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Abstract: In this paper, we introduce the notion of multivalued interpolative Kannan-type contrac-
tions. We also introduce a more general version of this notion by relaxing the degrees of freedom of
the powers arising in the contractive condition. Gaba et al. (2021) recently pointed out a significant
error in the paper of Gaba and Karapinar (2019), showing that a particular type of generalized inter-
polative Kannan-type contraction does not posses a fixed point in general in a complete metric space.
Thus, the study of generalized Kannan-type mappings remains an interesting and mathematically
challenging area of research. The main aim of this article is to address such existing results for
multivalued mappings. We also investigate common fixed points for this type of contractions. Our
results extend and unify some existing results in the literature.

Keywords: fixed point; Kannan-type contraction; interpolative map; multivalued map; contraction
map; common fixed point; differential equation; integral equation; metric space

AMS Subject Classification: 47H10; 54H25; 54E50

1. Introduction

Some well-known fixed point results obtained for multivalued mappings were es-
tablished by Nadler [1] in 1969. This generalization is based on the idea of the Hausdorff
concept—i.e., the distance between two arbitrary sets. The concept of Hausdorff metric
space is defined as follows:

Consider a complete metric space (MS) (S, 7) and the class of all nonempty closed
and bounded subsets CB(SJ) of the nonempty set . Then, construct a map H : CB(S) x
CB(S) — [0, 00), such that for 1,5, € CB(S),

H(S1,S2) = max{sup A(E, S1),sup A(6,S2)},
eSy 0ES

where A(4,S2) = infees, 17(6,8). The pair (CB(3),H) is known as Pompeiu-Hausdorff
metric space, which is induced by 7.

Definition 1 ([1]). SupposeY : S — CB(S) is a multivalued map. Then, v € Y is said to be a
fixed point of Y if v € Yv and Fix(Y) denotes the set of all fixed points of Y.
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Remark 1. 1.  Suppose (CB(S), H) is an MS; v € S is a fixed point of Y if and only if
A(v,Yv) = 0.

2. We know that the metric function 1 : I x § — [0,00) is continuous if {v,},{C,} are
two sequences in S with (vy, &n) — (v,¢) for some v,& € I, as n — oco. Additionally,
7(0n, &n) — 4 (v, &) as n — oco. This implies that the function A is continuous if v, — v as
n — oo. Additionally, as n — oo, A(v,, U) — A(v,U) forany U C S.

It is well known that a map satisfying the Banach contraction principle is continuous.
In 1968, Kannan [2,3] reported that there are also discontinuous maps which satisfy certain
contractive conditions and possess fixed points. Since then, Kannan'’s results have been
studied and extended in multiple directions (see [4-8]). Recently, Karapinar [9] and Gaba
and Karapinar [10] extended Kannan's theorem via interpolation and produced more
general results.

However, in [11], Gaba, Aydi, and Mlaiki pointed out a significant error in the paper
published by Gaba and Karapinar [10]. They showed that a (p, 7, #) interpolative Kannan
contraction does not necessarily posses a fixed point in a complete MS. Our current work is
also an improvement in that direction where we discuss the existence of a fixed point by
assuming that the images of the multivalued mapping under consideration are compact.

For some recent results on interpolative contractions, we refer to the works of
Aydi et al. [12,13], Karapinar et al. [14,15], Debnath et al. [16], and Debnath [17], as well as
the recent monographs [18-20].

Recently, Debnath and Srivastava [21] studied common BPPs for multivalued con-
tractive pairs of mappings. Debnath and Srivastava [22] also proved new extensions of
Kannan’s and Reich’s theorems. Another Kannan-type contraction for multivalued asymp-
totic regular maps was presented by Debnath et al. [23]. Furthermore, a very significant
application of fixed points of F(1, ¢)-contractions to fractional differential equations was
recently provided by Srivastava et al. [24].

Some important results for the present context are listed below:

Lemma 1 ([25,26]). Consider an MS (3, 1) and suppose S1,S2, W € CB(S3). Then,

L A, S2) < n(p, ) forany vy € Syand p € ;
2. A(ﬂ/ 52) < H(51,52)f01’ any u € S1.

Lemma 2 ([1]). Suppose that S1,S; € CB(S) and v € Sy. Then, for any p > 0, there exists
¢ € Sy, such that:

H(U,g) < H(SlrSZ) + p.

Howeuver, in every situation there may not be a point { € Sy, such that:

1(v,¢) < H(S1,S2).

If Sy is compact, then such a point & exists—i.e., (v, &) < H(S1,S2).

