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We derive several new expansion formulas for a new family of the A-generalized Hurwitz-Lerch zeta functions which were
introduced by Srivastava (2014). These expansion formulas are obtained by making use of some important fractional calculus
theorems such as the generalized Leibniz rules, the Taylor-like expansions in terms of different functions, and the generalized
chain rule. Several (known or new) special cases are also considered.

1. Introduction

The Hurwitz-Lerch Zeta function ®(z, s, a) which is one of
the fundamentally important higher transcendental func-
tions is defined by (see, e.g., [1, p. 121 et seq.]; see also [2] and
[3, p. 194 et seq.])

(o] Zﬂ
@ (z,s,a) =
Z:‘)(n +a)’

¢))
(aeC\Z,; seC when |z] < 1;

R(s)>1 when |z]=1).

The Hurwitz-Lerch zeta function contains, as its special cases,
the Riemann zeta function {(s), the Hurwitz zeta function
(s, a), and the Lerch zeta function £,(£) defined by

(o]

(9= Yo =0Us)={ED (RO > D,
n=1
< 1
((s,a) = r;)m
= ®(l,5,a) (R(s)>LaeC\Z),

oo 2nmik

b ®) = Z(n+ )

n=0

@ (,51) (R()>1L EeR),

2)

respectively, but also such other important functions of
Analytic Number Theory as the Polylogarithmic function (or
de Jonquieére’s function) Liy(z):

Li (2) = ii—j =z0(z,s,1) )
n=1 3

(s € C when |z] < 1; R (s) > 1 when |z]| =1)

and the Lipschitz-Lerch zeta function ¢(&, a, s) (see [1, p. 122,
Equation 2.5 (11)]):

o0 2nmik
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Indeed, the Hurwitz-Lerch zeta function ®(z, s, a) defined in
(5) can be continued meromorphically to the whole complex
s-plane, except for a simple pole at s = 1 with its residue 1. It
is also well known that

(e} ts—l —at

O (z,s,a) = % Jo

R@>0R(s)>0when |z]£1 (z#1);R(s) > 1

1-zet

when z = 1).
(5)

Motivated by the works of Goyal and Laddha [4], Lin and
Srivastava [5], Garg et al. [6], and other authors, Srivastava
et al. [7] (see also [8]) investigated various properties of a
natural multiparameter extension and generalization of the
Hurwitz-Lerch zeta function ®(z, s, a) defined by (5) (see also
[9]). In particular, they considered the following function:
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q P
= =
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Here, and for the remainder of this paper, (1), denotes
the Pochhammer symbol defined, in terms of the Gamma
function, by

_I'(A+x)
(A)K'_- F(A)
AA+1)---(A+n-1) (k=neN; LeC)
B (k=0; LeC\{o}.

(8)
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It is being understood conventionally that (0), := 1 and
assumed tacitly that the I'-quotient exists (see, for details,
(10, p. 21 et seq.]). In terms of the extended Hurwitz-Lerch
zeta function defined by (6), the following generalization of
several known integral representations arising from (5) was
given by Srivastava et al. [7] as follows:

(Prs-esPpsT1>ee
0] P
Alseess Ap,ﬂl .....

1 (e}
— j ts—le—at
I'(s) Jo

Qe
¥ [

(z, s,a)

)

(Hl’al)""’(yq’aq >

(@), R (s)} >0),

(min {R
provided that the integral exists.

Definition 1. 'The function ;¥ or;¥,, (I,m € N,) involved
in the right-hand side of (9) is the well-known Fox-Wright
function, which is a generalization of the familiar generalized
hypergeometric function ;F,, (I,m € N,), with [ numer-

ator parameters dy,...,q; and m denominator parameters
by,..., b, such that

ajeC (j=1....10), b, e C\Z,

(j=1...,m),

(10)

defined by (see, for details, [11, p. 21 et seq.] and [10, p. 50 et
seq.])
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where the equality in the convergence condition holds true
for suitably bounded values of |z| given by

1 m
2] < V = <HA].Af> : <]_[Bff>. (12)
j=1 j=1

Recently, Srivastava [12] introduced and investigated a
significantly more general class of Hurwitz-Lerch zeta type
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functions by suitably modifying the integral representation
formula (9). Srivastava considered the following function:

(P13sPpsO15ees0g)
() A sty (z,s,a;b, 1)

= ijts_l ex (—at—£>
“Te b P i
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(min{R (a),R(s)} >0; R(b)=20; A1 20),

(13)

so that, clearly, we have the following relationship:

(P1>eeesPpsT1504)
q)ih ..... Ayttt (z,8,a;0,A)

(PP O esTg)
= Q) gy, (25 4) (14)
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In its special case when
(M=w p=1), (15)

the definition (13) would reduce to the following form:

p-1=g=0,

®ﬁ (z,s,a;b)
= % Loo " exp <—at - t%) (1 - Ze_t)iﬂdt (16)
(min {R (@), R(5)} >0, R(B)20; A20; ueC),
where we have assumed further that
R(G)>0 whenb=0, |z]|£1 (z#1) 17)
or
R(s—u)>0 whenb=0, z=1, (18)

provided that the integral (16) exists. The function
@ﬁ(z, s,a;b) was studied by Raina and Chhajed [13, Eq.
(1.6)] and, more recently, by Srivastava et al. [14].

