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Abstract

Two separate studies are presented. In the first, Reynolds stresses from both a standard
four-beam ADCP (Janus) and a modified four-beam ADCP with one vertical and three
oblique beams (Cyclops) are analysed algebraically and observationally. Mathematically,
the stresses are expressed in terms of the variances of the beam velocities and other unknown
components of the stress tensor. It is noted that a deployment condition with zero tilt
significantly improves the stress estimates of both instruments. In the presence of tilt, the
Janus ADCP provides better estimates of the Reynolds stress than does the Cyclops using
the beam variance technique, though the Cyclops ADCP is able to resolve other quantities
which the Janus cannot; namely the turbulent kinetic energy and the anisotropy ratio, both
of which require a vertical beam for measurement. Further comparisons are made to the
data products which can be resolved from a three-beam and a five-beam ADCP which show
that a three-beam system cannot recover Reynolds stresses without significant bias from
unknown stress tensor components and that a five-beam system can resolve both Reynolds
stresses as well as the turbulent kinetic energy. Data from both four-beam ADCPs were
gathered during an August 2000 cruise, where both instruments were deployed in Sansum
Narrows, off Vancouver Island. The data support the analtyic results, which find that

unknown stress tensor components (e.g. u?, V2, etc.) that are not multiplied by a tilt
angle significantly contaminate the Reynolds stress estimates.

Next, the generation of internal tides by abrupt topography is considered. The tidal
generation at a step is examined numerically and compared to an earlier shelf study. The
assumption made in the former work of negligible shelf-side internal waves is confirmed
for shallow shelves, but is shown to be increasingly unrealistic with decreasing step height.
The energy flux generated by the step is compared with the estimate from linear theory for
the energy flux from an arctan function and they are found to be equal for vanishing step
heights, but the energy flux from the step increasingly exceeds that based on linear theory
as the step height increases. Also, the energy flux generated from a knife-edge ridge is
calculated and compared to the linear theory prediction for a “Witch of Agnesi” ridge. For
vanishing step heights, the knife-edge ridge produces twice the energy flux of the witch, and
the ratio increases with step height. Realistic parameter values which are representative of

the Hawaiian Ridge are applied to the knife-edge ridge, resulting in reasonable estimates of

i



energy flux (20GW) as compared to those made in observational studies (Egbert and Ray
2000), despite the simplicity of the knife-edge model.
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of mean flow, the average of equation (1.3) shows that the fluctuations have zero mean.
Furthermore, if the continuity equation is averaged, it can be shown that the turbulent
fluctuations are non-divergent, as are the total velocity and hence the mean velocity. Now

the separated variables are subsituted into equation (1.1) and the result is averaged, leaving

only
ow; 0w 0~ 10P 0%
o "oz, * oa; uiu;) = 000z V95,00, g3, (1.4)

where the continuity equation has been used to obtain the third term. Using the material

derivative and combining the three gradient terms, the equation can be re-written as

Du; _ 1 87'«,']'
Dt p, Jz; 903, (1.5)
where
0w | oy —
135 = =Py + u(az; + 6:1::) ~ Polil;. (1.6)

The second term in parentheses can be introduced since its derivative is zero with respect
to z;. The term —p,uju’ is an additional stress to the viscous stress (the second term) and
is called the Reynolds stress tensor. It has nine Cartesian components which are given by

2 Tdd Taril

—Poll —pot't  —pou'w

o [ 2 Tl
TPoUU; = [ —PoU VT —PoU Pl W (1.7)

r2

—pot'w’  —pov'w'  —pow™.
The tensor is symmetric; the diagonal terms are normal stresses and the off-diagonal
terms are shear stresses. If the turbulence is isotropic, then the shear stresses vanish and

ul2 — ,UI

2 = w2, Their relationship to the mean flow is evident from equation (1.5); they

are the mechanism by which momentum is exchanged between the mean flow and the
turbulence. Physically, the shear stresses represent the transfer of momentum by turbulent
velocity fluctuations. The vertical Reynolds stresses —u'w' and —v'w', where p, has been
dropped for brevity, are agents which re-distribute horizontal momentum vertically. As
such, accurate measurements in the ocean are desired.

One technique used during ADCP studies of turbulent variables is the so-called “vari-
ance” technique, where the difference of the variances of opposing beams can be used to
resolve Reynolds stresses. The variance technique is used in flows where coproducts such
as the Reynolds stress cannot be resolved using the standard assumption of horizontal
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Chapter 1

Introduction

Describing is key to understanding and predicting the structure of flow patterns in the
ocean, which is the goal of many endeavours in physical oceanography. Unfortunately,
analytical descriptions of a flow field are often unattainable, so approximations are often
used to derive the desired quantities. When making direct observations, certain variables
may be difficult to measure. When using a physical or numerical model, some processes may
be challenging to parameterize. In each instance, approximations may be useful in obtaining
the desired results. Obtaining accurate records of vertical velocity in either open ocean or
coastal environments is challenging even under ideal conditions. However, it is essential
for the study of many oceanic processes ranging from internal waves to turbulence. In
many coastal waters, flows are turbulent and measuring vertical velocity is hampered by
spatial inhomogenieties. While currents are more homogeneous in ocean basins which are far
from boundaries, the logistics of observational oceanography in such regions are daunting.
Technology has aided the pursuit of better measurements of the ocean, and instruments
such as the acoustic Doppler current profiler (ADCP) have provided investigators with
vertical profiles of all three components of the velocity field. Still, with all the advances
in instrumentation, simple physical models with reasonable approximations can often yield
equally important insights into the characteristics of a flow field. This thesis will focus on
two separate approaches to two different physical problems; the first being the determination
of Reynolds stresses in a turbulent tidal channel through direct observation and algebraic
approximation, and the second being the investigation of internal tides which have been

generated by flow over abrupt topography using simple physical models.

1.1 ADCPs

The advent of ADCPs has provided researchers the ability to effectively measure the profile
of the current over many depth ranges, something previously impossible when using a

limited number of in-line mechanical current meters. In addition, they have afforded the



advantage of remote sensing to the measurement of mean flow variables without the flow
obstructions of previous in-line meters. By making the assumption of spatial homogeneity
of the flow over scales comparable to the width of the beam field, the ADCP has been
able to reproduce large-scale characteristics of the velocity field. Before proceeding, the
operation of the ADCP is reviewed.

1.1.1 Principles of operation

Doppler systems of all configurations operate on the basic premise that acoustic pulses
which are partially reflected by particles have their frequencies shifted by an amount which
is proportional to the velocity of the particles, a concept known as the Doppler effect. If
the particle is moving away from the transducer, the acoustic pulse will be rarefied, or
stretched, upon its return to the transducer relative to the original pulse. If the particle, on
the other hand, is moving towards the transducer, the returned signal will be compressed
relative to the original. A key assumption is that the particles are stationary relative to
the water so that the inferred velocity can be attributed to the background current rather
than the active motion of the scatterer. It should also be noted that Doppler systems can
only measure radial velocities, or the velocities in the direction of the beams. If Cartesian
velocities are desired, then a transformation matrix is applied to multiple radial velocities.
The number of beams on the instrument, regardless of their configuration, must always be
greater than or equal to the number of velocity components that are required; if one wishes
to extract Earth-referenced u, v, and w velocities, then the Doppler system in question
must be composed of a minimum of three beams.

Doppler transducers act as both transmitters and receivers of acoustic energy. After a
pulse of energy, which may consist of a single frequency (known as narrowband) or of a
combination of signals with a wider range of frequencies (known as broadband) has been
emitted, the transducer begins to listen for reflected sound energy to return as it is scattered
by particles at all ranges along the path of the beam. Using the speed of sound in water, the
received signal can be subdivided into range “bins” based on the expected total travel time
to a specific range and back again. The water velocities at each range bin can be computed
in two slightly different ways. The first is to compare the frequency of returned signal
to that of the original pulse to determine the Doppler shift, and hence the velocity of the
scatterers. This method was used by early ADCPs, and is often termed “incoherent”. It has
since been replaced by a technique which involves the emission of a minimum of two closely
spaced identical pulses. The second of the returning signals will have a slightly different

phase relative to the first received echo because of the slight movement of the scatterers



during the time which passed between the scattering of each pulse. It is the relative phase
difference between the two pulses which is proportional to the velocity of the scatterers.
Due to the fact that the pulses have to be emitted with the same phase, the technique is
said to be “coherent” and such systems are often called “pulse-to-pulse coherent” Dopplers.
The theory and signal processing techniques of pulse-to-pulse coherent Doppler systems are
reviewed in Lhermitte (1983) and Lhermitte and Serafin (1984). The broadband ADCPs in
this study record velocities using the pulse-to-pulse coherent technique (Gordon 1996).

1.1.2 Reynolds stress

In addition to recording variables associated with the mean flow, it would be helpful if the
ADCP could measure turbulent processes associated with small scale velocity fluctuations.
Turbulent flows contain structure at fine scales which defy not only homogeneity on large
scales such as the horizontal beam field, but which also escape many “high-resolution” nu-
merical models. Since the range of scales needed to fully resolve a turbulent flow is large, it
is more practical to attempt to relate the small scale turbulent mixing processes to charac-
teristics of the large scale flow. To accomplish this, the so-called “Reynolds decomposition”
is applied to the flow variables to separate them into a mean flow and a residual turbulent
variation. The method is documented in standard texts (see Kundu 1990) and is reviewed
here.

First we consider both the Navier-Stokes equation for an incompressible, non-rotating,

viscous fluid under the effect of gravity and the continuity equation,

8u,' ou; 1 Bp 32’U.i

TR e B — g 1.1

ot g oz; po 0T; i Vazjazj 90 -0
ou;
— = 1.2
az; (1.2)

The flow variable u;, which is the i®* component of the velocity vector using tensor notation,

is now separated into a mean flow and turbulent fluctuation by

u; = U; + u, (1.3)

where %; is the mean flow averaged over suitably large spatial and temporal scales (to be
determined) and wu/ is the turbulent fluctuation. A similar decomposition is applied to the

pressure p = P + p/, where the mean of the pressure fluctuation is also zero. By definition



homogeneity. It was first used by Lohrmann et al. (1990), who used a high resolution pulse-
to-pulse coherent sonar to measure turbulent velocities and stresses. The technique has
also been applied to measurements by a 1.2 MHz narrowband ADCP on the Scotian Shelf
(van Haren et al. 1994), a 600 kHz broadband ADCP in Cordova Channel near Vancou-
ver Island (Lu and Lueck 1999b), and a 1.2 MHz broadband ADCP in San Francisco Bay
(Stacey et al. 1999a,b) and Menai Strait (Rippeth et al. 2002). In this study, the variance
technique will be applied to multiple ADCP beam configurations to attempt to determine
an optimal configuration for Reynolds stress observations. Among them are a standard
four-beam “Janus” 300 kHz broadband ADCP and also a 300 kHz broadband ADCP with
a new transducer configuration where one transducer is aligned vertically along the axis of
the instrument and the remaining three are placed around the head with equal azimuthal
spacing of 120°, henceforth referred to as the “Cyclops” configuration. In Chapter 2 the
analytical differences between beam configurations will be investigated and data collected

by two ADCPs deployed in close proximity will be examined.

1.2 Internal Tides

The generation of internal waves of tidal frequency, or internal tides, in the deep ocean is
strongly influenced by local topography. Barotropic tidal currents, which can be an order
of magnitude higher than the local mean flow (St. Laurent and Garrett 2002), flowing
over topography will generate baroclinic waves. These radiate internal-tide energy away
from the generation site (if they satisfy the criteria for free propagation, which requires
both horizontal wavenumber k¥ < N/U, where N is the buoyancy frequency and U is the
barotropic tidal current speed, and wave frequency w > f, where f is the Coriolis frequency)
or dissipate that energy locally. These waves may propagate both upstream and downstream
(the “internal tide” regime) or upstream only (the “lee wave” regime), depending on the
barotropic tidal speed being smaller or larger, respectively, than the wave speed (St. Laurent
and Garrett 2002). This thesis will address the internal tide regime only.

For simple sinusoidal topography, the energy flux, or the baroclinic-wave energy, which
has been extracted from the barotropic tidal current, can be determined analytically (Gill
1982). Unfortunately, most of the seafloor bathymetry does not agree with such a simple
approximation but rather has many features which, cumulatively, are better described by a
continuous spectrum of wavenumbers. For any topography, a key factor is the “steepness”
parameter €, which is the ratio of the topographic slope s to the slope of a radiated beam



of tidal energy « (St. Laurent and Garrett 2002), where

1/2
k wr — f2
m T (N——T) (L8)

and k and m are the horizontal and vertical wavenumber of the radiated internal tide (it
should be noted that € here is a completely different parameter from the TKE dissipation
rate, also denoted as € in a previous section). The parameter € can delineate two distinct
groups of topography: a “subcritical” regime where ¢ < 1, and a “supercritical” regime
where € > 1. Describing the energy flux of waves generated by general “weak” topography
(e € 1) in an infinite ocean is possible using a linear model developed by Bell (1975). This
model uses the weak topography limit to justify the use of a linearized bottom boundary
condition w(z = 0) = U - Vh, where U is the amplitude of the barotropic tidal current and
h(x) represents the topography. Since the linearization ignores the baroclinic tidal velocity
and is evaluated at z = 0 rather than at z = h(x), Bell was able to compute the energy
flux by integrating the Fourier transform of the bottom topography in wavenumber space
and summing over the relevant harmonics of the fundamental tidal-frequency w (i.e. over
all harmonics n, where n, is the largest integer less than N/w). This model was extended
to include finite depth effects (Llewellyn Smith and Young 2002) and topographies ranging
from weak through to critical (¢ = 1) (Balmforth et al. 2002). However, these models are
not applicable to supercritical topography. One simple example of supercritical topography
is a step, since the topographic slope of a step is infinite.

The study of internal tide generation at step topography was first undertaken by Rattray
(1960) using a two-layer model, which allowed a mode 1 internal tide to propagate along
the density interface. Rattray et al. (1969) extended this model to allow for a continuously
stratified ocean. Prinsenberg (1971) added a sloping continental shelf, Wilmot (1972) added
friction to the original flat shelf configuration, and Prinsenberg et al. (1974) combined
those effects. Prinsenberg and Rattray (1975) introduced a depth-decreasing buoyancy
frequency to a finite-slope continental shelf model. More recently Craig (1987) studied the
generation problem for supercritical slopes up to € < 2. Results from these shelf studies have
been verified in field observations (Torgrimson and Hickey 1979, New 1988) and numerical
simulations (Lu et al. 2001).

Sjoberg and Stigebrandt (1992), henceforth SS92, proposed a model for computing the
barotropic to baroclinic tidal-energy flux in the ocean for any discretized bottom bathymetry
based on a step model by Stigebrandt (1980), henceforth S80. S80 developed a model for
the generation of internal tides in a linearly stratified fjord where a single step represented



the topography. In this model, internal waves were generated at the step and propagated
into the deep ocean but not onto the shelf region. No reason is given for this, though
the assumption may be that, for a very shallow shelf, the shelf waves will have negligible
energy flux compared to the deep-ocean waves. While the S80 model may be applicable
to fjords, where shallow shelves are common features, the application of the model in SS92
is implausible since most discretized bathymetric features in the deep ocean will consist
of a series of deep, rather than shallow, steps. Clearly, as the step depth approaches the
total water depth the asymmetry is reduced, and the waves on either side should at least be
comparable in magnitude. Hence the neglect of shelf-side internal-tides seems invalid for the
problem addressed by SS92. Section 3.1 of this thesis examines an unapproximated S80 step
model which has been modified to include shelf-side internal-tides and compares the original
S80 estimates of wave amplitude and energy flux to those of the waves on both sides of the
new model. Section 3.2 analyses the internal tides generated from another supercritical
feature, the delta function. The “knife-edge” ridge was first examined by Larsen (1968)
and Robinson (1968), although both studies were concerned with the scattering effects of
the ridge on propagating internal waves. The energy flux from this simple topography is
compared to that as calculated at the Hawaiian Ridge using regional tidal models.



Chapter 2

ADCPs

2.1 Janus

A common beam configuration of acoustic Doppler current profilers (ADCPs) is to place
four beams with equal azimuthal spacing pointing at a fixed angle away from the vertical
axis of the instrument. This arrangement produces two orthogonal planes each containing
two beams, and is sometimes called the Janus configuration. It is pictured in Figure A.1.
The three axes of rotation are clearly marked, with the angles of rotation around the z,
z, and y axes denoted as ¢, ¢2, and ¢3, respectively. The heading, ¢;, is positive for a
rotation of the positive z axis toward the positive y axis around the z axis. The pitch,
¢9, is positive for a rotation of the positive y axis toward the negative z axis around the z
axis. Finally, the roll, ¢3, is positive for a rotation of the positive z axis toward the positive
z axis around the y axis. An ADCP reports radial velocities in the direction of each of
the four beams. Using the three rotation angles and the known angle between each beam
and the vertical axis of the ADCP, denoted as #, each beam velocity can be resolved into
absolute horizontal (u and v) and vertical (w) Cartesian velocities. While the three spatial
components of velocity have been the standard output of ADCPs since their inception,
solutions for co-products such as the Reynolds stress have been sought using the raw beam
velocities rather than their Cartesian velocity by-products. Such expressions have been

documented (Lu and Lueck, 1999) and are reviewed here for completeness.

2.1.1 Janus: zero pitch and roll

When the pitch (¢2) and roll (¢3) angles are zero, the central axis of the instrument is
aligned with the Cartesian z axis and the representations of the beam velocities in terms
of Cartesian components are simplified greatly. In all of the work presented, the heading
angle is nominally set to zero. If the horizontal Cartesian velocities u and v are meant to
be interpreted as ‘east’ and ‘north’; respectively, then a rotation of ¢; about the z axis will

be required.