Lemma 3 ([1]). Suppose {U,} isa sequence in CB(¥) and for some U € CB(S¥), lim,—co H(Uy,, U)
=0. If v, € Uy and for some v € I, limy, 0 17 (vy, v) = 0, then v € U.

In the current paper, our aim is to introduce and establish a multivalued version of
Kannan-type contractions via interpolation. The rest of the paper is organised as follows.
In Section 2, we introduce multivalued interpolative Kannan-type (MVIK-type, in short)
contractions and show that they admit fixed points. We also provide a more general version
of this result as a corollary by relaxing the degrees of freedom of the power occurring
in the contractive condition. In Section 3, we present a common fixed point theorem for
MVIK-type contractions. Section 4 provides our conclusions.
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2. MVIK-Type Contractions

First of all, we introduce the definition of MVIK-type contractions and present the
corresponding existing result.

Definition 2. Suppose that (3, 1) is an MS. Amap Y : & — CB(S) is called an MVIK-type
contraction if there exist A € [0,1) and a € (0,1), such that:

H (Yo, YE) < MA(v, Yo) (A, YO Q)
forallv, ¢ € S withv,§ ¢ Fix(Y).

Theorem 1. Suppose that (3, 1) is a complete MS and Y is an MVIK-type contraction, such that
Yv is compact for each v € 3. Then, Fix(Y) # ¢.

Proof. Consider vg € & and choose v1 € Yvy. Since Yvy is compact, from Lemma 2 we can
select vy € Yvy, such that #(vy, v1) < H(Yvy, Yvp). Similarly, we may consider v3 € Yvy,
such that 77(vs, v2) < H(Yvy, Yv1) and so on. Continuing in a similar manner, we can
create a sequence {vy, } satisfying v, 11 € Yvy, such that 7(v,+1,vn) < H(Yvu, YU,—1).
Suppose that v, & Yv, ¥V n > 0. Otherwise, we can trivially obtain a fixed point. Thus,
A(vy, Yv,) >0,V 0 > 0.
Taking v = v,,_1 and ¢ = v, in Definition 2, we have:

A(vn, Yvy) < H(Yv,-1,Yv,)(using Lemma 1)
< A[A(Un-1, Y0 1) [A(vn, You)]' 0
= [A(vn, Yuu)]* < A[A(vy-1, YUu-1)]"
= A(Un, YUp) < AT [A(Uy—1, Y0u_1)] < A[A(Up_1, Y0u_1)]. ?)
Therefore, A(v,, Yv,) is a non-increasing and non-negative sequence of real numbers;

therefore, it converges to some real numbers /. We show that / = 0.
From Equation (2):

A(vy, YU,) < A[A(Vy-1, Y1) < ..o <A A(vg, Yvp)]. ©)]

Since A € [0,1), taking the limit in (3) as n — oo, we have | = 0.
Next, we verify that {v, } is a Cauchy sequence.
Taking v = v, and ¢ = v,,_1 in Definition 2, we have:

1(Vnt1,0n) < H(YUn, YUy-1)
< ALB(n, Y0u)]* [A (051, YU, 1)) 0
< A (Vn, Vys1)]*[7(0n—1,v0)]} " (using Lemma 1)
= [1(0n, vu )] < Ap(va1,00)]'

= 1(Un, Vps1) < ATE[7(Vg_1,00)] < A(0y_1,Un). 4)

o

From (4),
1(Vn, Vng1) < A(vp—1,00) < .00 <A™ (v, v1). ®)

For any positive integer k:
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W(Un/ Un+k) < 77(”"/ Un+1) +.o W(Un-&-k—lrvn-i-k)
< AMy(vo, v1) + ... + A"y (vg, v)
= A+ A AR (0, 01)

An
< 1100, 01). (6)

Letting n — oo in (6), we obtain 7 (v, v,1x) —> 0. Therefore, {v,} is a Cauchy
sequence. Since (S, 77) is complete, lim,_,co Uy = v for some v € .
Next, we show that v is a fixed point of Y. Putting v = v, and ¢ = v in (2), we have:
A(Vy41,YV) < H(Yvu, YV)
< A[A(vn, Y)]¥[A(v, Y0) 12
Taking the limit in the above inequality as n — oo, we find that A(v, Yv) = 0 (using

(ii) of Remark 1 and the fact that lim,_,e A(vy, Yv,) = I = 0). Therefore, v € Yv—i.e.,
v—is a fixed point of Y. [J

Next, we introduce a more general version of the notion of MVIK-type contraction by
relaxing the degrees of freedom of the powers arising in the contractive condition. We call
this (A, a, B)-interpolative Kannan-type contraction.

