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Abstract

Logic programming realizes the ideal of “computation as deduction,” except when
floating-point arithmetic is involved. In that respect, logic programming languages
suffer the same deficiency as conventional algorithmic languages: floating-point oper-
ations are only approximate and it is not easy to tell how good the approximation is.
This dissertation proposes a framework to extend the benefits of logic programming

to computations involving floating-point arithmetic.

John Cleary incorporated a relational form of interval arithmetic into Prolog so
*hat variables already bound can be bound again. In this way, the usual logical
interpretation of computation no lor ger holds. Based on Cieary’s idea, we develop a
technique for narrowing intervals. We present a relaxation algorithm for coordinating

the applications of the interval narrowing operations to constraints in a network.

We incorporate relational interval arithmetic into two coustraint logic program-
ming languages: CH P and CLP(R). We modify CHIP by allowing domains to be
intervals of real numbers. In CLP(R), we represent intervals by inequality constraints.
The enhanced languages ICHIP and ICLP(R) preserve the semantics of logic so that
numerical computations are deductions, even when floating-point arithmetic is used.
We have constructed a prototype of ICLP(R), consisting of a meta-interpreter exe-

cuted by an existing CLP(R) system.

We show ihat interval narrowing belongs to the class cf domain restriction op-
erations in constraint-satisfaction algorithms. To establish a general framework for
these operations, we use and generalize Ashby’s notions of cylindrical closure and

cylindrance. We show that Mackworth’s algorithms can be placed in our framework.
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Chapter 1

Introduction

1.1 Computation Should Be Deduction

Mainstream computing holds that programming should be improved by gradual steps,
as exemplified by the methods of structured programming and languages such as Pas-
cal and Ada. Revolutionaries such as Patrick Hayes and Robert Kowalski advocated

radical change, as embodied in Hayes’s motto [27]
computation = controlled deduction.

According to this approach, each program is a sentence in a logical system and every
computation step is a valid inference, so that results are logical consequences of
program and data. This method allows for a declarative programming paradigm,
where programmers specify only what (logic) a problem is, without worrying about
how (control) to solve the problem. The logic and control components of problem-

solving are separated, as expressed in the equation [40]

Algorithm = Logic + Control.
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parent (john,mary) .

parent (mary, joe).

grandparent(X,Z) +
parent(X,Y) ,parent(Y,Z).

Program 1.1: A logic program about kinship relationships.

Logic programming [39], as realized by pure Prolog, is an example of this radical

alternative in programming langnages and method.

A logic program is a set of Horn clauses. Each clause is an assertion of what
is true in the programmer’s intended interpretation. The commas are read as logi-
cal conjunction and the left arrow is logical implication. Program 1.1 is about the
parent and grandparent relationships. The first clause specifies that John is a par-
ent of Mary, the second asserts that Mary is a parent of Joe. The last clause is
a general specification of the grandparent relationship: individual X is a grandpar-
ent of Z if there exists another individual Y such that X is a parent of Y and Y is
a parent of 2. We can pose queries to a logic program. lur example, the query
~— grandparent(G,joe) asks who the grandparent of Joe is. The inference system
used in logic programming is SLD-resolution {72, 4]. In this example, SLD-resolution
returns the answer substitution G=john. Logic prograraming is relational. We can
also ask who the grandchild of John is by « grandparent(john,S}. In this case,
the answer is S=joe. Most importantly, we can conclude by the soundness of SLD-
resolution [{] that grandparent (john, joe) or the fact ihat John is a grandparent of

Joe is a logical consequence of the program 1.1.

Logic programming, a symbolic computation framework, fulfills Hayes’s goal. The
question is whether we can extend Hayes’s idea to numerical processing involving

floating-point arithmetic, in which roundoff errors arise and destroy the correctness
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of computation.

1.2 Is Numerical Computation Deduction?

Mainstream numerical programming is based on floating-point arithmetic, induc-
ing roundoff errors. A computation is typically a series of successive approxima-
tions, which halts when two consecutive approximations differ by a sufficiently small
amount. This amount is th- i used as the error estimate. Of course sophisticated
error analyses can be made to suggest more certain knowledge. But such analyses
are usuaily time-consuming and valid only asymptotically. We quote from a leading

floating-poiut aritmmetic expert, Kahan [37):

Error analyses, especially those concerned with roundoff, are so tedious,
so much nastier than the calculaticns they are intended to validate, and
so frequently unrewarding, that they should not be inflicted inconsiderately

by one man upon cnother.

In the following, we first discuss the problems of floating-point arithmetic in com-
puting. Then we illustrate the effect of roundoff errors on the semautics of logic

programming languages that use floating-point arithmetic.

1.2.1 Floating-point Arithmetic

Squeezing infinitely many real numbers into a finite number of hardware bits requires
an approximate represer*ation. The floating-point system [56, page 19] is such a
representation scheme. Although there are infinitely many integers, the results of

integer computations can usually be stored in, say, 32 bits. In contrast, given any
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fix=d number of bits, most calculations with floating-point numbers cannot »e exactly
vepresented using that many bits. Therefore, 121e result of a floating-point :omputa-
tion must often be truncated or rounded to be stored in its finite representation. The
resulting roundoff error is a characteristic feature of floating-point arithmetic. We

explain some problems of rouixdoff errors:

e Accumulation and propagation of roundoff errors can cause the computation

result to have livtle resemblarce to the correct answer.

e Floating-point arithmetic does not obey the usual algebraic laws, such as the as-
sociative law. Programmers are responsible for the tedious and error-prone task
of ensuring the proper ordering of arithmetic operations to minimize roundoff

errors.

o Roundoff errors jeopardize the correctness of a test condition, such as an equal-
ity test, in a conditional statement. Choosing the wrong branch destroys the

correctness of an algorithm.

1.2.2 Floating-point Arithmetic In Logic Programming

Program 1.2 is a numerical example in Prolog. The mortgage(P,I,MP,B,T) predicate
denotes a 5-ary relation abou* mortgage payment, where P 1s the principal of the
mortgage in dollars, I is the monthly interest rate, MP is the monthly payment, and
B is the remaining balance after T months of payment. The first clause specifies that
the remaining balance is the same as the principal P at the beginning of a mortgage
term. The second clause recursively specifies that B is the remaining balance of a
principal of P dollars after T payments of MP dollars at interest rate of I, if B is the

remaining balance of a principal of NP dollars after T-1 payments of MP dollars at
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mortgage(P,I,MP,P,0).
mortgage(P,I ,MP,B,T) ~
T>0,
NP is Px(I+1)-MP,
NT is T-1,
mortgage(NP,I,MP,B,NT).

Program 1.2: A Prolog program for calculating mortgage information.

the same intcrest rate. The 1.ew principal NP is the old principal P plus the monthly

interest and minus the monthly payment.

Sippose the initial principal is 99999 dollars, the monthly interest rate is 0.01,
and the monthly payment is 5000 dollars. The query

— mortgage(99999,0.01,5000, B, 10)

inquires the remaining balance at the end of 10 monthly payments. ALS Prolog
Version 1.01 [79] returns the substitution B=58150.045"' on a SUN 3/280. Assuming
the same principal and interest rate, we may want to find the monthly payment so

that we can pay off the mortgage in 10 months by the query
— mortgage(99999,0.01,MP, 0, 10).

Most Prolog systems respcnd no. Current Proiog implementations, based on floating-
point arithmetic, have two problems. First, the arithmetic built-ins, such as the
is predicate, are functional in nature. They a.e incompatiblc with the relational
paradigm of logic programming. In this example, they ruin the invertibility of the

program. Second, roundoff errors destroy the correctness of the computation. The

1SICStus Prolog Version 0.7 [12] returns B=58150.045213392794 on a SUN 3/280.
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correct answer to the first query is B=58150.04521. Therefore,

mortgage(99999,0.01,5000,58150.045, 5000)

is not a logical consequence of program 1.2.

The introduction of the CLP scheme and CLP(R) [33] presents a solution to the

first problem.

1.2.3 Floating-point Arithmetic In Constraint Logic Pro-

gramiming

Constraint logic programming generalizes logic programming by replacing unification
with constraint solving. Prominent projects include Prolog III [17], CAL [1], Tril-
ogy [3, 78], CHIP [22, 74], and the CLP scheme |33]. Most systems either resort to

symbolic algebra methods, or restrict arithmetic to rational or integer numbers.

Both Prolog III and CHIP support a relational version of rational arithmetic by
restricting constraints to linear equalities, inequalities, and disequalities. Through
the finite domain concept, CHIP has a relational form of integer arithmetic. The
floating-point arithmetic facilities of CHIP are as rudimentary as those of Prolog.
CAL uses the Ruchberger algorithm for computing Grcbner bases [10] to solve non-
linear polynomial equations. For i'near equalities and inequalities, CAL employs a
constraint solver based on the simplex method (see, for example, [64]). Trilogy solves
integer constraints by Presburger arithmetic (see, for example, [8]). In the following,
we examine CLP(R), an instance of the CLP scheme, whose implementation is based

on floating-point arithmetic.

The CLP scheme [33] defines a family of constraint logic programming languages

CLP(.Y), parameterized by a domain of computation X'. These languages share the
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mortgage(P,I ,MP,P,0).
mortgage(P,I ,MP,B,T) «
™0,
mortgage (P*(I+1)-MP,I,MP,B,T-1).

Program 1.3: A CLP(R) prugram for calculating nortgage.

same semantic properties. CLP(R), where R is the domain of finite trees of reals, is
intended for solving real numerical constraints. We can replace the is predicates in
program 1.2 by the equality predicate = to obtain a mortgage program in CLP(R).
Program 1.3 is a more succinct version cbtained oy programming directly in the
domain of real numbers. CLP(R) is truly relational. Not ouly can it handle the failed

query in section 1.2.2 (page 5), it also answets more general queries, such as
« mortgage(99999,0.01, MP, B, 10).

The query questions the relationship between the monthly payment and remaining

balance, fixing the principal, the interest rate, and the number of payments.

CLP(R), a theoretical framework, allows relational arithmetic on reals but its
implementation CLP(R)? [35, 36] is obtained by substituting each real number by a
single floating-point approximation. CLP(R) Version 1.1 [28] responds as follows to

the previously discussed queries:

-~ mortgage(99999,0.01,5000,B,10) returns B = 58150
— mortgage(99999,0.01,MP,0, 10) returns MP = 10558.1
+— mortgage(99999,0.01,MP, B, 10) returns B = —10.4622 « MP 4 110461

Round-off errors destroy the soundness of each answer and disqualify CLP(R) com-

putations as deductions.

2CLP(R) is not a CLP instance but the name of a CLP(R) implementation.
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Roundoff errors can also cause the interpreter to answer no to a query when an
instance of the query is a logical consequence of the program and vice versa. In ad-

dition, CLP(R) may behave unpredictably when redundant constraints are involved.

1.3 Interval Arithmetic Should Be Relational

Archimedes used inscribing and circumscribing polygons of a circle to obtain an in-
creasing sequence of lower bounds and a decreasing sequence of upper bounds to the
number 7. Interval methods [54], inspired by this method of Archimedes, represent a
radical alternative to floating-point arithmetic in numerical computation. The ideal
of interval arithmetic is to be sure that the true value is contained in an interval. It-
eration is then used to shrink such an interval until it is smaller than a predetermined

bound. Here again the goal is certainty of knowledge. We quote from Kahan [37]:

... no other devclopment in computer systems would assist engineers and
others like them to do numerical computations more safely than would the
appearance of Interval Arithmetic as universally accessible in Fortran as

are double-precision and complex arithmetic.

We propose to bring together the two radical streams of computing, constraint
logic programming and interval methods. Both streams are, in their present form,
deficient. Constraint logic programming lacks control of numerical errors. Interval
methods rely on conventional algorithmic languages and hence lack computation as
deduction. We show that the two can be combined in such a way that rigorously
Juslified claims can be made about the error in numerical computation using only
floating-point arithmelic. According t~ this new framework, program 1.3 can respond

as follows to the previous queries, depending on the number of significant digits (in
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this case 7) used and the output formai:

+— mortgage(99999,0.01,5000,B,10) returns B € (58150.04,58150.05)

— mortgage(99999,0.01,MP, 0, 10) returns MP € (10558.10,10558.11)

«- mortgage(99999,0.01,MP, B, 10) returns B = T1 xMP + T2,
T1 7~ (—10.46222, —10.46221),
T2 € (110461.1, 110461.2)

Our proposal consists of two parts. Traditional interval arithmetic is functional
and has been embedded in functional or imperative languages. First, we develop the
required relational version by using an interval narrowing operation based on work
by Cleary [15], which is implemented i» BNR-Prolog [59, 60] and simila: to the one
used by Sidebottom and Havens [65].

Second, we show how to incorporate relational interval arithmetic into two con-
straint logic programming languages, CHIP and CLP(R). The exten ‘ed languages
preserve the logic programming semantics so that answers are logical consequences of
program and data. Therefore, numerical computation is deduction. Relational inter-
val arithmetic is a framework for solving a network of arithmetic constraints. Logic
programming allows programmers to specify the network in a concise and declara-
tive fashion, leaving the generation and solving of the constraints to the underlying
inference engine. This is again in the spirit of “Algorithm = Logic + Control” by
Kowalski [40]. Last but not least, we show that Horn logic is a coherent language 1o

express all of constraints, queries, intervals, answers, and variables.

1.4 The Domain Restriction Operations

The relational interval arithmetic we propose is closely related to the work of Fike [23],

Waltz [78], and Montanari [52]. Mackworth [46] systematizes their methods in the
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general framework of constraint satisfaction algorithms. The constraint satisfaction

prodlem (CSP) can be briefly stated as follows:

We are given a set of variables, a domain of possible values for each
vatiable, and a set of constraints. Kach constraint is a relation defined
over a tuhset of the variables, limiting the combination of values that
the variables in this subset can take. The goal is to find a consistent
assignment of values to the variables so that all the constraints aze satisfied

simultaneously.

The CSP is NP-complete, for which no efficient solution method is known. Naive
approaches to solve a CSP are generate-and-test and backtracking tree search. In
practice, these methods are too slo~ because of the large search space involved.
Constraint satisfaction algorithms resolve the problem by reducing the search space

before performing the tree search.

Each constraint satisfaction algorithm consists of a domain restriction operation
and a reiazation algorithm. Given a set of local constraints, the domain restriction
operation removes inconsistent values from the domain of variables that appear in the
set. The interval narrowing operation (page 24) is a domain restriction operation. The
relaxation algorithm coordinates the application of the domain restriction operation
on the constraints in a network. Ullman [71] and Hummel and Zucker [30] analyze

these relaxation algorithms, based on the concept of minimization of a figure of merit.

We make a connection between the domain restriction operations and the notion
of cylindrance of a relation introduced by Ros+ Ashby [5]. Using this result, we present
a general framework for the domain restriction operations. The idea of our general

framework is as follows.
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Let ~ be an n-ary relation representing a constraint. Let ¢/ be a superset of ¢ in
such a way that it is . asier to determine that a partially specified randidate solution
does not belong to . We generate candidate solutions systematically and test as
soon as possible whether they belong to ¢/. The result is a, hopefully, drastically
reduced set of candidate solutions. Sometimes ¢’ is even empty. Savings occur in two
ways: first, when a partially specified candidate solution is rejected as not being a
member of ¢/, the entire subtree below the candidate is rejected; second, ¢’ is chosen
in such a way that it is easy to test for membership. We are concerned with this

latter aspect. We call ¢’ the circumscribing set of c.

