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ABSTRACT 

Several new peak-to-average power-ratio (PAPR) and intercarrier interference 

(ICI) reduction algorithms are developed for different orthogonal frequency-division 

multiplexing (OFDM) systems. 

A new constellation extension technique is proposed for PAPR reduction for 

OFDM systems whereby the modulation constellation for active subcarriers and the 

modulation symbols in unused subcarriers are continuously modified. Based on this 

technique, the PAPR-reduction problem for OFDM systems with real-valued time- 

domain signals is formulated as a linear-programming (LP) problem where the number 

of constraints is much larger than that of the variables. The solution of the problem 

is obtained efficiently by using a new Newton algorithm. Simulations demonstrate 

that  considerable performance improvement can be achieved by using the proposed 

algorithm relative to  that achieved by using some existing algorithms. 

The proposed constellation extension technique is applied for PAPR reduction for 

OFDM systems with complex-valued time-domain signals. In this case, the PAPR- 

reduction problem is formulated as a minimax optimization problem and an acceler- 

ated least-pth algorithm is proposed to  obtain the solution. Simulations show that,  

in many practical situations, considerabIe performance improvement can be achieved 

by the proposed algorithm over that achieved by several existing algorithms. Fur- 

thermore, the accelerated algorithm offers a tradeoff between performance and com- 

putational complexity, which can be used to  advantage in practical situations. 

Yet another constellation extension technique for PAPR reduction is developed 

whereby, for each subcarrier, the same data may be represented by points in the 

original constellation or by extended points. In an attempt to  find an optimal rep- 

resentation of the OFDM signal, two de-randomization algorithms are proposed by 

applying the so called conditional probablity method, i.e., the Chernoff-bound based 
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and polynomial-bound based algorithms. In order to  further improve the perfor- 

mance, new algorithms based on the selective rotation (SR) and coordinate descent, 

optimization (CDO) are proposed. It  is shown that  the proposed algorithms out- 

perform several existing algorithms in terms of PAPR reduction and computationa,l 

complexity. Compared with the proposed Chernoff-bound based algorithm, the pro- 

posed polynomial-bound based algorithm achieves a similar performance with much 

less computational complexity. The performance of the proposed algorithms can be 

further improved by combining the de-randomization, SR, and CDO algorithms with 

the selective mapping (SLM) algorithm. 

The thesis also deals with ICI reduction in OFDM systems in fast time-varying 

channels. Two new algorithms are proposed for OFDM systems with complex-valued 

time-domain signals. A low-complexity ICI-reduction algorithm based on an iterative 

optimization algorithm is proposed for OFDM systems using 4-quadrature-amplitude- 

modulation (4-&AM) for all subcarriers. Then an ICI-reduction algorithm based on 

the sphere decoding (SD) algorithm is proposed for OFDM systems using high-order 

modulation. By taking channel information into account, a new search strategy to  

reduce the computational complexity of the SD algorithm is developed. Simulations 

demonstrate that  the proposed iterative algorithm outperforms severa.1 existing algo- 

rithms in terms of BER performance and computational complexity, and the perfor- 

mance can be further improved by using the proposed SD algorithm. The proposed 

algorithms can exploit the frequency diversity introduced by channel variations and, 

therefore, improved performance can be achieved a t  higher Doppler frequencies. 
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Chapter 1 

Introduction 

1 .  OFDM Basics 

Recently, the demand for high data-rate services over wireless networks has been 

increasing very rapidly. These services require reliable data transmission over band- 

limited wireless channels, which experience many degradations, such as noise, mul- 

tipath fading and nonlinearities. A physical-layer technique that has gained much 

popularity is orthogonal frequency-division multiplexing (OFDM) [l] [2]. 

The concept of using parallel data transmission by means of frequency-division 

multiplexing (FDM) appeared in the middle 1960s [3][4]. In an FDM system, the total 

signal frequency band is divided into a number of nonoverIapping frequency subchan- 

nels, and each subchannel is modulated individually and then all subchannels are 

frequency-multiplexed. A guard band is inserted between each pair of neighbouring 

subchannels to  eliminate interchannel interference. This however reduces the spec- 

tral utiIization efficiency. To deal with this inefficiency, the ideas proposed in the 

middle 1960s were to  use parallel data transmission and FDM with overlapping sub- 

channels. The term "orthogonal frequency-division multiplexing" was first used in 

a patent filed and issued in 1970 [5]. The idea is t o  use parallel data streams and 

FDM with overlapping subcarriers t o  increase the spectral efficiency, to  avoid the use 

of high-speed equalization, and to  combat multipath fading as well as narrowband 

interference. Since the subcarriers of OFDM are orthogonal to  each other, the signals 
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on each subcarrier are received without intercarrier interference (ICI). The spectral 

utilization efficiency of FDM and OFDM is compared in Fig. 1.1. 

Ch. 1 Ch. 2 Ch. 3 Ch. 4 Ch. 5 

Frequency 

I I 

I OFDM 
I 

cl 

saved bandwidth I 
I 
I 

Frequency 

Figure 1.1. Comparison of the spectral uitilization eficiency of FDM and OFDM. 

In the 1970s, a practical implementation of OFDM was proposed by Weinstein and 

Ebert [6], where the discrete Fourier transform (DFT) and inverse discrete Fourier 

transform (IDFT) were applied as part of the modulation and demodulation process. 

In addition to  eliminating the banks of subcarrier oscillators and coherent demod- 

ulators required by FDM, a completely digital implementation could be built on 

special-purpose hardware that performs the fast Fourier transform (FFT) [7]. Recent 

advances in very large-scale intergration (VLSI) technology allow implementation of 
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large-size FFTs a t  affordable price, which further increase the popularity of OFDM 

systems. 

Compared with single-carrier transmission, OFDM offers several key adavantages 

[1][2][8]. The first advantage is its robustness to multipath fading. In an OFDM 

system, a high-rate data stream is split into several low-rate streams that are trans- 

mitted simultaneously through orthogonal subcarriers. As the symbol duration of 

low-rate parallel subcarriers is increased, the relative amount of dispersion in time 

caused by multipath delay spread is decreased. Therefore, with the use of a cyclic 

prefix (CP) [9], the intersymbol interference (ISI) between successive OFDM symbols 

can almost completely be eliminated. Another adavantage of OFDM is its resistance 

to narrowband interference. Since the OFDM waveform is composed of many nar- 

rowband tones, a narrowband interference degrades the performance in a portion of 

the spectrum but has limited effect on the remaining part of the spectrum. Through 

the use of forward error correction coding [lo]-[12], information lost to interference 

can be recovered. Because of these good properties, OFDM has been widely used as 

a transmission technique in a variety of communication systems. Well-known exam- 

ples include digital audio broadcasting (DAB) [13], digital video broadcasting (DVB) 

(141, and the IEEE 802.11a and 802.11g standards for wireless local area networks 

(WLAN) [15]. 

Unfortunately, two major drawbacks are associated with OFDM. The first is its 

large peak-to-average power-ratio (PAPR) which makes system performance very 

sensitive to  distortion introduced by nonlinear devices such as power amplifiers (PAS) 

[1][2][8][16][17]. In practice, linear PAS with a wide dynamic range are required to 

mitigate nonlinear distortion but such PAS are power inefficient. The second drawback 

of OFDM is its sensitivity t o  loss of orthogonality of subcarriers, which may be caused 

by carrier frequency offset (CFO) [18] or Doppler spread in a time-varying channel 

[1][2][8][19]-[22]. Loss of orthogonality of subcarriers leads to ICI, which, in turn, 

degrades the bit error rate (BER) performance of the system. While the ICI caused 
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by CFO can be easily estimated and compensated 1231-1281, the Doppler-induced ICI 

is more challenging to  deal with. If not compensated for, ICI will result in an error 

floor that increases with Doppler frequency. 

In an attempt to reduce the nonlinear distortion caused by PAS, a number of tech- 

niques and algorithms have been proposed to  reduce the PAPR of the OFDM signal 

before it enters a PA. Generally, these techniques and algorithms can be classified 

into four ma.jor categories. First, a straightforward way would be to  limit the signal 

strength a t  the transmitter to a desired level through clipping but the technique de- 

grades the BER of the system and increases the out-of-band radiation [29][30] due to 

the increased harmonic content unless additional coding techniques and bandpass fil- 

tering are used 1311. Second, several PAPR-reduction algorithms have been proposed 

in [32]-[37] where PAPR reduction are combined with error-control coding. Very low 

PAPR can be achieved by these algorithms but at  the cost of a significant reduction of 

data transmission rate. Moreover, these algorithms require large look-up tables and, 

therefore, are more suitable for OFDM systems with a small number of subcarriers. 

Third, a multiple signal representation approach has been proposed in [38][39] where 

a set of OFDM signals are generated a t  the OFDM transmitter and the transmit sig- 

nal with the lowest peak power is selected. This approach is computationally efficient 

but it requires the transmission of a small amount of side information. The use of 

the selective mapping (SLM) algorithm [38] together with other PAPR-reduction al- 

gorithms has also been proposed in [40]. Fourth, several PAPR-reduction algorithms 

have been proposed in [41]-[44] where the extension of modulation constellation is 

exploited to  reduce the PAPR of the OFDM signals. These algorithms are all dis- 

tortionless PAPR-reduction algorithms and do not require the transmission of any 

side information. The algorithms differ from each other in the way they modify the 

modulation constellation. In [41], a tone reservation algorithm has been developed 

where several subcarriers are set aside for PAPR reduction. Since the subcarriers 

are orthogonal, the additive signal on unused subcarriers causes no distortion to the 
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data-bearing subcarriers. In (421 [43], an active set extension (ASE) algorithm has 

been proposed where PAPR reduction is achieved by modifying the exterior modu- 

lation constellation over active subcarriers in a way that will not degrade the BER 

performance. In [44], a symmetric constellation extension (SCE) algorithm has been 

proposed for PAPR reduction whereby the subsymbols for each subcarrier can be 

represented by two symmetric constellation points and an optimal representation has 

been derived by using a de-randomization algorithm. Since for each constellation 

point there is one bit that  is not used t o  transmit any information, the transmit 

power of OFDM systems using constelIation extension is much larger than that of 

OFDM systems with no constellation extension. 

Recently, ICI reduction for OFDM systems in fast time-varying channels has 

drawn a lot of attention [45]-1471. Based on the maximum likelihood (ML) crite- 

rion, the ICI reduction problem can be formulated as an integer least-square (LS) 

problem whose solution requires computational complexity that  grows exponentially 

with the number of variables. In attempts t o  reduce the computational complexity 

required by ML detection, several linear and nonlinear detection algorithms have been 

proposed for obtaining suboptimal solutions of the problem [45]-[47]. In [45], a linear 

minimum mean-square error (MMSE) detection algorithm has been proposed where 

signals on all subcarriers are used to  suppress the ICI for a particular subcarrier. Since 

the number of subcarriers for OFDM systems is generally quite large, this algorithm 

requires intensive computation. In attempts to  reduce the computational complexity, 

an MMSE detection algorithm has been derived in [46] where only signals on sev- 

eral neighbouring subcarriers are used in order t o  suppress the ICI for a particular 

subcarrier. Since the ICI for a particular subcarrier is mainly caused by the signals 

on its neighbouring subcarriers, the degradation in performance introduced by such 

simplification is not significant. Based on this MMSE algorithm, a decision feedback 

(DF) algorithm has been proposed in [46] to  further improve the performance. In 

[47], the ICI reduction for multiple-input multiple-output (MIMO) OFDM systems 
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has been considered. An optimal linear pre-filtering algorithm has been developed 

where improved performance was achieved a t  the cost of increased computational 

complexity. 

This thesis is primarily concerned with PAPR and ICI reduction for OFDM sys- 

tems. The scope and specific contributions of the thesis are described below. 

Scope and Contributions of This Thesis 

This thesis is composed of six chapters. In Chapter 2, a preliminary study on wireless 

communication channels, OFDM systems, and several important PAPR-reduction 

and ICI-reduction algorithms is presented. Chapters 3 to  5 constitute the main part 

of the thesis where several new PAPR-reduction and ICI-reduction algorithms are 

proposed. Chapter 6 provides concluding remarks and suggestions for future study. 

In Chapter 3, two new PAPR-reduction algorithms for OFDM systems are devel- 

oped by continuously modifying the modulation constellation a t  active subcarriers 

and the modulation symbols a t  unused subcarriers. First, for OFDM systems with 

real-valued time-domain signals, it is shown that  the PAPR-reduction problem can 

be formulated as a linear programming (LP) problem and its solution is obtained by 

using a new Newton method [48]. Since the feasible region associated with the LP 

problem obtained is always larger than that associated with the LP problem given 

in 1411, the performance of the proposed algorithm is guaranteed to  be better than 

that of the tone reservation algorithm [41]. Computer simulations are then presented 

which demonstrate that the proposed algorithm yields optimal PAPR-reduction solu- 

tions and considerable performance improvement can be achieved with the proposed 

algorithm relative to  that  achieved with the tone reservation algorithms [41] and the 

ASE algorithm [42]. Second, for OFDM systems with complex-valued time-domain 

signals, it is shown that  the PAPR-reduction problem can be formulated as an un- 

constrained minimax optimization problem and its solution is obtained by using an 
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accelerated least-pth algorithm 1491. Computer simulations show that the proposed 

algorithm outperforms the ASE algorithm [42] and that improved PAPR reduction 

can be obtained when the proposed algorithm is combined with the SLM algorithm 

PI - 

In Chapter 4, a new constellat,ion extension technique is developed whereby the 

data are represented either by points in the origiml constellation or by extedned 

points. Since the constellation is extended in a discrete way, it is shown that the 

problem of finding an optimal representation of the OFDM signal is an integer pro- 

gramming problem. By applying the so called method of conditional probability 

(MCP) [50], two de-randomization algorithms are proposed to  achieve suboptimal 

solutions of the problem. First, a Chernoff-bound based pessimistic estimator is 

derived and a de-randomization algorithm is constructed. Second, a polynomial- 

bound based pessimistic estimator is derived to approximate the Chernoff-bound 

based pessimistic estimator and then a corresponding de-randomization algorithm is 

developed. It is shown that the performance of the polynomial-bound based algo- 

rithm is quite close to that of the Chernoff-bound based algorithm but the former 

requires much less computational complexity. Next, selective rotation (SR) and coor- 

dinate descent optimization (CDO) algorithms [51] are proposed to further improve 

the performance. Computer simulations show that significant improvement in PAPR 

reduction is achieved by the proposed algorithms over the SLM algorithm [38] and the 

SCE algorithm [44]. In addition, it is shown that the increase in the average transmit 

power for the proposed algorithms, which is caused by the constellation extension, is 

much less than that for the SCE algorithm [44]. 

Chapter 5 is devoted to ICI reduction for OFDM systems in fast time-varying 

channels. For the algorithms proposed in [45][46], their detection performance be- 

comes unsatisfactory when the Doppler shift of the channel is high. Therefore, more 

robust ICI-reduction algorithms are needed. In this chapter, two new ICI-reduction 

algorithms based on the ML criterion are proposed for obtaining a suboptimal solu- 
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tion of the associated integer LS problem. First, a low-complexity algorithm based on 

an iterative optimization scheme is proposed for OFDM systems where 4-quadrature- 

amplitude-modulation (4-QAM) is assumed for all subcarriers. Second, an algorithm 

based on the sphere decoding (SD) method [52] is proposed for OFDM systems us- 

ing 4-QAM modulation or higher-order QAM modulations. Since the computational 

compelxity of the conventional SD algorithms [53][54] is still high, a scheme that can 

reduce the complexity of the SD algorithm is needed. By taking into account the 

available channel information, a new search strategy for the reduction of the com- 

pelxity of the SD algorithm is developed. Computer simulations are presented to 

demonstrate that the proposed iterative optimization algorithm removes the BER 

floor suffered by the MMSE algorithm [46] and outperforms the DF algorithms [46] 

in terms of BER performance and computational complexity. It is also shown that 

the performance can be further improved by using the proposed SD algorithm. Fur- 

thermore, because of the frequency diversity introduced by channel variations [55][56], 

improved performance can be achieved by the proposed algorithms at  higher Doppler 

frequencies. 