As a particular interesting case of the function
@ﬁ(z, s,a; b), we recall the following function:

A 1 0o ts—le at
0’ (z,5,a;0) = @’ (z,5,a :—J B S P
u( ) =@, ( ) T ) T

R(@)>0 R(s)>0when 2] <1 (z21); )
R(s—u)>0when z=1).

The function (D; (z, s, a) was introduced by Goyal and Laddha
[4] as follows:

) 2 (),
D’ (z,5,a) = ZO G (20)

Another special case of the function ®f;(z, s,a; b) that is

worthy to mention occurs when A = y = landz = 1. We
have

@i (1,s,a;b)
= Cb (s,a)

._LJOO £ ex <—at—9>dt
T I(s) o 1-et P t)

where the function (,(s,a) is the extended Hurwitz zeta
function introduced by Chaudhry and Zubair [15].

In his work, Srivastava [12, p. 1489, Eq. (2.1)] also
derived the following series representation of the function

(P15+-3Pps015+4:04)
q)Al,...,Ap;m,.‘.,uq (z,s,a;b, )

(1)

(P13eesPpsT1 500505)
@ PrPrt Hq (z,s,a;b,1)
q

Al /\p;yl .....
) M),
AL ()i (@ +n)° ?:1(%-)(,]." =

1 (o)

. A 1\|z"
Hgg (a+n)b" I(S,l),(O,X>]n—! A>0),

provided that both sides of (22) exist.

Definition 2. The H-function involved in the right-hand side
of (22) is the well-known Fox’s H-function defined by [16,
Definition 1.1] (see also [10, 17])

Hy'' (2)
m,n (al’Al)"">(ap>Ap)

=H™
P [z| (b, B,)..... (b, B,)

L[ o |
:%J,y_(s)z ds (zeC\{0}; |arg(z)|<ﬂ)(, |
23

H;ilr(bj + Bjs) : H?zlr(l 45— Ajs)

) 1T (a+ Ajs) - TTL,, T (1-b; - Bjs)
(24)

An empty product is interpreted as 1, m,n,p, and q are
integers such that 1 < m < q,0 £ n < p.A; > 0(j =
L....p) B; >0 (G = 1,...,9), a; € C(j=1L...,p),
b€ C (j=1,...,9), and Z is a suitable Mellin-Barnes type
contour separating the poles of the gamma functions

m

{r(o+Bs)}, (25)

from the poles of the gamma functions

r(1-a+ap)l . (26)



It is important to recall that Srivastava [12, p. 1490,
Eq. (2.10)] presented another series representation for the
f{zlf}’: ZEZZ)(z, s,a;b,A) involving the Laguerre
polynomials L(:)(x) of order « and degree n in x generated
by (see, for details, [10])

function @

(1-1)"*"exp <_1x_—tt>
(27)

(o)
=Y LY (0" (tl<1; aeC).
n=0

Explicitly, it was proven by Srivastava [12, p. 1490, Eq. (2.10)]
that

PP ) (z,s,a;b,1)

PR BT
e i i k(n
= — (-1) ( )-F(s+)t(oc+k+1))
55  \k (28)
. (@) (Pl ----- PpsT 1w oq) H
LY (b) (DM)___’AP%__% (z,s+A(a+j+1),a)
R @) >0; R(s+Ax) > 1),
provided that each member of (28) exists and
(PLreesPs0150000)
®All,...,lﬁ;ﬂf)~--)ﬂj (z,s,a) (29)

being given by (9).

Motivated by a number of recent works by the present
authors [18-20] and also of those of several other authors [4-
9, 21, 22], this paper aims to provide many new relationships
involving the new family of the A-generalized Hurwitz-Lerch

. (PiseesPpsO1500) )
zeta function @Al’..”%;mmﬂq (z,s,a;b,A).
2. Pochhammer Contour Integral
Representation for Fractional Derivative

The most familiar representation for the fractional derivative
of order a of z¥ f(z) is the Riemann-Liouville integral [23]
(see also [24-26]); that is,

1
I'(—x)

(R <0; R(p)>1),

P (2 f (2)} = sz(f) EP(E — 2) " dE

(30)

where the integration is carried out along a straight line from
0 to z in the complex &-plane. By integrating by part m times,
we obtain
o dm oa—m
AL f @) = S DT LT @ D
This allows us to modify the restriction R(x) < 0 to R(«) <
m (see [26]).
Another representation for the fractional derivative is
based on the Cauchy integral formula. This representation,
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Im(§)
Branch line for
exp[~(a + DIn(g(§) - g(2))] z
G
(O]
Branch line for
exp[p(n(g(§))]
G,
g7 1(0) Re(§)

FIGURE 1: Pochhammer’s contour.

too, has been widely used in many interesting papers (see, e.g.,
the works of Osler [27-30]).

The relatively less restrictive representation of the frac-
tional derivative according to parameters appears to be the
one based on the Pochhammer’s contour integral introduced
by Tremblay [31, 32].

