IMPACT
FACTOR

axioms 20

Article

On Modified Integral Inequalities for
a Generalized Class of Convexity
and Applications

Hari Mohan Srivastava, Muhammad Tariq, Pshtiwan Othman Mohammed, Hleil Alrweili,
Eman Al-Sarairah and Manuel De La Sen

Special Issue
Advances in Complex Analysis and Geometric Function Theory with Applications

Edited by
Prof. Dr. Jin-Lin Liu and Prof. Dr. Hari Mohan Srivastava

https://doi.org/10.3390/axioms12020162


https://www.mdpi.com/journal/axioms
https://www.mdpi.com/journal/axioms/stats
https://www.mdpi.com/journal/axioms/special_issues/034DT5826L
https://www.mdpi.com
https://doi.org/10.3390/axioms12020162

@ axioms

Article

On Modified Integral Inequalities for a Generalized Class of
Convexity and Applications

Hari Mohan Srivastava >34, Muhammad Tariq >, Pshtiwan Othman Mohammed ®%, Hleil Alrweili 7,

Eman Al-Sarairah 8°

check for
updates

Citation: Srivastava, H.M.; Tariq, M.;
Mohammed, P.O.; Alrweili, H.;
Al-Sarairah, E.; De La Sen, M. On
Modified Integral Inequalities for a
Generalized Class of Convexity and
Applications. Axioms 2023, 12, 162.
https://
doi.org/10.3390/axioms12020162

Academic Editor: Roman Ger

Received: 11 January 2023
Revised: 30 January 2023
Accepted: 2 February 2023
Published: 5 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Manuel De La Sen 10:*

Department of Mathematics and Statistics, University of Victoria, Victoria, BC VW 3R4, Canada
Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung 40402, Taiwan

Department of Mathematics and Informatics, Azerbaijan University, 71 Jeyhun Hajibeyli Street,

Baku AZ1007, Azerbaijan

Center for Converging Humanities, Kyung Hee University, 26 Kyungheedae-ro, Dongdaemun-gu,

Seoul 02447, Republic of Korea

Department of Basic Sciences and Related Studies, Mehran University of Engineering and Technology,
Jamshoro 76062, Pakistan

Department of Mathematics, College of Education, University of Sulaimani, Sulaimani 46001, Iraq
Department of Mathematics, Faculty of Art and Science, Northern Border University,

Rafha 73213, Saudi Arabia

8 Department of Mathematics, Al-Hussein Bin Talal University, P.O. Box 20, Ma’an 71111, Jordan

9 Department of Mathematics, Khalifa University, Abu Dhabi P.O. Box 127788, United Arab Emirates
Department of Electricity and Electronics, Institute of Research and Development of Processes, Faculty of
Science and Technology, Campus of Leioa (Bizkaia), University of the Basque Country, 48940 Leioa, Spain
Correspondence: manuel.delasen@ehu.eus

Abstract: In this paper, we concentrate on and investigate the idea of a novel family of modified
p-convex functions. We elaborate on some of this newly proposed idea’s attractive algebraic char-
acteristics to support it. This is used to study some novel integral inequalities in the frame of the
Hermite-Hadamard type. A unique equality is established for differentiable mappings. The Hermite—
Hadamard inequality is extended and estimated in a number of new ways with the help of this
equality to strengthen the findings. Finally, we investigate and explore some applications for some
special functions. We think the approach examined in this work will further pique the interest of
curious researchers.

Keywords: convexity theory; p-convex function; m-convex function; Hermite-Hadamard inequality

MSC: 26A51; 26A33; 26D10

1. Introduction

Since more than a century ago, convexity has been the focus of intense investigation,
and it has an amazing history in mathematics. This theory and its generalizations have
significant advantages for the investigation of extremum problems. In addition to its
fascinating and in-depth findings in numerous disciplines of applied and engineering
sciences, this theory is widely accepted and provides a numerical setup and framework
for scientists to analyze a wide range of unrelated problems. The term “convexity” has
attracted a lot of attention and has become a fruitful source of research and ideas. Interested
readers can see the following literature about convex analysis, convex functions, and
their applications [1]; s-convex functions [2]; n-polynomial harmonically s-type convex
functions [3]; convex functions with applications to means [4]; GA-convex functions [5];
p—harmonic exponential type convexity [6]; and generalized exponential-type convex
functions [7].
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The term convexity played a significant and vital role in the generalizations and ex-
tensions of inequalities throughout the past few decades. The theories of inequality and
convexity are strongly related to one another. Information technology, statistics, stochastic
processes, probability, integral operator theory, optimization theory, and numerical inte-
gration all make use of the integral inequalities. Many mathematicians and academics
have focused their considerable efforts and contributions over the past few decades on the
study of inequalities. Interested readers can go through the following articles about differ-
ent type of inequalities, i.e. Hermite-Hadamard integral inequalities [8], Ostrowski type
inequalities [9], weighted Chebysev-Ostrowski type inequalities [10], Ostrowski type inte-
gral inequalities using hypergeometric functions [11], reverse Minkowski’s inequality [12],
reverse Hermite-Hadamard’s inequalities [13], and Minkowski’s inequalities [14].

