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Abstract

Three-dimensional stellar physics affects observable stellar phenomena across different timescales.

This thesis studies these effects through two investigations: gigayear-scale uncertainties in

white dwarf cooling that affect galactic age determinations, and minutes-to-hours internal

gravity wave signatures that produce variability in massive star light curves. These studies

show how 3D physical processes, often neglected in one-dimensional stellar models, introduce

uncertainties that limit our ability to extract reliable information from stellar observations.

White dwarfs serve as cosmic clocks for determining ages of stellar populations. Current

practice reports cooling ages with uncertainties from observational errors in temperature and

mass measurements, neglecting uncertainties in cooling models themselves. We expected that

uncertainties in core composition profiles would dominate cooling age errors. However, in-

vestigation of twelve model parameters using MESA shows that envelope hydrogen and helium

layer thicknesses contribute more to cooling age uncertainties than core composition varia-

tions. For a 0.6M⊙ white dwarf, model uncertainties reach 0.8Gyr at 4000K, comparable

to observational uncertainties. This sensitivity analysis shows how one-dimensional param-

eter studies can identify physical processes that require three-dimensional investigations to

understand their impact on stellar evolution. This 1D investigation identifies key sources of

systematic uncertainty in white dwarf age determinations, providing guidance for future ob-

servational and theoretical studies. The insights gained from such parameter studies inform

the design of targeted 3D simulations that focus on the most physically significant processes

identified through the sensitivity analysis.

Massive main-sequence stars show stochastic low-frequency variability in their light curves,

but the physical mechanisms remain debated. Competing theories propose core convection-

driven internal gravity waves versus subsurface convection as the source. 3D PPMstar simu-

lations of a 25M⊙ zero-age main-sequence star enable comparison between theoretical pre-

dictions and observational power spectra. Our simulations reproduce spectral characteristics

that are qualitatively and quantitatively similar to observations, with two orders of magni-

tude power variation across frequencies. Controlled experiments isolating different stellar

regions show that internal gravity waves excited at subsurface convective boundaries, rather

than core convection, dominate the low-frequency excess. This finding resolves a question

in massive star asteroseismology and validates the capability of 3D simulations to model

observable stellar phenomena.

These investigations show how computational stellar physics can identify and quantify un-

certainties that limit astronomical applications. The white dwarf study provides uncertainty
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estimates for galactic chronometry, while the massive star simulations establish a validated

framework for interpreting asteroseismic observations. Both works show the importance of

understanding model limitations in stellar physics applications.
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Chapter 1

Introduction

1.1 Overview and Motivation

Stars serve as the sites of element nucleosynthesis in the universe. Through nuclear fusion

processes occurring in their interiors, stars transform primordial H and He into heavier

elements that constitute the building blocks of planets and life (Arnett, 1996; Woosley et al.,

2002). Despite stellar evolutionary timescales ranging from millions to billions of years,

astronomical observations combined with theoretical modeling enable the study of stellar

structure and evolution from Earth within our lifetimes.

According to the standard cosmological model, the Big Bang occurred approximately 13.8

billion years ago, producing primarily H (∼75% by mass) and He (∼25% by mass), with trace

amounts of Li and Be through Big Bang nucleosynthesis (Cyburt et al., 2016; Fields et al.,

2020). The first stars, known as Population III stars, formed from the gravitational collapse

of primordial gas clouds composed exclusively of these light elements at redshifts z ∼ 20−30

(Bromm, 2013).

Stellar explosions and winds enrich the interstellar medium with heavy elements, provid-

ing the raw material for subsequent generations of stars. Contemporary stellar populations

contain metals (elements heavier than He) inherited from previous stellar generations. Fig-

ure 1.1 shows a rough illustration of the periodic table color-coded by the origin of the

elements in the Solar System.

This complex chemical evolution spans multiple astrophysical domains, from Big Bang

nucleosynthesis through Population III star formation, galactic chemical evolution, and ongo-

ing stellar along with other nucleosynthesis. Each stage represents an active area of research

that could refine our understanding of nucleosynthesis.

Stellar evolution proceeds through distinct phases determined by initial mass, metallicity,

and other physical parameters. Stars with masses M < 8M⊙ evolve through hydrogen
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Figure 1.1: Periodic table elements with different nucleosynthesis sites. Image taken from
https://blog.sdss.org/2017/01/09/origin-of-the-elements-in-the-solar-system/.

burning, helium burning, and eventually form white dwarfs (Herwig, 2013). More massive

stars (M > 8M⊙) proceed through successive nuclear burning stages, synthesizing elements

up to iron through fusion processes (Kippenhahn et al., 2013). The final fate of these stars

depends critically on their initial mass: stars with 8M⊙ < M < 25M⊙ typically undergo core-

collapse supernovae, while more massive stars may directly collapse to black holes (Heger

et al., 2003; Smartt, 2009; Peters and Hirschi, 2013).

Stellar evolution modeling requires solving the coupled partial differential equations gov-

erning stellar structure: mass conservation, hydrostatic equilibrium, energy generation and

transport, and compositional changes (Hansen et al., 2004). These equations cannot be

solved analytically except in highly simplified cases, necessitating numerical approaches.

Computational advances have enabled increasingly sophisticated stellar evolution calcu-

lations. One-dimensional stellar evolution codes solve the stellar structure equations under

assumptions of spherical symmetry, hydrostatic equilibrium, and local thermodynamic equi-

https://blog.sdss.org/2017/01/09/origin-of-the-elements-in-the-solar-system/


3

librium. Convective energy transport is typically treated using mixing length theory (MLT),

which parameterizes turbulent convection through a characteristic mixing length (Böhm-

Vitense, 1958; Cox and Giuli, 1968). Many 1D stellar evolution codes like MESA (Modules for

Experiments in Stellar Astrophysics) (Paxton et al., 2011a, 2013a, 2015a, 2018a, 2019a) have

reproduced observed stellar properties including main sequence lifetimes, evolutionary tracks

in the Hertzsprung-Russell diagram, and stellar yields (Dotter, 2016; Choi et al., 2016).

However, current computational limitations prevent full three-dimensional simulations

of complete stellar evolution. The relevant physical processes span spatial scales from cen-

timeters (turbulent eddies) to stellar radii (∼ 1011 cm), and temporal scales from hours

(convective turnover) to gigayears (nuclear burning). This multi-scale, multi-physics nature

makes three-dimensional stellar evolution modeling computationally prohibitive with current

resources.

Consequently, 3D hydrodynamic simulations are typically restricted to specific evolu-

tionary phases or regions of stars due to computational limitations, using initial conditions

derived from 1D models. The computational expense of full three-dimensional stellar evo-

lution necessitates strategic selection of simulation targets where three-dimensional effects

are expected to provide insights not accessible through one-dimensional modeling. Prior to

conducting computationally intensive 3D simulations, systematic parameter studies using

1D stellar evolution codes can identify the most critical physical processes and uncertain

parameters for specific astrophysical questions.

Understanding convective boundary mixing (CBM) during the core helium burning phase

is crucial for accurate white dwarf cooling models, as it determines the carbon-to-oxygen com-

position profile of white dwarf cores. Blouin et al. (2024) conducted the first full-sphere 3D

hydrodynamics simulations of core helium burning stars using PPMSTAR, investigating two

different CBM prescriptions: MESA’s predictive mixing and convective premixing schemes.

Their simulations revealed that semiconvective layers are dominated by internal gravity

waves that produce no measurable mixing, while overshooting motions from the convective

core gradually erase semiconvective interfaces on timescales much shorter than evolutionary

phases. This finding implies that current cooling models using semiconvective prescriptions

systematically underestimate core homogeneity and oxygen abundance, directly affecting

crystallization energetics and cooling timescales. The resulting uncertainties in white dwarf

core composition profiles introduce systematic errors of approximately 1 Gyr in age determi-

nations, highlighting the need for comprehensive uncertainty quantification in white dwarf

cooling models.

The white dwarf cooling age uncertainty study presented in Chapter 2 exemplifies a sen-
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sitivity analysis, employing MESA to quantify the impact of various uncertain stellar evolution

parameters, such as core C–O composition, trace core 22Ne composition, envelope He and H

thickness, and conductive opacities, on white dwarf cooling timescales. This 1D investigation

identifies key sources of systematic uncertainty in white dwarf age determinations, providing

essential guidance for future observational and theoretical studies. The insights gained from

such parameter studies subsequently inform the design of targeted 3D simulations that focus

on the most physically significant processes identified through the sensitivity analysis.

Additionally, 1D stellar evolution models provide the initial conditions required for 3D

hydrodynamic simulations, establishing the baseline stellar structure from which 3D effects

can be investigated.

The 3D hydrodynamic simulations of massive main-sequence stars presented in Chapter 3

demonstrate this approach, where we investigate the physical origin of observed stochastic

low-frequency variability in the power spectra of O- and B-type stellar light curves. These

simulations enable direct comparison with observational data and address specific astro-

physical phenomena that cannot be adequately modeled using 1D approaches, such as the

excitation and propagation of internal gravity waves and their interaction with convective

regions.

1.2 Stellar Evolution Theory

The modeling of stellar evolution requires several fundamental assumptions that significantly

simplify the complex physical processes occurring in stellar interiors.It is assumed that stars

are isolated systems with no gravitational interactions from nearby companions, neglecting

binary effects including mass transfer, tidal forces, and orbital evolution. Magnetic fields

are omitted from consideration, excluding magnetohydrodynamic processes and magnetic

pressure contributions to hydrostatic equilibrium. Stellar rotation is neglected, eliminating

centrifugal forces, meridional circulation, and rotational mixing processes. We further as-

sume spherical symmetry, excluding asphericity effects such as convective asymmetries and

surface inhomogeneities. Hydrostatic equilibrium is assumed throughout stellar interiors,

neglecting dynamical instabilities and pulsational phenomena. Local thermodynamic equi-

librium is assumed, requiring that radiation and matter maintain thermal equilibrium on

timescales much shorter than evolutionary timescales. Stellar winds and mass loss processes

are either neglected or treated as prescribed boundary conditions rather than self-consistently

coupled phenomena. Chemical evolution is treated through simplified nuclear reaction net-

works, often employing reduced isotope sets that may not capture the full complexity of
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nucleosynthesis pathways, etc.

While these assumptions do not accurately represent the full complexity of real stellar

systems, they provide a tractable framework that retains sufficient physical complexity to

yield meaningful predictions about stellar structure, evolution, and observable properties.

The most significant limitation of these assumptions is that one-dimensional stellar evolu-

tion models cannot capture three-dimensional macroscopic physics effects. These 3D effects

include turbulent convection, magnetic field interactions, stellar rotation, and aspherical

mass loss processes. The inability to model these 3D phenomena represents a fundamental

constraint on our understanding of stellar evolution. This thesis addresses this limitation by

investigating 3D macroscopic physics effects in stellar systems.

1.2.1 Stellar structure equations

The matter inside stars exists in an extremely hot and dense plasma state, and its dynamics,

can be described using the equations of fluid dynamics. The complete set of stellar structure

equations under these assumptions are:

v · ∇Xi=

Xi

(
ρ, T, {Xj}

)
∂ρ

∂t
+∇ · (ρv)=0

∂v

∂t
+ v · ∇v=− 1

ρ
∇P−∇Φ

∂(ρE)

∂t
+∇ ·

[
v (ρE + P )

]
=−∇ ·

(
k∇T

)
+ρ ϵnuc−ρ ϵν∇2Φ=4π Gρ

∂Xi

∂t
+

v ·∇Xi=

Xi

(
ρ, T, {Xj}

)

In the above equations, ρ(x, t) denotes the mass density, and v(x, t) is the fluid velocity

vector field. The pressure is represented by P (x, t), and Φ(x, t) is the gravitational potential,

determined by Poisson’s equation. The total specific energy is denoted by E = e + 1
2
|v|2,

where e(x, t) is the specific internal energy. The temperature is denoted by T (x, t), and k(x, t)

represents the thermal conductivity (or radiative diffusivity, depending on the context, which

we will discuss later). The terms ϵnuc(ρ, T, {Xj}) and ϵν(ρ, T, {Xj}) represent the specific

nuclear energy generation rate and specific neutrino loss rate, respectively. The nuclear

energy generation rate is calculated as ϵnuc =
∑

k Qk⟨σv⟩kninj, where Qk is the energy

released per reaction, ⟨σv⟩k is the thermally averaged reaction rate coefficient that depends

exponentially on temperature, and ni, nj are number densities of reacting nuclei determined



6

by density and composition. The neutrino loss rate includes contributions from various

processes such as plasma neutrino emission, photoneutrino processes, and pair annihilation,

each with distinct temperature and density dependencies. The quantity Xi(x, t) is the mass

fraction of the i-th nuclear species, and its source term Ẋi(ρ, T, {Xj}) represents changes

due to nuclear reactions. All fields are generally functions of both spatial position x and

time t, unless otherwise noted.

Equation (1.2.1) represents local mass conservation expressed as the continuity equation.

This equation can be written in integral form as:

d

dt

∫
V

ρ dV = −
∮
S

ρv · n̂ dS, (1.5)

which states that the total integrated mass inside any closed surface S increases or decreases

over time if there is net flux of mass flowing in or out normal to the surface.

Equation (1.2.1) represents Newton’s second law F = ma written for an infinitesimal

fluid element. The pressure gradient term −1
ρ
∇P and the gravitational force term −∇Φ

constitute the two force terms acting on the fluid element. Viscous terms could appear on

the right-hand side; however, they are neglected for stellar interiors as the Reynolds numbers

are quite high for stellar plasma, ∼ 1016, therefore viscous effects are negligible (Kippenhahn

et al., 2013).

Equation (1.2.1) represents local energy conservation. The first term on the right-hand

side is the thermal/radiative diffusion term. The conductivity can be written as having both

thermal and radiative components: k = kth + krad. The thermal conductivity kth represents

electron conduction, which is relevant for white dwarfs. The interaction of radiation with

matter is treated in the diffusive approximation, valid for stellar interiors where the photon

mean free path is much smaller than the scale heights of fluid variables. This approximation

breaks down near stellar photospheres where the photon mean free path becomes comparable

to or larger than local scale heights. In the diffusive approximation, the radiative conductivity

is written as:

krad =
16σT 3

3κρ
(1.6)

where σ is the Stefan-Boltzmann constant, T is the temperature, κ is the Rosseland mean

opacity, and ρ is the density.

The opacity quantifies the interaction between matter and radiation, fundamentally de-

termining the radiative energy transport within stellar interiors. While opacity is inherently

frequency-dependent due to varying electromagnetic spectrum interactions with matter, stel-
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lar evolution calculations employ frequency-integrated (Rosseland mean) opacities. In hot,

dense stellar plasmas, the dominant radiative processes involve electrons through four pri-

mary mechanisms:

1. Electron scattering encompasses Thomson scattering in the non-relativistic regime

and Compton scattering for relativistic conditions, where photons scatter off free elec-

trons.

2. Free-free absorption occurs when a free electron absorbs a photon and transitions

to a higher energy state, with the inverse process (bremsstrahlung) resulting in photon

emission.

3. Bound-free absorption, or photoionization, involves photon absorption leading to

electron removal from an atom, while the reverse process constitutes radiative recom-

bination.

4. Bound-bound absorption represent photon absorption by bound electrons tran-

sitioning between discrete energy levels, subsequently followed by photon emission

through either collisional de-excitation or spontaneous radiative decay.

The opacity coefficient incorporates contributions from all these radiative processes, com-

puted as functions of local density, temperature, and chemical composition to accurately

model stellar radiative transfer.

Equation (1.2.1) represents the gravitational Poisson equation, expressing Newton’s law

of gravitation. The Poisson equation is computationally challenging to solve numerically

alongside other partial differential equations due to its non-local nature. For practical pur-

poses, its spherical solution Φ(r) = −GM(r)/r is often used directly in the force balance

equation (1.2.1).

Equation (1.2.1) describes the time evolution of mass fractions of chemical species Xi

in stars. This equation states that local changes in a chemical species (e.g., 16O) result

from either advection/mixing processes due to fluid dynamics or production/destruction via

nuclear reactions.

If we count the total number of independent variables in equations 1.2.1, 1.2.1, 1.2.1,

1.2.1, and 1.2.1, the independent variables are ρ(x, t), v(x, t) (3 components in 3D), P (x, t),

Φ(x, t), T (x, t), Xi(x, t), and e(x, t). Including N species, the total number of equations is

N + 6. However, the total number of independent variables is N + 8 as listed above. This

system of equations is under-determined and requires additional information to make the
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total number of equations equal to the total number of independent variables. The additional

information comes from assuming local thermodynamic equilibrium, where via the first law

of thermodynamics and assuming the fluid variables follow equations of state, the specific

internal energy and pressure can be written as functions of ρ, T , and Xi: e = e(ρ, T,Xi) and

P = P (ρ, T,Xi). Therefore, the additional information from equations of state completes

the system of stellar structure equations.

The equations of state for a mixture of photon and ideal gas are:

e(ρ, T, µ) =
RT

(γ − 1)µ
+

a T 4

ρ
(1.7)

P (ρ, T, µ) =
RρT

µ
+

a T 4

3
(1.8)

Figure 1.2: Temperature-density plane showing regions with dominant ideal or non-ideal
effects. Figure taken from Prialnik (2009).

