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ABSTRACT

A solution of the Boltzmann equation at the upstream and down-
stream singular points in a shock wave, for the case of Maxwell
molecules, is obtained by application of the method of rational trun-
cation and coordinate straining. The method is based of the idea that
a rational procedure for truncating and closing any system of moment
equations must be developed from an orthonormal expansion for the
distribution function, and that the convergence of the expansion can
be accelerated if the coordinates in velocity space are scaled in
accordance with the nature of the distribution function. The use of an
orthonormal expansion for the distribution function is shown to yield
significant improvement over the method of Grad, but the further step
of coordinate straining is necessary to provide a rapidly convergent
solution. The solution shows that the Navier-Stokes and Fourier
relations (i.e., first-order Chapman-Enskog results) are approximately
valid only for weak shock waves; confirms the existence of temperature
overshoot in strong shock waves; and provides exact boundary values
that can be used to guide numerical solutions of the Boltzmann equation

for shock-wave structure.
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CHAPTER 1

INTRODUCTION

In the kinetic theory of gases, the fundamental problem is to
obtain solutions of the Boltzmann equation for various situations of
physical interest. This equation is a nonlinear integro-differential
equation that describes the rate of change, with respect to position
and time, of the distribution function of the gas molecules, where
f(¢,%,8)dzde is the probability that a molecule has position % and
velocity 2 at time t. For situations without external forces, the
Boltzmann equation can be written

aof) , ic;—ggL Cop) (1.1)
=1 7
where p is the mass density and (C(pf) represents the collision
integral. Solution of the Boltzmann equation for f determines the
macroscopic behavior of the flow since all the gasdynamic variables
are just moments of f.

Due to the nonlinear nature of the collision integral, exact
solutions of the Boltzmann equation are available for only a few
problems. In particular, for a gas in equilibrium, solution of the
Boltzmann equation yields the familiar Maxwellian velocity distribution
F@=1Y%exp(-V?). Here we have used the nondimensional thermal velocity
7=(2RT)%3. For situations involving small disturbances from equilibrium,
a linearized form of the Boltzmann equation can be used, while in more
general situations, the nonlinearity must be treated more indirectly.

Of some interest is the Chapman-Enskog procedure in which f is

written as the power series
f = fa»(1+€¢1+€2¢2+...)

where the parameter ¢ has the physical interpretation of being pro-
portional to the ratio of a characteristic time between collisions

(the relaxation time) to a characteristic flow time. In the



Chapman-Enskog solution of the Boltzmann equation, terms of first order
in € are retained and this expansion leads to the familiar Navier-Stokes
equations of macroscopic gas dynamics. Retention of second-order terms
in € leads to the Burnett equations. [t is interesting to note that,
in the problem of shock-wave structure, the Navier-Stokes equations
give a valid solution for all shock-wave Mach numbers (although for
strong shock waves the distribution function assumes a highly improbable
form), while the Burnett equations are applicable only for M;s2.1
(Sherman and Talbot 1960).

An indirect method for solving the Boltzmann equation was proposed
by Maxwell (1879). For any set of linearly independent functions of
the molecular velocity, one can multiply the Boltzmann equation by
these functions and integrate over velocity to obtain an infinite
system of moment equations. Of particular interest are sets of poly-
nomials, since only polynomial moments of the collision integral can
be computed directly. It is implicitly assumed in this process that f
decays sufficiently rapidly as V»« in order that polynomial moments
exist. Also, it is a characteristic of the Boltzmann equation that
truncating the infinite system of moment equations at any point always
yields a system containing a greater number of unknowns (moments) than
equations. Although the system of moment equations is exact, at this
point a particular representation for the distribution function must be
specified. The approximate representation for f will then give closure
relations among the moments in order to form a determinate system of
equations.

The representation for f that is often chosen is
f = f‘o)('|+<l>) (1.2)
where f(” is the local Maxwellian (local in the sense that it varies
throughout the flow because of its temperature dependence). Expanding
® in terms of a set of functions which are orthonormal with respect to
£ then gives

f=f92

=y (1.3)
=1



where, for example, the wi's are normalized three-dimensional Hermite
polynomials in the case of Grad's method (Grad 1949). Although a
general three-dimensional flow involves multiple subscripts, an appro-
priate ordering of the subscripts is assumed and replaced with a single
subscript to simplify the discussion.

For certain physical problems (in particular, the strong shock
wave), mathematical difficulties arise from the expansion (1.3).
Using (1.3) and the orthonormal properties of the wi's, we obtain

Bessel's inequality in the form

n
<EF 2 21 5% (1.4)
1=

where we have used the notation

<Foxy = [FxdV

Holway (1964) has shown that near the upstream end of a strong shock
wave f decreases much faster than f2 as V»w, thus (f,f0»4f) is not
bounded and the series (1.3) does not converge. For Grad's procedure
of obtaining closure relations, in which the series is truncated by
setting all the ;i's beyond a certain point equal to zero, we see that
this truncation is inconsistent with Bessel's inequality, at least for
one flow.

This conflict between the desire to use the representation (1.3)
for f because of its subsequent mathematical convenience and the lack
of convergence of the expansion (1.3) led to the development, by
Baganoff and Elliott (1975), of the method of rational truncation and
coordinate straining for closing a system of moment equations. Since
the object of the present work is to apply this method to the problem
of shock-wave structure, the theory of the aformentioned paper will be
outlined here to provide the necessary background for subsequent dis-
cussion.

In order to develop a systematic method of closing any set of
moment equations, an orthonormal representation for the distribution

function of the form

f=f% Z]ajq)J (1.5)
J=



is chosen because the set of coefficients in a truncated orthonormal
expansion is the best approximation in the sense of least squares;
here, the ¢j's are some suitable orthonormal set. With this represen-

tation, Bessel's inequality becomes

k
QF 8> 2 _21aj2 (1.6)
J=

and thus guarantees convergence of (1.5) (in the mean-square sense)
since Af=f-f must be square-integrable in any physical problem (the
terms f2,ff®, and 2 must yield finite values when integrated over
all 7). Using the representation (1.5) for f, a system of moment

equations in the a.'s could be formed. Representing this system by
ZQi(al,az,...) =0 , i=1,2,... (1.7)

and truncating after K equations, we see that the process of closing

the system by setting
a =0 , n>K (1.8)

is a rational approximation as shown by Bessel's inequality (1.6).
Unfortunately, the system (1.7) will not in general contain the con-
servation equations, which must be satisfied at every level of trun-
cation. However, the rational truncation procedure (1.8) can still be
applied even if the system of moment equations (1.7) is not used. For

example, if the system of moment equations
Z;(T1,8p,.0) =0, d=1,2,... (1.9)

is chosen, where the ;i's are the moments appearing in (1.3), then the
rational truncation procedure (1.8) can be applied to the system (1.9)

since the two sets of moments are related by a linear transformation

M

.= 9 T . i=1,2,... . (1.10)

; P o
J=1 )
Upon substitution of the closure relations (1.8), the transformation

(1.10) can be solved to obtain closure relations in the Ci variables.

This process is more easily seen if (1.10) is written in matrix form

0 0
o iA iC a* (1.11)
c B a



A
of length XK. With this notation, the closure relations (1.8) become

where T is a K by K submatrix of (Tij) and the vectors ¢ and a0 are

8 o (1.12)

and, on substitution into (1.11), the following approximate matrix

relations result:

CO = TACZO 5
%* = O
z TBa

From these it follows that

* = -1,0
z e ) (1.13)

Thus, for the system of moment equations (1.9), the necessary closure
relations are given by (1.13) where these relations are a direct con-
sequence of the rational truncation of (1.5).

Since the form of the representation (1.5) for f allows a choice
for the scale of the ¢j's that differs from the scale of the local
Maxwellian, we see that a clever choice of this scale may improve the
efficiency with which the series (1.5) represents f. In other words,
the ¢j's can be assigned to have, as their arguments, new dimensionless
velocity components W% which can be related to the original velocity
components Vi in a manner dictated by the particular problem.

In summarizing the method of rational truncation and coordinate
straining, it should be noted that the important step is the use of
an expansion for f in terms of an orthonormal set ¢j so that the trun-
cation procedure will yield rational closure relations. The further
idea of coordinate straining serves to accelerate the convergence of
the representation for f and thus may be valuable for achieving a
physically realistic solution at a low level of truncation.

We now proceed to describe the applicaticn of this method to the
problem of shock-wave structure, and specifically to the singular-point
analysis as formulated by Elliott and Baganoff (1974), the details of
which are reviewed in Chapter 2. In Chapter 3, we restrict the present
general discussion of the method of rational truncation and coordinate

straining to the case of one-dimensional flow, and introduce the



machinery necessary for numerical solution of the singular-point prob-
lem; this constitutes the bulk of the present effort. Results of the
calculations are displayed and discussed in Chapter 4, while Chapter 5
contains brief suggestions for further development of the general

method.



CHAPTER 2

THE PROBLEM OF SHOCK-WAVE STRUCTURE

A steady, normal shock wave in a perfect, monatomic gas is a simple
non-equilibrium situation in which the mean properties of the gas vary
greatly over distances of the order of a mean free path. Because of the
degree of non-equilibrium involved, the problem of shock-wave structure
provides an excellent test for any method of closing the system of
moment equations. Also, the shock wave has the desirable feature that
the region of non-uniformity is bounded on either side by a gas in
equilibrium, as opposed to solid walls, and thus the problem is not
complicated by the details of gas-solid interactions on a molecular
scale.

In order to demonstrate the effectiveness of the method of rational
truncation and coordinate straining in closing a system of moment
equations, it is sufficient to study the flow in the upstream and down-
stream wings of a shock wave, because it is in these regions that con-
ventional methods fail (Elliott and Baganoff 1974). Restricting our
attention to these regions greatly reduces the complexity of the prob-
lem, since many terms drop out of the analysis; the nonlinear features
of the flow are nonetheless retained.

In studying shock-wave structure, it will be convenient to adopt
an approach employed by others, such as Gilbarg and Paolucci (1953),
and consider the fluid velocity u, rather than the spatial coordinate x
as the independent variable. With this substitution, the solution curve
for a dependent variable such as temperature is terminated at each end
by a singular point. The upstream, or supersonic singular point is
fixed by the upstream flow conditions; and the downstream singular point
is determined by the Rankine-Hugoniot equations, which relate the flow
conditions on either side of a shock wave. It is at these singular
points that we wish to determine the direction of the tangent to the

solution curve, for each dependent variable.



