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ABSTRACT

Multi-dimensional digital signals have become an intertwined part of day to day

life, from digital images and videos used to capture and share life experiences, to

more powerful scene representations such as light field images, which open the gate

to previously challenging tasks, such as post capture refocusing or eliminating visible

occlusions from a scene. This dissertation delves into the world of multi-dimensional

signal processing and introduces a tool of particular use for gradient based solutions

of well-known signal processing problems. Specifically, a technique to reconstruct a

signal from a given gradient data set is developed in the case of two dimensional

(2-D), three dimensional (3-D) and four dimensional (4-D) digital signals. The re-

construction technique is multiresolution in nature, and begins by using the given

gradient to generate a multi-dimensional Haar wavelet decomposition of the signals

of interest, and then reconstructs the signal by Haar wavelet synthesis, performed on

successive resolution levels.

The challenges in developing this technique are non-trivial and are brought about

by the applications at hand. For example, in video content replacement, the gradi-

ent data from which a video sequence needs to be reconstructed is a combination of

gradient values that belong to different video sequences. In most cases, such oper-

ations disrupt the conservative nature of the gradient data set. The effects of the

non-conservative nature of the newly generated gradient data set are attenuated by

using an iterative Poisson solver at each resolution level during the reconstruction.

A second and more important challenge is brought about by the increase in signal

dimensionality. In a previous approach, an intermediate extended signal with sym-

metric region of support is obtained, and the signal of interest is extracted from it.

This approach is reasonable in 2-D, but becomes less appealing as the signal dimen-

sionality increases. To avoid generating data that is then discarded, a new approach

is proposed, in which signal extension is no longer performed. Instead, different pro-

cedures are suggested to generate a non-symmetric Haar wavelet decomposition of

the signals of interest. In the case of 2-D and 3-D signals, ways to obtain this decom-

position exactly from the given gradient data and the average value of the signal are

proposed. In addition, ways to approximate a subset of decomposition coefficients

are introduced and the visual consequences of such approximations are studied in the

special case of 2-D digital images. Several ways to approximate the same subset of

decomposition coefficients are developed in the special case of 4-D light field images.
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Experiments run on various 2-D, 3-D and 4-D test signals are included to provide an

insight on the performance of the reconstruction technique.

The value of the multi-dimensional reconstruction technique is then demonstrated

by including it in a number of signal processing applications. First, an efficient

algorithm is developed with the purpose of combining information from the gradient

of a set of 2-D images with different regions in focus or different exposure times, with

the purpose of generating an all-in-focus image or revealing details that were lost due

to improper exposure setting. Moving on to 3-D signal processing applications, two

video editing problems are studied and gradient based solutions are presented. In

the first one, the objective is to seamlessly place content from one video sequence

in another, while in the second one, to combine elements from two video sequences

and generate a transparency effect. Lastly, a gradient based technique for editing

4-D scene representations (light fields) is presented, as well as a technique to combine

information from two light fields with the purpose of generating a light field with

more details of the imaged scene. All these applications show that the developed

technique is a reliable tool for gradient domain based solutions of signal processing

problems.
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Chapter 1

Introduction

1.1 Motivating applications

Reconstructing a signal from gradient data (first order derivatives of a signal) plays

an important role in many interesting applications from adaptive optics [5], image

processing [6], [7], [8] or video processing [9], [10]. This is because in some of these

applications, such as adaptive optics, gradient values are available instead of signal

values and in order to interpret and analyze the data, the signal has to be recovered

from the gradient data. In other applications, namely those that will ultimately be

evaluated by the human visual system, the gradient domain provides an interesting

solution domain. Any kind of gradient manipulation, however, requires a means to

recover a meaningful signal from gradient data and therefore there is a continued

need for a robust integration technique, that scales well with signal dimensionality,

in terms of resources, while maintaining good visual quality.

Signal reconstruction from gradient data has been reformulated as a Poisson equa-

tion in [6], and a number of techniques have been developed for signal reconstruc-

tion. A representative class of Fourier based techniques [11] with typical complexity

O(NlogN), where N is the number of unknowns, have been presented. An algebraic

approach based on graph theory is proposed in [12]. Another class consists of iterative

solvers [13], which include methods such as Jacobi and Gauss-Seidel, but these are

typically slow to converge on large scale problems if a good initial point is not pro-

vided. A very popular class of fast solvers is the multigrid approach [14], which solves

the Poisson problem on diagonally oriented grids, and uses an iterative Poisson solver

to smooth the error at each scale and perform the interpolation to obtain solution
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estimates on the finest grid. Multigrid techniques are O(N).

A wavelet based reconstruction technique was proposed in [15], and used in the

context of adaptive optics. This approach alos has O(N) complexity, and was devel-

oped and adapted for image [16], and video [10] processing applications. This method

is based on obtaining the Haar wavelet decomposition directly from the gradient data.

The signal can then be obtained from this wavelet decomposition. This method deals

with a non-square (in 2-D) or non-cube (in 3-D) signal by expanding the non-square

signals to a square (or cube) of appropriate size. Although this expansion yields

satisfactory results, it may require large amounts of additional memory, as data size

increases.

1.2 Contribution of Dissertation

The main contribution of this dissertation is devising a robust integration technique

that can be used to reconstruct 2-D, 3-D and 4-D signals from some gradient data

set. The algorithm is similar in spirit to earlier work reported in [15], [16], and [10].

The algorithm scales well with signal dimensionality while maintaining the quality of

the results and functions at its best when there are large discrepancies between signal

dimensions.

The usefulness of the devised techniques will be illustrated throughout the disser-

tation by presenting a number of multi-dimensional signal processing applications. In

Chapter 2, which deals with two dimensional signals, the algorithm is incorporated

in the design of a new image fusion algorithm. In Chapter 3, which focuses on three

dimensional signals, the algorithm is used in two video editing applications: one with

the purpose of video content replacement and the other one for creating a transparent

layering of two different videos. In Chapter 5, the algorithm is used in two light field

applications: one where the objective is fusing together content from two light fields,

and the second one for light field content replacement.

1.3 Outline of Dissertation

Chapter 2 reveals the details of an algorithm designed to reconstruct two dimensional

signals from a gradient data set. The algorithm is then used in a gradient based image

processing application and shown to yield good results. In Chapter 3, an algorithm

is devised to perform the reconstruction task for three dimensional signals, and it is
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then used in two video processing applications. Chapter 4 lays the groundwork for

gradient based light field processing algorithms, by developing what is believed to

be the first algorithm that is able to recover a 4-D signal from a given gradient. An

analysis is performed on a number of light field datasets to verify the robustness of the

reconstruction technique. In Chapter 5, two gradient based light field applications are

developed with the help of the algorithm outlined in Chapter 4. Chapter 6 summarizes

the main contributions of this dissertation and presents several directions for future

research.
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Chapter 2

Two dimensional signal

reconstruction from gradient data

2.1 Chapter outline

An efficient wavelet-based algorithm to reconstruct signals from gradient data is pro-

posed in this chapter. The technique is motivated by digital image processing appli-

cations that can successfully be handled in the gradient domain and is developed to

efficiently address the general case of rectangular images (i.e., images with differences

between sizes).

The motivation behind the developments of this chapter is given in Section 2.2.

Existing reconstruction techniques are reviewed in Section 2.3. The notation used in

the remainder of this chapter is introduced in Section 2.4. In Section 2.5, the details

of a technique designed to reconstruct two dimensional, rectangular signals from

gradient data are revealed. The experiments presented in Section 2.6 demonstrate

the advantage of the newly devised reconstruction technique over existing techniques.

Section 2.7 illustrates the usefulness of the newly devised tool by employing it in an

image fusion application. Section 2.8 reviews the content of this chapter and provides

a first round of concluding remarks and recommendations.

2.2 Motivation for 2-D study

Signal reconstruction from gradient data is an integral part of many interesting appli-

cations in adaptive optics [5] or digital image processing [6], [7], [8]. The following
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paragraphs glance into some of these applications and motivate the interest for de-

veloping gradient domain based techniques.

Highly sophisticated telescopes enable celestial observations from Earth. The

Earth’s atmosphere, however, introduces distortions that degrade observations. To

address this problem, adaptive optics advanced an ingenious solution that relies on

surface reconstruction from gradient measurements. A laser beam shot from an ob-

servation point on the Earth towards the atmosphere acts as a star and generates a

wavefront that travels back to Earth. Sensors then measure the slope of the incoming

wavefront and reconstruct a wavefront profile that estimates the distortion introduced

by the atmosphere. This information is then used to generate the opposite wavefront

and model a deformable mirror, whose role is to correct the image received by the

astronomical telescope.

In digital image processing, the gradient domain is often times the preferred solu-

tion domain for applications such as image editing, image stitching, or image fusion.

Traditional image processing frameworks involve one or more digital images, which

are stored in a computer’s memory as two dimensional (2-D) arrays of numbers. Ap-

proximations of discrete versions of the image gradient are obtained and a series of

mathematical operations are performed on the partial derivatives values to generate

a gradient with properties driven by the application at hand. Working in the gradient

domain, however, requires a means to reconstruct the image from given gradient data

sets, and an efficient way to achieve this is proposed in this chapter.

2.3 Existing techniques

Signal reconstruction from gradient data has been reformulated as a Poisson equa-

tion [6], and several methods have been developed to solve the problem in this context.

A well known class of solvers tackle the problem in the Fourier domain [11]. The com-

putational complexity of these techniques is O(NlogN), with N being the number of

unknowns, i.e. the number of signal values to be reconstructed. An algebraic solver

based on graph theory is proposed in [12]. Iterative solvers [13], such as Jacobi or

Gauss-Seidel were also proposed, but these typically tend to converge slowly on large

scale problems. Multigrid techniques [14] were developed as improved, more efficient

versions of iterative solvers. These techniques solve the problem on a hierarchy of

grids, sometimes referred to as resolution levels or scales, and use iterative Poisson

solvers to smooth the error at each resolution. Solution estimates on finer grids are
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found by interpolation. The computational complexity of multigrid techniques is

O(N).

The work presented in this chapter is wavelet based, and therefore multiresolution

in nature with computational complexity O(N). It is inspired by the reconstruction

from gradient technique developed in [15], [16]. The advantage of the approach pre-

sented in this dissertation over earlier developments [15], [16] is that images with

non-square region of support are reconstructed in a more efficient way. An example

is presented next to illustrate the main difference between the work presented in this

chapter and the developments in [15], [16].

Figure 2.1a shows an example of a rectangular grayscale image1 with size 205×400.

Gradient based algorithms typically begin with obtaining the two directional com-

ponents of the image gradient, depicted in Figure 2.1b. Processing is then done on

the directional derivative values and at the end an image needs to be recovered from

this artificially generated gradient data set. Earlier developments [15], [16], devise

an integration technique which begins by finding the Haar wavelet decomposition of

the desired image from the gradient data. As such, the two gradient components are

constrained to be square matrices, with dimensions power of two. This constraint is

addressed by expanding the given gradient components to square matrices of appro-

priate size (in this case, to 512 × 512 × 2). The extended versions of the gradient

components are shown in Figure 2.1c. An extended version of the image is then ob-

tained, and is shown in Figure 2.1d. The desired image is extracted from the extended

image at the end. Although this approach leads to satisfactory results, it requires

non-negligible amounts of additional memory. The new reconstruction technique, in-

troduced in Section 2.5, avoids increasing the size of the given gradient data, and

generates a modified wavelet decomposition, which is then used to recover the image.

2.4 Notation

Notation and background information relevant to the tool we are developing are briefly

reviewed in this section.

Directional downsampling (subsampling) by an integer factor n along the x or

y direction is denoted ↓n,x or ↓n,y, respectively. For example, downsampling a 2-D

signal Φ by 2 along direction x is denoted ↓2,x Φ. Directional upsampling by an

1Test image obtained from MATLAB demo image gantrycrane
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(a) Test image

(b) Gradient components

(c) Extended gradient components

(d) Extended reconstructed
image

Figure 2.1: Test image, its gradient and their extended counterparts. In the gradient im-
ages, higher magnitude values are depicted in black. In the extended gradient
and reconstructed image, the original data is situated in the top left, the re-
maining is obtained by mirroring. The green lines depict the first symmetry
axis. In some cases, a second mirroring is necessary to fill the square. Here, a
second mirroring operation is performed in the vertical direction

integer factor n along the x or y direction is denoted ↑n,x or ↑n,y, respectively.
When the downsampling or upsampling operations are performed along both x
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and y directions, the subscript indicating the direction is dropped, for a more concise

notation. For example, downsampling a signal Φ by a factor of 4 along directions x

and y is denoted ↓4 Φ.
The Haar wavelet analysis filters are relevant to the algorithm developed in this

chapter and are reviewed here:

HL (z) =
1√
2

(
1 + z−1

)
(2.1)

HH (z) =
1√
2

(
1− z−1

)
(2.2)

The discrete approximations of the partial derivatives of a 2-D image Φ can be

obtained using the Haar wavelet highpass analysis filter HH (z):

Φx =
√
2ΦHH (zx) (2.3)

Φy =
√
2ΦHH (zy) (2.4)

where, ΦH (z) denotes one dimensional filtering of the two-dimensional signal Φ with

the one dimensional filter given by its transfer function HH (z). The subscripts x and

y in the expression ΦH (zx), ΦH (zy) indicate that the filtering is performed along

direction x or y, and the two directions are assumed orthogonal.

Figure 2.2: One step in the (Haar) wavelet decomposition of a 2-D signal. The convention
is that Φ̂k

LL denotes the full resolution signal Φ when k = M and all other

Φ̂k
LL, for which 0 ≤ k ≤ M −1 are approximation wavelet coefficients at lower

resolutions.
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2.5 Two dimensional signal reconstruction from

gradient

Let Φ be an unknown 2-D signal, with size 2M · 2N with M � N two strictly positive

integers. The signal value at a point (y, x) is denoted Φ (y, x) with the convention

that y and x are orthogonal directions. The first order discrete directional derivatives

of the unknown signal Φ are denoted by Φy and Φx, and let m be the mean value

of the unknown signal Φ. An algorithm is described here to obtain the 2-D signal Φ

from the given gradient data Φy and Φx.

2.5.1 Analysis step: detail subbands of the wavelet decom-

position

The first step of the reconstruction algortihm is to obtain the Haar wavelet decom-

position of the signal directly from the derivatives. In Figure 2.3, the Haar wavelet

decompositions of a square and non-square 2-D signal are illustrated, side by side.

For a non-square signal with size 2M × 2N , the equations for finding the “low-high”,

“high-low” and “high-high” subbands at all resolutions of the Haar wavelet decompo-

sition from the given gradient components are the same as those for a square signal.

For more details, the reader is referred to [16], with the mention that, as the signal

is not a square matrix, the maximum number of levels in the decomposition is M (if

M < N).

What is different in the non-square case is the way in which the “low-low” subband

at the coarsest resolution of the Haar wavelet decomposition is found. These subband

coefficients are referred to as the coarsest resolution subband. The following section

details how these coefficients can be found.

2.5.2 Analysis step: approximation subband at lowest reso-

lution

The coarsest resolution approximation subband of the Haar wavelet decomposition

of Φ is denoted Φ̂0
LL and is a signal with size 1× 2N−M . It is the output obtained by

repeating the process shown on the top branch of Figure 2.2 and is the highlighted

entry in the decomposition shown in Figure 2.3b. If one is given the signal, this

subband is obtained by successive filtering of the signal with the analysis lowpass
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(a) Haar wavelet decomposition of 2-D signal
(square case)

(b) Haar wavelet decomposition of 2-D signal (rectangular case)

Figure 2.3: Haar wavelet decomposition of a 2-D signal - square versus rectangular case

filter HL (z) followed by downsampling by 2. This subband is thus proportional to

the partial sums of all elements in consecutive regions of Φ, as illustrated in Fig. 2.4.

The objective of this work is to find this subband not from the signal, but rather from

the signal derivatives and the mean value of the signal.

In the square case, the coarsest resolution subband is a scalar proportional to the

mean value of the signal. In particular, the coarsest resolution subband is equal to

2M ·m, where m is the mean value of the signal. This can be inferred from studying

Figure 2.2, and taking into account that a complete wavelet decomposition of a 2-D

square signal with size 2M×2M is obtained in M steps, each one consisting of a scaled

averaging operation followed by subsampling by two.
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Figure 2.4: Illustration of the connection between the rectangular signal Φ with size 2M ×
2N , withM ≤ N , and the coarsest resolution subband Φ̂0

LL = [s1, s2, ..., sN−M ]

In the general case of non-square signals, of interest here, the coarsest resolution

approximation subband is no longer a scalar, but rather an array of numbers, shown

highlighted in the top left part of Figure 2.3b. Finding Φ̂0
LL amounts to finding the

N − M partial sums of signal regions illustrated in Figure 2.4. The procedure for

finding Φ̂0
LL in the general case is described below:

Step 1. Compute:

cx = AxΦ
T
xBx (2.5)

where:

Ax =

⎛
⎜⎜⎜⎜⎝

1 2 1 0 0 · · · 0 0 0

0 0 1 2 1 · · · 0 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · 1 2 1

⎞
⎟⎟⎟⎟⎠ ∈ R

(2N−1−1)×(2N−1)

and

Bx =
[
1 1 · · · 1

]T
∈ R

2M×1

Step 2. Compute:

u =
1

2M
A−1v (2.6)

where:
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A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 · · · 1 1 1

−1 1 0 0 · · · 0 0 0

0 −1 1 0 · · · 0 0 0

0 0 −1 1 · · · 0 0 0
...

