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ABSTRACT

Maximum linear feedback shift registers (LFSRs) based on primitive polynomials

are commonly used to generate maximum length sequences (m-sequences). An m-

sequence is a pseudorandom sequence that exhibits ideal randomness properties like

balance, run and autocorrelation but has low linear complexity. One-dimensional Cel-

lular Automata (1D CA) have been used to generate m-sequences and pseudorandom

sequences that have high linear complexity and good randomness. This thesis consid-

ers the use of two-dimensional Cellular Automata (2D CA) to generate m-sequences

and psuedorandom sequences that have high linear complexity and good randomness.

The properties of these sequences are compared with those of the corresponding m-

sequences and the best sequences generated by 1D CAs.
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Chapter 1

Introduction

Randomness can be defined as a series of events lacking a pattern or predictability

and a number generated by such a process is called a random number. It has appli-

cations in many fields including gaming, gambling, sports and statistics. In gaming,

it is used to fill areas on the screen with objects such as cars, people, and trees.

Slot machines in casinos employ randomness to stop randomly when they are played.

Random numbers are important in the field of cryptography [1]. An example of gen-

erating a random sequence of numbers is rolling a die multiple times. There are only

two possible outcomes (heads or tails) if a coin is flipped. One of the outcomes can be

considered a 1 and the other a 0 to generate a random binary sequence. Only binary

sequences are considered in this thesis.

One way of generating a random sequence (infinite period) is with a hardware

random-number generator (HRNG) [2]. They use physical phenomenon such as ther-

mal noise or the photoelectric effect to generate random sequences. Digital circuits

are used to produce sequences that appear statistically random [3], and are called

pseudorandom sequences (finite period). Pseudorandom sequences are used in cryp-

tographic applications to generate encryption and decryption keys. Pseudorandom

sequences repeat after a certain period, but within a period they exhibit properties

of statistical randomness similar to those of random sequences. The properties of

statistical randomness include balance, run, and autocorrelation [4] which are defined

below.

Balance: The balance property of a sequence is a direct implication of the frequency

property [3] for statistical randomness of integers. A random binary sequence
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should contain an equal number of 0s and 1s [5].

Run: A run is a sequence of identical numbers. For an ideal binary sequence, 1/2 of

the runs should have length 1, 1/4 should have length 2, 1/8 should have length

3, and so on [5].

Autocorrelation: The autocorrelation is a measure of how similar a sequence is to

a delayed copy of itself [4]. It is given by

r(k) =
N−1∑
m=0

s[m]s[m− k] (1.1)

where s[k] is the sequence, N is the length of the sequence and 0 ≤ k ≤ N − 1.

The ratio of the magnitude of the second largest value (N) to the magnitude

of the largest value in the autocorrelation is called the maximum sidelobe ratio

(MSR). The lower the MSR, the better the autocorrelation of the sequence.

1.1 Maximum Length Sequences

Linear Feedback Shift Registers (LFSR) are commonly used to generate pseudoran-

dom sequences. They are comprised of flip-flops and are synchronized with a clock.

An n-bit LFSR consists of n flip flops. Figure 1.1 shows the structure of an n-bit

LFSR consisting of n D flip-flops (D1 to Dn), n taps (C1 to Cn) and a feedback

circuit comprised of mod-2 adders. The state of an LFSR is the sequence of bits

given by the flip-flops (D1 to Dn). The output is the contents of flip-flop Dn. The

next state is determined by the feedback circuit. The smallest LFSR that produces a

sequence is the linear complexity of that sequence [1], which is an important property

of pseudorandom sequences.

Linear feedback logic based on primitive polynomials generate sequences with a

maximum period, called maximum length sequences (m-sequences) [6]. Circuits that

generate m-sequences are called maximum length LFSRs. A maximum length LFSR

cycles through the 2n− 1 non-zero states before returning to the initial state. Hence,

the period of an m-sequence is N = 2n − 1. For the all-zero initial state, the next

state is independent of the linear feedback logic and is always zero, so this is ignored.
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Figure 1.1: The structure of an n-bit LFSR.

An m-sequence is known to have good statistical randomness properties such as

balance, run, and autocorrelation but has low linear complexity [5]. The properties

of m-sequences are often used as a benchmark for the quality of a pseudorandom

sequence. In this thesis, these properties will be used to evaluate the sequences

generated. These properties of an m-sequence are as follows [7].

1. Balance: In an m-sequence, the number of ones is equal to the number of zeros

plus one. It has 0.5(N + 1) ones and 0.5(N − 1) zeros within a period (N) [5].

Thus, the balance property of an m-sequence is optimal.

2. Run: For an m-sequence

• there is 1 run of ones of length n,

• there is 1 run of zeros of length n− 1,

• there are 1 run of ones and 1 run of zeros of length n− 2,

• there are 2 runs of ones and 2 runs of zeros of length n− 3,

• there are 4 runs of ones and 4 runs of zeros of length n− 4,

...

• there are 2n−3 runs of ones and 2n−3 runs of zeros of length 1 [5].



4

3. Autocorrelation: The autocorrelation of an m-sequence is given by

r(k) =

{
N, k = aN

−1, k 6= aN
(1.2)

where a is an integer.

4. Linear Complexity: The linear complexity of an m-sequence is

LC = dlog2Ne = n (1.3)

1.2 Cellular Automata

Ulam and von Neumann first conceptualized cellular automata (CA) in 1940, and

their scope and applications in computer systems were investigated by Wolfram in

2001 [8]. CAs are structured as an array of cells in one or more dimensions [5].

They produce outputs based on predefined rules [8][9]. The rule used determines the

next state of a cell by taking the current states of the cells in the neighbourhood

as inputs. This thesis is an extension of [5] which considered binary pseudorandom

sequences generated by One-Dimensional Cellular Automata (1D CA). In this the-

sis, Two-Dimensional Cellular Automata (2D CA) are considered to generate binary

pseudorandom sequences.

The neighbourhood of a cell is the cell itself and adjacent cells whose current

states are used to determine the next state of the cell. The maximum size of a neigh-

bourhood in a 1D CA is 3, and it comprises the cell itself and the cells to its right

and left. The neighbourhood of corner cells in a 1D CA has size 2 (the cell itself

and the cell adjacent to it). Figure 1.2 shows a 1D CA of size n = 5 and the shaded

cells show the neighbourhood of cell 3, where the cells are numbered from left to right.

The state table gives the next state of the cell for each of the possible neighbour-

hood current states. For a size 3 neighbourhood, there are 23 = 8 states in the state

table and 28 = 256 state tables based on different possible next states [5]. The next

states generated by the respective state tables are known as rules. These rules are

numbered 0 to 255 and are called Wolfram rules [8]. If the state table can be gener-

ated by a linear function (mod-2 additions) of the current state of the neighbourhood
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the rule is called linear [5]. Of the 256 rules, there are only 23 = 8 linear rules. Not all

linear rules give good pseudorandom sequences, but combinations of rules 90 and 150

based on primitive polynomials can be used to generate m-sequences [10][11]. The

state table for linear rule 90 is given in Table 1.1. The last column of the table shows

the 8 next states for each current state. The next states in vector form (01011010)

give the Wolfram rule (rule 90).

Figure 1.2: A 1D CA of size n = 5.

Current State Next State
si−1(k) si(k) si+1(k) si(k + 1)

1 1 1 0


90

1 1 0 1
1 0 1 0
1 0 0 1
0 1 1 1
0 1 0 0
0 0 1 1
0 0 0 0

Table 1.1: Rule 90 State Table

The two commonly used neighbourhoods for a 2D CA are the von Neumann

neighbourhood and the Moore neighbourhood [12] as shown in Figures 1.3 and 1.4,

respectively. The maximum size of a von Neumann neighbourhood is 5 and of a Moore

neighbourhood is 9. The next state of the center cell depends on the associated rule

and the states of the neighbourhood cells. The cells on the corners have a neighbour-

hood of size 3 and 4 for von Neumann and Moore neighbourhoods, respectively. In

this thesis, 2D CAs are considered with the von Neumann neighbourhood, and the

Moore neighbourhood can be considered as future work.

For the von Neumann neighbourhood, the function to determine the next state of

a cell has 5 inputs and in this thesis is given by the following Boolean function

sx,y(k + 1) = F (sx−1,y(k), sx,y−1(k), sx,y(k), sx,y+1(k), sx+1,y(k)) (1.4)
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Figure 1.3: The von Neumann neighbourhood of the center cell.

Figure 1.4: The Moore neighbourhood of the center cell.

where

sx,y(k + 1) is the next state of a cell,

sx−1,y(k) is the current state of the left cell,

sx,y−1(k) is the current state of the top cell,

sx,y(k) is the current state of a cell,

sx,y+1(k) is the current state of the bottom cell,

sx+1,y(k) is the current state of the right cell, and

F () is the Boolean function or rule.

If an adjacent cell does not exist, its value is set to 0. In Figure 1.5, a 2D CA of

size n = 9 is shown. The shaded cells show the von Neuman neighbourhood of the

center cell (cell 5), and the cell states are also given. The next state of the center

cell is found from the state table of the associated rule. For the Boolean function in

(1.4), the 5-bit current state is 10100.

For a 5-bit binary sequence, there are a total of 25 = 32 states and the num-

ber of possible state tables (rules) is 232 = 4294967296 [12]. In a state table, the

next state is based on a rule in the range 0 to 4294967295. Table 1.2 shows the
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Figure 1.5: A 2D CA of size n = 9.

state table for non-linear rule 12586. The 32-bit binary representation of this rule

is 00000000000000000011000100101010. State 11111 corresponds to the MSB of the

rule and state 00000 corresponds to the LSB. This is an even rule as the next state

for state 00000 in the state table is 0. If the next state for state 00000 is 1, the rule

is called odd. An example of an odd rule is rule 12587.

There are 25 = 32 linear rules out of the approximately 4.29 × 109 rules. For a

linear rule, the Boolean function in (1.4) has only mod-2 additions. In this thesis, L0

to L31 are used to denote the linear rules and the non-linear rules are referred to by

their rule numbers. Table 1.3 shows the linear rules L0 to L31 and their respective

rule numbers. Note that the linear rules are even. The equations for L1 (00001), L13

(01101) and L31 (11111) using (1.4) are

L1 : sx,y(k + 1) = sx+1,y(k),

L13 : sx,y(k + 1) = sx,y−1(k) +© sx,y(k) +© sx+1,y(k),

L31 : sx,y(k + 1) = sx−1,y(k) +© sx,y−1(k) +© sx,y(k) +© sx,y+1(k) +© sx+1,y(k)

where +© represents mod-2 addition.

Figures 1.6, 1.7 and 1.8 show the structures of the 2D CAs of size n = 5, 6, 7, . . . ,

16 used in this thesis.
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Figure 1.6: The structures of 2D CAs of size n = 5, 6, 7, 8 and 9.

n = 10
[1] [3] [4][2]

[5] [7][6]

[8] [10][9]

n = 11

[8]

[1] [3] [4][2]

[5] [7][6]

[9] [11][10]

n = 12

[8]

[1] [3] [4][2]

[5] [7][6]

[9] [12][10] [11]

Figure 1.7: The structures of 2D CAs of size n = 10, 11 and 12.

1.3 Thesis Organization

Chapter 2 describes the 2D CA evaluation system and m-sequence generation using

linear rules. It further gives a classification of the linear rules. The parameters

used to characterize the sequences generated using the evaluation system are

also given.

Chapter 3 discusses the results obtained from the 2D CA evaluation system by

replacing a linear rule with a non-linear rule for 2D CAs of sizes n = 5 to 14.

Filtering criteria are specified and the corresponding results are given for each

CA size. The properties of the sequences obtained are compared with those of

m-sequences and the sequences obtained using 1D CAs in [5].

Chapter 4 provides some conclusions and suggestions for future work associated

with pseudorandom sequence generation using 2D CAs.
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n = 13
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[12][10] [11]

n = 14

[8]

[1] [3] [4][2]

[5] [7][6]

[9]

[13] [14]

[12][10] [11]

n = 15

[8]

[1] [3] [4][2]

[5] [7][6]

[9]

[13] [14] [15]

[12][10] [11]

n = 16

[8]

[1] [3] [4][2]

[5] [7][6]

[9]

[13] [14] [15] [16]

[12][10] [11]

Figure 1.8: The structures of 2D CAs of size n = 13, 14, 15 and 16.