In these equations, R is the gas constant, γ is the adiabatic index, a is the radiation

constant, and µ is the mean molecular weight. Non-ideal effects such as electron degeneracy
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may need to be included in the equations of state depending upon the stellar phase and the

relative non-ideal contribution. Figure 1.2 shows the density-temperature plane divided into

regions where individual ideal/non-ideal effects are dominant.

For a partially or fully ionized gas, the ideal gas pressure receives contributions from both

ions and free electrons:

P =
ρRT

µ
(1.9)

where the mean molecular weight µ accounts for all particles present in the gas. This can

be expressed as:
1

µ
=

1

µion

+
1

µe

(1.10)

where µion and µe are the mean molecular weights of ions and electrons, respectively.

The ionic contribution is defined as:

1

µion

=
∑
i

Xi

Ai

(1.11)

where Xi is the mass fraction and Ai is the atomic mass of the i-th ionic species. The electron

contribution is given by:
1

µe

=
∑
i

XiZi

Ai

(1.12)

where Zi is the atomic number of the i-th species, representing the number of free electrons

per ion.

For example, consider a fully ionized hydrogen-helium mixture with mass fractions X =

0.7 and Y = 0.3. The ionic contribution yields µ−1
ion = 0.7/1 + 0.3/4 = 0.775, while the

electron contribution gives µ−1
e = 0.7 × 1/1 + 0.3 × 2/4 = 0.85. The total mean molecular

weight becomes µ−1 = 0.775 + 0.85 = 1.625, resulting in µ = 0.615 (Kippenhahn et al.,

2013).

1.2.2 Timescales in stellar evolution

Understanding the different timescales in stellar evolution is essential because they determine

which physical processes dominate at different evolutionary phases and which approximations

are valid in stellar modeling.

The temporal evolution of stellar structure is governed by three distinct physical pro-

cesses, each characterized by a specific timescale. This treatment follows the framework
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presented in Prialnik (2009). These timescales are defined through the general relation

τ = ϕ/ϕ̇, (1.13)

where ϕ represents a physical quantity and ϕ̇ denotes its time derivative. The three funda-

mental timescales in stellar evolution are the dynamical, thermal, and nuclear timescales.

Dynamical timescale

The dynamical timescale τdyn characterizes the time required for significant structural rear-

rangement of the stellar configuration under gravitational forces. This timescale corresponds

to the time for a gravitational disturbance to propagate across the stellar radius or, equiva-

lently, the free-fall collapse time. The dynamical timescale is expressed as:

τdyn ≈ R

vesc
≈

√
1

Gρ̄
(1.14)

where R is the stellar radius, vesc =
√
2GM/R is the escape velocity, G is the gravitational

constant, M is the stellar mass, and ρ̄ is the mean stellar density.

For the Sun, with M⊙ = 1.989 × 1030 kg and R⊙ = 6.96 × 108 m, the mean density is

ρ̄⊙ = 3M⊙/(4πR
3
⊙) = 1.41× 103 kg m−3. The dynamical timescale becomes:

τdyn =

√
1

Gρ̄⊙
= 3.26× 103 s ≈ 54 minutes (1.15)

Thermal timescale

The thermal timescale τth, also known as the Kelvin-Helmholtz timescale, represents the

time required for the star to radiate away its total thermal energy content at the current lu-

minosity. This timescale governs thermal equilibrium adjustments within the stellar interior

and is given by:

τth ≈ U

L
≈ GM2

RL
(1.16)

where U is the total thermal energy content and L is the stellar luminosity. The approxi-

mation U ∼ GM2/R follows from the virial theorem for a self-gravitating gas.

For the Sun, the thermal timescale is:

τth =
GM2

⊙

R⊙L⊙
= 9.9× 1014 s ≈ 31.4× 106 years (1.17)
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Nuclear timescale

The nuclear timescale τnuc characterizes the time required to convert a significant fraction of

the stellar mass into energy through nuclear processes. This timescale represents the longest

evolutionary phase and is expressed as:

τnuc ≈
εMc2

L
(1.18)

where ε is the nuclear burning efficiency (typically ε ∼ 0.007 for hydrogen burning via the

proton-proton chain) and c is the speed of light.

For the Sun, assuming hydrogen burning efficiency ε = 0.007, the nuclear timescale

becomes:

τnuc =
0.007×M⊙c

2

L⊙
=

0.007× 1.989× 1030 × (2.998× 108)2

3.83× 1026
= 3.3×1017 s ≈ 1.0×1010 years

(1.19)

However, nuclear reaction timescales can become very short when temperatures are high

enough, particularly in convective reactive environments where new fuel is mixed into con-

vection zones. For example, during hydrogen ingestion into helium shell convection, the

reaction timescale becomes as short as the convective turnover timescale, approximately 15

minutes.

Hierarchical ordering and stellar evolution

Under typical main-sequence conditions (core H burning phase), these timescales exhibit a

hierarchical ordering:

τdyn ≪ τth ≪ τnuc (1.20)

This ordering implies that structural adjustments occur rapidly compared to thermal evo-

lution, which in turn proceeds much faster than nuclear evolution. Consequently, stars main-

tain hydrostatic equilibrium (dynamical equilibrium) and thermal equilibrium on timescales

much shorter than nuclear evolution.

However, this hierarchical relationship does not hold universally throughout stellar evo-

lution. During catastrophic events such as core collapse in massive stars or helium flash

episodes in low-mass stars, the dynamical timescale can become comparable to or shorter

than the thermal timescale, leading to rapid structural reorganization. Similarly, during

advanced evolutionary phases when nuclear fuel becomes depleted in stellar cores, the nu-

clear timescale approaches the thermal timescale, resulting in complex interactions between
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thermal and nuclear processes.

The nuclear timescale represents the fundamental clock governing stellar evolution, as

nuclear processes provide the energy source that sustains stellar luminosity against gravita-

tional collapse. The pace of stellar evolution is therefore predominantly determined by the

rate of nuclear energy generation relative to the energy loss through radiation.

This hierarchical ordering of timescales explains why complete stellar evolution cannot

be simulated in three dimensions. The nuclear timescale spans billions of years, while 3D

simulations are limited to dynamical timescales of hours to years due to computational

constraints. Therefore, 3D simulations can only capture short episodes of stellar evolution,

requiring the use of 1D models to follow the long-term evolutionary sequence.

1.2.3 1D stellar evolution

This section follows the formulation presented in Kippenhahn et al. (2013) and Herwig

(2013). Solving the complete stellar structure equations discussed in Section 1.2.1 in three

spatial dimensions is computationally prohibitive due to several complications. These in-

clude the necessity to resolve turbulent convection processes, the enormous dynamical range

between characteristic timescales discussed in Section 1.2.2, and the inherent complexity of

three-dimensional magnetohydrodynamic phenomena in stellar interiors.

Therefore, these equations are typically solved under the assumption of spherical symme-

try using the Lagrangian mass coordinate m, representing the enclosed mass within radius

r. In one dimension (the radial dimension), the stellar structure equations reduce to:

∂r

∂m
=

1

4πr2ρ
(1.21)

∂P

∂m
= − Gm

4πr4
(1.22)

∂l

∂m
= ϵnuc + ϵgrav − ϵν (1.23)

∂T

∂m
= − GmT

4πr4P
∇ (1.24)

∂Xi

∂t
=

∂Xi

∂t

∣∣∣∣
nuc

+
∂

∂m

[(
4πr2ρ

)2
D(m)

∂Xi

∂m

]
(1.25)

In these equations, r(m, t) is the radius at mass coordinate m, P (m, t) is the pressure,

l(m, t) is the luminosity passing through the mass shell m, T (m, t) is the temperature, and

Xi(m, t) represents the mass fraction of nuclear species i. The density ρ(m, t) is related to
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radius through equation (1.21). The nuclear energy generation rate per unit mass is denoted

by ϵnuc, the gravitational energy release rate per unit mass by ϵgrav, and ϵν represents the

neutrino energy loss rate per unit mass. The first term in the last equation is the change in

the mass fraction of species i as a result of nuclear reactions and second term represents its

change as a result of mixing processes, characterized by a diffusion coefficient D(m). The

temperature gradient ∇ is defined as:

∇ =
d lnT

d lnP
(1.26)

The value of ∇ depends on the dominant energy transport mechanism. For radiative

transport, ∇ = ∇rad, where:

∇rad =
3κlP

64π2σGmT 4
(1.27)

where κ is the opacity and σ is the Stefan-Boltzmann constant. For convective transport,

∇ = ∇ad, the adiabatic temperature gradient, which depends on the equation of state. We

will discuss more about this in the following Section 1.2.4.

These equations are solved implicitly assuming hydrostatic equilibrium using timesteps

of order min(τth, τnuc). The implicit treatment ensures numerical stability across the vast

range of evolutionary timescales while maintaining physical consistency.

MESA (Modules for Experiments in Stellar Astrophysics) (Paxton et al., 2011a, 2013a,

2015a, 2018a, 2019a; Jermyn et al., 2023) is one such open-source 1D stellar evolution code

widely used by the stellar evolution community. MESA provides a comprehensive framework

for modeling stellar structure and evolution from pre-main-sequence to advanced evolution-

ary phases.

There are numerous scenarios where the 1D assumption becomes inadequate. For ex-

ample, turbulent processes in convective regions, effects of stellar rotation, magnetic field

interactions, and binary mass transfer. In such cases, non-spherically symmetric effects be-

come significant, necessitating 3D treatment of the stellar structure equations to capture the

full complexity of stellar physics.

1.2.4 Energy Transport

This section follows the framework presented in Garćıa-Berro and Althaus (2013). Energy

transport in stellar interiors proceeds through three primary mechanisms: radiation, con-

duction, and convection. Each mechanism operates under distinct physical conditions and

dominates in different stellar regions depending on local thermodynamic properties.
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Radiative transport

Radiative energy transport occurs through photon diffusion in the stellar plasma. The mean

free path of photons in stellar interiors is approximated as:

ℓph =
1

κrad ρ
(1.28)

where κrad is the radiative opacity and ρ is the density. Typical values of photon mean free

paths are of order 1 cm, which are extremely small compared to stellar radii. For the Sun,

with R⊙ = 6.96× 1010 cm, the ratio ℓph/R⊙ ∼ 10−10, justifying the diffusion approximation.

Due to these small photon mean free paths, radiative transport can be treated as a

diffusive process. The radiative energy flux is given by:

Frad = − 4π

3κrad ρ
∇B = −4 a c T 3

3κrad ρ
∇T (1.29)

where B is the integrated Planck function, a is the radiation constant, c is the speed of light,

and T is the temperature.

In the spherically symmetric case, the luminosity is related to the flux by l = 4πr2Frad,

and the radiative diffusion equation becomes:

dT

dr
= − 3κrad ρ l

16 π a c T 3 r2
(1.30)

The radiative flux can also be expressed as:

Frad = −D

d(aT4)dr(1.31) where aT 4 is the radiation energy density andD is the diffusion coefficient

defined as:

D =
c

3κrad ρ
=

1

3
c ℓph (1.32)

Conductive transport

Conductive energy transport occurs through particle collisions resulting from thermal mo-

tions. This mechanism becomes significant in degenerate stellar environments, particularly

through electron conduction in white dwarf interiors. The conductive flux is expressed as:

Fcd = −De
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dTdr (1.33)

where De is the electron thermal diffusivity.

Analogous to radiative opacity, a conductive opacity can be defined such that:

Fcd = −4 a c T 3

3κcd ρ

dT

dr
(1.34)

where κcd is the conductive opacity.

The total energy flux combines radiative and conductive contributions:

F = Frad + Fcd = −4 a c T 3

3κtot ρ

dT

dr
(1.35)

where the total opacity is defined as:

1

κtot

=
1

κrad

+
1

κcd

(1.36)

When conduction dominates over radiation (κcd ≪ κrad), the total opacity approaches

the conductive opacity: κtot ≈ κcd.

For combined radiative and conductive transport, it is convenient to express the temper-

ature gradient from equation (1.30) in the dimensionless form:

∇rad =
d lnT

d lnP
=

3κtot l P

16 π a cGmT 4
(1.37)

where ∇rad represents the logarithmic temperature gradient in hydrostatic equilibrium when

energy transport occurs through radiation and conduction.

Convective transport

Convective energy transport occurs through large-scale fluid motions driven by buoyancy

forces in gravitational fields. The onset of convection is determined by the stability of fluid

elements against vertical displacements.

Consider a fluid element displaced from its equilibrium position within the stellar interior

due to internal perturbations. The stability criterion depends on the restoring force acting

on the displaced element. If the net force acts toward the original position, the configuration

remains convectively stable, and the fluid element oscillates around equilibrium. Conversely,

if the net force acts away from the original position, the element continues moving, indicating
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convective instability.

The condition for convective stability can be expressed as:(
dρ

dr

)
int

>

(
dρ

dr

)
ext

(1.38)

where (dρ/dr)int represents the internal density gradient of the displaced fluid element and

(dρ/dr)ext is the external environmental density gradient. Gravitational forces provide the

restoring mechanism, opposing buoyant forces when this inequality is satisfied.

Using the equation of state ρ = ρ(P, T, µ), where µ is the mean molecular weight, the

stability condition can be expressed through the Ledoux criterion:

d lnT

d lnP
< ∇ad +

φ

δ

d lnµ

d lnP
(1.39)

where ∇ad is the adiabatic temperature gradient, and φ and δ are thermodynamic derivatives

defined as:

∇ad =

(
d lnT

d lnP

)
s

=
P δ

CP ρ T
(1.40)

φ =

(
∂ ln ρ

∂ lnµ

)
P,T

(1.41)

δ = −
(
∂ ln ρ

∂ lnT

)
P,µ

(1.42)

This derivation assumes that displaced fluid elements undergo adiabatic processes, main-

taining constant composition and energy during displacement due to insufficient time for

thermal or chemical exchange with surroundings.

For chemically homogeneous regions where dµ/dr = 0, the Ledoux criterion reduces to

the Schwarzschild criterion:
d lnT

d lnP
< ∇ad (1.43)

When∇rad > ∇ad, convective instability develops, and energy transport proceeds through

convective motions rather than radiative diffusion.

1.2.5 Convective Boundary and the Mixing Length Theory

This section draws from the treatment presented in Garćıa-Berro and Althaus (2013). The

convective boundary represents the interface separating radiative or conductive regions from

convective zones within stellar interiors. Understanding the physics of these boundaries and
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the modeling of convective transport constitutes a fundamental challenge in stellar evolution

theory.

Convective boundary determination

From the Schwarzschild and Ledoux criteria established in the previous section, a chemically

homogeneous stellar region becomes convectively unstable due to two primary mechanisms:

enhanced energy generation from nuclear reactions (exemplified by core convection in main-

sequence stars during hydrogen burning) or elevated opacity values (such as subsurface con-

vection zones associated with opacity bumps in hydrogen, helium, or iron ionization regions

near stellar surfaces).

For chemically homogeneous regions, the Schwarzschild boundary is defined as the loca-

tion where:

∇rad = ∇ad (1.44)

More generally, the Ledoux convective boundary occurs where:

∇rad = ∇ad +
φ

δ

d lnµ

d lnP
(1.45)

This boundary represents the location where downward gravitational forces exactly bal-

ance upward buoyant forces acting on fluid parcels. However, fundamental Newtonian me-

chanics tells us that zero net force does not necessarily imply zero velocity. Consequently,

convective plumes possess finite velocities and penetrate beyond the formally defined con-

vective boundary through a process termed convective overshooting.

Figure 1.3 illustrates this penetration of convective plumes observed in three-dimensional

hydrodynamic simulations, revealing the inadequacy of sharp boundary prescriptions in cap-

turing the true extent of convective mixing.

Mixing Length Theory

The calculation of the convective temperature gradient ∇conv required for determining con-

vective flux represents a significant theoretical challenge. 1D stellar evolution codes typically

employ the mixing-length theory (MLT) to model convective transport, despite its inherent

limitations.

The mixing-length theory assumes that convective flux transport occurs through the

largest-scale fluid motions. These macroscopic fluid elements, when averaged over time,

traverse a characteristic distance ℓMLT before dissipating their energy to the surrounding
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Figure 1.3: Volume rendering of vorticity magnitude (left) and radial velocity (right) from a
high-resolution (28803) 3D hydrodynamic PPMstar simulation of a 1.2M⊙ red giant branch
star. The radially outer circle indicates the Schwarzschild convective boundary. Figure taken
from Blouin et al. (2023).

medium. This mixing length is parametrized as:

ℓMLT = αMLTHP (1.46)

where αMLT is a free parameter not predicted by the theory and HP is the pressure scale

height at the convective boundary.

The free parameter αMLT is typically calibrated using solar observations, yielding αMLT ≈
1.6. This value is often applied to other stellar masses and evolutionary phases in 1D

stellar evolution calculations, representing an extrapolation of a highly simplified theoretical

framework whose general validity remains uncertain.
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Diffusive overshooting models

A more sophisticated approach treats convective overshooting as a diffusive process. A

commonly employed two-parameter diffusive model defines the mixing coefficient as:

D(r) =

D0 for rCB − ℓov ≤ r ≤ rCB(overshoot/penetration region)

D0 exp
(
−2(r−rCB)

fovHP

)
for r > rCB

(1.47)

where rCB denotes the convective boundary radius, ℓov represents the extent of the fully

mixed overshooting region, D0 is the reference diffusion coefficient, and fov characterizes the

exponential decay scale length in units of pressure scale heights.