Chapter 2 

PAPR and ICI Reduction in 

OFDM Systems 

2.1 Introduction 

In OFDM systems, the design of PAPR- and ICI-reduction algorithms depends on 

many considerations such as the bandwidth available, number of subcarriers, modula- 

tion scheme for each subcarrier, and the characteristics of the wireless communication 

channel involved. In this chapter, some background knowledge, concepts, and termi- 

nology for the wireless communication channel, the OFDM system, PAPR and ICI 

reduction are discussed, and several existing algorithms for PAPR and ICI reduction 

are reviewed. The chapter provides a basis on which the subsequent chapters are 

developed in a unified framework for various PAPR- and ICI-reduction algorithms. 

2.2 Wireless Communication Channel 

In a wireless communication system, a transmission channel is referred to  as a propa- 

gation path over which radio signals travel from a base station to a terminal (forward 

link), or from a terminal to a base station (reverse link) (571. Typical wireless commu- 

nication channels vary from simple line-of-sight (LOS) transmission channels to very 

complicated ones that may be blocked by vehicles, mountains, and high-rise build- 
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ings. In addition, due to  the relative motion of terminals and other radio propagation 

media with respect to  the base station, the received signals often exhibit a great deal 

of randomness. Consequently, wireless communication channels are often modeled 

using statistical methods. 

Two important parameters associated with wireless communication channels are 

time dispersion and time variation. Time dispersion is due to  multiple reflections 

during signal propagation which travel along different paths of varying Lengths and 

arrive a t  the receiver a t  different times. Time variation is due to  varying radio sig- 

nal propagation environment from the transmitter t o  the receiver such as movement 

of the transmitter, receiver, or other media. As a result of the relative movement 

of transmitters and receivers, the power level of the received signal often exhibits 

fluctuations and variations. This phenomenon is called fading. 

2.2.1 Delay Spread: Frequency Selective Fading 

Delay spread is a measurement used to  describe the time dispersion of a wireless com- 

munication channel. The parameters frequently used in quantifying the delay spread 

of a wireless communication channel are the mean excess delay, root-mean-square 

(mns) delay spread, and excess delay spread [58]. In a typical wireless communication 

channel, the delay separation between adjacent propagation paths increases expo- 

nentially and the path amplitudes decay exponentially with respect to  path delay 

[59][60]. Delay spread often leads to  frequency selective fading, i.e., the fading effect 

of the received signal depends on frequency. 

Coherence bandwidth is a measurement of the range of frequencies over which 

propagation channels can pass all spectral components with approximately equal 

gain and linear phase. This implies that the power levels of two signal frequencies are 

potentially correlated within the coherence bandwidth. If the coherence bandwidth 

is defined as the bandwidth over which the frequency correlation function is greater 



2. PAPR and ICI Reduction in OFDM Systems 11 

than 0.9, then it can be roughly computed as 

where ot denotes the r m s  delay spread [58]. A channel is said to be frequency-flat 

fading if the channel coherence bandwidth is grea.ter than that of the transmitted 

baseband signal. In such a case, the delay spread is insignificant relative to  the 

symbol duration and its effect a t  the receiver can be neglected. On the other ha.nd, if 

the coherence bandwidth is smaller than the bandwidth of the transmitted baseband 

signal, the channel is said to  be a frequency-selective fading channel and the effects 

of delay spread at  the receiver can be considerable. 

2.2.2 Doppler Spread: Time-Selective Fading 

Doppler spread is a measurement often used to describe the time-varying nature of 

a wireless communication channel. When a pure tone signal is transmitted through 

a time-varying wireless communication channel, the received signal may spread over 

a finite spectral bandwidth. Doppler spread is defined as the range of frequencies 

over which the spectrum of the received signal assumes non-zero values. In wireless 

communications, Doppler spread is related to the velocity of moving objects such 

as mobiles and other propagation media, and the angle between the direction of 

movement and the direction of arrival (DOA) of scattered electromagnetic signals 

[58l- 

Coherence t i m e  is a measurement used to  describe the frequency dispersion nature 

of a wireless communication channel in the time domain. It represents the time 

duration over which the power levels of two received signals have strong correlation. 

This implies that the channel condition is essentially invariant within the coherent 

time. Numerically, coherence time is inversely proportional to the Doppler spread. 

In wireless communication systems, coherence time is usually defined as the time 

duration over which the time correlation function is greater than 0.5, which can be 
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roughly computed as 

In (2.2), fm = u/X  denotes the maximum Doppler shift with v and X being the 

velocity of the mobile relative t o  the base station a,nd the wave length of the ra.dio 

signal, respectively. A channel is said to  be slow fading if the coherence time is much 

longer than the symbol duration of the transmitted signal. In such a case, the effect of 

Doppler spread a t  the receiver is negligible. On the other hand, if the coherence time 

is shorter than or comparable with the symbol duration of the transmitted signal, 

the channel is said to be a fast fading channel in which the effect of Doppler spread 

cannot be ignored. 

2.2.3 Discrete-Time Baseband Channel Model 

In general, a wireless communication channel is often modeled as a wide-sense- 

stationary uncorrelated-scattering (WSSUS) channel [58][61]. The impulse response 

of such a channel is given by 

m=O 

where 8( r ) ,  M ,  h,(t ,rm), and rm denote the unit impulse function, the number of 

resolvable propagation paths, the path gain, and the excess path delay of the mth 

propagation path, respectively. The input-output relationship is given by 

where z,(t) and yc(t) are the channel excitation and response, respectively. It  is as- 

sumed that the bandwidth of the channel excitation is W and it  can be correctly 

sampled a t  a sampling interval T, = 1/(2W). Using the generalized sampling- 

interpolation [62] theorem, we have 
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This equation holds for any to. Using (2.5), (2.4) can be rewritten as 

t = t - T , i n c  ( - 1) d~ 
I L 

where the substitution t - (kTp + to )  = ITp is used. It can be seen from (2.6) that the 

channel can be modelled as a tapped delay line (TDL) as shown in Fig. 2.1, where 

the time-varying TDL coefficients are 

03 

h ( t , ) s i n c ( - i ) d r  for l = O . . . , L - 1  

where L = lrM/TpJ + 1, and the input-output relationship is 

Based on (2.7) and (2.8), the discrete-time channel coefficients can be obtained as 

and the discrete-time received signal is given by 

where x (n )  and y(n) are discrete-time channel excitation and response, respectively. 

The effects of time variation and time dispersion in wireless communication channels 

are represented by using variable path gain hd(n, 1) and path delay 1 in the channel 

model. In the rest of the dissertation, the discrete-time channel model is adopted, 

unless otherwise mentioned, and the subscript d is dropped for the sake of convenience. 

2.3 OFDM System 

In an OFDM system, the available bandwidth W is divided into N orthogonal sub- 

carriers whose center frequencies are seperated by WIN. A high-rate data stream 
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Figure 2.1. A tap-delayed model  for mult ipath propagation channels.  

Figure 2.2. An OFDM transmit ter .  

-L Xo_ & 

is split into N low-rate streams that are transmitted simultaneously through these 

bit 
stream 

- 

subcarriers. Each of the subcarriers is independently modulated using phase-shift 

keying (PSK) or quadrature amplitude modulation (QAM). The modulated signals 

for each subcarrier are transformed by an IDFT in order to generate the time-domain 

OFDM signal. A CP  is inserted at  the beginning of each OFDM symbol before 

it is enventually sent into the channel. The generation process of the OFDM sig- 

nal is illustrated in Fig. 2.2 where SIP,  PIS,  and DAC represent serial-to-parallel, 

parallel-to-serial, and digital-to-analog converter, respectively, and the block labeled 

as "Amp." represents a PA. The information bits Dk and the modulated symbol 

Xk are referred to as the data point and subsymbol for the kth subcarrier, respec- 
T T tively. Vectors X = [Xo . . - X N P 1 ]  and x = [xo - .  . x ~ - ~ ]  are referred to  as the 

frequency-domain and the time-domain OFDM symbols ,  respectively. 

D N - 1  X N-1 XN-1  

S P  - Modulation - Inverse 
DFT 

: PIS Amp. 
channel --- CP 

Insertion 
- DAC -- 
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Mathmetically, the OFDM symbol x can be obtained by using the IDFT as 

where x, represents the n th  element of x. In matrix form, (2.11) can be expressed as 

where Q is the IDFT matrix whose elements are %,I, = ( l / ~ ) e j " ~ ~ / " .  A cyclic 

prefix with length equal to  that of the channel impulse response (CIR) is inserted 

in the beginning of the OFDM symbol before it is transmitted into the multipath 

channel. Denoting the transmitted signal, received signal, and the CIR as XCP = 

T [xNL+l - - .  XN-1 2 0  . . . zN-11 , y = [yo - .  - y ~ - l ] T ,  and h(n) = [h(n, 0) h(n,  1) . . . 

h(n, L - l)lT, respectively, the received signal can be written as 

T .  where n = [no - .  - nN-l] IS a vector of additive white Guassian noise (AWGN) 

variables with zero mean and covariance matrix E [nnH] = 021, and the channel 

matrix HCp is given by 

It  can be seen from (2.13) that if the length of the C P  is equal t o  or longer than 

that of the CIR, then IS1 can be avoided. Since the C P  is only a copy of part of the 

OFDM symboI x, (2.13) can be rewritten as 
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where 

If the channel is time-invariant within one OFDM symbol duration, then the time in- 

dices in the expression of the CIR can be omitted, i.e., h = [h(O) h(1) - .  . h(L - 1)lT, 

and (2.14b) can be simplified as 

At the receiver, a,fter the removal of the CP, the received signal is transformed to 

Y  = [Yo . . - yN-,lT by using the DFT as 

where ( . ) H  represents the Hermitian of ( 0 ) .  From (2.12), (2.14a), and (2.16), Y  can 

be expressed as 

Y = A X + N  (2.17a) 

where 

A = Q*HQ 
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and N = [No - - N ~ - ~ ] ~  = QHn. Since the D F T  matrix Q H  is unitary, N in (2.17a) 

is still white Gaussian noise. The task for now is to  recover the transmitted signal X 

from the intermediate signal Y. If the assumption in the derivation of (2.15) is valid, 

then it  can be shown that  A is a diagonal matrix with elements Ak,k = Hk = (Qh)k 

where ( - ) k  represents the kth element of a vector. In such a case, signal Y is ICI-free 

and the relationship in (2.17a) can be rewritten as 

Yk = HkXk + Nk for k = 0, .  . . , N - 1 (2.18) 

This relationship is illustrated in Fig. 2.3. It  can be observed that the frequency- 

selective multipath channel is partitioned into N independent AWGN channels. As a 

consequence, a simple one-tap equalizer can be employed t o  recover the transmitted 

signal for each subcarrier [63]. The demodulation process of the OFDM signal is 

illustrated in Fig. 2.4 where function a[.] represents the hard detection operation 

based on Eucliean distances between the output of the equalizer and the modulation 

constellation points. 

Figure 2.3. Channel partition in OFDM system. 
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Figure 2.4. An OFDM receiver. 

2.4 PAPR Reduction in OFDM Systems 

Y o  * - yo 

A major drawback of OFDM signals is that  they have a large envelope fluctuation. 

The reason behind this phenomenon is simple. Since an OFDM signal consists of 

a number of independently modulated subcarriers, when the subsymbols for each 

subcarrier are added up coherently, the maximum instantaneous power of the OFDM 

signal could be much larger tha.n its average power. Typically, PAPR is used t o  

quantify the envelope excursions of OFDM signals. For the system shown in Fig. 2.2, 

One-tap 

Equalizer 

the PAPR of signal x is defined as 

-ADC 

where E[.], IIxlloo, and I I x ~ ~ ~  denote the 

norm of vector x, respectively. 

;- 

t 
YN- I  YN-] 

CP 
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- 

expectation of [.I, the infinity-norm, and 2- 

In attempt to investigate the distribution of PAPR of OFDM signals, we consider 

an OFDM system with N subcarriers where QPSK is adopted as the modulation 

scheme for each subcarrier, i.e., XI,  E {-I, 1, j ,  - j ) .  From the central limit theorem 

it follows that for large values of N, the values of the real and imaginary components 

of the OFDhl signal x, become Gaussian distributed, each with a mean of zero and 

variance of 0.5. The power distribution of x, becomes a central chi-square distribution 

with two degrees of freedom and zero mean, with a cumulative distribution given by 

F(6) = 1 - e - b (2.20) 

a[*] 

.$. 
-- 

Assuming that the samples are mutually uncorrelated, the probability that  the PAPR 

7 
t 

S/P - DFT Sm 
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is less than some threshold level can be written as 

For oversampled OFDM signals, however, the assumption made in deriving (2.21) is 

invalid. In this case, we assume that  the distribution of oversampled OFDM signals 

of N subcarriers can be approximated by the distribution of OFDM signals of cuN 

subcarriers without oversampling. Thus, the cumulative distribution function (CDF) 

of the PAPR is given by [2] 

In Fig. 2.5, the theoretical CDF of the random variable PAPR is plotted as dashed 

curves for various values of N where cu is set t o  4.5 based on empirical experience. The 

simulated values of CDF are plotted in the same figure as solid curves as a reference. 

It  can be observed that  the CDF derived in (2.22) is a close approximation to  the 

real CDF. Furthermore, based on (2.22), it can be shown that: 1) the probability 

of having a large PAPR increases with the growth of subcarrier number N; 2) large 

PAPR occurs with a small probability. For example, for the system with N = 64 

subcarriers, the PAPR of more than 90% of all OFDM symbols is less than 9 dB, i.e., 

Pr(PAPR 5 9) > 0.9. 

It  is known that  when signals with a large dynamic range are passed through 

nonIinear devices, they may suffer from severe nonlinear distortion [64]. The effect 

of nonlinear PAS on the OFDM signals will now be investigated. For the purpose of 

simplicity, a soft limiter (SL) model is used t o  approximate the nonlinearity of a PA, 

where its input and output signals are denoted as x = Ixlej@ a.nd g(x), respectively. 

The nonlinear characteristic of the SL can be obtained as 

Since the amount of distortion introduced by the SL depends only on the ratio 

A2/ {•’[[Ix11$]/N) where A2 is the maixmum output power of the SL, we can define 
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the parameter input ba,ck-off (IBO) as 

IBO = 10 log,, 
A2 ( ) (dB) 

~[1lx11~I/N 

The power spectral density of the input and output signals of the SL are plotted in 

Fig. 2.6 for various values of IBO. It can be observed that when the nonlinearity is 

high, i.e., IBO is small, the in-band distortion and out-of-band radiation are quite 

severe. For example, the -25 dB bandwidth at  IBO = 5 dB is almost twice as wide 

as that at  IBO = 20 dB. 

- N=128 Simulated 
% N=256 Slmulated 

N=1024 Slmulated 
-+ N=32 Theoretlcal 
+ N=64 Theoretlcal 
-* N=128 Theoretical 

I I I  -D- N=256 Theoretical 
- I 1 1 1  

I I 

10-4 I l 1  I I 
h I  I  I  I I  

4 5 6 7 8 9 10 11 12 13 14 

PAPR (dB) 

Figure 2.5. Theoretical and simulated CDFs of the PAPR of OFDM signals. 

It is clear that although the high PAPR of OFDM signals only occurs with a 

small probability, the distortion caused by passing OFDM signals through a highly 

nonlinear PA is still quite severe and needs to be suppressed. In an attempt to 

mitigate nonlinear distortion, linear PAS with a wide dynamic range are required but 
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I I , I I I - IBO = 5 dB - - IBO = 10 dB 
IBO = 20 dB '-1 

Normalized Frequency 

Figure 2.6. PSD degradation of OFDM signals passed through a n  SL. 

such PAS are power inefficient. Recently, a number of PAPR-reduction techniques 

and algorithms have been proposed to  reduce the PAPR of the OFDM signal before 

it enters a PA [29]-[44]. In what follows, we present a brief review of some of these 

algorithms. 

2.4.1 Tone Reservation Algorithm 

In [41], OFDM systems with real-valued transmit signals are considered where the 

input signal to  the IDFT processor satisfies the conjugate symmetry conditions [65]. A 

distortionless algorithm has been proposed for PAPR reduction, referred t o  as the tone 

reservation algorithm, where an additive signal is inserted on the unused subcarriers. 

Analytically, one seeks t o  find an additive correction vector c (equivalently, vector 

C in the frequency domain) that  modifies x to  x + c such that  the PAPR for the 
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is minimized without significant BER degradation. The PAPR-reduction problem 

can be addressed by minimizing the peak power of the modified signal x + c. It  

turns out that  the increase of avera,ge power in the optimally modified signal is fairly 

moderate and the BER performance degradation due to such signal modification is 

usually insignificant. For the sake of fair comparisons with other P-4PR-reduction 

algorithms, the peak power of the transmit signal will be used as a performance 

measure in the computer simulations presented in the following chapters. 