Current State Next State
sx−1,y(k) sx,y−1(k) sx,y(k) sx,y+1(k) sx+1,y(k) sx,y(k + 1)

1 1 1 1 1 0


12586

1 1 1 1 0 0
1 1 1 0 1 0
1 1 1 0 0 0
1 1 0 1 1 0
1 1 0 1 0 0
1 1 0 0 1 0
1 1 0 0 0 0
1 0 1 1 1 0
1 0 1 1 0 0
1 0 1 0 1 0
1 0 1 0 0 0
1 0 0 1 1 0
1 0 0 1 0 0
1 0 0 0 1 0
1 0 0 0 0 0
0 1 1 1 1 0
0 1 1 1 0 0
0 1 1 0 1 1
0 1 1 0 0 1
0 1 0 1 1 0
0 1 0 1 0 0
0 1 0 0 1 0
0 1 0 0 0 1
0 0 1 1 1 0
0 0 1 1 0 0
0 0 1 0 1 1
0 0 1 0 0 0
0 0 0 1 1 1
0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 0 0

Table 1.2: Rule 12586 State Table
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F (sx−1,y(k)+©sx,y−1(k)+©sx,y(k)+©sx,y+1(k)+©sx+1,y(k)) Linear Rule
sx−1,y(k) sx,y−1(k) sx,y(k) sx,y+1(k) sx+1,y(k) Decimal

1 1 1 1 1 L31 2523490710
1 1 1 1 0 L30 1019462460
1 1 1 0 1 L29 1520805210
1 1 1 0 0 L28 4027518960
1 1 0 1 1 L27 1721342310
1 1 0 1 0 L26 3425907660
1 1 0 0 1 L25 2857719210
1 1 0 0 0 L24 16776960
1 0 1 1 1 L23 1768527510
1 0 1 1 0 L22 3284352060
1 0 1 0 1 L21 2779077210
1 0 1 0 0 L20 252702960
1 0 0 1 1 L19 2576967270
1 0 0 1 0 L18 859032780
1 0 0 0 1 L17 1431677610
1 0 0 0 0 L16 4294901760
0 1 1 1 1 L15 1771465110
0 1 1 1 0 L14 3275539260
0 1 1 0 1 L13 2774181210
0 1 1 0 0 L12 267390960
0 1 0 1 1 L11 2573637990
0 1 0 1 0 L10 869020620
0 1 0 0 1 L9 1437226410
0 1 0 0 0 L8 4278255360
0 0 1 1 1 L7 2526451350
0 0 1 1 0 L6 1010580540
0 0 1 0 1 L5 1515870810
0 0 1 0 0 L4 4042322160
0 0 0 1 1 L3 1717986918
0 0 0 1 0 L2 3435973836
0 0 0 0 1 L1 2863311530
0 0 0 0 0 L0 0

Table 1.3: Linear Rules L0 to L31
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Chapter 2

2D Cellular Automata and

m-sequence Generation

In this chapter, the 2D CA evaluation system and the associated parameters are

discussed along with m-sequence generation using linear rules. This system is an

extension of the 1D CA evaluation system in [5] and is characterized by the same

parameters with the addition of two new parameters (Linear Rules Combination and

Class Combination). Combining linear rules (L0 to L31) to generate m-sequences

is discussed in this chapter. First, all possible linear rule combinations are used to

generate sequences for 2D CAs of size n = 5, 6, . . . , 9. Based on these results,

certain combinations are selected and used to generate sequences for 2D CAs of size

n = 10, 11, . . . , 16. The following parameters are used to characterize the sequences

generated [5].

1. Size (n): The number of cells in the 2D CA is the size of the CA. Figure 2.1

shows a 2D CA of size n = 6.

2. Linear Rules Combination (LRC): Linear rules are assigned to each cell

of the 2D CA. This represents the two linear rules that are assigned to the 2D

CA. In Figure 2.1, the linear rules combination assigned to the CA is LRC =

L28, L27.

3. Linear Rules (LR): This is the set of n linear rules based on LRC assigned

to the 2D CA. For convenience, the first LRC rule is denoted by 0 in the LR

and the second rule is denoted by 1. An n bit vector is formed that represents

the CA. LR is also expressed in decimal for convenience. The 6-bit 2D CA in
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Figure 2.1 is represented by LR = L27, L28, L28, L27, L28, L27 = 100101 =

37.

4. Start Value (SV ): Start value is the vector of n bits that is the initial state

of the 2D CA. In Figure 2.1, the initial state of the CA is SV = 000001. SV is

also expressed in decimal for convenience.

5. Random Rule (RR): Random rule is the non-linear rule that replaces a linear

rule in the 2D CA. In Figure 2.1, RR = 1264 replaces L27 in cell number 4.

6. Random Cell (RC): Random cell is the cell that is replaced by a RR. In

Figure 2.1, RC = 4.

7. Observed Cell (OC): The cell from which the sequence of bits is obtained is

the observed cell. The grey cell in Figure 2.1 corresponds to OC = 5.

8. Sequence (S): This is the sequence from OC of length N = 2n − 1 which is

the period of an m-sequence from an LFSR of the same length as the CA size

(n).

9. Class Combination (CC): Class combination represents the classes to which

the respective LRC rules belong to. Classes for the linear rules are defined in

Section 2.2. In Figure 2.1, LRC = L27, L28 so CC = A, E.

10. Linear Complexity (LC): This is the linear complexity of the sequence from

OC.

11. Balance (B): This is the balance of the sequence from OC and is the number

of zeros subtracted from the number of ones in the sequence.

12. Run (R): This is the runs of the sequence from OC which is an array of size

16 containing the number of runs of lengths 1, 2, 3, . . . , 16.

13. Autocorrelation (AC) and Max Sidelobe Ratio (MSR): Autocorrelation

is an array containing values of the autocorrelation of the sequence from OC

and MSR contains the maximum sidelobe ratio.

Parameters 1 to 7 and 9 are varied in the system while parameters 8 and 10 to

13 are determined. In Section 2.1, a brief description of the framework of the 2D CA

evaluation system is provided.
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LRC = L28, L27
CC = Class A, Class E
LR = L27(1), L28(0), L28(0), L27(1), L28(0), L27(1) = 100101 = 37

RR[4] = 1264
OC = 5
SV = 000001 = 1

L27 L28 L28

L27

Rule 1264

L28 L27

Figure 2.1: An example of the rules and parameters in the 2D CA evaluation system.

2.1 The 2D CA Evaluation System

The sytem used for 2D CA evaluation is an extension of the 1D CA evaluation system

used in [5], which was developed using the C programming language to analyze 1D

CAs containing a non-linear rule for pseudorandom sequence generation. The 2D CA

evaluation system was developed using Python scripting and Joblib library was used

to employ parallelism. It is first used to analyze sequences generated using linear

rules for 2D CAs. In Chapter 3 it is used to analyze 2D CAs containing a non-linear

rule for pseudorandom sequence generation. A separate function was developed for

each CA size for n = 5, 6, 7, . . . , 16. The operating system used was Linux Ubuntu

14.04. The program is comprised of three (main control, 2D CA and test) modules

as shown in Figure 2.2. These modules are described below.

Main Control Module: The control module has inputs n, LRC, LR, SV , OC,

RR and RC. An iteration is defined as a sequence generated with one set of

input parameters [5]. The number of possible LRC values is
(
m
k

)
= m!

k!(m−k)!

where k = 2 (maximum number of linear rules in an LRC) and m = 31 (all

linear rules are considered except L0). The number of balanced RRs out of a

total of 4294967296 rules is
(
32
16

)
− 31 (minus the linear rules). The number of

iterations is determined by the following parameters.

• Maximum value of LRC is
(
31
2

)
= 465.

• Maximum value of LR is 2n.

• Maximum value of SV is 2n.

• Maximum value of OC is n.
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• Number of balanced RRs is
(
32
16

)
− 31 = 601080359.

• Maximum value of RC is n.

For one random cell replacement, the maximum number of iterations is

465× 2n × 2n × n× 601080359× n, (2.1)

which is 7.15×1015 for CA size 5. The length of the output sequence generated

is twice the period of an m-sequence (2 × (2n − 1)). Thus, the time taken

for each iteration is exponential in n. The first half of the output sequence is

discarded and the second half is used as the output sequence S. This approach

is used to remove any unwanted effects of the initial conditions [5]. To reduce

the complexity and number of iterations, the number of LRC, LR, SV and OC

values considered is reduced based on the results in the next section.

CA Module: The CA module consists of different functions for different sizes n.

The input n is used to call the function for the respective 2D CA. LRC defines

the two linear rules used to configure the n cells using the bit vector LR. RR

replaces one linear rule with a non-linear rule at cell position RC. The output

sequence S is obtained from cell OC. The state of each cell is updated based

on the rule assigned. An output sequence S of length 2n − 1 is obtained.

Test Module: The test module takes the sequence S from the CA module as input

and calls the following functions.

• LC Calculator: The linear complexity of S is calculated and returned by

this function. It employs the Berlekamp-Massey algorithm to determine

the LC [13] [14].

• Balance Calculator: This function calculates and returns the balance B

of S by subtracting the number of 0s from the number of 1s.

• Run Calculator: This function calculates the runs R of S.

• AC and MSR Calculator: This function calculates the AC and MSR

of S.
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MAIN CONTROL MODULE

2D CA MODULE

TEST MODULE

n LRC LR SV

S

OC RR RC

n = 5

LC
CALCULATOR

B
CALCULATOR

R
CALCULATOR

AC + MSR
CALCULATOR

LC B R AC + MSR

n = 6 n = 7 n = 16

Figure 2.2: Modules of the 2D CA evaluation system.

2.2 m-sequence Generation using Linear Rules

To generate m-sequences using linear rules in a 2D CA, only rules which take inputs

from at least 3 neighbours to determine the next state of the respective cell are con-

sidered. This approach is used because 1D CAs have a maximum of 3 neighbours

and to ensure that there is sufficient interaction between the neighbourhood cells in

determining the next state of each cell. Table 2.1 shows the resulting linear rules that

are considered for generating m-sequences. It should be noted that some of these

rules are just rotations of each other. Figure 2.3 shows the clockwise rotations of

L28. If we rotate L28 clockwise, we get L13 and then rotating L13 gives L7 and

then L22. Similarly, Figures 2.4, 2.5 and 2.6 show the rotations of linear rules L21,
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L25 and L30, respectively. Rotations of rule L27 and rule L31 yield the same rules

because L27 takes inputs from all four adjacent neighbours of the center cell and rule

L31 takes inputs from all 5 neighbours (including the center cell). Thus, these linear

rules can be classified into six different classes based on the rules that are rotations

of each other as shown in Table 2.2. Rules in classes A, B and C take inputs from 3

cells, rules in Class D and Class E take inputs from 4 cells and the rule in Class F

takes inputs from all 5 cells in the neighbourhood.

Figure 2.3: The clockwise rotations of L28.

Figure 2.4: The clockwise rotations of L21.

Figure 2.5: The clockwise rotations of L25.

Using the linear rules in Table 2.1, the number of linear rules considered is reduced

from 32 to 16. The corresponding maximum number of LRC values is
(
16
2

)
= 120

which is less than the 465 given in Section 2.1. In order to determine the linear rule

combinations that generate m-sequences, all possible values of LR for each of the 120
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Figure 2.6: The clockwise rotations of L30.

F (sx−1,y(k)+©sx,y−1(k)+©sx,y(k)+©sx,y+1(k)+©sx+1,y(k)) Linear Rule
sx−1,y(k) sx,y−1(k) sx,y(k) sx,y+1(k) sx+1,y(k) Decimal

1 1 1 1 1 L31 2523490710
1 1 1 1 0 L30 1019462460
1 1 1 0 1 L29 1520805210
1 1 1 0 0 L28 4027518960
1 1 0 1 1 L27 1721342310
1 1 0 1 0 L26 3425907660
1 1 0 0 1 L25 2857719210
1 0 1 1 1 L23 1768527510
1 0 1 1 0 L22 3284352060
1 0 1 0 1 L21 2779077210
1 0 0 1 1 L19 2576967270
0 1 1 1 1 L15 1771465110
0 1 1 1 0 L14 3275539260
0 1 1 0 1 L13 2774181210
0 1 0 1 1 L11 2573637990
0 0 1 1 1 L7 2526451350

Table 2.1: Linear Rules With at Least Three Inputs

LRC were checked for 2D CA sizes n = 5, 6, 7, 8 and 9. The maximum number of

LR values for any LRC that includes two rules is 2n – 2 because the all zeros and

all ones LR values include only one rule from the LRC. Table 2.3 shows the possible

values of LR for a 2D CA size n = 4 and LRC = L7, L25. There are 16 − 2 = 14

unique LR values.

2.2.1 Initial Observations

The 2D CA evaluation system was first used to analyze all possible combinations of

the linear rules in CAs of size n = 5, 6, 7, 8 and 9. The outputs were stored in Excel

files and then filtered to obtain those combinations that generate m-sequences. The

following observations can be made.
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Class Linear Rules
A L28, L13, L7, L22
B L30, L29, L15, L23
C L25, L11, L19, L26
D L21, L14
E L27
F L31

Table 2.2: Classification of Linear Rules

LRC LR
L7, L25 1110
L7, L25 1101
L7, L25 1100
L7, L25 1011
L7, L25 1010
L7, L25 1001
L7, L25 1000
L7, L25 0111
L7, L25 0110
L7, L25 0101
L7, L25 0100
L7, L25 0011
L7, L25 0010
L7, L25 0001

Table 2.3: All Possible Values of LR That Include Both LRC Rules

1. Many different combinations (LRC and respective LR) of the linear rules in

Table 2.1 generate m-sequences. These combinations gave m-sequences for all

possible initial states except SV = 0. For SV = 0, the sequence generated is

all zeros. This is because all the linear rules (L0 to L31) of 2D CA are even

rules as discussed in Section 1.2. For even rules the LSB bit is 0 and for SV =

0, all the neighbourhood cell states are 0, so the next state of all cells is always

0. Hence, SV = 1 was fixed for further analysis.

2. For the values of LRC and LR that generated m-sequences, all values of OC

= 1, 2, . . . , n generated m-sequences. Hence, OC = 4 was fixed for further

analysis.

3. None of the LRC having both rules from the same class generated m-sequences.

For example, if L28 is considered from Class A, no combinations with an-
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other rule from the same class (L13, L7 or L22) generated an m-sequence.

m-sequences are only generated by combinations of rules from different classes.

4. For CA size n = 9, if a combination of a rule from a certain class generated

an m-sequence with a rule from another class, then the combination of rules

obtained by rotating these rules in the same direction also generated an m-

sequence. For example, combinations of L30 from Class B with L11 from Class

C generated m-sequences, and combinations of the rotations of these rules, i.e.

L23 from Class B and L25 from Class C, also generated m-sequences.

2.2.2 Results for 2D CA sizes n = 5, 6, 7, 8 and 9

Using the linear rules in Table 2.1, all possible values of LR for all possible LRC of

these rules were first tested for n = 5. The results obtained show that different linear

rule combinations for a 2D CA system can generate m-sequences. Table 2.4 shows the

unique LRC that generated m-sequences for n = 5. The first column shows the LRC

which generated m-sequences. The second column shows the respective classes that

the rules in LRC belong to. The third column shows one of the multiple LR values of

the respective LRC in the first column, that generated m-sequences. Results for all

the LR of LRC = L21, L27 that generated m-sequences are shown in Table 2.5. Ta-

bles 2.6, 2.7, 2.8 and 2.9 show all unique LRC and respective LR (one of the multiple

values) that generated m-sequences for 2D CAs of sizes n = 6, 7, 8 and 9, respectively.

