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Abstract: This article is concerned with the description of the entire solutions of several Fermat
type partial differential-difference equations (PDDEs) [jf (z) + Afz, @)+ [af(z+c) — Bf(2)]? =1,
and [f(2) + M far (2) + Aafor (2)) + [af (2 + €) — Bf (2)]> = 1, where f,, (z) = 5L and f,,(z) = 5L,
¢ = (c1,c2) € C% a,B,14,A, A1, Ay, c1, co are constants in C. Our theorems in this paper give some
descriptions of the forms of transcendental entire solutions for the above equations, which are some
extensions and improvement of the previous theorems given by Xu, Cao, Liu, and Yang. In particular,
we exhibit a series of examples to explain that the existence conditions and the forms of transcendental
entire solutions with a finite order of such equations are precise.

Keywords: Nevanlinna theory; entire solution; partial differential-difference equation

MSC: 30D35; 35M30; 39A45

1. Introduction and Some Basic Results

As is well known, the classical result of the Fermat type functional equation
firg=1 (1)

is that the entire solutions are f = cos {(z), g = sin{(z), where {(z) is an entire function,
which was given by Gross [1]. Actually, the study of this functional equation can be tracked
back to more than sixty years ago or even earlier (see [1-3]). Moreover, there are important
and famous results on the Fermat type equation (see [4,5]). In recent years, replying on the
rapid development of Nevanlinna theory in many fields including functional equations
and difference of meromorphic function with one and several variables ([6-12]), there were
lots of references focusing on the solutions of the Fermat type equation; when the function
f has a special relationship with g, readers can refer to [13-17].

Around 2012, for the case f € C, Liu and his colleagues paid considerable attention to
the solutions of a series of Fermat type functional equations when ¢ is replaced by f/, f(z +
c), f(z+c) — f(z) in Equation (1) (see [18-20]), they proved that the form of the finite order
transcendental entire solution of f'(z)? + f(z + ¢)?> = 1 must be f(z) = sin(z & Bi), and
the form of the finite order transcendental entire solution of f’(z)% + [f(z +¢) — f(2)]*> =1
must be f(z) = 12sin(2z + Bi), where B is a constant. Later, Han and Lii [21]. Liu and
Gao [22] investigated the existence of solutions of several deformations of Equation (1)
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such as f(z)% + f/(z)? = e***F, f""(2)2 + f(z + ¢)? = Q(z), where &, B are constants and
Q(z) is a polynomial.

For the case f € C",n > 2, Khavinson [14] in 1995 pointed out that any entire solutions
of the partial differential equations (f, ) + (fz,)> = 1in C? are necessarily linear. In 1999
and 2004, Saleeby [23,24] further studied the forms of the entire and meromorphic solutions
of some partial differential equations, and obtained

Theorem 1 (see [23] Theorem 1). If f is an entire solution of
fa (2P + f(2)P =1, @)
in C2, then f(z1, z0) = c121 + c22zp + 1, where 17, ¢1,¢2 € C and C% + c% =1
In 2012, Chang and Li [25] investigated the entire solutions of

Xi(f)?+X(f)? =1, ®)
where 2 2
X1 = P1oa + P25, Xy = P35z + a5,
are linearly independent operators with p; being polynomials in C? and obtained:

Theorem 2 (see [25] Corollary 2.2). Let f be an entire solution of the Equation (3). Then,
f satisfies

of _ 1 . of 1, .

9 D(p4cosh pasinh), 9 D(pl sinh — p3cosh),

where D = py1ps — p2p3, h is a constant or a nonconstant polynomial satisfying

oh _app+bpy  Jdh _ —apy+bps
821 N D2 ! 822 - D2 !
and 3 D a D
p2 _ oY  por_ oY
b aZZ pa azl +D 821 1 azl '
dps 9D ps oD

b=Do Py Do P

In fact, Li [16,26] also discussed a series of partial differential equations with more
general forms including (fz,)* + (fz,)> = €8, (fz,)* + (f2,)* = p, etc., where g, p are
polynomials in C2. Recently, by using the characteristic equations for quasi-linear PDEs,
and the Nevanlinna theory in C",n > 2, Chen, Han, and Lii. Xu and his colleagues,
etc. [27-36] investigated the entire and meromorphic solutions of the nonlinear partial
differential equations; for example, Chen and Han [36] discussed the entire solutions
of equation (f!fz,)"(f'f:,)" = p(z1)e8®), where I > 0,m,n > 1 are integers, p(z1) is a
polynomial in C and g(z) is a polynomial in C?, Lii [28] studied the entire solution of
equation fz21 +2Bf,, f2, + fzz2 = e8, where B is a constant and g is a polynomial or an entire
function in C?, etc., and they generalized and improved the previous results given by
Li[15].

