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Abstract

Making use of a differential operator, the authors introduce and study

rather systematically two new subclasses

Sn(p,q, ) and Cn(p,q,a)

of p-valently analytic functions with negative coefficients. They also in-
dicate relevant connections of these classes with several other families of
univalent and multivalent analytic functions which were considered by

many earlier workers on this topic of Geometric Function Theory.

1. Introduction and Definitions

Let us denote by 7 (n, p) the class of functions f(z) of the form:

o0

flz) = 2P — Z ay, z* (ax 2 0; n,pe N:={1,2,3,---}), (1.1)
k=n-+p

which are analytic and p-valent in the open unit disk
U:={z:2€C and |z|<1}.

A function f(z) € T(n, p) is said to be p-valently starlike of order a if it also satisfies the
inequality:

z f'(2)
*(
f(2)
On the other hand, a function f(z) belonging to the class 7(n, p) is said to be p-valently

)>a (zeU; 0<a<p; peN). (1.2)

convez of order o if it also satisfies the inequality:

2 (2) C0<a<o
8?:(1+ f’(z)>>a (zelU; 0<a<p; peN). (1.3)

It is easily seen that a function f(z) is p-valently convex of order a (0 < a < p; p € N)

if and only if z f'(2) is p-valently starlike of order & (0 < a < p; p € N). (See, for example,
Duren [4] and Goodman [5].) ‘
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The main purpose of the present paper is to investigate various interesting properties

and characteristics of functions belonging to two subclasses

Sn(p,g,a) and Cun(p,q,a)

of the class 7 (n, p), which consist (respectively) of p-valently starlike and p-valently convex

functions of order a (0 < & < p; p € N). Indeed we have
z f1+9) ()
Sa(p, ¢, a) = {f €T(n,p): R (—]?@3‘(‘5— >a  (z€U) (1.4)
and

Cn(p,q,cv):={fET(n,p):%(l—i—%;;)((Tz)))>a (zeLI)}, (1.5)

where, for each f € T(n,p),

OE =S (k_]), 27 (jeNo:=NU{0}),  (L6)

(p k=n+p

it being understood (throughout this paper) that
0<a<p-g¢ npeN; p>g; g€Ny,

unless stated otherwise.
Various special cases of the classes defined by (1.4) and (1.5) were considered by many
earlier workers on this topic of Geometric Function Theory. For example, we have the

following relationships with the classes which were studied in earlier works.

T (p,a) (Owa [7])

Sn(p,0,a) = 1.7
(® ) {Ta(p,n) (Yamakawa [12]); a7

e {cn(p,a) (Owa [7]) (1.8)
n\pP, U, &} = CTa(Pan) (Yamakawa [12]); |

Sn(1,0,0) =T7(1,a) = To(1,n) = To(n) (Srivastava et al. [11]); (1.9)

Cn(1,0,a) =Cn(l,a) = CTs(1,n) =Ca(n) (Srivastava et al. [11]); (1.10)



S51(1,0,a) = To(1) = T*(a) (Silverman [8)]); (1.11)
C1(1,0,0) = Co(1) =C(a) (Silverman [8]). (1.12)

In addition, Chen [3], Srivastava and Aouf [9], Murugusundaramoorthy et al. [6], Altintag
et al. ([1] and [2]), and many others investigated numerous interesting subclasses of the

class 7 (n, p), which are not included in the aforementioned subclasses (see also Srivastava

and Owa [10]).

2. Coefficient Bounds and Inclusion Theorems

A necessary and sufficient condition for a function f(z) € 7(n,p) to be in the class

Sn(p, ¢, @) is provided by

Theorem 1. Let a function f(z) be in the class T(n,p). Then f(z) belongs to the
class Sn(p, ¢, @) if and only if

N kl(k—g—a) p(p—q—a)
kgn;rp k=gt ™ = (p—q)! (2.1)

(0La<p—gq; n,peN; p>gq; g€ Ny).

The result 18 sharp, the eztremal function being given by

f(2) = 2P pintp-lp—g—a) a4y
(ntp)lp-ln+tp-—g—a)

(n,p €N; p>gq; g €Ny).

(2.2)

Proof. Suppose that the function f(z), given by (1.1), is in the class S,(p, ¢, @).
Making use of (1.4) and (1.6), choosing values of z on the real axis, and then letting
z — 1— through real values, we arrive easily at the assertion (2.1) of Theorem 1.

Conversely, we suppose that the inequality (2.1) holds true and let

z€0U:={2:2€C and |z|=1}.
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Then we find from (1.1), (1.4), and (1.6) that

z f(1+q)(z)
f(Q)(z)

(zedU; 0<a<p—gq; n,peN; p>gq; g€ Ny),

—p+q¢<p—qg—a (2.3)

where we have also made use of the inequality (2.1). Thus, by the maximum modulus

theorem, we conclude from (2.3) that

f(2z) € Sn(p, q, ).

Finally, by observing that the function f(z) given by (2.2) is indeed an extremal
function for the assertion (2.1), we complete the proof of Theorem 1.

An analogous result for the class C,(p, ¢, @) is contained in

Theorem 2. Let a function f(z) be in the class T(n,p). Then f(z) belongs to the
class Cp(p, q,a) if and only if

i Bk—q—a) _pl(p—qg—a)

T CErE N CErEy 24)
(0<a<p—g; n,peN; p>g; g€ Ny).
The result 1s sharp, the extremal function being given by
f) = — Pt P=g=Dp—g—0a) ., (2.5)

z
(n+p)l(p—g-l(n+p-g—a)
(n,p€N; p>¢q; g€ Ny).

Corollary 1 and Corollary 2 below are rather immediate consequences of Theorem 1

and Theorem 2, respectively.

