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Abstract

We are concerned here with the development of a more general real case of the
classical theorem of Gelfand ([5], 3.1.20), which represents a complex commutative
unital Banach algebra as an algebra of continuous functions defined on a compact
Hausdorff space. '

In §1 we point out that when looking at real algebras there is not always a
one-to—one correspondence between the maximal ideals of the algebra B, denoted
Ay, and the set of unital (real) algebra homomorphisms from B into C,
denoted by <I>B. This simple point and subsequent observations lead to a theory of
representations of real commutative unital Banach algebras where elements are
represented as sections of a bundle of real fields associated with the algebra
(Theorem 3.5).  After establishing this representation theorem, we look into the
question of when a real commutative Banach algebra is already complex. There is a
natural topological obstruction which we delineate. Theorem 4.8 gives equivalent
conditions which determine whether such an algebra is already complex.

Finally, in §5 we abstractly characterize those section algebras which appear as
the target algebras for our Gelfand transform. We dub these algebras "almost

complex C*-algebras" and provide a natural classification scheme.

1980 Mathematics Subject Classification (1985) Rewision: Primary — 46J35;
Secondary — 46M20.



§1. PRELIMINARY RESULTS

Let B be a commutative Banach algebra over R with identity, 1. Let
Ag denote the set of maximal ideals of B and let ®p be the set of unital
R-algebra homomorphisms & : B — €. For each ¢ ¢ <I>B, ker p € J{B and we
let ¢:®p — Ap be the canonical map ¢(p) = ker p. We state the following

well-known result and provide a new real proof of part (b).

ProposiTIOR 1.1. For each ¢ € op,

(a) range p = R or

®) ol = su lﬁﬁﬂ

(c) range ¢y = R & ker ¢ has codimension 1 in B.

(d) range ¢y = € & ker ¢ has codimension 2 in B.
Proof. (a) Range ¢ is a real unital subalgebra of C.

(b) Since (1) =1, |l¢|| > 1. Suppose that for some a € B, |af < 1
we have |g(a)] = 1. We choose 6 real so that ewtp(a) =1 and set

Both series converge in B since |la|| < 1. Elementary trigonometric identities



lead to
1 =5b-abcos § + ac sin 0
and

0 = -ab sin § + ¢ — ac cos 4.

Applying ¢ to these equations, we obtain
1 = ¢(b) — p(a)p(b)cos 6 + p(a)ep(c)sin 0
0 = -p(a)p(b)sin 0 + ¢(c) - @(a)p(c)cos 4.

We multiply the second equation by i and add it to the first equation to obtain:

1= g(b) - p@)pb)e? + i o) — i pa)e(c)e!’.

Since (p(a)ew =1, we get
1 = ¢(b) = ¢(b) + i(¢(c) - ¢(c)) = 0!

Hence, no such a exists and we have |¢f| = 1.

(c) and (d) are standard linear algebra results. g

We also remind the reader of the following well-known results since they are

basic to all that we do.

Prorosrtiorn 1.2.

(a) Ewery mazimal ideal I of B has codimension 1 or 2.



(b) For each ¢ € &, ker y is a mazimal ideal.

(c) For each mazimal ideal 1 of codimension 1 there is a unique ¢ € on
with ker ¢ = 1. Moreover range p = R.

(d) For each mazimal ideal J of codimension 2 there are ezactly two
elements p1,¥P9 € <I>B with J = ker v = ker Pq- Moreover, Yo = 51 and
range ¢, = range g, = C.

Proof. (a) B/I is a commutative normed division algebra over R, and so
by the Gelfand-Mazur Theorem either B/I ¥ R or B/I v (.

(b) Since (by Proposition 1(a)) B/ker ¢y ® R or € is a field, ker ¢ is a
maximal ideal.

(c) In this case, B/I ¥ R as algebras over R and this isomorphism is
unique since R has no nontrivial R-algebra automorphisms. Thus the composition
p : B — B/I ¥R is the unique element of o5 with kernel I

(d) In this case, B/J » € as algebras over R and since € has exactly
one nontrivial R-algebra automorphism given by conjugation we see that there are

exactly two elements; ¢,p € ¢y with kernel J. g

We give ¢p the topology of pointwise convergence on B, i.e., we consider

<I>B as a subspace of I € with the product topology. Then, as is
beB

weli—known, @B is a compact Hausdorff space. We call this the B-fopology on
¢g. We give Mg the quotient topology arising from the map € : <1>B — Mp.
That is, Ay has the strongest topology which makes the map ¢ continuous 2],
Chapter VL



ProrosiTioN 1.3. The space J(B is compact and Hausdorff, and the map € 1s

both open and closed.