The primary goal and uniqueness of this article is that it discusses Hermite-Hadamard
inequalities and their refinements for modified p-convex functions using a new identity
with the aid of power mean and Holder inequalities.

We organized this article in the following manner: we discuss some fundamental
definitions and ideas in Section 2. In Section 3, we elaborate the concept and properties
of the modified p-convex function. For a modified p-convex function, we examine a new
generalization of the Hermite-Hadamard type inequality in Section 4. The Hermite—
Hadamard type inequality is then improved in Section 5 using a modified p-convex.
In Section 6, we investigate some applications involving modified Bessel functions via
modified p-convex. Lastly, in Section 7, a conclusion and future directions of the newly
introduced idea are expressed.

2. Preliminaries

It is advisable to explore and expound on a few definitions, theorems, and notes in
the first part for the sake of thoroughness, quality, and reader interest. This section’s main
goal is to explain and examine certain familiar terms and definitions that we require for
our examination in subsequent sections. The first concepts we discuss are convex function,
Hermite-Hadamard type inequality, h-convex function, s-type convex function, p-convex
function, and m-convex function. A few theorems related to the p-convex function are also
included.

In the year 1905, Jensen [15], for the first time, presented the meaning of a convex
function, which reads as follows:

Definition 1. Assume that X is a convex subset of a real vector space R and D : X — R is a real
valued function. A real valued function D is convex if

D(kby + (1 —k)bp) < kD(by) + (1 —k)D(bp), 1)

holds ¥/ by, by € X, and k € [0,1].

Theorem 1 ([16]). Assume that X is an interval in R and D : X — R is convex. Then, D is
Lipschitz on any closed interval X.

No one can deny the Hermite-Hadamard inequality’s astonishing and spectacular
significance in literature due to its importance in various fields. Since that time, scholars
have continued to be interested in the aforementioned inequality, and as a result, numerous
generalizations and enhancements have been made. Due to the extensive perception and
uses of this kind of inequality in the scope of pure and applied analysis, it has continued
to be a topic of significant interest. This inequality states that if real-valued function D is
convex for by, by € X, and by < by, then

by + by 1 b2 D(b1) + D(b2)
D( : )gbzbl [ Pooay < 22 @
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Interested readers can refer to (see [17-20]).
The term m-convexity was investigated and explored by G. Toader in (see [21]).

Definition 2 (see [21]). A real valued function D : [0,by] — R, by > 0 is m-convex if
D(kby + m(1 —k)by) < kD(by) + m(1 —k)D(by) ©)]
holds ¥/ by, by € [0,b,], m € [0,1], and k € [0,1].

Definition 3 (see [22]). Assume that X and J are an interval in R, (0,1) C Jandleth: J — R be
a non-negative function, h # 0. A non-negative function D : X — R is h-convex if

D(kby + (1 —k)by) < h(k)D(by) +h(1 —k)D(by) 4)
holds for all by,by € X, and k € (0,1).
Remark 1. Choosing h(k) = k, then the above function collapses to the classical convex function
(see [23,24]).
Definition 4 (see [25]). A function D : X C (0, +00) — R is p-convex if
1
D([kber (1—k)b§] ”> <xD(by) + (1 —k)D(by), (5)
Vby,bp € X, k€ [0,1], and p € R\O.
Remark 2. Choosing p = 1, then the above function collapse to ordinary convex function.
Definition 5 (see [26]). A function D : X — R is s—type convex, if
D(kby + (1 —k)by) < [1 —5(1 —k)]D(by) + [1 — sk|D(by), (6)
holds ¥V b1,by € X, s € [0,1] and k € [0,1].

Theorem 2 (see [16]). Assume that p > 1and % + % = 1. If D1 and D, are real functions defined
on [a,b] and if | D1 |P and | D;|7 are integrable functions on [a, b], then

[ 1P Dattax < ([ icoras) ([ pacoaz)’, %

with equality holding if and only if A|D1|P = B|D,|1, almost everywhere, where A and B are
constants.

