
1 + φ2

. (57)

N1, N2 denote the particle number per bunch, Nb is the number of colliding
bunches (minimum 2). f denotes the revolution frequency, and σx, σy are the sigmas
of the bunches describing their shape. 1√

1+φ2
is the geometry factor, which depends

on φ, the Piwinski angle. The Piwinski angle, which is linearly proportional to the
crossing angle, describes relative orientation of the bunches during collision at the
interaction points. For a horizontal crossing, where Dy = 0,

φ =
θcσs
2σx

. (58)

For a vertical crossing, σy replaces σx. The interaction regions in the LHC use either
horizontal or vertical crossing schemes.

3.2.5 Round beam vs elliptical beam

The elliptical beam model assumes elliptical Gaussian charge distribution for each
bunch.
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ρ =
Ne2

σxσy(2π)3/2
e
− x2

2σ2x
− y2

2σ2y . (59)

In analogy to previous cases, the potential is

Φ =
ne

4πε0

∫ ∞
0

e
− x2

2σ2x+q
− y2

2σ2y+q√
(2σ2

x + q)(2σ2
y + q)

dq (60)

where σx,y denote Strong bunch sigmas.
For the proposed HL-LHC upgrade, a "flat" beam with β ratio of 1:4 is being

considered. This translates to a factor of 2 difference in σx and σy in the regions
from 30 to 50 meters away on both sides of the interaction point. The beam is always
approximately round in the head-on region [25]. The breaking of cylindrical symmetry
causes the problem to become inherently two dimensional.

The potential is then modified to account for long-range interactions:

Φ =
ne

4πε0

∫ ∞
0

e
− (x+Dx)

2

2σ2x+q
− (y+Dy)

2

2σ2y+q√
(2σ2

x + q)(2σ2
y + q)

dq. (61)

For this thesis, only round bunches will be considered. The round beam and ellip-
tical beam potentials differ most from each other in the head-on regime. Fortunately,
the bunch data show that bunches are highly round in the head-on regions. The
only highly non-round bunches are in certain regions at a separation of 10-12.5 σ

(see figure 5, table A). However, at this high separation, we are far outside of the
beam’s core; a simple Gauss’s law argument show that the elliptical bunches can be
replaced by round ones without much error. To reiterate, when separations are small,
beams are approximately round. Beams are elliptical only in certain regions where
the beam-beam separations are large enough to admit the approximation of elliptical
beams with round ones. The round model was used for ease of computation. Ellipti-
cal bunches can be included in the model by using potential (61) at a computational
cost.

24



Figure 5: IR1 (labelled 1 in blue) IR5 bunches: (labelled 5 in red) normalized distances
(in [σ]) as a function of distance from IP

3.3 Fourier analysis of beam-beam potential

The Fourier coefficients of the beam-beam potential in action-angle coordinates is
used to compute an effective Hamiltonian for the system. Work done by [24] show
that the beam-beam potential may be written using a modified 2D Bessel function.
Following the derivation in [24]:

In(u, v) =
∞∑

q=−∞

In−2q(u)Iq(v) (62)

where In(x) are the well known modified Bessel functions of the second kind.
The generating functions for the modified 2D Bessel functions are

e−u2−u1 sinφz+2u2sinφz =
∞∑

k=−∞

ikIk(u1, u2)eikφz . (63)

In action-angle coordinates, let σwx,y denote Weak bunch sigma, and σx,y denote
Strong bunch sigma. Then the normalized amplitudes, given as numbers of sigmas,

may be defined as ax,y =

√
2Ax,y

σx,y
(93). Using the Weak-Strong anti-symmetry [25],

σwx = σy, x and y may be written as

x = σyax sinφx.

y = σxay sinφy.
(64)

25



This allows the writing of Weak bunch equations of motion in terms of variables
normalized by the Strong bunch’s σ’s.

The 2D Weak-Strong long-range Hamiltonian may be written as

H =

∫ 1

0

dt

tg(t)
(1− e−t(Px+Py)). (65)

Where Px,y = 1
2
(dx,y+ax,y sinφx,y)

2, and are not momenta. The lowercase dx,y, ax,y
indicates that the separation Dx,y and actions Ax,y have been normalized by their
respective σwx,y. The bar coordinate x, y simplifies the expression by removing factors
of sigma ratios r = σy

σx
from the exponent. See appendix (D.3).

The Fourier coefficients are

cmn =

∫ 1

0

dt

tg(t)4π2

∫ 2π

0

∫ 2π

0

e−imφxe−inφy(1− et(Px+Py))dφxdφy. (66)

By performing the following substitution of variable,

u1(x,y) = tax,ydx,y

u2(x,y) = − t
4
a2
x,y

u3(x,y) =
t

2
d

2

x,y

(67)

the Fourier coefficients may be written as

cmn =

∫ 1

0

dt

tg(t)
[δ0
mδ

0
n − im+neu3(x)+u3(y)eu2(y)+u2(y)Im(u1(x), u1(x))In(u1(y), u1(y))]. (68)

The 2D Bessel functions show a recursive relation; it is possible that the Fourier
coefficients show similar behaviour [24].

3.4 Multiple interaction points

The LHC has 8 interaction regions, four of which hosts the experiments ATLAS,
ALICE, CMS, and LHCb, where beams cross and collide. See figure 3.

The operational bunch spacing of 25 ns corresponds to 7.5 m. The collision separa-
tions are therefore 12.5 ns. A Weak bunch will have around 16 long-range encounters
over a region of 120 m.
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In coordinates normalized by emmittance, the beam-beam separation is constant
over certain regions, and these encounters may be grouped into a single beam-beam
interaction to simplify the model; this is used in parts of section 6.

Writing a Hamiltonian for the simple harmonic motion coupled to numerous beam-
beam interaction located at different places around the LHC ring sounds like an
impossible task. The "Lie operator" formalism, to be introduced in the next section,
allows this to be done. 5

3.5 Other known beam-beam effects

One of the important beam-beam effects not covered by beam-beam analysis in this
thesis is the Pacman effect.

Pacman bunches differ from standard bunches in that they circulate past gaps
near some IR instead of opposing bunches. This is due to the specific bunch spacing
of the LHC described in [31]. These bunches suffer from slightly different tune shifts
and orbit distortions caused by experiencing some gaps in place of some beam-beam
impulses when compared to regular bunches. Since the machine is optimized for
standard bunches, it is possible for Pacman bunches to suffer greater losses, leading
to the eventual creation of more gaps and additional Pacman bunches [32]. The
details of the Pacman effect in the LHC may be found in [31][33].

Coherent modes mentioned in 3.2.1 occur when opposing beams oscillate in phase
(σ mode) or π out of phase π-mode. These effects are not seen in a Weak-Strong
model. These effects of these have been studied experimentally [27] and predicted
analytically [28].

Effects which couple momentum deviations such as tune chromaticity are not
covered by the beam-beam model in this thesis. The tune chromaticity ν ′ measures
the dependence of the tune on the momentum deviation ν = ν0 + ν ′∆p

p
. The tune

chromaticity for a linear ring is on the order of the ring’s tune, and must be corrected
for. The LHC’s ν ′ is corrected to a value around 15. There are studies on the
effects of chromaticity, and momentum spread, in the context of LHC beam-beam
using numerical simulations [7]. With the Lie algebra method used by this thesis,
momentum deviations can be coupled into the system by extending the phase space
[14].

5An effective Hamiltonian is computed, valid in the regime of small beam-beam potential
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4 Lie Algebraic approach

This section will present the mathematical background. It will introduce the Poisson
bracket Lie algebra, and some equivalent Lie algebras, from which formulae and results
in this thesis are derived. It will also present the "Lie algebra formalism" used in non-
linear accelerator physics. This formalism, invented by Alex.J.Dragt [3], popularized
by Alex Chao [14], writes Lie derivatives and exponential maps in a way that naturally
extends matrix formalism notations. In this notation,

: H : denotes a "Lie operator,"

e−:H:τ is its exponential map and denotes a "Lie Map.", and τ is the independent variable

This will be elaborated on in the following sections.

4.1 Introduction to Lie groups and Lie algebras

Lie groups and Lie algebras are abstract mathematical objects with many uses in
physics. They are seen in physics as differentiable, parameter dependent transforma-
tions. Some examples, time evolution with time as a parameter, spatial translations
with distances as parameters. Transformations in classical mechanics, operators in
quantum mechanics, and symmetry groups are all Lie groups (or at least can be de-
scribed in the language of Lie groups). In this picture, the Lie algebra associated
to a Lie group is the infinitesimal transformation associated to the Lie group’s con-
tinuous transformation. A Lie algebra can be used to generate its Lie group via the
exponential map (given some topological assumptions).

These Lie groups often have simple matrix representation. This is always true
when the action of the Lie group is restricted to a vector space of column vectors. In
this case, the Lie algebra also corresponds to an algebra of matrices. For example,
the Lie group SO3 acting on 3 dimensional column vectors can be represented by the
well known 3 dimensional rotation matrices. The corresponding Lie algebra is three
dimensional; its basis can be found by Taylor expanding the general (3 arbitrary
angles) SO3 rotation matrix along each of the rotation angles. Unfortunately, for the
purpose of studying beam-beam and more generally Hamiltonian mechanics using a
Lie algebra formalism, a matrix representation is in general not possible.
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4.2 Definition and representations of Lie groups and Lie alge-

bras

Mathematically, a Lie group is defined as a group with smooth group operations. They
can also be viewed as smooth manifolds, in which case the Lie algebra corresponds
the tangent space at the Identity. In this picture, a Lie groups and Lie algebras can
be represented geometrically.

Figure 6: Left: A diagrammatic representation of a fictitious Lie group as a manifold
Right: The action of two of its one-parameter subgroups on a box (right) [34]

Figure 6 is diagrammatic representation of a fictitious Lie group and its action.
It is not a representation of an actual Lie group.

The set of smooth and invertible maps from a space to itself is a Lie group (dif-
feomorphism group). Its Lie algebra is the set of vector fields on the space. In this
sense, if some subset of maps preserves the system, or certain aspects of the system,
we say that it is a symmetry. So, Lie groups often describe symmetries. Indeed, the
set of canonical transformations on a phase space is one such example. It is called
the symplectomorphism group.