Based on the establishment of Nevanlinna difference theory in C", n > 2 (can be found
in [6,37]), Xu and Cao [38] in 2018 and 2020 studied the solutions of some Fermat type
partial differential-difference equations (PDDEs) and obtained:

Theorem 3 (see [38] Theorem 1.2). Let ¢ = (c1,c3) € C2. Then, any transcendental entire
solutions with a finite order of the partial differential-difference equation

fa 2+ flz4c)? =1 ey



Mathematics 2022, 10, 3596

30f15

has the form of f(z1,22) = sin(Az; + B), where A is a constant on C satisfying Ae'A% =1, and
B is a constant on C; in the special case whenever c; = 0, we have f(z1,2z,) = sin(zq + B).

Remark 1. In general, f is called as a transcendental entire solution of the equation if f is a
transcendental entire function and also the solution of this equation, here a meromorphic function
f(z) is transcendental if and only if

this definition can be found in [17].

Inspired by the above results, this article concerns the entire solutions of the following
PDDEs

[uf(z) + Afz (2)] + [af (z+¢) = Bf(2)]> =1, ©)
and
[1f (2) + A fe, (2) + Ao fe, (2)] + [af (z+ 0) — BF(2)]* = 1, ©)

where z = (21,22), ¢ = (c1,¢2), and &, B, 4, A, A1, Az, ¢1, ¢ are constants in C. Obviously, we
can see that (5) and (6) are some deformation Equations of (1) and (4).

The details theorems on the properties of transcendental entire solutions of the partial
differential-difference Equations (5) and (6) are be shown in Section 2, and the proofs are
given in Sections 4 and 5. The results obtained in the paper are motivated by and benefit
from the factorization theory of meromorphic functions and Nevanlinna theory in several
complex variables. In particular, we will assume that the reader is familiar with the basics
of Nevanlinna theory in several complex variables.

2. Results and Examples

The first main theorem is about the existence and the forms of the solutions for
Equation (5).

Theorem 4. Let c = (c1,c3) € C?, co # 0,and a, B, u, A be nonzero constants in C. Let f(zq,2)
be a finite order transcendental entire solution of Equation (5). Then, f(z1,zp) must satisfy one of
the following cases:

(i) if uf (z) + Afz, (z) is a constant, then

1
flanzm) = = e T,

. 1
where 11, A, B € C satisfy 7 = 7 5 and e = gexcl;

”‘2
+(a=p)
(i) if Ay # 5, then

1 1 Az —Anzy— _n
f(z1,22) = A T ) M)eAlzlJrAZzZ*B - A Mz=Az=B 4 g(z5)em 27,

where §(zy) is a finite order entire function, A1, A, B € C satisfy

. AAL+u+ Bi
2_ .2 2 2(A1c1+Azc;) — 1 H
(A1 +Bi)> =p"—a”, e AL —pt i
and 8 )
Zp + ¢ i
o e @
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(iii) if Ay = &, then
L o Auzi+Ayz+B | B~ Ayzi—Arz—B -
f(ZLZz):@e 121+ A222 +ﬁe 121—A222 +l9(22)e P
where ©(zy) is a finite order entire function satisfying (7). A1, Ay, B € C satisfy
2
2uBi = B2 — a?, Bey = Ai, eXMertAz) —q F”z’; ®)
(iv) if Ay = —k, then
f(Z1,Zz) — %8A121+A222+B + 41VeAlzlAzz2B + 19(22)67%21,
where §(zy) is a finite order entire function satisfying (7). Ay, Az, B € C satisfy
2
2upi = 0® — B, Poy = —Ai, e 2MatAe) —q 4 Ty )

B

The following examples show the existence of transcendental entire solutions of
Equation (5).