The free parameters ℓov and fov require calibration against observational constraints or

limited 3D hydrodynamic simulations, which remain computationally expensive and there-

fore restricted to specific evolutionary phases and stellar configurations.

Limitations of mixing-length theory

The fundamental limitations of mixing-length theory are aptly summarized by Cox and Giuli

(1968):

“The mixing length theory represents an extreme simplification of the actual

physical process of convection. One does not therefore expect quantitative results

derived on the basis of this theory to have high accuracy or reliability. One of the

principal sources of uncertainty in the theory is the value to be used for the mixing

length itself... The theory does, however, yield a qualitatively reasonable picture

of convective heat transfer... It is therefore simply for want of a better theory

that astrophysicists commonly use the mixing length theory in the construction

of stellar models in spite of its drawbacks. Moreover, stellar models constructed

on the basis of the mixing length theory do not show any obvious contradictions

with observations. Let it be emphasized again, however, that users of this theory

should be well aware of the possible quantitative unreliability of results obtained

by its use.”

This assessment underscores the necessity for improved theoretical frameworks and high-

lights the importance of three-dimensional hydrodynamic simulations in advancing our un-

derstanding of convective processes in stellar interiors.
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1.2.6 Evolutionary phases

Figure 1.4: Hertzsprung-Russell diagram showing the complete evolutionary track of a 2M⊙
star from main sequence to white dwarf phase. Numbers indicate the logarithm of approxi-
mate phase durations in years. Figure taken from Herwig (2005).

This section is inspired from Herwig (2005). The stellar structure equations presented

in the preceding sections are solved with varying initial parameters including stellar mass,

metallicity (defined as the mass fraction of elements heavier than helium), and initial com-

position. The solutions provide the temporal evolution of stellar properties, which can be

visualized through the Hertzsprung-Russell (HR) diagram plotting luminosity versus effec-

tive temperature, as illustrated in Figure 1.4.

In the theoretical framework, stellar luminosity, radius, and effective temperature are

related through the Stefan-Boltzmann law:

L = 4πR2σT 4
eff (1.48)

where σ is the Stefan-Boltzmann constant.

The stellar evolutionary sequence begins with the core hydrogen burning phase, com-

monly referred to as the main sequence. During this phase, hydrogen is converted to helium

through either the proton-proton chain reaction in lower-mass stars or the CNO cycle in
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more massive stars. The main sequence represents the longest evolutionary phase in stel-

lar lifetimes. For the Sun, the main sequence lifetime is approximately τMS ≈ 1010 years,

corresponding to the nuclear timescale discussed in Section 1.2.2.

Following core hydrogen exhaustion, nuclear energy generation in the stellar core ceases,

initiating gravitational contraction on the Kelvin-Helmholtz timescale τKH. The star transi-

tions to hydrogen shell burning, where nuclear reactions continue in a thin shell surrounding

the inert helium core. This configuration drives the stellar envelope expansion and surface

cooling, causing the star to evolve toward the red giant branch (RGB) in the HR diagram.

Figure 1.5: A diagram illustrating how a star’s mass controls which nuclear fusion processes
occur during its lifetime (assuming solar metallicity), and what type of stellar remnant it
becomes after death. Image taken from Karakas and Lattanzio (2014)

The subsequent evolutionary pathway depends critically on the initial stellar mass, as

depicted in Figure 1.5. The boundaries depicted in the figure are often not well defined the-

oretically, as they are sensitive to specific parameters including mass loss rates and mixing

algorithms employed in the models. When the contracting core reaches sufficient temperature

and density, helium burning may commence through the triple-alpha process, producing car-

bon and oxygen. However, whether core helium ignition occurs depends on the competition

between nuclear heating and electron degeneracy pressure.

For stars with initial masses M ≲ 1.8M⊙, the helium core becomes electron degenerate

before reaching helium ignition temperatures. These stars experience a violent degener-

ate helium flash, subsequently settling onto the zero-age horizontal branch (ZAHB). More

massive stars ignite core helium burning in a non-degenerate, thermally stable manner.

The core helium burning phase proceeds significantly more rapidly than core hydrogen

burning, typically lasting approximately one-tenth the main sequence lifetime. This phase

produces a carbon-oxygen core through helium fusion reactions. Stars with initial masses
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M ≲ 8M⊙ do not achieve sufficient core temperatures for carbon ignition, resulting in

electron degenerate carbon-oxygen cores.

Following core helium exhaustion, stars enter the asymptotic giant branch (AGB) phase,

characterized by helium shell burning surrounding the inert carbon-oxygen core. The AGB

phase exhibits complex thermal pulse cycles due to the interaction between hydrogen and

helium burning shells. Eventually, the stellar envelope is expelled through stellar winds

and thermal pulses, exposing the hot central core. The remnant evolves into a white dwarf

composed primarily of carbon and oxygen, though oxygen-neon white dwarfs can form from

more massive progenitors approaching the Chandrasekhar limit. White dwarf evolution and

properties are examined in greater detail in Section 1.5.

Main

sequence

Red giant branch

White
dwarfs

Figure 1.6: Observational Hertzsprung-Russell diagram from the European Space Agency
(ESA) satellite Gaia’s Data Release 2, showing 4.3 million low-extinction stars. The color
scale represents stellar density. Approximate temperature and luminosity scales for main
sequence stars are indicated on the top and right axes. Figure taken from Gaia Collaboration
et al. (2018a).
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The theoretical predictions from stellar evolution models require observational validation.

While luminosity and effective temperature are not directly observable quantities, they can

be inferred from photometric measurements. Observers construct color-magnitude diagrams

analogous to theoretical HR diagrams, plotting apparent or absolute magnitudes against

color indices, as exemplified in Figure 1.6.

Observational HR diagrams reveal prominent stellar concentrations corresponding to dif-

ferent evolutionary phases. The diagonal main sequence concentration reflects the extended

duration of core hydrogen burning relative to other evolutionary phases. Additional concen-

trations appear for RGB stars and white dwarfs, consistent with theoretical predictions.

A fundamental distinction exists between theoretical and observational HR diagrams.

Theoretical diagrams trace the temporal evolution of individual stars, while observational

diagrams represent instantaneous distributions of stellar populations with varying ages and

masses. Isochrones provide the critical link between these perspectives, representing theo-

retical tracks of constant age for stellar populations with different initial masses, enabling

direct comparison between evolutionary models and observational data.

1.3 PPMstar simulations

PPMstar is a three-dimensional explicit gas dynamics code that solves the Euler equations

using a higher-order Godunov method called the Piecewise Parabolic Method (PPM) (Colella

and Woodward, 1984; Woodward et al., 2015, 2019; Andrassy et al., 2020, 2022; Mao et al.,

2024). The code solves equations (1.2.1), (1.2.1), (1.2.1), (1.2.1), and (1.2.1) along with

the equations of state. However, the gravitational Poisson equation is not solved directly;

instead, its spherically symmetric solution Φ(r) = −GM(r)/r is employed in the momentum

equation.

The equations are solved in a perturbative fashion with respect to a base state, enabling

computations in 32-bit precision while maintaining high accuracy. The PPM method is

a flux-conserving approach that solves 3D Euler equations in discretized grid cells using

directional splitting. The fluid variables are assumed to follow parabolic profiles within

individual grid cells, hence the name “piecewise parabolic method.”

The PPMstar code incorporates a fourth-order Piecewise Parabolic Boltzmann (PPB)

scheme to track two distinct fluids with different mean molecular weights. This capability

proves particularly valuable for studying species mixing across convective boundaries and

compositional interfaces.

The code has been applied to simulate various stellar evolutionary phases across multiple
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research publications. These applications include post-AGB stellar environments (Herwig

et al., 2011, 2014), O-burning shell convection (Jones et al., 2017), He shell flash convection

zones and hydrogen ingestion in rapidly accreting white dwarfs (Denissenkov et al., 2019),

H-He shell interactions in massive Population III stars (Clarkson et al., 2019), C-O shell

mergers (Andrassy et al., 2020), RGB evolution in 1.2M⊙ stars (Blouin et al., 2023), main-

sequence convection in 25M⊙ stars (Herwig et al., 2023; Thompson et al., 2024; Mao et al.,

2024), and core He burning in 3M⊙ stars (Blouin et al., 2024).

The Courant-Friedrichs-Lewy (CFL) condition imposes a grid-size-dependent upper bound

on allowed timesteps in the simulations, ensuring that information does not propagate be-

tween nearest-neighbor grid cells within a single timestep:

∆t ≤ ∆x

cs
(1.49)

where ∆t is the timestep, ∆x is the grid spacing, and cs is the local sound speed.

This constraint significantly impacts computational cost scaling. Decreasing grid resolu-

tion by a factor of 2 increases the effective computational cost by a factor of 24 = 16 (factors

of two in each spatial dimension plus a factor of two for smaller allowed timesteps from the

CFL condition). This scaling makes high-resolution simulations computationally expensive.

To illustrate the computational requirements, the M424 simulation presented in Chapter 3

evolved 3800 hours of stellar time with average timesteps of approximately 2 seconds, requir-

ing approximately 3.4 million timesteps. This simulation consumed 2.7 million core-hours of

computing time.

Due to their computationally demanding nature, initial conditions for PPMstar simula-

tions are typically extracted from 1D stellar evolution models calculated with MESA, allowing

focused study of specific evolutionary phases rather than complete stellar lifetimes.

1D stellar evolution codes often predict stratifications characterized by extremely low

Mach numbers (< 10−5) within convective zones. Resolving such low Mach number flows

in three-dimensional simulations that can be completed within reasonable computational

timeframes proves challenging, even with access to powerful supercomputing resources. To

address this limitation, nuclear heating rates are often artificially enhanced by factors like

103 or even larger. Multiple simulations employing different artificial heating factors demon-

strate that convective velocities scale with the luminosity enhancement factor L as L1/3.

Consequently, a heating boost factor of 1000 increases convective velocities by only a fac-

tor of 10, explaining the necessity for extremely large enhancement factors in 3D stellar

simulations.
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1.4 Stellar Oscillations

This section is inspired from Handler (2013). Stars exhibit oscillatory behavior analogous

to the vibrational modes of musical instruments such as guitar strings. However, stellar

interiors are characterized by hydrostatic equilibrium, where gravitational forces balance

pressure gradient forces as described by equation (1.22). Consequently, special physical

mechanisms are required to drive or self-excite oscillation modes in stellar environments.

Four primary driving mechanisms have been proposed to explain stellar pulsations:

1. ε mechanism (Rosseland and Randers, 1938): Excitation through varying nuclear

reaction rates. Compression of nuclear burning zones elevates the temperature, in-

creasing nuclear energy generation rates. This enhanced energy production triggers

expansion, which subsequently decreases pressure and energy output, reversing the

initial compression and establishing oscillatory behavior.

2. κ-γ mechanism (Baker and Kippenhahn, 1962): Driving through opacity variations

in ionization zones. When stellar material undergoes compression, increased opacity

reduces radiative cooling efficiency, leading to thermal expansion. The subsequent

decrease in opacity during expansion enhances cooling, restoring the initial compression

phase.

3. Convective blocking or convective driving (Brickhill, 1991): Modulation of con-

vective energy transport efficiency through interaction between pulsation phases and

convective flows.

4. Stochastic excitation: Random forcing of oscillation modes through turbulent con-

vective motions in stellar interiors.

The study of stellar oscillations and the extraction of information about stellar interi-

ors from observational measurements of surface pulsations constitutes the field of astero-

seismology. This discipline draws inspiration from terrestrial seismology, where earthquake-

generated oscillation modes provide insights into Earth’s internal structure and composition.

Stellar oscillation modes are understood as non-spherical perturbations superimposed

on stratified mean stellar models, which remain spherically symmetric in one-dimensional

treatments. In the linear perturbation framework, fluid variables are decomposed as:

A(r, θ, ϕ, t) = A0(r) + A′(r, θ, ϕ, t) (1.50)
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where A0(r) represents the background stratification and A′(r, θ, ϕ, t) denotes the pertur-

bation. The perturbations are assumed to be significantly smaller than the background

quantities (A′ ≪ A0), enabling linearization of the non-linear fluid equations.

This linearization procedure yields a Sturm-Liouville type eigenvalue problem, exhibit-

ing mathematical similarities to the Schrödinger equation for the H atom. Solving these

perturbation equations produces dispersion relations connecting oscillation frequencies with

corresponding wavenumbers. A comprehensive derivation of stellar oscillation modes is pre-

sented in Aerts et al. (2010).

The analysis yields both radial and non-radial solutions. Non-radial solutions, analo-

gous to hydrogen atom wavefunctions in quantum mechanics, are proportional to spherical

harmonics:

Y m
ℓ (θ, ϕ) =

√
2ℓ+ 1

4π

(ℓ− |m|)!
(ℓ+ |m|)!P

|m|
ℓ (cos θ)eimϕ (1.51)

where ℓ is the degree (ℓ = 0, 1, 2, . . .), m is the azimuthal order (m = −ℓ,−ℓ+1, . . . , ℓ−1, ℓ),

P
|m|
ℓ are the associated Legendre polynomials, θ is the colatitude, and ϕ is the azimuthal

angle.

Two major categories of non-radial pulsation modes are distinguished based on the dom-

inant restoring force:

• p-modes (pressure modes): Oscillations where pressure gradients provide the pri-

mary restoring force.

• g-modes (gravity modes): Oscillations where gravitational forces constitute the

dominant restoring mechanism.

Modes are commonly labeled according to their number of radial nodes or overtones,

for example, p3 denotes a p-mode with three radial nodes. Fundamental modes (f-modes)

represent oscillations with no interior nodes.

The propagation characteristics of oscillation modes are governed by two characteristic

frequencies: the Brunt-Väisälä frequency N and the Lamb frequency Lℓ, defined as:

N2 = − g

γP

(
dP

dr
− γ

ρg

γ

)
(1.52)

L2
ℓ =

ℓ(ℓ+ 1)c2s
r2

(1.53)

where g is the local gravitational acceleration, γ is the adiabatic index, P is the pressure, ρ

is the density, cs is the local sound speed, and r is the radial coordinate.
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The relationship between oscillation frequency ω and these characteristic frequencies

determines mode classification:

• A mode with ω > N and ω > Lℓ experiences pressure as the dominant restoring force

and is classified as a p-mode.

• A mode with ω < N and ω < Lℓ is classified as a g-mode.

• Modes that satisfy neither condition are evanescent and do not propagate through the

stellar interior.

Figure 1.7: Frequency ν = ω/2π - spherical harmonic degree ℓ diagram for stellar oscillation
modes in a solar model, displaying p-modes (positive n) and g-modes (negative n) with
labeled radial orders. Figure taken from Aerts et al. (2010).

Figure 1.7 illustrates the dispersion relation of oscillation modes computed for the Sun,

demonstrating the characteristic frequency ranges for different mode types.
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1.5 White Dwarf stars

This section is inspired from Blouin (2024).

1.5.1 Formation and basic properties

White dwarfs represent dense compact stellar objects formed as the final evolutionary prod-

ucts of stars with initial masses M ≲ 8M⊙ (Herwig, 2013). Following the exhaustion of

nuclear fuel and the ejection of their outer envelopes during the asymptotic giant branch

phase, these stellar remnants exhibit significantly reduced luminosities compared to nuclear-

burning main-sequence, red giant branch, and asymptotic giant branch stars.

White dwarfs are characterized by extreme densities of approximately 106 g cm−3, where

electron degeneracy pressure provides the dominant force balancing gravitational collapse.

These objects occupy the lower-left region of the Hertzsprung-Russell diagram, reflecting

their high surface temperatures and low luminosities relative to main-sequence stars of com-

parable effective temperatures.

The fundamental physical limit governing white dwarf masses was established by Chan-

drasekhar (1931), who derived a critical upper mass limit of approximately 1.4M⊙ using the

equation of state for extreme relativistic electron degeneracy pressure. This theoretical con-

tribution, known as the Chandrasekhar limit, earned him the Nobel Prize in Physics in 1983.

When a white dwarf approaches this mass limit, electron degeneracy pressure can no longer

balance gravitational forces. The star undergoes rapid gravitational contraction, causing the

carbon-oxygen core to reach ignition temperatures. This triggers explosive carbon burning

throughout the core. The degenerate conditions prevent thermal expansion, causing the

nuclear burning rate to increase exponentially with temperature. This thermonuclear run-

away propagates throughout the entire star within seconds, resulting in a Type Ia supernova

explosion.

The mass-radius relationship for white dwarfs exhibits an inverse correlation: more mas-

sive white dwarfs possess smaller radii due to enhanced gravitational compression. This

relationship can be approximated using polytropic stellar structure models, yielding the

scaling relation M ∝ R−3. Figure 1.8 illustrates the mass-radius relationship for white

dwarfs calculated using modern one-dimensional stellar evolution codes, demonstrating the

quantitative validation of this theoretical prediction.
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Figure 1.8: Mass-radius relationship for white dwarfs calculated using modern stellar evo-
lution models, demonstrating the inverse correlation M ∝ R−3. Theoretical predictions are
shown for different effective temperatures and hydrogen layer masses, with three observed
white dwarfs indicated for comparison. Figure taken from Blouin et al. (2024).

