Analytical Methods for Quantification of Light-Matter
Interactions in Subwavelength Metal Nanostructures
by

Amrita Pati

B. Tech., Odisha University of Technology and Research, 2018

A thesis submitted in partial fulfillment of the requirements
for the degree of

MASTER OF APPLIED SCIENCE
in the

Department of Electrical and Computer Engineering

© Amrita Pati, 2023

University of Victoria

All rights reserved. This thesis may not be reproduced in whole or in part,

by photocopy or other means, without the permission of the author.

We acknowledge with respect the lok “onon peoples on whose traditional territory the
university stands and the Songhees, Esquimalt and WSANEC peoples whose historical

relationships with the land continue to this day.


https://www.uvic.ca/ecs/ece/

i1

Supervisory Committee

Analytical Methods for Quantification of Light-Matter

Interactions in Subwavelength Metal Nanostructures

Amrita PATI

B. Tech., Odisha University of Technology and Research, 2018

Supervisory Committee

Dr. Reuven GORDON, Supervisor

Department of Electrical and Computer Engineering

Dr. Poman P. M. SO, Committee Member

Department of Electrical and Computer Engineering



https://www.uvic.ca/ecs/ece/
https://www.uvic.ca/ecs/ece/

1ii

Abstract

The thesis presents analytical techniques to determine mode propagation char-
acteristics in subwavelength metallic slits and plasmonic slot waveguides. These
metal-insulator-metal geometries have been successfully applied in wide-ranging
applications having demonstrated unprecedented performance in high-speed elec-
trooptic modulation and rf-to-fiber conversion. But most of the theoretical studies
focused on them rely on numerical methods, which are resource-intensive and lack
physical insights. The proposed models address these challenges by calculating the
properties in terms of other physical parameters, thereby providing the desired in-
tuition.

In both frameworks, analytic expressions for reflection coefficients at the struc-
ture’s interface with surrounding dielectric media were derived. This was achieved
by employing the single-mode matching to continuum technique under the perfect
electric conductor approximation. Dielectric loading was introduced to account for
the finite permittivity of real metals. In the case of the slit, the reflection coefficient
values for different source and waveguide parameters were used in the Fabry-
Pérot transmission model to calculate field enhancement, power, scattering, and
absorption cross-sections. It was shown that the power in the slit was maximum
if the scattering and absorption cross-sections matched at the resonance condition
of a given slit configuration, a manifestation of the maximum power transfer the-
orem. This also implied that the power in the slit, unlike the field enhancement,
was maximum for slit widths typically larger than the narrowest slit under consid-
eration and can be treated as a key parameter to balance mode confinement and
propagation lengths.

The analysis of the plasmonic slot waveguides was based on a geometric optics

approach. The reflection phase values obtained in the first stage were used in the
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waveguide transverse resonance condition to obtain values of propagation angles
that allowed the existence of modes in the structure. These angular solutions were
then used to compute modal properties such as mode effective index and propaga-
tion lengths. Both the analytical frameworks were significantly faster (at least two
orders of magnitude) than numerical simulations and demonstrated close agree-
ment to within 3% of the numerical simulation results. These analytical models
present an efficient way to design and optimize subwavelength slit and plasmonic
slot waveguides for different applications and may be extended to analyze other

plasmonic geometries for wider implementation.
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Chapter 1

Introduction

The thesis presents analytical methods for understanding the propagation of elec-
tromagnetic waves in nano-scale plasmonic structures including slits in metals
and plasmonic slot waveguides. These theoretical frameworks serve as tools to
rapidly analyze, design and optimize plasmonic geometries for different applica-
tions. They provide physical insights into how light interacts with these structures
as the desired properties are determined in terms of other physical parameters. An-
alytical methods such as these will be potentially vital in scaling up the implemen-
tation of plasmonic structures as they offer simpler means to address the inherent
challenges linked to plasmon-based devices, which will be discussed throughout

the dissertation.

1.1 Motivation

The interactions of light with the collective electron oscillations in metals have at-
tracted the interest of researchers from both fundamental and applied sciences.
These interactions result in the spatial localization of electromagnetic fields well be-
low the diffraction limit in conventional dielectric photonics [1], [2]. Consequently,
they have been explored and implemented in numerous areas ranging from high-

speed information processing [3]-[5] to single-molecule spectroscopy [6], [7].
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A slit in metal is one of the simplest nanoaperture geometries that exhibit the
desired properties of surface plasmons. Among many others, they include sub-
wavelength mode confinement both on and off resonance, field enhancement up
to several orders of magnitude [8], [9], and the provision for control and manipu-
lation of light at the nanoscale [10]. Over the last two decades, slits have received
widespread attention on both theoretical and experimental fronts as their simple
geometries present a relatively easier route to understanding light-matter interac-
tions [11]-[15].

Similarly, slots in metals offer two-dimensional localization of electromagnetic
energy over a wide range of frequencies [16]. This is an advantage over other
nanostructures that offer mode confinement only near the surface plasmon fre-
quency [17]. Plasmonic slots are employed in waveguiding applications due to
their ability to sustain modes with high propagation lengths and group velocities
at the optical communication wavelengths [16], [18]. They also have lower scatter-
ing losses at bends compared to their dielectric counterparts [19]. In addition, the
two metal layers allow the passage of electrical and optical signals in the same cir-
cuitry, opening up the possibility of the integration of CMOS electronics with con-
ventional photonics [20]. It enables the simultaneous utilization of the subwave-
length operation of the first and the large bandwidth operation of the latter [3], [4],
[21]-[25].

Despite the several benefits, devices based on surface plasmons inadvertently
suffer from losses that limit their implementation in some scenarios and prevent
their widespread adoption in others [26]. Another caveat linked to the absorption
losses is that they scale up with mode confinement, which means that tighter mode
confinement leads to larger amounts of losses. This trade-off necessitates the care-
ful optimization of their geometry for finding a balance between mode localization

and propagation length. Other application-specific challenges include achieving
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high sensitivity in sensing applications and optimizing electronic response times
(i.e., managing capacitance) in optoelectronic applications [27].

The most common approach in plasmonic design involves the use of numeri-
cal methods. Numerical methods have been shown to be accurate in most cases,
however, due to their computational complexity, they have to rely on high com-
puting power to achieve the desired level of accuracy. In addition, any change
in a source parameter such as the wavelength or polarization angle, or structural
parameter such as the gap width in a slit requires a new simulation. Therefore,
they do not provide any physical insights into the actual interactions of light in the
plasmonic geometry. 2D simulations, which are useful for slit geometry are signif-
icantly faster than 3D simulations. However, for cases involving long wavelengths
and narrow gaps, very fine spatial meshing is required to be able to capture the
decaying fields accurately. This reduces the upper bound on the temporal mesh
size for the Courant stability condition to be satisfied, ultimately making numeri-
cal simulations considerably more time and memory-intensive [28].

The above challenges can be addressed by analytical models that express de-
sired properties in terms of their dependence on other physical parameters and
rapidly evaluate these properties for the required configurations. We developed
two analytical frameworks for this purpose. The first analysis was focused on
metallic slits, where we used power as a figure of merit as opposed to field en-
hancement, to optimize slit geometry. We also established how the relationship
between the scattering and the absorption cross-section of the slit has a strong im-
pact on this power [28]. The second model centered on reflection and propagation
in plasmonic slot waveguides. Using the model we were able to accurately deter-
mine the properties of modes sustained by the waveguide such as the mode effec-

tive index and the propagation length. These analytical methods were found to be
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at least two orders of magnitude faster than numerical simulations [27]. The analy-
sis can be used to design and optimize metallic slits and plasmonic slot waveguides

for various applications and can also be extended to other plasmonic geometries.

1.2 Thesis Contributions

This dissertation focuses on analytical frameworks developed to investigate the
reflection and propagation of electromagnetic waves in metallic slits and plasmonic

slot waveguides. The main contributions of the author include:

1. Derivation of a purely analytic equation for reflection coefficient at the inter-

face of a subwavelength metallic slit with its surrounding dielectric.

2. Derivation of expressions for scattering and absorption cross-sections in a slit

using the Fabry-Pérot transmission model.
3. Determination of the condition for maximum power transfer in the slit.

4. Derivation of an analytic expression for reflection coefficient at the slot’s in-
terface with surrounding dielectric using perfect electric conductor approxi-

mation and dielectric loading.

5. Evaluation of modal properties such as mode effective index and propagation

length in a plasmonic slot waveguide using a geometric optics approach.

The author has contributed to two journal articles (one accepted and one under
review) that are the basis of this thesis. A brief overview of each article and the

contributions of individual authors are listed in the following section.
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1.2.1 Maximum power transfer in a real metal slit: an analytic ap-

proach [28]

This work presented an analytical framework to calculate the reflection in a metal-
lic slit without having to resort to any numerical methods including numerical
integration. This was achieved by using single-mode matching to continuum in
combination with perfect electric conductor approximation and dielectric loading.
Expressions for scattering and absorption cross-sections, field enhancement, and
power in the slit were derived. It was shown that the total power through the slit
peaks when the scattering cross-section equals the absorption cross-section, which
is a manifestation of the maximum power transfer theorem.

Amrita Pati derived the equations, performed the numerical simulations, and
wrote the manuscript. Reuven Gordon conceived the idea, formulated the theory,

and wrote the manuscript.

1.2.2 Plasmonic Slot Waveguide Propagation Analysis [27]

In this work, our analysis of slit was extended to plasmonic slot waveguides that
are used in diverse applications, yet the majority of the theoretical works exploring
this geometry rely on numerical simulations. Numerical methods determine prop-
agation properties accurately however, they do not provide any insights into the
physics of mode propagation. In contrast, the analytical approach proposed in this
article, determines modal properties in terms of other physical parameters, provid-
ing a way to understand light-matter interactions at the nano-scale and optimize
slot geometry for different applications.

Amrita Pati derived the equations, performed the numerical simulations, and

wrote the manuscript. Reuven Gordon formulated the theory and wrote the manuscript.
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1.3 Organization of the Thesis

This section provides an outline of the chapters included in this thesis and also a

brief description of the contents of each chapter.

Chapter 1 provides an introduction to the thesis and the motivation behind the

research presented in this dissertation.

Chapter 2 includes the theoretical background relevant to metallic slits and

plasmonic slot waveguides, the two main areas of focus in the thesis.

Chapter 3 presents a purely analytical approach developed to understand light-
matter interactions in a 2D metallic slit, the results of the analysis, and their com-
parison with existing works and numerical simulations.

Chapter 4 covers the analytical framework developed to determine the modal
properties in plasmonic slot waveguide, presents the results and their comparison
with numerical simulations.

Chapter 5 concludes the thesis and discusses the scope of analytical methods in

plasmonics and related applications.



Chapter 2

Background

Plasmonics is the study of interactions of electromagnetic waves with conduction
electrons at metal-dielectric interfaces. These interactions result in the confinement
of electromagnetic energy into extremely small dimensions due to the excitation
of surface modes [2]. An important feature of these modes is that they are not
restrained by the classical diffraction limit [1], [2]. Metal-dielectric geometries sus-
taining them have been implemented in diverse applications ranging from spec-
troscopy [6], [7] and sensing [29] to lithography [30].

The surface modes are known as surface plasmon polaritons (SPPs) or simply
surface plasmons (SPs). They exist at the interface between a dielectric and a con-
ductor and arise due to the coupling of electromagnetic fields with longitudinal
oscillations of conduction electrons or plasma in a metal. SPPs are also known as
bound modes as they remain confined to the metal-dielectric interface and decay
exponentially in the perpendicular direction.