Lie algebras are the first order "approximations" of Lie groups. When Lie groups
are viewed as manifolds, the Lie algebra is the tangent space at identity. When viewed
as maps, Lie algebras can either be represented as vector fields (on the base space
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which is acted on by the Lie group), first order differential operators, matrices, etc,
all of which give a local representation of a map, and are equivalent. If the Lie group
in question is a symmetry group, its Lie algebra "generates" the symmetry.

The set of canonical transformations on a phase space is called a Lie group called
the symplectomorphism group. It is the set of phase space maps which preserves
equations of motions and a set of invariants called Poincare integrals invariant [35].

4.3 Symplectic transformations as a Lie group

As mentioned in the previous section: given a phase space, the set of all maps is called
the diffeomorphism group of the phase space. It is known that the Lie algebra of a
diffeomorphism group on a manifold is the set of vector fields on the manifold [36].
Vector fields in this context are defined by using differential operators (via ∂

∂x
→ x̂).

The set of symplectomorphisms is a Lie subgroup of the diffeomorphism group;
its Lie algebra is the set of all symplectic vector fields.

This symplectic condition may also be viewed as a condition on the Jacobian
matrices of symplectic maps; the Jacobian matrix must belong to the Symplectic
Matrix group of appropriate dimension.

The exponential map generates a Lie group element from Lie algebra elements.

4.3.1 The geometry of phase space

In the symplectic geometry formulation of classical mechanics, the phase space is
a manifold with a non-degenerate canonical 2-form dp ∧ dq, usually denoted ω in
coordinate free notation. This can be interpreted as the oriented differential area of
the parallelogram created by two infinitesimal vectors dpp̂ and dqq̂.

The set of canonical transformations, called symplectomorphisms, are the set of
maps which preserves this canonical two form. Time evolution is one such trans-
formation. These maps have Jacobian matrices with unit determinant and preserve
equations of motion. These form a Lie group, and are therefore also a manifold. Its
Lie algebra corresponds to the set of symplectic vector fields on the phase space.
(4.4.1)

The canonical 2-form can be used to define a symplectic gradient (− ∂
∂p
, ∂
∂q

), which
generates symplectic vector field from Hamiltonians. The "time evolution" of these
Hamiltonians are canonical transformations.
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4.4 Poisson bracket Lie algebra of Phase Space Functions

A Phase Space Function in the context of this thesis is defined to be a function from
the phase space to the real number line. Examples are Hamiltonians, phase space
density functions, scalar potentials. This set of function form a Lie algebra with the
Poisson bracket as Lie bracket.

Hamilton’s equations 2 can be written in terms of the Poisson bracket;

dq

dt
= −{H, q} = −∂H

∂q

∂q

∂p
+
∂H

∂p

∂q

∂q
=
∂H

∂p
.

dp

dt
= −{H, p} = −∂H

∂q

∂p

∂p
+
∂H

∂p

∂p

∂q
= −∂H

∂q
.

(69)

In Lie operator notation [3], this becomes

dq

dt
= − : H : q

dp

dt
= − : H : p.

(70)

In this notation, given H, we define a linear operator : H : acting on functions
f(q, p) as

: H : f = {H, f}. (71)

.
: H : is called the Lie operator of H, and corresponds to a Lie derivative along

the Hamiltonian vector field XH , generated by H. In the language of group theory,
: H : is also called a generator; it generates the one-parameter diffeomorphism group
e−:H:τ . This is often written as e:fH :, where : fH := − : H : τ is the generator of the
map. For one-turn type maps, τ = 1. For the purpose of accelerator physics, each
magnet has its own Hamiltonian. It is in theory possible to construct a piece-wise
continuous Hamiltonian for the whole system of sequential magnets and drifts. In
practice, maps are constructed to propagate the beam through each magnet. The
linear betatron motion one-turn map for the whole ring is however simple to write
down. Using the Courant-Snyder parameters of the accelerator ring, a one-turn map
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may be constructed which treats the ring as a black box.
To solve (70), we recall the matrix D.E equation, for constant matrix A.

d~x

dt
= A~x. (72)

is given by the matrix exponential

~x(t) = eAt~x(0). (73)

If A is not constant, then it may not commute with itself at different times, in which
case the solution must be calculated via some infinite series.

Just as a matrix is a linear operator in a finite dimensional vector space of column
vectors, : H : is an linear operator in an infinite dimensional vector space of functions.
The solutions to (70) are given by the exponential map (H is assumed to be time
independent): [

p(t)

q(t)
]

= e−:H:t

[
p0

q0

]
. (74)

We note that despite the Lie algebra of phase space functions being infinite dimen-
sional, bases may be constructed. For example, it can be shown in appendix (der.
D.1) that the eigenbasis of the simple harmonic oscillator generator 1/2 : p2 + q2 : are
the action-angle circular harmonics einφ. Furthermore, any quadratic Hamiltonian
H = aP 2 + bPQ + cQ2 can be transformed into 1/2(p2 + q2) via a rotation and a
re-scaling. So, the natural basis of the quadratic Hamiltonian is the set of circular
(Fourier) harmonics. This will be used later on to compute the effective Hamiltonian.

4.4.1 Lie operators as symplectic vector fields

In the spirit of geometry, the Lie operator Lie algebra with commutator bracket can
also be identified with the symplectic vector field Lie algebra with commutator (vector
field Lie derivative) Lie bracket. Using the differential operators/vectors equivalence
seen in differential geometry [36], these two Lie algebras can be viewed as the algebraic
and geometric representation of the same object.

Consider
: h :=

∂h

∂q

∂

∂p
− ∂h

∂p

∂

∂q
. (75)
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By identifying ∂
∂p

to p̂ and ∂
∂q

to q̂, each Lie operator : h : can be identified to a
vector field. Xh = ∂h

∂q
p̂− ∂h

∂p
q̂ = (−∂h

∂p
, ∂h
∂q

).
Furthermore, the Lie brackets correspond as follows (Appendix.D.2):

[: h :, : g :] =: {h, g} : −→ X{h,g} (76)

using (141) and the definition of Xf , X{h,g} = XhXg − XgXh. This corresponds to
the definition of Lie derivative of the vector field Xg along the vector field Xh.

For the simple Harmonic oscillator H = x2 + p2, the symplectic vector fields are

Xh = S∇H, where S =

[
0 1

−1 0

]
, and ∇ denotes the phase space gradient ( ∂

∂x
, ∂
∂p

).

Figure 7 plots Xh in phase space. It should be clear that the integral curves
of this vector field trace out circles which are phase space trajectories of the given
Hamiltonian. The curves are traced counter-clockwise because the phase space is
defined as (93), with the angle coordinate starting on the positive x-axis and going
counter clockwise.

Figure 7: Symplectic Vector Field of a simple harmonic oscillator in 2D phase space

4.4.2 Time (or s) evolution as the exponential map of this Lie algebra

The exponential map can be used to solve (70). In particular for quadratic Hamilto-
nian, the exponential map reduces to a matrix exponential.
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As a worked example, consider the relativistic electromagnetic Hamiltonian (6).
Taking the potential to be that of a quadrupole, and expanding the Hamiltonian to
second order in the low transverse energy limit:

Hs = K(x2 − y2) + P 2
x + P 2

y . (77)

The equations of motions are

x′ = − : H : x =
∂H

∂Px
= Px,

y′ = − : H : y =
∂H

∂Py
= Py,

Px
′ = − : H : x = −∂H

∂x
= −Kx,

P ′x = − : H : x = −∂H
∂y

= Ky.

(78)

In phase space coordinates, the action of : H : can be written as a matrix DE:

d

ds


Py

y

Px

x
 =


0 1 0 0

−K 0 0 0

0 0 0 1

0 0 K 0



Py

y

Px

x
 . (79)

Let ~z = (x, Px, y, Py), writing the matrix differential equation as ~z′ = A~z, the
solutions ~z(s) = eAs~z(0) are written in terms of the matrix exponential:

eAs =
∞∑
k=0

Ak

k!
= I + (As) +

1

2
(As)2 +O(s3). (80)

It is simple to verify by grouping even and odd powers of A that the power series
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converges to :

eAs =



cos
(√
|K|s

)
sin
(√
|K|s

)
√
|K|

0 0

−
√
|K|sin

(√
|K|s

)
cos
(√

Ks
)

0 0

0 0 cosh
(√
|K|s

)
sinh

(√
|K|s

)
√
|K|

0 0
√
|K|sinh

(√
|K|s

)
cosh

(√
Ks
)


(81)

which matches the known solutions.
It is important to note that a nth-order Hamiltonian Lie operator : Hn : will map

a mth order polynomial Pm to a polynomial of order (m + n − 2). Therefore, only
a quadratic Hamiltonian Lie operator : H2 :, representing linear systems, can map a
polynomial to a polynomial of same order. Therefore, only : H2 : has square matrix
representation in linear or polynomial vector spaces. The matrix representation can
easily be exponentiated.

In general, e−:H:τ must be evaluated as a truncated power series. The evalua-
tion consists of computing nested Poisson brackets. Fortunately, the truncation is
symplectic at every order.

For accelerator physics, the exponential maps for various thin elements are sim-
ple to write down; see appendix (C). Truncation order can be chosen for arbitrary
precision, and the guaranteed symplecticity makes this formalism natural for treating
non-linear elements. However, due to the non-commutativity of Lie operators, the
product of maps is not straight forward. Nonetheless, it must be computed to obtain
the total map of a series of elements.

4.5 Product of exponential maps of non-commuting operators

The product of exponential maps of non-commuting operators are not straight for-
ward to compute. It must in general be expressed using the adjoint representation
(appendix E), or represented as nested Lie brackets. Let X, Y be members of a Lie
algebra g. Consider

eXeY = eZ . (82)

Z = X + Y if and only if [X, Y ] = 0. In other cases, one of the Baker-Campbell-
Hausdorff (BCH) formulae must be used.
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The closed form BCH formula can be derived using the derivative of the exponen-
tial map, assuming convergence.

The most well known BCH formula is an expansion in powers of X, Y , and nested
commutators. This version is to be used when X and Y are of similar "size". I.e.
formula (83) is perturbative in both operator X and Y , which are assumed to be close
to identity.

