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ABSTRACT 

A solution of the Boltzmann equation at the upstream and down­

stream singular points in a shock wave, for the case of Maxwell 

molecules, is obtained by application of the method of rational trun­

cation and coordinate straining. The method is based of the idea that 

a rational procedure for truncating and closing any system of moment 

equations must be developed from an orthonormal expansion for the 

distribution function, and that the convergence of the expansion can 

be accelerated if the coordinates in velocity space are scaled in 

accordance with the nature of the distribution function. The use of an 

orthonormal expansion for the distribution function is shown to yield 

significant improvement over the method of Grad, but the further step 

of coordinate straining is necessary to provide a rapidly convergent 

solution. The solution shows that the Navier-Stokes and Fourier 

relations (i~e., first-order Chapman-Enskog results) are approximately 

val id only for weak shock waves; confirms the existence of temperature 

overshoot in strong shock waves; and provides exact boundary values 

that can be used to guide numerical solutions of the Boltzmann equation 

for shock-wave structure. 
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CHAPTER 1 

INTRODUCTION 

In the kinetic theory of gases, the fundamental problem is to 

obtain solutions of the Boltzmann equation for various situations of 

physical interest. This equation is a nonlinear integro-differential 

equation that describes the rate of change, with respect to position 

and time, of the distribution function of the gas molecules, where 

f(t,~,d)£dd is the probab i lity that a molecule has position± and 

velocity d at time t. For situations without external forces, the 

Boltzmann equation can be written 

a (Pf) + ~ c . a (Pf) = C (Pf) 
at ~

1 
-z, ax. 

-z,= 'Z, 

where p is the mass density and C(pf) represents the collision 

integral. Solution of the Boltzmann equation for f determines the 

macroscopic behavior of the flow since all the gasdynamic variables 

are just moments off. 

( 1. 1) 

Due to the nonlinear nature of the coll is ion integral, exact 

solutions of the Boltzmann equation are available for only a few 

problems. In particular, for a gas in e.quilibrium, solution of the 

Boltzmann equation yields the familiar Maxwellian velocity distribution 

t<0>=1r-¾exp(-V2). Here we have used the nondimensional thermal velocity 

V=(2RT)½C. For situations involving small disturbances from equilibrium, 

a 1 inearized form of the Boltzmann equation can be used, while in more 

general situations, the nonlinearity must be treated more indirectly. 

Of some interest is the Chapman-Enskog procedure in which f is 

written as the power series 

where the parameter E: has the physical interpretation of being pro­

portional to the ratio of a characteristic time between collisions 

(the relaxation time) to a characteristic flow time . In the 



- 2 -

Chapman-Enskog solution of the Boltzmann equation, terms of first order 

in£ are retained and this expansion leads to the familiar Navier-Stokes 

equations of macroscopic gas dynamics. Retention of second -order terms 

in£ leads to the Burnett equations. It is interesting to note that, 

in the problem of shock-wave structure, the Navier-Stokes equations 

give a valid solutfon for all shock-wave Mach numbers (although for 

strong shock waves the distribution function assumes a highly improbable 

form), while the Burnett equations are applicable only for M1$2.1 

(Sherman and Talbot 1960). 

An indirect method for solving the Boltzmann equation was proposed 

by Maxwe 11 ( 1879). For any set of Ii nearly independent functions of 

the molecular velocity, one can multiply the Boltzmann equation by 

these functions and integrate over veloci t y to obtain an infinite 

system of moment equat i ons. Of particular interest are sets of poly­

nomials, since only polynomial moments of the collision integral can 

be computed directly. It is implicitly assumed in this process that f 

decays sufficiently rapidly as V-+«> i n o rder that polynomial moments 

exist. Also, it is a characteristic of t he Bo l tzmann equation that 

truncating the infinite system of moment equations at any point always 

yields a system containing a greater number of unknowns (moments) than 

equations. Although the system of moment equations is exact, at this 

point a particular representation for the distribution function must be 

specified. The approximate representation for f will then give aZosure 

relations among the moments in order to form a determinate system of 

equations. 

The representation for f that is often chosen is 

(1. 2) 

where t<~ is the local Maxwellian (local in the sense that it varies 

throughout the flow because of its temperature dependence). Expanding 

~ in terms of a set of functions which are orthonormal with respect to 

f (o) then gives 

CX) 

t = t<0> I z;;. 1/J. 
• 1 '1, '1, 

1., = 

(1.3) 
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where, for example, the ~.•s are normalized three-dimensional Hermite 
'l, 

polynomials in the case of Grad's method (Grad 1949). Although a 

general three-dimensional flow involves multiple subscripts, an appro­

priate ordering of the subscripts is assumed and replaced with a single 

subscript to simplify the discussion. 

For certain physical problems (in particular, the strong shock 

wave), mathematical difficulties arise from the expansion (1.3). 
Using (1.3) and the orthonormal properties of the ~.•s, we obtain 

'l, 

Bessel's inequality in the form 
n 

(f,['of1f)~ 2 I:; .2 
i=l -z, 

where we have used the notation 

<t, x> = J fxdV 

( 1 • 4) 

Holway (1964) has shown that near the upstream end of a strong shock 

wave [<0 > decreases much faster than f 2 as V-+oo, thus (f,fc0r 1f) is not 

bounded and the series (1.3) does not converge. For Grad's procedure 

of obtaining closure relations, in which the series is truncated by 

setting all the r,;.'s beyond a certain point equal to zero, we see that 
'l, 

this truncation is inconsistent with Bessel's inequality, at least for 

one flow. 

This conflict between the desire to use the representation (1.3) 
for f because of its subsequent mathematical convenience and the lack 

of convergence of the expansion (1.3) led to the development, by 

Baganoff and Elliott (1975), of the method of rational trnncation and 

coordinate straining for closing a system of moment equations. Since 

the object of the present work is to apply this method to the problem 

of shock-wave structure, the theory of the aformentioned paper will be 

outlined here to provide the necessary background for subsequent dis­

cussion. 

In order to develop a systematic method of closing any set of 

moment equations, an orthonormal representation for the distribution 

function of the form 
(X) 

( 1.5) 
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is chosen because the set of coefficients in a truncated orthonormal 

expansion is the best approximation in the sense of least squares; 

here, the~ .'s are some suitable orthonormal set. With this represen-
J 

tat ion, Bessel's inequality becomes 

k 
<t::.t, eit> ~ I a . 2 ( 1. 6) 

j=1 J 

and thus guarantees convergence of (1.5) (in the mean-square sense) 

since tif=f-f<0> must be square-integrable in any physical problem (the 

terms f 2 ,ff<0>, and f(o) 2 must yield finite values when integrated over 

all V). Using the representation (1.5) for f, a system of moment 

equations in the a.'s could be formed. Representing this system by 
J 

.qi (al'a2 , ••• ) = 0 i=1,2,... (1.7) 

and truncating after K equations, we see that the process of closing 

the system by setting 

a = 0 n n >K ( 1 • 8) 

is a rational approximation as shown by Bessel's inequality (1 .6). 
Unfortunately, the system (1 .7) wil l not in general contain the con­

servation equations, which must be satisfied at every level of trun­

cation. However, the rational truncation procedure (1.8) can still be 

applied even if the system of moment equations (1.7) is not used. For 

example, if the system of moment equations 

i=1 , 2, ... ( 1 • 9) 

is chosen, where the s•'s are the moments appearing in (1.3), then the 
'l, 

rational truncation procedure (1.8) can be applied to the system (1.9) 

since the two sets of moments are related by a linear transformation 

co 

s. = ""T .. a. 
'l, ? · 'l,J J 

J=1 
i=l , 2, ..• (1.10) 

Upon substitution of the closure relations (1 .8), the transformation 

(1 .10) can be solved to obtain closure relations in the s• variables. 
'l, 

This process is more easily seen if (1. 10) is written in matrix form 

(1.11) 
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where TA is a K by K submatrix of (T . . ) and the vectors z:O and a 0 are 
1,,J 

of length K. With this notation, the closure relations (1 .8) become 

and, on substitution into (1. 11), the following approximate matrix 

relations result: 

z:O = TAa O 

Z: * = T aO 
B 

From these it follows that 

(1.12) 

(1.13) 

Thus, for the system of moment equations (1.9), the necessary closure 

relations are given by (1. 13) where these relations are a direct con­

sequence of the rational truncation of (1.5). 

Since the form of the representation (1.5) for fallows a choice 

for the scale of the $ . 's that differs from the scale of the local 
J 

Maxwellian, we see that a clever choice of this scale may improve the 

efficiency with which the series (1.5) represents f. In other words, 

the $.'scan be assigned t o have, as their arguments, new dimensionless 
J 

velocity components W. which can be related to the original velocity 
1,, 

components V. in a manner dictated by the particular problem. 
1,, 

In summarizing the method of rational truncation and coordinate 

straining, it should be noted that the important step is the use of 

an expansion for fin terms of an orthonormal set$, so that the trun-
J 

cation procedure will yield rational closure relations. The further 

idea of coordinate stra ining serves to accelerate the convergence of 

the representation for f and thus may be valuable for achieving a 

physically realistic solution at a low level of truncation. 

We now proceed to describe the application of this method to the 

problem of shock-wave structure, and specifically to the singular-point 

analysis as formulated by Elliott and Baganoff (1974), the details of 

which are reviewed in Chapter 2. In Chapter 3, we restrict the present 

general discussion of the method of rational truncation and coordinate 

straining to the case of one-dimensional flow, and introduce the 
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machinery necessary for numerical solution of the singular-point prob­

lem; this constitutes the bulk of the presen~ effort. Results of the 

calculations are displayed and discussed in Chapter 4, while Chapter 5 

contains brief suggestions for further development of the general 

method. 
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CHAPTER 2 

THE PROBLEM OF SHOCK-WAVE STRUCTURE 

A steady, normal shock wave in a perfect, monatomic gas is a simple 

non-equilibrium situation in which the mean properties of the gas vary 

greatly over distances of the order of a mean free path. Because of the 

degree of non-equilibrium involved, the problem of shock-wave structure 

provides an excellent test for any method of closing the system of 

moment equations. Also, the shock wave has the desirable feature that 

the region of non-uniformity is bounded on either side by a gas in 

equilibrium, as opposed to solid walls, and thus ~he problem is not 

comp! icated by the details of gas-sol id interactions on a molecular 

scale. 

In order to demonstrate the effectiveness of the method of rational 

truncation and coordinate straining in closing a system of moment 

equations, it is sufficient to study the flow in the upstream and down­

stream wings of a shock wave, because it is in these regions that con­

ventional methods fail (Elliott and Baganoff 1974). Restricting our 

attention to these regions greatly reduces the complexity of the prob­

lem, since many terms drop out of the analysis; the nonlinear features 

of the flow are nonetheless retained. 

In studying shock-wave structure, it will be convenient to adopt 

an approach employed by others, such as Gilbarg and Paolucci (1953), 

and consider the fluid velocity u, rather than the spatial coordinate x 

as the independent variable. With this substitution, the solution curve 

for a dependent variable such as temperature is terminated at each end 

by a singular point. The upstream, or supersonic singular point is 

fixed by the upstream flow conditions; and the downstream singular point 

is determined by the Rankine-Hugoniot equations, which relate the flow 

conditions on either side of a shock wave. It is at these singular 

points that we wish to determine the direction of the tangent to the 

solution curve, for each dependent variable. 
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Rather than present a detailed development of the system of moment 

equations to be used, it will be convenient to simply outline the 

procedure in order to preserve continuity of the present discussion 

regarding the application of the method of rational truncation and 

coordinate straining to the shock-wave problem. For a more complete 

development, the reader is referred to Elliott and Baganoff (1974). 

For a steady, normal shock wave, the Boltzmann equation (1 . 1) can 

be written (using u as the independent variable) in the form 

a a (pf) 
x au 

= C( pf) 
du/ dx 

(2. 1) 

A more useful form of (2 . 1) can be obtained by transforming from the 
+ + (+ +) . laboratory velocity a to the thermal velocity C= c-u . As shown by 

Chapman and Cowling (1964) , this transformation gives 

(u+c ) [a (pf) 
x au 

_ a (pf)~ = C(pf) 
aCx J du! dx 

(2. 2) 

where now f=f(C,u). 
For the purpose of t he singular-po i nt analysis, we wish to take 

the singular-point 1 imit of (2.2) . Although the left-hand side presents 

no difficulty, the right-hand side is i ndeterminate at a singular point, 

so L1 Hospital 's rule must be employed . Details of this manipulation 

are given in El 1 iott and Baganoff (1974); the final result is 

for s=l (upstream) or s =2 (downstream). Here 

h . = [...!!_ a (pf)] 
s - P f'O/ au J s 

, 

~ - d- 7._ + -½ ) M8 =u 8 (2RT8 1 , V=C(2RT
8

) (note the suppression of s, and J is the 

(2. 4) 

familiar linearized collision operator (Cercignani 1969). The quantity 

w
8 

is related to certain moments of h8 (the explicit relationship will 

be given in Chapter 3) . Therefore (2.3) is a nonlinear integral 

equation for h
8

, and direct solution is impossible. We shall proceed 

instead by the moment method, as discussed in Chapter 1. 