First, the beam velocities are represented in terms of their constituent Cartesian veloc-

ities,

bi = —wupsinf —w;cosf (2.1)
by = wosinf — wocosl (2.2)
by = —w3sinf — wscosf (2.3)
by = wyasinf — wycosh. (2.4)

Squaring the beam velocities gives the beam variances. In a turbulent environment, it is
inappropriate to assume that the velocity field is spatially homogeneous (i.e. u; = ug = u).
Rather, it is often assumed that the field is statistically homogeneous to second order,
Le. “,12 = u’22 = u? (and similarly in v and w). Homogeneity of the second moments is
required to calculate second order quantities such as the Reynolds stress. Here, and in the
following discussion, “homogeneous” is used to mean spatial uniformity. Isotropy, another
term frequently used to describe certain turbulent conditions, implies directional uniformity.

The beam variances are written as

@ = u?sin20 + w? cos? § + 2u'w' sinf cos (2.5)
@ = u?sin?0 + w2 cos® § — 2u'w' sinf cos B (2.6)
@ = v?sin20 + w2 cos? 0 + 20'w sinf cos (2.7)
@ = v?sin20 + w2 cos? § — 20w’ sin 6 cos . (2.8)

The Reynolds stress in each orthogonal plane of the instrument is then proportional to the

difference of the variances of the two beams in that plane, or

il 1 2
“ T 9sin20 (b — o ) o)
U — 1 12

vw = oo (b — b ) (2.10) .

Equations (2.9) and (2.10) are exact expressions as the variances of the beam velocities are

known.
The Reynolds stresses are found to be a scaled difference of the beam equations. They

are dynamically important, as they represent the vertical flux of horizontal momentum.



The beam velocities could also be added to extract further information, yielding

bT“’+bT2 = 2Wsin20+2ﬁcoszt9 2.11
1 2
b+ b = 2v7?sin’0 + 2w cos? . (2.12)

The quantities derived from equations (2.11) and (2.12) are not particularly useful in a
general sense, but with certain approximations they can yield new information. For example,
under stratified oceanic conditions where w'? < W, 'u_'2, they can be rearranged to solve for
u'? and ﬁ, respectively, and then added to find that the horizonal kinetic energy (HKE) is

u'2 + ,U12 =

Zsinzo(ﬁ+@+@+@). (2.13)
Thus from the four beams of the Janus configuration the quantities —u'w’ and —v'w’ can be
extracted, as can u? and v (and hence the HKE) under specific environmental conditions.
In addition to the four beam variances, there are also six other cross-correlation terms
which can be formed by averaging the turbulent fluctuations of adjacent or opposite beams
(eg. m) With these six cross-correlation terms, it is possible to uniquely resolve all six
stress tensor components. However, this requires the assumption of spatial homogeneity
(necessary to convert @ to the required u—'2), and as such these terms are not very useful.
Next we ask how these results will be affected in the presence of non-zero tilt (pitch and
roll).

2.1.2 Janus: full pitch and roll

A similar approach is taken when the instrument experiences non-zero pitch and roll angles.
However, in this case the beam velocities are not perfectly aligned with the Cartesian
planes, and small cross component terms must be included. The beam velocities in a tilted

environment have been derived in Appendix A. The tilted beam velocities are given by
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by

—uy sin (6 + ¢3) + vy sin ¢o cos (6 + ¢p3) — wy cos P2 cos (6 + ¢3)
ug sin (6 — ¢3) + vo sin ¢o cos (0 — ¢3) — wa cos ¢ cos (6 — ¢3)
—ug sin ¢3 cos @ — v3 (cos ¢o sin @ — sin ¢ cos ¢3 cos )

—ws (cos ¢ cos ¢3 cos B + sin ¢, sin b)

—uy4 sin ¢3 cos 6 + vy (cos ¢o sin 6 + sin ¢y cos @3 cos )

—w4 (€OS ¢ coS p3 cos B — sin ¢, sinf) .

(2.14)
(2.15)

(2.16)

(2.17)

The beam velocities are once again squared and then differenced to produce Reynolds stress

estimates. When determining the beam variances, statistical homogeneity is again assumed

so that the variance of a Cartesian velocity component is considered to be equal in each

beam, which gives
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bE o= u”? sin? (6 + ¢3) + v sin? dacos? (6 + ¢3) + w" cos? $acos? (0 + ¢3)
+2u'w’ cos ¢ sin (8 + ¢3) cos (8 + ¢3) — 20'w’ sin o cos ¢y cos? (0 + ¢3)

—ZWsind)Qsin (8 + ¢3) cos (6 + ¢3) (2.18)
b2 = uZsin? (6 — ¢3) + v sin? ¢y cos® (0 — ¢3) + w'? cos® pycos? (6 — ds)

—2u'w’ cos ¢y sin (6 — ¢3) cos (0 — ¢3) — 2v'w’ sin ¢ cos ¢y cos? (6 — @3)

+2uv sin ¢ sin (6 — ¢3) cos (8 — ¢3) (2.19)
@ = u?sin? ¢3 cos?

+ov7? (cos2 o sin® 6 — 2 sin ¢ cos ¢y cos B3 sin O cos O + sin® ¢y cos? ¢3 cos? 0)

+w? (cos2 $o cos? Pz cos? 0 + 2sin ¢y cos ¢y cos 3 sin O cos B + sin? @ sin® 0)

+2u'w’ (cos ¢ sin ¢3 sin f cos 6 + sin ¢; sin ¢3 sin 6 cos )

+20"w (cos? ¢ cos ¢ sin 6 cos O + sin P cos ¢ sin® 6

— sin ¢ cos P9 cos® o3 cos? 6§ — sin? ¢9 cos ¢3 sinf cos 6)

+2W(cos o sin 3 sin @ cos @ — sin ¢ sin ¢3 cos B3 cos? H) (2.20)

i)? = u?sin? $3 cos® 0

+v7? (cos2 $2 sin? 8 + 2 sin ¢ cos ¢, cos ¢3 sin B cos O + sin? ¢y cos? P3 cos? 6)
+w? (0032 $o cos? p3 cos? B — 2sin ¢ cos ¢, cos ¢ sin O cos B + sin? @ sin? 9)
+2u'w' (cos ¢, sin ¢3 sin 6 cos 6 — sin @ sin ¢3 sin 6 cos )
+2v’—w’(— cos? ¢ cos ¢ sin  cos 6 + sin ¢ cos ¢y sin® 9

— sin ¢ cos ¢ cos® B3 cos? B + sin? ¢y cos 3 sin b cos 6)

+2uv (— cos ¢ sin g3 sin f cos § — sin P sin 3 cos B3 cos? 0) ) (2.21)

Equations (2.19) and (2.18) and equations (2.21) and (2.20) can be combined to create
two equations containing the two desired unknowns, —u'w’ and —v'w’. This new system

can be inverted to yield the Reynolds stresses in their unapproximated form as
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7 1 1 . . == = Ry m
1 _ 12 12 3 12 r2
- = |3 (b —b ) = ( - )
ww 1 — 2cos? ¢y cos? ¢3 {2 sin 26 [ sitigia By | by e cos ¢ by —bi
sin2¢3 (—5 o _/2)
3005 69 (w cos” ¢o + v “sin“ ¢ — u
+ tan ¢o (1 — 2sin? ¢, cos® ¢3)u'v’} (2.22)
= 1 1 co0s2¢3 /75 5 — =
o b'2—b'2>— (/2_/2)
vy 1 — 2cos? ¢ cos? ¢3 { 2sin 26 [ Cos ¢3 ( L tan gy tan gy by = by

1 e e
+ 2 [sin 24, cos pzw' — tan b9 sin 2¢3 tan ¢gu'?

+ 2tan ¢ ( sin? ¢g sin? g — cos? ¢z cos 2¢3)v_'2]

t ——
, fan ¢3 cos 23 u,v,}.

w05 ds (2.23)

If the pitch (¢2) and roll (¢3) are small, then we can apply the small angle approximations
sin ¢ &~ ¢ and cos ¢ ~ 1 to the tilt angles, and the stresses can be approximated by

v~ ﬁ (@ = @) + s (ﬁ - W) — oulv’ (2.24)
A~ -2?;1—25 (ZI? - @) ~da (v_"" - _'2) + p3u'd, (2.25)

as shown in Lu and Lueck (1999b). The largest of the new terms are likely to be ¢3F and
¢2v_'2. If neglected, they will introduce a bias to the Reynolds stress estimates.

In Section 2.1.1, four independent pieces of information were produced from the four
beam equations, aided by the cancellation of certain terms during the process of adding
and subtracting specific beam pairs. In the tilted case, each of the six unknown terms have
non-zero coefficients when beam pairs are either added or subtracted, so any rearrangement
to solve for a specific variable will depend on the remaining unknowns (see equations (2.22)
and (2.23)). We can, however, use an independent rearrangement of the beams to solve for
a second pair of unknowns which could then be substituted back into equations (2.22) and
(2.23) to reduce the number of unknowns in the Reynolds stress expressions from four to
two. u'? and v'2 are chosen as they were in Section 2.1.1.

First, equations (2.18) and (2.19) are summed, as are equations (2.20) and (2.21), and

the resultant sums are written with terms involving u/? and v™ on the left and all other
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terms on the right, giving

( sin® 0 cos? ¢3 + cos? @ sin? ¢3) u? + sin? 2 ( cos? 0 cos? ¢3 + sin® fsin? ¢3)v_'2
1
T2
— cos 26 cos ¢ sin 2¢3W + sin 2¢9 ( cos? @ cos? ¢3 + sin’ B sin? ¢3) v

(ﬁ + @) — cos? ¢y ( cos? 0 cos? ¢3 + sin? 6 sin? ¢3>u7

+ cos 20 sin ¢s sin 2¢3u'v' (2.26)

sin? ¢3 cos? 0u’? + ( cos? ¢y sin? 0 + sin? ¢y cos? ¢ cos? 0) o2
1 YO y— ——
=5 (bff + bff) - ( cos? ¢ cos? ¢ cos? 0 + sin? ¢, sin® 0) w' — cos ¢ sin ¢g sin 20u’w’

—sin2¢o ( sin® @ — cos? ¢3 cos? 9) v'w’ + sin ¢ sin 2¢3 cos? fu'v’. (2.27)

These equations can be rearranged to solve for u'? and 172, so that

— 1
u? = { ( cos? ¢ sin? O + sin? ¢ cos? B3 cos? ())
sin’ § [S cos? ¢ + sin? ¢y cos 2¢3 cos? 0]

1 — st p— —_——y O
I:E (b'f + b'22) — C cos? pow™ — cos 20 cos ¢ sin 2hzu’w’ + C sin 2¢ov'w’
PSm— 1 S —

+ cos 26 sin ¢, sin 2¢3u’v'} — C'sin? ¢ [5 (bg2 + bf)
o ( cos? ¢y cos? ¢3 cos? O + sin? ¢y sin’ O)w_'2 — cos ¢9 sin ¢3 sin 20u’w’

—sin2¢; ( sin? @ — cos? ¢3 cos? H)v'—'w' + sin ¢y sin 2¢3 cos® BW] } (2.28)

o7 = {s[— (47 + )

sin’ 6 [S cos? g + sin? ¢y cos 2¢3 cos? 9] 2
- (cos2 $5 cos? ¢z cos? 6 + sin® ¢y sin? B)z—uﬁ — COS 9 sin ¢3 sin 200w’
—sin2¢o ( sin® 6 — cos? ¢3 cos® B)W + sin ¢o sin 2¢3 cos? GW]

1 SR, — —
— cos? fsin® ¢3 [5 (b'12 + b'22) — C cos? pow'™ — cos 26 cos ¢y sin 2p3u’w’

+C'sin 2¢2v'—w' + cos 26 sin ¢, sin 2¢3W] } : (2.29)
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where

S = sin®fcos? ¢3 + cos® Osin® ¢3 (2.30)
C = cos?fcos? g3 + sin? Osin? ¢3. (2.31)

In addition, the small angle approximations will be applied and the results will be substi-
tuted into equations (2.24) and (2.25), the small angle approximations of the fully tilted
Reynolds stresses, giving

u? = =57 { 5 (b'22 + b'12) — cos? Bw' — 2¢3 cos 20u'w’ + 2 cos? Bv'w’} (2.32)
sin

v? = { s (bf + bgz) — cos? Bw'? — ¢ sin 20u'w’ + 24, cos 20v'w'}. (2.33)
1

These approximated expressions are now inserted into equations (2.24) and (2.25), so that

— 1 —_ —_— —_— [— _— P
_d (v - b?) ;5 [% (b’22 +57) - w'2] —godd (234)

2sin 260 sin @
R 1 —_— —_ ¢2 1 _— _ _ p——
—v'w' = TP (bff - bg") - 520 [5 (bfiz + bg) - w'z] + ¢gu'v'. (2.35)

Using a second rearrangement of the beam variance equations to create independent ex-
pressions for the unknowns u and v, the largest unknowns have been eliminated from
equations (2.24) and (2.25) and new Reynolds stress expressions have emerged with smaller
unknown terms containing only w2 and w'v/, namely equations (2.34) and (2.35). Further-
more, if the turbulence is horizontally isotropic, as may occur away from boundaries, then
uw'v' = 0, so certain flow conditions can reduce the impact of these two unknown terms
even further. Equations (2.34) and (2.35) can be arrived at more easily if the small angle
approximation is applied to the beam velocities directly.

In practice, if the beam variance method is to be used to calculate the Reynolds stresses,
one either has to ignore the two unknown correction terms in equations (2.34) and (2.35) by
arguing that they are “small”, or they must be calculated from the turbulent fluctuations
of the ADCP “earth” velocities. If they are calculated, spatial homogeneity is implicitly
employed as that assumption is made by the ADCP in its co-ordinate transformation from

beam to Cartesian velocities. The ADCP takes beam velocities at the locations of the
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four beams and converts them to Cartesian velocities located along the central (vertical)
axis of the instrument. Without spatial homogeneity, there is no reason to believe that
the flow at the location of the beams is the same at the central axis of the ADCP. Since
the correction terms are assumed to be at the central axis, but the terms as calculated
by the instrument are calculated at the beam locations, it would be good to know if the
difference between these locations is significant. To do this, the product (by — b;)(bs — b3)
is expanded. If the zero-tilt beam velocities (equations (2.1) through (2.4)) are considered
in the context of spatial homogeneity, it can be seen that by — by is proportional to u plus
another term involving w. Likewise it is obvious that bs — b3 is proportional to v plus a
similar term involving w. If spatial homogeneity were not used, the beam differences would
be proportional to us + u; and vs + v3, respectively. This is also true for the tilted case,
although there are more additional terms. Formally expanding (by — b1)(by — b3) for the

zero-tilt case, it is found that

(by — b1)(bg — b3) [(ug + u1)sin@ — (w2 — wy) cos O][(v4 + v3)sin @ — (wg — w3) cos 6]
= (ujvs4 + ugv3 + ugvs + u1v3) sin® 0

+(—ujwy + ugwz — ugwy + ujws) sinf cos

+(—vqw; + v3we + v4we — v3w;)sinf cos b

+(wowg — wows — wiwy + wyws) cos? b. (2.36)

Rather than assuming full spatial homogeneity, it will be assumed that only the horizontal
velocity gradients are uniform across the beam field. If the horizontal distance from the
central axis to the beam locations is denoted by L, it can be written that

w = u(0)+Lg—: (2.37)
up = u(O)—L% (2.38)
vy = v(0)+Lg—Z (2.39)
oy = v(O)—Lg—Z, (2.40)

where 4(0) and v(0) are the horizontal velocities at the central axis. If these expressions

are substituted into the first term of equation (2.36), then
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(b — b1)(ba —b3) = 4u(0)v(0)sin’6

+(—u1wsg + uows — ugw4 + ujws3) sin 6 cos 4
+(—vqw; + v3ws + vawe — v3w;) sin 6 cos @
(

+(wowy — wows — wiwy + wWiw3) cos? 6. (2.41)

Now it can be seen that the left-hand side of equation (2.41) would resemble uwv if spatial
homogeneity were used, as is done by the ADCP. The right-hand side, then, is uv at the
central axis without using full spatial homogeneity (remember that only uniform gradients
were assumed) plus correction terms which look like uw, vw, and ww. While the product
uywy, for instance, is not easily used, it can be said that it is likely to be less than u(0)w(0)
when both are averaged, since the former involves a spatial separation between beams 1 and
4. In this way, all the correction terms in equation (2.41) are likely smaller than u(0)w(0),
v(0)w(0), and w(0)?, respectively. These will serve as upper bounds for the correction
terms. Also, since they are likely to be similar in magnitude to each other, but are being
subtracted, the following approximations

(urwy — uows + uowy — ujws)sinfcosd = eyuwsingcosf (2.42)
(vaw) — v3we — vawg + v3w;)sinfcosf = eyVWsinécosb (2.43)
(wows — wows — wrwy + wiws3) cos’f = eypwwcos’h (2.44)

can be made, where €., €yw, and €y, are all small (€ 1) coefficients. Finally, equation
(2.41) can be averaged in the standard fashion to create Reynolds stress expressions to show
that

'V Apcp = UV centre + €unt' W' $in 6 cos O + €yyv'w' sin b cos 8 + eppw’? cos?f.  (2.45)

The difference between u'v’ as calculated by the ADCP (using spatial homogeneity) and u'v’
at the central axis of the instrument (using only uniform gradients of horizontal velocities)

is only small terms involving u'w’ and v'w’ (the variables being found in equations (2.34)

and (2.35)), and w2, the other correction term already in those equations. The new w

correction term is smaller than the original since ecos?# < 1/sin?#@. This is encouraging
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since it suggests that the correction terms in equations (2.34) and (2.35) can be calculated
using the velocity fluctuations of the ADCP without fear that the instrument’s assumption
of spatial homogeneity is compromising the integrity of the stress expressions. This will be
exploited in Section 2.5.3, where the Reynolds stresses will be computed using the beam
variance method, but the correction terms will be calculated using the ADCP estimate of
the velocity fluctuations.