Rather than present a detailed development of the system of moment
equations to be used, it will be convenient to simply outline the
procedure in order to preserve continuity of the present discussion
regarding the application of the method of rational truncation and
coordinate straining to the shock-wave problem. For a more complete
development, the reader is referred to Elliott and Baganoff (1974).

For a steady, normal shock wave, the Boltzmann equation (1.1) can
be written (using u as the independent variable) in the form

3(0f) _ Clop)
°x gi —du‘;gx ) bl

A more useful form of (2.1) can be obtained by transforming from the
laboratory velocity & to the thermal velocity C=(c-u). As shown by
Chapman and Cowling (1964), this transformation gives

wrc) [22) - 2ef)] - Lleg)

(2.2)
where now fﬁf(f,u).

For the purpose of the singular-point analysis, we wish to take
the singular-point limit of (2.2). Although the left-hand side presents
no difficulty, the right-hand side is indeterminate at a singular point,
so L'Hospital's rule must be employed. Details of this manipulation

are given in Elliott and Baganoff (1974); the final result is
(Bg+v,) (M h +2V,) = wgd (Rg) . (2.3)

for s=1 (upstream) or s=2 (downstream). Here
- | 3(ef)
hy = L,fw o ]s ) (2.4)

MSEuS(ZRTSY%, 7EE(ZRTsfi (note the suppression of s), and J is the
familiar linearized collision operator (Cercignani 1969). The quantity
wg is related to certain moments of hg (the explicit relationship will
be given in Chapter 3). Therefore (2.3) is a nonlinear integral
equation for kg, and direct solution is impossible. We shall proceed
instead by the moment method, as discussed in Chapter 1.

By restricting the discussion to the case of Maxwell molecules],

1Maxwel] molecules are defined as having an intermolecular force

which is inversely proportional to the fifth power of the separation
between molecules.



we can follow the method of Wang Chang and Uhlenbeck (1952) and, in
analogy to (1.3), formally write

hg = T3 Epglpy (2.5)
r,1

where the wrz's are eigenfunctions of J as defined by Wang Chang and

Uhlenbeck (1952) and the coefficients £,7 are eigenfunction-moment

derivatives, to be determined. A partial list of the eigenfunctions

is displayed in Table 1. Substituting( 2.5) into the fundamental

equation (2.3) for hg, multiplying by ¥,s7#exp(-V?) and integrating,

we obtain the infinite system of moment equations
r%’[ﬂs(ms}‘rl-narl,r'z"Mrz,r’l’]Er’Z' = by ’ (2.6)

where
Mpt,pr1 EfoexP('Vz)wrZwr’Z’dv ’
~34igr 7
b, =2m “Msfvx(Ms+Vx)exp( 4 )IPI,ZCW ;

and where X,; is the eigenvalue corresponding to y,7. It should be
stressed that although (2.5) was used as a formal convenience in ob-
taining (2.6), the validity of (2.6) does not depend upon the conver-
gence of (2.5). |In fact, (2.6) is an exact system of algebraic
equations in the grz's. However, we recall from the discussion above
that (2.6) is nonlinear because of the presence of w,; and thus
solution by computer is required.

Before proceeding to the mathematical details concerning the
solution of the moment equations (2.6), a comment regarding the small-
perturbation assumption implicit in (2.3) is appropriate. Although
it may seem that this assumption would imply convergence of (2.5),
this is not necessarily true, since even near a singular point where
|af| is small, we may still have |Af/f?| > » as V > «. Thus the same
difficulties can arise with (2.5) as with (1.3).
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TABLE 1. First nine of the eigenfunctions of the linearized collision
operator for Maxwell molecules and ordering of r and 7 with respect to

a single subscript, <.

degree
& ¥ L (2r+1) ¥
1 0 0 0 n
2 0 1 1 (2) 27y
X

3 1 0 (2/3) 7% (3/2-12)

2
4 0 2 (37377 (37, 2-12)
5 1 1 2(57 7, (5/2-72)

3 .
6 0 3 (2/15) En 7% (57, 7-3V47,)
7 2 0 (2/15) 7% (15/4-572+7%)
8 1 2 4 (2/21 )*{3’“(3Vx2-vz) (7/2-v2)
9 0 4 5 (1055774 (357, 4-307,272437%)
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CHAPTER 3

MATHEMAT ICAL DETAILS

Before discussing the development of closure relations (1.13)
appropriate for closing the system of moment equations (2.6), we
should point out that equation (1.10) is slightly more complicated
than it appears. The formal procedure for obtaining this transfor-
mation is to multiply (1.5) by y; and integrate over 7 (noting that
Ly ™ (wi,f>). The result of this operation is

C"’L - <wi’f(°,> = J§]<w7’,¢¢7>aj B ’ (3-1)

where we have returned to the single subscript notation for simplicity.
Since the left-hand side of (3.1) yields zero when =1, and g; when
1>1, we must remember to replace g; by zero in all relations explicitly
involving ¢, in order that we may use the simple notation of (1.13).

In view of the fact that convergence of (1.5) is guaranteed by
Bessel's inequality, and since coordinate straining can be employed to
accelerate convergence, it is desirable to make the selection of the
¢j's on the basis of mathematical convenience. To this end, we note
that the combination [f“”]iwj forms an orthonormal set and thus we make

the selection

¢J.(W) - exp(-wz/z)wj(ﬁ) , (3.2)

where the eigenfunctions wj(ﬁ) for a one-dimensional flow are given by
C[ef (1) 1% 148,

wrl(w) = [FTT:;:?J?] W PZ(COSG)A 2 (w?) (3.3)

and are polynomials of degree 2r+l. In (3.3), W =Wcosé, P; is the

Legendre polynomial, and

o r k. 2 (Z+3+r)!
172w = kgo(_” WZKJ!(P‘j;’?€+%+jW

is the Laguerre polynomial. When using the single subscript notation,
it is assumed that the wrz's are ordered in groups of increasing 2r+l

and, within each group, in order of decreasing ». This particular
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ordering of r and 7 with respect to a single subscript or index is dis-
played in Table 1 and will be used throughout the pr.sent work.
As a direct consequence of (3.1) and (3.2), the matrix elements can

be written explicitly as

" 7 7 -2
7 —fwi(v)wj(w)exp( W2/2)dVy (3.4)
Here we relate ¥ to V by a linear transformation
3
W. = P, ¥, '=1,2 .
s Jg]wa . i=1,2,3 (3.5)

where the elements of the transformation matrix will be parameters
chosen to characterize the flow. In writing (3.5) we have restricted
ourselves to linear coordinate straining since anything more complicated
would be difficult to handle algebraically.

Since the distribution function for a one-dimensional flow is
axially symmetric in velocity space, a realistic form for the coordinate

straining (3.5) is

W,=aV, W, o= 8V, (3.6)

where the subscripts x and 1 refer to the axial and transverse direc-
tions in velocity space, respectively, and where a and B are to be

specified. For convenience in subsequent discussion we rewrite (3.6) as

Ve = M, Vo= uWy (3.7)

where we have defined Aza ™! and puzg . Under the straining (3.7), the

expression (3.4) for Tij becomes

Tys= x2 [y, O ub )y (W exp(-12/2)dH . (3.8)

Although the elements of the transformation matrix (Tij) could be
computed directly from (3.8), it would not be a practical approach for
high-order computer solution of (2.6) due to the large number of ele-
ments which are needed for the closure relations (1.13). A more

efficient approach can be realized by defining a vector having elements
ek(ﬁ) = wa* , k=1,2,... (3.9)

where Pk and Zk have the values defined in Table 1. With the definition



=13 -

(3.9), the eigenfunctions can be expressed in the form
7
->
v () = glaikek(?) (3.10)

where the matrix of coefficients (aik) is lower-triangular. Due to the
linearity of the straining (3.7), the vector 2(V) is related to &(W) by
the linear transformation

(k)
e, (V) = Z]wkmem(m : N (k) =k, : (3.11)
m=

where it can be seen from the relation
V2 = u2w2+ ()\2_u2) W:L‘Z

that the only non-zero elements in row X of the matrix (mkm) involve
the factor AZ‘ multiplied by combinations of powers of p? and (A2-p2).
Combining (3.10) and (3.11), we can write

1 N(k)

‘Pi(v) = kz—:l Zaikwkmem(ﬁ) X

=1 m=1
and subsequently
i N(k) J
L= 2y S S agua. fo (e, (Mexp(-2/2)dH . (3.12)

= k=1 m=1 =1

With the further definition
= T2 77
n = [fe (Me (Mexp(-W2/2)dW

the transformation matrix (Tij) assumes the form of a product of four

matrices, specifically,

22% v(k) 4

T..= \p O W, T, , (3.13)
“ = m; nz=1 L ot o

where we have used the fact that L is symmetric, and where the matrix
(aﬁ;) = (ajn). Equation (3.13) is not yet suitable for computer evalu-

ation of the matrix elements Tij’ since the elements Wy, are polynomials
in A and p. However, by defining a vector 3 with elements

2r, 1L
=1

s "3 (3.14)

n

in direct analogy with (3.9), the matrix elements w, can be expressed

in the form



& i =

: m
wkm = pz=]¢k”1p8p

From this, it follows that

v(Z)
Zéj = ap? g;]Yijpsp g (3.15)
where the matrix elements
p N(k) 4
Yigp © k; nzr=1 ;;aik%’q’ﬂm”a;j k.

are simply constants. Appendix A contains the FORTRAN computer program
used to evaluate the matrix elements Yijp' Knowing these, it is a
simple matter to evaluate the transformation matrix elements Tij’ using
(3.15), for any particular choice of the straining parameters A and p.

We now turn our attention to the way in which the closure relations
(1.13) are applied to a truncated set of the moment equations (2.6).
Figure 1 shows the location of all non-zero elements of the (symmetric)
matrix of coefficients in (2.6). The 'd" entries represent the diagonal
elements ﬁé(wSAPZ—I) and the ''"m'" entries represent the elements -M}Z’ﬁzla
Truncation of the system at a certain order n is accomplished by
eliminating all equations for which 2r+l>n. The structure of the matrix
in figure 1 shows that the truncated system is not closed since the nth
order equations contain Erz's of order n+1 (having, as their coeffi-
cients, elements of the submatrix C). However, using the closure

relations (1.13), we can write

(n+1)

where & is a vector of the grz's of order n+1. Thus closure of the

truncated system is accomplished by deleting C and adding the matrix

th order

C’TBTA"1 to the remaining matrix of coefficients for the »n
equations of the truncated system, as shown in figure 2. This is in
contrast to the closure based on Grad's method, in which the grl.s of
order n+1 are simply set to zero (rather than being related to the
lower-order Erz's).