In [41], the PAPR-reduction problem is addressed by calcula,ting a real-valued 

vector c that solves the optimization problem 

If there are nu unused subcarriers whose indices form the set I,, then the components 

XI,  for k E 2, are set to  zero and the components Ck are nonzero only if k E 1,. 

Therefore, the optimization problem can be formulated as 

minimize 11, + ~ c - 1 1 ~  
c (2.30a) 

subject to: Ck = 0 for k $1,. (2.30b) 

Given an even N ,  vector c is real-valued if the index set has the structure Zu = {jl, 

j 2 ,  . . . , jnU12, N - jnU12, . . . , N - j2, N - jl) and C satisfies the conjugate symmetry 

conditions, i.e., CI, = CkI ,  with Co and CNI2 real-valued. To simplify the notation, 

the cases where k is equal t o  0 or N/2 will be excluded. Let Q = [q, q2 . . - qN]T where 

qk = [cos(2rjl k/N) . . . c0~(2nj, , /~k/N) - sin(2njlk/N) - - - - ~ i n ( 2 r j , , , ~ k / N ) ] ~  

and c = [C,, . . - CrjnU12 Cij, . . - CijnU,,lT where C,,+ = Re(Cx) and Cik = Im(Ck). 

It can be shown that  c = Q C  = QC. Thus, the problem in (30) can be converted t o  

the problem 
minimize c Ilx + Q ~ I I W  
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where all variables in (2.31) are real-valued. This problem can be easily formulated 

as a linear programming (LP) problem [4l] [66]. 

2.4.2 Active Set Extension Algorithm 

In [42], a PAPR reduction algorithm has been proposed, referred to as the active set 

extension algorithm, whereby the modulation constellation over active subcarriers is 

modified in such a way as not to degrade the BER performance. It is assumed that 

all subcarriers are active and the peak-reduction vector C is generated through a re- 

assignment of the constellation points as illustrated below. Let us consider a specific 

case of OFDM with 4-QAM modulation assumed for each subcarrier. As shown in 

Fig. 2.7, the conventional 4-QAM constellation points are located at  the corners of the 

shaded regions. Each of these regions is a feasible region for the reason that if a con- 

ventional constellation point is reassigned to  a point inside the corresponding shaded 

region, the minimum Euclidean distance between the newly assigned constellation 

point and any constellation point located in other feasible regions is guaranteed not 

to  be less than the minimum distance among the conventional constellation points. 

As demonstrated in [42], the increase in the average transmit power due to the con- 

stellation modification is fairly small and, consequently, the BER performance will 

not be degraded significantly. A constellation point is said to be feasible if it is located 

within the associated feasible region. 

Let x(') be the original OFDM symbol obtained using 4-QAM modulation of a 

given data stream. The time-domain vector x(') is obtained as the IDFT of ~ ( ' 1 .  For 

the components of x(O) whose magnitudes exceed a certain target peak level, clipping 

is used to limit their magnitudes to  the target peak level. Denoting the modified 

time-domain vector as x('), we compute the DFT of x(') to  obtain the OFDM symbol 

~ ( ' 1 .  Due to  clipping, some subsymbols of x(') may lie outside their feasible regions. 

In order to avoid BER degradation, these subsymbols need to be modified. Suppose 

subsymbol x?) is at  corner point 1 as illustrated in Fig. 2.7, which becomes ~ f )  a t  
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Figure 2.7. Modification of a 4-QAM constellation point in a n  active subcarrier. 

point A after the application of IDFT, clipping, and DFT. Denoting the point that 

is feasible and nearest to point A as B, we modify x!') such that it is represented by 

point B. If necessary, this IDFT/clipping/DFT/reassignment procedure is repeated 

for another K - 1 times until the maximum magnitude of x ( ~ )  is not larger than the 

target peak value. 

2.4.3 Symmetric Constellation Extension Algorithm 

In [44], a constellation extension algorithm has been proposed for PAPR reduction, re- 

ferred to as the symmetric constellation extension algorithm where the subsymbols for 

each subcarrier are represented by two symmetric constellation points. Consider, for 

example, an OFDM system where 32-QAM modulation is adopted for each subcarrier 

and the constellation extension scheme is shown in Fig. 2.8. It can be observed that 

the constellation is divided into two sets, i.e., the upper and lower sets, and any data 

point can be represented by either a point from the upper set or a symmetric point 

from the lower set. Based on this constellation extension scheme, one seeks to reduce 

the PAPR of transmit signals by selecting the optimal representation of subsymbols 

by either a point from the upper set or a point from the lower set. It has been shown 
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that the PAPR-minimization problem is an integer programming problem and a sub- 

optimal solution can be obtained by using the method of conditional probabilities 

(MCP) [44]. 

Figure 2.8. A constellation extension scheme for 32-QAM modulation. 

2.5 ICI Reduction in OFDM Systems 

In a fast-fading environment, the assumption of channel stationarity within an OFDM 

symbol duration may not be valid. In such a case, channel variations destroy the or- 

thogonality in the OFDM subcarrier waveforms and cause ICI at  the receiver [19][20]. 

Mathematically, the output signal of the DFT processor can be obtained by using 

(2.17) where matrix A is no longer a diagonal matrix due to channel variations. In 

particular, the signal for the kth subcarrier can be written as 

i=o,  i f k  
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where Ak,+ represents the (k, i)th element of matrix A. It can be seen that for the 

kth subcarrier the received signal depends not only on the transmitted signal for 

this particular subcarrier but also on the transmitted signals for other subcarriers. 

The first and second terms on the right-hand side (r.h.s.) of (2.32) represent the 

attenuated signal and the ICI for the kth subcarrier, respectively. 

To examine the effect of ICI at  the receiver, we define the signal-to-intercarrier- 

interference ratio (SIR) for the kth subcarrier as 

where 

Sk = Ak,kXk for k = 0 , .  . . , N - 1 (2.33b) 

and 
N-1 

Ik = Ak,iXi for k = 0,. . . , N - 1 (2.33~) 
i=o, i f k  

Assume that each subsymbol Xk is a zero-mean random varia,ble with variance Var(Xk) = 

E,. It has been shown [22] that the signal power for the kth subcarrier can be obtained 

E [ ( s~ (~]  = E~ fo rk  = o ,  . . . ,  N -  I (2.34a) 

and, for a sufficient large N, Ik can be approximated by a zero-mean Gaussian random 

process with variance bounded as follows 

1 
Var(Ik) I - ( ~ T ~ ~ T , ) ~ E ,  for k = 0, .  . . , N - 1 

12 
(2.34b) 

where fD and T, represent the Doppler frequency and symbol duration, respectively. 

From (2.33) and (2.34), a lower bound of the SIR for the kth subcarrier can be 

obtained as 

SIRk > 12 
for k=O,  ..., N - 1  

(2~fdT.s)~ 
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For an OFDM system with N = 64 subcarriers and a bandwidth equal to 200 kHz, 

the theoratical lower bound of SIR in (2.35) is plotted in Fig. 2.9 as a dash curve for 

various Doppler frequency. The actual SIR obtained by simulations is plotted as a 

solid curve in the same figure for reference, where a two-ray Rayleigh fading channel 

[46] is assumed. It can be observed that the lower bound in (2.35) is a close approxi- 

mation of the actual SIR. I t  follows from (2.35) that the SIR degradation caused by 

ICI increases significantly when the Doppler frequency increases. For example, the 

theoratical SIR is 32 dB a t  a Doppler frequency of 50 Hz, but it reduces to 18 dB at  

a Doppler frequency of 200 Hz. 

Doppler Frequency 

Figure 2.9. T h e  eflect of channel variations on the SIR at receivers. 

Since the received signal for a particular subcarrier is corrupted by ICI which in- 

volves the transmitted signals of other subcarriers, the performance of the traditional 

one-tap equalizer [63] degradates as the Doppler frequency grows. In order to  miti- 

gate the effect of the ICI, a joint-detection (JD) algorithm is required at  the receiver. 
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It has been shown in [46] that the performance of OFDM systems can be significantly 

improved if the signals for all subcarriers are utilized to identify the transmitted in- 

formation bits. This can be done by inserting immediately after the DFT a processor 

that implements a JD algorithm. A general structure for the OFDM receiver that 

implements a JD  algorithm is illustrated in Fig. 2.10. 

Figure 2.10. An OFDM receiver that implements a joint-detection algorithm. 

In what follows, we examine several linear and nonlinear detection algorithms. 

This will help establish the necessary background for JD and offer a basis on which 

several new JD algorithms can be developed. 

Y o  ,- yo, 

2.5.1 Maximum Likelihood Joint Detection 

Joint 

Detection 

ML detection involves maximizing the joint a posteriori probability by selecting the 

information-bearing waveform that is closest to  the observed waveform in terms of 

Euclidean distance [67]. For the signal detection problem in (2.17), ML detection can 

be carried out by solving the optimization problem 

minimize llY -  AX^/; (2.36a) 

subject to  : XI, E M for k = 0, 1, . . . , N - 1 (2.3613) 

? 

1- 
- YN-I  Y N - ~  

--ADC 

where M is the set of the constellation points associated with the modulation scheme 

of the OFDM system. The problem in (2.36) is a combinatorial optimization problem 

whose solution requires computational complexity that grows exponentially with the 

number of variables. In addition, in OFDM systems over frequency-selective fading 

channels, complete information on the CIR is required for ML detection. 
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In attempts to reduce the computational complexity required by ML detection, 

several linear and nonlinear JD algorithms have been proposed [46]. In the following, 

the MMSE detection and the DF detection algorithms proposed in [46] are briefly 

reviewed. 

2.5.2 Linear MMSE Detection Algorithm 

In [46], an MMSE algorithm has been proposed for ICI reduction, which is referred 

to  as the linear MMSE detection algorithm. In this algorithm, a linear transforma- 

tion is applied between the outputs of the DFT processor a,nd the decision making 

devices, where the coefficients of the transformation are determined by minimizing 

the minimum-square-error (MSE) between the known binary information bits and the 

transformed outputs, i.e., 

minimize E [ / I x  - w H~ /I:] (2.37) 

The closed-form solution of this problem is given by 

Hence, the information bits can be determined as 

It can be shown that the lcth column of W  is the solution of the following minimization 

problem 

minimize E [ I I x ~  - W ~ Y  \I:] (2.40) 

Therefore, the MMSE detection described above can be implemented in a decentral- 

ized form to reduce the complexity in case that multiple users share the frequency 

spectrum of the OFDM system, i.e., orthogonal frequency-division multiple access 

(OFDMA) system [68]. 
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In [46], it has been shown that  the ICI for a particular subcarrier is mainly con- 

tributed by its neighbouring subcarriers. Based on this observation, the detection 

process can be further simplified. Suppose that subsymbol Xk is t o  be detected. Let 

K = 2nd + 1 where M is a positive integer, and define a K x 1 vector Tk with the i th 

element Zk(2) = [ Ic  - M - 1 + 2IN + 1 where ['IN represents the modulus N operation. 

Let Y k  = Y (Zk), A k  = A (:, Zk), and N k  = N (Zk). From (2.17), we have 

The linear transmformation for detection XI, can be obtained by solving the opti- 

mization problem 

minimize E [ I I x ~  - W ~ Y ~  It;] for k = 0, . . . , N - 1 (2.42) 

The closed-form solution of (2.42) can be found as 

wr = ( E , A ~ A ~  + o2 . I)-' A~ for k = 0, . . . , N - 1 (2.43) 

and the information bits can be determined a.s 

xI, = Q [A; (E,A~A; + o2 . I)-' yk] for ~c = 0, . . . , N - 1 

It can be shown that  if M is selected properly, there is no significant performance 

degradation between the solution in (2.44) with respect t o  that  in (2.39). 

2.5.3 Decison-Feedback Detection Algorithm 

In [46], the DF detection algorithm has been proposed based on the MMSE detection 

algorithm reviewed above. The detection order of all subsymbols is determined in 

such a way that first the subsymbol with the largest energy a t  the receiver is found 

and then the detection order for other subsymbols is arranged either in a forward 

way or a backward way. For example, a.ssume that  subsymbol Xl has the largest 

energy a t  the receiver, then the detection order can be arranged in a forward way 
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as Zd = { I ,  . . . , N - 1,  0 ,  . . . , I - I ) .  Based on the established detection order, the 

detection of all subsymbols can be implemented successively. For the detection of 

subsymbol XZd(l), it can be achieved directly by using the MMSE detection char- 

acterized in (2.44) where the signal model in (2.41) is applied. For the detection 

of other subsymbols, first the signal vectors of the previous detected subsymbols 

are reconstructed and substracted from the received signal vectors, and then the 

detection algorithm described in See. (2.5.2) can be applied based on the updated 

signal model. For example, if we let xrn be the detected subsyrnbol of X,, we 

have ~k = Y x  - x:zl At(:, Id (i) + 1)kzd3a(i) where k = Zd ( I ) ,  Zd (2), . . . , Zd ( N )  , nk = 

k - m for k > m or n k  = N + k - m for k < m. Assuming that all previous subsymbols 

have been detected correctly, i.e., xm = Xm, then the signal model for the detection 

of X k  can be found as Yk  = Akxk + ek where Ax = A*(:, &(nk + 1 : N )  + I ) ,  

x k  = X ( Z d ( n k  + 1 : N )  + l ) ,  and Gk = w ( Z d ( n k  + 1 : N )  + 1) .  The subsymbol 

xk can be obtained by using the MMSE detection algorithm. It has been shown 

that an improved performance can be achieved by using this DF detection algorithm 

with respect to the MMSE detection algorithm in See. (2.5.2) at  the cost of a slight 

increase of computational complexity. 



Chapter 3 

PAPR Reduction via Continous 

Const ellat ion Extension 

3.1 Introduction 

In this chapter, new PAPR-reduction algorithms are developed for OFDM systems 

with real and complex signals. For the case of OFDM systems with real signals, the 

PAPR-reduction problem is formulated as an LP problem and its solution is obtained 

by using a new Newton algorithm [48]. Computer simulations show that the pro- 

posed LP-based algorithm yields optimal PAPR-reduction solutions and considerable 

performance improvement can be achieved relative to that achieved by using the tone 

reservation algorithm [41] and the ASE algorithm [42]. For the case of OFDM systems 

with complex signals, the PAPR-reduction problem is formulated as an unconstrained 

minimax optimization problem and its solution is obtained by using an accelerated 

least-pth algorithm [49]. Computer simulations show that  the proposed least-pth 

algorithm outperforms the ASE algorithm [42] and that improved PAPR reduction 

can be obtained when the least-pth algorithm is combined with the SLM algorithm 

P8I- 

The chapter is organized as follows. The proposed LP-based and least-pth algo- 

rithms are developed in Sec. 3.2 and Sec. 3.3, respectively. The simulation results are 

then presented in Sec. 3.4. Conclusions are drawn in Sec. 3.5.  
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3.2 PAPR Reduction in OFDM Systems with Real 

Signals 

3.2.1 System Configuration 

We consider an N-subcarrier OFDM system with real signa.1~ and assume that the 

system has a certain number of unused subcarriers. A modulation scheme that can 

be either 4-QAM or 16-QAM [41][66] is assumed for active subcarriers. The number 

and index set of unused subcarriers are denoted as nu and Z, = {jl, j2, . . . , jn,/2, N - 

jnUl2, . - . , N - j2, N -jl ), respectively. The number and index set of active subcarriers 

that are chosen for PAPR reduction are denoted as n, and Z, = {11, 12, - - - , ln,/z7 N - 

ZnaI2 ,  . . . , N - 12, N - 11), respectively. The index numbers are arranged such that 

jl < j2 < - < jn,/2 < N/2 and ll < l2 < . . . < lna12 < N/2 and sets Z, and Z, 

do not intersect. In the development of suitable algorithms for PAPR reduction, the 

concept of feasible region will be frequently used and it  needs to  be clarified. For 

4-QAM modulation, the feasible region was defined in Sec. 2.4.2 and is illustrated in 

Fig. 2.7. For 16-QAM modulation, the feasible regions are shown in Fig. 3.1. As can 

be seen, for each of the interior constellation points (i.e., points 5, 7, 13, 15), the 

feasible region is reduced t o  the point itself, meaning that  the interior constellation 

point is not allowed to  change. For each of t,he exterior constellation points that are 

located a t  the corners (i.e., points 0, 2, 8, lo) ,  the feasible region is the corresponding 

shaded region. For each of the non-corner exterior constellation points (i.e., points 

1, 3, 4, 6, 9, 11, 12, 14), the feasible region is a line which starts a t  the constellation 

point and extends to  infinity. 