...
...

...
. . .

...
...

...

0 0 0 0 · · · −1 1 0

0 0 0 0 · · · 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

2N−1×2N−1

and

v =

[
m · 2M+N

cx

]
∈ R

2N−1×1

Step 3. Compute:

Φ̂0
LL = uTB (2.7)

where:

B =
[
B1 B2 · · · Bk

]T

k = 2N−M

and

Bp =

⎡
⎢⎢⎣

0 · · · 0 1 0 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 0 1 0 · · · 0

⎤
⎥⎥⎦ ∈ R

2M−1×2N−M

in which the pth column is an all-ones vector with 2M−1 elements.

A small size example that show how Steps 1–3 above can be used to generate

the coarsest resolution approximation subband is included in Appendix A of this

dissertation.

The benefit of the algorithm summarized above is that it produces the Φ̂0
LL entry

exactly, from the signal derivatives and its mean value, and thus the complete wavelet

decomposition of the signal without the need to extend the signal size to the same

nearest power of two along both dimensions. Step 2 in the algorithm, however,

involves a matrix inversion, and it is well known that such an operation influences

algorithm performance, depending on the size of the matrix to be inverted. If solution
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accuracy is desired, then the matrix should be inverted, otherwise, various algorithms

can be employed to obtain an approximate solution, depending on the properties of

matrix A.

2.5.3 Synthesis step

In the synthesis step, the signal is obtained from the Haar wavelet decomposition by

wavelet synthesis, with the possibility of including a basic iterative Poisson solver at

each resolution, as described in [16]. The Poisson solver used is also included in the

Appendix B of this Dissertation. Including the iterative Poisson solver is important

and recommended in applications such as image or video editing in the gradient

domain, where the gradient data has been altered and the zero-curl condition is not

satisfied.

2.6 Performance evaluation

This section analyzes the performance of different reconstruction algorithms and the

role of the coarsest resolution subband coefficients on the quality of signals recon-

structed from gradient data. The considered signals are non-square. The comparison

will be between algorithms are listed in Table 2.1 and described below:

Algorithm 1: the method proposed in Section 2.5

Algorithm 2: the method proposed in [16] where non-square gradient signals were

extended to the nearest square

Algorithm 3: the method proposed in Section 2.5, but assuming all elements of

the coarsest resolution subband are equal to zero.

Algorithm 3 is particularly interesting in practical applications such as image or

video editing, as it avoids both the use of additional memory required for the extension

Alg. 1 Algorithm 2 Algorithm 3
Source Sec. 2.5.1, 2.5.2, 2.5.3 Ref. [16] Sec. 2.5.1, 2.5.3

Extension performed No Yes No
Average value used Yes Yes Yes
Poisson solver used Yes Yes Yes

Table 2.1: Analyzed algorithms summary
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Figure 2.5: Performance evaluation in terms of solution accuracy

to a square and the computations to obtain the correct coarsest resolution subband

(see the discussion regarding the matrix inversion in Section 2.5). Results show that

although this approach leads to low accuracy reconstructions, the signals have a good

visual quality provided that the iterative Poisson solver is included in the synthesis

step.

Determining the quality of the devised technique is done by monitoring two cri-

teria: solution accuracy and efficiency. The signal to noise ratio (SNR), measured in

dB, between the original signal and the estimate obtained from the derivatives and

the mean value of the signal, via Algorithms 1 – 3, is computed to rank solution

accuracy, while the CPU time required for a MATLAB implementation to produce a

solution, is recorded as a measure of algorithm efficiency.

Reconstruction accuracy was first considered for Algorithms 1 and 3, and the

results are shown in Figure 2.5. The reconstruction accuracy of Algorithm 2 is similar

to that of Algorithm 1. In Algorithm 3, all entries of Φ̂0
LL are set to zero before wavelet

synthesis, and the average value of the reconstruction is corrected at the end, to match

the given average. This corresponds to the partial sums illustrated in Figure 2.4 all

having the same value. As can be seen from Figure 2.5, obtaining the values of Φ̂0
LL

exactly from the input data results in a very high SNR in the reconstructed signal,

and, as expected, leaving the coarsest resolution “low-low” subband coefficients zero

before synthesis and adjusting the signal average value at the end significantly lowers

the SNR of the reconstructed signal.

Run times of MATLAB implementations of the three reconstruction algorithms
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Figure 2.6: Performance evaluation in terms of efficiency. Algorithm 1: reconstruction
without signal extension, by finding Φ̂0

LL as described in Section 2.5.2; Al-
gorithm 2: signal reconstruction with gradient extension to nearest square,
as in [16]; Algorithm 3: signal reconstruction without gradient extension, by
setting the elements of Φ̂0

LL to zero before synthesis

were compared. As Figure 2.6 reveals, the performance is similar for square signals,

as signal extension is not performed in this case. The advantage of the new approach

(i.e. Algorithms 1 and 3) becomes clearer when dealing with non-square signals. In

this case, a solution is produced significantly faster by either Algorithm 1 or 3 than by

Algorithm 2, where signal extension is performed. These experiments offer an insight

on the main trade-off that characterizes the new algorithm, and a recommendation

can be made. If signal accuracy is of primary importance for the application at

hand, the coarsest resolution subband coefficients should be computed exactly before

wavelet synthesis. If memory requirements and speed are more important, then the

coarsest resolution subband coefficients can be approximated, and the result is still

visually acceptable if the Poisson solver is included in the wavelet synthesis step.

2.6.1 Visualizing the effect of LL at lowest resolution in the

non square case

Let us now take a closer look at the reconstruction error in Algorithm 3. The example

in Figure 2.7 helps visualize this error. An image with size 64 × 256 was obtained

from image “threads” and is shown in Figure 2.7a. The image reconstructed from its

gradient and mean value using Algorithm 1 is shown in Figure 2.7b. As expected, this

is an accurate reconstruction of the original image. The image reconstructed using
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Algorithm 2, i.e. , without the exact calculation of the coarsest resolution subband

coefficients, is shown in Figure 2.7c. Clearly, there are noticeable visual artifacts

caused by errors in the reconstruction. These artifacts are a direct consequence

of not obtaining the exact coarsest resolution “low-low” subband coefficients of the

Haar wavelet decomposition of the image, from the gradients. The reconstruction

in Figure 2.7d is obtained without the exact coarsest resolution “low-low” subband

coefficients but with the incorporation of an iterative Poisson solver at each resolution

during wavelet synthesis. Including the Poisson solver improves the visual quality of

the reconstruction by removing the vertical lines in Figure 2.7c. The objective quality

of each approximation was also evaluated by comparison with the original image, in

terms of SNR and SSIM [17]. The reported SNR values agree with the noticeable

increase in visual quality (from Figure 2.7c to 2.7d). It is interesting to note that

SSIM seems to indicate that the result in Figure 2.7d is of lower quality of Figure 2.7c,

although a visual examination of the two indicates otherwise.

2.7 Application: image fusion in the gradient do-

main

In this section, the devised algorithm will be employed in an image processing appli-

cation, to demonstrate its purpose in reconstructing images from a modified gradient

data set, and therefore prove its potential in image processing and computer vision

applications. A multi-exposure and multi-focus image fusion algorithm2 is proposed.

The algorithm is developed for color images and is based on blending the gradi-

ents of the luminance components of the input images using the maximum gradient

magnitude at each pixel location and then obtaining the fused luminance using the

reconstruction technique introduced in Section 2.5. The chrominance information of

the fused image is a weighted sum of the chrominance channels of the input images.

The special case of grayscale images is treated as luminance fusion. Experimental

results and comparison with other fusion techniques indicate that the proposed algo-

rithm is fast and produces similar or better results than existing techniques for both

multi-exposure and multi-focus images.

2Part of this section was published in [18]
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(a) Original image

(b) Reconstruction via Algo. 1; SNR: 300.06dB; SSIM: 1

(c) Reconstruction via Algo. 3, no Poisson; SNR: 16.47dB;
SSIM: 0.91

(d) Reconstruction via Algo. 3, with Poisson; SNR:
18.09dB; SSIM: 0.85

Figure 2.7: Visualizing the role of the coarsest resolution low subband coefficients and of
the Poisson solver. Top to bottom: original image; image reconstructed with
exact calculation of Φ̂0

LL from the given data; image reconstructed by setting

all elements of Φ̂0
LL to a constant; image reconstructed by setting all elements

of Φ̂0
LL to a constant, followed by modified wavelet synthesis, with iterative

Poisson solver included at each resolution
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2.7.1 The image fusion problem

Image fusion is a technique that makes use of existing information from a stack of

images to produce a single image with more visible details than any of the individual

images in the stack. The need for such detailed images is present in a variety of fields,

such as computer vision, medical imaging, photography and remote sensing, where

either one or more imaging devices are used to generate digital scene representations.

Image fusion can be applied to multi-focus or multi-exposure images. In the multi

focus case, the input images are those in which only some portion of the image is well

focused, whereas other portions appear blurred. Haghighat et al. [19] proposed a multi

focus image fusion technique that operates in the discrete cosine transform (DCT)

domain. They compute the variance of the 8 × 8 DCT coefficients of each image,

and the fused blocks are those having the highest variance of DCT coefficients. Song

et al. [20] proposed a wavelet decomposition-based algorithm for multi-focus image

fusion. They fuse the wavelet coefficients using an activity measure which depends on

the gradients of the wavelet coefficients. A multiresolution approach was also adopted

in the algorithms developed by Li and Wang in [21] and by Biswas et al. in [22]. A

survey on multi-focus image fusion techniques can be found in [23]. More recent

research [24], [25] makes use of edge detection techniques for color image fusion.

In the multi-exposure case, the input images have different exposures. These

images have details only in a part of the image while the rest of the image is either

under- or over-exposed. Fusion of such images is done to integrate the details from all

images into a single, more comprehensive result. Mertens et al. [26] proposed such an

algorithm, in which the images are decomposed into Laplacian pyramids and then they

are combined at each level using weights depending on the contrast, saturation and

well-exposedness of the given images. A technique for image contrast enhancement

using image fusion has been presented in [27] and is similar to [26]. In [27], the input

images to the fusion algorithm are obtained from the original image after applying

local and/or global enhancements. Shen et al. [28] use a probabilistic model based on

local contrast and color consistency to combine multi-exposure images. Li et al. [29]

fuse the multi-exposure images using a weighted sum methodology based on local

contrast, brightness and color dissimilarity. They use a pixel-based method instead

of a multi-resolution approach to increase the speed of execution. Kong et al. [30]

propose an algorithm where the input images are first divided into blocks and then

the blocks corresponding to maximum entropy are used to obtain the fused image.
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The genetic algorithm (GA) is used to optimize block size, and this may require a

considerable amount of time to converge.

Image fusion in the gradient domain has been recently studied by some researchers.

Socolinsky and Wolff [31] proposed an image fusion approach which integrates infor-

mation from a multi-spectral image dataset to produce a one band visualization of the

image. They generalize image contrast, which is closely related to image gradients,

by defining it for multi-spectral images in terms of differential geometry. They use

this contrast information to reconstruct the optimal gradient vector field, to produce

the fused image. Later, Wang et al. [32] fused the images in gradient domain using

weights dependent on local variations in intensity of the input images. At each pixel

position, they construct an importance-weighted contrast matrix. The square root

of the largest eigenvalue of this matrix yields the fused gradient magnitude, and the

corresponding eigenvector gives the direction of the fused gradient. Recently, Hara

et al. [33] used an inter image weighting scheme to optimize the weighted sum of the

gradient magnitude and then reconstruct the fused gradients to produce the fused

image. The optimization step tends to slow down this technique. Additionally, their

technique comprises a manually thresholded intra image weight saliency map, requir-

ing user intervention. An interesting block-based approach was recently proposed by

Ma and Wang in [34]. This approach is unique in the way in which it processes color

images. Specifically, the RGB color channels of an image are processed together, and

instead the images are split into three “conceptually independent components: signal

strength, signal structure and mean intensity” [34]. This idea was inspired by the

increasingly popular structural similarity index measure (SSIM) [17] developed by

the same main author as an objective measure of similarity between two images.

2.7.2 The image fusion algorithm

A gradient-based image fusion algorithm is proposed here, for the fusion of both color

and grayscale images. In the case of color images, one of the key ideas of the fusion

algorithm proposed here is that it treats the luminance and chrominance channels

of the images to be fused in a different manner. This different treatment of the

channels is motivated by the fact that the luminance channel contains a major part

of information about image details and contrast, whereas the chrominance channels

contain only color information, to which the human visual system is less sensitive.

The fusion of the luminance channels is done in the gradient domain, by taking the
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gradients with the maximal magnitude of the input images at each pixel location.

The luminance channel of the fused image is then obtained by integrating the fused

gradients. This is done by using the technique developed in Section 2.5. An earlier

version of this algorithm is known [16] to produce good results, free from artifacts,

when the gradient field is a nonconservative field, as is the case when gradients from

different images are combined.The chrominance components of the fused image fu-

sion is done by taking a weighted sum of the input chrominance channels, with the

weights depending on the channel intensities, which conveys information about color.

Grayscale images may be dealt with in the same way as the luminance component of

color images. The proposed algorithm can be applied for multi-exposure as well as

multi-focus images.

2.7.2.1 Luminance fusion

As mentioned earlier, luminance fusion can be carried out on grayscale images, or on

color images that are in the YCbCr color coordinate system. If the input images are

in RGB representation, conversion to YCbCr should be performed first.

Luminance fusion is performed in the gradient domain. This domain choice is

motivated by the fact that the image gradient depicts information on detail content, to

which the human visual system is more sensitive under certain illumination conditions.

For example, a blurred, over- or under-exposed region in an image will have a much

lower gradient magnitude of the luminance channel than the same region in an image

with better focus or exposure. This observation implies that taking the gradients

with the maximal magnitude at each pixel position will lead to an image which has

much more detail than any other image in the stack.

Let the luminance channels of a stack of N input images be I = {I1, I2, . . . , In}.
The image gradients according to a commonly employed discretization model for the

luminance channel of the nth image in the stack may be defined as:

Φy
n (x, y) = In (x, y + 1)− In (x, y) (2.8)

Φx
n (x, y) = In (x+ 1, y)− In (x, y) (2.9)

where Φy
n and Φx

n are the gradient components in the x- and y-directions. The mag-

nitude of the gradient may be defined as:
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Figure 2.8: Pictorial representation of the image fusion algorithm
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Hn (x, y) =

√
Φx

n(x, y)
2 + Φy

n(x, y)
2 (2.10)

Let the image number having the maximum gradient magnitude at the pixel lo-

cation (x, y) be p (x, y). It may be mathematically represented as:

Φx (x, y) = Φx
p(x,y) (x, y) (2.11)

Φy (x, y) = Φy
p(x,y) (x, y) (2.12)

So, the fused luminance gradient is Φ = [Φx,Φy]. It may be noted that the fused

luminance gradient has details from all the luminance channels from the stack and in

order to get the fused luminance channel, reconstruction is required from the gradient

domain. The relationship between the fused gradient (Φ) and the fused luminance

channel (I) may be represented as:

∇I = Φ (2.13)

The image is reconstructed from the gradient domain by using the technique de-

scribed in Section 2.5, with three iterations of Poisson solver at each resolution during

the synthesis step. After obtaining the image from the gradient domain, some pixels

may have intensity values outside the standard range of the luminance component

(16–235). This is due to the fact that the fused gradient is obtained by merging mul-

tiple image gradients, and as a result, high differences between neighboring gradient

values exist, leading to a reconstructed image with a high dynamic range of pixel

intensities. A linear mapping of the pixel intensities of the reconstructed luminance

channel can be done such that the resultant intensities lie within the required range.