From the normalization of f and the definition of the thermal

velocity, it follows that £gg=-1 and £,,=0, so the equation for r=1=0
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FIGURE 1.

Location of the nonzero elements in the matrix of coefficients

for the system of moment equations (2.6).




s 18 =

Legend:

[\\\J represents the diagonal submatrices of figure 1.

[ ]. represents the off-diagonal submatrices of figure 1.

!.........

! ! shows the location of the closure matrix CTBTAi‘
[ TR |

FIGURE 2. The system of moment equations (2.6) after truncation

and closure.
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is identically satisfied and can be discarded from the system.2 Thus,
after closure at any order, there is always one less ng than the number

of equations, N-1, to be satisfied. The extra unknown is w_, and it com-

s
pletes the system.
The solution of the system can be accomplished by isolating the

second equation of the system,
(252 (37%e - (2/3) ¥, By, =0 . (3.17)

The left-hand side of (3.17) can be regarded as a function, §(&,,,&q5,

M)

Raphson iteration process for finding the value of w

, and solution of the system can be achieved by using a Newton-
s that gives the
optimum solution vector for the remaining set of N-2 equations in N-2
Erz's, i.e., the solution vector which minimizes |6(€10,€02,Mé)l.

From a practical point of view, the nature of 8(£,,8p,,M;) makes
it difficult to use an iterative technique for finding its roots. This
problem arises because §(£,(,805,M;) is implicitly a ratio of two poly-
nomials of degree N-2 in wg where, for example, N-2=10 for truncation
of the system at order 5, and N-2=34 for truncation at order 10. This
functional dependence gives rise to computational problems such as
roots of § that lie immediately adjacent to asymptotes.

A more practical approach can be achieved by not removing equation
(3.17) from the system, and noting that the determinant of the augmented
matrix for the over-determined set of equations in the Erz's must vanish
in order that there exist a non-trivial solution. The technique, there-
fore, is to use the Newton-Raphson iterative procedure to find the value
of wg for which this determinant vanishes and then solve the system of
g+ When the

gpz's are known, the quantities of physical interest can be determined

N-2 equations in the N-2 unknown EPZ'S for this value of w

from

Erl - n%% Z—Ziﬁp@rl’f)} '3
s

2Here we have made use of the results A,,=0 and bgo=Mg.

3Severa] of these transformations are listed by Elliott and
Baganoff (1974).
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The FORTRAN program used to solve the system of moment equations for
any order of truncation up to eleven is presented in Appendix B.

Before displaying the results obtained, we note that the quantity
w, is defined by

s
- 16 0 ud'r
wsz-g-A—z('r/T )s/[;d—;]s s

where p is the pressure, 4,=2.7406... is the constant defined by Wang
Chang and Uhlenbeck (1952), and
(0 = B du
" 3dx
is the Navier-Stokes expression for the axial component t of the viscous
stress tensor. Here n is the coefficient of viscosity. The stress

ratio (1/10)6 will be very useful for displaying and interpreting the

results.
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CHAPTER 4

RESULTS AND DISCUSSION

Following the practice of Elliott and Baganoff (1974) we shall re-
strict ourselves to discussion of moment ratios which have been scaled
with Mg such that they are bounded. We shall be particularly interested
in the variation of the bounded ratio (¥ 27/1%)g with the singular-point
Mach number Ms‘ Since 1<0 in a shock wave, this ratio must be non-
negative in order that u decrease monotonically through the shock wave;
thus, it provides a convenient way for determining the existence of a
critical Mach number at which a solution becomes physically meaningless.

The variation of (¥™21/10%)g with M, for solution of the moment
equations based on Grad's closure relations is displayed in figure 3.
The thirteen-moment level of approximation corresponds to retention of
the first five equations of the system (2.6), as opposed to six equations
for the third-order solution. For a given order of solution, two points
appear for each shock-wave Mach number (i.e., upstream singular-point
Mach number): one corresponding to the upstream singular point (s=1),
and the other corresponding to the downstream singular point (s=2).

The point Mg=1 separates the upstream and downstream branches of each
curve. A typical pair of upstream and downstream points for the ninth-
order solution is given by the points 4 and B, respectively. Several
of the solutions are not shown downstream to avoid crowding and over-
lapping. Figure 3 shows that the downstream solutions based on Grad's
closure relations have essentially converged by ninth order. On the
other hand, the upstream solutions converge extremely slowly and all
orders exhibit a critical Mach number. Although these critical Mach
numbers increase monotonically with the order of solution, even the
ninth-order results are valid only for M; significantly less than two.
Since only thirteen-moment calculations are practical over the interior
of a shock wave, it is clear that computation of a shock-wave profile
based on Grad's closure relations is not justified, except for the case

of a weak shock wave.
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To exhibit the improvement achieved by the rational truncation

procedure over Grad's method, we consider the choice

for the straining parameters since this selection corresponds to the
case of no coordinate straining. The results obtained using the closure
relations (1.13) for the case of no straining are shown in figure &4,
where the bounded ratio UW‘ZT/TO)S is again displayed versus M;. The
solutions were terminated at thirteenth order for computational reasons;
and a number of orders are not shown for aesthetic purposes. qun-
stream, the results are virtually identical to those based on Grad's
closure relations, while upstream, the results show significant improve-
ment. All orders still exhibit critical upstream Mach numbers, but for
each order, the value of the critical Mach number has increased sig-
nificantly over that in Grad's method. The fifth-order solution in
figure 4 displays a peculiarity which arises in the present approach,
but not in Grad's method, namely that certain orders of approximation
have a range of M; below the critical value over which no solution
exists. This problem occurs primarily in the sixth and seventh order
solutions for various choices of the straining parameters. Although

the cause of this problem is not understood, it does not portend any
great difficulty, since the situation corrects itself at higher order.
As expected, we conclude from figure 4 that the solution based on an
orthonormal expansion for the distribution function is an improvement
over Grad's results, but the convergence upstream is still not suf-
ficiently rapid. We now turn to coordinate straining in search of
further improvement.

We recall from the discussion in Chapter 1 that, near the upstream
singular point, the outer regions of f may decay more slowly than the
local Maxwellian f®wvexp(-C2/2RT); the representation for f must there-
fore be able to simulate this behavior. To see how this can be done,
we consider the case of isotropic straining (A=u), for which the arqu-
ment of the exponential in (3.2) becomes

L O ..
2 - 222 T 2r(2)%7)
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The wings of f thus decay in this case like a Maxwellian at temperature
T = 2)217 (4.1)

Equation (4.1) shows that in the case of no strain (A=1) considered
above, the orthonormal expansion doubles the effective temperature in
wings of f; however, figure 4 indicates that a further increase in 7
is necessary for M;>>1. Noticing that the Rankine-Hugoniot temperature

ratio across a shock wave (for a perfect gas) is given by
To/Ty = (M12+3) (5M,2-1)/16M,2

and that T/T1“M;% for M;>>1, we propose that T be identified with a

temperature TT, where
oty = (M2+3) (5u2-1) /1612

is the hypothetical Rankine-Hugoniot temperature ratio corresponding to
local flow conditions. The corresponding selection for A (or p) is

given by
»=p=27¥rmt (4.2)

from equation (4.1). At the upstream singular point, this choice of
straining effectively raises the characteristic temperature in the outer
regions of f to the temperature at the downstream singular point. Since
T++T as M»1, Grad's results are automatically recovered in the limit of
a weak shock wave, as indeed they should be. At the downstream singular
point no straining is really necessary, and this particular straining
may even be undesirable, since 7/7<1 for Mé<1. However, no serious
problems are anticipated since convergence at the downstream singular
point is generally quite rapid.

The results obtained using the straining (4.2) are displayed in
figure 5. The same orders are shown here as were presented in figure 4
except that, downstream, the fourth-order solution is omitted for
aesthetic reasons. Downstream the results are comparible to the previous
results and comparison with the results based on Grad's closure relations
shows that the present straining is not detrimental. In fact, the down-
stream thirteenth-order solutions are identical in the two cases. Up-

stream, the present solution exhibits dramatic improvement over both
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previous solutions; and, for all practical purposes, the solution has
converged by thirteenth order. The fact that the present solution is
uniformly valid in the shock-wave Mach number and is correct in the
weak-shock limit is a consequence of the coordinate straining (4.2),
and thus demonstrates the importance of the role played by coordinate
straining.

Although convergence has still not occurred at a sufficiently low
order for accurate computation of ‘a shock-wave profile in the case of a
strong shock wave, the present thirteenth-order solution is essentially
exact and is thus valuable for drawing conclusions about the physical
flow near the singular points. On the basis of this thirteenth-order
solution, figure 6 presents summary plots of several quantities from
which interesting observations can be made. The curve for the bounded
stress ratio (M‘Zr/ro)s in figure 6 shows that the Navier-Stokes rela-
tion t=10 has approximate validity only for Mé=1. For strong shock
waves it is grossly incorrect since the figure shows that tw;2¢0 at
the upstream singular point, while t<<t? at the downstream singular
point. Also shown in figure 6 is the bounded heat-flux ratio (quo/q)s

where

0

m

q -k (dT/dx)

is the Fourier relation for the heat flux g. Comparison between the
result obtained from the solution of the Boltzmann equation and the
Fourier relation g=q° shows that the Fourier heat-flux relation is also
approximately valid only for weak shock waves. For strong shock waves,
we see that qulzqo at the supersonic singular point, and g=-2¢0 at the
subsonic singular point. The remaining quantity in figure 6 is the
bounded temperature derivative, EM”Z(u/T)dT/du]s. The crossing of the
axis by both this quantity and the heat-flux ratio at M,=0.700 (which
corresponds to a shock Mach number of M;=1.55) is indicative of an in-
teresting physical phenomenon, namely that, for all shock waves for which
My21-55, the derivative (d7/du), is positive. This implies that a tem-
perature overshoot exists on the subsonic side of a shock wave (i.e.,
there is a region in the flow where T is greater than the Rankine-

Hugoniot value T,). The existence of temperature overshoot can also be
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concluded from the downstream results based on Grad's closure rela-

tions, and from the work of Elliott and Baganoff (1974).
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CHAPTER 5

CONCLUDING REMARKS

Application of the method of rational truncation and coordinate
straining to the singular point analysis in a shock wave gives results
which are uniformly valid at the upstream singular poinf and therefore
superior to anything previously available. The use of an orthonormal
expansion for the distribution function leads to rational closure
relations; however, the additional procedure of coordinate straining
is important in that it allows rapid convergence of the expansion, up-
stream, by introducing a reference temperature sufficiently high that
the expansion produces a reasonable model of the outer regions of f.

