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Abstract

Non-spherical granular flow is strongly affected by the shape of grains. In this project, a
numerical analysis is performed for two non-spherical grains such as rice and lentil by
applying a kinematic continuum model as the governing equation in rectangular hoppers
with two different opening sizes. The kinematic continuum model is based on the velocity
field and shape of grains, where the velocity field is provided by experiment and the shape
of the grains is characterized by two geometrical dimensions. Results include the
orientation field of grains compared to experimental measurements to investigate the
performance of the model. It was observed that the orientation of grains is horizontal at the
highest layer of the hopper and it changes to vertical as the grains flow closer to the
opening. It was observed that the grains were less aligned in the center in comparison to
the grains near the walls. Moreover, the grains orient with the streamline, as they flow
down. This orientation with the streamline happens at farther upstream for the smaller
opening in comparison to the larger opening. However, rice was orienting with the
streamline at farther upstream in comparison to lentils in the smaller opening. This can be
rooted in having a more ellipsoidal shape for rice compared to lentils. Furthermore, two
parameters in the model which are a function of the shape of grains are determined to have
a better agreement in terms of the orientation field of grains compared to the experimental

measurements.
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Chapter 1 : Introduction

Non-spherical granular flows are ubiquitous in industries such as agriculture, food
processing, where crops have elongated or flattened shapes, and pharmaceutics with pills
and drug capsules. The significance of non-spherical granular flow inside hopper was
examined both experimentally and numerically to study various aspects such as the effect
of the shape of grains on hopper flow, the modeling of the shape irregularity of grains, and
the effect of the shape of grains on jamming probability [1-6].

In [1], a research group at the University of Sydney conducted an experiment to study
spherical and non-spherical granular flows inside hoppers in order to measure velocity
field, internal size, and orientation of grains by means of dynamic X-ray radiography. The
rectangular hopper has the height of 300 mm, width of 150 mm, and length of 130 mm
with two different opening sizes. The opening is a rectangle, which has one dimension the
same as the width of the hopper and one variable dimension including 10 mm, 12 mm, and
15 mm. In this experiment, glass beads were used as the spherical grains and jasmine rice
and red lentils as the non-spherical grains. The properties of grains such as the minor and
major axis were measured by micrometer and X-ray density wavelength. It was reported
that previous popular techniques for tracking internal deformations in granular materials
include X-ray computed tomography (X-ray CT), Positron Emission Particle Tracking
(PEPT), Magnetic Resonance Imaging (MRI), Refractive Index-Matched Scanning
(RIMS), which have associated disadvantages such as safety, cost, spatial, and temporal
resolution. X-ray CT is the most popular technique, which is restricted to discontinuous
flows since it needs several consecutive loading steps for proper radiographic scanning
around a sample. However, RIMS is a good technique for continuous flows, but it needs
the use of an interstitial fluid with a refractive index matched to the investigated grains,
which affect the nature of granular flow. Due to these limitations, it was more reasonable
to study only part of the velocity field by taking images along free surfaces and then
analyzing the images by Particle Image Velocimetry (PIV) and Fourier transformation. In
the experiment, the hopper was filled with grains and discharge was initiated by releasing

a trapdoor mechanism. After a brief transient period, the material discharges at a constant
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rate. Temporal averages of the measured values of the fabric and velocity fields were

performed during this phase of constant discharge rate. X-ray radiography was used to
image the flow of grains inside the hopper. A Spellman XRV generator was used to emit
X-ray radiation at certain maximum energy and intensity for glass beads, rice, and lentils.
The radiation passed through granular medium and the transmitted component was
recorded on a PaxScan 2520DX detector at 960 x 768 pix resolution and at 30 frames per
second. It was observed that both funnel and mass flow regimes depend on the material
and opening size, which funneling tending to be stronger for smaller openings and non-
spherical grains. The glass beads flow uniformly in a relatively constant manner over time,
whereas the flow for the elongated grains exhibits some transient instability. Moreover, the
grain size was measured both by micrometer with randomly selecting 20 grains from each
type and the experimental technique. The results from both methods showed good
agreement. Furthermore, the orientation of grains was measured using X-ray radiography
and Fourier transforms, and steel tracer particles. The steel tracer particles have the same
size of the grains and they are placed every 2 cm above one another vertically in the center
of the hopper. The results for both cases showed that the experiment technique is able to
measure the orientation of grains in space and time. It was observed that the average
orientation of rice or lentils is horizontal at the highest layer of the hopper, where the grains
place horizontally and as rice or lentils flow down, the average orientation of rice or lentils
changes to vertical closer to the opening. Moreover, in [2], an experimental consideration
was performed on a cylindrical hopper with changeable opening size in the center of the
bottom plane. The hopper was filled and tested for various elongated grains such as pegs
and flat lentils and closely spherical-shape grains like peas using x-ray tomography to find
the effect of the shape of grains on the hopper flow. It was found that the more elongated
grains show a preferred orientation with a greater ordering in the flowing zone. The average
orientation of grain is almost parallel to the streamline with a certain angle deviation as
similar to the simple shear flows. In [3], a numerical analysis was performed on rounded-
cap rectangular (RCR) grains, which is characterized by the shape aspect ratio to study the
effect of elongated grains on the behavior of sheared granular material. An elongation
parameter was defined, which is differed between 0 and 1 as the grains vary from a circle