1.5.2 Internal Structure and Composition

Figure 1.9 illustrates the typical chemical composition profile of a carbon-oxygen white dwarf,

which constitutes the majority of observed white dwarf populations. The interior is predom-

inantly composed of 12C and 16O, with trace amounts of 22Ne (1–2%) distributed throughout

the core region. This carbon-oxygen core is surrounded by a thin helium envelope, which is

itself enveloped by an even thinner hydrogen layer.

The carbon-oxygen core forms as the product of helium burning during the pre-white

dwarf evolutionary phases. The qualitative characteristics of the composition profile depend

on several physical processes, including core and envelope helium burning, the number of

thermal pulses experienced during asymptotic giant branch evolution, and mixing processes

such as convection and convective overshooting or penetration from burning regions. Ther-

mal pulses represent episodic helium burning events in the helium shell surrounding the

inert carbon-oxygen core, driven by the thermal instability arising from the temperature

and density dependence of the triple-alpha reaction rate.

The 12C(α,γ)16O reaction rate represents the most critical nuclear physics input determin-

ing the final 12C/16O ratio within the core. The abundance of 22Ne results from α-capture

on 14N, where 14N is produced through the CNO cycle during hydrogen burning phases.

The thickness of the helium and hydrogen envelope layers depends on the extent of hydro-

gen burning that occurred during pre-white dwarf evolution and the mass loss efficiency of

stellar winds during the asymptotic giant branch phase.
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Figure 1.9: Chemical stratification of a typical C-O white dwarf interior, showing the distri-
bution of nuclear species by mass fraction. The central region contains predominantly 12C
and 16O with minor 22Ne contributions, while the outer layers comprise 4He and 1H shells.
Figure taken from Blouin et al. (2024).

White dwarf progenitors with initial masses approaching ∼ 10M⊙ may undergo core

carbon burning, producing oxygen-neon cores composed primarily of 16O and 20Ne, along

with trace amounts of 12C, 22Ne, 23Na, and 24Mg as products of carbon burning reactions.

However, these oxygen-neon white dwarfs represent a rare subset of the white dwarf popu-

lation.

The precise chemical stratification of white dwarf interiors remains subject to signifi-

cant uncertainties arising from two primary sources: uncertainties in nuclear reaction rates,

particularly the 12C(α,γ)16O reaction for core composition, and the uncertain treatment of

convective boundary mixing in one-dimensional stellar evolution models.

1.5.3 White Dwarf Cooling

The majority of white dwarfs do not sustain nuclear burning reactions following their forma-

tion. A newly formed white dwarf represents a thermal reservoir containing substantial heat

energy accumulated during preceding stellar evolutionary phases. Consequently, white dwarf

evolution proceeds through a relatively simple cooling process, as illustrated in Figure 1.10,
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Figure 1.10: Cooling curve of a typical 0.6M⊙ white dwarf generated using MESA.

wherein the star gradually cools and dims over timescales of several billion years. This con-

trasts markedly with the complex nuclear burning phases characterizing main-sequence, red

giant branch, and asymptotic giant branch evolution.

During the initial few hundred million years of cooling, neutrino emission constitutes the

dominant energy loss mechanism. However, photon radiation represents the primary cooling

channel throughout the majority of white dwarf evolutionary history. The fundamental sim-

plicity of this cooling process has established white dwarfs as valuable cosmic chronometers

for age determinations of stellar populations and galactic components (Winget et al., 1987;

Fontaine et al., 2001; Isern, 2019).

The utility of white dwarfs as reliable age indicators is limited by incomplete under-

standing of pre-white dwarf evolutionary phases, as discussed in the preceding sections. The

composition of a white dwarf of given mass remains subject to considerable uncertainty due

to these theoretical limitations. These compositional uncertainties directly propagate into

systematic errors in white dwarf age determinations.

Additional complexity arises during white dwarf cooling when the carbon-oxygen core
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undergoes crystallization, a first-order phase transition that releases substantial latent heat.

This energy release effectively delays cooling for a few billion years, with the magnitude of the

delay depending critically on the core C-O composition ratio. The uncertain core composition

therefore introduces significant systematic uncertainties in cooling age calculations.

Improving theoretical understanding of stellar evolution processes, particularly those gov-

erning core composition during helium burning phases and convective boundary mixing, will

enhance the precision of white dwarf chronometry and strengthen their application as cosmic

clocks.

1.6 Thesis outline

This thesis presents computational studies of stellar evolution through two complementary

investigations, each forming the basis of a separate publication. Chapter 2 presents sys-

tematic uncertainties in white dwarf cooling age determinations, based on work published

in the Astrophysical Journal. Chapter 3 investigates the physical origin of stochastic low-

frequency variability observed in massive main-sequence stars through high-resolution three-

dimensional hydrodynamic PPMstar simulations of a non-rotating zero-age main-sequence

25M⊙ star, based on work under preparation for publication. Finally, Chapter 4 summa-

rizes the findings and outlines directions for future research.
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Chapter 2

Quantifying Systematic Uncertainties in White Dwarf

Cooling Age Determinations

The contents of this chapter are based on a paper that has been published in the Astrophys-

ical Journal (https://iopscience.iop.org/article/10.3847/1538-4357/adc10f). This

project was initiated as a course project in ASTR 501. The contributors to this paper are

myself (P.P.), Dr. Simon Blouin (S.B.), and Dr. Falk Herwig (F.H.). A detailed breakdown

of their contributions is described below.

Conceptualization: S.B. conceived the original idea for this paper. Methodology:

P.P. conducted all MESA simulations and developed the computational framework for the

analysis. Software: P.P. developed all Python scripts, bash scripts, and Jupyter notebooks

for the analysis of simulation results. S.B. provided extensive guidance in the development of

these analytical tools. Validation: S.B. and F.H. provided feedback on the results and their

interpretation throughout the project. Formal analysis: P.P. conducted the formal analysis

of the simulation results under the guidance of S.B. Investigation: P.P. conducted the

primary investigation by running simulations and analyzing the results. Writing (original

draft): P.P. wrote the initial draft of the paper with guidance and feedback from S.B.

and F.H., which forms the basis of this thesis chapter. Writing (review & editing):

S.B. subsequently modified and tailored this initial draft to produce the final version of the

paper that was submitted for publication. S.B. and F.H. provided extensive comments and

engaged in productive discussions throughout the project. Supervision: S.B. and F.H.

provided supervision and guidance throughout the project development and analysis phases.

https://iopscience.iop.org/article/10.3847/1538-4357/adc10f
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2.1 Abstract

Cooling ages of white dwarfs are routinely determined by mapping effective temperatures

and masses to ages using evolutionary models. Typically, the reported uncertainties on cool-

ing ages only consider the error propagation of the uncertainties on the spectroscopically or

photometrically determined Teff and mass. However, cooling models are themselves uncer-

tain, given their dependence on many poorly constrained inputs. This paper estimates these

systematic model uncertainties. We use MESA to generate cooling sequences of 0.5− 1.0M⊙

hydrogen-atmosphere white dwarfs with carbon–oxygen cores under different assumptions

regarding the chemical stratification of their core, the thickness of their helium envelope,

their hydrogen content, and the conductive opacities employed in the calculations. The pa-

rameter space explored is constrained by the range of values predicted by a variety of stellar

evolution models and inferred from asteroseismological studies. For a 0.6M⊙ white dwarf,

we find an uncertainty of 0.03Gyr at 10,000K (corresponding to a 5% relative uncertainty)

and 0.8Gyr at 4000K (9%). This uncertainty is significant, as it is comparable to the age

uncertainty obtained by propagating the measurement errors on Teff and mass for a typical

white dwarf. We also separately consider the potential impact of 22Ne shell distillation,

which plausibly leads to an additional uncertainty of ∼ 1Gyr for crystallized white dwarfs.

We provide a table of our simulation results that can be used to evaluate the systematic

model uncertainty based on a white dwarf’s Teff and mass. We encourage its use in all future

studies where white dwarf cooling ages are measured.

2.2 Introduction

White dwarfs represent the final evolutionary stage for the vast majority of stars. Having

exhausted their nuclear fuel, they enter a long cooling phase that is relatively simple com-

pared to earlier stages of stellar evolution (Mestel, 1952; Fontaine et al., 2001; Althaus et al.,

2010). This cooling process spans billions of years and, if accurately modeled, can allow

white dwarfs to be used as cosmic clocks. White dwarfs have been used to estimate the ages

and star formation histories of various stellar populations (Winget et al., 1987; Garćıa-Berro

et al., 2010; Kalirai, 2012; Kilic et al., 2017; Fantin et al., 2019; Isern, 2019; Cukanovaite

et al., 2023), constrain the Hubble constant (Cimatti and Moresco, 2023), and date an-

cient planetary systems (Hollands et al., 2018; Kaiser et al., 2021; Blouin and Xu, 2022;

Elms et al., 2022). However, our understanding of both the late stages of stellar evolution

leading to white dwarf formation and the subsequent white dwarf cooling process remains

incomplete, which limits our ability to accurately determine white dwarf cooling ages.
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A first major source of uncertainty is the core composition profile of white dwarfs. This

ratio is determined by the helium-burning phases of the progenitor star, where three key

uncertainties come into play. First, the 12C(α, γ)16O reaction rate is poorly constrained,

leading to variations of about ±0.1 in the central oxygen mass fraction (De Gerónimo et al.,

2017; Chidester and Timmes, 2022; Pepper et al., 2022). Second, the physics of convective

boundary mixing during helium burning is not well understood, affecting both the final C/O

ratio and the size of the homogeneous core region (Straniero et al., 2003; Constantino et al.,

2015; Salaris and Cassisi, 2017; Giammichele et al., 2022; Blouin et al., 2024). Third, the

thermal pulse phase on the asymptotic giant branch introduces additional complexity, as

the uncertain number of pulses influence the chemical profile of the outer region of the core

(Herwig, 2000; Weiss and Ferguson, 2009; De Gerónimo et al., 2017)

Typically, WD cosmochronology involves measuring the effective temperature and mass

of a white dwarf through spectroscopy, photometry, and parallax. These measurements are

then mapped to age using pre-calculated cooling tracks (Pala et al., 2022; Arazimova et al.,

2009; Pala et al., 2017; von Hippel et al., 2020). The observational uncertainties in effective

temperature and mass propagate to the uncertainty in the determined cooling age of the WD.

Often, the total age of the star is estimated using an Initial-Final Mass Relation and pre-

WD lifetime (Cukanovaite et al., 2023; Tremblay et al., 2014; Fantin et al., 2019). However,

this approach overlooks systematic uncertainties in white dwarf cooling models, which arise

from poorly constrained inputs (Salaris, 2009). These inputs include uncertainties in the

microphysics, such as conductive opacities of the envelope, resulting in Gyr-scale cooling

differences at low temperatures (Cassisi et al., 2021).

The core chemical composition of a white dwarf, given a fixed mass and effective tem-

perature (Teff), remains uncertain mainly due to poorly constrained nuclear reaction rate

uncertainties and overshooting beyond the Schwarzschild boundary during convection during

the core He-burning phase (Salaris and Cassisi, 2017). For example, Chidester and Timmes

(2022) demonstrated that the uncertainty in the 12C(α, γ)16O reaction rate causes variations

in the core 16O mass fraction by about ±0.1. Blouin et al. (2024) examines the additional

mixing across the Schwarzschild boundary by conducting 3D hydrodynamic simulations of

a core helium-burning(CHeB) 3M⊙ star, Constantino et al. (2015) explained asteroseismic

observation of CHeB stars using ‘maximal-overshoot’ scheme. Straniero et al. (2003) pre-

dicted a variation in the core 16O mass fraction between 0.3 and 0.9, taking into account

the uncertainties in convection theory as well as the 12C(α, γ)16O reaction rate, Chidester

et al. (2023) studied the asteroseismic signatures of 12C(α, γ)16O reaction rates in white

dwarfs, considering the effect of overshoot during the pre-white dwarf evolutionary phase.
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Salaris et al. (2010) used the BaSTI code to study WDs with H and He envelopes, finding

a 7% variation in cooling timescales due to the 12C(α, γ)16O reaction rate uncertainty and

convective overshoot. Salaris et al. (1997) showed that phase separation of C/O during crys-

tallization can cause nearly a gigayear difference in cooling timescales. On the other hand,

Giammichele et al. (2018) determined the chemical composition of few WDs from asteroseis-

mic observations and found higher core 16O mass fraction than the predictions from stellar

evolution models thus indicating the need for a better understanding of the core chemical

composition of WDs. De Gerónimo et al. (2019) discusses modifying nuclear reaction rates

and overshoot parameters during core helium-burning to reconcile asteroseismic predictions

with stellar evolution models.

Furthermore, the thickness of the hydrogen and helium layers, which governs the star’s

energy escape rate, is another critical factor along with the conductive opacities of the

envelope. The two main conductive opacity tables used in the literature are those of Cassisi

et al. (2007) and Blouin et al. (2020). Cassisi et al. (2021) studied the impact of conductive

opacities on WD cooling timescales and found that they are affected by around 40-45 % and

∼ 25% at high and low Teff respectively. Salaris et al. (2024) also studied the impact of

conductive opacities on WD cooling in the evolutionary models which included 22Ne phase

separation and distillation (Blouin and Daligault, 2021).
22Ne distillation during crystallization represents another significant uncertainty in white

dwarf cooling. This process (Isern et al., 1991) involves separation of neutron-rich impurities

from the carbon–oxygen plasma, releasing gravitational energy that delays cooling. The

mechanism likely explains the Gaia “Q branch” overdensity (Gaia Collaboration et al., 2018b;

Tremblay et al., 2019; Blouin et al., 2021) and NGC 6791’s luminosity function (Salaris

et al., 2024). Theoretical models predict 0.5–2.0Gyr cooling delays for solar-metallicity

white dwarfs (Segretain, 1996; Blouin et al., 2021), though observational confirmation of

shell distillation remains missing (Venner et al., 2023).

Standard white dwarf age determination maps spectroscopic Teff and mass measurements

to pre-calculated cooling tracks (Renedo et al., 2010; Bédard et al., 2020; Salaris et al.,

2022). Reported uncertainties typically reflect only observational errors (Kiman et al., 2022),

neglecting systematic uncertainties in the cooling models themselves. This work quantifies

these systematic uncertainties and provides results for incorporation into future studies.

This study quantifies the impact of these various uncertainties on the cooling timescales of

hydrogen atmosphere WDs, emphasizing that systematic uncertainties must be included with

reported cooling ages until these issues are resolved. In Section 2.3, we provide a detailed

description of the methodologies used, including an explanation of the tools employed to
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simulate WD cooling with the code developed by Bauer (2023). Section 2.4 discusses our

findings, particularly how different input profile parameters correlate with the cooling age of

white dwarfs. Finally, Section 2.5 summarizes our conclusions and outlines potential future

research directions, contextualizing our findings within the wider field of white dwarf studies

and astrophysics.

2.3 Methods, Simulations

In this work we have used open-source stellar evolution software instrument Modules for

Experiments in Stellar Astrophysics (MESA) Paxton et al. (2011b, 2013b, 2015b, 2018b,

2019b); Jermyn et al. (2023) (version r23.05.1) to simulate WD evolution. This MESA

version includes the implementation of carbon-oxygen phase separation and crystallization

(see Bauer, 2023), which an important input physics for WD cooling. A repository of MESA

inlist files and scripts used in this work can be found at the DOI 10.5281/zenodo.13831121

2.3.1 Parametrization of WD composition profiles

For parametrizing the core 16O composition we have used 8-parameter Akima spline profiles

as discussed in Giammichele et al. (2017). This parametrization is motivated from pre-WD

evolution models and asteroseismology. We are also including a small but constant amount

of 22Ne in the core of the WD and whatever is left is 12C. Outside the core, we add a

thick layer of 4He which is followed by a thin 1H envelope. There the complete chemical

composition profile is 11-parameter profile as shown in the Figure 2.1.

2.3.2 Restricting the parameter space

To find the suitable range of values for the 8-parameters, we have fitted it against core 16O

profiles of 0.6M⊙ WD from evolutionary models (Straniero et al., 2003; Salaris et al., 2022;

Renedo et al., 2010) as well as the profiles inferred from asteroseismology (De Gerónimo et al.,

2017; Giammichele et al., 2022). The spread in core-O mass fraction of these profiles are

shown in Figure 2.2 . We use the same range of values for the core 16O’s 8-parameters for all

the WD masses. Oxygen abundance profiles derived from sampling these eight Akima spline

parameter distributions are displayed in Figure 2.3. Each profile represents an individual

stellar model subsequently evolved using MESA.

To determine the range for the parameter envl o, we calculated 1 − max (X12C) for all

the fitted profiles in the outer core region. This value can be considered as the maximum

value for the parameter envl o parameter.

https://doi.org/10.5281/zenodo.13831121
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Figure 2.1: Chemical composition profile of a white dwarf (WD) with 11 parameters. The
nine red dots represent data points from Giammichele et al. (2017), and the 16O profile
(dot-dashed blue) is interpolated using Akima splines. The green solid line, dot-dashed
black line, orange dashed line, and dark pink dotted line correspond to X12C, X4He, X1H, and
X22Ne, respectively.