Definition 3. Let f(z) be analytic in a simply-connected
region % of the complex z-plane. Let g(z) be regular and
univalent on % and let g_l (0) be an interior point of &#. Then,
if « is not a negative integer, p is not an integer, and z is in
2R\ { g_l (0)}, we define the fractional derivative of order o of
9(2)? f(z) with respect to g(z) by

DS, {19 @) f (2)}
_ e
471 sin (7p)
P
« J T®[g@)] g“(j) "
Clerg Ozng O F@) - [g(E) - g (2)]
(32)

For nonintegers & and p, the functions g(¢)” and [g(§) -
9(2)]"* " in the integrand have two branch lines which begin,
respectively, at £ = z and & = g~'(0), and both branches pass
through the point & = a without crossing the Pochhammer
contour P(a) = {C,UC,UC;UC,} at any other point as shown
in Figure 1. Here, F(a) denotes the principal value of the
integrand in (32) at the beginning and the ending point of the
Pochhammer contour P(a) which is closed on the Riemann
surface of the multiple-valued function F(&).

Remark 4. In Definition 3, the function f(z) must be analytic
at & = g7'(0). However, it is interesting to note here that if
we could also allow f(z) to have an essential singularity at
&= g_l(O), then (32) would still be valid.

Remark 5. In case the Pochhammer contour never crosses
the singularities at & = gil(O) and & = z in (32), then we
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know that the integral is analytic for all p and for all & and
for z in % \ {g ' (0)}. Indeed, in this case, the only possible
singularities ofDZ(Z){[g(z)]Pf(z)} area = —1,-2,-3,...and
p = 0,%1,+2,..., which can directly be identified from the
coeflicient of the integral (32). However, by integrating by
parts N times the integral in (32) by two different ways, we
canshowthata = —1,-2,...and p = 0, 1,2, ...are removable
singularities (see, for details, [31]).

It is well known that [33, p. 83, Equation (2.4)]

L(1+p) pa
Ir(l+p-«)
Adopting the Pochhammer based representation for the
fractional derivative modifies the restriction to the case when

p is not a negative integer.
Now, by using (33) in conjunction with the series repre-

sentation (22) for CI)(P1 P” O12%) (z, s,a; b, 1), we obtain the

following important fractlonal "derivative formula that will
play an important role in our present investigation:

D7 {z"} =

(R(p) > -1). (33)

l; 1 prfl
A

e (2, a3b, )

ﬁ" 1(Aj)p.n

M"(S)n t(a+n) - HJ 1(‘,4])
-Hyy [(a +n)b1/A | W] D! {Zﬁ—li_':}

M=),
.?:1 (‘Mj)ojn

n+f-a—1

1 z
HyY [m #1651, (o X)] _

r (ﬂ) p-a-1 (Pl»--xPp’l’Ulw-:‘Tq’l)
= Tao (B-a) z (DAI,-‘-,Ap,ﬁ;m,...,Mq,ﬁ—cx (z,s,a;b,1)

(A > 0; B-1 not a negative integer).

1 o0

rp) & B,
T AT()T(B- )nzo(ﬁ

)n'(a+n)s-

(34)

3. Important Results Involving
Fractional Calculus

In this section, we recall six fundamental theorems related
to fractional calculus that will play central roles in our
work. Each of these theorems is a fundamental formula
related to the generalized chain rule for fractional derivatives,
the Taylor-like expansions in terms of different types of
functions, and the generalized Leibniz rules for fractional
derivatives.

First of all, Osler [27, p. 290, Theorem 2] discovered a
fundamental relation from which he deduced the generalized

chain rule for the fractional derivatives. This result is recalled
here as Theorem 6 below.

Theorem 6. Let f(g_l(z)) and f(h_l(z)) be defined and
analytic in the simply-connected region R of the complex z-
plane and let the origin be an interior or boundary point of
R. Suppose also that g_l(z) and h™'(z) are regular univalent
functions on R and that h0) = g_l(O). Let (f)f(g_l(z))dz
vanish over simple closed contour in R U{0} through the origin.
Then the following relation holds true:

f(2)4d'(2) < h(w) - h(z) )“”}
h(z) \gw)-g(z)

g(z) {f(2)} = DZ(z) {

w=z

(35)

Relation (35) allows us to obtain very easily known
and new summation formulas involving special functions of
mathematical physics.

By applying the relation (35), Gaboury and Tremblay [34]
proved the following corollary which will be useful in the next
section.

Corollary 7. Under the hypotheses of Theorem 6, let p be a
positive integer. Then the following relation holds true:

O/ (@)}

=p(z")"

ocp ! B-a-1
. Op {f(z) (Zp—l) _1( —(27115)/p) } )
“6)
where
I‘ (04
g2 Opl )= %fg[g(z)]1 oi i {lg @]}
(37)

Next, in the year 1971, Osler [35] obtained the following
generalized Taylor-like series expansion involving fractional
derivatives.