On first look, most metals are opaque to electromagnetic radiation below the
ultraviolet, which means most of the light incident is reflected, while the remaining
is absorbed [23]. However, when certain conditions are met, the excitation of SPs
brings enhanced light-matter interactions to the foreground. There are two types
of SPPs: localized (or non-propagating) surface plasmon (LSP) and propagating

surface plasmon polaritons (PSPP).
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2.1 Localized Surface Plasmon

Localized surface plasmons also known as particle plasmons, are non-propagating
surface modes confined to metallic nanoparticles of dimensions much smaller than
the wavelength of incident radiation (A). When the size of a particle is smaller than
the skin depth of electromagnetic waves in metals, electromagnetic fields fully pen-
etrate into the nanoparticle and cause charge separation. On the other hand, the
attraction between the positive and negative charges acts as a restoring force as
shown in Figure 2.1. The whole system can therefore be thought of as an electrome-
chanical oscillator [2]. When the frequency of the external driving field matches the
frequency of the SP oscillations (wsp), the system is said to be in resonance. Reso-
nance is linked to enhanced light-matter interactions leading to field enhancements

up to several orders of magnitude.

E

FIGURE 2.1: Localized surface plasmons as an oscillating system

where the driving force is an external electric field (of wavelength

much longer than the nanoparticle dimensions) that creates charge

separation. Restoring force is provided by the electrostatic attraction
between the opposite charges.
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Different topologies of metal-dielectric nanoparticles sustaining LSPs such as
spheres, ellipsoids, and nanodimers have been explored using the quasistatic ap-
proximation. The approximation applies to particles of dimension (2) much smaller

than the wavelength. Considering the wave equation for scalar potential [31]:

(V2+ KAV (r) = —&;) 2.1)
Fora < A, V2V > K2V as V? « 12 and k? « l
a A2

V is the gradient, k is the wave vector, V(r) is the electric scalar potential, € is the

permittivity of the medium, and p(r) is the charge density.

Therefore, in the quasistatic limit, the wave equation reduces to the Poisson equa-
tion of electrostatics [31]:

V2V (r) = —&;) (2.2)

For a spherical nanoparticle of radius a and frequency-dependent permittivity
€1(w) suspended in a medium of permittivity €, the fields inside and outside the
particle can be calculated by solving the Poisson’s equation in spherical coordinates
and applying the boundary conditions. The derived field equations are expressed

as follows:

. 361
E(r<a) = o1+ 261 () Ey (2.3)
3n(n.p)—p1
E(r>a)=Ey+ Ireger (@) 1° (2.4)

Ey is the external electric field, 71 is the unit vector along the direction of the

electric field and p is the dipole moment of an optically excited sphere given as:

_ a-a) | ;
p = 4meq€p [62 m Zel(w)} a’Ey (2.5)
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FIGURE 2.2: (A) Electric field enhancement in Ag (B) Au nanospheres
for different values of permittivity of surrounding medium calculated

from Eq. 2.3.

The field in the sphere will be maximum when €; + 2¢€1(w) has the smallest
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possible magnitude, this condition is known as localized surface plasmon reso-
nance (LSPR). The field enhancement in gold and silver nanospheres in different
surrounding dielectric media are shown in Figure 2.2. The different values of plas-
monic enhancement in Ag and Au are a result of the electronic transitions under-
lying their optical properties. The electrons in Au experience a large electrostatic
attraction due to Au’s high atomic number. This raises the energy of the 5d orbital
and lowers the energy of the 6sp orbital, shifting the absorption associated with
the 5d — 6sp transition from the ultraviolet to the visible region. The increased
absorption is manifested in the larger values of J[eq(w)] of Au compared to Ag.
Due to higher losses in the visible region, Au has a lower plasmonic enhancement.
The more negative values of f[e1(w)] of Ag in the visible region also contribute to
the higher enhancement.

The SPR frequency is red-shifted with an increase in the permittivity of the
surrounding medium. The shift in the frequency can be tracked in real-time to de-
termine changes in surrounding media for sensing applications. For spherical gold
nanoparticles, the sensitivity has a moderate value of 70 nm/RIU [32]. Tuning the
shape of the nanoparticle has a strong impact on the sensitivity of the nanoparticle.
For instance, significantly improved values are observed for spheroidal nanoparti-
cles. As shown in Figure 2.3a the red-shift in SPR frequency with an increase in the
permittivity of the dielectric medium is much higher than spherical Au nanopar-
ticles and can be further improved by changing the aspect ratio of the spheroid
as shown in Figure 2.3b. The curves show the field enhancement at the tip of the
major axis of the spheroid when the electric field is along the same direction. Math-

ematically, it can be written as [33]:

Eo (2.6)
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FIGURE 2.3: (A) Electric field enhancement at the tip of Au spheroidal

nanoparticles of aspect ratio 0.5 in different dielectric media (B) Field

enhancement at the tip of Au spheroidal nanoparticles in a dielectric

medium of permittivity 6.25 for different aspect ratios calculated us-
ing Eq. 2.6.
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€1(w) is the permittivity of the spheroid, €; is the permittivity of the surround-
ing medium, Ej is the incident electric field, and L is the depolarization factor along

the long axis of the particle given as [33]:

L:1;—262<—1+élog1i2> 2.7)
e is the eccentricity of the spheroid written as V1 — AR? and AR is the aspect ratio
of the spheroid.

The detailed analysis of fields and optical cross-sections for spheroidal nanopar-
ticles can be found in existing works [33]. Other shapes such as nanoprisms [34],
nanorods, and core-shell nanoparticles have also demonstrated several folds higher
sensitivity than spherical nanoparticles [32]. They have been successfully applied
to investigate physiological processes such as antibody-antigen interactions and
DNA interactions [35].

LSPR strongly enhances the scattering and the absorption cross-sections of the
nanoparticle. Consequently, they are used for high-contrast imaging of biologi-
cal systems [36]. Conjugated gold nanoparticles with emissions several orders of
magnitude higher than conventional biological dyes are used for molecule-specific
targeting and target-specific drug delivery, a crucial component of treating diseases
like cancer where specificity is essential to avoid targeting healthy cells [37].

The sensitivity of LSPP to surroundings has been of great relevance in other
areas such as electrochemistry, where metallic nanoparticles have been shown to
improve the selectivity and catalytic activity of compounds [38]. LSPR is also uti-
lized in optoelectronic applications such as solar cells and LEDs to obtain higher
efficiencies from the enhanced absorption and emission strength of materials re-
spectively [39], [40]. In the remainder of this dissertation, we will focus on propa-

gating SPP which is the main theme of this work.
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2.2 Propagating Surface Plasmons at a Metal-Insulator

Interface

Dielectric Medium: €4 E,

N
UG

Conductor: €5

>
<§q

FIGURE 2.4: Propagating surface plasmon polaritons along a metal-
dielectric interface, decaying exponentially into the neighboring me-
dia in the direction perpendicular to the interface.

The simplest geometry that allows the existence of propagating SPPs is a single,
flat metal-insulator interface. Figure 2.4 shows the schematic of an interface where
the upper half-plane in the x-direction is filled with a dielectric of permittivity e;
and the lower half-plane is a conductor with frequency-dependent permittivity
€2(w). €9 and pg are the absolute permittivities and permeability respectively. As-
suming that the incoming electromagnetic field is TM-polarized, the electric field
is oriented along the x (Ey) and the z (E;) directions whereas the magnetic field
(Hy) is oriented along the y-direction. The propagation constant in medium 1 is
k1 (k1x,0,kz) and in medium 2 is k; (kay, 0, kz).

The propagation constant of the SPP in the z-direction (k;), being the tangential
component is conserved across the boundary and can be calculated by the continu-
ity of the fields. The SPPs decay exponentially in the direction perpendicular to the

interface implying that k1, can be replaced by ik, and ky, can be replaced by —ixy,



Chapter 2. Background 15

to satisfy this condition. The electric and the magnetic fields in both the media can
therefore be expressed as [41]:
For (x > 0)

Hyy = hyexp (—x1xx) exp (ik.z) (2.8)

Electric fields can be calculated by using Ampere’s law:

Eq; = ik1chy weoer exp (—x1xx) exp (ik;z) (2.9)
Eix = _kzhlweoel exp (—x1xx) exp (ik.z) (2.10)
Similarly, for (x < 0)
Hyy = hpexp (x2,x) exp (ik;z) (2.11)
. 1 .
Ey. = —lexhzm exp (K2xX) exp (ik.z) (212)
Eor = —kehy s exp (k2x) exp (ikz2) (2.13)

At the boundary (x = 0), Hy, = Hyy = h1 =hy

K1x €1 k% — €1k% E%
E_F Kix _ N - 2.14
S Sty 2 awd  aw?: W

The above equation can only be satisfied for real values of x1, and xp, when
€1 and e(w) are opposite in signs. This is one of the conditions required for the

excitation of surface modes. Solving the above equation gives:

e1€2(w)

k, = ko Y e2(@)

(2.15)

Assuming € to be positive and e;(w) to be negative, for k, to be real € +

€2(w) > 0, or —e3(w) > €1, which is another condition required to sustain SPPs at
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the interface.

In the previous section, it has been mentioned that the surface modes can be

excited by TM-polarized light. This is intuitively understood by the fact that the

electron oscillations are longitudinal and for a TE-polarized source, there is no com-

ponent of the electric field in the propagation plane. It can also be shown mathe-

matically as follows [41]:
For (x > 0)

E1y = e1 exp (—x1xx) exp (ik;z)

Magnetic fields are given as:

: 1 :
Hi, = Zleelw_pto exp (—x1,x) exp (ik;z)
Hiy = —kze Lex (—x1,x) exp (ik;z)
1x z 160]/10 p 1x p (K2

Similarly, for (x < 0)

Ezy = ez exp (x2,x) exp (ik;z)
Hy, = —ikpye Lex (r2xx) exp (ik,z)
2z = 2x Zw‘uo P (K2x p (1Kz

1 .
Hy, = _kzezw_,uo exp (x2xx) exp (ik,z)

At the boundary (x = 0),

Ely = Ezy — €1 =6

Hi, = Hy, = iKkjpe1 = —ikpyep == e1(k1y + ko) =0

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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The above condition is satisfied only when e; = e, = 0 or k1, = —xp,. The first
condition is trivial. The second can not be met because for surface modes to exist,
the real parts of both x1, and xp, must be greater than 0. Figure 2.5 shows the dis-
persion relation of SPPs at silver-dielectric and gold-dielectric interfaces, permit-
tivity values are taken from [42]. The momentum mismatch between photons and
SPPs prevents the excitation of SPPs by direct irradiation at the metal-dielectric
interface. Schemes involving prisms in various configurations [43], [44], waveg-
uides [45], and gratings [46] have been proposed to excite SPPs by wave vector
matching. In comparison to the excitation of LSP in nanoparticles, the relatively
simpler coupling of a dielectric mode with PSPP through waveguide substrates
favors their use in integrated optics [47].

Silver and gold are two of the most commonly used plasmonic materials due
to their relatively lower levels of losses in the visible and near-infrared (NIR) re-
gions [48]. The wavelength of the propagating SPP is given as 27t/Real(k;) and
the propagation length is 1/Imag(2k;). By substituting the value of k,, we obtain

the following relationship between their tangential and normal components.

Eie =iy —e(@) (2.23)
€1

E, (2.24)

Eyy = —i
2x 1 €2(w)
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Here, Ei; = Ep, = E;, since the tangential components of the electric field are

continuous across a boundary, is expressed as:

k -1
E, =i
weg \| €1+ e2(w)

exp (ik.z) (2.25)

In the visible and NIR regions, gold and silver have much larger magnitudes of
permittivities compared to dielectric materials (|ez| > €1). Therefore, in metals, the
tangential component of the electric field dominates over the normal components.
Whereas, in the dielectric, the transverse components are significantly larger than

the longitudinal component as shown in Figure 2.6.
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2.3 Surface Plasmon Polaritons in Multilayered Sys-
tems

Structures with multiple metal-dielectric interfaces sustain SPPs at each interface.
These modes can be coupled to each other when the distance between the inter-
faces is smaller than the decay length of the SPPs in the direction perpendicular to
them. In this section, we focus on two structures: insulator-metal-insulator (IMI)
where a metal layer is sandwiched between two insulators, and metal-insulator-
metal (MIM) where an insulator is sandwiched between two metal layers. The
coupled modes supported by these structures have been shown to be extremely

confined resulting in a large field enhancement.

2.3.1 Insulator-Metal-Insulator Structure

Dielectic Medium:
€1

Metal: €

Dielectic Medium:
€3

FIGURE 2.7: Schematics of an IMI structure. A metal film of thickness
2a and permittivity of €; is surrounded by dielectric media of permit-
tivity values €1 and e3.