3.2.2 Algorithm 

Based on the definition of PAPR in (2.19), our objective is to  obtain a conjugate 

symmetric vector C such that  the PAPR of the OFDM symbol X + C is minimized, 
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Quadrature 
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Figure 3.1. Feasible region for 16-QAM constellation points. 

where vector C has non-zero values in the selected subcarriers whose indices are in 

either set Z, or Za and the modified subsymbols in the active subcarriers remain 

feasible. The PAPR-reduction problem can be addressed by minimizing the peak 

power of the transmit signal x + Q C .  It turns out that the increase of average power 

in the transmit signal by constellation extension is fairly moderate and the BER 

performance degradation due to  such constellation extension is usually insignificant. 

The PAPR-reduction problem is a constrained optimization problem that can be 

formulated as 

minimize Ilx + QCll, (3.1a) 
C 

subject to: XI,  + Ck be feasible for k E Za (3.1b) 

Ck = 0 for k $! 1, and k 4 2, (3 .1~)  

By allowing point X k  + CI, ( k  E Za) t o  move within the feasible region, a solution 

of (3.1) can be obtained which is expected to  outperform that of the optimization 

problem in (2.30). 
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Let Q = [ql q 2  . . qN]T where q k  = [cos(2.irjlk/N) . . . cos(2.irjnu12k/N) 

cos(2.irllk/N) . . . co~(2. ir l ,~/~k/N) - sin(2.irjlk/N) . - - - sin(2.irjnUl2k/N) - s i n ( 2 ~  

l lk/N) . . - - ~ i n ( 2 7 i j , , ~ ~ k / N ) ] ~  and c = [CTjl - C n 2  C - . . CTlnu,, Cij, - - - 
cijnu/2 cizl - . . c i ~ ~ ~ ~ ~  I T .  It  can be verified that QC = QC where Q and c are 

real-valued and the problem in (3.1) can be converted to  

minimize llx + ~ ~ 1 1 ,  (3.2a) 
c 

subject to: XI, + Ck be feasible for k E Z, (3.2b) 

By including an upper bound 7 for the objective function in (3.2a) as an additional 

design variable, the constrainted optimization problem in (3.2) can be formulated as 

minimize r (3.3a) 

subject to: Izk + ( Q c ) ~ /  < i (3.3b) 

XI, + Ck be feasible for k E Z, (3.34 

where ( Q C ) ~  denotes the kth element of QC. The constraints in (3.3b) ca,n be 

expressed in matrix form as 

[P, :I [C] [-:I 
where e = [1 1 . . . llT E RNxl,  and the optimization problem in (3.3) becomes 

minimize 7 

subject t o  : [-: I] [:I 1 [-I] 
XI, + Ck be feasible for k E Z, 

In what follows, we convert the problem in (3.5) into explicit LP problems for different 

modulation schemes. 



3. PAPR Reduction via Continuous Constellation Extension 36 

3.2.2.1 4-QAM Modulation Case 

For 4-QAM modulation, all constellation points are exterior points and each is as- 

sociated with a large feasible region, as shown in Fig. 3.7. By defining vectors 

d = [ O .  - - 0  1lT E Rnu+na+l and y = [C ?.IT, the objective function in (3.5a) be- 

comes dTy and the constraints in (3.5b) assume the form 

If we denote x as a subvector of X composed of the elements with indices in Z, or 

I, ,  then the constraints in ( 3 . 5 ~ )  can be expressed as 

SrkCrk> 0 for k E 1, and k < N/2 (3.7a) 

SikCik> 0 for k E Za and tk < N/2 (3.7b) 

where ST,+ = sgn[real(Xk)] and Sik = sgn[imag(Xk)]. The constraints in (3.7) can be 

put together in matrix form as 

where S, and Si are (n,/2) x (N/2) matrices that  can be generated by replacing the 

(k, &)th component of the zero entry of each matrix by Srk and Sik, respectively, for 

k = 1, 2, . . . , n,/2. Furthermore, the linear constraints in (3.6) and (3.8) can be 

combined and the optimization problem in (3.5) can be formulated as 

with 

minimize dTY 

subject to: Ay > b 
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The problem in (3.9) is an LP problem with nu + nu + 1 variables and 2N + n, 

constraints. Since N > nu,  the number of constraints in (3.9) is always greater than 

the number of design variables. This LP problem can be solved using a recently 

proposed Newton method [48] which is more efficient than the standard methods for 

LP problems, especially when the number of constraints is considerably greater than 

the number of design variables. 

3.2.2.2 Other Modulation Cases 

In the 16-QAM modulation case, the fea,sible region for each constellation point is 

illustrated in Fig. 3.1. For each selected active subcarrier Ic (Ic E I,), if the modulated 

subsymbol XI, belongs to index set Go = (5, 7, 13, 151, then the corresponding Ck 

is set to  zero; if Xk belongs to G2 = (0, 2, 8, 101, then Ck is constrained exactly 

in the same way as in the QPSK case; if XI, belongs to GI = (1, 3, 9, 11) or 

GI2 = (4, 6, 12, 14), then the imaginary or real component of Ck is set to  zero, 

as appropriate. Under these circumstances, it can be verified that the optimization 

problem at  hand can be formulated as an LP problem of the form in (3.9). 

For other modulation schemes such as K-QAM with K > 16, feasible regions 

similiar to that in Fig. 3.1 can be defined and with straightforward modification of 

the data set {A, y, b), the corresponding P-4PR-reduction problem can be formulated 

as a standard LP problem. In practical applications, channel coding might be required 

to improve system performance, e.g., a standard binary code is combined with QAM 

modulation [2][69]. In such applications, a soft decision decoding scheme can be 

combined with the proposed algorithm to  obtain the transmitted information. We 

conclude this section with two remarks. 

1. In the proposed LP-based algorithm, the number of active subcarriers involved 

in the optimization can vary. Therefore, the algorithm offers a tradeoff between 

computational complexity and performance. 

2. For the sake of simplicity, only the Nyquist sampling rate has been considered 
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in the derivation of the above algorithm. However, with straightforward mod- 

ifications, the algorithm can be extended to  systems where the time-doma.in 

signals are oversampled. 

3.3 PAPR Reduction in OFDM Systems with Com- 

plex Signals 

3.3.1 System Configuration 

We consider an N-subcarrier OFDM system with complex signals and assume that 

there are no unused subcarriers in the system. A modulation scheme that can be 

either 4-QAM or 16-QAM [41][66] is assumed for all subcarriers [41][66]. The number 

and index set of active subcarriers that are chosen for PAPR reduction are denoted 

as n, and 2, = {jl, j2, . . . , jn,), respectively. 

3.3.2 Algorithm 

For OFDM systems with complex signals, the peak-reduction vector C is modified 

in selected active subcarriers so as to  minimize Ilx + QCll, subject to the modified 

subsymbols in the active subcarriers remaining feasible. Denote c as the subvector of 

C composed of the elements with indices in 2, and Q as the submatrix of Q composed 

of columns with indices in Z,. The problem can be formulated as 

minimize I I x  + &CllW (3.10a) 
c 

subject to : Xk + Ck be feasible for k E Z, (3.10b) 

If we denote the kth row of Q as 4; and the kth component of x as a k ,  then the 

objective function in (3.10a) is the infinity norm of an N-dimensional vector whose 

kth component is xt + i j z ~ ,  and the problem in (3.10) can be formulated as the 
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minimax problem 

-TC minimize max )1xk + qk I ]  
c l l k < N  

subject to: Xk + Ck be feasible for k E 2, 

Note that in general x k  and vectors ij; and c are complex-valued. If we let x k  = 

x,,k + j z i , k ,  = iL.,k + jqi,k, and c = CT + jCi, then the norm in (3.11a) assumes 

the form 

where 

and the problem in (3.11) can be expressed as 

minimize max I ( &  + PIC 1 1  
c l l k F N  

subject to: Xk + Ck be feasible for k E 2, 

In what follows, we show that for several important modulation schemes, the problem 

in (3.13) can be converted to an unconstrained optimization problem. 

3.3.2.1 4-QAM Modulation Case 

As in Sec. 3.2, the constraints in (3.12b) can be formulated as the inequalities in 

(3.8). Essentially, these constraints require that the signs of Crk and Cik be identical 

to those of STk and Sik, respectively. If we define a sign vector s as 

T T 
,=[,I . . -  Sna %,+I * . -  S2na ] = [sri . - . S,,, Sil . .. sin,] (3-14) 

then the constraints in (3.13b) can be eliminated by assuming vector c to be of the 

form 



3. PAPR Reduction via Continuous Constellation Extension 40 

T where yi is the ith component of an unconstrained parameter vector y = [yl - - - y2,,] , 

and the problem in (3.15) is converted to 

minimize max /[ilk + P k y 2 1 /  
Y l < k < N  

where pk is obta,ined by multiplying each column of Pk by the corresponding com- 

ponent of vector s, and y2 denotes the vector obtained by squaring the components 

of vector y. Efficient optimization algorithms are available in the literature that can 

be used to  solve the minimax problem in (3.16), see, for example, [49], where an 

accelerated least-pth approach is proposed for minimax optimization. 

3.3.2.2 Other Modulation Cases 

As may be expected, other modulation schemes such as 16-&AM can also be handled 

in a way similar to that in See. 3.2.2.2. With appropriate modifications to  the sign 

vector, the corresponding PAPR problem can be formulated as an unconstrained 

minimax optimization problem. The following remarks can be made at  this point. 

1. The proposed least-pth algorithm does not require transmission of any side 

information. 

2. If a small amount of side information is available, the SLM algorithm in [38] is 

a promising technique since it provides a considerable PAPR reduction without 

explicit side information. In such a system, the proposed least-pth algorithm 

can be smoothly integrated with the SLM algorithm to  achieve more PAPR 

reduction without any difficulties. 

Sirnulat ions 

The proposed PAPR-reduction algorithms were applied to several OFDM systems and 

the performance achieved was evaluated and compared with that of the algorithms 
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proposed in [41] [42] for the OFDM systems with real signals and that of the algorithms 

proposed in [38][42] for the OFDM systems with complex signals. 

In our simulations, 4-QAM modulation was assumed in all active subcarriers. The 

OFDM signal was oversampled by a factor of 2 using zero padding in the frequency 

domain before the application of the PAPR-reduction algorithms. In order t o  approx- 

imate the analog signal accurately [70], the sampling rate was increased to  8 times 

the Nyquist rate by a root-raised cosine (RRC) filter with a rolloff factor of 0.12. The 

output signal of the RRC filter, s( t) ,  was measured to  evaluate the PAPR-reduction 

performance. The configuration of the OFDM transmitter under consideration is 

shown in Fig. 3.2. 

Figure 3.2. Implementation of an OFDM transmitter for PAPR reduction. 

, . . . . . . . . . . . 

A commonly used performance measure for PAPR-reduction algorithms is the 

clipping probability which is defined as the probability that  the peak power of the 

OFDM signal exceeds a given power threshold sg, i.e., Pr{max[s2(t)] > sg). The 

abscissa was normalized with respect to  the average power of the OFDM signal before 

PAPR reduction, denoted by Si, and is given in decibels. 

RRC Filter 
( t 4 )  

3.4.1 OFDM Systems with Real Signals 

The OFDM system in our simulations had N = 512 subcarriers where nu = 16 

subcarriers (about 3% of the total subcarriers) in the highest frequency range were 

unused. 

Example 1: The LP-based algorithm proposed in Sec. 3.3.2.2 was applied to  reduce 

the peak power of the transmit signal. Various values of n, were used to  obtain the 

peak-reduction vector C*, and the clipping probability versus various power threshold 

values associated with vector C* is plotted as the solid curves in Fig. 3.3. For the sake 
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of comparison, the clipping probability obtained using the tone reservation algorithm 

[41] and for the original OFDM signal is also plotted in the same figure as dashed and 

dot-dashed curves, respectively. It is evident that,  after a small number of iterations, 

the proposed LP-based algorithm resulted in significant performance improvement 

over that of the tone reservation algorithm. For example, for a clipping probability of 

lop3, the LP-based algorithm with n, = 240 offers a 0.88-dB improvement over the 

tone reservation algorithm after 8 iterations. 

Figure 3.3. Performance comparison of the proposed LP-based and the tone reser- 

vation algorithms. 
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The clipping probability obtained using the proposed LP-based algorithm was 

also compared with that obtained using the ASE algorithm [42] for various numbers 

of iterations, i.e., i t r  = 5, 10, and 100 and the target PAPR was set to be 9 dB. 

The results obtained are plotted in Fig. 3.4. For the sake of comparison, the clipping 

probability for the original OFDM signals is also plotted as the dot-dashed curve. It 

can be observed that although the ASE algorithm is capable of reducing the peak 

power in a small number of iterations, better performance can be achieved using the 

14 
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proposed LP-based algorithm. For example, for a dipping probability of lop3, the 

proposed LP-ba.sed algorithm with n, = 240 offers a 0.57-dB improvement over the 

ASE algorithm with itr = 10. 

Figure 3.4. Performance comparison of the proposed LP-based and the ASE algo- 

rithms. 

The performance difference can be illustrated more explicitly using constellation- 

point patterns in the frequency domain as described below. The proposed LP-based 

algorithm with n, = 240, itr = 8 and the ASE algorithm with itr = 100 were 

applied to an arbitrarily chosen OFDM symbol X to  obtain the corresponding peak- 

reduction vectors C* and C* , respectively. The 120 constellation points obtained 

using the proposed LP-based algorithm in active subcarriers with index j 5 N/2 and 8 

constellation points in unused subcarriers with index j 5 N/2  are shown in Figs. 3.5a 

and b, respectively; the corresponding results obtained using the ASE algorithm 

are shown in Figs. 3 . 5 ~  and d l  respectively. It is observed that the distributions 

of the optimal constellation points are very different from those obtained with the 

ASE algorithm. Note that since an optimal solution of a constrained optimization 
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problem is usually on the boundary of its feasible region, most of the constellation 

points obta,ined by the proposed algorithm are located on or are very close to  the 

lines that define the feasible regions as shown in Figs. 3.5a and c. Also note that,  as a 

result of superposition of the peak-reduction signal and the original signal, the signal 

power for this OFDM symbol increases. For the system considered in our simulation, 

the average power increase was 0.368 and 0.624 dB, respectively, for n, = 80 and 240. 

Considering the significant PAPR reduction achieved, the small BER degradation 

caused by the power increase appears to be acceptable. 

It  is of interest t o  compare the computational complexity of the proposed LP-based 

algorithm with those of the existing algorithms (411 [42] and this is done in Tables 3.1 

and 3.2 where the performance of each algorithm is quantified in terms of its PAPR- 

reduction improvement in dB over the origina.1 data for a clipping probability of lou3. 

The computational complexity of PAPR-reduction algorithms is measured in terms of 

the ratio of the CPU time for each algorithm t o  that of the proposed PAPR-reduction 

algorithm with n, = 240, for which the CPU time was normalized t o  unity. 

From Table 3.1, the following conclusions can be drawn: 

The proposed LP-based algorithm leads t o  improved performance and requires 

less computation than the tone reservation algorithm in [41]. 

A tradeoff is offered by the proposed LP-based algorithm between performance 

and computational complexity. Selecting fewer active subcarriers for peak- 

power reduction can dramatically reduce the complexity of the proposed LP- 

based algorithm at  the cost of a moderate performance degradation. 

From Table 3.2, i t  can be observed that 

0 To achieve a similar performance, the amount of computation required by the 

proposed LP-based algorithm is much less than that required by the ASE algo- 

rithm. 

lThe CPU time was calculated by using M A T L A B  command 'cputime'. The command returns 

the total CPU time (in seconds) used by MATLAB from the time it was started. 
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Figure 3.5. Distributions of the modified constellation points using the proposed 

LP-based and the ASE algorithms. (a) in active subcarriers b y  the proposed LP-based 

algorithm, (b) in unused subcarriers b y  the proposed LP-based algorithm, (c) in active 

subcarriers b y  the ASE algorithm, (d) in unused subcarriers b y  the ASE slgorithm. 