Log(eXeY ) = X + Y +
1

2
[X, Y ] +

1

12
([X, [X, Y ]]− [Y, [X, Y ]]) + ... (83)

A second version is a linear expansion in Y . Y is assumed to be close to the
identity; no such assumption is made on X. The formula contains dependence on
X in closed form, albeit as an expression in its adjoint representation. This is the
version used in this thesis for computing of the effective Hamiltonian for beam-beam.

Log(eXeY ) = X +
adx

1− e−adx
Y +O(Y 2). (84)

Assuming convergence of the product, the closed form version can be written [37]

Log(eXeY ) = X +

∫ 1

0

d(eadXetadY )

dt
Y dt. (85)

From this, the two previous versions (83,84) can be easily derived.

4.6 Lie operator formalism

A function of phase space variable H(q, p) can associated to a Lie operator : H :. The
action of : H : is defined via its Poisson bracket.

: H : G = {H,G} (86)

The Lie operator maps a scalar function to a scalar function and a vector field to a
vector field. I.e.

: H :

[
P (t)

X(t)
]

=

[
: H : P (t)

: H : X(t)
]
. (87)

The Lie operator : H : is linear in H. That is to say : aHa + bHb :=: a : Ha : +b : Hb :.
Using the exponential map, a Lie map e−:H:τ can be created. This map propagates
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the system with Hamiltonian H forward by τ .
In an accelerator, the Lie of consecutive elements with Hamiltonian H1, H2 can be

written as the product of their Lie maps e−:H1:L1e−:H2:L2 . The independent variable
is also switched from t to s. When s is the independent variable, the canonical
momentum P is often called x′, and is unitless. Note the ordering of the product is
the reverse of matrix maps.

The similarity transformation of Lie maps is identical to that of matrices.

e:f :e:g:e−:f : = e:e:f :g:. (88)

The exponential map of a function of phase space variable is the function acting
on the exponential mapped variables

e:f :g(q, p) = g(e:f :q, e:f :p). (89)

4.7 Unperturbed Hamiltonian

The quasi-harmonic transverse (betatron) motion of a particle in an accelerator, when
viewed turn by turn at some fixed location, can be represented by the Courant-Snyder
Hamiltonian which generates a one-turn map. The µ’s, γ’s, and α’s are functions of
the independent variable s. Using F = −H,

F2 = −µx
2

(γxx
2 + 2αxxx

′ + βxx
′2)− µy

2
(γyy

2 + 2αyyy
′ + βyy

′2) (90)

where x′ = dx
ds
, and y′ = dy

ds
are the canonical momenta. This is the equation of

a Courant-Snyder ellipse in phase space multiplied by tunes. By treating it as the
Hamiltonian of a one-turn map, its solution curves exactly traces Courant-Snyder
ellipses. By introducing the following change of coordinate, the ellipse is mapped
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onto a circle.

x′ −→ −αxx+ Px√
βx

x −→
√
βxX

y′ −→ −αyy + Py√
βy

y −→
√
βyY.

(91)

The resulting Hamiltonian is a simple harmonic oscillator:

F2 = −µx
2

(X2 + P 2
x )− µy

2
(Y 2 + P 2

y ). (92)

It is simple to verify that this generates rotations in X −Px, Y −Py via e:F2:θ, where
θ indexes turn angle or turn number. Furthermore, in this coordinate, both X and
Px have units of [L]

1
2 .

The following change of coordinate brings F2 to action-angle form:

X −→
√

2Ax sinφx

Y −→
√

2Ay sinφy

Px −→
√

2Ax cosφx

Py −→
√

2Ax cosφx.

(93)

We note that some authors denote this action with dimensions [Ax,y] = [L] as Jx,y.
and reserve Ax,y for Jx,yβx,y. We use Chao [14]’s notation. The resulting Hamiltonian
is

−H = F2 = −µxAx − µyAy. (94)

It is simple to check that the circular harmonics are eigenfunctions of : F2 :. See
appendix D.1.

: F2 : eimµxφxeinµyφy = i(mµx + nµy)e
imµxφxeinµyφy . (95)
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4.8 Perturbation on the oscillator

Suppose there is a perturbation to the simple harmonic motion, generated by Fp. In
the Lie formalism, this can be written as the product of Lie maps.

e:Feff : = e:F2:e:Fp: (96)

Since the Fp is treated as a perturbation, it makes sense to use (84) to compute
the effective Hamiltonian, where the adjoint representation is taken in the Poisson
bracket:

: Feff : =: F2 : + :
: F2 :

1− e−:F2:
Fp :

Feff = F2 +
: F2 :

1− e−:F2:
Fp.

(97)

:F2:
1−e−:F2:

should be understood as an operator power series acting on Fp.

: F2 :

1− e−:F2:
= I +

: F2 :

2
+

: F2 :2

12
− : F2 :4

720
+O(: F2 :6). (98)

However, away from resonance, the denominator is non-zero. The power series
therefore converges to the analytic function. I.e. wherever the spectrum of :F2:

1−e−:F2:
is

bounded, its power series converges; it can then be understood as an analytic function.
In this case the eigenvalue property of analytic functions can be used 6 to evaluate the
expression. If Fp can be written in the eigenbasis of : F2 : as

∑
k ckFk, the expression

(97) can be written as

Feff = F2 +
∑
k

λk
1− e−λk

ckFk. (99)

When F2 is a simple harmonic oscillator, the eigenfunctions are the circular har-
monics. Therefore, the eigenbasis decomposition is a Fourier decomposition. (Ap-
pendix D.1) One should note that for an impulse, : Fp := − : Hp : ; these Fourier
coefficients are negatives of ones computed from the impulse Hamiltonian (68).

Feff = F2 +
∑
m,n

i(mµx + nµy)

1− e−i(mµx+nµy)
cmne

imµxφxeinµyφy . (100)

6Given an linear operator M, F (M)~x = F (λ)~x if M~x = λ~x is the eigenvalue equation.
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4.8.1 Multiple impulses

For the beam-beam impulse, the Fourier decomposition is given in section (3.3). For
multiple impulse like perturbations, an effective map can be computed. Let Fj denote
the jth impulse, then

e:Ftotal: =
∏
j

e:Fj :

= e
∑
j :Fj :+

∑
i 6=j

1
2

[:Fi:,:Fj :]+....

(101)

The [: Fi :, : Fj :] terms come from (83), and must be computed in an analysis to
"beam-beam strength" squared. Furthermore, a second order version of (84) must be
used. However, when considering only an analysis linear in beam-beam Hamiltonian,
the commutator of two beam-beam impulse can be dropped.

The contribution to beam-beam of all interaction regions can then be summed

e:Ftotal: = e:
∑
j Fj :

: Ftotal : =:
∑
j

Fj : . (102)

Substituting (102) into (97), and performing the same procedure as (100), with the
"(j)" superscript labelling different beam-beam impulses. The Fourier coefficients c(j)

mn

are the negatives of (68) since Fbb = −Hbb.

Feff = F2 +
∑
j

∞∑
n,m=−∞

i(mµx + nµy)

1− e−i(mµx+nµy)
c(j)
mne

im(µx+φx)ein(µy+φy). (103)

This expression implicitly assumes that the impulses are located at the same phase.
This is not the case in reality. A similarity transformation can be used to introduce
the varying phase at different impulse location.

e:F (ψx,ψy): = e−:f2:e:F (0):e:f2:. (104)

where e:f2: is the appropriate rotation matrix in phase space such that f2 generate a
rotation by −ψx in the X − Px plane, and −ψy in the Y − Py plane. Then using the
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similarity transformation rule of Lie operators, the transformation can be written as

e:F (ψx,ψy): = e:(e:f2rot:F (0)):. (105)

The action of a rotation matrix 7 in polar coordinates is a simple translation in
angle. So after shifting all the Fj’ s, each located at a shifted phase of (∆µ

(j)
x ,∆µ

(j)
y )

to their appropriate phase,

Feff = F2 +
∑
j

∞∑
n,m=−∞

i(mµx + nµy)

1− e−i(mµx+nµy)
c(j)
mne

im(µx+φx+∆µ
(j)
x )ein(µy+φy+∆µ

(j)
y ). (106)

Multiplying and dividing each summation term by e
i
2

(mµx+nµy), substituting in F2 =

−µxAx − µyAy, this can be written as:

Feff = −µxAx−µyAy+
∑
j

∞∑
n,m=−∞

(mµx + nµy)

2 sin (mµx
2

+ nµy
2

)
c(j)
mne

im(µx
2

+φx+∆µ
(j)
x )ein(

µy
2

+φy+∆µ
(j)
y ).

(107)
This is the effective Hamiltonian Heff = −Feff of the combined system; it is used to
study the frequency space in the following section.

7The angle in phase space has been defined to go clockwise, therefore the rotation matrix rotates
in the opposite direction as expected
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5 Implementation

5.1 The effective Hamiltonian for multiple interaction points

In this effective Hamiltonian approach, each bunch in the Strong beam in the inter-
action region is treated as the source of a beam-beam impulse to the weak beam.
Bunches in the same beam can sometimes be grouped together for computational
purpose. This type of grouping normally requires the use of BCH formulae (83) (84).
However, for two bunches with the same phase and separation, their Lie operators
are identical. Higher order BCH terms are identically zero; the product of their Lie
maps may be written as

N∏
j=1

e:Fbunch: = eN :Fbunch:. (108)

The preliminary beam-beam model is a Lie map of two interaction regions. Each
IR consists of 9 long-range interactions at a normalized separation (55) of 12.5 σ,
followed by a head-on interaction phase shifted by ≈ π/2, which is followed by another
9 long-range interactions phase shifted by ≈ π/2 with respect the head-on interaction.
See figure 5.

The interactions regions are also phase shifted from each other. For the nominal
LHC, the phase shifts between IR1(ATLAS) and IR5(CMS) is ≈ 64.2π in µx and
≈ 60.7π in µy. These values are used for the model.

These interactions are all combined into one Lie map using the lowest order BCH
formula. The effective Hamiltonian, of the form (107), can be read off from the Lie
operator which generates the map.

The computing was done in Mathematica 11. The main challenge was in the
calculation of a large number of Fourier coefficients. The two main approaches were
numerical integration, and evaluation of generalized 2D Bessel functions of the second
kind.