to a thin line, respectively. The RCR grains were simulated by contact dynamic method,
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where it was assumed that there are three types of contacts between grains such as cap-to-

cap, cap-to-side, and side-to-side. It was found that the increasing mobilization of friction
force and associated anisotropy are the key effects of grain elongation. The force and
grain’s anisotropy lead to the increase of shear strength and the increase of friction force.
In [4], the shape irregularity of Toyoura sand was modeled by District Element Method
simulations (DEM) and compared with the experimental measurements to assess the
accuracy of the modeling. This is performed since grains used in industries have an
irregular shape and this affects granular flows. Two types of modeling were conducted to
study the accuracy of the number of spherical element used in the modeling of the shape
irregularity including modeling with 4 and 10 spherical elements. Various 3-D DEM
simulations of simple shear were performed and results were compared with experimental
tests on Toyoura sand and the accuracy of the modeling was evaluated. It was found that
the accuracy of the modeling is based on the number of elements that are used for modeling,
where modeling with 10 spherical elements showed better agreement with the experimental
tests.

In [5], an experimental study was conducted on the jamming probability of spherical and
non-spherical grains in the cylindrical hopper with a circular opening at the bottom. It was
found that there is a critical radius for the opening, which above this radius clogging will
not occur. The opening critical radius was measured for spherical grains and found that it
is constant for different grain with the same grain’s radius. However, if the grains are non-
spherical, there is a critical radius for the opening, which is based on the ratio of opening’s
radius and grain’s radius. It was found that grain’s material properties such as density and
elasticity have no effect on the jamming probability. Whereas, the shape of grains affects
the formation of the arch, and then the probability of jamming. Moreover, in [2], It was
found that the jamming probability is characterized by the arch, which is formed by the
grains to block the discharge and the shape of the arch depends on the grain’s shape. In [6],
a rotating 2-D hopper that is filled with polished disks and unpolished disks was
considered. It was found that there is a relation between jamming probability and opening
size that as the ratio of opening’s diameter and grain’s diameter increases, the jamming

probability decreases.
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In this report, a numerical analysis using a kinematic continuum model is performed in

hoppers with similar properties as [1]. The hoppers are filled with rice and lentils. The
model is based on the velocity field and shape of grains, and it is applied only to the center
of the hoppers to avoid the stagnation zones. The velocity field and position of grains in
the hoppers are given by experiment. The orientation field of grains at the highest layer of
the domain is considered to be only in the length and width plane of the hopper as initial
conditions for solving the model in the domain. The initial conditions used in the model
are similar to the experiment. The results include the orientation angle and orientation field
of grains were visualized and compared to the experimental measurements to investigate
the performance of the model. Moreover, two model parameters are determined to have a
better agreement in terms of the orientation field of grains in the domain compared to the

experimental measurements.



Chapter 2 : Computational Analysis

2-1 Mathematical Model

Available mathematical models are specific to spherical grains, where the lack of a
mathematical model to predict the behavior of non-spherical grains was observed. The
difficulty is that in non-spherical grains, grains arrangement has a considerable effect on
mechanical properties. Therefore, a kinematic continuum model, which depends on the
velocity field and shape of grain was proposed to predict the orientation and alignment of
non-spherical grains. The kinematic continuum model was compared to simple shear
District Element Method simulations (DEM) showing good agreement in either steady-
state and transient flows.

To represent non-spherical grains, there should be 2-D close surface representations for
identifying a shape [7-11]. It is assumed that simple extension through a single parameter
of spherical grain results in an ellipsoidal shape. Therefore, any axisymmetric grains can
be described by two geometrical dimensions and a unique orientation direction.

The statistical orientation of grains at a given point in space and time can be represented
by a probability density function f (k), where f (+ k) = f (- k) > 0 and

$, f(k)da=1, (2.1)

where K is the orientation direction vector and s? is unit sphere.
The simplest model used a second order orientational tensor is considered for the

representation of orientation distribution of grains instead of f (k) as

A=, flOk®k da. (2.2)

By taking the transpose of second order orientational tensor in equation (2.2), it will be

realized that A is symmetric as
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A'=($, Tk ® kd)"=¢, f(k ® kda=A. (2.3)

A is a positive semi-definite tensor (b - A b) > 0, where b is any non-zero vector. This is

outlinedas b - ( ﬁsz f (k) k @ k da) b. Since b is not a function of k, it is brought into the

integral and it is simplified to
$, f)b-k@k-b da=¢, f(k) (k-b)’da, (2.4)

where f (k) > 0 and (k - b)*> > 0. Therefore, (b - A b) > 0 that shows A is a positive semi-
definite tensor.