Table 3.1. Comparison of PAPR-Reduction Algorithms 

Complexity 

Tone Researvation 

Algorithm 

1.46 

1.5 

CPU Time 

PAPR-reduction 

algorithms 

Performance gain (dB) 

Proposed LP 

Computational 

n, = 240, itr = 8 

2.34 

1 Normalized 

n, = 80, itr = 8 

1.78 

0.13 
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The performance of the ASE algorithm reaches its limit a,fter a certain num- 

ber of iterations, but the proposed LP-based algorithm can still improve its 

performance by using more active subcarriers for peak-power reduction. 

algorithms I itr = 5 1 itr = 10 1 itr = 100 1 n, = 80 1 n, = 240 

Table 3.2. Comparison of PAPR-Reduction Algorithms 

3.4.2 OFDM Systems with Complex Signals 

Proposed LP (itr = 8) PAPR-reduction 

For OFDM systems with complex signals where a11 subcarriers are active, the tone 

reservation algorithm in [41] cannot be used but the ASE algorithm in [42], the SLM 

algorithm in [38], and the proposed least-pth algorithm are applicable. The example 

presented below consists of two parts. In the first part, the least-pth algorithm 

proposed in See. 3.3.2 is simulated and compared with that of the ASE algorithm. 

In the second part, i t  is demonstrated that  if the side information required by the 

SLM algorithm is available, the application of the proposed least-pt h algorithm with 

the OFDM signal selected by the SLM algorithm as an initial point can reduce the 

PAPR by a substantial amount. 

Example 2: 

(a)  We considered an OFDM transmitter with N = 64 subcarriers. First, the pro- 

posed least-pth algorithm was applied with various values of n, to  obtain an optimal 

peak-reduction vector C*,  and the clipping probability is plotted as a solid curve in 

Fig. 3.6. Then, the performa.nce of the ASE algorithm in [42] was evaluated with 

the target PAPR set to  6 dB, and the clipping probability for various numbers of 

ASE Algorithm 

Performance gain (dB) 1.47 

0.18 Computational 

Complexity 

Normalized 

CPU Time 

1.78 

0.35 

1.82 

3.5 

1.78 

0.13 

2.34 

1 
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iterations, i.e., i t r  = 20 and 100, is plotted in Fig. 3.6 as dashed curves. It  is ob- 

served that performance improvement can be achieved by the ,4SE algorithm with 

20 iterations, but the algorithm's capability reaches its limit after 100 iterations. For 

example, for a clipping probability of lop3, a 1-dB improvement can be achieved by 

the ASE algorithm using 20 iterations, but only 1.2-dB improvement can be achieved 

using 100 iterations. On the other hand, for the same clipping probability, the pro- 

posed least-pth algorithm with n, = 28 and i t r  = 4 offers a 1-dB gain over the ASE 

algorithm with i t r  = 100. As for computational complexity, the proposed least-pth 

algorithm with n, = 10 and i t r  = 4 achieves a performance similar to  that of the 

ASE algorithm with 100 iterations as can be seen in Fig. 3.6 but the amount of com- 

putation required by the proposed least-pth algorithm is 20% less than that required 

by the ASE algorithm. In this system, the average power increase of the proposed 

least-pth algorithm is 0.534 and 0.706 dB, respectively, for n, = 10 and 28. 

- .  . Ongmal Data 
Jones (1tr=20) - - Jones (1tr=100) , Proposed (na=10,1tr=4) 
,, Propsoed (na=28,ltr=4) 

- 

', 
! 

\ 

1 Olog,,(s@~) [dB] 

Figure 3.6. Performance comparison of the proposed least-pth and the ASE algo- 

rithms. 

(b )  We also considered an OFDM transmitter with 64 subcarrier where the side 
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information required by the SLM algorithm in [38] is available. The performance 

of the SLM algorithm with the number of candidate sequences, U = 4 and 16, was 

evaluated and plotted in Figs. 3.7 and 3.8, respectively, as the dashed curves. In each 

case, the proposed least-pth algorithm with the best OFDM signal selected by the 

SLM a,lgorithm as an initial point was then applied. The performance achieved after 

1 and 2 iterations is shown in the same figures as solid lines. For the case of U = 4, 

the performance gain wa,s 0.9 dB after 1 iteration and 1.5 dB after 2 iterations. The 

average power increase is 0.098 and 0.535 dB, respectively, after 1 and 2 iterations. 

For the case of U = 16, the performance gain was 0.2 dB after 1 iteration and 0.7 

dB after 2 iterations. The average power increase is 0.031 and 0.396 dB, respectively, 

after 1 and 2 iterations. 

- . . Ongmal Data - - SLM (U=4) '. , Proposed (na=60, 1tr=1) 
+ Proposed (na=60, 1tr=2) 

', ', 

10log,,(s~/6~) [dB] 

Figure 3.7. Performance of the proposed least-pth algorithm combined with the SLM 

algorithm. 
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5 6 7 8 9 10 11 12 

I 010g,,(s~/6~) [dB] 

Figure 3.8. Performance of the proposed least-pth algorithm combined with the SLM 

algorithm. 

Conclusions 

Two new PAPR-reduction algorithms, one for OFDM systems with real signals and 

the other for OFDM systems with complex signals, have been proposed. For OFDM 

systems with real signals, a new LP-based algorithm has been proposed where all the 

subsymbols in unused subcarriers and the exterior constellation points in active sub- 

carriers are optimized simultaneously. For OFDM systems with complex signals where 

all subcarriers are active, a new algorithm has been proposed using an accelerated 

least-pth approach. Our simulations have demonstrated that  the proposed PAPR- 

reduction algorithms offer considerable performance improvement in many practical 

situations over several existing algorithms. Furthermore, the proposed algorithms 

offer a tradeoff between performance and computational complexity, which can often 

be used to  advantage in a number of applications. 



Chapter 4 

PAPR Reduction via Discrete 

Constellation Extension 

4.1 Introduction 

In this chapter, PAPR reduction for OFDM systems with complex signals is inves- 

tigated in a probabilistic framework [44][71]. A new constellation extension tech- 

nique is developed whereby the data are represented either by points in the origi- 

nal constellation or by extended points. In an attempt to find the optimal repre- 

sentation of the OFDM signal, two de-randomization algorithms are proposed by 

applying the so called conditional probablity method. The performance of the pro- 

posed de-randomization algorithms can be further improved by the combining the 

de-randomization, SR, and CDO algorithms. Design examples are presented which 

demonstrate that a significant improvement of PAPR reduction can be achieved by 

the proposed algorithms over several existing algorithms [38][44]. 

The chapter is organized as follows. In Sec. 4.2, a brief description of the system is 

given, and the proposed constellation extension scheme is described and the problem 

is formulated; then new PAPR-reduction algorithms for the solution of the problem 

are described. In Sec. 4.3, various PAPR-reduction algorithms are compared though 

simulations. Conclusions are drawn in Sec. 4.4. 
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PAPR Reduction in OFDM Systems with Com- 

plex Signals 

4.2.1 System Configuration 

A 16-QAM modulation is assumed for each subcarrier in which case the constellation 

assume the form shown in Fig. 4.la. The constellation extension scheme for this type 

of modulation is illustrated in Fig. 4.1b where any data point with a value greater 

than or equal to 4 can be represented by a pair of two possible constellation points. 

For example, data point Dk = 15 (or 1111 in binary form) can be represented either 

by X j  = -3 - 3 j  or by XL = -3 + 5 j  where the superscripts of XE and X l  are used 

to identify which constellation point is selected to  represent Dk, i.e., X j  indicates 

that an exterior point of the conventional constellation is used to represent Dk; on 

the other hand, Xk indicates that a corresponding extended point is used to  represent 

Dk. Based on this constellation extension technique, one seeks to reduce the PAPR of 

the transmit signals by selecting the optimal representation of data points by either 

the exterior or the extended points. The minimum Euclidean distance between the 

extended constellaton point and any conventional constellation point is guaranteed 

not to be less than the minimum distance among the conventional constellation points. 

As will be demonstrated later, the increase of average transmit power due to the 

constellation extension is fairly small and, consequently, the BER performance of the 

system will not be degraded significantly. 

4.2.2 Problem Formulation 

Based on the definition of PAPR in (2.19), our objective is to  obtain an optimal 

representation of the data points such that the PAPR of the OFDM symbol X is 

minimized. The PAPR-reduction problem can be addressed by minimizing the peak 

power of the transmit signal x. It turns out that the increase of average power 
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Figure 4.1. (a)  1 6 - Q A M  constellation with Gray code bit mapping. (b)  extension of 

26 -QAM constellation. 

in the transmit signal by constellation extension is fairly moderate and the BER 

performance degradation due to  such constellation extension is usually insignificant. 

For the sake of fair comparison with other PAPR-reduction algorithms, the peak 

power of the transmit signal will be used as a performance measure in the computer 

simulations presented in See. 4.3. Denoting the number and index set of subcarriers 

where constellation extension is applied as K and Z = { i l l  i2, . . . ,  iK), respectively, 

and letting x = [Xi, - . . xi,lT, the PAPR-reduction problem can be formulated as 

mini-mize max 
X O<n<N-1 

subject to: XI, E {x;, x;) for k E 1 

If we let 

x; + Xi x; - x; Yk = 
2 

and Zk = 
2 

for I% E I 

(4. la) 

(4.lb) 
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then we have 

X: = Yk + Zk and X;  = Yk - Zk for k E I 

The problem in (4.1) can thus be reorganized as 

subject to: sk E (1, -1) for k = 1, . . . , K (4.3b) 

where vector s = [sl - . . sKIT is referred to  as the sign vector. The variables in (4.3) 

(4.3a) minimize max 
S O l n l N - l  

are complex-valued. If we define 

N - l  K K 
j2?rkn j2Kikn C xke" + C x , e  N + C sk2ike '? 

k=O, k @ I  k=l k=l 

and 

where Re(-) and Im(.) represent the real and imaginary components of the variable, 

respectively, then the objective function in (4.3) can be written as 

Since the magnitude of a complex number is always no less than the 

magnitudes of its real and imaginary components, i.e., 

we can write 

max 
O<n<N-I 

(4.5) 

maximum of the 

2 max 
O s n s 2 N - 1  
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Hence, the problem in (4.3) can be relaxed to  

minimize max 
S O<n<2N-1 

lcn + s k d n k  

k=l 

subject to: s k  E (1,-1) for k =  1, . . . ,  K (4.8b) 

where the variables involved are real. The relationship between the solutions of the 

problems in (4.3) and (4.8) will now be examined. If s* is the solution of the problem 

in (4.8), n* is the index n a t  which the maximum of Ic, + EL, s;dnkI is achieved, S 

is the solution of the problem in (4.3), and f i  is the index n a t  which the maximum of 
K K 

Icn + bkdnk + j ~ , + ~  + j Ek=, bkdn+N,kI is achieved, then it can be shown that 

It  follows from (4.9) that  the solution of the problem in (4.8) can be regarded as a 

good approximation of the solution of the problem in (4.3). For this reason, a good 

suboptimal solution of the ICI-reduction problem at  hand can be obtained by solving 

the problem in (4.8) instead of that  in (4.3). The proof of (4.9) is given in Appendix 

A. 

4.2.3 Algorithms 

The minimax optimization problem in (4.8) is an integer programming problem which 

can be solved by using the MCP [44][50][71]. 

4.2.3.1 De-Randomization Algorithm 

Consider sign vectors s = [sl . . - sK] where s l ,  . . . , s~ are treated as random variables 

that  can assume values of 1 or -1 with equal probability. Let A: be the event that 
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K /cn + C,=, dnxskl > X and P r  (A;) be the probability that  event A; occurs. Let us 

assume that X is chosen such that  

If the first component of the optimal sign vector is taken t o  be ST = 1, then a 

suboptimal sign vector s* can be obtained sequentially as 

2N-1 

min ~r (A; Is:, . . . , s;-, , sj) for j = 2, . .  . , K (4.11) 
sj€{1,-1) n=O 

Consequently, we have 

I Pavg 

and 

n=O n=O 
P a v g  = 2 

which in conjunction with (4.10) imply that 

With the entire vector s* known, the probability P r  (Akls;, . . . , s&) for each n is 

either zero or one. Hence, it  can be inferred that  the conditional probabilities in 

(4.11b) are all zero, i.e., P r  (Ails;, . . . , s:) = 0 for n = 0, . . . , 2N - 1, which means 

that + EL, s;dniI < A. In other words, the sign vector s* = [s; - . - s&] obtained 
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using (4.11) can be regarded as a suboptimal solution for which the objective function 

in the problem in (4.8) is guaranteed to  be smaller than A. In the above method, the 

solution s* is obtained by first treating the elements of the sign vector s as random 

varia,bles a,nd then using a conditional probability argument in conjunction with the 

constraint in (4.10) to  de-randomize the sign vector iteratively. For this reason, the 

solution method is referred to as a de-randomization method [50]. 

Although in principle the sign vector s* can be determined using the method of 

conditional probabilities as described in (4.11), numerical evaluation of the conditional 

probabilities is often difficult. A remedy to the problem is to  derive easy-to-evaluate 

upper bounds on the conditional probability so that suboptimal solutions can be 

developed by working with the upper bounds instead of the conditional probabilities. 

For the problem in (4.8), we are interested in an upper bound U, (A ,  sl, . . . , sj) for 

the conditional probability known as pessimistic estimator [50] such that 

P ( A  . . . , s )  U, (A,  s ~ ,  . . . , sj) for j = 1, . . . , K (4.13a) 

where the condition 

2N-1 2N-1 

min x U, (A, sl, . . . , s.j-1, sj) < C U, (A,  sl, . . . 7 sj-1) (4.13b) 
s l a k l )  ,=O n=O 

is satisfied. From (4.13a) and (4.13b), it is quite clear that if we impose the additional 

constraint 

where U, (A)  denotes the upper bound of P r  (A:) with all the components of s, i.e., 

sl, . . . , SK, treated as random variables, then the pessimistic estimator U, (A, s l ,  . . . , 

sj) can be used to  replace the conditional probability P r  (A:lsl, . . . , sj) in (4.11) to  

deduce a suboptimal solution s*. In effect, working with a pessimistic estimator 

U, (A, sl, . . . , sj) satisfying the conditions in (4.13a)-(4.13c), a suboptimal sign vec- 
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tor s* can be determined sequentially as 
2 N - 1  

min UP(A,s;, . . . , S ; - ~ , S ~ )  
s3E{1,-l) n=O I 

for j = 2, . . . , K .  

4.2.3.2 Chernoff-Bound-Based Algorithm 

In what follows, a pessimistic estimator is derived based on the Chernoff bound [62] 

which can be described by the inequality 

where y is a nonnegative parameter to  be optimized. To see how the Chernoff bound 

can be applied to our problem, we write the conditional probability as 

where X + c, + C;=, skdnk and X - en - skdnk can be treated as constants, just 

like 6 in (4.15), since sl, . . . , sj are assumed to  be known. By applying the Chernoff 

bound in (4.15) to  (4.16), we obtain 

where 
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The last equality in (4.17b) follows from the fact that the random variables sj+l, . . . , s~ 

are independent which assume values of 1 or -1 with equal probability. Using the 

above analysis, a pessimistic estimator can be derived as 

for j = 1, . . . , K, where 

K 

, A* = J- and y* = A*/& (4.18b) 
O<n<2N-1 

The derivation of (4.18) is given in Appendix B. 

The Chernoff-bound based pessimistic estimator in (4.18) can be used in conjunc- 

tion with (4.14) to  obtain a suboptimal solution s* for the problem in (4.8). In fact, 

using (4.18a), Eq. (4.14) becomes 

2N-1 K 
- - sinh (y*dnk) n cosh (y*dnk) (4.19) 

k=l k=j+l 1 
for j = 2, . . . , K. It follows that  the objective function in (4.8a) a t  s = s* is smaller 

than A*. Using (4.2b) and (4.19), the optimized OFDM symbol X * can be obtained 

for k 6 I x; = 
Yk+sTZk f o r k ~ I  

where I is the index of element k in set I in the case that k E I. From (4.1) and (4.9), 

we can write - 

In other words, the peak power of the optimized OFDM symbol X *  is guaranteed to  

be smaller than 2 ~ * ~ .  An algorithm based on the above solution method is summa- 

rized in Table 4.1. 

2 

< max 
O<n<N-1 

N-l 
ja?rkn x X;e N 

k=O 
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Table 4.1. A Chernofl-Bound Based Algorithm for PAPR Reduction 

Step 1 

Input the OFDM symbol X = [XI - . - XN]. 

Step 2 

For Ic E I, compute Yk and Zk using (4.4a). 

Compute c, and dnk using (4.6). 

Evaluate parameters 5,  A*, and y* using (4.18b). 

Step 3 

Determine the sign vector s* = [ST . . s&] with ST = 1 sequentially using (4.19). 

The optimized OFDM symbol X* can be obtained using (4.20). 

