S i )
R , L

. wr— L)

& » T " [ |

S, wn — — iy .

€ g

) ——

pe.d —— ——

- s i ....:4

- - %
. e

| S e 14

A~
i
f
'R
‘.‘
{
|
-

|
el Vi W Ny W
1
1
A
=
&

P s - - J
e S e
§o=- ..w —— _.‘..)nt.. -
F Vs,
- weia N e

A
QI
i 8
A A
al
\

5 T .. u

e
i
‘.
N
L

&= —— o
p L

- -

i
A
ﬂ
)
|

P ey
Li.. =
(s - - h ~
- T« re

el
—

oW s o

L _—



ON 1-FACTORIZATIONS OF THE COMPLETE
GRAPH AND THE RELATIONSHIP TO

ROUND ROBIN SCHEDULES

Dy
ERIC NEIL GELLING

B.A., University of Victoria, 1968

A THESIS SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF

MASTER OF ARTS

in the Department ACCEPTED
FACULTY OF GRADUATE STUDIES

|
Mathematics .......... meearvesesicseentiNg

JEAN
DAT

We accept this thesis as conforming ¢ //.,
to the required standard

of

(:) ERIC NEIL GELLING, 1973
UNIVERSITY OF VICTORIA
JULY 1973

All rights reserved. This thesis may not be reproduced in

whole or in part, by mimeograph or other means, without
the permission of the author.



11

Supervisor: Dr. R. E. Odeh

ABSTRACT

The following new results concerning l-factoriza-
tions of the complete graph are proved: (1) There are
exactly 6 equivalence classes of l-factorizations of the
complete graph with 8 vertices. (2) There are exactly
396 equivalence classes of l-factorizations of the
complete graph with 10 vertices. Representatives of each
of the equivalence classes are presented. The size of
the automorphism group of each equivalence class of
l1-factorizations of the complete graph with 2n vertices
for n <5 1s also found.

Several theorems and results related to l-factor-
izations of the complete graph are presented, and the
relationship to round robin schedules is shown. An
application problem demonstrates the importance of the
choice of the equivalence class of round robin schedules

in the solvability of the problem.
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CHAPTER 1

INTRODUCTION

T £

In recent years the study of graph theory has been
playing an increasingly important role in solving problems
both mathematical and non-mathematical in nature. Up to
about ten years ago, however, very little graph theory had
been studied. Ore [17], in 1963, states in his biblio-
graphy that "the number of books on graph theory is very
small"” and then lists a mere nine of them, five of which
are foreign works. Since he wrote those words a vast
amount of material has been written on the subject. The
computer has provided a powerful tool to graph theorists and
much of the recent literature has been a result of the
ability to use the computer to exhaustively generate and
study characteristics of graphs. The potential for future
study seems without limit.

It is the purpose of this thesis to study a particular
area of graph theory: the l-factorization of the complete
graph with 2n vertices. The initial motivation for the
study came from a specific problem of scheduling for a sport-
ing event. It was desired to create a schedule with 2n
teams such that every team plays every other team exactly
once (known as a round robin). Furthermore, the games were
to be played on n fields such that no team played more

than twice on the same field nor twice in a row on the same
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field. The problem is described in more detail in Chapter 4,
along with a solution for 8 teams and U4 fields. In trying
to solve the particular problem, the question arose whether
all round robin schedules for 2n teams are the same except
for re-labelling of teams and rounds. It was discovered
that the answer is "yes" for n < 3 and "no" for n > 4.

In this study we have identified 6 equivalence
classes for round robin schedules with 8 teams and 396
equivalence classes for round robin schedules with 10 teams.
The problem is identical to the finding of the equivalence
classes of l-factorizations of the complete graph, and the
relationship of the two problems is brought forth in Chapters
2 and 3.

In Chapter 2 we present a summary of graph theory
beginning with the basic definitions and proceeding through
some theorems which we use in the next chapter. Chapter 3
presents the main results of our study. Here we prove that
there exists exactly 6 equivalence classes of l-factorizat-
jons of the complete graph with 8 vertices; and exactly 396
equivalence classes of l-factorizations of the complete
graph with 10 vertices. In addition, we establish the size
of the automorphism group for every equivalence class. To
conclude the chapter we briefly present a method to produce
a representative from each equivalence class of 1l-factor-

izations of the complete graph with 12 vertices. As noted

earlier, in Chapter 4 we solve the problem of scheduling for



a sporting event. In particular, we demonstrate that, when
given certain constraints, the choice of the equivalence
class of the round robin schedule can be vital as to whether
the problem is solvable or not solvable.

In Appendix A we list representatives and character-
istics of each of the equivalence classes of 1l-factorizations
of the complete graph with 10 vertices. Finally, in Appendilx

B we give a listing of the relevant computer programs.



CHAPTER 2

GRAPH THEORY

2-1. Introduction

It is the purpose of this section to introduce the
terminology of graph theory that will be used later in the
study. Most of the definitions are from Harary [8], but a
few are from other works such as Wilson [24] and Behzad
and Chartrand [2].

By a graph X we will mean a finite non-empty set
V with p elements together with a finite set E of ¢
unordered pairs of distinct elements of V. The elements
of V are called vertices and the elements of E are
called edges. We will frequently write V(X) for the
vertex set of the graph X and E(X) for the edge set.

A labelling of the graph X with p vertices is a
one-to-one mapping from V(X) onto the set {0,1,2, ..., p-1}.
We will usually denote the vertex set V(X) as {0,1,2, ...,
p-1} and the edge set E(X) as {[x,y]: x, y € V(X), x # y}.

The number of vertices in V(X) (or the cardinality of V(X))

will be represented by |V(X)|. Similarly the cardinality of
E(X) will be |[E(X)].

If e = [x,y] € E(X) then e 1is incident with both
x and y, and x and y are both incident with e. Two

vertices (edges) joined by an edge (vertex) are said to be

adjacent.
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If X and Y are graphs such that V(Y) € V(X) and
E(Y) € E(X) then Y<X and Y is called a subgraph of X.

If V € V(X) then the subgraph <V> induced by V is the

maximal subgraph of X whose vertex set is V; 1.e., 1t 48
the graph having vertex set V and whose edge set consists
of those edges in X incident with two vertices of V.

Similarly, if E € E(X) then the subgraph <E> induced by E

is the graph whose edge set is E and whose vertex set
consists of those vertices of V(X) incident with at least
one edge of E. A subgraph of X 1is called a spanning
subgraph if it contains all the vertices of -X.

A walk of the graph X is an alternating sequence of
vertices and edges {xo,[xo,xl], Xy, [xl,x2], Xy e+s Xp 15
[xm_l,xm], xm} beginning and ending with vertices in which
each edge is incident with the vertices immediately preceding
and following it. In order to shorten the notation we will
represent the walk by the sequence of vertices {xo,xl,...,xm}
with the understanding that [xi,xi+1] for 0 < i < m-1 are the
edges of the walk. A trail of the graph X 1is a walk such
that the edges are distinct. A path of the graph X 1is a
trail {xo,xl, G il xm} such that all vertices are distinct
with the possible exception of - and X If X =2
the path is closed and is called a circuit.

The order, k, of a circuit C is the number of edges

(or vertices) in C. The circuit C, then, will be called a



k-circuit. It is clear that if the graph X has p vertices
and C< X then 3 <k <p. If C<€ X and the order of C
is p then C spans the vertices of X and is called a

Hamiltonian circuit. A graph with a Hamiltonlian circuit is

known as a Hamiltonian graph.

A graph is connected if every two vertices are joined
by a path. A component of X 1is a maximal connected sub-
graph of X. Thus, a connected graph has only one component;
a disconnected graph has more than one component.

Let X be a graph with p vertices with the con-
dition that every pair of its p vertices is adjacent.

Then X 1s called a complete p-graph and is denoted by K

p
(after Kuratowski). We observe that the number of edges in

Kp is given by:

_ p(p-1)
IE(Kp)l - L% )

The complement X of X is a graph which has V(X)

as the vertex set and in which two vertices are adjacent if

and only if they are not adjacent in X, 1i.e.

v(X) = v(X)
[x,y] € E(X) iff x # y and [x,y] ¢ E(X) .

The degree of the vertex x 1is the number of edges
incident with it. From this definition comes the first
theorem of graph theory, known by Euler over two hundred

years ago.
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THEOREM 2.1. The sum of the degrees of the vertices of a

graph X 1is twice the number of edges, i.e.,

) deg (x) = 2|E(X)]| .
xeV(X)
This theorem is commonly called the "handshaking lemma" --
if several people shake hands, the total number of hands
shaken must be even, precisely because there are always two
hands to a shake. A natural corollary follows from this

theoren.

COROLLARY 2.2. In any graph X, the number of vertices of

odd degree is even.

If all vertices of X have the same degree, r, then
X 1is called regular of degree r. A regular graph of
degree 0 contains no edges; a regular graph of degree 1
has components consisting of exactly one edge. It 1is clear
that the complete graph Kp is regular of degree p-l. It
is also clear that the complement of a regular graph is

regular.

2-2. 1-Factors, l-Factorizations and Round Robin Schedules

In this section we present some definitions and
theorems which will form a basis for the study of round robin

schedules. A round robin schedule involving @2n teams has

the property that every team plays every other team exactly



once. In a round robin schedule there are 2n-1 rounds of
n games each. We will define l-factors and a l-factoriza-
tion of the complete graph K2n and show the relationship
to round robin schedules. In addition we shall present some
theorems characteristic of 1l-factors of a graph.

A factor xi of a graph X 1is a spanning subgraph
of X which is not totally disconnected. The set of graphs

{xl,xz, S Xq} is a decomposition of the graph X into

the factors X X

12

5t Xq if and only if the following

are true:
1. V(X;) = V(X) for 1 <1i=<q
1. E(xi)n E(XJ) = ¢ for all 1 # j .

111. E(Xl)(J E(X2)lj eees U E(Xq) = E(X)

An n-factor is a factor which is regular of degree n.
If every X; of the decomposition {Xl, Xos eves Xq} of the
graph X 1is an n-factor then the decomposition is called an

n-factorization, and X 1itself is n-factorable. Two

examples of l-factorizations of KG are given in Figure 2.1.
A famous theorem of Tutte [21] characterizes graphs

possessing a 1l-factor. Here, an odd component is a component

of the graph X with an odd number of vertices.



9

FIGURE 2.1 TWO 1-FACTORIZATIONS OF K6

R VAR IR N4
NZRrSul e

4 3 4 3 4 3 4 3
Example 1
o 1 o o o i o 1
S\ /2 5%2 s&z stz 3-/ \2
4 3 4 3 4 3 4 3 gy 3
Example 2

THEOREM 2.3. A graph X with p vertices has a 1-factor

if and only if p 1is even and there is no subset V € V(X)

such that the number of odd components of < V(X) - V >

exceeds |V]| .

In this study we are interested in the l-factoriza-
tions of the complete graph K2n‘ Clearly (by observation or

by Tutte's Theorem) K2n contains a 1l-factor with n edges.

THEOREM 2.4. The complete graph K2n has t = (2n-1)(2n-3)

... (1) different 1-factors.
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PROOF. Every l-factor of K2n covers the vertices and has
n edges. By fixing one vertex of the 2n vertices, the
first edge can be chosen in (2n-1) ways. By fixing one
vertex of the remaining (2n-2) vertices the second edge
can be chosen in (2n-3) ways. The conclusion follows by

induction on the n edges. l

COROLLARY 2.5. Let the vertices of K, be {0,1, ..., 2n-1}

and let W be the set of t 1l-factors of the graph K2n’

Let wi.g W contain all the l1-factors in W with edge

[0,1] for 1 =1, ..., 2n-1. Then Wy, ..., Wy 1

represents a partition of W into 2n-1 subsets with

s = (2n-3)(2n-5) ... (1) members each.

PROOF. Follows from the proof of Theorem 2.4. ]

The fact that K2r1 is 1-factorable is well known, and
schemes for generating a l1-factorization (which we will show
is equivalent to forming a round robin schedule) have been
known since at least 1859 (Reisz [19]). Schemes are given
in Ore [17], Moon [16], Kdnig [10], Freund [6], Lockwood
[12] and [13], and Kraitchik [11]. The particular proof

below is based on Harary [8].

THEOREM 2.6. The complete graph K2n is 1l-factorable.
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PROOF. By definition, K2n has 2n vertices and any
l-factor in K2r1 has n edges. To be l-factorable, the

b

L

partitionable

ct

grapn X, , which has n(2n-1) edges, mus

into (2n-1) l1-factors. Let the vertices of K be

2n
{0,1,2, ..., 2n-1}. Let B = {1,2, ..., 2n-1}. Then for
o € B consider the edge-induced subgraph Xa of K2n

defined as follows:
E(Xa) = {[0,a] U ([o+u, a-pl: W = 1,2, ..., n-1)}

where each of the a+u, a-p is an element of B modulo
(2n-1). A diagram of the subgraph is shown in Figure Ry
where the vertices in B are on the circle, while the vertex
0 1is outside the circle.

- We claim that Xa is a l1-factor of K2n‘ Clearly,
since 0 ¢ B, the vertex 0 appears only once in E(Xa)'
Also, since B - {a} contains exactly 2(n-1) elements it
is clear that the vertex o appears only once (1.e., in the
edge [0,a]) and that in fact every vertex appears exactly
once. Therefore, Xa is a l-factor for each a € B.

We claim that for B # a and B8, a € B, XB and X,

are edge disjoint. Clearly, [0,8] # [0,a]. Assume

[B+w, B-w] = [a+p, a-pl, 1 < p,w < n-1

where each vertex is contained in B modulo 2n-l.
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FIGURE 2.2 A 1-FACTORIZATION OF K2n BY THEOREM 2.6.

of+n-| ///,’_55\\\~d—Ln-Q

u«-n-z/ \c(-(n-l)

Without loss of generality, assume

B+w a+p (mod 2n-1).

Then
o-u (mod 2n-1).

I

B-w

By adding we get

28 = 2a (mod 2n-1)
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and since 2n-1 1is odd we get
B = o (mod 2n-1).
But this is a contradiction since B # a. Therefore

[B+w, B-w] # [a+u, a=p], 1 < w,0 < n-1

E(Xa)ﬂ E(XB) = ¢ .

Since B contains 2n-1 elements, Xl[J X2LJ...
v in_l contains n(2n-1) edges and represents a complete

l-factorization of K2n‘

A round robin schedule on 2n vertices (hereafter
called simply a schedule) is a 1-factorization of the complete
graph K2n' The vertices of K2n correspond to the teams, the
edges correspond to the games, and the l-factors correspond
to the rounds. We shall use the terms "l-factorization"
and "schedule" interchangeably in our study.

The following set of theorems and definitions

characterize the nature of 1l-factors in a graph.
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THEOREM 2.7. Let Xi and Xj be two disjoint l-factors

of any graph X. Then every vertex of X has exactly one

edge of Xi and exactly one edge of Xj incident with it.

PROOQOF. Since each l-factor of X covers the vertices and

since E(Xi)f7 E(XJ) = ¢, the theorem follows immediately. a

In any graph X, an alternating trail is a trail

such that the edges alternate between two disjoint l-factors

of X.

COROLLARY 2.8. Let Xi and Xj be two disjoint 1-factors

of any graph X. Then, starting at any vertex of X, say

X there exists an alternating trail which eventually

o’

returns to X - Furthermore, the first vertex the alternat-

ing trail passes through twice is x and thus X, lies

0!

on a circuit.

PROOF. Follows immediately from Theorem 2.7. l

In any graph X, an alternating circuit is a circuit

such that the edges alternate between two disjoint 1-factors
of X. If the alternating circuit covers the vertices of X

then it is an alternating Hamiltonian circuit.




b

COROLLARY 2.9. Let Xi and Xj be two disjoint l-factors

of any graph X. Then every vertex of X 1is a member of

an alternating circuit between X, and X..

i N 1
o

PROOF. It follows from Corollary 2.8 that every vertex
lies on a circuit. But by Theorem 2.7, this circuit must

be an alternating circuit.

It will be observed that, by the definition of an
alternating circuit, the length k of an alternating

circuit is even and furthermore k > U4.

COROLLARY 2.10. Let Xi and XJ

of any graph X. Then XiLJ XJ is the disjoint union of

be two disjoint l-factors

alternating circuits.

PROOF.  Follows immediately from Corollary 2.9.0
The next theorem and corollary are interesting
results of Theorem 2.6. Let
F={Y, ;1<1icx<2n-1}

be a l-factorization of the complete graph K2n' Then F

1s a completely Hamiltonian schedule (or an H-schedule) if,

for every Yi, Yj e F and 1 # j, YilJ YJ is an alternat-



16

ing Hamiltonian circuit. A completely non-Hamiltonian

schedule (or an NH-schedule) is a schedule which has no

Hamiltonian circuits between disjoint l-factors.