1—+/3+i

PRCW, T and

Example 1. Let n? =

fla,m) =m —e 2+,

Thus, f(z1,22) is a transcendental entire solution of (5) with & = e_%i, B = e%i, A =2,
u=1,(c1,cp) = (7ti, i) and p(f) = 1. This shows that the form of solution in the conclusion (i)
of Theorem 4 is precise.

Example 2. Let Ay = % Incot {5 — % — Y3 gnd
1 1
fevz) = s 1)6%%22 2(V3- 1)6?21A222 — cos(2z)e 21H2,

Thus, f(z1,22) is a transcendental entire solution of (5) with « = e 6l B = e3i A =2,
u=1,(c1,c2) = (i, i) and p(f) = 1. This shows that the form of solution in the conclusion
(ii) of Theorem 4 is precise.

Example 3. Let D = 7%1n2+ %iJr %i, Ay = %an — %if %i and

i
271

1 iZl i ;
21,20) = 76721+A222 _ 7e—le—A2zz _ e(D+2m)zze—
Thus, f(z1,2p) is a transcendental entire solution of (5) with « = Z%e*%", B=2A=-2i

u=1,(c1,c2) = (1,1) and p(f) = 1. This shows that the form of solution in the conclusion (iii)
of Theorem 4 is precise.

From Theorem 4, letting A = 4 = 1 and @ = § = 1, one can obtain the following result:

Corollary 1. Let ¢ = (cy,c0) € C%and ¢y # 0. If f(z1,22) is a finite order transcendental entire
solution of equation,

[f(2) + fr @ + [flz+0) — f2)? =1,
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then f(z1,z) must be of the form
f(ZLZZ) = +1— 6721+A22+B/

where A, B are constants and
Acy = ¢+ 2kmi, k€ Z;

or

_ 1 —iz1+Ayzp+B
flenz) = sa—e 2(1+1)

where §(zy) is a finite order entire function, ap, b are constants and

eiz] —Ayzp—B + 19(22)672] ,

62(7iC1+A2C2) — _1/ 19(22 + CZ) — _eC],
8(z2)
From Theorem 4, letting « = 1 and = 0, one can obtain the following corollary:

Corollary 2. Let c = (cy,c0) € C?, co # 0, and A, u be nonzero constants. If f(z1,22) is a finite
order transcendental entire solution of equation

1f(2) +Afs (@ + fz+0) =1,
then f(z1,zp) must be of the form

1 A 1 _ _ _
21,2) = ————e¢ 121+A222+B+7€ A1z1—Arzp B’
fz1022) = 35 a) 20— AAr)

where Ay, Ay, B are constants and satisfying

A2 — ]’lz -1 62(A1C1+A2C2) — AAl + ]’l
o AAL—

Remark 2. In view of the form of f(z) in Corollary 2, one can see that the order of f must be 1.
However, the following example shows that the equation can admit the transcendental entire solution
of the order greater than one if we remove the condition c; # 0. Let

f(Z) — 1 ez1+22+z% 1 elefzzfz%.

2i(v/3+2) 2i(v/3 —2)
Then, p(f) = 2 and f is a transcendental entire solution of equation
[VBif(21,22) +2ifey(z1,22)] + £~ 0@~ VB), 22 +0)2 = 1,
For « = 0 and B = 1 in Equation (5), we have
Corollary 3. Let A, u be two nonzero constants. Then, the following partial differential equation
[1f (2) + Afe ()P + f(2)* = 1 (10)
does not admit any finite order transcendental entire solution.
Proof. Assume that f(z) is a finite order transcendental entire solution of Equation (10).

By using the same argument as in the proof of Theorem 4, there exists a nonconstant
polynomial p(z) € C? satisfying

uf(z) +Afz(z) = %(eﬂ +eP), f(z) = %(ev —e7P).
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Thus, it follows that

(14 Apz, (z) — i)e?! = — Apz, +i. (11)
Noting that p is a nonconstant polynomial, we can deduce that

U+Ap;, —i=0, u—Ap,, +i=0. (12)

Otherwise, the left-side of Equation (11) is transcendental and the right is polynomial;
this is a contradiction. In view of (12), it follows that 4 = 0, which is a contradiction.
Therefore, this proves the conclusion of Corollary 3. O

For Equation (6), we obtain the following results about the existence and the forms of
transcendental entire solutions of such equation.