Theorem 3 (see [27]). Assume that q > 1 and % + % = 1. If D1 and Dy are real functions defined
on [a,b] and if | D1 | and | D1||D,| are integrable functions on [a,b], then

/ﬂb|D1(x)D2(x)|dx < (/;|D1(x)dx>l3’(/;|D1(x)|dx/ﬂbDz(x)|’4dx)}7. ®)

3. Modified p-Convex Functions and Its Algebraic Properties

Due to the theory of convexity’s numerous applications in applied sciences and
optimization, it has undergone a remarkable development during the past few decades.
Even while convexity has yielded a variety of conclusions, the majority of the problems
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in the real world are nonconvex in nature. Studying nonconvex functions, which are
roughly close to convex functions, is therefore always worthwhile. Convex functions have
received acclaim from numerous well-known mathematicians during the twentieth century,
including Jensen, Hermite, Holder, and Stolz. An unprecedented amount of research was
conducted throughout the 20th century, yielding significant findings in the fields of convex
analysis, geometric functional analysis, and nonlinear programming.

We will provide our basic definition of the modified p-convex function and its correspond-
ing features as the main topic of this section.

Definition 6. A function D : X — R is said to be modified p-convex if

D (kb1p+m(1k)b2p>p < (1-(s(1=k)))D(by) +m(1 —sk)D(by) 9)

holds for all by, by € X, m € [0,1],s € [0,1], k € [0,1], and p € R\0.

Remark 3. (i) Choosing s = m = 1, we obtain Definition 4.
(ii) Choosing p = m = 1 in Definition 6, we obtain Definition 5.
(iii) Choosing p = —1 and m = 1 in Definition 6, then

biby

D(km—l—(l—k)bl) < (1-(s(1—%)))D(by) + (1 — sk)D(ba). (10)

(iv) Choosing p = m = 1 and s = 1 in Definition 6, we obtain Definition 1.
(v) Suppose m = s = 1 and p = —1 in Definition 6, we obtain Definition (2.1) in [28].

These are the amazing advantages of this newly investigated concept; if we choose
the value of p, m, and s, then we attain new extended inequalities and also obtain some

inequalities, which are associated with some previously published results.

Lemma 1. The following inequalities (1 — (s(1 —k))) > k and m(1 — sk) > m(1 — k) are held,
ifforallm € [0,1],s € [0,1], and k € [0,1].

Proof. The proof is obvious. [

Remark 4. Assume that m = 1 in the above Lemma 1, then we attain the following inequalities
(1-(s(1—x%))) >kand (1—sk) > (1—k).

Proposition 1. Every p-convex function on a p-convex set, i.e., X C (0,400), is a modified
p-convex function.

Proof. Using the Definition 6, we have

D (kblp +(1- k)b2p> ’ <kD(by)+ (1 —k)D(by).

From the Remark 4, since k < (1 —(s(1 —k))) and (1 —k) < m(1 — sk) for all
m € [0,1],s € [0,1], and k € [0, 1], we have

D ((molp (- k)b2p> ”) < (1 (s(1-x)))D(by) + m(1 — sk)D(by).
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Proposition 2. Every (m, p)-convex function on a p-convex set, i.e., X C (0, +00), is a modified
p-convex function.

Proof. Using the Definition 6, we have

D ((kblp +m(1— k)b2P> %

From the Lemma 1, since k < (1 — (s(1 —k))) and m(1 —k) < m(1 — sk) for all
m € [0,1],s € [0,1], and k € [0,1], we have

) <kD(by1) +m(1—k)D(by).

1

D ((kblp +m(1-— k)b2P> ’

) < (1= (s(1 = )))D(by) + m(1 — sk)D(by).

O

Proposition 3. Every modified p-convex function with the mentioned condition h(k) = (1 —
(s(1 —x))) is an (h, m)-convex.

Proof. Using the Definition 6, we have
1
Z
D ((kbﬂ’ +(1- k)bﬂ’) ) < (1-(s(1=k)))D(by) +m(1 —sk)D(by).

Using the condition (k) = (1 — (s(1 —k))), we have

1

D ((kblp +(1- k)bzp) ’

Now, we present some examples regarding the newly introduced definition, i.e.,

) < h(k)D(by) + mh(1 —k)D(by).

O

modified p-convex function.

Example 1. If m = 1, p € (—00,0) U [1,00), and D(x) = x* is a (m, p)-convex function
Vx > 0[29]; then, by employing Proposition 2, it is a modified p-convex function.

Example 2. Let p > 1, m =1,D : (0,00) — R, and D(x) = x~P; then, D is a (m, p)-convex
function [29], so by employing Proposition 2, it is a modified p-convex function.