Corollary 1. If f(z) € Sn(p,q, «), then

pl(k—g)l(p—g—a)
S gl (F—g-a) (29)

(k>n+p; n,peN; p>g¢; g€ Ny).
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Corollary 2. If f(z) € Cpn(p, g, a), then

plk—qg-1)l(p-—q—a)
S W(p—g - (k—g—a) >0

(k2n+p; n,peN; p>gq; g€N).

Next, by appealing to the assertions (2.1) and (2.4) of Theorem 1 and Theorem 2,
respectively, it is not difficult to prove the following inclusion properties for the classes

Sn(p,¢,a) and Cy(p, ¢, ). The details involved may be omitted.

Theorem 3. Let the function f(z) defined by (1.1) and the function g(z) defined by

g(z) =z — Z bk Zk (bk Z 0’ n,pe& N) (2.8)
k=n+p

be in the same class S,(p,q,a). Then the funciion h(z) defined by

hz)=(1=-Nf)+M(z) =22 = > 2 (2.9)

k=n+p

(ck:=(1—=XNar+Ar >0, 0<A<1; npeN)
18 also in the class S,(p,q, o).

Theorem 4. Let the function f(z) defined by (1.1) and the function g(z) defined by

(2.8) be in the same class Cp(p, ¢, ). Then the function h(z) defined by (2.9) is also in the
class Cn(p, q, @).

For the functions f(z) and g¢(z) given by (1.1) and (2.8), respectively, we define their
quasi-Hadamard product (or convolution) by

=

(frg)(z)=2" = > arbpz* (2.10)

k=n+p

(ax > 0; bx 2 0; n,pe N).

Our next results (Theorem 5 and Theorem 6 below) provide inclusion properties of the

classes S,(p,q,a) and C,(p,q, @), respectively, involving the quasi-Hadamard product
(f * g)(z) defined by (2.10).



Theorem 5. Let the function f(z) defined by (1.1) and the function g(2) defined by
(2.8) be in the same class Sn(p,q,a). Then their quasi-Hadamard product (f*g)(2) defined
by (2.10) is in the class Sn(p,q,B), where

plin+p—g)(p—q—a)

Sp—gq-— 2.11
S CETyICET ey 231
(n,p € N; p>g; ¢ €Ny).

The result is sharp for the functions f(z) and g(2) given by
| —a)l —_—a—
f(Z) — g(z) — P _ p: (n +p Q) (p q 0[) Zn+p (212)

(m+plp—(n+tp—g—a)

(n,peN; p>g; g€ Np).

Theorem 6. Let the function f(z) defined by (1.1) and the function g(z) defined by
(2.8) be in the same class Cn(p, q,a). Then their quasi-Hadamard product (f *g)(z) defined
by (2.10) is in the class Cn(p, q,7), where

plln+p—g-—1(p—q—0a)?

<p—gqg— 2.13
TP T G —g-Di(ntp—q—-a) (213)
(n,p EN; p>gq; ¢ € No).
The result is sharp for the functions f(z) and g(z) given by
| —qg—=1)! —_ —
f(2) = g(z) = 2P — plintp—g-Dl(p-—g-a) L+P (2.14)

(n+p)l(p—g-1l(n+p—qg—a)

(n,p €N; p>gq; g€ Ny).

Proof of Theorem 5. In order to prove Theorem 5, it is sufficient to find the largest
B such that

(o ]

kl(p — )l (k- ¢—B)
2 plk—g)l(p—q—p)

ap. bk S 1 (215)
k=n+p

(n,peN; p>gq; ¢ €Ny),
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and this is accomplished, in view of the Cauchy-Schwarz inequality, by applying Theorem 1
to each of the functions f(z) and g(z). The details involved are fairly straightforward.

Proof of Theorem 6. The proof of Theorem 6 is much akin to that of Theorem 5.
Indeed, instead of Theorem 1, we apply Theorem 2 to each of the functions f(z) and g(z).

3. Growth and Distortion Theorems

The growth and distortion properties of functions belonging to the class S,(p, ¢, ) are

contained in

Theorem 7. If f(z) € Sn(p,q,a), then

L __ (ntp—gllp—g-a A7) 2P < |FO (s
(57~ oo o= ) 2 <0G
1 mt+p—qglp—g—a) n i
<(5=m T e Ty ) Pl (3.1)

(z €U; n,p €N; p>max{g,j}; ¢,5 € No).
The result is sharp for the function f(z) given by (2.2).

Proof. Under the hypothesis of Theorem 7, we find from the assertion (2.1) of
Theorem 1 that

S P!(n+P_Q)!(p—q.._a)
k;n;p Hos (p—(n+p-—qg—a) (3.2)

(n,peN; p>gq; g€ Ny).

Now the inequalities (3.1) would follow readily when we make use of (3.2) in conjunction

with the series expansion for f(9)(2) (j € Ny) given by (1.6).

In a similar manner, by applying Theorem 2 in place of Theorem 1, we can prove

Theorem 8. If f(z) € Cn(p,q,a), then

1 _ (n+p_q*"1)!(p_q_a) 2|7 Zp_j (j)z
<(P—j)! (n+p—j)!(p—q—l)!(n+p—q—a)| |>p!] <17
1 (nt+tp—g-1)!(p-g-a) n p—i
< (53 TG ) P (8.3)

(z €U; n,p e N; p>max{q,j}; ¢,7 € No).
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The result is sharp for the funciion f(z) given by (2.5).

In their special case when j = 0, Theorem 7 and Theorem 8 would provide us with
the growth properties of functions belonging to the classes S,(p, ¢, @) and C,(p, g, a),

respectively. For j € N, these results may be looked upon as the distortion theorems for

the classes involved.
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