The solution based on this '"temperature straining'' shows that the
Navier-Stokes and Fourier relations (i.e., first-order Chapman-Enskog
results) are not valid at the singular points in all but the weakest
shock waves and confirms the existence of temperature overshoot in a
strong shock wave. The thirteenth-order solution is exact for all
practical purposes and thus provides accurate boundary values which
would be useful for guiding numerical solutions of the Boltzmann
equation for shock-wave structure, since most numerical error develops
near the singular points.

We recall that our selection (3.2) for the set of orthonormal
functions was based on mathematical convenience. From a physical point
of view, this selection was particularly appropriate since the ¢j's
resemble the eigenstates of the quantized harmonic oscillator and there-
fore cannot easily represent the functional form of Af with just a few
terms of the series. A logical extension of the present work would be
to improve the selection of the orthonormal set in an effort to achieve
a nearly-exact solution at the thirteen-moment level for the purpose of
computing shock-wave profiles.

The application of coordinate straining in the present work was
shown to be quite valuable. However, analysis of the nature of the

outer regions of f would contribute greatly to improvement upon this
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work by allowing selection of the straining parameters to be made.on a
much more rigorous basis. |In particular, a better understanding.of the
relationship between thé_nature of f and the appropriate choice of

straining would be valuable whén applying the method of rational trun-

cation and coordinate straining to other flow problems.
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APPENDIX A

FORTRAN PROGRAM FOR COMPUTING THE MATRIX ELEMENTS ¥77xn _

This program computes the matrix elements v., defined by (3.16).
Sufficient elements are computed to allow closure of the system (2.6)
for truncation as high as order 11. The matrix elements needed for the
twelfth and thirteenth order solutions were obtained using a stream-
lined version of this program restricted to the case of isotropic
straining only.

A general outline of the program is included at the top of the
listing and more specific information is appropriately distributed
throughout the listing. [t should be noted that the Sonine polynomial

Szi; which appears in the program is simply the Laguerre polynomial d&+i)
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THIS PROGRAM CALCULATES THE NMATRIX ELEMENTS

GAMMA(T 4L yN)=ALPHA( T, J)*OHI(JyKyN)*PI(K, ,M)*ALFHA(L,4N)
WREKEZ, HFRE, THSE ELEZMENTS OF GAVMA(I,L.N) FCR STACH PATR OF 1 AND L ARE
STORTD TEMPAORARILY IN THI VECTIOR G(N) AND PUT ON TAPE FOR USE IN THE

“SFOCK=WAVE FROGIAMM,

THEE FCLLCWING NOTATION IS US

wn
m
o
.t

A(Y'J)=ALGHA(I'J)
PIIJ)I=PI(T,J)

Rl ussesF7 ARE =D IMENSIONAL ARRAYS CONTAINING THE BLCCKS CS NCN=-
ZERC ELEMENTS NF PHI(J,K,N)

SIMsN,TI) ARE THE CCEFFICIFNTS CF THE SONINE PCLYNDOMIAL WITH
SURSCRIPT L+1/2=N=1+1/2 AND SULPFERSCRIPT KR=M=-1

WP(N,K) ARE THE CCEFFICIENTS CF TFIZ LEGENCRT POLYNCMIAL 0OF QRCER
L=N=1

THE MAJORITY CF COCMDUTATIONS IN THIS FRCGRAM 2RE COMNE USING INTEGER
ARTTHMETIC, TXCFOT F3D THE FINAL MATRIX VULTIFLICATICNe THIS wAS
ACCOMPLTSHER EY AQVMITTING THF NCRMALIZATICNFACTIR FROM THE RCYS OQF
A(T,J) AND Y INTEATUCING VECT35S OF "DIVIDING FAZTORIS" (IeSs,y LTWEST
COVNON DENCMINATOSS) FROM THE LTSCGENCRE AND SCNINE POLYNOQMIALSs THESE
FACT2FS ARE RFEPLACED IN THE FCLLCW=UP ERCGRAM WHEN THZ TRUNCATER
SYSTEN CF MCMENT EQUATIONS IS CLCSEDe

IMPLICIT INTEGRER(A=2Z)

OFAL+#*8 A(29,4G).81( 1431431 )4BZ2(Z2+42+2)482(F932:2),B4(3,4,4),
CERE(E454C) sRG(AJELE) BT 7437 37)2G(28)4C(89,449),R1+482,5(7:+13:7),
£4P(12,7),53,ZEC(28)

DIMENSION DFS(7).CF(49)PSIZE(AS),21(42),EF(23),PW(49),
EPwX{(42),5C(49)

CCMVCN/AQEAL1/ AWWP,,CF

CCMMAON/ARS A2/ P ,PwW PWX eSOy VAX

CCMMCN/AREAR/ S,DFS

DATA Bl,:82+s27,R4.85,86,27/1«D0C,783*%CeC0/

ORDFER=12

I VA X=49

LMAX=42

NMAX=28

INPUT COFFFICIENTS CF LEGENCRE PCLYNCMIALS
NG 2 N=1,13 '

REAC(S41) (WP (N,K)sK=1,7)

FOSRMAT(4D2Ce9)

CCNTINUE

INPUT FLEVENTS OF TTP PLANES CF BLCCK MATEICSES 2255e0987
PFEAR(S,3) ((R2(1,KyN)yN=1,2),y,K=1,2)

FZAD(S o) ((F3(1sKeN) N=1,2),k=1,2)
SEAC(S,3) ((B4(1,Ky,N)yN=1,4),K=1,4)
CQEAC(S93) ((33501,KeN)N=1,45)4K=1,5)
PEAD(E13) ((PA(1+KyN) ¢yN=148),k=1,6)
READ(S3 ) ((R7(1 4K yN)yN=1,7)yK=1,7)

3 FOPMAT(SD1E44)

Ny e
EE R I 2

[SP—

2(2+2+:21=8B1(1,1,1)
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DO 35 J=1,56
NC 20 K=1,6
DC 25 N=1,6
TF(NsGTe?2 eIRs KaGTe2 eNFRe JeGTe2) GOTO S
B3(J+1 4 K+1 s N+1I)=P2(JsKsN)
S IF(NeGTo2 «MNRs KaGTe3 o0Feg JeCTa3) GCTC 1C
RA(J+1,K+41 ,N+1)1=B3(J,K,N)
10 IF(NoGTalt a0Rs KaGTe4 o0%e JsCTs4) GCTO 1E
BS(J+13K+T yN+1)=34( J,K,N)
15 TF(NeGToS 20 KeGT o5 «e0Fe JeCToS) GOTO 2°0C
RE(J+) JK+1 JN+1 ) =R (JyK,4N)
R7(J+1,K+41 ,N+1)=28(J,K,N)
CONTINUF
COANTINUE
CCNTINUE

w N
OO D

d

IN RF(N), STIOOF THE VALUT OF THE ELCCK FTLE INDEX (IeEey THISD
SURSCFIDPT OF THE ARERQOPRIATI BLOCK MATRIX) CCRRESPONDING TI THE
FILE INDEX N CF GAVNA(I,LsN)
RAS=1
AN=1
DC 45 N=1,NMAX
RF(N)=BN
IF(BNsEQeSS) GATO 40
BN=RN+1
GNTN 4%
&) KBN=1
8S=RS+]
45 CONTINUE

STNRE THE RLOCK RCW INDICES IN ZSI(I1)? STORE THE BLO2CK SIZES IN

RSIZE(T): STORE THE PCWER TC WHICH THE VELICITY W IS RAISER (leEes

2an2ny) IN PW(I) ANC THE PCWTR TC WHIZKH ITS X COMPCNENT IS RAISEC
(IeFos "L"™) IN PWX(1) ACOPOFPRIATE TC THE 1'TH COMPIANENT OF THE
VECTOR ES LET EO(I) RS O IF THZ CRNDER V2R 4L" CF THE 1*'Tk ROW IS
EVEN ANN 1 IF IT IS 20D
RS=1
BN=1
ACNTR=1
Nw=0
NwX=0
NC &0 1=1,IMAX
PW(TI)=NW
PWX(I)=NwX
EN(I)Y=RCNTR~-1
2I(1)=EN
AST1ZE(1)=ES
IF(BNEQ,BS) GOTO 350
BN=2N+1
NW=AwW=2
NWX=NWX+2
GCTO 60
€9 RN=1
IT(RCNTR,5Qe? ) GOTN 5%
BCNTR=2
NMw=2*x(RS=-1)
NwX=1
GCOTC &C
8¢ RCNTR=1
Nw=2*8¢S
NwWX=0
RS=2< 41
6C CONTINUE
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QEWINC &

CALL SCPCCO(DFRDER)

caLL CALCaA

CcaLL CALCF

N 7C 1J=1,28

Z25FP0(1J)=0.CO

WEITSE(E6480)

FORMAT('1 )

OC 450 I=1,1IMAX

ECI=FC(I)

Z1=BSI1ZE(1)

ZIpP=(714+1)V%21/2

KEND=T14+ZI=-2I(1)

00 400 L=1,LMAX

SKIP CCMPUTATTICN OF MATEIX FLEMENTS A4HICH ARE IDENTICALLY ZERT2 OQUE
TQ THF EVEN=-0OCD CHAPRACTER OF THE EIG?AFUNCTIéNS
TFIFCTI+FCZ(L)aNEel) GOTO SS