Since A is symmetric, the spectral representation of A can be expressed as
A=Z N (e ®e), (2.5)

where A, are eigenvalues and 0 < ; < 1 and e; are the associated eigenvectors.

A measurement of grains alignment () was proposed as

- J§ (= 0+ (g = M)+ 0g - 1)), (2.6)

where 0 <{<1. Inthe limit cases, { =0 if and only if the orientation distribution is isotropic,
where A =%, =3 = % and { =1 if and only if all grains align along one direction, where
A =1land A, =2;=0.

In Continuum Mechanics [12], the velocity gradient L, which is the change of velocity

components with respect to position is defined by
L=gradv, (2.7)

where v is the velocity field. L can be decomposed to symmetric and skew-symmetric parts

as
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L=D+W, (2.8)

where D is the symmetric part of the velocity gradient, which is called the rate of

deformation and defined by
1 T
D=3 (L+L"). (2.9)

Whereas, W is the skew-symmetric part of the velocity gradient, which is called vorticity

and is given by
W=: (L-L"). (2.10)

By taking the material time derivative of A in equation (2.2), which is the rate of the

change of a quantity A in time following the same grains, the following is obtained
A=< 6, fIOK ® Kk da. (2.11)

Since the integral domain is not changing with time, the differentiation operator can be
brought into the integral as

A=¢, T dak @ k +f(K) da K ® k. 2.12)
Since f (k) da is constant, the first term in equation (2.12) vanishes and it is simplified to
A=¢,f(K)(k @ k+k @k)da, (2.13)
where k is material time derivative of k and it is defined as

k =Wk + A (DK), (2.14)
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where the parameter A governs the tendency to align with the rate of deformation D. By

substituting equation (2.14) into the equation (2.13) and adding a correction term to satisfy
the traceless requirement and a relaxation toward isotropic distribution term to consider

collisions between grains, it yields the form
A=WA-AW+L[DA+AD-2(A-D)A]-y|D|(A-1/3), (2.15)
where D' is deviatoric part of the rate of deformation and defined by

D' =D - ; Trace (D)1, (2.16)

and ||D'|| is the magnitude of D" and defined as

|ID||=vD" D . (2.17)

In this model, there are two model parameters A, and y. The parameter A is equal to zero
for spherical grains and as the grains get more ellipsoidal, | A | increases. The parameter
accounts for the collision between grains yielding grains misalignment. It is assumed that
the relaxation toward isotropic distribution is proportional to granular temperature, which
is usually seen proportional to the shear rate || D' ||. Although these two parameters can be
a function of the shape of grains, size of the grains, pressure, rate of deformation and
orientational tensor, as a first approximation, they are considered to be only a function of

the shape of grains, which is characterized by r, defined by

- 0,1) rice
Iy = 1% = 0 bead , (2.18)
(-1,0) lentil

where | and d are geometrical length and width of the grains, respectively. This convenient

measurement of the shape ratio is — 1 <r, < 1, where r, is equal to zero for spherical grains,
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it is positive and increasing with the elongation of the prolate grains, where | > d, and it is

negative and decreasing with the flatness of oblate grains, where d > .

The parameters A and y are obtained by comparison of the orientational tensor, which is
determined by the model for steady-state simple shear and DEM simulation, where
determining values for A and v in the model to get the best agreement. The simple shear

simulations are performed for different r, values and the associated A and y are determined,

which result in the empirical relations

Mrg) = = tan (5.5 1,), y(ry) = 0.85 exp (- 41,), (2.19)

where these functional forms are obtained by curve fitting. They are based on data in the
range r, € [- 0.6, -0.2] and r, € [0.2, 0.7] and might not be accurate for the smaller or
larger values of |r,|.

Equation (2.15) is used as a governing equation and it is solved in the domain numerically
using MATLAB. In this project, dimensions of various grains such as rice and lentil are

provided by experiment to determine r, values for rice and lentils as

Material Minor Axis Major Axis Iy
Jasmine Rice 1.5 6.7 0.63
Red Lentils 1.6 4.5 -0.48

Table 1 : Properties of grains used in the experimental setup
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2-2 Discretization