Theorem 5. Let ¢ = (c1,¢2) € C? a, B, u, A1, Ay be nonzero constants in C, s1 := Apzy — Az
and sy 1= Axcy — Ajca # 0. Let f(z1,22) be a finite order transcendental entire solution of
Equation (6). Then, f(z) must satisfy one of the following cases:

(1) if uf (z) + Afz, (2z) + Ao fz, (2) is a constant, then

1 _F5 44 _
f(z1,22) = n_ 2 maatAlm-hz) B

- 4

I3
h A B (C ; 2 _ ”‘2 d A()\2C17/\1C2) — ﬁ /\Lcl.
whereny, A, B € satzsfyﬂlfman e = et
(i) if u> # (M A1 + AaA2)?, then
f(zl Zz) — 1 eA121+A222+B _ 1 e*A1217A2227B
! 2()\1A1 + ArAs + }l) 2(/\1A1 + ArAp — ]/l)
_r
+9(sq)e” M7,
where 9(s1) is a finite order entire function in sy satisfying
8(s1+50) _ B fso
-2 1
1) L (13)

and A1, Ay, B € C satisfy

_ AMA7 +A2A2+ﬁl‘+}l.
AMA]+ ArAr + ﬁi — y'

(M AL+ ApAy + Bi)? = 12 — a2, HArathe) (14)

(iii) if u = A A1 + Ay Ay, then

1 z _ _ _ iy
f(ZlIZZ> —_ 76A]Z]+A222+B + 716 Aq1z1—Apzp—B + 19(51)3 M 1’
4y 2)\1

where 9(s1) is a finite order entire function satisfying (13) and Ay, Ay, B € C satisfy

2upi= B2 — &, Por = Aqi, Fertha) — 1 _ 2;‘1'; (15)

(iv) if u = —(M A1+ A Ap), then

21 Ayz4Aszm+B | L Az —Ayz—B £z
f(zl,zZ):Ee 121+4A220+ +47£ 1148 4 g(5)e M7,



Mathematics 2022, 10, 3596

7 of 15

where §(s1) is a finite order entire function satisfying (13) and Ay, Ay, B € C satisfy

—2upi = B2 —a?, Py = —Aqi, e 2AatAae) — 14 2;‘1'. (16)

The following examples show the existence of transcendental entire solutions of (6).

Example 4. Let n? = 15 and

f(Z1122) =1 - 6—321—1—22_

Thus, f(z1,22) is a transcendental entire solution of (6) witha =1, =1i,A1 =1, Ay =2,
u=1,(c1,c2) = (5i,2mi) and p(f) = 1. This shows that the form of solution in the conclusion
(i) of Theorem 5 is precise.

Example 5. Let

1 a 1 B B
Z1,2 - ¢ 121+A222 4+ ¢ A1z1—Arzp
fEz) 2(vV2+1-1) 2(vV2—141)
1
- ﬁ sin[ZT[i(221 — Zz)}e_\/ﬁzl—"—ﬁazl_zﬁ'

where Ay = 2 —2log(vV2+1) — (2—n)iand Ay = log(vV2+1) — 1+ (% —1)i. Thus,
f(z1,22) is a transcendental entire solution of (6) witha =1, =1, A =1, A =2, u = V2,
(c1,¢2) = (1,3) and p(f) = 1. This shows that the form of solution in the conclusion (ii) of
Theorem 5 is precise.