In this geometry, a thin metal film is sandwiched between two insulator layers. The

structure has two possible configurations: symmetric and asymmetric. Symmetric
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geometry has the same dielectric surrounding the metal layer whereas, in asym-
metric geometry, the metal is surrounded by two different dielectric media at the
two interfaces.

Figure 2.7 shows the schematics of the IMI geometry under consideration. A
metal film of thickness 2a (extending from 0 to 2a) and permittivity €; is sand-
wiched between two semi-infinite dielectric media of permittivity €; and e3. The
three layers are infinite in the y and z directions. The free-space wave vector is
represented by ko and the propagation constant of the mode is k,. The normal

components of the wave vectors in the three media are given as:
2
kix = \/ K2 — erko

kzx = k% — €2k02

HHH

k3x = k% - €3k02
The transverse electric and magnetic (Ey and Hy) and tangential electric (E;)

fields are formulated as follows [49]:

In the first dielectric medium (x < 0):

iCkoe
Hy, = kl(; Lexp (kixx) (2.26)
k
Eix = w; Hy, (2.27)
E1, = Cexp (kixx) (2.28)

In the metal layer (0 < x < 2a):

—iCk k
Hy, = ~iCkoe sinh (kpyx) + zzad! cosh (kpyx) (2.29)
kox kix€2
k-
Epx = —=Hy, (2.30)
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Ey, =C [cosh (kpxx) + kaxer sinh (k2xx)] (2.31)
ki€

In the second dielectric medium (x > 2a):

Hsy, = 1CKoEs | osh (2kora) + K2€1 Ginh (2kya) | exp|—kox(x —a)]  (2.32)
k2x k1x€2
kz

Esy = H 2.

3x we, 2y ( 33)
k
Es, =C {cosh (2kpya) + kzx? sinh (2k2xa)} exp|[—kax(x —a)] (2.34)
1x€2

C is the normalization constant and w is the angular frequency.

Dispersion Relation of IMI Structure by Transfer Matrix Method

The dispersion relation of the coupled SPP in the metal layer can be calculated
by the continuity of fields across the two interfaces. A simpler alternative is pro-
vided by an approach called the Transfer Matrix Method (TMM) [31]. It is used
to calculate the propagation properties in a uniform 2D multilayered system. The
total propagation through a structure is calculated by considering the reflection
and transmission at each interface and the propagation through each medium. As-
suming, E; is the downward propagating electric field and E, is the upward prop-
agating electric field in the dielectric medium I. E; is the downward propagating
electric field in region III. By TMM the relationship between the fields can be writ-

ten as follows:

Ei| 1 |l+rpma 1—xpme| [e? 0| |1+Kans 1—xosis| |Ee

E; 41— K12112 1+ K10712 0 e |1—xosm3 1+ko3n23| | O
(2.35)
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In the RHS of Eq. 2.35, the first and the third matrices represent the transmis-
sion and reflection at the two interfaces. The second matrix accounts for the phase
acquired during propagation in the metal film. The other variables in the equation

are defined as follows:

- k2x . k3x
K1 = — and Koz — —
klx k2x

€1 €2

N2 = —and 1723 = —

€2 €3

where, ¢ = kyy X 2a
Eq. 2.35 is solved to obtain the dispersion relation of the mode in the IMI struc-

ture by setting E; as 0:

—exkox (K3x€1 + K11€3)
2 3
€1€3K5, + €5K1xK3x

tanh(2x1,a) = (2.36)

For a symmetric IMI structure, we set €; = €3 = €; and €, = €5,. This leads us

to two implicit equations for the propagation constant of the SPP, given as:

r 1 —em\/ K2 — e ko>
tanh | /K2 — emko?a| = — V270 (2.37)
- - e/ k2 — epko®

r 1 —egn/k2 — e ko’
tanh | \/k2 — emko?a| = — V= T"0 (2.38)

€m k% - €dk()2

Eq. 2.37 represents the SPP mode for symmetric distributions of Ey and Hy and
anti-symmetric distribution of E,. The symmetric distribution of H, is shown in
Figure 2.8a. Similar to a single metal-dielectric interface, the tangential compo-
nent of electric field (E;) dominates in the metal film, whereas the normal com-
ponent (Ey) dominates in the dielectric media. The propagation constant, as a re-

sult, is more dependent on the longitudinal component (E,). For the symmetric
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mode, since E; has a zero-crossing in the metal film, it experiences much lower
attenuation than the anti-symmetric mode resulting in significantly longer propa-
gation lengths. These modes are also known as long-range surface plasmon polari-
tons (LRSPP).

Eq. 2.38 represents the anti-symmetric mode of SPPs in IMI structures. The dis-
tributions of Ey and Hy, are anti-symmetric and the distribution of E; is symmetric.
The transverse electric and magnetic fields exhibit a zero in the metal region. The
anti-symmetric distribution of Hy, is shown in Figure 2.8b. The mode has a shorter
propagation length than the symmetric mode and is also known as short-range
surface plasmon polaritons (SRSPP).

Figure 2.9a shows the variation of the effective index and propagation length
of the symmetric and asymmetric SPP modes with the metal thickness at a wave-
length of 1550 nm. The red lines represent the propagation lengths and the blue
lines represent the effective indices. The propagation constant or effective index of
SRSPP, represented by the blue dashed line increases with decreasing metal thick-
ness, approaching co as a — 0. Conversely, the propagation length shown by the
red dashed line decreases and approaches 0 for infinitely thin films. In contrast, the
effective index of LRSPP, shown by the blue solid line, increases with an increase
in metal thickness. The propagation length of LRSPPs increases infinitely as the

thickness a — 0.
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For both symmetric and anti-symmetric field distributions when a > skin depth,
tanh {\/ k2 — emkoza} — 1. For very thick metal films, the IMI geometry consists of

two decoupled SPPs with propagation constants equal to the propagation constant
€4€Em

€4+ €m

sented by blue solid and dashed lines can be seen approaching the same value for

in a single metal-dielectric interface = kg . Therefore their indices, repre-
increasing metal thickness in Figure 2.9a.

The propagation losses (in dB/mm) associated with SRSPP and LRSPP modes
are shown in Figure 2.9b. The propagation losses of the SRSPP increase with nar-
rowing metal thickness and approach co as 4 — 0. Conversely, the propagation
losses of LRSPP approach 0 for infinitely thin metal films. This characteristic fea-
ture of the LRSPP encourages the application of IMI geometries in integrated op-
tics [50].
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2.3.2 Metal-Insulator-Metal Structure

Metal: €4

Dielectic
Medium: &>

Metal: €3

FIGURE 2.10: Schematics of a MIM structure. Dielectric medium of
thickness 2a and permittivity of €; is surrounded by metal films of
permittivity values €; and e3.

A MIM structure is formed by sandwiching a dielectric medium between two
metallic films. MIM geometries have been explored by several studies due to their
ability to confine light into extremely small dimensions over a wide range of fre-
quencies. The majority portion of power resides in the dielectric core, which makes
them highly desirable for waveguiding applications. Although higher confinement
in the structure is linked to reduced propagation lengths, it is relatively cheaper to
mitigate the losses compared to other geometries [51]. The constructive interfer-
ence of the SPP modes often regarded as the gap plasmon modes generates large
field enhancements at resonance, which favors their implementation in diverse ap-
plications.

The schematic of the MIM geometry is shown in Figure 2.10. A dielectric medium
of permittivity €; and width 2a is surrounded by two metals films extending in-
tinitely in the y- and z- directions and semi-infinitely in the x-direction. The metal
permittivities are represented by €1 and €3. The electric and magnetic fields remain

the same as the equations derived for the IMI structure in Egs. 2.26 through 2.34.
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The dispersion relation of the structure also remains the same, only the permittivity
of the dielectric is exchanged with the permittivity of the metal wherever relevant.
For a symmetric MIM structure, the metal permittivity is represented by €, and
the dielectric permittivity by €;. Similar to the case of the symmetric IMI geometry,
we arrive at two implicit equations for the dispersion relation of the gap plasmon

mode given as:

r 1 —eg\/k? — ek
tanh | /2 — egko2a| = — V= "0 (2.39)
L i 2

r 1 —en\/ k2 — e4ko>
tanh | /K2 — e ko2a| = — V= 200 (2.40)
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FIGURE 2.11: Variation of mode effective index (blue lines) and propa-

gation length (red lines) of symmetric (solid lines) and anti-symmetric

mode (dashed lines) of an MIM structure (gold-silica-gold). The fig-
ure shows the cut-off of the anti-symmetric mode.
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FIGURE 2.12: Transverse magnetic field (H,) amplitude of (A) sym-
metric and (B) anti-symmetric modes in a MIM structure of metal

thickness 80 nm, permittivity (€,,) -4 and dielectric index of 1.44
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Eq. 2.39 is the dispersion relation of the symmetric mode where the transverse
electric fields have symmetric distribution (Ey and Hy) and the longitudinal electric
field (E;) has an anti-symmetric distribution. The anti-symmetric mode dispersion
relation is given by Eq. 2.40. The transverse fields have anti-symmetric distribu-
tion and the tangential electric filed has a symmetric distribution. The transverse
magnetic field (H,) distribution of the symmetric and anti-symmetric modes are
shown in Figures 2.12a and 2.12b.

In contrast to an IMI structure, the anti-symmetric mode in a MIM structure
has a cut-off as shown in Figure 2.11. Below a certain metal thickness, the anti-
symmetric mode becomes a radiative mode. In the subsequent sections of the dis-
sertation, we refer to only the symmetric mode while considering the MIM geom-
etry. The symmetric mode does not have a cut-off for any combination of source
or geometric parameters. The mode index increases with the narrowing of the gap
in MIM as an increasing amount of electric fields enter the higher refractive in-
dex metals. The propagation lengths vary in opposite fashion and get shorter with

narrowing gaps.
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2.3.3 Main Applications of PSPP

Surface Plasmon Resonance Sensing
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FIGURE 2.13: SPR sensor based on the excitation of propagating

surface plasmons polaritons, momentum matching is achieved by

Kretschmann configuration. The dip in reflected signal is tracked for
sensing applications.

Similar to localized SPs, propagating SPPs are also highly sensitive to refractive
index changes in the vicinity of the metal. Since the 1980s, they have been ex-
tensively used in real-time, rapid, label-free, and in situ sensing applications [52].
When TM-polarized monochromatic (or polychromatic based on requirements)
light is incident on a metal-dielectric interface under certain conditions, it excites
the SPs at the interface, this condition is also known as surface plasmon reso-
nance (SPR). This observation was first reported by Wood in a grating configu-
ration and since then several methods have been employed to excite the SPs and
enhance their sensitivity to changes in their surroundings [53].

The prism-based Kretschmann configuration has become a standard technique

in SPR sensing. The basic schematic of the configuration is shown in Figure 2.13 [44].
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The medium to be analyzed is placed in contact with a metal layer. Light passing
through a prism of index higher than the sensing medium undergoes attenuated to-
tal internal reflection (ATR) and the reflected light is received by a detector. When
the tangential component of the incoming wave vector matches the propagation
constant of the SPs, the energy of the incoming light is transferred to them result-
ing in a sudden dip in the amount of reflected light received by the detector.