This is the most general description of our approach. At this level of generality it
subsumes most pruning techniques. Qur contribution is in identifying a certain class of
supersets as being particularly suitable: these are the intersections of cylinders erected
on projections of ¢. Our method is a general framework rather than a particular
method because there is great latitude in the choice of projections on which to erect
the cylinders. In fzct, some of the methods of our predecessors can be placed in this

framework, as we will show by identifying the required choice of projections.

1.5 Related Work

We review other approaches to sound arithmetic and the role of interval arithmetic
in the imperative (or procedural) and the relational programming paradigms. We
also discuss proposals that incorporate interval arithmetic into logic programming

systems.
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1.5.1 Exact Real Arithmetic

Besides interval arithmetic, there are other approaches to avoid roundoff errors. Some
subsets of reals are finitely representable and closed under the basic arithmetic op-
erations. By ezact real arithmetic, we refer to arithmetic on one of these subsets.
One such subset is the set of rational nurmbers. Rational arithinetic is available in
symbolic computation packages such as Maple [13]. Another subset is the construc-
tive reals [8, 9]. Informally, a constructive real is one for which we can compute an
arbitrarily precise approximation. We can represent the constructive reals by the as-
sociated algorithms and manipulate the algorithms directly {7, 43]. The computation
results are exact in that it abstractly represents an zxact answer, as with symbolic

computation. Another approach is exact arithmetic on continued fractions [77).

Although exact real arithmetic is not susceptible to cumulative round-off errors,
its operations are much slower than their floating-point counterparts. Iixact real

arithmetic has been embedded in functional and imperative programming systems.

1.5.2 Interval Arithmetic

There has been significant progress in interval arithmetic {54] since its inception in
the sixties. A good account of interval arithmetic can be found in [2]. Recent trends
in interval arithmetic research, pertaining to the imperative programming paradigm,

are summarized in [55].

Interval arithmetic contributes methods guaranteeing correctness at the level of a
simple arithmetic expression. As embedded in imperative languages, however, interval
arithmetic lacks verification of an entire algorithm involving conditional statements
and iterations. This difficulty is caused by the mixing of logic (what the problem is)

and control (how the problem is solved) information in the imperative programming
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paradigm. For proving correctness of computed results, numerical analysts, such as
Kirchner and Kulisch [38, page 37] and Rump [63, page 109], have also discovered the
need for and the advantages of declarative and mathematical statements of numerical
problems in computer programs. This work shares the goal of logic programming,
Thus interval arithmetic is complementary to existing implementations of logic pro-

gramming.

Bundy 11] recognized the importance of sound arithmetic and implemented a
functional interval arithmetic package in Prolog, which is part of a system for check-
ing the conditions of rewrite rules and the solutions to equations in an algebraic

manipulation program.

1.5.3 Constraint Interval Reasoning

Research in a relational form of interval arithmetic stems from constraint propagation
techniques. A constraint network consists of nodes, representing individual parame-
ters having a particular value (known or unknown), connected by constraints, which
are relations. We attach a label, the set of possible values for a node, to each node
in the network. Constraint propagation is a process that deduces information from
a local group of constraints in a network and propagates the information to the rest
of the network. A particular kind of constraint propagation is label inference, which
uses the constraints to restrict the label. Constraint interval reasoning is a form of
label inference, where the labels attached to the nodes of a constraint network are

intervals. Davis [18] gives a good survey of this topic.

The following are special-purpose systems that use interval label inference. EN-
VISION [19] performs qualitative reasoning about the behavior of physical systems

over time. TMM [20] is a temporal constraint system that records and reasons with
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changes to the world over time. EMPRESS-A [80] is a temporal reasoning system
with lazy evaluation for solving scheduling problems. SPAM [50] performs spatial
reasoning. These systems are based on consistency techniques [46] that handle static
constraint networks. To generate constraints dynamically during execution, the de-
scribed systems are equipped with programming languages tailored to the application.
A typical language of this kind is not coherent, having separate sub-languages to de-
scribe the constraints, the queries, the answers, the nodes in the network, and the
labels. TP [31] is a scheme of constraint reasoning on interval arithmetic. It only
considers closed intervals but has an approximate representation of open intervals.

Its language is similar to LISP.

The above systems use interval arithmetic but do not study the effect of outward-

rounding in their theoretical basis.

1.5.4 Constraint Logic Programming

There are several proposals to incorporate interval arithmetic into logic programming

systems.

Logical Arithmetic. Cleary [15] incorporates “logical arithmetic,” a relational
version of interval arithmetic, into Prolog. He introduces a new term “interval,” which
requires an extension of the unification algorithm. Cleary presents several “squeezing”
algorithms that reduce arithmetic constraints over intervals. A constraint relaxation
cycle coordinates the execution of the squeezing algorithms. However, there is a
semantic problem in this approach. Variables bound to intervals, which are terms
in the Herbrand universe, are re-bound to smaller intervals. This is not part of

resolution, where a variable can be bound only once. It is not clear in what other, if
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any, sense this may be a logical inference. Qutward-rounding is implemented but its

properties are not studied.

BNR Prolog. BNR Prolog [59, 60] provides constraint interval arithmetic, based
on Cleary’s idea. It handles only closed intervals. Again variables bound to an interval
can be re-bound to smaller intervals. It is unclear how standard logic programming

semantics can explain the proof procedure of the interval arithmetic component of

BNR Prolog.

Echidna. Sidebottom and Havens [66] designed and implemented a version of re-
lational interval arithmetic for the Echidna constraint reasoning system [26]. It is
based on hierarchical consistency techniques [48] and can handle union of disjoint
intervals. The direct representation of unions of disjoint intervals avoids situations
that otherwise require visiting each disjoint interval in turn by backtracking search.
However, maintaining and traversing this hierarchical data structure incurs space
and time overhead. A formal analysis of the tradeoffs between backtracking and the
space and time overhead remains to be conducted. The hierarchical consistency al-
gorithm used in Echidna is partial in the sense of PLAIR [74]. This is because (1)
outward-rounding computes a larger interval than that specified by the hierarchical
consistency algorithm and (2) unions of disjoint intervals are only approximated by
a hierarchical data structure. In addition, it is not clear whether Echidna, being
a hybrid system of object-oriented and rule-based constraint programming, fits into
the constraint logic programming framework. Our method builds on constraint logic

programining languages with established semantics.
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1.6 An Overview Of The Dissertation

In chapter 2, we describe relational interval arithmetic. We first review the basic
concepts of interval arithmetic, followed by an exposition of the interval narrowing
operation. We then present a relaxation algorithm that coordinates the application of
the interval narrowing operation on individual constraints in a network. In chapters 3
and 4, we show how we can incorporate relational interval arithmetic into the con-
straint logic programming languages CHIP and CLP(R). The enhanced languages
preserve the logic prograraming semantics. In chapter 5, we study the set-theoretic
properties of the domain restriction operations in constraint satisfaction algorithms
and generalize them based on Ashby’s notion of cylindrance. In chapter 6, we sum-

marize our results and contributions, and indicate directions for future research.

We assume the reader is familiar with the standard concepts and terminology of
logic programming (see, for example, [45]). A review of consistency techniques in

logic programming and the CLP scheme is given in appendices A and B respectively.




Chapter 2

Relational Interval Arithmetic

Cleary [15] describes several specific algorithms to reduce constraints on intervals.
These algorithms work under a basic principle: they narrow intervals associated with
a constraint by removing values that do not satisfy the constraint. We study the
set-theoretic aspect of the algorithms and generalize them for narrowing intervals
constrained by any relation p on IR" satisfying certain criterion. We then discuss
interval narrowing for some common arithmetic relations. Interval narrowing is de-
signed for the reduction of a single constraint. Typically, several constraints interact
with one another by sharing intervals, resulting in a constraint network. We present
an algorithm that coordinates the applications of interval narrowing to constraints in

a network.

2.1 Basics Of Interval Arithmetic

A good introduction to interval arithmetic can be found in [2]. We use IR to denote

the set of real numbers and JF a set of floating-point numbers. For the purpose of

17
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this dissertation, it suffices to assume that IF' is any finite subset of R. If a,b € IF
and a < b, then a and b are adjacent if there does not exist a ¢ € JF such a < ¢ <
b. To represent intervals, we use the usual mathematical notations, such as (1,2].
Intuitively, an interval is a segment, possibly infinite, of the real line. To represent
intervals without the lower or the upper bounds, we use as bounds the symbols —oco
and +oo respectively. Note that —oo and +o0o can only be used with open bounds

since they are not members of IR. To be precise, we define the set of real intervals,

I(R), by

I(R) = {(a,b]la€ RU{-o0},b€ R} U{[a,b)|a € R,be RU {+00}} U
{[a,b]|a,be R} U{(a,b)|a € RU{—o0},b€ IRU {+}}.
In the above definition, “a” is the lower bound and “b” is the upper bound. “[”

and “]” are used to denote closed bounds; and “(” and “)” are used to denote open

bounds.

We distinguish between real intervals and floating-point intervals, whose bounds
are floating-point numbers. Replacing IR by IF' in the definition of I(IR), we obtain the
definition of floating-point intervals I(IF'). Note tlat real and floating-point intervals
differ only in the bounds but every interval, real or floating-point, denotes a set of
real numbers. For example, [e,7) = {z]e < z < 7}, (—00,4.5] = {z |z < 4.5}, and
(=00, +00) = IR. An interval can also be empty, as in (4,1] = §. We impose a partial
ordering on real intervals; an interval I; is smaller than or equal to an interval I, if
and only if I} C I,. Let T be a set of intervals (Z C I(R) or I C I(IFF)). I € T is the

smallest interval in T if I is smaller than or equal to I’ for all I' € T.

If - € {+,—, %,/}, we denote the corresponding real (or floating-point) interval

operation by ®:

AOB={a-bla€ A,be B},
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where A and B are real (or floating-point) intervals. In the case of interval division,
@, B cannot contain 0. From the above definition, it may not be obvious that A® B

is always an interval. The following definition and proposition justify the definition.

Definition 2.1.1 [62, page 42]
Two subsets A and B of a metric space X are said to be separated if no point of A
lies in the closure of B and no point of B lies in the closure of A. A set E C X is

said to be connected if E is not a union of two non-empty separated sets.

Proposition 2.1.2 [62, page 93]
If f is a continuous mapping of a metric space X into a metric space Y, and if E is

a connected subset of X, then f(F) is connected. .

The arivametic operations +, —, and x are continuous. The division operation,
/, is also continuous if the domain of the denominator does not contain zero. R is
a metric space and a real interval is a connected subset of IR. By proposition 2.1.2,
A ® B is guaranteed to be an interval Similarly, we can construct new interval

operators based on other real arithmetic operators.

Floating-point intervals are not closed under interval operations. In floating-point
arithmetic, real numbers are approximated by floating-point numbers using iounding
or truncation. In interval arithmetic, we approximate real intervals by floating-point
intervals using the outward-rounding function, ¢ : I(IR) — I(IF'); if J is a non-empty

real interval,

&J) = I € I(F)|J € J').

The introduction of outward-rounding complicates the proofs of some seemingly sim-

ple facts about relational interval arithmetic.

Lemma 2.1.3
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If I is a non-empty real interval, then £(I) is the smullest flcating-point interval

containing I.

Proof: Floating-point intervals are closed under the set intersection operation. There-
fore, £(I) is a floating-point interval. In addition, I C ¢(I) since £(I) is the intersec-
tion of all floating-point intervals containing I. Also, if I C I’ for some I' € I(F),
then £(I) C I’ by the definition of €. n

Lemma 2.1.3 can be the basis of an implementation of {. This is illustrated by

the example in figure 2.1. IR is a continuum and IF' consists of floating-p.oint numbers

\
=

A

T

(1)

Figure 2.1: The outward-rounding function.

scattered along the real line. Intuitively, we round to the “left” at the lower bound

and to the “right” at the upper bound of I.

Lemma 2.1.3 implies that £{(I) = I for all floating-point intervals I. Thus, £ is
idempotent, i.e. {(£(I)) = £([) for any interval I. In the following, we discuss some

properties of {. The next lemma shows that outward-rounding is monotone.

Lemma 2.1.4
Let I, I, € I(R). If I, C I, then £(1)) C €(1).
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Proof: By lemma 2.1.3, I C {(I1) and I C I; C &(1;). Since £(1,) is the smallest
floatirg-point interval containing Iy by lemu. 2.1.3, (1)) C £(1,). (]

The following results show that every element of £(I) is contained in the neigh-
borhood of I.

Lemma 2.1.5

If I € I(R), then &(I) = U{&([z,z]) |z € T}.

Proof* Let I' = U{é([z,z]) |z € I}. Suppose = € I. Thus [x,2] C I. By lem.ma2.1.4
(the monotonicity of £), &([z,z]) C &(I). Therefore, I' C £(1).

By the definition of ¢, [z,2] C &([z,z]). This implies that U{[z,z]|z € I} =
I C I'. We partition £(I) as follows: ¢(I) = LU I U U, where L is the extension
of I at the lower bound and U is the extension of I at the upper bound. Let a be
the lower bound and b the upper bound of I. If @ € IF, then . = @ since a is a
valid floating-point interval bound. Suppose a ¢ IF. There e..ist m,n € IF' such that
m < a < n, where m and n are adjacent in I'. Thus £([a,a]|; = (m,n). Ifais a
closed bound, then L C (m,n) = {([a,a]) C I' since a € I. If a is an open bound,
then there exists a’ € I such that m <a < a’ <n. Thus L C (m,n) = ¢([d,d]) C I

since a’ € I. We can apply a similar argument at the upper bound b to show that

U C I'. Therefore, £(I) C I'. .

Corollary 2.1.6
If I € I(FF) and z € I, then {([z,2z]) C€(I) = 1.

Proof: From lemma 2.1.5. .

Corollary 2.1.7
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If 1€ I(F),z€lI,and z € {([z',2']) for some =’ € R, then £([2',2']) C &(I) = 1.

Proof: If 2’ € FF, then £([2, 2']) = [2', 2] = {z'} and thus ¢ = z’. By corollary 2.1.6,
the result holds.

Suppose z' € F. Therefore, {([z’,z']) = (a,b), where a and b are adjacent in I
and a < b. Since z € (a,b), &([z, z]) = (a,b). Thus, 2’ € (a,b) = £([z,z]) C €(I) = 1.
By corollary 2.1.6, the result holds. -

In general, ¢ does not distribute over set intersection. If I; and I, are real intervals,
then £(I; N I2) may not be equal to £(I1)Né(I2). For example, £([0,1/3) M (1/3,4)) is
the empty set but £([0,1/3)) N £((1/3,4]) contains at least 1/3. We have the following

relationship for the distribution of £ over set intersection.

Lemma 2.1.8
If I, I; € I(IR), then {(h N 12) € E(L)NE(LR).