The previous assumption of uniform horizontal velocity gradients implies a level of coherence
between the beams. To further investigate the need for coherence between beams, consider
that the terms constituting —WADCP are beam covariances such as ﬂ and @bf;. If all
the beams have some coherence (as assumed with uniform horizontal velocity gradients),
then the beam covariances will not be zero and will have appreciable signal. If so, then
even if u'v' spcp turns out to be zero itself it can be said that equation (2.45) is still
true, but that the bias terms must be of the same order as chntre. However, if the
beam covariances making up WA pcp all equal zero themselves (ie. if all the beams are
completely uncorrelated), then there is no way to confirm whether or not equation (2.45) is
true as none of the terms will have any signal. It may be the case in that instance that the
motions have smaller lengthscales than the beam field, and are hence undetectable. This
confirms that beam coherence is necessary to make the assumption that u'v’ as measured

by the ADCP is a suitable approximation to the true u/v' at the centre of the beam field.

2.2 Cyclops

The beam variance technique is not limited to a standard Janus configuration. It can also
be applied to an ADCP with a vertical beam. While a vertical beam ADCP does not have
pairs of beams in orthogonal planes like the Janus ADCP, the expessions of beam variances
may still be combined to produce meaningful estimates of Reynolds stresses and other
turbulent variables. Under ideal deployment conditions where the tilt angles are small, a
vertical beam will be able to produce a vertical velocity estimate which is superior to that
which is derived from the difference of two oblique beams due to the errors associated with
subtracting large numbers. If a vertical beam ADCP can produce a better estimate of
vertical velocity, can it then produce a better estimate of the vertical Reynolds stresses via

the beam variance technique? The case where the tilt angles equal zero is first investigated.
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2.2.1 Cyclops: zero pitch and roll

The “Cyclops” ADCP beam configuration consists of four beams; a central vertical beam
surrounded by three beams with equal azimuthal spacing (120°) and tilt from the vertical
axis (@ = 20°). Figure A.2 shows the beam arrangement. Beam velocities in terms of u, v,

and w are

b1 = —-w (246)
by = wysiné — wycosf (2.47)
b3 = wugsinfsin g — v sinf cos g — w3 cosf (2.48)
by = —uysinfsin g — vy sinf cos ;_r — wy cos b. (2.49)

The variance of each beam, maintaining the assumption of statistical homogeneity, is

then found as

W2 = w? (2.50)
@ = sin?0v? + cos? fw” — 2sinf cos fv'w’ (2.51)
;)'3—2 = sin®fsin? %u_'z + sin® § cos? gv_'z + cos? Quw' — 2sin? @sin g cos %W
—2sinf cos @ sin %W + 2sinf cos f cos %v'_w' (2.52)
@ = sin®fsin’ gu_'? + sin® § cos® %v_'? + cos® Bu'? + 2sin’ fsin g cos gW
+2sinf cos fsin %W + 2sinf cos 8 cos %W (2.53)

Equations (2.50) through (2.53) can be rearranged to give estimates of the vertical Reynolds

stresses

el o =  fp2 g2 = 1,1 3
u'w Ty (b4 b3) + 5 tanfu'y (2.54)
—v'w' = . (b_'2 — cos? Hb_n) ~Liano? (2.55)
sin26 \'? il 2 '
s - S— — 3 R S—"
_ (2 2 _ 202\ _ 3 20( 2 | 12
0 = (b4 +b3) + (b2 3cos Bbl) 5 Sin 0(u +v ) (2.56)

Even in the case of zero pitch (¢2 = 0) and zero roll (¢3 = 0), the stress estimates are not
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exact. That is, they each contain an undetermined term; u/v’ in the u'w’ expression, and
v in the v'w’ expression, respectively. This is due to the fact that the three azimuthal
beams cannot resolve independent velocity components from orthogonal planes as the Janus
does. Neglecting these terms will introduce a large bias since they are not multiplied by
the small tilt angles. Equation (2.56) reveals the relationship between the undetermined
terms, confirming that the expressions of Reynolds stress are not unique. If the turbulence

2

is isotropic, then u/v/ = 0 and u"? = v'?, in which case exact stress expressions can be found

from rearranging equations (2.54) through (2.56) to find

T = - L (e
YT T 2sin20sing (b4 b3) (2.57)
T T 3sin29\* "3 2 ) - \

So while the Cyclops configuration cannot resolve the Reynolds stress exactly in all turbulent
conditions, it is able to find them in horizontally isotropic turbulence, which is likely only
at the smallest velocity scales.

Equation (2.56) also gives an expression for the horizontal kinetic energy density and,
as such, when combined with equation (2.50), yields exact expressions for the anisotropy
ratio, o, and the total turbulent kinetic energy density, -‘f; These two variables cannot be

directly measured without a vertical beam (Lu and Lueck, 1999), and are given by

2 s 20112
— % _ _ —3s1n_6b1 _ (2.59)
u +v 2(bf+b§2+b'22—3cos20b’12)
£:W+EE+F _ gf?+@+@+3(%sin20—cos?0)@ (2.60)
2 2 3sin% 6 ’ '

The four beams have been able to extract four independent pieces of information, namely
the two vertical Reynolds stresses, the anisotropy ratio and the TKE density. As noted
previously, equation (2.56) is not independent because we cannot get estimates of u'? and

v"2 independently, even for small w'.

2.2.2 Cyclops: full pitch and roll

Finally, the turbulent parameters are estimated from the Cyclops instrument for the case
of non-zero pitch and roll angles. The beam velocities in a tilted environment, which are
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derived in Appendix A, are

b

b3

= —wu; sin @3 + v1 sin ¢o cOS 3 — w1 COS P2 COS 3 (2.61)
= —uysin @3 cosf + vy (cos ¢o sin d + sin ¢ cos ¢3 cos )
—w3 (cos o cos ¢3 cos § — sin ¢y sin b) (2.62)

= u3 (cos ¢3 sin f sin g — sin ¢3 cos 0)

—v3 [(cos o cos g — 8in ¢ sin ¢3 sin %) sin 6 — sin ¢ cos ¢3 cos 0]

—ws3 [(sin @2 cos g ~+ cos ¢ sin ¢3 sin g) sin @ + cos ¢4 cos ¢3 cos 0] (2.63)
= —uy (cos ¢3 sinfsin g + sin ¢3 cos 9)

—vy [(cos ¢ cos % + sin ¢ sin ¢3 sin g) sin @ — sin ¢ cos ¢3 cos 9]

—wy [(sin ¢ cos % — COS ¢ sin ¢3 sin g) sin @ + cos ¢9 cos ¢3 cos 0] . (2.64)

Equations (2.61) through (2.64) are squared to yield the beam variances which are rear-

ranged to give Reynolds stresses. The beam variances are given by

7]
by

112
by

u? sin? 3 + v"% sin? ¢y cos? 3 + w'? cos? g cos? p3 — 2u’v' sin @ sin P3 cos 3

+2u'w’ cos ¢ sin 3 cos ¢z — 2v'w’ sin $2 cos ¢ cos? 3 (2.65)
u'? sin? 3 cos? @

+v72( cos? ¢o sin? @ + 2sin ¢ cos ¢ cos ¢ sin b cos § + sin? ¢y cos? ¢3 cos? 0)
+w_'2( cos? ¢y cos? ¢z cos? @ — 2sin ¢y cos ¢y cos ¢3 sin O cos  + sin® ¢y sin? 9)
—2uv' (cos 2 sin ¢3 sin @ cos 6 + sin ¢ sin B3 cos @3 cos® 6)

+2u'w (cos b2 sin ¢ cos Pz cos® O — sin ¢y sin ¢3 sin O cos 9)

—2@( cos? ¢y cos 3 sin 6 cos @ — sin ¢y cos ¢ sin? 6

+ sin ¢y cos ¢g cos? B3 cos? O — sin? ¢y cos B3 sinf cos 0) (2.66)
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by = u? (cos2 $3 sin? @ sin? g — 25sin ¢3 cos ¢3 sinf cos O sin g + sin? ¢3 cos? 9)
+;ﬁ[ (cos 2 cos g — sin ¢ sin ¢3 sin g) ’ sin? 8 + sin’® ¢, cos? ¢3 cos? 6
— 2sin ¢ cos ¢3 sin 6 cos 6 (cos ¢ cos g — sin ¢ sin ¢3 sin g) ]
+;’—i [ (sin ¢9 cos g + cos ¢3 sin ¢3 sin %) ? sin? @ + cos? ¢, cos? p3 cos? O
+ 2 cos ¢9 cos ¢3 sin b cos 0 (sin @2 cos % + cos ¢ sin ¢3 sin %) ]
—2%[ (cos ¢2 cos % — sin ¢, sin @3 sin %) cos ¢3 sin® 0 sin g
sin ¢ cos? ¢ sin @ cos § sin g + sin ¢ sin ¢ cos ¢3 cos? 0
— (cos ¢ cos g— — sin ¢ sin ¢3 sin g) sin ¢3 sin 6 cos 0]
—2u'—'w'[ (sin ¢9 cos g + cos ¢9 sin ¢3 sin g) cos g3 sin? fsin g
+ €08 ¢ cos? P sin § cos §sin g — €08 ¢ sin B3 cos p3 cos? 0
- (sin ¢ cos g + cos ¢9 sin ¢3 sin g) sin ¢3 sin  cos 0]
+20"w [( cos? g sin ¢3 sin g cos % — sin ¢ cos o sin® g sin® g
+ sin ¢y cos ¢ cos? g — sin? ¢y sin ¢3 sin g cos %) sin’ @
+ (cos ¢2 cos g — sin ¢ sin ¢3 sin —;[) cos ¢ cos ¢3 sin f cos 6
- (sin ¢9 cos % + cos ¢ sin ¢3 sin g) sin ¢9 cos ¢3 sin A cos 6

— sin ¢ cos ¢y cos? ¢3 cos? 0] (2.67)
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5{? = u? (0052 $3 sin® 0 sin® g + 2sin ¢3 cos ¢3 sinf cos f sin g + sin? ¢3 cos? 0)

— T . . T2 . ;
% [ (cos ¢2 cos 3 + sin ¢ sin ¢3 sin 5) sin? @ + sin? ¢ cos? ¢3 cos? 6

— 25in ¢ cos ¢3 sin 6 cos 0 (cos ¢2 cos g + sin ¢ sin ¢3 sin %) ]
_ 2
+w' [ (sin 2 cos g — €Os ¢ sin ¢3 sin %) sin? @ + cos? ¢, cos? p3 cos? @

+ 2 cos ¢ cos ¢3 sin § cos 6 (sin @2 cos g — COs ¢ sin ¢3 sin g) ]

== m : o @ _w A g .
+2u/v [ (cos ¢9 cos 3 + sin ¢ sin ¢3 sin 5) cos ¢3 sin’ 6 sin 3
» . . T s %
— sin ¢y cos? ¢3 sin O cos O sin 3 sin ¢y sin ¢3 cos ¢3 cos? O

+ (cos ¢ cOs % + sin ¢ sin ¢3 sin g) sin ¢3 sin 6 cos 0]

+2u'w’ [ (sin ¢2 cos % — €08 ¢ sin é3 sin g) cos ¢ sin? fsin g

+ cos ¢ cos? ¢ sin @ cos Osin % + cos ¢ sin ¢3 cos P cos? 6
. T . LT . .
+ (sm (9 COS — — COS (9 sin @3 sin —) sin ¢3 sin f cos 0]
3 3
i . L, T, ) . 9T
+2v'w’ [( — cos? ¢y sin ¢ sin 3 cos 3~ sin ¢, cos ¢ sin? ¢ sin’ 3

+ sin ¢ cos ¢y cos? g + sin? ¢, sin ¢ sin Z?:_ cos g) sin? 6

+ (cos ¢ cos g + sin ¢ sin @3 sin g) COS (9 cos 3 sinf cos 0

- (sin ¢ cos g — COS ¢9 sin ¢3 sin g) sin ¢9 cos ¢3 sinf cos §

— sin ¢y cos ¢y cos® ¢3 cos? 0] . (2.68)

After subtracting pairs of beam variances, the Reynolds stresses can be found in the manner
of Section 2.1.2 to be
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— sin ¢3(2sin 2¢p cos ¢3 cos § — cos 2¢9sinb) | 175 N Y
25in O[A] (b2 bl) + sin” ¢3 sin” fu

+ [sin2 6 ( sin® ) cos? b3 — cos? ¢2) — 25sin ¢9 cos ¢2 cos ¢p3 sin  cos 0] v?
+ [sin2 6 ( cos? ¢y cos? ¢3 — sin? ¢2> + 28in ¢ cos ¢5 cos ¢3 sin 6 cos 0] w'?

+2sin ¢3 sinf ( sin ¢ cos 8 — cos ¢9 cos ¢3 sin 0)@}

08 2¢ cos ¢p3 cos @ — sin do cos o sinB(1 + cos? ¢3) | 15 =
4 et L (o7 - %)
2sinfsin T [A]

. . LT
—4 sin ¢3 cos ¢3 sin 6 cos A sin Eu"‘z

+2 sin ¢9 sin ¢3 sin f sin g (2 sin ¢9 cos ¢3 cos @ — cos ¢9 sin 9)’0_’2

+2 cos ¢ sin ¢3 sin 6 sin % (2 COS ¢ cos 3 cos B + sin g sin 19)11)_'2

+2sinfsin g (2 sin ¢ cos 2¢3 cos @ — cos ¢y cos ¢3 sin B)u’v'} (2.69)
—2c0s ¢ cos 2¢p3 cos @ — sin po cos P3sinf | /175 5 . B
ol — 2 112 2 29,12
vw 25 04 (b2 by ) + sin® ¢3 sin” fu

+ [sin2 9( sin? ¢y cos? @3 — cos? qbg) — 28in ¢h9 cos @9 coS ¢3 sin H cos 0] o2
+ [sin2 9( cos? ¢ cos? 3 — sin® ¢2) + 2 sin ¢ cos @9 cos ¢3 sin O cos 0] w'?

+2sin ¢3 sinf ( sin ¢, cos 8 — cos ¢ cos ¢3 sin 9)@}

_ sin ¢3(cos ¢z cos ¢ sinf + sin ¢, cos 6) { (@ 3 @) — dindusosdyeinboostisin %u'Q

2sin fsin 5[ A]

+2 sin ¢ sin ¢b3 sin A sin g (2 sin ¢ cos ¢3 cos O — cos ¢o sin O)U—E

+2 cos ¢9 sin ¢3 sin O sin g— (2 oS @2 cos ¢3 cos O + sin ¢9 sin (9)111_'2

+2sinfsin g (2 sin ¢ cos 2¢3 cos 8 — cos P9 cos 3 sin B)W}, (2.70)

where the purely geometrical parameter [A] is given by
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[A] = sin? 3(2sin 26 cos ¢3 cos O — cos 2p; sin ) (cos ¢a cos ¢ sin @ + sin ¢y cos 9)
+ sin ¢ cos ¢ sin H(2 cos 2¢2 cos 2¢3 cos O + sin o cos ¢3 sin 0) (1 + cos? B3)
— €08 2¢o cos (b3 cos 6(2 cos P cos 2¢3 cos O + sin ¢g cos P3 sin b). (2.71)

Small angle approximations, (sin$ = ¢) and (cos ¢ ~ 1), yield

SRy 1 — p——
e r - < 2 2
ww sin26sin § (2 cos 6 — 3¢, sin 6) { (2¢2 sinfl —eod 9) (b4 b3 )

. a. RIE TH : . BB
+¢3 sin 0 sin 3 (bfz2 - b'12) + 4¢3 sin 8 cos? O sin 3 (u'2 — 'w'2)
—¢3 sin® fsin % (175 - F) + 2sinfsin g ( sinfcos 0 — 2¢2)W} (2.72)

e 1 . T (w7
YU Gin26sin 5(2cos 0 — 3¢, sinf) { (2c050 ¢ smO) "3 (b2 o1 )
)

—2¢3sin® §sin ;—r(2 cos 0 + sinB)W}. (2.73)

+¢3 sin()(@ - @) - sinBSing [sin29 4 ¢2(4c0520 + sin? 0)

Each stress expression contains multiple undetermined terms. However, as shown earlier,
each expression contains at least one undetermined term which is not multiplied by a tilt
angle. This means that each stress estimate contains potentially large undetermined terms
which may contribute a large bias to the estimate.

Each Reynolds stress equation ((2.69) and (2.70)) has four known quantities, namely the
beam variances, and four unknown quantities, those being ﬁ, v_’2, w_'z, and u'v/, on the
right hand side. These same unknowns appear in the Janus stress equations ((2.22) and
(2.23)). To determine if the bias associated with a particular unknown term is greater in
one instrument or the other, the coefficients attached to each term are examined. Figure
2.1 deals only with the —u'w’ stress, and shows the ratio of Janus coefficient to Cyclops
coefficient for each of the four unknown terms. Figure 2.2 does the same for the —v/w’

stress.