By restricting the discussion to t he case of Maxwell molecules 1, 

1Maxwell mo lecul es are de fi ne d as havin g an intermolecul a r fo rce 
which is inversely proportional to the fifth power of the separation 
between molecules. 
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we can follow the method of Wang Chang and Uhlenbeck (1952) and, in 

analogy to (1.3), formally write 

hs = 'IT¾ I E;rz.i.µrz. 
r, Z. 

(2.5) 

where the i.jJrz.'s are eigenfunctions of J as defined by Wang Chang and 

Uhlenbeck (1952) and the coefficients ~rZ. are eigenfunction-moment 

derivatives, to be determined. A partial 1 ist of the eigenfunctions 

is displayed in Table 1. Substituting( 2.5) into the fundamental 

equation (2.3) for h8 , multiplying by i.µr,z.'exp(-V2) and integrating, 

we obtain the infinite system of moment equations 

(2.6) 

where 

MrZ.,r'Z.' = f vxexp(- v2 )i.µrZ.t/Jr'Z.'dV 

b rZ. = 27T -}'4M
8 
J Vx (M

8 
+ V x) exp (.:. v2) l/Jrz.dV 

and where ArZ. is the eigenvalue corresponding to i.jJrz.· It should be 

stressed that although (2.5) was used as a formal convenience in ob­

taining (2.6), the validity of (2.6) does not depend upon the conver­

gence of (2.5). In fact, (2.6) is an exact system of algebraic 

equations in the ~rz.'s. However, we recall from the discussion above 

that (2.6) is nonlinear because of the presence of w
8

; and thus 

solution by computer is required. 

Before proceeding to the mathematical details concerning the 

solution of the moment equations (2.6), a comment regarding the small­

perturbation assumption implicit in (2.3) is appropriate. Although 

it may seem that this assumption would imply convergence of (2.5), 
this is not necessarily true, since even near a singular point where 

l~fl is small, we may stil 1 have l~f/f'o>I ~ 00 as V ~ 00 • Thus the same 

difficulties can arise with (2.5) as with (1.3). 
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TABLE 1. First nine of the eigenfunctions of the linearized coll is ion 

operator for Maxwell molecules and ordering of rand i with respect to 

a single subscript, i . 

i r i degree 
1jl • (2r+l) 'l, 

1 0 0 0 'IT-3/4 

2 0 1 1 (2)l;¾v 
X 

3 1 0 (2/3)½;¥4(3/2-V2 ) 
2 

(3 f½,rr""¾ (3V 2-V2 ) 4 0 2 X 

5 1 1 2 (5y-½/}f+vx(5/2-V2 ) 

3 
(2/1 s) ½_;}4 (sv 3-3v2 v ) 6 0 3 X X 

7 2 0 (2;15)t;}4(15/4-sv2+v4) 

8 1 2 4 (2/21) t;}4 (3vx2- v2 ) (7 /2-v2 ) 

9 0 4 ½(1osP'IT-}-4 (35v 4-3ov 2v2+3v4) X X 
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CHAPTER 3 

MATHEMATICAL DETAILS 

Before discussing the development of closure relations (1. 13) 

appropriate for closing the system of moment equations (2.6), we 

should point out that equation (1.10) is slightly more comp! icated 

than it appears . The formal procedure for obtaining this transfor­

mation is to multiply (1.5) by $i and integrate over V (noting that 

si = ($i,f>) . The result of this operation is 
co 

si- <$i,t'0'> = I<$·,<P->a. (3.1) 
j=l 1, J J . 

where we have returned to the single subscript notation for simplicity. 

Since the left - hand side of (3. 1) yields zero when i=l, and si when 

i>l, we must remember to replace si by zero in all relations explicitly 

involving s1 in order that we may use the simple notation of (1. 13). 

In view of the fact that convergence of (1.5) is guaranteed by 

Bessel 1 s inequality, and since coordinate straining can be employed to 

accelerate convergence, it is desirable to make the selection of the 

<P-'s on the basis of mathematical convenience. To this end, we note 
J 

that the combination [f4~]¼$. forms an orthonormal set and thus we make 
J 

the selection 

<P . (W) = exp(-W2 / 2)$ . (W) 
J J 

(3. 2) 

where the eigenfunctions $j(W) for a one-dimensional flow are given by 

$ (W) = rr, (Z+½) l¼wZp (cosa)i;Z+¼)(W2 ) (3.3) 
rZ [n(Z+½+r)!J Z r 

and are polynomials of degree 2r+Z. In (3.3), Wx=Wcosa, Pz is the 

Legendre polynomial, and 

is the Laguerre polynomial. When using the single subscript notation, 

it is assumed that the $rz 's are ordered in groups of increasing 2r+Z 

and, within each group, in order of decreasing r. This particular 
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ordering of rand l with respect to a single subscript or index is dis­

played in Table 1 and will be used throughout the pr~sent work. 

As a direct consequence of (3. 1) and (3.2), the matrix elements can 

be written explicitly as 

T .J. = jip. (V) ip . (W) exp (-w2 /2) dV 
i. i. J 

-+ -+ 
Here we relate W to V by a linear transformation 

3 
w. = LP .. V. 

i. j= 1 -Z.. J J 
i= 1 , 2, 3 

(3. 4) 

(3. 5) 

where the elements of the transformation matrix will be parameters 

chosen to characterize the flow. In writing (3.5) we have restricted 

ourselves to 1 inear coordinate straining since anything more complicated 

would be difficult to handle algebraically. 

Since the distribution function for a one-dimensional flow is 

axially symmetric in velocity space, a realistic form for the coordinate 

straining (3.5) is 

w = av 
X X 

(3. 6) 

where the subscripts x and J_ refer to the axial and transverse direc­

tions in velocity space, respectively, and where a and 8 are to be 

specified. For convenience in subsequent discussion we rewrite (3.6) as 

(3.7) V = ,-W 
X X 

where we have defined t-=a-1 and µ=S-1 • Under the straining (3.7), the 

expression (3.4) for T .. becomes 
1,J 

T .. = ,-µ2 Jip.(,-w ,µ W.l)ip.(W)exp(-w2/2)dW 
-Z..J i. X J 

Although the elements of the transformation matrix 

(3. 8) 

(T . . ) cou 1 d be 
-Z..J 

computed directly from (3.8), it would not be a practical approach for 

high-order computer solution of (2.6) due to the large number of ele-

ments which are needed for the closure relations (1. 13). A more 

efficient approach can be realized by defining a vector having elements 

k=l, 2, . .. 

where rk and l k have the values defined in Table 1. With the definition 
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(3.9), the eigenfunctions can be expressed in the form 

i. 

1jJ. (V) = 2 a .kek(V) 
i. k= 1 i. 

(3 .10) 

where the matrix of coefficients (aik) is lower-triangular. Due to the 

1 inearity of the straining (3.7), the vector t{v) is related to t{w) by 

the 1 inear transformation 

{3.11) 

where it can be seen from the relation 

that the only non-zero elements in row k of the matrix (wkm) involve 

the factor Alk multiplied by combinations of powers of µ 2 and {A 2-µ 2). 

Combining (3.10) and (3.11), we can write 

i N(k) 
1jJ • (V) = 2 2 a . kwkme (W) 
i. k=l m=l i. m 

and subsequently 

i. N(k) j 
T .. =Aµ 2 2 2 2a.kw1_a. Je (W)e (W)exp(-W2/2)dW. (3.12) 

t.J k=l m=l n=l i. Nil Jn m n 

With the further definition 

1T 
mn 

f"e (W)e (W)exp(-W2/2)dW rm n 

the transformation matrix (T . . ) assumes the form of a product of four 
t.J 

matrices, specifically, 

i N(k) j 
T' · = Aµ

2 2 2 2 °ikwkm1rmna~. 
t.J k=l m=l n=l J 

{3.13) 

where we have used the fact that 1r is symmetric, and where the matrix 
mn 

{a~)= (a.). Equation (3.13) is not yet suitable for computer evalu-
nJ Jn 

at ion of the matrix elements T . . , since the elements wkm are polynomials 
t.J 

in A andµ. However, by defining a vector i with elements 

(3. 14) 

in direct analogy with (3.9), the matrix elements wkm can be expressed 

in the form 



m 
= I~ s 

p=1 kmp p 

From this, it fol lows that 

N(i) 
T . . = ;x.µ 2 " y .• s 

~J ~1 ~JP p 

where the matrix elements 

p N(k) j 
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Y iJ"p - L L L aik~kmp rrrmia~ . 
k=1 m=1 n=1 J 

(3. 15) 

(3.16) 

are simply constants. Appendix A contains the FORTRAN computer program 

used to evaluate the matrix elements y ... Knowing these, it is a 
~JP 

si mple matter to evaluate the transformation matrix elements T . • , using 
~J 

(3. 15), for any particular choice of the straining parameters ;x. andµ. 

We now turn our attention to the way in which the closure relations 

(1. 13) are applied to a truncated set of the moment equations (2.6). 
Figure 1 shows the location of all non-zero elements of the (symmetric) 

matrix of coefficients in (2.6). The 11d11 entries represent the diagonal 

elements M8 (w
8

;x.rz.-1) and the 11m11 entries represent the elements -MrZ.,r'z.'. 

Truncation of the system at a certain order n is accomplished by 

eliminating all equations for which 2r +Z.>n . The structure of the matrix 

in figure 1 shows that the truncated system is not closed since the n th 

order equations contain ~rz.'s of order n+l (having, as their coeffi­

cients, elements of the submatrix C). However, using the closure 

relations (1. 13), we can write 

c~ (n+ 1) = CT JI Al ~o 

where s(n+l) is a vector of the ~rz.'s of order n+l. Thus closure of the 

truncated system is accomplished by deleting C and adding the matrix 

CTBTA, to the remaining matrix of coefficients for the n th order 

equations of the truncated system, as shown in figure 2. This is in 

contrast to the closure based on Grad's method, in which the ;rz.'s of 

order n+l are simply set to zero (rather than being related to the 

lower-order ~rz. 's). 

From the normalization off and the definition of the thermal 

velocity, it follows that ~oo= -1 and s 01=0, so the equation for r=Z.=O 
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2 is identically satisfied and can be discarded from the system. Thus, 

after closure at any order, there is always one less Erz than the number 

of equations, N-1, to be satisfied. The extra unknown is w
8 

and it com­

pletes the system. 

The solution of the system can be accomplished by isolating the 

second equation of the system, 

(3.17) 

The left-hand side of (3. 17) can be regarded as a function, o(E 10 ,E 02 , 

M8 ), and solution of the system can be achieved by using a Newton­

Raphson iteration process for finding the value of w
8 

that gives the 

optimum solution vector for the remaining set of N-2 equations in N-2 

Erz's, i.e., the solution vector which minimizes lo(E 10 ,E 02 ,M8 ) I. 
From a practical point of view, the nature of o{i; 10 ,i; 02 ,M8 ) makes 

it difficult to use an iterative technique for finding its roots. This 

problem arises because o{E 10 ,Eo 2 ,M8 ) is implicitly a ratio of two poly­

nomials of degree N-2 in w8 where, for example, N-2=10 for truncation 

of the system at order 5, and N-2=34 for truncation at order 10. This 

functional dependence gives rise to computational problems such as 

roots of o that lie immediately adjacent to asymptotes. 

A more practical approach can be achieved by not removing equation 

(3. 17) from the system, and noting that the determinant of the augmented 

matrix for the over-determined set of equations in the l;rz's must vanish 

in order that there exist a non-trivial solution. The technique, there­

fore, is to use the Newton-Raphson iterative procedure to find the value 

of w8 for which this determinant vanishes and then solve the system of 

N-2 equations in the N-2 unknown Erz's for this value of w8 • When the 

/;rz's are known, the quantities of physical interest can be determined 

from 

3 

2Here we have made use of the results A00=0 and b0 o=M8 • 

3seve ral of these transformations are listed by Elliott and 
Baganoff (1974). 