Proof: We have I)1NI; C I,. By lemma2.1.4, §(I;N1;) C €(1,). Similarly, é(;N1;) C
&(h). Thus, E(I1N12) € E(L)NE(L). u

2.2 Outward Rounding With The IEEE Standard

Outward-rounding does not introduce roundoff errors and guarantees that no answer,
if there is any, escapes from the rounded interval. This contributes to the gnaran-
teed accuracy property of interval arithmetic. Therefore, a sound implementation of
outward-rounding is essential in an interval arithmetic system. In this section, we
discuss the implementation of outward-rounding on hardware that conforms to the

IEEE floating-point standard. The operations that we shall describe amount to set-
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ting or examining a hardware flag before or after a floating-point operation. These

capabilities are available in most programming language libraries.

There are two IEEE standards on the implementation of floatisg-point number
systems: one for binary floating-point arithmetic [57] and the other one for radix-
independent floating-point arithmetic [58]. The latter is a generalization of tue first.

For our discussica, ¢ is sufficient to refer to them as “The Standards.”

The Standards define a family of commercially feasible ways for new systems to
perform floating-point arithmetic. We do not address all aspects of the Standards.
Readers are referred to the original documents for further details. We are interested in
the parts of the Standards that provide direct support for interval arithmetic: round-
ing direction, exception handling, and conversions between floating-point numbers

and decimal strings.

2.2.1 Rounding Direction

The Standards support four user-selectable directed rounding modes: nearest (round
to nearest), tozero (round toward 9), negative (round toward —wo), and positive
(round toward +o00). Each mode is self-explanatory. Nearest is the default rounding
mode. For the implementation of outward-rounding, we usc the negative mode te
round to the left at the lower bound and the positive mode to round to the right

at the upper bound.

2.2.2 Exceptions

It is important to monitor exception conditions during floating-point computa’ ons.

In particular, we are interested in when outward-rounding takes place. There are five
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types of exceptions: invalid, inexact, division, underflow, and overflow. In

particular, the inexact exception signals the occurrence of outward-rounding.

2.2.3 Decimal Strings Versus Floating-point Numerals

Non-machine arithmetic is usually in the decimal (base 10) system but most digital
computers use binary (base 2) numerals. In general, it is impossible to convert nu-
merals between the decimal representations a .d the bina-y representations exactly.
In that case, the conversion should be rounded correctly. The Standards specifies this

conversion procedure under different directed rounding modes.

2.3 Interval Narrowing

An interval constraint is of the form (p, I ), where p is a relation on IR" and I=
(I,...,I.) is a tuple of floating-point intervals, where I; € I(JF). Th~ interval
constraint (p, ﬂ states that

3X; € (i = 1,...,n) such that p(X1,...,Xs) holds.

Note that the number of intervals in the tuple I'is equal to the arity of p. For example,

the constraint (add, {[1.3],(2,4], [4,6])) means that
3X € [1,3],3Y € [2,4],3Z € [4,6] such that add(X,Y, Z) holds.

h

Given any n-ary relation p, we can determine the possible values of the i ar-

gument of p if we know the possible values of the other arguments. We can thus
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associate n set-valued functions with p:

Fi(p)(S15-++5Si-1,Si415--, Sn)
{sil(s15.+.580) € ((S1 X -+ X Sic1 X 7i(p) X Sig1 X -+ x Su)Np)}
= m((S1 X +++ x Sicy x 7i(p) X Siyr X -+ X 5p)Np)s

where i = 1,...,n, the S;’s are sets!, and =; is the projection function defined by

7i(p) = {si|(s1,-..,8s) € p}.

Essentially, F;(p)(S1,...,Si-1,Si+1,...,5n) is the set of possible values for the ith
argument of p if we restrict the values of the other arguments to be elements of
S1yeeeySie1,Sit1,- .., 9, respectively. We use F;(p) as the basis of interval functions.
In interval arithmetic, it is essential that the results of interval operations are intervals.
Therefore, we consider only relations p on IR* such that F;(p) maps intervals to
intervals for i = 1,...,n. For example, the relation add = {(z,y,2)|z,y,2 = R,z +

y = z} satisfies this requireme t. We have
Fl(add)(lg, I3) = Ig e Iz, Fz(add)(Il, 13) = 13 e 11, 1‘13(a.dd)(11, Iz) = ]1 G) ]2,

vhere A@ B={a+bla€ A,be B} and A6 B = {a~bla € Ab€ B}. By the
continuity of the + and — operators, A@® B and A © B are intervals if A and B are
intervals.

We now specify interval narrowing as an input-output pair.

Input: (p,(L,...,I,)), where I; € I(FF) and p C IR".

Output: I'= (I,....It), where I! = LNE(Fi(p)(hh,..., Licy, i1y oy 1))
The application of £ in the formula ensures that the output intervals are floating-point

intervals. If one or more I! is empty, then interval narrowing fails and the constraint

In the present application, S;’s are intervals.
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(p, I) is inconsistent. Otherwise it succeeds with I}, ..., I, as output. Note that the

output interval I! is a subset of the corresponding input interval I;.

It is important that interval narrowing does not eliminate values that can satisfy

the constraint. The following theorem guarantees this property.

Theorem ..3.1
Let C be (p,(f1,-..,1,)) and (I},...,I,) the output intervals obtained from interval

narrowing of C.

Y(z1y. .., Z0) €EP:(21,...,2n) € 1 x+--x I, if and only if (z1,...,2n) € [} X+ X I].

Proof: Since I] X --- x Il C [} X -++ x I, the if-part of the lemma is true. We
prove the only-if-part of the lemma. Suppose (z1,...,2,) € Iy x -+ X I, N p. We
have z; ¢ I; for i = 1,...,n and z; € Fi(p)(h,...,Li-1,Li+1,-..,1,) by definiticn.

Therefore a; € I! and (z;,...,2,) € [} X -+ X I. [

We can strengthen lemma 2.1.8 if une of the intersecting intervals belongs to I(F')

since outward-rounding does not change a floating-point bound.

Lemma 2.3.2
If I] € I(F) and 12 € I(R), then I] nf(Iz) = E(Il nIz)

Proof: If I € I(IF), then £(I;) = I,. By lemma 2.1.8, §(11 N I2) € I1 NE(12). Next,
we prove that I NE(12) C €(L N 12).

Suppose &' € 1 N€(I). Thus &' € I and ' € {(I3). By lemma 2.1.5, there exists
x € Iz such that ' € £([z,z]). By corollary 2.1.7, = € I} and thus z € §(I; N [). It
follows from corollary 2.1.6 that ' € (11N ). s
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Lemma 2.3.2 assists in expressing interval narrowing in terms of intersection and

projection.

Theorem 2.3.3
I} = &(mi((f1 x - -+ x L)) N p)).

Proof:

I = LNEFp)(I1... L, Ly . .- 5 1))
= &LNF(p)(L,...,[i-1, Liya,. .., 1)) by lemima 2.3.2
= {LiNm((h X -+ X Lisy X mi(p) X Ligr X -+ X I;) N p)
= {(LiN{zi|(z1y...,20) € (I X -+ X Limy X wi(p) X Lipq X «++ x [,)Np))}
= {{zi € L|(z1,...,2n) € (Iy X -+ X Limy X mi(p) X Liyy X -+ x )N p)}
= & @) € (B x - x I)NP)))
= {(mi((h x - x I)Np))

Theorem 2.3.3 is an alternative definition of interval narrowing. It allows us to
understand interval narrowing in terms of relational operations. In essence, interval
narrowing computes the intersection of I; x --- x I,, and p, and outward-rounds each
projection of the resulting relation. Figure 2.2 illustrates the interval narrowing of
the constraint (1e, (I1, I3)), where le = {(z,y) |z,y € IR,z < y}. In the diagram, the
initial floating-point intervals are I; and I;. The dotted region denotes the relation
le; the region for I x I3 is shaded with a straight-line pattern. Interval narrowing
returns I and I} by taking the projections of the intersection of the two regions.
There is no need to perform outward-rounding in this example since the bounds of

I and I share those of I, and I,.
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Figure 2.2: The interval narrowing operation for (e, (11, I)).

2.4 Arithmetic Primitives

A useful relational interval arithmetic system should support some primitive arith-
metic constraints, such as addition and multiplication. More complicated constraints
can then be built from these primitives. To make a relation p into a primitive, we
need to know how to compute each function F;(p) associated with p. To ensure that
p is suitable for interval narrowing, we need to check that each F;(p) maps from real

intervals to real intervals.
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2.4.1 Equality
eq = {(z,2)jz € R}
The functions Fi(eq) and Fy(eq) are the identity functions on real intervals,
Fi(eq)(I) = Fa(eq)(I) = I, forall I € I(IR).

Clearly, Fy(eq) and Fz(eq) map from real interval to real interval.

2.4.2 Inequalities

le = {(z,y)|z,y € R,z < y} 1t = {(z,y)|=,y € R,z <y}

The functions Fi{le) and Fy(le) are:

(—00,b] if I = [a,b] or (a,b]
(—o00,b) if I = (a,b) or [a, b)
{ [a,400) if Iy = [a,b] or [a,b)

Fl(le)(Iz) = {

Fy(1e)(I1)

i

(a,4+00) if I = (a,b] or (a,b).

From the definitions, it is obvious that Fj(le) and F3(1e) map from real interval to

real interval. Similarly, we have for the 1t relation:

Fy(1t)(I;) = (—~o0,b) if I =[a,b] or [a,b) or (a,b] or (a,b)
F(1t)(I) = (a,+00) if I =[a,b] or [a,b) or (a, b} or (a, b).

2.4.3 Addition

add = {(z,9,2)|z,y,2 € R,z +y =2}
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If 11, 12, 13 € I(R), then

Fi(add)(I;,5) = Lok,
Fy(add)(I1, ) = Lo,
Fs(add)(I,I,) = L&D,
where
Leol, = {a+bla€ ,be L},
Lo, = {a-bla€;be L,}.

30

As mentioned earlier, the + and — operators are continuous. By proposition 2.1.2,

we have that @ and © map from real intervals to real interval.

2.4.4 Multipli:ation

multiply = {(2,4,2)|2,4,2 € Ryay = 2}

The multiply relation involves both multiplication and division. Therefore, we need

to use the interval division operation @ to define Fi(multiply) and Fj(multiply),

where

11@12={a/blaGIl,bEIz,b;éO} for I],IzEI(R).

Note that I; @ I, is not an interval in general, since division is not continuous when

the divisor is 0. For example,

[1,1] @[-2,3] = (=00, -1/2] U [1/3,+0)

is a union of two disjoint intervals. The multiply relation does not satisfy the

criterion for interval narrowing.
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As suggested in [15], we can circumvent the situation by partitioning multiply

into multiply* and multiply™, where

multiply* = {(z,y,2)|2,y,2 € R,z 2 0,zy =z},
multiply” = {(z,y,2)|z,y,z € R,z < 0,2y = z}.

By restricting interval narrowing to each partition, we can guarantee that the result
of interval division is an interval. When a multiply constraint is encountered, we
choose one of the partitions and perform the interval narrowing operation; the other

partition is visited upon backtracking or under user control.

Before we discuss the functions Fi(multiplyt) and Fy(multiply~), we define the

sets:

Ht = {z€ H|z>0}, forany HC R
H- = {z€H|r<0}, forany HC R
I(R*) = {(a,blla€c R*,be R*}U
{la,b)|a € R*,be IR* U {+o00}}U
{la,b]|a,b € R*}U{(a,b)|a € R*,be R U {+o0}}
I{R™) = {(a,b]la€e R"U{-o0},be R"}U
{la,b)|lae R",be R"U{0}}U
{[a,b}]|a,bc R"}U{(a,b)|a € R~ U {—o0},be IR~ U {0}}

For multiply* and Iy, I, I3 € I(IR), we have

Fy(multiply*)(I3, I5) I3 @1 1,
Fy(multiply*)(h), 1) = Lo (LNRY),
Fi(multiply*)(1y, I) (LNR") @ I,
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where
R* if0e A,0€ B
A ) B = ’
(Ao B)NRR* otherwise
R if0e A,0€C
A. @2 C = 9
AoC otherwise

A®B = {abla€ Ab€ B},
for A,B € I(R) and C € I(IR").

For multiply™ and Iy, I3, I3 € I(IR), we have

Fy(multiply~)(1,, I3) I3 03 I,
Fg(multiply')(Il,Ig) = Ia @a (Ilnﬂ_)’
Fs(multiply )(I;,I;)) = (LNR7)Q I,

where

AQsB =

)

R if0e A,0eB
{ (A2 B)NIR™ otherwise
AosC = A0C,
for A,B€ I(IR) and C € I(IR").
It is easy to check that A ® B and A @4 B are real intervals since multiplication
and division are continuous, provided that the domain of the divisor does not contain
0 in the case of division. The following lemma shows that @;, @,, and @3 also satisfy

the criteria.

Lemma 2.4.1
If A,B € I(IR) and C € I(IR*"), then

(1) Aey B € I(RY) C I(IR), (2) A®: C € I(RR), (3) AQs B € I(IR™) C I(RR).

Proof: We will prove (1); the proofs for (2) and (3) are similar.
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@1 is defined in terms of real division. When 0 ¢ B, real division is continuous

and (1) holds. Now we consider the cases when 0 € B.

If 0 € A, then
Ao B = Rt € I(R") C I(R),
and thus (1) holds. If 0 € A, there are two cases to consider:
V(e € A),a>0or V(a€ A),a<0.

In the first case,

A1 B = (AoB)NR*

(A2 B-)UlA @ {0)U(A @ BY)N IR

(Ao BHYNR* since (AQ B )NIRY = A0, {0} =0,
= (A@B*%) since A, Bt € R,

€ I(R*)c I(R) since 0 € A, B*.

The proof of the second case proceeds similarly. (]

An advantage of relational interval arithmetic is that we do not have the division-
by-zero problem. For example, the constraint (multiply*, ((4,+o00),[0,0],[—3,5)))
is reduced to (multiply*,((4,+0o0),[0,0],[0,0])), since multiplying any number by

zero yields zero.

2.4.5 Disequality

dif = {(z,y) |2,y € R,z # y}
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The dif relation suffers from the same problem as the multiply relation. We parti-
tion dif into 1t and gt. We have discussed 1t in section 2.4.2 and interval narrowing
for the gt relation is similar. In encountering a dif constraint, we choose the 1t par-
tition and perform narrowing. The other partition gt is visited upon backtracking or

under user control.