Example3. Let m =1, p >1,D: (0,00) — R, and D(x) = —Inx; then, D is a (m, p)-convex
function [29], so by employing Proposition 2, it is a modified p-convex function.

Now, we will discuss and prove some of its properties here.

Theorem 4. Assume that D and H are two modified p-convex functions; then, D + H is also a
modified p-convex function.



Axioms 2023, 12,162 6 of 18

Proof. Let D and H be a modified p-convex, s € [0,1],k € [0,1], and m € [0, 1]; then,

(D+H) ((kblp +m(1-— k)bzp) ;)

((kblp +m(1— )bﬂ’) ;) +H (<kb1p +m(1— k)b2p>;
—(
—(

N— —

< (1= (s(1-%)))D(o1) + m(1 - sk)D(by)

+ (1= (s(1-%)))D(b1) + m(1 — sk)H(b2)
= (1= (s(1=k)))(D(b1) + H(b1)) +m(1 — sk)(D(bz) + H(b2))
= (1= (s(1=%)))(D+H)(o1) + m(1 = sk)(D + H)(b2),

which completes the proof. [

Theorem 5. If D is a modified p-convex function, then for non-negative real number c, ¢D is a
modified p-convex function.

Proof. Let D be a modified p-convex function, s € [0,1], k € [0,1], and m € [0, 1]; then,

(cD) ((kbli” +m(1— k)bﬁ’) ;>

< e((1- (1= 0)DE) + (1 - sD(o2) )

= (1—(s(1 —k)))cD(by) + m(1 — sk)cD(by)
= (1= (s(1 =k)))(cD)(b1) + m(1 — sk)(cD) (b2),

which completes the proof. O

Theorem 6. Let a function H : X — [ be p-convex, and increasing function D : J — R is an
s-type m-convex function. Then, D o H : X — R is a modified p-convex function.

Proof. V by, by € X,5 € [0,1],k € [0,1], and m € [0,1], we have

(DoH) ((kblp +m(1— k)bQP)i>

(e

D(kH(by) + m(1 —k)H(by))
(1= (s(1=%)))D(H(b1)) + m(1 — sk)D(H(b2))
= (1= (s(1-k)))(DoH)(by) +m(l—sk)(DoH)(b2).

This is the required proof. [

<
<

Theorem 7. Let D; : [by, by] — R be an arbitrary family of modified p-convex functions, and let
D(b) = sup,; Di(b). If O = {b € [by,by] : D(b) < +co} # D, then O is an interval and D is a
modified p-convex function on O.
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Proof. Vby,by € O,s € [0,1], k € [0,1], and m € [0,1], then we have

D ((kb1P +m(1-— k)bf) ’17)
= s?p D; ((kbl” +m(1-— k)bzi”) ;>

< (1= (s(1 =¥k)))sup Dj(by) + m(1 — sk) sup Dj(by)
j j
= (1-(s(1—k)))D(b1) +m(1l—sk)D(by) < 400,

This shows simultaneously that O is an interval since it contains every point between
any two of its points, and D is a modified p-convex functionon O. [

4. New Generalization of (H — H) Type Inequality Using Modified
p-Convex Function

Massive generalizations of mathematical inequalities for multiple functions have sig-
nificantly influenced traditional research. Numerous fields, including linear programming,
combinatorics, theory of relativity, optimization theory, quantum theory, number theory,
dynamics, and orthogonal polynomials, are affected by and use integral inequalities. This
issue has received much attention from researchers. The Hermite-Hadamard inequality is
widely used and a popular inequality in the literature pertaining to convexity theory. The
main focus of this part is to derive a new generalization of (H — H) type integral inequality
via a modified p-convex function.

Theorem 8. Let D : [by,by] — R be a modified p-convex function. If D € Lq1([by,by]), then

1
2 bi’+mb§ P p mby 'D(x) ) by D(x)
< _
Z_SD[ 2 ] - mbg—b{7 |:/b] xlff’dx—'—m /‘2 xlpdx]
D(b 2 _
< [D(bl) +mD(b2) +m(§ﬂl) +mD(b2)>:| ( 5 S). (11)
Proof. Let

==

x = (kbf +m(1— k)bg) = x¥ = kb] + m(1 —k)b},

and
P

B ) b p
y= (1—k)a+kb2 :>y7’:(1—k)%+kb2.
Since D is modified p-convexity, we have

1
p

p([kmm(l_k)yv} )s[1—<s<1—k>>w<x>+m[1—<sk>1D<y>, (12)

which leads to

v
7 N\
=

~

+

3

<
<

) < [1- (D) +ml1l - (5)]D(y)
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Using the change of variables, we obtain

;) < [1—<§>}{D([kblp+m<1—k>bﬂ;> +mv([<1—k>bj +kb2pr) }

Integrate the above inequality with respect to k on [0, 1], and we attain

PP
b1 th

o

1
2 o] +mbhr p mby D (x) b2 D(x)

vl B S O / “W, 2/ W gy
2—5s { 2 } _mbg—bf{bl x1-r X 2oxl=p X

Here, we prove the first half of the desired inequality.

