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Abstract

We establish convergence rates for a Galerkin approxi-
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1. INTRODUCTION

We are concerned with the three-dimensional periodic Schrodinger-Poisson problem

in the unit cube @ = [0, 1]3; this problem has been studied in Ref. 1. The equations are

i Pt = —%A Y + V() Y (1.1a)
AV =¢q(z)—n (1.1b)
n=3An |[¥m|* (1.1¢)

For simplicity, we have set A = 1 and the particle mass M = 1. We also assume initial
charge neutrality fQ n(z)de = fQ g(z)dz. In the sequel, we confine our discussion to
the case ¢ = 1, but our method generalizes to any sufficiently smooth, one-periodic ¢
representing the density of positive background charge. We also assume, without restricting
the generality, that A,, > 0 for all m, and that ¥ \,, = 1.

The Schrodinger-Poisson system (SP), and its relation to the Wigner-Poisson system
(WP), are discussed in detail in Refs. 2-6. The periodic Vlasov-Poisson is treated in Refs.
7 and 8. In Ref. 9, the quantum periodic case is studied.

(1.1a - 1.1c) are complemented by the initial conditions

Ym(z,0) = pm(z) (1.1d)

and periodic boundary conditions in Q. The ¢,,’s form an orthonormal system in L?(Q).
In Ref. [1], it was shown by a suitable Galerkin approximation that Egns. (1.la-d)

possess a unique, global-in-time, strong solution in the space
c([0, T); X?).
Here, we define

X* = (U= () Y€ HL (R), VreQ

Vm €N VLEZ® p(z+ L) = hn(z)}
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with the norm

1915 = D Am D% ¥mll32(q) -

meN
la|<E

We assume that ® = () € X?, a necessary assumption for the existence proof of Ref. 1.
¥ ) p

Instead of X° we will just write X.

The objective of this paper is to obtain error estimates for Galerkin approximations

of solutions of system (1.la-d) obtained in Ref. 1. The Galerkin sequence (¥(M))yey is

there defined by
Yy (z,t)= Y do(t) ha(z),

|k|<N

where hi(z) = 2™ %% k¢ 7%, and

([0 800+ 5 A0 - V) 4] 1) =

for |k| < N. Here,

) () 1 ny”
v (g@) = — 3" hy,
47('2 |E]<2N kz
k320

where we define:

nM(z,8) =3 A [$5 (2, 1)

Z nch) hi(z).

|K|<2N

A short calculation shows

nV =" S d ),

<N
le—k[<N

(k| < 2N, k#0, and nl =1).

V(M) is the explicit solution of

with periodic boundary conditions.

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)



From Eqn. (1.3) and the subsequent formulas one sees that the coefficients dglv,)c in

(1.2) must satisfy the first order differential system

AN (t) = — 2n%i? d)(t)

t ng” )
3 2 i Gma(®)

0<|k|<2N
le—k[<N

(1.8)

(|¢] £ N) subject to the initial conditions

d22(0) = (¢m, ho). (1.9)

It is proved in Ref. 1 that for each NV € N the system (1.8-9) has a global unique classical
solution such that |[TM) (. #)||xe = ||¢]lxc = 1 (see Ref. 1, Lemma 2.1), and that the

conservation law

d
G [ Ve + ov® P} ds =0
Q

(where [VE®)(¢)]? = Y Am [V¢$nN)|2) holds.
€1. meEN

2. SOME AUXILIARY RESULTS

We begin by proving a generalization of a Lemma in Ref. 10 which is crucial for our

error estimates. Recall that we are in three dimensions.

LEMMA 2.1. Letv € H¥Q), k €N, k > 1. Then, if

D Z ('l), h])hJ , hj = ezﬂ'ij-z,

i<

lil<n ", (2.1)
I = valZ2(q) < 3(2m)7* (E) Iollzs o)

Proof. Assume v € C5°(Q) (p for 1-periodic). By Pythagoras’ Theorem,

lo = vallaigy = D I(v, By)I% (2.2)

l71>n



If [j1] + |j2| + 73| > n, there must be one index larger than 2, so the sum on the right of
(2.2) is bounded by

Yo D v k)P (2.3)

j27j3 l]1|>%
plus two other sums of the same kind (with [j;| > %, |j3| > 2 respectively). Writing

1

v—21rij'z — ak —2mij-z\ |
£ ( T4 € (—27rij1)k Y

integrating by parts k — 1 times, using the periodicity assumption and the continuity, the

expression (2.3) can be estimated by

2. 2

Jz2.ds |nl>%

<gram 2 2@

| l> ]2)]8

2

[27rj1|2k

/ L v(z) e72™ T dy

The sum, being a sum of squares of Fourier coefficients, is bounded by Hv]]%{k(q).