From the results in Table 2.4, 2.7, 2.8 and 2.9, it can be seen that seven unique

CC generate m-sequences for 2D CAs of sizes n = 5, 7, 8 and 9, respectively. For n =

6, six unique CC generated m-sequences which can be seen in Table 2.6. For further

analysis, the best LRC is selected from each unique CC as a representative of that

CC. In Table 2.10, all the unique CC are shown. The criteria for the selection of the

best LRC from each of the respective CC is the total number of appearances of the

respective LRC in Tables 2.4 and 2.6 to 2.9. The LRC that appeared the greatest

number of times from a respective CC was selected as the representative of that CC.

For example, from CC = Class A, Class C, LRC = L7, L25 appears 4 times in Tables

2.4, 2.7, 2.6 and 2.9 (for 2D CA size n = 5, 7, 8 and 9) whereas LRC = L13, L26 from

the same CC appears twice and only in Tables 2.6 and 2.9. Therefore, from these

LRC, LRC = L7, L25 is chosen. Table 2.11 shows the seven LRC that were selected

as representative of the respective CC in Table 2.10 based on the criteria discussed
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LRC CC LR LC B R AC
L7, L25 A, C 00111 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L28, L27 A, E 11010 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L13, L27 A, E 01111 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L7, L27 A, E 01111 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L22, L27 A, E 11010 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L30, L11 B, C 11010 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L29, L19 B, C 01110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L15, L26 B, C 00101 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L23, L25 B, C 10001 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L30, L27 B, E 01011 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L23, L27 B, E 11010 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L15, L27 B, E 11110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L29, L27 B, E 01111 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L26, L21 C, D 01110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L25, L14 C, D 10000 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L25, L31 C, F 11110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L11, L31 C, F 11110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L19, L31 C, F 11010 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L26, L31 C, F 11110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L21, L27 D, E 11010 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .
L14, L27 D, E 11110 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . .

Table 2.4: m-sequences for the Unique LRC for CA Size n = 5

OC LRC LR SV LC B R AC S
4 L21, L27 11010 1 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . . 010010. . .
4 L21, L27 10010 1 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . . 000101. . .
4 L21, L27 01111 1 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . . 110000. . .
4 L21, L27 01101 1 5 1 8, 4, 2, 1, 1, 0, 0, . . . 31, -1, -1, -1, . . . 011000. . .

Table 2.5: m-sequences for the LR Values for LRC = L21, L27

above. For n = 5, 7, 8 and 9, all seven CC representatives generated m-sequences.

For 2D CA of size n = 6, LRC = L7, L25 and L21, L27 did not generate m-sequences

as can be determined from Table 2.6. These seven representatives are used for further

analysis in this thesis.

2.2.3 Results for 2D CA size n = 10, 11, 12, . . . , 16

Sequences for 2D CAs of size n = 10, 11, 12, . . . , 16 were generated using the CC

representatives given in Table 2.11. The objective was to ensure that the selected CC
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LRC CC LR LC B R AC
L13, L26 A, C 101011 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L22, L11 A, C 111100 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L28, L27 A, E 110011 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L13, L27 A, E 111001 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L7, L27 A, E 110011 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L22, L27 A, E 100111 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L30, L11 B, C 010101 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L15, L26 B, C 101010 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L30, L27 B, E 010101 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L23, L27 B, E 110100 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L15, L27 B, E 111001 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L29, L27 B, E 001011 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L26, L21 C, D 001110 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L25, L14 C, D 011100 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L25, L31 C, F 100110 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L11, L31 C, F 110101 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L19, L31 C, F 110100 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .
L26, L31 C, F 101011 6 1 16, 8, 4, 2, 1, 1, 0, 0, . . . 63, -1, -1, -1, . . .

Table 2.6: m-sequences for the Unique LRC for CA Size n = 6

representatives generate m-sequences for 2D CAs of size n > 9. Tables 2.12, 2.13 and

2.14 show the results for n = 10, 11 and 12, respectively. For n = 10, two CC repre-

sentatives (LRC = L7, L25 and L30, L11) did not generate m-sequences, whereas for

n = 11 and 12, m-sequences were generated for all seven CC representatives. In the

tables, only one value of the LR is shown for the respective LRC (CC representa-

tives) that generated m-sequences. Tables 2.14, 2.15, 2.16 and 2.17 show the results

obtained for m-sequence generation using the selected CC representatives for n =

13, 14, 15 and 16, respectively. For n = 14, 15 and 16, all seven CC representatives

generated m-sequences. For n = 13, LRC = L7, L25 did not generate an m-sequence.
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LRC CC LR LC B R AC
L7, L25 A, C 0110111 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L28, L27 A, E 1001101 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L13, L27 A, E 1111011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L7, L27 A, E 1110011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L22, L27 A, E 1101011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L30, L11 B, C 0101011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L29, L19 B, C 1001010 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L15, L26 B, C 1010100 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L23, L25 B, C 0110111 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L30, L27 B, E 0111001 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L23, L27 B, E 1101101 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L15, L27 B, E 1111011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L29, L27 B, E 0011000 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L26, L21 C, D 1100000 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L25, L14 C, D 0011001 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L25, L31 C, F 1111011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L11, L31 C, F 1111011 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L19, L31 C, F 1101101 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L26, L31 C, F 1111001 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L21, L27 D, E 1101101 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .
L14, L27 D, E 1100111 7 1 32, 16, 8, 4, 2, 1, 1, 0, 0, . . . 127, -1, -1, -1, . . .

Table 2.7: m-sequences for the Unique LRC for CA Size n = 7

LRC CC LR LC B R AC
L7, L25 A, C 11001111 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L28, L27 A, E 10011111 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L13, L27 A, E 01111001 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L7, L27 A, E 11100111 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L22, L27 A, E 11010010 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L30, L11 B, C 10101011 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L29, L19 B, C 00111001 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L23, L25 B, C 11000110 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L30, L27 B, E 01000011 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L23, L27 B, E 10010010 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L15, L27 B, E 11011110 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L29, L27 B, E 00110101 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L25, L14 C, D 01110000 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L25, L31 C, F 00111001 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L11, L31 C, F 11010110 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L19, L31 C, F 11110011 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L26, L31 C, F 10111011 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L21, L27 D, E 00111111 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .
L14, L27 D, E 11011110 8 1 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 255, -1, -1, -1, . . .

Table 2.8: m-sequences for the Unique LRC for CA Size n = 8
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LRC CC LR LC B R AC
L28, L19 A, C 100110110 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L13, L26 A, C 111110000 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L7, L25 A, C 011011001 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L22, L11 A, C 000011111 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L28, L27 A, E 101111010 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L13, L27 A, E 101111010 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L7, L27 A, E 011110011 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L22, L27 A, E 110011110 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L30, L11 B, C 000111110 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L29, L19 B, C 011011010 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L15, L26 B, C 111000001 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L23, L25 B, C 100100101 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L30, L27 B, E 001001111 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L23, L27 B, E 111100100 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L15, L27 B, E 111100001 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L29, L27 B, E 001001101 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L26, L21 C, D 001110110 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L25, L14 C, D 001101110 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L25, L31 C, F 110100101 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L11, L31 C, F 111100100 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L19, L31 C, F 111100100 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L26, L31 C, F 111100001 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L21, L27 D, E 110101001 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .
L14, L27 D, E 110100011 9 1 128, 64, 32, 16, 8, 4, 2, 1, 1, 0, . . . 511, -1, -1, . . .

Table 2.9: m-sequences for the Unique LRC for CA Size n = 9

CC
A, C
A, E
B, C
B, E
C, D
C, F
D, E

Table 2.10: All Unique CC That Generate m-sequences
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CC LRC
A, C L7, L25
A, E L28, L27
B, C L30, L11
B, E L30, L27
C, D L25, L14
C, F L25, L31
D, E L21, L27

Table 2.11: Representative LRC of Respective CC

LRC LR LC B R AC
L28, L27 1111101101 10 1 256, 128, 64, 32, 16, 8, 4, 2, 1, 1, . . . 1023, -1, -1, . . .
L30, L27 1111001011 10 1 256, 128, 64, 32, 16, 8, 4, 2, 1, 1, . . . 1023, -1, -1, . . .
L25, L14 0100111100 10 1 256, 128, 64, 32, 16, 8, 4, 2, 1, 1, . . . 1023, -1, -1, . . .
L25, L31 1100110010 10 1 256, 128, 64, 32, 16, 8, 4, 2, 1, 1, . . . 1023, -1, -1, . . .
L21, L27 1111001111 10 1 256, 128, 64, 32, 16, 8, 4, 2, 1, 1, . . . 1023, -1, -1, . . .

Table 2.12: m-sequences Using CC Representatives for n = 10

LRC LR LC B R AC
L7, L25 11100111011 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .
L28, L27 11111010111 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .
L30, L11 11101111000 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .
L30, L27 11111011101 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .
L25, L14 00011100101 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .
L25, L31 11111101110 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .
L21, L27 11111111110 11 1 512, 256, 128, 64, 32, 16, 8, 4, 2, . . . 2047, -1, -1, . . .

Table 2.13: m-sequences Using CC Representatives for n = 11

LRC LR LC B R AC
L7, L25 110101101011 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .
L28, L27 111111110011 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .
L30, L11 111111101000 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .
L30, L27 111111110011 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .
L25, L14 000110011100 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .
L25, L31 111011111000 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .
L21, L27 111111011001 12 1 1024, 512, 256, 128, 64, 32, 16, 8, . . . 4095, -1, -1, . . .

Table 2.14: m-sequences Using CC Representatives for n = 12
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LRC LR LC B R AC
L28, L27 1111111110111 13 1 2048, 1024, 512, 256, 128, 64, 32, . . . 8191, -1, -1, . . .
L30, L11 1111111110001 13 1 2048, 1024, 512, 256, 128, 64, 32, . . . 8191, -1, -1, . . .
L30, L27 1111111110111 13 1 2048, 1024, 512, 256, 128, 64, 32, . . . 8191, -1, -1, . . .
L25, L14 0001001110001 13 1 2048, 1024, 512, 256, 128, 64, 32, . . . 8191, -1, -1, . . .
L25, L31 1111111110111 13 1 2048, 1024, 512, 256, 128, 64, 32, . . . 8191, -1, -1, . . .
L21, L27 1111101010111 13 1 2048, 1024, 512, 256, 128, 64, 32, . . . 8191, -1, -1, . . .

Table 2.15: m-sequences Using CC Representatives for n = 13

LRC LR LC B R AC
L7, L25 11100111100111 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .
L28, L27 11111111111100 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .
L30, L11 11111110010010 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .
L30, L27 11111111111100 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .
L25, L14 00011010100001 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .
L25, L31 11111110101111 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .
L21, L27 11111110100011 14 1 4096, 2048, 1024, 512, 256, 128, . . . 16383, -1, -1, . . .

Table 2.16: m-sequences Using CC Representatives for n = 14

LRC LR LC B R AC
L7, L25 111001101101111 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .
L28, L27 111111111111000 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .
L30, L11 111111111110100 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .
L30, L27 111111111110001 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .
L25, L14 00011010100001 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .
L25, L31 111111111110001 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .
L21, L27 111111111001100 15 1 8192, 4096, 2048, 1024, 512, 256, . . . 32767, -1, -1, . . .

Table 2.17: m-sequences Using CC Representatives for n = 15

LRC LR LC B R AC
L7, L25 1011110111100111 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .
L28, L27 1111111101110000 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .
L30, L11 1111101110000000 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .
L30, L27 1111110101010101 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .
L25, L14 0001001110010000 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .
L25, L31 1111110111011100 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .
L21, L27 1111110110111000 16 1 16384, 8192, 4096, 2048, 1024, 512, . . . 65535, -1, -1, . . .

Table 2.18: m-sequences Using CC Representatives for n = 16
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Chapter 3

Pseudorandom Sequence

Generation

In this chapter, psuedorandom sequences are generated and analyzed using the seven

LRC chosen as CC representatives given in Table 2.11. The LR values for the respec-

tive LRC in Tables 2.4 and 2.6 to 2.9 for 2D CAs of sizes n = 5 to 9, respectively, are

used and a single cell is replaced with all balanced RR in the range 0 to 4294967296.

Multi stage filtering is then done to obtain RRs for each CC representative that gen-

erate sequences with high linear complexity and good randomness properties. The

properties of the sequences obtained are then compared to those of m-sequences. The

filtering criteria used are discussed in the next section.

3.1 Filtering Criteria

The filtering criteria employed are similar to those used in [5] to filter the sequences

generated using 1D CAs, but are more strict to obtain sequences with better ran-

domness properties and to reduce the computational complexity. The two filtering

stages described below are used to filter sequences to obtain RRs that provide good

sequences.

First Stage: The first stage of filtering is based on LC, MSR and the randomness

tests (frequency test for balance and run test) defined in [15].