Definition 3. Suppose that (3,1) isan MS and Y : S — CB(S) is a multivalued map. Then, Y
is called a (A, a, B)-interpolative Kannan-type contraction if there exist A € [0,1) and o, p € (0,1)
with « + B < 1, such that:

H(Yv,YE) < A[A(v, Y0)]*[A(E, YE)]P @)
forallv, & € Swithv, & Yv,and §, & YC .

Remark 2. In Definition 3, if we admit « + B = 1, we have a direct reference to Definition 2
(B =1 —a). Hence, the condition & 4+ < 1 allows the parameters w, B to admit various values
and still provides the interpolative results.

The corresponding existing result follows as a corollary to Theorem 1.

Corollary 1. Suppose that (3, 1) is a complete MS and Y : & — CB(SY) isa (A, a, B)-interpolative
Kannan-type contraction, such that Y (v) is compact for each v € 3. Then, Fix(Y) # ¢.

Proof. Fix vy € 3. Applying similar techniques as those in Theorem 1, we construct a
sequence {v, } satisfying:

N(Vpt1,0n) < H(YVu, Yv,_1), foralln =0,1,2,....
Taking v = v,,_1 and ¢ = v, in Definition 3, we have:

A(vn, Yvn) < H(Yv,—1,Yv,)(using Lemma 1)
< MA(Un—1, Yvu_1)]*[A(vs, Y0u)]P
< AA(Un—1, Y 1)]*[A (v, YUu)]1 7%, (since B < 1 — &)
= [A(vn, Yvu)]* < A[A(vy—1, YU,-1)]*
= [A(vy, You)] < A3 [AUn_1, Yvu_1)] < A[A(vp_1, YUu_1)]-
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Next, adopting a similar procedure as in the proof of Theorem 1, we can prove that
{vn} is a Cauchy sequence. Furthermore, since (<, 77) is complete, {v, } converges to a fixed
point of Y.

O

The example below validates Corollary 1 and consequently Theorem 1.

Example 1. Consider S = [0,00) and (v, ) = |v — &|. Then, (3, 1) is a complete MS.
Construct Y : § — CB(S), such that:

_ [ {0}, if vel[0,2)
YU_{ {v,v+2}, ifv>2

Let v, & ¢ Fix(Y). Then, v,¢ € (0,2). Now, H(Yv,YE) = H({0},{0}) = 0.

Thus, Y is a (A, w, B)-interpolative Kannan-type contraction for any A € [0,1) and o, B €
(0,1) with « + p < 1. Hence, all the conditions of Corollary 1 and consequently Theorem 1 are
satisfied and Y has infinitely many fixed points.

3. Common Fixed Point Theorem for MVIK-Type Contractions

Throughout this section, we present existing results for common fixed points of MVIK-
type contractions.

Theorem 2. Suppose that (3, 1) is a complete MS and Y, S : S — CB(SY) are two multivalued
maps, such that Yv and Sv are compact for each v € . Suppose there exist A € [0,1) and

€ (0,1), satisfying:

H(Yv,SE) < A[A(v, Yv)]*[A(E, SE)] " (8)

forallv, & € S, such that v ¢ Yvand ¢ ¢ S¢.
Then, Y and S have a common fixed point.

Proof. Consider vy € S with vy ¢ Yvy, so that A(vg, Yvg) > 0. Choose v; € Yvg. Using
Lemma 2, we can select v, € Svq, such that:

77(”2/ Ul) < H(SU],YU()).
Similarly, we may choose v3 € Yvs, such that:
7](03/ UZ) < H(YUZ, SU]).

Continuing in a similar manner, we construct a sequence {v, }, such that vy, 1 € Yv,
and vy,4p € Svup,yq foralln =0,1,2,. .., satisfying;:

1(V2n42, Vong1) < H(Sv2p41, YU2) )

and
1(V2n+1, V2n) < H(Y02s, Svgp_1). (10)

Now,

A(V2n41,SV241) < H(Yv2u, SU2441)

< A[A(V2n, Y021))*[A (2011, Sv2n41)] ' (using (8))
= [A(V2n41, SU241)])" < A[A(V2n, YU2,)]*
1
An

= [A(UZnJrl/ SUZnJrl)} [A(Uzn,YUZH)] < /\[A(Uzn, szn)]. (11)

Similarly,
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A(van, Yvau) < H(Sv2n-1,YV2) = H(Yv2n, SU24-1)

AA (v, Y02)]* [A (020, Sv2u—1)]'* (using (8))

A[A (0241, Sugp—1)]' "

< AT [A(v2-1,S020-1)] < A[A(V2n-1,Sv20-1)]. (12)

Using (11) and (12), we obtain:

<

<
= [A(von, Yv2u)] 7 <
= [A(v2n, Yvo,)] <

A(Van+1, Svant1) < AA(V2n, Yv2,)] < A2[A(V2n—1, Svan—1)]
< A3[A(Uzn_2,szn_2>] <...< /\2n+1[A(U0,Y00>].