Proof. Let ¢ : &g — ®p be the homeomorphism o(y) = . Then
P = e, the identity, and we have an action of I, = {cr.,e} on ®p. The
equivalence relation determined by orbits is easily seen to be open (and closed).
That is, if U C ®p is open (closed), then the saturation of U mnamely U U ¢(U)
is clearly open (closed). By [2], Chapter VI.4.2, we see that the map

<I>B — <I>B/H2 is both open and closed. Now, the diagram

commutes and the bijection J(B — fI)B/H2 is clearly a homeomorphism so that e
is also open and closed. Clearly, J(B is compact. To see that J(B is also

Hausdorff is an easy exercise using the finiteness of the group I, g

As a corollary to Propositions 1 and 2 we prove the following which is usually
proved by first complexifying the real Banach algebra B, see [5], [1]. We let
C(@B) denote the continuous complex—valued functions on the compact Hausdorff

space, (I)B endowed with the usual supremum norm.

THEOREM 1.4. Let B be a commutative Banach algebra over R with identity, 1.
(a) The mapping A : B — C((I)B) given by b(p) = p(b) for each ¢ € op

and each b € B is a norm—decreasing real algebra homomorphism which is



one—to—one if and only if B is semisimple.

(b) For b e B, X e€R, the element b — Al is singular if and only if
A = p(b) for some ¢ € e

Proof. (a) Clearly, A is an algebra homomorphism, and b = 0 & b is in

the kernel of every ¢ € ®,. Thatis, b=0& be N I & b isin the
B Ie sy

Jacobson radical of B. Thus, A is one-to—one & B is semisimple. Now, since

1

each ¢ € ¢y has norm one, we get for b € B

IBll, = sup_ [b(p)| = sup_ |e(b)| < |Ib]
p € 2p p € @q

so that A (the Gelfand transform) is norm—decreasing.
(b) The element b — Al 1is singular (not invertible) & b — Al lies in some
maximal ideal & ¢(b-A1) = 0 for some ¢ € &5 & A = ¢(b) for some

peEPp g

In the case of complex Banach algebras one can, of course, replace the space
(I)B with the maximal ideal space J(B since the two spaces are homeomorphic.
The main objective of this work is to provide a Gelfand theorem for commutative
real Banach algebras using the maximal ideal space Ay as the common domain of
an algebra of functions. We cannot resort to complexifying the algebra since this
changes Ay (enlarges it). Thus we are forced to deal with the (often two-to-one)

map € : <I>B ——»./I(B.



§2. THE CANONICAL 12—BUNDLE ASSOCIATED
TO A REAL BANACH ALGEBRA

The most obvious bundle associated to a real commutative Banach algebra B
with identity is the fibred space ¢ : <I>B — J{B. From Proposition 1.3 we know
that g is just the quotient of @y wunder the (not necessarily free) action of

I, = {e,0} on @5 where o(y) = w for @€ ®p. In order to describe this

more fully, we need a little notation. Let

R
op = {p € 25 | ¢(B) = R},
o = {v € oy | ¢(B) = €}
B = ¥ B! ¥ =Ll
AR = %) = (1€ 4, | B/I v R}
B~ B/~ V" =B = °h
#l = @l ={1eu, | By Q)
B~ B/ B =
R R ¢ C
Clearly, g and Mp are closed sets and so ¢y and My are open sets.
Moreover, R = el R @g — J{% is clearly a homeomorphism of compact sets.
®p ) )
By the following lemma, € = el C: @E — J{%} is a locally trivial ﬂz—bundle.
o
B

Lemma 2.1. Let G be a finite group acting freely on the Hausdorff space Y, and
let X = Y/G. Then X is Hausdorff and the natural map p: Y — X makes
Y a locally trivial G-bundle over X.



Proof. Exactly as in Proposition 1.3 we see that p is open and closed and
X is Hausdorff. Let G = {g;,---,g,} where g, =e Let x € X and choose
y € Y so that p(y) = x. Then, y = B1Y:8o¥:" " +:8,Y are all the distinct
preimages of x in Y, since the action is free. Let B
disjoint open sets containing B1Y:8o¥:" * :8,Y respectively. Let

02,- . -,On be pairwise

-1 -1
1ﬂg2020---ﬂgn0n

which is a neighbourhood of y = gyY- Let %k = gkﬁél for k = 1,2,---n.
Then, for k #j, % N %j €4 n 0‘] = §. In particular, p is 1:1 on %.
Thus, letting N = p(%;) we have a neighbourhood of x so that

pl %, U — N is a homeomorphism and therefore its inverse s : N — U, is a

continuous local section. Thus, p : Y — X is a locally trivial G-bundle. g

This lemma is certainly well-known, but we lacked a reference so we provided

the obvious proof.