The caveat of this approach, however, is that it leads to a loss of contrast. For this

reason, a non-linear mapping similar to gamma correction is used. The resultant

image may be obtained using:

I (i, j) =

⎛
⎝ I (i, j)−min

i,j
I (i, j)

max
i,j

I (i, j)−min
i,j

I (i, j)

⎞
⎠

γ

× RC + L (2.14)

where γ = loge (RC) /loge (RI), RI is the range of values present in the reconstructed

luminance component, RC = H − L, and H and L are the maximum and minimum

intensity values in the channel. In the case of the luminance component of a color
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image, H = 235 and L = 19, thus RC = 216. Using Eq. 2.14 generates a result with

more details than the input images. At the end, local histogram equalization [35]

is applied on the luminance component. This is done in order to distribute the

intensities properly throughout the entire range of display. It may be noted that

grayscale images can be fused in the same way as luminance component of a color

image. In case of grayscale images, H = 255, L = 0, thus RC = 255.

2.7.2.2 Chrominance fusion

The chrominance channel fusion is done by taking a weighted mean of the input

chrominance channels. The values in the chrominance channels have a range from

16–240 and carry information about color. These channels are such that when both

Cb and Cr are equal to 128, the image is visually similar to a grayscale image, and thus

carries the least amount of color information. This motivates selecting the weights

for the chrominance channels such that at each pixel position they depend on how far

from 128 the chrominance value is. Let us denote the chrominance channels of the

stack of input images by C ′
b = {C1

b , C
2
b , . . . , C

N
b } and C ′

r = {C1
r , C

2
r , . . . , C

N
r }. The

fused chrominance channels may be represented as follows:

Cb (i, j) =

N∑
n=1

wn
b (i, j) . (C

n
b (i, j)− 128) + 128 (2.15)

where

wn
b (i, j) =

|Cn
b (i, j)− 128|∑N

k=1

∣∣Ck
b (i, j)− 128

∣∣ (2.16)

Cr (i, j) =

N∑
n=1

wn
r (i, j) . (C

n
r (i, j)− 128) + 128 (2.17)

where

wn
r (i, j) =

|Cn
r (i, j)− 128|∑N

k=1 |Ck
r (i, j)− 128|

(2.18)

where |·| returns the absolute value. If all chrominance values at a pixel position in all

images from the stack are equal to 128, the corresponding weights will be zero. It may

be noted that the fusion of the chrominance channels done by equations 2.15–2.18

is a pixel based approach, and is thus less computationally intensive than luminance
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fusion, which is gradient based. Figure 2.8 presents a pictorial representation of the

proposed algorithm.

The experiments presented in the following section indicate that the proposed

algorithm works well to fuse both multi-exposure and multi-focus images.

2.7.3 Image fusion results

In this section, the performance of the proposed image fusion algorithm is evaluated

on different sets of images. The results obtained using the proposed technique are

compared with the results produced by four other image fusion algorithms, namely

DCT [19], SVD [36] multi-exposure fusion (MEF) [26], and the gradient weighting

(GrW) method [33]. The input images used in the comparison are grouped into

four different classes according to the type of fusion performed (i.e., multi focus and

multi-exposure, grayscale and color) and are presented in the following subsections.

The performance analysis begins with a visual comparison of the results produced

by each of the studied algorithms. In passing we note that, to the best of our knowl-

edge, this kind of evaluation (i.e., subjective evaluation) continues to dominate the

chart of quality assessment measures for image fusion algorithms. The use of objec-

tive measures will be discussed later. The codes for the algorithm proposed in this

paper are available at [37].

2.7.3.1 Results - multi exposure grayscale case

Two multi-exposure grayscale images named igloo [38] and monument [39] are

presented in Figures 2.9a–2.9f and Figures 2.10a–2.10c, respectively. The fused re-

sults of the proposed algorithm are presented in Figures 2.9h and 2.10e, respectively.

GrW [33] is an algorithm for image fusion where the authors have used multi-exposure

grayscale images to test their method. It is a gradient domain fusion method and

requires reconstruction to get the fused image. As the authors of the GrW algo-

rithm have not mentioned any specific method for reconstruction, the wavelet based

reconstruction procedure in Section 2.5 has been used to yield the fused image. The

saliency map used by the authors of GrW is not used here, because no automated

way of selecting the threshold for the map has been mentioned in their paper. The

fused results produced by the GrW method are presented in Figures 2.9g and 2.10d.

It may be observed from Figure 2.9 that the details inside the igloo building are more

visible in the result produced using the method proposed in this paper than in the
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(a) (b) (c) (d) (e) (f)

(g) (h)

Figure 2.9: The first row contains the input images (igloo). The second row contains the
fused image by GrW and proposed algorithm (left to right), respectively.

one produced by the GrW method. Again, in Figure 2.10, the sky-cloud portion is

more visible in the image fused by the proposed algorithm than in the image fused

by the GrW method.

2.7.3.2 Results - multi exposure color case

Images Door [40] and house [40] are two multi-exposure color images presented in

Figures 2.11a–2.11f and Figures 2.12a–2.12d, respectively. It may be observed that

for the door image, details within the door are not visible in the first input image and

the details outside the door are not visible in the last input image. The proposed algo-

rithm fuses all input images properly, as may be observed from the results presented

in Figures 2.11h and 2.12f for the door and house images, respectively. A technique

for multi-exposure fusion of color images presented in the literature is MEF [26]. This
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(a) (b) (c)

(d) (e)

Figure 2.10: The first row contains the input images (monument). The second row
contains the fused image by GrW and proposed algorithm (left to right).

method uses a saturation measure defined only for color images. The results produced

by the MEF method are presented in Figures 2.11g and 2.12e, respectively. It can be

seen that the MEF algorithm performs in a similar fashion to the proposed method.
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(a) (b) (c) (d) (e) (f)

(g) (h)

Figure 2.11: The first row contains the input images (door). The second row contains
the fused image by MEF and proposed algorithm (left to right).

2.7.3.3 Results - multi focus grayscale image fusion

Images clock and pepsi [41] presented in Figures 2.13a–2.13b and 2.14a–2.14b, are

two multi-focus grayscale images used for comparison. The results produced by the

proposed fusion algorithm are presented in Figures 2.13e and 2.14e, respectively.

For visual comparison, we consider the results using two methods presented in the

literature for multi-focus grayscale images, the DCT (Figures 2.13c and 2.14c) and

SVD (Figures 2.13d and 2.14d) methods. It may be noted in Figure 2.13f, that

the DCT method produces undesirable blocking artifacts. The SVD method also

produces artifacts that are more clearly visible in Figure reffig:fig28, on the zoomed

in object edges. On the other hand, the proposed algorithm produces a good fusion

of the two multi-focus images and is free from visual artifacts.
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(a) (b) (c) (d)

(e) (f)

Figure 2.12: The first row contains the input images (house). The second row contains
the fused image by MEF and proposed algorithm (left to right).

2.7.3.4 Results - multi focus color image fusion

Figure 2.15 presents an example of multi-focus fusion done with the proposed method

for a pair of color images named foot. [42]. In the image shown in Figure 2.15a, the

foreground is in focus, while in Figure 2.15b, the background region, with the writing,

is in focus. The objective is to merge the two images and generate an all in focus

image, that looks realistic and has minimal noticeable artifacts. The result shown

in Figure 2.15c illustrates that the proposed algorithm can successfully fuse together

color images and generate a good visual quality result.

2.7.3.5 Efficiency analysis

In addition to visual comparison, efforts have been made for quantitative comparison

using objective metrics. To the best of our knowledge, in literature there exists no

objective quality measure to evaluate the results of image fusion techniques. One of

the main reasons behind this appears to be the fact that in most frameworks there

exists no ideal fused image that can be used as benchmark. This has led researchers to

develop metrics like Edge Content (EC) [27], [33] Second Order Entropy (SOE) [33],

Blind Image Quality (BIQ) [43] and others. These metrics do not require an ideal

fused image for comparison, but are prone to give misleading results in the presence

of noise and/or blocking artifacts. For example, EC is an average measure of the

gradient magnitudes of an image and methods producing blocking artifacts lead to
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(a) (b)

(c) (d) (e)

(f) (g) (h) (i)

Figure 2.13: Multi focus fusion of grayscale image. The first row contains the input
images (clock). The second row contains the fused image by DCT, SVD and
proposed algorithm (left to right). 2.13f and 2.13h are zoomed in portions
of the fused image by DCT and SVD respectively, 2.13g and 2.13i are the
corresponding zoomed portions of the image fused by proposed algorithm.

higher EC values. Similar problems are associated with SOE and BIQ, as they are

both variations of information and entropy of the image. Thus we have refrained from

comparing the results quantitatively using such metrics. Comparison with respect to

computational time is presented in Table 2.2 (using Intel R Core TM i3-3110M @

2.4 GHz and 4GB RAM). It should be noted that the time presented in the table is

normalized with respect to the total number of pixels present in the image.

2.8 Conclusions

In this chapter, a new way to reconstruct images from a given gradient data set

was presented. The focus of the studies was on non-square input images. The new
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(a) (b)

(c) (d) (e)

Figure 2.14: The first row contains the input images (pepsi). The second row contains
the fused images produced by DCT, SVD and proposed algorithm (left to
right).

(a) (b) (c)

Figure 2.15: Multi focus fusion of color images. The input images and the result obtained
using the proposed algorithm are shown left to right.

reconstruction approach developed in this chapter provided an opportunity for a

closer look on the effect of errors in the approximation subband coefficients of the

wavelet decomposition of an image. The effect of these errors was illustrated on an

example, and this helped develop a more efficient way to reconstruct a non-square

image from gradient data. The algorithm was then included in a new image fusion

technique, that is used to fuse together multi-exposure and multi-focus images, in

color or grayscale representation. The insight gained in this chapter opens the gate
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Image name DCT SVD MEF GrW Proposed method
Clock 0.0780 0.0556 0.0224
Pepsi 0.0707 0.0573 0.0256
Foot 0.0134
Door 0.0650 0.0305
House 0.0296 0.0248
Igloo 0.2798 0.0714

Monument 0.1469 0.0340

Table 2.2: Average computational time per pixel (×10−4)

for more efficient ways of reconstructing non-cubic signals from gradient data, with

applications in video processing, and this will be explored at large throughout the

next chapter of this dissertation.
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Chapter 3

Three dimensional signal

reconstruction from gradient data

3.1 Chapter outline

A wavelet based algorithm for reconstructing three dimensional (3-D) signals from

gradients is proposed in this chapter. The algorithm is based on obtaining the Haar

wavelet decomposition of the signal from the given gradient data set, and from it

the 3-D signal using wavelet synthesis, with the possibility of including an iterative

Poisson solver at each resolution level.

The motivation behind the developments of this chapter is given in Section 3.2.

An overview of the signal of interest and several targeted applications are in Sec-

tion 3.3. Section 3.4 introduces the notation and Section 3.5 presents the details of

an algorithm developed to recover a video sequence from a given gradient data set.

The chapter continues with an analysis aimed at evaluating the performance of the

proposed technique to recover 3-D signals from their derivatives, presented in Sec-

tion 3.6. In Section 3.7, the 3-D reconstruction technique is included in two gradient

domain based video editing applications. In Section 3.8, the content of the chapter is

briefly reviewed and the main conclusions are drawn.

3.2 Motivation for 3-D study

Efficient algorithms to reconstruct 3-D surfaces are important in applications from a

variety of fields, such as computer graphics, robotics, medicine, or film industry. A
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brief overview of the most common applications involving 3-D surface reconstruction

studied in these fields is given below, with the purpose of motivating our interest for

developing a 3-D surface reconstruction algorithm.

Computer graphics study 3-D surface reconstruction for applications such as doc-

umenting historical sites or works of art. One of the first such endeavors is The Digital

Michelangelo Project [44], where a team of researchers scanned works of Michelangelo

with the goal of producing 3-D models that would then be made available worldwide.

For many medical conditions, medical image analysis is a critical step on the

way to establish a patient’s diagnosis and to determine the optimal treatment plan.

However, sensors used in medical imaging have limitations, and this makes algorithms

that generate accurate reconstructions of the 3-D surface of the analyzed body part,

become a necessary an important tool.

The work developed in this chapter targets applications from film industry, and

devises an algorithm that reconstructs a digital video from gradient data. The algo-

rithm, once devised, will be used in gradient based video editing techniques, and this

will be illustrated in Section 3.7 of this chapter.

3.3 Related work

Researchers from the computer graphics [45], [46] and medical imaging [47], [48], [49]

communities study the problem of 3-D surface reconstruction form a slightly different

perspective than the one adopted in this work. Specifically, they reconstruct a 3-

D surface from point clouds, with or without orientations (i.e. surface normals, or

gradients). In our work, we reconstruct a 3-D digital signal from gradient data, and

the average value of the signal to be reconstructed.

As argued earlier, obtaining a digital signal from a given gradient data set is an

important required step in gradient domain signal processing applications. This step

poses a problem when the gradient from which the reconstruction is attempted is

artificially generated, and does not belong to a digital signal.

While many techniques have been developed to reconstruct 2-D surfaces from

a given gradient dataset [11], [50], [51], [52], the 3-D case appears less explored.

The most used solution [9] to solve the 3-D problem of signal reconstruction from

a gradient dataset belongs to the class of multigrid [53], [14]. Multigrid techniques

are a class of highly efficient solvers for the Poisson problem, based on solving the

problem on coarse grids, followed by interpolating a correction term back to finer
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grids. Practical multigrid algorithm use equal spacing along all dimensions at any

given scale, imposing thus an implicit restriction on the signal size, namely to have all

dimensions equal, and power-of-two. In this chapter, a wavelet based algorithm for

reconstructing 3-D signals from gradients is proposed. The proposed technique does

not require that all signal dimensions be equal, and can be used to reconstruct 3-D

signals such as digital videos, which tend to have all three dimensions different (width

and height of frame, and number of frames). The algorithm is based on obtaining

the Haar wavelet decomposition of the signal directly from the gradients and from it

the 3-D signal using wavelet synthesis, with the possibility of including an iterative

Poisson solver at each resolution level.

3.4 Notation

The technique developed in this chapter targets applications from film industry, such

as video editing, and as such, the signals of interest are video signals. That is, the

signal of interest is a 3-D discrete signal in which every point in space and in time

is described by a brightness value. Unless otherwise specified, the video signals are

considered in grayscale representation.

Let Φ be a 3-D signal, with size 2M ×2N ×2P , where 1 < M ≤ N ≤ P are integer

Figure 3.1: One step in the wavelet decomposition of a 3-D signal
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numbers. The signal value at a point (y, x, t) is denoted Φ (y, x, t), with y, x and t

orthogonal directions.

Directional downsampling (subsampling) by an integer factor n along the x, y

or t direction is denoted ↓n,x, ↓n,y or ↓n,t, respectively, while directional upsampling

assumes a similar notation, with the help of the ↑ symbol.

When the downsampling or upsampling operations are performed along all direc-

tions, and there is no danger of confusion, the subscript that indicates the direction is

omitted. For example, downsampling a 3-D signal Φ by a factor of 2 along directions

x, y and t is denoted ↓2 Φ.
The Haar wavelets are relevant to the algorithm developed here and the key build-

ing block in obtaining the wavelet decomposition of a 3-D signal is briefly reviewed

here.

The separability property of the 3-D wavelet transform allows for the Haar wavelet

decomposition of a 3-D signal Φ to be obtained after M steps illustrated in Figure 3.1.

The convention is that when k = M the Φ̂k
LLL signal is the original signal, with size

2M × 2N × 2P . For the definition of the Haar wavelet filters the reader is referred to

Equations 2.1–2.2 in Chapter 2.

3.5 Three dimensional signal reconstruction from

gradient

The wavelet-based reconstruction technique presented in Chapter 2 is developed here

in the case of 3-D signals, without expanding the data size to nearest cube, by finding

an approximation of the Haar wavelet decomposition of the signal directly from the

gradients and from it the 3-D signal using wavelet synthesis. As such, the result is

obtained in two steps, called analysis and synthesis, and their details are presented

over the following sections.

3.5.1 Analysis step: detail subbands of the wavelet decom-

position

The objective of the analysis step is to produce an approximation of the Haar wavelet

decomposition of the signal of interest from a given gradient data set. The eight

subbands of the first level in the Haar wavelet decomposition of a 3-D signal are
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shown in Figure 3.2. The problem that we address here is how to find these subbands

from the three directional components of the given gradient of the unknown 3-D

signal.

Figure 3.2: First eight subbands in the waveet decomposition of a 3-D signal

Let Φx, Φy and Φt be the three directional components of the given gradient data,

from which the signal Φ is to be reconstructed. In the beginning of the analysis step,

the highest resolution subbandsHLL, LHL and LLH of the 3-D Haar wavelet decom-

position of the unknown signal Φ are obtained from the given gradient components,

by lowpass filtering and subsampling by 2:

Φ̂M−1
HLL =

1√
2
↓2 {ΦxHL (zy)HL (zt)} (3.1)

Φ̂M−1
LHL =

1√
2
↓2 {ΦyHL (zx)HL (zt)} (3.2)

Φ̂M−1
LLH =

1√
2
↓2 {ΦtHL (zx)HL (zy)} (3.3)

In Equations 3.1–3.3, the expressions ΦxHL(zy), ΦyHL(zx) and ΦtHL(zx) denote

filtering the signals Φx, Φy and Φt with the Haar lowpass analysis filter, along the

y, x, and y directions, respectively. The expression ΦxHL(zy)HL(zt) denotes succes-

sive filtering of the signal Φx with the Haar lowpass analysis filter, first along the y

direction, then along the t direction.