• LC: The generated sequences are initially filtered based on the LC. Only
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those RRs are considered which generate sequences having

LC ≥ 2n/2

• Frequency Test for Balance: In this test, each bit of a sequence is

assigned a value -1 or +1 (0 = -1 and 1 = +1) and the sum of the values

is calculated

XN =
N−1∑
m=0

2s(m)− 1

where s(m) is the mth bit of S and N = 2n−1 is the length of S [5][15].This

is used to calculate the complementary error function

PB = erfc(|XN |/(
√

2N))

A balance threshold of PBTh = 0.9 is used to filter the sequences, so the

RR is kept if the generated sequence has

PB ≥ 0.9

• Run Test: In this test the ratio of the number of 1s to the length of S is

calculated as

π =
N−1∑
m=0

s(m)/N

where s(m) is the mth bit of S. If the condition |π − 1/2| < XN/
√
N is

not satisfied, then the test fails. Then the test statistic

VN(obs) =
N−2∑
m=0

v(m) + 1

is calculated where v(m) = 0 if the (m+1)th bit is the same as the mth bit

and v(m) = 1 otherwise. The corresponding complementary error function

PR = erfc

(
|VN(obs)− 2Nπ(1− π)|

2
√

2Nπ(1− π)

)
is calculated [5][15]. A run threshold of PRTh = 0.9 is used to filter the
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sequences, so the RR is kept if the sequence has

PR ≥ 0.9

• MSR: MSR is considered to evaluate the AC of the sequences. An MSR

threshold of MSRTh = 0.2 is used to filter the sequences, so the RR is

kept if the sequence has

MSR < 0.2

Second Stage: To reduce the computational complexity, all sequences are first

generated with fixed SV = 1. The RRs obtained after first stage of filtering are

then used to generate sequences for all 2n SV . They are further filtered based

on the rules which maintain a relatively unchanged LC of no more than ±10%

for all 2n SV s [5] and pass the criteria

PB ≥ 0.5

PR ≥ 0.5

MSR < 0.2

for all SVs. The objective here is to obtain good sequences irrespective of the

initial state of the CA, which is similar to m-sequences.

3.2 Initial Observations

The sequences generated after a single cell replacement with all balanced RRs in the

range 0 to 4294967295 for 2D CAs of sizes n = 5, 6, 7, 8 and 9 were filtered based on

the criteria above. After the first stage of filtering, the following observations were

made.

1. The value of OC has a negligible affect on LC if all other inputs are fixed.

Examples of this behavior for 2D CAs of sizes n = 7, 8 and 9 are shown in

Tables 3.1, 3.2 and 3.3, respectively. In these tables, LRC, LR, RR, RC and

SV are constant and only OC is varied. Note that the value of LC is close to

2n/2 for all the values of OC. Hence, OC = 4 was fixed to reduce computational

complexity.

2. For each CC representative for the same size 2D CA, different RRs generated

sequences that passed the filtering criteria. For 2D CAs of size n = 9, no overlap
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was found between the RRs of the respective CC representatives obtained after

the first stage of filtering. The first stage filtering criteria were then relaxed to

PB ≥ 0.8

PR ≥ 0.8

MSR < 0.2

which resulted in

970 filtered RRs for LRC = L7, L25,

1042 filtered RRs for LRC = L28, L27,

1066 filtered RRs for LRC = L30, L11,

976 filtered RRs for LRC = L30, L27,

1137 filtered RRs for LRC = L25, L14,

1130 filtered RRs for LRC = L25, L31 and

1337 filtered RRs for LRC = L21, L27.

An overlap of only 8 RRs was found between two of the seven CC representa-

tives.

3. For different size 2D CAs with fixed values of SV , RC, OC and LRC, different

RRs generated sequences that passed the first stage of filtering criteria. Table

3.4 shows the sequences generated by RR = 361019349 for 2D CAs of sizes n =

5, 6, 7, 8 and 9 for LRC = L28, L27. RR = 361019349 is one of the 225 RRs

that generated sequences which passed the first stage of filtering criteria for 2D

CA size n = 9 with LRC = L28, L27. Note that the sequences generated by

RR = 361019349 for n = 5, 6, 7 and 8 fail the filtering criteria but pass for n

= 9.

4. The maximum linear complexity obtained for different sizes of 2D CAs for each

CC representative is close to 2n/2. Table 3.5 shows the maximum LC obtained

for each of the seven CC representatives for 2D CAs of size n = 9 with SV = 1,

RC = 5 and OC = 4. Figure 3.1 shows a plot of the maximum LC obtained

for 2D CAs of sizes n = 5 to 9. Note that the maximum LC approximately

doubles with an increase of n by 1.
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5. Odd RRs generated all non-zero sequences for SV = 0, as their LSB bit is 1

and for the neighborhood state 00000, the next state is 1. Even RRs generated

all zero sequences for SV = 0, since all the linear rules for 2D CA are also even

as discussed in Section 2.2.1 (initial observation 1). For even RRs, SV = 0 was

ignored during the second stage of filtering.

The results obtained from the first stage of filtering were then considered in the second

stage of filtering discussed in Section 3.1 to obtain the final results.

OC RC RR LRC LR SV LC B AC MSR S

1 5 554823149 L7, L25 0110111 1 63 -9 127,-9,3,-5,3,-37, . . . 0.37 1010101. . .

2 5 554823149 L7, L25 0110111 1 64 -5 127,3,11,3,7,7, . . . 0.18 0100010. . .

3 5 554823149 L7, L25 0110111 1 63 -5 127,3,11,3,7,7, . . . 0.18 0010001. . .

4 5 554823149 L7, L25 0110111 1 65 1 127,3,7,-5,-1,-1, . . . 0.12 1011101. . .

5 5 554823149 L7, L25 0110111 1 64 -7 127,-5,-5,7,-1,-9, . . . 0.21 1001001. . .

6 5 554823149 L7, L25 0110111 1 63 -3 127,-1,-37,11,3,-5, . . . 0.25 1101100. . .

7 5 554823149 L7, L25 0110111 1 65 -1 127,-1,11,-5,-1,-1, . . . 0.15 0101101. . .

Table 3.1: LC Versus OC for n = 7, RR = 554823149 and RC = 5

OC RC RR LRC LR SV LC B AC MSR S

1 5 52621007 L7, L25 11001111 1 128 -1 255,-1,-1,-1,-1,-1, . . . 0.17 0011010. . .

2 5 52621007 L7, L25 11001111 1 128 -1 255,-1,-1,-1,-1,-1, . . . 0.17 0110101. . .

3 5 52621007 L7, L25 11001111 1 128 1 255,-1,-1,-129,-1,-1, . . . 0.31 1110001. . .

4 5 52621007 L7, L25 11001111 1 128 1 255,-1,-1,-1,-1,-1, . . . 0.09 0110111. . .

5 5 52621007 L7, L25 11001111 1 128 1 255,-129,63,-33,-17,23, . . . 0.25 10101101. . .

6 5 52621007 L7, L25 11001111 1 128 1 255,-1,-1,63,-33,15, . . . 0.25 0000011. . .

7 5 52621007 L7, L25 11001111 1 128 1 255,-1,-1,-1,-1,-1, . . . 0.09 0001101. . .

8 5 52621007 L7, L25 11001111 1 128 1 255,-1,-1,-1,-1,-1, . . . 0.14 0101100. . .

Table 3.2: LC Versus OC for n = 8, RR = 52621007 and RC = 5

OC RC RR LRC LR SV LC B AC MSR S

1 5 99790800 L7, L25 011011001 1 256 1 511,-1,-1,-1,-1,-21, . . . 0.18 0100000. . .

2 5 99790800 L7, L25 011011001 1 255 1 511,-1,-1,-1,-1,-1, . . . 0.13 0010011. . .

3 5 99790800 L7, L25 011011001 1 256 1 511,-1,-1,-1,-1,-1, . . . 0.13 0001010. . .

4 5 99790800 L7, L25 011011001 1 257 1 511,-1,-65,-9,11,15, . . . 0.1 1110101. . .

5 5 99790800 L7, L25 011011001 1 255 1 511,63,7,-21,-5,-13, . . . 0.13 0001100. . .

6 5 99790800 L7, L25 011011001 1 256 1 511,-1,-1,-1,-1,3, . . . 0.1 0000011. . .

7 5 99790800 L7, L25 011011001 1 256 1 511,-1,-1,-1,-1,-1, . . . 0.12 0010010. . .

8 5 99790800 L7, L25 011011001 1 255 1 511,-1,-1,-1,-1,-1, . . . 0.12 0110110. . .

9 5 99790800 L7, L25 011011001 1 255 1 511,-1,-1,-1,-1,-1, . . . 0.11 1011010. . .

Table 3.3: LC Versus OC for n = 9, RR = 99790800 and RC = 5
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n OC RC RR LRC LR SV LC B AC MSR S

5 4 5 361019349 L28, L27 11010 1 1 31 31,31,31,31, . . . 1 1111111. . .

6 4 5 361019349 L28, L27 110011 1 22 -11 63,3,-1,-1, . . . 0.68 1110110. . .

7 4 5 361019349 L28, L27 1001101 1 0 -127 127,127,127,127, . . . 1 000000. . .

8 4 5 361019349 L28, L27 10011111 1 6 -141 255,27,27,143, . . . 0.98 1000001. . .

9 4 5 361019349 L28, L27 101111010 1 256 1 511,3,-1,7, . . . 0.15 0110011. . .

Table 3.4: Sequences Generated for n = 5 to 9, RR = 361019349 and LRC = L28,
L27

OC RC RR LRC LR SV LC B MSR

4 5 290319915 L7, L25 011011001 1 261 3 0.12

4 5 1620744815 L28, L27 101111010 1 262 3 0.13

4 5 3051654437 L30, L11 000111110 1 262 3 0.14

4 5 2614969442 L30, L27 001001111 1 263 3 0.14

4 5 2948091975 L25, L14 001101110 1 261 3 0.1

4 5 397071510 L25, L31 110100101 1 262 3 0.29

4 5 2983375986 L21, L27 110101001 1 261 1 0.09

Table 3.5: Maximum LC Obtained for all Seven CC Representatives for n = 9, RC
= 5, OC = 4 and SV = 1

3.3 Filter Results for n = 9

Results were first generated for 2D CAs of size n = 9 by replacing the center cell

(RC = 5) with all balanced non-linear rules. RC = 5 (center cell) was selected so

that the neighborhood size of the cell to which the RR is assigned is maximum (5).

RC = 5 was fixed for other sizes as well to reduce the computational complexity

as many sequences generated with RC = 5 passed the filtering criteria. Sequences

were generated for the seven CC representatives (LRC) given in Table 2.11 and the

LR values for the respective LRC given in Table 2.9 were used. SV = 1 and OC

= 4 were also fixed to obtain the initial results as discussed in Sections 3.1 and 3.2,

respectively. By fixing the values of SV , OC, RC and LR, and reducing the LRC

values to seven, the number of iterations using (2.1) was reduced to

7× 21 × 21 × 1× 601080359× 1 = 4207562513.

Sequences generated by 2139 RRs passed the first stage of filtering and they were then

used to generate sequences for all 2n SV s resulting in 2139×29 = 1095168 additional

iterations.
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Figure 3.1: Maximum LC obtained after single cell replacement with a balanced
non-linear rule for 2D CAs of sizes n = 5 to 9.

It was observed that both even and odd non-linear rules (RRs) passed the first

stage of filtering but only even RRs passed the second stage of filtering. Column two

of Table 3.6 shows the numbers of RRs that passed the first stage of filtering for each

of the seven LRC. Some of these RRs are given in column three. It can be seen

that both even and odd RRs are present in Table 3.6. Tables 3.7 and 3.8 show the

numbers of RRs that passed the second stage of filtering for each of the seven LRC

along with the RRs for the respective LRCs.

The best filtered results obtained for each CC representative are discussed below.

1. For LRC = L7, L25, RR = 1725929730 gave the best results. The sequences

generated with RR = 1725929730 for the non-zero SV s have MSR = 0.08, PB

= 0.96, and PR = 0.89 for the odd SV s and PR = 0.96 for the even SV s. The

results are shown in Table 3.9. The minimum LC is 253 and the maximum is

258.

2. For LRC = L28, L27, RR = 1398495324, 1521459290, 1528288344, 1941406796,

3404668986, 3537245726, 4214735880 and 4216804360 gave the best results. The

sequences generated for the non-zero SV s with these rules have MSR = 0.1,

PB = 0.96 and PR = 0.96 or 0.89. The minimum LC is 251 and the maximum
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LRC No. RRs

16711440, 32894880, 35381070, 38657835, 66244560, 81182610,
L7, L25 317 72990570, 87011085, 99790800, 99987360, 100249440, 100380480,

108109800, 115121970, 115121970

323059164, 361019349, 418324699, 445168602, 459565016, 472899795,
L28, L27 225 484315859, 537590511, 651762150, 665690596, 716670186,

720831722, 839709646, 846221262

28093687, 38785275, 40672507, 42329595, 56989171, 59369203,
L30, L11 314 60925939, 65572595, 72637949, 78227197, 85816565, 92923637,

95266037, 97307893, 100990457

12766207, 37806075, 39607547, 39345915, 4624075, 46320635,
L30, L27 453 47860475, 50072827, 67761917, 73571325, 74981117, 74650621,

75372797, 76574717, 78655458

26476140, 37027275, 45284685, 78904140, 105970095, 146732865,
L25, L14 121 165475875, 186381540, 195884115, 244445550, 279965520,

336129015, 345566055, 372566475

252679850, 253169612, 254482289, 255020458, 255022506, 255053012,
L25, L31 301 255052970, 255054891, 257255850, 257265322, 257283250,

258545586, 258566570, 259116264

4015103, 3843071, 8323583, 7244287, 41763263, 35301311,
L21, L27 409 37282751, 45150911, 45671103, 47502527, 102061983, 110450335,

157604207, 193257007, 272565239

Table 3.6: Number Of RRs That Passed the First Stage of Filtering for the Respective
LRCs for n = 9, OC = 4, SV = 1 and RC = 5

is 260.

3. For LRC = L30, L11, RR = 2307253734 and 3114903078, gave the best results.

The sequences generated for the non-zero SV s with both these rules have MSR

= 0.08, PB = 0.96 and PR = 0.96 or 0.89. The minimum LC is 253 and the

maximum is 259.

4. For LRC = L30, L27, RR= 1840917140, 2902001324, 3917026950 and 3987876740

gave the best results. The sequences generated for the non-zero SV s with these

rules have MSR = 0.08, PB = 0.96 and PR = 0.96 or 0.89. The minimum LC

is 251 and the maximum is 261.

