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Abstract

The initial value problem for the spatially homogenous Boltzmann equation with
Maxwell molecules is considered. A difference scheme for this problem is developed
using Fast Fourier Transform and a study of different numerical effects is presented.

1 Introduction

In this paper we present numerical results for the approximate solution of the spatially
homogeneous Boltzmann equation [3] with Maxwell molecules using a difference scheme.
This scheme is based on the uniform discretization of the velocity space and the very effective
Fast Fourier Transform (FFT) [4],[9]. It is well-known [1] that the Boltzmann equation
for Maxwell molecules can be drastically simplified by using the Fourier transform in the
velocity space. On the other hand, this paper seems to be the first using this simplification
for numerical solution of the Boltzmann equation.

The paper is organized as follows. In Section 2, we formulate the initial value problem for
the Boltzmann equation. Furthermore, we introduce the Fourier transform of the unknown
function and the corresponding integral equation on the unit sphere. The conservation laws
of the Boltzmann equation are reformulated in terms of the Fourier transform. In Section 3,
we introduce a uniform grid in the velocity space and describe how to use FFT to compute
the corresponding discrete Fourier transform efficiently. In Section 4, our difference scheme
for the integral equation on the unit sphere is introduced and analyzed. In Section 5, we
deal with the approximation of the conservation laws of the Boltzmann equation. Finally, in
Section 6, we present the results of our numerical experiments and draw some conclusions.

*Permanent adress : Keldysh Institute of Applied Mathematics, Miusskaja sq. 4, 125047 Moscow

1



(3}

i o YO I I
2 Boltzmann equation and F

In this section we formulate the problem and give a short summary of some important
properties of the Boltzmann equation.

We consider the following initial value problem for spatially homogeneous Boltzmann equa-
tion

of

é—t—(u,t) = Q(f,f), t>0, veR, (1)
Q) = fk 3 / ulo (l b 1’)( FOL D F (W, 8) — f(v,1) f(w, 1)) dwde;
f(v,0) = 2)

We use the following notations in (2)

— v, w € R? are pre-collision velocities;
— dw is the volume element in RY;
— e € R is a unit vector;
— de is the surface element on the unit sphere S%;
— u=uv—w € R denotes the relative velocity of collision partners;
— o', w' are post-collisional velocities defined by
v =0.5(v+w+ |ule), w' = 0.5(v+w — |ule);

- <| |, (x, m 1)> de is the so called differential collision cross-section.

For Maxwellian molecules (or better pseudo-Maxwellian molecules) the product

" (1t £20)

is independent of the relative velocity |u| and will be denoted as

o u50) s (52)

The function g(u) is assumed to be non-negative and piecewise continuous on the interval
[—1,1].

One of the most important properties of the Boltzmann equation is conservation of the
density p.




p(t) = | f(v,t)dv= | fo(v)dv=0p, (3)
R3 RS

of the bulk velocity V

PV (t) = /}R of (0, v = /R ufo(w)iv =V, (4)

and of the energy density per unit volume

W)= [ Wlrwnd =5 [ e )

during the time evolution of the function f(v,t) from the initial function fo(v) to the final
Maxwell distribution

_ly— VI2
fool®) = e exp< bV ) (6)

The temperature T in (6) is given by

T = ;—p<2w V).

The Fourier transform (€,1) of the distribution function f(v,t) is defined by

o6, = | 1.0 explal, ) 7

After rather long calculations (see [1]) one can obtain a simplified equation for the function

p(€,1):

2= [0S (o (S5 ) o () —wt0tpten ) e

The equation (8) is subjected to the initial condition

6.0 = [ fao) explotw, D)o = go(8), NG
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This equation will be the main object.of our numerical investigations in the next sections.
In order to be able to solve the Boltzmann equation numerically via Fourier transform (7)

we need a formulation of conservation laws (3),(4) and (5) in terms of the function ¢(§,1).
These relations can be easily obtained :

Thus, in our numerical procedure we should ensure good approximation and conservation of

p
pV

w

©(0,t) = wo(£) le=0;
—zgradfcp(O,t) = —zgradffpo(f) le=0;

1 1
—§A§(,0(Q,t) = —-Z-Agéf?o(f) le=o -

the function ¢(&,t), its gradient and its Laplacian at zero.