The geometry is a rectangular hopper similar to [1]. The hopper has a rectangle opening
with a fixed dimension the same as the width of the hopper and the other variable dimension
including 10 mm and 15 mm that is along with the length of the hopper. The coordinate
plane is organized around two axes. The x-axis runs horizontally along the length of the
hopper and the y-axis runs vertically along the height of the hopper. The coordinate system
origin is placed at the top left corner of the x and y plane of the hopper. The z-axis runs
along with the width of the hopper. The geometry is meshed with 119 nodes in the y-axis
and 78 nodes in the x-axis where there is an equal distance of 1.712 mm between the nodes
in the x-axis and y-axis. The nodes in the y-axis are identified by i, which increases
downward y. and the nodes in the x-axis are identified by j, which increases toward the
right x;. The center of the opening is placed in the middle of the length of the hopper.
Position of grains in the hopper and the velocity field are provided by experiments. The
velocity field was defined in 2-D, since the velocity in z-axis was negligible in comparison
to the plane velocity. The numerical analysis is performed to the center of the domain
including 106 nodes in the height of the hopper from 5 to 110 node and 21 nodes in the
length of hopper from 30 to 50 node to avoid the stagnation zones, where there is not a
significant flow which is required for the model to predict the orientation field of grains.
The velocity field is defined as

v=uit+tvj+wk, (2.20)

where u is the velocity component in the x-direction, v is the velocity component in the y-
direction, and w is the velocity component in the z-direction. To discretize the governing
equation (2.15), it should be noted that

oA +V8—A +W6—A (2.21)

A= A _ oA
A—6T+(gradA)v ot Y% ay oz’
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where grad A is the gradient of A with respect to the position. Since it is steady-state and

the velocity component in the z-direction vanishes, equation (2.21) is simplified to

L u
A—uax +Vay. (2.22)

By substitution of equation (2.22) in the governing equation (2.15), it is simplified to

ua@é +Va§=WA—AW+7»[DA+AD—2(A~D)A]—\V||D'|| (A-1/3).  (2.23)

Since Z—‘: is the change of A with respect to the position horizontally and %A is the change
of A with respect to the position vertically which contains the evolution of A in the height

of the hopper as the grains flow down, equation (2.23) is solved for Z—‘; and discretized in

the domain where O, =0, - as
> i’

(3 ).~ (( Wij Aij = Aig Wi 2 [Dy Ay +A; D=2 (A Dy ) Ay |- w || D

I O0A _
(43 )) —uij (5 %)Vu L (2.24)

where (Z—A) is approximated by the second order accuracy of finite difference
X l,J

formulations including central difference, forward difference, and backward difference that
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are mentioned in detail in the appendix and ( Z—I; ) is approximated by the first order
1’.]

accuracy of finite difference formulation as
0A -
(5, Ay~ A (8y)" (2.25)

where A, ; is the predicted orientational tensor for the next position downstream. By
substitution of equation (2.25) in equation (2.24) and solving for A;.4;, the discretized
governing equation is simplified to

Ay T AT

<( Wij Ay — Ay Wiy 0 [Dy Ay +A3 D -2 (A Dy ) Ay 1w | D7 (45 ) -

WJ(%;>U)Vu4Ay. (2.26)
The discretized velocity field is defined as

Vi,j = ui,j i+ Vi,j j + Wi,j k ) (227)

where v; ; is defined in 3-D and the velocity gradient is defined as

[ 6[11" Gui,- 8ui,- 1
ox J/ay 0
aVi ; aVi ; aVi ;
[Lij] = ’J/ax ’J/ay ’J/az . (2.28)

aWi,' Gwi,- 6wi,-
| o J/ oy o




The discretized rate of deformation D;; is defined as

ou; ; ou; ; OV ; ou; Ow;;
N /8x %( N oyt N /Gx) %( i/ o+ /8x>
aVi : 6ui : Gui H aVi ; aWi ;
[Di;] = %( ’J/ﬁx o é‘y) y oy %( ’J/82+ y 5‘y> ,
1 (OW; ou; 1 (OWij OVi; OWi;
_5( '/ ox ™t '/ 82) 5( J oyt '/ 82) '/ 0z

and the discretized vorticity W; ; as

1, 0u;; OVi 1, 0u;; ow;: T
0 2 Yoy o) 5 e a0
_| 1 Ou; OVij 1 OVij OWij
Wil =3 Yoy~ o) 0 3O ey J/ay)
1, 0u;; Oow; ; 1 OV ow; ;
-3¢ ,1/82_ ’J/GX) ~5( ’J/az_ y 6y) 0

13

(2.29)

. (2.30)

It should be noted that since the velocity component in the z-direction is negligible in

comparison to the plane velocity components and the velocity variation in the z-direction

is very small, w;; = 0 and a/az = 0.

The second order accuracy of finite difference formulations are used to approximate D;;

and W;; in the domain.
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2-3 Numerical Results

2-3-1 Initial Condition

For solving the ordinary differential equations (2.26), an initial condition must be
specified. Since, we decide to compare the model results to the experimental
measurements, we adopt the same condition as the experiment. Therefore, the orientation
field of grains at the highest layer of the hopper is considered to be the x-z plane isotropy.
In the experiment, the x and y plane orientation field of grains is measured. Whereas, in
the numerical calculation, the model predicts the orientation field of grains in 3-D. To
project the orientation field in the z-direction to the plane orientation field, the orientation
field in the z-direction is taken and add half of this amount fairly to the orientation field in
x and y directions.