For the next half, suppose x = [kblp +m(1— k)bzp} ’ ) , and using the Definition 6,

we obtain

mb b
T [/ Pt [ Dl(—X)dx}
mby, —by [Jb X P x'—P

_/OlD<[kb1p—|—m(1—k)b2p} )dk—l—m/olp [(1—k)f+kbzpr>dk
1

< [ |1 601D +mit— (0] |

N

== E\

—Jo
+ Al m {[1 — sk]DE:ﬁ +m[l—(s(1— k))}D(bz)_ dk

:D(bl)/olu—(5(1—k))}dk+z>(bz) /Ol[l—sk]dk

1 1
+D(b1)/0 [1—sk]dk+m2D(b2)/0 [1- (s(1—k))]dk
= [D(bl) +mD(by) +m(DE:1) —i—mD(bz)ﬂ (2;).

This concludes the proof. O

Corollary 1. Assume that p = 1 in the above Theorem 8, then

2 b1 + mby 1 /mbz 5 /bz
D < D D
- { 7 } < s —bn [ b, (x)dx+m n (x)dx

< [P0+ mD(es) (P2 4 wpon) ) [ (252). 09

Corollary 2. Assume that s = 1 in Theorem 8, then

1
b +mbh 7 mby P b2 D
1+m2 < p / 2 (x)dx+m2/2 (X)dx
2 mbhy — bl [Jo, 1P b yl-p

m

20|

{D(bl) +mD(b) +m (2 + mD(bz))}

< 5 (14)
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Corollary 3. Assume that m = 1 in Theorem 8, then

1
2 . b} + b} P__2p [2D()
2—5s 2 T bh =l S Xl

Corollary 4. Assume that s = p = 1 in Theorem 8, then

by + mbo 1 /mbz 5 /‘bz
2D < D D
[ 2 } ~ mby — by [ by (x)dx +m J2 (x)dx

dx < [D(by) + D(bp)](2—5).  (15)

{D(bl) + mD(by) + m(Dg:w + mD(bz))}

< (16)
Corollary 5. Assume that m = s = 1 in Theorem 8, then
op[Pr P %< 20 2Py o (Do) + Do 17
Corollary 6. Assume that p = m = 1 in Theorem 8, then
b
2 plbithr) 2 [ D)dx < [D(or) + D)2 5). (18)

Remark 5. Assume that p = s = m = 1 in Theorem 8, then we retrieve inequality (2).

5. Refinements of (H — H) Type Inequality via Modified p-Convex Function

First, we prove a new lemma. On the basis of the new lemma, with the help of
Holder and power mean inequality using newly introduced definition, we obtained some
refinements of the (H — H) inequality. For the comprehensiveness of this section, some
corollaries are presented.

Lemma 2. Let D : X — R be differentiable mapping on X° with by, by € X, and by < by. If
D' € Ly[by,by], k € [0,1], and m € [0,1], then

D(b1) +mD(by) p "2 D(x) |
2 IRV ST
2 1 1
b) —bl\ /1 - 1
_ (’“221> Ji e D’([kblp +m(1— K)by] i)dk. (19)
p O ([xb1? +m(1—k)bp?]) 7
Proof.
1 —
/ 1-2k - 1D/([kb1p—|—m(1—k)b2p];)dk
O ([xby? +m(1—Xk)bo?]) 7
_ p(D(o1) +mD(bp))  2p? /"”bz LCIFN
mbh — b} (moh —b)2 Jo,  xlP

4 14
mby —by
2

multiplies both sides by —57

, then we obtain the required result. [J
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Theorem 9. Let D : X — R be a differentiable function on X° with by, by € X, and by < by. If
D' € Ly[by, 3] and |D'|" are modified p-convex on [by,by] for g > 1, k € [0,1],s € [0,1], and

€ [0,1], then
D(by) +mD(by) p mby D(x)
2 TP P/ T—p %
mby —by Jby X
mbh — bl 11 , , g
< T (B1) 7 |B2|D'(b1)|7 + mB3|D'(b2)|7) , (20)
where
1 _ _ _ _
B1:/ 11— 2x| 1]dk B—/ 11— 2x|[1— (s(1 klﬂldk,

0 [kb117+m(1—k)b2p] O [kby? +m(1—k)bo?] 7

L T (S

O [kby? +m(1— )zr’]l_

==

Proof. Employing Lemma 2 and property of modulus, we have

2 B mbg —bf b, xI7P
1-—2k

< (mbg_bg /1 ;
2 ’ ({kblp—f—m(l—k)bzp])l’?