A more detailed model, built from the bunch data, treating each Strong beam
bunch as a separate impulse each with their own normalized separations and phase
shifts was also implemented using the same Mathematica code. Specifically, sections
6.1, 6.3, 6.4, 6.5 use the detailed model. Sections 6.2.1, and 6.2.2 use the preliminary
idealized model.
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5.2 Numerical computation of Fourier coefficients

The numerical computation of Fourier coefficients is done using the two dimensional
modified Bessel-I functions of section (3.3). The evaluation of the two dimensional
modified Bessel-I functions is implemented in two ways; via its definition in section
(3.3) and via the numerical integration of its generating function,

In(u, v) =
1

2π

∫ 2π

0

eu cos θ+v cos 2θ−inθdθ. (109)

5.3 "Tune-scan" using Hamiltonian

Tune-scans in the context of accelerator physics usually means a frequency space map
of a quantifier of stability. These maps are performed to identify potential working
point(s), the chosen bare tune at which the accelerator operates. Some important
quantifier of stability of the accelerator at a given tune, such as the dynamic aperture,
is computed in frequency space using the numerical simulation of a large number of
particles. This is shown as a frequency domain plot.

The dynamic aperture drops at dangerous resonances. Previous work for 1D
tune-scans show that these drops correspond to frequencies at which the effective
Hamiltonian becomes singular [38].

In this thesis, "Tune-scan using invariant" refers to plotting the invariant (effective
Hamiltonian) in frequency space. The invariant experiences singularities at resonance
lines (section 5.3.1). With the assumption that more dangerous resonance lines cause
stronger singularities in the invariant and occupy a wider area in tune space, these
plots perform the same function as a traditional tune-scan at a much lower computa-
tional cost. They are however limited by their inability to give an explicit dynamic
aperture value. If a tune-scan is desired, these plots can act as preliminary tools for
selecting specific regions on which to perform a scan, thus reducing computational
cost.

5.3.1 Resonance lines in tune space

Let m,n, q be integers. The set of linear equations mµx + nµy = 2πq, or equivalently
mνx + nνy = q densely populate the 2D space of tunes. See figure 8. The plots
are given with tunes νx, νy, as "per-turn frequencies" such that the axes are labeled
without factors of 2π. The formulae will use angular frequencies µx, µy, in radians to
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absorb factors of 2π. The region of interest was chosen to show nearby resonances of
the operating frequency of the HL-LHC (64.31,60.32). The tune plot in ν is periodic
in a 2D integer lattice, therefore the region near (0.31, 0.32) is plotted instead.

Figure 8: Resonance lines: Order 5 to 16

The main diagonal is defined as the equation νx − νy = 0. The resonances of the
same order q intersect along the main diagonal. These are, as they appear up the
main diagonal of this plot, q = 14, q = 10, q = 13, q = 16.

5.3.2 Beam-beam tune footprint

As stated in section (2.6.1), the amplitude dependence of the tune shift causes an
ensemble of particle to form a distribution in frequency space. The tune footprint is
the 2 dimensional plot of detuning at machine bare tune caused by this amplitude
dependent tune spread.

From Hamilton’s equations, the tune is given by

dφx,y
dk

=
∂H

∂Ax,y
. (110)
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For a distribution of particle with different amplitudes, the tune shift will also be a dis-
tribution in tune space. Away from resonance, we can bring the effective Hamiltonian
to Normal form (Section 9.8 in [14]), Heff = −f2 + C0(Ax, Ay), where C0(Ax, Ay)

is the 0th order Fourier coefficient of the beam-beam Hamiltonian. In this form, the
beam-beam tune spread is

∆µx,y =
∂C0

∂Ax,y
. (111)

The footprint can be plotted by analytically using this C0 derivative, or by Tracking
via Fast Fourier Transforms [24]. Although this thesis does not study tune footprints,
their existence should be acknowledged when studying the tune space and resonances.
It is important to choose a working point such that the footprint does not partially
land near dangerous resonances. Figure 9 shows the shape of the beam-beam foot-
print.

Figure 9: Figure 2 in [7], a beam-beam tune footprint for 0 ≤ (x, y) ≤ 6σ. Red x
denotes the working point. Qx = νx, Qy = νy.

The beam-beam parameter ξ (50) denotes the tune shift experienced by a zero
amplitude particle during head-on interactions. In figure 9, ξx, ξy are used to differen-
tiate the zero amplitude vertical and horizontal tune-shifts for a head-on interaction
when the Strong bunches are not round.
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5.3.3 Resonance width

Betatron resonances are not analogous to the resonances found in electric circuits.
The resonance lines exhibit a lock-on width, which defines a region surrounding each
resonance line. In this region, a particle’s tunes experience oscillations due to per-
turbations, with amplitudes comparable to the region’s width. These oscillations are
caused by the perturbation(s) driving the resonance. The particle’s oscillating tunes
will eventually hit the resonance. Once at a resonance of some order, say n, the
particle repeat its motion every n turn while accumulating periodic impulses. This
may result in amplitude growth and loss of the particle (Wilson in [9]). Collins [39]
uses beam loss as a criterion for width, whereas Chao [14] uses an intrinsic definition.
This thesis will follow Chao’s definition of resonance width as amplitude of the tune
oscillation near resonance.

The frequency space is densely populated by resonance lines, some of which have
unstable neighbourhoods. Namely, the resonance lines with positive slopes are "dif-
ference resonances" which are stable due to constraints imposed on the actions. To
contrast, the resonance lines with negative slopes are "sum resonances" which are
unstable. This is because nAx −mAy is a constant of motion, which constrains the
maximum values of Ax and Ay when m and n are of opposite sign; no such constraint
exist when they share the same sign.

The resonance width (Width function) derived in this section attempts to quantify
the width of potentially unstable regions near each resonance line. In this region,
the tune will start to oscillate, and eventually hit the resonance and lock-on. The
derivation follows Chao’s [14] resonance width ∆, which he derived for a sextupole
perturbation. See figure 10.
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Figure 10: Resonance width in tune space (Figure 9.7 in [14])

Given a resonance line mνx + nνy = p, (mµx + nµy = 2πp), Chao derives the
width to be

∆√
m2 + n2

=
1

2
√
m2 + n2

(
m|m|
Ax

+
n|n|
Ay

)A
|m|
2
x A

|n|
2
y |Cabcd| (112)

such that a− b = m, c− d = n.
Cabcd are the four index Fourier coefficient of the following Fourier series, where

the dependence on the actions have been factor out of the coefficients.

f(φx, φy) =
∑
a,b,c,d

A
|a−b|

2
x A

|c−d|
2

y Cabcde
i(a−b)φxei(c−d)φy . (113)

The width is defined as the amplitude of oscillation of a particle’s tune due to the
resonance, as derived from a co-rotating Lie map.

Repeating Chao’s derivation for the beam-beam map, we start we a general per-
turbation with a Fourier expansion. Let e−:H: = e:f2:e:h: describe our system in its
Normal form, where f2 = −µxAx − µyAy, and h takes the form h0 + hr. h0 does not
contain oscillating terms; it can be absorbed into f2. hr contains only one resonant
term.

Let mµx0 + nµy0 = 2πp be the resonant frequency. Consider a system near res-
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onance with µx ≈ µx0 , µy ≈ µy0, such that mµx0 + nµy0 = 2πp + ε, for some small
ε ≈ 0. Consider the following change to a co-rotating frame of resonant frequencies
in action-angle coordinates:

φ′x = φx + µx0k, φ′y = φy + µy0k (114)

where k denotes the "turn index", such that k=1 corresponds to one full turn.
The Lie map which generates this rotation is

R(k) = e:Axµx0k+Ayµy0k:. (115)

The map after one turn in the co-rotating frame is therefore:

e−:H′: = R(1)R(k)e−:H:R(−k)

= R(1)R(k)e:f2:R(−k)R(k)e:h:R(−k)

= (e:(k+1)(Axµx0+Ayµy0):e:f2:e:−k(Axµx0+Ayµy0):)(e:k(Axµx0+Ayµy0):e:h:e−:k(Axµx0+Ayµy0):).

(116)

Since R(k) commutes with e:f2:, the first term becomes e:Axµx0+Ayµy0e:f2:. Substituting
in f2, and combining exponents to find f ′2

e:Axµx0+Ayµy0e:f2: = e:Ax(µx0−µx)+Ay(µy0−µy):

= e:f ′2:.
(117)

The second term in (116) is a simple rotation φ −→ φ′.

e:k(Axµx0+Ayµy0):e:h:e−:k(Axµx0+Ayµy0): = e:h:′

= e:h′0+Cmne
imφ′x+inφ

′
y :.

(118)
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The new eigenfunctions of : f ′2 : are eimφ′xeinφ′y . The eigenvalue equation is

: f ′2 : eimφ
′
xeinφ

′
y = −∂e

imφ′xeinφ
′
y

∂φ′x

∂f ′2
∂Ax

− ∂eimφ
′
xeinφ

′
y

∂φ′y

∂f ′2
∂Ay

= [im(µx0 − µx) + in(µy0 − µy)]eimφ
′
xeinφ

′
y

= iεeimφ
′
xeinφ

′
y .

(119)

Using BCH to find H ′,

H ′ = −f2 − h0 − cmn
iε

1− e−iε
eimφ

′
xeinφ

′
y . (120)

In the co-rotating coordinate system, the resonant part is well behaved in the
limit as ε −→ 0. I.e. it does not generate the small divisor problem which occurs in
the static coordinate system;

lim
ε−→0

iε

1− e−iε
= 1. (121)

Substituting in the limit for small ε into (120), Hamilton’s equations give the tune
change with respect to turn number

dφ′x
dk

=
∂H ′

∂Ax
= µx − µx0 −

∂h0

∂Ax
− ∂cmn
∂Ax

eimφ
′
xeinφ

′
y .

dφ′y
dk

=
∂H ′

∂Ay
= µy − µy0 −

∂h0

∂Ay
− ∂cmn

∂Ay
eimφ

′
xeinφ

′
y .