3 Numerical realization of the Fourier Transform

(10)
(11)

We begin our numerical study of the initial value problem (8),(9) with discretization of the
velocity space R2. First, we consider a cube

Qr = {v:iveR, —L(n) <v; = V; < L(n), j=1,2,3},

Ln) = Ln** L>0,neN, ac(0,1).

(12)
(13)

and assume all subsequent functions to be 2L(n) periodic in all three variables v;, j =1,2,3.
The next step is the discretization of the cube @1 using the nodes

Uj
Py
Qn

I

hvja .7 = (jlvj?ajB)T € Q'n’
2L(n)

, n €N, and n is even ,

n
{j € Z% —n/2 < j1,ja, J3 < n/2}.

Furthermore, we introduce the index set Q. as a subset of all vectors in @, excluding those,
which have at least one component equal to —n/2.

The function fo(v) can now be represented by a vector f% € R3 having the components

Note that (14) defines the vector f° for all j € @, because of the assumed 2L(n)-periodicity

of all functions.

f;) = fO('Uj)a ]EQn

(14)
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We replace the continuous Fourier transform (9) by a discrete one

wolle) 2wl = B3 f]exp(u(v;,&)) = b Yjea, £ exp (zergn)(j,Ek)) (15)

]EQn

(15) is nothing but the midpoint quadrature formula for the integral (9). An appropriate
choice for the nodes & is

& = z%r)’“ = hek, k € Q. (16)

The described choice of discretization parameters guarantees that

hy, — 0, hy =0(n"%), n — oo,
L(n) — oo, L(n) =0(n'"*), n — oo,
hg — 0, hf = O(n"”"), n — 09,

and the expression for the values ¢ then takes the form

R=hY Lep(EIGE), keQn (17)

JeQn

Tt is necessary to rearrange the summation (17) in order to get an expression which is suitable
for the FFT. For this purpose we introduce the following notation

gy 0 , i =0
J1G) = (s o 10T € 2, yzz{ R

Thus, we get

o =h Z exp (1225445 Z exp (125K Z 3 exp (125K, (18)

73=0 75=0 71=0

The computation of all the components ¢, k € Q,, will require

O(”3 logy(n)) = O(N log,(N))

arithmetical operations, where N = n® denotes the whole number of nodes. Here we assume
that n is chosen to be in the form n = 2™. This amount of arithmetical operations is always
considered to be "nearly” optimal in numerical analysis.
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The next and most important step is the numerical solution of the integral equation (8) over
the unit sphere S2. The main problem here is the following. The approximate values of the

initial function o(€) are given on the fixed grid (16). For the given point £ only some of
e € 52 provide points £,,&_ such that :

_ Gt IEkle, ¢ = €k — 1&le (19)

&t 5 5

again belong to the grid (16). To be precise, we introduce an equivalence relation on the set

Qn

k~m iff |k|=|m|and (k+m)/2 € Qn

and define the disjoint decomposition of this set in the equivalence classes

Clk)={m: me€ Qn, mn~k}.

The number of these classes will be denoted by M, and the number of elements in the class

Cl(k) by #Cl(k). The approximation of the equation (8) on the grid (16) can now be written
as

fol) 5 g () (e pn ) - peutd) £ Q0 20

where p denotes the value ). (20) is a large system of ordinary differential equations
subjected to the initial conditions given by (18). This system has a form which is usual for
the so called Discrete Velocity Models (DVM) for the Boltzmann equation [6], [7]. One of

the obvious possibilities to solve this system numerically is the discretization of the time axis
using the nodes ‘

=71l 7>0,1=0,1,....

and a slightly implicit scheme for equation (20)

b _ Y 4nT <(fk,£m>> L
Pk 1+4nmTp + (1 + 4r7p)#Cl(k) . ‘EZCI(}:)Q lfk||§m| PrtmPl-—m> (21)
E € Qn1=0,....



