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Abstract

The parameters of dynamic friction models like the LuGre model are com-
monly identified by computationally intensive nonlinear optimization methods.
In this paper, an alternative least-square-based iterative algorithm is proposed
to simultaneously identify the LuGre model parameters and the inertial prop-
erties from a limited set of measurements. The LuGre model, expressed in
two forms allowed independent identification of the static and dynamic param-
eters. Moreover, since the method uses response-input time-history instead of
numerous constant velocity experiments (CVEs), both the inertial and friction
parameters can be identified in much fewer experiments (theoretically one). A
variant of the Sparse Identification of Nonlinear Dynamics method called SR3 is
embedded in the algorithm to capture the nonlinear viscous friction and Stribeck
effects in the friction model. Application of the algorithm to an industrial robot
joint shows that the convergence of the algorithm is fast and the identified model
is accurate in predicting the joint’s dynamics in a wide range of velocities. The
friction-velocity curves resulting from the identified model are compared to those
obtained by traditional CVEs to confirm the accuracy of the identified model.

Keywords: LuGre friction model, Sparse regression, SINDy-SR3

1. Introduction1

Friction modeling is essential in developing the dynamic model of multi-body2

mechanical systems with relative motion between components. These dynamic3

models are needed in various engineering applications such as model-based con-4

trol of robots and machine tools, design and analysis of friction dampers used5

for vibration suppression of turbomachinery blades, earthquake protection of6

buildings, and so on.7

Friction is the result of interactions between the microscopic asperities of8

surfaces in contact [1, 2]. Accurate physics-based modeling of friction requires9
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accounting for a large population of microscopic asperities and different sources10

of the tangential forces that would give rise to the friction force. Such a compu-11

tationally intensive approach is not suitable for applications where the friction12

needs to be computed in real time [1, 3]. Instead, such applications commonly13

use empirical models of friction, which can be classified into static and dynamic14

models [4, 5]. Static models describe the friction in the gross sliding motion by15

explicitly relating the friction force or torque to the relative velocity. The most16

common of this class of models account for the Coulomb, viscous, and Stribeck17

friction effects, which give promising results in most applications where only the18

sliding motion is considered [6]. Parameters such as position, normal contact19

force, and temperature can also be included in static friction models [7–10]. Due20

to the simple and explicit form of static friction models, the experimental iden-21

tification of their parameters is less challenging. Difficulties may nonetheless22

arise in collecting the required experimental data and estimating the non-linear23

parameters in the chosen model. A common experimental procedure moves the24

system at constant velocity, thus removing inertial forces, allowing direct mea-25

surement of friction in some applications [7, 11–13]. In this paper, this procedure26

is referred to as a constant-velocity experiment (CVE). The drawbacks of this27

approach are that the velocity levels are discrete and the procedure is tedious28

and time consuming. Additionally, precise velocity regulation is required to ob-29

tain a steady velocity throughout the experiments and the collected data must30

be post-processed before ready for identification. To address these drawbacks,31

Hensen et al. [14] presented the extended Kalman filter approach which uses a32

single trajectory to identify the static friction model. Other system identifica-33

tion methods based on general nonlinear regression and the Sparse Identification34

of Nonlinear Dynamics (SINDy) have also been applied in [15] with the main35

goal of assessing the capability of the SINDy method in friction identification.36

SINDy is a data-driven method recently developed by Brunton et al. [16] for the37

discovery of governing equations in nonlinear dynamical systems. The method38

is based on the sparsity-promoting regression technique and is shown to be capa-39

ble of efficiently discovering interpretable and parsimonious models using small40

amount of data [17].41

Although moving parts of mechanical systems operate mostly in their sliding42

regime of motion, when the motion starts or changes direction behaviors such as43

stick-slip motion, frictional lag, pre-sliding displacement, and hysteresis effects44

are present [5, 18, 19]. Most promising dynamic models incorporate additional45

internal states that evolve in time according to their own ordinary differen-46

tial equations. Pioneering variants of these types of models are the Dahl [20]47

and the LuGre models [18], which have been improved over time giving rise to48

models such as the Leuven model [21], Generalized Maxwell-Slip (GMS) model49

[22], and elasto-plastic models [3, 23]. More details about different models and50

their properties and issues are provided in [24] and [3]. Difficulties in either51

numerically solving the model or the parameter identification process could be52

intensified in more sophisticated models.53

Among the dynamic models of friction, the LuGre model is shown to pre-54

dict a wide range of friction behaviors with fewer parameters compared to the55
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more recently proposed models [19, 25–28]. Because of this simplicity, LuGre56

