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1. Introduction

Let H be the class of analytic functions g of the following form

g(z) = z +
∞

∑
k=2

akzk (z ∈ D = {z ∈ C : |z| < 1)}). (1)

Also, let T be the subclass of H consisting of analytic functions which have the
following form

g(z) = z −
∞

∑
k=2

|ak|z
k (z ∈ D). (2)

If g ∈ T satisfies the condition:

∣

∣

∣

∣

g′(z)− 1

(µ − ν)τ − ν[g′(z)− 1]

∣

∣

∣

∣

< 1 (z ∈ D),

then g is said to belong to the class Rτ(µ, ν) (τ ∈ C \ {0}, −1 ≤ ν < µ ≤ 1). The class
Rτ(µ, ν) was defined by Dixit and Pal [1].

Let P denote the class of Caratéodory functions that are analytic in D and have the
following form

h(z) = 1 +
∞

∑
k=1

hkzk (3)

so that
Re{h(z)} > 0 (z ∈ D).

We now recall here the principle of subordination between analytic functions [2].
If g and h are two functions in H, we say that g is subordinate to h, written g ≺ h or
g(z) ≺ h(z), if there is a function v which is analytic in D with v(0) = 0 and |v(z)| < 1,
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such that g(z) = h(v(z)). Further, if h is univalent in D, then we have the equivalence:
g(z) ≺ h(z) (z ∈ D) ⇔ g(0) = h(0) and g(D) ⊂ h(D).

Now we define q-derivative Dq (0 < q < 1) for g ∈ H:

(Dqg)(z) =

{

g(qz)−g(z)
(q−1)z

(z ̸= 0)

g′(0) (z = 0).
(4)

From (4), one can find that

Dqg(z) = 1 +
∞

∑
k=2

[k]qakzk−1 (5)

and

[k]q =
1 − qk

1 − q
. (6)

From (6), we can see that if q → 1−, then [k]q → k.
In [3], Jackson first showed the application of q-calculus. Since then, many scholars

studied the applications of q-analysis in physics and mathematics ([4–26]). Very recently,
Srivastava [2] investigated systematically the applications and mathematical explanation
of the fractional q-calculus as well as the fractional q-derivative in GFT.

By using the q-derivative operator Dq, we now define a new class TXq[λ, A, B].

Definition 1. Let g ∈ T and satisfy the following differential subordination:

λz3(zDqg(z))′′′ + (1 + 2λ)z2(zDqg(z))′′ + z(zDqg(z))′

λz2(zDqg(z))′′ + z(zDqg(z))′
≺

1 + Az

1 + Bz
(z ∈ D), (7)

where −1 ≤ B < A ≤ 1 and 0 ≤ λ ≤ 1, then g is said to be in TXq[λ, A, B].
If

P(Y = k) =

(

m − 1 + k
m − 1

)

(1 − s)msk, k = 0, 1, 2, · · ·

for parameters s and m, respectively; then, Y is called to be the Pascal distribution. In [27] El-Deeb,
Bulboacă, and Dziok defined the following power series whose coefficients are probabilities of the
Pascal distribution:

Ψm
s (z) := z +

∞

∑
k=2

(

m − 2 + k
m − 1

)

(1 − s)msk−1zk (z ∈ D),

where 0 ≤ s ≤ 1 and m ≥ 1.

Very recently, Frasin and Darus [28] introduced a class Cq(λ, α)(0 ≤ α < 1, 0 ≤ λ ≤ 1)
associated with the q-derivative operator. They considered the following series:

Φm
s (z) := 2z − Ψm

s (z) = z −
∞

∑
k=2

(

m − 2 + k
m − 1

)

(1 − s)msk−1zk (z ∈ D) (8)

and the linear operator Im
s : H → H by the Hadamard product:

Im
s g(z) := g(z) ∗ Ψm

s (z) = z +
∞

∑
k=2

(

m − 2 + k
m − 1

)

(1 − s)msk−1akzk (z ∈ D), (9)

where 0 ≤ s ≤ 1 and m ≥ 1.
Now, we recall the following Lemmas.
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Lemma 1 ([1,29]). Let g ∈ Rτ(µ, ν), then

|ak| ≤ (µ − ν)
|τ|

k
, k = 2, 3, · · · .