Next, the HHH subband is found as as a linear combination of the given gradient

components, highpass filtered along orthogonal directions and downsampled by 2:
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Φ̂M−1
HHH =

1

6
√
2
↓2 {ΦxHH (zy)HH (zt) + ΦyHH (zx)HH (zt) + ΦtHH (zx)HH (zy)}

(3.4)

The HHL, LHH and HLH subbands of the Haar wavelet decomposition (shown

in Figure 3.2) are also obtained from the given gradient components by successive

highpass and lowpass filtering, and subsampling by 2:

Φ̂M−1
HHL =

1√
2
↓2 {ΦxHH (zy)HL (zt)} (3.5)

Φ̂M−1
LHH =

1√
2
↓2 {ΦyHH (zt)HL (zx)} (3.6)

Φ̂M−1
HLH =

1√
2
↓2 {ΦtHH (zx)HL (zy)} (3.7)

The final subband in the decomposition shown in Figure 3.2, i.e. Φ̂M−1
LLL , is obtained

by repeating the process described by Equations 3.1–3.7 at lower resolution levels. In

this way, the detail subbands at all resolution levels are found.

3.5.2 Analysis step: approximation subband at lowest reso-

lution

After the process described in Section 3.5.1 is completed, the lowest resolution LLL

subband (i.e. Φ̂0
LLL ) needs to be found in order to obtain the complete wavelet

decomposition of the unknown signal Φ.

When the signal is cubic, i.e. when the size of the unknown signal is 2M×2M×2M ,

the lowest resolution subband is a scalar. The value of this scalar cannot be obtained

from the given gradient components, but can be estimated from the mean value of the

signal. Specifically, Φ̂0
LLL =

(
2
√
2
)M ·m, where m is the mean value of the unknown

signal, or an estimate thereof.

When the signal is not cubic, the lowest resolution subband of the Haar wavelet

decomposition of Φ is denoted Φ̂0
LyLxLt

and is a signal with size 1× 2N−M × 2P−M .

Obtaining this subband is a 3-D generalization of the procedure described in Chap-

ter 2, Section 2.5.2, and illustrated by the numerical example included in Appendix A.

Specifically, Φ̂0
LyLxLt

can be found by solving a system of linear equations, obtained
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from the given discrete partial derivatives and the mean value of the signal. The

partial derivative Φx is used to derive 2P−M
(
2N−1 − 1

)
equations, and the partial

derivative Φt is used to derive 2N−M
(
2P−1 − 1

)
equations. The mean value of the

signal yields one more equation. In this way, a system of linear equations is formed:

Aλ = B (3.8)

where:

A ∈ R
[2P−M(2N−1−1)+2N−M(2P−1−1)+1]×2N+P−2M

, andB ∈ R
[2P−M(2N−1−1)+2N−M(2P−1−1)+1]×1

are known quantities obtained from partial derivatives and the mean value of the sig-

nal, and λ is the unknown, which, once found is reshaped and generates Φ̂0
LyLxLt

.

Figure 3.3: The 3-D arrays Dx, Dy and Dt used in Eq. 3.9

Figure 3.4: The 3-D array L used in Eq. 3.9
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3.5.3 Synthesis step

In the synthesis step, Haar wavelet synthesis is used to obtain the 3-D signal of interest

Φ. An iterative Poisson solver is included at each resolution level, to alleviate the

effects of approximating the coarsest resolution subband coefficients. Incorporating

the Poisson solver in the synthesis step at resolution level k is done as follows: first,

Haar wavelet synthesis is performed at level k of the decomposition obtained in the

analysis step, and resolution level k + 1 is obtained; then, a 3-D iterative Poisson

solver is applied to the k+1 resolution level. The solver is a 3-D extension of the one

used in [54]. Its role is to smooth out any errors in the decomposition obtained at

the end of the analysis step. The first level where the Poisson solver can be applied is

the second and the last one is the maximum resolution level of the considered signal.

The equation describing the 3-D Poisson solver employed in the synthesis step is:

Φ̂k
LLL (i+ 1) = Φ̂k

LLL (i)+0.25 []L⊗ Φ̂k
LLL (i)−Dx⊗ Φ̃x−

[
Dy ⊗ Φ̃y −Dt ⊗ Φ̃t

]
(3.9)

where i ≥ 1 is the integer iteration index, Φ̃x, Φ̃y and Φ̃t are subsampled and filtered

versions of the gradient components and are obtained in the analysis step, Φ̂k
LLL (1)

is the LLL subband at resolution level k, Dx, Dy and Dt are listed in Figure 3.3, L in

Figure 3.4, and ⊗ denotes 3-D convolution. The use of the wavelet transform implies

a computational complexity of O(N) and since in most cases a very low number

of iterations of the Poisson solver are required at each resolution level, including

the Poisson solver in the synthesis step does not have a significant impact on the

computational complexity of the proposed algorithm.

3.6 Performance evaluation

In this section, the reconstruction algorithm is evaluated and the quality of the results

is compared with existing techniques. The comparison is done first with respect

to an earlier version of the algorithm [16], which requires signal extension to the

same nearest power of two along each of the signal dimensions. Then, the proposed

technique is compared with a fast and efficient multigrid technique [14], used in the

video processing community [9], on two video sequences with different size.
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Figure 3.5: Performance evaluation in terms of solution accuracy

Figure 3.6: Performance evaluation in terms of solution efficiency

3.6.1 Comparison with previous work

A set of 3-D test signals with sizes ascending powers of two was generated. The

gradient of each test signal was computed and reconstructions obtained by computing
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the coarsest resolution subband using the method in Section 3.5 (denoted “With

LLL” in Figure 3.5) were compared with reconstructions where the coarsest resolution

subband has all entries equal to a value proportional to the signal mean (denoted

“Without LLL” in Figure 3.5). Three iterations of the recursive Poisson solver were

included at each resolution during the synthesis algorithm. In terms of solution

accuracy (SNR) the quality of the results is correlated with the ones reported in the

2-D case, in Section 2.6.

The significant advantage of the new reconstruction technique over the approach

that performs signal extension, is in terms of efficiency. The reconstructions obtained

by setting all entries in Φ̂0
LLL to a constant are compared to the earlier technique

in [10], where a cubic wavelet decomposition of the signal extension was obtained

in the analysis step, from an extended version of the given gradient. The results

are shown in Figure 3.6. As the Figure reveals, the new algorithm outperforms the

previous approach in terms of speed especially in cases where the differences in the

signal size are large.

3.6.2 Comparison with multigrid

Here, the performance of the technique developed in Section 3.5 to reconstruct a 3-D

signal from a given gradient dataset is assessed by comparing it with an existing tech-

nique used by the video processing community [9]. The performance evaluation was

done by generating two testing video sequences with different sizes, and comparing

the reconstructions produced by the proposed algorithm with those produced by the

fast multigrid algorithm developed by Prof. A. J. Roberts [14].

The video sequence used in this experiment is called carphone and is one of the

typically employed benchmark video sequences in video processing. Several sample

frames from the original video are shown in Figures 3.7a– 3.7c. The size of the

original video sequence is 144× 176× 382. Two testing video sequences were created

by cropping each frame in the original video: Video 1, with size 122× 124× 382, and

Video 2, with size 58× 62× 382.

The following experiments were carried out on Video 1 and Video 2. The gradient

was computed, and the average value of the video sequence was calculated and stored.

Then, the proposed reconstruction technique was used to recover the video sequence,

from the gradient data set. The final coarse resolution subband entry was obtained

exactly, as in the procedure described in Section 3.5.2. The available implementation
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of the multigrid technique assumes the domain of the function to be recovered is cubic.

So, the two 3-D test signals were first extended to a cube version, then their gradient

was computed and used as input to the reconstruction algorithm. Three iterations of

Poisson solvers were used in each of the algorithms, for a fair comparison.

The recovered video sequences were compared with the originals and the following

four performance indices were monitored:

� SNR: the signal to noise ratio between vectorized versions of the original and

reconstructed signals

� PSNR: the peak signal to noise ratio between each original and each recon-

structed frame; the average value across all frames was recorded

(a) Original frame 1 (b) Original frame 100 (c) Original frame 250

(d) Video 1 frame 1 (e) Video 1 frame 100 (f) Video 1 frame 250

(g) Video 2
frame 1

(h) Video
2
frame
100

(i) Video
2 frame
250

Figure 3.7: Sample frames from carphone video sequence. Size of original video: 144 ×
176 × 382. Size of Video 1: 122 × 124 × 382. Size of Video 2: 58 × 62 × 382.
Original video from [55].
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Proposed Multigrid [14]
Overall SNR 79 47

Average PSNR 87 55
Average SSIM 1 0.9997

Time per sample 2.18× 10−5 4.39× 10−5

Table 3.1: Performance evaluation on Video 1

Proposed Multigrid [14]
Overall SNR 91 48

Average PSNR 98 54
Average SSIM 1 1

Time per sample 2.28× 10−5 15.2× 10−5

Table 3.2: Performance evaluation on Video 2

� SSIM: the structural similarity index measure [17] between each original and

each reconstructed frame; the average value across all frames was recorded

� time per sample: the time necessary to generate the gradient data set and

obtain an approximation of the reconstruction was measured, and the result

divided by the number of samples in the original 3-D signal

The results pertaining to the experiments performed on Video 1 and Video 2 are

shown in Table 3.1 and Table 3.2. In terms of visual quality (SNR, PSNR and SSIM),

the results produced by the two techniques are very similar. The advantage of the

proposed technique is in that it can handle signals with large difference between the

three sizes in a more efficient way, and this becomes apparent from Table 3.2.

3.6.3 Conclusions regarding 3-D performance

The results shown in Figures 3.5 and 3.6, as well as those in Table 3.1 and 3.2 show

that for 3-D signals with large differences between the three dimensions, the new

approach produces a solution in significantly less time than the approach in [10].

This is expected, as a significant amount of memory is required by the algorithm

in [10], and [14] to generate and store the extended cubic intermediate signals, and

this translates into additional processing time or exhausting system memory.

Moreover, as at the end of the analysis step the algorithm produces a wavelet-like

decomposition of the 3-D signal of interest, additional processing such as denoising

becomes possible. This is a unique feature that distinguishes the proposed algorithm
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(a) Boat Frame
10

(b) Boat Frame
170

(c) Boat Frame
250

(d) Beach Frame 10 (e) Beach Frame 170 (f) Beach Frame 250

(g) Result Frame 10 (h) Result Frame 170 (i) Result Frame 250

Figure 3.8: Beach - boat example

from existing state of the art reconstruction algorithms and makes it valuable for

gradient based video processing applications.

3.7 Applications

In this Section, two video editing applications will be presented. In the first one,

gradient information from two video sequences will be combined with the purpose

of generating a new one, that contains information from both video sequences. In

the new video, content from a user specified region will be replaced with content

from the other one. In the second application, gradient information from two videos

will be combined with a slightly different objective. Specifically, the objective in

this application is to generate a third video that simulates a transparency effect. In

both applications, a requirement for the resulting video sequence is that it has to be

realistic, and free as much as possible from any noticeable visual artifacts.
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3.7.1 Video editing: content replacement

3.7.1.1 Example 1: Beach boat (grayscale)

This example illustrates the framework of our technique in its most basic form. The

two videos to be combined are in grayscale representation and are illustrated by three

representative frames in Figure 3.8g–3.8f.

The objective is to insert the content of the boat video in the beach video

sequence 1. Our approach to the task is the following. First, the gradient of the two

video sequences is computed. Then, a spatial location of where the boat video is to

be inserted is specified by the user. Instead of stitching along the edge of the boat

video, we do the stitching in regions where the magnitude of the spatial gradient of

the boat video exceeds the value of the sum between the mean and median values of

the spatial magnitude of the boat video gradient. This spatial gradient thresholding

intuitively corresponds to edge detection and the value of the threshold was chosen

to minimize user interaction. Within the user specified spatial boundaries, we use the

magnitude of the spatial gradient of the boat video to create a mask, with values one

in regions where it is higher than the threshold and zero everywhere else. Then, we

use this mask to select the corresponding components from the gradient of the boat

video and place them in the gradient of the beach video. Next, a composite video is

reconstructed from the gradient data thus obtained using the algorithm in section 3.5.

Lastly, the mean value of the video is corrected to match the mean value of the beach

video. Three representative frames of the result are shown in Figure 3.8g–3.8i.

3.7.1.2 Example 2: Diver - Shark (color)

This example illustrates the framework of our technique for color videos. The two

videos used here are illustrated by three representative frames in Figure 3.9a– 3.9f.

The objective is to include the content of the shark video sequence in the diver

video sequence. Combining the gradients is done on each of the three color chan-

nels individually. The three stitched gradient components (corresponding to the red,

green and blue channels) are obtained in a similar manner as described in the previ-

ous example. Then, the intensity values of the red, green and blue channels of the

composite video are obtained using the proposed reconstruction algorithm. At the

end, the three channels are combined to produce the color video. Three frames of

1The videos are from YouTube
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(a) Shark Frame
10

(b) Shark Frame
50

(c) Shark Frame
75

(d) Diver Frame 19 (e) Diver Frame 59 (f) Diver Frame 84

(g) Result Frame 19 (h) Result Frame 59 (i) Result Frame 84

Figure 3.9: Diver - shark example

the result are shown in Figure 3.9g–3.9i. This example differs from the previous one

in several ways. First, the shark video sequence has fewer frames than the diver

sequence. Still, the transition from one video sequence to the other is smooth in both

space and time, and no seams are noticeable. Second, the two videos have strong

differences in colour, as can be noted from Figure 3.9g–3.9i. Although the dominant

color is different in the two video sequences, the result looks uniform. This is because

after the reconstruction, the mean value of the result was adjusted to match the one

of the dominant video (in this case, the diver video).
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(a) Clock Frame 5 (b) Clock Frame 19 (c) Clock Frame 50

(d) Fish Frame 5 (e) Fish Frame 19 (f) Fish Frame 50

(g) Result Frame 5 (h) Result Frame 19 (i) Result Frame 50

(j) Result from [9]
Frame 5

(k) Result from [9]
Frame 19

(l) Result from [9]
Frame 50

Figure 3.10: Clock - fish example

3.7.2 Video editing: transparency

This example was studied in [9] and is presented here to showcase that the proposed

reconstruction technique is also a valuable tool in transparency video editing appli-

cations.
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(a) Clock video frame (b) Clock Face (c) Pendulum Face

(d) Clock Rim (e) Outside Clock

Figure 3.11: Clock - fish example - masks

The two videos used here 2 are illustrated by three representative frames on the

top two rows of Figure 3.10. The two videos have the same spatial size (i.e. the same

number or rows and columns in a frame), and differ in the third dimension (i.e., have

different number of frames). The objective is to insert the content from the clock

video in the fish video and to make the clock and pendulum faces look transparent

such that content from the fish sequence appears superimposed. The approach of [9]

for this example is gradient based, similar to ours. What is different in our work is the

generation of the mask used for the stitching and the reconstruction of the video from

the gradient. In an attempt to minimize user interaction (as done in [9]), in this work,

the edges of the regions of interest are identified by thresholding the intensity values

of the RGB channels of the clock video in each frame. However, this still required

prior knowledge about the signal content. A simple thresholding of the magnitude of

the gradient on one of the channels failed to yield good results, because of the low

contrast between the pendulum and the surrounding frame. The four masks used in

this example are shown in Figure 3.11. The result is illustrated by the three frames

shown in Figures 3.10g–3.10i, side by side with the results from [9].

2The videos have been used in [9] and are courtesy of Hongcheng Wang
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3.8 Conclusions

An efficient way of reconstructing 3-D signals from gradient data was presented in

this chapter. The approach is based on finding the Haar wavelet decomposition of the

signal first, then reconstructing the signal by wavelet synthesis. The main advantage

of this technique over a previously devised technique [10] is the way in which the

case of non-cubic signals is addressed. Resources are allocated to determining the

coarsest resolution coefficients of the Haar wavelet decomposition of the unknown

signal, in the general non-cubic case. The experiments presented in Section 3.6 show

that when there is no noise in the input data, obtaining an accurate approximation of

the coarsest resolution coefficients typically increases the accuracy of the solution, to

the expense of computation time and memory consumption. On the flipside, when the

gradient data has been modified to meet certain requirements, such as those arising in

video editing applications, approximating these coefficients has little to no noticeable

consequence on the visual quality of the signal.