Using power mean inequality, we have

|D(b1) +mD(by) p /’”bz D(x)dx‘

D’ ( [kblp +m(1— k)bf’} ;> ‘dk

D(by) +mD(by) p /’"bz D(x)
— dx
2 mbh — bl Jo, 177

_ (s 1 11— 2| e -
- 2p /0 -5

[kbﬂ’ +m(1— k)bzp}

(/1 11— 2k
X
0

1—1
{kblp +m(1-— k)bzp} ’

=

7 N1
i)

D’ ( [kblp +m(1— k)bzp}

)

Using modified p-convexity of |D’|7, we have

D(by) + mD(b2) p "2 D(x)
R P/ T 4%
2 mby —by Joy  x P

. 1-1
- <mb§2;bf> (/1 11— 2k dk) 7
0

1—
{kblp +m(1— k)bzl"}

=
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1

» [ [ =2 G-+ i - <sk>]|1><bz>q}dkr

1-1
4
[kblr’ +m(1— k)bzp]

_ (b =} /1 11— 2k e 13
2p 0 1=

{kblr’ +m(1— k)bzp}

e e e |D’<bz>|qdkr
[kblp +m(1 —k)by? ] [kblf’ +m(1— k)bzp]

==

mbh — bl 1 g
) (E,ﬁ) (80" [Bal o)1+ Bl D )11
This is the required proof. [J

Corollary 7. Choosing m = 1 in the above Theorem 9, we have

D(bl) +D(b2) p /b2 D(x)
— dx
2 bh —b! S, xl7P

1

P_ 4P q
< (bzb><34> ! [psi2 e+ )1

2p
where
B4—/1 |1 — 2k]| I B5:/1 |1 —2k|[1 — (s(1 —k)] ik
_14 _14%
0 [kblr’+(1—k)b2p]1 v 0 [kby? + (1 —k)by?]' 7
[1—2k|[1 — (sk)]
=/, - k.
kb1P+ 1_ ) P] P
Corollary 8. If we put s = 1 in Theorem 9, then
D(b) +mD(b2)  p /""bz D(x) ;.
2 mbh — bl Jo  x17F
1
mbh — bl _1 q
< <22pl>(137)1 "[BSD/(b1)|q+mB9D/(b2)|q} /
where
1 1-2k 1—2k|k
B7:/ | | —dk, Bg= | | ik,
0 [kb1P+m(1—k)b2P] ’ O [kby? +m(1l—Xk)bo?] 7
By — |1 — 2k|[1 — K] .

1
O [kby? +m 1—k)b2] Z
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Corollary 9. If we put s = m = 1 in Theorem 9, then

Doy +D0) __p_ > D0),
- x
2 b — b S, xlTP

1

bg *bf 1-1 / , q
< 2 (B1o) 7 |B11|D'(b1)|7 4+ B12| D' (b2)|7| ',

where

|1—2k|

O [kby?” + (1 — k)b, P] , 0

Bip = /() |1 — 2k|[1 — ] dk.

1-1
[kby? + (1 —K)b?] ' 7

1 —2k|k

—dk,
[kbiP 4+ (1 —k)bo?] 7

Theorem 10. Let D : X — R be a differentiable function on X° with by, by € X, and by < by. If
D' € Ly[by,by] and | D'|" are modified p-convex on [by,by] for g > 1, 3 + % =1, k€ [01],
s €[0,1], and m € [0,1], then

D(by) +mD(by)  p "2 D(x)
‘ 2 nibj — by /bl ™
PP i g
< (mb22p bl) (1-1H> [C”D/(bmq+mCZ|D/(b2)|q] k (21)
h
where _/ (s(1-k))] di
[b1? + m(1 — )bzp]q(l_%>
d
an . _/ — (sk)] dk
2 g(1-1)
[kb1? +m(1 —k)bpp |\

Proof. Employing Lemma 2, Holder’s inequality and modified p-convexity of |D’|7, we
have

D(by) + mD(b2) p /mbz D(x)
— dx
2 mbh — bl Jo, 1P

< <mbz> (/ 11— 2x| dk)
8 (/01 1 I)

(-
{kblp +m(1-— k)bzp}

=

q
i)

D’ ([kblp +m(1— k)bzp} ;)
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_ by — by 1 \!
- 2p 141

(/1 [1— (s(1 = &)][D(b1) | + m[1 — (sk)HD(bZ)qdk);
0 r@_;)

[kbﬂ” + m(1 —k)by?