The incidence angle at which the SPs are excited is also known as the SPR angle.
Changes in the permittivity of the sensing medium can be mapped to changes in
the SPR angle. Therefore, by tracking the SPR angle in real-time dynamic informa-
tion about the permittivity of the sensing medium is gathered. The SPR angle can

be determined quantitatively from the following equation:

€i€m
€41 €Em

npkosin® = ko (2.41)

np is the refractive index of the prism, 6 is the angle of incidence, ky is the free-
space wave-vector. €; is the permittivity of the sensing medium and €, is the
permittivity of the metal layer. The reflected light received by the detector can be
calculated by the TMM, shown in section 2.3.1 (all the variables are defined the in
the same way). Using this approach, the reflectivity obtained for a simple three-

layered SPR sensor is given as:

r= (1 = x1o1712) (1 + Kaat723)e” 22 4 (1 + Katan) (1 — Kasipaz) e’ (2.42)

(14 x121712) (1 4 Ko3123) e~ k220 (1 — K121712) (1 — Ko3t23 ) etk2x2a

The shift in the SPR angle with changes in the permittivity of the sample is
shown in Figure 2.14.
The SPR sensors have seen several advances over the last four decades, in an

effort to detect analytes with extremely low molecular weight (<8 kDa) in very low
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FIGURE 2.14: Shift in the dips in reflected signal due to excitation of
SPs in an SPR sensor with changes in the permittivity of the surround-
ing to be sensed.

concentrations. For example, hybrid structures consisting of multiple metal layers
or nearly guided wave configurations have been employed to enhance sensitiv-
ity [54]. Multilayered structures can also be used to excite LRSPPs that have higher
sensitivity and lower attenuation than SPPs [55]. Several emerging materials have
also been explored to serve as the SPR sensing layers, which is a key factor gov-
erning the selectivity and resolution of the sensors [56]. Some of these materials
include novel nanostructures, polymeric materials, and biomaterials [57]. In addi-
tion, external labels composed of high-index materials such as gold nanoparticles
have been used to amplify the SPR response [58]. Parallel to these experimental
techniques, a more detailed study of plasmonic geometries using analytical mod-
els can quantify the light-matter interactions offering better insights. This will not
only improve the current generation of sensors but may also point to alternate can-

didates demonstrating better sensing capabilities.



Chapter 2. Background 36

Optical Trapping

(a)

FIGURE 2.15: (A) The gradient forces acting on a particle at the center
of a focused laser beam (B) A schematic of a double nanohole aperture
used to enhance light-matter interactions in an optical trap.

In 1970 Arthur Ashkin and his colleagues demonstrated that a focused laser beam
can be used to hold onto microscopic particles in three dimensions [59]. Optical
traps since then have been used to trap, manipulate, and observe the dynamics
of several nanoscale objects, which guaranteed the discovery of a Nobel Prize in
Physics in 2018. When a laser beam is focused into a tight spot, the gradient forces
form a potential well capable of capturing particles in the vicinity of the focus.
However, the diffraction limit restricts the confinement to be in the order of the
wavelength of light, limiting the size of the particles that can be trapped and the
precision of the trapping [60].

Nanostructures in metals sustain surface plasmons, which are not restrained
by the classical diffraction limit [1]. A series of metal-dielectric structures in dif-

ferent configurations have been used to generate highly confined electromagnetic



Chapter 2. Background 37

tields enabling the stable trapping of particles significantly smaller than the wave-
length of light [61]-[63]. Optical tweezers based on nanoapertures also exhibit a
mechanism called self-induced back action (SIBA), where the particle to be trapped
creates favorable conditions for its own trapping by strongly perturbing the local
electromagnetic fields [64]. Consequently, nanoaperture-assisted optical trapping
has been highly successful in the trapping and characterization of a wide range of
nanoscale objects like single proteins, DNA, and viruses [65]-[67].

Some of these apertures like the double nanohole (DNH) shown in Figure 2.15b
have been theoretically studied by our group [68]. Analytical theories similar to the
models presented in this thesis can be extended to other nanoapertures geometries
to gain a deeper understanding of the modes supported by them, their propaga-
tion, transmission, and their cut-off characteristics. This will allow the design of
plasmonic geometries tailored to trap and characterize the interactions of nano-
sized particles by more careful consideration of experimental conditions specific to

the particle itself.

Information Processing

(1)
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FIGURE 2.16: (A) The top view and (B) the cross-section view of

a MIM-based ring-resonator coupled to Si waveguide in an electro-

optic modulator. (C) The transmission characteristics of two MIM ring
resonators. Adapted from Haffner, C. et. al with permission [69].
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The information processing field is constantly challenged by the need for minia-
turization and the ever-growing demand for higher bandwidth. Plasmonics offers
the platform to address both as it combines the subwavelength operation of elec-
tronics with the high-speed operation of photonics [22]. Plasmonic components
have been implemented in wide-ranging information processing applications in-
cluding emitters, detectors, electro-optic modulation, rf-to-fiber conversion, multi-
plexers, switches, encoders etc.

In 2015, C. Haffner et al. engineered an all-plasmonic Mach-Zehnder modu-
lator two orders of magnitude smaller than state-of-the-art photonic modulators
available at that time. It demonstrated an extremely low energy consumption of
25 fJ/bit even at the highest speed of operation [3]. In 2017, M. Ayata et al. de-
veloped an all-plasmonic ultra-compact electro-optic modulator with speeds up
to 116 Gbits/s in a single metal layer [70]. In 2020, U. Koch et al. demonstrated a
transmitter with data rates beyond 100 GBd in a plasmonic platform co-integrating
CMOS electronics and Si-photonics [5].

Despite the several record-breaking achievements of plasmonics in this field,
their practical implementation still poses challenges. They suffer from losses that
increase with increased confinement of the electromagnetic fields, implying that
the higher spatial localization of modes results in shorter propagation lengths.
Therefore, optimizing the plasmonic geometry becomes essential to mitigate this
challenge. Analytical models provide means to study the properties of these ge-
ometries in greater detail by offering insights into the physics of mode interactions.
In addition, they are considerably faster than numerical methods and can be em-
ployed for rapid design optimization. Over the next chapters, analytical models
for subwavelength slits in metals and plasmonic slot waveguides are presented

and discussed in detail.
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Chapter 3

Analysis of a Subwavelength Slit in
Metal

In this chapter, we discuss the contributions of the author on the analysis of a slit in
a real metal [28]. It covers a purely analytical model for transmission and reflection
in metallic slits based on single-mode matching to continuum and the Fabry-Pérot
model. Existing theoretical concepts that were key in deriving the equations for the
slit are discussed first. A brief overview of the approximations used in the theory
is given, slit equations are derived, and the results obtained from the theory are

presented and discussed.

3.1 Introduction to Slits in Metals

Slits in a metal provide extreme subwavelength confinement of light [71]-[77]. It
has found them many applications including spectroscopy [78]-[80], nonlinear op-
tics [81]-[83], optical tweezers [64], [65], [84], and sensors [85]-[89]. In addition, the
metal layers also serve as contacts that can be used in optoelectronic applications
like modulators [3], [4], [69], [70].

One of the major challenges in the implementation of plasmonic geometries

is the trade-off between field confinement and propagation length. In slits, with
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narrowing gaps the confinement of the mode and the field enhancement increase
exponentially. With higher confinement, however, the penetration of the electric
field into the metal increases leading to higher amounts of absorption and shorter

propagation length of the mode.

FIGURE 3.1: Schematic of an Au slit of permittivity €, filled with a

dielectric medium of permittivity €;; and surrounded by a dielectric

of permittivity €;. The width of the slit is 2 and the length or metal

thickness is L, the metal extends semi-infinitely in the x-direction and
infinitely in the y-direction.

Power through the slit can be considered as a metric to balance the field en-
hancement and absorption. In recent years, others have explored the maximum
power transfer theorem for plasmonic nanostructures, but the analysis was fo-
cused on nanoantennas [90]. With numerous prospective applications of slits in
sight and a growing focus on miniaturization across many of them, there is a need
for optimization of slit geometry based on requirements.

Numerical simulations are the most commonly used approach in plasmonic
design, which is akin to doing experiments on a computer. The simulations are
expected to run for a long time for high-quality resonances. Typical time-domain
runs last several hours in our experience. In addition, a new simulation is required

for any change in source or structural parameters. While 2D simulations typically
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take less time than 3D simulations, narrow slits can be challenging for time-domain
approaches because the grid size needs to be small to accurately capture the rapid
field decay as well as the time step to satisfy Courant stability with small grids.
An analytical model is therefore important for simplifying the design process
and gaining insights into the physics underlying the observed behavior of light in
slits. In the presented framework, we derived a purely analytical equation for the
reflection coefficient at the slit’s interface with surrounding dielectrics. The derived
equation removed the need for any numerical methods including numerical inte-
gration. The Fabry-Pérot formalism was then used to obtain expressions for field
enhancement, power through the slit, and scattering and absorption cross-sections,
which are key metrics for quantifying light-matter interactions. The theory also al-
lowed us to establish a condition for maximum power transfer through the slit.
The schematic of the slit geometry is shown in Figure 3.1. Two semi-infinite
metal films of thickness | and permittivity values €, taken from existing litera-
ture [42] are separated by a distance a4 in the x-direction. The slit is filled with a
dielectric of permittivity €47 and surrounded by another dielectric of permittivity
€z In the subwavelength regime (@ < A), it is a good approximation to assume
that only one mode can be localized in the x-direction. x-polarized plane waves
are incident on the slit. As has been stated before, the majority of the power resides
in the gap and is contributed by the transverse electric (Ey) field, therefore the TM

mode in a MIM structure is considered to be a quasi-TEM mode.

3.2 Reflection Coefficient in a Metallic Slit

Reflection is a crucial component of propagation in any plasmonic geometry. The
simplicity of slit geometry has attracted several theoretical studies over the last

two decades, both numerical and analytic. With this work, we aimed to provide
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researchers with a way to calculate the reflection without requiring any numerical
tools. In order to achieve this, we used two approximations that are the basis of

our model: constant field approximation and dielectric loading.

3.2.1 Constant Field Approximation and Dielectric Loading

Under the constant field approximation also known as the PEC approximation, it
is assumed that the field inside the slit is constant. Additionally, there is no field
penetration into the metal. The approximation is validated by two observations.
First, at the long wavelengths where plasmonic nanostructures are typically em-
ployed, metals have very high permittivity i. e. |€,| > €41,2. The continuity of the
normal electric displacement fields across the two v — z planes allows for the ratio
of the normal electric fields (Ey) in the slit and metal to be expressed as €,/ €.
Therefore, the field in the metal is significantly lower than the field in the gap and
can be altogether neglected. Secondly, in the limit, a < A, the cosine hyperbolic
dependence of E, on x becomes almost constant. The field in the overall geome-
try is represented by a rectangle function with unit amplitude for x < |a|/2 and 0
otherwise, as shown in Figure 3.2.

Dielectric loading was introduced to our framework as a means of accommo-
dating the finite conductivity of real metal and the associated absorption. In this
method, the gap in the slit is replaced by a material of complex refractive in-
dex (nmymv)- nviv is the effective index of a mode in MIM geometry given as k; / k.
k; is the propagation constant of the MIM geometry, which was derived in the pre-

vious section. For a slit of gap width 4, it can be rewritten as:

_ 2 _ 2
tanh |/k2 — egkg22| = <4V K~ enlo @3.1)
z 2 ) 5
em/ kz — €zko
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FIGURE 3.2: (A) The exact values of E, (normalized to its maximum

value) inside and outside a slit (MIM geometry) of width 30 nm at a

wavelength of 1550 nm (B) E, approximated by a rectangle function

of amplitude 1 for the analysis presented here. Adapted from Pati, A.
et. al with permission [27].
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3.2.2 Single-Mode Matching to Continuum

Mode-matching is a rigorous and versatile modal analysis technique, typically
used to characterize discontinuities in waveguides such as a transition from one
medium to another. In single-mode matching to continuum (SMM)), the transverse
electric and magnetic fields of the single mode inside the slit are matched with the
transverse fields of the continuum of modes outside the slit. The modes outside the
slit account for all possible evanescent modes existing at the metal-dielectric inter-
face. The overlap integrals resulting from the matched fields are solved by using
the orthogonality of modes. It has been previously shown by our group that con-
jugated orthogonality of modes returns non-zero values. Therefore, unconjugated
orthogonality is used to obtain accurate values of reflection.