2.4.6 'Transcendental Functions

sin={(z,4)|5,y € Ry=sin(e)}  cos={(2,3)|2,y € Byy = cos(z))
tan = {(m,y) I z,y€ R,y = f""n(w)} log = {(x’y) | z,y € Ry = log(x)}

Transcendental functions are important in numerical programming. We discuss a few
relations induced by transcendental functions; similar techniques can be applied to

others. We can check from figure 2.3 that only the log relation satisfies the criterion

1 1

for interval narrowing, because sin™*, cos™!, and tan~! are not functions. For example,
sin"}(0) = kr for k = ...,-2,—-1,0,1,2,.... We partition the relations sin, cos,

and tan in slices of length = in the first attribute:
siny = {(z,y)|z,y € R,z € It,y = sin(z)}
cosy = {(z,y)|z,y € R,z € Ji,y = cos(z)}
tan, = {(z,y)|z,y € R,z € I,y = tan(z)}
where Iy = {z|kr +7/2 <z < (k+ 1)vr + x/2}, Jk = {z|kr < =z < (k+ )7},
and k¥ = ...,-2,-1,0,1,2,.... In addition, we define the interval versions of the
transcendental functions. If I € I(IR), then
SIN(I) = {sin(z)|z € I}, SIN'YI) = {sin"Y(z)|z eI},
COS(I) = {cos(z)|z € I}, COS™'(I) = {cos~!(z)|z €I},
TAN(I) = {tan(z)|z € I,z +# kxr +x/2}, TAN"'(I) = {tan~'(z)|z € I},
LOG(I) = {log(z)|x € I}, EXP(I) = {exp(z)|z € I}.
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sin(x)

cos(z)

o | DI S
log(z) > ]

Figure 2.3: Graphs of some transcendental functions.
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We are now ready to define the Fi(p)’s for sing, cosi, tan, and log. Let I, Iz €
I(R). We define

Fy(sine)(l) = SIN'(I)NL, Fi(sim)(h) = SIN(hNZ),
Fi(cose)(l) = COS'(I)NJk, Flcosi)(h) = COS(Ii N Jk),
Fitans)(h) = TANT'(I)NL, Fy(tan)(l) = TAN(hNIL),
Fi(log)(l) = EXP(I3), Fy(1og)(l) = LOG(Iy).

It is easy to check that the sine, cosine, and tangent functions and their inverses

are continuous in the corresponding partitions. We state without proof the following

lemma.

Lemma 2.4.2

fk=..,-2-1,012,... and i = 1,2, then the functions Fy(siny), Fi(cosy),
F:(tan), and Fi(log) map from real intervals to real intervals. [

However, there are infinitely many partitions for sin, cos, and tan. In practice,
we restrict the use of sin to the partitions in —7 /2 to 37 /2, cos to those in —= to

7, and tan to those in —7 /2 to 7/2.

2.5 Constraint Networks

The interval narrowing operation discussed so far applies to individual constraints.
In practice, we have more than one constraint in a problem. These constraints may
depend on one another by sharing intervals. By naming an interval by a variable and
by having a variable occur in more than one constraint, we indicate that constraints
share intervals. Note that the material in this section is not related to logic pro-

gramming but is in conventional notation with destructive assignment. We define an
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interval network to be a set of interval constraints. Consider the quadratic equation
v(v—1) = 6. Suppose our initial guess for the positive root of the equation is [1, 100).

We can express the equation by the following interval network:
{(add, (W3, [1,1], V), (multiply*, (V, 1, [6,6]))},

where the variables V and V; are initially assigned intervals [1, 100} and (~o0, +00)

respectively.

Before we present the reduction of interval networks, we discuss the following
two observations. First, the reduction of a constraint C in a network affects other
constraints that share variables with C. Second, interval narrowing is idempotent as

shown in the following lemma.

Lemma 2.5.1
Let I = (. .y ), I'= (I{,..., 1), and "= (1{,..., I} be tuples of floating-paint,

intervals and p a relation on IR". If, by interval narrowing, I" is obtained from I and

- -

I" is obtained from I’, then I'=1

Proof: To prove the equ:'ity of I" and I—‘”, we prove I! = I for i = 1,...,n. By the

definition of interval narrowing and lemma 2.3.2, we have

I =¢LNFi(p)(Ly,... . Li-1, Liyr,y. . ., 1))
I = EENFGE - Ty, Ly, 1))

It is obvious that I C I!. Next we prove I} C I}

Suppose a! € I!. There exists a¢; € (LN Fi(p)(L,..., Li-1, li41,. .., 1)) such that
a; € &([ai,ai]) by lemma 2.1.5. By the definition of Fi(p), for j = 1,...,7 — 1,i +

1,...,n, there exists a; < I; such that (a,,...,a,) € p. Since a; € I;, we have a; € I;
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for each j. Thus, a; € Fy(p)(1{,...,I]_y,I{;y,...,1,)). This implies that a; € I{. By
corollary 2.1.6, a! € I!. n

An interval constraint (p, 1) ) is stable if applying interval narrowing on I results in
I. An interval network is stable if every constraint in the network is stable. The
reduction of an interval network amounts to transforming the networl. iato a stable
one. Please note that a stable constraint C in a network may become unstable after

the reduction of another constraint that shares intervals with C.

A naive approach for interval network reduction is to reduce each constraint in
the network in a round-robin fashion until every constraint becomes stable. As sug-
gested by lemma 2.5.1, this method is inefficient since much computation is wasted
in reducing stable constraints. Algorithm 2.1, which is based on the constrairt re-
laxation algorithm described in [15], is the pseudocode of a more efficient procedure.
It is similar to the Waltz algorithm [78] and the arc-consistency algorithm AC-3 [46)
in that it tries to avoid reducing stable constraints Without loss of generality, we
assume that every constraint in the network is of the form (p, (V4,..., V,)), where the

V:’s ure interval-valued variables.

The idea of algorithm 2.1 is to maintain the constraints of the network in two lists:
the active list A and the passive list P. The active list contains constraints that are
possibly unstable; the passive list contains stable constraints. Initially, the passive
list P is empty and the active list A contains all the constraints in the network. Then
each constraint in A is reduced using interval narrowing. If any of the intervals are
crupty after narrowing, the algorithm exits with failure. We say that the network
is inconsistent. If any interval is narrowed, the algorithm updates the variables.
Moreover, constraints in P that share narrowed variables with the reduced constraint

may become unstable. The algorithm promotes these constraints from P to A. The
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1. initialize A to the list of all constraints in the network
2. initialize P to the empty list
3. while A is not empty
4. remove a constraint (p, V) from A
5. apply interval narrowing on (p, 17) to obtain V'
6. if interval narrowing fails then
7. exit with failure
8. else if V # V' then
9. replace V by V'
10. foreach constraint (q,f/") in P
11. if V and Y share narrowed variable(s) then
12. remove (q,?) from P and append it to A
13. endif
14. endforeach
15. endif
16. append (p, 17) to the end of P

17. endwhile

Algorithm 2.1: A Relaxation Algorithm.

reduced constraint is stable and is appended to the end of P. This process repeats

until A is empty.

Algorithm 2.1 resembles a classical iterative numerical-approximation technique
called “relaxation” [67], which was adopted in a constraint system in [69]. In relax-
ation, we make an initial guess at the values of the unknowns and then estimate the
error of the guess. New guesses are then made using the original guess and the error
estimate. This process is repeated until the error is s ifficiently small or satisfies a
certain termination criterion. In algorithm 2.1, the initial guess is the irput intervals.
Errors are values ir the intervals that cannot satisfy the relation associated with the
constraint. New intervals are computed by removing the inconsistent values. These

narrowed intervals are better approximations of the originals in the sense tha they
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provide more accurate inclusions of the answers. Numerical relaxation may fail to
converge or terminate even when the constraints have a solution. Algorithm 2.1 does

not suffer from this problem as shown by the following theorem.

Theorem 2.5.2

Aigorithm 2.1 always terminates. The resulting interval network is either inconsistent

or stable.

Proof: Algorithm 2.1 halts either when interval narrowing of a constraint fails or the
list A becomes empty. In the former case, the network is inconsistent. For the latter
case, we observe that the size of list A decreases after each iteration of the algorithm
unless variables are narrowed and constraints are moved from P to A. However, the
precision of a floating-point system is finite and thus interval narrowing cannot occur
indefinitely due to the use of outward-rounding. Therefore, list A must become empty
after a finite number of iterations. All constraints of the network are now in P and

are stable. Thus the network is stable. m

In the following, we show how algorithm 2.1 finds the positive root of the equation
v(v— 1) —6 = 0 with initial guess v € [1,100]. Initially, the passive list of constraints,

P, is empty and the active list, A, contains both constraints
A =[G, Cy] = [(add, (W, [1,1],V)), (multiplyt, (V. W, 16,6]))],

where V = [1,100] and V; = (—o0, +00). We remove C; = (add, (W, [1,1],V)) from
A and reduce it by interval narrowing as skown in table 2.1. The updated values of
V and V; are [1,100] and [0, 99] respectively. Since C; has become stable, we append
it to P. Thus A becomes [C;] and P becomes [C]. Next we remove C; from A and
reduce it as shown in table 2.2. The values of V' and V; become [1,100] and [0.06, 6]

respectively. Since V; is narrowed and C, shares V; with C, we promote C, from P
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Input Intervals = (I, I, I5) (—00,+00) [1,1] (1, 100]
£(Fi(add)) = £([1,100] © (1, 1)) [0,99]
§(F2(add)) = £([1,100] © (—o0, +00)) (—00, +00)
§(F3(add)) = £((—o0, +00) @ [1,1]) (=00, +00)
Output Intervals = (I, I3, I3) 10, 99] (1,1] (1,100]

Table 2.1: Interval narrowing of (add, (W4, (1,1}, V)).

Input Intervals = (I, I, I5) [1,100] [0,99] [6,6]
£(Fy(multiply*)) = £([1,100] ® [0,99]) [0,9900]
E(Fy(multiplyt)) = £([6, 6] @2 [1,100]) [0.06, 6]
E(F3(multiplyt)) = £([6,6] @1 {0,99]) | (0.0606, +o00)

Output Intervals = (I3, I}, I%) (1,100] [0.06,6] [6,6]

Table 2.2: Interval narrowing of (multiply™*,(V, V4, [6,6])).

to A. C,, which has become stable, ic \ppended to A. This process repeats until the
precision of the underlying floating-point system is reached and no more narrowing
takes place. In section 4.3, we describe a prototype that executes algorithm 2.1. Ir.
this example, our prototype takes 42 steps to reach the stable state. The history of
the values of A, P, V, and V;, with four significant digits, after each narrowing step

is summarized in table 2.3.

It we try the same example with initial guess V € [50, 100], algorithm 2.1 produces
the trace in table 2.4. The network is inconsistent. Failure is useful in constraint logic
programuning. A search tree has internal nodes as choice points and external nodes

as failure or success points. By discovering inconsistency in the constraint network,
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A P 1% Vi
(C,Cal| ] [1,100] (—00,+00)
(€2 | [C] [1,100] [0,99]
] | [c] [1,100] [0.06, 6]
¢ | [ci] [1.06,7] [0.06, 6]
] | [ca] [1.06,7) | (0.857i,5.661)

[C] | [¢] | (1.857,6.661) | (0.8571,5.661)
[c1] | [Ci] | (1.857,6.661) | (0.9009,3.231)
[Ca] | [Ci] | (1.900,4.231) | (0.9009,3.231)
[ | [Ca] | (1.900,4.231) | (1.418,3.157)

I [C1,C:] | (2.999,3.001) | (1.999,2.001)

Table 2.3: Trac.s of A, P, V, and V4.

we turn choice points (internal nodes) into failure points (external nodes) and prune

the search tree.

2.6 Domain Splitting

Algorithm 2.1 is “incomplete” [46]: a network can be stable without either a solution
or inconsistency being found. In the finite domain case, enumeration, instantiation,
and backtracking can be used to find a particular solution after the constraint network
becomes stable. This method is infeasible for interval domains, which are infinite
sets. We use domain splitting [74] in place of enumeration and instantiation. When

an interval network becomes stable, we split an interval into two partitions, choose
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A P 1% Vi
[C1,C2) | 11 | [50,100] | (—o0,+00)
[C2] | [Ci] ] [50,100] | [49,99)

[Ch] | [Cd] 0 0

Table 2.4: Reduction of an inconsistent network.

one partition and visit the other upon automatic backtracking or user control.



Chapter 3

Extending CHIP With Interval
Arithmetic

So far, we have explained how a static network of interval constraints in terms of
floating-point intervals can be made stable using algorithm 2.1. We have not consid-
ered how such networks can be specified. The number of constraints and variables in a
network can be large. This makes the specification a tedious and error-prone task. We
look for a programming language that can (1) describe interval constraints, queries,
intervals, answers, and variables, in a coherent manner, and (2) describe an interval
network concisely. CHIP [22], based on Horn clauses with domain variables [74] and
consistency techniques [46]', satisfies those requirements. Both domains (page 93)
and intervals are sets in which a solution, if one exists, must lie. This suggests that
we view intervals as domains and view interval constraints as domain constraints
(page 95) in CHIP. An interval network can be represented implicitly in a CHIP

program and the parts of the network are generated dynamically during derivation.

!Please refer to appendix A for a brief introduction to the concepts and terminologies of consis-

tency techniques in logic programming.

44
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Domains in CHIP are finite sets of constants. The restriction to finite sets allows
a simple implementation based on enumeration. We extend domains to infinite sets
that should satisfy the following criteria. First, the infinite sets can be represented
by a finite and small amount of resources. Second, there is a terminating algorithm
to compute the intersection of these infinite sets, since intersection is an essential op-
eration in the unification of domain variables (page 94). Third, there is a terminating
algorithm to implement the Looking-Ahead Inference Rule (LAIR) [74] (page 96) for
reducing domain constraints with infinite domains. It is easy to verif; that intervals
satisfy the first two criteria. For the third criterion, we show in the following sec-
tions that the interval narrowing operation is an implemer tation of LAIR for interval

domains.

3.1 Approximating An Arithmetic Relation

In logic programming, it is essential to know the relations denoted by the predicates
in a program. In Prolog and CLP(R) [36], the meaning of the arithmetic predicates
is defined in terms of real arithmetic. The floating-point implementations of these
predicates, however, are incorrect with respect to the definitions of the predicates. We
cannot assume real arithmetic on real computers. The effect of rounding or truncation

should be captured in the definition of arithmetic predicates.

Let a < b be two adjacent floating-point numbers. Thus £([z,z]) = (a,b) for all
z € (a,b). In other words, numbers in (a, ) are indistinguishable under the floating-

point system IF.. We define the approzimation p* of a relation p C IR* by
= {(z1,-.-,2,)|3(2},...,2,) € ps.t. z; € €([z},]]) feri=1,...,n}.

Intuitively, p¢ is the union of the neighborhood of all points in p.
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3.2 Interval Narrowing As LAIR

We show that interval narrowing and the Looking-Ahead Inference Rule perform the
same amount of narrowing on the input intervals.

Let Xi!,..., X! be domain variables with interval domains I, ..., I,,. Reducing
the domain constraint p*(XJ®,..., A ) with LAIR [74] (page 96) yields new domains
E,,...,E,, where

Ei={z;€ L|3z; € [;(7 =1,...,n;j # i) s.t. (z1,...,2,) € p°}.

Theorem 3.2.1
Let Iy,..., I, be floating-point intervals and p € R"*. If I],..., I} are output intervals
of performing interval narrowing on (p, (l1,...,1,)) and E,,..., E, are new domains

obtained by applying LAIR to p*(X1,...,X]) then I! = E; for all i = 1,...,n.

Proof: Let J; = {z;|(z1,...,2,) € ((Iy X --- x I,)Np)}.

I = &Ji) by theorem 2.3.3 (page 27)
= {z;|3z! € J; s.t. z; € ([}, 2]} by lemma 2.1.5 (page 21)
= {zil@h....a0) € (L x -+ x L)Np) st @ € &([=7, 7))}
= {g; € L|3z;€;,5=1,...,n,5 #ist. (T1,...,2,) € p°}
since §([2}, 21]) C I;
= FE.

