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1. INTRODUCTION AND DEFINITIONS

Following the usual notations concerning univalent functions, by A we denote

the class of functions u(z) normalized by

u(z):z—{—z ap 2%, (1)
p=2
which are analytic in the open unit disk
U={z:z€Cand |z| <1},

and by S the class of functions defined by (1) which are univalent in the disk ¢ ([1]
o [5], [7], [10], and [12]). Let C(T') denote the Banach algebra, with sup norm || - ||,
of continuous complex-valued functions defined on a compact metric space 7. By
B(f;r) we denote an open ball in C(T') centered at f € C(T) of radius r > 0, and
by U(a;r) the open ball in the complex plane C centered at a € C and of radius
r > 0 (a neighborhood of a).
In terms of a certain fractional derivative, Chen et al. [2] and Cho et al. [3]
obtained interesting generalizations of some familiar inequalities for univalent and

convex functions. Srivastava [10], on the other hand, obtained several interesting



inequalities involving generalized hypergeometric functions. Nikié [9] considered
Koebe’s and Bieberbach’s inequalities ([1], [4], [5], and [7]) in the algebra C(T'); the
derivative in Koebe’s inequality in [9] happens to be Lorch’s L-derivative ([6] and

[8]).

Definition 1. Let L(C(T); C(T)) denote the space of bounded linear opera-
tors A : C(T) — C(T). Let G be an open non-empty subset of C(T'). A function
Y : G — C(T) is said to be F-differentiable at a point f € G if there exists
A€ L(C(T); C(T)) and a map n defined in a ball B(0;r) with values in C(T') such
that

lim M =0
=0 ||A]
and such that
»(f +h) = %(f) = Ah +n(h)

for all h € B(0;r). We call A the F-derivative of ¢ at f and denote it by ¥'%(f).
If ¢ is F-differentiable at every point of G, we say that 9 is F-analytic (or F-
holomorphic) in G. The set of all functions, F-analytic in G, is denoted by FH(G).

It is easy to verify that the F-derivative is uniquely determined. The inclusion
of the letter F' is in honor of M. Fréchet (1878-1973) (cf. [6]).

If A\ € C(T), then the product Ah (b € C(T)) determines an element of
L(C(T); C(T)). Hence an L-differentiable function ¢ : G — C(T) at f € G is
also F-differentiable at f, with ¥7(f) = ¥%(f), where ¢} (f) is the L-derivative
of ¢ at f; therefore, LH(G) C FH(G), where (by analogy with the aforemen-
tioned definition) LH(G) denotes the set of all functions which are L-analytic (or

L-holomorphic) in G. Thus we have Koebe’s inequality concerning the F-derivative

for the class S¢ (¢f. [9]).

Theorem 1. Let By = B(0;1). If g € By and ¢ € S¢, then

2ol o) < : L+ [l (2)

(1+1glD* 1—-lgl)*

The equality holds true in the upper bound for g € By \ {0} only if ¢ is a suitable

rotation of the Koebe function in C(T). If the equality occurs in the lower bound

for g € By \ {0}, then the function ¢ is a suitable rotation of the Koebe function in
C(T).

Proof. The inequality (2) is an immediate consequence of the inequality (K¢)

in [9], because ¥r(g) = ¥ (g) and S¢ C LH(By). But the fact that S¢ C LH(By)



is deduced from Theorem 1 in [9], keeping in mind that ¢} (¢) = ¢' o g, where
¢ is an analytic function in an open non-empty set D C C and o stands for the
composition.

In order to show that the upper bound of ||[4%(g)||, given by (2), are the best
possible for suitable rotations of the Koebe function in C(T'), observe that by

5e(@) = 7=, (9 € Bo; 7 ER)

_ eir g)2
we mean a rotation of the Koebe function

q
Kk(g) = A—o7 (g € By)

in C(T). Now let n € T and 7; € R such that

"™ g(n) = lg(n)| = ||g]|-

Since kr,(g) = kr, 0 g, where k., is a rotation of the classical Koebe function (cf.
[1], [4], [5], [7], and [10]), it follows that x, € S¢ and that, from Theorem 1 in [9],
xy. (g) = ki, o g; that is, .

14e'mg
(1—ein g)*’

where k! (g) is F-derivative of k,, at g. Therefore,

k. (9) =

L4llgll _ 14l _ .
(1= |lgD? - (1= g’ | (k7. (9)) ()] (3)

Now let ¢ € T with | (s, (9)) (€)| = ||}, (9)]|- Then

| (<5, (9)) ()] < lls7, (91 (4)
Since ol
1+ 1g
ler (Ol € =g
2 (1 —llgl)?
from (3) and (4) we have
1+ lgll '
— 3 = ll=r, (9.
(1= llglly’ '
Finally, suppose that the equality occurs, say, in the lower bound. Then

1-lgm| _ 11—l
L+ lg@D @+ lall)?