result follows for v € Cp°(Q). It extends to v € H},“(Q) by a density argument. J

The

COROLLARY 2.2. Let S = [0,T] and w € L? (S', H}f(Q)), such that for allt € S

Dew(-,t), la| < k—1, is periodic, and let wy(-,t) = 5 (w(-,t), k) hx. Then for C =
|k|<n

3(271’)_2k 32k7

C
2 2
[|w — w"“LZ(S,L?(Q)) < nZk ”w”L2(S,H’=) - (24)

LEMMA 2.3. Let WM (. #) = (-, 1) — TN(. ) and let
Uy (L ($m(,1), ;) \

1% )3
IJ]<N }meN

be the projection of the true solution onto the span of {h;,|j| < N}. Then there are
constants C and Cr (independent of N, but Cr depending on T') such that

d 2 .

WDl < e, = In (D«

il (2.5)

+Cr|[WM™(,1)|5%-
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Proof. Let Din) = ity +§ Avpia) =V (M) 07 (cf.1.3). Then, as fy,m — 34" €
span{h;; |j| £ N}, by the definition of the Galerkin approximation (1.3) we can write

(DS, $m = Q) = (DL, Yo — Py, + vy — ¥ 3")
(2.6)
= (DSnN)7 d’m _IzN,m) .
Let wg,,N) be the m-th component of W,(,,N), i.€. wan) = §nN) — ¥, . Note that
57 ¢(N) € span{hg; |k| < N}, because the hy’s are independent of £, and that A¢$nN) €

span{hx; |k| < N}, because the hy’s are eigenfunctions of A. Also, by construction
R ' L
Ym — PNm € (SPan{hj; il < N}) ,

and therefore, from (2.6)
(DD, W) = (=D (¥) I, hy, — Py ). (2.7)
Using the fact that U(z,t) is the exact solution of (1.a-d), we can rewrite (2.7) as
( p 4 = A¢(N) V) (T )
) 1
— ime = 5 A + V(Wb 0D )

= — (V(N) (T N, — J’N,m>7

. 1
(i — L aul, wl) = (VI (€0 V()

(2.8)

Now

= 2§R/ w,(nN) w(N) dz

N I
S [AwS . wl) dz =0, it follows from the previous identity (2.8) that
2 [92], =29 [ (vemwm v @) wP ae
+ 22‘:/V(N) (T (o — D) d,
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. €.

Lo, =25 [ (108) V00 ) T

+2S/V(N) (T . ) gy (2.9)

+29 / VI (TN (4, — ) da.

The second term on the right vanishes as V() (g )) is real (see Eqn. 1.7).

We remark that ”V(N) (‘II(N))“Loo < C, where C depends only on ||®||x (see Ref. 1,
Lemma 2.3). The third term in (2.9) can therefore be estimated by

C|l¢1(nN)”L2 “"J’m - Q/;N,m”Lz ’
(C is a generic constant) and as

”¢1('nN)(')t)”L2 - ||¢1('nN)(7 O)IIL2

%
= (Z l<som,hj>|2> < llpmllze =1,

il

we get a bound
Cllgm = nomll -

for this term.

To estimate the first term on the right of (2.9), note that by (1.4)

Vi)~ v )|, <o 3 ol

kezd
k#0

where ny is defined by

n(z,t) = Y ni(t) hx.

keZ?
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Thus

as

[V(®) = v (@),

3 L
1 2
= (Z (kz)Z) (Z i —nch)|2>
kez3 keZ3

k#0

o

<o (X )

kez?

= Clln = n],

= 0\/ /Q [ (e 2 — 9 )| e

:c¢/pu(ﬁm-sM)mq(me¢w>gm)rm
Q

<C ( /Q (A ) (B Arlyr — 8V 2) dw) 2

+C ( / (X P (S A pr — D 2) dw) ’
Q

< orljw -9
X

n=2x )"r‘|¢r|2 and TL(N) =3 Ar|'l/)5.N)|2

are both bounded in the L*-norm on [0,T]. See Ref. 1, Lemma 3.2.

Summarizing, we have proven that

and as

% Am f (v(2) = v (¥M)) 0l do

<Crl| 0 =0, 3 [ w7

< Orl|@ = ¥ W] = Or|[ W[,

Z/\mH’(pm - @BN,m||L2 < C“‘I, - @N“X’
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it follows that

d d
dt I|W(N)(t7 )Hi( = dt ; Am ”wgnN)(ta )“22

<Ol ¥ —¥w| + Cr|[ W@, )
This completes the proof of Lemma 2.3.

