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Abstract

The main object of the present paper is to investigate the star-
likeness and convexity of certain general families of operators of fractional
calculus (that is, fractional integral and fractional derivative). Relevant
connections are also pointed out with various earlier results involving these
subclasses of analytic functions.

Key words and phrases. Analytic functions, starlike functions,
convex functions, prestarlike functions, fractional calculus, Hadamard
product or convolution, Pochhammer symbol, generalized hypergeometric
functions, Carlson-Shafter operator.

§1. Introduction

Let A denote the class of functions of the form:
f2)=> arp1 2 (a1:=1), (1.1)
k=0
which are analytic in the open unit disk
U={z:z€C and |z| <1}

Further, let & denote the class of all functions in & which are univalent in U.

A function f(z) belonging to the class S is said to be starlike of order o (0 < a < 1)

if and only if
z f'(z)
%575

We denote by §*(«) the subclass of § consisting of functions which are starlike of order .

)>oz (zelU; 0<a<l). (1.2)
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A function f(z) belonging to the class S is said to be convez of order a (0 < @ < 1)

if and only if

___zf”(z) o z ; o
§R<l+ ) )> (zelU; 0<ax<l). (1.3)

We denote by K(a) the subclass of S consisting of functions which are convex of order a.

We note that (cf. Duren [2]; see also Srivastava and Owa [18])
f(z) e K(a) &z f'(2) € §*(a) (0<a<l). (1.4)

For the functions fj(z) (j = 1,2) defined by

) =3t (ga=1 j=1,2), (15)

n=0

let (f1 * f2)(z) denote the Hadamard product or convolution of f1(z) and fa(z), defined by

cOo

(fl * fz)(z) = Z 01,n+41 42 ,n41 Z" ! (Gj,l =1 7=1, 2)- (1-6)

n=0
The function

z

sa(z) = m(l—:-&-)— (O S o< 1) (17)

is the well-known extremal function for the class §*(a).

A function f(z) € A is said to be in the class R(«, ) if
(f*sa)(2) €S*(B) (0<a<l; 0KB<). (1.8)

Note that R(a, a) = R(«) is the subclass of A consisting of prestarlike functions of order
« in U. The class R(«) was introduced by Schild [13].
Let (A), denote the Pochhammer symbol defined by

T+
(A)# = _W (>‘ 7é 0,-1,-2, ) (19)
for real or complex parameters A and yu, so that

1 (m =0)
OM={ (1.10)
AA+1)-(A+m—1)  (meN:={1,23,-)).
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Alsolet a; (j =1,--,p) and B; (j = 1,- -+, q) be complex numbers with
ﬁj?éoa_l)_za"' (]=1"$Q)

Then the generalized hypergeometric function ,F,(z) is defined by

PFQ(Z) = PFq(al7'°'sap; /817"'71851;2)

= , n

=Y alnt(G)n 27 (p<q+1)
T (B)n - (By)n 1 P=a7

~~
o
.
o

~—

.

where (1)), is given by (1.10).

The ,Fy(2) series in (1.11) converges absolutely for |z| < co if p < ¢ + 1, and for
z €U if p=g+1. The condition p < g+1 stated with the definition (1.11) will be assumed
to hold true throughout this paper (see, for details, Srivastava and Karlsson [17]).

Many essentially equivalent definitions of fractional calculus have been given in
the literature (cf., e.g., [16, p. 21 et seq.] and [19]). We state the following definitions due

to Owa and Srivastava [7] which have been used rather frequently in the theory of analytic
functions (see also [3] and [6]): '

Definition 1. The fractional integral of order X is defined, for a function f(z), by

1 z
D f(z) = 0 fi C—;f%:x ad (>0, (1.12)
and the fractional derivative of order X is defined, for a function f(z), by
1 d [*
D) f(z) = oW & ]{ (fogg)A d¢  (0<X<1), (1.13)

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin, and the multiplicity of (z — ¢)*~! involved in (1.12) (and that of (z — ¢)™*
involved in (1.13)) is removed by requiring log(z — {) to be real when z — ¢ > 0.

Definition 2. Under the hypotheses of Definition 1, the fractional derivative of
order n + A is defined by
dTl.

D f(z) = e DY f(z) (0<A<1; neNp:=NU{0}). (1.14)

We define the following generalized operators of fractional calculus ([12]; see also
[8] and [10]):
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Definition 3. Let a,m € Ry, and 8,17 € R. Then the fractional integral operator
Ig”‘?’" is defined by

yZym

z—m(a+p)
,ﬁn , — mya—1
O,z,m (” F(a) / (Z C )

(1.15)
C m
o (a8, -miast - ) S0 de™)
where the function 3 F; is Gauss’s hypergeometric function defined by (1.11) with
p—1l=g¢g=1.
The corresponding fractional derivative operator Dy ’fm" is defined by
d [ z—m(B—ati)
a,Bme N my—
DO,z;m(“') - dzm { F(l — / (Z C )
(1.16)

m

o (p-aktomi—a- ) fQdem )

<0§a<1; B,m eR; mER+).