Noting that ¥%(g) = ¢' 0 g (¢ € §), we have

= [[¥Fr(9)ll and [¥F (@Il = 1(¥F(9) (O] (( € T). (5)



lw ()l = 1¢" (9(O)) |

Since g € By \ {0}, that is, g(n) € U, we have

1- |g(n)l !
L <y g

(cf- [1], [4], [5], [7], and [9]). Hence, noting further that |¢' (¢(n)) | < [|[¥¥(9)l, we
find from (5) that
1 —|g(n)l
1+ lg(m)))’

From this, because ¢ € By \ {0}, that is, g(n) € U \ {0}, we conclude that ¢ is a
suitable rotation of the classical Koebe function (c¢f. [4]). Whence % is a suitable
rotation of the Koebe function in C(T).

=[¢"(g(m) |-

Similarly, we can show that 1 is a suitable rotation of the Koebe function in
C(T), assuming that the equality occurs for g € By \ {0} in the upper bound.
For simplicity, we shall henceforth write ¢’ instead of 9.

2. THE CLASSES Ac, SE, AND S¢(r

Definition 2. Let G and D be open non-empty subsets of C(T') and C,
respectively, with f(T) C D for every f € G. Let ¢ € FH(G). If there exists an
analytic function ¢ : D — C (i.e., ¢ € H(D)) such that ¥(f) = ¢ o f for every
f € G, where (as before) o stands for the composition, we say that the function ¢

is induced by the function ¢.
Since LH(G) C FH(G), from the first part of Theorem 1 in [9] we have
Theorem 2. Let D be an open non-empty subset of C and let
G(D)={f:feC(T)and f(T) C D}.

If ¢ € H(D), then the function ¢ : G(D) — C(T), defined by ¥(f) = ¢ o f, 1s
induced by the function ¢ and '(f)=4¢"o f.

Theorem 3. Let D be an open non-empty subset of C. If the function ¥(f) =
dof is F-analytic in G(D), where ¢ is defined on D with values in C (i.e., ¢ : D —
C), then the function ¢ is induced by ¢.



Proof. Let w € D be chosen arbitrarily. Then there exist f € G(D) and
z € T such that f(z) = w. Also, there exists a ball B(0;r) C C(T) and a function
g : B(0;r) — C(T') such that

po(f+h)—dof=('(f) (h)+h6(R), (6)

for every h € B(0;r), and
Ilzlﬁ% 6(h) = 0.
Hence

¢ (w + h(z)) — d(w) = ((¥'()) (R)) (z) + k(=) (6(R)) (). (6)

Let € > 0. According to (6) and (6'), there exists §, with 0 < § < r, such that
|0(R)|| < €1if ||h]| < &; therefore, |8(h)(z)| < €if ||h]| < e. Then, for z € U(w;8) we
take a constant function h € B(0;r) with h(y) =z —w for all y € T. From (6') we

then obtain

8(2) — d(w) = (P'(N) (z — w)) () + (2 — w) (6(h)) (). (6")

Now, let j : T — T be the constant function j(y) = 1 for all y € T. Then
h = hj, and so

®'(H) (R) = B'(H) (hg).
Therefore
(#'(N)) (z —w) = '(£) ((z — w)j).
Since ¥'(f) € L(C(T); C(T)), we see that
@' ((z —w)j) = (z = w) (¥ () (),

and, consequently,
((¥'(N) (z = w)) (z) = (z —w) (¥'(f)) (z).
From this, in view of (6"), we obtain
$(z) = ¢(w) = (z — w) (¥'(£)) (1)) (2) + (z — w) (B(R)) (z).

But (¢'(f)) (4) € C(T) and z € T, and hence ((¢'(f)) (5)) (z) € C.

Since

|6(R)(=)] < e



if z € U(w;$), we infer that ¢'(w) exists (and ¢'(w) = ((¥'(f)) (5))(z)). This
implies that ¢ € H(D), because w is an arbitrary element of D. Therefore, the
function 1 is induced by ¢.

Corollary 1. If the function ¢ : G(D) — C(T) s induced by ¢, then

(a) ¢' (f(2)) = ((#'()) () (=)
and
(b) P'(f) =¢(f) =¢" o f.

Definition 3. Let ¢ € FH(G). If there exists (¢')'(f) at f € G, then

@B (F) = @) (f)

is called the second F-derivative of the function ¥ at f; in general,

™M) =Y () (n>2)

is called n'® F-derivative at f € G if »(»~1) € FH(G). For convenience, we write
(0 = 1. We say that the function ¢ is n F-differentiable at f € G (in the open
set Q) if there exists (™ (f) (at every f € G). The function v is called infinite
F-differentiable in the open set G if ¢ is n F-differentiable in G for every positive

integer n (i.e., for every n € N).