Thus, one might hope that e : <I>B — J{B might have local sections
everywhere since both R @% — Jl% and € @% — J{g have local sections.
However, we will see in §5, an example where this fails. These bundles are

functorial in the following sense.

PRrOPOSITION 2.2. Let 0 : B1 — B2 be a unital homomorphism of commutative real

Banach algebras with identity. Then, we have morphisms 6% of :

By ¢—-—o q)Bg

1) I,-spaces l F* l and
./f(Bl —— J{Bz



2) I, -bundles l g* l where here we must assume that either 0

( (

J(Bl — J(Bz

is onto or @gl = <I>B1. Moreover, this defines contravariant functors between the

appropriate categories.

Proof Clear. g

CoroLLARY 2.3. Let 0 : B1 — B2 be an isomorphism of commutative real Banach
3L C

B, ———— "By
algebras with identity then 6 : J l is an isomorphism of ﬂz—bundles.

C ¢
JlBl — J(B2

CoroLnLARY 24. If B i3 a real commutative Banach algebra with identity, then

defining Wl(B) € ﬁl(ﬂg,ﬂz) to be the Stieffel-Whiiney class of the I,-bundle

€ ¢ ‘bg — J{g yields an isomorphism invariant of the algebra.

Proof. Elements of f[l(X,H2) are in natural one-to—one correspondence with

isomorphism classes of locally trivial 12—bundles over X. g



§3. THE BUNDLE OF REAL FIELDS ASSOCIATED TO A
REAL BANACH ALGEBRA

As wusual in representing algebras as sections we form the set

where \UJ denotes disjoint union. Of course, each B/I is a field and an algebra
over R, and we have an obvious map p : EB — J{B. Moreover, we have the
usual algebra homomorphism A : B — S(Eg) where S(Eg) denotes the algebra
of all sections (i.e., maps s : Mg — Ep with pos = id) of the fibred set

p: Eg — Ap. Here, of course, b(I) = b + I for each b € B.

The problem, then, is to topologize EB in a reasonable way so that we get a
Gelfand transform A : B — I'(Eg), where I'(Eg) is the algebra of continuous
sections which is a Banach algebra in supremum norm. Moreover, we don’t want
the bundle p : EB — J(B to lose the topological information provided by the
ﬂ2—Space €: <I>B — J(B. Naturally, we would like to be able to classify the
algebras I'(Eg) in some reasonable way (4 la commutative C*-algebras), so that
we can feel we at least understand our target Banach algebras in this "Gelfand
Theory."

The first idea for topologizing Eg from the general theory would be the
quotient topology from the map B «x Ag — Eg given by: (bI) = b + L
Unfortunately, this appears to lose the structure of the fibration <I>B — J(B. An
obvious way to remedy this would be to use the map B x ¢ — Eg given by

(b,) = b + ker p. This runs into other problems since the norm on B/ker ¢



10.

is not necessarily the usual norm on € for ¢ € @g. For example, let B = €

with the norm |la + ib|| = |a] + |b|]. Then, B is a real Banach algebra with
one maximal ideal, {0}, and two elements in ®p, namely id and id, but the
norm on B = B/{0} is not the usual norm on (. Of course, in general the norm
on B/ker ¢ ¥ € is equivalent to the usual norm on €, but the equivalence need
not be uniform as ¢ varies in fbg. For example, for n = 1,2,--- let Bn = C
with the norm |la + ibl|; = [a] + n[b|. Let B denote the c -direct sum of the
algebras B_~ with identity adjoined. Then, Ap = {1,2,- -+ 0} J{g = {1,2,--- }
and J{:“é = {o}. Since for any self-respecting "Gelfand Theory" we would want the

ad

norm on our target algebra, TI'(Eg), to be (at least equivalent to) the spectral
radius, we must also abandon this approach. Thus, we are forced into replacing B

with € and the following definition of the topology on Eg.

DeriFiTiON 3.1. We let (€ x <I>B)' denote the union of the sets (€ x <I>g and

R x @% with the topology it inherits as a subspace of C = 4I>B. We define a
surjection g : (€ x ®p)’ — Ep wvie g(z,p) = b + ker ¢ where b is chosen so
that @(b) = z. Then, g is well-defined since any two such b’s differ by an
element of ker p. We give Ep the quotient topology (identification topology)
given by the map g, [2], Chapter VI. There is also a natural action of

I, = {oe} on (Cx ®g)’, namely:

LEwMA 3.2. There is a natural homeomorphism (C x @g)’ /Iy ¥ Ep  which makes

the following diagram commute:
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(€ x &

/

(€ xog) /1, &

B)’

(041

Thus, g is both open and closed.