In (21) o} approximates g(t;) and the initial values ¢ are given in (18). The next important
questions are the following: how good is the approximation (20) of the unit sphere integral
(8) and how much numerical work is necessary to realize one time step corresponding to (21)?
The answer of the first question is one of the results of additive number theory obtained in
[10], [8],[5]. The number of integer solutions of equation

midmitmi =k +E+k=k*=K (22)

tends to infinity with |k| — co having almost the order O(|k|'™¢) for any € > 0. There

are two exceptions. There is no solution of the equation (22) if K = 4*(8j + 7). Such K

cannot appear in our scheme because we have always at least two solutions (for |k| # 0) of -
the equation (22) namely m = k and m = —k. The second exception is more serious. The

number of solutions (22) remains the same if we increase k by factor 2. The significance of

this pathology for our purpose is not clear and we would like to leave it for future research.

The solutions of the equation (22) are well distributed on the sphere having the radius |k|

which implies that we are able to approximate an integral over the unit sphere with an

arbitrary accuracy by |k| — oo (see [2]). _

The last remarks show that the number of elements in the Cl(k) is almost of order

LCI(k) ~ O(n) = O(N'3),

The numerical work per time step is then of order O(/N*/?) which we consider to be acceptable
for practical computations.

Before we begin the next important discussion concerning the conservation laws of the system
(20) in the next section we illustrate the results of number theory in the Table 1. Here we
show the number of equivalence classes M, and the average number of elements in one class
#Cl versa the discretization parameter n.

M, | #Cl

4 20 3.2
8 681 7.5
16 | 254 16.1
32 | 1028 | 31.8
64 | 4262 | 61.5

Table 1. Number of classes and average number of elements
m one class versa discretization parameter n
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Now we consider the discrete system (21) and discuss its conservation laws. First of all we
remark that for k& = (0,0,0)7 only & itself belongs to Cl(k). Assuming ¢} = p which is true
for [ = 0 we obtain for [ =0, ...

St = P nrp? )
0 l+dnrp  1+4dwp

Thus, vy = p, | = 0,... remains constant for all by induction and we obtain the first
conservation law of the system (21). This conservation law corresponds to (10) and is
completely correct.

The next conservation laws we obtain for k = +e;, j = 1,2,3, where e; denotes the j—th
column of the unit matrix. The corresponding classes are

Cl(:i:ej) = {Cj, —ej}, _] =1, 2, 3.

For k = +e;, j = 1,2,3 we obtain from (21) the next six (") conservation laws of this system

!
o _ Pk dmr Lol Y
Pk 1+4drrp - 2(1 + 4n7p) (i + k) = h

ko= te, j=1,2,3,1=0,....

Thus, the values of ¢! = ¢ are conserved during the computations. With the help of these
values we can conserve an appropriate approximation of the gradient of the function (&, 1)
using, e.g., the central differences

1 )
2_’15( 0 — 0 — 00y 0n, — 02T A gradip(€,0) le=o - (23)

This approximation corresponds to the conservation law (11) and is also correct. But having
now seven conserved values ¢, ¢}, k = *e;, 7 = 1,2,3 we are also able to approximate
each second order partial derivative of the function ¢(¢,t) at zero

02 =200+, Bp(&,1)

2 ~ ) y J
g 0 e

=1,2,3.

with almost the same accuracy as in (23).



It is now clear that the difference scheme (21) will never converge to an approximation of
the Maxwell distribution (6) and, therefore, it is necessary to modify this scheme at least
for k = +e;, j = 1,2,3 for which the approximation of the unit sphere integral is so poor.
The corresponding grid points & are close to zero and our idea now is to use an asymptotic
expansion (for |¢] — 0) for the function ¢(€,t) instead of the scheme (21).