From Theorem 5, we have

Corollary 4. Let c = (c1,¢p) € C?and ¢y # ca. I f(z1,22) is a finite order transcendental entire
solution of equation

[f(@) + fa (&) + fo D + [z +0) = F@P =1,
then f(z1,zp) must be of the form
f(z1,22) = £1 — e A HAR—2)+B
where A, B are constants and
A(cp — 1) = ¢1 + 2kmi, k € Z;

or
1 : 1 ;
f(leZZ) = 2(1 — i) e~ iz1tA222+B + mezzlfAzzsz + 19(21 B 22)6721/

where §(z1 — zp) is a finite order entire function, A, B are constants and

2(7iC]+A2C2) — _1, 19(21 — 22 + 1 — CZ) — eC1702,

e
Hz1 — 2)

When « =1 and B = 0 in Equation (6), we obtain

Corollary 5. Letc = (c1,c2) € C?and Aq, Ay, u be nonzero constants such that Ajcy — Apcq # 0.
If f(z1, zp) is a finite order transcendental entire solution of equation

[1f(2) + M fey (2) + Aofe, () + fz+ )2 =1, (17)
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then f(z1,z) must be of the form
f(zl Zz) — 1 eA]Z1+A222+B + 1 e*A]Z]*A2227B
! 2(]/1 + AA1+ AA7) 2(“11 —MAL— AA)) !
where ay,ay, b are constants and satisfying
MAL+ 1A
(AlAl + AZAZ)Z — VZ -1, 62(A1C1+A2C2) _ 141 + A Ay + (18)

 MAL+ A A -

Remark 3. From Corollary 5, the order of f must be 1. However, we can find the transcendental
entire solutions of Equation (17) of the order greater than one if Ajcy — Aacy = 0. For example, let

fo)= — L _mtntleina-aP 1 aa-(eina-ap

2i(v3+2) 2i(v3-2)

then p(f) = 3 and f is a transcendental entire solution of equation
, . 2 1 2i—1 2
|:\/§lf(21,22)+le +(21—1)f22:| +f 21+2—iln(2+\f3),zz+27iln(2—l—\f3) =1

When & = 0 and g = 1 in Equation (6), similar to the argument as in the proof of
Corollary 3, we have

Corollary 6. Let Ay, Ay, u be two nonzero constants. Then, the following partial differential
equation

[1F(2) + A fey (2) + Aafory (2)) + f(2)2 =1

does not admit any finite order transcendental entire solution.

3. Some Lemmas

The following lemma plays the key role in proving our results.

Lemma 1 ([39] Lemma 3.1). Let f;(# 0),j = 1,2,3 be meromorphic functions on C™ such that
f1 is not constant, and f1 + fo + f3 = 1, and such that

i{Nz(r, }) + 2N(r,fj)} < AT(r, 1) + O(log™ T(r, f1)),
=1 j

for all r outside possibly a set with finite logarithmic measure, where A < 1 is a positive number.
Then, either fp = 1or f3 = 1.

Remark 4. Here, Ny(r, %) is the counting function of the zeros of f in |z| < r, where the simple
zero is counted once, and the multiple zero is counted twice.

4. The Proof of Theorem 4

Proof. Suppose that f is a transcendental entire solution of Equation (5) with finite order.
Now, we will divide into two cases below.
(i) If Af;, + uf is a constant, let

)\le + Vf =11, (19)

and

af(z+c) = Bf(z) =m, (20)
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where 771, 175 are constants in C. In view of (5), it follows that
mAm =1, 1)
Solving Equation (19), we have

) n— e 1aTe(z2)

z , (22)
f( "
where ¢(z;) is an entire function in z,. Substituting (22) into (20), it yields
_ o iEta)te(zter) _ o= hkr+o(z)
e AT e 1
P . g . =12, (23)

Thus, it follows from (23) that

(DC — ‘3)771 = ],[}72, — %ef%(zl‘kcl)*Fq)(Zzﬂ’Cz) + 5E§Z]+¢(22) _ 0,

that is,

l‘cl

e(@re)—¢z2) — Poyea

—=N
|
-
N
2™

Hence, we have
$(z2) = Az +b, A = ge%“ (24)

Thus, the conclusion (i) of Theorem 4 is proved from (22) and (24).
(ii) If Af;, + uf is not a constant, we can rewrite (5) as the form

(1f(2) + Afzy (2) +ilaf(z +¢) = Bf(2)][1f(2) + A fzy (2) —i(af(z+c) = Bf(2))] = 1.