<mb§—bf)< 1 )} x [ClD/(b1)|q+mCZD,(b2)|q:|[1]_

2p 1+1
This is the required proof. [J

Corollary 10. Choosing m = 1 in the above Theorem 10, we have

D(b1) + D(by) p »2 D(x)
| l Y / d

2 b X
{5 amr ]
where C3_/ ko))
[kbi? 4+ (1 -k ) ”]q< 2
and e [ 1 (sw) .
[kby? + (1 — k)bz”]q@_%)

Corollary 11. If we put s = 1 in Theorem 10, then

D(o)) +mD(by)  p  [™:D(x)
— / T, dx
2 mbg—bi7 b, xI7P
mbh — b! 1 \! i
< 2 1 / q / q
_< r ><1+1> oD (o) -+ e D' o)l
where
C5—/ K T dk
[kby? 4+ m(1 — )bﬂ)]"(“?)
and
cé_/ 1-k dk.
07
[kb1” 4+ m(1 — k)byF | P

Corollary 12. Choosing s = m = 1 in the above Theorem 10, then

Doy +D0) __p_ > D0),
— X
2 S Y

b! —bF 1 \1 :
< 2 1 - / q / q
< ( 2 ><1+l) [07|D (b1)|7 + Cg|D'(b2)| ] ,
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where

1 k
Cy7 = / ~dk
* [kby? + (1 k)bzr’]q<17>

Cg = / —k dk.

[kby? + (1— k)b p]‘?<1 2

and

Theorem 11. Let D : X — R be differentiable mapping on X° with by, by € X, and by < by. If
D' € Ly[by, by] and | D’| are modified p-convex on [by,by], k € [0,1],s € [0,1], and m € [0,1],
then

Db+ D) __p "D,
2 mbh —bf Jo;  x17F
mbh —of ) /
< e X (E1|D (by) |1 4 mEy|D (b2)|‘7), (22)

where
P 1121 — (s(1 — k)]
0 kb1P+m (1—x)pr]" =

_ -2l - ()

0 [xby? +m(1 —k)bpr]' 7

Tdk,

—

Proof. Employing Lemma 2 and modified p-convexity of |D’|7, we have

D(by1) +mD(by) p mby D x)
TP p/ 4%
2 mby, —by Joy X

oh —b!\ /1 - v
() L [ o (o emaane]

1-1
4
( kbi? + m(1 —k)by? >

_ oy — by /1 1-2k
\=% )b

o 1-1
( kbi? + m(1 —k)by? ) '

x [[1 = (s(1=%))J|D"(b1)| + m[1 - (SK)HD/(bz)@dk
_ (mb2 bp> DD/ ‘/ 11— 2k|[1— (s(1 —k))] i

2p -5
{kblr’ +m(1— )bﬂ’}

D |/ 11— 2K|[1 — (sk)] dk}

1-1
4
kbi? +m(1 — k)bzr’}

m P_ P
_ <b22pb1> <E1|D’(b1)| +mEzD’(bz)|>-

This is the required proof. [
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Corollary 13. Suppose m = 1 in Theorem 11, then

D(b1) + D(b) bg be /bz D<x)dx’ < (bzzpb ) <E3|D/(b1)|q +Ey| D (bz)l">

2 by xl—P

where

P —2k[[1— (s (1_k))l]dk,

0 [kby? + (1 —k)by?]' 7

Ey = /1 |1 —2k|[1 — (sk)] "
0 [kby? + (1 —K)bp?]' 7

E;z =

Corollary 14. If we put s = 1 in Theorem 11, then

dx

D(by) +mD(y)  p /””b2 D(x)
2 mbhy — bl Jo,  x17P

mbh — bl
- <Zzpl> (5512 o0l + el D ()1,

where

1—2k|k

= | | -k,

0 kb1P+m1—k)b2] r
|1 —2k|[1 — K]

1
O [kby? +m(1 —K)by?] 7

Ee¢ = dk.