First we introduce some additional notations. The flow of momentum will be denoted by

M) = [ o7 f(o,t)d0 = ~Hol&.t) e-o (249)
R
where Hy(¢,t) denotes the Hessian of the function ¢(&,1).
This tensor is connected with the stress tensor P(t) by
M(t) = pVV7T + P(2), - (25)

where V is the bulk velocity defined in (11). Finally, we rewrite the stress tensor P(t) in the
form

P(t) =U(t) + pl, (26)
where
p= %trP(t)

denotes the pressure and the tensor U(t) is therefore trace free.
We begin our asymptotic analysis with a Taylor expansion of the function (&, t) for small

l€l:

(P(gat) = (,D(O,t) + (gradcp(&,t) |E=0v§) + % (H(P(&,t) ‘E=0 gaf)"' O(Iﬂa) =
= ot ulVi€) - 5, +O0(E) = (27)
=+ 10(V.€) — LV, — Sl — S(UWEE) + O(E): (28)

Here we have used the relations (10),(11),(24),(25) and (26). From (28) is clear that the
time dependence of the function ¢ (£,t) on time ¢ is quite weak for small |£|. The difference
scheme should be of third order accuracy to be able to resolve this dependence. '
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The time derivative of the function (£, t) can now be written as

1, . 3
e - (U066 + O(IEP) (29)

Let us denote the weighted averaging of some function s(e), e € S? over the unit sphere by

< s(e) > (&)

<sfe)>(§)= /Szg (%) s(e)de.

The right-hand-side of equation (8) can herewith be written as

<p(£+,t)t,0(£_,t) —ptp(&t) > (30)

where £, and £_ are defined in (19). The expression in the brackets can be computed up to
third order in |£| using (27),(24),(25) and (26) as follows

o€ p(E,t) = pp(e) = S(ME)EE) — (M(t)r.&s) — (M-, €-)) -
= AVENV.E) +O0(El) =
= M), E) = PVVTEE) + O(lEf) =
= p(P(t)Es,£-) +O(Igl") =
= z’i'(“f( )6,€) — [ER U R)e, ) + O(F) =
= BWZUH ) (wwi — eex) + O(I€]%). (31)

kJl=1

Here we have used the notation w for the unit vector in the direction of £&. The averaging
(30) therefore reduces to the averaging of the matrix wwT — eel which we will compute in
two steps. The average of the matrix ww” is almost trivial

<wwT> = wwl <1>=2aww’, (32)

o = 7r/_1g(u)dﬂ-

1

For averaging the matrix ee” we assume first that w = (0,0,1)” and compute

10



. 2 T
<eel > (w) = / / g(cos )e(p, 8)e(, 0) sin 0didp =
o Jo
= diag(a — B, — 5,206),
1

B = / g(p)p*dp.

-1
For general w we introduce an orthogonal rotation matrix Q(w) having the property

Q(w)w = (0,0,1)7,

or equivalent

QW)*(0,0,1)" =

The average of the matrix ee” can now be computed as

<eel > (w) = /g((w,e))eere:
52
= [ o(w.@") Q"e(e)Que =

= QT /S 9 (((0,0,1)T,€)) €'(¢")Tde'Q =

= QTdiag(a - ﬁva - 131 ZIB)Q =

= (a=B)I+(36-a)Q"(0,0,1)7(0,0,1)Q =

= (a—B)I+ (38 - a)ww. | (33)
Combining (32) and (33) we obtain

< wwl — ee’ >= 3(a - B) (wa — %I) .

Thus, we get from (31)
<p(Ent)p(é-t) — pp(6t) >=
3
= |§| a—p) 2; u(t) (wiwy — %5%) +O(I¢P°) =

= Lla— 5 (UREE) + 0P

11



The last equation together with (29) leads neglecting terms of the order O([¢ 1) to an equatior
for the tensor U(?):