4.2.3.3 Polynomial-Bound Based Algorithm 

The most computation-intensive operation in the evaluation of upper bound Up (A*, 

sl, . . . , sj) in (4.18a) is the evaluation of the hyperbolic cosine functions involved. In 

what follows we derive a polynomial upper bound for the hyperbolic cosine function 

on a given interval that will eventually lead to  a polynomial-bound based pessimistic 

estimator. 

It  follows from (4.17) that 

K 

< 2e-'"osh (yen) cosh (ydnk) - 
k=l 

- < 2eP7"ax cosh (ye,) cosh(ydnk) 
n=O, ..., 2N-1 I k = l  

For example, for N = 64, we have y = 20 and yA = 11. In such a case, (4.21) 



4- PAPR Reduction via Discrete Constellation Extension 60 

becomes 

where 
K 

P n  = 2e-" max cosh(ydna) = 0.0025 n=O, ..., 2N-1 1 (4.2213) 

We stress that the bound derived in (4.22) is not tight and computer simulations have 

indicated that  the actual interval into which the value of y /cn + CL, SkdnkI falls is 

considerably smaller than [O,11]. Based on these observations, we seek a polynomial 

upper bound g(x) = 1 + k1x2 + k2x4 for cosh(x) with 0 5 x 5 M, i.e., 

cosh(x) 5 1 + k1x2 + k2x4 for 0 5 x 5 M (4.23) 

If we define 

then (4.18), (4.23), and (4.24) imply that  

PT ( A ; S ~ ,  . . . , ~ j )  5 Gn ( A 7  slj  - - . I sj) (4.25) 

which is the condition in (4.13a) for Gn (A,  sl, . . . , sj). In addition, if we require that 

polynomial g(x) satisfy the inequality 

for any a and b, then we have 
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which is the condition in (4.13b) for G, (A ,  sl, . . . , sj). It can be verified that  poly- 

nomial bound g(x) satisfies (4.26) if its coefficients are chosen such that 

To identify the optimal values of parameters kl and k2, we introduce an upper bound 

for the difference g(x) - cosh(x) as 

g(x) - cosh(x) I 6 for 0 I x I M (4.29) 

and kl and k2 are determined by minimizing 6 subject to the constraints in (4.23), 

(4.28), (4.29), kl > 0 and k2 2 0. The nonlinear constraint in (4.28) in conjuction 

with the nonnegativity constraints kl > 0 and k2 > 0 defines the shaded region in 

Fig. 4.2. This nonconvex region can be approximated by the triangular region defined 

by a tangent line of the parabola k2 = k:/6 and the kl-axis where the triangular region 

is convex and can be described by the constraint 

Replacing the nonlinear constraint in (4.28) by the linear constraint in (4.30), the 

optimal parameters kl and k2 for polynomial g(x) can be determined by solving the 

linear progamming problem 

minimize 6 (4.31a) 

subject to: kl > 0, k2 > 0, (4.31b) 

klx2 + k2x4 - cosh(x) + 1 > 0 for 0 < x 5 M (4.31~) 

-k1x2 - k2x4 + cosh(x) - 1 - 6 > 0 for 0 I n; I M (4.31d) 

where the parameter vector of the LP problem is [6 kl k21T and variable x assumes 

values on interval [0, MI. For example, with M = 6 and c = 0.88, solving the LP 

problem in (4.31) gives kl = 0.8844 and k2 = 0.1303. 
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Figure 4.2. An approximation of the nonconvex constraint. 

For M = 6, it can be shown that if the values of y and X in (4.24) are chosen such 

that 

- - 

E = max x (c: + d:,), X* = J3.538~ l o g ( 4 ~ )  and y* = 0.565A*/& (4.32) 
O<n<2N-1 k=l 

then 

satisfies the condition in (4.13~) and, therefore, Gn (A*, s l ,  . . . , sj) can be used as a 

pessimistic estimator. See Appendix C for a proof. 

The polynomial-bound based pessimistic estimator in (4.33) can be used in con- 

junction with (4.14) t o  obtain a suboptimal solution s* for problem (4.8). Using 

(4.33), Eq. (4.14) becomes 
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for j = 2, . . . , K. Using (4.2b) and (4.34), the optimized OFDM symbol X* can be 

obtained as in (4.20). By using an argument similar to  that in Sec. 4.2.3.2, the peak 

power of optimized OFDM symbol X* is guaranteed to  be smaller than 2 ~ * ~ .  An 

algorithm based on the above solution method is summarized in Table 4.2. 

Table 4.2. A Polynomial-Bound Based Algorithm for PAPR Reduction 

Step 1 

Input the OFDM symbol X = [XI - - - X N ] .  

Step 2 

For k E I, compute Yk and Zk using (4.4a). 

Compute c, and dnk using (4.6). 

Evaluate parameters E ,  A*, and y* using (4.33). 

Step 3 

Determine the sign vector s* = [ST . . sfK] with ST = I sequentially using (4.34). 

The optimized OFDM symbol X* can be obtained using (4.20). 

4.2.4 Enhancement for the Proposed Algorithms 

The performance of the proposed de-randomization algorithms can be improved fur- 

ther through several enhancement techniques as described below. 
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4.2.4.1 Selective Ro ta t ions  A lgor i thm 

The objective function in (4.3a) remains unchanged if all complex-valued terms are 

rotated by an angle Q since 

On the other hand, this rotation leads to  a different set of dnk which can be obtained 

using (4.4) with X k ,  Y,, , and Zi, replaced by ejOXk,  e j ' ~ ~  , and ejOZzh, respectively. If 

we use the parameters dnk generated by K different rotation angles Qo, Q1,  . . . , QKPl  

with Q0 = 0, then we can obtain K suboptimal sign vectors si, ST, . . . , sk-, from 

which the best sign vector can be identified by comparing the performance of the 

corresponding suboptimal solutions. Since the set of rotation angles includes 19 = 0, 

the suboptimal solution obtained using the SR algorithm is always superior to  the 

suboptimal solution of the de-randomization algorithm described in Table 4.1 or 4.2. 

4.2.4.2 Coordinate  Descent Opt imiza t ion  A lgor i thm 

If we define 

with s = [sl - - and sk E [l, -11 for k = 1, . . . , K ,  then the idea of coordinate 

descent optimization [51] can be applied to  reduce the value of f ( s )  iteratively as 

follows. Suppose only one element of the sign vector s is allowed to  switch at  each 

iteration. First, the value of fn(s)  after the sign switch of element sl;, can be obtained 

where 

fn ( s )  = 

K 

cn + C skdnk 
k=l 

for n = 0, . . . , 2N - 1 (4.35b) 
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for n = 0, . . . , 2N - 1 and kc = 1, . . . , K. Next, the change 

obtained as 

Af (kc) = f (s) - max fn(s, kc) for kc = 1, 
OIn12N-1 

If we define 

kc = arg 1 max A (kc)] 
l<kc<K 

(4.36) 

in value of f can be 

A 

and Af (kc) 5 E ,  where E is a predefined tolerance, then a local minimum of func- 

tion f (s) is achieved and the algorithm terminates. Otherwise, the steepest descent 

direction for function f (s) can be found as -sf.. Therefore, the sign vector can be 

updated as s = [sl . . . sk-, - sfc s & + ~  . . . sK].  since the value of f(s) is con- 

stantly reduced at  each iteration, the CDO technique can be applied to  enhance the 

performance of the de-randomization algorithm proposed in Sec. 4.2.3. An algorithm 

based on the above algorithm is summarized in Table 4.3. 

Note that the CDO algorithm described above can be generalized in a way that 

at  each iteration, multiple elements of the sign vector s are allowed to change. In 

general, it can be expected that better performance can be obtained a t  the cost of 

increased computational complexity. 

4.2.4.3 Improved Performance using SLM Algor i thms 

In the proposed algorithms, only one data set has been utilized for PAPR reduction. 

The performance can be improved by combining the proposed algorithms with the 

SLM algorithm as illustrated in Fig. 4.3. First, multiple candidate data sets are 

generated at  the transmitter. Second, for each of the data sets the proposed de- 

randomization algorithm is applied and the one with the least PAPR is selected. 

Third, the proposed SR and CDO algorithms are applied to the data set selected in 

the second stage for further PAPR reduction. 
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Table 4.3. A Coordinate Descent Optimization Algorithm for PAPR Reduction 

Step 1 

Set the tolerance E = 0.01. 

Input c, and dnk using (4.4). 

Input the sign vector s = s*, where s* is obtained by using (4.19). 

Step 2 

Compute f ( s )  using (4.35a). 

Compute f,(s, kc)  using (4.36). 

Compute Af ( kc )  using (4.37). 

Determine LC using (4.38). 

Step 3 

If A,(,&) 2 r ,  then output sign vector s and algorithm terminates. 

Otherwise, update sign vector as s = [sl - - . sg-, - s b  s ~ + ~  . . -  sK] 

and go to Step 2. 

Figure 4.3. Combination of the proposed and the SLM algorithms. 
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The proposed Chernoff-bound and polynomial-bound based derandomization algo- 

rithms were applied to an OFDM system with 64 subcarriers and the PAPR-reduction 
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curately, oversampling was applied and the same configuration as in Sec. 3.4 was 

used. For the SLM algorithm in [38], the number of candidate sequences is denoted 

as U .  For the proposed SR algorithm, the number of rotations is denoted as K and 

the rotation angles 0 was set to  the values 0, T/K, . . . , (K - 2)n-/K, (K - 1)n-/K. 

For the proposed CDO algorithm, the number of elements of the sign vector that can 

be changed at  each optimization iteration is denoted as Bit. 

Example 1: The extended constellation adopted for the proposed Chernoff-bound 

and the polynomial-bound based algorithms is shown in Fig. 4.lb, and the clipping 

probabilities versus various power threshold values are plotted as the solid and dash 

curves in Fig. 4.4, respectively. For the SLM algorithm, a 16-QAM constellation was 

adopted. For the sake of comparison, the clipping probabilities obtained using the 

SLM algorithm and for the OFDM signal with no PAPR reduction are plotted in 

the same figure as dot-dashed curves. First, it can be observed from Fig. 4.4 that 

by combining each de-randomization algorithm with the SR algorithm, a significant 

PAPR reduction can be achieved. For example, for a clipping probability of lop3, 

a 1.7- and 3.1-dB improvement can be obta.ined by the Chernoff-bound based algo- 

rithm with K = 1 and K = 4, respectively, over the OFDM signal with no PAPR 

reduction. Note that the power increase associated with the Chernoff-bound based 

algorithm is approximately 0.45-dB over the average power of the OFDM signal with 

no PAPR reduction. Second, it can be observed from Fig. 4.5 that by combining 

each derandomization algorithm with the CDO algorithm, significant performance 

improvement can be achieved relative to that achieved with the SLM algorithm. For 

example, by using the Chernoff-bound based algorithm with CDO and assmuing a 

clipping probability of an improvement of 0.9 dB can be achieved relative to 

the performance achieved with the SLM algorithm with U = 16. Note that, in such 

a case, the power increase with respect to  the average power is approximately 0.64 

dB. Third, it can be observed from Figs. 4.4 and 4.5 that the performance of the 

polynomial-bound based algorithm is quite close to that of the Chernoff-bound based 
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algorithm. Fourth, it can be observed from Fig. 4.6 that the performance can be fur- 

ther improved by combining the proposed algorithms with the SLM algorithm. For 

example, a 1.4-dB improvement can be obtained by using the combined algorithm 

with U = 4, K = 2, Bit = 1 over the SLM algorithm with U = 16. 

Figure 4.4. Performance comparison of  the SLM and the de-randomization algo- 

rithms. 

Example 2 :  The performance of PAPR-reduction algorithms using various constel- 

lation extension schemes was compared and the results are plotted in Fig. 4.7. The 

clipping probabilities for systems using the schemes in Fig. 4.lb and Fig. 2.8 [44].ver- 

sus various power threshold values are plotted in Fig. 4.7 as dashed and solid curves, 

respectively. It can be observed that significant improvement can be achieved by the 

proposed algorithms using the scheme in Fig. 4. lb over the SCE algorithms using 

the scheme in Fig. 2.8. Note that because of the one-bit redundancy associated with 

the scheme in Fig. 2.8, the effective transmission rate of OFDM system is 4 bits per 

subcarrier for both schemes. On the other hand, compared with the average power of 

the OFDM system, a 3-dB power increase is associated with the scheme in Fig. 2.8. 



4. PAPR Reduction via Discrete Constellation Extension 69 

I 

*. SLM (U=16) 

I \Vli \,*,I ; Chernoff (K=4,Bit=l) 1 
4 Polynom~al (K=1 ,Bit=l) 
-D- Polynomial (K=4,Bit=l) 

Figure 4.5. Performance comparison of the SLM algorithm and the proposed algo- 

rithms. 

This power increase is much higher than that  associated with the scheme in Fig. 4.1b7 

which is about 0.64 dB. 

The computational complexity of the proposed algorithms are compared with 

those of existing algorithms in Tables 4.4 where the performance of each algorithm 

is quantified in terms of its PAPR-reduction improvement in dB over the OFDM 

signal with no PAPR reduction for a clipping probability of lop3. The computational 

complexity of the algorithms is measured in terms of the ratio of the CPU time (see 

footnote on p. 45) required for each algorithm t o  that  of the SLM algorithm with 

U = 16, for which the CPU time was normalized t o  unity. It  can be observed that 

by combining the proposed polynomial-bound based algorithm with the SR, CDO, 

and SLM algorithms, improved performance can be achieved with less computation 

with respect t o  the performance and computation required by some existing PAPR- 

reduction algorithms. 

From Table 4.4, the following conclusions can be drawn: 
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Figure 4.6. Performance comparison of the SLM algorithms and the proposed algo- 

rithms which combine with the SLM algorithm. 

Figure 4.7. 
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By combining the proposed polynomial-bound based algorithm with the SR, 

CDO, and SLM algorithms, improved performance can be achieved for less 

computation with respect to  the SLM algorithm in 1381. 

The proposed algorithms offer a tradeoff between performance and computa- 

tional complexity. For example, if the computational resources available are 

very limited, then the performance offered by the proposed polynomial-bound 

based algorithm is marginal; if additional computational resources are available, 

then improved performance can be achieved by using a combination of the pro- 

posed polynomial-bound based algorithm, SR algorithm, and CDO algorithm; 

if additional side information is available, then the performance can be further 

improved by also using the SLM algorithm. 

4.4 Conclusions 

Table 4.4. Performance and Complexity of PAPR-Reduction Algorithms 

A new constellation extension technique has been developed. Based on a conditional 

probability method, two new de-randomization algorithms have been proposed for 

PAPR reduction. The performance of the de-randomization algorithms can be sig- 

inificantly improved by combining them with the selective rotation and coordinate 

descent optimization algorithms. Simulations have demonstrated that  the proposed 

Algorithms 

Performance 

Gain ( d B )  

Normalized 

CPU T i m e  

SLM 

Algorithm 

U = 16 

3.4 

1 

Proposed Polynomial-Bound Based Algorithm 

No SLM (U = 1) 

No CDO ( B i t  = 0) 

SLM (U = 4) 

CDO ( B i t  = 1) 

SR 

( K  = 4) 

2.85 

0.45 

No SLM (U = 1) 

CDO ( B i t  = 1) 

SR 

( K  = 1) 

4.8 

0.83 

SR 

( K  = 8) 

3.05 

0.95 

SR 

( K  = 1) 

3.8 

0.41 

SR 

( K  = 2) 

5 

1.25 

SR 

( K  = 4) 

4.4 

0.85 
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algorithms outperform the SLM algorithm in [38] and the SCE algorithm in [44] in 

terms of PAPR reduction and computational complexity. The performance can be 

further improved by combining the proposed algorithms with the SLM algorithm. 



Chapter 5 

ICI Reduction in OFDM Systems 

5.1 Introduction 

While fast variations of wireless channel characteristics cause ICI in OFDM systems, 

they also introduce frequency diversity which can be exploited to improve system 

performance [56]. In this chapter, ICI reduction in OFDM systems is investigated 

and two new ICI-reduction algorithms for OFDM systems with complex signals are 

proposed. First, for an OFDM system where 4-QAM is assumed for all subcarriers, 

a low-complexity ICI-reduction algorithm based on an iterative optimization scheme 

is proposed. We also propose an ICI-reduction algorithm based on the SD algorithm 

[52]. By considering channel information, a new search strategy is developed to reduce 

the computational complexity of the SD algorithm. Design examples are presented, 

which demonstrate that the proposed iterative ICI-reduction algorithm outperforms 

several existing algorithms in terms of BER performance and computational complex- 

ity. It is also shown that the detection performance can be further improved by using 

the proposed SD algorithm. Furthermore, it is shown that the proposed algorithms 

can exploit the frequency diversity introduced by channel variations and, therefore, 

improved performance can be achieved at  higher Doppler frequencies. 