Proof. Since the quotient map (€ x ®g)° — (€ x ®5)’/L, is both open
and closed by the argument of Proposition 1.3, it suffices by [2], Chapter V1.3.2, to
exhibit a bijection between (C x ®g)'/I, and Ep which makes the diagram

commute. This bijection follows from the easily checked fact that

either (z1,01) = (22,92)
3(211‘»01) = g(Zz,(pz) A -
or  (z1,1) = (Z2,02) m

ReMARK. In the case that op — My is a principal 112—bund1e (which is the case
& the L, action is free on op & <I>B = @g), the fibred space

(C x @5)/L, — My defined by [(z,9)] = ker ¢ is exactly the fibre bundle over
J(B with fibre € associated to the principal Zl2 bundle <I>B — JlB where, of

course, I, acts on C in the obvious way ([3], 4.5).

In general, we have identified Ap ¥ ®5/l, and Ep ¥ (C x ¢p)’/I,, and
the following diagram commutes:

T2




where o denotes projection onto the second coordinate.

ProrosiTIOR 3.3.

(1) For fired 1 € Ay, the subspace topology on BJI C Eg s just the
norm topology on B/I

(2) p: Eg — Ay is continuous and open (so Ap has the quotient
topology from EB).

(3) If be B then b : Ay — Ep 18 continuous.

(4) If s: Mg — Ep s o continuous section then
L— [s(I)] : Hg — R is continuous, where |-| denotes the norm B/I

receives from its embedding into C.

Proof. (1) Let I = ker ¢ for some ¢ € ®g. Then,

R x {u}
g B/ =] o

Cx {p} U Cx {p}

which is closed in (€ x ®5)’ and so B/I is closed in Ep. Thus by 2],

12.

Chapter VI.2.1, the subspace topology on B/I C EB is just the quotient topology

induced by the restriction of g : g_l(B/I) — B/I. From the form of g—l(B/I)
one easily sees that either R x {¢} — B/I or € x {¢} — B/I is a
homeomorphism and so B/I has the stated topology.

(2) Now, considering product neighbourhoods of € x ®p intersected with

(€ x @)’ as a basis one can carefully show that the map m, : (C x &p) — &g

is open. Omne must be careful here, as the map is not usually closed even when

restricted to bounded sets unless @% is closed in <I>B.
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We consider the commutative diagram:

(€ x @B)I_S__. E

1

op —— 4y

where o and ¢ are continuous and open and g is a quotient map. Let
0¢ Mg beopen. Then g (p () = (pog) (9 = (eomy) (D) = 1, (€ (9)
which is open. Since g is a quotient map, p_l(@ is open and hence p is
continuous. By similar considerations, p is open.

(3) If b e B, then by definition of the B-topology on &g, the evaluation
map ¢ — (p(b),p) € (C x @p)’ is continuous. Composing this with the quotient
map (€ x <I>B)' — Eg, we see that ¢ +— b + ker ¢ is continuous from

¢p — Ep. Consider the commutative diagram:

€
oy — Ay

(pr—»b-{—ker(pl /

Ep

Since ¢ is a quotient mapping, we see that b is continuous by [2], Chapter
VI.3.2.

(4) Now, if s:#g — Ep is a continuous section then s(I) =b + 1=
b + ker ¢ for some b€ B and ¢ € ®p. Then, by definition of |-|, we have
|s(I)] = |¢(b)] and this is clearly well-defined. Thus, it suffices to see that this

absolute-value map is continuous on Epg. Consider the commutative diagram:
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Since the horizontal map is clearly continuous, we see that || is continuous on

Egp by [2], Chapter VI.3.2. g

PROPOSITIOR 3.4. F(EB) is a real commutative Banach algebra with identity given the
norm |is|| = sup  [s(I)].