THEOREM 2.11. Let K2n be partitioned as in Theorem 2.6

and let Xa and xa+B be two disjoint l1-factors defined

is an alternating

by this partitioning. Then XGLJ xa+8

Hamiltonian circuit if and only if there exists no integer

¢, 0 <e¢ <2n-1, such that cB = 0(mod 2n-1).

PROOF. Xa and X are defined in Theorem 2.6 as

a+B
follows:

E(Xa) = {[0,a] U ([a+u, a-p]: i By swss B13}

E(Xypg) = {[0,048] U ([a+B+u, o+B-pl: u = 1,2, ..., n-1)}

where each of the a, a+B8, aty, a-y, a+B+u, a+B-p is an
element of {1,2, ..., 2n-1} modulo (2n-1). See Figure 2.3
for examples where n = 5 and B = 3 and 2.

By the definition of Xa and xa+B and by Corollary

2.9 there exists an alternating circuit on Xalj Xa+B:

{0, o, at2B, a-28, a+ip, a-4B, ..., at+xB, a-x8, 0}.
Therefore for some even x, there exists an alternating

circuit which includes the vertex o and which must contain

x+2 vertices. However, since the edge [O0,a+B] € E(Xa+8)
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must be in the alternating circuit, we have
o-xB = a+B(mod 2n-1).
¢ = xXx+1. Then
a-xB = a-(c-1)8 = a+B(mod 2n-1)
and hence

cB = 0 (mod 2n-1)

But since XaLJ xa+B is an alternating Hamiltonian circuit

if and only if x + 2 = 2n, the conclusion follows.l

COROLLARY 2.12. The schedule which is defined by the

partitioning of K in Theorem 2.6 is an H-schedule if

2n
and only if 2n-1 1is a prime number.

By Corollary 2.12 we observe that the schedules

~defined by Theorem 2.6 for Ky, Kg, Kg, Kios Kjps Kigs

K20, KZM must be H-schedules. Similarly, the schedules

for K K22, K26 must not be H-schedules.

100 K160
An interesting unsolved question is whether or not
for every n > 2 there exists an H-schedule and for every

n > 4 whether or not there exists an NH-schedule.
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FIGURE 2.3 ILLUSTRATION OF THEOREM 2.11 FOR 1-FACTORS

OF KlO'

A oA-4 = oA +S

C{f"*{
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2-3. Isomorphisms, Automorphism Groups, and Equivalence

Classes

Two graphs, X and Y, which may look quite differ-
ent geometrically, may in fact be the same graph. For this

purpose we shall introduce the concept of isomorphism.

Two graphs X and Y are isomorphic if there
exists a one-to-one mapping ¢, called an isomorphism,
from V(X) onto V(Y) such that ¢ preserves adjacency and
nonadjacency; 1i.e. {xl,xzj e E(X) iff [wxl,wx2] e E(Y).
Clearly, isomorphism is an equivalence relation on graphs,
and hence divides the collection of all graphs into

equivalence classes. If there exists no mapping on V(X)

which will map X onto Y then X and Y are non-isomorphic
and belong to different equivalence classes. The graphs

X and Y of Figure 2.4 are isomorphic by the mapping

¥ : V(X) » V(Y) defined by: VX, = ¥y, bx, = V3 wx3 = ¥g»
¢xn = Yy wa = Yy wX6 = Y+ On the other hand, X and

Z are non-isomorphic because Z contains three mutually
adjacent vertices but X does not. (Behzad and Chartrand
(2], p. 3).

Two labelled graphs X and Y having the same
labels are identical if there exists a (label—preserving)
isomorphism ¢ between X and Y with ¢x = x for all
x € V(X). By referring to Figure 2.4 it will be observed

that X and Y are isomorphic but not identical.
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FIGURE 2.4 AN ILLUSTRATION OF ISOMORPHISM AND NON-

ISOMORPHISM.
Il 'xl x.3
e 'xs 1‘1
3 2,
Hb 1'11 21 23
e 2.
s 43 2y 25
ﬂi{ 15

The following two theorems are obvious results

of the definitions.

THEOREM 2.13. If X,

X then Xi and X.j are isomorphic.

and Xj are l-factors of the graph
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THEOREM 2.14. If C; and Cj are two circuits of length

k then C1 and CJ are isomorphic.

It follows from Theorem 2.14 and the definition
of an alternating circuit that two alternating circuits of

length k are isomorphic.

An automorphism of a graph X 1is an isomorphism

of X with itself, i.e., a permutation of V(X) which
preserves adjacency. Clearly, an automorphism followed by
another is an automorphism and therefore (under the oper-
ation of composition) the set of all automorphisms on X

form a group, G(X), known as the automorphism group of X.

The order of G(X), denoted |G(X)|, is the number of
members in the group. Since the identity mapping on X
is always in G(X), |G(X)| > 1. The identity mapping is
the trivial automorphism of X; all other automorphisms,
1f any exist, are non-trivial. Using Tutte's definition

[22, p. 52] a graph is symmetrical if it has a non-trivial

automorphism.

THEOREM 2.15. For any graph X and its complement X ,

G(X) 1is isomorphic to G(X).
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PROOF. Every element ¢ of G(X) is a permutation on

V(X) which preserves adjacency in X. However, ¢

v

preserves adjacency if and only if ¢ preserves non-

¢

adjacency. Thus a permutation on V(X) is an automorphism
of X 1if and only if it is an automorphism on X, imply-

ing that G(X) is isomorphic to G(X). B

Several results follow from the above definitions.

Result 1l: The order of Kp is p! Dbecause a
mapping from any vertex to any other vertex will preserve

the structure of Kp.

Result 2: The order of a circuit of length k
is 2k. To show this let a circuit be represented by
C = {xo, X5 vees xk} where x, = X, and the subscripts
are modulus k. Each subscript of the vertices can be
increased by 1 without changing the circuit, thus trans-
forming C 1into one of its rotations. Each subscript 1
can also be replaced by k-i, thus transforming C into its

mirror image. Since there are k rotations and a mirror

image of each, the order of C 1is 2k.

Result 3: The order of a l-factor with 2n
vertices is n!2n. To show this we observe that since there
are n disjoint edges they can be permuted n! ways. But

since there are two vertices incident with each edge, there
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are 2n ways of permuting the vertices on the edges.

Result 4: The order of a l-factor in a l-factor-

e i . : n . "
ization of LOVREER & (2n-1)n!2". By result 3 above, the

order of a l-factor is n!2n. But since a l-factorization

193]

of K has (2n-1) 1-factors and (by Theorem 2.13) they

2n
are isomorphic, every l-factor can be mapped onto every

other 1-factor. Therefore, if X is a 1-factor in a

1

l-factorization of K there are (2n-1)n!2" mappings

2n?

on the vertices of K2n which will preserve Xi

THEOREM 2.16. The number of ways in which a graph X

with p vertices can be labelled is T§%%TT .

PROOF. (Behzad and Chartrand [2], p. 167). Let

{xo, cw v xp_l} be a set of p labels. Clearly there are
p! ways of labelling X without regard to the number of
resulting labelled graphs which may be identical. Let

X, and X

i A

the relation "Xl is identical to X2" is an equivalence

relation on the set of labelled graphs obtained from X.

be two labelled graphs obtained from X. Then

For the labelled graph X an automorphism of X gives

11
rise to a labelled graph identical to Xy, and conversely.
Hence, each equivalence class of a labelling Xl o X
contains |G(X)| members. This implies that there are

p!/|G(X)| labellings in all. B
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Throughout this study we will let L(X) represent
the set of all labellings of X and |L(X)| represent the
number of elements in L(X).

One of the more difficult problems of graph theory
has been to find an easy test for isomorphism between
graphs. Much research has been devoted by chemists, net-
work analysts, linguists, logicians, etc., to solve this
problem. Probably the most efficient procedure to date
was developed by Corneil and Gotlieb in 1970 [5], but
unfortunately it is based on a conjecture. It remains still
unsolved to find an efficient deterministic algorithm (i.e.
one which can be solved in time T where T 1s propor-
tional to a constant power of the number of vertices of

the graph) to determine whether two graphs are isomorphic.
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CHAPTER 3

EQUIVALENCE CLASSES OF 1-FACTORIZATIONS

OF THE COMPLETE GRAPH K2n

3-1. Introduction

In this chapter, vertices will be labelled from
the set {1,2, ..., 2n} in order to correspond to the usual
labellings of teams in round robin schedules.

Throughout this chapter let the set W be the set

of l-factors of K For 1 =1, ..., 2n-1 we will let

an’
wi represent the set of all 1-factors in W with the
edge [1, i+l1]. By Corollary 2.5, W will thus be
partitioned into 2n-1 sets, wi for 4 = 1, ivis 2n-1,
each containing s = (2n-3)(2n-5)...(1) l1l-factors.

We observe that any l1l-factorization of K2n will
have exactly one member from each Wi'

From Theorem 2.13 we know that all l-factors of
K2n are isomorphic. Let Xl, X2 € wl such that Xl = x2.
Let Tl and T2 be the complete sets of l-factorizations
of K2n which contain Xl and X2 respectively. Then a
mapping ¢ which maps Xl onto X2 must also be a one-
to-one mapping of T1 onto T2. Therefore, in searching

for equivalence classes of l-factorizations of K2n and in

enumerating the members in each class, we can reduce our
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search by fixing a particular l-factor Xl > wl to be a
member of every l-factorization studied.
Without loss of generality, we will let Xl be the
1-factor whose edge set is {[1,2], [3,4], ..., L2n—l; 2n]}l.
In this‘chapter we willl study the l-factorizations

of K for n < 5. We observe immediately that the

2n
l-factorizations of K2 and KH are trivial. The only

l-factors of K4 are:

Xl: {[132], [3,”]}
X2: {[13333 [2Ju]}

XB: {[1,”’], [2,3]}

Clearly, each Wi for 1 =1,2,3 contains only one member
and therefore F = {Xl, X5, X3} must be the only 1-
factorization of K,. By Theorem 2.16, the order |G(F)]|
of the automorphism group of F is 4! = 24,

By Corollary 2.5 the set of l-factors, W, for K6
contains 15 members and each Wi for 1 =1, ..., 5 con-

tains 3 1l-factors. They are as follows:

xl: {[132]3 [3,“]3 [5,6]} XLI-: {[1,3]’ [2,}4]: [5’6]}
WX (01,21, [3,5), [4,61)  WydXo: {[1,31, [2,5], [4,61}

X .

3¢ {[1,21, [3,61, [4,51) Xg: {[1,31, [2,61, [4,51}
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§x7: {[1,4], [2,3]1, [5,61} ggloz {f1,51, (2,31, (4,61}
w3<)x8: (1,47, [2,51, [3,61} w,{X;y: {[1,5], [2,4], [3,6]}
/

Xg: ([1,43, [2,61, [3,51} ?x12: {[1,5]1, [2,6], [3,41}
A \

X13: {[1,6], [2,3}3 [u’SJ}
Wo (Xyy: (01,61, [2,4], [3,51)

X,5: (01,61, [2,5], [3,4]}

It can easily be checked that there are only two l-factor-
izations of K6 which include the fixed l1-factor Xl.
They are:

X X X gt

Fpo X 11° %13

l’ 5, Xg!

F2: {Xl, X6, X8, XlO’ th}
The mapping ¢: F2 - F1 defined by:

1+1, 2=+2, 3+3, 44, 5+6, 6+5

shows that there is only one equivalence class, which we
shall label L(Fl). Clearly, since Wl contains 3 members,
L(Fl) contains 6 members. By Theorem 2.16, the order of

the automorphism group for L(Fl) is 6!/6 = 120.
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3-2. Results for K8.

By Corollary 2.5 the set of l-factors, W, for KB
contains 105 members and each wi 20T A= Lo isig T
contains 15 l-factors. A computer program (see Computer
Program 1 in Appendix B) was written to generate the set
W and find all the l1-factorizations of KB' The program
fixed the first l-factor Xl € wl and chose l-factors
lexicographically out of each Wi for 1 = 2. -Seay T
choosing only l-factors which did not have a common edge
with previously chosen l-factors. The procedure followed
i1s given by the flowchart and supporting explanation in
Figure 3.1, and corresponds to the well-known method of
efficient search known as backtrack programming. See

Golomb and Baumert [7] or Walker [23] for a general

description of backtrack programming.

FIGURE 3.1 FLOWCHART FOR GENERATING SCHEDULES FROM THE

PARTITIONED SET OF 1-FACTORS OF K8 .

Variables

n = number of edges in a l-factor.

nm = 2n-1 = number of l-factors in a schedule.

s = (2n-3)(2n-5) ... (1) = number of elements in each wi.
W(i,k) = k' element in the set W, for 1=1, ..., nm

and. kw l. a8
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FIGURE 3.1 (cont'd)

P(1i) = current pointer to the l-factor in each W, for
LWL Geng Tl
nent = count of schedules.

SCHED(ncnt,i) = output array for schedules.

Explanation of flowchart

Step 1 - 1Initialize variables and arrays. (Note that i
is initialized to 2 instead of to 1 because
the program fixes the first factor in wl).

Step 2 -~ Are there any l-factors left in Wi which are
candidates? 1If yes, go to Step 5.

Step 3 - Are we finished, i.e. are there any candidates
left in w2? If yes, go to Step 10.

Step 4 - 1Initialize pointer (Pi) in W; to 1 and back-
track to previous Wi. Pick next candidate in
new Wi. Go to Step 2.

Step 5 - Does the current candidate from Wi have edges

in common with candidates from WJ, g ™ L sivy

i-1? If no, go to Step 7.

Step 6 - Choose next candidate in W, and go to Step 2.

Step 7 - Has a schedule been found? If yes, go to Step 9.
Step 8 - Move forward to next W, and go to Step 5.

Step 9 -~ Move schedule to output array. Set i to last W

i
in preparation for backtrack and go to Step 4.

Step 10 - Print all schedules and stop.



FIGURE 3.1 (cont'd)
FLOWCHART

STEP 1

nm+7

s+15

nent+0

P(1)+1 for i=1,...,nm
ie2

STEP 3

STEP 4

P(1)+1
1+1-1
P(1)+P(1)+1

STEP 10

30

W(i,P(3)) N STEP 6
W(i,P(1))
# ¢ for some P(1)+P(1)+1 ———(::)
L T SR,
STEP 7 STEP 8
1::
nm 0 1o s
?
YES
( STOP ) STEP 9

nent + nent + 1
SCHED(nent,i) + P(1)

for 1=1,...;nm
i1+« nm
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THEOREM 3.1. There are 6240 1-factorizations of K8

labelled on the set {1,2, ..., 8}.

PROOF. Computer Program 1 generated 416 schedules which

include the l-factor X, € W.,. Since W

1 1 0
l-factors there are 15 sets of U416 schedules or 6240

contains 15

schedules in all. l

To find the equivalence classes of l-factorizations
of KB the computer program performed mappings which
preserved the fixed l1-factor Xl.

LEMMA 3.2. There are a maximum of 6 eguivalence classes

of l-factorizations of K8

PROOF. Let

Gl = {y e G(Ks) : ¢Xl = X, .

%

Then by Result 4 in Section 2-3 of the previous chapter we
know that |G,| = 2" - 41 - 7 = 2688. However, of the total
of 2688 mappings, Computer Program 1 found that it was only
necessary to perform 9 mappings on the complete set of 416
schedules with Xl in order to reduce the set to six
equivalence classes. The nine mappings (ignoring trivial

mappings of a vertex onto itself) are:
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Figure 3.2 gives a listing of representatives of

the six equivalence classes found by Computer Program 1.

FIGURE 3.2

REPRESENTATIVES FROM EACH OF THE EQUIVALENCE

CLASSES OF 1-FACTORIZATIONS OF K8 .