For the range of values for 4He and 1H we have the upper limit as the one allowed such

that it can be a WD rather than a nuclear burning AGB star. This upper limit is different for

different WD masses (see Table 1 of Renedo et al., 2010). We studied hydrogen envelopes

that are relatively thick (with -log qH ≤ 6), which is relevant for hydrogen atmosphere

white dwarfs.

For the range of values for 22Ne we choose it from a log-normal distribution with a mean

equal to the metallicity [Fe/H], with [Fe/H] = −0.2± 0.5. This implies Therefore the 22Ne

mass fraction is

X22Ne = 0.014× 10[Fe/H]. (2.1)
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Figure 2.2: Oxygen mass fraction profiles for ≃ 0.6M⊙ white dwarfs derived from evolution-
ary models and asteroseismological observations. These profiles defined the parameter range
investigated in this work.

The final range of values for the 11-parameters are shown in the table 2.1.

For building the initial models of WDs with desired chemical composition profiles, we

have used a MESA tool called wd builder1.

2.3.3 Other input physics

In MESA we have two options for conductive opacities, that is from Cassisi et al. (2007) and

Blouin et al. (2020). Since it is still not clear which one is more appropriate for WD cooling,

we have used both of them in our simulations.

We have also used the atm table = ‘WD tau 25’ option in MESA to include the opacity

1Developed by Josiah Schwab. It is now part of the MESA contrib repository (https://github.com/
MESAHub/mesa-contrib).

https://github.com/MESAHub/mesa-contrib
https://github.com/MESAHub/mesa-contrib
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Figure 2.3: Oxygen abundance profiles derived from randomly sampling of the eight Akima
spline parameter distributions defined in Table 2.1.

tables from Rohrmann et al. (2011) which is relevant to hydrogen atmosphere WD atmo-

spheres.

Although 22Ne diffusion is an important input physics for WD cooling, we have not

included it in our simulations. As compared to cooling delays due to variations in the core
16O composition, the cooling delays due to 22Ne diffusion are much smaller (Bauer, 2023).

2.4 Results and Discussion

In this paper we have estimated the uncertainty in the cooling time scales of WDs coming

from uncertain chemical composition and conductive opacities. For WD mass from 0.5 to

1.0 M⊙, we have used the core composition motivated from asteroseismology Giammichele

et al. (2017) as well as pre-WD evolution models.

Figure 2.1 shows the 11-parameter profile of the WD used in this analysis. All the 16O
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Table 2.1: Range of parameter values used in the study. See Giammichele et al. (2017) and
Section 2.3 for details on these parameters.

Parameter Distribution WD Mass (M⊙)

0.5 0.6 0.7 0.8 0.9 1.0

core o uniform 0.5 - 0.9

Same for all WD masses

t1 uniform 0.30 - 0.80
dt1 uniform 0.00 - 0.25
t1 o uniform 0.25 - 0.75
t2 uniform 1.05 - 1.60
dt2 uniform 0.00 - 0.25
t2 o uniform 0.20 - 0.70

envl o uniform 0.00 - 0.40
X Ne lognormal 0.00279 - 0.0279

-logqHe uniform 1.5 - 3.0 1.5 - 3.0 5 - 5 1.8 - 3.0 2.1 - 3.0 2.35 - 3.0
-logqH uniform 4.0 - 6.0 4.0 - 6.0 5 - 5 4.3 - 6.0 4.75 - 6.0 4.75 - 6.0

profiles that we have used for the fitting are monotonically decreasing from the core to the

surface and we have also restricted the 8-parameters to have this property. This is done so

that core-O profiles are consistent from the profiles obtained from standard stellar evolution

calculations.

Figure 2.4 demonstrates the model-based cooling age uncertainty that arises from the

uncertain input physics in the WD evolution models for 0.6 M⊙ case. The solid black line

represents the mean cooling track of all the 1000 grey cooling tracks while the dot-dashed

black lines represent the 1 σ spread around the mean, which is the cooling age uncertainty.

Figure 2.5 (Left) shows the age uncertainty (in Gyrs) as a function of effective temperature

(in K) for different WD masses. Here the age uncertainty is defined as the standard deviation

(σ) of the cooling age distribution at a given effective temperature of all the 1000 profiles for

a given WD mass. Almost all the cooling ages uncertainties are within 3 σ. Going from 0.5

to 0.8 M⊙, we see that the age uncertainty increases with increasing WD mass. However this

behaviour is not seen after 0.8 M⊙ where the age uncertainty starts to decrease slightly. The

plot also shows points where 10 % and 90 % of the WD core is crystallized shown by blue and

red stars respectively. Although for a particular WD mass these crystallization points will

not be exactly at the same effective temperature, here we calculate these points by taking

the middle value of the distribution intervals of all the parameters to get a rough idea of

the crystallization points for a given WD mass. As expected, due to their higher densities,

higher mass WDs crystallize earlier since the Coulomb coupling parameter (Γ) reaches the
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Figure 2.4: Cooling tracks for a 0.6M⊙ white dwarf with varying parameters (grey), the
mean cooling track (black solid line), and the 1 σ spread around the mean (black dot-dashed
line), as discussed in Section 2.3.

critical value sooner. Also we see that even after 90 % of the core is crystallized, the age

uncertainty still increases as the WD cools.

To understand this trend in more detail, we have plotted the relative age uncertainty as a

function of effective temperature in the Figure 2.5 (Right). Here the relative age uncertainty

is defined as the age uncertainty divided by the cooling age. Therefore it is a measure of the

fractional uncertainty in the cooling age. We see an interesting trend for all the WD masses

at high (> 20, 000K), intermediate (6, 000K − 20, 000K) and low (3, 000K − 6, 000K)

effective temperatures.

Figure 2.5 show the smoothed curves (orange dashed curve) for the cooling age uncer-

tainty and relative age uncertainty derived from the sample of WDs within 40 pc of the Sun

(O’Brien et al., 2024). We have also filtered the data to include only stars with Atmospheric

Composition (comp) as H, i.e., hydrogen atmosphere WDs.
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Figure 2.5: (Left): Age uncertainty (Gyr) as a function of effective temperature (K) for
various white dwarf masses. The leftmost curve corresponds to 1M⊙, while the rightmost
curve represents 0.5M⊙. Moving from left to right, the mass decreases from 1M⊙ to 0.5M⊙
in steps of 0.1M⊙. Blue diamonds indicate the points where 10% of the core crystallizes, red
stars mark 90% core crystallization, and neon circles denote the onset of convective coupling
with the envelope. The orange dashed line represents the average age uncertainty based on
error propagation of Teff and mass measurements (O’Brien et al., 2024). (Right): relative
age uncertainty as a function of effective temperature. The green cross markers indicate
points where photon luminosity (Lγ) equals neutrino luminosity (Lν) for various white dwarf
masses. Other line and marker legends are consistent with those in left figure.

The figures show that the model-based cooling age uncertainty is quite significant when

compared with the reported observational uncertainties (see blue dot-dashed line). Also,

as the WD core crystallizes from 10 % to 90 %, the age uncertainty as well as the relative

age uncertainty increases. This is because the core crystallization mechanism and hence the

cooling age of WD is very sensitive to the core composition (Blouin and Daligault, 2021).

The figure also reveals that even after 90 % of the core is crystallized, the age uncertainty

still increases as the WD cools, which is reflected in the Figure 2.5 (Right). This behaviour is

due to the convective coupling, an efficient heat transfer mechanism between the degenerate

core and the surface convective layers formed above as discussed in Blouin et al. (2020). The

onset of convective coupling is sensitive to the surface composition which is uncertain and

hence causes the low-Teff relative age uncertainty bump in Figure 2.5 (Right).

We also see that there is a high Teff (Teff > 20,000 K) bump in the relative age uncertainty

plot in Figure 2.5. This is again related to two different opacity tables and neutrino cooling,

an important cooling mechanism in the high Teff regime, which is discussed in Blouin et al.

(2020). A decrease in conductive opacities leads to faster initial core cooling which results

in a lower core temperature, reducing the efficiency of neutrino cooling. Consequently, the
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Table 2.2: Relative systematic cooling age uncertainty (%) as a function of mass and effective
temperature for hydrogen-atmosphere white dwarfs with carbon–oxygen cores

Teff (K) 0.5M⊙ 0.6M⊙ 0.7M⊙ 0.8M⊙ 0.9M⊙ 1.0M⊙
20000 9.7 8.0 3.9 2.6 2.5 3.1
17500 7.1 3.6 3.2 3.1 3.2 3.7
15000 3.4 3.3 4.1 3.9 3.8 3.7
12500 4.0 4.4 4.8 4.5 4.1 3.2
10000 5.1 5.1 5.1 4.6 3.4 5.1 (+38.2)
9000 5.3 5.2 5.2 4.3 3.3 (+9.4) 6.5 (+52.0)
8000 5.4 5.3 4.8 3.7 5.2 (+33.4) 7.5 (+40.4)
7000 5.5 5.2 4.6 4.3 6.8 (+34.6) 8.4 (+31.0)
6000 5.5 4.9 3.9 6.8 (+20.3) 7.7 (+24.5) 9.0 (+22.8)
5500 5.2 4.5 5.0 (+10.6) 7.0 (+22.5) 8.3 (+19.5) 10.2 (+18.7)
5000 5.6 3.8 (+9.1) 6.9 (+19.8) 8.7 (+17.0) 10.4 (+15.1) 12.3 (+15.8)
4500 5.2 (+12.8) 8.5 (+16.7) 10.6 (+14.5) 11.2 (+13.7) 11.1 (+12.5) 11.8 (+13.9)
4000 7.0 (+16.4) 8.6 (+12.9) 9.6 (+11.9) 10.1 (+11.7) 10.1 (+11.2) 11.1 (+12.9)
3500 6.6 (+13.5) 7.9 (+11.1) 8.8 (+10.6) 9.4 (+10.6) 9.6 (+10.5) 10.7 (+12.4)
3000 6.1 (+11.5) 7.3 (+9.8) 8.2 (+9.6) 8.9 (+9.9) 9.2 (+10.0) 10.4 (+12.0)

Values without parentheses denote the fundamental systematic uncertainty arising from
compositional and conductive opacity variations. Values in parentheses denote the potential
additional relative age enhancement from 22Ne shell distillation processes.

cooling time for a given effective temperature increases.

The 22Ne distillation process, discussed in Section 2.2 exclusively increases cooling timescales

(Renedo et al., 2010; Bédard et al., 2020; Salaris et al., 2022), precluding symmetric uncer-

tainties. We therefore report distillation effects as potential age shifts (Table 2.2).

For a 0.8M⊙ white dwarf at 20,000K, where crystallization has not begun, we report 2.6%

systematic uncertainty. Below 6000K, two values appear: baseline systematic uncertainty

and potential distillation delay (parentheses). The delay amplitude increases sharply with

decreasing Teff , reflecting the narrow temperature range where shell distillation occurs, then

decreases relatively as total cooling age grows.

For example, a 0.8M⊙ white dwarf at 5000K has 8.7% baseline uncertainty but 15.6%

potential age increase from distillation. We recommend including baseline uncertainties in

quadrature with observational errors and considering distillation delays when applicable. As

understanding of 22Ne distillation evolves, these additional uncertainties may be refined or

eliminated.
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Figure 2.6: Cumulative Distribution Function comparing relative age uncertainty (%) cal-
culated with wdwarfdate directly from observations (dashed line) versus incorporating sys-
tematic uncertainties (solid line).

2.5 Conclusion

In this study, we have estimated systematic cooling age uncertainties of hydrogen atmo-

sphere WDs. We systematically varied core-O composition, envelope H and He thickness

and conductive opacities of WDs to calculated the systematic model-based age uncertainty.

The parameter space of was informed with stellar evolution models along with asteroseismic

inferred chemical profiles. Additionally, we also provide systematic cooling delays due to
22Ne distillation process. We provide a table of relative age uncertainty at Teff for different

WD masses in Table 2.2, which could be instrumental in estimating systematic errors in DA

WD age dating. Our results suggests that most uncertainty in the cooling age comes from

the uncertain conductive opacity tables (physics of cooling) along with the uncertain surface
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composition (qH and qHe) and the potential occurrence of 22Ne distillation.

This work does not address uncertainties in atmospheric model physics used to determine

white dwarf effective temperatures and masses. Such uncertainties can be substantial, ex-

emplified by the well-documented “low-mass problem” in white dwarfs below 6000K, where

atmospheric models produce anomalously low masses (Caron et al., 2023; O’Brien et al.,

2024). This affects ∼45% of white dwarfs. Consequently, combining our systematic cooling

uncertainties with observational errors likely underestimates the total uncertainty in white

dwarf age determinations.

Our results can be incorporated in the age uncertainty assessment of the python package

wdwarfdate (Kiman et al., 2022) used to derive the Bayesian age of a white dwarf, based

on its effective temperature (Teff) and surface gravity (log g).
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Chapter 3

3D hydrodynamic simulations of massive

main-sequence stars - IV. Internal gravity waves

matter for SLF variability.

The contents of this chapter are based on a paper that has been submitted to arXiv (https:

//arxiv.org/abs/2508.03893) . The contributors to this paper are myself (P.P.), Dr.

Simon Blouin (S.B.), Dr. Falk Herwig (F.H.), and Dr. Paul R. Woodward (P.R.W.). A

detailed breakdown of their contributions is described below.

Conceptualization: F.H. conceived the original idea for this paper. Methodology:

S.B. implemented the modification to the MESA opacity model. F.H. created the M424 run

setup for PPMstar. P.R.W. helped in code modifications to the PPMstar code. Software:

P.P. conducted all runs after M424. P.P. performed all data analysis utilizing Python tools

developed by present and past members of the Computational Stellar Astrophysics (CSA)

group and developed new Python notebooks for the analysis. Validation: S.B., F.H., and

P.R.W. provided feedback on the results and their interpretation throughout the project.

Formal analysis: P.P. conducted the formal analysis of the simulation results under the

guidance of S.B., F.H., and P.R.W. Investigation: P.P. conducted simulations after the

primary run M424 and analyzed the results. Writing (original draft): P.P. wrote the

paper with feedback from S.B., F.H., and P.R.W., which forms the basis of this thesis chapter.

Supervision: S.B., F.H., and P.R.W. provided supervision and guidance throughout the

project development and analysis phases.

https://arxiv.org/abs/2508.03893
https://arxiv.org/abs/2508.03893
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3.1 Abstract

The power spectrum of light curves from satellites like CoRoT and TESS of massive main-

sequence stars have shown stochastic low-frequency (SLF) variability or excess power in the

low frequency regime. To investigate the origin of this phenomenon, we conducted high-

resolution 3D hydrodynamic PPMstar simulations of a non-rotating 25M⊙ zero-age main se-

quence star, modeling 95% of the stellar structure with both core and subsurface convection

zones. The subsurface convection zone was implemented through modification of the opacity

model, shifting the Fe opacity bump inward and enhancing its amplitude to ensure compu-

tational feasibility. The luminosity power spectrum from our primary simulation (M424)

exhibits qualitative and quantitative characteristics similar to observed SLF variability, with

a two-order-of-magnitude difference between high and low frequencies matching observational

data. The spectrum displays distinct features attributable to internal gravity waves (IGWs)

evanescent in the subsurface convection zone, originating from the subsurface convective

boundary. To isolate the contributions of different stellar regions, we performed controlled

numerical experiments with suppressed core convection and subsurface-only configurations.

The comparative analysis demonstrates that subsurface convection alone produces signifi-

cantly less power at low frequencies than the full star configuration. Our results indicate

that IGWs excited at the subsurface convection inner boundary and interacting with the

subsurface convection are the dominant contributors to SLF variability in our simulations.

3.2 Introduction

Stochastic low-frequency (SLF) variability, characterized by excess power at lower frequen-

cies in the power spectrum of observed light curves, is a ubiquitous phenomenon detected

in the luminosity power spectra of O and B type stars (Blomme et al., 2011; Bowman

et al., 2019a,b). This variability is observed across diverse metallicity environments, indicat-

ing a common underlying physical mechanism (Bowman et al., 2024). Understanding this

mechanism is critically important, as internal gravity waves (IGWs) generated in the stellar

interior and propagating to the surface represent a potential source of this phenomenon.

Confirmation of this hypothesis may potentially facilitate inference of internal stellar struc-

ture parameters from external light curve observations, such as convective core mass, radii,

internal rotation rate, and other structural properties (Aerts, 2021; Mombarg et al., 2024).

The implications of such findings extend to the constraint of internal stellar stratification

parameters, including convective core size and composition, which would refine stellar evo-

lution models and advance stellar physics (Aerts et al., 2010). This approach has previously
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yielded significant results in solar-type stars, with investigations determining age and initial

composition of 16 Cyg A and B (Metcalfe et al., 2012), He in their atmospheres (Verma

et al., 2014), and depths of the surface convective layer and helium ionization zone through

acoustic glitch analysis (Mazumdar et al., 2014).

The physical mechanism responsible for SLF variability is still unclear (for a review see

Bowman, 2023). Multiple 2D and 3D simulations of massive stars have reproduced frequency

spectra from mock luminosity observations with morphology similar to SLF variability (e.g.

Rogers et al., 2013; Rogers, 2015; Aerts and Rogers, 2015; Rogers and McElwaine, 2017;

Edelmann et al., 2019; Ratnasingam et al., 2019, 2020, 2023; Horst et al., 2020; Varghese

et al., 2023; Vanon et al., 2023; Thompson et al., 2024). Among the proposed mechanisms,

core convection has been suggested as a source of gravity waves that propagate to the surface,

where temperature fluctuations from the superposition of these IGWs produce luminosity

variations manifesting as SLF variability in luminosity time series (Aerts and Rogers, 2015).