- 18 -

The FORTRAN program used to solve the system of moment equations for 

any order of truncation up to eleven is presented in Appendix B. 

Before displaying the results obtained, we note that the quantity 

w
8 

is defined by 

W8 - ;!2 hh 0
) s/~ ~:] 

8 

, 

where p is the pressure, A2=2-7406 ... is the constant defined by Wang 

Chang and Uhlenbeck (1952), and 

T o = ~ndu 
- 3 dx 

is the Navier-Stokes expression for the axial component. of the viscous 

stress tensor. Here n is the coefficient of viscosity. The stress 

ratio (-r/, 0 )
8 

will be very useful for displaying and interpreting the 

results. 
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CHAPTER 4 

RESULTS AND DISCUSSION 

Fol lowing the practice of Elliott and Baganoff (1974) we shall re­

strict ourselves to discussion of moment ratios which have been scaled 

with Ms such that they are bounded. We shall be particularly interested 

in the variation of the bounded ratio (M-2 ,/,0)s with the singular-point 

Mach number M . Since ,50 in a shock wave, this ratio must be non-
s 

negative in order that u decrease monotonically through the shock wave; 

thus, it provides a convenient way for determining the existence of a 

critical Mach number at which a solution becomes physically meaningless. 

The variation of (M-2 ,h:0)s with Ms for solution of the moment 

equations bdsed on Grad's closure relations is displayed in figure 3. 

The thirteen-moment level of approximation corresponds to retention of 

the first five equations of the system (2.6), as opposed to six equations 

for the third-order solution. For a given order of solution, two points 

appear for each shock-wave Mach number (i.e., upstream singular-point 

Mach number) : one corresponding to the upstream singular point (s=l), 

and the other corresponding to the downstream singular point (s=2). 

The point M8 =1 separates the upstream and downstream branches of each 

curve. A typical pair of upstream and downstream points for the ninth­

order solution is given by the points A and B, respectively. Several 

of the solutions are not shown downstream to avoid crowding and over­

lapping. Figure 3 shows that the downstream solutions based on Grad's 

closure relations have essentially converged by ninth order. On the 

other hand, the upstream solutions converge extremely slowly and all 

orders exhibit a critical Mach number. Although these critical Mach 

numbers increase monotonically with the order of solution, even the 

ninth-order results are valid only for M1 significantly less than two. 

Since only thirteen-moment calculations are practical over the interior 

of a shock wave, it is clear that computation of a shock-wave profile 

based on Grad's closure relations is not justified, except for the case 

of a weak shock wave. 
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To exhibit the improvement achieved by the rational truncation 

procedure over Grad's method, we consider the choice 

for the straining parameters since this selection corresponds to the 
' case of no coordinate straining. The results obtained using the closure 

relations (1. 13) for the case of no straining are shown in figure 4, 

where the bounded ratio (M-2T/T0) 8 is again displayed versus M8 • The 

solutions were terminated at thirteenth order for computational reasons; 

and a number of orders are not shewn for aesthetic purposes. Down­

stream, the results are virtually identical to those based on Grad's 

closure relations, while upstream, the results show significant improve­

ment. All orders still exhibit critical upstream Mach numbers, but for 

each order, the value of the critica l Mach number has increased sig­

nificantly over that in Grad's method. The fifth-order solution in 

figure 4 displays a peculiarity which arises in the present approach, 

but not in Grad's method, namely that certain orders of approximation 

have a range of M1 below the critical value over which no solution 

exists. This problem occurs primarily in the sixth and seventh order 

solutions for various choices of the straining parameters. Although 

the cause of this problem is not understood, it does not portend any 

great difficulty, since the situation corrects itself at higher order. 

As expected, we conclude from figure 4 that the solution based on an 

orthonormal expansion for the distribution function is an improvement 

over Grad's results, but the convergence upstream is still not suf­

ficiently rapid. We now turn to coordinate straining in search of 

further improvement. 

We recall from the discussion in Chapter 1 that, near the upstream 

singular point, the outer regions off may decay more slowly than the 

local Maxwel 1 ian fc0 , 'vexp(-C2 /2RT); the representation for f must there­

fore be able to simulate this behavior. To see how this can be done, 

we consider the case of isotropic straining (A=µ), for which the argu­

ment of the exponential in (3. 2) becomes 

~12 v2 c2 
2 - 2A2 = 2R(2 A2T) 
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The wings off thus decay in this case 1 ike a Ma*ellian at temperature 

( 4. 1) 

Equation (4. 1) shows that in the case of no strain (A=l) considered 

above, the orthonormal expansion doubles the effective temperature in 
A 

wings off; however, figure 4 indicates that a further increase in T 

is necessary for M1>>1. Noticing that the Rankine-Hugoniot temperature 

ratio across a shock wave (for a perfect gas) is given by 

and that T2/T1"vM1
2 for M1»1, we propose that T be identified with a 

t temperature T, where 

is the hypothetical Rankine-Hugoniot temperature ratio corresponding to 

ZoaaZ flow conditions. The corresponding selection for A (orµ) is 

given by 

(4.2) 

from equation (4. 1). At the upstream singular point, this choice of 

straining effectively raises the characteristic temperature in the outer 

regions off to the temperature at the downstream singular point. Since 

Tt➔T as M➔l, Grad's results are automatically recovered in the limit of 

a weak shock wave, as indeed they should be. At the downstream singular 

point no straining is really necessary, and this particular straining 

may even be undesirable, since T/T<l for M <1. However, no serious 
s 

problems are anticipated since convergence at the downstream singular 

point is generally quite rapid. 

The results obtained usihg the straining (4.2) are displayed in 

figure 5. The same orders are shown here as were presented in figure 4 
except that, downstream, the fourth-order solution is omitted for 

aesthetic reasons. Downstream the results are comparible to the previous 

results and comparison with the results based on Grad's closure relations 

shows that the present straining is not detrimental. In fact, the down­

stream thirteenth-order solutions are identical in the two cases. Up­

stream, the present solution exhibits dramatic improvement over both 
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previous solutions; and, for all practical purposes, the solution has 

converged by thirteenth order. The fact that the present solution is 

uniformly val id in the shock-wave Mach number and is correct in the 

weak-shock 1 imit is a consequence of the coordinate straining (4.2), 
and thus demonstrates the importance of the role played by coordinate 

straining. 

Although convergence has still not occurred at a sufficiently low 

order for accurate computation of a shock-wave profile in the case of a 

strong shock wave, the present thirteenth-order solution is essentially 

exact and is thus valuable for drawing conclusions about the physical 

flow near the singular points. On the basis of this thirteenth-order 

solution, figure 6 presents summary plots of several quantities from 

which interesting observations can be made. The curve for the bounded 

stress ratio (M~T/TD) 8 in figure 6 shows that the Navier-Stokes rela­

tion T=To has approximate validity only for M
8

=1. For strong shock 

waves it is grossly incorrect since the figure shows that T~M12TD at 

the upstream singular point, while T<<To at the downstream singular 

point. Also shown in figure 6 is the bounded heat-flux ratio (M2q 0Jq} 8 

where 

qD = -k(dT/dx) 

is the Fourier relation for the heat flux q. Comparison between the 

result obtained from the solution of the Boltzmann equation and the 

Fourier relation q=q 0 shows that the Fourier heat-flux relation is also 

approximately valid only for weak shock waves. For strong shock waves, 

we see that q~M1
2q0 at the supersonic singular point, and q=-2q0 at the 

subsonic singular point. The remaining quantity in figure 6 is the 

bounded temperature derivative, [M-2 (u/T)dT/du] 8 • The crossing of the 

axis by both this quantity and the heat-flux ratio at M2=0-700 (which 

corresponds to a shock Mach number of M1=1.55) is indicative of an in­

teresting physical phenomenon, namely that, for all shock waves for which 

M1~1-55, the derivative (dT/du) 2 is positive. This implies that a tem­

perature overshoot exists on the subsonic side of a shock wave (i.e., 

there is a region in the flow where Tis greater than the Rankine­

Hugoniot value T2 ). The existence of temperature overshoot can also be 
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concluded from the downstream results based on Grad's closure rela­

tions, and from the work of Elliott and Baganoff (1974). 
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CHAPTER . 5 

CONCLUDING REMARKS 

Application of the method of rational truncation and coordinate 

straining to the singular point analysis in a shock wave gives results 

which are uniformly val id at the upstream singular point and therefore 

superior to anything previously available. The use of an orthonormal 

expansion for the distribution function leads to rational closure 

relations; however, the additional procedure of coordinate straining 

is important in that it allows rapid convergence of the expansion, up­

stream, by introducing a reference temperature sufficiently high that 

the expansion produces a reasonable model of the outer regions off. 

The solution based on this "temperature straining" shows that the 

Navier-Stokes and Fourier relations (i.e., first-order Chapman-Enskog 

results) are not valid at the singular points in all but the weakest 

shock waves and confirms the existence of temperature overshoot in a 

strong shock wave. The thirteenth-order solution is exact for all 

practical purposes and thus provides accurate boundary values which 

would be useful for guiding numerical solutions of the Boltzmann 

equation for shock-wave structure, since most numerical error develops 

near the singular points. 

We recall tha•t our selection (3.2) for the set of orthonormal 

functions was based on mathematical convenience. From a physical point 

of view, this selection was particularly appropriate since the ~-•s 
J 

resemble the eigenstates of the quantized harmonic oscillator and there-

fore cannot easily represent the functional form of ~f with just a few 

terms of the series. A logical extension of the present work would be 

to improve the selection of the orthonormal set in an effort to achieve 

a nearly-exact solution at the thirteen-moment level for the purpose of 

computing shock-wave profiles. 

The application of coordinate straining in the present work was 

shown to be quite valuable. However, analysis of the nature of the 

outer regions off would contribute greatly to improvement upon this 
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work by allowing selection of the st raining parameters to be made on a 

much more rigorous basis. In particular, a better understanding of the 

relationship between the nature off and the appropriate . choice of . 

straining would be valuable when applying the method of rational trun­

cation and coordinate straining to other flow problems. 
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APPENDIX A 

FORTRAN PROGRAM FOR COMPUTING THE MATRIX ELEMENTS tizn 

This program computes the matrix elements y. 1 defined by (3.16). 
1,1.,n 

Sufficient elements are computed to allow closure of the system (2.6) 
for truncation as high as order 11. The matrix elements needed for the 

twelfth and thirteenth order solutions were obtained using a stream­

lined version of this program restricted to the case of isotropic 

straining only. 

A general outline of the program is included at the top of the 

listing and more specific information is appropriately distributed 

throughout the listing. It should be noted that the Sonine polynomial 

s<rJ which appears in the program is simply the Laguerre polynomial if,+½)_ Z+½ r 
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C THIS PROGRAM CALCUL~TFS Tl-'€ VAT~IX ELE~F.NTS 
C 
C GAM~4(I,L,Nl=ALDHA( I,J)~~H!(J,K,N)~DI(K,M)•~LCHA(L,H) 

C 
C Wl-' ':f;=. , HeOE', TH"' EL~M l:N TS OF GA" '•1A(I,L,I\) FC~ ': .~(:H p,qQ 'JF A~~o L I\OE 

C SToq~o T ~MPOO APJLY rN THE vccT JR G(N) AI\D PUT ON TAPE FOR use IN THE 
C 0 S~QCK-WAV~ P~OG ~ AV"• 
C 
C T~E FCLLC WING . NOTATI ON IS USED: 
C 
C ACJ,J)=ALPHA(I,J) 
C 
C PCI,J)=PI(T,J) 
C 
C A1,.,.,Q7 HIE ""-CI'H'NS ! ON AL Af:lQf, YS Ci:NTAI"JING TH!:: f3 L CCKS CF 'lCN-
C Zf ~S ELEM~NTS nF PH!(J,K,N) 
C 
C S( M,N,I) AQ E THf CCEFF!CIF NTS OF THE SONII\~ PCLYN~~IAL WITH 
C SU~SC~IDT L+l/2= N-1+1/2 A~D SLP=qsc~IPT R=M-1 
C 
C WP(N,K) AqE TH~ CO E FFICIENT~ CF T~~ LEGENCR~ POLYNG~IAL OF CQCEQ 
C L=~I -1 
C 
C TH E ~A Jn P ITY CF CCMDUTATi nN5 II\ THIS ~RCG~AW A~E CONE USING INTEGER 
C AQ JTH~FTIC, ':XCFDT F □ o T HE FJN!L V~T Q !X ,VULTI~L!CATION. THIS ~AS 
C ACC O~PLI S Hfn EY OVJT~I NG TH F N~~M ALI Z ATI CNFACTOQ FR O~ TH~ RO~S QF 

· c A( I,J) AND 8 Y I ~nr. ,J ';UCJNG VE:CT Jc;s OF " D IV ID II\:(: F/ICT □ ::.s 11 (I.E •• LO\>l':ST 
C CQVW0 ~ D~I\OMINATQ~S) F ~OM T~ E L~GE"JCRf Al\n 501\IN ~ POLYN□~lALSe TH~SE 

r FACT ~ ~<; ARf ~FPLACE~ IN THF FCLLC ~ -UP ~~CGRAM WH':N T~': TOUNCATEn 
C SY STE W OF MC~ <=I\T ~OUATIONS IS CLCSEDe 
C 

IMPLICIT INT fGF.:;, (A-Zl 
o;:,/IL "R A(ag,4<:;), ~ 1(t,1,ll,e2(2,?,2l,R::C:,:.::l,El4(4,4,4l. 