5. For LRC = L25, L14, none of the RRs passed the second stage of filtering.

6. For LRC = L25, L31, RR = 1767184360 gave the best results. The sequences

generated with RR = 1767184360 for the non-zero SV s have MSR = 0.08, PB
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= 0.96 and PR = 0.96 or 0.89. The minimum LC is 252 and the maximum is

260.

7. For LRC = L21, L27, RR= 2518583190, 4094226384, 4271314560 and 4272249472

gave the best results. The sequences generated for the non-zero SV s with these

rules have MSR = 0.09, PB = 0.96 and PR = 0.96 or 0.89. The minimum LC

is 250 and the maximum is 261.

From these results it can be seen that the sequences generated by each of the RRs

discussed above for the respective LRCs exhibit excellent randomness properties and

high linear complexity. The sequence generated with RR = 1725929730, for LRC =

L28, L27 is now compared with an m-sequence and the filtered sequence obtained in

[5] for a 1D CA of size n = 9 after single cell replacement with a non-linear rule.

Comparison with an m-sequence: Table 3.10 compares the 2D CA of size n

= 9 sequence generated using LRC = L7, L25, LR = 011011001 = 217, RR

= 1725929730, RC = 5, OC = 4 and SV = 1 with the m-sequence given in

Table 2.9 for n = 9 and LRC = L7, L25. The linear complexity of the 2D CA

sequences is 256 and is much higher than that of the m-sequence which is 9.

The balance is 1 and PR is 0.96 which are excellent and equal to those of the

m-sequence. The MSR is 0.08, which is very good, but not as good as that of

the m-sequence (0).

Comparison with a 1D CA sequence: Table 3.11 compares the sequence gen-

erated using LRC = L7, L25, LR = 011011001, RR = 1725929730, RC = 5,

OC = 4 and SV = 1 with the filtered sequence obtained in [5] for a 1D CA

of size n = 9 using linear rules 90 and 150, LR = 100110001 (where rule 90 =

0 and rule 150 = 1), OC = 2, RR = 163, RC = 8 and SV = 1. LC of the

2D CA sequence is 256 and that of the 1D CA sequence is 253. The PB and

PR for the 2D CA sequence are 0.96 as compared to 0.76 and 0.51 for the 1D

CA sequence. The MSR of the 2D CA sequence is 0.08 and is lower than that

of the 1D CA sequence which is 0.12. Thus, the 2D CA sequence has better

randomness properties.
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3.4 Filter Results for n = 8

Results for 2D CAs of size n = 8 were obtained with RC = 5 using all balanced

non-linear rules. Sequences were generated for all seven CC representatives (LRC)

given in Table 2.11 and the LR values for the respective LRC given in Table 2.8

were used. SV = 1 and OC = 4 were used as discussed in Sections 3.1 and 3.2. For

n = 8, values of all the parameters in (2.1) are same as with n = 9 so the number

of iterations for n = 8 is the same as with n = 9. Many different RRs passed the

first stage of filtering for each of the respective LRCs except for LRC = L30, L27.

Column two of Table 3.12 shows the numbers of RRs that passed the first stage of

filtering for each of the seven LRCs. Some of the corresponding RRs are given in

column three. It was observed that both even and odd non-linear rules (RRs) passed

the first stage of filtering but none of the odd RRs passed the second stage of filtering

which is similar to the results for n = 9.

The best filtered results obtained for each CC representative are discussed below.

1. For LRC = L7, L25, only odd RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.

2. For LRC = L28, L27, all 12870 RRs that passed the first stage of filtering

criteria generated the same output sequences and passed the second stage of

filtering. All of these RRs are even. The sequences generated for the non-zero

SV s by these rules have MSR = 0.18, PB = 0.95 and the values of PR = 0.85

or 0.95. The minimum LC is 123 and the maximum is 133.

3. For LRC = L30, L11, only odd RRs generated sequences that passed the first

stage of filtering and none of these passed the second stage of filtering.

4. For LRC = L30, L27, none of the RRs passed the first stage of filtering.

5. For LRC = L25, L14, both even and odd RRs generated sequences that passed

the first stage of filtering. All the even RRs generated the same output se-

quence and all the odd RRs generated the same output sequence. None of

these sequences passed the second stage of filtering.

6. For LRC = L25, L31, all 60056 RRs that passed the first stage of filtering

criteria passed the second stage of filtering. Examples of the RRs that generated
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the best sequences are RR = 303295980, 303525356, 303541740, 303556076 and

303558116. The sequences obtained for non-zero SV s using these rules have

MSR = 0.12, PB = 0.95 and PR = 0.85 or 0.95. The minimum LC is 124 and

the maximum is 131.

7. For LRC = L21, L27, all 102960 RRs that passed the first stage of filtering

passed the second stage of filtering. Examples of the RRs that generated the

best sequences are RR = 36830670, 37076430, 37092686 and 37060046. The

sequences obtained for non-zero SV s using these rules have MSR = 0.11, PB

= 0.95 and PR = 0.85 or 0.95. The minimum LC is 124 and the maximum is

131. The results for RR = 36830670 for all SV s are given in Table 3.9.

The sequence generated with RR = 36830670, for LRC = L21, L27 is now com-

pared with an m-sequence and the filtered sequence obtained in [5] for a 1D CA of

size n = 8 after single cell replacement with a non-linear rule.

Comparison with an m-sequence: Table 3.14 compares the 2D CA of size n

= 8 sequence generated using LRC = L21, L27, LR = 00111111 = 63, RR =

36830670, RC = 5, OC = 4 and SV = 1 with the m-sequence given in Table 2.8

for n = 8 and LRC = L21, L27. The linear complexity of the 2D CA sequences

is 130 and is much higher than that of the m-sequence which is 8. The balance

is 1 and PR is 0.95 which are excellent and equal to those of the m-sequence.

The MSR is 0.11, which is good, but not as good as that of the m-sequence

(0).

Comparison with a 1D CA sequence: Table 3.15 compares the sequence gener-

ated using LRC = L21, L27, LR = 00111111, RR = 36830670, RC = 5, OC =

4 and SV = 1 with the filtered sequence obtained in [5] for a 1D CA of size n

= 8 using linear rules 90 and 150, LR = 01011101 (where rule 90 = 0 and rule

150 = 1), OC = 2, RR = 225, RC = 4 and SV = 1. The linear complexity

is 130 for both the 1D CA and 2D CA sequences. The PB and PR for the 2D

CA sequence are 0.95 as compared to 0.49 and 0.43 for the 1D CA sequence.

The MSR of the 2D CA sequence is 0.11 and is significantly lower than that

of the 1D CA sequence which is 0.22. Thus, the 2D CA sequence has better

randomness properties.
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3.5 Filter Results for n = 7

Results for 2D CAs of size n = 7 were obtained with RC = 5 using all balanced

non-linear rules. Sequences were generated for all seven CC representatives (LRC)

given in Table 2.11 and the LR values for the respective LRC given in Table 2.7 were

used. SV = 1 and OC = 4 were used. For n = 7, values of all the parameters in

(2.1) are same as with n = 9 so the number of iterations for n = 7 is the same as

with n = 9. Many RRs passed the first stage of filtering for each of the respective

LRCs and some of the corresponding RRs are given in Table 3.16. Column two of

Table 3.16 shows the numbers of RRs that passed the first stage of filtering for each

of the seven LRCs. It was observed that both even and odd non-linear rules (RRs)

passed the first stage of filtering but none of the odd RRs passed the second stage of

filtering which is a similar to the results for n = 8 and 9.

The best filtered results obtained for each CC representative are discussed below.

1. For LRC = L7, L25, both even and odd RRs generated sequences that passed

the first stage of filtering but sequences generated with only even RRs passed

the second stage of filtering. Examples of the RRs that generated the best

sequences for n = 7 are RR = 554884830, 555114206 and 555130590. The

sequences obtained for the non-zero SV s with these rules have MSR = 0.12,

PB = 0.93 and PR = 0.79 or 0.93. The minimum LC is 62 and the maximum

is 66. The results for RR = 554884830 for all SV s are shown in Table 3.17.

2. For LRC = L28, L27, of the 38610 RRs that passed the first stage of filtering,

only the sequences generated by even rules passed the second stage of filtering.

The sequences generated for non-zero SV s with these rules have MSR = 0.18,

PB = 0.93 and PR = 0.79 or 0.93. The minimum LC is 62 and the maximum

is 67.

3. For LRC = L30, L11, only odd RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.

4. For LRC = L30, L27, only odd RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.

5. For LRC = L25, L14, only even RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.
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6. For LRC = L25, L31, all 25740 RRs that passed the first stage of filtering also

passed the second stage of filtering. These rules generated sequences with the

similar randomness properties. For non-zero SV s, the sequences generated by

these rules have MSR = 0.15, PB = 0.93 and PR = 0.79 or 0.93 (depending

upon the SV for each of these sequences). The minimum LC is 62 and the

maximum is 65.

7. For LRC = L21, L27, only odd RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.

The sequence generated with RR = 554884830 for LRC = L7, L25 is now com-

pared with an m-sequence and the filtered sequence obtained in [5] for a 1D CA of

size n = 7 after single cell replacement with a non-linear rule.

Comparison with an m-sequence: Table 3.18 compares the 2D CA of size

n= 7 sequence generated using LRC = L7, L25, LR = 0110111 = 55, RR

= 554884830, RC = 5, OC = 4 and SV = 1 with the m-sequence given in

Table 2.7 for n = 7 and LRC = L7, L25. The linear complexity of the 2D

CA sequences is 64 and is much higher than that of the m-sequence which is 7.

The balance is 1 and PR is 0.93 which are excellent and equal to those of the

m-sequence. The MSR is 0.12, which is good, but not as good as that of the

m-sequence (0.01).

Comparison with a 1D CA sequence: Table 3.15 compares the sequence gener-

ated using LRC = L7, L25, LR = 0110111, RR = 554884830, RC = 5, OC =

4 and SV = 1 with the filtered sequence obtained in [5] for a 1D CA of size n =

7 using linear rules 90 and 150, LR = 0101011 (where rule 90 = 0 and rule 150

= 1), OC = 2, RR = 18, RC = 6 and SV = 1. Both the 1D and 2D sequences

have LC = 64 and PB = 0.93. PR for the 2D CA sequence is 0.93 as compared

to 0.66 for the 1D CA sequence. The MSR of the 2D CA sequence is 0.11 and

is significantly lower than that of the 1D CA sequence which is 0.29. Thus, the

2D CA sequence has better randomness properties.

3.6 Filter Results for n = 6

For 2D CAs of size n = 6, two of the seven CC representatives (LRC = L7, L25 and

L21, L27) did not generate m-sequences as discussed in Section 2.2.2. The results here
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for n = 6 were obtained for the five CC representatives that generated m-sequences.

The LR values of those LRCs are given in Table 2.6. RC = 5, OC = 4 and SV =

1 were used. As the number of LRC is 5, the number of iterations for n = 6 using

(2.1) is reduced to

5× 21 × 21 × 1× 601080359× 1 = 3005401795.

Similar to 2D CAs of sizes n = 7, 8 and 9, many different RRs passed the first stage

of filtering for each of the five LRCs. These RRs included both even and odd RRs

but unlike for n = 7, 8 and 9, only odd RRs passed the second stage of filtering.

The results obtained for each CC representative are discussed below.

1. For LRC = L28, L27, only even RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.

2. For LRC = L30, L11, both even and odd RRs generated sequences that passed

the first stage of filtering but sequences generated with only odd RRs passed

the second stage of filtering. Examples of the RRs that generated the best

sequences for n = 6 are RR = 319880399, 320109775 and 320126159. The

sequences obtained for all 2n SV s (including SV = 0) using these rules have

MSR = 0.17, PB = 0.9 and PR = 0.7 or 0.9. The minimum LC is 30 and the

maximum is 33. The results for RR = 319880399 for all SV s are given in Table

3.20.

3. For LRC = L30, L27, both even and odd RRs generated sequences that passed

the first stage of filtering but only the sequences generated by odd RRs passed

the second stage of filtering. Sequences generated using RR = 589364431,

589593807 and 589610191 for all 2n SV s (including SV = 0) have MSR =

0.17, PB = 0.9 and PR = 0.7 or 0.9. The minimum LC is 29 and the maximum

is 33. .

4. For LRC = L25, L14, only odd RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.

5. For LRC = L25, L31, only even RRs generated sequences that passed the first

stage of filtering. None of these sequences passed the second stage of filtering.
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The sequence generated with RR = 319880399 for LRC = L30, L11 is now com-

pared with an m-sequence and the filtered sequence obtained in [5] for a 1D CA of

size n = 6 after single cell replacement with a non-linear rule.

Comparison with an m-sequence: Table 3.18 compares the 2D CA of size n

= 6 sequence generated using LRC = L30, L11, LR = 010101 = 21, RR =

319880399, RC = 5, OC = 4 and SV = 1 with the m-sequence given in Table

2.6 for n = 6 and LRC = L30, L11. The linear complexity of the 2D CA

sequences is 32 and is much higher than that of the m-sequence which is 6.

The balance is 1 and PR is 0.9 which are excellent and equal to those of the

m-sequence. The MSR is 0.17, which is good, but not as good as that of the

m-sequence (0.02).

Comparison with a 1D CA sequence: Table 3.15 compares the sequence gen-

erated using LRC = L30, L11, LR = 010101, RR = 319880399, RC = 5, OC

= 4 and SV = 1 with the filtered sequence obtained in [5] for a 1D CA of size

n = 6 using linear rules 90 and 150, LR = 101110 (where rule 90 = 0 and rule

150 = 1), OC = 2, RR = 86, RC = 2 and SV = 1. Both the 1D and 2D CA

sequences have PB = 0.9 and MSR = 0.17. PR for the 2D CA sequence is 0.9 as

compared to 0.7 for the 1D CA sequence. Thus, the 2D CA sequence is slightly

better than the 1D CA sequence.