The figures show that for each stress, the majority of coefficients are larger in the Cyclops
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Figure 2.1: Ratio of Janus:Cyclops coefficients for undetermined terms in u/w’
stress, as a function of the pitch and roll
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Figure 2.2: Ratio of Janus:Cyclops coefficients for undetermined terms in v’
stress, as a function of the pitch and roll
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expressions of Reynolds stress, implying that for the same values of the undetermined terms
the Cyclops configuration gives more biased values of the Reynolds stresses. In the —u'w’
stress, the 42 and w' terms are each multiplied by ¢3 in both instruments and so the order
of the ratio of the coefficients is unity. The "2 term is at most a second order in ¢ for the
Janus instrument and hence is an order larger in the Cyclops configuration. For the —v/w’
stress, the v"2 and w2 terms are multiplied by ¢2 in the Janus configuration and are not in
the Cyclops configuration and hence are an order larger in the Cyclops instrument.

Even in specific environmental conditions of horizontal isotropy (u_'2 =2 and u'v/ = 0)
and where w'? < u2, v—’i, only one of the undetermined terms not multiplied by a tilt angle

is removed, leaving

T S A 1 . _ 2 32
e = sin 26sin § (2cos 6 — 3¢2 sinf) (2(}5281119 COSB)(b4 b3)

+¢3 sin fsin g (@ - W) + ¢3sinfsin % (4 cos® § — sin? B)u_a} (2.74)

—— 1 T /—= —
. g ~ . s W 12 _ 2
v sin 20 sin § (2 cos @ — 3¢9 sin6) {(2 eosll s snnO) S3 (b2 i )

+¢3 sinO(@ — gf?) — sinfsin g [sin 20 + ¢ (4 cos? 0 + sin® 0)}?}(2.75)

The single undetermined term »? is multiplied by a tilt angle in equation (2.74), but not
in equation (2.75), so even these approximations leave a significant bias term in one of
the stress expressions. This is consistent with the Cyclops Reynolds stresses at zero tilt
(equations (2.54) and (2.55)), which found that the v"w’ stress contained a bias which was
not multiplied by a tilt angle. Also, this bias cannot be removed as it was for the Janus
configuration.

In Section 2.2.1, the turbulent kinetic energy was resolved by assembling a suitable
linear combination of beam variances, taking advantage of the fact that the vertical velocity
variance was equal to the variance of the central beam. An alternate method for extracting
the Cartesian velocity variances is to rewrite the beam variance equations with the velocity
variance terms and one or two stress terms (depending on the number of beams in the
system) on the left side of the system of equations and the beam variance and remaining

stress terms on the right side. For a four beam system, the uv’ stress term joins the velocity
variances on the left side, while the beam variances and vertical Reynolds stresses are on
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the right side. Inverting the four-by-four matrix which has rows consisting of the four sets

of coefficients for u”

2
) v K

w', and u/v’ yields expressions for each velocity variance in terms

of the beam variances and the vertical Reynolds stresses. Re-arranging equations (2.65)
through (2.68), and applying the small angle approximation (it can be shown that the same

result is obtained whether the approximation is applied before or after the inversion), the

matrix equation is written as

where

and

|
r

) Ag(l) Aga(l) Agy(1) ][ «2 Ch,
) Agz(2) Agn(2) Agy(2) ﬁ _ | G
7(3) A(3) Agm(3) A (3) w”? Chs
) Ag(4) Ags(4) Agy(4) | [ W Cb,
A=(1) 0
A(2) _ 0
A= (3) sin? @ sin? % — 2sinfcosfsin 53 ’
| Ag=(4) sin? @ sin® 3+ 2sinfcosfsin 3¢3 |
Ax(1) 0
AA(2) | _ sin? @ + 2sin 6 cos ¢,
Az(3) | sin?6 cos? 7 — 2sinf cos 6 cos T ’
A5(4) sin® 6 cos? 5 — 2sinf cosf cos §a |
w2(1) 1
72) | _ cos? 6 — 25sin 6 cos 6o
—5(3) | | cos®@+ sinfcosf(cos Zs + sin T3)
—5(4) cos? 6 + sin 6 cos B(cos 5 ¢y — sin T ¢3)
0
—2sin 6 cos ¢

, (2.76)

—2(sin2 f'sin 3 cos % — sinf cos fsin 5 ¢3 — sinf cos 6 cos 5 ¢3)

2(sin? § sin Zcos & —sinf cos Osin §é3 — sinf cos 6 cos 5¢3)
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= W — 2¢5u'w’ + 2¢ov'w’
= b2 —2cos® O¢psu'n + 2(sin 6 cos 6 — sin? B¢ + cos® f¢gho)v'w’
= b’2 + 2[s1n0cos081n 3 ~cos 20¢3 + sin® §sin — 3 (cos —¢2 + sin — ¢3)]

—2[sin @ cos fcos ~ 3~ cos? 0, + sin® f cos E(cos —gbg + sin —¢3 ]v w'

= b'2 — 2[sm0cos051n 3 + cos? O3 + sin’ O sin — 3 (cos ¢2 - sm—¢>3)] !

—2[sin000s000s 3 cos? O + sin” § cos i(cos §¢2 —sin §¢3)]v w'.

The matrix equation is inverted and terms above first order in pitch and roll are neglected,

yielding the following expressions for ;l.,—2, v, w

)

2 and u'v'

1
L { — —sin@sin - (b'2 + 3cos? 0b’2) + sin* @'sin - (b4 + b3)

g 2

3ainb fain &
5 sin 6 sin 3

_— PR 3 R = -
+3sin® @ cos @ sin f(pg(b'? —¥?) - 3 sin® 0 cos 0 (67 — b) + 3sin® Gsin gu'w'

+6 sin* 0 cos? fsin — = (¢3u'w' + ¢ov'w') — 3sin® Hcos Bsin §¢3W} (2.77)
1 3 . . T, 5 —5. . . T, % i3
%sTeesin—% { 5 sin® fsin §(b§2 — cos? 0b'?) — 3sin® f cos fsin §¢2(b'22 = b}

+-§ sind @ cos 0¢3(b12 bl2) — 6sin® @ cos? §sin — {¢3u w' + pov'w )

+3sin® 6 cos O sin EW — 3sin® fsin —¢2u'w } (2.78)
1 3 6 2 6 .7 6n.: T, 77

T e 5 sin Osi b — 3sin® fsi + 3sin® @sin — 2.79

%Sinﬁ 9 sin% {2 sin m - 31 1 m — ¢3U w' sin® @ sin 3 Pov' w } ( )

%{3 sin® 0 cos Osin ~ s (3V2 + B2) + > sin® B(sin6 + 2 cos 6so) (7 — B2)

$sin’ @sin 3 3 4

—~25in® 6 cos O sin ~ ¢3 (b72 + @) — 3sin® @ cos fsin gu'w'

_3sin?fsin 3(2(:08 6+~ 7 sin 9)(¢2W+¢3W)}. (2.80)

Equation (2.80) reduces to equation (2.54) when the tilt angles are set to zero. With
expressions for u'2, v"?, and w' in hand, the turbulent kinetic energy and anisotropy ratio

are
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3sin2 02 — 6sin? O(psu'w’ — pov'w’)

P ... = ‘ ] — (2.81)
2(b2 + b + b — 3cos? 6b2) + 6 sin? O(p3u'w’ — ov'w’)

2

' 1 e om @ ol .0y  2,0m

g = 3sin26{b4 + b3 + by +3(2 sin” 6 — cos* 6)b] } (2.82)

The anisotropy ratio reduces to equation (2.59) when the tilt angles are set to zero, but
more interesting is the fact that the expression for turbulent kinetic energy for small tilt
angles is the same as that with zero tilt; all terms which are first-order in tilt angle exactly
cancel each other. This is quite useful since achieving a zero-tilt deployment is difficult, even
when the ADCP is mounted in a freely rotating, or gimballed, system. This is a strength
of the Cyclops configuration, as energy and anisotropy expressions for Janus configuration
have bias terms proportional to ¢$~! which are very large for small tilt.

2.3 Three Beam Doppler

While the four beam (Janus) ADCP gives information beyond the mean current velocities,
the use of a three beam Doppler system is being explored as a less expensive alternative to
the four beam units. This unit has three slanted beams in the same configuration as those
in the Cyclops ADCP. What information has been sacrificed with the reduction to three

beams from four?

2.3.1 Three beam: zero pitch and roll

The three beams are arranged the same as the three oblique beams of the Cyclops config-
uration, and are given in equations (2.47) through (2.49) as

by = wv;sinf —wjcosf (2.83)
by = wugsinfsin % — vo sinf cos g — wy cos @ (2.84)
bs = —ussinfsin ;_r — v3sinf cos % — w3 cosb. (2.85)

This configuration aligns beam b; along the y-z plane. The beam variances are computed

and then re-arranged to give the Reynolds stresses as
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— 1 . U
—dw = e (bg}2 - b?) +3 tanf u'v’ (2.86)
3

e 1 -5 1 - 1 . —
—alapd  — bl2___t r__ - 12. ]
v'w 528 " 3 anfv 2cott9'w (2.87)

These stress expressions are similar to those for the Cyclops four beam ADCP in that they
contain undetermined terms which have coefficients which are large compared to the tilt
angles. These terms will provide a significant bias which will contaminate the Reynolds

stress estimates. The matrix inversion technique of Section 2.2.2 cannot be employed to

determine the kinetic energy because the 3 by 3 coefficient matrix containing the F, v_’Q,

and w' coefficients is singular and hence cannot be inverted.

2.3.2 Three beam: full pitch and roll

The beam velocities for the three beam system which experiences significant tilting are the
same as the three oblique beams of the Cyclops configuration, which are given by equations
(2.62) through (2.64) as

by = —wuysingzcosf+ v; ( cos ¢ sinf + sin @9 cos ¢3 cos 9)
—w ( COS ¢ cos ¢3 cos  — sin ¢y sin 9) (2.88)
by = wuo (cos ¢3 sin @ sin g — sin ¢3 cos 6)
m s . o TN ., .
—vy [( oS (g cos 3 —ein ¢ sin ¢h3 sin §) sin @ — sin ¢ cos ¢3 cos 0]
. s . . BN .
—wy [( sin ¢ cos 3 + cos ¢ sin ¢3 sin §) sin 6 + cos ¢9 cos ¢3 cos 0] (2.89)
. . T 5
by = -—wus ( cOos ¢3 sin 0 sin 3 + sin ¢3 cos 9)
m ; . o, TN )
—v3 [( COS ¢h2 COS 3 + sin ¢ sin ¢3 sin 5) sinf — sin ¢ cos ¢3 cos 6]

—ws [( sin ¢ cos g — €OS ¢ sin ¢3 sin g) sin @ + cos ¢ cos ¢3 cos 0] . (2.90)

Beam variances are calculated and then Reynolds stresses are extracted from the difference
of beams 3 and 2 and from beam 1. This is just one combination of beams that could be

used to find the stresses, and it is consistent with the method of section 2.2. The small
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angle approximation has been applied for brevity, yielding

2si1n —((5in26 + 2¢; cos 20) (8 - b7)

——— 1 s
—d'w = —={ p3sin? Ob —
[A]{ ' Zsing

+ ¢38in” 20 u? — ¢3sin* 0 V2 — o3 ( sin® 8 cos? 8 + sin? 20)5"‘T

3 [sin2 0sin 26 + ¢o (2 sin” 6 cos 26 — sin® 20)] W} (2.91)

—— 11 — 1 e =
—Jw = a { = (2¢>2 sin? @ — sin 20) b2 — ﬁm cos® @ (bfo? - b'22)
3

- %[sin203in29 + ¢2(sin2 26 — 2 sin* 6)]172

+ % [sin 20 cos® 6 — ¢y (2 sin® @ cos? @ + sin® 20)]111_'2

+ 2¢3 sin” 6 cos® GW}, (2.92)
where

[A] =sin26 [¢2 ( sin” § + 2 cos 20) + sin 29] i (2.93)

While these stress expressions appear to be similar to those for the Cyclops ADCP, given
in equations (2.72) and (2.73), they contain additional undetermined terms which are not
multiplied by small tilt angles, namely u/v/ in equation (2.91) and v and w? in equation
(2.92). Since there are only three beams, only three independent variables can be solved and
hence only one of these terms can be removed, leaving large biases in the stress estimates.
Since the three beams can provide three independent variables using the matrix inversion
technique of Section 2.2.2, expressions of 172_, 5’—2—, and w” can be found and combined to
find the kinetic energy in terms of the beam variances and the three stress terms. However,
just as in the Janus configuration, the unknown stress terms in the energy expression are of
order ¢!, meaning that for small tilt angles they create an unacceptably large bias which

renders the expression relatively useless.
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2.4 Five Beam Doppler

2.4.1 Five beam: zero pitch and roll

Previously a three beam ADCP was studied, which was essentially a Cyclops ADCP without
a vertical beam. Now a five beam ADCP will be examined, which is basically a Janus ADCP
with an additional vertical beam. The slanted beam velocities for a five beam instrument
are the same as those for a Janus instrument, given by equations (2.1) through (2.4), with
a vertical beam added as the fifth beam. The beam velocities are

bi = —u;sinf —wjcosf (2.94)
by = wosinf —wqcos (2.95)
b3 = —w3sinf — wscosb (2.96)
by = wv4sinf — wycosb (2.97)
bs = —ws. (2.98)

The first four beams give the same expressions for Reynolds stresses as they do in the Janus

configuration,
vw = ooy (b2 by ) (2.99)
ST L 1 2 112
vw = o—=—p (b4 b3 ) : (2.100)

Now the fifth beam allows expressions of the total kinetic energy, ¢°/2, and the anisotropy

ratio, a,

q2_'u,'2+v'2+'w_'2 B @+@+@+@—2(2c0320—sin20)@ (2.101)
2 2 B 4sin’ 6 '
w' 2sin? 6b?
. . ... — (2.102)
u? + 2 b2 + bF + b2 + b — 4 cos? b2

Exact expressions of the Reynolds stresses, TKE, and anisotropy ratio are available
because the five beams allow for the solving of five stress components, namely u'?, v, w2,

w'w', and v'’. An independent expression for the sixth component, u'v’ is unavailable, but

33



fortunately its effect is exactly cancelled when the TKE and anisotropy ratio are formed.

2.4.2 Five beam: full pitch and roll

The four slanted beam velocities are identical to equations (2.14) through (2.17), while the
vertical (fifth) beam is given by equation (2.61), so that

by = —wusin(6+ ¢3) + vy singz cos (0 + ¢3) — wy cos o cos (6 + ¢3)  (2.103)
by = wuysin(f — ¢3) + vosin da cos (6 — ¢3) — wa cos pg cos (6 — B3) (2.104)
b3 = —ugsin¢scosf — v3(cos dosinf — sin ¢ cos P3 cos )

—w3 (cos ¢ cos ¢3 cos § + sin ¢ sin §) (2.105)
by = —wu4singzcosf+ v4(cos o sinb + sin ¢go cos @3 cos H)

—w4 (cos ¢ cos ¢3 cos @ — sin ¢o sin 6) (2.106)
bs = —ussings + vssin ¢o cos ¢p3 — ws coS Pa COS P3. (2.107)

The variance technique can yield the same Reynolds stresses found for the Janus configu-
ration, as given by equations (2.22) and (2.23), or

= 1 1 . . - 3\ C0s2¢3 (5
T 2 12\ 12 312

uw 1 — 2cos? ¢ cos? ¢3 { 2sin 26 [2 sifida st gy (b4 b3 ) cos ¢ (b2 i )]

Sin2¢3 (~3 . 24 4 o sin? b — o

308 62 (w cos” g + v “sin” g — u )

+ tan ¢ (1 — 2sin? ¢ cos? ¢3)W} (2.108)
——7 1 1 cos2¢3 (7m B o7, BT
! T _ _ _ _

YYT T T 2cos? $2 cos? g3 { 2sin 26 [ cos ¢3 (b4 b5 ) tan ¢, tan g3 (b2 o )

1 pet— s
+ 2 [sin 2¢9 cos p3w’ — tan ¢9 sin 2¢3 tan ¢>3u'2

+ 2tan ¢, ( sin? ¢ho sin? ¢3 — cos? ¢s cos 2¢3)v_'2]

¢ 23—
q B GR Sy ¢3u'v'}. (2.109)
cos ¢»

These stresses are not unbiased, but the strengths of the biased terms are smaller than in

the Cyclops configuration, as shown in Section 2.2.2.
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The previous expressions were taken strictly from the four beams in the Janus configu-
ration, but all five beams can be utilized by using the matrix inversion technique to solve
for u'2, v 5 W, v'w', and v'w’ in terms of the beam variances and u'v'. After applying the
small angle approximation to equations (2.18), (2.19), (2.20), (2.21), and (2.65), the matrix

equation can be written as

[ Az(1) Ay(1) Ags() W(l) AggW 1] v 1 [ Ow ]
A(2) Ap(2) Agm(2) Agy(?) Ayp(2) || o C,
A(3) AmB) Am() Agm(3) Am() || w® | = | Cy |, (2110)
Az(4) Amd) Agm(d) Agy(4) Ay (4) u'w' Ch,

| Az(5) Ap(5) Aga(5) Agm(d) Aym() ] Lv'w' ] [ Cb, |

where

[ A=5(1) 1 [ sin% 6 + 2sin 6 cos O3 |
A-7(2) sin” 6 — 2sin 6 cos O¢h3
A(3) | = 0 ;
A(4) 0

| A=(5) | L 0 |

[ A—(1) 1 [ 0 |
A—5(2) 0
A(3) | = sin? @ — 2sinfcosf¢3 | ,
A5(4) sin?  + 2sin 6 cos §¢3

[ A4=(5) 1 L 0 b

[ A—(1) ] [ cos?6 — 2sinf cos O3 |
A (2) cos? 6 + 2sin 6 cos f¢3
A—3(3) | = | cos?6+ 2sinfcosfsy |,
A5(4) cos? § — 2sin 6 cos O,

| Ag=(5) | L 1 ]

[ A—(1) | [ 2(sinfcosf+ cos® O3 — sin® Op3)
Ag(2) —2(sinf cos 8 + sin® fp3 — cos? H¢3)
Ay—(3) | = 2sin 6 cos O¢3
Agr(4) 2sin f cos O¢3

| 475 || 263 _
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and

When equation (2.110) is inverted, the expressions for u?, v w

[ A-—(1) —2cos? Hp,
Ay—(2) —2cos? 0p,
A5-(3) | = | 2(sinfcosf + sin®f¢y — cos? ) |,
A (4) 2(—sinfcosf + sin? O — cos? H¢ho)

L Av’w’(5) N L _2¢2 J

Cy, = @ + 25sin @ cos 0¢2W

Chy, = @ — 25in 6 cos Opou'v'
Cy = @ — 25inf cos Opsu'v’
Cpyy, = @ + 2sinf cos Osu'v
Cp, = b2

2 w'w', and v'w' are

_1 . - o
m{ — 2sin” Ocos® O(b5 + b’ — 2 cos” 6b7)
+ 2sin50cos0¢3(@—ﬁ)} (2.111)
ﬁ{ = QSin49c0320(§+ E — 2cos? 9@) — 9in® B cos? 94)3(@ 3 @)
sin® 6 cos

+ 2sin® 0 cos® 03 (b2 — b'2) — 2sin® 6 cos O (B2 — @)} (2.112)

= | . —_— — . ——— —_—
m{ - 251n500080¢3(b,22 = b,12) + 251D50COS 0¢2(b22 = b?)

e 0@} (2.113)
m{sms 0 cos O(bF — b?) + 2sin®  cos” B (b7 + F)

— 4sin* @ cos® 0@@ — 45in% 6 cos? 9¢2W} (2.114)
m{ sin” GCOSO(ﬁ - E) — 2sin?  cos? 9%(@ o @)

+ 4sin® 0 cos? O¢3b2 + 4sin’ 0 cos? o¢3W}. (2.115)

Equations (2.111), (2.112), and (2.113) can be combined to give the kinetic energy and
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anisotropy ratio

2 1 P =
% = m{(b’l2 + b7 + b + blE) — 2(2cos® 6 — sin? 9)bZ
~ (cot0 — 1)gs(oF — b2) } (2.116)
Y 2sin? 9b2 + cot O3 (b2 — b'Z) — cot O (b2 — @), (2.117)

W+@+@+@—4COS29@+F(¢)

where

F(¢) = cot 8o (b7 — b7) + (1 — 2csc 26) g (bF — 7).