The reflection and transmission coefficients in the slit are shown in Figure 3.3.
The reflection coefficient (rp; = r) for a slit completely surrounded by air (e¢;; =
€p = 1) at the interface z = 0 is calculated by SMM. The transverse electric field

inside the slit s given as:

Ex(z=0")=(1+7r) rect (g) (32)

rect (g) is the rectangle function described in Section 3.2.1. E, just outside the

slit is given as:

Ex(z = 0F) = / " b(ky) exp (iky.x) dx (3.3)

—00
t(ky) is the transmission coefficient at the interface. The integral sums up all
possible evanescent modes in the free space. Similarly, the magnetic fields in the

slit and outside it are given as:
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€d2

FIGURE 3.3: x-z view of the Au slit of permittivity €, filled with di-

electric of permittivity €;; and surrounded by a different dielectric of

permittivity, €;,. Electric field (Ey) is along the x-direction and mag-
netic field (Hy) along the y-direction.

Hy(z=0")=(1- r);)—orect (g)

Hy(z=0") = t(ky) exp (iky.x) dky

Lo

(3.4)

(3.5)

The orthogonality of modes condition for the freespace modes and slot mode

is used to solve the overlap integrals resulting from the matched fields. By mul-

tiplying exp (ik..x) to Egs. 3.2 and 3.3 and integrating over x from —oo to oo, the

relationship between t(ky) and r is obtained as follows:
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1 (I1+7)Asin <@>

_ A

u = ky/ko. For the second orthogonality condition, rect ( g) is multiplied to

Egs. 3.4 and 3.5 and integrated over x from —co to co to obtain r as:

—
|
—~

= 7
T G.7
where [ is given as:
©  sin? (rwu)
I= / (3.8)
—oo WrT?u?\/1 — u?

Where, w = a/A. Based on integrals performed in existing works [14], an ana-
lytic equation is obtained for Eq. 3.8 as follows:
. 3
[ = tw + 12w {log(an) — 5} (3.9)

Dielectric loading is introduced at this stage to transition from a PEC to a real
metal by replacing A with the effective wavelength (A = A/nymv) in the metallic

slit. The new equation for I now becomes:

7Ta 2ai 27a 3
I = + [10 ( ) — —] 3.10
Aoff  Aeff 5 Aeff 2 (3.10)

Figure 3.4a shows the reflection amplitude of a slit in gold, completely sur-

rounded by air for different gap widths. The reflection amplitude increases with
narrowing slit widths due to increased penetration of the electric field into the
metal. Figure 3.4b shows the variation of the reflection phase with the wavelength
for the same slit configurations. The reflection phase decreases with narrowing

gaps of the slit and increasing wavelength. It is validated against our existing work
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that calculates the coefficients by taking the actual electric and magnetic fields in-

side and outside a real metallic slit into consideration [91].
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FIGURE 3.4: (A) Reflection amplitude and (B) Reflection phase in a
gold slit of widths 2 nm, 5 nm, 10 nm, and 20 nm, completely sur-
rounded by air i. e. €57 = €3 = 1 [28]
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Compared to that past work, the need for numerical calculation of the index
has been removed by invoking the effective index approximation. The varying re-
fractive indices of different layers inside the slit are replaced by a constant effective
index (nyv). This approximation is most accurate when the field is almost con-
stant and confined to the slit region, which is applicable for many practical cases
(particularly in the infrared). Comparison with our past work demonstrates good
agreement for wavelengths between 700 nm to 1300 nm, to within 0.06 rad for
5 nm and 0.15 rad for 20 nm. A minima-like feature observed at the lower end of
the wavelength range is the result of absorption in gold. As mentioned in Chapter
2, the absorption peak of gold lies in the visible blue light region, and the increased
material absorption reduces the reflection amplitude at shorter wavelengths.

For shorter wavelengths, the theoretical values are not as well matched with
the numerical simulation results due to the penetration of the electric field into
the metal when the frequency of electromagnetic radiation approaches the plasma
frequency. In this regime, the metal no longer acts as a perfect electric conductor,
which undermines our assumption of a constant field in the slit region. The reso-
nant wavelength of the slit is highly dependent on this variation of the reflection

phase which will become apparent in the subsequent sections.

3.2.3 Optical Cross-sections: Scattering and Absorption

When a nanoparticle is exposed to an external electric field, the field polarizes the
particle causing oscillation of charges. The accelerated charges re-radiate electro-
magnetic fields in a process known as scattering [33]. A subwavelength scatterer
is therefore considered to be a Hertzian dipole in the far field and can be approxi-
mated by a small current source in the near field. A portion of the electromagnetic

energy received by the particle is converted into thermal energy, which is known



Chapter 3. Analysis of a Subwavelength Slit in Metal 49

as absorption [33]. Scattering and absorption cross-sections are key parameters for
characterizing the effective coupling of electromagnetic waves with a nanoparti-
cle. The scattering cross-section is the effective area of a scatterer. The total power
scattered by a particle is directly proportional to the product of the scattering cross-
section (05) and the intensity of the incident radiation. Similarly, absorption cross-
section (0;;) gives the measure of the amount of incident radiation absorbed by the

particle.

3.2.4 The Single Channel Limit

The fundamental limit on the maximum absolute scattering cross-section of a sin-
gle subwavelength scatterer in a homogeneous medium is known as the single
channel limit [92]. It has been rigorously proven that the single channel limit of
a 2D scatterer in a medium of refractive index 1 is 2A /n7 [93]-[95] and 3A2/2n7
for a 3D scatterer [96]-[98]. In this work, we used the Fabry-Pérot model to de-
termine the scattering and absorption cross-section of 2D slits and establish how
the relationship between the two influences the power through the subwavelength
slit [28]. The Fabry-Pérot model is explained in more detail in the next section.
There have been growing efforts towards enhancing the scattering cross-section
of nanoparticles to overcome the single channel limit. Different types of approaches
adopted to achieve this include overlapping the peaks of scattering from multi-
ple channels often referred to as superscattering [21], [94], [95]. A second cate-
gory involves the use of epsilon-near-zero (ENZ) materials to reduce the value of
n [99], [100]. More recently, the addition of gain media to 2D resonators has demon-
strated a several-fold increase in the scattering cross-section over the single channel

limit [101].
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3.2.5 Fabry-Pérot Transmission Model

Takakura theoretically investigated a single subwavelength slit in PEC and found
that the transmission through the slit resembles Fabry-Pérot modes [11]. It was at-
tributed to the constructive interference of propagating surface plasmons between
the two ends of the slit. The theoretical predictions were experimentally confirmed
by Yang and Sambles in the microwave regime where the metal behaves like a
PEC [71]. Since then the Fabry-Pérot interpretation of slits has been used to explain
the extraordinary transmission and absorption in metallic nanoapertures among
several other analyses [13], [14], [102]-[104].

A Fabry-Pérot interferometer typically consists of an optical cavity with two
highly reflecting mirrors at the ends. The mirrors reflect most of the electromag-
netic energy back into the cavity. The multiply reflected modes constructively in-
terfere with each other to generate transmission peaks resulting in several orders
of magnitude enhancement of the original incident field. The circulation of the
reflected fields inside the slit is shown by the blue loop in Figure 3.3. The total

transmitted field in the Fabry-Pérot model is expressed as follows:

E; = tity exp(ik,1)[1 4170 exp(i2k,1) + (172 exp(i2k,1))? + (172 exp(i2k.1))* - .....| E;
(3.11)

E; is the incident field, E; is the transmitted field, r; and r; reflection coefficients

at the two ends of the cavity, ; and t, are the transmission coefficients. Eq. 3.11 is

the sum of an infinite geometric series and can be further simplified as:

E = t1ty exp(ik,l)

— - a2
1 — ryrp exp(i2k;l) Ei (3.12)
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For our case of 2D metallic slits, the reflection and transmission coefficients are

defined as follows:

1. r1 = r2 = 11 = r = |r| exp i¢: The reflection coefficient for reflection from the

slit back into the slit, calculated using Eq. 3.10.

2. t; = t1o = /1 — |r|%: The transmission coefficient for transmission from free

space into the slit.

3. t = tp1 = 1 + r: The transmission coefficient for transmission from inside the

slit into free space.

The transmittance in the slit is therefore written as:

T |t12|?[£21]? exp (—¢r)

= T [ralfexp (—291) — 2]rm P cos(3) exp (1) (3.13)

where, § = 2k,L 4+ 2¢ , ¢; = 2k, L, and ¢ is the reflection phase. The transmit-
tance is multiplied by the width of the slit to obtain the transmission cross-section,
which attains its peak for 6 = 271. The symmetry of the slit about the x-axis re-
sults in equal amounts of forward and backward scattering, so the scattering cross-
section (the sum of both) is twice the transmission cross-section. The absorption
cross-section is calculated from the scattering matrix, the scattering parameters are
used to determine the absorbed power and field intensity and the ratio of both

gives us the following equation [105], [106]:

— - 2 -
o= o . exp(—¢.))(1 + |7212| exp(—¢L)) (3.14)
14 |ra1|*exp(—2¢r) — 2|rp1|? cos(d) exp(—¢r)
The constant field approximation allowed us to calculate the power in the slit
directly from the field intensity, and the variation of both with the gap width will

be shown. For a PEC slit where there is no absorption, the scattering cross-section
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reaches the single channel limit at resonance. As suggested before, the single chan-
nel limit for 2D scatterers is 2A /7t in air and the scattering coefficient is bounded
by 2A/ ma.

Figure 3.5b shows the scattering cross-section of a PEC slit plotted against its
length for three different slit widths, at a fixed wavelength of 1550 nm. This is ob-
tained by setting the imaginary part of the propagation constant to zero (k) = 0).
The values of the reflection coefficient used in this analysis are calculated from
Equation 3.13. At resonance, it approaches the single channel limit, which is cal-
culated to be 0.987 um. Although all three configurations scatter light at the single
channel limit, the narrower slits are seen exhibiting sharper resonance peaks. The
transmission through the slit at resonance is A/(ma), which implies that in the
absence of absorption, the narrowest slit before the onset of tunneling allows the
maximum amount of transmission. But this changes significantly when losses are
considered. Figure 3.5a shows the result for 890 nm, with 4 nm, 10 nm, and 20 nm
slit widths, to be comparable with later optimal resonance conditions. We observe
multiple resonances for the three configurations, each approaching the single chan-
nel limit (0.567 um).

The subsequent analysis focused on the real metal slit. Here, we use a 100 nm
long slit with widths ranging from 1 nm to 20 nm and the wavelength of the inci-
dent radiation varies between 500 nm and 1650 nm. The values of reflection coeffi-

cients were obtained from Eq. 3.9.
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FIGURE 3.5: (A) Scattering cross-section (c;) of PEC slits of widths
4 nm, 10 nm, and 20 nm for wavelength of 1550 nm, (B) o for widths
of 4 nm, 10 nm, and 20 nm for wavelength of 892 nm calculated from
Eq. 3.13 after setting the absorption to zero (k! = 0). o approaches
the single channel limit (2A/7) at the resonance condition for each

configuratio. [28]
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FIGURE 3.6: (A) Scattering cross-section (cs) (B) absorption cross-
section (¢;) for gap widths ranging from 1 nm to 20 nm, calculated
analytically using Eqgs. 3.13 and 3.14. Red lines represent o and blue
lines represent ¢,. (B) 0s; and ¢, obtained from Lumerical FDTD simu-
lations. Adapted from Pati, A. et. al with permission [28].

The losses are a result of the absorption of electromagnetic waves into the metal
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as they propagate back and forth inside the slit. They are taken into account by
considering the non-zero imaginary part of the propagation constant (k) in the
Fabry-Pérot formalism. The propagation lengths range from 9 nm for a 1 nm wide
slit at 1650 nm to 778 nm for a 20 nm wide slit at 550 nm and the corresponding
absorption cross-sections are calculated from Eq. 3.14.

Figure 3.6a shows variation of scattering and absorption cross-sections, calcu-
lated from Egs. 3.13 and 3.14. The resonant peaks are red-shifted when the slit
width is reduced due to an increase in the effective index of the TM mode inside
the slit. The higher values of the effective index are a result of larger penetration
of the EM-fields into the metal, which also causes increased Ohmic losses [107].
The scattering cross section at long wavelengths rises slightly. This is because the
phase of propagation is getting smaller, as is the phase of reflection, so it is closer
to a zeroth order resonance condition. The absorption cross-section is maximized
at the resonance of a 4 nm gap, where it becomes comparable to the scattering

cross-section.