However, Anders et al. (2023) conducted 3D simulations of massive star convection using

a two-component approach: wave generation simulations that directly model core convec-

tion and wave excitation, combined with theoretical transfer functions to represent wave

propagation through the stellar envelope to the surface. Their wave propagation simulations

extended to 93% of the stellar radius with mode lifetimes of ≲ 10 years. Using this method-

ology, they concluded that gravity waves excited by turbulent core convection do not reach

the stellar surface with observable amplitudes due to radiative damping (Lecoanet et al.,

2019, 2021; Le Saux et al., 2023).

Some investigations propose that if SLF variability does not originate from gravity waves

excited by core convection, it may instead result from turbulence induced by subsurface

convection due to the Fe opacity bump near the surface (Cantiello et al., 2009, 2021; Schultz

et al., 2022, 2023). Nevertheless, Jermyn et al. (2022) found that main-sequence stars (8-20

M⊙) at SMC-like metallicities lack substantial subsurface convection zones because their

Rayleigh numbers fall below the critical value required for convection onset, despite being

predicted as convectively unstable by 1D stellar evolution models, yet these stars exhibit

SLF variability comparable to stars with such convection zones (Bowman et al., 2024).

Stochastic light variations from wind instability constitute another potential mechanism

for SLF variability in massive stars (Krtička and Feldmeier, 2018, 2021). This mechanism,

however, is expected to have minimal impact for late O-type and early B-type main-sequence

stars due to their optically thin and weak winds, particularly at low metallicity.

In our series of papers on massive main sequence stars, Thompson et al. (2024) con-

ducted 3D hydrodynamic simulations of a 25 M⊙ mid-main-sequence star extending from
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the stellar center to approximately 54% of the stellar radius. These simulations, performed

without radiative effects, reproduced qualitatively similar spectra to observed SLF variability,

demonstrating that core convection can stochastically excite IGWs that produce photometric

variability. However, the characteristic frequency obtained (νchar ≈ 6µHz) was significantly

smaller than typical observational values (Bowman et al., 2019a,b, 2020). Additionally, our

synthetic observations were extracted from deep within the stellar interior, far from the ob-

servable photosphere, and the simulations did not account for subsurface convection zones

that may contribute to surface variability. These limitations motivated the present study to

investigate the combined effects of both core and subsurface convection in a more complete

stellar model.

In this paper, we present high-resolution PPMstar simulations of a non-rotating 25 M⊙

ZAMS (Zero Age Main Sequence) star to investigate the origin of low-frequency excess. In

Section 3.3, we describe our base state and the modified opacity model employed in the

simulations. In Section 3.4, we present power spectra from simulated light curves from

different runs and analyze them comprehensively. Finally, in Section 3.5, we discuss our

findings and present conclusions outlining directions for future research.

3.3 Methods

3.3.1 Base MESA state

This work employs the 3D hydrodynamics PPMstar explicit gas dynamics code, which in-

corporates an ideal gas plus radiation pressure equation of state with radiative diffusion in

the energy flux (Colella and Woodward, 1984; Woodward et al., 2015; Herwig et al., 2023;

Mao et al., 2024). Initial conditions1 for the simulations are derived from a Zero Age Main

Sequence (ZAMS) state constructed using Modules for Experiments in Stellar Astrophysics

(MESA) revision 5329 (Paxton et al., 2011a). The base model comprises a non-rotating 25 M⊙

star, with initial metallicity Z = 0.02 at the ZAMS stage. The stellar structure includes a

convective core that extends beyond the Schwarzschild boundary through a penetration zone,

implemented using a simplified version of the convective boundary prescription described in

Mao et al. (2024). The implementation of this convective boundary treatment is evident

in the temperature gradient profiles shown in Figure 3.1 (right panel), which demonstrate

the smooth transition of ∇T from the convective core through the penetration zone to the

radiative envelope. The Kippenhahn diagram in Figure 3.1 (left panel) marks the base state

used in the simulations with the outer boundary Rmax positioned at 4100

1Please refer to the MESA profile available in the Zenodo repository 10.5281/zenodo.15679630.

https://doi.org/10.5281/zenodo.15679630
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Figure 3.1: (Left): Kippenhahn diagram of the ZAMS 25 M⊙ MESA model. Grey regions
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cate nuclear burning regions with intensities shown in the colorbar. The red dashed vertical
line marks the initial model used for all the PPMstar simulations presented in this work.
(Right): Radial profiles of the radiative (solid orange line), adiabatic (grey solid line), and
actual temperature gradients (blue dashed line) for the ZAMS MESA model. The light orange
dashed vertical line marks the outer boundary of the simulations presented in this work.

Mm, encompassingahydrogen−burningconvectivecoreandintermediateradiativeenvelope.WeemployedamodifiedopacitymodelcomparedtotheMESAopacityprofile, withdetailsprovidedinthefollowingsection.

3.3.2 Modified opacity model

Figure 3.2 compares the MESA opacity profile with the modified opacity model used in the

simulations. The opacity remains unchanged throughout the short simulated time, and we

use a fixed-in-time opacity profile. The opacity function κ(r) for all runs is:

κ(r) = p0 + p1

( r

1000Mm

)3

+ p2 exp

(
−(r − p3)

2

2 p24

)
(3.1)

with parameter values p0 = 0.32587955

cm2/g, p1 = 0.00658106

cm2/g, p2 = 50.0

cm2/g, p3 = 4030

Mm,p4 = 80

Mmandr(Mm)istheradialcoordinate.ThreemodificationsweremadetotheopacitymodelascomparedtoMESAopacityprofile.TheFeopacitybump,whichproducesthesubsurfaceFeconvectionzone, wasshiftedinwardfrom4255

Mm to 4030
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Mmtoplaceitwithinthecomputationaldomain.Thespreadofthisbumpwasincreasedtoexpandtheradialextentoftheconvectionzone, enablingbetterresolutionofturbulentconvectionwithmoregridcells.Theoverallamplitudewasincreasedbyafactorof17tomitigateradiativediffusiontimestepconstraints, asdiscussedbelow.

We treat radiation in the diffusion limit. We adopt the radiative diffusion timestep ∆trad

from Rider and Knoll (1999):

∆trad =
∆x2

4 νrad
(3.2)

where νrad = 2
3R

krad
ρ

and krad = 4 a c T 3

3κ ρ
. Here ∆x is the grid spacing, R is the gas constant,

ρ is the density, a is the radiation constant, c is the speed of light, T is the temperature,

and κ is the opacity. Near the envelope, ∆trad for MESA becomes comparable to and even

smaller than the CFL timestep limit (Courant et al., 1928), as shown in Figure 3.3. We

require ∆trad > ∆tCFL to take sufficiently large timesteps within the CFL limit for long

duration simulations needed to perform time series analysis. The MESA densities drop rapidly

in the outermost layers, and the timestep in those layers becomes prohibitively limited by

the radiation timescale because we do explicit diffusion. Reducing the timestep to extend

further outward is ineffective because the opacity drops steeply in the outermost layers. This

requires us to choose Rmax such that the radiation timestep constraint is satisfied with our

CFL condition. Therefore we choose Rmax in our simulations such that we can resolve the

diffusion in the outermost layers with our modified opacity model. As shown in Figure 3.3,

the radiative diffusion timestep limit in M424 remains above the CFL timestep limit (using

Courant number 0.9). This characteristic applies to all runs as the same opacity model is

used throughout.

Figure 3.4 shows eight orders of magnitude difference in pressure, four orders of magnitude

difference in temperature, and six orders of magnitude difference in density between the MESA

profile and dump 0. Although the outer convection zone is convectively unstable, radiation

remains an efficient heat transfer mechanism there. Therefore, we observe that ∇ follows

∇rad around the opacity bump (Figure 3.1). The Brunt–Väisälä frequency remains positive in

the outer convection zone because radiation effectively transports heat, maintaining stability

against buoyancy perturbations despite the convective instability.

Table 3.1: Summary of simulation parameters

Run ID Grid Core Heating Rmin Rmax Cadence Total simulation
resolution enhancement factor (Mm) (Mm) (mins) time (h)

M424 17923 100 0 4100 47 3779
M438 17283 0 0 4100 46 3947
M484 17923 100 3850 4100 44 2603
M487 17923 100 0 3600 41 3702
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The differences between dump 0 and dump 400 in Figure 3.4 demonstrate the fast initial

thermal readjustment of the stellar structure in response to the modified opacity profile.

The PPMstar simulation begins with the ZAMS MESA stratification but immediately starts

evolving toward a new thermal equilibrium consistent with the enhanced and repositioned Fe

opacity bump. This rapid thermal adjustment, occurring over approximately 310 h (much

shorter than the stellar thermal timescale), reflects the star’s response to the artificially mod-

ified opacity structure and results in the equilibrated stratification profiles shown at dump

400. Therefore, while our initial base state represents 95% of the stellar radius, the outer-

most 8% layers of the simulated star exhibit approximately ten times higher density than the

MESA stellar model. This discrepancy results from the implementation of a convection zone

in the outermost layer that is both thicker and positioned deeper than in the actual star. A

stellar model with the convection zone present in our equilibrated hydrodynamic setup would

likely have a larger stellar radius. The MESA ZAMS model has no mean molecular weight

(µ) gradient except near the outer boundary due to partial ionization of chemical species as

temperature decreases toward the surface. This effect is ignored in the initial setup of all

runs, resulting in a flat µ = 0.617317 mean molecular weight profile.

3.3.3 Luminosity post-processing and spectral analysis

PPMstar simulations save two different types of compressed data at equal intervals of time

(dumps) which are substantially larger than the simulation time steps. These include rprof,

which contains spherically averaged radial profiles at full grid resolution, and briquette,

which stores 4x compressed 3D data as described in Stephens et al. (2021).

Temporal mock spectra are generated from the line-of-sight hemispherically averaged light

curves at a given radius as described in Thompson et al. (2024). These mock light curves

in eight different lines-of-sight are calculated in-line in the code at full grid resolution and

output in the rprof files. These light curves are detrended with a 3rd-order polynomial to

remove the global trend, unity subtracted relative luminosity is computed, individual power

spectra are calculated, and the results from all eight different lines of sight are averaged.

The power spectra are fitted with a Lorentzian function (Blomme et al., 2011; Bowman

et al., 2019a,b):

α(ν) =
α0

1 +
(

ν
νchar

)γ + Cw, (3.3)

where α(ν) represents the Lorentzian curve in µHz, α0 is the amplitude at zero frequency
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(in µHz), ν and νchar are the frequency and characteristic frequency respectively (both in

µHz), γ is the dimensionless logarithmic amplitude gradient, and Cw denotes the frequency

independent noise (in µHz).

We use the 3D briquette data at a spherical shell of fixed radius R to construct the

ℓ − ν diagrams. Here ℓ is the spherical harmonic order and ν is the cyclic frequency. The

ℓ− ν diagrams are created for the calculated variable ‘unity-subtracted relative luminosity’

L (same as in Thompson et al., 2024), using the briquette temperature data (T) as:

L =
T4

⟨T4⟩ − 1, (3.4)

where ⟨T4⟩ is the spherical average of 3D briquette temperature variable, at the radius

of interest, which is used as a base to remove the global luminosity trend as a result of

interaction of H-burning core and our artificial subsurface convection zone.

Table 3.1 summarizes all runs with their respective simulation parameters. These con-

figurations enable systematic investigation of the individual and combined contributions of

different stellar regions to the observed SLF variability. For the runs presented in this study,

a modified opacity model is used as compared to the MESA opacity profile. Compared to the

MESA model, core heating (mimicking core H burning) and thermal diffusivity are boosted

by a factor of 100 to achieve numerically tractable fluid velocities and to scale down thermal

diffusion timescales, respectively.

Several numerical constraints determine the choice of enhancement factor for core heat-

ing and thermal diffusivity. Minimizing the Mach number in the subsurface convection

zone requires making thermal diffusivity large enough to reduce flow velocities, yet small

enough to preserve convective instability necessary for convection to occur. We boost ther-

mal diffusivity and luminosity by the same factor to maintain global thermal equilibrium

and the stratification. Luminosity and radiation diffusion are boosted by the same factor to

accelerate the stellar evolution simulation while preserving the underlying physics. This bal-

anced enhancement speeds up both the thermal timescale (∝ boost factor−1) and convective

timescale (∝ boost factor−1/3), making the ratio of thermal to dynamic timescale smaller

with larger boost factors and thus computationally feasible to reach thermal and dynamic

equilibrium (Mao et al., 2024). This optimization imposes the most restrictive constraint on

the thermal diffusion timestep limit, necessitating the coordinated adjustment of both the

boost factor and grid resolution. These competing numerical requirements lead to the 100×
boost factor for core heating and thermal diffusivity enhancement. The combination of 17923

resolution with the 100× boost factor represents an optimal configuration that satisfies these
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constraints. Previous convergence studies by Herwig et al. (2023), Thompson et al. (2024),

and Mao et al. (2024) demonstrate that this resolution is high enough to achieve convergence

for convective dynamics, entrainment rates, and envelope vorticity in 3D stellar convection

simulations.

For each simulation, several core-convective turnover times are allowed to elapse before

beginning analysis, ensuring fully developed convection in both the core (109 h turnover)

and the envelope (3 h turnover).

3.4 Results

3.4.1 Simulation with core convection, radiative zone, and subsurface convec-

tion

Figure 3.52 shows the turbulent core and subsurface convection, separated by an intermediate

radiative zone where wave-like features corresponding to internal gravity waves (IGWs) are

evident. The turbulent convective core extends from the center to ≈ 1500

Mm, exhibitinglarge−scaledipolecirculationpatternsvisibleintheradialvelocityandvarioussmall−
scaleturbulentfeaturesapparentinthevorticitymagnitude.Thinring−likeIGWfeaturesarevisibleinthevorticitymagnitudeandhorizontalvelocity, originatingnearthecoreconvectiveboundaryintheradiativezonefrom≈
1500

Mmto3733

Mm. A strong subsurface convection zone appears as a thick ring around the outer

boundary from ≈ 3733

Mmto4100

Mm, displaying high relative magnitudes in all three variables. A non-linear color map-

ping was employed to highlight these multi-scale features. The convective core morphology

is discussed in detail in our previous papers (Herwig et al., 2023; Thompson et al., 2024;

Mao et al., 2024).

The modified opacity model (Figure 3.2) implemented in our simulations produces strong

turbulent subsurface convection with turnover timescale of ≈ 3 h. Figure 3.6 shows that

we see a factor of ≈ 10 higher core convective velocities in M424 compared to MESA MLT

velocities. Previous work by Herwig et al. (2023) shows that core convective velocities scale

with luminosity boost factor as boost factor1/3. This means at nominal luminosity, the

core convective velocities are 4.64 times smaller but still 2-3 times larger than MESA MLT

velocities. This is consistent with Jones et al. (2017) who found ≈ 2 factor higher velocities as

2Volume-rendered visualizations of various fluid variables for all simulations presented in this paper are
available at https://www.ppmstar.org/.

https://www.ppmstar.org/
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(III)

(I)

(II)

Figure 3.5: Volume-rendered visualization of three fluid variables for the run M424 at dump
2000 (1990 h), generated using a thin equatorial slice: (I) Horizontal velocity magnitude,
represented by a color gradient from highest to lowest: dark brown, red, yellow, white, light
blue, and dark blue; (II) Vorticity magnitude, depicted with a color scheme from highest to
lowest: red, yellow, light blue, and dark blue; (III) Radial velocity, where inward-directed
(negative) velocities are shown in light to dark blue (decreasing magnitude), and outward-
directed (positive) velocities are shown in yellow, orange, and red (decreasing magnitude).
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compared to MESAMLT velocity in their 3D PPMstar simulations of turbulent oxygen-burning

shell convection at nominal luminosity. Figure 3.6 also shows that convective velocities in

the subsurface zone are five to eight times larger than the subsurface convection in the MESA.

Figure 3.7 confirms that the radial velocity Ur spatial power spectrum inside the subsurface

convection zone follows the Kolmogorov’s power law of ℓ−5/3, indicating that spatial scales at

which most of the power is added to the turbulent convection are well separated and larger

than the spatial scales at which energy is dissipated into heat. This figure also indicates that

the dominant power is concentrated around the spatial scale of ℓ ≈ 40. This spatial scale

corresponds to the radial extent of the subsurface convection zone.
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Figure 3.7: Radial velocity spatial spectra of the run M424 at different radial coordinates
near the surface averaged over last 100 dumps.

The thermal diffusion timescale of the subsurface convection zone for run M424 is 308 h,
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calculated using

τth =
Ethermal

L
, (3.5)

where L is the luminosity and Ethermal is the thermal energy computed using the virial

theorem as Ethermal = −Ushell/2, where the gravitational potential energy of the shell is

Ushell = −
∫

Gρ(r)Menclosed(r)

r
dV, (3.6)

where G is the gravitational constant, ρ(r) is the density at radius r, Menclosed(r) is the mass

enclosed within radius r, and dV is the volume element. We assumed the radial extent of

the subsurface convection zone from 3733

Mm(peakofSkew× Kurtosis, see Appendix A.1) to the outer boundary 4100

Mm.Thermalequilibriumgraduallymovesinward, initiallyfast, thenslowingdownasthermaltimescalesincreasewithdepthinthestar.Thethermaltimescaleoftheinnerradiativeregionfrom1500

Mm to 2500

Mmis≈ 106 h. We ensure that the outer layers of interest are not changing significantly

over the duration needed to create spectra (Figure 3.4). We determine the time interval

required to make spectra and wait long enough so that the stratification remains stable over

this analysis period. Therefore, we choose to analyze run M424 starting from dump 2000

(1990 h).