Neither expression shows a dependence on the unknown stress 717, hence each can be
determined exactly with only small known correction terms due to pitch and roll effects.
Also, equations (2.114) and (2.115), the Reynolds stresses, can be simplified to

' 1 » m » [l m @ =

== ! ! — '2_ ’2 - ,2 ,2 _ ,2 _ 77
‘e Zmag 2 ~ PO T Gag [2("2 +r) bs] pou'v (2.118)
= — -2 Ll e 7

= o )~ g5k + ) - bs] +gguy’.  (2.119)

These equations are identical to equations (2.34) and (2.35), given that pu? ~ ¢@ when
the small angle approximations are applied to equation (2.65) and second order tilt terms
are neglected.

On the whole, the five beam system has demonstrated that it is the most versatile of
the ADCP configurations considered in this comparison. Not only is it able to resolve
the Reynolds stresses without approximation due to the orthogonal beam planes, but the
additional vertical beam allows it to calculate the turbulent kinetic energy and anisotropy
ratio in both a tilted and non-tilted deployment. These advantages, however, likely come

at a direct financial cost of the instrumentation.

2.5 Data Analysis

While it is good to know the theoretical benefits and limitations of each instrument config-

uration, the greatest test of worth would be a side by side comparison of each instrument
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operating within a turbulent flow. The evaluation of the data products from each instru-
ment would ideally allow one to determine which configuration is best suited to record each
specific variable. Such a deployment was realized during the summer of 2000, as both a
Janus-configured and a Cyclops-configured ADCP were placed in close proximity to each

other within a narrow tidal channel.

2.5.1 Sansum Narrows

Sansum Narrows is a twisting channel between the southeastern side of Vancouver Island
and the west coast of Saltspring Island, one of the Gulf Islands of British Columbia, and is
pictured in Figure 2.3. At the north end it measures nearly 1.5 km wide and 180 m deep.
The middle of the Narrows marks its largest dimensions, where it is approximately 1.8 km
wide and 250 m deep. The southern section begins at a bottleneck only 500 m wide, and
from that point to the southern end the Narrows are quite shallow, measuring only 80 m
deep. Tidal currents vary between 1-3 m/s, depending on the lunar phase. It is in this
southern region that a Janus-configured and a Cyclops-configured ADCP were deployed for
seven days in August 2000 (see Figure 2.3). The deployment details are listed in Table 2.1.
Both ADCPs were programmed to generate 10-second ensembles of beam velocities, each

containing 16 pings per ensemble.

Configuration | Time of first ping Time of final ping | number, length of bins
Janus 10:37:29 11/08/2000 | 18:46:19 18/08/2000 85, 1m
Cyclops | 09:08:55 11/08/2000 | 09:58:05 18/08/2000 80, 1m

Table 2.1: ADCP deployment details for Sansum Narrows cruise, August 2000

While each ADCP recorded velocities for more than seven days, much of the data cannot
be used to calculate Reynolds stresses due to unacceptably large fluctuations in tilt angles,
despite gimballed assemblies. Figures 2.4 and 2.5 show the heading, pitch, and roll angles
for the Janus and Cyclops ADCPs, respectively, during the complete deployment. After a
period of initial adjustment, the pitch and roll angles of both instruments remain relatively
stable until August 15th, at which point the Cyclops angles undergo a significant change to
an oscillatory state which persists until the end of the deployment. Also, the Janus angles
begin a gradual but marked change after the 16th. Thus, data from these periods have
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Figure 2.3: Left: Sansum Narrows chart. Right: Southern end of Sansum
Narrows. Dots represent ADCP deployment locations, Cyclops (left) and Janus
(right).

been discarded for the purpose of calculating Reynolds stresses. The remaining data span
a 55-hour window beginning at 10:30:55 on August 12th and ending at 17:47:25 on August
14th, and are indicated in red. The variability of the tilt angles will introduce additional
biases to the stress estimates, which will be addressed in Section 2.5.2. The mean values
of the relevant sections of pitch and roll are 0.93° and 0.70°, respectively, for the Cyclops
ADCP and —7.5° and —3.9°, respectively, for the Janus instrument. While the larger tilts
experienced by the Janus instrument are unfortunate, they still fall within the range of the
small angle approximation for the purposes of Reynolds stress calculation. Variations in
heading were believed to be due to settling and sediment erosion under the trawl-resistant
bottom brackets. Before further analysis of the data were made, all velocity estimates were
checked for extreme outliers. The velocity records at each depth bin were filtered using an
11-point median filter which eliminated the large majority of the offending data. Those
few remaining points which escaped the filter were manually flagged and replaced with

interpolated data.
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Figure 2.4: Janus tilt angles (in degrees): heading (upper), pitch (middle),
roll (lower). Red denotes portion of record used for stress calculation.
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Figure 2.5: Cyclops tilt angles (in degrees): heading (upper), pitch (middle),
roll (lower). Red denotes portion of record used for stress calculation.

12 13 14 15 16 17 18

40



2.5.2 Velocity comparison

The section of data used for the stress calculations captures two complete daily tidal cycles,
and the three Cartesian velocity components (the horizontal components have been rotated
as described below) from each instrument along with the associated “error” velocity are
pictured in Figures 2.6 (Janus) and 2.7 (Cyclops). The error velocity is the fourth piece of
information extracted along with the three Cartesian velocity components, and it is used
as an indicator of the quality of the vertical velocity measurement. For a Janus ADCP,
vertical velocity estimates higher than e/3.88 are considered to be satisfactory (Ott 2000).
All of these velocities make the assumption of horizontal homogeneity of the flow over the
lengthscale of the beam spread. The tidal flow dominates the horizontal velocities in the
upper 50 m of the water column, and is directed south-east to north-west along the axis of
the Narrows. Since Sansum Narrows is offset from magnetic north (the reference frame of the
Cartesian velocities), principal component analysis was used on the horizontal velocities to
determine the angle of maximum variance, and hence the orientation to which the horizontal
velocities would be rotated to represent the along-channel and cross-channel flow. It is the
along-channel and cross-channel velocities that are pictured in Figures 2.6 and 2.7 rather
than the Cartesian u and v. It was determined that 65 degrees west of magnetic north was
the optimal angle, which agrees with the orientation of Sansum Narrows (roughly 45 degrees
west of true north) with respect to magnetic north (19 degrees east of true north at Sansum
Narrows). As the tide floods, the entire water column flows in that direction, but during
the ebb tide only the top 40 m of water change direction as the lower column continues to
weakly flood. This is a potential indication of flow separation, as the small headland to
the northwest of the ADCPs is uphill relative to the southern end of the Narrows and so
it blocks the ebbing of deeper waters. As a result, there is significant shear at 40 m depth
when the tide turns. When attention is turned to the vertical velocities, the third panel of
Figure 2.6 reveals the first problem which results from the significant tilting of the Janus
instrument. The vertical velocity, though bin-mapped to correct for the geometric effects of
tilt, still appears to contain a daily tidal signature, while the tidal influence is far weaker in
the vertical velocity of the Cyclops ADCP. The colour scale of the vertical velocity panels
was chosen to best represent the vertical velocities of the Cyclops, and so it may mislead the
reader when viewing the tidal signature found in the vertical velocity of the Janus (Figure
2.6). The maximum values of the tidal signature of w do not exceed 0.1 m/s, though that is
still much stronger than the anticipated “true” vertical velocity. Recalling Equation (2.61)
and using the small angle approximation, the vertical beam of the Cyclops ADCP is given
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by

b1 = —¢3u; + dov; — wy. (2.120)

Given that the mean tilt angles for the Cyclops are 0.93° and 0.70° for the pitch and roll,
respectively, it means that the horizontal velocities must be = 60 times greater (u) and ~ 80
times greater (v) than the vertical velocity for the tidal currents to overshadow the vertical
velocity. The maximum tidal velocities in the channel are on the order of 1 m/s, and the
vertical velocities away from the boundaries are on average around 0.02 cm/s, so only at the

maximum tidal values is there any evidence of tidal contamination of the vertical velocity.

2.5.3 Stress comparison

Averaged coproducts method

Though velocity records which span the entire height of the water column are available
for analysis, only those data at a single depth beneath the main tidal flow, specifically
59.25 m, will be examined. The purpose of this exercise, after all, is not to examine the
oceanographic characteristics of the region itself, but it is first and foremost an instrument
comparison as they record data in the same in situ environment.

To calculate Reynolds stresses from beam velocities, a few issues must first be addressed.
The first is the length of time over which the averaging of beam velocities to form beam
variances is done. Inherent in the formulation of the Reynolds stress expression is the so-
called “Reynolds decomposition” wherein a velocity record is decomposed into a mean flow
and the fluctuations around that mean value. The velocities are then squared and averaged
over a suitable length of time such that the product of the mean flow with the fluctuations
is zero, leaving only the averaged products of the fluctuations, which are the variances
and the stresses. There are two timescales involved here; the first being the timescale
which separates the ‘mean flow’ from the turbulence fluctuations, and the second being
the timescale over which the fluctuation product is averaged to form the Reynolds stress.
The velocities were smoothed with a zero-phase, low-pass, fourth-order Butterworth filter
(forward and backward) with a cutoff period of 20 minutes. The 20-minute filtered data
then represents the mean flow that has retained its tidal signature, as 20 minutes is shorter
than the semi-diurnal tidal period, but the turbulent fluctuations have been suppressed as

they have a period of shorter than 20 minutes. A similar filter was applied in the analysis of
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Lu and Lueck (1999b) and Ott (2000). This mean flow is then subtracted from the velocity
record to produce the record of turbulent velocity fluctuations, or the primed velocities. By
definition, the mean of the turbulent fluctuations should be zero. This has been verified for
the data in question.

Figure 2.8 shows a record of the unfiltered u velocity from the Cyclops ADCP at 59.25 m
depth, the 20-minute filtered record, and the resultant turbulent fluctuations. By a similar
filtering process, the turbulent fluctuations in v and w can also be obtained. The velocities
in question are the “earth” co-ordinate system velocities generated by the ADCP, and hence
they assume spatial homogeneity. The coproducts u'w’ and v'w’ can then be formed from
the fluctuation records. To create Reynolds stresses from the coproducts requires a further
temporal averaging, so a period of 20 minutes will again be used. This is consistent with
Stacey et al. (1999a), Rippeth et al. (2002), and Ott (2000), who all use the same period
for both mean flow separation and fluctuation averaging. One might also consider the
cospectrum of the turbulent fluctuations when deciding on an averaging timescale. Figure

2.9 shows the cospectral density of u'w’

, where the Nyquist frequency is 1/20 Hz, which
equals one half of the sampling frequency (1 sample per 10 seconds). The period of 20
minutes is marked by a vertical line, and it is clear that to the left of the line, which is to
say in the low frequency range, the spectrum is suppressed, and that most of the energy
resides at higher frequencies to the right of the 20 minute line. Now this may be expected
since the data was essentially high-pass filtered, but one might ask if the filtering alone
would cause the entire suppression or was there little energy in that region in the first
place, perhaps suggesting a possible “spectral gap”. In an attempt to test this theory, a
sequence of random numbers between 0 and 1 which has the same length as the fluctuation
record (19900 points) was generated and it was filtered with an indentical 4th order high-
pass Butterworth filter with a cutoff of 20 minutes. For the sake of comparison, the power
spectra of both the original and filtered sequences were taken. It is expected that the
spectrum of a string of random numbers (essentially white noise) would be white. Indeed
the spectrum of the filtered sequence was white, with the exception of the low-frequency
suppression that was expected from the action of the filter. However, the spectrum of the
unfiltered sequence was identical to that of the filtered sequence at all frequencies; it too
exhibited a low-frequency drop-off in the same frequency range despite the fact that it had
not been filtered. Rather than suggest that this is evidence of a spectral gap, it more
likely suggests that the low-frequency drop-off in the data is an artifact of the method of
calculation used in obtaining the spectrum. A further test of this new hypothesis is to

re-calculate the cospectrum of the turbulent fluctuations after increasing the number of

43



points used in the FFT. The default FFT length used was 256 points, so new spectra were
calculated using 512, 1024, and 2048 points. These new spectra along with the original are
shown in Figure 2.10. What is found is that as the FFT length increases, the amount of
energy at low frequencies appears to increase until it is roughly equal with the energy level
at the spectral peak. Returning to the original data, a 256 point section corresponds to
a 42 minute period, not much more than the 20 minute period of the filter. This would
help to explain why the data appeared to have low-frequency suppression even without
filtering. The low-frequency behaviour (which is better seen with a longer FFT) would
seem to suggest that choosing 20 minutes as a timescale does not ignore a large amount of
energy, as it would if the spectra were increasingly red with increasing FFT length.

Figure 2.11 shows the Reynolds stress —u'w' as formed from averaging the Cyclops
coproduct over 20 minute periods, while Figure 2.12 displays the —v/w’ stress formed in
the same manner. Not much will be said about these stresses at this time, but they will be

used for comparison with the stress estimates as formed from the beam variance method.
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Figure 2.6: Janus “earth” velocities. Along-channel (upper) and cross-channel
(upper-middle) horizontal velocities, w (lower-middle), and “¢” (lower). All
velocities are in m/s.
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Figure 2.7: Cyclops “earth” velocities. Along-channel (upper) and cross-
channel (upper-middle) horizontal velocities, w (lower-middle), and “¢” (lower).
All velocities are in m/s.
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Figure 2.10: Cospectra of u'vw’ with different FFT lengths. fy = 1/20Hz
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Figure 2.11: —u/'vw’ from Cyclops using the averaged coproducts method with
20 minute averaging.

Beam variance method

The formulations of the Reynolds stresses found in Figures 2.11 and 2.12 are the basic
averaged coproduct of two turbulent velocity fluctuations, assuming spatial homogeneity
when calculating the Cartesian velocity components. For the Cyclops ADCP with nearly
zero tilt, as is the case in this deployment, this coproduct formulation of the stress should
be reasonably accurate since the vertical beam will resolve w very well on its own without
contamination from u and v. Unfortunately, this cannot be said for the Janus deployment
with its significant level of tilt. The method of extracting Reynolds stresses which has been
examined in earlier sections, however, involves the rearragement of the variances of the
beam velocities to form the stress expressions. Since the beam variance expressions contain
“unknown” bias terms involving .u'_z, v—'Q, F, and u'v/, it would be helpful to have data for
o', v', and w’ so that the bias terms could be calculated. These velocity fluctuations can be
calculated using the method of Section 2.5.3. Spatial homogeneity is required to calculate
the fluctuations, but this is more acceptable than using spatial homogeneity to directly
calculate u'w’ and v'w' since the bias terms are generally smaller in magnitude with their
coefficients involving various degrees of ¢. In this manner, only statistical homogeneity
(recalling that “statistical” homogeneity implies spatial homogeneity only of the turbulent

statistics of the flow) is required for the calculation of u'w’ and v'w’, while the more rigid
g
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Figure 2.12: —v'w' from Cyclops using the averaged coproducts method with
20 minute averaging.

spatial homogeneity (of the flow itself) is only required in the calculation of the bias terms.
Since the necessary data products u’, v, and w' can now be calculated for both the Janus
and the Cyclops instruments, the Reynolds stresses as given in equations (2.24) and (2.25)
for the Janus and (2.72) and (2.73) for the Cyclops can be evaluated.