The chapter is organized as follows. In Sec. 5.2, following the description of 

the system configuration and problem formulation, new ICI-reduction algorithms to 

mitigate the effect of ICI are proposed. In Sec. 5.3,  the performance of various ICI- 
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reduction algorithms are compared by simulations. Conclusions are drawn in Sec. 5.4. 

5.2 ICI Reduction in OFDM Systems with Com- 

plex Signals 

5.2.1 System Configuration 

An N-subcarrier OFDM system with complex signals is considered where the mod- 

ulation scheme for each subcarrier can be either 4-QAM or 16-QAM. A CP with 

length equal to  20% of the OFDM symbol duration is inserted at  the beginning of 

each OFDM sumbol. The fast-fading channel described in Sec. 2.2.3 is assumed where 

the length of its impulse response is no longer than that of the CP. At the receiver, 

after the removal of the CP, the signal is transformed using the DFT before the 

ICI-reduction algorithms can be applied. 

5.2.2 Problem Formulation 

It follows from (2.17) and (2.32) that in a fast-fading environment the received signal 

at  any particular subcarrier consists of both the signal component and the ICI com- 

ponent. In an attempt to  mitigate the effect of ICI, advanced detection algorithms 

are required a t  the receiver. Based on the maximum likelihood detection criterion, 

the ICI-reduction problem can be formulated as in (2.36), which is essentially a com- 

binatorial optimization problem whose solution requires computational complexity 

that grows exponentially with the number of variables. The variables in (2.36) are 

complex. If we let Y = Y, + jYi, A = A, + jAi, and X = X, + jXi, then the norm 

in (2.36a) assumes the form 



5. ICI Reduction in OFDM Systems 75 

where 

and the problem in (2.36) can be expressed as 

minimize 1 1 ~  - ~ ~ 1 1 ;  (5.2a) 

subject t o :  ~ ( i )  E M  for i = 0 ,  1, . . . ,  2 N -  1 (5.2b) 

where M represents the set of points associated with the real or imaginary compo- 

nents of the modulation constellation. For the sake of simplicity, 4-QAM modulation 

is assumed for all subcarriers and, therefore, we have M = (1, -1). 

5.2.3 Iterative Optimization Algorithm 

For the optimization problem in (5.2) where 4-QAM is adopted for all subcarriers, 

we propose an ICI-reduction algorithm where the elements of vector x are to  be 

determined iteratively. 

Assume that the number and the set of indices of the undetermined elements in 

vector 2 during the kth iteration are denoted as Nk and &, respectively. During the 

first iteration, we have Nl = 2N and Zl = (0, . . . , 2N - 1). If we define 

and let k = 1, then the problem in (5.2) can be converted to 

1 - 
minimize - x ; B k X l c  + x;bk 

2 
(5.4a) 

subject to : x k ( i )  E {I, -I} for i = 0, . . . , N~ - I (5.4b) 

If the constraints are satisfied, then xfxk = Nk and the problem in (5.4) can be 

relaxed to 

1 - 
minimize - x : B k X k  + Xzbk 

2 

subject to  : X ; x k  = Nk (5.5b) 
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The matrix Bk in (5.5) is a positive definite matrix and, therefore, it can be diago- 

nalized as 

where Sk and U k  are diagonal and orthogonal matrices, respectively. If we let 

and 

xk= u:yk 

then the problem in (5.5) can be converted t o  

1 
minimize 5 ~ P ~ k ~ k  + Y T b k  

subject t o  : Y ~ Y I ,  = Nk 

Here, we define the Lagrangian 

Using the first-order Karush-Kuhn-Tucker (KKT) conditions, we have 

and we see from (5.8) and (5.10) that  the solution of the problem in (5.8) can be 

obtained by solving the problem 

Y k  = -(Sk + 2 ~ ~ 1 ~ ) - ~ b ~  

subject t o  : Y F Y ~  = Nk 

On replacing vector Y k  in (5.11b) using the relationship in (5.11a), we have 
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where Sk + 2XkIk is a diagonal matrix. Therefore, (5.12) can be expressed as 

where ik(i) and s k ( i )  represent the i th element of vector bk and the ma,in diagonal 

of matrix Sk ,  respectively. The only unknown variable in (5.12) is Xk and its opti- 

mal value can be determined numerically by solving the following one-dimensional 

optimization problem 

1 
subject to : - - 

1 
min S k ( i ) + E < ~ k < -  max lbil 

2 O<i<Nk-1 
(5.14b) 

2 O<i<Nk-1 

minimize 

where E is a small positive number. The solution of the problem in (5.13) can be 

found using, for example, a dichotomous search algorithm. Once Xk is found, the ith 

element of vector Yk can be computed as 

Nk-1  6: (i) ' [ S k ( i )  + 2XkI2 
- Nk 

i=O 

Using ( 5 . 7 ~ ) ~  an estimation of the vector xk can be obtained as 

Binary values for x,, are assigned as 

1 if xk (2) > a 

if xk(i) < -a (5.17) 

undetermined otherwise 

where i = 0, . . . , Nk - 1 and ai is the decision threthold. If a = 0, then the decision 

process in (5.17) becomes the hard decision 

a,= s i p  [xk] (5.18) 
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and all the elements of vector xk can be determined by using (5.18). If a > 0, some 

of the elements of vector xk may fall in the region where (xk( i ) l  5 a, and, therefore, 

these elements cannot be determined in the current iteration. In such a case, more 

iterations are needed and a feedback scheme can be exploited. Denoting the set of 

indices of the elements of x that have been determined in the kth iteration as Z& we 

have = Zk - Z,d and 

Based on the updated variables in (5.19), a similar optimization problem of reduced 

size can be formulated as in (5.2) for the (k + 1)th iteration, which can be solved 

following the same procedure. When all the elements of vector x are determined, 

i.e., set is empty, the algorithm terminates. A step-by-step description of the 

above algorithm is listed in Table 5.1. 

5.2.4 Sphere Decoding Algorithm 

SD algorithms have been widely used to  solve integer least-squares (LS) problems [52]- 

[54]. One technical difficulty associated with SD algorithms is the high computational 

complexity, i.e., its solution requires computational complexity that grows exponen- 

tially with the number of variables. In what follows, we describe an enhanced sphere 

decoding algorithm for the ICI-reduction problem in (5.2), where a new search strat- 

egy for the reduction of the complexity of the SD algorithm is developed. Note that 

although the proposed algorithm is developed for ICI reduction in OFDM systems 

where 4-QAM is assumed for all subcarriers, the algorithm can be easily extended 

and applied to OFDM systems using other modulation schemes. 

In an attempt to  improve the detection performance, vector x is re-ordered ac- 

cording to  the asymptotic effective energy of each element [73] and the columns of 

matrix A are re-ordered accordingly. Let s =  order(^) and G =  order(^) represent 
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Table 5.1. An Iterative Optimization Algorithm for ICI Reduction 

Step 1 

Set k = 1 and input the decision threthold a. 

Initialize the variables Nk, 4, ~ l ; ,  Ax, ~ k ,  Bk, and b k  as in (5.3). 

Step 2 

Formulate the optimization problem as in (5.4) 

Find Xk by solving the problem in (5.14). 

Compute X k  using (5.15) and (5.16). 

Compute xk using (5.17). 

Find Z t  and compute Zk+1. 

Step 3 

If Zk+l is empty, then output the detected vector x and stop; otherwise, com- 

pute the variables Nk+l, &+I, ~ k + l ,  A k + l ,  Y ~ + I ,  B ~ + I ,  and b k + l  using (5.19). 

Set k = k + 1, and repeat from Step 2. 

the re-ordered vector x and matrix A, respectively. The objective function in (5.2a) 

becomes 

I /Y - ~ ~ 1 1 ;  = IIY - G s I I ;  (5.20) 

and the problem in (5.2) can be written as 

minimize I IY-GSII;  (5.21a) 

subject to  : si E (1, -1) for i = 0, 1, . . . , 2N - 1 (5.21b) 

where si represents the i th element of vector s. By applying the QR-decomposition 

to matrix G ,  we write 

G = Q R  (5.22) 

where Q and R are orthogonal and upper triangular matrices, respectively. If we let 
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then the objective function in (5.21a) can be obtained as 

and the problem in (5.21) can be reformulated as 

minimize (Ip - RS~(; (5.25a) 

subject t o :  si E (1,-1) for i = 0, 1, .. ., 2N - 1 (5.2513) 

The solution of the integer LS problem in (5.25) can be obtained by applying an SD 

algorithm [52] that takes into account the special structure of R. 

The basic idea of an SD algorithm is to  search only lattice points that lie in a 

certain hypersphere of radius r around the given vector p so as to reduce the search 

space compared with that of the exhaustive search algorithms. Note that a necessary 

and sufficient condition for a point Rs to  lie within the hypersphere of radius r is 

that the modulus of distance vector between the point Rs and the center point p is 

less than the radius, i.e., 

which can also be written as 

where pi and Rij represent the i th element of p and the (i, j ) th  element of R, respec- 

tively. The left-hand side (1.h.s.) of (5.26b) can be expanded as 

2 2 
(P~N-1 - R 2 ~ - 1 , 2 ~ - 1 ~ 2 ~ - 1 )  + (P~N-2  - R 2 ~ - 2 , 2 ~ - 1 ~ 2 ~ - 1  - R ~ N - Z , ~ N - ~ % ? N - ~ )  

+.. .  5 r2 (5.27) 

By considering only the first term on the 1.h.s. of (5.27), a necessary condition for 

Rs to lie within the hypersphere can be obtained as 

2 2 (p2N-1 - R 2 ~ - 1 , 2 ~ - 1 ~ 2 ~ - 1 )  5 r 
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and the feasible region for s ~ N - 1  can be obtained as 

where /-I  and 1.1 represent the ceiling and floor functions, respectively. Note that if 

we let 

then (5.29) can be expressed as 

I - T 2 ~ - 1  + P 2 ~ - 1 , 2 ~  1 I T ~ N - 1  + p2N-1,N 
5 S ~ N - 1  5 (5.30b) 

R 2 ~ - 1 , 2 ~ - 1  R ~ N - 1 , 2 N - 1  

By considering the first two terms on the 1.h.s. of (5.27), an improved necessary 

condition can be obtained as 

where 

Thus, the feasible region of ~ 2 N - 2  can be obtained as 

In a simi1a.r fashion, the remaining elements of s can be obtained successively as 

for k = 2N - 3 , .  . . ,  1, where 



5. ICI Reduction in OFDM Systems 82 

Based on t,he feasible region of sk in (5.33a), one can determine the value of s k  

accordingly. It  can be observed that the above procedure actually constructs a binary 

tree, as illustrated in Fig. 5.1, where the branches a t  the kth level of the tree represent 

the possible values of the kth component of vector s. Each path in the binary tree 

from top to  bottom, i.e., level 2 N  - 1 t o  level 0, represents a vector s such that  

point Rs lies in the hypersphere. By using the above procedure, all lattice points in 

the hypersphere can be determined and the solution of the problem in (5.25) can be 

obtained by finding the path such that the distance between the corresponding point 

and the center point is minimized. 

k = 2 N - 1  

k = 2 N - 2  

Figure 5.1. A binary tree constructed for  t he  search of lattice points in a 2N- 

dimensional  hypersphere. 

Although the idea of an SD algorithm is quite simple, several key problems have 

to  be considered in an attempt to  design an efficient SD algorithm. First, we need 

to  choose an appropriate initial radius of the 2N-dimensional hypersphere. Several 

choices for the initialization of the radius have been proposed [53][54]. In our algo- 

rithm, the initial radius of the 2N-demensional hypersphere is set t o  a very large 

value. Thus, it is guaranteed that a point inside the hypersphere can be found. Once 

this is done, the radius of the hypersphere can be replaced by the distance between 
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the newly found point and the center point. 

Next, we need to  determine the sequence of the binary tree search. A commonly 

used search strategy is the depth-first search [53][54][74] where the left subtree is 

always visited before the right subtree of the same parent node. In order to  explain 

the tree search process, a 2N-by-2 matrix B is defined to indicate the status of the 

branches along the search path, where B(k ,  1) and B(k,  2) for k = 2 N  - 1, . . . , 0 

indicate the status of the left and right branches a t  the kth level, respectively. For 

example, if s k  = -1 falls into the feasible region in (5.33a), then the left branch a t  

the kth level is open and B(k ,  1) = 1. Otherwise, the left branch a t  the kth level is 

closed and B(k,  1) = 0. A node a t  level k is said to  be a dead node if its sub-branches 

are both closed, i.e., B(k ,  1) = B(k,  2) = 0. In an attempt to  avoid repetitions, the 

branches that  have been visited are kept closed. 

Since the initial radius is set to  a very large value, the first point inside the 

hypersphere is found t o  be s: = [-1 - 1 - 0 -  - 1IT. In such a case, we have 

B(k,  1) = 0 and B(k,  2) = 1 for k = 2 N  - 1, . . . , 0. Once s: is found, the radius of 

the hypersphere can be updated as T ~ N - I  = IIp - Rs;1l2. The feasible region for each 

element of s and matrix B can be updated accordingly. Next, we go up one level and 

check whether the right branch a t  level 1 is open. If so, the right branch is visited 

and another point inside the hypersphere is found to  be s; = [-1 - 1 . - - - 1 1IT. 

Then the radius of the hypersphere, the feasible region for each element in s, and 

matrix B can be updated accordingly. Otherwise, we go up one level and check 

whether the right branch a t  level 2 is open. The procedure is continued until a right 

branch is found to  be open, and that branch is visited and its subtree is searched in 

a similar manner. The search continues until there are no open branch a t  all levels. 

At this point, the current point s* is the exact solution of the problem in (5.25). A 

step-by-step description of the above algorithm is described in Table. 5.2. 

There are several drawbacks in the above SD algorithm. First, since the left sub- 

tree is always visited before the right subtree of the same parent node, the algorithm 
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Table 5.2. A Sphere Decoding Algorithm Using Depth-First Search 

Step 1 Input Y, A, X. 

Calculate p and R using (5.22) and (5.23). 

Set I = 0 (number of points inside the hypersphere), r = oo. 

Set k = 2 N  - 1 (branch level), r k  = r ,  pk,k+~ = pk, B = zeros(2N, 2). 

Step 2 Find the feasible region of s k  using (5.33) and update B(k ,  :). 

Step 3 If k = 0, then go to  Step 5. 

If k = 2 N  - 1 and B(k,  1) = B(k,  2) = 0, then go to Step 6. 

Step 4 If B(k ,  1) = 1, let si = -1, B(k, 1) = 0, k = k - 1, a,nd go to  Step 2. 

If B(k,2) = I, let si = 1, B(k ,2)  = 0, k = k - 1, and go to  Step 2.  

Let B ( 0 :  k,:) = ones(k+ 1,2) ,  k = k t  1, and go to  Step 3. 

Step 5 If B(k ,  1) = 1, then s; = -1, 1 = 1 + 1, save the solution SF = s. 

Update the radius of the hypersphere as r2~-1  = IIp - Rs?l12 

Find the feasible region of s k  for k = 2 N  - 1, . . . , 0 using (5.33). 

Update matrix B while keeping the visited branches closed. 

Go to  Step 3. 

If B(k,  2) = 1, then si = 1, 1 = 1 + 1, save the solution s i  = s. 

Update the radius of the hypersphere as T ~ N - I  = IIp - Rs? 1 1 2 .  
Find the feasible region of s k  for k = 2 N  - 1, . . . , 0 using (5.33). 

Update matrix B while keeping the visited branches closed. 

Let B(k ,  :) = ones(I, 2), k = k + 1, and go to  Step 4. 

Let B(k, :) = ones(l,2), k = k + 1, and go t o  Step 4. 

Step 6 Output s = ST as the solution of the problem in (5.25) and stop. 

may not achieve the current best solution. Second, if the exact solution is located in 

the most right side of the binary tree, then the efficiency of the algorithm becomes 

quite low. Third, even if the exact solution is found, the algorithm will not stop until 

the rest of the tree is checked. If there are many other solutions which give similar 
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values of the objective function to that given by the exact solution, then the com- 

plexity of the algorithm can be extremely high. In what follows, remedies to these 

technical drawbacks are proposed. 