WRITE (4) ZERQ

WRITE(E,90)1,L

FORMAT('O Y 'GAMMB (0 312, %412, N)' /(" v, (ZEVEN=-CDD)Y*)) -
GOTN 4CO

N0 250 N=1.NMAX

D2=04DC0C

IF(NeGTeZIF) GO TO 22C

REN=8F (N)

o0 300 M=1,L )

SKIP FLEMENTS 0OF MATRIX PROCUCT A(T5J)4PHI(JsKyNIE¥P(KyM) WHICH ARE
INENTICALLY ZER”
TF(ECI+F0(M)eEQWel) GOTO 20C
E2=0,C0C

N0 280 K=1.KEND

AKIP MATRIIX MULTIPLICATION INVCLVING ELEMENTS OF P(K,M) WHICH ARE
IDENTICALLY ZERQ
TF(EN(K)+FO(M)eZQe 1) GOTO 250
FIK=RI(K)

Z=RSIZF(K)

X=(Z=-1)%2/2

IF(NeLTaX+RFN) GQTO 250
IF(MeCTeX4Z) GOTD 250

R1=0,0C0

Y=K=2IK+1
GCTN(100,110,120,130C,14C ,15C,16C) 42
NC 103 J=Y.K

RI=ZA(I J)+*BI(EI(J) .BIK,BFN) 4+ R1
CONTINUE

GOTOD 2C0

N0 115 J=Y,K
FI1=A(T.J)R2(BI(J)LEIK,EFN) + R1
CONTINUF

GO0TO 2CO

PO 125 J=Y.K
P1=A(1,J)*33(RBI(J),PIK,BFN) + R1
CONT INUE

GOTO 200

RO 138 J=Y;sK
T1IZA(TeJ)*RA(ETI(J) S FIKBFN) + R1
CONTINUF

GOTNn 200

NC 145 J=Y,XK
D1=A(1+J9Y*83S(2I(J),BIK,BFN) + R1
CCNTINUE

GOTN 200



150 DO 155 J=Y,K :
RI=A(T,JI*RE(EI(J)HLEIK,AFN) + R1
155 CONTINUE
GCTO 2CO
160 DN 165 J=Y,K
RI=A(I,J)¥B7(ETI(J),BIK,BFN) + R1
165 CONTINUE
200 R2=R1¥P (K M)+FR2
250 CONTINUE
R2I=R2EA(L+M)+R3
200 CCMNTINUE
230 G(N)=E3
350 CONTINUE
WRITE(4) G
WRITE(E£,4,3€011,L
WFITE(Ey2T70)(CIN) y,N=1,21P)
REQC FORMAT ('O Y, 'GANVA( ' 412483512, "'4N)?)
370 FNOMAT(?! *,SF20a.2)
400 CONTINUE
450 CONTINUE
ENDFILE 4
REWIND &
WRITF(€E4+500)
S00 FCORFMAT{('1"'")
sSTNP
END
C
=
C CCMPUTFE N FACTORIAL"
INTEGER FUNCTION FAC(N)
FAC=1
IF(NsEC-0) GO TO 10
DC S I=1sN
FAC=FAC*]
S CONTINUE
10 RETURN
END

[alalal

COMPUTE “N DOUELS FACTCRIAL™"™
POURBLE PRECISISN FUNCTION CFAC(N)
NDFAC=1,
DO & I=14,N,2
S DFAC=0FACHI
FETURN
END

aNaNs]

COMPUTF SCONINE PIOLYNIOVIAL COZFFICIENTS
SURPOUTINE SOFCCO(CRDER)
IVPLICIT INTEGER{A-2Z)
PEAL%¥8 S{7+13.7),0FLOAT
DIVMENSICN DFS(7)
CCMMON/AREA3/ S,DFS
MMAX=7
NVAX=CFDER+1
DC 20 M=1,MMAX
Q=M=
N0 1% N=1,NMAX
L=N-1
D 10 I=1.MvAX
J=1-1
S(MeNsI1)=0s
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IF(NeGTeNMAX=2*(M=~1)) GO TO 10
IF(T.GTs™M) GO T2 10

C COMBUTE N1 ANC Pl SUCH THAT NI1/D1=(L+1/2+F) FACTORIAL / (L+1/2+J)
C FACTORIAL

N1=1

n1=1

K=L

4 IF((R+4K)aLTo(L+J+1)) GO TC R
N1=NI» (2% (K+R)+1)
ND1=D1%2
K=K=1
GO TO &
2 DENCM=D14FAC(J)*TAC(R=-J)
TS(JeFEQo0) PFS(M)=DENCM
S(M N, TI=SDFLNAT( (=1 ) 2% Ji N1 (DFS(MI/DENOM) )
10 CONTINUFE
15 CONTINUF
20 CCNTINUE
BETURN
END
c
C
C COMPUTF MATRIX ELFEVWENTS A(T,J)
SURRGUTINE CALCA
INOLICIT INTEGFR(P=R,T=V,4X=2)
CTALFA WP(13,7),S(7,'2,7),A(4C,4G)
DIMENSICN IMAT(7,12).050(132),CFS(7),DF(4GS)
CCMMON/ARFAL/Z A swP,4,0OF
CCMMCN/AREAZI/SHLDFS
NREDER=12
no 4 J=1, 4S5
0C 2 1=1,49
2(T4J)=0Ne
2 CONTINUE
4 CONTINUZ
DC 20 N=1,17
OFP(N)=0
DO 10 K=1,7
DFR(N)=DFP(N)+AO(N,K)
10 CONTINUS
20 CONTINLUE
ICNTR=0
MUAX =1
N=1
v=1
IMAT(V¢N) =1
20 I=TVAT(M,N)
DF(I1)=DFP(N)*CFS (M)
NS G0 K=1,7
I (N=2TtTK+1 4,LTe0) G7 TO SO
NC 40 J=1,M
A(TZIMAT(K4J=1 ,N=2%K+2))=S(¥4N,J)*WP(N,K)
CONTINUF
CONTINUE
IF (MeFQel) GC TC 8O0
M=N-1
N=N+2
INAT(MNI=IMAT(N+]1 N=2) +1
GC TO 3=0
R0 IF (N=!eEGeMNRCEKR) GC TO 100
IF (ICNTRWEQe1) GO TN S0
ICMTR=1
M=MMAX

o O

U £
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N=2
IMAT (M N)=IVAT(1,25VYMAX=1) +1
Gn TN 30
Q0 MNAX=MMAX+1
N=1
M=MMA X
IMAT(My,N)=SINAT(1,22NUAX=2) +1
ICNTP=0
GO TO 30
END
C
c
C COMPUTF MATRIX ELEYENTS P(K,V)
SUBROAUTINE CALCE
INPLICIT INTIZICGFR(A=-2)
QEAL¥A DFAC,2(4C,43)
NDIVENSICON PW(4C) ,PAX(aG) ,&2(42)
CCMMON/AREAD/ O ,Dy,PuX,S0, VMAX
DC 20 K=1,IMAX
0D 10 M=1,1IMAX
IF(SC(K)+EC(M)aEQel) CGCTO S
PUK yM)=CFACIPW(K)I+PUW(M)4PEX(K)I+PUX (M) +1 )/ (PUX(K)+PAX(M) +1)
GOTO 10
5 P(KyM)=0s
19 CONTINUE
20 CCNTINUE
RETURN
£ND
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APPENDIX B

FORTRAN PROGRAM FOR SOLVING THE SYSTEM OF MOMENT EQUATIONS

This program solves the system of moment equations (2.6) for trun-
cation at orders 3-11 inclusive. Either Grad's closure or closure
based on the relations (1.13) can be specified. The matrix elements
Yiik needed for the closure relations (1.13) are read from the tape
output of the previous program. A streamlined version of this program
was used to solve the system for truncation at orders 12 and 13.

As with the previous program, a general outline is included at the
top of the listing and more specific information is appropriately dis-
tributed throughout the listing. It should be noted that this listing
is not complete in the sense that it does not contain a listing of the
subroutine LINRD. Information about this subroutine can be obtained

from the University of Victoria Computing Center.
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THIS PRCGRAM SOLVES THE ®WANG CHARNGY" SYSTEM CF “MOVENT ECUAT IONS AT THE
SINGULAR OCINTS IN A SHOCK WAVE, IT ALLCWS FCk TRUNCATIION AT CRDTRS
=11 INCLUSIVE ANN CLOSES THE SYSTEM USING ThFE "“QATICNAL TRUNCATICN
ANEC CONSDIMNATE STRAINING PROCENUREY WHERF THE NIZICTS3ARY CLASYRSE WATRIX
ELEMENTS ARE COAMPUTEN EY AN 2UXILTASY PROGRAM, THS DETEIMINANT 15 TEE
AUGMTENTED MATRIX IS LSED TN ITERATIVELY DFTERNINE W (TeSae "ANIGAMW),

THE FCLLCWING NIOTATICNS AND CEFINITICNS ARE USED:
AW IS THE LEFT=FAND=SICE MATRIX COF CCEFFICITNTS

AUG IS ThHE AUCMENTEN MATEIX W!ITH ThHE RIGHT-HAAD~-SIDSE VECTCS = A4S
THE ADDITIONAL COLUMM AND "EQUATICN 2" AS THE ARCITINNAL RIW

TNOT AND TSTAR ASF THE UPPIZR AND LOWTR SUEMATRICES, RISPZCTIVELY,
ANC ARE ACHIRVED F2TM THE PFODUCTS CF GNOT ANT GSTAR WITH THE
VECTOR "S*" FOR FACH PAIT™ CF VALUFS GCF THE STRAINTING OCARAMETERS

MS IS THE SINCULAR FCZINT MACH NUMEER ANC THE PROCRAV IS TUN FCR
VALUEZS OF MS F20M MSTART T0O MSTCP [N STERS JF MINC :

ALFAMS AND RETAMS ARE STRAINING PAQANETERS, (THEY ALE TERE "LAV3DAMW
AND "Mu" DEFINEN IN THT THESIS.) THIZ FIVT AVAILAZRLE STRAINING
FPTIONS ARE NETESMINED BY THE VALUE OF ISTRN AND,s IN ADCITICN,
GEAD CLOSURE IS ACHIEVEN BY GIVIMG ISTEN THI VALUT 9

IVMELICIT REALSR(2=H,S=7Z) L, INTEGFR(1=R)