3.2.6 Numerical Simulations: Finite-Difference Time-Domain

Finite-difference time-domain (FDTD) is a rigorous, numerical technique to solve
Maxwell’s equations. It was first proposed by Kane Yee in 1966 [108]. The method
approximates the spatial and temporal derivatives in Maxwell’s equations by finite
differences. The discretization of space and time is performed to arrive at iterative
finite-difference equations for the electromagnetic fields. The electric and magnetic
tields in any given time step are determined in terms of field values in the previous

step and the sequence is repeated for the desired length of time.
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FIGURE 3.7: Schematic of the simulation region containing the gold

slit in the PML boundary, TFSF source, and the two monitors (in the

analysis groups) for capturing the scattering and the absorption cross-
sections.

As the slit geometry has translational symmetry along the y-axis, the relevant
parameters can be extracted by running 2D simulations considering only the x-z
propagation plane. This has the additional benefit of significantly shortening the
runtimes compared to 3D simulations. We performed the 2D simulations in AN-
SYS Lumerical FDTD v2020 R2.3 within a perfectly matched layer (PML) bound-
ary. The PML boundary is used to terminate the FDTD grids. It is a lossy layer that
should ideally absorb all fields, however, reflections may exist in discrete imple-
mentation. A mesh size of 0.2 nm was used in both x- and z-directions based on
an existing work that analyzed a similar structure [83]. The accuracy of the simula-
tions based on the choice of grid size was later verified by a convergence study. The
time step was automatically selected by the FDTD software such that the Courant

stability condition is satisfied. The stability condition in 2D can be written as:
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At At
UxAx—l—vaZ <C (3.15)

vy and v, are the velocity of the EM wave in the x- and z-directions respectively.
Ax and Az are the grid size, At is the time-step, and C is the Courant number, which
depends upon the type of simulation. When finer spatial meshing is used, the time-
step is reduced such that Eq. 3.15 is satisfied. This ensures that for any parameter
calculation in two consecutive time steps, the wave also reaches the next grid in
space so that the algorithm can form an accurate solution.

A total field scattered field (TFSF) source was used to illuminate the slit. In
TFSF, the total simulation region is divided into two regions, the first region con-
tains the incident field and the scattered field i. e. the total field whereas the second
contains the scattered field only. A frequency-domain power monitor was used to
visualize the fields in the region. Two cross-section analysis objects, one in the
total field region and the other one in the scattered field were added to measure
the absorption and scattering cross-sections. Au (Gold) - Johnson and Christy was
picked from the Material Database to form the gold films and a user-defined index
of 1.00 was used for air inside and outside the slit. A schematic of the simulation
region in Lumerical FDTD software is shown in Figure 3.7. The purple arrow of the
TFSF source indicates the direction of propagation and the blue arrows represent
the electric field polarization.

Figure 3.6b shows the scattering and absorption cross-sections obtained from
our Lumerical FDTD simulations. They match closely with the analytical results,
however, the values in the simulations are slightly higher than the theoretical val-
ues which are explained in part by the presence of higher-order modes in the sim-

ulations and by the finite penetration into the metal (shown in Appendix B).
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3.3 Maximum Power Transfer in a Subwavelength Slit

Figure 3.8a shows the peak values of the optical cross-sections. The vertical line in-
dicates that the scattering and the absorption cross-sections become approximately
equal at a width of 4 nm. We extended this study to 80 nm and 120 nm long slits
which gave us the same results. Additionally, it was observed that longer slits
produce equal scattering and absorption cross-sections for wider gaps.

Figure 3.8b shows the variation of the field enhancement and power with the
gap width. The electric field varies inversely with the width as narrow slits lead to
tighter confinement and greater local density of optical states (LDOS). The power,
on the other hand, attains its peak at 4 nm and starts declining if the gap widths
are further reduced, which is a manifestation of the maximum power transfer the-
orem. For the 80 nm and 120 nm long slits, the power inside the slit peak at 3 nm
and 5 nm respectively, for equal values of scattering and absorption cross-sections.
Numerical simulations were performed for the 100 nm long slit and they matched
well with our analytical work (shown in Appendix B).

A lot of research in plasmonics has been directed towards understanding the
nonlocal and quantum tunneling effects observable at extremely small length scales
as they are seen as the fundamental limits bounding the performance of plasmonic
devices [109]-[112]. For instance, in metallic slits, the narrowest gap before the
onset of tunneling is considered to be the defining factor of the maximum possi-
ble plasmonic enhancement [113]. However, the fact that metallic absorption also
tends to increase with narrowing gaps is often overlooked. Losses are paramount
for practical devices and here we have shown that the optimal gap width is much
larger than the limit set by tunneling or nonlocal effects, which has been noted

previously [114].
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Chapter 4

Modal Properties in Plasmonic Slot

Waveguides

This chapter focuses on the author’s contributions towards the analysis of plas-
monic slot waveguides [27]. It includes an analytical framework for determining
the properties of modes found in plasmonic slot waveguides. First, an equation for
the reflection of the gap plasmon mode at the slot’s interface was derived. The de-
sired properties were evaluated by using a geometric optics approach. The results
of the theory and their comparison with numerical simulation results are presented

and discussed.

4.1 Introduction to Plasmonic Slot Waveguides

Plasmonic slot waveguides support extremely localized electromagnetic modes
over a wide range of frequencies [16], [17], [115]. They have been applied in
high-speed information processing applications [3], [21], [69], [116]-[122], optical
tweezers [123], [124], extreme confinement for light-matter interactions, and sens-
ing [125], [126]. As mentioned before, the waveguides sustain modes with long
propagation lengths in the optical communication regime [16], [18], allow sharp

bending at lower scattering losses compared to dielectric waveguides [19], and are



Chapter 4. Modal Properties in Plasmonic Slot Waveguides 61

easy to fabricate. They allow electrical bias fields and optical modes in the same
region, which favors integration with existing electronics [20]. The two metal lay-
ers provide electrical contacts down to the nanometer scale [127], [128], while their
high thermal conductivity facilitates heat removal from the circuitry [114], [122],
[129].

Past works used numerical methods to study these geometries and the modes
supported by them [16]-[19], [115], [130]. Although accurate, numerical simula-
tions do not provide physical insight and are resource intensive. Analytical models
provide physical parameters like reflection phase, which can be used in the accu-
rate design and have been applied to other plasmonic geometries [11], [13], [71],
[103], [104], [131]-[143]. An analytic expression of the reflection coefficient at the
slot-dielectric interface was derived by combining single-mode matching to a con-
tinuum with an approximate mode shape. The reflection phase values obtained
from this equation were used in the transverse resonance waveguiding condition
in the geometric optics framework to calculate the mode effective index and prop-
agation length. The results were shown to be accurate by numerical simulations

performed with commercially available numerical software.

4.2 Reflection in the Plasmonic Slot Waveguide

Figure 4.1a shows a schematic of the slot waveguide geometry under considera-
tion. Two gold films of thickness | and permittivity €, (values taken from a past
work [42]) are separated by a distance of a. They are surrounded by dielectric me-
dia of permittivity €;; at the top (z = 1/2), €4, at the bottom (z = —1/2), and ¢4
inside the slot. The gap plasmon mode in the slot is quasi-TEM (transverse elec-
tromagnetic). The transverse electric field along the x-direction is represented by

E.. Propagation takes place in the y-z plane, making an angle 6 with the z-axis.
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The magnetic field (H), being perpendicular to the propagation direction is also di-
rected in the y (H,) and z (H;) directions as shown in Figure 4.1c. When 6 exceeds
the critical angle (6.), the gap plasmon mode propagates by total internal reflection
at the slot-dielectric interfaces. The two reflection coefficients r; and r, are shown
in Figure 4.1b. All subsequent calculations were performed at a wavelength (A) of

1550 nm.

z €a
| € |
x dl y

|

€m A €4 2
1 1|
@ |

(©)

FIGURE 4.1: (A) Schematics of the 3D plasmonic slot waveguide of

width a and metal thickness | surrounded by different dielectric me-

dia. (B) x-z view of the waveguide showing the reflection coefficients

r1 and rp. (C) y-z view of the waveguide, showing the total internal

reflection of the gap plasmon mode. Adapted from Pati, A. et. al with
permission [27].
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Similar to our work on slits, the analysis presented here is also based on a com-
bination of PEC approximation and dielectric loading. As mentioned in the previ-
ous chapter, metals have high values of permittivities at long wavelengths, leading
to very limited penetration of the electric field, which can be ignored with respect
to the much higher values of the field in the slot. Secondly, the electric field be-
comes almost constant in the limit 2 < A. Therefore, the total field in the region
was approximated by a rectangle function as defined in Chapter 3.

Dielectric loading was introduced as a means of including the finite conductiv-
ity and absorption of real metal. The slot was replaced by a material of complex
refractive index nymy, which is the effective index of a gap plasmon mode given by
B/ko. ko is the free-space wave vector and f is the propagation constant in a metal-
insulator-metal (MIM) structure calculated by solving the dispersion relation given

in Eq. 3.1.

421 Single Mode-Matching to Continuum in a Plasmonic Slot

The single-mode matching to continuum method was used to derive an analytic
expression for reflection coefficients, 71 and r,. In the subwavelength regime (2 <
A), it is a good approximation to assume that only a single mode can be localized
in the x-direction inside the slot. The transverse electric and magnetic fields of
this mode were matched with the corresponding fields of the continuum of modes
outside the slot under PEC approximation.

Considering the interface at the top, the electric field in the slot is given by:

Ex(z=0") = (1+r)rect (g) exp (iky.y) (4.1)
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Here, rect(x/a) is the rectangle function whose value is 1 for —a/2 < x < a/2

and 0 everywhere else. The electric field just above the slot interface is given as:
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FIGURE 4.2: (A) Reflection amplitude and (B) reflection phase of the

gap-plasmon mode in a plasmonic slot waveguide completely sur-

rounded by silica (SiO;) of refractive index 1.44, ¢; = €57 = 2.0736.

(C) Reflection amplitude and (D) phase for SiO; inside the slot and air

outside it for widths of 10 nm to 50 nm at a wavelength of 1550 nm.

Vertical dotted lines indicate the critical angles. Adapted from Pati, A.
et. al with permission [27].
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By matching these fields at the boundary (z = 0) and using the orthogonality
of modes, we obtained the relationship between 1 and the transmission coefficient

t(u) as follows:

tu) = 24 ;:u”) sin (”;”) (4.3)

where, u = ky/ko. Similarly, the transverse component of the magnetic field (Hy)

inside the slot is given as:

Hy(z=0") =

WA/ €y
0

p (1 —rq)rect (g) exp (ik,.y) cos 0 (4.4)

and just above the slot is given as:

oo \/ €q1k3 — €4k3 sin? 0 — k2

H z:OJr):wed/ t(ky)
v S enk? — 12

exp (iky.x + iky.y) dky

(4.5)
On replacing k, by uky, substituting the value of ¢(u) obtained from Eq. 4.3, and
applying orthogonality condition to the matched transverse magnetic fields, we
obtained rq as:

€
4 056 — I

€d1

‘/e—dcos(9+11
€41

2
€i . u
© [1—Lsin20 — — .
€d1 €41 sin” (Tuw)
u? Tulw
o 1——

€d1

ry = (4.6)

where, I is:

~
—
I

du (4.7)

a
and w = T The same steps were used to derive an expression for the reflection
coefficient at the bottom of the slot (r,), the only difference in the resulting equation

was that €47 was replaced by €.
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For the case of a real metal, €; was replaced by n3,, resulting in new values of

r1 and I; as:
2
VY] cosf — I
€d1
rn = (48)
2
MM s + [
€d1
and:
2
MIM u
sin?f — —
I — \/ €q sin?(ruw) i 4.9)
1= T2ulw ’
1—
€41

Figure 4.2a shows the variation of reflection amplitude with the propagation angle
for different slot widths. The material above and below the interface is (5iO;) of
refractive index 1.44 (e¢; = €;1). The reflection amplitudes are higher for narrower
slots due to increased penetration of the electric fields into the metal. When the
angle exceeds the critical angle, given by sin~! [\/€4 /nymv] and indicated by the
vertical dotted lines, total internal reflection takes place but the reflection ampli-
tude is slightly less than 1 due to metal absorption. Narrower gaps have lower
critical angles due to a higher difference between refractive indices inside and out-
side the slot. The reflection phase shown in Figure 4.2b increases with 6 and the
slot width but reaches 7t for 6 = 7/2 regardless of the gap widths.