Fii Xy, Xy, Xy, Xgy X9, Xpg, Xppl
5 b AP S S X7, Xy15 X175 X5,}
F3: {Xy, Xy, Xy, Xyg5 X135 Xp5» Xpql
F: {Xl, X5, Xys Xgs Xy5, Xl?’ X19}
Po: (X, X, X5, Xgs Xy35 Xy X590}
Fg: {Xl, X3, Xe s ng X13= Xyys x18}



FIGURE 3.2 (cont'd)

{[1,2],
t11.3];
{[1,3],
{[1,4],
{[1,4],
1240,
i1x. 5],
i 8
tA573,
{[1,5],
{[1,6],
1[}.,561,
i[1,6],
{1,713,
i[1,73,
{1,713,
{r1,73,

{[1’8],

13
(3,41,
[2,4],
[2,51,
[2,3],
[2,5],
[2,61,
[2,6],
[2,6],
(2,713,
[2,7],
(2,51,
fRa 71,
[2,8],
[2,3],
[2.51.
[2,8],
[2.81,

[2,4],

rna
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(5,61,
£5,71,
[4,71,
[5,81,
[3,81,
[3,8],
[3,71,
[3,8],
(3,61,
(3,81,
(3,81,
[3,51,
[3,71,
[4,6],
[3,61,
(3,51,
[3,61,

£3,5],

(783}
(6,81}
[6,8]}
[6,71}
[6,71}
[5:72}
[4,8]}
[4,71}
(4,87}
[4,6]}
(4,71}
(4,81}
{R,511
(5,81}
[4,8]}
[4,6]}
[4,5]1)

(6,71}
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FIGURE 3.2 (cont'd)

Xy9: (01,81, [2,51, [3,7], [4,61}
X5o9: ([2,83], [2,6], [3,51, [4,7]}
X2l: {[158]’ [2,7]: [3’5], [‘uas:l}

X22: {[138], [2,7]; [3:613 [u’)SJ}

THEOREM 3.3. There are exactly 6 egquivalence classes of

l-factorizations of K8

PROOF. Lemma 3.2 proves that there are no more than 6
equivalence classes. However, a count of the number of
alternating Hamiltonian circuits in each of the represent-
atives Fl’ -++> Fg 1in Figure 3.2 shows that there are

0, 8, 12, 14, 18 and 21 alternating Hamiltonian circuits in
the Fl’ i g F6 respectively. Clearly, therefore, they

have different structure and they are non-equivalent. I

A natural corollary follows immediately from this

theorem.

COROLLARY 3.4. The number of alternating Hamiltonian

circuits in any l-factorization of K8 will characterize

the 1-factorization with respect to its equivalence class.
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THEOREM 3.5. The number of members in each equivalence

class of l1l-factorizations of K8 and the order of the

automorphism groups are as follows:

Class |L(F;) | |G(F;) |
L(Fl) 30 1344
L(F,) 630 64
LCFB) 420 96
L(F)) 2520 16
L(F5) 1680 24
L(Fg) 960 42

where the Fi’ i=1, ..., 6, correspond to the l-factor-

izations listed in Figure 3.2.

PROOF. The count of the number of members in each L(Fi)
with the fixed l1-factor Xl € wl was performed by the
computer program. Since there are 15 l-factors in wl
each of the computer generated counts was multiplied by 15
in order to give the total number, |L(Fi)|, of members in

each L(F;). By Theorem 2.16, la(Fy) | = 81/|L(Fy)|. B
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3-3. Results for KlO

By Corollary 2.5, the set of 1l-factors, W, for K
contains 945 members and each W, for 1 =1, ..., 9 con-
tains 105 l1-factors. It was found that Computer Program 1
would use up far too much computer time to find all the
l-factorizations of KlO' It became necessary to reduce
the search for schedules by reducing both the number of
l-factors to be considered and to put restrictions on the
searches in the backtracking technique. The following set
of lemmas enabled us to solve the problem.

LEMMA 3.6. For K let W! be the set of all 1-factors

10° 2
such that E(X;) N E(X;) = ¢. Then XU X

X, e W is

> 8 2 |
isomorphic to either X, U X, or X, U X3 where X, and

X3 are given in Figure 3.3. There are 20 members in Wé

which, in union with X are isomorphic to Xl(J X2.

l’
There are 48 members in wé which, in union with X

1> are

isomorphic to XI{J X3.

PROOF. Of the 105 l-factors in W only 68 do not have

2’
an edge in common with X, and therefore wé has 68
members. By Corollary 2.10, XlL) X; for X, e Wé is the
disjoint union of alternating circuits. Clearly XILJ Xy

can only be a Hamiltonian circuit or the disjoint union of a
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b—circuit and a 6-circuit. But by Theorem 2.14, all

k-circuits are isomorphic. Therefore for every X

£ w2 5

i

XlLJ X. must be isomorphic to either Xlij X5 (which is

a U-circuit and a 6-circuit) or XlLJ X

Hamiltonian circuit). By testing all 68 members in W'

3 (which is a

2 3

it was found that 48 of them form a Hamiltonian circuit

with X

1 and the remaining 20 form a U4-circuit and a

6-circuit. 3

FIGURE 3.3 REPRESENTATIVE 1-FACTORS OF KlO WITH

MULTIPLICATION FACTORS FOR FINDING SIZES OF EQUIVALENCE

CLASSES OF 1-FACTORIZATIONS.

Key
M1

M2

M3

M4

# 1l-factors in Wl isomorphic to Xl.
# l-factors in w2 which, in union with Xl, are

isomorphic to XllJ Xi for 1=2.3,

# l-factors in W3 which, in union with XU X,
are isomorphic to X thJ Ly  30r 1 =5 T8y wurey 12

such that X and XlLJ X2 are preserved.

#
# l-factors in w3 which, in union with XltJ X3, are

isomorphic to XlL} X. U PO < U PRETRNREE. N I

o

36 such that X, and XllJ X3 are preserved.
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FIGURE 3.3 (cont'd)

1-Factor Edges [x,y] M1 M2 M3

X, (01,21, [3,4], [5,61, [7,8], [9,10]} 105

X, {[1,31, [2,41, (5,71, [6,9], [8,101} 20

Xy {[1,31, [2,5], (4,71, [6,9], (8,101} 48

X, (01,41, [2,31, [5,71, [6,10], [8,9]}

X5  {[1,41, (2,31, (5,81, [6,101, [7,91} 3

x6 {[ljujs [233]’ [5’9], [63813 [7,101}

X, {[1,43, [2,3], [5,101, [6,8], [7,97} 1
Xg  {[1,41, 2,51, [3,61, [7,10], [8,91} 6
Xg 101,41, (2,51, (3,71, [6,101, [8,91} 6
X0 (01,41, (2,51, [3,81, [6,101, [7,91} 12
X,y (01,43, [2,5], [3,101, [6,71, [8,9]} 6
Xy, {[1,43, [2,5], [3,101, [6,8], [7,9]} 6

X3 101,41, [2,61, [3,7], [5,10], [8,91}
Xy {[1,4], [2,6], [3,8], [5,10], [7,91}
X5 (01,41, [2,6], [3,9], [5,8], (7,101}
X6 {[1,4]1, (2,63, [3,10], [5,8], [7,91}
X17 (01,41, [2,71, [3,51, (6,101, [8,91}

X,g {[1,41, [2,7]1, (3,61, [5,10]1, [8,9]}



FIGURE 3.3 (cont'd)

1-Factor

X9

X590

X1

%50

X23

X5y

X55

X56

X27

X>g

X29

X30

X31

X32

35

X34

X35

X36

{[1,4],
{[1,4],
1Yy
{[1,4],
{[1,4],
{[1,4],
{[1,4],
{[1,4],
{[1,4],
{[1,4],
{[1,4],
{r1,43,
{[1,4],
{[1,47,
{[1,4],
{[1,4],
{[1,4],

{[1,4],

39

Edges [x,y]

(2,71,
[2,7],
[2,7],
[2,8],
[2,8],
[2,8],
(2,81,
[2,8],
[2,9],
12,91,
(2,91,
[2,91],
[2,91,

(2,9],

(3,91, [5,8], [6,10]}

(3,91, [5,101],
(3,101, [5,91,
[3;5], [6,10],

(3,61, [5,10],

(6,81}
(6,81}
(7,91}

(7,91}

[3,93, ]:5’7]3 ‘:6’10]}

(3,91, [5,10],

(3,101, [5,9],

(6,71}

(6,71}

[3,5]1, [6,8], [7,10]}

(3,61, [5,8], [7,10]}

[3,7], [5,10],
[338]) [5110]’
(3,101, [5,7],

(3,101, [5,81,

(2,101, [3,5]1, [6,81],

[2,10], [3,61, [5,81,

(2,101, [3,9], (5,71,

L2,101, [3,9]1, (5,8],

(6,87}
(6,71}
(6,81}
[6,71}
(7,91}
(7,91}
(6,81}

6,73}

ML M2 M3 Mb
1

1
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10° let wé be the set of l-factors

Xj in W3 such that E(Xltj X2)[1 E(Xj) = ¢, where

LEMMA 3.7. For K

2 . 2 - | "
are given in Figure 3.3. Then W has 40
[= =]

1 3

X ®.
members. By performing mappings which are automorphisms

and X

on both X; and X,U X,, the set of XllJ X2lJ X,

J

for xJ > Wé can be reduced to the 7 equivalence classes

given in Figure 3.3 with entries in column M3. The numbers

in column M3 give the number of members of Wé in each

equivalence class.

PROOF. By exhaustion using Computer Program 2. I

LEMMA 3.8. For K, let W) be the set of l-factors

n .
X; in Wy such that E(X, U X3) E(X;) = ¢, where X
and X, are given in Figure 3.3. Then w§ has 41 members.

By performing mappings which are automorphisms on Xl and

2
XlL) X3 the set of XlLJ X3LJ XJ for X'j € w3 can be

reduced to the 28 equivalence classes given in Figure 3.3

with entries in column M4. The numbers in column M4 give

the number of members of W; in each equivalence class.

PROOF. By exhaustion using Computer Program 2. l

We shall now introduce some notation which we shall

use throughout the rest of the chapter.
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Let

F = {Y Y

3R TR 2n-l}

represent a l-factorization of K2n such that each

Yi € wi. Then an alternating k-circuit in F is a circuit
of length k such that the edges alternate between two

l-factors of F .

Let

Ak(F) = {C : C is an alternating k-circuit for F}.

For Y € F, let

Ak(F;Y) = {C : C is an alternating k-circuit such
that E(C)N Y # ¢}.

Let

P (F) = {IAk(F;Y)I : Y e P} .

For the vertex x ¢ V(K2n) let

Ak(F;x) = {C : C 1s an alternating k-circuit such
that x € Vv(C)} .

Let
Q (F) = {IAK(F;x)l :ox e V(K, )}
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The following lemma is useful for testing for

isomorphism between two l-factorizations of K2n'

LEMMA 3.9. Let F and F' be two equivalent l-factor-

izations of K and let ¢ e G(K, ) such that ¢F = F'.

2n

Then:

i. For YeF and Y' e F', if ¢Y = Y' then

|A, (F5Y)| = |A (F'5Y")| for all k.

ii. For x, x' e V(K,.), if ¢¥x = x' then
— 2n focsleceld ————
|Ak(F;x)| = [A (F';x")| for all k.

* 3 J
U Yj then {|A (F;Y,)], |AR(F;YJ)|} =

11i. For Y., Y, e F and Y;, Y. € F', if w(YiL}YJ) =

(A (F'LY ], (AR, YD} for all k .

PROOF. Follows immediately from the fact that isomorphism

preserves adjacency and non-adjacency. I

The purpose of the next lemma is to enable us to
determine the number of members in an equivalence class

L(F) without generating all the members of L(F).
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LEMMA 3.10. Let F be defined as before and let

M (F) = {F': F' ¢ L(F) and |A (F3Y) ] =

|A (F';Y) |} for 1 =1, ..., 2n-1.
Then
IMK’I(F)| = ... = |Mk,2n_l(F)| =M .
Also,
L (2n-1)
|L(F)| =

where c¢ (¢ > 0) is the multiplicity of IAk(F,Y1)| in

P (F) .

PROOF. By Lemma 3.9 every F' e L(F) 1is a member of some
Mk j_(F). Since by Theorem 2.13 all l1-factors of K2n are
3

isomorphic, it is obvious that

IMk’l(F)] - L,, = IMk’En_l(F)I.

Let M = ]Mk,l(F)I. If ]Ak(F,Yl)I has multiplicity e
in P (F) then any F' e L(F) must be a member of ¢ sets
of Mk,i(F) For . L w1, aaiup Bl

Therefore

M, -+ (2n-1)
|IL(F)| = X ) 3
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LEMMA 3.11. For any l-factorization F of K2r1 let

Ak(F;Yi) and Pk(F) be defined as above. Then at least

one iAk(F;Yi)| € P .(F) 1is even.

PROOF. Let |A (F)| represent the total number of
alternating k-circuits in F, But every alternating cir-
cult involves two l-factors. Therefore, by the definition
of A (F;Y,)

2n-1

121 |A (F3Y )] = 2 |A (F)] .

Assume that every |Ak(F;Y1)I e P .(F) is odd.

2n-1
Then since (2n-1) is odd 121 |A (F3¥;)| must also be odd,
which 1s a contradiction. Therefore at least one

IAk(F;Yi)I e A (F) 1is even. ¢

The following lemma enables us to subdivide the
complete set of equivalence classes of l-factorizations of

K2r1 into n subsets.

LEMMA 3.12. Let @ represent the complete set of

l-factorizations of K2n‘ Then ¢ can be partitioned into

n subsets as follows:
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¢(k,0) = {F € & : there exists a FJ e L(F) such

that IAk(FJ;Y1)| = 0}.

For p =1, ..., n-1,

®(k,u) = {F e & : there exists a F‘j e L(F) such

that |Ak(Fj;Y1)| = 2u and
%|AK(FJ;Y1)| ¢ {0, ..., pu=1} for all 1 =2, ..., 2n-1}.
PROOF. It is clear from the definition of &(k,n) for

m=20, ..., n-1 that if F e ¢(k,p) then L(F)<E o(k,u).

By Lemma 3.11 we know that for every F € ¢ and every

even k such that 4 < k < 2n, some lAk(F;Yi)l = 2

for some u e {0,1, ..., n-1}. By Lemma 3.10 we know that
if IAk(F;Yi)I = 2y for some u e {0,1, ..., n-1} there
exists a FJ e L(F) such that |Ak(FJ;Y1)| = 2u. Clearly,

therefore, ¢ = ¢(k,0)U ¢(k,1)U ...U @&(k,n-1). But,

for @(k,y) and &(k,8) such that vy, 6 € {0,1, ..., n-1}
and § > vy we have 2y ¢ Pk(Fj) for every Fj €
¢(k,y) whereas 2y ¢ Pk(Fm) for every F_ e ¢(k,$§).
Therefore, &(k,y)MN ¢(k,8) = ¢ for every vy, 6 €

{0,1, ..., n-1} and vy #6 . J
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THEOREM 3.13. There are 396 equivalence classes of

l-factorizations of KTO.

PROQF. In our procedure for enumerating equivalence
classes of 1-factorizations of KlO’ we considered
alternating Hamiltonian circuits on the 1l-factors and
alternating 4-circuits on the vertices. We partitioned

the set of equivalence classes into five subsets,

¢(10,0), ..., ¢(10,4), based on Lemma 3.12. Using Lemmas
3.6, 3.7 and 3.8 we only considered schedules which included
the l1l-factors listed in Figure 3.3. Computer Program 2
followed the backtracking technique described in Figure

3.1 but restricted itself to only produce schedules such
that Xl formed 2up Hamiltonian circuits, where the value
2p for wpe {0, ..., 4} was read into the program from a
punched card.

As a schedule was generated by the computer program,
it was tested to see if it represented a new equivalence
class. Let F represent the current schedule being tested
and let F' represent a previously-generated representative
of an equivalence class. By Lemma 3.9 the program per-

formed the following tests for isomorphism:
1) a1y (B)] = [a, (B .

2) Py (F) = Pyy (F') and Q (F) = q, (F") .
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If F and F' matched on these tests then the computer
program performed a test based on part iii of Lemma 3.9.
That is, it performed mappings on alternating circuits of

F and F' in an order based on numbers of low multi-
plicity in PlO(F) and Qu(F). If a mapping ¢ was

found such that ¢F = F' then the count for the equivalence
class was incremented by one. If no mapping could be found,

the computer program created a new equivalence class with

F as its representative.l

See Appendix A for a listing of representatives of
each equivalence class of l-factorizations of KlO'
Included with each schedule F are the sets PlO(F) and

Qy(F) as well as the number of Hamiltonian circuits,

18,4 (F)].

THEOREM 3.14. - The order of the automorphism group of

each of the 396 eguivalence classes of l-factorizations

of K is as given in Appendix A.

10

PROOF. By Theorem 3.13, Computer Program 2 generated and
counted all schedules, F, in each equivalence class which

have the following characteristics:
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1) Xl e F.

2) X, or X3 i1s in F where X,, X3 are given in

Figure 3.3.

3) If X2 € F then one of X5, X7, x8, X9, XlO’ Xll
or X12 listed in Figure 3.3 is in F. 1If X3 e F
then one of Xq, i w0 X7, Xl3’ ey X36 is in P.

4) For w=0, ..., n=-1, F e & (10,u) and
]AlO(F;xl)l = 2u. (See Lemma 3.12).

By Lemmas 3.6, 3.7, 3.8, each total generated by
the computer program can be multiplied by the multiplication
factors M1, M2 and M3 or M4 from Figure 3.3. By Lemma 3.10,
each total can then be multiplied by 9 and divided by ¢
(where ¢ is the multiplicity of 2u in PlO(F)) to
give the total number of members in each equivalence class,

|L(F)]|.