B

Proof. The first subtle part here, is to show that I'(Eg) is an algebral To
. 2
see this, we let [(€ x 85)/12) ¢ [(€  &5)7 * (€ x @5)7] be the set

(g9 | @) € (€ x @) for i =12},
Then, we have the obviously continuous multiplication map

(€ x 25) 1) = (€« @)

defined by ((z(,9),(29,¢)) — (2125,). Moreover, (T = @B)"](z) is clearly closed

and thus by [2], Chapter VI.2.1 and Chapter VI.7.3, the map
2 2
g x g [(€x 2p) ] — B

is an identification. Now, E\2) = {(b,+Lb,+I) | b, € B and 1€ .45} and
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the continuous multiplication [(€ x <I>B)'](2) — (€ x ®5)’ induces (by [2], Chapter
V1.3.2) a continuous multiplication E]gz) — EB. One easily checks that this is the

obvious multiplication:

(b +1,by+1) = (b;by+1).

Now, if 81,89 J{B — EB are continuous sections for p : EB — J{B then
8; x 85 : Mg — Ep x Ep is continuous and has range in (EB)(2) Since
composing with multiplication Eé2) — EB gives us the product section, 5159, We
see that 5,89 1§ continuous. Similarly, 5, + 89 and Asl are continuous for
any A € R Thus, F(EB) is a commutative algebra over R. Since Ap is

compact, ||s|| = sup |s(I)| is easily seen to define a norm on T'(Eg) by
B

3.3(4), making it a normed algebra.
The second slightly subtle point is to see that T(Ep) is complete. This
would be obvious if the bundle p : Egp — My were locally trivial. As this is not
generally the case, we must look more closely at how things are defined. Let {s }

be a Cauchy sequence in TI'(Eg), then for each I € Ay, {s (I)} is a Cauchy
sequence in (B/I, |-|) and hence converges to an element s(I) € B/I. It suffices
to see that the section s : J{B — EB is continuous. So, let Io € J{B and let
s(I,) = by + ker ¢~ where ker p =1

o Let z, = ¢, (b)) and so -

8(z,¥,) = s(I,) € Eg. Then a basic neighbourhood of s(I)) in Ep is of the

o

form g((2, = N)) where ¢ is an € neighbourhood of z  in €, N isa
neighbourhood of p, in ¢p and

(06 x N)' = (06 x N) n (€ x @B)’.

Then, g((d, x N)) = {b + ker ¢ | p € N and |p(b) - z,| < ¢}. Now, choose



16.

2
neighbourhood U of I in Ap so that s (U) C g((&el2 x N)’). We claim

s, so that |[s(I) —s (I)] < £ for all I Since s, is continuous we can find a

that s(U) C g((4, x N)) and so s is continuous at I. If T € U then
- - - £

s () =b, +1=">b + ker ¢ where ¢ € N and |¢(b)) -z | <5 Thus,

sI) = b+ 1I=>0+ ker ¢ where ¢ € N. Moreover,

|p(b) =2, < [¢(b) = p(b )] + |p(by) 7|

= |s(1) = s, (1)] + | pb,) —1z|

A
DO en
+
S 2 Y
Il
™
B

We are now ready to prove our "Gelfand Theorem."

THEOREM 3.5. Let B be a commutative Banach algebra over R with identity and
let p: EB — J{B be the associated bundle of real fields. Then
(1) T(Eg) is a commutative Banach algebra over R with identity (in the

SUPTEMUM NOTM).

(2) A:B — I(Eg) s a norm—decreasing algebra homomorphism with kernel,

Rad B.

Proof. Part (1) is just Proposition 3.4.

For part (2) we observe that A is clearly an algebra homomorphism and

Bl = sup b+ 1] < sup b+ I[ < [Ib]l.
Ledy Ledy



Moreover, b=0&Dbe n I = Rad B.
IEJ(B

To see part (3), we have

bl = sup b+ I = sup_ |g(b)] = Hb)
Ie J(B Q€ <I>B

by [5], Chapter 1.6.4]. g
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§4. ALMOST COMPLEX REAL BANACH ALGEBRAS

DerFIFITIOR 4.1. Let B be a commutative Banach algebra over R. Then B is

called strictly real if @% = &5 (or, J(g = M), see [4]. At the other extreme,

L =@y (o, My = Hp). We say that the real

B is called almost complez if &
algebra is complez (or, of complez type) if it is possible to extend the scalar
multiplication to complex scalars so that the algebra becomes a complex (normed)
algebra [4]. If B has an identity, then B is complex if and only if there is an

element j € B with j° = -1 ([4], 6.3).

Now, in order to determine which almost complex Banach algebras are, in fact,
complex, we need to formulate the condition of complete regularity. This is usually
done for complex Banach algebras in terms of op. Here, we follow our general
philosophy for real Banach algebras and formulate the definition in terms of ./,{!,’B.

In fact, this is necessary: consider € as a real Banach algebra, then ) consists
of two points which are both closed, but there is no element of € which is zero on

one point and nonzero on the other.