(122)

The resonance width (Width function) is then defined as the amplitude of oscillation
of the term 1√

m2+n2 (mdφ′x
dk

+n
dφ′y
dk

) due to the resonant term in h; this can be expressed
in terms of derivatives of the standard Fourier coefficients,

∆ =
1√

m2 + n2
(m

∂Cmn
∂Ax

+ n
∂Cmn
∂Ay

) (123)

which reduces to Chao’s sextupole formula for a sextupole case. We have absorbed
the factor of 1√

m2+n2 into the definition of ∆.
For a strictly vertical or horizontal resonance line, this has a simple interpretation.

Suppose the resonance line is mµx = 2πp, the particle’s tune in the co-rotating
coordinates dφ′x

dk
oscillates about the value (ε− ∂h0

∂Ax
) with amplitude ∆. Consider the
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long-term behaviour after many turns; the tune eventually will hit the resonance line,
and locks-on to the resonance, where it will then repeat its motion periodically. More
generally, ∆ can be seen as a 2D generalization of this amplitude. In the co-rotating
coordinates, when ∆ > ε, the particle exhibits resonant behaviour.

We note that for multiple perturbations at different phase shift, phase factors
must be included. Comparing with (107), we sum over index k, which labels different
beam-beam interactions.

∆ =
∑
k

1√
m2 + n2

(m
∂C

(k)
mn

∂Ax
+ n

∂C
(k)
mn

∂Ay
)eim∆µ

(k)
x ein∆µ

(k)
y . (124)

Noting that action-angle transformation of a monomial term is of the form anx
n →

an
√

2Ax
m

sinφx
m. Given some Taylor expansion in action-angle form, by expanding

the sine powers into sine harmonic modes, it is possible to find the exact dependence
of the Fourier coefficients on the action variable to obtain a formula that resembles
Chao’s.

∑
m,n=0

amnx
myn

=
∑
m,n=0

amn
√

2Ax
m√

2Ay
n

sinφx
m sinφy

n

=
∑
m,n=0

amn
√

2Ax
m√

2Ay
n
(
i

2
)m+n(e−iφx − eiφx)m(e−iφy − eiφy)n

=
∑
m,n=0

amn
√

2Ax
m√

2Ay
n
(
i

2
)m+n

m∑
k=0

(
m

k

)
(−1)kei(m−2k)φx

n∑
l=0

(
n

l

)
(−1)lei(n−2l)φy .

(125)

By collecting the desired harmonics, we obtain our Fourier coefficient as explicit
functions of Ax and Ay. For fixed amplitude, it is simpler to compute the partial
derivatives numerically, which was done for Width function plots in the next section.
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6 Results

6.1 Verification of effective Hamiltonian against tracking

The effective Hamiltonian is to be interpreted as an (approximate) invariant of the
system. Far away from resonance, in the regime where the approximation holds,
tracking and the model should agree; tracked particles of a given action should lie
on level curves/surfaces of the invariant. The approximation relies on the fact that
potential-like terms in the perturbation can be properly approximated by a finite
Fourier series, that the system is far enough away from resonances such that the
effective Hamiltonian does not experience the small divisor problem, and that the
perturbation is small enough such that a first order (in perturbation power) BCH
suffices to combine maps.

For any function H, {H,H} = 0; H is conserved by maps generated by itself.
This breaks down however at resonances, where singularities occur in the effective
Hamiltonian, yet motion can remain stable.

For the purpose of verifying our effective invariant, "tracked" particles are com-
pared with plots of the invariant. Particle motion is solved for turn by turn in
Mathematica. The one-turn matrix map used by the Mathematica code was gener-
ated from MadX using real LHC data. The particle is plotted in phase space after
each turn and is expected to lie on a level curve/surface of the invariant. The "track-
ing" is independent of the theory of "Lie maps"; tracking relies strictly on standard
Hamiltonian mechanics.

In 4-D, the invariant defines a surface of constant Ax and Ay. Particles starting
on the surface will remain on the surface. However, it is difficult to plot this. Instead,
we will plot the planes Ay = 0, Ax = Ax0 and Ax = 0, Ay = Ay0, starting tracked
particles in those respective planes.

For the purpose of this test, a 2 IR beam-beam model has been constructed. Each
IR is comprised of 9 long-range interactions at a normalized separation of 12.5 σ,
followed by a head on interaction, followed by 9 more long-range interactions mirroring
the first set. The particle is initialized at a normalized amplitude (ax, ay) = (6 σ, 0)

and (ax, ay) = (0, 6 σ), where σ = 354 µm.
A discussion of the deviation from tracking can be found in the appendix F.
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Figure 11: ay = 0 tracked particle (blue) vs invariant curve (red) plot of normalized
action a2

x[σ
2]

Figure 12: ax = 0 tracked particle (blue) vs invariant curve (red) plot of normalized
action a2

y[σ
2]

6.2 Resonance cancelling by phasing

This was first studied in [40]. Consider the two dimensional effective Hamiltonian of
a linear ring with two beam-beam interactions, phased by ∆µ1 in µx and ∆µ2 in µy.
Suppose two beam-beam interactions have the same Fourier coefficients. Then the
effective Hamiltonian H = −Feff may be written as
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Feff = f2+
∞∑

m,n=−∞

Cmn
2 sin (mµx

2
+ nµy

2
)
[eim(µx

2
+φx)+in(

µy
2

+φy)+eim(µx
2

+φx+∆µ1)+in(
µy
2

+φy+∆µ2)].

(126)
Given that Cmn are the Fourier coefficients of a real function (i.e. the beam-beam
potential), we have the following symmetries: C−mn = Cmn , Cm−n = Cmn. Then
Feff may be written as

Feff = f2 +
∞∑

m,n=1

4Cmn
2 sin (mµx

2
+ nµy

2
)
( cos [m(

µx
2

+ φx) + n(
µy
2

+ φy)]

+ cos [m(
µx
2

+ φx + ∆µ1) + n(
µy
2

+ φy + ∆µ2)]).

(127)

Using the sum of cosine identity, cos (a+ b) + cos (a) = 2 cos (a+ b
2
) cos ( b

2
),

Feff = f2 +
∞∑

m,n=1

4Cmn
sin (mµx

2
+ nµy

2
)
( cos [m(

µx
2

+
∆µ1

2
+ φx) + n(

µy
2

+
∆µ2

2
+ φy)]

× cos [m
∆µ1

2
+ n

∆µ2

2
]).

(128)

Suppose mµx +nµy = 2πp is resonant, i.e. sin (mµx
2

+ nµy
2

) = 0. Then there exists
values of ∆µ1 and ∆µ2 which cancels out the resonance. Taylor expanding the sine
about pπ,

sin (
mµx

2
+
nµy

2
) = (pπ− (

mµx
2

+
nµy

2
))− 1/6(pπ− (

mµx
2

+
nµy

2
))3 +O(ε5). (129)

Let q be an odd integer, expanding the cosine about q π
2
.

cos (m
∆µ1

2
+ n

∆µ2

2
) = (q

π

2
−(

m∆µ1

2
+
n∆µ2

2
))−1/6(q

π

2
−(

m∆µ1

2
+
n∆µ2

2
))3+O(ε5).

(130)
Clearly, if both the cosine and the sine are taken to their respective zeros at the same

53



rate, the denominator and the numerator cancel out.

lim
δ→ 1

cos ( qπ
2
− δ qπ

2
)

sin (pπ − δpπ)
= 1. (131)

Therefore, the resonance cancelling condition is

m∆µ1 + n∆µ2 = πq for odd q. (132)

Namely, if ∆µ1 = ∆µ2 = π
2
, then for odd integers q, resonance of order 2q will be

cancelled.
For head-on beam-beam interactions, the evaluation of the invariant leaves some

visual artifacts (extremely weak resonance lines which are invisible in the Width func-
tion plots manifest as white dots in the invariant plots). The resonance cancellation
can be more easily seen using the Width function. The 13th order resonances do
not appear in head-on interactions as expected. When two head-on interactions are
phased by an integer multiple of π

2
, the 10th order resonances disappear. Since the

system is periodic in 2π, it is expected that any phase shift of 2nπ + π
2
will result in

cancellations of resonances of even orders non-divisible by 4 (6,10,14,18 etc...) from
inspecting (132).

The cancellation for a 2 impulse head-on beam-beam toy model is shown in the
appendix G.23.

6.2.1 Idealized head-on/long-range combined model phased for resonance
cancellation

The 10th order resonance cancellation via π
2
phasing was also verified on a more "re-

alistic" model consisting of both long-range and head-on interactions. The model
consists of 2 IRs, each comprised of 12 long-range interactions at a normalized sep-
aration of 12.4 σ, followed by a head-on interaction, followed by 12 more long-range
interactions. The long-range interactions are phased by π across the interaction point
of an IR. The two interaction regions are phased by 65.5π. 10th order as well as 6th
order resonances diminished. The added complexity did not interfere with the validity
of (Figure 6.2). The plots can be found in the appendix G.24.
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6.2.2 Resonance cancelling tolerance

Realistically, the optics can only be tuned to a finite accuracy; the phase shift cannot
be at exact values such as π

2
+ 2nπ. A test in tolerance was performed by plotting

the Width function and the Invariant at different deviations from an idea phase shift
to estimate roughly what phase shift precision is required for cancellations.

The beam-beam setup is the idealized model from previous sections, with 2 IRs,
25 interactions per IR. The working point in this section was changed to the HL-
LHC suggested value of (62.31, 60.32). Using this setup, the two IRs were phased to
64π+ π

2
. Four plots were generated, using deviations of 2π10−4, 2π10−3, π10−2, 2π10−2

in both µx and µy.
At 2π10−4 and 2π10−3 away from ideal phasing, there was significant weakening

of the 10th order resonance. An interesting feature at 2π10−4 is the increase of 16th
order resonance width. Once the deviation from idea phase shift is around 5∗10−3∗2π,
the resonance cancellation is no longer significant. The figures can be found in the
appendix G.25.