The findings of this chapter confirm the initial conclusions of Chapter 2, in that

the new approach to signal reconstruction from gradient data seems suitable for

multi-dimensional signal processing applications (e.g.̃, 4-D signals such as light fields).

These ideas will be further developed in Chapters 4 and 5 of this dissertation.



50

Chapter 4

Four dimensional signal

reconstruction from gradient data

4.1 Chapter outline

An algorithm is described here to generate a four dimensional signal from a known

gradient data set. The technique targets light field applications and is developed as

such.

The motivation behind the developments of this chapter is given in Section 4.2.

Section 4.3 provides an overview of the signal of interest and reviews some of its

applications. Section 4.4 introduces the notation used in the remainder of this chapter.

In Section 4.5, the details of a technique designed to recover a light field from a given

gradient data set are revealed. The chapter continues with an analysis aimed at

establishing the performance of the proposed technique to recover light fields from

their derivatives, presented in Section 4.6. Section 4.7 reviews the content of this

chapter providing concluding remarks and recommendations.

4.2 Objective and motivation for 4-D study

The developments of this chapter are motivated to a great extent by the excellent

problem solving capability of gradient based approaches in 2-D or 3-D signal process-

ing applications. As such, a direction that will be explored in the remainder of this

dissertation is developing gradient domain based solutions for 4-D signal processing

applications.
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A necessary and important step in developing algorithms that operate primarily

in the gradient domain is devising a way to recover the signal from a given gradient

data set, and this is the main goal of this chapter. The significant contribution of

this work is developing an efficient algorithm to reconstruct a light field from a given

gradient datasets.

4.3 Background information

4.3.1 Light field scene representation

Recent developments [56] put forth new ways of representing light in a scene. In

this novel approach, light in the scene is no longer represented as a 2-D function (i.e.

brightness in the scene as a function of its position on a plane). Instead, the light

intensity of a point in a scene is depicted as a 4-D function, that depends on the

spatial position of the point in a 2-D plane and on the direction that a certain ray of

light that hits that point comes from.

Obtaining such a scene representation can be tackled in different ways. For ex-

ample, an array of cameras can be used to capture multiple representations of the

same scene [57], [58]. Another way is to use one camera, translate it on a regularly

spaced grid to generate an array of images of the same scene [4]. A different way [3]

is to use software and generate different views of the same imaged scene. This has

the advantage of generating high quality images that can be used as ground truth in

a variety of applications, such as depth or disparity estimation.

Another way of obtaining a 4-D light scene representation is by using a micro

lens based plenoptic camera. The idea behind these cameras was developed by Ren

Ng [56]. His idea was then put in practice when these revolutionary alternatives to

conventional digital cameras became available to consumers (Lytro [59], Raytrix [60]).

A comparison between how light in a scene is recorded on the camera sensor in

plenoptic cameras and in traditional cameras is illustrated in Figure 4.1. Specifically,

in the light field camera (shown in Figure 4.1b), an array of small lenses is placed

between the camera lens and the camera sensor. These small lenses separate the

converging rays and create separate images of the scene on the camera sensor. In this

way, plenoptic cameras capture all light travelling along all directions intersecting

the sensor [56], as opposed to their conventional counterparts (shown in Figure 4.1a),

which by design capture the total amount of light at each point on the sensor.
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(a) Conventional camera (b) Light field camera

Figure 4.1: Schematic camera representation

The advantage of this new way of representing light in a scene is the tremendous

number of applications it opens the gate for. For photographers, the ability to change

the focus after the photo was taken is often desired and this is possible when a

plenoptic camera is used [56]. The ability to change the aperture of the camera is often

useful in artistic/ visually pleasing scene representation. This in turn has interesting

applications in reconstructing occluded surfaces [61]. Needless to say, eliminating

occlusions from a scene has important benefits in security. Light field imaging has

also potential in assisting devices such as robots that operate in notoriously difficult

environments [62]. Designing high dynamic range video projectors is also possible

if one makes use of light field information [63]. Another ongoing challenge that has

been tackled in the light field domain is designing glasses-free 3-D displays [64] or

displays that can compensate viewers’ visual aberrations [65] can also be tackled if

one is given a light field scene representation.

4.3.2 Signal of interest visualization

The light field notion as described earlier in this chapter has gained increased attention

over the past two decades and as such the research community is still confronted with

a series of open problems, such as understanding what is the most intuitive way for

a user to visualize and manipulate such data. Recent user studies [2], [66] analyze

two main interaction paradigms for visualizing and manipulating light fields: the

multifocus and the multiview paradigm. In the first paradigm, the user sees and can

distinguish between objects in the light field by synthetically changing the aperture of
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Figure 4.2: Multiview representation of (color) light field platonic [3]. The light field is
pictured as a 9 × 9 array of 512 × 512 × 3 images, with the last dimension
indexing color information (RGB model considered)

the camera, generating a narrow depth of field with the object of interest in the centre.

In the second paradigm, the user has access to the multiple views captured by the

light field sensor, and this is the representation preferred in this work. Specifically, a

light field is viewed as a 2-D array of (color or grayscale) images. Figure 4.2 illustrates

the multiview representation of a computer generated light field [67] with size 9 × 9

× 512 × 512 × 3. The first two signal dimensions correspond to the size of the array
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(a) Image (1,1) (b) Image (1,5) (c) Image (1,9)

(d) Image (5,1) (e) Image (5,5) (f) Image (5,9)

(g) Image (9,1) (h) Image (9,5) (i) Image (9,9)

Figure 4.3: Sample images in a color light field. Original light field size: 9×9×512×512×3

of images, and the following two correspond to the size of each individual image in

the array. The last dimension indexes color information.

In Figure 4.3, a 3 × 3 array of images extracted from a benchmark light field

platonic [3] is shown. Several images from the luminance channel of the light field

are shown in Figure 4.4a–4.4c. As the light field is a function of four variables, its

gradient has four directional components. Two of these components are shown in

Figure 4.4d–4.4i. The multi-dimensional array Φx depicts horizontal changes in each

image of the array, shown in Figure 4.4d–4.4f, while Φy depicts vertical changes, as

seen in Figure 4.4g–4.4i. The multi-dimensional array Φu depicts horizontal changes

between consecutive images in the array, shown in Figure 4.5a–4.5c, while Φv depicts

vertical changes, as seen in Figure 4.5d–4.5f.
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(a) Image (1,1) (b) Image (5,5) (c) Image (9,9)

(d) Horizontal changes
in image (1,1)

(e) Horizontal changes
in image (5,5)

(f) Horizontal changes
in image (9,9)

(g) Vertical changes in
image (1,1)

(h) Vertical changes in
image (5,5)

(i) Vertical changes in
image (9,9)

Figure 4.4: Visualization of the relationship between the images in the light field (top
row), and the corresponding spatial derivatives Φx and Φy (middle, and bot-
tom row, respectively). In the last two rows, black depicts a high magnitude
derivative value.
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(a) Image (1,1) (b) Image (1,2) (c) Change between image
(1,2) and image (1,1)

(d) Image (1,1) (e) Image (2,1) (f) Change between image
(2,1) and image (1,1)

Figure 4.5: Visualization of spatial derivatives Φu and Φv (i.e., the gradient components
that depict changes between consecutive images in the array, in the horizontal
and vertical direction, respectively). In the last column, black depicts a high
magnitude derivative value.
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4.4 Notation

4.4.1 Filtering

In what follows, ΦH (z) denotes one dimensional filtering of multi-dimensional signal

Φ with a one dimensional filter given by transfer function H (z). The subscript k in

the expression ΦH (zk) indicates that the filtering is performed in the direction dk.

For the purpose of making this chapter self-contained, the definition of Haar

wavelet analysis filters is recalled here:

HL (zi) =
1√
2

(
1 + z−1

i

)
(4.1)

HH (zi) =
1√
2

(
1− z−1

i

)
(4.2)

where i ∈ {1, 2, 3, 4} denotes the filtering direction.

4.4.2 Sampling rate change

Directional downsampling by a factor n along direction dk is denoted by ↓n,dk . For

example, downsampling a 4-D signal Φ by 2 along the first direction is denoted ↓2,d1 Φ.
Directional upsampling by a factor n along direction dk is denoted by ↑n,dk .

Downsampling or upsampling along more than one direction is indicated by plac-

ing the corresponding directional subscripts one after the other. For example, down-

sampling signal Φ by 2 along directions d1 and d3 is denoted ↓2,d1d3 Φ.
When downsampling or upsampling is done along all directions, the directional

subscripts are dropped, to simplify the notation. For example, downsampling signal

Φ by a factor of 2 along all four directions is denoted by ↓2 Φ.

4.5 Four dimensional signal reconstruction from

gradient

The problem at hand here is to produce a 4-D signal Φ ∈ R
2d1×2d2×2d3×2d4 from a

given gradient data set and an estimate of the average value of the signal. Without

the loss of generality, the algorithm is developed under the assumption that 0 < d1 �
d2 � d3 � d4.
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Figure 4.6: One step in the (Haar) wavelet decomposition of a 4-D signal

The algorithm is developed in a similar framework with the 2-D and 3-D algo-

rithms presented in 2 and 3, and has two main steps. First, an analysis step, at the

end of which the 4-D Haar wavelet decomposition is obtained from the given gradient

data. Second, a synthesis step, in which a signal is obtained from the Haar wavelet

decomposition.

The (full) Haar wavelet decomposition of a signal with size 2d1 × 2d2 × 2d3 × 2d4

is obtained from the signal in d1 steps. One step of this process is illustrated in

Figure 4.6. Concretely, the signal is downsampled and filtered as shown, generating

the 16 subsignals (subband coefficients) illustrated on the right hand side of Figure 4.6.

This process is then repeated to signal Φ̂k−1
LLLL. The full decomposition is obtained

after d1 steps, with the convention that Φ̂d1
LLLL is the full resolution signal, and Φ̂0

LLLL
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is the lowest resolution.

In contrast to finding the Haar wavelet decomposition from the signal, presented

here is a means to obtain the Haar wavelet decomposition from the gradient of the

signal. Similarly to the process illustrated in Figure 4.6, the process of finding the

wavelet decomposition from the gradient data is iterative, and will be described in

the following subsections.

4.5.1 Analysis step: detail subbands of the wavelet decom-

position

Finding the wavelet decomposition of the signal of interest from the derivatives begins

by finding 24−1 detail subbands: Φ̂d1−1
HHHH , Φ̂

d1−1
HHHL, Φ̂

d1−1
HHLH , Φ̂

d1−1
HLHH , Φ̂

d1−1
LHHH , Φ̂

d1−1
HHLL,

Φ̂d1−1
HLHL, Φ̂

d1−1
HLLH , Φ̂

d1−1
LHHL, Φ̂

d1−1
LHLH , Φ̂

d1−1
LLHH , Φ̂

d1−1
HLLL, Φ̂

d1−1
LHLL, Φ̂

d1−1
LLHL, and Φ̂d1−1

LLLH .

For this purpose, it is useful to recall the connection between the gradient com-

ponents of a 4-D signal Φ and the 1-D Haar highpass filter HH (z):

Φi =
√
2ΦHH (zi) (4.3)

Φi are the four directional components of the gradient of Φ, and i ∈ {1, 2, 3, 4}. Recall
also that ΦHH (zi) indicates filtering Φ along direction di.

At resolution d1−1, the detail coefficients can be found by evaluating the following

expressions:

Φ̂d1−1
HHHH = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
1√
2
Φ2

}]
HH (z1)

}]
HH (z4)

}]
HH (z3)

}
(4.4)

Φ̂d1−1
HHHL = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
− 1√

2
Φ2

}]
HH (z1)

}]
HH (z4)

}]
HL (z3)

}
(4.5)

Φ̂d1−1
HHLH = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
− 1√

2
Φ2

}]
HH (z1)

}]
HL (z4)

}]
HH (z3)

}
(4.6)
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Φ̂d1−1
HHLL = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
1√
2
Φd2

}]
HH (z1)

}]
HL (z4)

}]
HL (z3)

}
(4.7)

Φ̂d1−1
HLHH = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
− 1√

2
Φ2

}]
HL (z1)

}]
HH (z4)

}]
HH (z3)

}
(4.8)

Φ̂d1−1
HLHL = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
1√
2
Φ2

}]
HL (z1)

}]
HH (z4)

}]
HL (z3)

}
(4.9)

Φ̂d1−1
HLLH = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
1√
2
Φ2

}]
HL (z1)

}]
HL (z4)

}]
HH (z3)

}
(4.10)

Φ̂d1−1
HLLL = ↓2,d3

{[
↓2,d4

{[
↓2,d1

{[
↓2,d2

{
− 1√

2
Φ2

}]
HL (z1)

}]
HL (z4)

}]
HL (z3)

}
(4.11)

Φ̂d1−1
LHHH = ↓2,d3

{[
↓2,d4

{[
↓2,d2

{[
↓2,d1

{
− 1√

2
Φ1

}]
HL (z2)

}]
HH (z4)

}]
HH (z3)

}
(4.12)

Φ̂d1−1
LHHL = ↓2,d3

{[
↓2,d4

{[
↓2,d2

{[
↓2,d1

{
1√
2
Φ1

}]
HL (z2)

}]
HH (z4)

}]
HL (z3)

}
(4.13)

Φ̂d1−1
LHLH = ↓2,d3

{[
↓2,d4

{[
↓2,d2

{[
↓2,d1

{
1√
2
Φ1

}]
HL (z2)

}]
HL (z4)

}]
HH (z3)

}
(4.14)
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Φ̂d1−1
LHLL = ↓2,d3

{[
↓2,d4

{[
↓2,d2

{[
↓2,d1

{
− 1√

2
Φ1

}]
HL (z2)

}]
HL (z4)

}]
HL (z3)

}
(4.15)

Φ̂d1−1
LLHH = ↓2,d3

{[
↓2,d1

{[
↓2,d2

{[
↓2,d4

{
1√
2
Φ4

}]
HL (z2)

}]
HL (z1)

}]
HH (z3)

}
(4.16)

Φ̂d1−1
LLHL = ↓2,d3

{[
↓2,d1

{[
↓2,d2

{[
↓2,d4

{
− 1√

2
Φ4

}]
HL (z2)

}]
HL (z1)

}]
HL (z3)

}
(4.17)

Φ̂d1−1
LLLH = ↓2,d4

{[
↓2,d1

{[
↓2,d2

{[
↓2,d3

{
− 1√

2
Φ3

}]
HL (z2)

}]
HL (z1)

}]
HL (z4)

}
(4.18)

To completely determine the first level of the wavelet decomposition, the remaining

subband Φ̂d1−1
LLLL needs to be found. The approach described here for this task is

recursive, and entails finding the 15 detail subbands at consecutive resolution levels,

starting from level d1 − 2 down to 0. All detail subbands can be found from the

gradient data, and a way to do this is described below.

The following notation helps to achieve a more compact form of the equations:

ΦF
i =

1(√
2
)3Φi

∏
m�=i

HL (zm) (4.19)

where i,m ∈ {1, 2, 3, 4} and Φi is a directional component of the given gradient data.

Then, for k = 2 to d1, the 15 subbands are given by:

Φ̂d1−k
HHHH = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HH

(
z22
)
HH

(
z23
)
HH

(
z24
)}

(4.20)

Φ̂d1−k
HHHL = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HH

(
z22
)
HH

(
z23
)
HL

(
z24
)}

(4.21)

Φ̂d1−k
HHLH = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HH

(
z22
)
HL

(
z23
)
HH

(
z24
)}

(4.22)
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Φ̂d1−k
HLHH = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HL

(
z22
)
HH

(
z23
)
HH

(
z24
)}

(4.23)

Φ̂d1−k
LHHH = ↓4

{(√
2
)3
ΦF

2 HL

(
z21
)
H2

L (z2)HH

(
z23
)
HH

(
z24
)}

(4.24)

Φ̂d1−k
HHLL = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HH

(
z22
)
HL

(
z23
)
HL

(
z24
)}

(4.25)

Φ̂d1−k
HLHL = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HL

(
z22
)
HH

(
z23
)
HL

(
z24
)}

(4.26)

Φ̂d1−k
HLLH = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HL

(
z22
)
HL

(
z23
)
HH

(
z24
)}

(4.27)

Φ̂d1−k
LHHL = ↓4

{(√
2
)3
ΦF

2 HL

(
z21
)
H2

L (z2)HH

(
z23
)
HL

(
z24
)}

(4.28)

Φ̂d1−k
LHLH = ↓4

{(√
2
)3
ΦF

2 HL

(
z21
)
H2

L (z2)HL

(
z23
)
HH

(
z24
)}

(4.29)

Φ̂d1−k
LLHH = ↓4

{(√
2
)3
ΦF

3 HL

(
z21
)
HL

(
z22
)
H2

L (z3)HH

(
z24
)}

(4.30)

Φ̂d1−k
HLLL = ↓4

{(√
2
)3
ΦF

1 H
2
L (z1)HL

(
z22
)
HL

(
z23
)
HL

(
z24
)}

(4.31)

Φ̂d1−k
LHLL = ↓4

{(√
2
)3
ΦF

2 HL

(
z21
)
H2

L (z2)HL

(
z23
)
HL

(
z24
)}

(4.32)

Φ̂d1−k
LLHL = ↓4

{(√
2
)3
ΦF

3 HL

(
z21
)
HL

(
z22
)
H2

L (z3)HL

(
z24
)}

(4.33)

Φ̂d1−k
LLLH = ↓4

{(√
2
)3
ΦF

4 HL

(
z21
)
HL

(
z22
)
HL

(
z23
)
H2

L (z4)

}
(4.34)

Update the coefficients ΦF
i

ΦF
i = ↓2

{
√
2ΦF

i HL (zi)
∏
m�=i

HL

(
z2m
)}

where i,m ∈ {1, 2, 3, 4}
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Once the process described by Equations 4.20–4.34 is complete, all the detail

subbands in the wavelet decomposition of Φ have been found. What is missing to

complete the wavelet decomposition is the lowest resolution subband, i.e. Φ̂0
LLLL. A

means to recover these coefficients is described in the following subsection.