Taking the limits on both sides of the last inequality, we have:

A(vpy41,SV011) —> 0asn —> 0. (13)
Similarly, we have:
A(van, Yuan) < A[A(v2n-1, Svan—1)] < A2[A(van—2, YU2,-2)]
<...< )\2'1 [A(UQ,YU())].

Again taking the limit, we have:

A(vy, Yvo,) — Oasn — 0. (14)
Now,
7(V2n+1, Van+2) < H(Yv2y, SU241)
< MA(van, Y02,)]* [A (02041, Sv241)]' ¥ (using (8))
< A[7(van, v2n+1)]* [ (V2n11, V2n+2)]' ™ (using Lemma 1)
= [11(V2n41,V2n42)]" < Al(van, voni1)]"
1
= 7(V2n+1, Vant2) < A [7(V2n, Vony1)] < A1 (V2n, V2s1)] (15)
Similarly,
1(V2n+1, V2n) < Al (Van, Van—1)]. (16)

From (15) and (16), we have:

1(n, Vpy1) < Al (vy—1,0n)]. (17)

Now, using similar techniques as those in Theorem 1, we can show that the sequence
{vn} is a Cauchy sequence.

Since (3, 77) is complete, there exists v € <, such that v, — v, asn — oo.

Next, we claim that v is a common fixed point of Y and S. Now,

A(V2p42,YV) < H(Sv2p41, Yv)(using Lemma 1)
- H(YU, SUZn+l)
< A[A(V, YU)*[A(02n41, Sv2041)]'* (using (8)). (18)

Taking the limit in (18) as n — oo and using (13) and (ii) of Remark 1, we obtain
A(v,Yv) = 0. Therefore, v € Yv.
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Additionally, we have:

H(Yvyy,, Sv)

A(UZn-‘rl/ SU) S
< A[A(v2n, Y2,))*[A (v, SU)]' (19)

Taking the limit in (19) and using (14) and (ii) of Remark 1, we obtain A(v, Sv) = 0—
ie., v € Svu.
Hence, v is a common fixed pointof Y and S. O

Example 2. Assume S = [0, 1] with usual metric n(v,¢) = |v — ¢|. ConstructY,S : & —
CB(S), such that:

Yo={teJ:0<t

IN
N <
—

and

Su={te¥:0<t<

N <
—

forallv €  (see Figure 1).

Without a loss of generality, suppose that v # 0, ¢ # 0, and v < . Then,

A(v,Yv) = [v = §|, A(E,58) = [ — §| and H(Yv,5¢) = |§ —§|.

Therefore, we can check that |§ — §| < Alv—5%E - §|1”X is satisfied for A = {50 = 3
and forall v, ¢ € S, such that v € Yvand ¢ & YC.

Hence, all the conditions of Theorem 2 are satisfied and hence 0 € 3 is a common fixed point
of Y and S.

Plot of the multivalued mappings Y(v) and S(v)

Figure 1. Combined plot of the multivalued mappings Y and S.

4. Conclusions and Future Work

In this paper, we introduced MVIK-type contraction and multivalued (A, «, B)-
interpolative Kannan-type contraction mappings. The existence of fixed point results
was investigated for such maps. The existence of common fixed points for MVIK-type
contractions was also established. We provided a new and easier technique of proof for
common fixed point theorems of multivalued maps. As mentioned earlier, it was observed
that all generalized interpolative Kannan-type contractions need not have a fixed point
in a complete MS. Hence, we attempted to address this question of existence for certain
multivalued mappings. However, we assumed stronger conditions in our hypothesis, such
as the compactness of the images of the map under consideration. It would be interesting
to investigate, in future work, if this condition can be relaxed and the existence of these
mappings can still be proven.
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In Definition 2, in place of [A(v, Yv)]%, it may be sufficient to use a real increasing
function £, such that f(A(v, Yv)) has suitable properties. In place of [A(Z, YZ)]' %, it may
be sufficient to assume a real decreasing function g, such that ¢(A(¢, Y¢)) has suitable
properties. Definition 3 and Theorem 2 may also be revised in light of these considerations.
All these factors will lead to an important extension of the current results.

Establishing the conditions that imply the uniqueness of a fixed point for multivalued
mappings is always of special interest.
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