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1. Introduction
Let H be the class of analytic functions g of the following form

g(z):z—i-iakzk (zeD={zeC:|z| <1)}). (1)
k=2

Also, let T be the subclass of H consisting of analytic functions which have the
following form

g(z) =z =} lalZ" (z€D). 2)
k=2
If g € T satisfies the condition:

g'(z) -1

TEDE O e

(z € D),

then g is said to belong to the class R"(y,v) (t € C\ {0}, =1 < v < u < 1). The class
R™(u,v) was defined by Dixit and Pal [1].

Let P denote the class of Caratéodory functions that are analytic in D and have the
following form

h(z) =1+ i hyZ* )
k=1

so that

Re{h(z)} >0 (ze€ D).

We now recall here the principle of subordination between analytic functions [2].
If g and h are two functions in H, we say that g is subordinate to h, written g < h or
¢(z) < h(z), if there is a function v which is analytic in D with v(0) = 0 and |v(z)| < 1,
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such that g(z) = h(v(z)). Further, if h is univalent in D, then we have the equivalence:

g(z) < h(z) (ze€ D) « g(0) = h(0) and g(D) C h(D).
Now we define g-derivative D; (0 < q < 1) for g € H:

8(q2)—g(2) (z #0)
(Dy8)(z) = { a1z 4
b g0 (z=0).
From (4), one can find that
Dyg(z) =1+ Z Jgaxz" (5)
and L
_1-9
g = T2 ©

From (6), we can see that if § — 1—, then [k]; — k.

In [3], Jackson first showed the application of g-calculus. Since then, many scholars
studied the applications of g-analysis in physics and mathematics ([4-26]). Very recently,
Srivastava [2] investigated systematically the applications and mathematical explanation
of the fractional g-calculus as well as the fractional g-derivative in GFT.

By using the g-derivative operator D,;, we now define a new class TX;[A, A, B].

Definition 1. Let g € T and satisfy the following differential subordination:

Az3(zDyg(z))" + (14 24)22(2D48(2))" + z(zDyg(z))’ - 1+ Az
2D ()" + 2(zDy3 () 752

(zeD), (@)

where =1 < B < A <1land 0 < A <1, then g is said to be in TX,[A, A, B].
If

MY:kp:(m;iTk)u—QM£k:aLzu-

for parameters s and m, respectively; then, Y is called to be the Pascal distribution. In [27] El-Deeb,
Bulboacd, and Dziok defined the following power series whose coefficients are probabilities of the
Pascal distribution:

_z+z< " 2+k >(1—s)msklzk (ze D),

where 0 < s <landm > 1.

Very recently, Frasin and Darus [28] introduced a class C5(A, a)(0 <a < 1,0 <A < 1)
associated with the g-derivative operator. They considered the following series:

D (z) :=2z—¥"(z) =z— i( mT;EJ{k )(1 —s)"sk1Zk (2 € D) 8)

k=2

and the linear operator I[" : H — H by the Hadamard product:
ws@) =g W@ =2+ L( 270 Ja-omt e zeny o

where0 <s<landm > 1.
Now, we recall the following Lemmas.
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Lemma 1 ([1,29]). Let g € R"(p,v), then

ol < (-0, k=23,

Lemma 2. Let g(z) =z — Yo, |a|zF € T. If

[e9)

A—-B
klkl;(AMk—A+1) | k—1+ —— <
X Kl (k=241 k=14 7 <

A—B
1+ |B|

(z € D),

where0 <A <land -1 <B< A<, thenge TXq[/\,A,B].

Lemma 2 can be proved by using the same way as in [13].

In this article, we will derive certain properties of analytic functions in TXy[A, A, B].
Some known results are also generalized.