6.3 Beam-beam resonances of HL-LHC and resonance cancel-

lation

In contrast to previous sections which simplified models mimicking the beam-beam
setup of the HL-LHC, this section uses bunch information and phase shifts generated
from the HL-LHC lattice, computed using MadX. We examine the beam-beam reso-
nances from two interaction regions, IR1 and IR5. The beam-beam setup includes 70
individual interactions, each computed up to 16 Fourier terms. There are 70 interac-
tions per interaction region. Each region consists of one head-on, and 34 long-range
interactions. There is a phase advance of ≈ π across the interaction point. The phase
advance between the head-on interactions of the two interaction regions is 31.207∗2π

in x, and 30.370 ∗ 2π in y. The bunch data are plotted (5), and tabulated (A).
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Figure 13: 70 impulse IR1-IR5 model Width function with no phasing: order 6(red),
10(orange), 13(green), 16(blue)

Figure 13 shows that the 10th order (orange) resonances is quite significant with
the given phases. The black disk denotes the location of the working point. Its size is
not representative of tune smear. Note that the working point lies on (or very close
to) a 16th order resonance line; it is likely non-optimal.

Figure 14 shows the Invariant (effective Hamiltonian) plot of the same beam-beam
setup; the same resonances are visible. The dotted lines represent thin resonance lines,
the filled lines represent thicker resonances. Since the working point lies above the
main diagonal, only half the space is plotted for efficiency.
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Figure 14: 70 impulse IR1-IR5 model beam-beam Invariant(effective Hamiltonian)
plot. Scale in [σ2].

6.3.1 10th order resonance cancelling

By shifting all the IR5 bunches by 0.043 in νx and -0.12 in νy, 10th order resonances
can be reduced in strength. This brings both the vertical and horizontal phase shifts
between the 2 IRs to a value close to π

2
+2πn. This particular phase shift also cancels

out any resonances of even order which are non-divisible by 4, e.g. 6, 14.
See figure 15, which has the same beam-beam configuration as figure 13, but with

IR5 shifted by the aforementioned amount. There is noticeable cancellation of the
10th order resonance.
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(a) HL-LHC 70 BB: 10th order correction

(b) HL-LHC 70 BB: 10th order (orange) correction invari-
ant. Scale in σ2.

Figure 15: 70 impulse IR1-IR5 model 10th order resonance reduction ∆µx =
0.043(2π), ∆µy = −0.12(2π).

6.3.2 16th order resonance cancelling

The tentative working point of the HL-LHC 62.31, 60.32. The closest resonance clus-
ter is the 16th order. By inspection of equation (132), a phase advance of π

16
between
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IRs satisfies the resonance cancellation condition for 16th order. Figure 16 show this
cancellation, contrasted with figure 13. Applying a phase shift of 2π(−0.17535) in
µx and 2π(−0.33835) in µy to the standard HL-LHC bunch phasing (Figure 13), the
phase advance from IP to IP is brought to 2nπ + π

16
.

Figure 16: 70 impulse IR1-IR5 model 16th order (blue) resonance reduction ∆µx =
−0.17535(2π), ∆µy = −0.33835(2π)

One should note that the cancellation is even more powerful than the figure sug-
gests; the actual width ∆ of 16th order resonance lines is lowered by a factor of ≈ 50

by this phasing. For example, the width of the 16µx = 10π line is reduced from
1.98 ∗ 10−14 to 4.30 ∗ 10−16 times the horizontal plot range.

6.3.3 General procedure for arbitrary resonance order

For a resonance line of order m+n = q, a phase shift between IP of ∆νx = 1
2q

= ∆νy

(or phase shift of ∆µx = π
q

= ∆µy) satisfies the resonance cancelling condition (132).
For example, 4µx − 10µy defines a single resonance line close to the working

point. It is a 6th order resonance which clusters outside of our region of interest.
Nonetheless, this line appears relatively close to our working point. Solving for the
resonance cancelling equation, we find that a phase shift of −π

6
or 11π

6
is a solution.
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By phasing the second IR from the first one by ∆µx = 2π(−0.2066 − 1/12), and
∆µy = 2π(−0.3696− 1/12), bringing the total phase shift from IR to IR to 2kπ − π

6
,

the 4µx−10µy resonance line is cancelled. See figure 17, where the thick red resonance
line above the working point has been significantly thinned. Note that this resonance
is a stable one, this was purely done as a demonstration of the theory.

Figure 17: 70 impulse IR1-IR5 model Width function with order 6 cancellation via
phase shift

6.4 Alternative working point

The alternate working point of (0.475, 0.485), close to half integer resonance, has been
suggested by [7] based on numerical simulations.
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Figure 18: 70 impulse IR1-IR5 model Width function plot near new working point
(0.475,0.485)

Figure 18 show the Width function near (0.475, 0.485). When plotting the stan-
dard Width function from for orders 5−32, the region is empty. Resonances of orders
2− 4 were included in the Figure. There are two visible groupings of resonance lines
with positive slope; these are stable "difference" resonances. There seem to be am-
ple empty space in this region, allowing for more working points far from dangerous
resonances.

It seems that the new working is ideal by virtue of non-proximity to thick "sum"
resonance lines. When comparing against tracking, the invariant(s) show a resonant
behaviour, perhaps due to the proximity of low order "difference resonance" reso-
nance. The stability of tracked particles confirms that the resonance is not dangerous.
(This comparison can be found in the Appendix G.29-G.30)

6.5 The effect of crossing angle on HL-LHC beam-beam reso-

nances

The crossing angle is an important parameter to be considered for the HL-LHC. It
affects the luminosity (57) via the its effect on long-range beam-beam and on the
Piwinski angle (58). From (54) and (55), the normalized separation is proportional
to the crossing angle
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d ≈ [1 +

√
βy,x(s)

βx,y(s)
]
Θc

2

√
β∗

ε
. (133)

The HL-LHC beam-beam model used in this section is the same as Fartoukh’s
[25]; the same lattice was imported into MadX to generate bunch data. Although our
model does not depend explicitly on crossing angle, it does depend on it implicitly
via normalized separations. The default crossing angle value is taken from [25].

Figure 19 show Width function plots with different crossing angles8. The cross-
ing angles were set to 1

2
, 2

3
, 3

2
, and 3 times the value of 590 µrad by adjusting the

normalized distances.
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(a) 2 IR HL-LHC ( 12590 = 295) µrad crossing
angle
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(b) 2 IR HL-LHC 393 ( 23590 ≈ 393) µrad crossing
angle

8The corresponding Invariant plots can be found in the Appendix G.27.
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Figure 19: 70 impulse IR1-IR5 model Width function plot with varying crossing
angles: 6th order(red), 10th order(orange), 13th order(green), 16th order(blue)

At 295 µrad, beam-beam resonances are significant. The 10th order resonances
dominate, but the 10th and 13th order resonances are also non-negligible. The Width
function fill the space.

At 393 µrad, the effect of all beam-beam resonances is reduced. The 13th order
resonances are visibly more powerful than at 590 µrad, but the 16th and 10th order
ones of similar width.

At 885 µrad, all resonances look similar compared to 590 µrad.
At 1770 µrad, the 10th and 16 order resonances look similar 590 µrad. However,

the 13th order resonances, which are strictly due to long-range beam-beam have
disappeared.

The disappearance of 13th order, and invariance of the 10th and 16th order at
very high crossing angle suggested that the 10th and 16th order resonances are mainly
caused by head-on interactions. At 1770 µrad, the normalized distances are of the
order of 35, the long-range beam-beam potential are completely negligible. However,
the current working point sits close to the 16th order resonances, which seemingly
was not minimized by increasing the crossing angle past 590µrad.

The similarity of Width functions at 590 µrad and 1770 µrad suggest not much
improvement on beam-beam resonances can be made at the current working point
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by increasing the crossing angle past 590 µrad, even by a factor of 3. 590 µrad is
close to the ideal crossing angle for the purpose of minimizing beam-beam resonances
with the given bunch and IP phasing. On the contrary, increasing the crossing angle
decreases the Piwinski angle and negatively affects luminosity; too large a crossing
angle is counter-productive.
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7 Summary and Conclusion

This thesis investigated beam-beam interactions and their resonances using a model
with multiple beam-beam impulses coupled to a harmonic oscillator type one-turn
map using Lie algebraic methods. An effective Hamiltonian for a one-turn map cou-
pled to 70 beam-beam impulses was computed and plotted in tune space to study
beam-beam resonances. The effective Hamiltonian was shown to agree with numerical
tracking away from resonance. A width formula was developed for resonance lines.

It was shown that it is possible to weaken or even remove resonances of certain
orders by using the appropriate phasing of beam-beam impulses between IRs. This
is verified against the effective Hamiltonian and the width formula. These tools were
used to study the resonances close to the suggested working point of the HL-LHC as
well as a new working point suggested by a previous study. The effects of changing
separations (crossing angles) was also briefly studied.

Head-on beam-beam interactions drive even order resonances. Long-range beam-
beam interactions drive resonances of all orders. These resonances densely populate
the space of tunes; they are specified by the equations mµx + nµy = 2πq, for all
integers m,n, q, where q denotes the order of the resonance. Resonances of the same
order intersect the main diagonal, defined by µx = µy, at the same location (Figure
8). Although resonance lines densely populate the frequency space, in general, the
importance and width of a resonance rapidly decreases as its order increases. The
working point of the HL-LHC is (νx, νy) = (60.31, 62.32). The closest resonances (of
order less than 32) are of 16th and 6th order (Figure 13).

These resonances can be analyzed using Lie algebraic methods. A Lie map is con-
structed for beam-beam interactions, the generator Feff (107) is constructed using
the BCH formula. The generator or effective Hamiltonian Heff = −Feff is singular
precisely at a resonance line. Heff is plotted (Invariant plots, see Appendix figure 14)
as a function of tunes to study resonances. More important (wider) resonances are as-
sumed to experience more powerful singularities; these will be visually distinguishable
in the plot as thicker lines.

A resonance width formula (Width function 124), representing the lock-on width
of a resonance, has been derived following Chao’s work [14]. With beam-beam in
mind, the formula was derived to include phase factors and Fourier coefficients of
arbitrary orders. Plotting (Figure 13) this function arguably gives a clearer picture

65



of resonances when compared with Invariant plots.
The beam-beam model used in this thesis treats each bunch as an impulse. 70

beam-beam impulses (table A) are included, with 35 per interaction regions. At the
centre of each interaction region is a head-on interaction. The rest of the impulses are
long-range ones, approximately at a normalized distance of 12.5 σ. By changing the
phase between IRs, some resonances can be cancelled; this follows from the effective
Hamiltonian and simple trigonometry (Section 6.2). Cancellation via phasing for a
resonance of order q occurs when the phase advance from one IR to the next in both
x and y is π

k
, if q

k
is odd. So a resonance of order q can always be cancelled by by

a phase shift of π
q
, and some special phase advances can cancel multiple resonances.