Figure 3.8 compares the luminosity power spectrum of run M424 near the surface (4000

Mm)withobservationsoftheO−starHD461503usingCoRoT (Convection,RotationandplanetaryTransits)andTESS(TransitingExoplanetSurveySatellite)lightcurves(Bowmanet al., 2019a, 2020).WeappliedthesamedetrendingandFouriertransformalgorithmstotheobservedlightcurvesasusedforoursimulatedmocklightcurves.TheTESSlightcurveshave21.77daysdurationwith2−
minutecadence, correspondingtoafrequencyrangeof0.5to4.1×103µHz. The CoRoT light curves

span the same duration but with variable cadence ranging from 0.5 to 20 minutes due to in-

strumental periodicities caused by the satellite’s low-Earth orbit that create power artifacts

in the spectrum. The mock M424 light curve spans 2800 dumps (≈ 2193

h)with47−minutecadence, yieldingafrequencyrangeof0.12to177µHz. We therefore re-

strict the spectral plots in Figure 3.8 to the frequency range relevant to M424 for comparison.

The earlier study of Thompson et al. (2024) showed qualitative similarities with observa-

tions but exhibited quantitative differences, such as νchar ≈ 6 µHz, which is an order of

magnitude smaller than observations. After incorporating a larger radiative envelope and a

(modified) subsurface convection zone in this study, the spectrum of run M424 demonstrates

both qualitative and quantitative similarities with observations. All three panels display ap-

proximately a two-order-of-magnitude difference between power at 180 µHz and 1 µHz, with

3HD 46150 is a young main-sequence O dwarf (Bowman et al., 2019a) that is close to our ZAMS simula-
tions.
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νchar values of the same order of magnitude as observed spectra. The difference in Lorentzian

fit parameters between TESS and CoRoT observations exceeds the difference between the

simulation and TESS observation, which is considered more reliable. The dynamic range

of spectral features spans several orders of magnitude in both TESS and M424 spectra,

although spectral troughs are deeper in the TESS spectrum.

Given that run M424 incorporates a convective core, an intermediate radiative zone, and

a convective envelope, the question arises regarding the relative contribution of convection

and IGWs generated at both the core and envelope convective boundaries to the observed

spectra. Are the features, such as peaks and troughs, observed in the simulations related to

eigenmodes?

3.4.2 Run without heating that drives core convection

Run M438 is identical to M424 but omits constant volume heating in the center that in M424

represents the core H burning. As in M424, the core in M438 is isentropic. This modification

is evident in Figure 3.9(a), which shows the absence of turbulent core convection compared

to Figure 3.5. This experiment was designed to investigate how eliminating core convection,

and consequently the IGWs excited at the core-convective boundary, affects the frequency

spectrum, particularly the low-frequency excess.

In Figure 3.10, we plot the luminosity power spectrum inside the subsurface convection

zone at 4000Mm. For direct comparison between runs, we use the final 1600 dumps from

each simulation, as not all runs have sufficient duration for longer time series (Table 3.1).

With a cadence of ≈ 45 minutes, this yields frequency range from 0.2 to 185 µHz in the

luminosity power spectrum. The luminosity power spectra reveal approximately equivalent

power in the convective envelope when comparing M424 (with core convection) and M438

(without core convection) at 4000Mm. The integrated total power in M438 is 10% less than

in M424. This means that the convective core and the IGWs originating at the convective

core boundary contribute only a small (10%) effect to the low-frequency excess.

In Figure 3.10, several marked spectral features appear at identical frequencies in both

M424 and M438, which cannot be attributed to convection due to its stochastic nature. The

same features appear in the spectral analysis at 3500Mm for both runs in Figure 3.11. The

location at 3500Mm is within the radiative zone below the subsurface convection bound-

ary and beyond the convective overshoot region (Appendix A.1). Therefore at 3500Mm,

the spectrum and its features must be due to IGWs. Since the same features appear at

4000Mm, they must originate from evanescent IGWs in the subsurface convection zone and
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plots.
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Figure 3.9: Volume rendered images similar to Figure 3.5 for subsequent runs listed in
Table 3.1 after M424. (a) M438 (left) (b) M484 (right)
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Figure 3.10: Comparison of luminosity power spectra at 4000 Mm across different simulation
runs. Each spectrum was generated using the final 1600 dumps (≈ 1200h) of simulation data.
We print the name of the run, the radius at which the spectrum was made and the best-fit
Lorentzian parameters for respective panels with exception to last panel for M484 where we
could not find a good Lorentzian fit. We plot several vertical dotted lines in all the subplots
marking the sharp features present in M438 and M424.
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the spectrum in these simulations is dominated by IGWs.
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Figure 3.12: Power spectral density (PSD) as a function of spherical harmonic angular
degree ℓ and cyclic frequency ν (ℓ− ν diagram) for the variable L (unity subtracted relative
luminosity) for the run M424 at 4000Mm. All ℓ− ν diagrams utilize the final 1600 dumps.
Horizontal solid lines marks the subsurface convective frequency. Plots along axes display
summed power across each dimension (solid black, L3D). Vertical sub-plot includes power
summed over ℓ = 0− 2 (blue) and ℓ = 3− 10 (orange). Grey curve (Lmock) shows luminosity
power spectra from Figure 3.10 and Figure 3.11 for respective runs.

The ℓ − ν diagram of M424 in Figure 3.12 reveals convection spectrum at 4000Mm

(left panel) along with evanescent IGW features. The same evanescent IGW features are

present and prominent in the ℓ − ν diagram of M424 at 3500Mm in Figure 3.15, within

the radiative zone below the subsurface convective boundary, confirming that these features

are indeed evanescent IGWs. Since the same evanescent IGW features are present in run

M438 without core heating at 4000Mm and prominently at 3500Mm in the Figure 3.13 and

3.16, these evanescent IGWs are excited at the subsurface convection boundary. The L3D



69

Spherical Harmonic Degree ( )

50

100

150

Fr
eq

ue
nc

y 
 (

Hz
)

M438 4000 Mm

0

1

2

3

4

5

6

lo
g 1

0
2 /

/
Hz

PSD2.5 5.0 7.5
log10 2/ Hz

50

100

150

Fr
eq

ue
nc

y 
 [

Hz
]

3D

3D( : 0 2)
3D( : 3 10)
mock 0 10 20 30 40 50 60 705

6
7

lo
g 1

0
2 /

Figure 3.13: Same as Figure 3.12 but for the run M438 at 4000Mm.
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Figure 3.14: Same as Figure 3.12 but for the run M484 at 4000Mm.
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Figure 3.15: Same as Figure 3.12 but for the run M424 at 3500Mm. The horizontal dot-
dashed line marks the linear Brunt–Väisälä frequency νBrunt.
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Figure 3.16: Same as Figure 3.12 but for the run M438 at 3500Mm. The horizontal dot-
dashed line marks the linear Brunt–Väisälä frequency νBrunt.



73

Spherical Harmonic Degree ( )

50

100

150

Fr
eq

ue
nc

y 
 (

Hz
)

M487 3500 Mm

0

1

2

3

4

5

6

lo
g 1

0
2 /

/
Hz

PSD5 0 5
log10 2/ Hz

50

100

150

Fr
eq

ue
nc

y 
 [

Hz
]

3D

3D( : 0 2)
3D( : 3 10)
mock 0 10 20 30 40 50 60 70

2

4

lo
g 1

0
2 /

Figure 3.17: Same as Figure 3.12 but for the run M487 at 3500Mm. The horizontal dot-
dashed line marks the linear Brunt–Väisälä frequency νBrunt.
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is the power spectral density of 3D luminosity fluctuations around a sphere of fixed radius.

Lmock is the power spectral density of line of sight averaged mock luminosity observations

obtained by hemispherically integrated 3D luminosity along a line-of-sight. The L3D curve

in these ℓ− ν diagrams is a couple of orders of magnitude higher than the grey Lmock. This

discrepancy comes from the hemispherical integration which involves cancellation of small

scale modes. The difference arises between hemispherically integrated mock luminosity Lmock

and the power spectrum of black-body luminosity (Stefan–Boltzmann law) around the sphere

calculated using 3D data.

Comparing the ℓ − ν diagrams of the fullstar run M424 and the run with core heating

turned off M438 reveals the presence of multiple p-modes (above Brunt–Väisälä frequency)

and g-modes (below Brunt–Väisälä frequency). Marked peaks in the luminosity power spec-

trum in Figure 3.10 of M424 and M438 at 4000Mm are present both below and above the

Brunt–Väisälä frequency, confirming features of both g-modes and p-modes in the spectrum.

We also see reflected features of high-frequency p-modes. The dump cadence exceeds the

simulation timesteps, causing the Fourier transform algorithm to interpret repeated patterns

as modes with frequencies lower than their actual values, which are unresolvable with the

dump cadence. The mode features in the ℓ − ν diagrams in Figure 3.12 that follow a lin-

ear pattern with negative slope represent these reflected high-frequency p-modes, extending

below the marked νBrunt.

The zoomed ℓ − ν diagram for M424 at 3500Mm in Figure 3.18 enables identification

of spatial scales for the marked features (red vertical dot-dashed lines) in Figure 3.10 and

Figure 3.11. The 11 µHz and 14 µHz features correspond to ℓ = 1 modes, confirmed by

peaks at these frequencies in the ℓ = 1 curve in Figure 3.18. Around 19 µHz, we see peaks

in both ℓ = 0 and ℓ = 2 curves with power in ℓ = 2 significantly higher than in ℓ = 0 at this

frequency. However, since the contribution of these modes to the mock luminosity power

Lmock remains unclear, either mode could dominate the observed signal. Near the 85.2 µHz

feature, we see peaks in ℓ = 0 (85.5 µHz) and ℓ = 1 (85.7 µHz) p-mode features along with

ℓ = 16 (85.7 µHz) g-mode feature which is along the n=-1 arc. However, all the peaks are

slightly offset above the feature. Although the spectral power is maximum for the g-mode

feature, we still cannot distinguish which mode’s contribution is dominant in Lmock.

Figure 3.19 shows coherence times of ℓ = 10 eigenmodes for run M424 at 3500Mm from

Figure 3.15. Mode lifetimes for run M438 at 3500Mm in Figure 3.20 are similar to M424,

ranging from 350 h to 750 h. The finite lifetimes of eigenmodes could be a result from

complex wave interactions with the turbulent convective boundary which requires further

investigation.
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Figure 3.18: Zoomed ℓ − ν diagram for run M424 at 3500Mm showing ℓ range 0–20 and
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3.4.3 Run with just subsurface convection zone

The preceding two runs indicate that core convection has smaller effect to spectral power,

suggesting that most low-frequency power originates from the combined effect of IGWs ex-

cited near the subsurface convective boundary and from the turbulent subsurface convection

zone itself. To quantify the relative contributions of these mechanisms, we conducted run

M484, which simulates only the convective envelope.

Figure 3.9(b) shows the simulated thin convective envelope. The size of the envelope

convection zone in M484 differs from the full-star run M424 because the penetration zone

beyond the Schwarzschild boundary (at 3813Mm) from 3813Mm to approximately 3733Mm

(see Appendix A.1) is not included in M484. For this run, a reflective inner boundary

was positioned at Rmin = 3850 Mm (with Rmax = 4100 Mm, as in M424). For reference, the

Schwarzschild boundary of the convective envelope is located at 3813Mm. This configuration

was designed to examine the spectral characteristics of pure convection without IGW inter-

actions. Additional configuration details for simulation M484 are provided in Appendix A.2.

In Figure 3.10, we see that the low-frequency excess power for M484 is significantly

reduced compared to M424 and M438 in the envelope region (at 4000Mm). Total integrated

power in M484 is 33% less as compared to M424. This means that evanescent IGWs in the

subsurface convection zone contribute significantly to the low frequency excess along with the

turbulent subsurface convection itself. Following the best-fit lime-colored curve to guide the

eye about the trend of the spectra of M484, the power spans roughly one-order-of-magnitude

from lowest to highest frequencies, qualitatively different from runs M424 and M438 which

exhibit a two-order-of-magnitude power difference similar to the power spectrum of observed

light curves in Figure 3.8. These runs include a stable zone below the subsurface convection

zone that permits the existence and interaction of IGWs with the subsurface convection zone.

The characteristic peaks in M424 and M438 spectra are absent in M484 spectra, supporting

that g-mode IGWs are absent due to the lack of a stable layer below the convection zone.

The ℓ − ν diagram of M484 in Figure 3.14 exhibits convection patterns with propagating

p-mode IGW features but without evanescent g-mode IGW signatures, consistent with the

experimental design. Unlike g-mode IGWs, which require N2 > 0 (stable stratification),

p-modes can propagate in regions where N2 < 0, the condition in convection zones.

3.4.4 Run without subsurface convection

Simulation M487 is like M424 but excludes the subsurface convection zone to isolate the

effect of core convection on the low frequency excess. Due to the radiation diffusion timestep
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constraints discussed in Section 3.3, it is impossible with our approach to execute a simulation

without the envelope convection zone while maintaining Rmax = 4100 Mm. Consequently,

for simulation M487, we positioned the outer boundary Rmax radially inward at 3600 Mm.

Figure 3.21 confirms the absence of the subsurface convective zone compared to the three

previously discussed simulations. As shown in the bottom panel of Figure 3.10, M487 exhibits

comparable or greater low-frequency excess levels relative to M424 at 4000Mm. A notable

observation is that at frequencies ≤ 10µHz, the power levels of M487 and M424 at 3500Mm

are approximately equivalent, whereas at frequencies > 10µHz, M487 demonstrates reduced

power levels compared to M424. These results indicate that at 3500Mm, the lower frequency

regime (≤ 10µHz) is predominantly influenced by IGWs originating from the core, while

the higher frequency component is primarily attributable to the presence of the subsurface

convection zone. This is further supported by the ℓ− ν diagram for M487 presented in the

bottom right panel of Figure 3.17, which shows that the maximum power is concentrated at

the lowest frequencies and largest spatial scales (small ℓ values).

3.5 Discussion and Conclusion

We conducted 3D hydrodynamic simulations of a non-rotating 25 M⊙ ZAMS star, encom-

passing approximately 95% of the stellar structure and including both core and subsurface

convection zones. Analysis of the mock lightcurve power spectra reveals three key findings.

The luminosity power spectra for the full star run (M424) near the envelope exhibit morpho-

logical characteristics qualitatively and quantitatively similar to the observed SLF spectra.

Comparison of spectra between the full star run (M424) and the no-core-heating run (M438)

at 4000Mm demonstrates small (10%) contribution from the convective core and IGWs ex-

cited at the convective core boundary to the low-frequency excess. However, this reduced

contribution to observable power does not imply that observable signatures cannot probe

core stellar structure. The IGW features present in the mock luminosity spectra depend on

the entire stellar stratification, including the core structure, enabling inference of interior

properties from surface observations. Comparative analysis of the full star run (M424) and

the envelope-only run (M484) at 4000Mm indicates that the low-frequency excess results

from combined effects of IGWs and pure subsurface convection, with IGWs being the domi-

nant contributor to excess power at low frequencies, as evidenced by the a0 + Cw values near

ν = 0.

The ℓ − ν diagrams in Figure 3.12, 3.13 and 3.14 for all simulations within the sub-

surface convection zone at 4000Mm show maximum power spectral density at frequencies
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Figure 3.21: Volume rendered images similar to Figure 3.5 for subsequent runs listed in
Table 3.1 after M424. (a) M438 (left) (b) M484 (middle) (c) M487 (right).
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below 10 µHz. This frequency distribution appears in the mock luminosity power spectra in

Figure 3.10, where dominant power occurs at frequencies < 10 µHz across all simulations at

4000Mm (left column). The subsurface convection turnover timescale is ≈ 3 h, correspond-

ing to a convective frequency of 96 µHz. Given a convective frequency, one would expect the

maximum power spectral density to occur around that frequency for a convection-dominated

region, but the 3D simulations show dominant power at frequencies of order unity µHz, al-

most an order of magnitude lower than the envelope convective frequency. This pattern was

also observed in the 3D wedge simulations of a non-rotating subsurface convection zone of

a 35M⊙ main sequence star by Schultz et al. (2022). Our estimate of their convective fre-

quency is 13 µHz4, while their Lorentzian characteristic frequency νchar ≈ 110µHz. Despite

this characteristic frequency being larger than their convective frequency, their simulations

also showed the majority of power spectral density at much lower frequencies, similar to our

findings, although they did not explicitly emphasize this point.

This discrepancy between simple convective frequency estimates and observed spectral

distributions indicates a fundamental issue with assuming circular convective cells. Figure 3.7

shows the dominant spatial scale of ℓ ≈ 40, which corresponds to the radial extent of the

subsurface convection zone. Given the velocities shown in Figure 3.6, circular convective

cells would require sizes 10 times larger to accommodate the observed lower frequencies, but

this is inconsistent with the observed spatial scales. The convective cells cannot be elongated

horizontally either, as this would appear in the tangential velocity spatial spectrum.