In order to determine the Reynolds stress at a desired depth, it must be determined
which bin in each beam corresponds to that depth. The beam angle from the vertical for
the slanted transducers of both instruments is nominally 20°, but non-zero pitch and roll
angles will modify the angle each beam makes with the vertical. The manufacturer-recorded
elevations for the Janus ADCP are 20.23°, 20.52°, 20.35°, and 19.92° for beams 1 through
4, respectively, but the difference between the sine and cosine of the largest of these angles
and the nominal value is less than 1%. Exact beam elevations are not known for the Cyclops
ADCP, so the nominal values must suffice. To determine the appropriate angles for each
instrument, the fully rotated beam equations must be recalled. For the Janus ADCP, the
beam velocity equations with full pitch and roll are

48



bi = —upsin(6+ ¢3) + vy singg cos (0 + ¢3) — wy cos P cos (6 + P3)
by = wupsin(0 — ¢3) + vo sin o cos (6 — P3) — w2 cos ¢g cos (0 — ¢3)
bs = —ugsin¢scosf — vz (cos ¢ sinf — sin ¢ cos @3 cos )

—w3 (cos ¢ cos ¢p3 cos O + sin ¢, sin H)
by = —uysingszcos + vy (cos dosin + sin ¢o cos @3 cos b)

—w4 (cOS ¢2 cos ¢3 cos § — sin ¢ sinf) .

The projection of each of these beams onto the vertical axis is just the coefficient of the
vertical velocities w; through wy, so that the angles 6;, through 6,4 between each beam and
the vertical are given by

cosfji = cospgcos (6 + ¢3) (2.121)
cosflj, = cos¢ocos (0 — ¢3) (2.122)
cosflj3 = cos ¢y cos p3cosf + sin Po sin b (2.123)
cosfjs = cos¢pocos p3cosf — sin ¢y sinb. (2.124)
Inserting the mean values of ¢ = —7.5° and ¢3 = —3.9, and the known beam angle

6 = 20°, the angles are found to be 6;; = 17.7°, 6;0 = 25.0°, 8;3 = 27.8°, and ;4 = 13.0°.
Now that the angles between the vertical and the beam directions are known, the manner of
data storage comes into question. The Janus ADCP collected data in 85 1 m bins, as noted
in Table 2.1. The first bin was located 2.75 m above bottom and the corresponding water
depth of that bin was 77.25 m. The selected depth of 59.25 m is recorded in bin 19, with a
corresponding height above bottom of 20.75 m. So a vertical beam would have recorded the
selected depth at bin 19; where then would beams which have experienced both pitch and
roll rotations record that depth? Figure A.1 shows the relationship between the vertical
axis and a given slanted beam, namely that

2y

Z; =

- , 2.12
COos Bji ( 5)

where z; is the length of the i* beam, z, is the length of the vertical axis, and 0ji is the
it" beam angle. Using z, = 20.75 m, the beam lengths are calculated as z; = 21.78 m,
29 = 22.89 m, 23 = 23.45 m, and z4 = 21.30 m. Each beam velocity is linearly interpolated
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to find the values at the length specific to that beam, as using linearly interpolated data
can reduce error by an order of magnitude compared to using the “nearest neighbour” bin
method of data selection (Ott 2002). The velocity records at those interpolated lengths are
used for calculating the Reynolds stresses for a desired height above the bottom from the
beam variance method.

Now the beams from the Cyclops must be mapped in a similar fashion. The fully tilted

Cyclops beam velocities are given as

by = —wu;singz + vy sin ¢y cos 3 — wi cos Pa cos P3

by = —wugsingzcos + vs (cos P sinf + sin ¢; cos ¢z cos §)
—w; (cos ¢g cos ¢3 cos § — sin ¢ sin b)

by = u3 (cos ¢3 sin @ sin g — 8in ¢3 cos 9)

—v3 {(cos ¢2 cos % — sin ¢ sin ¢3 sin g) sin @ — sin @9 cos ¢3 cos 0]
—ws [(sin ¢ cos g + cos ¢ sin ¢3 sin g) sin @ + cos @9 cos ¢3 cos 0]
by = —uy (cos ¢3 sin sin § + sin ¢3 cos 0)
—vyg [(cos o2 cos - -|— sin ¢, sin ¢3 sin 73r) sin @ — sin @2 cos ¢3 cos 0]

—wy [(sm ¢ cos % — COS ¢p9 sin ¢p3 sin — 3 ) sin @ + cos ¢4 cos ¢3 cos 0] .

The projection of these beams onto the vertical axis, then, creates angles 6.; through
0.4 given by

cosf.; = cos ¢y cos p3 (2.126)
cosf.2 = cos ¢y cos ¢3 cos f — sin ¢y sin (2.127)
cosf.3 = (sin ¢ cos g + cos ¢ sin @3 sin %) sin @ + cos ¢, cos g3 cos§  (2.128)
cosfy = (sin ¢ cos g — COS ¢ sin ¢b3 sin %) sinf + cos ¢o cos g3 cosh.  (2.129)

The mean pitch and roll angles for the Cyclops are known to be ¢o = 0.93° and ¢35 =
0.70°, respectively. Applying these angles along with the standard beam angle 8 = 20° to
equations (2.126) through (2.129) yields total beam angles of 6., = 1.14°, 6, = 20.91°,
0.3 = 19.04°, and 6,4 = 20.29°. The required depth of 59.25 m is found in bin 20, at a

30



corresponding height above bottom of 21.75 m. Using this height in equation (2.125), the
beam lengths for the Cyclops are found to be z; = 21.75 m, 2o = 23.28 m, 23 = 23.01
m, and z4 = 23.19 m. In a similar fashion as before, the beam velocities are interpolated
to find velocity records at the desired lengths for use in the beam variance method. One
point which must be addressed is the use of mean pitch and roll values in both mappings.
Variable tilt angles introduce additional biases to Reynolds stress values calculated using
the beam variance method (Lu and Lueck, 1999). These biases were not considered in the
algebraic investigations, but will be qualitatively examined shortly.

Given that all the mean pitch and roll angles are sufficiently small that the small angle
approximations are reasonable (the maximum error is 0.8% found in the cosine approxima-
tion of ¢o), the small angle forms of the Reynolds stresses, namely equations (2.24) and
(2.25), and equations (2.72) and (2.73) for the Janus and Cyclops, respectively, will be used.
Substituting all of the relevant data products from the correct bins into equations (2.24) and
(2.25), then, give the Reynolds stresses for the Janus ADCP via the beam variance method.
Figure 2.13 shows the —u'w’ Reynolds stress as calculated using a 20 minute averaging pe-
riod, while Figure 2.14 shows the —v'w stress using the same averaging period. Each figure
also displays the values of the undetermined terms in each expression, so that one may
clearly see if a particular bias term is dominating the stress or if the bias terms are at an
acceptably low level relative to the stress values. For the Janus stresses the undetermined
terms containing u'? and v"? appear to be the major component in the stress values, despite
the multiplication by the small tilt angles. By comparison, the w2 and v'v terms contribute
only a small amount to each stress. In Section 2.1.2, however, these undetermined terms
were removed from equations (2.24) and (2.25) and replaced using the sums rather than the
differences of the beam variance pairs, yielding equations (2.34) and (2.35) as new Reynolds
stress expressions for the Janus. The new stress expressions, and the contributions of their
respective bias terms, for —u'w' and —v'w’ are shown in Figures 2.15 and 2.16, respectively.
In these cases the bias terms containing u'v’ are still much smaller than the total stresses
and are clearly not the dominant terms. However, the w terms are now considerably
larger, given that their coefficients have been increased by a factor of 1/ sin? 20°, or almost
ten-fold. Despite this, the total (contributions from both known beam variance terms and
estimated stress tensor terms) stresses (solid blue lines) are much closer to the unbiased
(contribution from only known beam variance terms) stresses (dotted blue lines) than they
are in Figures 2.13 and 2.14. While there is no standard by which to judge the validity of
this Reynolds stress estimate, it is encouraging to see that the effect of the bias terms has
now been slightly reduced. Recall also that in Section 2.1.2 it was shown that calculating



the unknown bias terms using the velocity estimates of the ADCP was acceptable despite
the assumption of spatial homogeneity by the ADCP. A final adjustment can be made to
the Janus Reynolds stress estimates by noting that the lower portion of Sansum Narrows
is oriented approximately 45° west of north, and as such the channel dynamics would be
more oceanographically relevant in an along-channel and cross-channel coordinate frame.
A principal component analysis of the beam velocities showed that the beams were 165°
from the orientation of maximum variance, so the stress estimates of equations (2.34) and
(2.35) were rotated by that angle and are shown in cross-channel and along-channel form in
Figures 2.17 and 2.18. What is now evident is that Reynolds stress is exhibiting significant
peaks which correspond to the times of ebb tide when the vertical shear is greatest.

Now the same procedure can be followed with the Reynolds stress expressions for the
Cyclops ADCP as given by equations (2.72) and (2.73). Figures 2.19 and 2.20 show —u/w’
and —v'w', respectively, with the contributions from the bias terms. Figure 2.19 shows
a small contribution from each of the bias terms to the overall —u/w’ expression. The
dominant bias terms in the Cyclops expression, those containing u? and 11_'2, are reduced
since the roll angle ¢3 is very small (#3 = 0.012 rad). The term which is not multiplied
by a tilt angle, w'¢/, is naturally much smaller than u? and v because ' and v’ are
not perfectly correlated. The same does not hold for the —v'w’ expression, however, as
Figure 2.20 shows that the dominant term is the v bias term, which is not multiplied by
a tilt angle in equation (2.73). This was an anticipated shortcoming of the Cyclops beam
configuration. A reasonable comparison can be made between the Cyclops stress estimates
of Figures 2.19 and 2.20 using the beam variance method and those of Figures 2.11 and 2.12
to see if the beam variance method is yielding plausible stress estimates. A comparison of
the —u'w' figures shows some similarities, with four major stress peaks in roughly the same
time periods, though the magnitudes vary somewhat. The —v'w’ figures, however, are not
very similar, which is an obvious consequence of the size of the v"2 bias term in Figure 2.20.
Another comparison which can be made is between the Janus and Cyclops expressions for
the along-channel and cross-channel stresses, once the Cyclops stresses are rotated into the
appropriate coordinate frame. A principal component analysis similar to that used on the
Janus beams showed that the Cyclops beams required a rotation of —165°. The stresses
were so rotated, and are shown along with the rotated Janus stresses in Figures 2.21 and
2.22. The along-channel stresses for both instruments show some similarities, while the
cross-channel stresses, despite showing consistent peaks, are offset by a significant amount,
a likely consequence of the "2 bias in the Cyclops stress expression. It bears remembering

at this point, though, that the Janus and Cyclops ADCPs are physically separated by a
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distance of approximately 100 m, so the exact details of the stress can hardly be expected
to be fully coherent across such a large lengthscale.

As previously mentioned, the variation of tilt angles with time will introduce further bias
terms to the stress estimates, though they have been neglected here due to the assumption
that they are small. Lu and Lueck (1999) point out that, for a Janus ADCP, a number
of tilt-velocity correlation terms will appear in the Reynolds stress estimates if tilt angles
are allowed to vary over the averaging interval. The largest such term that they consider is
W' 3 for the case of variable roll and zero pitch. Similar terms would appear if the pitch
was variable. They note that the product of a 2° rms tilt-angle fluctuation and a 0.1 m/s
rms velocity fluctuation in a mean flow of 1 m/s would give rise to a 4 x 10~*m?/s? bias in
Reynolds stress even if the correlation coefficient between the roll and the velocity were 0.1.
This, they say, would be too large for most practical flows. Fortunately, the rms tilt angle
fluctuations in these data sets are much lower. The rms values of the tilt fluctuations for
the Janus angles are 0.03 for ¢, and 0.001 for ¢3, and for the Cyclops the rms fluctuations
in tilt are 0.01 for both ¢, and ¢3. Figure 2.23 shows a histogram of |u/|. The median
value of the turbulent fluctuations is 0.03 m/s. If the largest tilt fluctuation listed above
and the velocity fluctuations were perfectly correlated, that would cause a bias of 2 x 10~°
m/s. However, the fluctuations are not perfectly correlated, so using the same arbitrary
correlation coefficient of 0.1 and calcuating that the average of the absolute value of the
mean flow record is 0.07 m/s reduces the bias to 1 x 10~"m?/s?; an acceptable level. As

such, the approximation of rigid tilt angles is justified.
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Figure 2.13: —J/'w' from Janus using equation (2.24). The dotted line is the
stress excluding bias terms, while the red, green, and magenta lines are the
contributions from the u%, w'?, and u'v’ terms, respectively.

54



25 T T T T T

15

2+ -

25 1 1 1 1 !
00/08/12 12:00 08/13 12:00 08/14 12:00 08/15

date

Figure 2.14: —v/w' from Janus using equation (2.25). The dotted line is the
stress excluding bias terms, while the red, green, and magenta lines are the
contributions from the v, w2, and u'v’ terms, respectively.

55



25 T T T T T

—  =<uw>
s -<uUw>
un

<wW 2> 7

o

<uv>

1.5

05F

[m?s72]

-05r

-1r -

25 1 I 1 1 I
00/08/12 12:00 08/13 12:00 08/14 12:00 08/15
date

Figure 2.15: —J/'w' from Janus using equation (2.34). The dotted line is the
stress excluding bias terms, while the red and green lines are the contributions
from the w™” and u'v' terms, respectively.
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Figure 2.16: —v/vw' from Janus using equation (2.35). The dotted line is the
stress excluding bias terms, while the red and green lines are the contributions
from the w” and u/v' terms, respectively.
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Figure 2.17: Along-channel Reynolds stress from Janus
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Figure 2.19: —u'v' from Cyclops using equation (2.72). The dotted line is the
stress excluding bias terms, while the red, green, magenta, and cyan lines are

the contributions from the u?, v"2, w?, and u'v' terms, respectively.
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Figure 2.20: —v'v/ from Cyclops using equation (2.73). The dotted line is the
stress excluding bias terms, while the red, green, and magenta lines are the
contributions from the v'?, w?, and u'v' terms, respectively.
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Figure 2.21: Along-channel Reynolds stress from Janus and Cyclops. The blue
line is the rotated Janus stress using equation (2.34) while the red line is the
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Figure 2.22: Cross-channel Reynolds stress from Janus and Cyclops. The blue
line is the rotated Janus stress using equation and (2.35) while the red line is
the Cyclops stress using equation (2.73).
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Chapter 3

Internal Tides

As noted earlier, the energy flux generated by supercritical topography such as steps and
knife edge ridges cannot be calculated using the linear theory of Bell (1975), so numerical
methods must be employed. The first topography to be treated is the step.

3.1 Step Topography

3.1.1 Stigebrandt formulation

In a previous work, Stigebrandt (1980) attempts to define the structure of internal waves
on the deep side of a sill in a non-rotating, continuously stratified fjord, shown in figure 3.1.
He gives the horizontal velocity of the nth mode as

uy, =ancos%cos(kz+wt) n=12.3,..., (3.1)

where a, is the current amplitude, H is the water depth, k£ is the horizontal wave number
and w is the frequency. These waves are propagating away from the step into the deep

ocean. The dispersion relation for the waves is

_ kNH

nm

w n=123,... (3.2)

Since the density profile is linear, the buoyancy frequency, N, is constant. Combined with
the constant water depth, this implies that the wave number is proportional to the mode
number n. Relabelling Stigebrandt’s barotropic amplitude from « to u,, the deep-ocean
barotropic current speed is defined as %7 = u, coswt. Noting that the internal waves do not

contribute to any net horizontal transport, the barotropic current on the sill is thus

u_2=uo%coswt —-d<z<0. (3.3)

Matching the total barotropic and wave current on both sides of the sill (z = 0), and
defining the ratio of sill depth to water depth as §; = d/H, the horizontal current boundary

condition at the sill is
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00
nTz U
uo+;anCOS? = 6_3 —d<ZSO (34)
= nmnz
— = 0 —H < z<—d. A
uo, + 321 ay, COs T <7< (3.5)

Using the orthogonality of the cosine function, the wave amplitude is found to be

2u, .
2 sinnwds. (3.6)

anp =

This approach to the problem does not explicitly include internal waves on the shelf-side
of the sill, which clearly should exist. A complete formulation of the problem is required

to understand the nature of the solution over the full range of the parameter 5 without

approximation.