This phase advance needs not be exact; a 2π(10−4) deviation from the exact fraction
offers excellent cancellation, and a 2π(10−3) still offers reasonable cancellation for
resonances of order 10.

Section 6.3.1 shows that a phase advance of π
2
reduces the 10th order resonances,

as well as the 6th order resonances near the working point. Section 6.3.2 show the
reduction of 16th order resonances which is dangerously close to the working point
with a phase advance π

16
. At the suggested working point of (62.31, 60.32) and crossing

angle of 590 µrad, a phase advance of π
16

is recommended to lessen the effects of 16th
order beam-beam resonances close to the working point.

Section 6.4 tests a working point (0.475, 0.485), near the half-integer resonances,
suggested by Furuseth [7], based on numerical simulations. The region around the
working point lacks dangerous resonance lines and seems to be ideal for the purpose
of minimizing the impact of beam-beam resonances. However, the comparison of the
Invariant in phase space in action-angle coordinates against tracking show a resonant
behaviour in the invariant which is not seen by the tracking, further investigation in
this region is recommended.

Section 6.5 shows the effect of changing the crossing angle on resonances. At
a low crossing angle of 295 µrad, the beam-beam resonances completely dominate
the tune space. By increasing the crossing angle all resonances decrease. The 13th
order resonances eventually disappear, but the 10th and 16th order remain. The
13th order resonances are strictly due to long-range interactions. The 10th and 16th
order resonances are due to a combination of head-on and long-range interactions.
At extremely large crossing angles, the long-range interactions become completely
negligible, but the head-on interactions do not change. The crossing angle could be
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slightly decreased to increase luminosity if the 16th order resonances are removed by
phasing the IRs.
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8 Appendix

A Table of IR5 interaction point bunch data

Table of IP5 Bunch data
Bunch name Normalized dx Normalized dy Phase νx Phase νy Ratio σx

σy

BBIP5PL15 −14.0055 0 14.8491 14.2611 0.8
BBIP5PL14 −11.8394 0 14.8492 14.2612 1.1
BBIP5PL13 −10.2626 0 14.8492 14.2612 1.53
BBIP5PL12 −9.5243 0 14.8492 14.2613 1.86
BBIP5PL11 −9.23322 0 14.8493 14.2614 2.04
BBIP5PL10 −9.30368 0 14.8493 14.2616 1.98
BBIP5PL9 −9.97595 0 14.8493 14.2617 1.63
BBIP5PL8 −11.1004 0 14.8494 14.2618 1.25
BBIP5PL7 −12.0541 0 14.8495 14.262 1.05
BBIP5PL6 −12.4064 0 14.8497 14.2621 0.99
BBIP5PL5 −12.4061 0 14.8499 14.2623 0.99
BBIP5PL4 −12.4057 0 14.8502 14.2626 0.99
BBIP5PL3 −12.4049 0 14.8507 14.2631 0.99
BBIP5PL2 −12.403 0 14.8517 14.2641 0.99
BBIP5PL1 −12.3947 0 14.8549 14.2672 0.99
BBIP5L2 −4.23838 0 15.0427 14.4536 1.01
BBIP5L1 −1.69333 0 15.0764 14.488 1.01
BBIP5 0 0 15.0983 14.5102 1.01

BBIP5R1 1.69004 0 15.12 14.5322 1.
BBIP5R2 4.21887 0 15.1535 14.5658 1.
BBIP5PR1 12.386 0 15.3393 14.7456 0.99
BBIP5PR2 12.3978 0 15.3425 14.7487 0.99
BBIP5PR3 12.4008 0 15.3435 14.7497 0.99
BBIP5PR4 12.4022 0 15.344 14.7502 0.99
BBIP5PR5 12.403 0 15.3444 14.7505 0.99
BBIP5PR6 12.4036 0 15.3446 14.7507 0.99
BBIP5PR7 12.7776 0 15.3447 14.7508 0.93
BBIP5PR8 14.0589 0 15.3448 14.7509 0.78
BBIP5PR9 16.4013 0 15.345 14.751 0.6
BBIP5PR10 18.6997 0 15.3451 14.751 0.49
BBIP5PR11 19.0769 0 15.3452 14.7511 0.48
BBIP5PR12 18.0177 0 15.3454 14.7511 0.52
BBIP5PR13 15.9222 0 15.3454 14.7511 0.64
BBIP5PR14 13.2553 0 15.3455 14.7512 0.89
BBIP5PR15 11.3736 0 15.3455 14.7512 1.22
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B Table of IR1 interaction point bunch data

Table of IP1 Bunch data
Bunch name Normalized dx Normalized dy Phase νx Phase νy Ratio σx

σy

BBIP1PL15 0 −11.257 46.0653 44.6323 0.79
BBIP1PL14 0 −13.143 46.0653 44.6324 1.09
BBIP1PL13 0 −15.804 46.0654 44.6324 1.51
BBIP1PL12 0 −17.8993 46.0654 44.6325 1.84
BBIP1PL11 0 −18.9677 46.0654 44.6326 2.02
BBIP1PL10 0 −18.6099 46.0654 44.6328 1.96
BBIP1PL9 0 −16.3384 46.0655 44.6329 1.61
BBIP1PL8 0 −14.005 46.0656 44.633 1.24
BBIP1PL7 0 −12.7286 46.0657 44.6332 1.04
BBIP1PL6 0 −12.356 46.0658 44.6333 0.98
BBIP1PL5 0 −12.3554 46.066 44.6335 0.98
BBIP1PL4 0 −12.3547 46.0664 44.6338 0.98
BBIP1PL3 0 −12.3533 46.0669 44.6343 0.98
BBIP1PL2 0 −12.3504 46.068 44.6354 0.98
BBIP1PL1 0 −12.3389 46.0712 44.6385 0.98
BBIP1L2 0 −4.23185 46.2526 44.824 1.03
BBIP1L1 0 −1.69641 46.2842 44.8578 1.03
BBIP1 0 0 46.3048 44.8797 1.03

BBIP1R1 0 1.69966 46.3256 44.9017 1.03
BBIP1R2 0 4.25111 46.3581 44.9357 1.02
BBIP1PR1 0 12.3472 46.5481 45.1231 0.97
BBIP1PR2 0 12.3554 46.5514 45.1263 0.97
BBIP1PR3 0 12.3572 46.5524 45.1273 0.97
BBIP1PR4 0 12.3579 46.553 45.1278 0.97
BBIP1PR5 0 12.3584 46.5533 45.1281 0.98
BBIP1PR6 0 12.3587 46.5535 45.1283 0.98
BBIP1PR7 0 12.0077 46.5537 45.1285 0.92
BBIP1PR8 0 11.0576 46.5538 45.1286 0.77
BBIP1PR9 0 9.93757 46.554 45.1286 0.59
BBIP1PR10 0 9.27684 46.5541 45.1287 0.49
BBIP1PR11 0 9.2151 46.5543 45.1287 0.47
BBIP1PR12 0 9.51376 46.5544 45.1287 0.52
BBIP1PR13 0 10.2601 46.5545 45.1288 0.63
BBIP1PR14 0 11.849 46.5545 45.1288 0.87
BBIP1PR15 0 14.042 46.5546 45.1289 1.21
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C Table of Lie maps of accelerator elements

Table of Lie maps (adapted from Chao[14] Table 4)
Element Lie Map Map
Drift e:− 1

2
Lp2: x = x0 + Lp0

p = p0

Thin Quad e:− 1
2f
x2: x = x0

p = p0 − 1
f
x0

Thin Multipole e:λxn: x = x0

p = p0 + λnxn−1
0

Thick focusing Quad e:−L(kx2+p2): x = x0 cos kL+ p0
k

sin kL

p = −kx0 sin kL+ kp0 cos kL

Thick defocusing Quad e:L(kx2−p2): x = x0 cosh kL+ p0
k

sinh kL

p = kx0 sinh kL+ kp0 cosh kL

Coordinate shift e:ax+bp: x = x0 − b
p = p0 + a

Rotation e:− 1
2
µ(x2+p2): x = x0 cosµ+ p0 sinµ

p = −x0 sinµ+ p0 cosµ
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D Mathematical derivations

D.1 Eigenbasis of harmonic oscillator Lie map

: 1
2
(x2 + p2) : generates a rotation. The generator of the one-turn map e:f2: takes

this form. Any quadratic Hamiltonian can be brought to this form by completing the
square and scaling. Considering (p+ ix)n as candidate eigenfunction

:
1

2
(x2 + p2) : (p+ ix)n =

∂ x
2+p2

2

∂x

∂(p+ ix)n

∂p
−
∂ x

2+p2

2

∂p

∂(p+ ix)n

∂x

= nx(p+ ix)n−1 − inp(p+ ix)n−1

= −in(p+ ix)n.

(134)

(p + ix)n is indeed an eigenfunction, with eigenvalue −in. Similarly (p − ix)n is an
eigenfunction with eigenvalue in. Performing an action-angle transformation (93),
these complex polynomials become

√
2A

n
einφ and

√
2A

n
e−inφ.

D.2 Lie operators, Lie algebra of operators, and Lie algebra of vector
fields

A Lie operator : H : corresponds to vector field XH (section 4.4.1). Its action on a
function f corresponds to the Lie derivative of f along the vector field XH , £XHf .
We will use the simple definition of Lie derivative of a function, the general case is a
little more involved.

£XHf =∇f ·XH = (
∂f

∂x
,
∂f

∂p
) · (−∂H

∂p
,
∂H

∂x
) = −{f,H} =: H : f. (135)

Using the Jacobi Identity of the Poisson bracket

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0. (136)

This can be rearranged as

{f, {g, h}} − {g, {f, h}} = {{f, g}, h}. (137)
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Using Lie operator notation, this becomes

: f :: g : h− : g :: f : h = [: f :, : g :]h =: {f, g} : h. (138)

Then by using (135), by identifying Lie operators as vector fields as done in section
4.4.1, and by defining the action of a vector field on h as XS(h) =: S : h, the previous
line can be written as

[Xf , Xg](h) = £X{f,g}(h). (139)

This is also the definition of the Lie derivative of a vector field: (£XhXg)(h) =

[Xf , Xg](h).