Theorem 8. Let f(z) be an analytic function in a simply-
connected region R. Let o and y be arbitrary complex numbers
and let

0(2z) =(z-2)q(2) (38)

with q(z) a regular and univalent function without any zero in
R. Let a be a positive real number and let

K
={0,1,...,[c] ([c] thelargestinteger not greater thanc)} .
(39)
Let b and z,, be two points in R such that b # z, and let
w=exp<E>. (40)
a
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Then the following relationship holds true:

Z c_la)_"kf (6_1 (6 (2) a)k))
keK

[9 (2)]™
- Z T(cn+y+1)

(|Z_Zo| = |Zo|) .

(41)

cn+}/{f (Z) 6 ( ) (Z (Z;) >Cn+y+1}

In particular, if 0 < ¢ £ 1 and 0(z) = (z — z), then k = 0
and the formula (41) reduces to the following form:

z=2z,

cn+y

f2)= D {f(2)} (42)

Z F(cn +y+ 1) .
This last formula (42) is usually referred to as the Taylor-
Riemann formula and has been studied in several papers
(29, 36-39].

We next recall that Tremblay et al. [40] discovered the
power series of an analytic function f(z) in terms of the
rational expression ((z—z,)/(z—z,)), where z; and z, are two
arbitrary points inside the region & of analyticity of f(z). In
particular, they obtained the following result.

Theorem 9. (i) Let ¢ be real and positive and let

2mi
= — . 43
B

(ii) Let f(z) be analytic in the simply-connected region X%
with z, and z, being interior points of K. (iii) Let the set of
curves

{CHt):Ct)c R, 0<t=r} (44)
be defined by
C) =C (UG, (1)
(45)
= {z DA (21225 2)| = A (zl,zz; 4 42-z2> },

where

At (ZI,ZZ;Z) _ [Z— 21 t2,

= (259)
- (22) (5]

which are the Bernoulli type lemniscates (see Figure 2) with
center located at (z, + z,)/2 and with double-loops in which
one loop C,(t) leads around the focus point

VARE VA Z1 — Z
L 2+< 1 2>t (47)
2 2

and the other loop C,(t) encircles the focus point

Zt2z,

_(zl—z2>t
2 2

(48)

Branch line for

Im(E) E-2)"0@)" "

Branch line for

€ -2z)"0E) !

FIGURE 2: Multiloops contour.

for each t such that 0 < t < r. (iv) Let
[(z-2)(z-2)]" =exp (A (0 ((z - 2,) (2 - 2))))
(49)

denote the principal branch of that function which is continu-
ous and inside C(r), cut by the respective two branch lines L,
defined by

zZ,+z Z1—Z
{z:z= ! zit<1 2)} 0<t<1)

2 2
+ p—

{z:z:Z1 Zziit<z1 ZZ)} (t<0)
2 2

such thatIn((z—z,)(z—z,)) is real when (z—z,)(z—z,) > 0. (v)
Let f(z) satisfy the conditions of Definition 3 for the existence
of the fractional derivative of (z — z,)? f(z) of order « for z €
R\AL, UL_}, denoted by DZ?ZZ{(Z - 2,)f f(2)}, where o and

p are real or complex numbers. (vi) Let

K = {k tkeN, arg()»t <z1,zz, 4 ;Zz>>

< arg </\t <zl,z2, 2 erzz )) + ? (51)

<arg <At (zl,zz, 2 ;LZZ )) + 27[} .

Then, for arbitrary complex numbers u,v,y and for z on C (1)
defined by

(50)

Z1t+z z
12+1

&= 5 —;ZZW (-r<B<m)),
-1 _—yk
35 o)

x[¢7 @) - 2] [¢7 @ g -] 6D
sin [(u+cn+y)n]

znc(n+1)
- Z sin[(p-c+y)n|]T(1-v+cen+y)

Doty {(Z );4+cn+y—1f(Z)HZ:z1 [¢ (z)]cwry’

222
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where

z-z

¢(2) = (53)

z-z,

The case 0 < ¢ £ 1 of Theorem 9 reduces to the following
form:

Cilf(z) (z- Zl)v(z - Zz)ﬂ

21— 2

1nc(n+1)

- sin[(p +cn+y)n]
Z < sin[(p—c+y)r]T(1-v+cn+y)

1 z—2z cn+y

—vtcnt +cnt+y— 1

.Dzl’zzcﬂ 4 {(z - zz)" Y f(Z)HZZZ1 < o ) .
(54)

Tremblay and Fugere [41] developed the power series
of an analytic function f(z) in terms of the function (z —
z,)(z — z,), where z; and z, are two arbitrary points inside
the analyticity region & of f(z). Explicitly, they gave the
following theorem.