3. THE MAIN THEOREM

We are now ready for the main result of this paper.

THEOREM 3.1. If ® € X2, then the Galerkin sequence UY) gssociated with & as initial
value (see (1.9)) satisfies, on [0,T], the error estimates

¥ =

IN

Cr
(0, TX) = N

where Cr depends on T and on || ®||x:.

Proof. We denote generic constants by C' and generic constants depending on T' by Cfr.
Note that ®¥) = &, i.e. the Fourier series for ® gives the initial data for the Galerkin

approximation. From Lemma 2.3,

WMD) < W05
t
n C’/O [9(7) = (7). dr

t
+ C’T/ ||W(N)(-,7')“§(d7'.
0

By Lemma 2.1,

C
W0l < 57 121
N

and

C/O [T, t) — In(, 1) 5 dt

C t



(because || ¥(+,t)||x2 is uniformly bounded on [0,T'), see Ref. 1.) So

C C
IV CHIx < Fa I8l + 5

3
+ CT/ W, 1) dr,
0

and by Gronwall’s Lemma
C
HW(N)('J)Hic NT (14 || @ll%) et

This completes the proof.

Now we look at the periodic Wigner-Poisson problem (see Ref. 1) which is the system

of equations

8tpw,n + v vzp'w,n -1 @(V)Pw,n = 07

AV =1 —n(z,1),

Pw,n(2,0) = pu,a1(z)

(3.1)
(3.2)

(3.3)

where (pw,n) is the sequence of Wigner functions given by pu(z,vn,t) (va = 27n, n € Z*),

O(V) is the pseudo-differential operator

@(V)pwk—Z/ w-{——t) V(m—g,t)]
X Pu g (a:,t) . (5,127\-1‘(k---k’)d77

= e [ (5= 5.0) B (54510
x [V(m+§,t) —V(:z;—-%,t)] dz,

Q' = [-1,1]3. Here we used that py (z,t) is given by the Wigner transform

pwk(z,t) = %Z/\m /Q’ erikzy, (:1: -~ % ,t) Pm (:c + g ,t) dz.

We consider the Wigner transform of the Galerkin sequence

() _1isy 2mik-z (N)( _Z t) (N)( z )
pw,k(I:?t) 827.”: mLIG ¢m T 2’ m $+27t dZ.
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This can be computed explicitly to give

N N N i —
Pzt =SAm > dN A0, (1) etmisth) (3.6)
|e|<N,|2k—£|<N

where dgf\g (t) are the coefficients of the Galerkin approximation 1/)$nN). Finally, we write

puwi(z,t) — P (1)
=3 T [, (0 (5= 5.0) B (5 5.) =987 (5= 5.0) o8 (54 .))

. 627rzk-z dz

A [ {5 -9 (- 5.9) er o0

(0 (5.0 9 2 .0) 0 (=)

(3.7
By the Cauchy-Schwarz inequality and periodicity we have
[ 16m 5.0 527 (5.0 o e 3
(3.8)

< \/g Hlpm('vt) - ¢$nN)('7t)||L2(Q)\/§H"/)m||L2(Q)

and a similar estimate for the other term in the right hand side of (3.7). By using Theorem
3.1 and (3.8) we arrive at

IA

(M) Cr
HPw:k ~ Pu,k “L°°(QxS) N
with the same constant Cr as in Theorem 3.1 and S = [0, 7.

Let us assume now that the initial function of the Wigner-Poisson system (3.1)-(3.3) is
the Wigner transform of a suitable initial function ® € X? of the SP system (1.1a)-(1.1d).
Let us call this assumption condition (C).

It is well known (see Ref. 1) that the solution of the Wigner-Poisson system (3.1)-(3.3)
is given by (3.4) where ¥ = (v,,) is the unique strong 1-periodic solution of (1.1a)-(1.1d).

Thus we have proved

10



THEOREM 3.2. Let condition (C) be satisfied for the initial data (pw,k,1). Then for the

Wigner transform pfﬁrlz of the Galerkin sequence (TN)) we have

C
| Pw,k — pfu]\,[13||Lw(st) < -_]'VZ

for all k € N, N € N where (pw,r) 18 the unique strong I1-periodic solution sequence of the

WP system, and Cr 13 the constant from Theorem 3.1.

Remark. If the solution ¥ of the (SP) system (1.1a)-(1.1d) is actually a strong X*-
solution, then one can prove similarly the error estimate

Cr

”‘I’ - ‘I’(N)”Loo([o,ﬂ,xk) < jv_g
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