3.7 Filter Results for n = 5

For 2D CAs of size n = 5, results were obtained with RC = 5 using all balanced

non-linear rules. Sequences were generated for all seven CC representatives given in

Table 2.11 and the LR values for the respective LRCs given in Table 2.6. SV = 1

and OC = 4 were used. For n = 5, values of all the parameters in (2.1) are same as

with n = 9 so the number of iterations for n = 5 is the same as with n = 9. None of

the sequences generated passed the first stage of filtering.

LRC = L25, L14 gave the best results with some RRs before the first stage of

filtering. Examples of these RRs are RR = 285339375, 285437679, 285454063 and

285462255. Sequences were generated using these rules for all 2n SV s. An all-zero

sequence was obtained for SV = 12 for all rules. The sequences obtained for the
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2n− 1 SV s (excluding SV = 12) using these rules have MSR = 0.23, PB = 0.86 and

PR = 0.85 or 0.59. The minimuim LC is 15 and the maximum is 17. The results for

RR = 285339375 are given in Table 3.23.

The sequence generated with RR = 285339375 for LRC = L25, L14 is now com-

pared with an m-sequence and the filtered sequence obtained in [5] for a 1D CA of

size n = 5 after single cell replacement with a non-linear rule.

Comparison with an m-sequence: Table 3.24 compares the 2D CA of size n = 5

sequence generated using LRC = L25, L14, LR = 10000 = 16, RR = 285339375,

RC = 5, OC = 4 and SV = 1 with the m-sequence given in Table 2.4 for n =

5 and LRC = L25, L14. The linear complexity of the 2D CA sequences is 16

and is much higher than that of the m-sequence which is 5. The balance is 1

which is excellent and equal to that of the m-sequence. PR is 0.59 which is less

than that of the m-sequence which is 0.85. The MSR is 0.23, which is good,

but not as good as that of the m-sequence (0.03).

Comparison with a 1D CA sequence: Table 3.25 compares the sequence gen-

erated using LRC = L25, L14, LR = 10000, RR = 285339375, RC = 5, OC

= 4 and SV = 1 with the filtered sequence obtained in [5] for a 1D CA of size

n = 5 using linear rules 90 and 150, LR = 00111 (where rule 90 = 0 and rule

150 = 1), OC = 2, RR = 107, RC = 4 and SV = 1. Both the 1D and 2D

sequences have LC = 16 and PR = 0.59. PB for the 2D CA sequence is 0.86

as compared to 0.79 for the 1D CA sequence. MSR of the 2D CA sequence is

0.23 and is lower than that of the 1D CA sequence which is 0.29. Thus, the 2D

CA sequence has better randomness properties.

3.8 Filter Results for n = 10, 11 and 12

For 2D CAs of sizes n = 10, 11 and 12 results were obtained with RC = 6, OC = 5

and SV = 1 using all balanced even non-linear rules. Sequences were generated for

LRC = L28, L27 only and the LR values for the respective n and LRCs given in

Tables 2.12, 2.13 and 2.14 were used. Many different RRs passed the first stage of

filtering for each 2D CA size. These rules were then used to generate sequences for

all non-zero SV s for the second stage of filtering. Filtered results obtained for each
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n are discussed below.

2D CA size n = 10: RR = 2312541294, 2457129398 and 2467649334 gave the

best results for n = 10. The sequences generated for the non-zero SV s with

these rules have MSR = 0.08, PB = 0.98 and PR = 0.98 or 0.93. The minimum

LC is 506 and the maximum is 517. The results for RR = 2312541294 for all

SV s are given in Table 3.26. The sequence generated with SV = 1 and RR

= 2312541294 is now compared with an m-sequence and the filtered sequence

obtained in [5] for a 1D CA of size n = 10 after single cell replacement with a

non-linear rule.

• Comparison with an m-sequence: Table 3.27 compares the 2D CA of

size n = 10 sequence generated using LRC = L28, L27, LR = 1111101101

= 1005, RR = 2312541294, RC = 6, OC = 5 and SV = 1 with the m-

sequence given in Table 2.12 for n = 10 and LRC = L28, L27. The linear

complexity of the 2D CA sequences is 512 and is much higher than that

of the m-sequence which is 10. The balance is 1 and PR is 0.98 which are

excellent and equal to those of the m-sequence. The MSR is 0.08, which

is very good, but not as good as that of the m-sequence (0).

• Comparison with a 1D CA sequence: Table 3.28 compares the se-

quence generated using LRC = L28, L27, LR = 1111101101, RR =

2312541294, RC = 6, OC = 5 and SV = 1 with the filtered sequence

obtained in [5] for a 1D CA of size n = 10 using linear rules 90 and 150,

LR = 1111110000 (where rule 90 = 0 and rule 150 = 1), OC = 2, RR =

154, RC = 4 and SV = 1. The linear complexity is 512 for the 2D CA

sequence as compared to 513 for the 1D CA sequence. The PB and PR

values for the 2D CA sequence are 0.98 as compared to 0.33 and 0.53 for

the 1D CA sequence. The MSR of the 2D CA sequence is 0.08 and is

lower than that of the 1D CA sequence which is 0.10. Thus, the 2D CA

sequence has better randomness properties.

2D CA size n = 11: RR = 509237910, 1269124080, 1272103830, 2526451380 and

2528382900 gave the best results for n = 11. The sequences generated for the

non-zero SV s with these rules have MSR = 0.06, PB = 0.98 and PR = 0.98

or 0.95. The minimum LC is 1017 and the maximum is 1030. The results for
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RR = 509237910 for all SV s are given in Table 3.29. The sequence generated

with SV = 1 and RR = 509237910 is now compared with an m-sequence and

the filtered sequence obtained in [5] for a 1D CA of size n = 11 after single cell

replacement with a non-linear rule.

• Comparison with an m-sequence: Table 3.30 compares the 2D CA of

size n = 11 sequence generated using LRC = L28, L27, LR = 11111010111

= 2007, RR = 509237910, RC = 6, OC = 5 and SV = 1 with the m-

sequence given in Table 2.13 for n = 11 and LRC = L28, L27. The linear

complexity of the 2D CA sequences is 1024 and is much higher than that

of the m-sequence which is 11. The balance is 1 and PR is 0.98 which are

excellent and equal to those of the m-sequence. The MSR is 0.06, which

is excellent, but not as good as that of the m-sequence (0).

• Comparison with a 1D CA sequence: Table 3.31 compares the se-

quence generated using LRC = L28, L27, LR = 11111010111, RR =

509237910, RC = 6, OC = 5 and SV = 1 with the filtered sequence ob-

tained in [5] for a 1D CA of size n = 11 using linear rules 90 and 150, LR

= 01011000010 (where rule 90 = 0 and rule 150 = 1), OC = 2, RR = 86,

RC = 10 and SV = 1. The linear complexity is 1024 and the MSR is

0.06 for both the 1D CA and 2D CA sequences. The PB and PR values

for the 2D CA sequence are 0.98 as compared to 0.98 and 0.95 for the 1D

CA sequence. Thus, the 2D CA sequence has slightly better randomness

properties.

2D CA size n = 12: RR = 2809934922 gave the best results for n = 12. The

sequences generated for the non-zero SV s with this rule have MSR = 0.05, PB

= 0.99 and PR = 0.99 or 0.96. The minimum LC is 2043 and the maximum

is 2053. The results for RR = 2809934922 for all SV s are given in Table 3.32.

The sequence generated with SV = 1 and RR = 2809934922 is now compared

with an m-sequence and the filtered sequence obtained in [5] for a 1D CA of

size n = 12 after single cell replacement with a non-linear rule.

• Comparison with an m-sequence: Table 3.34 compares the 2D CA of

size n= 12 sequence generated using LRC = L28, L27, LR= 111111110011

= 4083, RR = 2809934922, RC = 6, OC = 5 and SV = 1 with the m-

sequence given in Table 2.14 for n = 12 and LRC = L28, L27. The linear
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complexity of the 2D CA sequences is 2048 and is much higher than that

of the m-sequence which is 12. The balance is 1 and PR is 0.99 which are

excellent and equal to those of the m-sequence. The MSR is 0.05, which

is excellent, but not as good as that of the m-sequence (0).

• Comparison with a 1D CA sequence: Table 3.35 compares the se-

quence generated using LRC = L28, L27, LR = 111111110011, RR =

2809934922, RC = 6, OC = 5 and SV = 1 with the filtered sequence

obtained in [5] for a 1D CA of size n = 12 using linear rules 90 and 150,

LR = 001001111010 (where rule 90 = 0 and rule 150 = 1), OC = 2, RR

= 99, RC = 3 and SV = 1. The linear complexity is 2048 for the 2D CA

sequence as compared to 2049 for the 1D CA sequence. The PB and PR

values for the 2D CA sequence are 0.99 as compared to 0.98 and 0.92 for

the 1D CA sequence. The MSR of the 2D CA sequence is 0.05 and is

significantly lower than that of the 1D CA sequence which is 0.23. Thus,

the 2D CA sequence has better randomness properties.

3.9 Filter Results for n = 13 and 14

For 2D CAs of sizes n = 13 and 14 results were obtained with RC = 6, OC = 5 and

SV = 1 using all balanced even non-linear rules. Sequences were generated for LRC

= L28, L27 only and the LR values for the respective n and LRCs given in Tables

2.15 and 2.16 were used. Many different RRs passed the first stage of filtering for

each 2D CA size. Filtered results obtained after the first stage of filtering for each n

are discussed below.

2D CA size n = 13: RR = 370400470, 711419114 and 2810623652 gave the best

results for n = 13. The sequences generated for SV = 1 with these rules have

MSR = 0.04, PB = 0.99 and PR = 0.99. The minimum LC is 4096 and the

maximum is 4099.

2D CA size n = 14: RR = 1001200268 gave the best results for n = 14. The

sequence generated for SV = 1 with this rule has MSR = 0.03, PB = 0.99 and

PR = 0.99. The LC is 8192.
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3.10 Execution Time

Computing resources from Compute Canada were used to run the 2D CA evaluation

system and obtain results for 2D CAs of sizes n = 5 to 14. Because of the high

computational complexity, multiple instances of the evaluation system were executed

on the Compute Canada nodes where each instance was assigned a different subset

of the balanced non-linear rules in the range 0 to 4294967295. Each instance of the

evaluation system utilized 20 CPU cores using the Python Joblib library. All results

were obtained after a linear rule replacement with all balanced non-linear rules. The

time taken for a given CA size was dependent on the number of iterations and the time

taken for each iteration. After fixing and reducing the number of input parameters,

the number of iterations for n = 5, 7, 8 and 9 was reduced to 4207562513 as discussed

in Sections 3.7, 3.5, 3.4 and 3.3, respectively. For 2D CAs of size n = 6, the number

of iterations was reduced to 3005401795 as discussed in Section 3.6. Table 3.35 shows

the time taken to obtain the results for n = 5 to 9 in CPU hours. Column two shows

the number of iterations for each value of n and column three shows the corresponding

time in CPU hours. The time taken for each iteration is exponential in n as discussed

in Section 2.1. Table 3.36 gives the time taken for one iteration for each value of n

in milliseconds. For n = 5, 6, 7, 8 and 9, one iteration took 5.03, 10.42, 17.24, 33.06

and 66.12 milliseconds, respectively. Thus, with an increase in value of n by one, the

time taken for an iteration approximately doubled.
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LRC No. RRs

16711440, 32894880, 66244560, 81182610, 99790800, 99987360, 100249440,
100380480, 115121970, 117415680, 132026130, 148602690, 166883280, 200626080,
201150240, 234172320, 267653040, 687570240, 703950240, 718429650, 735268290,
735071730, 752303490, 754138560, 770846160, 785522130, 803081490, 803015970,
1173728160, 1190239200, 1190697840, 1341721440, 1643571600, 1675151730, 1677117840,
1710926160, 1725274530, 1725929730, 1727437200, 1759148370, 1792760130, 1809664290,
1808878050, 1811171760, 1843341570, 1859787090, 1878264240, 1876101570, 2245437330,

L7, L25 100 2248058640, 2278983570, 2281080720, 2281408320, 2281604880, 2329302930, 2345945010,
2348173200, 2345682930, 2362587090, 2362652610, 2365011840, 2415134640, 2723796330,
2858243370, 2865845730, 2874623370, 2875016490, 2883143010, 2901620160, 2926646760,
2951808480, 3321864960, 3355345680, 3404747760, 3455591280, 3455656800, 3805598130,
3805663650, 3814310250, 3839275410, 3841962240, 3855720930, 3856114050, 3891691920,
3892216080, 3931197930, 3940372770, 3940045170, 3947905530, 3950002680, 3957145890,
3958653360, 3982041450, 3990495570, 3992134080, 3999076650, 4007399730, 4023910770,
4023976290, 4026007920

1378085982, 1380546910, 1386458206, 1388984926, 1390554718, 1393939804, 1394202972,
1398495324, 1395515740, 1400325212, 1406604380, 1408437340, 1404144988, 1520871002,
1521003354, 1521459290 , 1523462746, 1528288344, 1524966746, 1657289582, 1658394990,
1667589484, 1671205740, 1671800172, 1673103724, 1677460332, 1677525356, 1787082602,
1787147626, 1789046378, 1791507306, 1793860458, 1810179432, 1914556750, 1915740238,
1917548622, 1922276430, 1926765390, 1927685710, 1936024908, 1939248716, 1941406796,
1944726092, 2048251210, 3267070014, 3270386238, 3262859326, 3263477566, 3279113276,

L28, L27 105 3390042170, 3398414394, 3398931514, 3398998842, 3400699450, 3401156922, 3403885626,
3403093050, 3404668986, 3417219640, 3417869112, 3416630584, 3419870264, 3420662840,
3537508894, 3537245726, 3553762844, 3554351132, 3663156250, 3662508314, 3663288602,
3663419418, 3664601370, 3680196632, 3689556504, 3690922008, 3803481902, 3933684778,
3937313322, 3939250986, 3939381802, 3942255146, 3954740008, 4063740942, 4068719630,
4073468686, 4075234318, 4080387340, 4082455820, 4084031756, 4087060492, 4198351114,
4204435978, 4203524874, 4204305162, 4203329802, 4206658314, 4208334346, 4214735880,
4216673544, 4216804360, 4217196808, 4220884232, 4222652168, 4226621704, 4227662088