Theorem 4. Let

o0

()= a,f?  (f €B(0;r); ap €C). (7)

p=0

Then ¢ € FH (B(0;1)) and

oo

6O =3 pp—1)--(p—n+1)ap 7 (f€B(0r)ap € C;neN). (8)

p=n

Proof. The series
Z ap 27 (zeC)

p=0



converges in the neighborhood V = U(0;r) and, hence, the function

$(z) = E ap 2P

p=0

is analytic in V, that is, ¢ € H(V). Since

B(0;r) = G(V) and (f) = do f

with f € B(0;r), it follows from Theorem 2 that 1 is induced by ¢; whence
Y € FH (B(0;r)).
Because of the fact that

6= =D pp-1)(p-ntla? " (2€V;neN),
p=n
from (M (f) = ¢ o f we obtain (8).

Corollary 1. The function v given by (7) i3 infinite F-differentiable in the ball
B(0;r).

Definition 4. Let By = B(0;1). By Ac we denote class of all functions

¢ . B() — C(T)
defined by
Y(f)=Ff+> af*  (f€By a,€C). (9)
p=2

By SE we denote the class of all functions in A¢ which are injective in By. The class
SE is called the class of normalized univalent functions with constant coefficients in
the algebra C(T). A function ¢ € SE is said to be C-normalized univalent in the
ball By.

By S¢(1) we denote the class of all injective functions 9 : By — C(T') defined
by
Y(F)=F+> af" (f€By aeC(T).
p=2
The class S¢(r) is called the class of normalized univalent functions in the algebra

C(T). A function ¥ € Sg(r) is said to be normalized univalent in the ball By.

Theorem 5. Ac C LH(By) and '(f) = ¥1.(f), with f € By and ¢ € Ac.



Proof. Let 1 € Ac. Then 9 is induced by the function ¢ : Y — C, where
qS(z)::z-{—Zapzp (zeU).
p=2

From Theorem 1 in [9] we conclude that ¢ € LH(By). Hence ¥'(f) = ¢1(f),

because of the uniqueness of the F-derivative.

Corollary 1. S¢c=S§

Q=

Corollary 2. If g € By and ¢ € SE, then the inequality (2) holds true.

Corollary 3. If g € By and o € SE, then the inequality (Bg) in [9] holds true.

3. LANDAU’S AND GOODMAN’S INEQUALITIES IN C(T)

Let K denote the class of functions defined by (1) which are analytic in the
open unit disk U/ and satisfy the inequality:

R <1 + z;‘,'é?) >0 (zel),

that is, K is the subclass of A consisting of convex functions in U.

Theorem 6. (a) If € S and z € U, then

n nlin 4+ |z
(L) 67 (2)] < @% (n € N);
(b) If € K and z € U, then
n n!
(G) M( )(z)l < W (n € N).

For each z € U \ {0}, the equality holds true in (L) and (G) if ¢ s, respectively,
a suitable rotation of the Koebe function and a suitable rotation of the Lowner
function.

The inequalities (L) and (G) are well-known as Landau’s and Goodman’s in-
equalities, respectively (c¢f. [2], [3], [4], and [5]). In terms of a certain fractional
derivative operator (cf., e.g., [11]), Cho et al. [3] obtained a generalization of the
inequality (L), while Chen et al. [2] obtained a generalization of the inequality (G).



Definition 5. ¢ is the subclass of A consisting of functions which satisfy

the following inequality on T

wll(f))
%<1+f¢'(f) >0 (f € By). (10)
Theorem 7. If f € By and ¢ € S¢, then
nl(n
(Lo) WO < ol mem,

If f € By \ {0}, then there ezists a rotation of the Koebe function in C(T) for which
the equality holds true for each n € N.

Proof. The function v is defined by (9); so the function

$()=z+)  ap2? (9')

p=2

is analytic in the open unit disk /. Observe that By = G(U) and ¥(f) = ¢ o f.
Following the proof of Theorem 1 in [9], we conclude that ¢ € S. Let n € N. From
Theorem 2 and Theorem 4 we have 1'(f) = ¢' o f and, in general, (™ (f) = ¢(™ o f
(n € N). The function ¢(™ o f : T — C is continuous, and, hence, there exists £ € T
such that

sup 160 0 f| = (6™ o £)(E)] = 16 (F(E)) -
But
™Al =16 o f]| = sup |6 o £,
and so

™I = 16 (F()) - (11)

Since ¢ € § and f(§) € U, from Landau’s inequality (L) we have

160 (£(6)) | < (”ffnl;”(gl()?ll (nen). (12)

Because the function f : T — C is continuous, there exists n € T' such that

sup |f| = 1f(n)l-
T

Thus
£ < 1Fml = IF- (13)



From the fact that the function

alt) = ﬁ (neN)

is increasing in the subinterval [0,1), in view of (11), (12), and (13), we obtain (L¢).
To show that the equality in (L) holds true, for f € By \ {0} and n € N, if ¢
is a suitable rotation of the Koebe function in C(T'), let n € T and 7 € R such that

e f(n) = IF(m)] = || -
From Theorem 2 and Theorem 4 we see that
KM =k"of (neN)

Thus
nl(n+|fI) _ nl(n+|f(m)])

a-170"*  a-1fmn
= (<) )]
< I ().