Lemma 2. Let g(z) = z − ∑
∞
k=2 |ak|z

k ∈ T. If

∞

∑
k=2

k[k]q(λk − λ + 1)

[

k − 1 +
A − B

1 + |B|

]

|ak| ≤
A − B

1 + |B|
(z ∈ D),

where 0 ≤ λ ≤ 1 and −1 ≤ B < A ≤ 1, then g ∈ TXq[λ, A, B].

Lemma 2 can be proved by using the same way as in [13].
In this article, we will derive certain properties of analytic functions in TXq[λ, A, B].

Some known results are also generalized.
In order to facilitate our calculations and proofs, we derive several identities which

hold for m ≥ 1 and 0 ≤ s < 1 as the following:

∞

∑
k=0

(

m − 1 + k
m − 1

)

sk = (1 − s)−m,

∞

∑
k=2

(

m − 2 + k
m − 1

)

sk−1 =
∞

∑
k=0

(

m − 1 + k
m − 1

)

sk − 1 = (1 − s)−m − 1, (10)

∞

∑
k=2

(k − 1)

(

m − 2 + k
m − 1

)

sk−1 = sm
∞

∑
k=0

(

m + k
m

)

sk = s

(

m
m − 1

)

(1 − s)−(m+1), (11)

∞

∑
k=3

(k − 2)(k − 1)

(

m − 2 + k
m − 1

)

sk−1 = 2s2

(

1 + m
m − 1

)

(1 − s)−(m+2), (12)

∞

∑
k=4

(k − 3)(k − 2)(k − 1)

(

m − 2 + k
m − 1

)

sk−1 = 6s3

(

2 + m
m − 1

)

(1 − s)−(m+3), (13)

and

∞

∑
k=5

(k − 4)(k − 3)(k − 2)(k − 1)

(

m − 2 + k
m − 1

)

sk−1 = 24s4

(

3 + m
m − 1

)

(1 − s)−(m+4). (14)

2. Main Results

Theorem 1. Let m ≥ 1. If

Ψ(m, λ, s, A, B) ≤
A − B

1 + |B|
, (15)

then the function Φm
s belongs to TXq[λ, A, B], where

Ψ(m, λ, s, A, B) := 24λ

(

3 + m
m − 1

)

s4

(1 − s)m+4
+ 6

[

1 + λ

(

A − B

1 + |B|
+ 8

)]

(

2 + m
m − 1

)

s3

(1 − s)m+3

+ 2

[

5 +
A − B

1 + |B|
+ λ

[

5

(

A − B

1 + |B|

)

+ 14

]]

(

1 + m
m − 1

)

s2

(1 − s)m+2

+

[

4 + 3

(

A − B

1 + |B|

)

+ 4λ

[

1 +
A − B

1 + |B|

]]

(

m
m − 1

)

s

(1 − s)1+m
.
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Proof. From Lemma 2 and (8), we need to show that

Pq :=
∞

∑
k=2

[k]qk

[

A − B

1 + |B|
+ k − 1

]

(λk + 1 − λ)

(

k + m − 2
m − 1

)

(1 − s)msk−1 ≤
A − B

1 + |B|
.

Letting q → 1−, we obtain from (6) that Pq ≤ P1 and

P1 =
∞

∑
k=2

k2

[

k − 1 +
A − B

1 + |B|

]

(λk + 1 − λ)

(

k + m − 2

m − 1

)

(1 − s)msk−1

=
∞

∑
k=2

[

k3 +

(

A − B

1 + |B|
− 1

)

k2

]

(λk + 1 − λ)

(

k + m − 2

m − 1

)

(1 − s)msk−1

=
∞

∑
k=2

{

λk4 +

[

1 − λ

(

2 −
A − B

1 + |B|

)]

k3 − (1 − λ)

(

1 −
A − B

1 + |B|

)

k2

}(

m − 2 + k

m − 1

)

(1 − s)msk−1.