The governing equation (2.15) is a first order ordinary differential equation, which does

not require boundary conditions to be solved.
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2-3-2 Visualization of Orientation Distribution of Grains

The orientation field is determined by applying equation (2.26) in the domain. An
ellipsoidal shape is used to visualize the orientation field of grains in the domain. It is
considered the larger eigenvalue as the longer dimension of the ellipsoidal shape and the
smaller eigenvalue as the shorter dimension of the ellipsoidal shape as it is shown in figure
(1). The geometry of the ellipses represents the eigenvalues and the orientation field of
grains. The associated eigenvector to the larger eigenvalue is considered for orientation

angle and it is defined as
6=tan” (), (2.31)
1

where e;¥ is the e; component in y-direction and e;* is the e; component in x-direction.

(<) 7\'2

Figure 1 : Visualization of the orientation distribution
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2-3-3 Analyzed Domain

The analyzed domain is considered 80 mm below the highest layer of the domain and 3
mm above the opening (from 80 mm to 188 mm in the y-direction and from 39 mm to 74
mm in the x-direction) to show the orientation field better.

The experimental data is available from 7 mm to 191 mm in the y-direction and from
10 mm to 108 mm in the x-direction. Whereas, the numerical analysis is performed from
7 mm to 188 mm in the y-direction and from 39 mm to 74 mm in the x-direction to
neglect stagnation zones. The center of the opening is placed at zero, where it is high
lighted.

The detailed information regarding the streamlines and velocity field are provided in [1].

2-3-4 Rice

Figures 2 and 3 show the orientation field of rice in the analyzed domain in the hopper
with 10 mm and 15 mm openings, respectively. It is observed that rice orient with the
streamline at farther upstream for the smaller opening in comparison to the larger opening.
It is observed that rice for both cases of opening size is more sphere in the center in
comparison to the edges of the analyzed domain, which means rice is less aligned with
respect to each other for each position in the center in comparison to the edges of the

analyzed domain.
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2-3-5 Lentil

Figures 4 and 5 show the orientation field of lentils in the analyzed domain in the hopper
with 10 mm and 15 mm openings, respectively. Lentil has different A and v including a
negative value for A and a different positive value for y compared to rice due to having
different r,. Similar to rice, it is observed that lentils orient with the streamline at farther
upstream for the smaller opening in comparison to the larger opening. However, rice orient
with the streamline at farther upstream in comparison to lentils for the smaller opening
which this can be rooted that rice has more ellipsoidal shape compared to lentil. It is
observed that lentils for both cases of opening size are more sphere in the center in
comparison to the edges of the analyzed domain, which means lentils are less aligned with
respect to each other for each position in the center in comparison to the edges of the

analyzed domain.