Theorem 10. Under the assumptions of Theorem 9, the follow-
ing expansion formula holds true:

Zcfl -k [(Z2‘21 + \/A_k)a(zl &5t \/A_k>ﬁ
keK 2 2
~f(zl +2zy+ \/A_k>

2

_ (@) sin [(& + ¢ - y) 7]

sin[(B+c—y)7)
(=25

21— 2y —
X ! 2
2

i sm —C}’l—y) 7.[] e—inc(n+1)[9 (z)]cn+y
< sin[(B-c-y)n] T(1-a+cn+y)

\/A_k)ﬁf<zl+zz—

2

=)

. D;ix;rcnﬂ/
_ B-cn—y-1 0 (Z) ot !
) {(z ZZ) ((Z_ZZ) (Z_Zl)> K (Z)f (Z)} z:zl,
(55)
where

Ap=(z-2,)" +4V (00 (2)),
V(z) = ZD’ Hla@] 7} —' (56)

z=0 "

0(2)=(z-2)(2-2)q((z-2) (2 - 2)).

1 (0(z) =

As a special case, if weset 0 < ¢ £ 1, ¢g(z) =
(z—z,)(z — z,)), and z, = 0 in (55), we obtain

f@)=czP(z-2)"

& sin [(B - cn—y) n] ™V [2(z — 2))]™

osin[(B+c-y)n] T(l-a+cn+y)

DT P N w2 f (Z)H o
w=z

z

(57)

Finally, we give two generalized Leibniz rules for frac-
tional derivatives. Theorem 11 is a slightly modified theorem
obtained in 1970 by Osler [28]. Theorem 12 was given,
some years ago, by Tremblay et al. [42] with the help of
the properties of Pochhammer’s contour representation for
fractional derivatives.

Theorem 11. (i) Let R be a simply-connected region contain-
ing the origin. (ii) Let u(z) and v(z) satisfy the conditions of
Definition 3 for the existence of the fractional derivative. Then,
for R(p+q) > —-1and y € C, the following Leibniz rule holds
true:

DS 2P (z) v (2)}

© (58)
- 3 (,%,) e e o ),

n=—00

Theorem 12. (i) Let X be a simply-connected region contain-
ing the origin. (ii) Let u(z) and v(z) satisfy the conditions of
Definition 3 for the existence of the fractional derivative. (iii)
Let % C R be the region of analyticity of the function u(z)
and let 7" C R be the region of analyticity of the function v(z).
Then, for

z#0, zeUNY, R(1-B)>0, (59)

the following product rule holds true:

Df {z‘”ﬁ*lu (z) v(z)}

2 (1 + ) sin (Brr) sin () sin [(a + - ) 7]

~sin [(a+ B) 7] sin [(B - p — v) 7] sin [(u + v) 7]

0 D:+v+1—n {Zoc+/3—y—l—nu (Z)} D;l—v+n {zy—l+nv (Z)}

9

n=—00

IrQ+a+v—n)T'(-v+n)
(60)

4. Main Expansion Formulas

This section is devoted to the presentation of the new relations
involving the new family of the A-generalized Hurwitz-Lerch

ek (z, s,a;b, A).

zeta function CD A
,,,,,, -
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Theorem 13. Under the hypotheses of Corollary 7, let k be a
positive integer. Then the following relation holds true:

function by its H-function series representation. We, thus,
find for the right-hand side of (63) that

(P1>-sPpr L K01 500s0 g, 1 [K)
) ‘
Apm;)lp;‘x,ﬂl )~~~),uq)ﬁ

_ kT (B)T (ka)
AT ()T (B+(k-1)a)

o [17.,(1 j)pjn(ka)an;;’ [(a+n) b (5, 1), (0, (1/1))]
S @ L), B+ k- D),

(z,s,a;b,1)

-Fg(_l)[koc+n,1 +ta-B..1+a-B+k-1)a+n
ek e—Z(k—l)m'/k] ’

(61)

where A > 0 and Fg’) denotes the Lauricella function of n
variables defined by [11, p. 60]

Fl()n) [a’bp---,bn;C;xl,...,xn]

(C)m1+~~~+mn my! om,!

$ Ol By

(mas {fx,] ..} < 1)
(62)

provided that both sides of (61) exist.

Proof. Putting p = k and letting f(2)

(P1reessPpsT15ees0g) .
Aokttt (z,s,a;b,1) in Corollary 7, we get

o [ 1 (PLosPpsO15ee00) . }
Z,(Ol3 {q)ll,.-.,/\p;mmﬂq (z,s,a;b,A)

ke
)

(P13sPpsT15ees0g) k-1\% (63)
O P (i) (24)

DeeosA g3t el
k-1 p-a-1
Z _ .
1—[(1 _Ze 2ms/k>
s=1 w w=z

With the help of the definition of ;Of given by (37), we find
for the left-hand side of (63) that

& [ 1 (PLowesPpsO15ee00) . }
LOp {25, a3, 1)

(64)
e (Proeapps /K01 504, 1K)

- q)/\l,...,/lp,(x;#l,...,yq,ﬁ (Z’ s,a;b, /‘) .

We now expand each factor in the product in (63) in
power series and replace the generalized Hurwitz-Lerch zeta

k «

(Zk—l)“ z B

Hj

p n+(k—1)e
><<| 1 S Hj=1(Af)pjnz

H
AL (s) —onl(a+n) - ?:1( ‘)a.n "

1A 1
% [(a+n)b | (5’1)’(0’X>]

(o)

Z (l+a-p), - (1+a-p),

((z/w) e 2ilk)™

m!