DEFIRITIOR 4.2. Let B be a commutative Banach algebra over R. Then B is
called completely regular if for each closed set F C ../I{B and each T € (J{B\F) we
can find a b € B with

bA) # 0  (ie, b g1l

bJ)=0 forall JeF (ie, be n J)
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ProprOSITIOR 4.3. Let B be a complezx commutative Banach algebra. Then, B s
completely regular as a compler Banach algebra if and only if B is completely

regular as a real Banach algebra.
Proof. Immediate. g

The property of completely regular algebras that we wish to exploit is the
existence of "partitions of unity." The simplest proof of this requires a smidgen of

hull-kernel theory which we now present.

DEFIFITIOR 4.4. Let B be a commutative Banach algebra over R. Let I C B

be an ideal. Then, the hull of I is defined to be:
h(I)={JeJ{B | I¢CJ}
If Sc Mg is any subset, then the kernel of S 1is defined to be:

k()= n J.
Jes

PropPOSITIOR 4.5. Let B be a commutative Banach algebra over R.

k
(1) If Iy,---1, are ideals in B, then h(l; + --- + L) = igl h(L).
(2) If B is completely regular and F C Ay s closed then h(k(F)) = F.

Proof. Straightforward. g
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THEOREM 4.6. Let B be a completely regular, commutative Banach algebra over R
with identity. If Uy,e+ Uy is an open cover of Ap then there ezist
bl,---,bk € B so that
(1) by +by+ oo +b =1
r reC
(2) b(U;)

0 for each i = 1,---k.
Proof. For each i = 1,---k let I = k(U(i:) =

I= I1 4+ -0+ Ik is an ideal and so

-
b

k
h(I) = n h(L) = n h(kU})) = n U =0
i=1 i=1 i=1

Since every proper ideal is contained in some maximal ideal, we must have I = B.

Thus 1 =b; + --- + b, with b el =kU) = n _J. That is, for

JedU

i

¢ .

JeU;, b eJ andso b(J)=Db +J=0 g

Lemma 4.7. Let B be a real commutative Banach algebra with identity. Then, B
is compler if and only if there is an element b € B so that Im(p(b)) # 0 for
each ¢ € <I>B.

Proof If B is complex, let b = i-1, so that ¢(b) = #i for each
Q€ <I>B.

On the other hand if b 1is such an element then we can assume that
y(b) < 1. Clearly, b is invertible, and so is b 4 t1 for every real number t.
Thus, b + 1 and b — 1 are connected in the group of invertibles by the
continuous path t +~— b + t1 for t € [-1,1]. Now, »((b+1) - 1) < 1 and so
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the straight line path joining b + 1 to 1 lies entirely in the group of invertibles
by the usual Neumann series. Similarly, b — 1 is connected to -1. Thus, -1
can be connected to 1 by a path of invertibles and so -1 is an exponential.

b
73X

That is, -1 = ¢~ for some x € B andso j=-e satisfies j2 = -1 and

hence B is complex. g

TueoreM 4.8. Let B be an almost compler real commutative Banach algebra with
identity. Consider the following conditions:

(1) B s comple,

(2) €: 95 — Ap is a trivial L,-bundle,

(3) wy(B) =0 in H'(Apl,),

(4) p: Eg — Ap 5@ trivial C-bundle with structure group I,

(5) there is an element b € B with Im(p(b)) # 0 for each ¢ € ®p.
Then, (1) & (5) = (2) & (8) & (4). If B is completely regular, then

(2) = (1) so that all of the conditions are equivalent.

Proof. The implications (2) & (3) & (4) are standard bundle-theoretic fare,

(1) & (5): This is the content of 4.7.

(6) = (2): Given b so that Im(p(b)) # 0 for all p € g, let

+ —
op = {p € &g | Im ¢(b) > 0} and let oy = {p € op | Im ¢(b) < 0}. These

are disjoint closed and open sets covering ®p with a(fI)E) = @E so that

€ : <I>B — J{B is trivial.