20

80 mm

oaoaaaaoa00a—ﬂooﬂ0000o00r0aﬂ0ﬂ00Fﬁfﬂ_ﬂff’flllll-llnljl#_-v.vﬂﬂﬂﬂﬁvﬁﬂﬂ.ﬂ.—ﬂﬂﬂﬂﬂ
0 0 0 O O 0 % O O % © % % 9 % 0 9 T T T T A T 33 3 0 9 9 8 9 9 3 8 S S S Smuanaaass=s==SSSSS 9SS 5SSSSS S o0
0 0 0 0 T © 9 0 0 © © 8 B T % T 2 % 9 T T T O DT DT DADAENODANDDTHNNDRDDDWEEDmE—_E-_—-_—-—-——— e = = D D D R D™D SO
00 0 0 0 0 0 0 D0 0 9011919 T T T o 8o HH T 5 S 5 S S S S S S5 5SS S S S S S S S SSSS=S=S====sssS S S S S-S s
00 0 0 0 0 0 O 0 0 O0 0 O0 0 000000 0 90 9 9 99 VS D S S S S S S SSSeaeae=e=m=e=eso=a====e== == oo oo oS S S
0 000D 0 0D OT O O0DO0O0OO0 0 OO0 OO0 0 00099 0 0 0 00 0 0 9V 0D VDD D DD S S S S S ==m=m=m=nmnmnm—nm—mnmm—m——== oo
00 00 00 000 O0CO0O0O0 010 7 7T 2 9 %9 23 8 3 T Qoo osossosonossonssososesossesossosesosossossosossossoso0so0oseesesossss
00 0 0 O0O0O0O0O0TO0OO0TO0OO 0O OO 0OO0TO0O0O0O0O0O0O0 0 0 9 23 8 O 89 VD DS DD SDSSSS S S S===m=m-mmmememe.meme-me-me- ===
¢ 00 O0O0O0O0O0OO0OOOCOOOOO OO OO OOOOOOO0O0O0O0O0OO0OO0O0 00000000 90 O 9 00 SSSsesssaeaS===<= = =
0 0 0 00 0O O OO O O0OOUOOUDOUO®OOO0OO0O0OO0O0O0O0O0O0O0O0O0O0O0O0 0 0 00 000000000 0 0o o S oo oo oo oo o
00 00O0O0OO0CO0OOOCOTOCOOO0OOO©OOO0OOO©O0OOOO®OOOO® OCOR® CO©OOCOoCOOOO0O0O0OC 00000000 000 e oo o e o
g 0 00 00 0 0 0 0 0 00 000000000000 0000000000000 QO CF 2O L PP P PP IETP L LT L s s -
00 00 0 0 0 00 ¢ 9 0O 0 00 0O 0 00 0 00 0 8 00 80 80 E PP LD E PP PP PP PP P L P T E e e = ==
g9 0 0 0 0 0 0 ¢ PGP P PO G L CE PP DT PP PP PP PP T LT T L T e = e e o2 2
0 0 0 0 0 8 8 0 0 8 P 8 8 P 08 72 72 2 P 7 P L L 5T LT TP T T T T TS S S 8 R s e o o o e O OO OO DT
@ 0 0 0 0 0 8 8 & & 8 & 0 7 8 8 F 8 8 F F F PP T T T T T S 5 S o o e e e oo OO OO P TP
VAR AR A R A A B B B R B N B B N N S N R R RV R R A A A I ettt = T — = = = e e e
2N A AR A AR R R A B A B B R R B N N N B R R R A B A B B A il I R R P = I R -
\\\\\\\\\\\\_\\\\\\\\\\\ﬂ\\\\\\\\\\\_\\Ill.u.l.u.v.un.,n_o000Qh\\\\\ﬂh%\\

£ E E E E

1S E E E E

o o o o o

o o~ < (o] [ee]

- - - - -

16.5 mm

-16.5 mm

field of lentil in hopper flow (opening 10 mm)

ion

tat

Orien

Figure 4



21

I cccecccee-a

T T T T T — - = T — )

S e e e S o o o o

B T T T = =)

B T T R R - - -]

B T T e T T =

R T T T T R e R I ]

R T T T e I = = ]

B T T e e e I ]

B T T e e N - ]

B T T T e I N - )

B T T T e I =R = )

T N - T T = — I = B = — =

R R R T

R T T T O T I I - - T - - I - =l

R T T T R - - - - - - -

R T T T T O T I T - I - - - - -

A T T T T R s T - - - -

A T T T T T~ T~ T = = B - - - — - -

AN T T T T~ I~ = = B - A - - - - -

AN Y T T - I = B = A - - A - A - B =

WY R YWY OO OO0 Q0 000 0 o 2 2

L W U T Y T - U R B - B R B - - -

" %% % YYD OO OO OO QO Q@ 0O 0 o o

A" YWY YN OO OO OO OO O O O O

LY Y Y Y T YT I - Y~ R~ Y~ B~ B~

A W U W U O N T T - R~ - R R A A A4

A W W T W W B - -~ - - B A A 4
" V"A YN ANRN O OO0 O 00 2 2 22

LT T T T T N T T T I I R R R R R
AAVNANY NN DO OO OO0 OGSO
L L T T T Y R T - - I - B A R B R A
VANV NNSY O OO QO Q00 0 0 P P
VAN VNN NND QOO0 Q00 00 s

VANV VNNV NNDD O OO OO PG
L T L T T O T T - A A A A A A A )
LY T T T T T T T T A A A A A A A )
LY T T Y YR YO WO O S~ O B B A B B A

L Y T VA W T Y T T e A A A A A A
L T T VA W T Y T e Y A A A A A
L Y Y TR VO Y YR YO T T A A A A A A
L T Y TR T Y YO YO T B Y Y Y A A A

VVVYov o000 00 0 40 000

\
\

\
\
\

Ve
Ve
Ve

\soo o 00 0 0000
\Vsoo 00 1 0000

\
\

ro 000
ro0 000

VY o0 00

\
|
|
|
|
|
|
)
]
]

L]
L]
L]

Vv o0 0 00
\ v o000 0/
\ v o000 0/
\ v o0 0
Vv 00 ¢

4
v
0
0

re00
)
)
[
000 00
000 00

(AN |

[ )
[ )
!
!

l
i

[
[

VYoo 0 0
Vv o0 0 0

\
\
[
[
\
|
|

LT T W T I |

]

00

[
[

o

[ A |
000
o0 0
00
000
o 00

]
]
]
]
]
]

|
]

8 0 00
% 00
AR

[ ]

!
0
0

0
1000000

[
]
]

[
[

]
]

000 0 0

I
I
!