The ℓ−ν diagram of the global luminosity fluctuations L3D in Figure 3.12 and 3.13 show

higher spectral power density in run M438 compared to the fullstar run M424. This appears

counterintuitive because M438 omits core volume heating. Core convection is the primary

driver of internally generated gravity waves (IGWs) at the stellar core. However, the core

remains isentropic in M438, causing it to function as a nearly perfect reflector of IGWs. The

core in M424 acts as an imperfect reflector due to turbulent convective motions. The net

power in the global luminosity fluctuations L3D of the envelope convection run M484 shows

higher spectral power density than the fullstar run M424. This enhancement results from

two nearby reflecting boundaries in M484, which produce elevated flow velocities.

Our simulations differ from previous 3D hydrodynamic simulation studies of massive main

sequence stars addressing SLF variability. Previous studies simulated a wedge or partial

stellar structure (e.g. Schultz et al., 2022, 2023). We simulate the star with both core and

envelope convection zones in 3D and full 4π geometry. This approach resolves modes and

4Convective frequency was not directly reported in Schultz et al. (2022). We used the ratio of convective
velocity and the radial extent of convection zone to determine the convective frequency.
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eigenwaves at the scale of the entire stratification and assesses their impact on the power

spectrum. We take timesteps limited by CFL condition (Courant et al., 1928), thereby

resolving pressure modes and their interaction and effects in the dynamics, as opposed to

simulations with order of magnitude higher Courant number, and hence larger timesteps,

like Anders et al. (2023).

The results from the simulation without envelope convection (M487) show extremely

low power levels at higher frequencies (ν > 10 µHz), consistent with Anders et al. (2023).

However, we observe significantly elevated power at low frequencies (ν ≤ 10 µHz), contrary

to their results. This discrepancy may results from two differences between our simulations

and theirs. First, their simulations use flow Courant number for timesteps that are orders

of magnitude larger than the timesteps we employ based on the CFL condition. Second,

their simulations do not capture finite mode lifetimes, the excitation and de-excitation of

internal gravity waves (IGWs), as described by Herwig et al. (2023). The ℓ–ν diagram in

Figure 3.12 reveal multiple acoustic modes (p-modes) at various scales above the Brunt–

Väisälä frequency. The interaction between acoustic waves and large convective plumes

could on small scales affect the excitation and de-excitation of IGWs, processes that are not

represented in their simulations.

Several limitations must be acknowledged when interpreting these results. Our simula-

tions were performed with both core luminosity and radiative diffusivity set to 100 times

their nominal values from the MESA model. Previous work by Herwig et al. (2023) shows

that core convective velocities scale with core luminosity (L; nuclear burning) as L1/3. This

indicates that our core convective velocities are enhanced by a factor of approximately 4.64,

while the core convective turnover timescale is reduced by the same factor compared to the

MESA model.

Our simulations exclude the outer 5% of the stellar radius. Waves propagating toward

the outer regions could experience additional damping due to radiative diffusion (Bühler,

2009) and amplification due to decreasing density (pseudomomentum conservation, Kumar

et al., 1999). Following Rogers and McElwaine (2017), the wave amplitude near the surface,

accounting for both effects, can be estimated as:

νwave(ω, kh, r) = νrms−cz

√
ρtcz
ρ(r)

exp [−τ(ω, kh, r)] (3.7)

=⇒ νwave(ω, kh, r)

νrms−cz

=

√
ρtcz
ρ(r)

exp [−τ(ω, kh, r)] (3.8)

where νwave(ω, kh, r) represents the wave amplitude at outer radial location r for a wave
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Figure 3.22: Radial dependence of IGW amplification and damping factors. Top panel:
Wave amplification factor

√
ρtcz/ρ(r) due to decreasing density with radius, applicable to

all horizontal wavenumbers kh. Middle panel: Wave damping factor exp[−τ(ω, kh, r)] for
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of frequency ω, νrms−cz is the rms velocity within the convection zone, kh is the horizontal

wavenumber, ρtcz is the density at the top of the convection zone, ρ(r) is the density at the

outer radial location, and τ(ω, kh, r) is the wave damping optical depth defined as (Kumar

et al., 1999):

τ(ω, kh, r) =

∫ r

rtcz

κk3
hN

3

ω4(2πr)3
dr (3.9)

where rtcz is the radius at the top of the convection zone, κ is the radiative diffusivity at

radial location r.

Using parameters from the ZAMS MESA model, maximum Brunt–Väisälä frequency near

the surfaceN ≈ 2π×270 rad s−1, frequency of the sharpest observed peak in M424 luminosity

power spectrum in Figure 3.10 ω = 2π × 10µHz, and assuming the subsurface convection

zone terminates at 4100Mm with a radiative zone extending to the outer boundary in the

MESA model at 4322Mm, we calculate wave amplification and dissipation factor radial profiles

using Equation 3.8. Figure 3.22 shows that amplitudes of IGWs with kh ≤ 5 are amplified

whereas higher kh amplitudes are damped. The ℓ − ν diagram in Figure 3.12 indicate that

the peak at around 10µHz corresponds to ℓ ≤ 5. Therefore, assuming the extrapolation

using Equation 3.8, some of the marked IGW peaks in Figure 3.10 could be visible near the

photosphere.

The implementation of a reflecting outer boundary at 4100Mm, necessitated by challenges

in resolving radiation diffusion in the outermost layers, could artificially modify standing

IGW amplitudes. This may influence the power spectrum near the surface, as IGW features

are evident in the spectrum. This artificial effect is inherent to our simulation approach.

Quantifying its impact would be valuable, though the methodology for doing so remains

unclear.
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Chapter 4

Conclusion and future work

4.1 Conclusion

This thesis presents two distinct investigations into stellar physics using different computa-

tional approaches. The first study quantifies systematic uncertainties in white dwarf cooling

age determinations arising from uncertainties in core composition profiles, envelope masses,

and conductive opacities. Using MESA simulations, we demonstrate that these systematic

uncertainties are comparable to observational uncertainties and recommend their inclusion

in all future white dwarf age studies. The relative age uncertainty ranges from 3-10% for

effective temperatures between 20,000-3,000 K, with additional potential delays of 10-50%

from 22Ne shell distillation for crystallized white dwarfs.

The second study presents 3D hydrodynamic simulations of a 25 M⊙ main-sequence star

spanning 95% of the stellar structure, incorporating both core and subsurface convection

zones. The simulations reproduce power spectra qualitatively similar to observed stochastic

low-frequency variability in massive stars. Through systematic comparison of different stellar

configurations, we identify that the low-frequency excess results primarily from internal

gravity waves excited at the subsurface convective boundary, with minimal contribution

from core convection. The work on white dwarf cooling provided essential experience with

1D stellar evolution codes, which subsequently informed the construction of initial conditions

for the 3D hydrodynamic simulations described in the second study.

4.2 Future Work

The white dwarf cooling age uncertainty study provides a framework for systematic uncer-

tainty assessment that we encourage the astronomical community to incorporate with ob-

servational uncertainties when determining cooling ages. This work has been cited by three



86

publications (Roberts et al., 2025; Limbach et al., 2025; Vorberger et al., 2025), demon-

strating its immediate utility. The study identifies envelope hydrogen and helium layer

thicknesses as critical parameters affecting cooling timescales. Future work could employ

3D hydrodynamic simulations of the pre-white dwarf evolutionary phase to better constrain

these envelope parameters and reduce systematic uncertainties.

The spread in envelope hydrogen and helium layer thicknesses represents a fundamental

uncertainty that cannot be fully eliminated through improved stellar evolution modeling,

as it reflects the diverse evolutionary pathways leading to white dwarf formation. White

dwarfs of identical mass can form through different channels: some progenitors experience

late thermal pulses that burn most of their hydrogen envelopes, others undergo born-again

episodes with partial hydrogen depletion, while binary evolution can strip envelope material

through mass transfer or common envelope phases. Additionally, as white dwarfs cool, some

hydrogen-atmosphere (DA) white dwarfs transition to helium-atmosphere (DB) white dwarfs

when a deepening superficial convection zone within the helium layer eventually reaches and

dilutes the outer hydrogen envelope. The onset temperature of this DA→DB transformation

depends critically on the initial hydrogen and helium layer thicknesses and the detailed

mixing processes at the envelope interface. Dr. Simon Blouin has initiated a project using

3D plane-parallel hydrodynamic simulations of white dwarf atmospheres using PPMstar to

investigate these mixing processes and better understand the DA→DB transformation, which

will help constrain envelope evolution and reduce associated cooling age uncertainties.

The 3D hydrodynamic simulations of massive stars present multiple avenues for future

investigation. Parameter studies examining the dependence of power spectra on stellar ro-

tation, mass, metallicity, and evolutionary phase (zero-age, mid, or terminal-age main se-

quence) would provide comprehensive understanding of stochastic low-frequency variability

across different stellar populations. The current simulations employ reflecting outer bound-

ary conditions that may artificially enhance internal gravity wave amplitudes. Implementa-

tion of free outer boundary conditions would provide more realistic wave propagation and

damping in the stellar envelope.

Detailed spectral analysis to identify specific peaks and map them to individual eigen-

modes in observed spectra represents another important direction. The artificial enhance-

ment of the subsurface convection zone implemented in Chapter 3 could be relaxed in future

simulations to achieve more realistic stellar models. These modifications require substantial

code development within the PPMstar framework.

Several of these proposed improvements require code modifications to the PPMstar frame-

work. Our group maintains ongoing collaboration with the PPMstar code architect Prof. Paul
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Woodward. Through an IReNA Visiting Fellowship, a scheduled visit to Prof. Woodward

in July 2025 will focus on learning code development techniques and implementing modifi-

cations essential for these future investigations. This work will serve as the foundation for

PhD research under the supervision of Prof. Falk Herwig.

The ultimate goal of this research is to understand the oscillation physics underlying

stochastic low-frequency variability in massive stars and develop the capability to invert

observed low-frequency spectra to reconstruct internal stellar flow fields. This could enable

direct inference of convective velocities, mixing length parameters, and turbulent structure

from external photometric observations. Such capabilities could revolutionize our under-

standing of internal mixing processes, which remain one of the fundamental uncertainties in

stellar physics. Current stellar evolution models rely on parametric prescriptions for convec-

tive mixing, but direct observational constraints on these processes are lacking. The ability

to probe stellar interiors through asteroseismology could provide empirical validation of mix-

ing theories and constrain key parameters governing stellar structure and evolution. These

parameters include convective core sizes, overshooting distances, rotation-induced mixing

rates,etc.

The aim is to enable full scientific utilization of upcoming observational capabilities.

Time-resolved spectroscopy of oscillating stars will provide unprecedented detail on surface

velocity patterns and their correlation with internal dynamics. Understanding the physics of

microturbulence through comparison of simulated and observed spectral line profiles will im-

prove stellar parameter determinations and abundance measurements. Space-based missions

including PLATO (PLAnetary Transits and Oscillations of stars), CubeSpec and HAYDN

(High-precision AsteroseismologY in DeNse stellar fields) will deliver high-precision photo-

metric and spectroscopic time series spanning extended durations. The combination of these

advanced observational data with detailed 3D stellar models will establish asteroseismology

as a precision tool for stellar interior diagnostics.
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J., van Reeven, W., Abbas, U., Abreu Aramburu, A., Accart, S., Aerts, C., Altavilla, G.,
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Rohrmann, R. D., and Garćıa-Berro, E. (2010). New Cooling Sequences for Old White

Dwarfs. , 717(1):183–195.

Rider, W. J. and Knoll, D. A. (1999). Time Step Size Selection for Radiation Diffusion

Calculations. Journal of Computational Physics, 152(2):790–795.

Roberts, E. K., Tremblay, P.-E., O’Brien, M. W., Bédard, A., Cunningham, T., Byrne,

C. M., and Cukanovaite, E. (2025). Comparison of methods used to derive the Galactic

star formation history from white dwarf samples. , 538(4):2548–2561.

Rogers, T. M. (2015). On the Differential Rotation of Massive Main-sequence Stars. ,

815(2):L30.

Rogers, T. M., Lin, D. N. C., McElwaine, J. N., and Lau, H. H. B. (2013). Internal Gravity

Waves in Massive Stars: Angular Momentum Transport. , 772(1):21.

Rogers, T. M. and McElwaine, J. N. (2017). On the Chemical Mixing Induced by Internal

Gravity Waves. , 848(1):L1.

Rohrmann, R. D., Althaus, L. G., and Kepler, S. O. (2011). Lyman α wing absorption in

cool white dwarf stars. , 411(2):781–791.

Rosseland, S. and Randers, G. (1938). On the Stability of Pulsating Stars. Astrophysica

Norvegica, 3:71.

Salaris, M. (2009). White dwarf cosmochronology: Techniques and uncertainties. In Mama-

jek, E. E., Soderblom, D. R., and Wyse, R. F. G., editors, The Ages of Stars, volume 258,

pages 287–298.

Salaris, M., Blouin, S., Cassisi, S., and Bedin, L. R. (2024). Ne22 distillation and the

cooling sequence of the old metal-rich open cluster NGC 6791. arXiv e-prints, page

arXiv:2403.02790.



101

Salaris, M. and Cassisi, S. (2017). Chemical element transport in stellar evolution models.

Royal Society Open Science, 4(8):170192.

Salaris, M., Cassisi, S., Pietrinferni, A., and Hidalgo, S. (2022). The updated BASTI stellar

evolution models and isochrones - III. White dwarfs. , 509(4):5197–5208.

Salaris, M., Cassisi, S., Pietrinferni, A., Kowalski, P. M., and Isern, J. (2010). A Large

Stellar Evolution Database for Population Synthesis Studies. VI. White Dwarf Cooling

Sequences. , 716(2):1241–1251.
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Appendix A

Additional Information

A.1 Subsurface Convective Boundary

We analyze the subsurface convective boundary and overshoot region for run M424 using

temperature gradient profiles and statistical moments of the radial velocity field. The left

panel of Figure A.1 shows that from the interior toward the surface, the temperature gradient

∇ follows the radiative gradient ∇rad up to 3660Mm. Beyond this point, ∇ increases toward

∇ad and exceeds the Schwarzschild boundary at 3813 Mm (where ∇rad = ∇ad). Inside the

subsurface convection zone, ∇ > ∇ad, indicating superadiabatic conditions where convection

cannot efficiently transport heat, and radiation contributes to energy transport.

Following the methodology of Herwig et al. (2023), which identifies convective boundaries

through extrema in the product of Skew ×Kurtosis, we determine from the right panel of

Figure A.1 that the core convective boundary for run M424 is located at 1460 Mm, while the

subsurface convection zone boundary is positioned at 3733 Mm. The left panel shows that

going from surface towards the center, velocities decrease steeply until 3660Mm, confirming

this region is well within the radiative zone and beyond the overshoot region from the

Schwarzschild boundary.

A.2 Envelope Convection Simulation: M484

The M484 simulation focuses exclusively on the envelope convection zone. This convec-

tion region is spatially confined, with inner and outer boundaries located at 3850Mm and

4100Mm, respectively, making it susceptible to boundary effects. No heating was applied

at the inner boundary during the simulation initialization. The cooling rate at the outer

boundary was set equal to the core heating rate used in comparative simulations.

Figure A.2 (left panel) shows higher convective velocities in M484 as compared to the
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Figure A.1: Left : Radial profiles of the actual temperature gradient (∇; light blue solid
line with downward triangles), adiabatic temperature gradient (∇ad; orange dashed line
with upward triangles) and radiative temperature gradient (∇rad; grey dot-dashed line with
leftward triangles) at dump 4800 (≈ 4779 h) for run M424 near the subsurface convection
zone. The secondary y-axis displays total velocity magnitude (|U|), radial velocity magnitude
(|Ur|) and tangential velocity magnitude (|Ut|) at dump 4800. Right : Radial profile of
Skew ×Kurtosis of radial velocity Ur for run M424. The vertical dashed dark blue line
marks the extremum at 3733Mm, with an expanded view of this region shown in the inset.
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Figure A.2: (Left): Velocity magnitude (|U|), radial velocity magnitude (|Ur|) and tangential
velocity magnitude (|Ut|) profiles of the run M424 at dump 4800 and the run M484 at
dump 2600 within the envelope convection zone. (Right): Radial velocity spatial spectra
for simulation M484 at various radial coordinates inside the subsurface convection zone,
averaged over last 100 dumps.

fullstar run M424. Velocity magnitude differences are evident near the inner boundary

because of reflective boundary conditions.

Despite these boundary artifacts, the spatial spectrum (Figure A.2, right panel)) reveals

a scale separation between energy injection and dissipation scales. The energy spectrum

follows the Kolmogorov power law proportional to ℓ−5/3, indicating the development of a

turbulent cascade within the simulated convection zone.

A.3 Convergence

The mock luminosity power spectra of the fullstar run with two different grid resolutions

17923 and 8963 demonstrate notable convergence characteristics in Figure A.3.
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Figure A.3: Mock luminosity power spectra Lmock comparison similar to Figure 3.11 of the
fullstar run with resolution 17923 presented in the study and with a coarser grid resolution
of 8963.
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