By using the identities

k2 = 1 + 3(k − 1) + (k − 2)(k − 1), (16)

k3 = 1 + 7(k − 1) + 6(k − 2)(k − 1) + (k − 3)(k − 2)(k − 1), (17)

k4 = 1 + 15(k − 1) + 25(k − 2)(k − 1) + 10(k − 3)(k − 2)(k − 1) + (k − 4)(k − 3)(k − 2)(k − 1) (18)

and (10)–(13), we have

P1 =
∞

∑
k=2

{

λk4 +

[

1 − λ

(

2 −
A − B

1 + |B|

)]

k3 + (λ − 1)

(

1 −
A − B

1 + |B|

)

k2

}(

m − 2 + k

m − 1

)

sk−1(1 − s)m

= λ
∞

∑
k=5

(k − 4)(k − 3)(k − 2)(k − 1)

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

+

{

10λ +

[

1 − λ

(

2 −
A − B

1 + |B|

)]} ∞

∑
k=4

(k − 3)(k − 2)(k − 1)

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

+

{

25λ + 6

[

1 − λ

(

2 −
A − B

1 + |B|

)]

+ (λ − 1)

(

1 −
A − B

1 + |B|

)}

·

∞

∑
k=3

(k − 2)(k − 1)

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

+

{

15λ + 7

[

1 − λ

(

2 −
A − B

1 + |B|

)]

+ 3(λ − 1)

(

1 −
A − B

1 + |B|

)}

·

∞

∑
k=2

(k − 1)

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

+

{

λ +

[

1 − λ

(

2 −
A − B

1 + |B|

)]

+ (1 − λ)

(

A − B

1 + |B|
− 1

)} ∞

∑
k=1

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

= 24λ

(

3 + m

m − 1

)

s4

(1 − s)4
+ 6

[

1 + λ

(

A − B

1 + |B|
+ 8

)]

(

2 + m

m − 1

)

s3

(1 − s)3

+ 2

[

5 +
A − B

1 + |B|
+ λ

(

5

(

A − B

1 + |B|

)

+ 14

)]

(

1 + m

m − 1

)

s2

(1 − s)2

+

[

4 + 3

(

A − B

1 + |B|

)

+ 4λ

(

A − B

|B|+ 1
+ 1

)]

(

m

m − 1

)

s

1 − s
+

(

A − B

|B|+ 1

)

(1 − (1 − s)m)

= (1 − s)mΨ(m, λ, s, A, B) +

(

A − B

|B|+ 1

)

(1 − (1 − s)m).

Now, we can find that P1 ≤ A−B
1+|B|

if (15) holds true. This proves the Theorem.

According to Theorem 1, the following Corollaries are derived.
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Corollary 1. Let m ≥ 1. If

6

(

2 + m

m − 1

)

s3

(1 − s)m+3
+ 2

[

A − B

1 + |B|
+ 5

]

(

1 + m

m − 1

)

s2

(1 − s)m+2
+

[

3

(

A − B

1 + |B|

)

+ 4

]

(

m

m − 1

)

s

(1 − s)m+1
≤

A − B

1 + |B|
,

then the function Φm
s belongs to TXq[0, A, B].

Corollary 2. Let m ≥ 1. If

24λ

(

3 + m

m − 1

)

s4

(1 − s)4+m
+ 6(1 + λ(9 − α))

(

2 + m

m − 1

)

s3

(1 − s)3+m

+ 2(6 − α + λ(19 − 5α))

(

1 + m

m − 1

)

s2

(1 − s)2+m
+ (7 − 3α + 4λ(2 − α))

(

m

m − 1

)

s

(1 − s)1+m
≤ 1 − α,

then the function Φm
s belongs to TXq[λ, 1 − 2α,−1], where α ∈ [0, 1).

Remark 1. Making λ = 0 in Corollary 2, we have a result given by Frasin and Darus in [28].