Figure 4.2c shows the reflection amplitude for a slot interface with SiO; inside
and air outside (e; # €41). The values of reflection amplitude for corresponding
widths are slightly greater compared to those in Figure 4.2a. This is due to the
increased contrast between the index of the gap plasmon inside the slot and that of
air outside as opposed to SiO,, which also results in lower values of critical ang]les.
The reflection phases in Figure 4.2d are similar in their overall trend to Figure 4.2b
but they appear more squeezed together due to their lower values resulting from

the higher contrast.
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4.3 Geometric Optics Approach
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FIGURE 4.3: Total roundtrip phase of the EM waves in the symmetric

waveguide completely surrounded by SiO; for slot widths of 10 nm to

50 nm and metal thickness of 200 nm. Horizontal blue line represents

a total phase of 0 and the red circles are fundamental mode solutions.
Adapted from Pati, A. et. al with permission [27].

The solutions for propagation angles of the plasmonic slot waveguide were cal-
culated from the transverse resonance condition also known as the self-consistency
condition. This approach has been previously used to determine the properties of
plasmonic stripe waveguide [137]. For a waveguide to sustain a bound mode, the

total phase acquired in a roundtrip must be integral multiples of 27r, written as:

2 x R(B) x 1cosbOm — p1 — o = 2mm (4.10)
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m is an integer and ¢; and ¢, are the reflection phases at the top and bottom inter-
faces of the slot. R(p) is the real part of the complex propagation constant in the
MIM. The values of 0,, that satisfied Eq. 4.10 for different values of m were used
in the following equation to calculate the mode effective indices (1, mode) for the

fundamental and higher order modes:

Ny, mode = MMIM SIN Oy, (4.11)

For all our subsequent calculations we used two configurations of plasmonic slot
waveguides: symmetric and asymmetric. For the symmetric case, the two gold
tilms were completely surrounded by SiO, (€41 = €; = €,) and therefore r; = r,.
The asymmetric waveguide had air above the top interface and SiO; inside the slot

and as the substrate (€51 # €4 = €4,) implying rq # 7.

4.3.1 Symmetric Waveguide

Figure 4.3 shows the total roundtrip phase of the gap plasmon mode in the sym-
metric configuration for slot widths ranging from 10 nm to 50 nm and film thick-
ness of 200 nm. This was calculated from the left-hand side of Eq. 4.10 by using
¢1 = ¢». The horizontal blue solid line corresponds to a phase of 0. Its intersection
with the total phase curves, denoted by the red circles is the fundamental mode
solution of the symmetric waveguide.

Figure 4.4a shows the variation of the fundamental mode effective index and
propagation length with the slot width of the symmetric waveguide. The effective
index increases with a decrease in the slot width similar to a 2D slit due to the in-
creasing amount of electric field entering the metal. As a — 0, the effective index
approaches ny, since the fundamental order solution § — 90°. These observa-

tions were also verified using numerical simulations shown by red squares. They
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were performed by solving the mode source in ANSYS Lumerical FDTD v2020

R2.3 within perfectly matched layer boundaries.

35 . : 6
‘_ ------- Mode Index, Theory E
5¢ v Il Mode Index, Simulation =
Propagation Length, Theo
g 31 "-“ [ ] PrrJ::a:aliDn Length. Simuglion 5 é
c \

— » =
a |4 =
2 :
E 2.5¢ T=|
w 138
@ T
=] 2 o

o . n
= ~2 g
o
[ 58
1.5 - : : 1 &

10 20 30 40 50

Slot Width (in nm)
(A)

3 4
£
E 275 i ‘—| ] 3 .6.5
=R J——— w | | o ~
= 2.50" " =
g ------- Mode Index, Theory 3 2 g.’
5225 R K
.,,d_', @® Propagation Length, Simulation =
= 285
L 21 =
@ o ©
- [ ] (] L] e, O
= I — o
o
1.5 2 &

100 200 300 400 500

FIGURE 4.4: Variation of the fundamental mode effective index (blue
dotted line shows theoretical results and squares indicate simulation
results) and propagation length (red solid line shows theoretical re-
sults and circles indicate simulation results) of the symmetric waveg-
uide (A) with slot width for a metal thickness of 200 nm and (B) with
metal thickness for a slot width of 20 nm. Adapted from Pati, A. et. al

Metal Thickness (in nm)

(B)

with permission [27].



Chapter 4. Modal Properties in Plasmonic Slot Waveguides 70

A uniform mesh size of 0.1 nm was used inside the slot and 1 nm was used
for the rest of the simulation region. Au (Gold) - Johnson and Christy was chosen
from the Material Database to form the gold layers and a user-defined index of 1.44
was used for silica. The red solid line in Figure 4.4a shows the theoretical values
of propagation length calculated by the expression 1/2[Imag(#modeko) + a]. Here,
« accounts for the absorption taking place during reflection computed from the
following equation:

exp (—2a x I x tan @) = |ryr7] (4.12)

2 x | x tan@ is the path covered in a single roundtrip along the mode propa-
gation direction (y-direction). The red circles in Figure 4.4a show the propagation
length values gathered from the simulations. Figure 4.4b shows the variation of
the effective index with metal thickness for a slot width of 20 nm. The index val-
ues increase with increasing metal thickness and approach ny asymptotically as

[ — co. Conversely, the propagation length of the mode becomes shorter.

4.3.2 Asymmetric Waveguide

Figure 4.5 shows the total phase for an asymmetric waveguide. The slot dimen-
sions are the same as those presented in Figure 4.3. The blue solid line represents
a total phase of 0 and the red circles represent the modal solutions for the different
slot widths.

Figure 4.6a shows the influence of slot width on the fundamental mode index
and propagation length of the asymmetric waveguide. Their values are close to the
symmetric waveguide results shown in Figure 4.4a as the material inside the slot in
both the cases remains same and only the material outside one of the interfaces is
changed from a refractive index 1.44 to 1.00. Larger differences in the effective in-

dex of the slot mode were observed when the material inside the slot was changed.



Chapter 4. Modal Properties in Plasmonic Slot Waveguides 71

This was plotted in Figure 4.7 for a 10% and 50% increase in the refractive index of

material inside the slot (silica).
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FIGURE 4.5: Total roundtrip phase of the EM waves in the asymmetric
waveguide with SiO; inside and below it and air above for widths of
10 nm to 50 nm and metal thickness of 200 nm. Horizontal blue line
represents a total phase of 0 and red circles are fundamental mode
solutions. Adapted from Pati, A. et. al with permission [27].

It is important to note that the theory is most accurate in the fundamental mode
calculation when the slot’s aspect ratio (ratio of metal thickness to slot width) is
greater than 1. Previous work has shown that the gap plasmon mode no longer
remains the fundamental mode for lower aspect ratio slots as the quasi-TEM con-
dition does not hold [23]. The gap plasmon approximation of the plasmonic slot

waveguide should therefore be used for [ > a.
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FIGURE 4.6: Variation of the fundamental mode effective index (blue
dotted line shows theoretical results and squares indicate simulation
results) and propagation length (red solid line shows theoretical re-
sults and circles indicate simulation results) of the asymmetric waveg-
uide (A) with slot width for a metal thickness of 200 nm and (B) with
metal thickness for a slot width of 30 nm. Adapted from Pati, A. et. al
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al with permission [27].

4.3.3 Higher Order Modes

Although the single-mode operation is desired for most applications of plasmonic
slot waveguides, we believe it was useful to validate our analysis for higher-order
modes as well. We used an asymmetric waveguide with the same configuration
as in Section 4.3.3 for a slot width of 20 nm and an increased thickness of 750 nm.
As shown in Figure 4.8a we obtained zeroth order mode at an angle of 84.8°, 15
order mode at 65.61°, and 2"? order mode at 37.311° marked by the red circles.
The corresponding effective indices were calculated from Eq. 4.11 as 2.6308, 2.4060,
and 1.6012 shown in Figure 4.8b along with the numerical values for the same

configuration.
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We observed that the presence of higher-order modes (in the z-direction) de-
pends not just on the film thickness but also on the slot width. When the width
of the slot was changed from 20 nm to 50 nm, keeping the thickness constant at
750 nm, the number of modes reduced from three to two as indicated in Figure 4.8a.
Their effective indices obtained from theory and numerical calculations are shown
in Figure 4.8b. The number of modes in the slot (localized in the z-direction) and
their corresponding index values increase with the increase in the aspect ratio of

the slot.

4.3.4 Possible Existence of Edge Plasmons in a Slot

In the previous section, we mentioned that the theory is most accurate when the
aspect ratio of the slot is greater than 1. In an effort to understand the deviation for
lower aspect ratio slots, we plotted the extension of the mode effective variation
shown in Figure 4.6b (for a slot width of 30 nm) for film thickness below 100 nm.
We observed that below 50 nm, the theoretical values of the mode index keep de-
creasing similar to the results shown in another work [18], whereas the numerical
values increase. As has been pointed out in previous work, with decreasing I, the
electric fields at the two Au-Air interfaces at z = [ and the two Au-SiO; inter-
faces at z = 0 increase [16]. A significantly larger portion of the power resides
in the metal resulting in an increase in the mode index. In other words, for ex-
tremely thin metallic films, the characteristics of the fundamental mode are closer
to weakly coupled edge plasmons than gap plasmons. The increase in mode index
is therefore not reflected by our theory, which has the gap plasmon assumption at

its heart.
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To further investigate this behavior, we increased the slot width to 100 nm, fur-
ther lowering the aspect ratio, as shown in Figure 4.9b. We observed that the theo-
retical results start deviating from numerical values for a film thickness of 150 nm,
which is significantly higher than the 50 nm shown in the previous case. Some
works in the past have suggested that the fundamental mode is a gap plasmon
mode at the optical communication wavelength (1550 nm), showing edge plasmon-
like behavior only for extremely thin metallic films due to fringing effects [16]. An-
other work has suggested that the fundamental mode in a slot is only composed of
edge plasmon [115], which doesn’t align with simulations that demonstrate electric
tield distribution, characteristic of gap plasmon modes.

For both symmetric and asymmetric waveguides, our theoretical results have
been shown to be accurate for high aspect ratio slots. The discrepancy arises only
when the aspect ratio falls below 1. One implication of this observation is that
the fundamental mode inside the slot is strongly influenced by the aspect ratio of
the waveguide, showing gap plasmon behavior for high aspect ratio slots and edge
plasmon-like behavior for lower aspect ratios. This has also been shown by numer-
ical simulations in an existing review on plasmonic waveguiding [23]. Therefore,
just like the existence of higher-order modes, the gap plasmon characteristics of the
slot are not just dependent on any one of the structural parameters (a or I) but on
the combination of both. This is also a key consideration for the design optimiza-
tion of the plasmonic slot geometry as its coupling with the photonic modes relies
on the features of the mode in the slot.

The theoretical analysis of plasmonic slot waveguides has been done by sev-
eral works using two main approaches: numerical analysis [16]-[19], [115], [130]
and effective index method [144]. Though accurate, numerical simulations lack
insights and are resource-intensive. In contrast, the proposed analytical method

determines mode properties in terms of other physical parameters. We used the
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standard numerical integration of Eq. 4.9; however, approximate solutions to this
equation may be attempted [104] (although we have not found them in this work).