Finally, by Theorem 2.16, |G(F)| = o Bl
|L(F) |

THEOREM 3.15. There are 1,225,566,720 1l-factorizations of
K

10 1labelled on the set {1,2; veoy. .10k,
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396

PROOF, ! |L(Fy)| = 1,225,566,720 where the l-factoriza-
i=1

tions, F, are listed in Appendix A and each IL(Fi)I was

found by Computer Program 2 by Theorem 3.14. E

As noted earlier, listed with the representatives
of the equivalence classes of l1l-factorizations of Klo in
Appendix A are the sets of numbers Plo(Fi), (the set of
counts of alternating Hamiltonian circuits across the
l-factors), and QH(Fi)’ (the set of counts of alternating
l-circuits across the vertices). Unfortunately, these
numbers do not completely characterize the equivalence
classes. There are six pairs of equivalence classes with

the same two sets of numbers (see Appendix A):

{Fgg,Fgg)s (Fiogs Fygq)s (Foogs Fooyds (Foggs Fogg)s

(Fag0s Fagy)s (F303, F30u)}, and other tests must be per-

formed in order to differentiate between them. We were
unable to find an easily calculable method of completely
characterizing the 396 equivalence classes of l-factor-

izations of KlO'

It is of interest to note that the l1l-factorization

of K given by Theorem 2.6 is in the equivalence class

10

L(F29O) where F is given in Appendix A. It has. 27

290
Hamiltonian circuits and is therefore (as noted in

Corollary 2.12) not an H-schedule. The order of its
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automorphism group, |G(F290)|, is 54,

We note also that Klo is the smallest complete
graph which has a non-symmetrical 1-factorization (i.e., a
l-factorization which does not have any non-trivial auto-
morphisms). In fact, of the 396 equivalence classes of
l1-factorizations of K 298 of them are non-symmetrical.

18°

3-4., Conclusion

In our study we have counted the number and size

of the equivalence classes of l-factorizations of K for

2n
n < 5. For larger n, the problem appears much more
difficult, simply because of the large number of l-factor-
izations involved. However, it should be possible to
count the equivalence classes of l-factorizations of K12
by a generalization of Lemmas 3.6, 3.7, and 3.8, and
extending the method through each subset Wi (see Sections

3-1 and 3-3 of Chapter 3) of the l-factors of K In

12°
other words, by constructively creating schedules round by
round, testing for isomorphism at each stage, it should be
possible to produce a complete set of non-equivalent
schedules with 12 teams in a fairly "reasonable" length of
time.

It seems clear, however, that the number of equi-

valence classes of 1l-factorizations (as well as the total
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number of l-factorizations) of K2n increases very rapidly

as n increases. Therefore, to solve the problem for
2n larger than 12 by the methods of this thesis would

appear to be extremely difficult, if not impossible.
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CHAPTER 4

AN APPLICATION

Round robin schedules are commonly used for
sporting matches and tournaments. Because of its ease of
generation, the typical round robin schedule chosen is
the scheme given by Theorem 2.6. We will show that, when
given certain constraints, the choice of the round robin
schedule can spell the difference between success or
failure in solving the particular problem.

The problem is to create a schedule for sports
such as curling, tennis, bowling, etc., where the number
of playing fields are at a premium. The schedule must be
as equitable as possible; that is, no team will have an
advantage by playing at a particular favourable site more
often than other teams. The schedule will be a round robin
schedule involving 2n teams. Because each round will
contain n games the number of fields to play on will
also be n. In order to maximize the fairness of the

schedule, the following two constraints are to be satisfied:

(1) no team plays more than twice on the same fleld,

(11) no team plays twice in a row on the same field.

We chose the situation where we had 8 teams playing

a round robin and 4 fields at our disposal. By Theorem 3.3
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there are 6 equivalence classes of schedules with 8 teams
(listed in Figure 3.2). A computer program was written
to use a representative schedule from each of the six
equivalence classes and to place games on fields round
by round in an attempt to pass constraint (i). If it was
successful it then reordered the rounds in an attempt to
pass constraint (ii).

It was found that L(F2), L(Fu) and L(F5) were
the only round robin schedules which could pass the two
constraints. The schedule L(F6) given by Theorem 2.6
passed constraint (i) but could not pass constraint (ii).
The remaining two equivalence classes, L(Fl) and L(F3),
could not pass constraint (i).

Figure 4.1 below gives a round robin schedule with
8 teams and 4 fields which will pass the constraints. The

schedule chosen is FM from Figure 3.2.

FIGURE 4.1 A ROUND ROBIN SCHEDULE WITH 8 TEAMS AND

4 FIELDS.
Round Games Field Round Games Field
1 - 1 5 -

no

I
~ o o W,
w n =

e N L O
I

o O = N

= w

= W n -
|
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FIGURE 4.1 (cont'd)

Round Games Field Round Games Field

3 l1-3 1 4 ) g 2
2 - U 3 2 - 3 4
5 =17 2 5 -8 1
6 - 8 4 6 - 7

5 1-7 4 6 1 -8 3
2 -8 2 2 -5 i
3 -6 1 3 -7 2
I 3 b -6 4

7 1 -6 2
2 - 17 3
3-5 4
TN 1

Note: Game

We note
rounds; i.e.
i (mod 7),

can also be

X —- y corresponds to team x playing team y.

that the schedule is cyclic with respect to the
, the rounds can be played in the order
i+l (mod 7), ..., i+6 (mod 7). Clearly they

played in the reverse order.
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APPENDIX A

Representatives from each of the equivalence classes of

l-factorizations of KlO

Appendix A consists of 3 listings:

Factor 1list - a listing of the 1l-factors Xi
(1 =1, ..., 270) which are contained in the subsequent

schedules.

Schedules by factor number - a listing of the 396
representative schedules. The numbers under the columns
labelled "FACTORS" refer to the 1l-factors in the Factor
list. The "ORDER" is the order of the automorphism
group. The column "HC" gives the total number of
alternating Hamiltonian circuits in the schedule. The
columns labelled "# HAMILT CIRCUITS ACROSS THE FCTRS"
gives the numbers in Plo(Fi) ordered by factor number.
The columns labelled "# 4-CIRCUITS ACROSS THE VERTICES"

give the numbers in QH(Fi) ordered by vertex number.

Auxiliary listing to the list of schedules - The numbers
in PlO(Fi) and QM(Fi) have been ordered from smallest
to largest. This listing gives a partial character-

ization of the 396 equivalence classes.
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REARESENTATIVE SCHEDULES FROM EACH EQUIVALENCE CLASS FOR SCHEDULES OF QRDER 10

SCHEDULES BY FACTOR NUMMCR
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PEPRESENTATIVE SCrCDULES FRCM EACH EQUIVALENCE CLASS FOR SCHEDULES OF DRDER 10
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REPRESFNTATIVE SCHEDULES FRCM EACH EQUIVALENCE CLASS FOR SCHEDULES OF ORDER 10

SCHEDULES WITH CIRCULTS REORDERED FOR EASIER REFERENCE = REFER TO PRCVIOUS LISTING
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APPENDIX B

Computer Program 1

The program (SCHPGM1l) finds and lists all schedules
with 2n teams which include the fixed l-factor Xl « 1B
tests all the schedules for isomorphism and lists the
members in each equivalence class.

The program reads input cards with the following

information:

l. N = number of vertices (corresponds to 2n in the

thesis body).

2. MAXSCH = maximum number of schedules to be gener-

ated and stored.

The program generates and lists all l-factors in
the routine F@RMFAC and stores them in the array FACT@R.
It then forms schedules from these l-factors in the routine
FPRMSCH. The schedules are stored in the array SCHED. The
routine TRANFAC aids in the equivalence testing of the
schedules. It's purpose is to form an array (FTRANS) of
all the mappings which can take place on the l1-factors.
The actual isomorphism tests are done in the routine EQUIV.
It calls two subroutines, FINDSCH and PRINTEQ, to find the
equivalent schedules in the array SCHED and to print the

listings of the equivalence classes.
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The program was run on the 512K IBM 370-145 at
the University of Victoria. It was compiled using the
@3/360 PL/1 F compiler. Compile time was 34.8 seconds.
Core storage was allocated dynamically according to the
values of N and MAXSCH read in. For N = 8 and
MAXSCH = 500 the storage used was 128K and execution time

was 2 minutes.
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SCHPGMI 1 PRCCEDURE CRTICAS (MAIN) 3

% TH1S PGM WILL GENLCRATE ALL J-FACTUAS FOR THE COMPLETE GRAPM WITH
N VERTICES. IT THEN FORMS ALL ROUND ROSIN SCHEDULES wHICH INCLUDE
FACTOR 1. IT ALSC FLRAMS EQUIVALENCE CLASSES AND PRINTS THEM QUT. =/

CECLANE FACTOW (NFAC.N) FIXED HINARY CONTROLLED:
CECLARE FTRANS (NFAC.NEDGE ) FIXED QINARY CUNTRILLED:
DECLARE NSCH (NM2) FIXFD BINARY CCATRCLLED:

CECLARE SCHED (MAXSCH.N) FIXED BINARY CONTROLLED:

GET LIS
GCT LIS
AM1

g
=
N
[T
)
o || =~

"THEN GO T ss2:

LT
ZNN

v
(]
-
.
7
y
I
Z -
MZV e e >»Z
(8]

~iAMh
~~ZT NO ZZwT
# lee |
-
- I
1=
-7
- m
T
N e
-

DIT ('FACTOR®, 'EDGES"') (A.X(12).A):

ECIT (K.(FACTOR(KsJ) DO J = 1 TO N))
(3)+9 (X(3)+sF(3)4F(3))):

$53: PUT PA?' E (*LISTING CF SCHEDULES AND FACTOR NUMBERS FOR 0QDER* ,N)

ED(I-11) DO I} = 1 TO NM2))
13

CALL TRANFAC:
FREE FACTCR:

IF N>3 THEN GO TO SS4%

PUT PAGE EDIT (*FACTOR®, *TRANSFORMAT I

PUT SKIP(2) EOIT (((1+°="40 DO 4 = T+
(X(4)+28 (FU1)sA+F(1)aX(13)

PUT sSKIP(1); 4

DO K = 1 TO NFAC:

) (AX(10),A):

ONS?*
1 TON) DO I = 1 TO NM1))
)

-
.

PUT SKIP(1) EDIT (K+s(FTRANS(K.[J) DO [J = 1 TO NEDGE))
(F(3)e28 (X(1):F(3)))3
END
SS4: CALL EQUIV;
PUT SKIP (1):
PUT SKIP(1) EDIT ((12,SCHED(I2.NM1) DO [2 = | TO NCNT ))
{COLUL)10 (F(4)4F(S5)eX(3)))3
s * vttttac-tttatttttsttt‘stttt-ttttt:tt¢¢ttttttttttntttttt:t-ttttnttctt x/

FORMFAC: PROCECURE:
/7% TO GENERATE ALL THE FACTORS FCR N TEAMS s

DECLARE TATJINTAG) FIXED BINARY CONTROLLED:
DECLARE (TE(NC2).TE(ND2)4TP(ND2)) FIXZD AINARY CONTROLLED:

ALLOCATE FACTCR(INFAC M)3



Al

LY-H

A20:2

END FORNF

/%

TRANFAC:

Vg
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33
0T
hNTA3
AN - 2
TO Al
ALLODCATE

1 N2
(1) = 13

(4]
W LWz
N Zesen)

s | -
-
M

N
g

-

S Z A Z A ] || ee
~-Muo
R

=
- il -
1Z+27

13
THEN DC3
GO TO AZO:

-
)
0l

VTN U
han
-
A =7 O

=]
e~
-

9 I =1 70 ND2%
FACTOR(L+2%1-1) = TAB(TB(I}):
FACTCRIL+221) = {133

1

L
ND
(o] H

+
23
AS
FREE TAB+TB.TE.TP;
AC

»
-
.

TASINTAE) 4 TE(NC2)TE(ADZ2) . TP(ND2)

‘4“t'Oti*l‘#litt##*‘tiﬁtﬁtt.t‘.#ttt.ttt‘tf‘#ttt‘t#‘t“#.t‘&It.tt..t

PRCCEDURE:

ROUTINE TO FIND MAPPINGS OF ALL FACTORS By RELASEL ING VERTICES

DECLARE TEST(N) FIXED BINARY CONTROLLED:
DECLARE SAVE FIXED BINARY:
DECLARE X FIXED (3):

ALLOCATE FTRANS(NFAC,NEDGE),TEST(N):

FTRANS =
IJ = 13
COI =1
oo J
DO

03

TG AML3
= I%+¥1 TG N:

0 THEN GO TO

HEN VM1 =
HEN DO

L

-

N2 = L

*/

Ti13

=/



GO TO T13
ENDZ
ENDS
LI TESTIMI)Y = J3
TEST(wM2) = 13
1T = 13
ra: IF TEST(I1) < TE
SAVE = TEST(I1):
TEST(I1) = TEST(
TEST(Il1+1) = SaAv
T3: IF Il = AML THEN
I1 = 11 + 23
GO TC 7123
T4z 1 = 13
TS: DO I2 = 11+2 TO
IF TEST(I1) <
SAVE = TESTI(1
TEST(I1l) = TE
TEST(12) = SaA
SAVE = TEST(I
TEST(I1+1) =
TEST(I2+1) =
T6: END
IF Il = N=3 THEN
I1 = 11 + 23
GO TG 7S:
TT: 16 = (TEST(2)=-2)
I7 = (TEST(2)-1)
14 = 23
I3 = NEF3
T8: X = 133
I3 = CEIL(X/2);
I€ = 1€+13%(~1)%
IF 1€ > [I7 THEN
DO IS = 4 TO N3
IF FACTGR( 16,
14 = 23
GC TC T103%
END
IF FACTOR(I6.
14 = 13
GO TO T103
END 3
END:
FTRANS(IG.1J) =
FTRANS(K.I1J) = 1
GC TC Ti11:
T10: IF T2 > 1 THEN G
PUT PAGE EDIT (°
GO TO 1203
Tk ENDS
IJ = 1J + 13
END I
END;
T20: END TRANFAC:
e . BEBFARAIF AR AR ARk R a S h kAR
FCRAMSCH: PRCCECURE;
,x

THIS FRCCEDURE PUTS FACT
INCLUDE FACTOR 1 4

L

CECLARE SCHP(AM]1) FIXED E
DECLARE POINT (NEDGE) FIX
CECLARE SVMM(ND2) FIXED E
ALLOCATE FCINT(MNEDGE):

ALLUOCATE SCHP(AM1 )« SVMMIN
ALLOCATE SCFEC(MAXSCh.N):

FOINT = 03

77

THEN GO TO T33

12+1)3

P LT T, A

PMt M=~
m= -
o=~ e

GO 7O T7:

THEN DO3

IS) > TEST(IS) THEN DO:

C TO 7183

ERROR1') (A):

b bR R R e e T T T T |

CRS TOGETHER TC FORM ALL SCHEDULES WHICH

INARY CCNTROLLED:
ED BINARY CONTROCOLLED:
INARY CONTROLLED:

na=15):

®/
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MNCNT = Q3
CO I = 1 TO AM13
SCHP(1) = (1-=1)*NEF+1:
END3
CO 4 =3 TO N BY 23
BN = 03
DG MS = 1 TO FACTOR(1.J):
NM = MM &+ N = M5;
ENDS
MM = MM = N + FACTOR(1+J%1):
PCINT(MM) = 13
END
I = 23
FS: IF (SCHP(I)=1)/(I*NEF) < | THEN GO TO FT7:
IF 1 = 2 ThEN GC TC F20:
F62 SCHA(I) = (I-1)*NEF+1:
I =1-13
DC J = 3 TC N By 2:
MM = 03
DC M§S = |1 TC FACTORISCHP(I).J).
MM = MM &+ N = M5
END?
MM = MM = N + FACTOR(SCHP(I)sJ#+1):
POINT(MM) = (3
END 3
SCHP(I) = SCHP(I) + 13
GO TO FS:
F7: Jl = 03
DC 4 = 3 TC N HY 23
J1 = J1 1:
MM = 03
DC M5 =1 TO FACTOR(SCHP(I’.J?.
MM = MM 4+ N - M5
END3
MFd = NN = h + FACTOR(SCHP(I)eJ+1):
IF PCINT(MM) = 1 THEN GO TO FE&:
SVMM(J1) = HN:
END
IF I = AM1 TREN GO TO F93
C3 Jl = 1 TC ND2-13:
POINT(SVMNM{J1)) = 13
END3
I =1 4 13
GO TO F73
F8: SCHP(I) = SChP(I) + 1:
G0 TO FS:

1000 THEN GO TC F20:
ACNT = ACAT + 13
DO 11 = 2 TC MMLS
SCHED(NCNT I1—1) = SCHP(I1):
ENDS
F10: I = AWML
GU TO Fs;3

F20: END FCRMSCH;
/*x *#Qt.‘#.#.i#!"tOtﬁtttittitt‘ttttttﬂltttttttttt&ﬂ‘##t*ttttt‘tt‘til*‘ ®/

EQUIV: PROCFDURE;

/% HOUTINE TO FIND EOUIVALENCF CLASSES FOR ALL SCHEDULES WITH
FIXED FACTOR 1.,

DECLARE TRTBL (NEF=1.5) FIXED EBINARY CONTROLLED:
ALLOCATE NSCH (nAM2) 3

CO I = 1 TO NCKNT:
SCHED(I«AV1) = [
SCHEC(1+N) = C3
END? .
FLAG = 03 KTRFG = 03 JEXT = 13
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¥ THIS PART EXCHANGES VERTICES OF FACTOR 1
Jd o= 13
JJIM = MN23
Gl DO I = 1 TO NCNT:
Q0 K = 1 TC NM23
NSCHIK) = FTHANSI{SCRED(L.K).JJ) s
END

CALL F INDSCHS
END3

CALL PRINTEZQ:

IF JJM = 0 THEN GO TN G663
JJd o= JJd o+ 1+ 2%JJM2

JIM = JuM - H

GO TC G613

e THIS PART EXCHANGES EDGES OF FACTCOR 1 */

G633 JJ = 23
JJJ = JJ + hMLS
JJJT = NMLZ
JC = 13
JCT = ND2-1:
KTRFG = 13
GT: DO 1 = 1 TO NCNT:
C K =1 TC n¥23
NSCH(K) = FTRANS(FTRANS(SCHED(I+K Y4JJ)sJJIud:
ENDS
CALL FINDSCH:
END:
CALL PRINTEQ:
IF JCT = 1 THEN GG TO G103
IF JC = JCT TrEN GO TO G9:
JC = JC + 13
JJ = JJ o+ 23
JJJ = JJJ ¢+ 23
GU TO G73
G9: JCT = JCT - 13
JC = 13
JJ = JIJ + 23
JIIT = JIIT - 23
JIJ = JJ o+ JIITS
GO 1o G7:

/% THIS PART CREATES A FACTOR | FROM OTHER FACTORS,

WITHOUT EXCHANGING

EDGES.