In both (1.15) and (1.16), the function f(z) is analytic in a simply-connected

region of the z-plane containing the origin, with the order

f2)=0(-") (z—0),

where

r > max{0,m(f —n)} —m,

and the multiplicity of (™ — (™)*™! in (1.15) (and that of (2™ — ¢(™)~% in (1.16)) is
removed by requiring that log(z™ — (™) be real when z™ — (™ > 0.

Remark. The definition (1.16) for the generalized fractional derivative operator
Dg f;z (0 < @ < 1) is based essentially upon the definition (1.13) for the simpler fractional
derivative operator D} (0 < A < 1). Indeed, in its special case when m = 1, it differs
slightly from the fractional derivative operator JO,;ﬁ ™ (0 < @ < 1) used by Sohi [15].

It is easy to observe that

o f(2) = D7 f(2) (1.17)
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and

DM f(2) = DX £(). (1.18)

Following Raina [9], we define the function ©4(a,c) by

@A(a C)(Z) - Z EZ))A: " (A >0; C> 0; ¢ 7’4 0,-1,-2,-- ')7 (119)

where C' — A >0 (or C = A and |z] < A=4CC°).
Corresponding to the function ©(a, c), a linear operator T#(a, c) is defined by
Téa,c) f := Of(a,c) * f (f € A). (1.20)

If A=C =1, then

T (a,c) f = Oi(a,c)* f=L(a, o) f  (f € A), (1.21)

where L(a,c) is the Carlson-Shaffer operator introduced in [1].

By the series expansion, we have
Lemma 1. Let the function f(z) defined by (1.1) be in the class A. Also let
m € Ry and 8,7 € R.
()If0<a<landl/m>f—n—1, then

oo

1-B+n+ L) _
Da)ﬁyn ( k m(ﬂ+1). 1.22
o.zim /(%) = Z; (& P(—a+n+;)%z (1-22)

(i) Ifa>0end1l/m>pB—~n—1, then

> F(—ﬁ+n+i) _
T8 (z) = g ) m ZF—mB  (1.23

By using Definition 3 of the generalized operators of fractional calculus, we now

introduce the linear operator A,,(a, 8,n) given by

Pz =B T(2-atn+s)
FrI+L)r(Q-8+n+21)

An(a,B,7m) f(2) == Zm(B+1) Dg,’g’n’z f(z), (1.24)

where f(z) € Aand 1/m > max{f, a —n—2, f —n —1}.
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Let us now define a linear fractional operator Jy' ;..

by

T(1-8+L)Tr(1+a+n+1)
T(l+5)P(Q=-f+n+4)

O‘f;ff;g f(z) == 2™ Ig;f;;z f(z), (1.25)

where f(z) € Aand 1/m > max{f—~1, —a—n—-1, f—n—1}.
By using the above definitions, we have

Lemma 2. Let the function f(z) defined by (1.1) be in the class A and let 0 <
a<l,meRy, B,n€ER, and 1/m > max{f, a—n—2, § —n—1}. Then

Lemma 3. Let the function f(z) defined by (1.1) be in the class A and let a,mm €
Ry, ByneR, and1/m >max{f—1, —a—n—1, B—n—1}. Then
o m 1 1
SEn 1) =T (14 1= B+ 1)
(1.27)
7™ (1 L1 .
"Ly m —,3+77+E7 +0!+77+‘n—1 f(=).

The following known results will also be required in our present investigation.

Lemma 4 (Ruscheweyh and Sheil-Small {11, p. 126, Lemma 2.4]). Let h(z) and
g(z) be analytic in U and satisfy

hO)=g(0)=0, HK(0)#0, and g¢'(0)#0.

Suppose that, for each p(|p| =1) and o(|o| = 1), we have

h(z) * <1l+_f’;"> g(z)#£0  (zelU)\ {0} (1.28)
Then, for each function F(z) analytic in U and satisfying the inequality R{F(z)} > 0
(z e U),

(h*G)(z)

where G(z) = F(z) g(2).
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Lemma 5 (Twomey [21, p. 95, Equation (3)]). Let the function f(z) defined by
(1.1) be in the class S*. Then

lzlfn( 1+ zl lf(Z) )

(1 - lzhen (2

Equality in (1.30) holds true for the Koebe function [cf. Equation (1. 7]

2 f(2)
@ | =T

(z €U). (1.30)

z

K(z):= e = so(2).