Theorem 2. Suppose that m ≥ 1 and f ∈ Rτ(µ, ν). If

Φ(λ, µ, ν, τ, m, s, A, B) ≤
A − B

|B|+ 1
, (19)

then Im
s f ∈ TXq[λ, A, B], where the operator Im

s is given by (9) and

Φ(λ, µ, ν, τ, m, s, A, B) := (µ − ν)|τ|











6λ

(

2 + m

m − 1

)

s3

(1 − s)3
+ 2

[

1 + λ

(

A − B

1 + |B|
+ 4

)]

(

1 + m

m − 1

)

s2

(1 − s)2

+

[

1 +

(

A − B

1 + |B|
+ 1

)

(2λ + 1)

]

(

m

m − 1

)

s

1 − s
+ (1 − (1 − s)m)

A − B

1 + |B|











.

Proof. By using Lemma 2, we need only to prove that

Qq :=
∞

∑
k=2

[k]qk

[

A − B

|B|+ 1
+ k − 1

]

(λk − λ + 1)

(

k + m − 2

m − 1

)

(1 − s)msk−1|ak| ≤
A − B

|B|+ 1
.

Since f ∈ Rτ(µ, ν), according to Lemma 1, we know that |an| ≤ (µ − ν) |τ|n , n ∈ N \ {1}. Letting

q → 1−, we find from (6) that Qq ≤ Q1 and

Q1 ≤ (µ − ν)|τ|
∞

∑
k=2

k

[

k − 1 +
A − B

|B|+ 1

]

(λk − λ + 1)

(

k + m − 2

m − 1

)

(1 − s)msk−1

= (µ − ν)|τ|
∞

∑
k=2

[

k2 + k

(

A − B

|B|+ 1
− 1

)]

(λk + 1 − λ)

(

m + k − 2

m − 1

)

(1 − s)msk−1

= (µ − ν)|τ|
∞

∑
k=2

{

λk3 + k2

[

1 − λ

(

2 −
A − B

|B|+ 1

)]

+(1 − λ)k

(

A − B

|B|+ 1
− 1

)}(

m + k − 2

m − 1

)

(1 − s)msk−1.
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By considering k = 1 + (k − 1), (16) and (17), we get

Q1 ≤ (µ − ν)|τ|
∞

∑
k=2

[

λk3 + k2

[

1 − λ

(

2 −
A − B

|B|+ 1

)]

+k(λ − 1)

(

1 −
A − B

|B|+ 1

)](

m − 2 + k

m − 1

)

(1 − s)msk−1

= (µ − ν)|τ|

{

∞

∑
k=4

(k − 3)(k − 2)(k − 1)λ

(

m − 2 + k

m − 1

)

(1 − s)msk−1

+

[

6λ +

(

1 − λ

(

2 −
A − B

|B|+ 1

))] ∞

∑
k=3

(k − 2)(k − 1)

(

m − 2 + k

m − 1

)

(1 − s)msk−1

+

[

7λ + 3

(

1 − λ

(

2 −
A − B

|B|+ 1

))

+

(

1 −
A − B

|B|+ 1

)

(λ − 1)

]

·

∞

∑
k=2

(k − 1)

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

+

[

λ +

(

1 − λ

(

2 −
A − B

|B|+ 1

))

+

(

1 −
A − B

|B|+ 1

)

(λ − 1)

]

·

∞

∑
k=2

(k − 1)

(

m − 2 + k

m − 1

)

sk−1(1 − s)m

}

= (µ − ν)|τ|



















6λ

(

2 + m

m − 1

)

s3

(1 − s)3
+ 2

(

λ

(

A − B

|B|+ 1
+ 4

)

+ 1

)

(

1 + m

m − 1

)

s2

(1 − s)2

+

(

(2λ + 1)

(

A − B

|B|+ 1
+ 1

)

+ 1

)

(

m

m − 1

)

s

1 − s
+ (1 − (1 − s)m)

A − B

|B|+ 1



















.

Thus we obtain that Q1 ≤ A−B
1+|B|

if (19) holds true. This proves the Theorem.