4.5.2 Analysis step: approximation subband at the lowest

resolution

4.5.2.1 Signal with equal dimensions

When the signal dimensions are all equal, i.e. when the signal has size 2d1×2d1×2d1×
2d1 , the approximation subband at the lowest resolution is a constant, proportional

to the mean value of the signal. Specifically:

Φ̂0
LLLL =

(√
2
)4d1

·m (4.35)

where m is the average value of the signal.

In other words, while it is not possible to find the lowest subband from the signal

derivatives, it can be approximated from the average value of the signal.

4.5.2.2 Signal with different dimensions

The question this section will provide an answer to is how to find the lowest resolution

subband when the signal dimensions are not equal.

The analysis and findings presented in the remainder of this chapter assume that

the unknown 4-D signal has a light field structure. In particular, the similarity be-

tween all images in the array is the key property exploited in the developed method.

First, the derivatives corresponding to the central image in the light field are ex-

tracted from the light field derivative data set. Then, an approximation of the central

image in the light field is obtained from the extracted derivative, using the 2-D inte-

gration algorithm described in Chapter 2. An approximation of Φ̂0
LLLL (of the entire

light field) can then be found by summing all the elements in square consecutive re-

gions of the central image, with the side of the square equal to the smallest dimension

of the light field, e.g. 4 in a 4× 4× 64× 128 light field.

The technique described above gives only an approximation of Φ̂0
LLLL, so after the

analysis step is complete, the decomposition obtained will be an approximation of the
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Figure 4.7: A 4× 4× 64× 128 slice from the light field jellybeans [4]

“true” wavelet decomposition of the signal. Therefore, an error will be introduced

in the reconstructed signal. This error is smoothened out during the synthesis step,

when a couple of iterations of the Poisson solver are used at each resolution level.

An illustrative example

A light field with size 4 × 4 × 64 × 128 was generated from benchmark light field

jellybeans [4]. The light field is shown in Figure 4.7 as a 4 × 4 matrix of images,

each having size 64× 128.

A first impression on how good the approximation method is can be made by

studying Figure 4.8. On the top row, a comparison between the lowest resolution

subband of the wavelet decomposition of the light field shown in 4.7 and the approx-

imation obtained from the central image as described is shown. Note that the two

sets of subband coefficients are quite similar. The bottom left hand side of Figure 4.8

shows the absolute value of the difference between the two sets of subband coefficients,

normalized with respect to the absolute value of the “true” Φ̂0
LLLL. For completeness,

the bottom right plot shows the central image in the light field.

Depending on the signal size and content, the approximation technique can be

attempted in one of the patterns illustrated in Figure 4.9. The impact of approxi-

mating the lowest resolution subband Φ̂0
LLLL on the quality of the reconstructed light

fields will be studied in 4.6.
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Figure 4.8: Visualizing the Φ̂0
LLLL subband of the wavelet decomposition of a light field

Φ with size 4 × 4 × 64 × 128. Size of Φ̂0
LLLL is 1 × 1 × 16 × 32 and is shown

on the top row as a 2-D signal. The bottom left image depicts the absolute
value of the difference between the “true” Φ̂0

LLLL, obtained from the wavelet
decomposition, and its approximation obtained from the central image (nor-
malized with respect to the absolute value of the “true” Φ̂0

LLLL). The bottom
right plot shows the central image in the light field.

(a) Pattern “One image” (b) Pattern “Five images”

Figure 4.9: Illustration of images used to approximate lowest resolution subband. The
light field is shown as a 9× 9 array of images and the highlighted squares are
the images used to approximate Φ̂0

LLLL



66

No correction
1 2 3 4

1

2

3

4

11.8 11.85 11.9

Correction using one image
1 2 3 4

1

2

3

4

32 32.5 33

Figure 4.10: Matrix of PSNR values (dB) between images in the original and in the re-
constructed light field. A lower value indicates better quality of the image
in the reconstructed light field. A higher value indicates lower quality of the
image in the reconstructed light field.
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Figure 4.11: Structural similarity index measure [17] between original images and the
ones in the reconstructed light field. A low value (blue) indicates low quality
of the image in the reconstructed light field. A high value indicates high
quality of the image in the reconstructed light field. The index range is from
0 to 1, with 1 corresponding to the image most similar to the given one

To assess the effectiveness of the technique presented, the light field was recon-

structed from its derivatives in two different ways: first, the 16 entries of Φ̂0
LLLL,

were considered equal; second, an approximation of the 16 entries was obtained from

image (3, 3) in the (4,4) array. Figures 4.10 and 4.11 show the PSNR and structural

similarity index measure (SSIM) [17] between the images in the original light field

and the images in the reconstruction.
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4.5.3 Synthesis step

Once the signal wavelet decomposition is obtained from the signal gradient as de-

scribed in Sections 4.5.1–4.5.2, the 4-D signal is reconstructed using a slightly modi-

fied version of the 4-D Haar wavelet synthesis process. The modification introduced in

the (standard) wavelet synthesis is necessary in order to visually correct, or smoothen

out, the errors introduced in the reconstruction by approximating the final subband

in the wavelet decomposition of the light field of interest. This correction is done by

using a 4-D extension of the iterative Poisson solver described in Appendix B at each

resolution.

4.5.4 Handling “non-power of two” dimensions

The most attractive feature of the signal reconstruction technique presented in this

chapter is that it can be used to to obtain a (4-D) signal from a gradient data set,

without the need to extend the given gradient data set to that corresponding to a

hypercube (i.e. a 4-D signal with all dimensions equal). As described earlier, the first

step of the proposed reconstruction technique is to generate the wavelet decomposition

of the signal of interest. As such, there is an implicit requirement on each of the

dimensions of the signal, and that requirement is that they have to be a power of

two. As such, a brief discussion about how the non-power of two case can be handled

is in order, and is presented here.

A possible approach is to extend the gradient data set to a set corresponding to a

hypercube with all dimensions equal to the largest of the nearest power of two of the

given data. That approach has non-negligible consequences on the size of the data

and is not taken here. Instead, a means was devised to extend the given gradient

to that corresponding to a signal in which all dimensions are powers of two. For

example, the gradient of a signal with size 5× 5× 250× 484 is extended to that of a

signal with size 8× 8× 256× 512. The wavelet decomposition is then found from the

extended version of the given gradient data set. An 8× 8× 256× 512 signal is then

obtained by modified wavelet synthesis. The signal of interest is then extracted from

the extended signal.

There are two important aspects to be mentioned about the way in which this

extension is done. The first one is that the extension step must not introduce bor-

der artifacts in the reconstructed signal. This is carried out by ensuring that the

extended gradient data set satisfies the zero curl condition in the regions where the
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extension was performed. The second aspect worth mentioning concerns the location

of the original gradient dataset in the extended gradient dataset. Although slightly

more cumbersome in terms of software implementation, placing the original gradient

dataset in the centre of the extended version tends to produce better quality results,

and this was the approach in the results reported here.

4.6 Performance evaluation

4.6.1 Indices

Although of a higher dimensional nature, the signals of interest in this chapter come

from the realm of image processing. Finding a measure that ranks the quality of

digital images in the same way as a human assessor would is a topic of research in

itself and numerous indices were proposed and studied. To date there is no one index

that suits all image processing and computer vision applications. The consensus in

literature, however, when it comes to visual quality assessment seems to lean towards

peak signal to noise ratio (PSNR) and structural similarity index measure (SSIM) [17],

when a reference image is available. The approach here to assess the ability of the

devised algorithm to reconstruct 4-D light fields from a gradient dataset is to compare

corresponding views from the reconstructed and original light field, in terms of PSNR

and SSIM.

For example, the quality of a reconstructed light field with size 5× 5× 256× 512

is determined by comparing each of the 25 views from the reconstructed light field

with each corresponding view from the original light field. For each of the 25 image

pairs the PSNR and SSIM values are computed and a 5 × 5 matrix is generated for

each index. The average value of each of these two matrices is then used as an overall

indicator of the reconstructed light field quality. In addition, zoomed in regions of

representative images in the light fields are studied to assist with the visual quality

assessment.

4.6.2 Results

4.6.2.1 Results on 5× 5 arrays of images

All light fields in the Synthetic Light Field Archive dataset [1] are computer generated,

with two main purposes: to simulate light fields inside a camera (light fields dragons
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and bunnies, shrubbery, Messerschmitt, dice and fish) and to develop new

technologies such as glasses-free 3-D displays [63] (light fields bunnies, TRex and

Teapot). The similarity between the images in the display light fields is usually

lower than the camera light field displays, as they span a wider field of view with the

intention of simulating a viewing zone in front of a glasses-free 3-D display.

On this dataset, in terms of PSNR, the approximation obtained using one image

outperforms the one using five images on all but three light fields: shrubbery, T-

rex and teapot. In terms of SSIM, the approximation obtained using one image

outperforms the one using five images on all but three light fields: dice, fish and

teapot.

In the dragons and bunnies light field, the artifacts are minimal, and visually

perceived as variations in shading. The top row of Figure 4.15 shows a cropped

300× 300 region from image (3,5) in the light field.

A similar observation can be made for the shrubbery light field. Some shading

artifacts appear a bit more noticeable in the 300 × 300 region from image (3,5). Of

note is the fact that the approximation using five images gives better quality results

than the approximation using only the central image, and this is also confirmed by

higher PSNR and SSIM values.

Both approximation techniques perform well on the light field Messerschmitt,

with minimal visible artifacts.

In the dice light field, artifacts are visible as blocks around the main edges in the

image, as can be seen on the fourth row of Figure 4.15. Note that this image contains

little to no high frequencies (no fine details), and has mainly flat areas of intensity.

Table 4.1: Light fields with a 5× 5 array structure from [1]

Light field ID Light field name Individual image size

1 Dragons and bunnies (aperture 3) 593× 840
2 Shrubbery (aperture 20) 593× 840
3 Messerschmitt (aperture 20) 593× 840
4 Dice (aperture 20) 593× 840
5 Fish (aperture 20) 593× 840
6 Dragons and bunnies 525× 840
7 T-Rex 525× 840
8 Teapot 525× 840



70
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Figure 4.12: Central views of light fields listed in Table 4.1. Results from left to right on
each row show the central views of the following light fields: reconstructed
from the derivatives, and taking Φ̂0

LLLL from the wavelet decomposition of
the light field; reconstructed from the derivatives, using the gradient of only
one image in the light field to approximate Φ̂0

LLLL; reconstructed from the
derivatives, using the gradient of five images in the light field to approxi-
mate Φ̂0

LLLL; reconstructed from the derivatives, approximating all entries

of Φ̂0
LLLL with a constant.
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(a) SSIM map of teapot.
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(b) SSIM map of Messerschmitt.

Figure 4.13: Similarity maps of images in light fields teapot and Messerschmitt. The
central image was regarded as reference and the SSIM of all other images in
the light field was computed with respect to it.
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(a) Logarithmic representation of average PSNR values of reconstructed
versus original light fields. The values farthest from the center denote
a better quality of the reconstructed images.
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(b) Linear representation of average SSIM values between reconstructed
and original light fields. Values closest to 1 indicate better quality of
the reconstructed images.

Figure 4.14: Algorithm performance on 5 × 5 arrays from database [1].PSNR and SSIM
values of all images in the light fields listed in Table 4.1, reconstructed
from their gradient, compared against their original counterparts from
database [1].

In the fish light field, some artifacts are visible as blocks around the sharp image

transitions, as can be seen on the fifth row of Figure 4.15 (top fin of top fish). The

artifacts are more noticeable in the approximation that uses five images. As in the

dice light field, the region where the artifacts are most visible, seem to be the regions

where intensity changes from pure white to pure black (resulting in a large magnitude

derivative value). Ghosting and blocking artifacts appear along the main edges of

the images in the bunnies light field. The performance on the light field TRex is
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Figure 4.15: Cropped regions from 5 × 5 arrays of images. Regions and images selected
to highlight the artifacts introduced by approximating Φ̂0

LLLL.
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Table 4.2: Light fields with a 7× 7 array structure from [1]

Light field ID Light field name Individual image size

1 Butterfly

384× 512

2 Red dragon
3 Green dragon
4 Happy Buddha
5 Lucy
6 Mini Cooper

particularly good and if one would not be shown the original data set, most likely

they would not perceive any artifacts in the reconstructed versions.

The consequences of the approximation are particularly visible on the light field

teapot. Using one or five images to generate the approximation of the missing

entry Φ̂0
LLLL generates ghosting as well as blocking around the main edges. This

poor performance can be explained by the fact that this light field has a very strong

motion parallax, resulting in a relatively low similarity between the images in the

light field. This is illustrated in Figure 4.13, where SSIM maps are shown for the

teapot and Messerschmitt light fields, on which the effects of the approximation

were less noticeable. Lower values of SSIM indicate less similarity across the images

in the light field.

4.6.2.2 Results on 7× 7 arrays of images

This dataset is also computer generated and was downloaded from the same source [1].

The field of view is wide, as they too were developed with applications such as glasses

free displays in mind.

On this dataset the approximation using five images consistently scores better

than the approximation using one image, in terms of both average PSNR and SSIM,

as can be seen from Figure 4.17.
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Figure 4.16: Central views of light fields listed in Table 4.2. Results from left to right on
each row show the central views of the following light fields: reconstructed
from the derivatives, and taking the Φ̂0

LLLL from the wavelet decomposition
of the light field; reconstructed from the derivatives, using the gradient of
only one image in the light field to approximate Φ̂0

LLLL; reconstructed from
the derivatives, using the gradient of five images in the light field to approx-
imate Φ̂0

LLLL; reconstructed from the derivatives, approximating all entries

of Φ̂0
LLLL with a constant.
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(a) Logarithmic representation of average PSNR values of recon-
structed versus original light fields. The values farthest from
the center denote a better quality of the reconstructed images.
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(b) Linear representation of average SSIM values between recon-
structed and original light fields. Values closest to 1 indicate better
quality of the reconstructed images.

Figure 4.17: PSNR and SSIM values of all images in the light fields listed in Table 4.2,
reconstructed from their gradient, compared against their original counter-
parts from database [1].
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4.6.2.3 Results on 9× 9 arrays of images

4.6.2.3.1 Lytro dataset

The Lytro dataset [2] consists of images of real scenes, taken with a Lytro camera

(first version). The spatial resolution of all images in the array is 400× 400.

On the Lytro dataset [2], the approximation using one image yields reconstructions

very close in quality to the approximation produced by using five images, in terms of

both average PSNR and SSIM (see Fig. 4.20). Both approximations yield very good

results compared to the exact reconstruction, in terms of average SSIM, as seen in

Fig. 4.20b.

The overall performance of the algorithm is good on this dataset, as is illustrated

in the detailed crops shown in Figure 4.19. Here, zoomed in regions with size 150×150

are shown, to help visualize the effects of different types of approximations on the

reconstructed light fields. The light fields with the best visual quality are computer,

couple and frog. Some ghosting effects are noticed in the light field matrioska when

the missing subband entry is approximated from five images in the light field. Mini-

mal artifacts are perceived mainly as slight shading variations in the light fields cg,

motorbike and toys, particularly when the missing subband entry is approximated

from five images in the light field.