&9':'(~,5,") ,['(, Cf:, '$ ,f-l ,g7(7,7.7l ,G(2el ,P(49,49),t;l•Q~,S(7,13,7l, 

&~ 0 c1~,7l,t;3,Z EQC (2B) 
DIVENSION DFS(7) ,DF(4 9 ),fSIZ~(ag), RI(49l,EF(23),P~(49), 

f,D W X ( 4 9 l , ': C ( 4 9 ) 
C(YVCN/AOEAl/ A,WD,CF 
C CM M~ N/A~':62/ D,P~.Pwx.~o.rwax 
CCM"'CN/AREA3/ S,DFS 
0/ITA et,82.P,,A4,8E, B6 ,87/t.DC,783~C.C0/ 

C 
QP.('>:Q = 1 2 
I WA X:49 
LMAX=42 
N"'AX=28 

C INP UT (QF<=FICfEI\TS CF LEGf~cpc PCLY/\C~IALS 
00 2 N=l , t :'I 
P(AC(5,1l (W::>(N,Kl,K-=t,7) 

F'QG•A~T( 4O2C.9) 
?. CC/\:TINU'.: 

C PJDt.JT FLEV=NTS 'lF T C:P PL61':FS CF '3 LCCK MATC:!C ': '5 92,~o,,97 

C 

O f'Jlr) (",3) 

C: ':' f\0(5,"') 

r:; E AG( 5 , 3 l 
q fAC(':o ,:) 

O<=AD(::,3) 

C::ct.OC'>,"") 

(( 9? ( 1,t<,-.:J , N= l ,?l,K=l,21 
( ( 9 3 ( ! , K, '-.:) , N= 1. , 3 l , I<= l, 3) 
( ( ~ 4 ( 1 , K , I\) , N = ! , 4 l , K = l , 4) 

(('Ei C! ,K, N ) , N= l ,"' l,K=l, ::1 
(( P,S (J , K , !\/ l ,N ~ J , t ),1<=1,6) 

( ( '1 7( 1,t<,N) ,"J=l ,7),K=l ,7) 
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C 
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C 
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C 
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C 
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10 

t 5 

'.20 
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,5 

ll.') 

45 

DO 35 J=t ,6 
DC :'O K=t ,6 
DC 25 N=l , 6 
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J~(N.GT.~ . ~R. K.GT.2 . or. . J,GT.2) GOTO 5 
A3(J+l ,K+t , N +t l= f.';:' (J,t<,N) 

IF(N ■ GT ■ 3 . ~~~ KoGT.3 e O~ , JeCT. 3 ) GCTC lC 
P4 ( J + t , K -+ 1 , I\J + 1 l = P.-, ( J, K, N ) 

JF(NeGT~4 1 GQ 0 KoGT.4 .r~. J,CT,4) GCTO 15 
9 5 ( J + 1 , K-+ l , "I+ l l ='3 ll. ( J, K , "I l 
JF(NeGTo5 .oq. KeGTe5 e 0° e J ■ CTe5l GO TO 20 

Rf-(J+, ,K-+1,i'.+1 )= '-'C:: CJ,K,N) 

f:17(J+1 , K+1,N-+l ) =':'t:( J,K,N) 

CONTINU:-

Cr)NTI"IUE 

CCNTJNUE 

IN PF(N), ST~Of TH ~ V~LU : OF TH E E LCCK FYLE IND EX (IoE ■, TH!~0 
SURSr.~JPT OF T~ E APC~QPPJATc f LOC~ MATRI X) ccqqEs0 oNOING T'l TH= 
FILE INO :: l< N cc:- GA).111.:l. (I,L,I\) 

':IS= 1 
':JN=! 
DC 45 N=l , Ni'>'AX 
!'>F (N) =8N 

I<=(BNeE0. 0 5) G~TQ 40 
R1'=J'lN+l 

(;r"T') 4 5 
"lN=l 

95=!35+1 
CONTINUE 

STrJRE TH!: E'LOCK ;:;c ,,i IND!CES JI\ 2I(I l: STOR':: ..-_HE BL'JCK SIZES l"' 
"1SJZE(J); STor.1:: THI: PC w::c; TC wH!CH Tt-'F. VFLCJCITY \VIS R .AI SE r: (I.E., 

2,t"Q") IN P'i/(I) ,lNC TH ': ocw=R ;(' l'of-'TCt-' ITS X CO'~PS'IPf\T IS R .AISEO 

(lefe, "L") II\ D •-'IX (Il A_cior,>QPF.JAT:,: TC TH.:: !'TH Cf'J"'1P'lN":'IT QF TH~ 

V f: CTC1 R E: LET Ef;(!l P. :: 0 JI= Tf-'c: C f;') F.C. "2R+L" OF THE: !'Tl-' RO '.~ IS 

":Vl:N />Nf) t IF I T IS '.)00 

~5=1 
RN=l 
qCNT~=1 

"lw=O 

"I\~ X=O 
l"C f-0 I=l ,IMAX 

nw(I)-=NW 

'11/iX ( I )=N WX 

Cf"'( I l =PC"-JT'<-t 

'?I<Il=FN 

<>c::tZ=Cil=F.5 
IF(BN.~0.8S) Gora 50 
F.iN=':!N+ l 
NW=f\W-2 
NWX=Fl,WX+2 

GC'TO 60 
~I) RN= l 

yc( PCNTR~=O ■ ? ) GOTO 55 
9(~JTR=2 

'J W = 2 * ( f-' 5- t 
f'. ' WX=t 
GC'TC foC· 

'5"' n(NTR= 1 
Nw=2"'BS 

NWX=O 
A$:'3C::+l 

6C CONTTI\UE 



C 
QEWJNC 4 

CALL 5CPCCO(O~DfPI 
C~L L CALCA 
CALL CALCF 
DO 70 JJ-=t,2q 

70 ZfPO(JJ)=OoCO 

wr.rr~ <f ,~O> 
ec F(IR"1AT( I!.) 

OC t150 I=1.I"1ilX 
F:C- 1 =FC( I) 

7.1=8SIZ!:':(I) 
ZIP=( 71+1 l "-Z I/2 
KEM)=I +ZI-F.'I (I) 
DO 400 L=1,L "1 AX 
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( SKID (CUPUTAT!O"l OF ~ATCIX ELF~ENTS ~HICH AQ[ ID ENT ICALLY ?E~~ DUE 
C T O TH F ~ V E N-OCO CHAPACT~R □ F THE E IG ~NF UNCT!CNS 

TF( F CT +FC (Ll,.I\Eol) GOTO <;5 

WRITE (4) ZERO 
WQITE( f. , 90 )!,L 

o O F O o -~ 11 T < , o , • , "" v. ~ ~ < , • 1 2 , , • , , r 2 , , • N > , / < , , , , 

GC'TIJ 400 
g5 no ~50 N=l,N~AX 

o,-:o. DO 
TF( NoGT.ZIP) GO TO 33C 
PF"l=BF(N) 

( c:VEN-0,)0) •)) · 

C SKIP F L E"1EN TS QF MilTRIX P~CCUCT A(l,J)*PHl(J,K,N)~P(K,M) ~HICH 4RE 
C lDENTICAL LY ZEQ" 

TF( E CI+FO(V).EO.l) GO TO 200 
C2= 0 oCO 
')O 2"'0 1<-=t ,KEND 

C SKIP MtT~IX "IULTIPL!CATION INVOLVING EL. FMENTS OF P(K,M) WHICH ARE 
C IDE~TICA LLY ZEQn, 

!F(f.lJ(K)+FO('-l)o~0,11 GOTD 2~ 0 
l?IK-=E1I(Kl 

Z=PSTZE(Kl 
X=(Z-J ) >i<Z /~ 
IF(NoLT ■ X+AFN) GOTO 250 
IF(NoGToX+Z) GOT~ 250 
P,=o.co 
Y=K-'311<+1 
G CT O ( 100 , 11 0 , 1? !', 1 3 0 , l a C , 1 F C, 1 6 C) , Z 

100 nc ! 05 J=Y,K 
QJ:t.(I,J) ·•81(EI(Jl,8IK,8FI\) + Rl 

JOS CrNTINU~ 
GOTO 200 

\1() !')0 1 1~ J=Y,K 
r, }:A(I,Jl~~2(EI(J),EIK,EFN) t Rl 

11 5 C'.'JNT I_NUF. 
GOTO ~co 

1?0 ~O 1 25 J=Y,K 
"l= ACI,Jl"-9'.'1('=I(Jl,PIK,F3FN) + RJ 

12 5 CON T INUE' 
GOTO 200 

130 nn 13 5 J=Y,K 
"l=A(l,Jl~~A(EI(J),EIK,BFNl + ~1 

13': CO\ITJNUF 
GOT!") ?.00 

140 f'>C 145 J=Y,K 
o l = fl ( I , J I "'"3 5 ( "' I ( J I , Q I K , ~l F N I + R 1 

14 5 CC"JTINUE 
GOTO 200 



C 

C 
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150 DO 155 J=Y,K 
R!=A(I,Jl~86(EI(Jl,EIK,BFN) + Rl 

155 CONTINU!:'" 
GCTn ?.CO 

160 00 16~ J=~,K 
Rl=A(I,J) .lre7CEI(Jl,P.IK,f1FI'! ) t Ql 

165 COI\JTINUE 
200 R2=R1~P(K,M)+P2 
250 CONTINUE 

P3:P;?·tA(L,,-,)+f:3 

~00 CC'MTJNUE 
330 G("-il=c;J 

350 CONTINUE 
WP I Tf. ( 4 l G 
1, r. r Tf: c 6 • 1 e o 1 1 • L 
W JC IT~ ( 6, -. 7 0 ) ( G ( N) , N = l , ZIP) 

~~0 FOR ~ 4T( 1 0 1 ,' G A"'YA(' ,12 ■' , 1 ,I2,',N) 1 ) 

370 F!)PIAAT ( I 't '5F20 .. ?.) 

~oo CONTINUE 
450 C ON T INU!:: 

':N[)FILE 4 
RE~1 I ND 4 

w·=nrFU-,5001 
5 0 0 F O c; ,_,, A T ( ' 1 • ) 

ST'1D 
END 

C CCMPIJT!=" "N FACTO "< IAL" 
INT f.GF. P FUNCTION FAC(N) 

FAC=I 
TF(NeECoO) G~ TO 10 
DC 5 I=l,I\ 
FAC=FAC* I 

5 CONTINUE 
10 PET UR N 

~Nfl 

C 
C 
C COMPUT~ "N DOUEL~ FACTCRIAL" 

C 
C 

DOUBLE PPEClSION FUNCTION rF~C(N) 
nFilC=l• 
DO~ I=t,N,2 

5 OFAC=DFAC-.I 
l=f:TU~N 
ENfl 

C COMPUTF SONTN': PnLYI\OYJtL CO~FFICIENT5 
SUP.~OUTII\E SOPCCO(C~DER) 
y,-,DLICIT INT EGER CA-Zl 
P E AL~8 5(7,13,7),DFLOAT 
DT~FNSICN DFS(7) 
CC MMQ N/AR~A 1 / S,DFS 