Since f is an entire function, it follows that pf(z) + Af;, (z) +i(af(z +c) — Bf(z))
and pf (z) + Afz, (z) —i(af(z+c) — Bf(z)) do not exist zeros and poles. Thus, by virtue of
Refs. [3,10,11], there exists a nonconstant polynomial p(z) in C2 such that

wf(2) + Afey (2) +iaf(z +c) — Bf(z)) = e/,
Uf(z) + Afe (z) —i(af(z+¢) — Bf(z)) = e P,

The above equations lead to

(e +e7P), (25)

NI~

BF(E)+ A (2) =
xf(z+ )~ Bf(z) = (e 7). 26)

In view of (25) and (26), we can deduce that
Buf(z) + PAfz (z) = %(ep(z-‘rc) pePEt) )\Pzéi—F Hopz) _ )\Pzéi— Ho—p(z) 27)
Thus, it yields from (25) and (27) that

AP H EH P peyipte) | AP T EH B peio)—pe) _ 2pere) g, (28)
K1 14

Noting that u # 0, we thus have that AP P and w = 0 can not hold at

the same time. Otherwise, it follows from (28) that e2” (z+¢) = 1, that is, p(z) =0, whichisa
contradiction with p(z) being a nonconstant polynomial.
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Apz, —p+pi . Apzy +p+Bi
If —L—— =0, it follows that —1_—— # 0 from (28) and that

AP H EA B pe)tpate) _ paplato)
K1

1. (29)

By using the second basic theorem for the function e2P(2+9) we have from (29) that
T(r,??t9)) < N(r 1 +N(r _r + S(r, e2PFte))
4 - " e2p(z+c) " e2p(z+c) +1 /

<N (7 ! ) + S(r, e2P(zt0))

’ Wep(z)ﬂa(ﬂc)

< O(logr) + S(r, e2P(z+a)y;

¢ APz TrHp
X1

this is impossible. I = 0, similar to the argument as in the above, we also obtain

- Apzy +i+Bi Apzy —pi+Bi
a contradiction. Hence, we have leTM # 0 and pZITM #0.
By Lemma 1, we have

wezﬂ@)w(zﬂ) =1 or wer)(zﬂ)*p(ﬂ -1
1 o1

If .
Az + A B )it — 4
7] N

7

then p(z) + p(z + ¢) should be constant; this is a contradiction.
If ,
Az — B Bl pato)-p(z)
i

1, (30)

then p(z + ¢) — p(z) is a constant. Thus, we have p(z) = L(z) + H(cpz1 — ¢122) + b, where
L(z) = Ayz1 + Azzp, H(s) is a polynomial in s = cz1 — ¢122, A1, Ay, B are constants in C.
By combining (30) with (28), we have

Ao H AP by plate) — . (31)
i
Substituting p(z) into (30) and (31), it follows that

AMAL + CzH/) — U+ 'BieL(c) -1 AMAL+ C2H/) +u+ ,Bl'eiL(C)

=1 2
i i ! (32)

where L(c) = Ajcy + Aacy. Thus, we have that c;H' is a constant, which implies deg . H <
1 as ¢ # 0. This shows that L(z) + H(cpzq — ¢12z2) + B is a linear form of zy,z,. For
convenience, we still denote it to be p(z) = L(z) + B. Thus, it follows from (32) that

AL WA Bi e —q, MITETB 10 g, (33)
ol K1
This leads to
» AA1 +p+ Bi
2_ .2 _ 2 L) _ M1t p+pl
(AAL+ B2 =12 —d? e Y (34)

Substituting p(z) = A1z1 + Azp + B into the Equation (25), it follows

‘uf(z) + Ale = %(6A1Z1+A222+B + e*A1Z1*A222*B). (35)
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If Ay # £K, solving Equation (35), we have
1 Arz1 4+ Aza+B 1 ~Ayz1—Ayzy—B _K
, = - 9 x7 36

where 9(z;) is a finite order entire function. Substituting (36) into (26), and combining with
(34), we have

. AAL+ p+ Bi
/\A i 2 — 2 _ “21 82(A1C1+A2C2) — 1 -,
( 1+ ﬁ ) U )\Al —u + ‘Bl
and 9
(32(;;;2) = Befa, (37)
If A = %, similar to the above argument, we have
f(zl,22> — i€A121+A222+B + ZilefAlzlfAzzsz + ﬂ(ZZ)Ei%Zl, (38)

4u 2A

where 9(z;) is a finite order entire function satisfying (37). Substituting (38) into (26), and
combining with (34), it follows that f(z1, zp) satisfies (8).