Table 4.3: Light fields with a 9× 9 array structure from [2]

Light field ID Light field name Individual image size

1 CG

400× 400

2 Computer
3 Couple
4 Frog
5 Matrioska
6 Motorbike
7 Toys
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Figure 4.18: Central views of light fields listed in Table 4.3. Results from left to right on
each row show the central views of the following light fields: reconstructed
from the derivatives, and taking the Φ̂0

LLLL from the wavelet decomposition
of the light field; reconstructed from the derivatives, using the gradient of
only one image in the light field to approximate Φ̂0

LLLL; reconstructed from
the derivatives, using the gradient of five images in the light field to approx-
imate Φ̂0

LLLL; reconstructed from the derivatives, approximating all entries

of Φ̂0
LLLL with a constant.
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Figure 4.19: Cropped regions from 9 × 9 arrays of images. Regions and images selected
to highlight the artifacts introduced by approximating Φ̂0

LLLL.
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(a) Logarithmic representation of average PSNR values of recon-
structed versus original light fields. The values farthest from the
center denote a better quality of the reconstructed images.
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(b) Linear representation of average SSIM values between reconstructed
and original light fields. Values closest to 1 indicate better quality
of the reconstructed images.

Figure 4.20: Algorithm performance on 9× 9 arrays from the Lytro database [2]. PSNR
and SSIM values of all images in the light fields listed in Table 4.3, recon-
structed from their gradient, compared against their original counterparts.
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4.6.2.3.2 4-D Light field benchmark dataset

On the 4-D Light field benchmark dataset [3], the approximation using one image

yields reconstructions very close in quality to the approximation produced by using

five images, in terms of both average PSNR and SSIM (see Fig. 4.22). Both approx-

imations yield very good results compared to the exact reconstruction, in terms of

average SSIM (see Fig. 4.22b).

Table 4.4: 4-D light field benchmark database [3]

Light field ID Light field name Individual image size

1 Antinous

512× 512

2 Boardgames
3 Dishes
4 Greek
5 Kitchen
6 Medieval
7 Museum
8 Pens
9 Platonic
10 Rosemary
11 Sideboard
12 Table
13 Tomb
14 Tower
15 Tomb
16 Vinyl
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Figure 4.21: Central views of light fields listed in Table 4.4. Results from left to right on
each row show the central views of the following light fields: reconstructed
from the derivatives, and taking the Φ̂0

LLLL from the wavelet decomposition
of the light field; reconstructed from the derivatives, using the gradient of
only one image in the light field to approximate Φ̂0

LLLL; reconstructed from
the derivatives, using the gradient of five images in the light field to approx-
imate Φ̂0

LLLL; reconstructed from the derivatives, approximating all entries

of Φ̂0
LLLL with a constant.
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(a) Logarithmic representation of average PSNR values of reconstructed
versus original light fields. The values farthest from the center denote
a better quality of the reconstructed images.
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(b) Linear representation of average SSIM values between reconstructed
and original light fields. Values closest to 1 indicate better quality of
the reconstructed images.

Figure 4.22: Algorithm performance on 9 × 9 arrays [3]. PSNR and SSIM values of all
images in the light fields listed in Table 4.4, reconstructed from their gradient,
compared against their original counterparts from database [3].
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4.6.2.4 Results on 17× 17 arrays of images

On this dataset, the approximation using one image consistently outperforms the

approximation using five images, in terms of both analyzed indices. Note also the

reasonable quality (SSIM) of the results produced by the simplest reconstruction type

(approximating Φ0
LLLL with a constant) on light fields bracelet, chess, jellybeans

and tarot. This is explained by the fact that these light field contain quite a bit

of details, and that information is not encoded in Φ0
LLLL, but rather in the rest of

the coefficients of the wavelet decomposition, successfully recovered by the algorithm

from the light field derivatives.

Table 4.5: Light fields in Stanford database [4]

Light field ID Light field name Individual image size

1 Amethyst 256× 192
2 Bracelet 160× 256
3 Bunny 256× 256
4 Chess 146× 256
5 Eucalyptus 307× 256
6 Jellybeans 141× 256
7 Tarot 256× 256
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Figure 4.23: Central views of light fields listed in Table 4.5. Results from left to right on
each row show the central views of the following light fields: reconstructed
from the derivatives, and taking the Φ̂0

LLLL from the wavelet decomposition
of the light field; reconstructed from the derivatives, using the gradient of
only one image in the light field to approximate Φ̂0

LLLL; reconstructed from
the derivatives, using the gradient of five images in the light field to approx-
imate Φ̂0

LLLL; reconstructed from the derivatives, approximating all entries

of Φ̂0
LLLL with a constant.
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(a) Logarithmic representation of average PSNR values of recon-
structed versus original light fields. The values farthest from the
center denote a better quality of the reconstructed images.
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(b) Linear representation of average SSIM values between reconstructed
and original light fields. Values closest to 1 indicate better quality
of the reconstructed images.

Figure 4.24: Algorithm performance on 17 × 17 arrays. PSNR and SSIM values of all
images in the light fields listed in Table 4.5, reconstructed from their gradient,
compared against their original counterparts from database [4]

.
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4.7 Conclusions

In this chapter, a technique to reconstruct a 4-D signal from a given gradient data

set was proposed. The technique was developed specifically for applications where

the signal of interest has a light field structure. The technique makes use of the

separability property of the 4-D wavelet transform and of the similarity between the

multiple views of the imaged scene. As an intermediate step, the Haar wavelet de-

composition of the signal is obtained from the signal derivatives. All detail subbands

of the complete Haar wavelet decomposition can be found from the signal derivatives,

and a technique is also described for obtaining the lowest resolution approximation

subband coefficients. Once the wavelet decomposition of the signal is obtained, the

signal can be reconstructed from the wavelet decomposition via wavelet synthesis,

with the option of including an iterative Poisson solver, a process referred here as

modified wavelet synthesis.

The technique was then tested on five well-known light field datasets, with the

intention of identifying its strengths and weaknesses. An important finding is that the

best results were obtained when the disparity between the different views in the light

fields was not too high, a quality intuitively depicted by SSIM maps of all images

in the array, versus the central image in the array. Overall, the results show that

the proposed algorithm works well to reconstruct both artificially generated and real

light field datasets from a given gradient dataset. The results reported indicate the

promising potential of the reconstruction tool developed in this chapter in light field

applications, and this will be the object of the following chapter of this dissertation.
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Chapter 5

Light field applications

5.1 Chapter outline

This chapter focuses on devising new algorithms using the technique developed in

Chapter 4 for two well known image processing problems: image editing and image

fusion. Unlike conventional approaches, where images are depicted as 2-D digital

signals, this chapter approaches these problems in the 4-D light field domain. The

reconstruction tool developed in Chapter 4 is integrated in two gradient based light

field editing applications, illustrated with examples.

The chapter begins with the motivation for studying light fields applications. An

overview of current state-of-the-art light field applications is provided in Section 5.3.

The chapter continues with two gradient based light field applications, illustrated with

examples in Sections 5.4 and 5.5. An discussion about light field quality evaluation

is presented in Section 5.6. Finally, Section 5.7 summarizes the developments of this

chapter and provides recommendations for future work.

5.2 Motivation

Light field imaging offers more comprehensive scene representations than those pro-

duced by traditional imaging devices and techniques [68]. The richness of information

that light fields contain comes unsurprisingly with its share of tradeoffs, that begins

from devising practical means to acquire and store light fields, and continues to de-

signing displays capable to render them in a meaningful and intuitive manner. Last

but not least, it is exciting to revisit well-known image processing problems and use
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the richness of information embedded in light fields scene representations to explore

the possibility of developing better quality solutions. The most recent applications

that have light field as signal of interest are reviewed in what follows.

5.3 Current light field applications

Being able to choose which areas are in focus and which are not after an image has

been recorded is a desired feature in many applications. If the image is recorded with

a conventional camera (such as a compact or digital single reflex camera), this can

be attempted either by deblurring algorithms, to bring in focus certain regions in the

image – a notoriously challenging task – or by filtering, to simulate out of focus areas.

Refocusing becomes a simpler task if the image is recorded as a 4-D light field [69].

This in turn has interesting consequences in robotics [62], [70] or security [56], [60],

where it enables cameras to detect objects of interest situated behind occlusions.

Another interesting light field application is novel view synthesis, i.e. the capa-

bility of generating a new two dimensional view of an imaged scene from a given light

field. This was studied in [71], who introduce LightShop, one of the first systems that

allows users to “interactively manipulate, composite and render multiple light fields”

[71]. Kubota et al. [72] propose synthesizing a novel view of a scene by generating

a light field from two sets of differently focused images taken by an aperture camera

array. The method is designed for scenes with clearly separated layers.

Recognition algorithms also benefited from the richness of information contained

in light fields scene representations. Gross et al. [73], [74] use light-fields to develop

an appearance-based face recognition algorithm (preprocessing data using PCA and

classification using nearest neighbour), robust to pose variation. Raghavendra et

al. [75] study the face recognition problem on a dataset of face images that they

acquire using both a conventional and a light-field camera. They use the energy of

the Haar wavelet transform to select the best focused face image from the light field

and use this as input for the recognition algorithm. They report higher recognition

rates for the images acquired with the light field camera than for those acquired with

the conventional camera, despite the low spatial resolution of the light field images.

Wang et al. [76] study the notoriously challenging problem of image separation,

with the purpose of eliminating glass reflections. They develop a technique that uses

light field information to approximate the depth of the scene of the desired layer.

Using the light field camera provides their algorithm with a scene representation
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consisting of a set of images from different viewpoints, often required in conventional

image separation algorithms. The benefit is that this scene representation is obtained

at the same time, using the same imaging device, and this eliminates the need for

user interaction. Johansen et al. [77] develop a light field based image separation

technique based on sparse coding, while Li and Lun [78] look at the same problem,

and develop a technique that uses information contained in the gradients of the light

field epipolar plane image to perform the separation task.

Mukati et al. [79] use a first-generation Lytro [59] to study the problem of multiple

light field stitching. Their technique is based on identifying a transformation that is

used to register corresponding sub-aperture images in the two light fields. This trans-

form consists of a rotation, scale and translation; the scale and translation between

light fields are determined using the central images in the light fields. Birklbauer and

Bimber [80], [81] put forth a novel approach to the light field stitching problem. They

use a light field camera to record overlapping “sub-light-fields” scene representations,

with an a priori known camera motion model, and generate a panoramic light field,

without the need for depth reconstruction or image registration. Guo et al. [82] also

propose a light field stitching technique which uses pairwise ray-ray correspondences

for the registration part and multi-resolution, high-dimensional graph-cuts for the

stitching, being therefore also suitable to stitch non-static light fields. Their tech-

nique does not require explicit knowledge of camera motion.

Srinivasan et al. [83] study the effects of light field camera motion on the prop-

erties of the captured light field and propose a blind deblurring method based on

“modulating a slice of the Fourier spectrum of the motion-blurred light field” [83]. A

comparison between the technique they develop and state-of-the-art techniques that

deblur individual subaperture images of the light field shows that applying 2D de-

blurring algorithms on subaperture images causes inconsistency between neighbouring

views in the light field.

5.4 Multi exposure light field fusion

The only work that deals with light field fusion is developed in the field of mi-

croscopy [84], where the authors develop a lensfree microscopy system with the goal

of producing high contrast, high resolution images of biological specimens. The light

field notion used here is different than the one used in the computer vision and image

processing communities, as it makes use of the wavelegth dimension of light, which
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is typically disregarded in the studies originated in these communities.

In this section, the problem of light field fusion is investigated, in the context of

image processing. In particular, the focus is on developing a gradient based technique

of fusing together over and under exposed light fields, with the algorithm developed

in Section 2.7.2 as a starting point.

A light field called dishes from database [3] is used in this example. The size of

the original light field is 9× 9× 512× 512. All subaperture images were consistently

modified using an external image processing software, to simulate highly underex-

posed and overexposed light field representations of the same scene. In Figure 5.1 the

central views and the spatial gradient components of the luminance channel of these

two light fields are shown. As can be observed from Figures 5.1b and 5.1d, certain

details, such as the writing, are largely lost in the underexposed version of the light

field, while others, such as the dishes contours are lost in the overexposed version.

(a) Underexposed view (b) Gradient components

(c) Overexposed view (d) Gradient components

Figure 5.1: Central views of artificially generated under-exposed and over exposed light
fields. Original light field from [3].

First, the gradients of the two light fields are computed and used as input data for

the fusion algorithm. Then, the magnitudes of the two gradients are computed and

compared to generate a 4-D index map of the locations of the largest components.

Points situated at the locations corresponding to the largest magnitude gradient are
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Figure 5.2: Select views from fused light field

selected from the gradient of each light field to generate the gradient of the fused light

field. Finally, the fused light field is obtained from this gradient data set by using the

reconstruction algorithm developed in Chapter 4. The fused light field is illustrated

by nine representative views in Figure 5.2. As the figure shows, details that were

lost in the underexposed or overexposed versions of the light field were successfully

recovered. The algorithm also maintains inter-view consistency.
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5.5 Light field editing

The task of light field editing is new, and is far from simple, given the multi-

dimensional nature of the signals of interest. Recent efforts [2], [66] focus on under-

standing users’ preferred modes of interacting with light field scene representations,

as well as possible workflows. In [2], users have access to a multiview interface and a

multifocus interface, with the purpose of performing simple editing tasks on a given

light field (e.g. changing color or brightness of a certain surface or painting on an

object). In the multiview interface, the user can select a specific subaperture image

from the light field and is shown how the edit would propagate in the light field. In

the multifocus interface, the user first selects a certain depth in the light field, and

then performs the editing task. Later versions of these two interfaces [66] incorporate

depth selectivity. The conclusion of this user studies is that the choice of interface is

dictated by the task at hand.

An editing patch based framework called PlenoPatch is introduced by Zhang et

al. [85]. The considered editing tasks are: removing an object from a given light field,

modifying its depth, increasing the resolution of the light field and parallax magni-

fication to increase the depth range of the scene. Their technique uses information

from a 2-D image captured with a DSLR to increase the resolution of a light field

captured with a Lytro [59] camera, provided that the two cameras are depicting the

scene from the same location. The quality of their results depends on exact depth

estimation.

In this work, the focus is on developing a solution to the problem of light field

content replacement. The objective is to devise this solution without estimating the

depth of objects in the scene, but rather by gradient domain manipulations.

5.5.1 Content replacement

A light field called jellybeans from database [4] is used in this example. A cropped

version of the original light field with size 17 × 17 × 512 × 928 was obtained. All

subaperture views of this light field were resized and a light field with size 17× 17×
141×256 was generated. The objective is to seamlessly insert the jellybeans from the

smaller light field (referred to as source light field) in the larger version of the light

field (target light field), at a given location, with minimal intra-view artifacts and no

inter-view artifacts. The task is approached in the gradient domain. Each channel of
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the color light field is processed individually and the process described next is applied

to each of the three channels.

First, the four directional derivatives of the source light field are computed, and

the gradient of the source light field is obtained.

Φs = [Φs,u,Φs,v,Φs,x,Φs,y]
T (5.1)

where directions u and v index the array of images in the multi view representation

of the source light field and x and y index pixels in a view. Zero Neumann boundary

conditions are assumed for all directional derivatives.

Next, the absolute values of the gradient components are added up and a magni-

tude map is obtained:

M = |Φs,u|+ |Φs,v|+ |Φs,x|+ |Φs,y| (5.2)

The size of this magnitude map is 17× 17× 141× 256. Each of the 289 views of

this magnitude map is then used to generate 289 binary masks, obtained by setting

all values above a view specific threshold to 1 and setting all other values to 0. Let

M2D (x, y) denote one of the 289 views of M . Each view M2D is transformed to a

binary mask b, using:

b (x, y) = T (M (x, y)) (5.3)

where:

T (M2D (i, j)) =

⎧⎨
⎩1 for M(i, j) ≥ T

0 for M(i, j) < T
(5.4)

Each of the 289 matrices b are then placed in a 4-D array, which is used to weigh

the gradients of the source and target light fields, and generate a gradient dataset

from which the desired light field is to be obtained. The reconstruction algorithm

developed in Chapter 4 is used to obtain the light field from the edited gradient data

set. Three iterations of the Poisson solver are used at each resolution. Representative

views of the edited light field are shown in Figure 5.3.
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Image (1,1) Image (1,9) Image (1,17)

Image (9,1) Image (9,9) Image (9,17)

Image (17,1) Image (17,9) Image (17,17)

Figure 5.3: Light field editing results - example 1.

5.5.2 Transparency

The example presented in Figure 5.4 uses the same light field, but places the source

light field in a different part of the target light field. The purpose of this example is

to illustrate that effects such as eliminating occlusions and adding transparency can

be obtained by using the proposed algorithm.

5.6 Quality evaluation analysis

Assessing the quality of a light field is an open problem. Fu et al. [68] present a

study that compares conventional images and light field images, using an ISO testing

standard. The ISO testing standard that their study relies on has since been revised.

Vieira et al. [86], and Viola et al. [87], [88] both use PSNR to determine the objective

quality of compressed light field images, with Viola et al. also organizing user studies

to subjectively rank the light fields. Both compare individual images (subaperture

images) in a reference light field the with individual images in a compressed version

of the light field.