'-'"'AX:7 
f';VAX=Ci:DEl=<+l 
DC ?0 ,-,=1,~•MAX 
R:•J -, 

'10 15 l\=1 ,!\;,-,AX 
L =N-1 
f)r :o 1=1 ,M,.,t,\X 

J=I-t 
S (M,1',Il=O• 



C 

C 

C 
C 

IF(I.GT.•,1) 
((l"'Pl JT F I\I 

F=ACT'JR IftL 
Nl. =1 

f'I 1 = 1 
K=L 
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GO TIJ 10 
ANC 01 SUCH T~AT Nl/0\=(L+t/2+~) CACT OR IAL / (L+l/2+J) 

4 IF( (~+ K l.LT. (L +J +I) l GO ro R 
"-11 =N 1 • ( 2* ( K +Q ) + 1 ) 
1')1 = 0 1 -+2 
K=K-1 
GO TO 4 

Q DENCM=[ll*FA((J)~FA((Q-J) 
!F(J.FO,O) OF= S ( ~ l=r:> ~NCM 
S ( ~~ , ~, , I ) :::: D F L rJ AT ( C -1 l -. • J HH '! ( G F 5 ( M l / [l r I\ a~ l ) 

10 CONTINUf 
1 5 C'JNTJ"JUC 
20 CCNTII\U !': 

t::;f:TUON 
FNO 

C COWDUTF M~TQ IX ELE~ ~ NTS A(!,Jl 
5lJ':' Qi:JUT!NE CALC A 
fWP L ICIT INTEGFr.(e-~,T-V,X-Z) 
<::::ll L *9 ~D (l~,"'), S (7,'. 3 ,7),A(A 9,49 ) 
OIM ~ ~SICN I~AT( 7 ,1~),DcP (l 3 ),CFS(7l,DF(49) 
CCUt,J~N/AQFAl/ A , ~P ,OF 
((U"' CN / A~EA~/S ,DFS 
C'i:;DEQ-= 12 
C'O 4 J =t ,4<; 
DC 2 1=1,4 9 
A(I,Jl=l'.l~ 

2 CONTINUE 
4 CC'NTINU':: 

DC 20 N=l,1~ 
OFD(N)=O 
r:>r 1 0 K=l , 7 
DFD(N):DCn(N)+~n(N,K) 

10 CON TINUC 
20 C'.JNTINL:E 

ICNTR=C' 
!.'•~A X=l 
1'!=1 
V::::1 

IMAT(M,N)::::t 
~0 I=! V AT(\!,"I) 

OF( t )::::D>=P(l\l,.CF S (M) 

'):] 50 K=t ,7 
re ( N-;?-.K+1. ■ LTo0l Gel TO 50 
1)0 40 J=l ,,._. 
A(I , I"'AT(KfJ-1,"J-2 6 K+?)l=S(~,l\,J)-+WP(N,K) 

40 CGNTI M/F 
50 CON T INU"c 

rr::- ( MeFOot l GC TC B O 
M=~•-t 
N=N +2 
I WA T ( "' , N l = T t,, AT ( W + l , 1\- ::> l + 1 
GO T CI ~O 

<10 !"' ( N-l ■ Ec . r: q cEF;) Gr. Tn 100 
IF ( ICNTR.r:::o. l l Ga T(l 90 
I C~JTR= 1 
M::::MV.I\X 



C 
C 
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N=2 
TMA T ( M,N)=TWAT(t,2 • VMAX -l) +l 
GO TO 30 

9 0 •J. '1 A X = I✓• M A X + 1 
N=1 
"4:M V JU< 

JMAT(~, N )=IWAT( t , 2*lv"'AX - 2 ) +1 
ICNTP=O 
GO TO 30 
EN D 

C CO MPUTf MAT~ tX ELE~=NTS PCK,V) 
S UB P ~ ~TIN E CAL CP 
TWPLIC IT INT ~ Cf~ (A-Zl 
QFAL~R D~AC , 0 ( 49,49 ) 
')!Vf: NSIC"J DW(t+Ol ,o 'AX (u. <; ) , E'J (4 0 ) 

CC~MON / A~EA?. / o ,o ~,PWX , ~O ,I MAX 
DC ?.O K=l •IMAX 
C'O 1 0 ~~ =1,IMAX 
IF( E C(K)+!:C(M)eE0.1) ( CT !J 5 
P ( K • ~-1 ) = D F AC ( P 'N ( K l + PW ( r.1 ) +P W X ( K ) + P ,1 X ( Iv ) + 1 ) / ( D W X ( K ) + P 'Ii X ( M ) + ! ) 
GOTO 10 

5 D(K,~!)=O. 

10 CONTiisJLJ':': 
?O CCNTil\:U':: 

l?C"TlJQ!\ 

END 
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APPENDIX B 

FORTRAN PROGRAM FOR SOLVING THE SYSTEM OF MOMENT EQUATIONS 

This program solves the system of moment equations (2.6) for trun­

cation at orders 3-11 inclusive. Either Grad 1 s closure or closure 

based on the relations (1.13) can be specified. The matrix elements 

y . . k needed for the closure relations (1. 13) are read from the tape · 
~J 

output of the previous program. A streamlined version of this program 

was used to solve the system for truncation at orders 12 and 13. 

As with the previous program, a general outline is included at the 

top of the 1 i sting and more specific i nformation is appropriately dis­

tr i buted throughout the listing. It should be noted that this listing 

is not complete in the sense that it does not contain a listing of the 

subroutine LINRD. Information about this subroutine can be obtained 

from the University of Victoria Computing Center. 



C 

C 
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C ..-1-il" pr.rc;~AM 50LV<:" Tf-' F " WAi'J:, CHAI\G" ~YSTr~ CF "l(;V!::"IT ECtJAT 10"-S AT THE 

C SINGULAR DCJ"ITS TN~ SHOCK wtvf. IT ALLC~S FC~ TCUNCATJ')N \T cqn ~R S 
C ~-1! [NrLU~JVE AN~ CL~S~S TH~ SY5TF~ ~ClNG Tf-<F " CA TY C~ AL T~U~C\TICN 

C ANr l"('rl"<[) INAT f:C ST~AT hJTNG PC. (l(F;nu.::i~ 11 WH F.RF TH E:: N '':: C:~'c -H>y CL'1 5•JC,'-: 111\T~lX 

C ELf. ,,1 1:: ,-..;-rc ARE cn,mu-rrcri EY AN AIJX IL JACY f"IP')C:PAM. Tl-<': O'.:T':~MINM4T '1= Tri:; 
C A U G ,.,;, f\: T °' fl M h T f'l I X I S L ~ E '"l T () I T '- t. l\ T I V i:: L Y f' f Tr. ::; ~ l'-,;:: W ( T • ': • • " Cl .., :: G ,\ 11 ) .. 

C 
C TH E F(LLCWING NO TATT C~S ~N~ CE F I~ITI C l\5 A~E ~SEC: 
C 
C AW 1 5 THE L EFT -~A NC - SIDf ~ATR IX OF CCEFFIC I~NTS 
C 
C AUG 15 Th E AU(MF"ITE~ ~ATCIX W!TH ThE R IGHT-HA ~D -5!~ ~ VECT C~ ~ AS 

C Ti-' != ADC> ITI CNl\ L COLlJ'•l'I >'-NC "E() U,",TJC"l ? " AS Tl-i ~ ACCITil)N'\L ~'JW 

C 
C TN C T AND TSTA q A~;= TH f' lJDP':::C AN() LQv-,': i:' S ~F. -•~,1Tr.;ICc:5, °<2:SP'.: C .. IV":LYo 

C AN C AQE ACH1i=:vc ~ FC,:"t.• :Hf PP)()lJ CT S rF GI\OT A1J 1J GST .AR WITH '!'I-'':: 

C VECTO ~ "5" F'JQ !: /ICH Of,J".· CF Vt.LUf S CF TH E STPt.{Pl;ll','j CAQAvE-r-'=;;5 

C 
C MS rs THE SINGULAP. PCP, T t1ACH "-U\1[: Ei:; .ANC TH': !'.'RC!G'~~ ... IS ~ UN F'".:R 

C VALU c.S OF VS c ~ ~ ~ ~ST A~T Tl) MST CD I~ STf.PS GF ~11\C 
C 
C ALF'A MS .A"-10 E'F. TA~S AQE ~TP.AI,.,_ 11\ G PAQJl~F. T EP.S e (TH~Y AC.E T r F. "L~VBDA•• 

C A"JD " 'All " DFF!I\F.n IN Tl-t r .,.H!=SISol T l-l::: FIV'.c AVAlL" !: LE STRAI"JING 

C rPTI ONS AR ~ rJ E TC G ~IN ~ D 9 Y Tr ~ VALU F. OF ISTR N AND , IN AOC!TIGPI;. 

C c;cao CLOSURF I S ACHIE"V""f) P. Y GIVTMG ISTPI\: T'-i :C:" Vt.LU ~ ') 

C 

C 

C 

C 

JVPLJCIT J:;":AL•P(A-H,S-Zl .l"'af(;F:-( 1-C.) 

OC/IL*A MS,VSTA~T,~ST~P,UTNC,RG □T56 

DIMENSIC'~ AUG(4 ,4l l,Jl '.~ ( 4J ,a1 l, F=> (4l l,CNQt;Y( <'\ 7 l, c: IG '< L(4O)o 

f,GNOTC21.21.21. ),r, srt..: (7, ?.! ,.;E) ,TA E:<D ( 2f: ) ,IEi:.X 0 ( 2':' l,ICF(471, 
f, L ~ A T ( a 7 ) • NM AT ( a 7 ) • p ~- AT ( 4 7 ) • TN O T ( 2 t • 2 l ) • Ts TA q { 7 • ~ 1 ) • z ':::TA ( 4 0 ) 

~OUTVAL~NCF(JIUG,AW) 
CCM~QN A-, e , ~ 1, P2,SCDT?,SO QT~3,MS,CP.DEP,I~~X,IIMAX,IFRNTC. 
rc~ ... C~/AREAl/ ~C( T~6.f IG =L 
C0MVON/AQFA2/ TN OT,TSTA~,~~AT,LMAT,c.~,r,rcrMT,DNCRM,tCF,I(RAC 
C(MUC"J/A RE t. ? / WFFG1,.,_,WST~ 0 .~~T~P,~DKNTP.,MF5TEP 
~CMVCN/A~FA4/ Z~TA,C~TJ\:XT,ITCCMP,tT~NTP 
cc~~C~/AREA<;/ NDUP(47),N 0 ~D 

Kr,I MG (I l=CJ/2+21•(I/?+l l/2 
AL PH Al (XI =1 .DO 

1:1 F T A 1 ( X ) : 1. • DO 
ALPHA2( X)= X/DSO ~ T(2e00) 
9ETA?(Xl=X/DSO~T(2.CO) 
ALPH~3(Xl=X/OSO~T(2eD01 
~FTA~(X)=\eD 2 / 0CQ RT(?.D0) 
ALPH~4(X)=DS0qT(X**2+:.DO)/~.DO/DSCPT(2.DCI 
~ETA4(Xl=DSOQ T(Xr*2•?•~0)/2a00/DSO~T(~e00) 
ALF A<=. { X ) = D S 0 ~ T ( ( X"'"' ~ +? • f' 0 I~- ( c; • 00 >ic X ;,1o ,. 2-1 •DC) ) / ( 4 9 C ')* C 5011 T ( 2 o ') ') ) ,. X) 

"I:' T Ac. ( X ) = D S ()', T ( ( )( .a • ~ + :3 • ~ 0 ) " ( <; • ['I) :t X ·;, • 2 -1 • n C ) I/ ( 4 • C') * CSOP. T ( 2 • C ') ) « X I 

JTP f)O V: 4 
ye;~ llf)C:-:c; 

Y OC' "' l T.::; : ':) 

WY•K=olfl-1)'1 
v. ') ll '·"' Y = 1 • C (' 
!GqAQ:() 

cr.r.T 7 =rsn r. rc,.no> 
$ O~ T2~=~S n RT( J , ~~ /~ ¢ ~ ~ > 
P0rT5~ =flSOPT( 5 o CO/ ~ , D0 ) 



C 

C 

C 

SUDPQ~SS U~OEQFLOW EPPO D VfS 5 AGES 
IEPN=2 Ce 
CALL tkFS~T(IERN,256,-1 l 

REAC(JPEACr.>,:;) I S TQN 
5 FC'f:'ll~T(l7X,l 2 ) 

IF( I STFN . F. 0 , O) IG >< AD= l 
IF( I S T P I', . C::O o O l IST RN =l 

P E ,AC ( IR f" ,\ C R , 1 0 I ( IO;::- ( I ) , T = 1 • 4 7 l 
10 FC PMAT(l 2 !f. ) 

PFAC(J PfACt::1,1 5 ) (EJGQL(J),1=1,40) 

1 5 i=nt::1MAT( ~025 ■ 1 f ) 

C.EAC( I l=-F.ACD , 2 0) O~OE P 
20 FOO~AT( ~X ,121 

NCPC>=C R l) ER 

C cc ~ FUT f TH E OJMC~S!CNS r:= T~ E va q 1 o us MATRIC f S 
!1,'AX=OPOl= R-l+( CP0~~ /2) * ( (ODCEF+ll/2) 
JJr-'AX=!"-1 /\X +! 