IfA; =— %, similar to the above argument, we have
1
f(zllzz) — %6A121+A222+B + @e—Alzl—Azzz—B + 19(22)6_%21, (39)

where 9(z;) is a finite order entire function satisfying (37). Substituting (39) into (26), and
combining with (34), it follows that f(z1,z2) satisfies (9).
Therefore, this completes the proof of Theorem 4. [

5. The Proof of Theorem 5

Proof. Suppose that f is a transcendental entire solution of Equation (6) with a finite order.
Two cases will be considered below.
() If Ay fz, + Ao fz, + uf is a constant, let

Mfz +Aafn +uf =m, (40)

and
af(z+c)—Bf(z) =m, (41)

where 71, 1, are constants in C satisfying (21) from (6). The characteristic equations of (40)
are p p af
21 22
—_— = , —/ = /\ , S = — .
T A i L
Using the initial conditions: z; = 0,z = s1, and f = f(0,s1) with a parameter s. Thus,

we obtain the following parametric representation for the solutions of the characteristic
equations: z; = A1t, zp = Axt + 51, and

flaz) =T - ;eﬁzl*‘”(s”, (42)

where ¢(s1) is an entire function in sq := A1z — Apz1. Substituting (42) into (41), we have

“(7;1 _ ;e{;(zl+c1)+4’(51+50)> _ﬁ@ _ :le;;zwp(sl)) -
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which implies that

am pm =1, ﬁe*%(zﬁcl)ﬂv(sl%o) _ Ee*%Zﬁ(P(Sl) =0,

M M M M
where sy := Ayc; — A1cp. In view of (21), we have
2 M
= 5——F——>, (43)
TR L

and
1
eP(s1150)—9(s1) — Eeﬂcl.
o

Thus, it follows that ¢(s1) = Asy + b where A, b are constants satisfying
e = pAlhaci—Micr) — geﬁcl. (44)

In view of (42)—(44), we have

Flz1,20) = % _ :leA"lzl+A(AzzlAlzz)+h/ (45)

where «, B, 1, A1, Ay, 111, €1, c2, A are constants and satisfying (43) and (44). Therefore, this
proves the conclusion (i) of Theorem 5.
(ii) If Ay fz, + A2 fz, + pf is not a constant, we can rewrite (6) as the form

[1f(2) + A fzy (2) +A2f2 (2) +ilaf(z+ ) = Bf(2))] X
[1f(2) + A fzy (2) + Aafoy (2) —iaf (24 ¢) = Bf(2))] = 1.

Since f is an entire function, it follows that yf(z) + A1 £z, (2) + Aafz, (z) +i(af(z +
c) — Bf(z)) and puf(z) + A1 fz, (z) + Aafz,(z) —i(af(z +c¢) — Bf(z)) do not exist zeros and

poles. Thus, by virtue of Refs. [3,10,11], there exists a nonconstant polynomial p(z) in C?
such that

WF(Z) + Mfey (2) + Aafoy (2) +iaf(z 4+ ) — Bf(2)) = @),
Uf(2) + ALfe (2) + Aafe, (2) —i(af (z 4 ¢) — Bf(2)) = e PE).

The above equations lead to
1 _
1f(2) +Mfz (2) + Aafzy(2) = S(eP +e7P), (46)
1
Kf(z+c) — Bf(z) = 55 (e —e 7). @)
In view of (46) and (47), we can deduce that

apf(z+c) + BlA1fz (2) + Ao fz, (2)]

From (48) and (46), we have

(eP(+0) 4 o=p(+e)y _ Apz, ;/\2’”22 (&P 4 e7P). (48)

_ Mipzy + Mapz, + B

5 (eP?) 4 e P2)) (49)

wpf(z+c) = Buf(z) = 5 (/) + e P))
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Thus, it yields from (46) and (49) that

Mpz +Aopz, + 1+ Bi ep(z)+p(z+c)+
i

MPzy + Aabzy = B+ Bl p(aro)—p(e) _ 2p(eto)

- 1. (50)

M Pz +)\2Pzz +u+pBi ;é

By using the same argument as in the proof of Theorem 4, we have o

0 and W # 0. By Lemma 1 and (50), we have

Mpz +Aopz, +u+ ﬁiep(z)er(erc) =1 or Mpz +Aopz, —p + lBieP(Z+C)7P(Z)

=1.
i i

If .