00 0 0 0

000 00

|
|

8 % % 00

LI W S I |

0 00 0 ¢ ¢ ¢
000 0 ¢ o @

Voo 00

\

9 % % R0 0

0

0

0

80 mm

100mm._§hﬁ§>§§aaooccoooocal

120MM MR Yy s v Y S o o 000000 oo o o

140 mm

160mm_\\\||l\h00£‘ﬂfll#ﬂ£‘L

180 mmms s v oot

16.5 mm

-16.5 mm

field of lentil in hopper flow (opening 15 mm)

ion

tat

Orien

Figure 5



22
Chapter 3 : Model and Experimental Comparison

The results obtained by solving the model in the domain are compared with the
experimental measurements. Linear interpolation is performed to the experimental data to
have similar nodes with the model results. The experimental data is visualized Similarly to
the model by ellipsoidal shapes for comparison.

The goal of this project is to investigate the performance of the model in complex flow
fields such as hopper flows. The main focus is on the qualitative agreement between the
model predictions and the experiments. Since the experimental data contains large
variations in both the measured velocity filed and orientation of grains, the quantitative
comparison might not be appropriated. However, a quantitative comparison can be
represented by the orientation tensor error measured as
ej(piAin}od I

_ 1 110 vs0 1A
A 2226 i=5 =30 HA?}‘PH !

(3.1)

mod

where A{7" is the experimental orientational tensor and Aj}*" is the model orientational

tensor at each node. The results are shown in table (1).

Grains Rice Lentil
Opening 10 mm 15 mm 10 mm 15 mm
EA 0.9110 0.8993 0.9344 0.9249

Table 2 : Comparison between the experimental and model orientation field of grains
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Since the worst case scenario for E4 is 1 where for example, the orientation field of grains

obtained by the model is horizontal and the orientation field obtained by the experimental
measurements is vertical, the values of E, in the table (1) is large.

In [1], figure 7 represents the uncertainty of the experimental measurements, which the
interval is showed by the shaded area with the 95% confidence interval on the estimated
mean orientation angle. The numerical uncertainty is measured on the mean orientation
angle in the domain with 95% confidence interval of 34.2831 + 29.549 degrees for rice and

34.4814 + 31.8958 degrees for lentils.
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3-1 Rice Orientation Distribution Comparison

Figures 6 and 7 show the orientation field comparison for rice between the model
calculations and experimental measurements in the analyzed domain in the hopper with 10
mm and 15 mm openings, respectively. The red ellipsoidal shapes are used to visualize the
experimental data and the blue ones are used to visualize the model orientation field. It is
observed that the orientation field of rice obtained by the model matches better to the
experimental measurements in the center in comparison to the edges of the analyzed
domain. This indicates that the model predicts the orientation field better, where there is a

significant flow.
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mm). Blue ellipsoidal shapes are obtained from the model and the red ellipsoidal shapes are
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Figure 7 : Model and experimental comparison of the orientation field for rice (opening 15
mm). Blue ellipsoidal shapes are obtained from the model and the red ellipsoidal shapes are
taken from the experimental measurements.
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3-2 Lentil Orientation Distribution Comparison

Figures 8 and 9 show orientation field comparison for lentils between the model
calculations and experimental measurements in the analyzed domain in the hopper with 10
mm and 15 mm openings, respectively. The red ellipsoidal shapes are used to visualize the
experimental data and the blue ones are used to visualize the model orientation field.
Similar to rice, it is observed that the orientation field for lentils obtained by the model
matches better to the experimental measurements in the center in comparison to the edges

of the analyzed domain.
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Figure 9 : Model and experimental comparison of the orientation field for lentil (opening 15
mm). Blue ellipsoidal shapes are obtained from the model and the red ellipsoidal shapes are
taken from the experimental measurements.
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3-3 Principal Average Orientational Angle Comparison

The average principal orientational angle is measured by considering only in the center
of the domain from nodes 37 to 41 in the x-direction and from nodes 5 to 110 in the y-
direction, where node 5 has the height of 0.7 cm and node 110 has the height of 18.7 cm
as the following. This area is selected to consider on the part of the domain, where there is

a significant flow. It is defined as

Oue = ZHS Tilgtan”! (6;) (3.2)

Figures 10 and 11 show the principal average orientational angle for rice and lentil per
height of the hopper. The average model principal orientation of rice and lentils are
horizontal, where the grains lie horizontally at the highest layer of the domain and it
changes to vertical, where the grains get closer to the opening. The model principal average
orientational angle agrees with the experimental measurements as it is shown in the
following figures.