SCALY¥8 MS,MSTAZT,MSTAP,MINC,RCOTSE

DIMENSICN AUG(S41441)4A%(41,41).R(41)CNOSV(A47),E1G3L(40),
EGNOT(21 421421 )4 GSTER(7,21,28),TAEXP(28),1EEXC(23),ICF(47),
ELNAT(L7) NMAT (A7) PMAT(47) s TNCT(21,21)sTSTAR(7+21)+2STA(40)
FOQUTVALENCF (AUG,AW)

CCMMON Aw ,P,31,F2,SCGP T3, SORT22,MS ,CRDER , INAX,IIMAX,[FRNTG
CCMMCN/AREAl/ SCCTSA.FIGSL

CCMMON/ARFA2/ TNOT,TSTAK JNMAT LMAT,S%AT ,ICIMT ,OCNCRM, ICF,1CRAD
COMMON/ARERAT/ WRFGINWUWSTOR  WSTEP MPKNTR 4MESTER
CCMUCN/ASERAL/ Z5TAGCETNXT,,ITCOME, ITKNTR

CCMMCN/AREAS/ NDUP(47),NTED '

KOIMG(I)=(1/2+42)¥%(1/2+1)/2

ALPHAL (X)=1.0N0

RFTAY (X)=16D0C

ALPHAZ2(X)=X/DENRT(2+D0)

BETA2(X)=X/DSQ2T(2.C0)

ALPHAZ(X)=X/DEQRT(2,D0)

RFETAZ(X)=1eD2/DSQRT (240C)
ALPHAA(X)=DSNRT(X*=2+F,00)/2a0N/NSCFT(20C)
BETAL(X)=DSARTIX>*2474DC)/2.DC/DSART(Z24090)
ALFAS(X)=DSORT((XE~2424P0) ¥ (SaD0¥X*242=14,DC))/(4,TO*CSORNT(Z6D2)*X)
AETAS(X)=CSQRT( (X222 243 4N0) % (54D00¥X*x2=1NC) )/ (4,CNECSQRT(2,0C2)%X)

1TPNRV=4
1GFANDE =8
TREMNTE=A
WINC=e1D=03
wUMMY=14,CO
IGRAD=0

SOFRTI=RSART(3.00)
SOST23=NSART( 22 CNL T oDD)

FOPTEA=NDSART(SeCO/54D0)




sl aNelaNale}

10

18

20

110

1290

130

140

SUPFRSSS UNDERFLOW ERROP MESSAGES
IERN=208
CALL FRRESET(IERN,256,=1)

REAC(IFEACP,35) ISTRN
FOENMAT(17Xs12)

IF(ISTEN «FNe 0) IGRAD=1
IF(ISTRN «S0e 0) ISTRN=1
REAC(IRFACR1Q) (INDF(I)eI=1,47)
FCRMAT(121¢&)

PEFAC(TIREACRWIS) (SI1GRL(T),sI=1,40)
FNSMAT(2D2S.1€)

REAC(IFFALR,20) ORDER
FCRIMAT(AX,I12)

NCPD=CRDER

CCMFUTE THEZ DIMENSICNS NF TEE VARIOUS MATRICES
IMAX=0RDFR=1+(0PCER/2)% ( (ORCEF+1)/2)
TIMAX=IMAX+? :
INIMT=(2x((CALCF=+1)/2)=-CRCER/2)*((CRNER+2)/2)/2
IDIMGS=(C=NEC+3)/2

KNMAXGN=KDIMG(CFRCE=-1)

KMAXGS=KDIMG(2RCER+ )

IN EMAT(I)y LVAT(I) AND NMAT(T), STCRE THE VALUES OF R, Le AND
2R+L COFPRESPANDING TO THF SINGLT SUBSCRIPT T4 (THEST VALUES WILL
RE TWICE DISPLACZD FROM THFI? CCRRECT VALLES SINCE, KERE, [ RIFERS
TC THE RIw (O3 COLUMN) COF THE LeHsSe MATRIX THAT HAS HAC TFE FIRST
TWO R0WS ANC COLUMNS PEMOVED)

KNTFR=0

R=0

L=0

AMAX=0

D 140 I=1,42

IF(IeLES2) GO TO 110

AMAT(I-2)=R

LMAT(T1=-2)=L

NMAT (I=-2)=2%2 +L

NDUR( 1=-2)=2%R+L

IF(=eECe0) GO TO 120

P=R=-1

L=L+2

GC TO 140

IF(KNTReEGel) GC TO 1320

KNTR=1

R=RVAX

L=1

GC TO 140

QMAX=FMAX+]

L=0

R=RVAX

KNTE=0

CONT INUE

CSEAD THE MATRIX SLEMENTS, GAMMA(I ,J.K)y FROM TAPE
FEWIND ITPORV

IGN=1

I1GS=1

NC 80 1=1,49

IF(I=-2) 25,256,27

LMATI=0

GC TO 20

LMATI =]



40

45

4€

47
SO

60
&5

70
75

Q0

100

400

410

4?20
430
440

4F0
a7¢C

480
490

|07
S10
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GO To 30 ’
LMATI=LMAT(I=-2)

IF((NGDSR=LMATI /242 oNFs OFDER-LNATI) GO TI 40
DO 7S 1J=1.42

FEAR(ITPCRV)

GO TO g0

JGN=1

JGSs=1

DC 70 J=t1,82"

IF(J=2) 45,465,487

LMATI=0

GC TN S0

LMATY=1

GC TO 50

LVMATY=LMAT(J~2)

IF((LMATJ=LMATII/2%2 oENs LMATJ-LNATI) GO TQ S5
SEAC(ITOCRV)

GC T2 7¢

IF(ToGTeIMAX+2) GO TN €0

SEACCITPLSEV) (GNOT(IGN,JGNWK) K=1,KVYAXGN)
JGN=JUGN+1

GC TO €5

PEAR(ITPNEV) (GSTAR(IGS +JGS oK) yK=1,K¥AXGS)
JGS=JGS+1

IF(JGRNeGToISINT aORo JGSoGTICIYT) GO TQ 75
CONTINUE

TF(IaCEsIMAX+2+4IDINMGS) GO TR €5

DO 7 JJI=Je41

RFAC{ITPORY)

TE(I=-(IMAX+42) ) 77,80.78

IGN=IGN+1
GC TO #¢0
IGS=IGS+1

CONTINUE
REWINC ITPDRYV

PEAC(IREALCR,29C) MSTART,MSTNP,MINC
FOEMAT(3C20¢3)

READ(IFFACR 4100) WBEGIN, ASTCP yWSTEP ZMFSTEF
FORSMAT{3I020484110)

WORIG=WRBEGIN

DR INT INMFCEVATICN CCNCERNING THE USES®*S CHOICSE OF PARAMETERS
WRITE(IPRNTR,4900) CRNDER
CARMAT(010/%=-*,9CRDER OF SNLUTIONZI?,14)
IF(MSTART ¢5Ze 1eCO) GO TO 420
WEITS(IPRNTR,4810)

TORVMAT( "=, *DCWNSTIFAM SIMNGULAR PCINT®)

GO T 440

WFTTE (IPRPNTR, 430)

CCOMAT( ' =0 1 DSTRZAM SINGULAR PCINT ')
IF(IGRAC oN€s 1) GU TO 4AC

WRTTF(IPRNTR ,459)

FCEMAT( "=, ' GRAIC CLCSUREY)

GC TO €00 :
WETTF(IFRNTR 470)

EACMAT( =, *STRAINING USZD:IY)

GC TN (480450045800 ¢354045€60),ISTRN
WETTF(IPRNTE L490)

FORMAT('0*',SX, "N STRAINIMG (LAVMBDA=MU=1)?)
GC TO €09

WRITE(IPINTF,S17)

COFMAT (10" ,SX,*ISNTRORPIC STFAINING WITH LAMROA=MU=M/SQRT(2)1)
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GO TO £00

S20 WRITE(IPRINTK, S20)

520 FCRMAT('0"ySX +'ANISCTROPIC STRAINING WITH LAMEBDA="4/SQRT(2) ANC v,
E'MU=1/8QRT(Z2) )
GC TN £00

540 WFITE(IPSNTR,S50)

SS0 FORMAT('!'0',SX,'ISOTROPIC STRAINING WITH LAMBDA=NU=SCRT(VMr%x24+3)/°,
EY{(2¥SQFT(2))*)
GO T2 €0¢C

SEO0 WSITE(IPR’NTR«S579)

S70 FORIMAT('0'+SX T ISOT2ARPIC STRAINING WITH LAMEDA=MU=SQRT((M¥%x24+3) ¢,
£E¢2(SnNI»2=1)) /(4¥SQRT(2)=M) 1)

A00 CONTINUC

FOSM VFCTORS TAEXP(K) AND IB8TXP(K) CONTAINING THS POWERS TO WHICH
WLANTDA® AND fMUM ASE FAISEC IN THE K'TH ELEMENT AF THE VECTAR "gn
1ALPHA=0
IBETA=0
IST2Z2E=1
DO 160 K=1,KMAXGS
TASXE(K)=T[ALPHA
IPEXP(K)=I2FETA
TF(IRETA,EGeD ) GO TO 150
TALPHA=TALPHA+2
IBETA=IRETA-2
50 TO 169
150 IRETA=Z2X[SIZE
IALEHA=0
I1S175=1SI ZE+1
1A0 CONTINUF

STOARS THE NOIVALIZATINCN CCNSTANTS FC? THE EIGENFUNZTIONS IN TEE
VECTOR DNTEM(J)
SCRTPI=4 1772457850908 S1AD1
JEND=TIMAX4+IDI ¥GS
DO 10 J=1+JEND
R=RNATI(J)
L=LVAT(J)
IFAC=1
IF(Re=Qe Q) GN TO 170
D2 1ES T=1,R
1€6S IFAC=IFAC*!] @
170 DNORM(J)I=DSORT(IFACY(L+45DC)*SQRTPI/DGAVMA(L+R+1,5D0))
180 CCNTINUE

MS=MSTART
MPKNTR=0
WRITF (IPRNTF,190)

190 FCFMAT(*1)

200 81==DSORT(S«NOI¥ME/3,D0
B2=PSNRT(1-C1)E¥MS/2,D0
GC TT (201420242C242C44205)4ISTSN

201 ALFAMS=ALDPHAL (MS)
IFTAMS=REETAL1(VS)
GC T2 208

202 ALFAMS=ALPHA2 (VS)
RETAMR=RETAZ(MS)
GC TN 2083

207 ALFAMS=ALPHAZI(MS)
RETAVMS=RETA2(MS)
GE TQ 20°

208 ALFAMS=ALPHAL (MS)
BFTAMS=RBETA4(NS)



[a]

a)