AMpz + AZP.ZZ +utpi eP@)+p(zte) = 1,

i
then p(z) + p(z + ¢) should be constant; this is a contradiction.

If ,

Alpzl + AZP‘Zz — P+ :Blep(z-&-c)—p(z) =1, (51)

i
then p(z + ¢) — p(z) is a constant. Thus, we have p(z) = L(z) + H(cpz1 — ¢122) + b, where
L(z) = Ajz1 + Aszp, H(s) is a polynomial in s = cz1 — ¢122, A1, Ay, B are constants in C.
By combining (51) with (50), we have

Mpz + AZP‘ZZ tH+ ﬁiep(z)—p(z-l-c) =1. (52)
14

Substituting p(z) into (51) and (52), it follows that

AMAT+ AAr + (/\102 - AzCl)H/ —u+ ﬁieL(c)

ai - )
— / [
MAL + M Ay + (fozi Ager)H' +p + Pi )= (54)

Thus, we have that (Ajc; — Ayc)H' is a constant, which implies deg. H < 1 as
Acy — Apcq # 0. This shows that L(z) + H(cpz1 — ¢122) + B is a linear form of zy, z;. For
convenience, we still assume that p(z) = L(z) + B. Thus, it follows from (53) and (54) that

MAL+ Mo Ay — g+ Bi i) MAL+ A s+t Bi )

=1 =1.
i ! i (55)
This leads to
. AMAL+ Ay +u+ Bi
2_ 2,2 2L(c) _ M1 T A2lr T
(M A1+ A Ay + Bi) u-—a, e MAI T Ay — it B (56)
Substituting p(z) = A1z1 + Azzz + B into the Equation (46), it follows
1
’uf(z) + /\1](21 + /\2f22 = E(6,1‘\121-1-1‘1222-"-B + e—A1Z1—A222—B). (57)
If u? # (M A1 + A2Az)?, solving Equation (57), we have
— 1 A121+A222+B_
fevz) = A A+
1 e—Alzl—Agzz—B + 19(51)3_%21, (58)

2()L1A1 + ArAy — ;l)
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where ¢ is a finite order entire function in s;. Substituting (58) into (47), and combining
with (55), we have
9(s1+s0) _ B frso

- £ , 59
¥(s1) o 9
where sy = Ayc1 — Aqcp. Therefore, in view of (56), (58), and (59), we have
1 A
21,25) = e 121+Az0+B
1 e—Alzl—AQZZ—B + ﬁ(sl)e—%zll (60)

2()\1A1 + Ay Ay — }l)

where ¢ is a finite order entire function in sy, and A, Ay, B are constants satisfying (56)
and (59).
If y = A A1 + A Ay, solving Equation (56), similar to the above argument, we have

Z1

u
7A1217A22273 — a7 41l 1
2)\16 +90(sp)e M7, (61)

1
f(Zl/ZZ) = @eA121+A222+B +

where 9(s1) is a finite order entire function satisfying (59). Substituting (61) into (47), and
combining with (55), we can obtain (15).
If u = —(AM A1+ AA), solving Equation (56), similar to the above argument, we have

f(zl/ZZ) — ;TleAlzl-‘t-AzZz-‘rB + 41#6—14121—14222—3 _ 19(5])3_%21/ (62)
1

where 9(s1) is a finite order entire function satisfying (59). Substituting (62) into (47), and
combining with (55), we can obtain (16).
Therefore, we complete the proof of Theorem 5. [

6. Conclusions

From Theorems 4 and 5, we investigate the transcendental entire solutions of two
classes of partial differential-difference equations with constant coefficients, which are
more general than the previous equations given by [19,20,38]. We describe the forms of the
finite order transcendental entire solutions of these equations under the different conditions
of the coefficients, and we also give several examples to demonstrate that every form of
the solutions of these equations are precise. By comparing previous relevant references,
we can find that our results are some improvements and generalizations of the previous
theorems [19,20,38].
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