Now, suppose that B is completely regular and that e : (I)B — J{B is
trivial. Let @E be a compact subset of CI)B so that the restriction of e,
€y @E — My i5a homeomorphism, and &g = @g U a(@E) disjointly. Fix
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@ € @E and choose a € B so that ¢(a) = i. Let U be a neighbourhood of

@ in @E so that |y(a) — i| <% forall ¥ € U. Let I= k(e+(ﬁ)), a
closed ideal in B. Then,

Mgy =3 € Ap | 1€ I} = h(1) = hk(e, (D) = &, (0)

and so one easily identifies &g o U U o(U). Now, Lemma 4.7 applies to the
element a + I in the algebra B/I, and so there is an element k + I € B/I so
that (k) = i for all ¢ € U and without loss of generality (k) = +i. By

shrinking if necessary, we get a neighbourhood V of ¢ and k € B so that
¥(k) =i for all 9 € V. Now, cover % with neighbourhoods V,,Vy,--,V
k

n

and choose elements kl’ PR

bl’bz" . -,bIl be the partition of unity relative to the open cover

k ~ so that <p(kj) =1 forall ¢¢€ Vj' Let

n
e+(V1),---,e+(Vn) of My provided by Theorem 4.6. Let ¢ = jil bjkj‘ Then,

for ¢ € (I)-{B_ we have

n
o) = § dbdetk) = ] elbel) = T e
=1 ‘P(bj) 0 ‘P(bj) + 0
=) o(b)i = (1) = i.
=1
I pedg:= a(@E) then ¢(c) = -i and so by Lemma 4.7, B is

complex.
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RemARK. It was condition (5) which tipped us off that we were in a bundle

situation! This was long before we realized it was equivalent to condition (1).

CoroLLARY 4.9. Any almost compler real commutative Banach algebra with identity is

locally complex in the following sense: for each 1 € J{B, there is a neighbourhood
U of 1 so that for J := k(U), B/J 1is compler.

Proof. See the first part of the proof of (2) = (1) in the previous theorem;

complete regularity was not used. g



§5. ALMOST COMPLEX C*-ALGEBRAS

DEeFIRITIOR 5.1. An almost complex real commutative Banach algebra B is said
be an almost compler (hermitian) Banach *-algebra if there is an automorphism,

of period 2 so that @(b*) = ¢(b) for all b€ B, and all p € &5. (We note
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to

*

7

that * is uniquely determined if B is semisimple.) If, in addition, B satisfies

|Ib*b]| = Hb||2 for all b € B then we call B an almost compler C*-algebra.

ExAMPLES 5.2.
(i) Let E — X be any principal I,-bundle with E a compact Hausdorff

space. Thus, I, = {o,e} acts freely on E, and X = E/I,. Let

9
Bp = {f: E— €| { is continuous and f(o(t)) = f(t) for all t € E}.

Then Bp is a real commutative Banach algebra with identity under pointwise
operations and the supremum norm. One easily checks that f*(t) = f{t) is a

well-defined automorphism of period 2. One checks that <I>B v E and that
E

B. X and that the natural choices for these homeomorphisms makes the
E

M

® v E
By,

following l l an isomorphism of I-bundles. Thus, the map *
A
By

makes BE into an almost complex C*-algebra whose canonical 112 bundle is
naturally isomorphic to the given bundle.

(ii) Let p: T — s! be the usual double cover of Sl, p(z) = 2. Then,

1

o: T— T is given by o(z) = -z so that T/I, = 5". Define
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B={f:T——+C|f is ¢! and f(—z)=f(§5}.

We give B the norm |[ff| = ||f]| + [[{*[| . Then, B is a real commutative
Banach algebra with identity and f*(z) = f(z) makes B into an almost complex
(hermitian) Banach *-algebra which is clearly not an almost complex C*-algebra.
(iii) Let B be the usual (complex) disc algebra considered as a real Banach
algebra, then B is an almost complex Banach algebra which cannot be made into

an almost complex Banach *-algebra.
We are aiming for the following theorem.

THEOREM 5.3. Let B be a commutative almost complez C*-algebra with identity.

Then the Gelfand transform A : B — T'(Eg) s an isometric *-isomorphism.
We prove this in a series of easily digested lemmas.

Lemma 5.4. If B is a commutative almost compler C*-algebra, then * is isometric

and ||b]| = »(b) for all b € B.

Proof. ]]bl|2 = ||b*b]| < ||b*|llib]] so that |/b]| < ||[b*||. Thus, taking *

gives the other inequality.

1 1 1
Now, [b%% = [I(6")*b"% = [[(o*b)"® and if n = 2° then [[(b*b)"| =
n . k n+ 3

IIb*b||” since (b*b)* = b*b. Thus, for n = 2~ we get |b7||® = |[b*b]|* = ||b].

k %
Thus yb) = lim |[b% ||?

-+ ®

= [bll. =
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DeFIRITION 5.5. If B is a real commutative Banach algebra with identity and
b € B, then welet sp(b) = {¢(b) | ¢ € g} and call this the spectrum of b.
By Theorem 3.1.6 of [5], this agrees with the usual terminology.