There are two implications of theorem 3.2.1.

First, interval narrowing is an instance of LAIR for interval domains.

Thus interval arithmetic based on interval narrowing can be incorporated
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in CHIP without changing its operational semantics. Second, interval

narrowing is the basis of an implementation of LAIR for interval domasns.

Programmers using the extended language (page 50), however, should be aware that
the arithmetic predicates are defined in terms of the approximations p° of the corre-

sponding relations p C IR".

3.3 Constraint Relaxation

The other essential component of relational interval arithmetic is algorithm 2.1. We
show that algorithm 2.1 (page 39) is already embedded in the proof procedure of
CHIP [74].

CHIP uses three extra inference rules on top of SLDD-resolution (page 95): the
Forward Checking Inference Rule (FCIR), the Looking-Ahead Inference Rule (LAIR),
and the Partial Looking-Ahead Inference Rule (PLAIR). FCIR is a special case of
LAIR and PLAIR is an approximation of LAIR. In the following, we restrict our

discussion to the proof procedure involving LAIR only.

Derivations in CHIP consist of SLDD-derivation steps interleaved with LAIR. In
logic progremming, the computation rule is usually crucial. Prolog always selects the
leftmost atom in a goal. This same computation rule is not suitable for CHIP because
the leftmost goal may be a stable constraint. As interval narrowing and, thus, LAIR
are idempotent, such selection would produce no effective computation. CHIP uses

a computation rule that tries to avoid selecting stable constraints.

CHIP maintains a goal by two sets Y and N of distinct atoms. The set N contains
all the atoms submitted to a lookahead declaration (page 97) that, if selected, will a0t

change under the application of LAIR. Y is the set of all the other atoms. Initially,
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Y is the set of all atoms in the original goal and N is the empty set. We denote a
goal by — (Y, N); Y is called the Y -part of the goal and N is the N-part. CHIP uses

the lookahead-efficient computation rule in its proof procedure.

A computation rule R is lookahead-efficient if and only if:

1. an atom submitted to a lookahead declaration is selected by R only when it is

ground or lookahead-available (page 97);
2. R selects only atoms in the Y-part of the goal; and

3. if one or more atoms submitted to a lookahead declaration in the Y-part are

lookahead-available or ground, then R selects one of them.

Intuitively, an atom A is locl.ulicad-available if it is in a suitable form to be reduced
by LAIR. It requires that A is lookahead-checkable (page 96). Tnat is because LAIR
needs to check the satisfiability of ground instances of A using some form of resolu-
tion. There is no such need in the case of interval narrowing and we can drop the

requirement. For p* C IR", we declare
lookahead p*(d,...,d).

Therefore, the atom p‘(Xf‘ y+++, X} is always lookahead-available.

The proof procedure of CHIP [74] is as follows. Let « (Y, N) be a goal and G be
the atom selected by a lookahead-efficient computation rule. Let 8 be the substitution
resulting from the reduction of G by either a SLDD-derivation step or LAIR and I
the set of atoms introduced by the reduction of G. I is the empty set if LAIR is used
and the body of the input clause otherwise. Let YI be Y U I\ {G} and NY the set
of atoms Q in N such that Q0 # Q. The new goal is
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1. « (YIUNY,{G}UN\NY)0if C is lookahead-available and G contains more

than one domain variable;

2. « (YIUNY, N \ NY)0 otherwise;
where (X,Y)0 is the application of # to all the atoms of X and Y.

Theorem 3.3.1
The proof procedure of CHIP, using a lookahead-efficient computation rule, executes

algorithm 2.1.
Proof: We show the truth of the theorem by the following arguments:

1. In algorithm 2.1, the active list A is contained in the Y-part of the goal and

the passive list P is *he N-part.

2. LAIR, as proved in theorem 3.2.1, performs interval narrowing (line 5 of algo-

rithm 2.1).

3. NY is the set of atoms that become potentially unstable since they share vari-
ables, the domains of which are narrowed, with the current reduced atom. [
is the empty set since LAIR is used. The computation of the new Y-part
YIUNY =Y \ {G} U NY is equivalent to line 4 and lines 10 to 14 of algo-
rithm 2.1. The computation of the new N-part is equivalent to in lines 10 to

14 and line 16.

4. A lookahead-efficient computation rule ensures that if there exist constraints in
the Y-part, then they will be selected. This executes the outer loop (lines 3 to

17) of algorithm 2.1 completely before other atoms are selected.
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3.4 The ICHIP Language

ICHIP is an extension of CHIP with relational interval arithmetic. Domains in ICHIP
can also be intervals. Reduction of goals with arithmetic primitive predicates are
perforrzed by interval narrowing. The proof procedure of ICHIP consists of SLDD-

derivation steps interleaved with complete executions of algorith.it 2.1.

We express the interval constraint (p, (Ii,...,I,)) in ICHIP as
P (X, .., X,

Constraints share intervals when they share domain variables. For example, to solve

the positive root of z(z — 1) — 6 = 0 with initial interval [1,100], we pose the query:

— add‘(X {7 1, X11100)) py1gipryte( X110 x{-oorteo) gy

Partitioning of relations can also be expressed compactly in ICHIP. For example,

the multiply relation can be defined by

nmultiply*(X,Y,Z) « le‘(0, X),multiply*<(X,Y, Z).
multiply’(X,Y,7) « 1t¢(X,0),multiply*(X,Y, Z).

3.5 Domain Splitting And Answer Interpretation

It is well-known that LAIR, based on the arc consistency technique, is “incom-
plete” [46]: an interval network can be stable but neither a solution nor inconsis-
tency is found. Therefore, an ICHIP derivation can end with floundered goals [49),
goals with atoms that cannot be selected by the computation rule. For example, this

behavior may occur if we use ICHIP to solve the roots of general polynomial and
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simultaneous equations [15]. In CHIP, floundering is avoided by the built-in predi-
cate indomain, which implements a form of case analysis. The indonmain predicate
takes as argument a domain variable, and enumerates the elements in the domain
of its argument. Intervals are infinite sets. Implementing a similar predicate is not
feasible. For interval domains, we use another case analysis technique: domain split-
ting. Cleary [15] discusses two predicates, linear.split and exp._split, that split
an interval into two partitions, visit one of them, and visit the other upon backtrack-
ing. Linear_split and exp_split split at different points of the interval. CHIP also
provides a similar built-in predicate split, which handles finite domains. This can
easily be extended to handle interval domains. We can use domain splitting to nar-
row the interval domains until they reach an acceptable width or the smallest width

allowed by the precision of the underlying floating-point system.

Domain splitting can be used to narrow intervals to a desirable width but it may
not find solutions either. Floundering can still occur. We call the floundered goal:
incomplete solutions. Logically, incomplete solutions can be interpreted as qualified
or conditional answers [75, 14]. Let P be a logic program with domain variables and
— G a goal. Suppose, we have derived from «— G a non-empty goal « Gy,...,{H,,
with @ being the composition of all substitutions so far. The clause (G — Gy,...,G,)0

is a conditional answer to the original goal. From the soundness of SLDD-resolution

and LAIR [74]. we have
PEV(G —G,...,Ga)

where the universal quantification is over all variables in (G « G,...,G,)8. This

interpretation is also adopted for answer constraints in CLP languages [33].




Chapter 4

Extending CLP(R) With Interval
Arithmetic

CLP(R)! is another suitable language for specifying interval networks. An interval

can be represented by a pair of inequalities. For example,
1< XAX <37

says that X belongs to (1.5,3.7]. This suggests that we view intervals as inequality
constraints in CLP(R).

Example 4.0.1
We can represent the interval constraint (multiply*, ([0,2],[1,2.5],[4,6])) in CLP(R)
by

0<X,X<21<Y,Y<254<L27,Z7<56,XxY=272.

! Please refer to appendix B for a brief introduction to the CLP scheme.
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However, if we submit the above example as a query to CLP(R) Version 1.1 [28],
we get an answer constraint that is exactly the same as the query. This is because
CLP(R) delays the evaluation of nonlinear constraints. A more useful answer con-

straint is

16 <X, X<22<Y,Y<254<L 2,25, XY =2.

Example 4.0.2
The interval constraint (add, ([0,2,,[1,3],[4,6])) is represented by

0<X, XA <2,1<KYY <342, 2<6,X+Y =2.
CLP(R) [28] returns
X=Z2-Y,Y<Z,Z<2+4VY,Y<3,1LY, 256,47,

which has some resemblance to the original query. Some arithmetic manipulation
confirms that the answer constraint is equivalent to the original one. A more useful

answer constraint is

1<X,X<22<Y,Y<34<L 2,25, X+Y =2.

The examples suggest that CLY(R), although adequate to express interval con-
straints syntactically, fails to narrow ir.ervals. We enhance CLP(R) with interval
narrowing (page 27) and algorithm 2.1 (page 39). To establish the theoretical ba-
sis of the enhancement, we modify the basic CLP scheme by inserting a constraint
simplification step and show that interval narrowing is a constraint simplification

operation.
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4.1 The Modified CLP Scheme

The declarative semantics remains unchanged in the extended scheme. The modified
operational semantics is a generalization of My derivations [32] (;age 103). Let P be
a CLP(X) program (page 103), where X' is a domain of computation with structure
My (page 99), and « G be a goal. «— Gy, is derived in My in a generalized sense

from « G; if

1. « (' is derived in My from « G}, and

2. « G4y = v(+ G'), where v is a normal-form finction tha* maps from goal to

goal such that P Ep, 3(G') & P Emy HGinr)-

A generalized M y derivation is a sequence of goals G = Gy, Gy, Gy, ..., possibly
infinite, such that G4, is derived in My in a generalized sense from G;. A generalized
My derivation is successful if it is finite and the last goal contains no atoms. The
soundness and completeness of generalized My derivations follow directly from the
soundness and completeness of M y derivations and the definition of the normal-form
function. A generalized My derivation is finitely-failed if it is finite, the last goal has

one or more atoms, and condition 1 does not hold.

The generalized My derivation step is not new. In fact, it has been implemented
m CLP(R) for constraint simplification and output [34]. The My derivation step
only checks the solvability of the constraint accumulated so far. Therefore, the answer
constraint of a successful My derivation is usually complex and diffcult to interpret.
A useful system should simplify the constraint to a more readable form. For example,
CLP(R) simplifies the constraint {X +Y =4,X —Y =1} to {X = 25,Y = 1.5}.
Suppose the goal — ¢’, A’ is derived in My from — ¢, A. CLP(R) simplifies ¢ to ¢”
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such that
Emy 3) @ FEMmy 3(c”)
and thus
P, 3, A) & Plpy 3 A

CLP(R) is based on the generalized My derivation.

Theorem 4.1.1
If C' is obtained from C using interval narrowing on p, where Cis X, € I,,..., X, €

Li,p(X1,...,Xp)and C'is X, € If,..., X, € I',p(X;,...,X,), then
1 n

|=A"x 3(c) <¢'=J\4,\* B(C,)

Proof: From theorem 2.3.1 (page 26). ]

Theorem 4.1.1 guarantees that interval narrowing transforms an interval constrainl
into a stable one with the same solution space. Algorithm 2.1, which performs narrow-
ing repeatedly on interval constraints in an interval network, is therefore a normal-

form function.

4.2 ICLP(R)

ICLP(R) is an extension of CLP(R) with relational interval arithmetic. An interval
constraint (p, (I1,...,1,)) is expressed in ICLP(R) as

X] € Il,...,Xn € In,p(Xl,...,Xn),

where X; € J; is an appropriate pair of inequalities. Constraints share intervals

when they share logical varicbles. ICLP(R) and CLP(R) have the same syntax
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and declarative semantics. Operationally, ICLP(R) is based on the generalized My
derivation, using algorithm 2.1 as the normal-form function. For example, to solve

the positive root of z(z — 1) — 6 = 0 with initial interval [1,100], we pose the query:

— X >1,X <100,add( X, 1, X),multiply(X, X;,6).

Again, partitioning of relations can be expressed compactly in ICLP(R). For
example, the multiply relation can be defined by

multiply(X,Y,Z) — X > 0,multiply*(X,Y, Z).
multiply(X,Y,Z) « X < 0,multiply”(X,Y, Z).

We adopt the same domain splitting strategy and answer interpretation as described

in section 3.5 (page 50).

4.3 An ICLP(R) Interpreter

We describe an ICLP(R) interpreter written in CLP(R). There are two advantages
to use CLP(R) as the implementation language. First, ordinary arithmetic constraint
solving can be handled by CLP(R). We do not need to re-invent the CLP(R) con-
straint solver. Second, CLP(R) can keep track of the interval bounds automatically.
The interpreter can use the meta predicate “coded_ccs” [29], implemented as the

arity 3 “dump” predicate in [28], to examine interval bounds.

We start by presenting a CLP(R) meta-interpreter and show how it can be mod-
ified to an ICLP(R) interpreter. Just as we can hide unification in a Prolog meta-
interpreter, we can also hide constraint solving in a CLP(R) meta-interpreter. In
fact, our CLP(R) meta-interpreter, shown in program 4.1, is the same as a Prolog

meta-interpreter except that CLP(R) rules are encoded differently. Each CLP(R)
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solve([]).

solve([GoallGoals]) «
solveGoal (Goal),
solve(Goals).

solveGoal(Goal) «

clause(Goal,Body),
solve(Body).

Program 4.1: A CLP(R) meta-interpreter.

rule

Head « Constraints, Body.

is stored as a clause of the form
clause(Head,Body) + Constraints.

where Head is an atom, Constraints is a list of constraints, and Body is a list of
atoms. For example, a program to compute Fibonacci numbers is written as:
clause(fib(0,1),{]).
clause(fib(1,1),11).
clause(fib(N,X1+X2), [fib(N-1.X1),fib(N-2,X2)]) « N > 1.
We use the query +— solve([fib(14,X)]) to compute the fourteenth Fibonacci num-

ber.

The ICLP(R) interpreter distinguishes between arithmetic constraints that are
intended for interval narrowing and those that are not. In this way the user has
the choice of using interval narrowing or not. For example, the constraints X+Y=Z
and add(X,Y,Z) have the same declarative meaning but differ operationally. We

apply interval narrowing on the latter only; the CLP(R) constraint solver handles
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the former. An ICLP(R) rule is of the form

Head + Constraints, IConstraints, Body.

and is stored as
clause(Head, IConstraints, Body) «— Constraints.

where Head is an atom, Body is a list of atoms, Constraints is a list of ordinary
CLP(R) constraints, and IConstraints is a list of arithmetic constraints intended
for interval narrowing. We extend the CLP(R) meta-interpreter in program 4.1 with
tne relaxation algorithm. The top level of the modified interpreter is shown in pro-
gram 4.2. The dumpIntConstr predicate transforms the interval constraints into
their equivalent forms in CLP(R), such as add(X,Y,Z) to X + Y = Z. It is invoked
at the end of a derivation. Algorithm 2.1 is encoded in the reduceNet predicate,
which calls the dump predicate and the narrowing routines for the arithmetic prim-
itives. Qur current ICLP(R) prototype is incomplete sitice outward-rounding has
not been included. To complete the implementation, we have to provide additional
arithmetic primitives in CLP(R) that control the rounding mode of the underlying

floating-arithmetic hardware.