INITIALLY [T

CREATES A TAILE CALLED TRTAL WHICH wILL HOLD ALL TRANSFORMATIONS

NEEDEOD TO CCNVERT A FIRST FACTCOR INTO FACTOR 1.

G10: ALLOCATE TRTIL (2:NEF.5):
TRTABL = 03
KTRFG = Z3
CC J = 2 TC NEF:
D0 K = NM1 + NMLI TC NEDGE:
IF FTRANS(J+K) = 1 THEN DO3
TRTOL(Js1) = K3
GO T2 B1:
ENDJ
LY H
B1: END3
JCTR = 13
815: JCT = 03
DO J = 2 TGO NEF:
IF TRTBL(Js1) ~= 0 THEN GO TO B3:
DO JJ = 2 TG NEF:
IF TRTBLIJJIICTR) = O THEN GO TO 843
DO K = AM1 & NM1I TC NEDGEC:

*/

%/
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IF FTREANS(J.K) = JJ THEN DO:
TRTEL(J+1) = K
Ji1 = 23
TRTEL(JeJ1) = TRTHL(JIGJI1=-1)3
IF TRTEL(JJ,J1 = 0 THEN GG TO B3:
IF J1 = S5 THEN DO
PUT EDIT ('ERROR TRTBL®) (A):
GC TO SSEND:
END:
J1 = J1 + 13
GC 70 B32:
END
ENDS
END3
JCT = JCT + 13
END:

IF JCT = ¢ THEN GO TO B5:

JCYR = JCTR + 1:

IF JCTR ~= 5 THEN GC TC €153
PUT EDIT (*ERRQOH2 TRTBL') (A):
GO TO SSEND:

THIS FART WILL THEN LINK LATER FACTORS TO A FIRST FACTOR.

CO JFAC = NEF + 1| TD NFAC:
JF = (JFAC-1)/NFF;
DO JJ = N TO 28N=3;
IF FTRANS(JFAC.JJ)

J > NEF THEN GO TO B7:.
KK = FTRANS(JFAC,JJ):
g 7C

IF KK = 1 THEN G B203:
GC TO 883
END3

PUT EDIT (*ERROR3') (A):
GC TO SSENC:

DC I =1 TC NCNT:
IF SCFED(1+JF) == JFAC THEN GO TO 812
Kl = 13
Jl = 13
J2 = FTRANS(1,.,4J)3
0C J3 =1 TO S
IF TRI8BL (XK,J3) = 0 THEN GO TO B89:
J2 = FTRANS(J2,TRTBL(KK.J3)):
END:
NSCH(K1) = J2:
IF K1 = NM2 THEN GC TO Bl1:
IF J1 = JF THEN J1 = J1 + 1
J2 = FTRANS(SCHED(1,J104,JJ)3
Kl = K1 + 13
JI = Jl + 13
GO TO BES:
CALL FINDSCH:
END:

CALL PRINTEG:
END3J

‘*.lt*.#.“‘iti‘.t“ti#!itt*i“#ttttttil.t‘.“#tttt&t‘-t.t‘tt‘tltt*t

CH: PRNCECURES:
FIND SCHEDULE IN TAGBLE AND FCORM ECUIVALENCE CLASSES

CECLARE SAVE FIXED HINARY:
CECLARE X FIXED (3):

BO KI = 1 TQ AMZ-1:
OC K2 = K141 TC AM2;
IF NSCH(K1) < NSCH(K2) THFEN CO TO E4:
«SAVE = ASCH(X1):
RSCHIK1) = NSCH(KZ2):
NSCH(K2) = SAVE:

=/

*/
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E4: ENDS
END ¢ "
I6 = 03
I3 = NCAT:
4 = 23
ES: X = [3;
I3 = CCIL(X/2):
I6 = 16 + [3%(=-1)3%]4:
IF I6 > NCNY ThEN 16 = ANCNT :
IF 1€ < 1 THEN [6 = 1:
CO IS5 = 1 TC Av2;
IF SCRED(I6.,1I5) < NSCH(IS) TFEN DO:
14 = 23
GG TC E110:
END:

IF SCFED(I6.15) > NSCH(IS) THEN DO:
4 = 13

GO TO £10:
END3

éF §CHE?(IE;NHI‘ = SCHED(I.NM1) THEN GO TO E12:
LAG = H
;HEAD = SCHED(I.AM1):
7T = 13
E62 IF SCFEC(I7.N) = 2 TFEN GO TO E7:
17 = SCHED(L7«N)3"
GN TO E6:
ET: SChEC(I74N) = SCFED(I6,AM1);
I6 = SCHED(ILA4AM])
ES: SCHEC(TAeNM1 ) = [HEAD;
1F SCHEQ(I6+N) 0 TREN GO TO El12:
I6 = SCHEN( 16,
€0 TO EB;

N)3

E10: IF X > 1 THEN GC TO ES:
PUT PAGE EDIT (*ERROR SEARCH®*) (
PUT SKIF(1) ECIT ((NSCH(IS) DO I
GO TC SSEND: i

)

A3
S =1 TO NM2)) (10 F(5));

E12: END FINDSCH:

,E ti##ttt.’#‘#."tQit‘#"t*ttt!'**t#t“##!i*tt#**ti‘ttt‘i#*tt‘tt*‘.t‘l =/

PRINTEQ: PROCEDURE:
/% PRINT ECUIVALENCE CLASSES LV
IF FLAG = C TFEM GO TO P20
PUT PAGEZ EDIT (*EAQUIV. CLASSES AT EKCHANGE';JEXT) (AsF(5)):
IF KTRFG = 2 THEN PUT SKIP(1) EDIT (*EXCHANGE 0OF FACTORS') (A):
IF KTRFG = 0 THEN DO:

CALL CaLCLE:
PLT SKIP(1) EDIT (*LAEEL CHANGE*sL1+*=",L2) (A.Fl4),AF(2)):

END 3
IF KTRFC = | TFrEN DO
CALL CALCLB:
L3I = L1;3
L4 = L2
JJd = 2303
CALL CALCLR:
PUT SKIP(1) ECIT (°*LACGFL CHANGES * oL 34 *=* L4 ,L1,%=%,L2)
(AQF‘Q'Q"F(Z)OX(3’.F(2,u‘oF(2,1=
END S
KCT = 03
DO Il = 1 TO NCNT:
IF SCHED(I1sN) = 0 THEN KCT = KCT 4+ 13
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PLT SKIP(2) EDIT (*#CLASSES = *+KCT) (ALF(5)):
IF KCTY = 1| THEM GO TO SSEND:
FLAG = 0¢
JEXT = JEXT & 13
CALCLE: PRIOCEDURE
Yo = |3
DO M5 = 1 TC nM1g
ME = MH + N - MS;
IF M5 > JJ TFEN GO TO PS:
END:
PS: L1 = MS5;
L2 = N 4+ 1 = M6 + 33
END:

P202 END PRINTEQ;
END EQUIV:

SSEND: END SCHPGMI1:

’* t"&.##‘tt"“'.‘tii‘*.t‘ttt“‘tltttt‘t*tttt‘t#‘ltt.C“.tt.t“tlllt‘ =/
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Computer Program 2

The main program (SCHPGM2) finds representatives
from each equivalence class of schedules with 10 teams. It
will also work for schedules with 4, 6 and 8 teams.

As a representative from each new equivalence class
is generated, a line is printed and a card is punched. The
main purpose of the punched output is for restart purposes.
The program also prints totals for each equivalence class
at the end of every level break for l-factors from w2 and
w3 (see Lemmas 3.6, 3.7 and 3.8). Cards are punched at
every level break for l1l-factors from w2. These cards are
used as input to the program PUNCHUP.
| The program SCHPGM2 reads.ihput cards which contain
the following information:

1. N = number of vertices (corresponds to 2n in the
thesis body).

2. NH = partition on Hamiltonian circuits with the
first 1-factor Xl (corfesponds to 2y in
¢(10,u) of Lemma 3.12).

3. N@NH = an array of a maximum of 6 possible values
of 2p not to be included in the array
PlO(F) for any schedule (see Lemma 3.12).

4, NF2 = starting value for the l-factor from W2.

If NF2 = 0 then the program assumes it is
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to generate schedules starting with the first

l-factors in W, and W,; i.e., it is not

2 3
a restart procedure.

5. NF3 starting value for the 1l-factor from W,.

3

6. NNN estimated number of equivalence classes for

this partition &(10,u).

7. NNIS = number of representative schedules to be
read in and stored in PSCHED. NNIS =0 if
it is the first run for the partition.

8. PSCHED = the array where representatives from each
equivalence class are stored. If NNIS = 0,
then there are no cards to be read in and the
program generates all members of PSCHED. If
the program is being restarted, any earlier
generated representatives are read in by card

and stored in PSCHED.

The program generates all l-factors in the routine
TFZRMFC. The routines FACTEST and FTRATST perform the
isomorphism tests described in Lemmas 3.6, 3.7 and 3.8 and
store all relevant l-factors in the array FACSYV.

The routine TF@RMSC is the main schedule-producing
routine. It calls three subroutines: TCYCLCT, TIS@M and
PRIS@M. The routine TCYCLCT counts k-circuits and forms the

arrays CYCLF and CCT which correspond to PlO(F) and Qu(F)



85

(see Chapter 3) respectively. The routine TIS@M tests for
isomorphism. In particular, TIS@M stores characteristic
information regarding each equivalence class which can be
useful for isomorphism testing. It performs the tests
described in Lemma 3.9 parts 1 and 1ii. If necessary
it calls the subroutine TEQUIV to perform the test from
Lemma 3.9 part iii. TEQUIV maps k-circuits onto k-
circuits in an order based on low-multiplicity of numbers
in PlO(F) and QQ(F). It calls three subroutines to aid
it: FILMPC2, MAPCHEK, and ECHECK (which is the final
isomorphism check). If a new equivalence class has been
found, TIS@M calls TMPCIR to find the best combinations of
l-factors to use for mappings of k-circuits for this equival-
ence class. TMPCIR calls two subroutines, FILMPCC and
CHECKS, to help it accomplish this. The purpose of the
routine PRIS@M is to print and punch the representative of
a new equlvalence class.

The program PUNCHUP summarizes the cards punched
from SCHPGM2. OQutput from PUNCHUP consists of one card for
every equivalence class (396 cards in all for Klo) with

the following information on it:

1. Card identiflcation: "3".

2. The value of 2u for the partition &(10,u).
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3. The sequence number as it was generated by
SCHPGM2 (within &(10,u)).

The total number of Hamiltonian circuits.

=

5. The total number of members in the equivalence
class with the fixed l-factor Xl.
6. Labels for the l-factors in the representative

schedule.

The program SCHLIST reads the cards punched by
PUNCHUP and produces the listing given by Appendix A.

The programs were run on the 512K IBM 370-145 at
the University of Victoria. They were compiled using the
@#S/36Q PL/1 F compiler with full optimization (QPT = Z)f
Compile time for SCHPGM2 was 80.3 seconds. Storage was
allocated dynamically and varied between 102K and 164K
according to the value of NNN (the estimated number of
equivalence classes for the partition ¢(10,u)) read in.
Total execution time for all runs to solve the problem of

- the l-factorizations of K added to 770 minutes.

10
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A2:

AS3
Al10:
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u23 PROCEDURE CPTICAS (MAIN)S

THIS PROGHAM TAKES CARD OUTPUT FROM SCHPGM2 AND PUNCHES
CARDS » ®/
DECLARE PUNCH OLTPUTZ
CECLARE CARDI(1S) FIXLED DECIMAL(ES) S
DECLARE CARNZ2(14) FIXED CECIMAL(S) S
DCCLARE (PCD,TNT) FIXED CECIMAL(S):
OPEN FILE (PUNCH) OUTPUT 3
FFG = 0%
CARDZ2(1)Y» = 33
GET SKIP(1) EDIT ((CARDL(I) DO I = 1 TO 15)) (15 F{(5));
[F FF53 = 1| THEN GO TO A23
FFG = 13
CO TO A3
IF CARD1(4) = PCD ThHEN GC TO AS:3
CARNZ2(3) = CARD2(3) + 1:
CARD2(S) = TCT:
PUT FILE (PUNCH) SKIP(1) EOIT ((CARD2(J) DO 4 = 1 TO 14))
10 FIS)):
IF CARD1(1) = 0 TREN GO TO Al10:
IF CARD2(2) = CARDL1(2) THEN GU TO Aa:
CARD2(3) = C:
CARD2(2) = CARDI(2):
CARD2(4) = CARD1(3):
CO J = 7 TO 183
CARD2(J=1) = CARDI(J):
END S
TIT = 03
PCD = CARDI1(4)3
IF CAHDI(3) = 110 THEN TOT = TOT ¢ CARD1(6)%20:3
ELSE TOT = TOT + CARDI(H) % 483
GO TC Al

END PUNCHUP

SUMHARY

(4 FIS)Y«X({S),

LR R R R R L R R R R L R R e e R R L e e P R L

*/
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SCHL IST: PRICIDURE CPTIONS (MAIN):
e THlﬁ'PGW WILL MAKE PROPER LISTINGS 0F SCHEDULES FROM CARKD INPUT. x/

CECLARE FACTOR (1C0C.10) FIXED IINARY:

CECLARE SCHEDR (4C0,9) FIXED SINARY:

DECLAE HCTOT(A00) FIXED SINARYS
DECLARE AUTCM(400) 3

RE CYCLF{4C0+9) FIXED HINAIY:
CT{4CCH10) FIXCND HINARY:

= WURK(10) FIXED 3INARY:
DFCLARE CYCT FIXFD PINAAY:
OECLARE CYC(1G) FIXED HINANYS
DECLARE FACWK(1000) FIXER OINARY;
DECLARE OCYCLF(4C0.G) FIXED SBINARY:
DECLAIE DCCT(4CGC10) FIXED BINARY:
CECLARE ax(10) FIXED HINARY;

DECLARE SYSPRINT PRINT:
O2EN FILE (SYSPRINT) PAGESIZE (100):

GET LIST(N):
N¥l = N=-13

1
$52: NC = N

$53: NFAC

SS4: IF N1 =0 T
A8 4+ NI

TO ND2:
= PERM&L;

PERM = PERMENVM]*2%%ND2 3

NCNT = 03
TA = H
SS102 NCNT = NCNT+1:

GET SKIP(1) EDIT (ICO+HCTOTINCNT), AUT
TO NM1)) (FI(S)eX(10DVeF(S).F

TA = TA + AUTCM{NCNT):

IF ICO = 3 THEN GO TO SS103

NCNT = NCNT=-1:

OM(N (SCHEND(NCNT.J) DO o = 1|
(51, 113

CALL FORMFAC:
FACIK = 0:
DO I = 1 TO NCNT:

DO J =1 TC AM13
FACWK{SCHED(L+J)) = 13
03

CALL CYCLECT:
CALL TORDER;