Corollary 15. Suppose s = m = 1in Theorem 11, then

D) EDC) b [m D),
— X
2 bh —bf Jo, x17P

b, — bf , ,
< (252 (e el +miD G,

where

|1 —2k|k

Ey = dk,

_1
0 kb1P+ (1— )zp]l P

_ ik

0 [kby? + (1 —k)by?]' 7

6. Application for Some Special Functions

This section involves some applications to the estimations of some special functions,
namely, modified Bessel functions. These functions can be found in transmission line
studies, non-uniform beams, and the statistical treatment of relativistic gas in statistical
mechanics. In order to find the applications of these special functions regarding the newly
introduced idea, first, we remember the following remark, which is proved and discussed
by Iscan (see [29], p. 142).

Remark 6. Let I C (0, 00) be a real interval, p € R\ {0} and D : I — R be a function, then
(i) If p < 1 and D is a convex and non-decreasing function, then D is p-convex.
(ii) If p > 1 and D is a convex and non-increasing function, then D is p-convex.
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MODIFIED BESSEL FUNCTIONS:

First of all, one thing to have in mind, throughout such types of applications, MBF
represents a modified Bessel function.

Recall that the series representation of the first kind of MBF is represented by I,(b)
(see [30], p. 77) and is given by

(%)94-271

L) =Y G a1

Vb € R, (23)

while the second kind of MBF is represented by K, (b) (see [30], p.78) and is given by

K,(b) = 24
p( ) 2 sinp7t (24)

For this, we assume that Z, : R — [1, c0), which is defined by
Zp(b) = 2°T (o +1)b FI,(b). (25)

Proposition 4. For p > —1and 0 < by < by, then

Ip (b1) + mIp (b2) p /mbz Ip (b)

2 mby —bF Jo,  blI7P

mbh — Y 1-1
bl < <4P(P+11)><Bl) (26)

1

q
<[l 1007+ s Ty )]

In particular, (p = — %), then we obtain the following inequality
h h b2 cosh bh — b} 1
cosh(by) +mcosh(by) pp i / 2 cosli(b) ol < (P2 b1 (5! L @)
2 mby — bl Jo,  bl7P 2p

q
X |:B2 |Sil’1h(b1) |q + mBj3 |Si]f‘lh(b2) |q:| ,
where B1, By, and Bj are defined in Theorem 9.

Proof. Applying inequality (20) to the mapping D(b) = Z,(b), b > 0 and I;,(b) =

%I‘OJ’_] (b), but Agarwal proved in (see [31]) that I;(b) is convex on [0, o) since the
power series only has positive coefficients. It is obvious that if we fix the value of p > —1

throughout the interval b € (0, ), then I;, (b) is positive and non-decreasing. So, this

implies that I;}(b) is convex and non-decreasing. Further, this implies that |Ifl,(b)|q is
convex and non-decreasing. If p < 1, then by using Remark 6(i), it is a p-convex. Finally,
according to Proposition 1, it is a modified p-convex function. So, we deduce the inequality
(26). Now, we have used the fact that Ii% (b) = cosh(b) and I 1 (b) = sinh(b) , then, the

T
inequality (26) reduces to the inequality (27). O

Proposition 5. For p > —1and 0 < by < by, then

Ty (b1) +mZy(o2) p /mbz Ip(b)db‘ < <mb§ — bf) ( ! > % (28)

2 - mbg—bf b, bl7P 4p(p+1) J\I1+1

q
X |:ch1 |Ip+1 (bl) |q + mbgC2|Ip+1(b2) |q:| .
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In particular, choosing p = —3), then we obtain the following inequality,

1
mbh — bl 1 \!
= ( 2p <l+1> 29)

sinh(by)|” + mCy|sinh(by) |]

cosh(by) + m cosh(by) p /mbz cosh(b)db

2 mb) —bf Jo,  blTP

==

X |:Cl
is true, where C; and C; are defined in Theorem 10.

Proof. Applying inequality (21) to the mapping D(b) = Z,(b), b > 0, and I;,(b) =

z(p%l)lpﬂ (b), we deduce the inequality (28). Now, we have used the fact that I 1 (b) =
sinh(b)

cosh(b) and I 1 (b) = =%, then the inequality (28) reduces to the inequality (29). O

7. Conclusions

Convexity is important and crucial in many branches of pure and applied sciences.
For a novel class of convexity known as the modified p-convex function, we proposed new
assessments of the (H — H) type inequality. We also reviewed and investigated some of its
algebraic properties. We demonstrated that our novel class of modified p-convex functions
are far larger than known function classes such as convex and harmonically convex. We
have enhanced the Hermite-Hadamard inequality for functions whose first derivative in
absolute form at a given power is a modified p-convex. Our recent findings are expected to
have applications in convex theory, quantum calculus, special functions, and post-quantum
calculus. They may also serve as catalysts for further research in a variety of unrelated pure
and applied fields.
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