In order to facilitate our calculations and proofs, we derive several identities which
hold for m > 1 and 0 < s < 1 as the following:

R

k=0
Z(m,;ik>sk1=Z<mn]ik>s"—1=(1—s>'”—1, (10)
k=2 k=0
> m—2+k \ i — [ m+k m _
Z(k—l)( o1 )skl:sm2< . >sk:s(m_1>(1—s) (m+1) - (11)
k=2 k=0

S _ m—2+k\ 1 _,of 1+m oy (m+2)

k;(k 2)(k 1)< o1 )s =25 )(1=s) , (12)
= m—2+k _ 2+m _
Z(k—3)(k—2)(k—1)( o )sk1—6s3(m_1)(1—s) (m+3) ~ (13)
k=4

and
Z(k—4)(k—3)(k—2)(k—1)< ’”nf;rk >sk1 :24s4< f’f_’”’ll )(1—s)<m+4>. (14)
k=5
2. Main Results
Theorem 1. Let m > 1. If
A—B
<
Y(m,A,s,A,B) < T Bl (15)
then the function ®' belongs to TX, [A, A, B], where
3+m 54 2+m S3
W(m A5, A B) im2aa~ L) gl G (AZB g Amml
MRS 8 B) = AT gymrd 1+ [B] (1 —s)m+3
<1+m)s2
A—B A—B m—1

2 —_— —_— U\ —7

+{5+LFM+AF<LHH>+ H (1—s)"+2

R

+ |B] 1+ |B| (1 —s)ltm

—_
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Proof. From Lemma 2 and (8), we need to show that

k+m—2 )(1—s)m k1. A-B

3 {A L ](/\k+1—)t)( e

P, := k| k +
i kzzz[ e |B|
O

Letting g — 1—, we obtain from (6) that P; < P; and

d A—B
=Y Klk-1
Z[ ey
— B

= 2{1& ( T8 —1)k2](Ak+1—A)( k*ﬂjf;z )(1—s)msk—1
_Ig{Ak4+ [1—A(2— f+_|§‘)}k3_(1_A)(1— 1A+_‘BB|>I<2}( mmiJ{k )( _s)mgk-1,

}(Akﬂ—A)( kame2 )(1_S)msk—1

By using the identities
K =1+3(k—-1)+ (k—2)(k—1), (16)
=147k —1)+6(k—2)(k—1)+ (k—3)(k—2)(k—1), (17)
K =1+15(k—1) +25(k —2) (k — 1) + 10(k — 3) (k — 2) (k — 1) + (k — 4) (k — 3) (k — 2) (k — 1) (18)

and (10)—(13), we have

L e el (ot ) [ L

k=2

:Ai(k—4)(k—3)(k—2)(k—1)( m;f‘fk )sk*1(1—s)m

+k150A+ 2o ATV S gy MR Y1 gy
1+ [B| m—1
A

S R0 = I

Ja-a-sm.

=(1-9)"¥(m,A,s,A, B)+ <|B\+1

Now, we can find that P; < 7 H B‘ if (15) holds true. This proves the Theorem.
According to Theorem 1, the following Corollaries are derived.
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Corollary 1. Let m > 1. If

2+m 3
()

6
(1—s)m+3

()7 (a"1):

A—-B m—1 A—B m—1 A—B

2 5 3 4 < )

v\ {4 e+ () + o e < T

then the function ®f belongs to TX4[0, A, B].

Corollary 2. Let m > 1. If
3+m o
m—1

2+m 3
m—1

1+m 2
()

(1—s)2tm

24\ +6(1+A(9—a))

+2(6 — a4+ A(19 — 5a)) +(7-30+4A(2—n))
then the function ®f belongs to TX4[A,1 — 2x, —1], where a € [0,1).
Remark 1. Making A = 0 in Corollary 2, we have a result given by Frasin and Darus in [28].

Theorem 2. Suppose that m > 1and f € R™(,v). If

A—B
Bl +1’

P(A, p,v,T,m,s,A B) < (19)

then I'f € TX4[A, A, B, where the operator I} is given by (9) and

2+m 53
m—1

(1-s)?

(A, pu,v,T,m,s,A B) = (u—v)|t||6A

A-B 4>} ( e )52

2(14+ A
* M (1+|B\+ A=

A-B (mnil)s A-B
+{1+(WH)(ZAH)}7“1_(1_5)’”) +[B

—

Proof. By using Lemma 2, we need only to prove that

k+m—2 _ A—-B
+k— }(Akf)\+1)( 1 )(175)’”5" 1‘ak|§|B|+1'