The effective index method is a simpler and analytic alternative to numerical
simulations. But it does not account for the mode-shape mismatch at slot inter-
faces, and therefore provides a less accurate picture of the reflection. In this work,
the error between the analytical and numerical results was calculated to be under
3% with the highest deviations observed for narrow slots as higher penetration of
fields reduces the accuracy of PEC approximation. The accuracy of the model can
be improved by considering the exact electric field expressions at the cost of the

simplicity of Eq. 4.9 and relatively shorter run times.
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Chapter 5

Conclusion

In this thesis, we have presented analytical frameworks to understand and quan-
tify the reflection and propagation of electromagnetic waves in i). subwavelength
slits in metal and ii). plasmonic slot waveguides. Before introducing the models,
we reviewed the fundamentals of surface plasmon polaritons in Chapter 2. We
briefly discussed localized surface plasmon polaritons and their applications in
different areas. In the next section, we moved to propagating surface plasmon po-
laritons, the main focus of this dissertation. We derived and plotted the field equa-
tions and dispersion relations relevant to a single metal-dielectric interface, an IMI,
and a MIM structure. In the end, we discussed some of the major applications of
propagating surface plasmons.

In Chapter 3, we presented a purely analytic model for subwavelength metallic
slits. The theory consists of two main stages, in the first, we derived an equation
for reflection at the slit interface with a dielectric medium using a combination
of perfect electric conductor approximation, single-mode matching to continuum,
and dielectric loading. The resulting values of reflection phase and amplitude
were used in the Fabry-Pérot model to obtain expressions for field enhancement,
power, scattering, and absorption cross-sections. We demonstrated that the power
through the slit peaks for configurations having equal scattering and absorption

cross-sections at the resonance condition. This observation has crucial implications



Chapter 5. Conclusion 80

in plasmonic design, where the narrowest slit before the onset of tunneling is often
considered to be the best geometry due to the high confinement it offers. In practi-
cal implementation, where losses (increase with confinement) become paramount,
the use of power as a figure of merit, as opposed to field enhancement will provide
a better way to optimize the slit geometry for various applications.

In Chapter 4, we introduced the analytical framework for mode propagation
in plasmonic slot waveguides. Here we also used the PEC approximation in con-
junction with single-mode matching to continuum and dielectric loading to obtain
expressions for reflection coefficients at the slot’s interface with its surrounding
dielectric media. Therefore, the theory shed light on the reflection of the gap plas-
mon and its variation with the propagation angles. The reflection phase values
above the critical angles were used in the transverse resonance condition in ge-
ometric optics to obtain values of propagation angles that supported fundamen-
tal and/or higher-order modes. The angular solutions were then used to com-
pute modal properties such as effective index and propagation length for different
waveguide parameters. The theoretical results demonstrated close agreement with
numerical simulation results within 3% and were two orders of magnitude faster

than numerical simulations.

5.1 Scope

The combination of an approximate mode shape with dielectric loading has pro-
vided a way for the efficient analysis of metallic slits and plasmonic slot waveg-
uides. In the future, this combination can be extended to other plasmonic struc-
tures like cylindrical nanoapertures in metallic screens. The theory can also incor-
porate the spectrum or gain of the dielectric medium in the gap for optimization in

applications like lasing [145] and gas sensing [146].
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We have also seen that the model provides information about the critical propa-
gation angles in a plasmonic slot waveguide. The reflectivity and critical angles are
dependent on the refractive index of the dielectric in the slot. The changes in the
critical angle can be mapped to changes in the refractive index of the slot, which
has been shown to be useful in sensing applications using dielectrics [147]. The
strong dependence of the reflection phase on the propagation angles, shown in Fig-
ures 4.4b and 4.6b and the presence of leaky modes in asymmetric slot waveguide
can be combinedly applied to improve the sensitivity of surface plasmon resonance
sensors by adding slots to the metal films.

In summary, the theory may be used to explore other nanostructure geometries
where field distributions can be approximated by constant functions similar to the
rectangle function shown here. The insights gained on the physical properties and
their interdependence may be used to go beyond the current applications of these
geometries. Finally, the model can be used in the rapid design and optimization of
metallic slits and plasmonic slot waveguides for different applications by mitigat-

ing the challenges inherent to plasmon-based components.
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Appendix A

MATLAB code Subwavelength Slit

Calculations

A.1 Propagation Constant in MIM Structure

100

1 close all; clear all

2 %% %Determination of propgation constant

3 a = [110"(=9):1%x10"(=9) :20%10"(=9)]; SWidths of the slit
4 filename = "Johnshon_and Christy.xlsx"; $Johnson and Christy paper

5 data = xlsread(filename);

6 lambda = data(:,1); $Wavelengths

7 epsilon_m = data(:,2) + lixdata(:,3); %Permittivity values
8 epsilon_d = 1; %Permittivity of surrounding medium

9 k_0 = 2xpi./lambda;

o\
o\

10
11 syms beta;

12 for i = 1:1:1length(lambda)

13 for j = 1:1:1length(a)

14 kappa_m = sqgrt (beta”2 - epsilon_m(i)x*k_0(1i)"2);

15 kappa_d = sqgrt (beta”2 - epsilon_dxk_0(1i)"2);
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16 f(i,j) = tanh (kappa_m=*a(j)/2) +
((epsilon_m (i) xkappa_d)/ (epsilon_dx*kappa_m)) ;
17 k_z(i,3) = eval (vpasolve(f (i, j),beta));
18 end
19 end
20 k_z = double(k_z);
21 %% %Saving the propagation constant data
2 filename = 'real prop.xlsx';
23 writematrix(real(k_z),filename, 'Sheet',1);
24 filename = 'imag_prop.xlsx';

25 writematrix (imag(k_z), filename, 'Sheet',1);

A.2 Optical Cross-Sections, Field Enhancement, and

Power

o\°
o\°

2 close all; clear all;

w
o\
o\

4 %For reflection coefficient in a slit completely surrounded by air

5 filename = 'real prop.xlsx'; %Real part of the pre-determined
propagation constant in the MIM structure

6 datal = xlsread(filename);

7 filename = 'imag_prop.xlsx';%Imaginary part of the pre-determined
propagation constant in the MIM structure

8 data2 = xlsread(filename);

9 lambda = datal(:,1);

10 k_z = datal(:,2:end) + lixdata2(:,2:end);

11 1 = 100x10"(-9); %$Length of the slit
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14

15

16

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

a

k_

0

1x107(=9) :1%x10"(-9) :20%10"(-9); SWidths of the slit

= 2*pi./lambda;

neff = k_z./k_0;

o\
o\

for j = 1:1:20

o\
o\

lambda_mod = lambda./n_eff;

I = (a(j).+pi./lambda_mod) +
((lix2*a(j) .* (log(2+pixa(j) ./lambda_mod) - 1.5))./lambda_mod);

r= (1L -1I)./(1L + I); %Reflection Coefficient

t = (2)./(14I);%Transmission Coefficient

phi = angle(r);%Reflection Phase

phi_1 = 2ximag(k_z)*1;

A = 2xreal (k_z)x1 + 2xphi;

terml = (1 - (abs(r))."2).%(abs(t))."2.xexp(-phi_1);
term2 = (1 + (abs(r))."4.xexp(-2xphi_1) -
2x (abs(r)) ."2.%exp (-phi_1) .xcos (a));
T = terml./term2; %Total transmission
term3 = (1 - exp(-phi_1));

term4d = 1 + abs(r).”2.xexp(-phi_1);
termb = (abs(t).”2 .*x(1 + abs(r)."2.%exp(-phi_1) -
2.*xabs (r) .xcos(a/2) .+exp (-phi_1/2)));
term6 = 1 + exp(-phi_1) - 2.xcos(real(k_z)*1l).*exp(-phi_1/2);

term7 = abs(t).”"2.%(1 + abs(r).”2 + 2.xabs(r).*cos(phi));

sigma_t = T.xa(]j); S%Stransmission cross—section
sigma_a = sigma_t.*+term3.xtermd./term2; %absorption

cross—section
eta = term5.x*term6./term2; %$Field
power = abs(eta.”2)xa(]j); %Power in the slit
%% %Plotting the optical cross—-sections
figure (1)

plot (lambdax10”(9),2+«sigma_t*1076, 'LineWidth', 2.5, 'color', "#f51clc
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40 xlabel ('Wavelength (in

nm) ', '"FontSize', 18, '"FontName', 'Bahnscrift')
41 ylabel ('\sigma_s and \sigma_a (in

\mum) ', 'FontSize', 18, 'FontName', 'Bahnscrift')
42 set (gca, 'XTick', 600:200:1600, 'YTick',

0:0.02:0.20, "FontSize',18, 'LinewWidth',2.5)

43 grid on

44 x1lim([wl*10"(9) 16501]);

45 ylim ([0 0.117)

46 hold on

47 plot (lambdax10" (9),sigma_a*x10"(6), 'Linewidth',2, 'color', "#4bd8da"')

48 end
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Appendix B

Maximum Power Transfer in Slits

B.1 Maximum Power Transfer for a Slit of Length 100 nm

FDTD Simulation Results
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FIGURE B.1: Average power (red squares) inside the slit of length

100 nm and widths varying between 1 nm and 20 nm, obtained from

numerical FDTD simulations. Power maximizes at a =4 nm indicated
by the vertical line. [28].
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B.2 Maximum Power Transfer for a Slit of Length 80 nm

Theoretical Analysis Results
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FIGURE B.2: A) The peak values of o; (red squares) and o, (blue cir-

cles) at the resonance condition of a 80 nm long slit of varying widths.

os and 0, are equal at a gap of around 3 nm. The vertical dashed line

indicates the 3 nm mark. B) Power (blue squares) inside a metallic slit

computed analytically using the Fabry-Pérot formalism. Power satu-

rates at 3 nm for equal values of ¢ and ¢; at resonance, marked by the
vertical dashed line [28].
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B.3 Maximum Power Transfer for a Slit of Length 120 nm

Theoretical Analysis Results
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FIGURE B.3: A) The peak values of o; (red squares) and ¢, (blue cir-

cles) at the resonance condition of a 80 nm long slit of varying widths.

0s and 0, are equal at a gap of around 3 nm. The vertical dashed line

indicates the 3 nm mark. B) Power (blue squares) inside a metallic slit

computed analytically using the Fabry-Pérot formalism. Power satu-

rates at 3 nm for equal values of ; and ¢, at resonance, marked by the
vertical dashed line [28].
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Appendix C

MATLAB code for reflection in

plasmonic slot waveguide

C.1 Reflection Coefficient in Plasmonic Slot Waveguide

1 close all; clear all

2 %%

3w = [30%x10"(-9):30%10"(-9):210%x10"(-9)1;
4 epsilon.m = -115.13 + 1i%x11.259;

5 syms beta;

6 lambda = 1550%x10"(-9);

7 epsilon_d = 1.44"2;

8 epsilon_d2 = 1.44"2;

9 epsilon_d3 = 1.44"2;

10 k_0 = 2+pi/lambda;

1 a = w./lambda;

12 theta = 0xpi:0.01lxpi:pi/2;

13 1 = 200%x10"(-9);

14 %%

15 $dSolving for the propagation constant

16 for j = l:1:1length(a)
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17 kappa_m = sqgrt (beta”2 - epsilon_mxk_0"2);
18 kappa_d = sqgrt (beta”2 - epsilon_dxk_0"2);
19 f(j) = tanh(kappa_d*w(]j)/2) +

((epsilon_d*kappa_m)/ (epsilon_m*kappa_d));

20 k_z(j) = eval (vpasolve (f(]j),beta, 1.5xk_0));
21 n_eff(j) = k_z(3)/k_0;
2 end

23 epsilon_dl = n_eff."2;

24

o\
o

25
26 Syms u;
27 for i = 1l:1:1length (1)
28 for 7 = 1l:1:1length(theta)
29 f(i) = sqrt (1l -
(epsilon_dl1 (i) /epsilon_d2) x (sin(theta(j))) "2 -

(u”2/epsilon_d2));

30 g(i) = (1 - (u™2/epsilon_d2));

31 h(i) = (sin(pi*u*a(i)))" 2/ (pit2+u~2*a(i));
32 func (i) = f£(i)*h(i)/g(i);

33 I(i,3) =

2xvpaintegral (func(i),u, 0, Inf, '"MaxFunctionCalls', Inf);
34 r(i,j) = (sgrt(epsilon_dl (i) /epsilon_d2) «cos (theta(]j)) -
I(i,3))/ (sqgrt(epsilon_dl (i) /epsilon_d2) *xcos (theta(]))
+ I(1,3));
35 end

36 end

o\
o\
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