According Theorem 2, we have the following corollary.

Corollary 3. Suppose that m ≥ 1 and f ∈ Rτ(µ, ν). If the inequality

(µ − ν)|τ|











2

(

1 + m

m − 1

)

s2

(1 − s)2
+

(

2 +
A − B

|B|+ 1

)

(

m

m − 1

)

s

1 − s
+ (1 − (1 − s)m)

A − B

|B|+ 1











≤
A − B

|B|+ 1

holds true, then Im
s f ∈ TXq[0, A, B], where Im

s is given by (9).

Theorem 3. Let m ≥ 1 and the function Γm
s be given by

Γm
s (z) =

∫ z

0

Φm
s (w)

w
dw (z ∈ D).

If

Θ(m, λ, s, A, B) ≤
A − B

1 + |B|
, (20)

then Γm
s ∈ TXq[λ, A, B], where
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Θ(m, λ, s, A, B) := 6λ

(

2 + m

m − 1

)

s3

(1 − s)m+3
+ 2

[

1 + λ

(

A − B

1 + |B|
+ 4

)]

(

1 + m

m − 1

)

s2

(1 − s)m+2

+

(

1 + (2λ + 1)

(

A − B

1 + |B|
+ 1

)}

(

m

m − 1

)

s

(1 − s)m+1
.

Proof. From (8), we get

Γm
s (z) =

∫ z

0

Φm
s (t)

t
dt = z −

∞

∑
k=2

k−1

(

m − 2 + k

m − 1

)

sk−1(1 − s)mzk (z ∈ D).

According to Lemma 2, we find that Γm
s ∈ TXq[λ, A, B] if

Rq :=
∞

∑
k=2

[k]qk(λk − λ + 1)

[

A − B

|B|+ 1
+ k − 1

](

m − 2 + k

m − 1

)

sk−1(1 − s)m ≤
A − B

|B|+ 1
.

Now letting q → 1−, we have from (6) that Rq ≤ R1 and

R1 =
∞

∑
k=2

k

[

k − 1 +
A − B

|B|+ 1

]

(λk − λ + 1)

(

m − 2 + k

m − 1

)

(1 − s)msk−1

=
∞

∑
k=2

(λk − λ + 1)

[

k2 +

(

A − B

|B|+ 1
− 1

)

k

](

m − 2 + k

m − 1

)

sk−1(1 − s)m

=
∞

∑
k=2

{

λk3 +

[

1 − λ

(

2 −
A − B

|B|+ 1

)]

k2 + k(λ − 1)

(

1 −
A − B

|B|+ 1

)}(

m − 2 + k

m − 1

)

(1 − s)msk−1.

By using the same method as in Theorem 2, we find that Γm
s ∈ TXq[λ, A, B] if (20) holds true.

Thus, the Theorem is proved.

Corollary 4. Let m ≥ 1. If

2

(

1 + m

m − 1

)

s2(1 − s)−(m+2) +

(

2 +
A − B

1 + |B|

)(

m

m − 1

)

s(1 − s)−(m+1) ≤
A − B

1 + |B|
,

then Γm
s ∈ TXq[0, A, B].

3. Conclusions

In recent years, many scholars (see, e.g., [30–32]) have been devoted to applications of q-analysis

in physics and mathematics. In particular, Srivastava [2] systematically investigated the applications

and mathematical explanation of the fractional q-calculus as well as the fractional q-derivative in GFT.

In this paper, a new analytic function class TXq[λ, A, B] associated with the q-derivative operator

and the Pascal distribution series is introduced and studied. Certain properties of functions in

TXq[λ, A, B] are derived.

Scholars may consider some new q-analogous derivative operators and utilize these new opera-

tors to introduce new subclasses of analytic functions as potential avenues for future investigation.

Also, the concepts given in this paper offer potential for extending to other operators such as the

symmetric q-derivative operator. In particular, scholars could consider the symmetric q-derivative

operator with differential subordination to define new subclasses of analytic functions.
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