D.3 Over-line transformation

For an aspect ratio r = σy
σx
, the over-line transformation mentioned in section 3.3 is

defined as

ax = rax, dx = dx, ay =
ay
gr(t)

, dy =
rdy
gr(t)

gr(t) =
√

1 + (r2 − 1)t.

(140)
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E Lie operators as the adjoint representation

The adjoint representation of an element x in a Lie group g represents x as a linear
operator acting on g via the Lie bracket in g. x −→ Adx, Adx(y) = [x, y].

The Lie operator of a function is its adjoint representation in the Poisson bracket
Lie algebra of Phase Space Functions. The adjoint representation allows for the
writing of formulae such as the BCH(85) in closed form.

In general, the procedure to generate the adjoint representation is what was done
in the previous section; by defining a Linear operator AdX for any X in the Lie
algebra, whose action is defined via the Lie bracket Adx(Y ) = {X, Y }. This raises
X from vector to operator. The adjoint representation has of course its own adjoint
representation which can be constructed using its own Lie bracket, and so on.

The adjoint representation preserves Lie brackets. To show this, let {,} denote
the Lie bracket of X, Y , and [, ] denote the commutator Lie bracket of AdX , AdY ,
consider:

Ad{X,Y }(Z) = {{X, Y }, Z}

= (AdXAdY − AdYAdX)(Z)

= [AdX , AdY ](Z)

(141)

Note that applied to Lie operators, this becomes : {f, g} := [: f :, : g :].
Because the bracket is preserved, adjoint representation is isomorphic (equivalent)

as Lie algebra when we can assign X to AdX in one-to-one correspondence. However,
as is the case with the Poisson bracket Lie algebra of phase space functions, this
is not always possible. The Poisson bracket does not see constants, so : f(q, p) +

constant :=: f(q, p) :. Nonetheless, since the mechanics do not depend on constants,
those can be ignored in the Poisson bracket Lie algebra; the Lie operators in the
adjoint representation effectively form an equivalent Lie algebra in this case; they
are isomorphic under the equivalence class of an additive constant (much like anti-
derivatives).
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F Comparison of Tracking and effective Hamiltonian

The effective Hamiltonian is perturbative in beam-beam impulse strength. In the
regime of small impulse with respect to linear betatron motion, it gives an accurate
representation of the system. However, when computing the effective Hamiltonian,
two truncations are used. A Bessel summation (68) is used to compute the Fourier
coefficients. A Fourier summation (107) is then used to compute the effective Hamil-
tonian. Both of these are infinite series which are truncated during computations.

At large separations (far outside the Strong beam’s core), the Bessel summation
needs not many terms and converges rapidly. However, at small separations, this is
not true.

The required upper bound for the Fourier series is determined by the system’s
working point and neighbouring resonances. For working point analyzed in this thesis
(62.31,60.32), the inclusion of 16th order resonances cause the tracking and invariant
to agree within 0.05 %.

For the following figures (20, 21), a percent deviation of the effective Hamiltonian
from tracking in X was calculated, and averaged over the phase φx, and plotted for
different values of upper bounds for Bessel and Fourier sums. The beam-beam setup
is the simplified 2IR long-range/head-on combined model used in figure 11.

Figure 20: Averaged percent error of Invariant from Tracking in X for different Fourier
Bounds, (Bessel Bound=20), Separation=12.5 σ
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Figure 21: Averaged percent error of Invariant from Tracking in X for different Bessel
Bounds, (Fourier Bound=16), Separation=12.5 σ

For a lower separation 9 σ, the Bessel sum converges more slowly. The tracking
vs invariant show a visual disagreement. Figure 22 show the averaged % error for
different Bessel upper bounds at a separation of 9 σ, which converges slower than at
a separation of 12.5 σ, to a value of approximately 0.05 %. It seems likely this the
accuracy of the perturbative regime; the % error can only be decreased further by
decreasing the beam-beam strength.

Figure 22: Averaged percent error of Invariant from Tracking in X for different Bessel
Bounds, (Fourier Bound=16), Separation=9 σ
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Omitted figures

Simple toy model consisting of 2 head-on interactions, 10th

order long-range resonance cancelling Width function

0.29 0.30 0.31 0.32 0.33

0.29

0.30
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⋁
y

Width Function

6th

10th

12th

13th

16th

(a) Resonances order 10,12,13,16 π
2 phasing
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⋁
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Width Function

6th
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12th

13th

16th

(b) Resonances order 10,12,13,16 at 2π
3 phasing

Figure G.23: Simple toy model 10th order resonance cancelling of head-on BB Width
function: 10th order(orange), 12th order(dark green), 16th order(blue)
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2 IR realistic simplified model 10th order resonance cancelling

(a) Resonances order 5− 16 at 64.5π phasing

(b) Resonances order 5− 16 at 64 + 2/3π phasing

Figure G.24: 2 IR realistic simplified model 10th order resonance cancelling: 6th
order(red), 10th order(orange), 13th order(green), 16th order(blue)
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70 impulse IR1-IR5 model 10th order (orange) resonance can-

cellation by the phasing of 2 IRs Width function plot: phasing

tolerance test

(a) Resonances order 5-16 at (32.25 + 10−4)2π

phasing
(b) Resonances order 5-16 at (32.25 + 10−3)2π

phasing

(c) Resonances order 5-16 at (32.25+5 ∗ 10−3)2π

phasing
(d) Resonances order 5-16 at (32.25 + 10−2)2π

phasing

Figure G.25: 70 impulse IR1-IR5 model 10th order (orange) resonance cancellation
by the phasing of 2 IRs Width function plot: 6th order(red), 10th order(orange), 13th
order(green), 16th order(blue).
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70 impulse IR1-IR5 model 10th order resonance cancellation

tolerance by the phasing of 2 IRs invariant plot: tolerance test

(a) Resonances order 5-16 at (32.25 + 10−4)2π

phasing
(b) Resonances order 5-16 at (32.25 + 10−3)2π

phasing

(c) Resonances order 5-16 at (32.25+5 ∗ 10−3)2π

phasing
(d) Resonances order 5-16 at (32.25 + 10−2)2π

phasing

Figure G.26: 70 impulse IR1-IR5 model 10th order resonance near cancellation from
phasing of 2 IRs invariant plot. Scales in [σ2].
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70 impulse IR1-IR5 model invariant plot with varying crossing

angles

(a) 2 IR HL-LHC ( 12590 = 295) µrad crossing
angle

(b) 2 IR HL-LHC ( 23590 ≈ 393) µrad crossing
angle

(c) 2 IR HL-LHC ( 32590 = 885) µrad crossing
angle

(d) 2 IR HL-LHC (3 ∗ 590 = 1770) µrad crossing
angle

Figure G.27: 70 impulse IR1-IR5 model invariant plot with varying crossing angles.
Scales in [σ2].
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70 impulse IR1-IR5 model invariant plot near working point

(0.475,0.485)

Figure G.28: 70 impulse IR1-IR5 model, invariant plot near working point
(0.475,0.485). Scales in [σ2].

.
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Normalized(a2x) Action-angle plots of Tracking(blue dots) vs In-

variant(red lines) of alternate working point (0.475,0.485)

Figure G.29: X−Px plane Action-Angle plot of Tracking(blue dots) vs Invariant (red
lines)

Figure G.30: Y −Py plane Action-Angle plot of Tracking(blue dots) vs Invariant (red
lines)

86


	Supervisory Committee
	Abstract
	Table of Contents
	List of Figures
	Introduction
	High-Luminosity LHC
	Beam-beam effects and resonances
	An analytic model based on Lie algebra
	Object of study and goal
	Outline of thesis

	Hamiltonian dynamics and linear beam optics
	Variational principle
	Coordinate system
	Linear beam optics
	Magnetic dipole
	Magnetic quadrupole
	Hill's equation
	Transfer matrices

	The envelope equation and Courant-Snyder parameters
	Emittance

	Dispersion function
	Perturbations
	Tune shift
	Closed orbit distortion
	Tune space and resonance


	Beam-beam interaction
	Transverse impulse due to a charge distribution
	2D Weak-Strong long-range model
	Weak-Strong vs Strong-Strong model
	Head-on interactions
	Long-range interactions
	Long-range interactions and luminosity
	Round beam vs elliptical beam

	Fourier analysis of beam-beam potential
	Multiple interaction points
	Other known beam-beam effects

	Lie Algebraic approach
	Introduction to Lie groups and Lie algebras
	Definition and representations of Lie groups and Lie algebras
	Symplectic transformations as a Lie group
	The geometry of phase space

	Poisson bracket Lie algebra of Phase Space Functions
	Lie operators as symplectic vector fields
	Time (or s) evolution as the exponential map of this Lie algebra

	Product of exponential maps of non-commuting operators
	Lie operator formalism
	Unperturbed Hamiltonian
	Perturbation on the oscillator
	Multiple impulses


	Implementation
	The effective Hamiltonian for multiple interaction points
	Numerical computation of Fourier coefficients
	"Tune-scan" using Hamiltonian
	Resonance lines in tune space
	Beam-beam tune footprint
	Resonance width


	Results
	Verification of effective Hamiltonian against tracking
	Resonance cancelling by phasing
	Idealized head-on/long-range combined model phased for resonance cancellation
	Resonance cancelling tolerance

	Beam-beam resonances of HL-LHC and resonance cancellation
	10th order resonance cancelling
	16th order resonance cancelling
	General procedure for arbitrary resonance order

	Alternative working point
	The effect of crossing angle on HL-LHC beam-beam resonances

	Summary and Conclusion
	Appendix
	Table of IR5 interaction point bunch data
	Table of IR1 interaction point bunch data
	Table of Lie maps of accelerator elements
	Mathematical derivations
	Eigenbasis of harmonic oscillator Lie map
	Lie operators, Lie algebra of operators, and Lie algebra of vector fields
	Over-line transformation

	Lie operators as the adjoint representation
	Comparison of Tracking and effective Hamiltonian