To find the positive root of 2> — z — 6 = 0 in our prototype, we pose the query:
«— X >= 0,X <= 100,s0lve([add(X1,1,X) ,multiply(X,X1,6)],[]).

Table 2.3 is derived from a trace in vesponse to this query, except that the outward

rounding has been added manually.
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% solve(INet,Goals) is true if the goal «— INet,Goals has a
% successful generalized My derivation, where INet is an
% interval network and Goals is a list of atoms.
solve(INet ,Goals) «

reduceNet (INet, []1,INet1),

solvel(Goals,INet1,INet2),

dumpIntConstrs(INet2).

% solvel(Goals,INeti,INet2) is true if the goal « INet1,Goals
% has a successful generalized My derivation and INet2 is a
% stable interval network resulting from the derivation, where
% INetl is an interval network and Goals is a list of atoms.
solve1([],INet,INet).
solvel({Goal|Goals],Inet,INet2) «

solveGoal(Goal,Inet,INeti),

solvel(Goals,INet1,INet2).

% solveGoal(Goal,PList,PList2) is true if there is a generalized
% Mg derivation from « PList,Goal to « PList2. Goal is an
% atom, and PList and PList2 are stable interval networks.
solveGoai(G al,PList,PList2) «

clause(Goal,AList ,Body),

reduceNet (AList,PList,PListl),

solvel(Body,PList1,PList2).

% reduceNet(AList,PList,PList2) is true if PList2 is the stable
% version of the interval network with active list AList and
% passive list PList.
reduceNet ([],PList,PList).
reduceNet ({IConstriAList] ,PList,PListl) «
reduceNet (IConstr,SqVars),
reduceNet1(SqVars,IConstr,AList,PList,PList1).

Program 4.2: The top level of an ICLP(R) interpreter in CLP(R).




Chapter 5

Analysis Of The Domain

Restriction Operations

The interval narrowing operation plays an important role in relational interval arith-
metic. Theorem 3.2.1 (page 46) shows that interval narrowing is equivalent to LAIR,
which is a domain restriction operation. We present a general framework for the
dom:n restriction operations, based on a generalization of cylindrical closure and
cylindrance [5]. We show that the algorithms of some of our predecessors are in-
stances of our scheme. Before we proceed, we clarify our choice of notation and

results in basic set theory, adopted from [24].

5.1 Basic Set Theory

If X and Y are sets, a function f from X to Y is a set of ordered pairs such that for
each r € X there is a unique element y € Y with (z,y) € f. We write y = f(z). X

is called the domain of f and Y is the codomain of f. The range of f consists of the

60
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elements y € Y for which there exists an x € X such that f(z) = y. We denote by
X — Y the set of all functions from X to Y. Let f € (Y — Z) and X C Y. We
define the restriction of f to X, denoted by f| X, by

(fLX)(z) = f(~) forall r € X.

In the rest of the chapter, we use a special kind of functions, the ranges of which are
more important than the functiors themselves. These functions are so distinguishable
that they deserve new terminology and notation. Suppose that » € (I — X) is such
a function. We call x a family. I is the index set and 7 € I is an index. We denote
the value of = at an index i by z;, which is a term of the family. In this case, we

speak of a family z in X.

We use the following notation in this chapter. I and U are non-empty sets. Let
E € (I — P(U)) be a family in subsets of U, where P(U) is the power set of U.
Each E; is the set of all possible values for attribute i € I. Let J C I. We define the

generalized Cartesian product of S by
QRE={elec (J>U)AVie J:e; € F;).

Each element of @(E | J) is a J-tuple, or simply tuple, with attributes in J. A
relation p with arity J is a set of J-tuples. Thus p C @(F | J). Our notion of arity
is more general than the conventional definition, which only specifies the number of

arguments of a relation; our definition also specifies the indices of the arguments.

Let J and K be subsets of I. If p is a relation with arity J and ¢ is a relation
with arity K, then the natural join of p and ¢ is a relation with arity J U K defined
by

qu:{z6®(El(JUK))|3:c€p,y€qs.t. a=xifleJhz=yifle K}.
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When [ € JN K, the definition enforces that z; = z; = y;. The following lemma is an

equivalent definition of natural join.

Lemma 5.1.1
2€(pNq) e (z€eRELJUK)A(z)J)epA(2LK)€Eq).

Proof:

z€pNyg
& zeRQUELJUK) ATz epy€Eqst. (zj=z;ifj€JAz;=y;if j € K)

& 2€QRELJUK)A(zlN)EpA(zlK)€Eq.
u

If p is a family in relations, then ™ p denotes the natural join of all terms (page 61)
of p.
We are now ready to define two important operations. f JC K C T and pisa

relation with arity K, then the projection of p on J is defined as

7s(p) = {(zlJ) ]z € p}.

The reverse operation of projection is cylindrification. If p is a relation with arity J,

then the cylinder of p (erected on I) is
m(p) = {zl|(zl))eprz e QE),

where [ and E are as defined in page 61. By lemma 5.1.1, we have equivalently
T p)=pN ®E.

We call p the basis of #~1(p). Cylindrification and projection are related as follows.

Lemma 5.1.2

If p is a relation with arity J and J C I, then p C 7~ (n;(p)).
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Proof: z € p= ((zlJ) € ms(p) Ax € QFE) = z € = (m4(p)). [

Lemma 5.1.3

If p is a relation with arity J C I, then p = n,(7~(p)).

Proof: '
z € my(v(p))
& Jyer(p)st (ylJ)=¢z

& y:z=(yl)epAye QL

& rep.
[
We now state some useful properties of projection and cylindrification.
Proposition 5.1.4 [5]
If J C K and p, q are relations with arity K, then m;(p N ¢) C ms(p) N 7s(q). ]
Lemma 5.1.5
If p and ¢ are relations with arity J, then z='(p N q) = =~ (p) N7~ (q).
Proof:
z € (v (p)N7~Y(q))
& zer(p)Azen(q)
& (zlJ)epA(zld)eqrz e QR
& (zlJ)e(png)rhz e QE
& zenl(png).
]

Proposition 5.1.6 [5]
If J C K and p C q are relations with arity K, then 7;(p) C 7;(q). ™
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Proposition 5.1.7 [5]
If p C q are relations with arity J, then 7~1(p) C n~1(q). [

5.2 The Ashby Chain

Ashby [5] describes a method for the analysis of constraint relations. If p is a relation
with arity I with |I| = n > 0, then the cylindrical closure of order k (k < n) of p is
defined by

QE ifk=0

Ce(p) = N = =s(p)) ifk>0.
JCI\|=k

Ci(p) is formed by (1) taking p’s projections on all J C I with |J| = k, (2) forming
all cylinders erected on I usir ; these projections as bases (page 62), and then (3)
taking the intersection of all the cylinders. The following lemma shows that steps (2)

an¢ (3) are equivalent to computing the natural join of the r;(p) for each |J| = k.

Lemma 5.2.1

If J € (K — P(I)) is a family of subsets of I and p € (K — |J P(®(E | Ji))) is a
kEK
family of relations such that p, C ®(F | Ji) is a relation with arity Ji, then

N7 p) =R p) M QE.
kek
Proof:

e [)r o)
keER

z€ () ( XQE)

keK
Vee R :((rlJy) Epr AT € ®E’) by lemma 5.1.1

(Vke K :(z|lJi)ep) Az € QRE
x € (M p) N®E,

t ¢ ¢ ¢




CHAPTER 5. ANALYSIS OF THE DOMAIN RESTRICTION OPERATIONS 65

In general, cylindrical closures do not distribute over intersection but the following

formula holds.

Lemma 5.2.2

If p and g are relations with arity I and k < n, then Cx(p N q) € Ci(p) N Ci(g)-

Proof: The case for k = 0 is trivial. If £ > 0, then

Cepna) = IQJ| 0 9)
CIJ|=
- (1 7 Y(=s(p) N 74(q)) by propositions 5.1.4 and 5.1.7
JCI\J|=k
= ( [} = =(@))n () 7 (rs(q))) by lemma 5.1.5
JCI|J|=k |J|=Fk
= Ci(p) N Ci(q).

Cylindrical closures can also be expressed in logic programming. If n = 4, the

cylindrical closures of p can be expressed by the following Iorn clauses:

[Co(P)I( X1, X2, X3, X4).
[Cr(P))( X1, X2, X3, Xa) = P(X1y ), P X2y - =)y (s - X3y ), DA<y 5 2, Xi).
[CoP)]( X1, X2, X3, X4)  — p(Xy, Xo, -, ), p( X4, -, X3, ), (X1, -, -0 X4t),
p(-, X2, X3,-),p(-, X2, -y X4), p(-, -, X3, X4).
[Ca(p)(X1, X2, X3, Xa)  — p(X1, X2, Xs,-), (X1, X2y, Xa), p( X1, -, Xy Xap),
(-, X2, X3, Xy).
[Ca(P)(X1, X2, X3, Xs)  — p(Xi, X2, X5, Xi).

It may already be apparent to the readers that the cylindrical closures of p shrinks

as the order goes up. This behavior is stated in the following proposition.
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Proposition 5.2.3 [5]
If ky > k2, then Cy, (p) € Ci,(p). ]

A corollary is that the cylindrical closures of a relation p form a chain.

Corollary 5.2.4 (The Ashby Chain) [5]
@E = Co(p) 2 C1(p) 2--- 2 Ci(p) 2 -+ 2 u(p) = p. .

By coroliary 5.2.4, the cylindrical closures of order 0 to n of a relation p form a
sequence of successive approximations of p. This is best visualized with a geometrical

example. Let p be a solid unit sphere in IR® defined by:
p={(z,9,2)|a® +y* +2* <1}.

The Ashby Chain of p is:

Co(p) = IR
D Ci(p) = {(z,9,2) |22 <TAY*<1A22 L)
D Cip) = [z,9,2)|22+ 9y < 1A +22 < 1Ay + 22 <1}
D Ci(p) = p

Co(p) is the entire 3-space; Cy(p) is a unit cube centered at the origin with edges
parallel to the axes; Cy{p) is the intersection of three cylinders with unit radius, each

of which is along an axis; and C3(p) is the sphere itself.

The definition of cylindrical closure guarantees that C,(p) = p. However, this
bound can be reached earlier in the Ashby Chain. The culindrance of p is k if and
only if (1) Cx(p) = p and (2) V¥’ such that Cu(p) = p, ¥ > k. In other words,
the cylindrance of a relation p is the smallest order k such that Ci(p) = p. An n-
ary relation p with arity I of cylindrance £ is composed of k-ary relations, which is

combinatorially less complex than an n-ary relation. Therefore, cylindrance can be
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used as a measure of the intrinsic complexity of a relation. The following theorem

helps to determine the cylindrance of a relation.

Theorem 5.2.5 [5]
If p is the intersection of cylinders whose bases are all of k¥ dimensions and fewer,

then the cylindrance of p cannot exceed k. »

Corollary 5.2.8
Let p and g be relations with arity I. If the cylindrance of p is &’ and the cylindrance

of ¢ is k", then the cylindrance of pN q cannot exceed max(k’,k").

Proof: Let k = max(k’,k"). Since k' and k" are less than or equal to k, we have
Cx(p) = p and Ci(q) = ¢ by corollary 5.2.4. Therefore, pN ¢ = Ci(p) N Ciiq), which
is an intersection of cylinders whose bases are of k£ dimensions. By theorem 5.2.5, the

cylindrance of p N ¢ cannot exceed k. ]

Corollary 5.2.7
If £ > K, then Ci(Cr(p)) = Cr(p).

Proof: By theorem 5.2.5, the cylindrance of Ci(p) cannot exceed k'. Therefore,
Ci(Cu(p)) = Cr(p). -

5.3 The Generalized Ashby Chain

A relation p with arity I of cylindrancc k is composed of the intersection of all
projections of p on J C I of size k. This definition is quite restrictive. Sometimes it
is unnecessary to include all subsets J of I of certain size to reach p as shown in the

following example. We consider the set of 5-letter palindromes such that the middle
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letter is always an “a.” Strings, such as “cdadc” and “zzazz,” are elements of this

set. We can represent the set by the following relation:

where I = {1,2,3,4,5} and ¥ is the English alphabet. Let S = {{1, 5}, {2,4}, {3}}.
It is easy to verify that

ras(p) = {z€({1,5} - E)|z = z5}
N rpsp) = {ze(I-X)|z; €Tifj€(2,3,4},7, = x5}
Tap) = {z€({2,4) = X)|z2 = 24}
m rpap) = {te(I—-3)|z; €Xifje{1,3,5},72 = x4}
reip) = {z€({3} = I)|za=a}
Y rpp) = {e€(I-E)|z;€Xifj€{1,2,4,5},23 = a}.

Therefore,

N = N=s(p)) = p.

Jes
S contains a mixture of subsets of size 2 and 1. This example suggests the following

generalization of cylindrical closure, If p is a relation with arity I, then the generalized

cylindrical closure of order S (S C P(I)) of pis

QRE ifS =0

(Y*~*(zs(p)) otherwise .
Jes

Cs(p) =

Theorem 5.3.1
If § and T are non-empty subsets of P(I) and S € 7, then Cr(p) C Cs(p).

Proof: Let D =T — &. We have

Cr(p) = (77 (mi(p)) = (7 (ma(P)) N (Y77 (ma(p))) S (V77 (ms(p))-

JeT Jes Jep Jes
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Let K be a totally ordered set with ordering relation <. Suppose a and w are

the smallest and largest elements of K with respect .o <. We consider a family

S € (K — P(P(I))) in subsets of P(I) such that (1) S, =@, (2) S, = P([), and
B)(ae KAbe KAa<b)=S8,CS,.

Therefore S is a chain of subsets of P{I). The following is a corollary from theo-

rem 5.3.1.

Corollary 5.3.2 (The Generalized Ashby Chain)
If k€ K, then QE = Cs,(p) 2+-- 2 Cs,(p) 2 --- 2 Cs,(p) = p. [

The generalized cylindrance of p with respect to S is the smallest S; (k € K) such
that Cs,(p) = p. W observe, by proposition 5.2.3, the following equalities:
k ®E ifk=0
Ci(p) = nC,'(p) = n 7‘.—1(7”(}))) ifk>0

= JCILWI<k
If we define S, = {J|J C I A|J| £ k}, then Ci(p) = Cs,(p). Therefore, the Ashby
Chain is a special case of the Generalized Ashby Chain.

5.4 The General Scheme

We show that the proper choice of projections, cn which cylinders are erected, depends
on the structure of the relations. The generalized cylindrical closures facilitate this
flexibility in the choice of projection. This forms the basis of our general framework
for the domain restriction operations. Given a constraint ¢ in the form of an n-

ary relation with arity I, we choose a collection S of subsets of I. Each element
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of S is called a projection indez set. We are interested in the circumscribing set ¢/

constructed as follows:

d =Cs(c) = (Y x(ms(c)).

Jes

By theorem 5.3.1, ¢ C ¢. Let J € (K — P(I)). Suppose p € (K — U P(@(E | Ji)))
keK
is a family of relations such that p; is a relation with arity Ji.