C 

I:, I~- = ( ?. "' ( ( c~ c~:: + I I / 2 ) - (') f< O::R / 2 l * ( ( C p~ F.P + 2 )/ 2 ) / 2 
IDI MGS: ( C~0~0 +~)/~ 
KIIAXGN=KDJVG(CFCER-1) 
K MAXG S=KD I ~G ( (} P S E R+ll 

C IN FMAT ( II , LV AT ( T) AI\JD ~ MAT (J). sr r:: •-~ THE VALU '::S QI=' R, L. AN:) 

C ?R+L C0°Q~SPO~n I NG T O THF S INGL ~ 5UeSCPIDT !o ( T~ES ~ V~L~E5 ~ILL 
C RE TWIC E OIS~LAC E D FQOM TH=Jo CGPR~CT VALLES SI~C E , ~Ec:iE, l G~FEPS 
C TO THF Raw ( Q~ ( OLUMN) OF T~ E L ■ H,S. MATRIX THAT HA5 HAC T~E l=JQST 
C TWO QOWS ANC COLU MNS DE~ n VEO) 

KN,F=O 
P=O 

L=O 
Dl,'AX=O 
D(} 140 I = l,4 -;l 

TF(loLE'o 2 ) G'l T O 110 
P °"AT ( I -2) :::P 

LI-IAT ( I-'.? I =L 
NMAT(I-21==2 :+";:, +L 
NDIJP( T-2) =2'6>P+L 

110 IF( ~ oECoO) GO TO 120 
P=R-1 
L=L+2 
GC TO 140 

120 lF(KNTR.EOoll GO TO 130 
KNT::/=1 

R:PWAX 

L=l 
GC TO 140 

130 Ql-'LX=Ft.'AX+l 

L=() 

R=PNAX 
Kf',;Tl:;:Q 

140 CONTINUE 
C 
C O f:AD THE r,JATQ IX c:L'::'1'::NTS • G.111,,1'-' 1\( I ,J,K I, FROM TAPE 

r. E W I~ C IT POP V 
I GN:::1 
I G S::: 1 
nc s o I = l ,49 
JF( 1-21 25 ,2 6 , 2 7 

2 5 LMATt=O 

GO TO ::>O 

26 L""ATI = l 



C 
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GO TO ::10 
27 LMATI=LMAT(I-2) 

30 IF( (Qc;Q ':A -LMAT! l/2•2 eNFe Or-DER-LI/AT!) GIJ T'.l 40 

DO "' 5 !J=l.42 
~5 r.f.:AC(tTPCP',) 

GO T11 80 

40 JGN-=1 
JGc; ·: 1 

DC' 70 J=\, ll2° 

IF(J-2) 4!:,4 6 ,A 7 
4 5 Lt,' ,\ T J = 0 

GC Tr:" 50 
4t LMATJ:1 

GC TO SO 
47 LI/ AT J=L"'AT(J-21 
50 IF((LVAT J-LMATI l/2 ~2 eEOo LYATJ-L~ATI) GO TO 55 

c;F.AC(JTOCAV) 

GC T 'J 7C 

5 'S IF( ToGTo[i\•AX+21 G0 T'l 60 
:::'!:AC ( n .oc ;; v) (G"I OT( ! GN .J GN .K) ,K=! ,K)IAXGN) 

JG 1':= JGN+\ 

GO TO f5 
60 °E"AD (IT PQ;:;V) (GSTA "l (IGS,JGS,K ),K-= 1,KYf.XGSI 

JGS=JGS+l 
6"i !F(.JGt-.,GTe!DIYT ,.OR o JGSoGTo!DI'IT) GO TO 75 

70 (:O~!T l"IUE 

7 <; !F(loC:Eal.MAX+2+ICI'-'GS) GO TC e5 
[I f) 7 '1 JJ=J,41 

7r Of~,('l!TPDRV) 

T!='( I-( 1~•11x+2 l l 77, 80 .713 

77 IG N= IGN+l 

GC T('J eo 
7f IG"'=!GS+t 
-'30 CCJNTI "IUE 
8 3 O~WlNC f TP QAV 

co F t.. C ( l R f A Cc- , ~ C I M ST I> '< T , ~1 ST r, P , ,-,. [ NC 

ao ~ cc~ ATC"'c2r.~> 
of A 'J ( I c; f A Co , 1 0 0 I •A':: G I "I , \\ST C P , w ST E.P , IJ F STE F 

100 F0~VAT(;020.8.It0) 

wr :? I G=WB':GI " ' 

C P~l"T INFC~Yt\TIC"I CCNCERNING THf USEc;•s C~OIC~ OF PAQ~~~TEQS 
wc;!T~(IPR"Tc;,410) CO~cR 

400 rr.i:-"AT( 'l'/'-' ,'G00~-1 QF snLUTION :',!41 

IF(~S TAOT ,G~ , t,CO) GO TO 420 
wr.rT~ (IPQ~T 0 ,410) 

AlO CQPVA T(•-•,•~CW\IST ~ FA~ Sl~GULA~ PCI~T•) 
G', TQ 440 

4?0 W~ TT E (fOO~TR,630) 

43:) i:-c:'?MO.T( ·-·, •uo~T-::'E"AM SINGULAR PCI~T') 
44 C I F ( IGQ.t.C o Nc: o l) GU ..,..0 4 -",Q 

WG~TF(!PONTh,45?) 

45 0 F cr.~ l.T( •-•, •t;PAC CLCSUki':' I 

G~ : n f-0 0 
4f 0 WGTTF (I~ R~Th ,470) 
47C i::-r, c:- •Jf,T('-',' S TP/\ l"J!"IG US": D: •) 

r;r T~ (4e0, 5 Q0. 5 20,~40, 5fO),ISTQN 
480 ~~lT" (JO~"TG,4 90 ) 
400 F 0 •~~1/\T(•o•,~x,'\1(1 S TRATNHIG (LA,., 00<\=l-'l.;= 1)') 

GC TO fOO 
50 ~ W~JTF(IP~NTC ,510) 
51 0 r. Cc; M AT ( • 0 • , S X , • I S ,-, T ~ 0 P IC S TI=- A l N I NG w l TH L ,A '-I u n A= '~ U =I~/ 5 On T ( 2 ) • ) 
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GO TO ~00 
5?0 \'IP I TF ( IP~NTI-, 5-.0 l 
530 C::-[R~AT(•o•.~x.•ANlSCTPOPIC 5TQAINING WITH LAMeOA=~/SORT(~) ANC '• 

f. 1 "1U=I /SQ~T(21 1 l 
GC TO fOO 

540 W~IT~(IP~NTR,550) 
550 C::-QP~AT( 1 0•, 5x , 1 1s0TPODIC ST~AINI~G ~ITH LAMeDA=NU=SCRT(~•~2+3)/', 

r,•<2 ·1·so PT l2ll' 1 

GO T'J fOC 
560 l'l~IT~(IPQNTR,~7()) 
570 FQQ~AT(•o•. ~ x.• tSnT~8DIC ST G AI,ING WITH LAMfDA=~U=SORT((M~•Z+3) 1 , 

& 1 •(5•~~•2-!)l/(4•SORT(?l •M )') 
",00 CC'NTINlJ[ 

r. 
C FQQ~ Vf(T~OS !A >:X P(Kl AND re~XP(K) CONTAIII.ING TH~ POWERS T~ WHICH 
C ''LAV 3CIA " All.I) '"IU" ACE PAIS':C I~ TH: K 1 TH ELc:M!'::~IT' "JC::- THE VECT'J~ "5" 

I ~-LPHt=O 
IB~TA=O 
ISTZE=l 
DO 160 K=1,KMAXGS 
!ll.c-XP(l<)=IALPl-'/1 
! 81:XD ( I< ): I3F.TA 
!F( 11':'ET.A .EOeO l GO TO 1 50 
I.ALDHA:IALDHl+2 
T8 ETA=IA ETA-~ 
,;o Tr:, 1,;o 

150 P 0 C:T .A=2 * ISIZE 
TALCH.A=O 
ISI Z~ =ISilE+l 

lF,') CONTINUF 
C 
C ST"RC' THE N~~ MALIZATl~ N CCNSTANTS FC~ THE EIGENC::-UN~TIONS IN T~E 
C VECTGP ~NCD~(J) 

SCPT 0 t = ,177?45 ?85 Q9r,5 511:,Dt 
JE"1D = I~!f.X +IDl'-'G S 

C 

on l~O J=t,JF.ND 
P=PVAT(J) 
L=L'IIIT(J) 
JFA".:=1 
TF(q,~Q,0) GO TO 170 

Db I_(,~ T=t,P 
t 65 TF"AC=IFAC ♦ l 

170 ~N0Q~(Jl=DSOQT(TFAC * (L+,~00l•S O~T DI/DGA'-'MA(L+R+la5D0)) 
l AO CCNT!NU= 

MS:::'-1STAPT 

MPKII.Tl'::::0 

w~ITF(IDR~TP,lQCl 
100 ~Cf= lAAT('t') 

200 91=-0SOQT(5,~0l•MS/3oDO 
E':?=DS".lr::T( 110Cl l "i,c::/ : ,00 
G0 T ~ (20!, ?0? ,?CJ,?C&,2051,IST~N 

201 Al_Fll" ":=~ LPHJ.1 (\'<;) 

'3l=TIIV.S=PETAl(V<;) 
GC T'.J ?0 -~ 

?0? ALC::- A~S=A LDHd~(VC::) 
PfT ,\ VC:: eE T.A.? ( '-1S) 
GC TO 20 ,9 

201 ALFA~S =A LPHA~(~S) 
9ETA~S=8fTA"_!(MS) 

GC TO 20P 
204 ALFAMC::::ALPH.4(~<;) 

BF TAMS= f31:: TAI\( 1/S l 



GO TO ?.O~ 
205 ALFA..,S=ALFA5(MS) 

AF. TA MS=RE T~ 5 (~ 5 ) 
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C ► CP"' TH E CL~ S ll t:!:C '-'..\TR IC ES TNOT AND T S TAP FQQ\A GNC"!' ANO G5T.t,q 
20a no ?.50 J=t .rnI MT 

'1 0 2 2 0 I = 1 • I D I >AT 

TNOT( I ,J)=O.DO 
n~ 210 K= l.K MAXGN 

!S::(GNOT(I,J,K). ': 0.C.l GO TO 210 
T N•JT ( ! • J l = Tl'-.:IJ T ( I ; J ) +GN0.,. ( I , J, K l •"( ALF A MS•" I .\EXP (Kl ) "' ( F-3ET i\M S** 

f,I~:XP(K)) 

2 t O C C NT I ~JUE 
220 CONTT NUf 

QO 240 l=l,101 ..,GS 
TSTA c;: (I,Jl=O.GO 

no 2~0 K=l,K~AXGS 
!F(G S TA O (!,J,Klof.Ca~al GC TC 230 
TS T t-. P ( I , J ) = T 5 T AP ( ! , J ) + G 5 T A R ( I , J , K ) -" ( A L F A ~ 5 -.: -r. ! A 7: X P ( I( ) ) it ( E ~ T -A MS ii -~ 

f,!BEXP( !< )) 
?31) CCNTINUF 
240 CO N TIMU[ 

e''SO CCNTTNUF. 