-[43_

GQ TO 208
205 ALFAMS=ALFAS(MS)
RETAMS=RETAS(MS)
FCRVY THE CL2SURE MATRICES TNOT AND TSTAR FROM GNCT AND GSTAR
208 N0 250 J=1,IDnIMT
NG 220 1=1,1D0IMT
TNOT(1,J)=0D0
ND 210 K=1,KMAXGN
IF(GNOT(I »JeK)eFNeCoe) GO TO 210
TNOT(T 3 J)=TNOT( T4 J)4#GNOT (I 43 Jy K)IA(ALFAMS & * [AEXP(K) ) * (BETAMSx X
EIREXP(K))
210 CCNTINMNUE
220 CONTINUF
DO 240 [=1,IDIMGS
TSTAR(T4J)=0,00
NO 220 K=1,KMAXGS
IF(GSTAR(IWJeK)aRCa0a) GC TC 220
TSTAR(T 4 J)=TSTARP( T, J)+GSTAR(I 9 JsK) X (ALFANSATASXP(K))®(EETAMS*x
ST1BEXP (X))
230 CCNTINUF
240 CONTINMNUE
250 CCNTINUE
CCNSTFUCT TFHS LaeaHeSs CCLUMN VECTOR (AGAIN NOTING DISPLACEMENT 0F
THE TINLCEX)
8(1)=R1
B(2)=R2
DC 255 I=3,11VAX
255 BR(T1)=0eD0 '
IF(MSZNFaMSTART) GO TJ 2€0
CONSTRUCT (ANC CLOSF) THT AUGNTNTEID MATRIX USING DUMMY VALUE CF
w FOS DIAGAONAL FLEMFNTS
CALL FCRMAW(WCUMMY)
G TN 270
CALL CLOSAwW(wCUMMY)
CCNSTRUCT TABLE 0OF VALUES CF THE DETERMINANT OF THE AUGMENTED
MATET X AND SEARCH F(CR APPRAOXIMATE LCCATICN 9F FIRST RCAT
270 CALL DRETMARP (1 ,JCOVMP WINIT)
IF(JCCMP,NES1 ) GC TN 272
NRITE (IPRINTR, 272) MS,wSTCP .
272 FOSMAT('=1 ,"MACK NJe=?yFRe4/"' ' 'NC RCOTS FOUND FOR W LESS THAN *,
£D2E416)
G2 TO 315
275 WRITF (IPRNTR,276)
27& FORVAT('0)
PERFNRM FIRST ITERATION
CALL TJTTERB(1+WINIT=UINC,WINIT WNCHW)
WCLD=WINIT
W=WNEW
PERFNARM SFECCNELC AND SUBSEQUENT ITERATICNS
280 CALL TTERA(2,WOLDswwNFW)
IF(ITKNTR+GTe2C) GO T 282
wWCLD=W
WN=WNEW
WHFEN THFE VALYE CF W HAS PEEN CETERMINED TC 15 FIGURES 3F ACCURACY
(ANC SURSEQUSNTLY THE SYSTEM OF ECUATIONS SOLVED)e COMAUTE THE
PHYSICAL NCMENTS CF INTEFFEST
IF(ITCCMP4EQel) GO T 290
GO TN 289
282 WRITS(IPRNTR,28F) M™MS

iV}
[9,)
o

285 FORMAT('0' 4 "VMACKE NJs=':D2S5s164" TCO MANY ITERATIONS WITHOUT ¢,
FETCONVFRGEINCFE )
GO TN 210

260 NDFMA=~SQRT2IXZETA(] )/ MS* %2
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NOMG==2,00%25 TA(2)/DSNAPT(24CNO)/NVNS2*2
DPMR==DSQRT (1 a53NO )= ZFTA(Z )V /M543
NPMS= g éN2=-NSNET (6« COI*ZETA(L) /S D0/ Z2ETAL(3)
DPMT==C ¢NO¥W» 25TA(2)/9,N0/SCRTI/MSH2?
WRITS(IPINTE.7%3) MSedDFTMNXT
2G5 FORMAT(*= ", "MACH NMTe="',FSea4/" ', FINAL WI',D2%a1%£,20X,'D=Ta CF ¥,
EVYAUGNENTED MATRIXIY C2%e16)
WRITE (IPINTS, 370) (ZETACI)I=1,IVMAX)
AND FORMAT( 0 ', *TIGINFUNCTICN MCMENTS (STARTING WITH ZETA(3))Tv/( ¢,
£E7TND183e8))
WEITZ(IBRNTE, 3n=3) CPMA,,COMC,CFVD,DFPNME,DEMT
305 FORMAT( Q' *2kRYSICAL MOVENTSI 1/ 1, VALPHA=Y ,D23,107*% ', 'GCAMMA=",
EN23e¢10/" '"H,'DELTA=! (D23410/% " ,*'5111/S1=1,D21,10/" ' ,'T/TC/Mkrs2=1,
£NDi%a10) A
C SEADPCH TARBLSE FCrR ANCITIOCNAL RQOOTS
210 CALL SEARZTH(2,JCOMD ,wINIT)
IF(JCCMPeECWl ) GO TC 315

GC TN 275
C MORTFY UPPE= LIMIT OF URPSTREZAM RCCT SEARCKF IN ACCORCANCE WITH
C NPBSERVED CEPRPENNENCE CN MLZCH NUMEER

315 IF(NSTOP «GTs 0aNG) WSTOP=WINIT+1,D0
MS=NS+MINC

C
C MORTFY STARTING VALUT 0OF W FCR DOWNSTREAM RJ0T SFARCH [N ACLZ2SDANCE
C WITH CBSEZRVED FUNMACTINNAL CEFENDENCE ON MACH NUMSER,
IF(MS sLF o o2N00) UEEGIN==8«0C=(8C0-¥S)¥1aD1
TF(MS «GTa 3300 o2NDa2 MS oL Te o91CO) WREGIN==94D0+(e8D0=M<S)*4,0N1
IF(VS oG e eC1NN ¢A&NCe MS olLTe 1C2 WBEGIN=WIRIG
C
IF{MTeGTANSTOF) GO TH 220
TS(NPKNTC S Ca VPETEP) MPKNTR=0
MEKNTR=MDPKANTR +1
GOo T 200
320 WFITE(IPRNTR,3270)
20 FCPOMAT(*1Y)
sSTNO
ENO
c
c

C THIS SUSROUTINT CCNSTRUITS AND CLOSES THZ LHS MATRIX CF COEFFICIENTS

SURRJQUTINE FOEMAW(W)

IMRPLICTIT GFALO(L=HS=7)INTEGEF(1-R)

TEALSR MI 3TV 422, DCCTRE ZLNTENS

INTEGER S1.S4

LOCICAL DSFINR/SsTRUCSe/yDETFR/eFALSE o/ FEFINT /9 TRLES /

DIMINSION AUG (814471 ),AW(41441)43P(41)4C(AT7)+CTTIN(AZ21)DNIRV(47),
ESIGELILC) s IDT(47) 3 JWEK(RZ)ZLMAT(27) ,ANVAT(27),RMAT(AT7),TNIT(21,21),
ETNOTIN(?1 421 ) 4 TSTAR(7 421 ) s VALLE(2) s Ww=K1(42)+swK2(41)W3IK3(41),
EVNRKL (41 ,a)

SQUITIVALENCE (AUG, Aw)

TCMMON AW, B,2314FZ24SCRT2,SQRTZ3yMS L CRCER, INAX . [IMAX, IORNTD

COUMMAON/ANRKELKY/ TURK ¢WRKY (WSKZ ¢WRKZ 4,WEK4

CCMVDON/LREAL/ FTCOTSELFIGRL

CCMVON/ARE AR/ TNOT yTETEL JNMAT JLNATSMAT G ICI VT ,CNCRY, IDF, IGRAD

c
AT{RPH L )==1aC0Y(L+1aCOIACSART((P+L 41 +5C0)/(2,00%L +1eC02)/(2aD0=L
542eD0))
PE( Ty L)=L2NENET (R 1,00 ) /(27 C L=1-70)/(220=-L+414C0C))
C CCNSTEUCT QFF=DTAGCNAL FLFMENTS

Nne 10 J=tIMax
ne s T1=1, 1%Aax
Aw(leJd)=0eNO

5 CONTINUE



10

12

15

20

21

30

35

49

CCNTINUE
DO 12 I=1,IMAX
R=EVATI(I)

L=LMAT(I)

N=NMAT(T1)

IF(1+GTe24) GC TN 12
S1=(N+3)/2

Se=(N+1)/2

AW(T s I+S1)=A1(R,L)

AW (I+S1,I)=AW(T,I+S1)
IF(LeECeN) G0 TN 12
AN(T,T4S4)3A4 (R ,L)
AW(I+S4,1)=AAd(],.1454)
CONTINUE

ALT=RNATE FENTRY TO AVOIN RECCNSTRUCTICN

ENTEY CLOSAW(W)
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CCMBUTE THE INVERSE CF TNOT

DN 20 I=1,IDINMT
DC 1S J=1,IDINMT
TANCTIN(JLI1)=0,09
CCMTINUE
TNOTIN(I,TI)=1,0D90
CCNTINUE

OF JFF=-DIAGONAL ELEMINTS

CALL LINFD(IDTIVT,TTR,TNOT UWEK] sIWEKWOK2 4 WRK3,WRKE,21,TNOTIN, 21,

IER

EICIMT yVALUE JDNEFIMB,PETERREFFINE)
IF(IER«NC0) WRITZ(E,21)

FORMAT (10 ?, "FCOMANI ?,4X, Y [ER=",12)

CONSTRUCT SURMATRIX uCw

I1ISTRP=(CPCER+2)/2
JISTCE=(CENER+3)/2
DO 3¢ II=1,1IS7CP

P=FNMAT(ITI+IMAX-TISTOP)

L=LMAT(II+IMAX=-TISTORP)

N=NMAT(II+YMAX=TISTOO)