In an attempt to find the current best solution, say, at  the kth level, we can choose 

the value that minimizes r k - 1  as the first choice of s k ,  i.e., 

s; = arg ( min 
s k ~ { - l , l )  

In other words, 

jective function 

the branch which generates larger reduction in the value of the ob- 

in (5.25) is visited before the other branch of the same parent node. 

This scheme is a greedy scheme in that it always pursues the current best solution 

without considering the performance of the following steps. 

In an attempt to  improve the search efficiency of the algorithm, a probabilistic 

search strategy is proposed which maximizes the probability that the current solution 

be optimal. In a high signal-to-noise (SNR) region, the probability of detection 

error in two or more bits is much smaller than that of detection error in one bit. 

Therefore, our main concern is to increase the probability that a one-bit detection 

error is corrected. It can be shown [54] that if only one bit of vector s* is detected 

incorrectly, then the probability that the detection error occurs in s i  is inversely 

related to the absolute value of Rk,k Let the elements on the main diagonal of R 

be ordered from smallest to largest according to  their absolute values. For all the 

open branches along a path, the branch associated with the smallest absolute value 

of Rk,k is visited first. Such a search strategy maximizes the probability that a one-bit 

detection error can be corrected. 

In an attempt to  reduce the complexity of the algorithm, a stopping criterion is 

proposed as follows. Once a point inside the hypersphere is found, we count the num- 

ber of further search steps. If this number reaches a predefined threshold before a new 

point inside the hypersphere is found, then the algorithm is stopped and the current 

solution is taken t o  be the final solution to  the problem. Our simulation studies have 
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demonstrated that if this pre-defined number is chosen carefully, the complexity of 

the algorithm can be reduced without significant degradation in performance. 

An SD algorithm which incorporates the above idea is as follows. At the beginning 

of the tree search, a depth-first search strategy is used until the first point inside 

the hypersphere is found. The first solution and the path corresponding to this 

solution can be denoted as ST and PI, respectively. The radius of the hypersphere 

can be updated as T Z N - ~  = IIp - Rs;1l2 The matrix B1 is updated accordingly, 

where the subscript indicates that this matrix is used to represent the status of the 

branches characterized by path PI. For all open branches described by path PI, the 

one associated with the smallest absolute value of Rk,k is visited, and its subtree is 

searched using the depth-first strategy until another point inside the hypersphere s; 

is found or a dead node is reached. This path is denoted as P2. If si is found, then 

the radius of the hypersphere is updated as T2N-1 = IIp - Rsi1l2 and the matrix B 

can be updated accordingly. At this point we have two paths, PI and P2. For all 

open branches along these two paths, the one associated with the sma.llest absolute 

value of Rk,k is visited. The search continues until the stopping criterion is satisfied. 

A step-by-step description of the algorithm is listed in Table 5.3. 

5.3 Simulations 

The proposed ICI-reduction algorithms were applied to an OFDM system where the 

number of subcarriers was chosen to  be 64 and 4-&AM was adopted as the modulation 

scheme for each subcarrier. The bandwidth of the OFDM system and the carrier fre- 

quency were set to B = 200 kHz and f, = 2 GHz, respectively. The length of the CP 

was set to N,T, = (N/8)TC = Ts/8, where T, and T, are the time durations of OFDM 

symbols and chips, respectively. A two-tap Rayleigh fading channel model [46] was 

assumed, where the Doppler frequency of the channel is denoted as f D .  While the 

delay of the first tap  was zero, the delay of the second tap  was randomly generated 
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Table 5.3. A Sphere Decoding Algorithm for ICI Reduction 

Step 1 Input Y, A, X. 

Input L (maximum paths) and itr,,, (maximum number ofsearches). 

Calculate p and R using (5.22) and (5.23). 

Set 1 = 0 (number of paths recorded) and i tr  = 0 (number of searches). 

Set k = 2N - 1 (branch level), r k  = oo, pk,k+~ = pk, and B = zeros(2N, 2). 

Step 2 Find the first solution ST using the depth-first search. 

1 = 1 + 1, update the radius of the hypersphere and matrix Bl. 

Step 3 For all recorded paths, find out the open branch with the smallest 

absolute value of Rk,k. Search the corresponding subtree using the 

depth-first search. 

Step 4 If a solution is found, then set i t r  = 0, 1 = 1 + 1, and update the radius 

of the hypersphere. Update Bi for i = 1, . . . , 1. 

If I > L, then for all paths calculate the smallest Rk,k associated with 

its open branch and delete the path whose smallest absolute value 

of Rk,k is most significant. Go to Step 3. 

Otherwise, go to  Step 3. 

Otherwise, set 1 = 1 + 1, i t r  = i t r  + 1, update matrix B1. 

If i t r  > itr,,,, then go to Step 5. 

If 1 > L, then for all paths calculate the smallest Rk,k associated with 

its open branch and delete the path whose smallest absolute value 

of Rk,k is most significant. Go to Step 3. 

Otherwise, go to  Step 3. 

Step 5 Output s = sr as the solution of the problem in (5.25) and stop. 

with uniform distribution from {T,, 2T,, . . . , N,T,). The BER performance of the 

proposed algorithm was evaluated and compared with that of several existing algo- 
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rithms under a variety of system configurations. For the proposed SD algorithm, the 

maximum number of paths recorded and the maximum search steps allowed between 

two solutions were denoted as L and itr,,,, respectively. For the DF algorithm in 

[46], the number of neighbouring subcarriers that were used to  suppress the ICI at  a 

particular subcarrier was taken to be 2K + 1. 

Example: First we considered an OFDM system where fDTs = 0.1. For the proposed 

SD algorithm with L = 40 and itr,,, = lo5, the BER versus the ratio of energy- 

per-bit to spectral noise density (Eb/NO) is plotted as the solid curve in Fig. 5.2. 

For the proposed iterative optimization algorithm with a = 0.9 or a = 1.0, the BER 

versus Eb/NO is plotted in Fig. 5.2 as the dash-dotted and dash curves, respectively. 

For the sake of comparison, the BER of the DF algorithm in [46] is plotted in the 

same figure for various values of K. It is shown that improved performance can be 

obtained by the proposed algorithms compared with that of the DF algorithm. For 

example, at  the BER level of lou3, a 0.5-dB and 2-dB improvement of Eb/NO can be 

achieved by the iterative optimization algorithm with a = 0.9 and the SD algorithm, 

respectively, compared with the DF algorithm with K = 15. It was found out that 

the CPU time required by the iterative optimization algorithm with a = 0.9 is only 

80% that required by the DF algorithm with K = 15. 

The performance of the ICI-reduction algorithms for the cases where fDTs = 0.25 

is plotted in Fig. 5.3. As can be seen, the performance of the proposed a.lgorithms 

improve with the increase in Doppler frequency. For example, for the proposed SD 

algorithm, while for the case of fDTs = 0.1 an EbINO ratio of 27 dB is required to 

achieve the BER level of for the case of fDTs = 0.25 an Eb/NO ratio of 24.5 dB 

is required to achieve the same BER level. This improvement with increasing f D  can 

be attributed to  the increase in frequency diversity introduced by the higher Doppler 

frequency [56]. 
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Eb/NO (dB) 

Figure 5.2. Performance comparision of ICI-reduction algorithms. 

EWNO (dB) 

Figure 5.3. Performance comparision oj ICI-reduction algorithms. 
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Conclusions 

A new iterative optimization algorithm for ICI reduction has been proposed, which 

outperforms several existing algorithms in terms of bit-error-rate performance and 

computational complexity. The ICI-reduction performance can be further improved 

by using the proposed SD algorithm. It has also been shown that the proposed 

algorithms can exploit the frequency diversity introduced by channel variations and, 

therefore, improved performance can be achieved at  higher Doppler frequencies. 



Chapter 6 

Conclusions and Future Work 

6.1 Conclusions 

Several PAPR-reduction and ICI-reduction algorithms have been proposed in Chap- 

ters 3 t o  5 for a variety of OFDM systems. Chapter 3 describes an LP-based algorithm 

for PAPR reduction in OFDM systems with real signals and the accelerated least-pth 

algorithm for PAPR reduction in OFDM systems with complex signals. Chapter 4 

describes the de-randomization algorithm, the SR algorithm, and the CDO algorithm 

for PAPR reduction in OFDM systems with complex signals. Chapter 5 describes the 

iterative optimization algorithm and the SD algorithm for ICI reduction in OFDM 

systems with complex signals. 

6.1.1 PAPR Reduction in OFDM Systems with Real Signals 

In Sec. 3.2, a new constellation extension technique has been proposed for PAPR re- 

duction, where the modulation constellation a t  active subcarriers and the modulation 

symbols in unused subcarriers are continuously modified. Using this technique, the 

PAPR-reduction problem for OFDM systems with real signals has been formulated as 

an LP problem where the number of constraints is much larger than that of the vari- 

ables. The solution of the problem has been obtained by using a Newton algorithm 

[48l. 

Simulations have demonstrated that by using the proposed LP-based algorithm 
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considerable performance improvement can be achieved relative to that achieved with 

the algorithm in [41] and the ASE algorithm in [42]. The performance improvement 

is achieved at  the cost of a slight increase in the transmit power. 

6.1.2 PAPR Reduction in OFDM Systems with Complex 

Signals 

In Sec. 3.3, the constellation extension technique proposed in Sec. 3.2 has been applied 

for PAPR reduction in OFDM systems with complex signals. The PAPR-reduction 

problem was formulated as a minimax optimization problem and an accelerated least- 

pth algorithm [49] has been proposed. Our simulations have demonstrated that the 

proposed algorithm offers considerable performance improvement over the ASE algo- 

rithm [42] in many practical situations. Improved PAPR reduction can be achieved 

when the accelerated least-pth algorithm is combined with the SLM algorithm [38]. 

Furthermore, the accelera,ted least-pth algorithm offers a tradeoff between perfor- 

mance and computational complexity, which can often be used to advantage in a 

number of applications. 

In Chapter 4, a new constellation extension technique for PAPR reduction in 

OFDM systems with complex signals has been developed whereby the data are rep- 

resented either by points in the original constellation or by extended points. In order 

to  find the optimal representation of the OFDM signal, two de-randomization algo- 

rithms have been proposed by applying the so called conditional probablity method, 

i.e., the Chernoff-bound based and the polynomial-bound based algorithms. In an 

attempt to further improve the performance, the SR and CDO algorithms have been 

proposed. 

It has been demonstrated by simulations that the de-randomization algorithms 

outperform the SLM algorithm [38] and the SCE algorithm [44] in terms of PAPR 

reduction and computational complexity. The polynomial-bound based algorithm 
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offers similar performance as the Chernoff-bound based algorithm with much less 

computation. I t  has also been shown that the performance can be further improved 

by combining the proposed de-randomization, SR, and CDO algorithms with the SLM 

algorithm [38]. 

6.1.3 ICI Reduction in OFDM Systems 

Chapter 5 dealt with ICI reduction in OFDM systems with complex signals in fast 

time-varying channels. While fast variations of wireless channel characteristics cause 

ICI in OFDM systems, they also introduce frequency diversity which can be ex- 

ploited to improve the detection performance [56]. Two new algorithms have been 

proposed for ICI reduction. For OFDM systems using 4-QAM for all subcarriers, a 

low-complexity ICI-reduction algorithm based on an iterative optimization algorithm 

was proposed. For OFDM systems using high-order modulation, an ICI-reduction 

algorithm based on the SD algorithm [52] was proposed. By considering channel 

information, a new search strategy has been developed to reduce the computational 

complexity of the SD algorithm. 

It has been demonstrated that the proposed iterative algorithm and the SD al- 

gorithms outperform several existing algorithms in terms of BER performance. In 

addition, the proposed algorithms can exploit the frequency diversity introduced by 

the channel variations and, therefore, improved performance can be achieved at  higher 

Doppler frequencies. 

Future Work 

In what follows, two research topics that would extend the presented work are pro- 

posed. 
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6.2.1 PAPR Reduction in OFDM Systems with Complex 

Signals 

Although the PAPR-reducton algorithms described offer improved performance when 

compared with several existing algorithms, the computational complexity involved 

is still high for application in a communication terminal. In [75]-[76], several low- 

complexity PAPR-reduction algorithms have been proposed based on a peak-cancelling 

method. By combining the proposed algorithms with the peak-cancelling algorithms 

reported, it should be possible to achieve a balance between reduction in PAPR and 

reduction in computational complexity. Peak-cancelling algorithms tend to introduce 

distortion and the effect of distortion in combined algorithms needs to be investigated 

carefully. 

6.2.2 ICI Reduction in OFDM Systems with Complex Sig- 

nals 

ICI reduction in OFDM systems with complex signals has been investigated in Chap- 

ter 5 and several detection algorithms have been proposed to achieve near-optimal 

solutions for the case where hard decisons are applied. Nevertheless, no coding scheme 

has been considered. In practice, forward error-correction coding is applied in OFDM 

systems to mitigate the effects of channeI impairment [lo]-[12]. In this regard, it is 

worthwhile to  extend the current work to take into account the coding schemes used 

in OFDM systems. 

In an attempt to improve the decoding performance, intense research has been 

focused on soft iterative decoding algorithms, and results have been reported on 

iterative decoding of concatenated codes with system performance approaching the 

Shannon limit in single-input single-output systems (see [77] and references cited 

there). In iterative decoding algorithms, a critical step is to  calculate the a posteriori 

probability of each bit of the transmitted signal. For multiple-input multiple-output 
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systems (MIMO), it is not clear what is the best way to  obtain such soft information 

with less computation. It  has been noted in [78] that  if soft information is obtained 

by means of an exha,ustive search, the computational complexity grows exponentially 

with the number of variables. It  ha,s been shown in Chapter 2 that  an OFDM system 

in a fast time-varying channel is equivalent to  a MIMO system. Hence, for OFDM 

systems with a large number of subcarriers, the exhaustive sea,rch for soft information 

is intractable in practice. Therefore, the development of feasible iterative decoding 

algorithms should be explored for ICI reduction in OFDM systems with complex 

signals where forward error-control coding schemes are involved. 
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Appendix A 

Proof to (4.9) 

Let ( 5 ,  f i )  and { s*, n*) be the solutions of the problems in (4.3) and (4.8), respec- 

tively. From the formulation of (4.3), it can be easily verified that 

It  follows from (4.8) that 

< max 
- o < n < ~ - 1  

N-1 K K 
j2xkn v j2xikn C x k e 7  + C ~ , , e  + C S ~ Z , , ~ T  

k=O,k@I k= 1 k= l 

where 

max 
O<n<N-l 

Vl = 2 max 
O<n<2N-1 

(A. 2a) 

N - l  K K 
j 2 r i k n  C x k e -  + C xke3W + C s;zi ,eT 

k=O,k$I k=l k= 1 

2 
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Hence, we have 

max xke- + c K,ew + C s ; ~ , , e  N 
O<n<N-1 

k=l k=l 

We note that 

where 

V, = max 
0 <n<2N-l 

and 

V, = max 
O<nLN-1 

I N-1 

By using (A.11, (A.3), and (A.4), we can write 

which proves the relationship in (4.9) 



Appendix B 

Derivation of Upper Bound in 

First, it can be seen from (4.17) that Un (A,  sl, . . . , sj) is an upper bound for the 
K conditional probability P r  ( 1  c, + C k = ,  skdnr 1 2 X 1 sl,  . . . , sj) . Second, we note that 

Furthermore, we note that 
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and 

with 

where the inequality cosh (z) < eX2I2 has been used and E = max (< + xLI $*). 
O<n<2N-1 

It can be readily verified that function has a global minimum when y as- 

sumes the value y = A/&. In such a case, (B.2) becomes 

From (B.3), it is obvious that condition (4.13~) is satisfied if X > d w .  



Appendix C 

Derivation of Upper Bound in 

(4.33) 

First, it can be seen from (4.25) that Gn (A, sl, . . . , sj) is an upper bound for the 

and 

(C. l a )  

where inequality (4.26) has been used. Furthermore, we note that  
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and 

with 

where the inequality g (z) 5 e*lX2 has been used and E = max (CZ ,  + ~ f = ,  d ~ , , ) .  
Osn12N-1 

It  can be readily verified that  function e-X7'Ek172 has a global minimum when y 

assumes the value y = A/ ( 2 1 ~ ~ ~ ) .  In such a case, (C.2) becomes 

From (C.3),  i t  is obvious that  condition (4.13~) is satisfied if X > ,/4kl~log(4N). 