0= 2 k|

Since f € R™(p,v), according to Lemma 1, we know that |a,| < (u —v) 5 f e N\ {1}. Letting
g — 1—, we find from (6) that Q; < Qq and

yfv)|r|ik{k—1 |‘;|+BJ(M{ A+1)< kj;lnizz >(1is)msk—1

- E (a3t oo

B
R R B0

ra-on(rr 1) J( 75 Jameme
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By considering k = 1+ (k — 1), (16) and (17), we get

> A—B
< (u— A+ 1A (2 ==
01 < =il 18+ 10 (2 55 )

_ _A-B m—2+k _oymk—1

+k(A 1)(1 7\B|+1)}( 1 )(1 s)"s

— (vl L I

3 (k—S)(k—2)(k—1)/\< I
( m=2+k )(1—5)’”51"1

k=4
o (12 ) ) -2 ;
+_7A+3< A(z—‘; ))+<1 )A—l)].
Boon( "2 oo
+_/\+(1 )\<27f;'__ﬁ))Jr(lfé‘;Bl)(/\fl)]
Ii(k—n( m—irk )Skfl(l s)m}
2+m 1+m
el 6A< <11>3) . (A(§1ﬁ+4)“)(1?_1>2)2
<(2“”(2|+1“)“)(H§:1 )5”1‘“‘5) )BT

< A=B if (19) holds true. This proves the Theorem.

Thus we obtain that Q 578
According Theorem 2, we have the following corollary.

Corollary 3. Suppose that m > 1and f € R™(u,v). If the inequality
2(,1;_”;)52 A_B (mml)s A—B A—B

f— — — — f— m — —
=l | = (2 o) T O 9 | S ey

holds true, then II'f € TX4(0, A, B, where Il is given by (9)
Theorem 3. Let m > 1 and the function T')' be given by
z @m
F;”(z):./o u() )dw (z € D).
(20)

f
( /)\/ 741y ) ] |B‘

then T§ € TX4[A, A, B, where
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24m \ 4 1+m \ 5
m—1)° A—B m-1)°

AB) —6r " 1  5lg ) g —ome
®(m,A,s, A, B) 6A (1—s)m+3 + { +A(1+|B|+ ):| (1—s)m+2

+(1+(2)\+1)<A7B +1)}((mnil >S.

1+ B| 1—s)mil

Proof. From (8), we get

l";”(z):/oz %dtzz— ik‘l( m=2+k )sk_l(l—s)mzk (z € D).

t P m—1
O

According to Lemma 2, we find that T}* € TXy[A, A, B] if

o A-B m—24k\ 41 W A-B
— _ — — <
Ry := k§:2[k]qk(/\k A+1) {|B| 7 +k 1} ( 1 )s (1-s)"< .

Now letting g — 1—, we have from (6) that R; < Ry and

© A—B m—2—|—k k—1
R = k|:k71+ :|)ka)t+1( )1757"5

iz(/\k/\Jrl){szr(A_B 1)kK m—2+k )Skfl(lfs)m

- B|+1

{/\k3+ {14\(2* é‘__i_Bl)}szrk(/\fl)(lf f;jj)}( mﬂ;iik )(175)’”5"71.

By using the same method as in Theorem 2, we find that I'Y" € TX, [A, A, B] if (20) holds true.
Thus, the Theorem is proved.

|
agh

k=2

Corollary 4. Let m > 1. If

1+m \ 200  \—(mt2) A-B m _ o\—(m+1) A—B
2(m—1 )s (1-15s) + 2+1—|—|B| s(1—s) <

then T € TX;[0, A, B].

3. Conclusions

In recent years, many scholars (see, e.g., [30-32]) have been devoted to applications of g-analysis
in physics and mathematics. In particular, Srivastava [2] systematically investigated the applications
and mathematical explanation of the fractional g-calculus as well as the fractional g-derivative in GFT.
In this paper, a new analytic function class TX;[A, A, B] associated with the g-derivative operator
and the Pascal distribution series is introduced and studied. Certain properties of functions in
TX4[A, A, B] are derived.

Scholars may consider some new g-analogous derivative operators and utilize these new opera-
tors to introduce new subclasses of analytic functions as potential avenues for future investigation.
Also, the concepts given in this paper offer potential for extending to other operators such as the
symmetric g-derivative operator. In particular, scholars could consider the symmetric g-derivative
operator with differential subordination to define new subclasses of analytic functions.
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