1., 3p
~5U(t) = o= AU,

or

U(t) = U(0)exp(—at), (34)
a = 3{(&—5)=§%7£ __19(u)(1—nz)d#- (35) -

(34),(35) give the exact explicit evolution of all second order moments for the Boltzmann -
equation with Maxwell molecules. The final asymptotic expansion of the function ¢(&,t) for
small |¢| can now be written in the form

p(é,t) = p+p(V.§) - -g(V, £)? - —;—p(iaf) - %(U(O)E, §) exp(—at) =

/ g N 1 \
= o(£) exp(—at) + kp+ w(V, ) — §(V, £)° - 523(5,6)) (1 - exp(—at)) =

1 1
= poleexpian + p (14206 - J4E7 - $T(E.0) (1 - exo(-at),
where T = p/p denotes the temperature.
The special choice of £ = £4.;, j =1,2,3 leads to
he
(p(giej7t) Npx Zhngj - '5'" (p‘/JZ +pT + UJj(O) eXp(_at)) 1 (36)

or

2
) % ol exp(an) +p (1 aheVs = £ (7 +7) ) 1= explca)). @7

We have two possibilities to change our difference scheme corresponding to the equations
(36) or (37). The first one is the following. Since the exact values of the parameters p, V,T
and u;(0) are given by the initial function (2), we can use these exact values by setting

0o = P (38)
h,2
Whe, = pithepV; — = PV + pT + uz5(0) exp(—atr)) (39)

jo= 12,3, 1=0,1,....

12



The corresponding values obtained by Fourier transform (17) will be ignored in this case.
The second possibility is to define the numerical values py,, V3, T}, using ¢? from (17) as

P = (108»
1 o 0o 0o\T
Vh =. _}-_'zp_Im ((pe] 3 ()082’ (1083) b

T, = 2 p— : _5_3 Re(pl) | - ‘1'|Vh12
phhg 3 j=1 K 3
and to use the following approximation

wh = pn, (40)

h2
(plj:ej = ‘Piej exp(—atl) + pon (1 + th(Vh)j — —55- ((Vh)f + Th)) (1 - eXp(—at,)), (41)
j = 172,3,120,1,.-..

Combining the formula (21) for k¥ # 0, xe;, j = 1,2,3 with (38),(39) or with (40),(41) we
obtain the final version of our difference scheme.

6 Numerical example

In this section we calculate an example of the relaxation using our difference scheme. The
initial distribution fy(v) is given by

where e; denotes the first column of the unit matrix.
It is easy to see that the macroscopic parameters we need are defined as

p=1, V=1(0,007T, T=1/3.

The parameter L in (13) is in our numerical tests as follows

L=v2T.

In general, we cannot expect that these values remain conserved during the computation.
However, for this example the values of density and bulk velocity remain constant because

of the symmetry considerations. In the first figure we show the time evolution of the tem-
perature for n = 4,8,16 and L(n) = L \/n.

13
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The thick solid line in the Figure 1 shows the ideal constant value of the temperature, while
the other lines represent the numerical results. It is clear to see that only 4 points are not
enough even for an appropriate approximation of the initial
then the initial value of the temperature is approximated quite good but not the asymptotic
value. Our numerical tests show that for n > 16 both, the initial and asymptotic values
of the temperature are very well approximated. However, the maximal error for n = 16 is

0 ' 4 6 8

10

Figure 1: The time evolution of the temperature

for different n -

about 3.7 %.

In the next figure we show the relaxation of components p1(t) and peo(t) of the stress tensor.
The relaxation of the psy3(t) is identical to that of py (t) because of symmetry reasons. The

dashed lines show here the exact curves defined as

pu(t) = bHexp (—%t) + g (1 — exp <—%t>> ,

) = e (-h) + 2 (10 (1))

14
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Figure 2: The time relaxation of components
of the stress tensor

while the solid lines represent the numerical results obtained for n = 16. In Table 2 we
show the relative errors F; and E, defined as

— ~1 . _
B = 0212100 |pﬁ(t’) —p,-jl, J=12, 7= 0.1

where ﬁg-j denotes the numerical value at ¢ = ;.

This table shows that the corresponding error seems to be of the order O(n~'/2) which
corresponds to our choice o = 0.5 in (12).

Ey E,
4 10.19921 | 0.19847
8 | 0.04685 | 0.09627

16 | 0.03640 | 0.08599

32 | 0.02478 |'0.06289

64 | 0.01853 | 0.04698

Table 2. The relative error for the stress tensor
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Next we show the relaxation of the distribution function itself to the Maxwell distribution

We have used the values of
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Figure 4: The iso-lines of the distribution function
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