C CCNSTF.UCT T~ ~ L~HaS9 COLU\AN VE CTO q (AGAIN NOTING DISPLAC~MENT □ F 

C TH :'" INDEX) 
"l(l 1=8 1 

£}(?)=8<' 

( 

C 

C 

C 

2== 

~cc 

~C ?55 T=J,ITWAX 
8< ! >=o.oo 
IF(M ~ oNF. .MSTA P T) GO TQ 2EO 
CONST~U C T (6~C CLOSF ) TH ~ AUG~fNT ~ D ~AT~IX USING OUM~Y VALUE CF 
W FO~ DIAG~NAL =LE~F~TS 
CALL FC~~•w cwcu~ MY) 
~r, Fl 270 
CALL CL □ SA~(WCU~\,IY) 

(CNS T OU CT TA RLf OF Vt..LlJES O ► THE DETERMINANT OF" THE AUG •-!~NTED 

MATCJX AND SEAPCH FC~ ADPROXINAT E LCCATIO~ QF FIRS T RCQT 
270 CALL f)ETMAP ( 1. ,JCOV.P , IHN!T l 

Jr.(J<:C MP.~1::.1 l GC TO 275 

W~IT~(!PQI\T~,272) MS,WSTCP 
27? FQ~MIT(•-•,•~AC~ N □ •= •, ► eo4/' '• 1 1\C ~COTS FOUND FOR W LE5S TH~~•• 

f,1")2!:.16) 

Gr: TO 315 
27!: ~PJT► (JPR~TP,276) 
27 6 e-rov,t,T('O'l 

C PEPS::OP~ FJQST JTEDAT!O~ 

CAl L TTEqe{t ..... INIT-~INC,WINIT,'hl\c\\) 

wCLD=\~INIT 
W=W~!"::W 

C PEQF~QM s~cc~r, A~D SUBSEOUf:NT JT~P AT!CNS 
2RO CALL ! TEPR ( ~ , .... OLO,W , •NFW ) 

IF(ITKNTQoGT.2Cl GO TQ ~82 

WCLO=W 

"i=\IINEW 
C WH""'I TH F. VAL 1JE CF W HAS Pf~" r.i::,c;::.:vJ"!:.D TC 15 FTGUQES JF ACcu:.l\CY 

(" (A"JC S U9Sl:'0 lJ"'l\: TLY Tl-'!:' S YSTE"' OF ~C UATJONS SOLVED ), CIJMDUTE TH:: 

C PHY S JCt-L :vc~= "TS cc INTE~F.ST 
IF( ITCC'MPoEOc 11 GO T!l 2qo 
GO rn 290 

2 13 2 WQ JT ': (JP C1 1\ T l< , 2f! "') MS 
? Fl 5 FORM A T ( ' 0 • , ' "1 AC ~ N 1J , = ' , 0 2 5 o l 6 • ' 

f.•CONVFPG ~ t,J(r • I 
GO Tr) ::<10 

290 nF MA=-SORT2 3"'· Z<=TA( 1 )/ 11.5"'* 2 
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no~G-=-2.oo~z~T~(?)/O~OPT(:.r.rl/~S~*? 
0 P "° r,-: - D SO~ T ( 1. •-; n (' l ,.. Zr'° T ft ( :: I / '·' S ' ·., 1 
~PYS=.tn~-nS~CT(boC::>l•Z~TA(4)/5o~C/ZCTA(3) 
eP~T=-9onO~W•Z ~ TA(2)/~or.O/SCPT3/~S•~2 
w~ IT ;• ( IP'<NTC. '.'~"; ) MS, 'II. f:'F TNXT 

2'-5 FOR"'IAT(•-•,•MACt-> N'le=•,F .0 o4/' ','FINAL \\: 1 ,D :?':: .!6,20X,'D':Ta CF•, 
& 1 AUGWFNT E C MAT~Jx:• ,C?~o16) 

w,HTE ( ID"'NTC, ]''"\ ()) ( Z,:"TA ( I l ,I=t, IW/IX l 
:"0'.l CrJPMAT('O',' ':. l<-:C"JFUNCTTC'~ "1 S \1";NTS ( STAQ TING \~ITH Z'::Tl\(3)): 1 /( 1 •• 

f,7f)t-9eP)) 

'-~ C [ T? ( J PC NT C , ~/"I:) CO 'v! A , L::, V. ( , CC I/ f) 1 0 P II 'c , 0 P , .. q 
10 5 C (' P •~AT ( • 0 1 , ' ':> 1-Y ':' l C AL '-' <:' V 'c NT c:: : • / 1 ' , 1 fl LP HA = 1 , 0 ? 3 o 1 :) / 1 ' , • ~ ft •J MA : 1 , 

& r'.'?.J .10/' ','D [LTA=•,n2J .tO/' 1 ,'Slll/Sl= 1 ,0:?lo10/' ', 1 T/TC/M~•:?-= 1 , 

&f:ll9ol01 
C S~AD(H TAP.Lf FC ~ Af)CITIO~AL POOTS 

310 (ALL SEAQ~H(~,JCQMD,wINlT) 
TF(JCOII PoEC .l) GO TC 315 

GO TO 275 
C MOr.TC Y UDPf:. L!~lT OF UPSTR~AW RCC T SfAQCI- IN ACCQRCftNCE ~ITH 
C rBSERV[O c=DF~nENC~ c~ ~tCH NU~EER 

3 \':' TF( 'NSTOP oGT, OoD O ) .... STOD= l'iINIT+!oDO 

~ S = 11 S +" I NC 

C 
C Monycy STAOT!NG V&LU~ OF W FGQ D0 ~~ST~EAM QOOT 5CARC~ I~ ACC~~CANCE 
C WITH CBSC:C,Vc') FIJN(T TON<lcl O[l=c: ~O Et-.CE n~ MA(l-i NU"IR::Re 

Jc( MS eLFe .~CO) w~ cGIN=-8 ■ ~C-(a8CO-WS)Yl ■ Dl 

C 

r 
C 

TF(M S .GT. ,qco . ~•ND ■ M5 tLT • • 0 1co , WAEGIN=-~.00+(.~D~-~5)*4,Dl 
!F(V.~ .G~ •• c 1~0 cA~Co ~S oLT ■ loCC) WB~GIN=~Q~IG 

IF(u~.GT.~5TOP) GO TQ ~?C 
!C(WPK"-Tc.=c.wP~TEP) ~P~NTR~o 
~ PKNT t== ~.•PK I\ TR+ 1 
GO Tr) 200 

320 WCITE(IPR"TR,3:0) 
••0 r:"(OMAT('l') 

5Tn,P 

•: "' ') 

C THIS SU9~0l!1"!'<"" CCNSTl?UCTS A.ND CL OSES TrE LHS '-1 e\TOIX GF COEF!=ICI::I\T5 
sue~OUTTN2 FQC:VAW(W) 
IVPLJ(tr c:=-AL • 0 (11-1-t. ~ - 7.' ) .r~1Te=:G ::C: ( I-C.I 
C': .A.L • A ~.•-;, ~' , -, ? , ~"GCT5F , i.: f'JTC~~, 

!NTl:G~i::' S1,S4 
LO~ICAL 9 c crN ~ /~TQU~o/,D~TF~ / ■ F,lSEo/,DEFI N~/oTRL~o / 

I) Ii~~ N 5 I O'\i AU G ( 4 1 , 4 1 ) , A\~ ( 4 ! • 41 l, P. ( 4 l ) , C ( ">, 7) , CT TIN ( 6 , 21 ) , D !'.;Q ~ v. ( 4 7) • 
f, '.:: I GC L ( I. t: ) , I n.c:- ( 4 7 ) • I w DK ( ~ c ) , L MAT ( ~ 7 ) , I\~ /J. T ( IP' ) , t= MA T ( 4 7 ) , TI\J!J T ( ~ 1 , 21 ) , 
f, T NOT l N ( ? 1 , 2 1 ) , T 5 TA q ( 7 , ? ! ) , V t.L Lr: ( 2 ) , ',~:; K 1 ( 4 ~ ) , W '1 K ~ ( 4 1 ) , w:. K 3 ( 4 1 ) , 
& •.v~Kl;.(41,<>!) 

CQU!VALEN(~(~UG,Aw) 

CC~Mn~ 4W ,9, 2 l,P 2 .SC~TJ.SQQT2~. ~s . oocE O,I~AX,Il"'IAX,IDRNT Q 
CO'-'•J'JN/ ·NOKPLK/ ! '>,01( •\\ t:;K! •"'<=1<? , ,,;-;'<: , •11c:K 4 

C[MVQ~/AQfA]/ ~~rTSf,et~CL 

C C •1 V r !\: /AP<= A 2 / T ~J .:-,.,. , T :' T t c. , "-l •.•t, T • L II a. T , c; '-'A T • I CI VT , r, '.'JC C. ' ·1 , ! DC , I G~ AC 

~ 1 ( 0 , L ) = - l • r. 0 -. ( L + 1 • C C'· I * ['S O r. T ( ( " + L + 1 • -: CO ) / ( ? o l ) J "'- L + 1 • C 0 ) I ( 2 • I) 0" L 
,.+'.' ■ !">0)) 

~ t:. ( -:. , L l = L ~ r. :.= r.:: T < ( :: ~ 1 • C: ~ l / I ? c '"' ( ' L - l • "n I/ ( ? • .:, 0 ; L + 1 • CC l ) 
( rC")<;Tt:U(T (lFC-r'flG C ~~L rLF /.' f ~•T 5 

f"'r : o J = t, r ~•Ax 

r. 1 "' I = 1 • J ' ' .1 X 
qq t. Jl =a.n o 

c; (C'~!TTNUF: 



1 0 C CNTT I\Uf: 
DO 12 I-=1,I•~Al< 
R=l=VAT (I) 
L =L 1-1 ,<\ T ( I ) 
N=N"1AT(l) 
tF(IeGTe34) ·Ge TCI 12 
5l=(N+3)/2 
S4=(N+1 )/2 
AW( I, l+Sl )=Al ( 0 ,L) 

AW(l+S1,I)=AW(I,I+S1) 
lF(LeFC.~) ~~ TO 12 
AW( l, 1+54 ):;:A4 (O ,L) · 

AW( I+S4, I )=Ax( I ,l+S4) 
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12 CONTINUE 
C 

C ALT=PNATE ~NTRY TO AVOJ0 ~ECCNSTPUCTICN OF QFF-DIAGONAL ELEY~I\TS 
ENT<.Y CL O S/l'f: ( v,) 

C CCMCUTE T~f. TNV fr.S E CF T~OT 
D1'.1 ?O I=l ,IDI~T 
DO 15 J=l,!Dl"-'T 
T~OT[N(J,Il=O •DO 

15 CC"'Tll\ilJC 
T~OTIN( I, I):\ ,DO 

20 CCNTtNUE 
C-LL LINPD(ID!YT,J~~,TNOT,WC.Kl ,!WR~,~OK2,~qKJ,W~K4,21,TNQTIN,2\, 

&IQJYT,V&LUE,0ECIN8,0ETF~,pc:czNE) 
IF( IFl'<.N'::e('l v,PIT'.:(6,21) l':R 

2 l F O F--M A T ( ' 0 ' , ' F C Q "'1 A W : ' , 4 X , • I ER = • , I 2 ) 

C 
C C O "IJ c; TR t; C T ~ U 8 'A~ T;:.: I X "C " 

ll~TGP=(COD~~+?)/? 
JJSTr!==(CCD~ q +3)/2 
DO JC' I I=l, I l 57C'P 
c:i=~AT(I!•I~AX-!ISTOP) 
L=L~AT(l l+IMAX -IISTOP) 
N=N"AT(II+ !M AX-TISTOO) 
LC( 1 =!I+JJST~P-I!STOP 
LOC4=ll+JJ~TOC-IJSTCO-t 
QC 25 JJ=l1JJSTCP 

CC I l • J J) = 0 • 1)0 
2c: CO"JT{NU':' 

C ( r r • L oc 1 l = A 1 ( 0 • L , 
IF(LOC4e~Oe0l GO TO 30 
C ( I I , L GC 4 ) = A4 ( o, L ) 

30 (Q!';TJNUE 
C 
C CCVPIJTE .,,,ATQfX poocucT C:+TSTAP .. (INVEOSE CF TNCT) 

DC ~O K=l ,IISTQC 

C 

DO 45 N=l,IDIMT 
C'12=0eDO 
DO 40 L=t .JJSTOP 
0 1=0.co 
f\C 3~ 1-'=l,IDIIJT 
Q1=TSTAR(L,"')iTNOTIN{M,Nl+Rl 

~5 CO'-HINU~ 
02=0NC~IJ(l~AX+L)/IDF(IMAX+L)•Pl*C(K,L)+~2 

4() CO~TINU':: 
(:TTfl\!(K,N):02 

45 co~ITINU':' 
'50 CCNTINU':" 

C Afll) TH E CLOSlJ P': 1-' AT:;>JX TIJ ~11,, 4 E !',1EIJ8'::0l1\G TC INCLUDE THE: 11 N(t;1,1ALJ-
C 7'.ATJON ANC crvrr.:TNG FArT'.'JRS" 



55 
50 

60 
C 

TSTA~T=l"AX-ORDF~/2 
JSTCP=ISTAP.T-1 
K=l 
OC 60 I =I ~TAqT, IMAX 
N=2 
"O se J=l ,J STCD 
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fF(( Ot:!DEP. - 1'."A T(J))/ ::>1·2 o f" O o ( C?Df::11 - Nl-'AT(J))) Gn TO 5P. 
IF(Q~O[ ~ /? •?, ~F. CRrE R • •~r. No ~C ?2l GO TO 55 
AW ( I , J ) =Aw ( J , I) + ID F ( J ) / '.'NO~ V ( J ) ,;. CT T IN ( K , N )" 
IF ( IG P.t- 0 . Eo. 1 ) AW (I• J) =A'li ( J, I l 
N=N +l 
CONT INUE 
K=K+\ 
CCNTINUE 

C INOUT FL~~ENT5 CF LAST ~cw ANC CCLUW~ QF AUG"-1 ENTEC MAT~IX 
,\UC,(!• l I "AX )=Pl 

C 

AUG(2,IIVAX):: f: ? 