LEMMAa 5.6. If B is a commutative almost complez C*-algebra with identity and if
b € B has real spectrum, then there is an isometric monomorphism :

C[R(sp(b)) — B defined by x — b and 1 +~— 1 whose range is the Banach *
subalgebra of b generated by b and 1. Moreover, @(f(b)) = f(p(b)) for all

f e Cp(sp(b)) and ¢ € ®p.

Proof. I p is a polynomial with real coefficients then p(b) € B and

N\
Ip®) = eI, = le®l, = sup_ [e@®))| = sup_ [p(p(b))]
@€ <I>B € @B
= ”p”m,sp(b)'

Thus, we can extend by continuity to get the required map. g

LEMMA 5.7. Let B be a commutative almost compler C*-algebra with identity. Then

B is completely regular.

Proof TLet I, # I, € #p. Choose b€ B so that b(l;) # 0 and
B(I2) = 0. By looking at b*b and then scaling we can assume in addition that
f)(Il) =1 and ¢(b) € [0,0) for all ¢ € &5. Let { be the continuous function
on R J sp(b) so that
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0 if t<4
f(t) = {linear if <t < 3
1 if t>3

Then a = f(b) € B, a = a* and |[ja]| = 1. Now,

—

{4 =1} = «({p | oa) =1})

) ({p | @) ¢ (}o)})

is open in  Ap. That is, 4 = 1 on a neighbourhood of L. Similarly, a = 0
on a neighbourhood of I,. A simple compactness argument shows that B is

completely regular. g

REMARK. In this setting, one can easily show that one can choose partitions of umity

(Theorem 4.6) so that the b,’s are nonnegative.

Proof of the Theorem. By Lemma 5.4, the transform A : B — I‘(EB) is
isometric. We now show that the map is onto. First, we observe that we have an

involution, *, defined on I‘(EB) making the map A a *-map. Namely for

s € I(Eg) we define s*(I) to be s{I) where we identify B/I

U\*J

1na2

€. One easily

B

checks that this is well defined and s* is continuous (see the remark after Lemma
3.2). Moreover, with this definition it is clear that A is a *-map. Now, if

s =s* in T(Eg) then given € > 0 we can find real numbers t;,---,t  ~and

an open cover Uy,---, U~ of Ap so that |[s(I) - 1t1] <€ forall TeU, for

1
each k = 1,---,n. Let bl,- . -,bIl be a nonnegative partition of unity in B

subordinate to this open cover. Then VI € J{B we have
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[s(x) - E bk(I)tkl
k=1

- ‘ Y b s - ) bk(I)tk‘
Ie€ Uk Ie Uk

|1 5060 - y)
Ie Uk

IA
o~

b (D]e < e
Ie Uk

~

n ~
Thus, [s — % bytyfl < ¢ and since B is closed in I'(Eg) we have s € B.

k=1
Now suppose s* = -5 is in F(EB). By Corollary 4.9, for each I € A

N
we can find a neighbourhood U of I and an element a € B so that a2 = -1

A

B)

N
on U. Now, this implies a*(J) = -4(J) for all J € U. Thus, &-s € I'(Eg) is
self-adjoint when restricted to U. By the above, we can find b € B with

n N At n . .
b =4a-s on U Then -ab = -ab = —a,2-s = s on U. A partition of unity

~

argument shows that we can find b € B with b=s on all of Mg Finally, if
s € [(Eg) then

s = $(s+5*%) + $(s—s%)

and we have elements ab € B with 4 = {(s+s*) and b = #(5-5*) and so

(a+h)” =5 g

ReEMARK. Combining 2.2, 4.8, 5.2 and 5.3 we can show the following.
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TxeoREM 5.8. The map B v+ w,(B) induces a bijection from isomorphism classes
of unital commutative almost complex C*-algebras with J[B = X to the abelian

+ 1
group H™(X,I,).

ReMARK. By a trivial variation on example 5.2(1) we can construct a real
commutative Banach algebra B with identity so that € : &g — J(B is
isomorphic to any (compact, Hausdorff) Io-space E — X. The next example shows
that such "bundles" do not always have local sections in neighbourhoods of points
x, € X which only have one pre-image in E but which are limits of

"doubly—covered" points {x_}.

Let En — Xn for each n = 1,2,3,--- be a nontrivial Hz—bundle. Let E
and X denote the one—point compactifications of the disjoint unions of the En’s
and the Xn’s, respectively. Then, the natural map E — X makes E a

I,-space over X. Clearly, there are no local sections in a neighbourhood of o in

X.
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