Q= (=" (pr) = 7s(Q) S px for each k € K.
keK

However, ¢’ has a closer relationship with 7;(c) as shown in the following lemma.

Lemma 5.4.1

If J €8, then my(c') = my(c).

Proof: We have ¢ C ¢. By lemma 5.1.6, 7;(c) C 7(c').

Let y € my(c'). There exists z € ¢’ such that y = (= | J). Thus ¢ € #~(7;(c))
and (x| J) =y € mj(c). Therefore, 7;(c') C 7 4(c). =

For all J € 8, each 7;(c) is called the cylindric basis of ¢. Note that |JS may

not be I and thus (7~ (7,{c)) # X 7;(c) in general.

The next step is to determine the membership of a tuple in ¢’. The structure of
¢, an intersection of cylinders, allows us to perform the test without computing ¢

explicitly. We only need to compute the cylindric bases 7 ;(c).

Lemma 5.4.2
If 2 is an I-tuple, thenz € ¢ & (VJ € §: (z | J) € 74(c)).
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Proof:

rec

& re [ Y muic))
Jes

& VJcS:xrenni(e)
& VJeS: (x]|J)€Enyc).
]

Since our method aims tc prune the set of possible candidate solutions, we are
more interested in checking whether a tuple is not a member of ¢. The following

corollary is more suitable for this purpose.

Corollary 5.4.3
If r is an I-tuple, thenz g ¢! & AJ € S s.t. (x| J) & wy(c).

Proof: From lemma 5.4.2. .

Corollary 5.4.3 suggests more than just deciding the membership of a tuple in ¢:
if a tuple fails the membership test because its projection onto indices in J does not

belong to 7 ;(c), then we can discard all tuples with the same projection.

5.5 Instances Of The General Scheme

We obtain instances of the general scheme by choosing different collections S of pro-
jection index sets. In this section, we show how the work of some of our predecessors

is classified as instances of our scheme.

Let M be an index set of size m. The specification of a constraint satisfaction
problem (CSP) consists of a family X of m variables with indices from M, a family D

of domains of possible values for each variable, and a set of predicates that constrain
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the values of the variables. A domain Dy, where k& € M, is a set of values. Note that

we can construct a corresponding unary relation from Dy, and:
z € QD] {k}) & zx € Dy.

We abuse notation by denoting this unary relation by D, as well. Mackworth’s CSP
formulation [46] considers only unary and binary predicates. Let u be a family of
unary predicates with index set M and b a family of binary predicates with index
set M x M. Each predicate denotes a relation. We overload u; and b;x to name the
relations denoted by the predicates ux and bji respectively. Furthermore, we use the
convention that Vz : ux(z) ¢ buk(z,z) and Vz,y : bj(z,y) & bi(y,z). A CSP is
specified by the following formula:
Va € M,3X, € D, s.t. /\ ue Xe) A A bi( X, Xi).
keM keM.jeM

Although, in general, we may not have explicit constraints between all pairs of vari-
ables X; and X; in an application, we can assume that it exists; in this case, by; is

the relation Di X D;.

We can view the CSP specification as a network, which is a complete and labeled
graph. Each variable X} corresponds to the node k; each node k is asuociated with a
label which is the domain Di. Each relation ¢x; corresponds to the arc (k, j) between
nodes k and j. A path (ko, ki,...,k;) of length j is a sequence of nodes. Please note

that the nodes in a path are not necessarily distinct. Thus a path may contain cycles.

Fikes [27], Waltz [78], and Montanari [52] proposed incremental techniques that
remove inconsistencies fiom the network and thus reduce the search space. Mack-
worth recognized the common characteristics of their algorithms and put them in the
uniform framework of constraint satisfaction algorithms. Mackworth’s formulation

leads to three notions of consistency:
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e Node k is node consistent if and only if for any value xx € Dg, ui(zi) holds.

e Arc (k,7) is arc consistent if and only if for any value r; € Dy, there is a value

z; € D; such that b;(x, z;) holds.

e A path through the nodes (ko, k1, ..., k;) is path consistent if and only if for any
values zo € Dy, and z; € Dy, such that by,i (ro, z;) hold, there is a sequence of
values 2y € Dy,,...,x;1 € Dy,_, such that by, (zo, 1), bs,k, (21, 72), ..., and

ka_, k; (:L'J‘_l ) :cj) hold.

A network is node (or arc or path) consistent if every node (or arc or path) of its
graph is consistent. Two networks N; and N,, each with m nodes, are equivalent i
and only if the set of tuples satisfying N, is identical .o the set of tuples satisfying
Nz. Mackworth presents node, arc, and path consistency algorithms [46] that reduce
a network to an equivalent and, correspondingly, node, arc, and path co..sistent

network.

Each consistency algorithm consists of {wo main components: a domain restriction
operation and a symbolic relazation algorithm, which coordinates the application of
the domain restriction operation on constraints in a network. We are inierested in the
domain restriction operations, which are responsible for achieving the corresponding

node, arc, and path consistencies.

Node cousistency. For each node k, we are interested in 1-tuples, each of which
satisfies ux and is an element of Dj. Therefor: , the constraint relation is ¢ = u; N Dy

with arity I = {k}. Tue domain restriction operation up = s I to D} by
Dj, = Dy N {z} | ur(zk) holds},

which is equivalent to

Dzszﬂuk=c.
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The collection S of projection index sets is trivial: § = {{k}}. The following theorem

shows that the circumscribing set ¢’ is c.

Theorem 5.5.1

d=D; =c

Proof: ¢ = [)n7}(xs(c))) = # (mp{ Dk Nur)) = De Nugp = D} = . n
Jes

Arc consistency. Every two distinct nodes & and j are associated with two arcs

(k,j) and (j, k). The arcs always exist because if there is no explicit constraint

between variables X, and X;, we can assume that the constraint by; is D ™M D;

(page 72). The constraint relation is ¢ = b; N (Di M D;), which is a binary relation,

with arity I = {k,j}. The domain restriction operations for the arcs are:

= DN {:L‘k I 31:]‘ € Dj s.t. bkj(:ltk,a:j)}
D; = Dj ] {a:j | dz; € Dy s.t. bkj(xk,mj)}.

Lemma 5.5.2

D; = () and D) = wg;5(c).

Proof: We prove tle first equality. The proof of the second one is similar.
D, = DN {zi|3z; € D; s.t. bj(zi,z5)}
= {zx|zx € Di A zj € Dj A bj(zk, z5)}
= {(@i{k})|z € D, % D; Az € by}
= {(zl{k}) |z € (Dk ¥ D;) N by;}
= 7wy (D X D;) (1 byj).

1We abuse notation by equating a set of constants to the unary relation induced by this set, as

explained in page 72.
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Therefore, the domain restriction operations compute Dj M D). We cho.-. § =
{{k},{7}}. The following theorein shows that the domain restriction operations and

our scheme achieve the same pruning.

Theorem 5.5.3

c = n 1r‘1(1rJ(c)) = D;c ] D;
Jes

Proof:
¢ = n-;r“(w,](c))

Jes
= 7Y (rgy(e)) Na~l(m;5(c))
= 7«7 (Dy) N7 Y(D}) by lemma 5.5.2
= Dj X D} by lemma 5.2.1

We can easily extend this result to hyper-arc consistency [47, 53], which is used
in constraint logic programming systems such as [74, 41, 42]. In this framework,
n-ary constraints are considered as hyper-arcs in a hyper-graph, which corresponds
to the constraint network. A constraint p with arity I with domains D is hyper-are
consistent if and only if for all z; € D;, there exist «; € D; for all j € I — {i} such
that £ € p holds. In that case, ¢ = pN ™ D. For each ¢ € I, the domain restriction
operation is

D; = D; N {z;|3z; € D;(j € I - {i}) s.t. z € p}.
We choose § = {{l},...,{n}}. A suniiar result as theorem 5.5.3 holds.

Theorem 5.5.4

d =[x (xs{c)) =X D' .
JeS
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Path Consistency. Tle following theorem due to Montanari suggests that we only

need to consider paths of length 2 in a path consistent algorithm.

Theorem 5.5.5 [52]
If every path of length 2 of a network with a complete graph is path consistent, then

the network is path consistent. ]

Every three distinct nodes j, k, and ! wre associated with thrce paths? (j,k,1),
(j,1, k), and (k,j,1) of length 2. We are interested in 3-tuples, each of which is an
element of D; M Dy M D; and satisfies bjx, bj;, and by. Therefore the constraint
relation is ¢ = {bj; ™ bj; ™M by) N (D; X Dy X D) with arity I = {7, j,k}. The domain

restriction operations for the paths are:

Dy = (D; ¥ D) Nby N {(z}{j,1}) | zx € Di A ({5, k}) € bji A(z | {k,1}) € b}
Dy = (D; M D) Nbj N {(z L {j, k}) |zi € Dy A (2} {5,1}) € by A (x| {k,1}) € b}
Djy = (DM D) Nbu Y {(zL{k,1}) |z; € D; A (x| {k,j}) € baj A (x| {5,1}) € bji}

Lemma 5.5.6

Dy = win(e), Diy = miixy(c), and Dy = my(c).

Proof: We prove the first equality. The proofs of the other two are similar.

o= (D; D) Nby 0 {(zL{5,1}) |z € D: A (zL{j, k}) € bjx A (z L {k,1}) € b}
= mn({(z {5,k 1}) 1z € Dj Az € Dx Az € Di Az L {5,1}) € baA
(x {5, k}) € bjx A (z | {k,1}) € bui})
= min({x |z € ((bik M bjy M by) N (D; X Dy X Dy))}
= 7 a(c)-

Paths (I, k,j), (k,1,5), and (I, j, k) are redundant since predicates, say, bjr and br; denote the

saine relation.
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Therefore, the domain restriction operations compute Dj; X D, M Dj,. We
choose S = {{j,k},{4,1},{k,1}}. The following theorem shows that the domain

restriction operations and our scheme achieve the same pruning.

Theorem 5.5.7

¢ = (NrYmi(e)) = (a1 (D) = D',
Jes Jes
Proof:
d = n n~ Y= (c))

Jes
= x~}(Dj) Nn="Y (D)) nx~Y(Dy;) by lemma 5.5.6

= X D' by lemma 5.2.1.




Chapter 6

Concluding Remarks

6.1 Summary And Contributions

Relational Interval Arithmetic. We have specified the essential components of
a relational interval arithmetic system, consisting of an interval narrowing operation
and a relaxation algorithm. The interval narrowing operation is applicable to any
arithmetic relations, satisfying a simple criterion. The operation uses the n set func-
tions F;(p) associated with each relation p C IR*. Our criterion is that each F;(p)
maps from real interval(s) to a real interval. We check that the usual arithmetic
relations, possibly by suitable partitioning, satisfy this criterion. They can be used
as primitives in a relational interval arithmetic system. Algorithm 2.1 (page 39) coor-
dinates the applications of interval narrowing to transform a constraint network into
an equivalent and stable form. We prove properties of relational interval arithmetic.
Theorem 2.3.1 (page 26) is a soundness and completeness result for interval narrow-
ing: an answer is in the input intervals if and only if it is in the output intervals.

Interval narrowing is an idempotent operation as shown in lemma 2.5.1 (page 37).

78
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Theorem 2.5.2 (page 40) guarantees the termination of algorithm 2.1. Most impor-
tantly, we do not assume ideal real-number arithmetic in digital hardware. The effect

of outward-rounding plays a significant role in our results.

Constraint Logic Programming. Theorems 3.2.1 (page 46) and 4.1.1 (page 55)
formulate interval narrowing as logical inference rules. They form the basis of incorpo-
rating relational interva: »-ithmetic into the constraint logic programming languages
CHIP and CLP(R). The enhanced languages, ICHIP and ICLP(R), are general-
purpose programming languages allowing compact description of constraint networks.
Conscauently, we can describe programs, constraints, queries, intervals, answers, and
variables in a coherent and semantically precise language—Ilogic. ICHIP has the
same semantics as CHIP; and ICLP(R) is based on the CLP scheme extended with a
constraint simplification step. Computations in the extended languages are logical in-
ferences; thus numerical computations are deductions in our framework. Furthermore,
our proposed languages represent a departure from cenventional numerical comput-
ing, offering a relational and declarative methoa of numerical programming yet fo be

ezplored. To show the feasibility of our method, we have specified and implemented

an ICLP(R) prototype in CLP(R).

Constraint Satisfaction Techniques. Relational interval arithmetic is a foem
of constraint satisfaction. We make a connection between constraint satisfacmes
techniques and Ashby’s notion of cylindrance. We generalize the notion of cylindmeal
closures to obtain the Generalized Ashby Chain as shown in theorem 5.3.1 (page 68)
and corollary 5.3.2 (page 69). This forms the basis of a general framework (page 69)
for the domain restriction operations of constraint satisfaction algorithms. We show

that some of our predecessors’ algorithms are instances of our scheme in theorems 5.5.1
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(page 74), 5.5.3 (page 75), 5.5.4 (page 75), and 5.5.7 (page 77).

6.2 Suggestions For Further Work

Efficient Implementation. The 1CLP(R) prototype is an interprete- written in
CLY(R) but it would be more efficient if it were re-implemented at the source level of
CLP(R). An implementation is also needed for ICHIP. There is potential parallelism
in algorithm 2.1. We expect Leung’s doctoral dissertation [44] to be the basis of a

parallel or distributed implementation of algorithm 2.1.

Improving the relaxation algorithm. The efficiency of a relational interval
arithmetic system depends critically on algoritinu 2.1. As described, our relaxation
algorithm is similar to Mackworth’s AC-3 and the Waltz algoritim. Techniques, such
as those propesed in [51, 21], may be appiicable io cur relaxation algorithm to im-
prove its efficiency. Another approach is to use heurisiics to order interval constraints
in the active list A (page 39). A useful heuristic is the first-fail principle: [25], which

states: to succeed, try first where you are the most likely to fail.

Complexity Analysis The complexity of an interval narrowing opcration is easy to
determine since it depends only on the number of floating-point operations performed
by each F;(p) function. It is difficult, however, to formulate a complexity measure for
algorithm 2.1 since its termination depends on the precision of the underlying floating-
point system. Such a measure 1aust take the precision into account. A starting point,

for this work is to identify and study some simple classes of i1 terval networks.
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Variable identity. Suppose X is the interval [—1,2]. The result of the interval
expression X ® X is [—2,4]. Since X x X in real arithmetic is the squaring oper-
ation, come readers may have anticipated the valu= of the i. "erval expression to Le
in the positive region of the real line. The problem is that interval arithmetic sim-
ply multiplies [—1,2] by [—1,2] without realizing that the same variable X is used
as both the multiplier and the multiplicand, resulting in a larger than desirable in-
terval. We call this the variable identity problem of interval arithmetic. To obtain
[1,4] as the answer, we need to use the interval squaring cperation SQR(X), where
SQR(X) = {z%|z € X}.