(14)

But, for any given ¢ € T', we have

[+ &7 f()| 2 In+ € £()

and
11— fm)] < [1—e (&),

It then follows from (14) that ‘(&(Tn)(f)) (n)l = “K,S-n) (H)|l- Hence the equality in
(L) holds true for all n e Nif p = k. (7 € R).

Theorem 8. If f € By and ¢ € K¢, then
n!
(Go) BOWI < —" (e,
(1= 1I£1D

If f € By \ {0}, then there ezists o rotation of the Lowner function in C(T) for
which the equality holds true for alln € N.

Proof. Let the function 9, defined by (9), satisfy the inequality (10). Then the
function % is induced by the function ¢, defined by (9'), which is analytic in the
open unit disk Z{. Observe that

By = G(U) and (f) = ¢ o f.



From Theorem 2, we then have ¢'(f) = ¢’ o f, and, therefore,
pM(f)=¢™of  (f€ByandneN).

Then, evidently,

" 1
1+f‘i((]{)) +f(i,°j: (15)
Now, we can prove that ¢ € K. Indeed, if this were not true, there would exist
w € U such that
§R(1+w¢”( )) 0. (16)
¢'(w)
Let v = w be constant function on T'. Then v € By. It now follows from the
inequality (10) that
¥ (v)
R (1 +v m) > 0,

and consequently, in view of (15),

/I
§R(1+v¢ )>0;

¢'ov
that is,
w ¢Il(w)>
14 <1 + ——————¢,(w) >0, (17)
because
, ¢II ow _ ¢Il(w>
Fov U w)

Therefore, we arrive at a contradiction, since (16) is contrary to (17).
Next we observe that there exists £ € T such that (11) is valid. Since ¢ € K
and f(£) € U, from the inequality (G) we have

(n) n _

b < g e (18)

Now, let n € T such that
|f(m)] = sup |f].
T
Then
£ < 17 = sup 171 = 1. (19)
Since the function .
A(t) = G (n € N)



is increasing in the subinterval [0,1), from (18) and (19), and noting that

9O = 165 0 Il = [6™ (F(E)) ],

we obtain the inequality (Gc¢).

It remains to prove that the equality in (G,) holds true, for f € By \ {0} and
n € N, if 1 is a suitable rotation of the Léwner function in C(T"). For this purpose,
observe that we mean by A,(f) = £, o f a rotation (defined for 7 € R) of the Léwner

function in C(T"), where £, is a rotation of the classical Lowner function (cf. [2])

Uz) =

1iC:ZzP (z €U).

=1

Because £, € K, it follows that A, € K¢. On the other hand, from A, (f) = £,of,
in view of Theorem 2 and Theorem 4, we obtain /\S-n)( )= £ o fforalln € N. Let
n € T such that |f(n)] = || f|| and assume that 7 € R such that '™ f(n) = |f(n)|.

Since

H’—“u%ﬁ“r = (@) M <O DI (e,

it is easily seen, in view of [1 — e*™ f(n)| < |1 — €' £(£)| for all £ € T, that

i = @I e,

Theorem 9. If Y € K¢, then the set ¢Y(By) 13 convez in C(T) (that is, K¢ s

a class of convez functions in By).

Proof. Let g, € ¥(By) and g2 € ¥(By) be arbitrarily given. We need to prove

that the linear segment
I={tgs+(1-1)gz:t€[0,1]}

lies entirely in ¥(By). For this purpose, observe that the function v is induced by
a function ¢ € H(U). Following the proof of Theorem 8, we conclude that ¢ € K.
Now, let g € I. Then g =t(¢ o f1)+ (1 —t)(¢ o f2), where f; € By and f, € B,.
Therefore, g € C(T') and, since the set ¢(U) is convex, g(z) € ¢(U) for all z € T.
Thus we have the function f: T' — U such that f(z) = z with ¢(z) = g(z) (cf. [2],
[4], and [5]). Hence, ¢ o f = g. Finally, since g € C(T') and ¢ € K, we infer that
f € C(T). Hence f € By, and so g € ¥(By) because ¥(f) = o f.
This evidently completes the proof of Theorem 9.
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