LCCY=1I4JJSTIAFP=-11STOP

LOCA=TI+JJSETOC=-IISTCO-1

NC 25 JJ=1+JJSTCP
ClIT+JJ)=0eDD
CONTINUE
ClIT+LCC1I=A1(R,L)

IF(LCC4e=Ce0) GO TO 30

C{II,LCC4)I=A4(°,L)
CONTINUE

COMPUTE MATRIX PRQCUCT C#TSTAR=(INVERSE CF TNCT)

DC S0 K=1,I1S5TOR
DC 4S5 N=1,IDIMT
D2=00C0
DO 40 L=1,JJSTCP
©1=0.C0
DC 25 M=1,IDINT

QI=TSTAR(L,M)FTNOTIN(M,N)+R1

CCNTINUF

D2=0ONCRNM(IMAX+L)/IDE(IMAX+L)I*P14%C(K,L)+R2

CONTINUE
CTTIN(KN)=R2
CONTINUE
CCNTINUSE

ADD THE CLOSURE MATRIX TO Aw,
ZATICN ANC CIVIRDING FACTORS™

REMEMBERING TC

INCLUBCE THE

UNCENALT-
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ISTART=IMAX=0ORDFR/2
JSTCP=1START=-1
K=1
NC 60 I=1START, IMAX
N=2
NO S8 J=1,,JSTCP
TF((ORDER=NMAT(J))I/2%¥2 +5Qe (CRPDER=-NMAT(J))) GN TN S8
IF(DFNDER/2%x23sNF4aTROER (ANCa No=Gs2) GO TO 55
AN(T,J)=AW(J, T)4IDF(J)/DONORVIJIFCTTIN(K,,N)
IF(IGPRAD +EQe 1) AW(I+J)I=A%(JIHI1)
55 N=N+1
59 CONTINUE
K=K+1
60 CCNTINUFE

INPUT FLEMENTS OF LAST ~Cw ANC CTLUMN OF AUGMENTEC MATRIX
AUG(Ll ,11IMAX)=R]

AUG(2,1IVAX)=82

AUG(IIMAX,1)=1,DN/SCQRT2

AUG(TIIMAX +2)==SQRT23

N0 65 TJ=2,IMAX

AUG(TJ, TIVMAX)=0,5D0

AUG(ITMAX+1J)=0eD0

CONTINUFE

RNMTRMS==CSQRT (2,00)4MS2x235,00/60CA+4CSORT(«4SDQ)
AUG(TIMAX 4] IMAX)==RVTRVS

»
N

CCNSTFUCT CIAGCNAL ELEVENTS 0F Aw

ENTOY DIAG(W)

DO 7C I=1,IMAX

AW(T 41 )=RCCTHHExMS* (W EIGIL(I)=14D0)
70 CONTINUE

RETURN

END

THIS SUBRCUTINE CCNSTSUCTS A TASLE (MA2) CF THE VALUSS OF THE DETER-
MINANTS NF THE AUGMENTED MATRIX ARND SEARCKSS FOR APPROXIMATSE LAOCATICNS
0F THE PONTS, THS VALUES OF THF DETERNINANT ARSE STORED IN DETMAT(K)
AND THE COPRFSPCNDING VALUS ©F W IS STCRED IN WMAT(K)

SLRFOUTINE CETMAD(NTRY,JCOME WINIT)

IMOLICIT REAL*8(A=H,S=Z),IN/ECEF( 1=R)

DEALXR MS

LOGICAL SCLVE/FALSEG/sDETES/ 4 TEUEL/ SEFTNE/¢FALSES/

DIMENSIOCN AUG(41,41),A%(41,41),3(&1),CETMAT(2000),IWRK(22),

EVALUET(Z) g WMAT(2000) ,WPK1(41),WIK2(41) WRKI(41),WEK4(41,41)

SAUIVALENCE(AUG, AW)

COMMON AW 4B ,421,32,SCRT7,SNFT23,MS,05CER, INMAX, TIMAX,IORNTS

CCHMON/WRKEBLK/ TWRK JWEKT JWEK2 JWRK3,WIKa

CCMMON/AREAR/ WEEGIN,WST P WSTEP,VFKNTR,MESTEF

K=1

wW=WPSGIN

CALL CIAG(W)

CALL LINRD(TIMAXZTER2UGeWOK] JIWARKyWRK2 yWFRK3+WRK4,41,3,481,1,
EVALUE ,SOLVE0FTER ,PEF [NE) )
WNMAT (K)=w
DETMAT(K)=VALUS (1) ¥ (14ED1*XVALUE(2))
W=W+WSTFEP

IF(AeCGTeaWSTCP?) GC TC 10

K=K+]

GC TO 5

10 NPTS=K

Jl
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REMOVF C'S FRCM THRE FOLLOWING CARCS IF QUTPUT OF TABLE IS DESIRED
TFIVMPKNTRSNE S MESTEP 4 ANDe MEKNTRLZNFL,0) GO T3 30
WRITE(IPRNTR, 20) MS
20 FOOVAT('1 ¢, " MACH ANUMBFE= ¢ ,FQ,44)
WRITF (IPRINTR,25) (WMAT(I),DPETNAT(I),1=1,NFTS)
25 FCRMAT('0'"yC2%416,5%XyN25e18)
30 CONTINUE

ALTFRNATE SNTRY FOR LOCATING SECOND AND SUBSEQUSNT ROJTS CF THE
NETEGMINANT
ENTRY SSARCH(NTRY,JCOMO,wINIT)
18NOT=0
JCOMP =0
IF(NTFYaSQa?2) GO TN 75
J=1
W1=WMAT(1)
DET1=DETMAT (1)
W2=WMAT( J+1)
DET2=DETMAT(J+1)
TF(RST1/NDARS(CETI )#DET2 oGTs 0400) GG TO 40
WAVI=(wl4w2)/2
CALL. DIAG(WAVE)
CALL LINPD(IINAX, TSR, AUG WK1 +IWRK,WRK2 +HFK3,WRK4,41,3,41,1,
EVALUE , SOLVE ,DETEP (QREFINE)
DETAVE=VALUF(1)#(14A601**VALUE(2))
DETZND=DET1
IF(DETAVE/DARS(NETAVI)¥DET? oGFe 0a00) DETEND=DET2
IF(NETI/DAPS(CFT1)4DETZ oLTe 0eDD o ANDs CASS(CETAVE) oL T
EDARS(DETEND)) IS0NT=1
40 wi=w>
NDET1=DET?2
J=J+1
IF(IPCOTEGaN) GO TC 45
WINIT=WAVE
GG TO S0
45 IF(JeLTeNFTS) GO TO 35
Jcovp=1
50 SETURN
END

(")
m

THIS SUBRNDUTINE PERPFCRMS A SINGLE STEF [F A NSWTCN=-RAPHSON ITERATIVE
PROCEDURE TO DETERPMINE THE EXACT VALUE NF THE ROGTe IF THE RICT IS
SUCCESSFULLY DFTTZRVINED TO AN ACCUSACY NnF 15 SIGNIFICANT FIGURSS THEN
THE SYSTEM OF MOMENT EGQUATICNS IS SCLVEC AND THE SCLUTICN IS STCRED
IN THE VECTNR ZETA
SURINUTINE ITERS(NTOY JWPEFV ,WACW,WNEXT)
ITMOLICIT FEALYR(A=H,S=Z), INTEFCER(I=-R)
REALXE8 MS
LCGICAL SCLVE yOETER CLCFINE
DIMEASICN AUG(A]1 441 ) AW(41,£1),B(41),IWRK(22),VALUE(2),WRK1(41),
EWEK2(a]l) s WRK2(41) ¢w=Ka(2]1,41)425TA(40)
FQUIVALENCF(AUG, AW)
CCMMNON AW 2,231,092 ,SC2T32,SORTZ2?,MSCPCER,y INAX, [IMAX, IPRNTR
CCMMAN/WRKRARLK/ TWPK,,wWwRK1 ,WRK? ,W2K2,w3K4
COMMCN/ARENL/ ZETAZCETNXTTTCCMF, ITKNTR

SCLVF=eFALSFE,
DEFINE=oFALSE s

DETER=4 TRULE .

ITCAMP =0

IFI(NTRYeEQel) ITKATR=1
IF(NTRYeNFol) GO TO S
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CALL CIAG(WPREV)

CALL LINRD(IINAX,IER,AUG WK1 ,IWRPK,WFK2 ,wRK3,WPK4,41,8,41,1,
EVALUF s SOLVE WDETERWRTFINE)

DETPRV=VALUS (1) *(1eACIx¥VALUE(2))
5 CALL OCIAG(WNOW)

CALL LIANPD(IINMAXZTESJAUGCIWRKT 4 INRK,WRK2 JWRK3yWRKA4,41,8,41,1,
EVALUE 9 SOLVF 4DFETERZREFINEG)

DETNNWSVALUE( 1) (145013 «xVALUT(2))

WNEXT=WNCOW=DCS TNCwA (WPSEV=wNCW)/(DETERV=CETMNOW)

IF(DARS(WANEXT=WNIW) 4GTe 1aC~=02) WAEXT=WNCW+as 1DO*(WAEXT=-WNOW)

TO OUTPUT ITZRATICN INS(Cay SUFPZFSS "C'S"™ IN FCLLCWING 2 CARCS
WEITE(IPPENTR,10) [TKNTS, wMIWCETNTW
10 FORMAT(* ', 'ITEQATIONI' y I3 4FXsTw=?,C2C61£ +sA8Xs'DTTo=*,02%.15)

RPETERV=DE TNCW
ITKNTR=ITKATR+1
IF(DABS(WNEXT-%wNOW) oGFe #1D-14) GC TC 20
CALL DIAG(WNZIXT)
CALL LINRD(IIMAXS,IER,ALG sWPKL JIWRK,WSK2 yWFRK3,WFK4,41,2,41,1,
EVALUZ s SOLVESDETER JREFINF)
DETNXT=VALUE(1)*(1e6D1**VALUE(2))
SO0LVF=sTRUE
REFINF=aTRUS,
DETERP =eFALCSES
DC 1S 1=1,IMAX
15 ZETA(I)=8(1)
CALL DIAG(WNZXT)
CALL LINRCOIMAX JIFR AW WPKY yIWRK,WRK2 JWRK3I,WRK4,41,ZETA41,1,
EVALUS ySOLVE JDETERZREFINE)
I1TCCME=1
20 RFTU=SN
END
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