CALL ,PRINT:
GO TO Ss30:
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(5]
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PUT PAGE EDIYT (*ERRUR CARD®+KCYCT,HCTOTI(K)) (A3 F(S)):

LR LR R R R e T YR et

FORMFAC: PROCCEZOURE:

,x

TO GENERATE ALL THE FACTURS FOR N TFAMS */

DECLARE TAH(NTAB) FIXEC EINARY CONTROLLED:
DECLARE (TRIND2)+TE(NOZ2)+TPI(ND2)) FIXED BINARY CONTROLLED:

A2 ALLOCATE TAB(NTAB) «TBINDZ2)+TE(ND2) «TP(ND2) 3
CO I =1 YO N3
TAB(I) = 13
END3
Nl = N3
N3 = 13
D3 I = 1 TC ND2:
TE(L) = N33
TP(I) = N3:
N3 = N3 + NI1: .
TE(I) = N3 - 12
N1l = N1 - 23
END3
I = 4%
AS: TP(IY = TR(IY + 13
IF TP(I) > TE(I) THEN DO:
IF I = 1 THEN GO TO A20:
TP(I) = TO(I):
I =1-13
GG YO AS:
END 3
IF 1 = ND2 THEN GO TO A7
K = Ta(I+1)3
DO J = TB(I) + 1 TO TE(IY:
IF J = TP(I) THEN GO TO A6:
TAB(K) = TAB(J):
K =K + 1
A6: END:
I =1 « 13
GO TC AS;
AT DO I =1 TC ND23
FACTOR(L»TAB(TB(I))) = TAB(TP(I)):
FACTOR(L.TASB(TP(I))) = TAB(T3(1)):
END?
L =L + 13
I = ND23
GO TC AS:
A20: FREE TAS,TH.TE.TP:
END FORMFACST
Ve L T T i il I I T I
CYCLECT: PROCCDURE:
Tk THIS FROCEDURE CCUNTS ALL CYCLES BETWEEN ANY T®WO FACTORS AND ALSO
COUNTS THE NUMBER OF TIMES EACH FACTOR IS CONTAINED IN EACH TYPE
OF CYCLE. */
Ve ROUTINC COUNTS HeCoe®S CR NON=-H.C'S ONLY,., %/
/x THIS PRINCEOURE ALSO ENLMERATES THE NUMHER OF 4=-CYCLES INVOLVING
EACH VERTEX,. THIS IS USEFUL FOR CHECKING [S3OMIRPHI SM. =/
CYCLF = 02
CCT = 03
PC K = 1 TO NCNT;

®/

=/



CYCT = 03
DI I =1 TO KM2:
DC J = I+#1 TC NM1:
WK = O3
It = 13
JFG = (@1
cl: Il = 11C3
ICT = 03
c2: 12 = FACTCR(SCFED(K+I),11)3
ICT = ICT + 1
wK(I1) = 13
WK(I2) = 1:
CYClICT) = 113
[1 = FACTCR(SCHED(K,J),12):
ICT = ICT + 1:
CYClICT) = 12;
IF Il = 110 THEN GC TO C3:
GO TO C2;
33 IF JFG = 1 THEN GO TO CS5:
IF ICT = N THHEN DO:
CYCT = CYCT + 13
CYCLF(KsI) = CYCLF(K,1)
CYCLF(K+J) = CYCLF(K.J)
GC TC C6:
END
JFG = 13
CS: IF ICT = 6 THEN GO TO C7:
DI 16 = 1 TO 4:
I7 = CYC(16):
CCTUKGIT) = CCTIKLI7) + 1
END 3
Ccr: DC I3 =1 TO N:
IF WK(I3) = o THEN DO:
I10 = 133
GC YC C1:
END:
END;
C6: END3
C10: END:
IF CYCT -= HCTOT(K) THEN GO TO 5520:
END

END CYCLECT:

el ttttt##!“t*'..’t“'t#t‘#t‘#t‘tttt##“t“*#ttttttl-‘ttltttt‘l*it“‘i‘

TORDER: PROC

90

EDURE :

x/

/* ORDERS K=-CIRCUITS ACROSS THE FACTORS AND 4=CYCLES ACRNSS THE VERTICES®/

DO I =

TS: MINL

TA: END:

TO NCNT:
= 1 TC NM1:
(J) = CYCLF(I.J):

) = WK(MINL):
FEN GU TO T8:

1
WKCMINL) THEN WMINL

J

-
]



92

LINCTY = 03
PUT PAGE FOIT ('RFPRESENTATIVE SCHEDULES FROM EACH EQUIVALENCE CLASS FOR *
» "SCHEDULES CF GKDER"® «N) (AsAF(3)):
IF IFLG = 0 THEN DO;
PUT SKIP(2) EDLIY (*FACTOR LIST*) (A):
PUT SKIP(2) EDIT (*"FUTR? ,'EDGES* 4 *FCTR","EDGES? )
(AX(S)eAsX(35)sAsX(S5)aA):
PUT SXIP(1):
END;
IF IFLG = 1 TFHEN DC:
PUT SKIP(2) EDIT (°*SCHEDULES DY FACTOR NUMHER') (ad:
PUT SKIP(2) EOIT ('SCHED', % % & = FACTORS ® x & xe,
YORDER® 4 *HC® y*# HAMILTY CIRCULTS ACROSS THE FCTRS',
*# 4-CIRCUITS ACROSS THE VERTICESY)
(AJX(4)sAX(1)sAX(2)sAsX(2)sAsX%X(8),A)2
PUT SKIP{(1):
END3

IF IFLG = 2 THEM DO:
PUT SKIP(2) EOIT (*SCHEDULES WwITH CIRCUITS REQRDERSD FOR EASIER *,
*REFERENCE = REFER TO PREVIOUS LISTING') (As,A)3
PUT SKIP(2) EDIT (*SCFEN'+"HC*,'# HAMILT CIRCUITS ACROSS THE FCTRS®,

*# 4-CTRCUITS ACROSS THE VERTICES*")
(A X(2)sAeX(Q)sAsX(4)A)S
PUT SKIP(1): 5
END:
END HKEAD:

END PRINT:
$530: END SCHLIST:

Ve Lt R R R A e P P T I x=/
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SCHPGMP: PRUCENURE CPTICNS (MAIN) 3

S

SSi:

ss52:

5532

5542

58§85:

THIS FROGRAM FINCS REPRESENTATIVFS FRUOYW EACH EQUIVALENCE CLASS

OF SCHEDULES wiITH 10 TEAMS, IT wILL ALSO WORK FOR SCHEDULES WITH A
SMALLER NUMEER 0OF TEAMS,. IT ALSO PERFURMS CERTAIN STEPS TUOJ4ARDS THE
COUNTING CF THE NUMBER (OF MENMBERS IMN EACH EQUIVALENCE CLASS. */

DECL ARE PUNCH OQUTPUT:

CECLARE FACSV (NFACJNP1) FIXED BINARY CCNTROLLED:
DECLARE NONH(6):

DECLARE ISCMTE(2.NEF) FIXED BINARY CONTRCLLED:
CLCLARE PSCHEC(NMANGNML) FIXED BINARY CONTROLLED:
DECLARE FF{NFAC) FIXED 3INARY CCATRCLLEDS

OPEN FILE (PUNCHK) OUTPUT:

GET LIST (N):

PUT EDIT ("INPUT INFORMATICN®) (A):
PUT SKIP(3) ECIT ("NUMBER OF VERTICES®.N) (A+F(5)):
IF N =10 | N=8 | N=6 | N =24 THEN GG TO SSi13
GO TO SS103

NPl = N#+13

Ndl = N=13

AM2 = N=2Z3

ND2 = N/2;

N9GS = 9493

NEF = 1|3

NC = 1%

NC = NC + 23

I[F NC > N-2 THEN GO TO SS3:

NEF = NEF®NC3

Gl TO SS23

RFAC = (N=1)#NEF;

NTA3 = 03

Nl = N&

IF N1 = 0 THFEN CO TO SS53

NTA3 = NTAB + N1

N1 = N1 = 23

GO TC SS4:

GET LIST (NH):

PUT SKIP(2) EDIT (*PARTITION ON MAMILTONIAN CIRCUITS SITH FIRST FACTOR"*,
* OF EVERY SCHEDULE® 4Nri) (AsA.F(5)) i

IF NH € 0 NH > NM2 THEN GO TC SS10:

IF MODINHe2) = 1 THEN GO TD SS10:

GET LIST ((NCNH(J) DC J = 1 TO 6113

PUT SKIP(2) EDIT (*HAMILTONIAN COUNTS NOT INCLUDED" &
(NCNH(J) DC J = 1 TO 6)) (A.6 F(S5))3
GEY LIST (ANF2.NF3):
PUT SXIP(2) EDIT (*STARTING VALLES FOR SCHEDULES*) (A):
PUT SKIP(1) ECIT (*FACTAOR 2%'. NF2) (A.F(5)):
PUT SKIP(1) EOIT (*FACTOR 3°. AF3) (A+F(5)):
GET LIST (NNN):
PUT SKIP(2) EDIT (*ESTIMATED NUMBER OF NON=ISOMORPHIC SCHEDULES® ,NNN)
(AF(5)):
CET LIST (ANIS):
PUT SKIP(2) EDIT ('NUMBER OF NCN=ISCMORPHIC SCFEGULES READ IN'WNNIS)
(AF(S)):
ALLOCATE PSCHED(NNNysNML ) 3
DO L =1 TC AnIS:
GET SKIP(1) EDIT ((PSCHEN(L+J) DO J = 1 TO NM1)) (X(15)+9 F(S5)):
PUT SKIP(1) ECIT ((PSCFEC(L.J) DO J = 1 TO NML1) ) (9 F(S5)):
END:
PUT PAGE EDIT (*FACTOR®,"EDGES*) (A.X(12),A):

PUT SKIP(1)3
CALL TFORMFC:
PUT PAGE EDIT ('LIS I

¢« ' AND PARTIT
PUT SKIP(11}:

NG CF SCHEDULES AND FACTOR NUM3ERS FOR ORDER® 4N.
.

I
CN*®*oAH) (AF(2)sA,F(3)):
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CALL TFORMSC:
PUT PAGE ECIT (*END OF JOE') (A):
GO TO SSEND:

5510: PUT PAGE EDIT (*[NCURRECT DATA') (A):

Fe R A AL R R i I I I ™ b A R R R P R T */

TFCRMFC: PROCEDURE:
/,* TO GENERATE ALL THE FACTOURS FOR N TEAMS x/

CECLARE TAB(NTAB) FIXED DINARY CCNTROLLED:

DZCLAIE (THIND2).TE(ND2) . TP(NDZ)) FIXED BINARY CONTROLLED:
DECLARE WOKKL1(N) FIXED DINARY CONTROLLED;

DECLARE wOPK3(N) FIXED S INARY CCNTRCLLEOD:

CECLARE FCTR(N) FIXED BINARY CCNTROLLED:

DECLARE WCRKS(NFF,NP1) FIXED BINARY CONTRULLED:

DECLARE wKSV(24+N) FIXED EINARY CCNTROLLED:

ALLOCATE FACSV(NFAC.NP1):
ALLUCATE wWCRK] (
ALLOCATE WORK3(
ALLICATE TAH{NT
ALLOCATE FCTR(N
ALLOCATE WORKS
ALLOCATE wWKSV(2

e

A

- e

mep?T

ALLIOCATE ISCWMT
ALLOCATE FF(NF

-~

"~

Il
no

.
o

=
-
0
1]
o0 o
QOO
PR

U LETY - T
-

IHC =
LM =
150470

>
oo (]
-
-
-

END

(=]

W uwz
n Zevas D

B L
M
s -

-~ e =
zZ 2z

=Mt V@
o o
-l -
| Z+22

S ZAZ A ] es
o |-
-
.

m
Z
<

I =
A5 TP (
IF

¢ 1 TO TF(I)Y:
(I) THFEN GO TO A6:
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A20:
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TAB(K)Y = TAB(J):
K = K ¢ .
ENNDS
I =101 4+ 13
GO TC AS:
Cd 1T = 1 TC ND2:
FCTH(2%[=1) = TAR(Ta(I)):
FCTR(221) = TAE(TP(1)):
ENDZ
LL = LL + 13
CALL FACTEST: .
I = ND2:
GO TC AS:

FREE WORKS:

"'tl‘t..‘.‘30.l.“"lO"*.‘1‘.*‘.#*’!*“.‘t.1".‘#.‘.“‘&#"“““#

FACTEST: PROCEDLRE:

/e

w3z

L L

ws:

STORES IN AN ARRAY CALLED FACSV ALL FACTORS WHICH wILL COURINE
WITH FACTOR 1. DEFENDING ON INPUT DATA ONE OR SOTH OF A
NON=FHAMILTONIAN AND A HAMILTCNIAN FACTOR 2 ARE PICKEN.

FINALLY FACTOR 3'S ARE CHOSEN TO BE NON=ISOMUORPHIC WHEN COM3IINED
wWITH FACTGR 1 AND 2, *x/

IF FCTR(2) = 2 TREN DO:
IF L¥ = 1 THFFN GO TO w203
LY = 13
FF{1) = 13
ISOMTS (141) = NEF:
PUT SKIP(1) EDIT (LL.(K3 DO K3 = 1 TC N)CsNEF)
(Fl4)sS (X(2)s2 F(4))):
GO TO w20
END:
DO K2 = 1 TC N EY 2:
WOCRKI(FCTR(K2)) = FCTR(K2+1):
WORKI(FCTR(KZ+1)) = FCTR(K2):
END;
DO K2 = 1 TO N
IF WOSK3(K2) = wORKI1(K2) THEN GO TO wW20:
END;
It = 23
ICY = 1
Il = wWORK3(I1):
IF Il = 1 THEN GO TO w53
IF “00(11+2) = 0 THEN DG
11 = 11-1:
GO TO wa:
ENDZ
Il = [1+1:
ICT = (CT + 13
GO TO w3:
IF NH = 0 £ ICT = ND2 THEN GO TO w203
IF NH = NM2 & ICT == ND2 THEN GJ TO w20:
IF FCTR(2) = 3 TFEN DC:
IF ICT = ND? THEN DO:
IF MFLKH = 0 THEN DO:
PFLH = 13
LM = LV + 13
DO K3 = 1 TO N3
FACSV(LM.K3) = WORK3I(K3):
WKSVILM=14K3) = FCTR(K3):
END:

FACSVILM,NPL) = 13
FF{LM) = LL:

END 2

MHC = NHC + 13

=/
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CO 1 =1 7TC LMV2;
EQU(2.1) = 0:
D3 J3 = 1 TO M3
IF WCRKS(I.J3)
EQUl(J114+8) = 03
GO TC D238
D37: END;

~= FACS5V(J12,43) THEN GO TO D37:

D38 END

D30: WKl = C:
Il = 132
ICTT = 0:
D1: I3 = 13
11sv = 1
D2 12 = FACSV(1.I1):
FCYC(13) = 12
WKL (I1) = 13
WK1(12) = 13
I3 ® 13 +.13
Il = FACSVI(J12,12)3:
FCYC(12) = [1:
IF 11 = (1Sv THEN GO TO D3:
I3 = 13 + 1
GO TO D2:
03: ICTT = 1CTT + [3:
D0 Ia = 1 TC N3
MAP(I4) = 4
END
IBK = 03
J2 = 13
D52 DO J1 =1 TC 13:
MARP(FCYC(JI)) = FCYC(MOD(JL +J2,13)+1):
END:
GO TC DA;
D143 J2 = 13
IBK = 13 .
D1S: J3 = [3 - 23
D3 Jl = J2 TC J2¢1372-1:
Ja = FCYClJl):
J5 = FCYC(NCO(JL+J3.130+1);
MARP(J4) = =3
MARP(JS) = J4;
J3 = J3-2:
END 3
D8: CO I =1 YO LLM™M2:
IF ECU(JL1.1) = 0 THEN GO TC D73
DO J2 =1 TC N3
WK2(MARP(J3)) = MAP(WORKS([.J3)):
END 3
IF wK2(1) ~= 4 THEN GC TO D7:
DO J4 = 1 TC LM2:
DO JE = 2 TC NM1i:
IF WK2(JS) == wORKS(J4,J5) THEN GU TO D63
END3
IF EQU(J11,.1) = EQU(J11+J4) THEN GO TO D7:
IF ECU(J11.1) < EQU(J11+,J4) THEN DO3:
JT7 = ECUtJILL LI
J8 = EQUIJ11+J4):
END:
ELSE DC:
J7 = EQUIJLI1+J4);
J8 = EQU(JI1.TI);
END:
00 JE = 1 TO LM2:
IF EQUIJ114J€) = JE THEN EQUIJ11.J8) = J7
END:
GO TC D73

[P ENDJ
PUT SKIP(2) EDIT ('ERROR IN FTRATST') (A):
GO TO SSEND;
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BD10:

D34:

D32:
D33:

D122

D13:

W20:
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END
IF IBK = 0 ThREN DC:
J2 = J2 + 2:
IF J2 = [2-1 THEN GO TO 014
GC T4 05:
END:
IF 42 = [3/2 TREN GO TN D10:
J2 = 42 '+ 1:
GJ TC D15:
IF ICTT = N FEN GO TO D34:
BO Il = 1 TC N3
IFf WK1(Il1) = ¢ THEN GC YO D1
END
IF Nh = 0 | N = NM2 THEN GO TC C12:
IF J11l = 2 THEN GO TO D12:
Ji12 = 33
Ji11 = 23
DO 1 = 1 TC LM2:
PO J3 = 1 TO N3
IF WCAKS(I1+J43) -~= FACSV(J12,J43) THEN GO TO D32:
EQU(J11.1I) = 0
GC TG 033:
END:
EQU(2+I) = 13
END:
GO TO D3cC:
CO I = 1 TC LM2:
IF EQUIL.TI) = [ | EQU(2,I) = 1 THEN DO:
KCT1 = @03
KCT2 = 03
DC J =1 7C LM2:
IF FQU(1+J) = [ THEN KCT1 = KCT1 + 1:
IF ECU(24J) = I THEN KCT2 = KCT2 + 13
END:
LM = LM + 1
IF KCT1 > 0 THEN ISCMTH(1.LM) = KCT13:
IF KCT2 > 0 THEN ISCMTB{(2.LYM) = KCT2:
DO K3 = 1 TO NP1
FACSV(LN.K3) = WORKS(I.K3):
END:
FF(LM) = FF(LMS+]1):
KS = 13
DO K& = 1 TO N3
IF K4 > WORKS(1.K&4) THEN GO TO D13:
WK3(KS) = K43
WK3(KS+1) = WORKS(I.K4a):
KS = K5+423 ’
END
PUT SKIP(1) EDIT (FF(L (WK3(K3) DO K3 =1 TO N)» WORKS(T«NP1),
KCT1.KCT2) (F e9 (X(3)e2 F(a))):
END: . E
END:
END FTR4TST:
END FACTEST:

ENC TFCRMFC3:

Ve

TFCRMSC:

s

EEE LT

PRO
THIS FR

DECL ARE
CECLARE
DECLA2E
DECLARE
CECLARE
DECL ARE
DECLARE

“*t‘tt‘tt#‘#tt*“t!“.t#‘#“tt!"tlt.“"..#t-t##tit!.t*t'tt‘
CEDURE

OCECURE FUTS FACTUORS TCGETHER TO FORM SCHEDULES. x/
SCHP(NM1) FIXED EINAHY CCNTROLLED:

CYCT FIXED BIMARY

CYCLF (nMY ) FIKEG BINARY CCNTROLLED:

SSCHPIN) FIXED BINARY CONTROLLED:

WORK(AMIWN) FIXEDR BINARY CONTROLLED:

(AKIN) 4CYCIN)ZCCTIN)) FIXEDQ BINARY CONTRILLED:

PWURK (AANAMIWN) FIXED BINARY CCONTROLLED:

=/
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DECLARE PHAMIL(ANN) FIXEC BINARY CCNTROLLED:
CHFCLARE PFACTR(ANNCAMIL2) FIXFL BINARY CONTROLLED:
CEZCLARE FSING(NML) FIXED dINARY COCNTROLLEDS
CECLARE FDOUB(AML) FIXED BINARY CONTROLLED:
DECLAIE PVERTX(NNNSNG2) FIXED EINARY CUNTROLLED:
UDLECLARE VSINGI(N) FIXED AINARY COCNTECLLEC:S
CECLARE VOCUB(N) FIXED BINARY CCONTRCLLED:
CECLARE CFACTR(O0:N.2) FIXFD BINARY CONTHILLED:
DECLARE CVERTX(O0:INPL2) FIXED BINARY CUONTRCLLED:
DECLARE MPCC(N) FIXEC AINARY CCNTROLLED

DECLARE MAPP(N) FIXEC BINARY CCNTRALLEC:
DECLARE WTEST(N) FIXED DINARY CONTROLLED
DECLARE TCYCPIN) FIXFC HINARY CONTROLLED:
DECLARE WK1(N) FIXED BINARY COANTROLLED:

CECLARE FITOT(NAN) FIXED DINARY CONTROLLED:
CECLARE F2TCTI(NNA) FIXED EINARY CONTROLLED:
CECLARE PMPCCINMNN) FiXED AINARY CCNTRCLLED:
DECLARE PCLINNN) FIXED SINARY CONTROLLED;
DSCLARE PCFAC(ANN,2) FIXEC BINARY CCNTROLLED:
DECLARE PSVI(ANAN,2) FIXED BINARY CONTROLLED:
DECLARE PSVL1{NAN.2) FIXEDO SINARY CCNTRULLED:
DECLARE PSV2(ANA.2) FIXEC DINARY CONTROLLED:

CECLARE PSVL2(NNN+2) FIXED HINARY CCNTROLLED:
CECLARE PSYMM(NAN) FIXED BINARY CONTROLLED;

ALLOCATE SCHP(NM]):
ALLOCATE CYCLF (AM
ALL JCATE SSCHF(N);
ALLOCATE WORK(NM] N
ALLNCATE wWK(N),CYC(
ALLODCATE PWCRK(NAN, 1eNlse PHANMIL(NNN)y PFACTRONNNJNM1,2):
ALLICATE FSING(AML) +FDOLB(NML)

ALLOCATE PVERTX(NAN.Ne2), VSINGIN) s VDOUB(N) :

ALLOCATE CFACTR(CiIN+2)e CVERTX(O:INP1,2):

ALLOCATE MPCCA(N)y» MAPP(N)y ATESTI(N):

ALLOCATE TCYCP(NY,s WKI(N)3

ALLOCATE F3TCT(ANN)
ALLOUOCATE F2TCOT(NNN)
ALLOCATE FMPCC(NNN,
ALLOCATE PSVII(NNN.2
ALLOCATE PSYMM{NNN)

Nls PCLINNN)s PCFAC(NNN,2):
Vo PEVLL(NNNG2) s PSV2INNNG2 ). PSVLZ (NNN.2) 3

COZOZon

CODO00 e+t T o

. ae 00 as as

1 TC AM1:
K2 = FSCrEC(L.LJ):
SCHP(LJ) = K2:

DG K1 = 1 TO N:
WCRK(LJ+K1) = FACSVIK2,K1):
ENDJ
END 3

CALL TCYCLCT:
CALL TISCM:
CALL PRISCM:

END:

INIT = 03

IF NK = 0 | NH = .AM2 THEN LFLG = 03

ELSE IF N = 10 £ NH = & THEN LFLG = 2:
ELSE LFLG = ]
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seas

-
T
(2]

Wn
-

s as -

SSCHP(N) = LM + 13

IF NF2 = 0 THEN GC TO F30:
SCHP( 2) NF23
SCHP(3) NF33

F30: JSFG = 03

IF I = 4 THEN DC3

FF2 = FF(SCKF(2)):

FF3 = FF(SCHP(3)):

PUT SKIP(2) EOIT (*SUBTOTALS FOR FCTR GRPs, FF2,'=* ,FF3,
(%l.??TOT(LI? DO L1 = 1 TO LSV)) (AsF(8)4A«F(3)eX(6)+S0ND(F(3)F(S5),
xX(a)r):

MLLT = ISCMTE(SCHF(2)-1,SCHF({3)):

PUT SKIP(1) EDIT ('EXT. TOTS FOR FCTR GRPe, FF2.'=*,FF3,
(LL1+F3TCTC(LII*MULT CO L1 = 1 TO LSV)) (AsF(Q)eAF(3)4X(6),
SCOIF(2)+F(S)eXx(B2D)2

PUT SKIF(2):

DC LYl =1 TO LSvV: .
FEZTOT(LL1) = F2TOTC(L1) + MLLT*F3TOT(L1):

END;

F3TCT = C:3

END3:
IF 1 = THEN CC:

DO = 1 TO LSV:

IF PFACTR(L14+L241) = NH THEN LCCT = LCCT + 13
D3I
T

3
Ll
LC
CC L2 = 1 TC hML3
EN
F2TCT(L1) = F2TOT(L1) * AMl1 / LCCT:

ENDZ :
FF2 = FF(SCrP(2)):
PUT SKIP(2) EDIT (*COMPLETE TOTALS FOR FACTOR GROUD* ,FF2) (A.F(a)):
PUT SKIP(1) EDIT ((L1.F2TOT(L1) DO L1 = | TO LSV))
(S00 (FU3V4F(S)eXx(a))):
PUT SKIP(Z2):
DO LI = 1 TO LSV:
IF F2TCT(L1) = € THEN GJ TO FSS5:
PUT FILE (PUNCH) SKIP(1) EDIT (2.NHsFF2.L1L+PHAMIL(LIY+F2TOTILL),
(FFI(PSCHEDI{LL.J)) OO J = 1 TO NML1)}) (1S F(S)):
F55: ENDZ
F27T0T = C:
END3
IF 1 = 2 THEN GC TO F19:
F6: SCHIP(L) = SSCHP(ID):
I =1I=13
K2 = SCHP(I):
IF LFLG = 0 THFEN GO TO F37:
IF FACSV(K2,4,NP1l) = [IHC TFHEN JSFG = JSFG - 13
F37: K2 = K2 + 13
SCH2 (1) = K23
GO YO FS3



F7:2

F38:

F39:

Fa:z

F9:

Flo:

Fl19:

S x

TCYCL
S ®

Ix

2]
-
o

w2 SCrP(I1):

IF I = 3 & [5CMTB(SCHP

IF LFLG = 0 TFHEN GO TO

IF LFLG = 1 Tremn DO:
KIHC = FACSVIK2.MP1
I1IF USFG = 2 £ KIKC
IF [ < NM42 TrREN GO
IF [ = NM2 £ JSFG =
IF I = NMLI & JSFG <
GU TO F38;

END 3

IF 1 < 6 THEN GC TO F3

KIHC = FACSV(K2.,NP1):
IF JUSFG = 4 £ KIKC = |
CO J20 = 1 TO 43

1F [ = N=J2C £ JSFG
END3

FACSVI(

IF LFLG = THFEN GC TO
IF FACSV(X2,NP1) = [HC
IF I = NM1 THEN GO TO
I =1 %+ 13
GO TO F7:
SCHP(I) =
GO TO FS3

' I
NORK( [.K
o

2

SCHP(I) + 13

CALL TCYCLCT:
ISO4FG = 03
CALL TISCM:
IF IS0MFG = 1
CALL PRISOM;

THFEN GC

I = NM13
IF LFLG = 0 T
IF FACSV(SCHF

GJ TO Fés

REN GO TO
(AML) oNPL

PUT FILE (FUNCH) SKIP(
SRR EER IR P LR ERERRRR S

cT: PRCCEDURE

THIS FROCEDURE CCUNT
1-FACTUOXRS aAND ALSO C
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{2)=1.K2) = 0 THEN GO TO Fa:
Fags

|

= IRC THEN GO TN FA:

TO F3A8:

O & KIHC = IHD THEN GO TO Fg:
2 & KIHC = IFD THEN GO TO F83:

a3
HC THEN GO TO Fa;

€ 5=J20 & KIKRC = [HD THEN GO TO F3:

= WORK(K3+K1) THEN GO TO FS8;

K2.K1):

F293
TREN JSFG =
F93

JSFG + 13

TO F103

F&3
) =

IHC THEN JSFG = JSFG s
3
R R Rl S Y R II

S ALL HAMILTCNIAN CIRCUITS BETWEEN ANY TwO
OURTS THE NUMBER NF TIMES EACH FACTOR IS CONTAINED

bCc 1 =1

IN A RPAMILTCNIAN CIRCLIT. %/
THIS PROCCCURE ALSC ENUMERATES THE NUMBER OF 4=-CIRCUITS
EACH VERTEX. THIS IS LSEFUL FOR CHECKING ISCMORPHI SM,

TC NN23

DO J = I+41 TC NM1:

~m- -4 On
u
|
H
—-D OO e
Nl O Zier Oenee
X e
-
-

FF ormrarm =
™
-
.

AEANO—~TNm=X
-
e o

INVOLVING
*/

x/
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=/

CYC{ICT) = 11:
11 = wCkRE(Jel2):
ICY = ICT + 13
CYC(ICT) = [23
IF 11 = 110 THEN GC TO C2;
GO TO C2:
C3: IF JFG = | TREN GU T CS53
IF ICT = N THEN 003
CYCT = CYCT + 1:
CYCLF(I) = CYCLF(I) + 13
CYCLF(J) = CYCLF(J) + 13
GQ TO C6:
END:
JFG = 13
cs: IF ICT = € THEN GO TO C73
OC I6 =1 TO 43
17 = CYC({1I6):
CCT(1?7) = CCT(17) + 1:
ENDS
cTs: DD 13 = 1 TO N:
IF we(I3) = ¢ THEN DO:
I1C = 13:
GO TO C1:
END:
END:
C6: END3Z
ICYC = CYCLF(I):
JN = 12
c8: IF NCANH{JUN) > N THEN GO TO C10:
[F ICYC = NOMH(JN) THEN GO TO F10:
JN = JUN + 13
GO TO ce;
Cl0: END:
ICYC = CYCLF{NM1):
JN = 13
Cl12: IF NCANH(JN) > N THEN GO TO C20:
IF ICYC = NONH(JN) THEN GO TO F10:
JN = JN #+ 13 .
GO TC C12:3
C20: END TCYCLCT:
Ve t#ti!tiit‘.Qt'ti#ta.t‘.ttt;t#t*.lt*#tvtt#l‘k“tttt*ttttt-t‘tttt*tttt
PRISCM: FROCEOQOURE :
/% PRINTING RCGUTINE FOR SCFEDULES. */
PUT SKIP(2) FDIT ("%',L,"%* (FF(SCHP(I1)) DO I1 = 1 TO NM1))
(AsF(a)ex{3)sA, X(7)sS F(S))3
PUT SKIP(1) EDIT (*CIRCT*.Ns* = *,CYCT.(CYCLF(91) D3 11l =1 TN NM1))
(X(L)sAF(4) 3AF(3)eX(1)4+9 FI(S5))s
PUT SKIP(O) EDIT ((CCT(I1) DO I1 = 1 TO N)) (X(53)+10 F(5)):
PUT FILE (PUNCH) SKIP(1) CDIT (1,NH,L+(SCHP(I1) D3 I1 = 1 TO NM1))
(12 F(5))3
END FRISCM:
Ve e T Y Il I O
TISOM: PROCEDOURE:
Ve PREPARES SCHFCULE TO 8E TESTEN FCR ISCHMORPHISY. ALL INFO REGARDING
NON-IS(IM SCHECULES ARE STOREC IN TAHLES. =/
2 = I
H1: 1sM = 13
7 11 = 2 TQ NMLS
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IF CYCLF(I1) < CYCLF(ISM) Trs=n [SM = [1:
END 2
Ci-aCTre( 12
CFACTR(12

. CYCLFIISM):
.
IF 12 = MM
2 +

[5M3

THEEN GO TO H2:

.
) < CCT(ISM) THEN ISM = 113

SM3

Cc

1

} = CCT(ISM);
) = 1

FEN GO TO H4:

= 1 THCN GO TO HIZ2:
1 TGO NNNG
IF PHAMIL(L) = NS$9 THREN GO TO HI10:
IF CYCT == PHAMIL(L) THEN GC TO H5:
DO J =1 TC AM1:
IF CFACTR(Js1) == PFACTR(L+Js1) THEN GO TO HS:
IF CVERTX(Js1l) ~= FVERTX{LsJel) THEN GO TO HS:
ENDG
CALL TECUIV:
IF ISCMFG = C THEN GO TO HS:
F3TOT(L) = FATOT(L) + 13
G0 TG H20:
H3: END:
PUT SKIP(1) ECIT (*TCO MANY NON-EQUIV SCHEDULES®*) (A):
GU TG SSEND:

H& 3 IF INI

e FORM NEW ISCM. GRCOUP. */

HI10: BO J = 1 TC RMI:
PSCHED(LeJ) =
END:

SCHR(J)

H12: PRAMILIL) .= CYCT:

DO J =1 TC AML1:
PFACTRILsJel1) = CFACTR(J.1)
PFACTR(LeJe2) = CFACTR(J+2);
PVERTX(LoedJdoel) = CVERTX(JW1):
PVERTX(LsJs2) = CVERTX(J.2):

FND 3

PVERTX(LwsNel) = CVERTX(Ns1):

PVERTX(LeNs2) = CVERTX(N,2):

CALL TMPRCIR:

DO J2 = 1 TC NM1:
DC J3 = 1 TG N3
PACRK(L+J24J3) = wCRK(JI2,J43):
END
END3J
D3 12 = 1 YC NM1:
CYCLF(CFACTR(12.42))
CCT{CVERTX(I2.,2)) =
END S
CCTICVERTX(Ns2)) = CVERTX(Ns1)3
LSV =