((zfw) e 26Dl

"y !
w=z
k
AT () ()
. © ?:I(Aj)pjn 2,0
Snla+n) - ?:1(#1’)0,41 v

1/A 1
« | (@+mnb |(s,1),<o,A)]

2,0

e (1+oc—ﬁ)ml-~(1+oc—ﬁ)mk71
>

ZM ety
ety =0

(e—zm/k)"‘l (e—2(k—1)ni/k)mk—l

m,! my_,!

o [ _my+e+my_ +nt+(k—1)a
x O {2 |

k & H.lijzl (/\j)pjn

B 2,0
Al (S) =0 (61 + n)sn?zl(‘uj)ajn v
[Jarmrmien (D)2

A n!

[ee]

Z (1+oc—/3)ml--~(1+oc—/3)mk71

et 1 =0
(e—2ﬂi/k)m1
m,! my_,!

C T(B)T(my+---+my +n+ka)
T()T(B+my+- +m_ +n+ka)

—2(k—1)mi/k -1
] (e
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~ KT (B) T (kex)
AT ()T (B+(k-1)a)

oo [T74(4; .) , (ko) Ho [(a+m) b (5,1),(0,1/2)]
‘n:o (a+n) - ]_[J 1(#J)Un(/3+(k—1)0‘)n

o0 (”+k“)m1+---+mkq(1+“_18)m1 ..(1+oc—[5)mk71
(ﬁ + (k - 1) “)m1+-~+mk_1

Myt =0

( e—zm/k)ml ( e—z(k—1)m/k)mk—1
' m,! o my_,!
(65)
Finally, by combining (64) and (65), we obtain the result
(61) asserted by Theorem 13. ]

We now shift our focus on the different Taylor-like
expansions in terms of different types of functions involving
the new family of the A-generalized Hurwitz-Lerch zeta

function d)(p1 p" o (z s,a;b,1).

Theorem 14. Under the assumptions of Theorem 8, the follow-
ing expansion formula holds true:

(PrrsPpsT120)
LA R CANC TP
. i z,"(z = z5)™
L T(en+1)T (1 - cn) (66)
(P15+->Pp 1,010 451)
'CDAII ..... )t;lml s on (205,050, 1)
(12 -zl = zols A5 0).

provided that both members of (66) exist.

Proof. Setting f(z) = (Df{ol1 f"Zl " (z,s,a;b, 1) in Theo-
,,,,, 2

rem 8 withb =y =0,0 < ¢ £ 1 and@(z) = z -z, we

have
(P1o-eosPps O 5000
D A st (z s,a;b, 1)
cn
Z (z zZy) .
< T'(1+cn)
e (P1oeosPprT15000g) . }
Dz {q)Al ,,,,, Ap;ﬂ1)-».,yq (Z,S,a,b)A) .

for z, # 0 and for z such that |z — z| = |z,].
Now, by making use of (34) with § = 1 and & = cn, we
find that

cn (P1>eesPps01
D {a)

ik st (zsab)t)}

z=z,

(68)
Pp 31,015..,0,,1)
gy l=cn

o gl (zg>s,a5b,1).

By combining (67) and (68), we get the result (66) asserted by
Theorem 14. O

Theorem 15. Under the hypotheses of Theorem 9, the following
expansion formula holds true:

(D(pl ..... pp,al ..... oq)

Ao (z, s,a; b, A)

=czYz-2) "

© ™ D gin [(a+cn+y) ] T(a+cn+y)

'nzzoosin[((x—c+y)n]l"(l—[3+cn+y)F(oc+ﬁ)

(PLreesPps 1,07 50000 51) . zZ—zZ cnty
O e (Fesasb ) ()
(69)
for A > 0 and for z on C,(1) defined by
z, z .
z=?1+?1\/1+e’9 (-m<0<m)), (70)

provided that both sides of (69) exist.

Proof. By taking f(z) = (Pl e (z, s,a;b, A) in Theo-

rem 9 with z, —O,g/t—oc v-ﬁ andO < ¢ £ 1, we find
that

(D(pl >Pps015e

Ak sty (z s,a;b, 1)

=c(z - zl)_ﬁzf"‘z1

o) inc(n+1)

Z . e sin [(a + cn + y) 7] (Z_z1>cn+y

& sin[(a—c+y)n]T(1-B+cn+y)

—B+cn+ Fentp—1 g (P1sPpsT150504)
.DZ,B cn V{Zoc cn+y (D)Lll ..... /\;;411 " (z,s,a;b, /\)}

Z

z=2z,

(71)

Now, with the help of the relation (34) witha — -+ cn+y
and S — a+cn+y— 1, we have

—ﬁ+cn+y{ atenty—1 g (ProeesPps015m04) . }
D, z GDAI ))))) Aty (z,s,a;b, 1) -
_ za+l;_1l"(oc+cn+y) 72)
! T(a+p)
% (D(pl 2Pps 15075000 ,1)

Apsees s QR 5o ;4,oc+/3(zl’s’a;b’/\)'

Thus, by combining (71) and (72), we are led to the assertion
(69) of Theorem 15. O
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Theorem 16. Under the hypotheses of Theorem 10, the follow-
ing expansion formula holds true:

( 015
q)pl Pp>01>-

Ao (z, s,a; b, A)

_ cz—ﬁ+y(z _ Zl)—oc+yZ{3+oc—2y—l
i": sin[(B-cn—y)n]e

Z o sin[(f+c—y)a]T(1-a+cn+7y)

'(z(z—zl))cn F(B-cn-1y)
z? I (B+a-2cn-2y)

irtc(n+1)

2Pps 1,01 502051)

(p
[(Z - Zl) q) - A o B=CH=ysphy senfgs fra—2cn—2y (zl’ S a; b’ A)
—cn-—
; (u) 2
a+f-2cn-2y
(P1reerPpr 1,07 5005051)
,Q))Lll ..... A:,l-#,é—cn—qy;,ul,...,yq,1+ﬁ+(x—2cn—2y (Zl’ S a; b’ )L)]
(73)
for A > 0 and for z on C,(1) defined by
z, z -
z=?1+?1\/1+e’9 (-mr<0<m), (74)

provided that both sides of (73) exist.

Proof. Putting f(z) = CDECI f” le (z, s,a;b, 1) in Theo-
e

rem 10 with z, = 0,0 < ¢ £ 1, q() = 1, and 0(z) =
(z — z;)(z — z,), we find that

(P13sPpsO15ees0g)
0] 4 s,a;b, A
Ao 3oty (Z’ )

=czP(z-2)"

' 020: sin [(ﬁ —n— Y) 7'[] eirtc(n+1)[z(z _ Zl)]cn+y
Sosin[(fre-y)n] T(l-a+cnty)

. D—a+cn+y

z

x{zﬁfmf” Nz+w- zl)q)(P1 P" e (z s,a;b, A)} 2=z, -

(w=z)
(75)
With the help of the relations in (34), we have
poxtenty

z
B-cn—y-1 (P1>+-3Pps01504) }

x 1z z+w-z,) D 2,8, a;b, )| L=

{ ( % Ly ) )

_ yatenty [ _—cn—y 1 (Pro-pps (71,4_,)0'[2) }
=D { Dy, (S @0A)

z=z,

+ (Z Zl) D at+cnty

B—cn—y— lq)(Pp ,PP,Ul, ,U }
z,s,a;b, A
{ At piphyses ( )

z=2z,
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__pta—2cn-2y
Z

x( Ir(1+B-cn-y)
T(1+p+a—2cn-2y)

. q)(pl,...,p},,l,ol,..‘,a ,1)

Aseensd gy L+ B=CH=Ysphy ey (Zl’ s,a;b, A)

phgpl+P+a—2cn=2y

(228) ey

z, JT(B+a—2cn-2y)

(P3sPps 1,07 500g51)

/\1,...,Ap,ﬁ—cn—y;yl,...,yq,ﬁ+oc—2cn—2y (Zl’ S, d; b’ /\) ) .
(76)

Thus, by combining (75) and (76), we obtain the desired result
(73). O

Finally, from the two generalized Leibniz rules for
fractional derivatives given in Section 3, we obtain the
following two expansion formulas involving the new
family of the A-generalized Hurwitz-Lerch zeta function

(P1oeerPps T 5eees
O ’
Nim sy (z s,a;b, A).

Theorem 17. Under the hypotheses of Theorem 11, the follow-
ing expansion formula holds true:

(ProweesPps 1,01 500000 51)

Ak . (z,s,a;b, )

_I(nra +v—r)sin(y7r)
B m (77)

(ProveapPprLs01s0g,1) .
5.8 ( l) q) ..... /\ 1’“1 [4,1—}/—71 (Z’S)a)b)A)

__Oo(y+n)1"(1+v—r—y—n)1‘(r+y+n)’

provided that both members of (77) exist.

Proof. Setting u(z) = z’" and v(z) = (Dflpl’ ’f"’:“ %) “(z,s, a3
Pt

b,A) in Theorem 11 with p=g=0and o = v — 7, we ! obtain

=T [ =1 g (P1oeeosPpsO155T)
D, {Z A gt

i n_io(lli)l’l”” G (78)

(P1ssPpsO 15
. DY {cD r
A Aphul

(z,s a; b, /\)}

&@abM}
which, with the help of (33) and (34), yields

V=T [ _v=1 1 (P1>PpsO1504)
D, {z CD)t ..... At

(zsab)\)}

(pl,,..,pp,l,al 2O

1)(zsab/\)
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T+y+n—1
Z

V—T—y—n =11 _ F(v)
D {Z }_F('r+y+n)

DY {(D(Pl Pp01>

i ) Apylg(zsab)t)}

—-y-n
z (pl,...,pp,l,al

Ty et (500 0).

y 1 —y-n
(79)

Combining (79) with (78) and making some elementary
simplifications, the asserted result (77) follows. O

Theorem 18. Under the hypotheses of Theorem 12, the follow-
ing expansion formula holds true:

(P] ,~~~)PP,1:01 ,--»)Uq;l)
ApseesA g Vs T

= (T ()T (1 +v-1)sin (Br)
xsin[(v-7+p-0)n])
x(TMT(r-y-6-1)T(1+y+0)

xsin[(v—1+ ) n]sin[(f-60-1y) )™

(z,s,a;b, 1)

sin (Om) Oi: T(v-0-n)T(6+n)
sin[(9+V)7T]n:_001"(2+v—1+y_n)r(_y+n)
(P1 Py 1,07,
' (DAI ,,,,, )tP@Jrnpll ‘uq 1+6+]’ (Z)S a; b A)

(80)

provided that both members of (80) exist.