2307253734, 2310218726, 2368712932, 2366502116, 2367517924, 2372507364, 2376835812,
2380696036, 2414774496, 2576704870, 2582085990, 2611260770, 2640942692, 2646722404,
2649131364, 2650147172, 2680103008, 2683011680, 2843415206, 2846073766, 2844648614,
2848509606, 2848573094, 2872259490, 2879889826, 2881037986, 2905192100, 2909245860,
2909378212, 2911233444, 2918845092, 2939074720, 2938484128, 2939368352, 3116484390,
3114379046, 3114903078, 3118893350, 3118956838, 3152643618, 3172498980, 3172038436,

L30, L11 77 3174579748, 3177551140, 3178075172, 3179668772, 3182440228, 3211105568, 3216712224,
3216648736, 3378336966, 3378746310, 3383730374, 3409262018, 3420685250, 3420555202,
3446510788, 3446740932, 3454239684, 3454895300, 3455911108, 3475485120, 3484001984,
3488055744, 3488188096, 3648265542, 3651578182, 3651641670, 3656351814, 3689514562,
3718687044, 3715306308, 3715700292, 3722936644, 3722675012, 3752304960, 3756623424

706510010, 706640058, 708459194, 712382906, 739802812, 740473788, 744529852,
746647484, 747663292, 749382332, 751849404, 775044024, 777804984, 781609400,
788138680, 943665214, 945052990, 946443838, 974614842, 978345786, 977984058,

L30, L27 166 977917498, 978670906, 979194938, 989726778, 1010947900, 1015800380, 1044438840,
1044568888, 1045518136, 1046108728, 1046240312, 1046649656, 1047665464, 1054754872,
1746565790, 1750621854, 1753280414, 1754820254, 1761673110, 1759610782, 1771859094,

Table 3.7: Number Of RRs That Passed the First Stage of Filtering for the Respective
LRCs for n = 9, OC = 4, SV = 1 and RC = 5 (Part 1)
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LRC No. RRs

1775651222, 1792428442, 1786518682, 1798715794, 1798454162, 1794509210, 1805281938,
1799109778, 1809205650, 1799173266, 1820005020, 1814609564, 1811286418, 1819742620,
1820073116, 1824575388, 1830059412, 1834245524, 1835766420, 1840917140, 1842760084,
1849047448, 1843284116, 1861750424, 1865563024, 1869682576, 1874341520, 1874603152,
1874733200, 1875561104, 2018794782, 2022433310, 2025791518, 2050373914, 2047079194,
2054298394, 2065396242, 2071599634, 2071861266, 2081157660, 2080047634, 2082371612,
2086427676, 2095745564, 2097347348, 2100705556, 2103484180, 2100967956, 2112586260,
2111868692, 2113538580, 2114124568, 2114518552, 2121407256, 2121668888, 2121732376,
2122192920, 2135481872, 2136497680, 2140172048, 2145012240, 2147354640, 2820045230,

L30, L27 166 2824231342, 2857785770, 2860192426, 2887154092, 2902001324, 2901607340, 2901477292,
2920708520, 2924011176, 2928764840, 2931697832, 2931871656, 2933673128, 2935555752,
3121904938, 3134999594, 3154181932, 3160972844, 3161102892, 3189537832, 3198052392,
3201024552, 3201846824, 3204121128, 3910302598, 3917026950, 3930707594, 3935789450,
3931265930, 3938330762, 3950909570, 3954583938, 3956752770, 3960895884, 3965081996,
3971818636, 3971885196, 3977673092, 3976395652, 3983120004, 3987876740, 3988899716,
3988836228, 3998768776, 3998962312, 3988595844, 4009035144, 4005613448, 4011684992,
4014006144, 4017232768, 4017494400, 4026074752, 4023536512, 4164366606, 4208934922,
4229069580, 4229331212, 4244506636, 4243292684, 4273744904

L25, L14 0

255020458, 255022506, 255052970, 257255850, 257265322, 258545586, 258566570,
259116264, 263327666, 263383272, 266906282, 267390898, 267406824, 267406770,
724784562, 724801202, 727017898, 731270632, 731303152, 733122218, 735317992,
1293359026, 1293366186, 1296897970, 1296905138, 1296935656, 1298740146, 1301728434,
1303554730, 1305267378, 1305775794, 1307610794, 1763136938, 1763153578, 1764478122,
1764971946, 1766667178, 1767184360, 1771474664, 2389257138, 2389291690, 2389783466,

L25, L31 69 2393516970, 2855475114, 2855490994, 2857227434, 2865507250, 2865523122, 2865539762,
3424065450, 3424072618, 3424095914, 3425389994, 3425914282, 3428128682, 3428159146,
3429446570, 3429469866, 3429968818, 3429977514, 3429970858, 3429984682, 3433720234,
3434244530, 3437800106, 3895152042, 3897895850, 3897930410, 3897944234

2486383574, 2487840214, 2502335318, 2500644694, 2511655510, 2511770198, 2512739414,
2518583190, 2520077206, 2524873110, 2533572374, 2535807766, 2540001558, 3020517330,
3023774674, 3026401746, 3028189650, 3033961682, 3035943122, 3041709394, 3042903378,
3044225362, 3046430290, 3048526418, 3049876562, 3058601362, 3057999250, 3059680658,
3070697234, 3078185234, 3075937554, 3081034258, 3083025426, 3082910738, 3086794770,
3557122004, 3560231892, 3578473812, 3580981588, 3581350228, 3585397332, 3589623892,
3587494996, 3591690132, 3594698132, 3591956372, 3592887188, 3603119252, 3604419732,
3607314196, 3611475220, 3609930516, 3611647252, 3620035604, 3620150292, 3691454404,

L21, L27 116 3691974596, 3692734404, 3708604228, 3709130564, 3713738052, 3713590596, 3718601284,
3718683204, 3722623044, 3725653892, 3726288772, 3728302980, 3728524164, 3722909764,
3730482564, 3738637444, 3742684932, 3743767300, 3747928324, 3757477892, 4094226384,
4100364752, 4096609232, 4102495952, 4101411280, 4106435792, 4111257424, 4124632144,
4126050384, 4130278288, 4130435984, 4132343184, 4137892496, 4139078288, 4140731536,
4146420496, 4140510352, 4148866320, 4155042320, 4158830608, 4159383568, 4234615232,
4232891840, 4235547072, 4237878976, 4239215296, 4239329984, 4240620736, 4243491008,
4245475136, 4255439424, 4259493952, 4257651776, 4259747904, 4262113152, 4266593664,
4271314560, 4272249472, 4274314368, 4280720128

Table 3.8: Number Of RRs That Passed the First Stage of Filtering for the Respective
LRCs for n = 9, OC = 4, SV = 1 and RC = 5 (Part 2)
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OC RC RR LRC LR SV LC B PB PR MSR

4 5 1725929730 L7, L25 011011001 1 256 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 2 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 3 254 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 4 257 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 5 253 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 6 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 7 256 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 8 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 9 255 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 10 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 11 257 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 12 257 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 13 256 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 14 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 15 255 1 0.96 0.96 0.08
...

...
...

...
...

...
...

...
...

...
...

4 5 1725929730 L7, L25 011011001 497 256 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 498 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 499 255 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 500 258 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 501 255 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 502 255 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 503 255 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 504 257 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 505 256 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 506 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 507 257 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 508 255 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 509 256 1 0.96 0.96 0.08

4 5 1725929730 L7, L25 011011001 510 256 1 0.96 0.89 0.08

4 5 1725929730 L7, L25 011011001 511 255 1 0.96 0.96 0.08

Table 3.9: Results for LRC = L7, L25, RR = 1725929730 and RC = 5 for n = 9
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OC RC RR LR SV LC B R PR AC MSR

4 NA NA 217 1 9 1 128,64,32,16,8,4, . . . 0.96 511,-1,-1,-1, . . . 0

4 5 1725929730 217 1 256 1 112,78,37,18,7,3, . . . 0.96 511,-1,-65,-25, . . . 0.08

Table 3.10: Comparison of an m-sequence With a 2D CA of size n = 9 Sequence
Obtained for LRC = L7, L25

OC RC RR LRC LR SV LC PB PR MSR

4 8 163 90, 150 100110001 1 253 0.76 0.51 0.12

4 5 1725929730 L7, L25 011011001 1 256 0.96 0.96 0.08

Table 3.11: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 9

LRC No. RRs

288419549, 288648925, 288665309, 288680669, 288681685, 288681689,
L7, L25 25740 288679645, 288681565, 288681629, 288911069, 288927453, 288943773,

288941789, 288943829, 288943833

554888942, 555118318, 555134702, 555149038, 555150062, 555150958,
L28, L27 12870 555151022, 555151078, 555151082, 555380462, 555396846, 555412206,

555413102, 555413166, 555411182

33619965, 33849341, 33865725, 33880061, 33881085, 33881981,
L30, L11 12870 33882045, 33882101, 33882105, 34111485, 34127869, 34144249,

34142205, 34143229, 34144125

L30, L27 0

2359260, 2588636, 2605020, 2621276, 2619356, 2620380,
L25, L14 38610 2621340, 2621396, 2621400, 2850780, 2883540, 2883544,

2867164, 2881500, 2882524

303295980, 303525356, 303541740, 303556076, 303558116, 303558120,
L25, L31 60056 303557996, 303557100, 303558060, 303787500, 303803884, 303818220,

303818220, 303820140, 303819244

2228190, 2457566, 2473950, 2489310, 2490206, 2488286,
L21, L27 102960 2490270, 2490326, 2490330, 2719710, 2736094, 2752470,

2752470, 2752474, 2751454

Table 3.12: Number Of RRs That Passed the First Stage of Filtering for the Respec-
tive LRCs For n = 8, OC = 4, SV = 1 and RC = 5
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OC RC RR LRC LR SV LC B PB PR MSR

4 5 36830670 L21, L27 00111111 1 130 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 2 130 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 3 128 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 4 126 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 5 128 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 6 127 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 7 126 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 8 130 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 9 129 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 10 127 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 11 128 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 12 129 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 13 128 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 14 128 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 15 128 1 0.95 0.85 0.11
...

...
...

...
...

...
...

...
...

...
...

4 5 36830670 L21, L27 00111111 241 127 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 242 126 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 243 127 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 244 127 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 245 129 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 246 127 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 247 128 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 248 129 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 249 128 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 250 127 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 251 129 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 252 128 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 253 130 1 0.95 0.85 0.11

4 5 36830670 L21, L27 00111111 254 128 1 0.95 0.95 0.11

4 5 36830670 L21, L27 00111111 255 130 1 0.95 0.85 0.11

Table 3.13: Results for LRC = L21, L27, RR = 36830670 and RC = 5 for n = 8
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OC RC RR LR SV LC B R PR AC MSR

4 NA NA 63 1 8 1 64,32,16,8,4,2, . . . 0.95 255,-1,-1,-1, . . . 0

4 5 36830670 63 1 130 1 64,32,18,4,8,0, . . . 0.95 255,-1,-1,-1, . . . 0.11

Table 3.14: Comparison of an m-sequence With a 2D CA of size n = 8 Sequence
Obtained for LRC = L21, L27

OC RC RR LRC LR SV LC PB PR MSR

2 4 225 90, 150 01011101 1 130 0.49 0.43 0.22

4 5 36830670 L21, L27 00111111 1 130 0.95 0.95 0.11

Table 3.15: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 8

LRC No. RRs

286387693, 286617069, 286647789, 286633453, 286649709, 286648813,
L7, L25 51480 286649773, 286649829, 286649833, 286879213, 286895597, 286909933,

286911853, 286910957, 286911917

50592989, 50822365, 50838749, 50853085, 50854109, 50855005,
L28, L27 38610 50855069, 50855125, 50855129, 51084509, 51100893, 51116253,

51115229, 51117149, 51117213

572718287, 572947663, 572964047, 572980303, 572980367, 572978383,
L30, L11 12870 572980423, 572980427, 572979407, 573209807, 573226191, 573240527,

573241551, 573242447, 573242511

805563855, 805793231, 805809615, 805825871, 805823951, 805824975,
L30, L27 12870 805825935, 805825991, 805825995, 806055375, 806071759, 806086095,

806087119, 806088015, 806088079

20053710, 20299470, 20283086, 20315726, 20315790, 20315846,
L25, L14 12870 20315850, 20314830, 20313806, 20575950, 20561614, 20545230,

20577870, 20577934, 20577990

555933422, 556162798, 556179182, 556193518, 556195438, 556194542,
L25, L31 25740 556195502, 556195558, 556195562, 556424942, 556441326, 556456686,

556457646, 556457702, 556457706

285470429, 285699805, 285716189, 285730525, 285731549, 285732445,
L21, L27 37884 285732509, 285732565, 285732569, 285961949, 285978333, 285994709,

285994713, 285992669, 285993693

Table 3.16: Number of RRs That Passed the First Stage of Filtering for the Respective
LRCs for n = 7, OC = 4, SV = 1 and RC = 5
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OC RC RR LRC LR SV LC B PB PR MSR

4 5 554884830 L7, L25 0110111 1 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 2 65 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 3 62 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 4 65 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 5 63 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 6 64 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 7 65 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 8 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 9 63 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 10 64 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 11 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 12 65 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 13 62 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 14 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 15 63 1 0.93 0.79 0.12
...

...
...

...
...

...
...

...
...

...
...