AUG( II"' AX , ] >=I.0 '1 / SO '<T3 

AUG(IIM4X,?):-SQP.T23 
f.'O 65 I J=: , l-\1AX 
AUG( IJ, I l'-'AX)=0,00 
A UC: ( I T II AX , I J ) = 0 • ') 0 

65 CC"ITI NUF. 
P.VTQMS=-CSQOT(?.DO)•~S•r2*5. □0/6oC0+~SORT( . 500) 

AUG(!T ~AX ,!IMAX)::- ;::;VTRUS 

C CCNST~UCT CI AGC N~L EL~U[~T5 ~F AW 
ENTOV DIAG( 11' ) 

C 
C 

')CJ 7C 1=1, IM.\X 

A W ( I , ! l =RC CT.-, 6,. "-1 S * ( Vi»- E I G:. L ( I ) - l e !J O ) 
-.0 CONTIF\;U ':. 

;::;l=TU~N 
c=. I'!() 

C T~IS SU9 RC UTl~E CCNSTRUCTC A TA~L E (Vt □) CF T~E VALU ES OF T~E D~Teq-
C VJNANTS OF THE AUGU f NT~D ~tTR IX e~n SE4C.C~ E S FD~ APDOOXI~ATE L OC~TICNS 
C CF TH~ POOTS e TH ~ VALUES OF THF D~~~OW!~A~T A~~ STOP.ED IN DET~AT(Kl 
C A"ID T~E COPQFSPCNDl~G VALU~ CF W IS STC~ED IN ~~AT(K) 

C 

SLPPQUTI"I E CETll~D ( NTOY,JCn~P.~lNIT) 
I JYDLJ CIT i:;E AL* B ( A-H ,c:-z), IN ,T(i?.,": ( l - G) 

DE AL "'"' "-15 
LOG IC&L SCLVE/ .FALS E e /,D ~ T E=/ • T=UEa/,~EFT~E/.FALSE./ 
DI '-'"'NS I O'l AU G (t.1., ,41 ),A 1, · ft.l,41l, 8 ( <> 1 ),CET MAT ( 2 Q')'.)).IWRK(S2 )o 

& V f-L Ui: ( ,: ) , 'NV ft T (? ;") ') !') ) , W DK 1 ( iJ. ~ ) , w-'< K 2 ( iJ. 1 ) , W f; K .: ( 4 ! ) • W !';'( 4 ( 41 • 41 ) 

~ ~U!V ALENCE {AUG,!W) 
COM~~~ AW,P, B! , 92 ,SC QT7 9 5 0PT 23 , M5 1 0 ~CEA , l~AX,I!MAX,I 0 R~T q 
CC'A'J ';f\; / \11;. KeL K / ! 11'QK .w ~«~ . ~I R K?. . w.:;KJ , w:.K4. 

CCMM Q~ /ARFA~/ W~EGIN,W5T~P .~ STEP,NPK~TR ,W~ST EP 

K=l 
W=W 0 c:C. IN 

'5 Cf-LL CIAG (W) 
CA LL L I N =l !J ( I I 'A AX , I E IJ , ~ I JG • W ° K 1 • I 'N:. I< • WI:. K 2 , YI ~K 3 , \~ q K 4, 4 1 , 3 , 41 , 1 , 

~VALUF, S0LV ':: , O~ T Ei:; ,o ~F I N~ ) 
W"A.,. < K > =w 
OFTUAT(K)=VALL"'(I ) ♦ (1. C9 1*£VALU E ( 2 )) 

W-='.~+W S T"'P 
!"'(~.~T.w S T C") GC TC 10 
K=K +l 
GO Tr. !'i 

1 0 l\!PTS:: K 
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C Qf ~O VF c•~ FPCM TH ~ F OLL OW ING CA ~CS IF dUTPUT QI=' T~ e LE rs DES I RE D 
C JF(V PKNTR .Nr- .~l= STfP eA ND e Ml=K ~T R 1~~ .0) GOT~ 30 
C WR!TE(!ORNTC,20) MS 
C 20 FCGVAT ( 'l 1 • 1 l~ACI-' ~lJ•J8F f:= 1 .F 9 e4) 

C \IIQIT F (IPQNTr.>,2 5 ) ( W,V,'\T(Il.D f. TI-IAT(l).I=l•Nl=TS) 
C 25 FCO MAT (•o•,c 2~ .t 6 , SX ,n2s .1 6 l 
C 30 CO NTIN UE 

C 

C ALTF l'<N ATE !:NT;:;v FO R L OCATIP\JG SE COI\O 1\1\: 0 Sl.'3 5EOLl=I\T ROOTS ci= THF. 

C ~ET~~~!NANT 
ENTPY SE ARCH( NTP Y,JC G~O,~!NIT) 
I i:,:,oT=C' 

J(' OMP=O 
IF(NT~Y.E0.2) GO TO ,5 
J=l 
W l = •.~••AT ( l ) 
Di'Tl=D FTM AT(l 

3:' '.~2=\'IM AT( J-+l) 
DET2=CfTMAT(J-+ll 
TF( OE Tl /f) Aes ( C '='. T! HDfT ?. ,GT. o.oo ) GO TG 40 
\~AV:C:= ( \'il-+v.2 l/2 
CALL DIAG(\~AVE) 

CALL L I !\:PD ( I I WAX• I <;: I=, ~LI G • W '° K 1 • I v,R I<, W QK2 , 'J/ J:K, • :~C=!K 4, 41 , 8, 41 , 1 , 

&VALU E , ~OL V E ,D ET E P,q E FI~El 
O F.To\ V E= VALU F ( ! l•( le AD lll- ' :VALIJ !:: (2) l 

DET ::ND=DET l 

!F(DfTAVE/DA9S(DfTAV~l•DfT? ,G F . a. co l DET ~ND=DE T2 
!F( r'lE TJ/i)~ E'S ( CF"rl ) ->: DC.:: T 2 eLT, O.C'O • !\NDe CAgS(C ETAVE) .LT. 

&1)/. 8S ( DET'-: ND)) J OOO T=l 
40 W\ =•-~::> 

OfT1 -=DE T2 
J= J-+1 
IF(I OGO Te EC a0) Gn T C 45 
WI N IT= \l'A VE 

GO TO 5 0 
4 5 ll='(JeLT.NFTSl GO TO 35 

JC C'~ P=l 
50 Of:CTURN 

END 
C 

C 
C Tl · lS SUB~rJUTIN(' PE Pl=QQI-IS A S!N':iLE STf.F [F A l\;': IHCN-c;.enHs':J~ ITERA TIVE 

C PRnCfDURE TO OETEP~IN~ THE EXAC T V A LU E aF THE ROGT• re TH E R~OT IS 
C SUCC~S S~U LLY DfT ~Q I-IJN~9 T G AN A(CU QA CY nc 1 ~ SIG~IFtC~~T FIGUA~S THEN 

C TH f SY STEM 01=' ~O~ENT ECUAT J ONS ts SOLVED A~D TH ~ 50LUT! CN IS STCQED 
C tN TH E VEC T rJQ ZETA 

C 

SLR~~ UTI~E IT!:O~(NT 0 Y,~DFFV,w~c~,wl\EXT) 
fMPl.JCJT FF.:AL"'A(A-H,S-Z) ,JNT F G!:~ ( I-P.) 
Qi: AL :1.8 M5 
LC GICAL SC LV F,0~:~Q . 0 EF I NE 

D I ... := I\ S I CN /. u,:; ( 4 l • 41 l • ,\ W ( 4 l • t:. l ) , B ( 41 l • I WR K ( e 2 ) , VALU E ( 2 ) , 1J/R Kl ( l j 1 ) • 
r,wi:-K? (4l) ,'A~K3 (ll.\) , \'i:;K 4(lll , ll.l ) ,Z ': TA( 40 ) 

"' QlJ IV AL f N C F. ( a U G , AW ) 

CCM ... n N A~.~-~1. 0 2 . SC?TJ,S O? T 2 7 . ~S . CCCfP ,IW-X,IIMIX,IPR~ TR 
C ('•1 '~'1"1 / WRK"'LK / I we>K, -~•RK 1 ,w Q K? , \vOK 3 , v,'<K4 

C OMMGN /A REAll. / ZETA,C~TNX T, !TCCl>AF ,ITKNTR 

'SCL.VF=el=ALSF.. 

"'fl=' TNE= eFAL5 f.: ,. 

DfTi::R=eTRLfe 
T Tl"'lMP=O 

J F ( NTP Y. E('J. 1) TTKI\TC?=l 

IF( NTFY .NFel) GO TO 5 



C 

- 49 -

CALL OlAG(\'IP'1EVl 
CALL L I NR O ( I I w l\ X , I F. Q , AUG , y, o I< t , I W o I< , w i:; K 2 , 11 J: K 3 , WC? K !I , 4 1 , B , 41 , 1 , 

GVALUF, SQ LVE,~ET~~,i:; ~FINE) 
OETP '1 V= VALU ~ i!l~(1. ~r. l••VALU E (2)) 

5 CtLL O IAG(WNO~) 
CA L. L L I I'\ n D ( I I IJ A X , t E r; , AU ( , W q K \ , t W R I< , \'/ P K?. , W :. K 3 , WR K 4 , 4 1 , IJ , 41 • t • 

~VALUE,S OLVF,DET~ ~ . ~ ~ FI~El 
DtTN0W= VALUf( t)•(t. ~o ,• ~ vA LU~ (2)1 
WNEXT =~NOI -D': T NCw~ (w P 0 Ev- w~CW )/( DE Ti:; o v-CETNO~) 
tF(DA OS ( WNl:XT-w NJw ) .GT. 1.c-0 ~ , 11'\ ~ XT=WNC~+.tDD*(Wl'\EXT-Wl'\Q-) 

C TO OUTPUT IT ~OAT I CI'\ l l'\"' r., SUP~;~ss "C' S " II'\ FOLLO~t'IG 2 CA~C5 
C •,i<;tT ': (IP DNT P,\ 0 1 lT K"J TO,~:~l'l '"'•D f.TNCw 
C 10 FO PV.A T(• ','l TEOATIO"J: 1 ,! 3 ,'"X,' 1'1= 1 , C25 ol t , 6X , 1 0':Te-=',02';:el'5) 

C 
OETi:;i:;v=r>ETNOW 
ITK NTP=ITKI\T<=l+l 
IF( D~BS(W'IEXT-~NOW) oGro el D-14) GC TC 20 
CALL IJIAG (W'l :: XT) 
CALL LIN q O(Il/olAX,! F.R ,Al.J'j, WDl< l ,I w~: 1<,w;:;K2,wi:K1,wi:;K4,4l,e,41,1, 

GVALU ~ , SOLvE,~ =T~C , OF. F!N~l 
OETNXT =VALUf(l) ~ Clo ~ Dl •* VAL U': (2)) 
S OLV F=eTP UE e 
R l:"'IN F= oT~U': ■ 

DET EP=eFA LSF. .. 
OC 15 I = l .!"'AX 

1 5 Z<='TA( I l =B ( I I 
CALL D P,G ( WN:'" XT) 

CALL L I I\ q C ( IM AX , I F q , A 'Ji , \'I l? K 1 , I ',I, ~!< , WR K 2 , 'II R K 3, I'/ R K 4 , 4 ! , ZETA. • 4 1 , I • 
f,V~LU~,SOLvE,DETFQ, QE FI~E ) 

TT CCMl:: l 
2" f:<F'TU,:,I\: 

!:ND 
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