Proof. Upon first substituting 4 — 0 and v +— v in
Theorem 12 and then setting

xX=v-T1, M(Z):z"_ﬁ,
(81)
(Pl PP,(TI,...,aq) )
Y (Z) AP;HI"“’#q (z’ S a; b’ A’) >

in which both u(z) and v(z) satisfy the conditions of Theo-
rem 12, we have

— (P1>e-sPps010004)
DI EAm
z Ao pithys.

(z s,a; b, A)}
_zra +v—r)sin([3n) sin (On)sin [(v -7+ - 0) 7]
sin[(v—1+ B)a]sin[(B-0-y)n]sin[(6+y)nr]

0 Dz—‘r+y+1—n {ZV—O—I—n}

. Z IFr2+v-1+y-n)T(-y+n)

n=—00

“1—ptn [ _O—14n g (P1sesPpsO15me
D; {z oY

(z s,a; b, /\)}
(82)

Now, by using (33) and (34), we find that

D" {zv_l(bf{ol f::: "% (z s,a;b, A)}
_ T (’V) =1 1 (P1r-3Pps 1,01 500451)
=T (T)z (I)AW’AP)WW%,T (z,s,a;b, 1),
DYoL {zv—e—l—n} _ I'(v-0-n) T-y-6-2
z F(r-y-0-1) '
(83)
—1-y+n | _0-1+n (P15++5Pps01504) . }
D, {z CID)‘1 ..... Ayttt (z,s,a;b, 1)
_ TI'@+n
T T(1+6+y)
X zeﬂ’(l)(p1 PO (z,s,a;b,M).

why 9+n[41 ;4 1+0+y

Thus, finally, the result (80) follows by combining (83) and
(82). O

5. Corollaries and Consequences

We conclude this paper by presenting some special cases of
the main results. These special cases and consequences are
given in the form of the following corollaries.

Setting k = 3 in Theorem 13 and using the fact that [12, p.
1496, Remark 7]

lim HY | (a+m) bt | (s,1), (o, l)] = AL (s)
b—0 7 A (84)

(A>0),
we obtain the following corollary given recently by Srivastava
etal. [19].
Corollary 19. Under the hypotheses of Theorem 13, the follow-
ing expansion formula holds true:

(P1>+->Pps1/3:015504,1/3)
) .
A]v“)AP)a)‘Ml )m,ﬂq:ﬁ

_3r (B)T (3x)
I (B+a)

(z,s,a)

00 Hf:l(kj)npj (30‘)71 Zn

5 n!H?ZI(;A,-)MJ_ (B+a), (n+a)

“FBa+nml+a—-B1l+a-BB+2a+m-1,1],
(85)

where F, denotes the first Appell function defined by [11, p. 22]

F, [a,b,,by; 651, %, |

3 i (a)m1+m2 (bl)ml (bZ)mz le x;nz

my,m,=0

(86)

(), +m, m,! m,!

(max {|x], |x,]} < 1),

provided that both sides of (85) exist.
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Putting p—1 =g = 0 and setting p, = land A, = pin
Theorem 15 reduces to the following expansion formula given
recently by Srivastava et al. [20].

Corollary 20. Under the hypotheses of Theorem 15, the follow-
ing expansion formula holds true:

A .
@H (z,s,a;b)

a+f

=czYz-2) "2

Q™ Wgin [(a+cn+y) 7] T (a+cn+y)

.nzzoosin[(oc—c+y)n]l"(l—ﬁ+cn+y)l"(oc+/3)

(1LL1) . z—z \"
’ (Dy,oc+cn+y;oc+ﬁ (Zl’ s,a;b, A) ( z >
(87)
for A > 0 and for z on C,(1) defined by
z:%+%\/l+ei9 (~-mr<0<m), (88)

provided that both sides of (69) exist.

Letting b = 0 in Theorem 18, we deduce the following
expansion formula obtained by Srivastava et al. [19].

Corollary 21. Under the hypotheses of Theorem 18, the follow-
ing expansion formula holds true:

(P1oeessPps 1501 500001)

Aseesd s Vst seeeslls T (Z’ S a)

_ I'r+v-1)
I (r-y-0-1)

- (sin Brsin [(v - 7 + B — 0) 7] sin Omr)
x(C(1+y+60)sin[(v-1+p)nr]
xsin[(B-0-y)n]sin[(0+y)nr])”"

co T (v=0-m) T (B+n) O 7o)

ok D15ty i 15041 (%0 52 @)

'n:_oo Tr+v-1+y-n)T(-y+n)
(89)

provided that both members of (89) exist.
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