= CFACTR(I12,1)3
CVERTX(12.,1):

L
T = 1 THEEN GO TO HZO0:
L 13

7% *"!Ct-‘*“.““ttttﬂtlt.l“#i&t*t‘tt“.l“tttit#‘ﬂ‘#iﬁ“tt“l!“‘#‘. w7/

TEQUIV: PROCECURE:
/E TESTS FOUOR EQUIVALENCE EY PREPARING ALL POSSIBLE MAPP INGS . w7
e HEGINS BY PREPARING CIRCUITS FCR CURRENT SCHED IN MACCe. x/
KK15V = PCFAC(L.1):
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KK.25V = PCFAC(L,2):
IF PSYWNM(L) = 0 THEN GO TO 23
/%  FOR_SYMMETRIC CASES, SET LIMITS FOR GTHER FACTOR COMBINATIONS
T TRY,. */

DO KED = KK25vel TC AMIT
[F CFACTRI(RK23V.1) = CFACTR(KS50,1) THEN GO TO 239:
K65 = K60 - 13
GO0 TOo 0Q32:
Q30: END3
K65 = KM1 3
0322 IF FKISV = 1 & CFACTR(1,1) = CFACTR(2,1) TFrEN DO:
K72 = KKISV:
= KE&S-1:

R3: KFG =

N THEN GC TO RS5:
4 THEN GO TO R20:

g
(I}

GO TC RAO0:
el CIRCUIT IS HANMILTCNIAN, */

RS2 K3 = N3

K7 = 13

IF P5V1(L«1) = 0 THEN DO:
K29 = 13
D0 K22 = 1 TC N3

DO KFLG = 0 TO 13
CALL MAFCKrEKS
CALL EChECK]S
END?S
ENDS
GO TN Rao:
END:
K22 = PSVLI(L
K4 = CVERTX(P
CC K5 = 1 TC
KS

1)3
Vi{L+1)+2)3

-
S
1Y
) == K& THEN GO TCO R6:

LRty

o+

CO KFLG = 0 TC 1
CALL MAPCFEK »
CALL ECHECK:
END:
IF PS5VI(L.2) =
IF K22 = PSvL1(
K22 = PSVLI(L.2
GO TO R7:

HEN GO 7O RAC
)

oT
L«2) THEN GO TO R80:
1

/*® CIRCUITS ARE MNCT FAMILTCNIAN, ®/

R20: IF PSVI(L.1) > € THEN DO3
K45 = PSVLI(L.1):
K4F = Ka&51
K4 = CYERTX(FSVI(L+1),2):
A21: DC KS = 1 TG 43
IF MPCC(KS) == K4 THEN GO TO R22:
KF1 = K53
GC TC H253
n22: END 3
IF K = 8 THEN BG3

SAVE



R25:

R27:

R2613

R2Aa:

Sk
R30:

R35:

END
GC TG wz):

ENDZ

IF P3VI(L.2) = 0 THEN G0N
K3 = CVERTX(PSVI(L.2)

= CVERTX(PSVI(L.2),
C TC R21:

THEN DO3
1)3

MECCIKT44) = SAvE:

2)

TQ 3072
21 THEN GO T0O RAC:

SV2(L+13.2);
L
) == K& THEN GO TO R26:

IF PSV2(L+2) = © THFN GG TO RBED:
[F K4 = CVERTX(PSV2(L.2)+2) THEN GO TC RAa0c:
K4 = CVERTX{PSV2(L+2).2);

GC TC R27:
END:

KL8 = 63
IF N = 8 THEN KLA = 43

ACTUAL MAPPING AND EQUIV TESTING FOR NON=HAMILY CIRCUIT.

CO K34 = K4S TO KaF:
DO KFLG! = ¢ 7O 13
K8 = 4
KFLG = KFLCG1:
K20 = KF1:
K22 = Kz4:
K7 = 13
CALL MAPCHEK:
K8 = KL8:
K20 = KF2:
K7 = 81
b0 K22 = K6S TC KEF
DC KFLG = 0 TO
CALL MAPCHEK:
CALL ECRECK:
END:

IF KES = PSV
IF PSV2(L.2)
KBS = PSvL2(
K6F = K&S:
GO TC R30:

THEN

v 2)
ThHEN GO

"-.r
« i
-

13

GO
TQ

GO
TO

TO

7/
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4 SCHEDCULELS ARE NOT [ISCH4OKRPHIC. x/
RAB0: ISCMSG = 03
IF PSYMM(L) = 0 THEN GO TC R10C3
Fa FOR SYMMETRIC SCHECULES.: TRY ANOTHER FACTUR CO4AINATIONG. */

IF K74 = K75 THEN DOZ

IF K72 = K73 TREN GO 10 R1003

K72 = K72 + 13

K74 = K723
ENDS
K74 = K74 + 1
Kl CFACTRI(K
K2 = CFACTR(K
GO TC R3:

12,2)
Ta.2)

e SCFHEZDULES ARE ISCMORPHIC. */
R90: ISCHMFG = 13

/E LR R R R L L R L R R R e ®/

FILMFC2: FPROCFCURE?
Ve ?ILLS THE ARRAY MFCC WwWITH THE CIRCUITS THAT MATCH THE CIRCUITS SAVED
® /

N PMBCC,
WK1 = 03
1te = 13
K10 = 03
Ti: It = 11P3
ICTP = 03
T2: I2 = WORK(K1:011)3
ICTP = [CTP + 23
TCYCP(ICTP=1) = [1: "
TCYCP(ICTP) = (23
WK1(ILl) = 13
WK1(I2) = 13
I1 = WOKK(K2.,12):
IF I1 = (1P THREM GO TC TS:
GO TC 7123
TS: IF ICTP = N THFEN GO TO T6:
K10 = K10 + 13
IF N = 8 THEN DC:
IF K10 = 1 TFFN K6 = 13
ELSE Ké = 53
END:
IF N = 10 THEN CC:
IF ICTP = 4 THEN K6 = 13
ELSE K6 = 5
EMND 3
GO TO T7:

T6: KA = 13
KFS = 13

T7: CO K& = K6 TO KE+ICTP=13

MPCC(KS) = TCYCP(KS=K6+1):

END:
IF KFG = 1 | KI1¢C = 2 THEN GO TO T15:
CO KS =1 TC N3
IF wK1(KS) = 1 THEN GC TO 7183
I11P = KS3
GC TG T13
T8: -ENN:
T1S: END FILMPC2:
Ve FRAL RS A AP B AT A AR R TR AR TR FE S A AR AR SR b ek e Rk kR kS ek P Rk a *®/

MAPCHEK: PROCEQURE:
Ve PIEPARES THE MAPPINGS FRUM THE CIRCUITS. */

DN KE = 0 TA K&g-13
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KG = KFLG % KS & 2
MABRP (MPCCIMOL(KS+X2C~-1.Ka)+K7)) =
END ]

PMPCCILaMON(KSEK22-1 =K, K2 +KT7)

END MAPCHEK S

e &-*‘a!’—'-$!!0¢1l¢i.‘¢v$iii"ﬂ‘ttt-‘&lttlktchtltt'lcccuilttt83!-‘*3:!#!#!
ECHECK PRCCEDUKE 2
S THE FINAL ISCMORPHISM CHECK. [F ISONORPHISM CCCUS. ROUTINE
BRANCHES TO STATEMENT R9) OF TEQUIV. x/
CO J = 1 TC NN2:
DC K = 1 TC N:
ATEST(MAFFE(K)) = MAPP(WCRK(J.K)):
END
KK = WTEST(1) - 13
00 K = 2 TC NM]:
IF PWCARK(LWKKsK) == WTEST(K) THEN GO TO 2203
END:
ENDZ
GO TO R9O:
Z20: END FCHECK:
R100: END TEQUIV:
S e L T T T T IIITT
TMPCIR: FRCCEDURE;
/% THIS PRICEDURE FINDLS TkE BEST CIRCUIT FNR FUTURE 1ISOM MAPPINGS AND
SAVES ASSCCIATED INFORMATION. ®/
FSING = Q3
FDOuB = 03
VS5ING = 03
VDUUR = 03
/* THIS PART FINDS SINGLETON AND DOUBLE TON FACTORS AND VERTICES. ®/
Jl = 013
CO J2 = 1 TC Nr1 3
IF CFACTR{J3=141) == CFACTR(J3,1) & CFACTR(J341) = CFACTR(J3+1.1)
THEN D3
JI = Jt + 13
FSING(J1) = J3;
ENDS
END:
J2 = 03
DO J3 = 1 TG NM2:
IF CFACTR(J3-1+1) == CFACTR(J3.1) € CFACTR(J3.1) = CFACTR(J3+1.1)
£ CFACTR(J3+1.1) ~= CFACTR(J3+2,1) THEN DO:
J2 = 42 + 23
FDOQUE(JZ=-1) = J3:
FOCUuB(J2) = JU3+1:
END:
END:
J1 = 03
DO J2 =1 TO N:
IF CVERTX{J3-1¢1) == CVERTX(J3,1) €L CVERTX(J3,1) -= CVERTX(J3+1.1)
THEN DO
J1 = J1 + 1:
VSING(J1) = J3:
END
END:
J2 = 03
DO J3 = 1 TC NM13:
IF CVERTX(J3=141) == CVERTX(J2,1) & CVERTX(J341) = CVERTX(J3+1,1)
€ CVERTX(J341,41) ~= CVERIX(J3+2,1) THEN DU:
g2 = J2 + Z3
VOOVE(JZ=-1) = J3%
VOCUB(J2) = J3+1;

=/

*/
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END 2
END:
KFG = 013
MRCC = 03

FINOS CIRCULTSE EETWHEEN SINGLETCN FACTNRS. */

DO JS = 1 TG AM]3
IF FSING(JS)

= 0 THEN DO:
Jé = Js = 13

END;
Ja =

Co J1
Kl = FSING(J
1

0 J2 = Jl+}
KK2 = FSING
K2 = CFACTRI(KK2,2):

CALL FILMPCC:
IF KFG = 1 THEN GO TO YS:
IF KFG = ¢ THEN CALL CHECKS:

FIND CIRCUITS BETWEEN DOUBLETCN FACTORS. x/

DO JS = 1 TC NM1 BY 2;
IF FOOUR(JS) = 0 THEN DO
Ja = J§5 - 2

CC TC Y23

END 3
END3
DD Jl =1 TC Jg BY 2;

KK1 = FDCUB(J1):

KK2 = FCCUuH(J1+1):

Kl = CFACTR(KK],2):

Ké = CFACTR(KKZ2,2):

CALL FILMPCC:

IF KFG = 1 THEN GC TO YS:

IF KFG = 0 THEN CALL CHFCKS:
ENOG

FOR SYMMETRIC CASES NCT COVCRED BEFORE #/

= 0 ThHEN OC3:

Kl = CFACTR(KK1+2):

K2 = CFACTRIKKZ2,2)3

PSYMNM{L) = 13

CALL FILMPCC:

IF KFG = 0 THEN CALL CHECKS:
END:

FILL IN ARRAYS */

DO K5 = 1 TC A3
PMPCC(L+K5) = MFCC(KS)?

IF KFG = 1 THEN PCL(L) = N:
ELSE PCLIL) = 43
PCFAC(L 1) = KKISV:
PCFAC(L+2) = KKZSV]
IF KFG = 1 THEN DC:
IF VSING(1) = 0 THEN GO TO Y73



PSYI(Lel) = VSING(1):
K9 = CVERTX(VSING(I).2)3
DU KSE =1 TG N;
IF MPCC(XS) == K9 THEN GO TO Y6:
DSVLI(l.ll = KS53%
G2 TC YZeC:
YSa EnD3
Y72 IF VOCUEI1) = 0 TFEN CO TO Y20
PSVI(La1) = vDOUE(1):
PSV1IIL.2) = vDCuUa(2):
KE = CVERIX({VOUUR(L) «2) 2
K9 = CVERTX(VDCUB(2).2):
DC KS = 1 TC N
IF MPCCIKE) = K8 TREN PSVLI(L+1) = K5:
IF MPCC(KS) = K9 THEN PSVLI1I(L+2) = KS:
END:
GO TN Y20
END 3
IF K€1 > 0 THEN DC:
PSVI{(Ls1) = KS1S:
PSVI(L+2) = K53S:
PSVLI(L+1) = KS1:
END 3
ELSE IF K53 > 0 THEN DO:
PSVI(Ls1) = KS35:
PSV1I(Le2) = K54S:
PSVLI(L.1) = KS53;
PEVLI{L+2) = KS4:
END;
IF K52 > 0 THEN DC:
PSV2(L.+1) = KEZS:
PSV2(L.2) = K55S:
PSVL2(L.1) = KS2 -~ &3
END I
ELSE IF K55 > 0 TREN DO
PSVE(L.1) = KS553
PSVZ(L+2) = K955
PSVL2(L+1) = K55 - 4
PSVL2(L+2) = KS6 - 43
END
rx x% #llt.Oiv.Otitit#it#ltt#tlttb)t-tc:.t**ttttlltltttttttttlt‘tit#tt*ttttt

FILMPCC: PROCEDUR

Fa FILLS THE ARRAY MPCC WITh THE BEST CIRCUITS BETW#EEN 2 FACTORS.

Wkl = 03
1P = 13
K10 = 0%
T2 11 = (1P3
ICTP = 93
T2: 12 = WCRK(KI,
ICTP = [ICTP +
TCYCP(ICTP-1)
TCYCP{ICTP) =
WKI1(I1) = 13
wWK1(12) = 13
I1 = WCRK(K2,
IF 11 = [1P T
GO TO T2:
TS: IF [CTP = N T
S KFG = 2 MEA
IF KFG = 2 T
K10 = K19 + 1
IF N = 8 TFEN
IF K10 = 1
ELSE K6
END?:
IF N = 10 TrE
IF iCTP =
ELSE K&
END;
G3 TO T7:

T6: K6 = :

109

E3

I1'):

23

= I13

123

1213
FEN GO TO T5:
HEN GO TC T6:
NS THAT THIS CIRCUIT CANNOT 8

FEN GG TO TI1S3

oC:

THEN K6 = 13
N DC3

4 THEN K6 = 13
= H

E BETTER THAN AN EARLER ONE %/

*/



TT: K
K5) =

TA:
TiC: = KK
KK2Sv KK2
END FILMPCC

T

T15:
S =

CHECKS: FPROCEDURE:

/S THIS ROUTINE

VERTICES AND

T

110

TC K6+4ICTPR=-13

CYCFIKS=-KG+1)3

2 THEN GO TO T10:

1 TFEN GO TO T8:

CFECKS NUN=-HAMIL. CIRCUITS
STORES THEIR LOCATIONS.

KS1
K52
KS3
K34
KS5S
K556
KS3S
K55S

0w

Cocooon

[}

END3:

DO K€
K2
IF
K&
K8
K9
IF

us:

Xhhuwxuu

CICy s s 80 a6 00 44

-

3

K9 THEN GO TO

1 TC N PY 23
VDCUB (KéE) 3

= 0 T+<EN GO
VOOLH(KE+1) 3
VERTX(K3,2):
EFTX(Ka,2);
C THFEN GC TO U7

TO u2e;
C
C
1
K8 THEN DO:

KS THEN DOC:

¢ THEN DG:

ORS IN CASE THIS CIRCUIT TUANS OUT TO BE THE BEST

*

*/

‘0#.“I.‘.l."““““‘t‘#.t‘t“l“‘#t‘t“‘t‘.tttttltt!‘.*.Ctttt“t‘

FCR SINGLETON AND DOUBLETON
F

=/



ur:

ua:

uiro:
uz29:
Y20:

H20:

F20:

KS3S = K&
EnD
IF KE4 > 0 £ K83 = ¢
K91 = Ksag
KE1S = K545
K535 = K3;
EMNDS
IF K52 > 0 TREN GO TC
KSS = 0;
KS5 Q3
K558 = ¢
CC KS = 5 TO N3
IF NECC(KS)
KES = K53
K55S = K33
END:
IF MPCC(KS)
K56 = K5
KS€S = K43
END;
END;
IF K€S > 0 & K56 = ¢
KSE2 = KES:
KE2S = KS5S5;
K55S = K&
END;
IF K55 > 0 £ KSS = ¢
KE2 = K563
KE2S = KSES;
K555 = K3;
END3

IF K52%K51 ~= 0 THEN
END:
GO TO u20:
KFG = 2:
END CHECKS:

END TMPCIR:

END TISCM;

END TFOARNSC:

SSEND: END SCHPGM2:

el

t*tt.t““.*t“‘*t"“‘*l“ltt.?0##.**tt#tltttltt't!###*.“ttt‘**i‘i

134

= KA TREN DC:

= K9 TFEN DO:

THEN DC:
THEN DO:

GO TO ul0:

*/
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