Lemma 6 (Singh [14, p. 133, Theorem IV}). Let the function f(z) defined by (1.1)
be in the class S*. Then

R Zf'(z)> > Lo lf u 1.31
(L) e eew (131)
and ( )*1£(=)]
1-]z])?2 z
R (zfl(z)> <1t i ( ’ ) (z € U). (1.32)
f2) 77 1=l (= ey en ()
Eguality in (1.31) is atiained for o function of the form:
f(z) = P (13_ p— e (0£6<1; yeR), (1.33)
and equality in (1.32) 18 attained for a function of the form:
z
flz)= S L) (0<6<1), (1.34)
where § satisfies the equation:
1+|21> ((1+|zl)2 |f(2)|>
26 bn| —— ) =4n . 1.35
dt=- F 1:35)

Lemma 7 (Lewis [5, p. 435, Theorem 1]). Given p (—co < p < o0), let

fulz) = Z (n+1 (z € U). (1.36)

Then fu(z) is in the class K whenever u > 0.
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Making use of Lemmas 1 to 7 above, we shall derive several representation, in-
clusion, and other properties of the aforementioned general families of fractional calculus
operators. These properties are associated with the classes §*, K, and R(a, ). We shall
also point out relevant connections of many of the properties obtained in this paper with

various earlier results involving these subclasses of analytic functions.

2. Representation and Inclusion Properties

In view of the definition of the class R (a, ), we can write

Rla,B) = {f € A: (f xsa)(2) € S*(B)} 2.)
A1
= 7;'(1,2 — 2a) §*(8).

The following theorem is a generalization of an earlier result due to Kim et al. [4,
p. 316, Theorem 2].

Theorem 1. Ifa,m e R4+, 0<8<2,n€R, and
1/m>ma*x{/3—17 —a—n—laﬂ—n—1}7

then

m 1 1 m 1 1
R<@-,a) =T/" (1——ﬂ+—, 1+——) T/ (1+a+n+——,1—ﬁ+n+—)
2 m m m m

/

CTH2,2 = B) Tl K(a).
Proof. From the equation (1.27), we readily have
™ 1 1 m 1 1\ g
T (1—,6+-T—n—, HE) /" <1+a+n+a, 1"'B+”+“n'{> S K (a)
= T}(1,2)$™(a) 22)

= 711(2 - ,3,2)711(1,2 - B)8*(a),
which, in conjunction with the relationship (2.1), yields

1/m 1 1N guym (. LA 1N sesnm
T fm (1—ﬂ+r-n-,1+m> T, /m (1+a+n+m,1 ﬂ+n+m o.xm K(a)

(2.3)
~TI2-62) R (-ﬁ—a) ,
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thus completing the proof of Theorem 1.
Furthermore, we have

Theorem 2. Let the function f(z) defined by (1.1) be in the class S* and let, for
cach p (Jol = 1) and o(jo| = 1),

w s (THEZ) f) 40 (eur (o), (24
where
u(z) = T/ <1+%, 1—-ﬂ+%>
(2.5)

z

1—2

.’]‘1/ 1_,6+"7+"’71+a+"7+"“
1/m m m

Suppose also that a,m € Ry, B,n € R, and 1/m > max{f — 1, —a —n — 1}. Then
’ﬂ o [(2) belongs to the class S*.

Proof. Notice from Lemma 3 and Equation (2.5) that

co 1 _ 1
Tl £(z) —z+z 1+m)”‘ njm &= B0+ 7)1y fm "

aip z

(1-p8+ )(k—l)/m Qt+a+n+ 7712)(1;-1)/171 (2.6)
= (u* f)(2),
which readily yields
(T 1) sus V() (wr () ()
Tt £(2) (u* f)(z) (urf)(z)
Therefore, setting h(z) = u(2), g(z) = f(2), and F(z) = zf'(2)/f(2) in Lemma 4,

we find that
%! 2 (T 1))
l Sl f(z)

which completes the proof of Theorem 2.

(2.7)

>0 (zelU), (2.8)

From Theorem 2 and Equation (1.4), we easily obtain

Corollary 1. Let the function f(z) defined by (1.1) be in the class K, and let, for
each p (lp| =1) and o (Jo] = 1),

e (FEE) 220 (eur o, 2:9)

gz
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where u(z) is given by (2.5). Then T2 f(z) is in the class K.

0,z;m

Next we prove

Theorem 3. Let the function f(z) defined by (1.1) be in the class S* and let, for
each p (|p| =1) and o (Jo] =1),

o (c, B, 1)

R B

~~
o]
i
[a]

p—

where, for convenience,
_ gl/m _}_ __1__ _ 1/m _ i _ _1_
Ym(a, B,m) =T, /. <1+m,m ﬂ) 7\ jm (1 Btnt— 2—atnt—). (211)
Suppose also that 0 < a < 1, m € Ry, B,n € R, and 1/m > max{B, a —n — 2}. Then
Am(a,B,n) f(z) is also in the class S*.