3.1.2 Complete formulation

To reset the problem, the governing equations are first outlined, namely the linearised,

rotating, frictionless momentum equations for a Boussinesq fluid,
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ou 1 0p

5{ - Jv = —Ea—m (37)
ov 1 dp
e p = ——5 3.8
ot I po Oy (38)
ow _  1dp pyg
o podz  po (3.9)
and the continuity equation
Ou Ow
=+ =0 (3.10)

The total current can be decomposed into barotropic (depth-independent) and baroclinic
(depth-varying) components

u = urtu) (3.11)
uy = Up+ uh. (3:12)

The barotropic current in the full water column is denoted as Uy = wu,coswt, and that
over the sill, by continuity, as uz = %: coswt. The baroclinic motions off and on the shelf,

respectively, are given as

o o]
n=1
oo
uly = Zuém (3.14)
n=1
where
1/2
nwz . . nr [ w? — f2
u), = ancos N3 exp(tkiz — wt), k= T (m (3.15)

Il

/
Uop

1/2
nwz . : _nw we = J2 # ok
bn CcoS T exp(zkgzv = zwt), kz = 7 m——wQ = —— (316)

The waves u propagate from the step into the deep ocean, while the waves u/, radiate onto
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the shelf. Since a,, and b, each carry units of velocity, they can be non-dimensionalised by
dividing each by the barotropic amplitude u,. The new non-dimensional modal coefficients
are now defined as a = = and b}, = Z—!;. Finally, the stars are dropped for clarity and
equations (3.15) and (3.16) become

1/2
nnz ; : nm [ w?— f?
U}, = anu,cos vl exp(tkiz —iwt), ki = I <m> (3.17)

nwz nr [ w? — f? b k1
U,2n = bnuo COS T exp(ikgz — ’Lwt), k2 = 7 m = _6_8 (3.18)

so that the total real horizontal current on each side of the sill can be written as

oo

nmwz

Uy = upcoswt+ nE_l Qntio COS cos(kiz — wt) (3.19)
u = nmwz

uy = 70 coswt + nz_:l bnu, cos 4 cos(koz — wt). (3.20)

The total horizontal current on each side of the sill, then, is the sum of the barotropic
and baroclinic currents on each side. They must match across the sill (z = 0), as they do in
Stigebrandt’s formulation. To be rigorous, this will be proven via the continuity equation.
The only assumption that will be made is that all quantities are finite; specifically that
0w/ 0z is finite. Equation (3.10) is integrated horizontally across the boundary from z = —e

to £ = € to give

[t -

—€

ow
ult + (E)Ze = (3.21)
As € — 0, the second term on the right-hand side goes to zero, and hence

ul, =0, (3.22)

e—0

which verifies that the total horizontal current is continuous across z = 0. By modifying the
S80 horizontal current boundary condition to include the internal waves given in equations
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(3.19) and (3.20), and dividing by the barotropic velocity, a new boundary condition for
the horizontal velocity is

o o0
nmwz 1 nwz
1+ E ancosT = 5_s+ E bncosT —-d<2<0 (3.23)
n=1 n=1
2 nwz
1+§ apcos — = 0 — H<2z< —d. 3.24
n=1 " H B B ( )

mnz

Multiplying each side of the equation by cos ™7*, vertically integrating from z = —H to
z = 0, and appealing to orthogonality gives the coefficients a,, as
oo

2(_1\n o} 3
. Z 2mds(—1)" sinmmds 2sin m7r<53. (3.25)

—~ w(m?6Z —n?) " mmds

The addition of a second set of unknown coefficients b, requires a second boundary con-
dition. A convenient matching condition would stipulate that the vertical velocity was
continuous across z = 0. This shall be verified using the horizontal and vertical momentum
equations ((3.7) and (3.9)) and the density equation. First the equation (3.7) is integrated
from z = —€ to ¢ = ¢, giving

¢ /0u 10p _
f (a—fv-kp—oa—x)dz = 0 (3.26)

=

1
@26 - 2fve+ —p|°,
Po

Il
B

> (3.27)

As before, the assumption of finite acceleration implies that p is continuous across z =
0. Also, since the derivative of a continuous function is itself continuous, dp/dz is now
continuous across z = 0. Now the vertical momentum equation and the density equation

are written as

ow 10p pg

Rl . 3.28
ot P00z po ( )
dp _ poN2

5= (3.29)

Now it is assumed that the vertical velocity w and the density p are periodic in time, just

as u is, so that
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Rt 3.30
Po 0z  po ( )
N2

—iwp = %guL (3.31)

Since it has been shown that dp/0z is continuous across z = 0, equations (3.30) and (3.31)
can be rearranged to show that both w and p are continuous across z = 0 as well. Hence
it is valid to equate the vertical velocity field across the sill for the purposes of creating a
second matching condition.

Using the expressions for u' as defined in equations (3.17) and (3.18) and the continuity
equation to write the w’ field on each side of the sill as

j W . nmz . .
Win = i370ntoSin — exp(ik1z — iwt)
W . Nz : :
wh, = —i anuo sin —— exp(tkoz — twt)

and then summing and equating them at the sill (z = 0), a second equation constraining

the system is

= Iz = Imz
;blsmT:—lZ;a,smF -d< 2<0, (3.32)

where a; and b; have been non-dimensionalised by the barotropic amplitude u,. Multiplying
(3.32) by sin 22, vertically integrating from z = —d to z = 0, and using orthogonality gives

a solution for the coefficients b,, as

o0 . n
e E 2n(—1)"sinlnd,

i —EE) (3.33)

=1
The expressions in (3.25) and (3.33) can be reduced to a single matrix equation by first

rewriting using matrix notation and the Einstein summation convention, yielding

am = Amnbn+Cp
bn = Bnay,
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where

_ 2m8%(—1)"sinmnd,
Amn = = (3.34)

2n(—1)"sinlmd;

Bu = =i g (3.35)
2sinmmds
Cm B T&S . (336)

Singularities appear in A,,, and B,; where n = mds; and n = [, respectively, so the
matching conditions are re-integrated to solve for the singular indices, yielding A, ;ms, = 0s
and Blés,l = —1.

At this point a new parameter ¢ will be introduced where § = (H —d)/H = 1—4,. This
new parameter is now the ratio of obstacle height (sometimes denoted by h,) to total water
depth, and has an equivalent meaning to that in other studies (e.g. St. Laurent et al. 2003),
namely that a vanishing § corresponds to flat topography. The matrices are now rewritten
using the new parameter as

_ 2m(1 —6)*(-1)"sinmn(1 — §)
Amn = (1 = O — 2) (3.37)

2n(—1)"sinlx(1 — 6
B, = 7r((n2)— (1 _( 5)?) ) (3.38)

2sinmn(1 — §)

where A, (1-5) = 1 — 6 and By, ;y(1-5) = —1 to avoid singularities. Now the coefficients

an, are solved by combining the two matrix equations, giving

(‘Sml_Amanl)al = Cn (3.40)
a = (Om— Amn nl)_lcm- (3.41)

Equations (3.41) and (3.34) are solved numerically by truncating the infinite indices and
including only the first 1200 modes. All numbers quoted in the S80 paper were those
resulting from the choice of u, = —1m/s, or 1m/s toward the deep-ocean off the shelf,
although for some purposes the value of the barotropic velocity in this thesis will be moot

as the results have been non-dimensionalised. Intuition might dictate that, for a very shallow
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shelf, a, would closely follow the S80 expression for a,, given by (3.6), with b, negligibly
small or zero. As the shelf deepens, however, a, should become smaller than the estimate
of Stigebrandt while b, should become larger, eventually growing as large as a,.

First, the matching conditions at the sill should be verified. Figures 3.2 and 3.3 show
the total U and W velocities, respectively, at the sill for both sides of the new model and,
for comparison, the S80 model. Figure 3.2 displays a deep-side horizontal velocity which
vanishes below the sill depth, matching the boundary condition and agreeing the S80 result,
and which matches the shelf-side horizontal velocity above the sill depth, which is required
by continuity. The velocity profile is different than that of the S80 model, but appears more
realistic. Instead of a constant scaled velocity above the sill depth, there is a strong jet which
forms at the sill depth and weakens with height above the sill. This is consistent with water
which is most strongly affected by the sudden increase in depth coming off the shelf, an
effect which is felt with decreasing intensity farther above from the sill. Figure 3.3 shows
the other matched condition at the sill, which is the vertical velocity. The velocities are
matched above the sill depth, with the deep-side vertical velocity left unmatched below the
sill depth. This also reinforces the sill-depth jet concept: the strongest negative vertical (ie.
downward) velocity occurs at sill-depth, where the isopycnals dip down into the deep side
of the fjord off the shelf. With the boundary conditions apparently satisfied, the properties

of the solution can be further investigated.
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The wave amplitudes of the first 20 modes for nine incremental values of § are shown in
figure 3.4. Recall that a small value of delta represents a step of small height. Figure 3.4
shows that, for all shelf depths, the new deep-ocean wave-amplitudes are similar in both S80
and the present formulation. However, the shelf-side waves are stronger for a shallow sill
than for a deep sill. The shelf waves appear to be larger than the deep waves for a shallow
shelf, and they decrease faster than do the deep waves with decreasing J such that they
have comparable amplitudes for shelves at half the water depth and are smaller than the
deep waves for very deep shelves. This may not have a direct influence on the application
of S80 in SS92, but it would be more useful to check that the energy flux of the neglected

waves is small compared to the deep-side waves.

3.1.3 Energy flux

The energy flux of internal waves in a stratified fluid is the averaged product of the pertur-

bation pressure and velocity, or

F=pu. (3.42)

The alternate form of the energy flux, which is the product of the group velocity and wave
energy, yields the same result as equation (3.42). The perturbation pressure is found from
equations (3.7) and (3.8), after making the assumption that all variables are periodic in
space and time. Substituting exponential forms into each variable, the equations reduce to

1

—twu— fv = ——ikp (3.43)
Po

—iwv+ fu = 0, (3.44)

where Op/0y has been set to zero to ensure that waves are only propagating in the z
direction. Re-arranging equation (3.44) to solve for v and substituting it into equation
(3.43) yields

w Po

wu(w2 _2f2) = lkp. (3.45)

Now an expression for pressure can be found on the left and right sides of the step by
substituting equations (3.17) and (3.18), respectively, into equation (3.45). Then, using
equation (3.42), the depth-integrated horizontal energy flux on each side of the sill is
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Figure 3.4: Values of a, (blue), b, (red) and Stigebrandt’s a, (black).
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since the average of cos? mz cos?(kz — wt) over a horizontal and vertical wavelength is 1 /4.

Taking the constant factors outside each sum, the energy fluxes can be rewritten as

1 >, a?
F = —EFOZ;" (3.48)
n=1
1 o b2
B, = 51!«1,(1—5)22;", (3.49)
n=1
where
1 N2 — 02)(w? — £2))1/2
Fozﬂp(( )EU ) ulH?. (3.50)

The negative sign of F} implies propagation towards the negative z-axis, or towards the
open ocean. First it should be confirmed that the energy flux generated on both sides of
the step vanishes as the step height goes to zero and also that the energy flux is equal on
both sides for an infinitesimally small step, since linear theory suggests that, if small, it
should not matter if the step increases or decreases in height. The upper panel of Figure 3.5
shows the non-dimensional energy flux generated on the deep side (blue) and the shallow
side (red) of the step as compared with 4, recalling that a value nearing zero represents
a very small step. Both energy fluxes do converge to zero with decreasing step height.
More importantly, however, is the bottom panel which shows the ratio of the energy flux
generated on the shallow side to that generated on the deep side. It confirms that the ratio
of the energy fluxes goes to one as the step height approaches zero, showing that the energy
flux is equal on both sides of a step of infinitesimal height. The kink that is seen in the
middle of the curve (in the area of § ~ 10~2 is a numerical shortcoming; it is necessary to
have at least O(0~! modes for any small § to accurately calculate its energy flux. While
increasing the number of modes does delay the onset of the kink slightly, resources did not
exist to accurately calculate the fluxes below § < 10~*. While the numerics were inadequate
in this instance, it can be shown that for modes with N < O(671),
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thus analytically confirming that the energy flux ratio is unity for small § (St. Laurent
et al. 2003).

Now the step model can be compared to that of Stigebrandt (1980). The upper panel
of Figure 3.6 shows the energy fluxes of the oceanic internal waves (blue), the shelf internal
waves (red), and S80 oceanic internal waves (black) for all values of §, the ratio of step
height to seafloor depth. The lower panel shows the oceanic, shelfside, and total energy
flux as a fraction of S80 oceanic internal-wave energy-flux. For a shallow shelf of § = 0.9,
the energy flux of the oceanic internal waves is 96.1% of those in the S80 step model while
the shelfside energy flux is only 1.4% of S80 oceanic energy flux. Certainly, S80 agrees well
with the new model for this very shallow shelf. A slight departure from S80 can be seen if
the water depth over the shelf is one half of that in the deep ocean (§ = 0.5). The oceanic
energy flux of the step model decreases to 87.5% of S80 energy flux, while the shelfside
energy flux increases to 4.6% of S80. For a deep shelf of § = 0.1, however, the oceanic and
shelfside energy fluxes are 66.8% and 12.0% of S80, respectively. An even deeper shelf of
d = 0.05 produces percentages of 60.1% and 14.2%, respectively. Clearly the energy flux of
the shelfside internal waves is not negligible for deep shelves, and the oceanic energy fluxes
are increasingly overestimated by S80 as the shelf deepens. This illustrates a problem with
the usage of the S80 step model in the Sjéberg and Stigebrandt energy flux model, which
is that the SS92 model contains steps with very large depth ratios (§ — 0). The S80 model
both neglects step-side internal waves which carry significant energy flux and overestimates
the energy flux radiated in the deep-side internal waves.

3.1.4 Comparison with linear theory

Bell (1975) found the energy flux generated from weak topography analytically using the
topographic spectrum, and Llewellyn Smith and Young (2002) extended that theory for
a finite ocean. An analytic function which can represent a topographic step is h(z) =
7~ 1h,tan~1(z/b), where h, is the obstacle height, or H —d. As b — 0, the arctan slope
steepens to a shelf as shown in Figure 3.7. Using the theory of Llewellyn Smith and Young
(2002), the energy flux from the arctan slope is

= nd 5
Fslope = F052 E n! exp_z(;—é) = _F052 In (1 = exp_t(;—'—é) )’ (3.52)

n=1
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Figure 3.7: h(z) = n~'h,tan"'(z/b), where b = 1, 0.1, and 107, respectively
where the steepness parameter € is given by

= a"lﬂ_l%. (3.53)

Again, b — 0 implies € — oo, which is the steepness of a step. In the limits of § < 1 and
d/e < 1, the energy flux is approximated by

1
Blape &2 Fol In (55/5). (3.54)

Balmforth et al. (2002) determine the increase in energy flux for certain topography when
€ = 1 as opposed to the weak topography limit. For instance, they report a 56% increase
in the energy flux generated by sinusoidal topography if € = 1 as opposed to € € 1. To
be consistent, ¢ = 1 will be substituted into equation (3.54) and the total energy flux
from the step (equation (3.48) plus equation (3.49)) will be compared to the flux from the
arctan slope to determine if there is any additional increase in energy flux when e is further
increased from 1 to oo. The ratio is shown in Figure 3.8. The ratio of the energy fluxes
generated from the step and from the arctan slope goes to one for vanishing ¢, indicating
that there is no additional increase in energy flux as the steepness is increases from € = 1
to € — oo. This ratio quickly increases for increasing d, however. At § = 1073 the step

shows a 30% enhancement in energy flux over the arctan slope, and greater than a 400%

80



45F

F-I.p(é)lF“w.(a,LrI ) -
[ o
T

o
T
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enhancement for § > 0.3.

3.2 Knife Edge Ridge

The step topography is a simple supercritical topography which has oceanographic rele-
vance as it can be related to continental slopes. The delta-function, or “knife-edge”, ridge
is another, as it can serve as a first approximation for many mid-ocean ridges such as the
Hawaiian Ridge. With many recent numerical (Egbert and Ray 2000, Kang et al. 2000,
Merrifield et al. 2001) and observational (Ray and Mitchum 1997) studies devoted to deter-
mining the amount of tidal energy dissipation at the Hawaiian Ridge and others, it would
be useful to know if the properties of this simple approximation were similar to those of the
more complex, realistic topography. Using the techniques of the previous section, the inter-
nal tides generated by a delta-function ridge can now be evaluated. Since the water depth
is the same on both sides of the ridge, the barotropic current speed is the same on both
sides as well, and it will again be denoted it as u, cos(wt). Using the same non-dimensional
coefficients as in the step formulation, the horizontal velocity of the nth mode on left and

right side, respectively, is
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Figure 3.9: The knife-edge topographic ridge

U}, = anu,cos % exp (tkz — iwt) (3.55)
uhy, = bpu,cos % exp (—tkz — iwt), (3.56)

where the dispersion relation for the waves is

kNH
.l (3.57)
nmw

Summing the barotropic and baroclinic currents on each side of the ridge and then matching
the total currents at the ridge, or at z = 0, yields

X (o o]
nwz nwz
1+ng_lancos—H— = 1+’?—1bnc057 —d<2z2<0

=0 - H <2< —d,

or
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Zancos— Zb cosw -d<2<0 (3.58)

Pk

~H<z< —d. (3.59)

The lower equation specifies no normal flow through the left side of the sill. Of course,
the current below the sill must also be zero at z = 0 on the right side, so another set of

equations is

00
nwz nmz
E b,cos — = E_ a, cos H -d<2z2<0 (3.60)

= -1 —H<z<-d. (3.61)

These can be combined so that, over the entire domain,

.9}
nmwz
Zancos H Zb co8 7 —-H<z<0. (3.62)

n=1

z

Multiplying this equation by cos ™%, integrating z from —H to 0, and using the orthog-
onality of cosines, the result a,, = bm is found. The topographical symmetry might have
suggested this as a possible result from the outset.