This comparison indicates that the model is able to estimate the average orientation of

grains at any position in space and time even smoother than by the experiment method.
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Figure 10 : Model and experimental comparison of the average principal orientational

20

angle per height of the hopper for rice. The blue curve is from the model and the red dashed

curve is from the experiment measurements.
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Figure 11 : Model and experimental comparison of the average principal orientational angle
per height of the hopper for lentil. The blue curve is from the model and the red dashed curve
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Chapter 4 : Determination of The Model Parameters

The parameters A and y that depend on the shape of grains are determined to have a
better agreement between the model calculations and experimental measurements. The
“fminsearch” function in MATLAB [14] is used to minimize the orientation angle between

the model and the experimental measurements that is called orientation angle error

(minw €p)
_ | 110 ¥v50 exp d
Eg=5>-Xies Zj=so |07 — 077 [, (4.1)

exp

mod
i 0ij

contains the model

where 0.." contains the experiment orientational angle and

exp

orientational angle at each node. Since A;;" considered only on the plane orientation

mod
ij

distribution of the grains, whereas A;>" considered on the orientation distribution of grains
in 3-D at each node, the plane orientational angle is considered for the comparison between
the model results and experimental measurements to determine the model parameters.
figures 12, 13, 14, and 15 show the orientation field comparison between the
experimental measurements and model calculations with the optimized A and v for rice and
lentils in the analyzed domain in the hopper with 10 mm and 15 mm openings. The red
ellipsoidal shapes are used to visualize the experimental data and the blue ones are used to
visualize the model orientation field. It is observed that the model and experimental
orientation field match very well in a way that one color is seen in most positions.

The determined A and y values for rice and lentil in the hopper with 10 mm and 15 mm

opening sizes are shown in the table (2).
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Orifice Size Improved Model Parameters | Improved Model Parameters for
(mm) for Rice Lentil
Model Parameters A ] A \
10 0.4690 1.5666 —0.3423 2.1213
15 0.4582 2.1516 —0.1423 2.5641
Model Parameters
0.8222 0.1701 —0.7675 0.3442
Proposed in [1]

Table 3 : Determination of model parameters for rice and lentil in the hopper with 10 mm
or 15 mm openings.

As it is expected, the parameter A is a negative number for lentil due to having different
r, compared to rice. The improved model parameters show that there is a huge difference
between A and y in comparison to the parameters proposed in [1]. This can be rooted in
various aspects such as the error of the experimental measurements and comparing only
the plane orientation field. However, || is larger for rice compared to lentils since rice

has a more ellipsoidal shape and this leads to more alignment.
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Figure 13 : Model and experimental comparison of the orientation field for rice with the
optimized model parameters (opening 15 mm). Blue ellipsoidal shapes are obtained from the
model and the red ellipsoidal shapes are taken from the experimental measurements.
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Chapter 5 : Conclusions

The model predicts that rice and lentils orient from horizontal to vertical, as the grains
flow down in the domain, which agrees with the experimental measurements. In addition,
the orientation field of grains predicted by the model matches with the experimental
measurements, where it matches better in the center in comparison to the edges of the
analyzed domain of the hopper. The grains orient and align with the streamline at farther
upstream in the smaller opening in comparison to the larger opening, which agrees with
the experimental measurements.

It can be concluded that the kinematic continuum model is able to well predict the
orientation field of grains in the hopper flows since it shows good agreement with the

experiment.
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Appendix

Second order accuracy of finite difference formulations such as central difference,
forward, and backward difference for the approximation of D and W is used. The change
of the plane velocity components with respect to both horizontal and vertical direction in
the center of the domain is approximated by central difference formulations [5] as

ou; 4 o
Ox = (ui,j+1 —Uj 1 ) (2 AX) >

5y = (U~ ) @Ay
8Vi,j 1
a_X:(Vi,jH_Vi,jfl)(zAX) ,

aVi,j 1
3y =(Vis1,j—Vi1,j) 2 Ay) .

For the domain boundaries, forward and backward difference formulations are used, which

forward difference formulations are given by

o .
X By, H4u -y ) CAX) T,
o L
oy =(3yjj H4uy - Ui ,) 2 Ay)
Vi 4
T Vit - Vi) (2A%) 7,
Vi L
E:(_3Vi,j+4vi+l,j_Vi+2,j)(2AY) :

and backward difference formulations are given by
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2= (3uy -4yt u ) QAT

Ox

o4 L
3y =3y, j—4uiy T u, ;) 2Ay)

aVi,j 1
x =(3vj,j—4vi it vij2) CAx) T,
aVi,j _1
By =(3vj,j—4vig 7t via ;) (2Ay) .

For the approximation of A in the horizontal direction, second-order accuracy finite

difference formulations are used as

%=(A‘ —A ) AT,
Ox i,j+l 1,]

O (3A +4A 1~ Ar ) QA0
Ox 1,] 1,] 1,]

OAij =(3A; i —4A; 1+ A, ,) 2Ax)".

aX 1,] 1,] 1,]