This variable identity problem also occurs in interval narrowing, so that the output
intervals are larger than expected. The culprit is multiple occurrences of a variable
in an interval constraint. A solution is based on the following observation, using the

multiply relation as an example:

VX,Y : (X, X,Y) € multiply & (X,Y) € - . nare,
VX,Y: (X,Y,X),(Y,X,X) € multiply & (X,Y) € zeroOrOne,
VX:(X,X.X)€mltiply & (X) € zeroAndCne,

where square = {(z,y)|y = z°}, zeroOrOne = {(z,1)|z = Oory = 1}, and
zeroAndOne = {(0),(1)}. When we encounter a multiply constraint at runtime,
we select an equivalent relation using {he instantiation pattern of the variables. For
example, the constraint ((X, X,Y),multiply) becomes ((X,Y’), square). This run-

time optimization will help us ‘o obtain more accurate output intervals.

Prolog III and CAL. Prolog IIT and CAL refrain from floating-point arithmetic in
order to ensure soundness of their numerical computations. It would be interesting to
see if the two constraint logic programming languages can be extended with relational

interval arithmetic.
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Applications. We have tried ICLP(R) on the examples in {61, 59, 18, 31]. More
experience is needed to test the applicability of ICHIP and ICLP(R) on real-life
problems and to experiment with the new programming paradigm offered by the

languages.
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Appendix A

Consistency Techniques In Logic

Programming

This appendix reviews the concepts of consistency techniques in logic programming
required for discussion iz the thesis. We refer the readers to [73, 74] for detailed

treatment of the subject.

A.1 Domain Variables

A domain is a non-empty finite set of constants. Let D be the set of all domains we
possibly need during the computation. D has the property that D € D implies E € D
for all non-empty subsets E of D. To extend a first-order language to include domain
variables, we need to add D to the language and also a set, V of domain variables with
domains from D. The usual variables of first-order logic are called simple variables.
Domain variables with domain D are superscripted with D, as in XP. Ir+uitively,

a domain variable X? (an be bound only to elements of D. Terms, atoms, literals,
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definite clauses and programs can be defined as usual [45] except that variables can
either be simple variables or domain variables. The meaning of the V and 3 nuantifiers
can be extended in a straight-forward manner to accommodate domain variables and
the notions of logical consequence, Herbrand interpretation, Herbrand modc. as well

as the least Herbrand model can be defined as usual [73].

Definition A.1.1
A domain substitution 0 is a finite set of the form {V;/t1,...,V,/t,}, where

1. each V; is a variable;
2. each ¢; is a term distinct from V;;
3. all the V’s are distinct;

4. if V; is a domain variable X?, then ¢; is a constant included in D or is a domain

variable YZ with £ C D.

Each element V;/t; is called a binding for V;. @ is called a ground domain substi-
tution if each ¢; is a ground term for : = 1,...,n. An ezpression is either a term, a
literal, or a conjunction of literals. Let 6§ = {V;/t,,...,V,./t,} be « domain substi-
tution and K be an expression. Then K@, the instance of K by 0, is th= expression
obtained from K by simultaneously replacing each occurrence of the variable V; in K
by the term ¢; (1 < ¢ < n). This definition of domain substitution makes sure that

domain variables are only instantiated with elements from their respective domains.

The composition of domain substitutions is defined as that of substitutions in [45].
Unifier is defined in the usual way, but the definition of most general unifier (1ngu)
is a generalization of the standard terminology. An extended unification algorithm
tkat handles domain variables is presented in [74]. The three following cases should

be added to the usual algorithm:
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1. If a domain variable and a constant have to be unified, the unification succeeds
if the constant is in the domain of the domain variable and binds the latter to

the former. Otherwise the unification fails.

2. If two domain variables have to be unified, the unification succeeds if the inter-
section of their domains is non-empty and binds both variables to a new domain

variable ranging over this intersection. Otherwise the unification fails.

3. If a domain variable and a simple variable have to be unified, the unification

succeeds and binds the simple variable to the domain variable.

SLD-resolution with this extended unification algorithm is called SLDD-resolution.
The proofs of the soundness and complet :ness oif SLDD-resolution can be based on
those of SLD-resolution [45], which do not take into account the fact that unifications

take place in an empty and unsorted equational theory.

A.2 Consistency Techniques

The proof procedure for logic programming with domains is based on SLDD-resolution
»5d three new inference rules based on consistency techniques [46]: forward check-
ing, looking ahead, and partial looking ahead. Looking ahead is a generalization of
forward checking. Partial looking ahead, which iz used to justify the implementation
of some built-in predicates, is an approxi:nation of looking ahead. For this thesis, it

is sufficient to restrict our discussicn to the Looking-Ahead Inference Rule (LAIR).

We begin by defining the kind of predicates, to which LAIR can be applied. An
n-ary predicate p is a domain constraint if and only if for any ground terms g¢i,..., ¢y,

either p(gi1....,9n) has a successful refutation or p(gi,...,gn) has only finitely failed
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derivations. In general, it is a semi-decidable problem to decide whether a predicate is
a domain constraint. In the CHIP language [22], it is the programmer’s responsibility
to declare a predicate to be a domain constraint. A domain constraint p(t,,...,t,)
is lookahead-checkable if and only if there exists at least one ¢; that is a domain
variable, and each of the other arguments is either ground or a domain variable. The
domain variables in t;,...,t, are called the lookahead variables. We have now enough

concepts to define LAIR.

Definition A.2.1 (LAIR)

Let #’ be a program and G; = « Ay,...,Am,..., Ax be a goal. Gy, is derived by
LAIR from G; and P using the domain substitution 6;4, if the following conditions
hold:

1. A, is lookahead-checkable and X,,..., X, are the lookahead variables of A,,,

which range respectively over Dy,..., D,.

2. Forall 1 € j < n, E; = {a; € Dj|3ay € Dy,...,aj-y € Dj_y,aj4; €
Dj41,...,a, € Dy, such that P = A,,0} # 0, where 0 = {X1/uy,...,X,/a.}.

3. z; is the constant ¢ if E; = {c} or a new domiain variable ranging over E;

otherwise.
4, 0,{+1 is {X1/21, ey Xn/Zn}.

5. Gi4y is either — (Ay, ..., £ime1, Amt1, -+ oy A )0igy if at most one 2; is a domain

viriable, or « (Ay,..., Ax)8it1 otherwise.

A soundness result for the LAIR is presented in [73] but the complcteness -esult
does not hold in general. However, a sound and complete proof procedure using the
LAIR and SLDD-derivation can still be programmed but it may be necessary to use

normal derivation for lookahead-checkable predicates.
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A.3 Using LAIR In CHIP

In CHIP, the programmer is responsible for specifying the inference rule to be used
for atoms with particular predicate names and also the preconditions for its use. A
lookahead declaration for an n-ary predicate p is a unique expression for p of the

following form:
lookahead p(ay,...,a,),

where each q; is either ‘g’ or ‘d’. All atoms with predicate p are said to be submitted to
this lookahead declaration. Atoms submitted to lookahead declarations are reduced
by LAIR during derivations. A lookahead declaration also specifies the preconditions
that an atom has to satisfy before it can be reduced. An atom A submitted to a

lookahead declaration is lookahead-available if and only if

1. all the arguments of A corresponding to a ‘g’ in the lookahead declaration are
ground;
2. A is lookahead-checkable.

The lookahead-efficient computation rule used in CHIP only selects an atom, submit-

ted to a lookahead declaration, after it becomes lookahead-available.




Appendix B

The CLP Scheme And CLP(R)

This appendix briefly reviews the CLP scheme and CLP(R). We refer the readers to
[68, 32] for detailed treatment of the subject. We adopt the standard terminology
from [45].

The CLP scheme [33] generalizes logic programming by replacing unification with
constraint solving. The scheme defines a family of constraint logic programming
languages CLP(X’), parameterized by a domain of computation X'. These languages
share the same semantic properties. Constraint solving is not new in computing.
What is new is that it is embraced in the framework of logic programming, which has

a simple syntax and declarative semantics.

Associated with every constraint domain X are a model M y and a theory Ty that
axiomatizes My. Jaffar and Lassez [32, 33] show that if My is solution-compact
(page 100) and Ty is satisfaction-complete (page 102), then all the basic results in
traditional logic programming [72, 4] hold. Both My and Ty are defined with respect
to a many-sorted first-order language that consists of a collection ¥y of functior sym-

bols (constants are functions of zero arity) and a collection Il of predicate symbois.

98
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A sort is a non-empty set. We use SORT = J(SORT;) to denote the finite set of sorts.
A signature of an n-ary function (predicate and variable) symbol f is a sequence of
n + 1 (respectively n and 1) elements of SORT. By the term sort of f, we mean the
last element in the signature of the function symbol f. While the symbol V denotes
a collection of variables, we use 7(Xx) and 7(Xy UV) to denote the set of well-typed

ground terms and terms that may contain variables respectively.

B.1 Structure

A structure My consists of

1. a collection DX of non-empty sets DX,, where s ranges over the sorts in SORT,
2. an assignment, to each n-ary f € Ly, of a function
DX, x DX,, x --- DX,, — DX,
where (34, 82,. .., 3, 8) is the gnature of f, and finally
3. an assignment, to each n-ary p € Iy, of a function
DX, x DX,, x --- DX,, — {true,false}

where (sy, s, ...,38,) is the signature of p.

An atomic constraint is of the form p(t;,...,t,), where p € Ily and ¢; € 7(ZxUV)
forz=1,...,m. A constraint is a finite set, possibly empty, of atomic constraints.
A constraint is interpreted as an existentially closed conjunction of positive atomic

constraints.
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For a structure to be usable in a computing framework, we require that the syntax
can distinguish and specify all elements in the structure. To r~strict ourselves to

structures with this property, we impose ihe condition of “solution compactuess.”

A many-scrted structure My is solution-compact if

1. every element in My is the unique solution of a finite or infinite set of con-

straints; and

2. every element in the complement of the solution space of a constraint ¢, belongs
to a disjoint union of solutior space of some finite or infinite family of constraints

Cs.

The elements, which can only be defined as the unique solution of an infinite constraint

set, are called limit elements. Symbolically, we can write the conditions as

1. Vd € My3dc; : d =Nci,

2. Vede;:e=Ua.

An My valuation on an expression over Ily, Xy, and V is a mapping from each
distinct variable in the expression into DX, where s is the sort of the variable. Let 3
be an M y valuation and ¢ a term. We write £6 to denote the application of 8 to t; thus
t0 is an element in DX, where s is the sort of ¢. Similarly, for an atomic constraint
¢, cf denotes the application of 6 to c. We denote the truth and falsity of ¢f in the
model My respectively by F=um, cf and |=um, —cf. If C is a set, possibly infinite,
of atomic constraints, we write =, CO if Eamq, ¢ for all ¢ € C and, Eu, ~CO
otherwise. If there is a 6 such that f=pq, C0, we say that C is solvable in My and
that @ is an My solution of C.
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B.2 My Models

A CLP(X) constraint logic program is defined over disjoint (sorted) alphabets Iip
and Ly. An atom is of the form p(t,,...,t,), where p € Ilp and t; € 7(Xy U V) for
t=1,...,n. ACLP(X) program P consists of a finite set of ~lauses (rules) of the

form
A—c¢,By,...,B,

where n > 0, A and B; are atoms for : = 1,...,n, and c is a constraint. A is called
the head of the clause and ¢, By,..., B, is the body. A goal is a clause without a
head:

—cBy,...,B,.
The My base of a program P is
{p(t1,...,tn)|p€lpand t; € 7(Ex) fori = 1,...,n}.
An My interpretation Ip of P is a subset of the My base of P. A clause in P
Ae—c¢B,,...,B,, where n > 0,

is true in Ip if, for every My valuation 6 on A, ¢. and B; ( = 1,...,n) such that 6

is an My solution of ¢,
{B:10,...,B,0} C Ip = AB € Ip.

An My model of P is an My interpretation Ip of P such that every rule in P is

true in Ip. An My model is a model in the usual model-theoretic sense. Jaffar and
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Lassez [32, 33] show the existence of the least and greatest My models. Let A be
a conjunction of ground atoms. A is a logical consequence of P, written P =, A,
if and only if each atom in A is an clement of the least My model of P. Given a

constraint ¢ and a conjunction of atoms A, we write
P }= My 3((‘, A),
to mean that

1. Emy I(c), and

2. if 6 is an My solutien of ¢, then P =, 3(A0).

B.3 Logical Theory

Let Ty ve a first-order theory that axiomatizes My. Well-formed formulae, truth,
model, satisfiability, etc, are defined in the usual way, such as in [45]. To obtain
negative information from a theory Ty, we require a furthe. condition. A theory Ty

is satisfaction-complete if
Ty | Y(—c) whenever not Ty = 3(c),

for all constraints ¢, where V(c) and 3(c) denote the universal and existential closures
of ¢ respectively. Given a CLP(X’) program P, we are interested in the logical con-
sequences of P U Ty. In principle, we want the theory to be as close to the structure

as possible. My and Ty correspond if

1. Emy Ty (My is a model of Ty), and
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2. if Fm, Ic), then Ty = 3(c), for all constraints ¢, where 3(c) denotes the

existential closure of c.

In other words, the truth in My has a one-one correspondence to satisfiability in
Ty. This allows us to study the semantics of programs in either framework. We shall

focus on the model-theoretic viewpoint in the discussion of the operational semantics

of the CLP scheme.

B.4 Operational Semamutics

Let P be a CLP(X) program and G; =« ¢, By,...,B,, n > 0, be a goal. Gy, is
derived in My from G; if

). there exists in P a collection of n variants of clauses
A; ¢ ¢, B
Az — o, ﬁz
A, ¢y, B,
where B} is a set of atoms for j = 1,...,n, such that
d=cUqU---UcU{B, = Ay,...,B, = A}
is solvable in My, and

—

2. G,‘.‘.] = C', Bl,. ..,Bn.

An My derivation is a, possibly infinite, sequence of goals G = Gy, Gy, Gy, ... such

that G4, is derived in My from G;. An My derivation is successful if it is finite
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and the last goal contains no atoms. In this case, the constraint in the last goal is
called the answer constraint. An My derivation is finiteiy-failed if it is finite and the

last goal has one or more atoms and condition 1 does not hold.

Ty derivations, derivations in the logical theory Ty, can be defined similarly ex-
cept that the test of solvability in My in a derivation step is replaced by a test of
satisfiability in the theory 7y. Jaffar and Lassez [32, 33] show the soundness and

completeness of My and Ty derivations.

B.5 CLP(R)

CLP(R) is an instance of the CLP scheme, where R is the domain of finite trees
over real numbers. In the structure Mg, we consider two sorts, s; and s;. The
sort s; is the set of real numbers and s, is the set ol finite trees of real numbers.
Thus, 57 € s;. X contains the arithmetic function symbols {+, x,0,1,2,...} of sort
s1 and uninterpreted symbols {+, xX,0,1,2,..., f,g,...} of sort s,. The functional
interpretation for the first set is the usual one; for the second set, an n-ary f maps a
sequence of elements in s; into the tree whose root node is labeled with f and whose
children are given by its arguments. Ilg is {=, <, <}. The signature of “=" is (32, 3,);
while those of “<” and “<” are both (s;,s;). The relations among real numbers are

defined ir the usual way. Two trees, Ty and T3, are equal if
1. T and T, are real number terms and T} = T3, or

2. Ty or T; are not real number terms and their root functors are the same and

their corresponding subtrecs. if any, are the same.

The corresponding theory Tg of R is the theory RCF of the real closed field [70, 16].

My is solution-compact and RCF is satisfaction-complete [32].