Since the horizontal velocity is unmatched above the sill, a boundary condition must be
set over that region of the domain. In this region the vertical velocity is matched on both
sides of the sill. The vertical velocity on each side of the sill, from substituting (3.55) and

(3.56) into (3.10), is

w nwz
wi, = zNanuosm i exp(tkz — 1wt) (3.63)

wh, = —i%b,,uo sin "LHﬂ exp(—ikz — iwt). (3.64)

Equating (3.63) and (3.64) over —d < z < 0, and recalling that a, = b,, the boundary
condition above the sill is set with the expression

[o o]
Zansm%=0 —d<z<0. (3.65)
n=1
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Now the complete boundary condition can be written at the sill over the entire water column

as

oo

Zansin% =0 —d<z<0 (3.66)
n=1

X nmz

Zancos? = -1 —-H<z< —d (3.67)
n=1

The coefficients a, must be extracted by expanding equations (3.66) and (3.67) through
multiplication by a set of orthogonal functions. While cosines were chosen for the step
problem, it is true that any set of orthogonal functions may be used. Cosines will again be
employed to expand the sill problem, though care has been taken to confirm that expanding
by sines yields the same answer.

mnz

Multiplying the sum of equations (3.66) and (3.67) by cos 7* and vertically integrating

gives the coefficients a,, as

i a - cos i cos Lol dz + ’ sin e L cos mnz dz
n=1 " -H H H —d H H

—d
mmz
= /. cos-—ﬁ—dz, (3.68)

which can be written as

. (3.69)
where
nsinnm(1l — §) cosmn(1 — §) — mcosnr(1 — &) sinmn(1 — 6)
Apn = 2 2
(m? —n?)
n—ncosnm(l — §) cosmn(l —6) — msinnw(1l — J) sinmn(1 — §) (3.70)
(2 ) |
and
. 1
= O — ) (3.71)
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Figure 3.10: Coefficient a, values for n =1 through 200. § = 0.75

App is singular when m = n, so those elements are replaced with those found by re-
evaluating the integrals on the left-hand side of equation (3.68) after setting m = n, giving

nmé — sinnw(1 — 6) cos nwr(1 — §) — sin® nw(1 — 6)
App = ;

= (3.72)

Also, since the index m runs from 0 to oo, Cy, is singular at m = 0. This element is replaced
by setting m = 0 in the integral on the right-hand side of equation (3.68), yielding

Cp = —md. (3.73)

Equation (3.69) is inverted to solve for a,, after truncating A,,, at 1200 modes. Figure
3.10 confirms that the coefficients a, fall off with increasing modenumber, while Figures
3.11 and 3.12 show that the prescribed boundary conditions, namely no normal flow through

the sill and no vertical flow above the sill, are satisfied.

3.2.1 Energy flux

The energy flux generated at the knife edge ridge can be found from equation 3.42, where
the perturbation pressure is calculated by substituting equations 3.55 and 3.56 into equation

3.7. The resulting energy fluxes are then
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normalized energy flux (dimensionless)
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Figure 3.13: Depth-averaged normalized horizontal energy flux.

F, = (3.74)

3 l:w

i é (3.75)

t\JID—l

F =

er—l

_ _ 2/ . S .
(1 “’2)(;"2 7)) 2u§H2. Again, the negative sign in equation 3.74 denotes

where F, = %p
a flux in the negative z direction. The energy flux generated on each side of the knife
edge ridge is equal, so that the total generated energy flux is F, 3~ | ‘17:21 The energy flux,
normalized by F,, is plotted against  in Figure 3.13. The energy flux drops off sharply for

small sill heights, or for § — 0.

3.2.2 Comparison with linear theory

In section 3.1.4, the energy flux generated by an arctan slope was calculated using linear
theory and then compared to the energy flux generated by a step. Here a topographic
feature is sought for comparison with a knife-edge ridge. The “Witch of Agnesi” is a
topographic ridge which has been studied by Bell (1975) in an infinite ocean, and again
by Llewellyn Smith and Young (2002) in a finite ocean. The witch profile is described by
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Figure 3.14: The “Witch of Agnesi” profile. b= 2, b = 0.5, and b = 0.01 from
the outer to inner curves, respectively.

h(z) = ho(1 + (2%/4?))!, and is pictured in Figure 3.14. Using the finite-ocean theory of
Llewellyn Smith and Young (2002), the energy flux generated by the witch is expressed as
2 2 2ec
_ ™ 2 — _ ™ €
Fuiten = Foz';nc e = Fozm, (3.76)

where ¢ = (3%/27/4)(6/¢), and the steepness parameter is given by

1/2
N? —w? 3%/2\ h,
s (:2?{2‘) (T % 3:77)
Using equation (3.76) with e = 1, the ratio of the energy flux generated from the knife-

edge ridge to that from the witch of critical steepness is calculated as a function of § and
shown in Figure 3.15. In the limit of § < 1, the knife-edge ridge produces exactly twice

the energy flux generated by the Witch of Agnesi, and the ratio increases with increasing 4.
For § > 0.6, the energy flux generated by the knife-edge ridge exceeds that from the witch

by a factor of 4.
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Figure 3.15: Ratio of energy flux from a knife-edge ridge to that from a “Witch
of Agnesi” ridge with ¢ =1.

3.2.3 Comparison with modeled energy fluxes for realistic sills

By choosing the proper values with which to calculate F,, the knife edge model can now used
to determine the energy flux of the internal tide from a ridge using realistic ocean depths
and current speeds. The Hawaiian Ridge, which rises to a depth of 1000m from the mean
seafloor depth of 4000m is believed to be a major generation site for internal tides, with
a radiated energy flux estimated between 5.4GW (Kang et al. 2000) and 20GW (Egbert
and Ray 2000). Merrifield et al. (2001) model the total radiated energy flux away from
the ridge and find it to be 9GW using realistic M, tidal forcing and bathymetry. Ray and
Mitchum (1997) estimate 15GW of radiated energy from TOPEX/Poseidon altimeter data.
Equations (3.74) and (3.75) are used to calculate the radiated energy flux away from both
sides of the sill. From Figure 3.13, the knife edge model gives a total dimensionless energy
flux away from the sill of 3.8 when § = 0.25. To calculate F,, a mean density of 1025kg/m?,
GM upper-ocean stratification (N = 0.00524 s™!), and a mean barotropic current speed
of u, = 14cm/s as calculated from a tidal model of the Hawaiian region are used. The
resultant energy flux is multiplied by the approximate length of the ridge (2000km) to give
an estimate of the total radiated energy flux of 20 GW. This is in good agreement with the
results of Egbert and Ray (2000), even though this estimate uses a constant stratification

and models the ridge with a single value of 4. Despite its simplicity, the results are plausible.
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Chapter 4

Discussion

Acoustic Doppler current profilers can be used to effectively measure Reynolds stresses,
either by the direct multiplication of velocity fluctuations, or by using the beam variance
method of Lohrmann et al. (1990). The Reynolds stresses from a Janus and a Cyclops
ADCP have been expressed as functions of the beam variances and the four remaining
unknown components of the stress tensor. In situations where the instruments are perfectly
aligned with the Cartesian vertical axis, the Janus ADCP is able to exactly represent the
Reynolds stresses in terms of only the known beam variances, whereas the Cyclops ADCP
can resolve the Reynolds stresses without bias only in a region of horizontally isotropic
turbulence. The Cyclops ADCP, however, can measure the turbulent kinetic energy and
the anisotropy ratio when there is no tilt, due to the fact that the vertical beam gives a
direct measure of the vertical velocity. In the presence of tilt, both the Janus and Cyclops
give estimates of Reynolds stress which contain unknown terms from the stress tensor.
Their effect on the Reynolds stress is reduced when they are multiplied by a tilt angle. All
undetermined terms are multiplied by tilt angles in the Janus configuration, but a single
term in each stress expression for the Cyclops ADCP (W in the —u/w’ expression and
(W - w_"") in the —v'w’ expression) was not multiplied by a tilt, and hence could act as
a large bias to the stress. For each of the four undetermined terms, the ratio of Cyclops
coefficient to Janus coefficient was calculated as a function of both tilt angles. This was
done for both stresses. In each stress, there was at least one undetermined term which had
a much larger coefficient in the Cyclops configuration than in the Janus configuration. The
presence of these larger biases in the Cyclops ADCP is concerning. When the turbulent
kinetic energy and anisotropy ratios are calculated, however, the Cyclops yields expressions
which are invariant to first-order tilt angles whereas the Janus cannot resolve the kinetic
energy even in a zero-tilt environment. The invariant expressions of the Cyclops are most
encouraging, given the difficulty in obtaining zero-tilt deployments in most conditions.
Other ADCP beam configurations have been explored. A three-beam system, which has
three oblique beams azimuthally spaced at 120°, and a five-beam system, which is essentially
a Janus ADCP with a fifth beam which points vertically, have been investigated to determine
if they can yield the same data products as the Janus and Cyclops configurations. The three-
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beam ADCP has significant bias terms in both stress estimates and they cannot be reduced
as was done in the case of the Janus ADCP because only three independent variables can
be resolved. Conversely, the five-beam ADCP combines the strengths of both the Janus
and Cyclops configurations in that it can resolve the Reynolds stresses using the oblique
beams which point in perpendicular planes while at the same time using the vertical beam
to measure the vertical velocity and hence calculate the turbulent kinetic energy and the
anisotropy ratio. The TKE and anisotropy vary only by a known correction term when tilt
is introduced.

In addition to a mathematical treatment of the differences between the Janus and Cy-
clops configurations, data which were recorded by each instrument at the same location
and time were analyzed to show how the different formulations of Reynolds stress for each
instrument affect actual stress measurements. Seven days of data were collected from both
instruments in Sansum Narrows, BC, in August 2000. Two days in the first half of the
record were analyzed because of the relatively constant values of pitch and roll experienced
by each ADCP during that time. It was found that the terms which were most important
to the stress estimates were the u” and v terms, with the w™ and v/v' terms having less
significance. This was particularly noticeable in the Janus case, where the stresses had
significant biases from ('u_'2 - w_'z) and (’UTQ - F) terms respectively, but after the u”2 and
v terms were removed the biases were much smaller. In future, a rigid deployment of the
instruments, as suggested by Lu and Lueck (1999a), would eliminate any bias arising from
the small variations in time in the tilt angles experienced by the gimballed assemblies used
in this study.

The generation of internal tides at abrupt topography has also been addressed. The tidal
generation from a single step has been solved as a function of §, the ratio of step height
to water depth. This solution is compared against that of Stigebrandt (1980), who made
the assumption that shelf-side waves are negligible for shallow shelves (i.e. § — 1). This
assumption has been validated; for shallow shelves, the shelf-side waves make a negligible
contribution to the total energy flux. However, this balance changes as the shelf height
decreases such that as the step vanishes (i.e. § — 0), the energy flux generated at each side
of the step is equal. Hence any formulation of a step problem with small step heights cannot
use the Stigebrandt (1980) assumption that the shelf waves are negligible compared to the
deep waves. While linear theory cannot yield the energy flux for a supercritical feature such
as a step, it can do so for an arctan slope of critical steepness. The ratio of the energy flux
from that of the step to that of the slope nears unity for a vanishing step, but increases
very rapidly to 1.3 at § = 1073. For § > 0.3 the energy flux from the step exceeds that
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predicted by the linear theory by more than a factor of four.

A second abrupt topography which has been examined has been a knife-edge ridge.
Using the same matrix inversion technique as used for the step, the modal coefficients
for the knife-edge ridge were found and used to determine the energy flux generated from
the feature. The flux, which is symmetric on both sides of the ridge is compared to the
estimate using linear theory of energy flux from a “Witch of Agnesi” ridge, which steepens
to a knife-edge ridge in the limit of infinite topographic steepness. In the limit of § — 0, or
vanishing topographic height, the energy flux from the knife-edge ridge is twice that from
the witch. The amount by which the energy flux from the knife-edge exceeds that from the
witch increases with topopgraphic height; for § > 0.6 the knife-edge flux exceeds the flux
from the witch by more than a factor of four. The knife-edge model has also been used to
estimate the energy flux from an actual oceanic ridge; the Hawaiian Ridge. Using parameter
values specific to the region and the topography, a generated energy flux of 20GW can be
estimated from the Hawaiian Ridge. This result agrees well with similar satellite studies of
the area by Egbert and Ray (2000), and while it may be seen as fortuitous considering the
assumption of constant stratification and the dependence on the choice of § which varies
along the actual ridge, it is nonetheless encouraging that the estimate is of the same order
as other, more detailed models and observational studies.

Future work in this area would begin with the extension of the step and knife-edge
models to include variable stratification. In addition to providing more realistic ray paths
for the generated waves, it would give more accurate energy flux results for ocean ridges
such as the Hawaiian Ridge. In such locations, much of the stratification occurs above the
height of the ridge and hence to impose a constant stratification in the model has the effect
of enlongating the upper water column which is highly stratified and compressing the lower,
weakly stratified portion of the water column. As a result of this modification of the vertical
co-ordinate, a given value of § in the model with constant stratification will correspond to

a higher value of § if variable stratification is used.
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Appendiz A

Coordinate Transformations

Each beam of an ADCP measures the velocity only in the direction in which the beam is
pointing; trigonometric transformations must be applied to the beam velocities to derive
useful quantities such as Cartesian velocities. When the vertical axis of the instrument is not
aligned with the Cartesian vertical axis, further transformations must be made to resolve
the components based on the tilt of the instruments. To resolve a set of beam velocities
into their Cartesian components, one must start at the simplest configuration of zero tilt
and apply the proper rotation matrices. These equations have been outlined in Lohrmann
et al. (1990), but will be reviewed here.

Y z
by L ab
3 /
()/\ ® K
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! G 7 * 4 N3 y
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Figure A.1: Janus ADCP configuration (redrawn from Lu and Lueck (1999a)

The base vectors of the four beams of the Janus ADCP are functions of the beam angle

6 only and are given as [— sinf 0 —cos 0] . [sin@ 0 —cos 0] 3 [0 —sinf —cos 0] , and
0 sinf 0 —cos 9], for beams 1 through 4, respectively, as can be seen by referring to
Figure A.1. These vectors can be multiplied by the Cartesian component velocities u, v,
and w to yield the basic beam velocities in an untilted reference frame. In the presence of
tilt, however, these vectors must be rotated around two different axes in succession. The

rotation matrix for a “pitch”, which is defined as a negative rotation around the z-axis and
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is denoted by ¢, is
1 0 0

P=]0 cos¢y —singy (A.1)
0 singy cos ¢
while the rotation matrix for a “roll”, which is defined as a positive rotation around the

y-axis and is denoted by ¢3, is

cos¢ps 0 singg
R= 0 1 0 (A.2)
—singz 0 cos¢s

For the instruments presented here, the roll rotation is executed first and then the pitch
rotation is applied so that the net rotation matrix is

COos ¢3 0 sin ¢3
T=PxR= sin ¢o coS ¢y — sin ¢ cos P3 (A.3)
—CcoS ¢y sings singy  cos ¢ COS b3
The net rotation matrix is applied to each of the four base vectors and then multiplied by
the Cartesian component velocities to yield the beam velocity equations.
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—w3 (cos ¢2 cos ¢3 cos § + sin ¢o sin )

cos ¢3 0 sin ¢3
sin gy sin¢gs cos¢s — cos P3sin ¢y
—singszcos o singy  cos P3Ccos Po

0
sin 8

—cos @

— 1y sin @3 cos O + v4 (cos @2 sin § + sin @9 cos @3 cos )

—wy4 (cos ¢o cos ¢3 cos § — sin po sin b)

cos (0 + ¢3) (A.4)
2w

(A.5)
e o o

(A.6)
[U4 V4 w4]

(A.7)

The same transformation is applied to the four beam Cyclops ADCP. The base vectors
for the Cyclops are [0 0 —1] 5 [0 sinf —cos 0] . [sinBsin’s—r —sinfcos§ —cos 9],

and [— sinfsini —sinflcos — cose] for beams 1 through 4, respectively, as can be

seen by referring to Figure A.2.
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Figure A.2: Cyclops ADCP configuration

cos ¢3 0 sin ¢3 0
singosings  cos ¢y — cos ¢3sin ¢g 0 [ul V] wl]
| —singzcos¢gy singy cosgzcosgy | [—1
—u1 Sin ¢3 + v1 Sin @o COS 3 — w1 COS o COS d3 (A.8)
[ cos¢s 0 sin @3 17 o
singosings  cos ¢y — cos ¢3sin Po sin @ [ug Vg wz]
| —singzcosgy singy cos¢zcosgpy | [—cosf
—ug sin ¢3 cos 8 + vy (cos @2 sin 6 + sin @2 cos @3 cos )
—wy (cos ¢ cos ¢3 cos @ — sin ¢ sin ) (A.9)
cos ¢3 0 sin ¢3 sinfsin §
singasingz cos¢gy —cos¢zsingy| [—sinf cos § [u;:, v3 'lH3]
—singzcos g singy  cos @3 cos ¢y —cosf
u3 (cos ¢3sinfsin g — sin ¢3 cos 9)
—v3 [(cos @2 cos % — sin ¢ sin ¢3 sin g) sin f — sin ¢2 cos ¢3 cos 6]
—ws [(sin ¢ cos g + cos ¢ sin @3 sin g) sin @ + cos ¢9 cos ¢3 cos 0] (A.10)
cos ¢3 0 sin g3 —sinfsin§
singosings  cos Py —cosdssings| | —sinf cos % [u4 vy w4]
—singzcos gy singy  cos @3 cos Po —cosf
—uy (cos ¢3sinfsin Z?:_ + sin ¢3 cos 0)
—vy [(cos ¢2 cos g + sin ¢9 sin ¢3 sin %) sin § — sin ¢ cos ¢3 cos 0]
—wy [(sin o cos % — COS @9 sin ¢3 sin g) sinf + cos ¢ cos ¢3 cos 0] (A.11)
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To extract Cartesian velocities from these beam velocities requires spatial homogeneity
of the flow over the beam field (ie. u; = us = u3 = u4 = u and similarly for v and w). This
may be an unrealistic assumption in turbulent environments, so a slightly less restrictive
requirement is imposed on the second moments, or the variances. If spatial homogeneity
cannot be established, then “statistical” homogeneity requires that the variance of each

velocity component is the same across the beam field (ie uf? = u = ... = u_’2) The

assumption of statistical homogeneity is central to the variance technique.
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