4 5 554884830 L7, L25 0110111 113 64 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 114 63 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 115 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 116 65 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 117 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 118 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 119 62 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 120 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 121 64 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 122 64 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 123 66 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 124 64 1 0.93 0.79 0.12

4 5 554884830 L7, L25 0110111 125 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 126 64 1 0.93 0.93 0.12

4 5 554884830 L7, L25 0110111 127 64 1 0.93 0.79 0.12

Table 3.17: Results for LRC = L7, L25, RR = 554884830 and RC = 5 for n = 7
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OC RC RR LR SV LC B R PR AC MSR

4 NA NA 55 1 7 1 32,16,8,4,2,1. . . 0.93 127,-1,-1,-1, . . . 0

4 5 554884830 55 1 64 1 32,16,8,4,2,1 . . . 0.93 127,-1,-1,-1, . . . 0.11

Table 3.18: Comparison of an m-sequence With a 2D CA of size n = 7 Sequence
Obtained for LRC = L7, L25

OC RC RR LRC LR SV LC PB PR MSR

2 6 18 90, 150 0101011 1 64 0.93 0.66 0.29

4 5 554884830 L7, L25 0110111 1 64 0.93 0.93 0.11

Table 3.19: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 7
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OC RC RR LRC LR SV LC B PB PR MSR

4 5 319880399 L30, L11 010101 0 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 1 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 2 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 3 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 4 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 5 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 6 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 7 32 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 8 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 9 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 10 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 11 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 12 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 13 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 14 33 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 15 33 1 0.9 0.9 0.17
...

...
...

...
...

...
...

...
...

...
...

4 5 319880399 L30, L11 010101 49 31 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 50 31 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 51 31 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 52 31 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 53 31 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 54 31 1 0.9 0.9 0.17

4 5 319880399 L30, L11 010101 55 31 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 56 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 57 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 58 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 59 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 60 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 61 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 62 30 1 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 63 30 1 0.9 0.7 0.17

Table 3.20: Results for LRC = L30, L11, RR = 319880399 and RC = 5 for n = 6
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OC RC RR LR SV LC B R PR AC MSR

4 NA NA 21 1 6 1 16,8,4,2,1,1 . . . 0.9 63,-1,-1,-1, . . . 0.02

4 5 319880399 21 1 32 1 16,8,4,2,1,1 . . . 0.9 63,-1,-1,-1, . . . 0.17

Table 3.21: Comparison of an m-sequence With a 2D CA of size n = 6 Sequence
Obtained for LRC = L30, L11

OC RC RR LRC LR SV LC PB PR MSR

2 2 86 90, 150 101110 1 32 0.9 0.7 0.17

4 5 319880399 L30, L11 010101 1 32 0.9 0.9 0.17

Table 3.22: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 6
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OC RC RR LRC LR SV LC B PB PR MSR

4 5 285339375 L25, L14 10000 0 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 1 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 2 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 3 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 4 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 5 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 6 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 7 15 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 8 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 9 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 10 15 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 11 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 12 0 -31 0 0 1

4 5 285339375 L25, L14 10000 13 15 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 14 17 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 15 15 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 16 17 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 17 15 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 18 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 19 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 20 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 21 17 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 22 17 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 23 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 24 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 25 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 26 16 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 27 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 28 15 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 29 16 1 0.86 0.59 0.23

4 5 285339375 L25, L14 10000 30 15 1 0.86 0.85 0.23

4 5 285339375 L25, L14 10000 31 17 1 0.86 0.59 0.23

Table 3.23: Results for LRC = L25, L14, RR = 285339375 and RC = 5 for n = 5
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OC RC RR LR SV LC B R PR AC MSR

4 NA NA 16 1 5 1 8,4,2,1,1, . . . 0.85 31,-1,-1,-1, . . . 0.03

4 5 285339375 16 1 16 1 10,4,1,0,2, . . . 0.59 31,-1,-1,-7, . . . 0.23

Table 3.24: Comparison of an m-sequence With a 2D CA of size n = 5 Sequence
Obtained for LRC = L25, L14

OC RC RR LRC LR SV LC PB PR MSR

2 4 107 90, 150 00111 1 16 0.79 0.59 0.29

4 5 285339375 L25, L14 10000 1 16 0.86 0.59 0.23

Table 3.25: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 5
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OC RC RR LRC LR SV LC B PB PR MSR

5 6 2312541294 L28, L27 1111101101 1 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 2 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 3 511 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 4 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 5 512 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 6 513 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 7 509 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 8 511 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 9 512 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 10 512 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 11 511 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 12 509 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 13 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 14 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 15 512 1 0.98 0.93 0.08
...

...
...

...
...

...
...

...
...

...
...

5 6 2312541294 L28, L27 1111101101 1009 511 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 1010 511 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 1011 511 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1012 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1013 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1014 511 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1015 512 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 1016 511 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1017 515 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 1018 512 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 1019 510 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1020 512 1 0.98 0.93 0.08

5 6 2312541294 L28, L27 1111101101 1021 511 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1022 512 1 0.98 0.98 0.08

5 6 2312541294 L28, L27 1111101101 1023 513 1 0.98 0.93 0.08

Table 3.26: Results for LRC = L28, L27, RR = 2312541294 and RC = 6 for n = 10

OC RC RR LR SV LC B R PR AC MSR

5 NA NA 1005 1 10 1 256,128,64,32,16, . . . 0.98 1023,-1,-1,-1, . . . 0

5 6 2312541294 1005 1 512 1 256,128,64,31,19, . . . 0.98 1023,-1,-1,-1, . . . 0.08

Table 3.27: Comparison of an m-sequence With a 2D CA of size n = 10 Sequence
Obtained for LRC = L28, L27
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OC RC RR LRC LR SV LC PB PR MSR

2 4 154 90, 150 1111110000 1 513 0.33 0.53 0.10

5 6 2312541294 L28, L27 1111101101 1 512 0.98 0.98 0.08

Table 3.28: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 10

OC RC RR LRC LR SV LC B PB PR MSR

5 6 509237910 L28, L27 11111010111 1 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 3 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 4 1022 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 5 1023 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 6 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 7 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 8 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 9 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 10 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 11 1023 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 12 1022 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 13 1023 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 14 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 15 1025 1 0.98 0.95 0.06
...

...
...

...
...

...
...

...
...

...
...

5 6 509237910 L28, L27 11111010111 2033 1023 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2034 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2035 1023 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2036 1025 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2037 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2038 1019 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2039 1023 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2040 1026 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2041 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2042 1025 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2043 1023 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2044 1024 1 0.98 0.98 0.06

5 6 509237910 L28, L27 11111010111 2045 1024 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2046 1025 1 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 2047 1023 1 0.98 0.98 0.06

Table 3.29: Results for LRC = L28, L27, RR = 509237910 and RC = 6 for n = 11
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OC RC RR LR SV LC B R PR AC MSR

5 NA NA 2007 1 11 1 512,256,128,64,32, . . . 0.98 2047,-1,-1,-1, . . . 0

5 6 509237910 2007 1 1024 1 512,256,108,86,36, . . . 0.98 2047,-1,-1,-1, . . . 0.06

Table 3.30: Comparison of an m-sequence With a 2D CA of size n = 11 Sequence
Obtained for LRC = L28, L27

OC RC RR LRC LR SV LC PB PR MSR

2 10 86 90, 150 01011000010 1 1024 0.98 0.95 0.06

5 6 509237910 L28, L27 11111010111 1 1024 0.98 0.98 0.06

Table 3.31: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 11
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OC RC RR LRC LR SV LC B PB PR MSR

5 6 2809934922 L28, L27 111111110011 1 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 2 2047 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 3 2047 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4 2049 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 5 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 6 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 7 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 8 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 9 2049 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 10 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 11 2047 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 12 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 13 2046 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 14 2047 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 15 2048 1 0.99 0.96 0.05
...

...
...

...
...

...
...

...
...

...
...

5 6 2809934922 L28, L27 111111110011 4081 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4082 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4083 2052 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4084 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4085 2046 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4086 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4087 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4088 2053 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4089 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4090 2045 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4091 2048 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4092 2046 1 0.99 0.99 0.05

5 6 2809934922 L28, L27 111111110011 4093 2043 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4094 2048 1 0.99 0.96 0.05

5 6 2809934922 L28, L27 111111110011 4095 2048 1 0.99 0.99 0.05

Table 3.32: Results for LRC = L28, L27, RR = 2809934922 and RC = 6 for n = 12

OC RC RR LR SV LC B R PR AC MSR

5 NA NA 4083 1 12 1 1024,512,256,128,64, . . . 0.99 4095,-1,-1,-1, . . . 0

5 6 2809934922 4083 1 2048 1 1024,512,252,144,49, . . . 0.99 4095,-1,-1,-1, . . . 0.05

Table 3.33: Comparison of an m-sequence With a 2D CA of size n = 12 Sequence
Obtained for LRC = L28, L27
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OC RC RR LRC LR SV LC PB PR MSR

2 3 99 90, 150 001001111010 1 2049 0.98 0.92 0.23

5 6 2809934922 L28, L27 111111110011 1 2048 0.99 0.99 0.05

Table 3.34: Comparison of a Filtered 1D CA Sequence With a Filtered 2D CA Se-
quence for n = 12

n Iterations Time (h)
5 4207562513 5880
6 3005401795 8700
7 4207562513 20160
8 4207562513 38640
9 4207562513 77280

Table 3.35: Execution Times for n = 5, 6, 7, 8 and 9

n Time (ms)
5 5.03
6 10.42
7 17.24
8 33.06
9 66.12

Table 3.36: Execution Time of One Iteration for n = 5, 6, 7, 8 and 9
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Chapter 4

Conclusion

The first objective of this thesis was to determine if two-dimensional cellular au-

tomata (2D CA) can be used to generate maximum length sequences (m-sequences).

The linear rules (L0 to L31) were defined for 2D CAs and they were considered for

m-sequence generation. The subset of linear rules for which the next state of the

cell is based on the current states of at least 3 neighbors was selected. These rules

were classified into six classes (A to F) based on the rules that were rotations of each

other. An evaluation system was designed to check all possible combinations of these

linear rules (LR) for m-sequence generation. Two unique linear rules were used in

each LR and the parameter linear rule combination (LRC) was used indicate these

rules in the CA. Many different combinations of linear rules generated m-sequences

for 2D CAs of sizes n = 5 to 9. It was observed that the linear rules from seven

unique class combinations (CCs) generated m-sequences and an LRC was selected

from each as a representative of that CC. The criteria for the selection of CC repre-

sentatives (LRC) was the number of appearances of the respective LRC in the results

obtained for 2D CAs of sizes n = 5 to 9. The seven selected LRCs were then used

to generate m-sequences for 2D CAs of sizes n = 10 to 16 to ensure that they can

generate m-sequences for 2D CAs of size n > 9. The results obtained showed that all

seven CC representatives generated m-sequences for 2D CAs of sizes n = 11, 12, 14,

15 and 16. For n = 10, two CC representatives did not generate m-sequences and for

n = 13, one CC representative did not generate m-sequences.

The second objective of this thesis was to use 2D CAs to generate pseudorandom

sequences with high linear complexity and good randomness. The same evaluation

system was used to generate sequences for 2D CAs of sizes n = 5 to 14. For n = 5 to
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9, sequences were generated using all seven CC representatives after a single cell re-

placement with all balanced non-linear rules (RR) in the range 0 to 4294967295. For

n = 10, 11 and 12, the sequences were generated using only one CC representative

(LRC = L28, L27) after a single cell replacement with all balanced even non-linear

rules. The results were first examined for initial state SV = 1. Two stage filtering

was implemented to filter sequences generated by these CAs considering the linear

complexity (LC), complementary error functions for balance and run [15] (PB and

PR) and maximum sidelobe ratio (MSR) for the autocorrelation. The calculations

of PB and PR were adopted from [15]. MSR is the ratio of the largest sidelobe of

the autocorrelation to the mainlobe. The first stage involved filtering sequences that

had linear complexity LC ≥ 2n/2, PB ≥ 0.9, PR ≥ 0.9 and MSR < 0.2. Using

the RRs that generated the sequences which passed the first stage of filtering, the

sequences for all SV values were generated. The second stage filtered the sequences

which maintained LC = 2n−1 ± 10% for all 2n SV s and had PB ≥ 0.5, PR ≥ 0.5 and

MSR < 0.2. The results obtained after the second stage of filtering showed that for

2D CAs of size n = 7 to 12, many different even RRs can be combined with linear

rules based on m-sequences to generate sequences that satisfy all the filtering criteria.

For n = 6, only odd RRs generated sequences that passed both stages of filtering.

For n = 5, none of the sequences passed the filtering criteria.

The best 2D CA sequences obtained for n = 5 to 12 were compared with m-

sequences and the 1D CA sequences filtered in [5] for the respective 1D CA sizes.

The comparison with m-sequences showed that the 2D CA sequences had much higher

linear complexity (2n/2 versus n) and the same values for balance and PR. The 2D CA

sequences had good autocorrelation but not as good as the m-sequences. The MSR

value decreased with increasing n and for 2D CAs of size n = 12, the MSR value was

0.05 for the sequence generated by RR = 2809934922 (for all non-zero SV s). The

comparison with 1D CA sequences showed that both had similar LC (2n−1±10%) but

the 2D CA sequences had better randomness properties. The values of PB and PR were

significantly higher for the 2D CA sequences and the MSR was lower. In conclusion,

2D CAs can be used to generate m-sequences and pseudorandom sequences with high

linear complexity and better randomness than sequences generated using 1D CAs.

It is conjectured that if the Moore neighbourhood is used, the increased interaction

between cells may not improve the performance so the sequences obtained may not

be as good as the sequences obtained using the von Neuman neighbourhood.
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4.1 Future Work

In this thesis, a 2D CA evaluation system was developed to generate psuedorandom

sequences using the von Neumann neighborhood. The Moore nighborhood can be

considered in future to generate these sequences. With the Moore neighborhood,

the number of rules will increase to 2512 and there will be 29 linear rules since the

neighborhood size is 9. The sequences generated can also be tested for other properties

of randomness such as closure, recurrence, window and shift [4][5]. With sufficient

computing resources, multiple linear rule replacements with non-linear rules can also

be considered.
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