Assuming a reference light field is available, assessing the quality of a modified
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Image 1 Image 2 Image 3

Image 4 Image 5 Image 6

Image 7 Image 8 Image 9

Figure 5.4: Light field editing results - example 2.

version of the given light field by applying an existing 2-D quality measure, such

as PSNR, to determine the quality of each subaperture image of the modified light

field is a reasonable starting point. However, aside from the well known limitations

of the PSNR, such approaches do not take into account the 4-D nature of the light

fields, failing to detect inconsistencies between neighbouring views. Two full reference

metrics were used to assess the quality of the results in Chapter 4. The operating

principle of the two metrics was the same, but the 2-D metrics they were based on

differed. Given a modified version of a light field (in the case of Chapter 4, the

modified light field was the light field reconstructed from its gradient), these metrics

compare corresponding 2-D subaperture views and are recorded in a 2-D array. The

2-D array of metrics values has the same size as the array of subaperture views. An

illustration of these metrics for two 5× 5 arrays of images is shown in Figure 5.5.

A possible quality index, used to determine the quality of the reconstructed light

fields with respect to the original light fields in Chapter 4, is given by the average

value of all elements in these matrices. This is a good starting point for a quality

metric, but it is not able to discern between a light field with overall poor quality

of the subaperture views and a light field that has good quality subaperture views

towards the center and some errors towards the edges. Also, this index may fail to
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(d) SSIM array of Teapot light field

Figure 5.5: Metrics for intra-view quality assessment. Matrices depict pairwise compar-
isons between views of original and approximated versions of a given light field
(approximation from five images considered in this example).

detect inconsistencies between neighbouring views. An index that assesses light field

quality should thus also take into account the disparity between neighbouring views.
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5.7 Conclusions

The two experiments presented in this chapter show that gradient domain light field

processing is possible, provided that one has access to a means to recover the signal

back from artificially generated gradient data sets. The visual quality of the results

obtained indicate that the technique developed in Chapter 4 is a good candidate to

perform the reconstruction task and demonstrates its value for other gradient based

light field processing applications as well.
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Chapter 6

Conclusions and Future Directions

6.1 Conclusions

In this dissertation, a tool is developed to efficiently reconstruct multi-dimensional

digital signals with different dimensions from a given gradient data set. Developing

this technique is largely motivated by applications that rely on operations performed

on the signal gradient values, rather than on the signal values themselves. These

applications require a way to efficiently recover a meaningful signal from an artificially

generated gradient data set.

A secondary motivation, unexplored in this work, but worth mentioning nonethe-

less, is for applications such as adaptive optics, where the gradient of the signal of

interest is measured by sensors, and again, a means to recover the signal itself is

necessary for data analysis and interpretation. The gradient camera proposed in [89]

is another application where gradient values are readily available. Studies concerning

the robustness against noise of the proposed approach have been conducted in [54]

and [16].

In Chapter 2, an algorithm to reconstruct 2-D signals from gradient data is pro-

posed. The approach is based on an important observation put forth by Hampton

et al. [15] for wavefront reconstruction in adaptive optics. Specifically, the algorithm

is based on the relationship between the Haar wavelet analysis filters and the signal

gradient, and has two main stages. First, an analysis stage, in which a decomposition

similar to the Haar decomposition of the 2-D signal to be reconstructed is produced

from the given gradient data. The analysis stage is followed by a synthesis stage, in

which Haar wavelet synthesis is employed to produce an approximation of the 2-D
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signal of interest.

What distinguishes the work in this dissertation from earlier developments is the

gradient discretization model employed and, more importantly, the way in which

signals with non-square support are handled. Specifically, instead of extending the

support of the given gradient data to that of a square signal, from which the Haar

wavelet decomposition is obtained, a technique was developed to generate a rect-

angular Haar like wavelet decomposition. The focus was on the coarsest resolution

subband coefficients of the wavelet decomposition, and a means to find these coeffi-

cients from the gradient and the mean value of the signal was proposed. An intuition

was also gained about the role that these coefficients have on the quality of the recon-

structed signal, in the special case of digital images. A notable finding was that, in

most cases when the signal of interest is a digital image, the effects of approximating

these coefficients with a constant are visibly attenuated by using a very low number

of iterations of a 2-D Poisson solver in the synthesis stage.

The importance of devising efficient ways to process signals with non-symmetric

regions of support becomes apparent as we move forward to the realm of three di-

mensional signal processing. Expanding a signal with a non-cubic region of support

to the nearest cube generates a large amount of data that is typically discarded af-

ter the signal is obtained. To avoid generating this additional data, an algorithm

to reconstruct 3-D signals from a given gradient dataset was proposed in Chapter 3,

that does not require signal extension. The algorithm is similar in spirit to the one

developed for 2-D signals, with increased resources allocated to finding the coarsest

resolution subband coefficients of the 3-D wavelet decomposition. The algorithm is

then used in two gradient based video editing tasks: one in which content of a video

is replaced with content from another, and one in which two videos are combined

with the purpose of simulating a transparency effect. Results illustrate the good per-

formance of the proposed technique in reconstructing video sequences from gradient

measurements and indicate that the proposed algorithm is suitable for gradient based

video processing applications. The advantage of the developed technique is most ev-

ident when the signal of interest has significant differences between its dimensions,

typically the case of video signals, where the time dimension is typically larger than

the two spatial dimensions.

The findings of Chapters 2 and 3, and in addition the powerful potential of light

field scene representations, motivate expanding the previously described framework

with the purpose of developing an algorithm that can be used to reconstruct a light
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field from a given gradient dataset. Current sensor capabilities impose what is known

as a spatio-angular resolution trade-off on the photographs recorded with the help of

light field cameras (i.e. camera outputs a relatively small number of relatively high

resolution views of the same scene). This makes the idea of obtaining an intermediate

signal with a symmetric region of support along all dimensions impractical, as a very

large amount of unnecessary data would be generated. Instead, a non-symmetric

4-D wavelet decomposition is obtained from the light field gradient data. Several

ways to approximate the coarsest resolution subband coefficients of this 4-D wavelet

decomposition are proposed, based on the similarities between adjacent views in a

light field. The visual impact of approximating these coefficients on the quality of the

reconstructed light field is studied on several datasets.

In Chapter 5, ideas inspired by successful gradient based image and video process-

ing algorithms are explored in the context of four dimensional signal processing. In

particular, a new gradient based technique for light field fusion is proposed and two

light field editing applications are studied. In these applications, a 4-D gradient data

set is first generated by combining information from the gradient of several source

light fields. Then, a light field is recovered from this artificially generated gradient

by using the reconstruction technique developed in Chapter 5. The results included

show that gradient domain processing remains an attractive alternative despite the

high dimensionality of the data.

6.2 Future Directions

6.2.1 Vision correction

The need for enhanced vision quality surrounds us, from people with temporary or

permanent eyesight impairments, to robots operating in harsh visibility conditions, or

telescopes imaging far in space. Developing new and efficient algorithms to improve

the quality of the images perceived by either humans or machines is thus worthwhile

exploring in future work.

In the past decades, novel ideas [90], [91], [92], [65] propose using both the displays

and the rendered images to compensate for a person’s specific vision problems. Such

displays are called computational displays and eliminate the need for wearable visual

aids. These advances are based on notions from light field theory and we believe that

the developments of this thesis are a valuable tool that can be utilized to further
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progress in this direction.

6.2.2 Improved facial recognition

The need for algorithms that are able to correctly identify a person arises in a wide

range of places that share a requirement for a high degree of security, such as school

grounds, pediatric wards in hospitals, financial institutions, museums, airports or

border crossings. The problem of face recognition is not new, and designing algorithms

to successfully solve this problem and identify a person from has gathered research

interest for many years now [93], [94], [95].

Light field cameras offer tremendous advantages over conventional cameras, from

the point of view of the richness of information that they produce from just a single

shutter actuation. In a way, a light field camera outputs not a single image of a face

pose, but rather, an entire dataset consisting of slightly different poses of the same

face. This wealth of information should make face recognition algorithms more robust

to pose variations, a quality algorithms often strive to achieve. In addition, due to

the proven potential of light field cameras to eliminate glass reflections [76], [77], [78],

challenging problems such as identifying person through closed tinted car windows

can be tackled. These ideas are currently explored by border patrol entities [96] and

the developments of Chapter 4 and 5 of this thesis have potential in this direction.

6.2.3 Light field video editing

Light field video acquisition in itself is in its early stages, with pioneering work us-

ing the Lytro cameras done in [97]. Sabater et al. [98] devise a pipeline to acquire

multi view light-field videos. They also make a very important point: that both the

acquisition and the processing of light field videos currently largely depend on the

application at hand. In reality though, acquisition systems are different and so, in

order to truly benefit from this new way of representing light in a scene, exploring the

possibility to develop a framework to successfully interpret and combine information

from differently acquired light fields seems like the next natural step to take.
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Appendix A

Example for computing coarsest

resolution coefficients 2-D case

A small size example relevant to the procedure described in Chapter 2 for finding the

coarsest resolution array Φ̂0
LL in the 2-D case is included here.

Let Φ ∈ R
2M×2N , with M = 2 and N = 3. The maximum number of levels in the

wavelet decomposition of Φ is 2. The size of Φ̂0
LL is 1×2 and the values of its elements

can be found from the signal Φ as illustrated in the diagram shown in Figure A.1.

Figure A.1: Obtaining the coarsest resolution array Φ̂0
LL of a 4× 8 signal from the signal

(a) Example of a 2-D signal Φ. (b) Wavelet decomposition Φ̂.

Figure A.2: Numerical 2-D example for visualizing the coarsest resolution array. Signal
Φ versus wavelet decomposition Φ̂

The two elements of Φ̂0
LL (marked LL0 in Figure A.2b are the sums of all values

in the two 4 × 4 square arrays that make up the 2-D signal Φ, scaled by 1/4. In the

general case, when M < N , the elements of Φ̂0
LL are sums of the all values in the

2N−M square arrays with size 2M × 2M that make up Φ, scaled by 1
/
2M .
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The question that the algorithm presented in Section 2.5.2 of Chapter 2 of this

dissertation is trying to address is how to find the two (or, more generally, the 2N−M)

elements of Φ̂0
LL from the signal gradient.

(a) Φx (b) Φy

Figure A.3: Gradient of numerical 2-D example.

In Figure A.3, the two directional components of the gradient of Φ are shown.

The elements of Φx and Φy are differences between neighbouring values of Φ in the

horizontal and vertical directions, respectively.

The objective thus is to find Φ̂0
LL, from Φx and/ or Φy.

Let the two elements of Φ̂0
LL be denoted by λ1 and λ2. These elements are given

by:

λ1 =
1

4

4∑
y,x=1

Φ (y, x) = 30.5 (A.1)

λ2 =
1

4

∑
y∈{1,...,4}
x∈{5,...,8}

Φ (y, x) = 25 (A.2)

Consider the following linear combination of column vectors of Φx:

c1 + 2c2 + c3 =

⎡
⎢⎢⎢⎢⎣

− [Φ (1, 1) + Φ (1, 2)] + Φ (1, 3) + Φ (1, 4)

− [Φ (2, 1) + Φ (2, 2)] + Φ (2, 3) + Φ (2, 4)

− [Φ (3, 1) + Φ (3, 2)] + Φ (3, 3) + Φ (3, 4)

− [Φ (4, 1) + Φ (4, 2)] + Φ (4, 3) + Φ (4, 4)

⎤
⎥⎥⎥⎥⎦ (A.3)

where c1, c2 and c3 are the first three columns of Φx.

Adding up the elements of the column vector on the right hand-side of Eq. A.3,

we can compute:
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u1 = −
∑

y∈{1,...,4}
x∈{1,2}

Φ (y, x) +
∑

y∈{1,...,4}
x∈{3,4}

Φ (y, x) (A.4)

Similarly, from c3, c4, c5 and c5, c6, c7, we can compute:

u2 = −
∑

y∈{1,...,4}
x∈{3,4}

Φ (y, x) +
∑

y∈{1,...,4}
x∈{5,6}

Φ (y, x) (A.5)

u3 = −
∑

y∈{1,...,4}
x∈{5,6}

Φ (y, x) +
∑

y∈{1,...,4}
x∈{7,8}

Φ (y, x) (A.6)

For simplicity, we denote:

s1 =
∑

y∈{1,...,4}
x∈{1,2}

Φ (y, x) (A.7)

s2 =
∑

y∈{1,...,4}
x∈{3,4}

Φ (y, x) (A.8)

s3 =
∑

y∈{1,...,4}
x∈{5,6}

Φ (y, x) (A.9)

s4 =
∑

y∈{1,...,4}
x∈{7,8}

Φ (y, x) (A.10)

Substituting the summations in Equations A.4–A.6 with the shorter notation in-

troduced in Equations A.7–A.10, we can write:

− s1 + s2 = u1 (A.11)

− s2 + s3 = u2 (A.12)

− s3 + s4 = u3 (A.13)

In the system of equations A.11–A.13, u1, u2 and u3 are scalars, obtained from

the x gradient component of Φ, namely Φx. Recall that our interest is to find λ1 and

λ2, which in the newly introduced notation are: λ1 = s1 + s2 and λ2 = s3 + s4. The

approach to find these summations is to solve the system of equations A.11– A.13,
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find s1, s2, s3 and s4, and then add them up pairwise to get the desired values λ1 and

λ2, i.e. the elements of Φ̂0
LL.

The system described by the equations A.11–A.13 has three equations and four

unknowns, and is thus under-determined. In order to solve it exactly, we assume

known the average value of the 2-D signal.

Let the average value of the signal Φ be denoted by m. This yields the following

equation:

s1 + s2 + s3 + s4 = 2M+N ·m (A.14)

We now rewrite the system of equations A.11–A.14 in matrix form:

⎡
⎢⎢⎢⎢⎣

1 1 1 1

−1 1 0 0

0 −1 1 0

0 0 −1 1

⎤
⎥⎥⎥⎥⎦ ·

⎡
⎢⎢⎢⎢⎣

s1

s2

s3

s4

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

2M+N ·m
u1

u2

u3

⎤
⎥⎥⎥⎥⎦ (A.15)

Denoting A =

⎡
⎢⎢⎢⎢⎣

1 1 1 1

−1 1 0 0

0 −1 1 0

0 0 −1 1

⎤
⎥⎥⎥⎥⎦, λ =

⎡
⎢⎢⎢⎢⎣

s1

s2

s3

s4

⎤
⎥⎥⎥⎥⎦ and v =

⎡
⎢⎢⎢⎢⎣

2M+N ·m
u1

u2

u3

⎤
⎥⎥⎥⎥⎦, we can

rewrite Eq. A.15 as:

Aλ = v (A.16)

where A is fixed and known, v is also known with three values obtained from the Φx

derivative of Φ and the last one from the mean value of Φ, and λ is the unknown.

Solving Eq. A.16 for λ yields:

λ = A−1v (A.17)

Recall that λ =
[
s1 s2 s3 s4

]T
. With λ found, we can now compute the

desired values λ1 = s1 + s2 and λ2 = s3 + s4.
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In the numerical example illustrated by Figures A.2a and A.3a, we have:

v =

⎡
⎢⎢⎢⎢⎣

222

−26

5

−6

⎤
⎥⎥⎥⎥⎦ (A.18)

Thus:

λ =
1

2M
A−1v =

⎡
⎢⎢⎢⎢⎣

18.5

12

13.25

11.75

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

s1

s2

s3

s4

⎤
⎥⎥⎥⎥⎦ (A.19)

As such, λ1 = s1 + s2 = 30.5 and λ2 = s3 + s4 = 25, which are the same as the

values obtained directly from the signal, as can be seen from Eq. A.1 and Eq. A.2.
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Appendix B

Two dimensional Poisson solver

Here is a brief description of the Poisson solver used in chapter 2. This is a Jacobi

iterative Poisson solver, and Hampton et al. [54] highlight its benefits when applied

at each resolution level of an image, during the synthesis step.

In the notation of this thesis, the Poisson solver is given by:

Φ (k + 1) = Φ (k) + 0.25

[
ΔΦ(k)−

(
∂Φ̃x

∂x
+

∂Φ̃y

∂y

)]
(B.1)

where:

� Φ (k) is the reconstructed signal at a given resolution level L

� ΔΦ(k) = ∂2Φ(k)
∂x2 + ∂2Φ(k)

∂y2
is the Laplacian of Φ (k)

� Φ̃x and Φ̃y are subsampled lowpass filtered versions of the given gradient ob-

tained and stored in the analysis step.

This solver extends naturally to 3-D and 4-D signals, and is used where referred

to in Chapters 3, 4 and 5, respectively.

The role of the Poisson solver in the applications included in this thesis is to

smooth out the errors caused by the non-integrable nature of the gradient data, from

which the signal has to be reconstructed. This is representative for situations when

the gradient data is generated from multiple signals, to satisfy certain requirements

in editing applications.
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