Proof. The proof of Theorem 3 runs parallel to that of Theorem 2 with

z

b]
1—2z

u(z) = Ym(a, B,7)

(2.12)

and we omit the details involved.

3. Applications and Further Results

By applying Lemma 5 to Theorem 3, we get

Corollary 2. Under the hypotheses of Theorem 3,

Am(a,B,n) (z f'(2))
Am(a,B8,n) f(2)

2| £n ((1+lz[)2Anl,(Ia,ﬂ,n)f(Z)l)

<1+

B (1 - |zl én (1)

Equality in (3.1) holds true for the function f(z) given by

(z elU).

1) = bmes ) (2 ) (3.2
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where, for convenience,

¢m(a,B,m)
1/m 1/m 1 1
i/m 1/m m m

Next we apply Lemma 6 to Theorem 3 and obtain

Corollary 3. Under the hypotheses of Theorem 3,

Am(a, B,0)(z f'(2)) — |2
ge{ At Bon) 1) }z m Am(a,B,n) f(2)] (2 €U)

and

Am(a, B8,m) f(2)

1+ |Z| + 2lZ!£n ((1—[21) |A,|n(|oz,ﬂ,1,) f(z)|>
= 1—|¢| (1—|2[?) tn (__u)

2]

" { Am(a, Byn) (= F(2)) }

(z €elU).

Equality in (3.4) holds true for the function f(z) given by

z

f(z) = ¢m(a, B,1) ((1 — zeN)2E (1 — ze—iA)Z(l—&)) ’

and equality in (3.5) holds true for the function f(z) given by

f(Z) = ¢m(aaﬁ7n) ((1 _ z)26(f+ z)2(1"5)> ’

where ¢m(c, f,7) is given by (3.3),0 < 6§ <1, A € R, and § satisfies (1.35).

From Theorem 3 and Equation (1.4), we obtain

11

(3.4)

(3.5)

(3.6)

(3.7)

Corollary 4. Let the function f(z) defined by (1.1) be in the class K and let, for

each p (lp| =1) and o (|o| = 1),

14 paz
— 0oz

bl fin) (T 2 £1)) #0 (s e\ (o),

where Ym (o, B,1) is gwen by (2.11). Then An(a,B,n) f(z) 18 also in the class K.

We now state and prove

(3.8)
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Theorem 4. Let the function f(z) defined by (1.1) be in the class A and satisfy,
for each p (|pl =1) and o (Jo| =1)

bmlenfin) (T2 (1)) £0 (zeU\ (oD, (39)

where Y (a, B,1) is given by (2.11), p > 0, and the function f,(z) is given by (1.36). Then
A, B,0)(fu* f)(2) is in the class S*
Proof. We observe that

z(Am(a, B,m) (fu* F)(2)))
%{ Am(a, B,m)(fuxf)(2) }

§R{”ff/,;"(w— L_pTm

m L= B+n+ 2= at+n+ &) (fr2f)(z)
T Ut o = BT (L= B mt 2 —atn+

31{) (f*fu)(2)
ﬁ) 1/m

. +1,2-p) T _ﬁ+n+;1l-,2—a+n+#)f*zf;‘)(z)
(e 5 2= AT (= f et 2 atnt 3) 121,) 0
(1+%),, (1=B+n+L), '
0 (#—ﬂ)k;m(z—a'i'n‘{"#)k//m Gt Zk+1> : (z fﬂ(z))
(E?_)—_o (1+%), ) (1Bt ) s zk+1> ¥ £u(2) ;

WSk fm
which, by virtue of Lemma 7, yields the inclusion relation

I
8
N
(]
8
il

L -8), m2—atnt L),

(3.10)

fulz)eXcs*  (p=20).

(3.11)
Setting

h(z) = ¢m(a’ﬁan) f(z)a
e

S FER

and ¢(z) = i

fu(z) in Lemma 4, we conclude that

y
~
™

Am(e, B,0)(fu * f)(2) € ST,
which completes the proof of Theorem 4

Finally, we have
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Corollary 5. Let the function f(z) defined by (1.1) be in the class K and satisfy,
for each p (|p| =1) and o (|o| = 1),

14 poz

l—0z

bl By) ( o(fu * f)’(z)> £0 (zeu\{0}), (3.12)

where Y (o, B,n) 15 given by (2.11), u > 0, and the function f,(z) is given by (1.36). Then
Ao, B,0)(fu * F)(2) is in the class K.

The proof of Corollary 5 is much akin to that of its special case given earlier by

Srivastava et al. [20, p. 146, Theorem 4], and we omit the details involved.
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