is often the preferred model, especially in the controls community. The model57

has nonlinear parameters and evaluation requires integrating an additional dif-58

ferential equation at each time step. Identifying the parameters of the model59

requires a complex experimental procedure and intensive computations. This60

problem is evident in a commonly used identification method (IDM) introduced61

by De Wit and Lischinsky [29]. The process first estimates the static parameters62

of the model using the friction-velocity curve obtained by several closed loop63

CVEs. Next, the estimated parameters are used in the differential equation of64

the model, which has to be integrated together with the equations of motion65

to obtain the simulated results. The norm of the difference between the pre-66

dicted and experimental data is then minimized using a nonlinear optimization67

algorithm (OPA) to obtain the two dynamic parameters of the model. The68

experimental data used in the second stage of the process is a response-input69

time history obtained by an open loop experiment which contains reversal and70

stick-slip motions. Another method is also used in [30] and [31] where, similar to71

[29], the static parameters are first estimated by fitting the Stribeck static model72

to the curve obtained by CVEs. The dynamic parameters are then estimated73

by exciting the system in the pre-sliding regime. In an attempt to simplify74

the experimental procedure, Hensen et al. [32] linearized the LuGre friction75

model and proposed a frequency domain IDM that only requires a single tra-76

jectory. Another method based on a single trajectory is suggested by Rizos and77

Fassois [33], which consists of a two-phase hybrid OPA. In the first phase, a pre-78

optimization using the Genetic Algorithm is performed to determine the range79

of parameters that include local or global minima. Next, a fine-optimization80

is performed using the Nelder-Mead Downhill Simplex algorithm to determine81

the exact location of minima. The same method is extended in [34] with the82

NARX model and recurrent neural networks. Different OPAs are also employed83

in other studies for estimating the LuGre parameters [13, 25–27, 29, 35–39].84

In all the studies mentioned above, the main focus was on the estimation85

of the friction model parameters, while the other properties of the system like86

the inertial properties were assumed to be known. The only exception is the87

frequency-domain method in [32] which identifies the inertial and friction pa-88

rameters together. There is also a class of identification procedures where all89

the inertial and friction parameters are estimated simultaneously. These meth-90

ods include least-square method (LSQM), maximum-likelihood approach, and91

Instrumental Variable technique [40–42]. However, most of these studies use92

simpler static friction models in the identification process [25].93

This study proposes a new iterative algorithm for the simultaneous iden-94

tification of the inertial properties and the LuGre friction model parameters.95

The method only requires response-input time histories, eliminating the need of96

CVEs to obtain the static friction parameters. The first step of the algorithm97

obtains the most parsimonious and generalizable model structure to describe98

static friction using the SINDy sparse relaxed regularized regression (SR3) al-99

gorithm [43]. The SR3 variant of SINDy adds a relaxation factor to improve100

the performance on noisy datasets and outliers[43, 44]. Moreover, the partial101
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OPA embedded in SR3 enables the identification of models that are nonlinear102

in parameters [44]. This capability of SR3 is also exploited in the presented103

algorithm to expand the types of nonlinearities that could be included in the104

friction model. The result of the first step is then used in the iterative second105

and third steps of the algorithm to update the static parameters and identify106

the dynamic parameters of the LuGre model. These steps use different forms of107

the LuGre model with the LSQM for estimating the parameters. The internal108

state of the model is computed in the third step by numerically solving the109

LuGre differential equation. The proposed method is applied experimentally to110

identify the model parameters of a robot joint. The accuracy of the identified111

friction model is verified by comparing its predictions of friction-velocity curves112

against CVE results. Furthermore, the accuracy of the whole identified dynamic113

model of the system is confirmed by comparing the estimated torque, position114

and velocity time histories with the experimental results.115

The dynamic model of the considered robot joint and the two interchangeable116

forms of LuGre friction model are explained in the next section. The various117

components of the proposed parameter estimation method are introduced in118

Section 3, which includes brief descriptions of SINDy and SR3 algorithms and119

the adopted function libraries. The new identification algorithm is presented in120

Section 4, followed by a description of the associated experimental procedure121

in Section 5. This section also explains the CVE method, as these results122

are used to validate the new IDM. Section 6 provides a general description of123

Akaike information criterion (AIC) and how it is used for model selection in124

the presented method. The presented method is implemented experimentally125

to identify the parameters of a robot joint’s model and the results are discussed126

in Section 7.127

2. Joint Dynamics Model128

Without loss of generality, this work assumes a revolute joint. The general
equation of motion for a single robotic joint, while all other joints are locked, is
expressed as follows:

Izz
d2

dt2
q (t) + mg Cx cos (q) −mgCy sin (q) + τf = τ (1)

where q(t) denotes the joint’s rotation around its axis. Izz is the augmented129

link inertia defined by Izz = IrN
2 + Īzz , with Īzz, Ir, and N being the link130

inertia, rotor inertia, and the gear ratio of the joint, respectively. Also, m is131

the link mass, and Cx and Cy are the center of mass coordinates with respect132

to a local frame located at the joint with its x-axis lying on the link axis. The133

actuation torque and the joint friction are denoted by τ and τf , respectively.134

All the inertial parameters and the friction torque in Eq. (1) are identified
using the IDM developed in this study. The friction torque is modeled by the
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LuGre dynamic friction model, as follows [18]:

τf = σ0z + σ1ż + τv(q̇) (2)

with

ż = q̇

[
1 − σ0z sign(q̇)

g(q̇)

]
(3)

where σ0 and σ1 are the dynamic parameters of the LuGre model, representing
respectively the stiffness and damping of the microscopic elastic bristles in the
contact surface. The viscous component of the friction torque is denoted by
τv(q̇) and z is the non-measurable internal state of the model, representing the
average deflection of the bristles. This parameter can only be determined by
solving the nonlinear ordinary differential equation in Eq.(3). The g(q̇) term in
Eq.(3) is defined according to the steady-state (static) friction by setting ż in
Eqs. (2) and (3) equal to zero, which gives the following:

τSf = sign(q̇)g(q̇) + τv(q̇) (4)

Comparing Eq.(4) with common Stribeck friction models in the literature
for the sliding regime of motion (see e.g. [6, 45]), one can deduce that g(q̇)
includes the Coulomb friction and the Stribeck effects. Different functions have
been introduced in literature for describing g(q̇), but the most common one is
the following [19]:

g(q̇) =
(
fc + (fs − fc) e

−| q̇
Ωs
|δ
)

(5)

where fc and fs are the Coulomb and static friction terms respectively, Ωs is135

the Stribeck velocity, and δ is an additional constant parameter.136

137

Solving for z from Eq. (3) and substituting the result into Eq. (2) results in
the following alternative form of the LuGre model:

τf = sign(q̇)

(
1 − ż

q̇

)
g(q̇) + σ1ż + τv(q̇) (6)

Both of the interchangeable forms of the LuGre model, Eq. (2) and Eq. (6),138

will be used in the presented identification process.139

3. Parameter estimation method140

The parameter estimation method used in the proposed identification algo-141

rithm is generally based on the implicit-SINDy method. Particularly, in the142

first step of the proposed algorithm, we exploit the sparsity-promoting capa-143

bility of SINDy-SR3 to detect the parsimonious set of functions that efficiently144

describe the static friction torque. Then, in two subsequent steps, the same145

SR3 algorithm without sparsification is used to estimate the dynamic param-146

eters and modify the identified static friction parameters. In the rest of this147
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section, the implicit-SINDy and SR3 algorithms are described, followed by an148

introduction of the corresponding candidate functions used in the parameter149

estimation process.150

3.1. Implicit-SINDy151

All variants of the SINDy method require the equation of motion to be
formulated in state-space form. In the original form of SINDy, the equations of
motion are written in the standard state-space form, where the time derivative
of the state is expressed as a weighted sum of the candidate functions. In
implicit-SINDy [46, 47], the implicit state-space form is used, where the adopted
functions depend on both the state and its first-order derivative. The same
approach is used here, but applied to the second-order equation of motion.
Moreover, the candidate functions are assumed to depend non-linearly on a set
of additional parameters denoted by α. With these considerations, the following
system of linear algebraic equations is formed to relate the applied rotor torque
to the resulting joint motion:

Θ(Q, Q̇, Q̈,α)ξ=τ (7)

where ξ is the coefficient vector, which is assumed to be sparse, Q is the col-
umn vector of rotation angles sampled at n instants of time, and arranged as,
Q = [q1, ..., qn]

T
with qi = q(ti), and τ is the column vector of the rotor torque

values measured at the same time instants. Θ is the matrix of candidate func-
tions. Each column of Θ corresponds to the numerical values of each candidate
function at different time instants. Denoting the kth candidate function by Fk,
Θ would be constructed as follows:

Θ =

 F1(q1, q̇1, q̈1, α) · · · Fr(q1, q̇1, q̈1,α)
...

. . .
...

F1(qn, q̇n, q̈n,α) · · · Fr(qn, q̇n, q̈n,α)

 (8)

with r being the total number of considered candidate functions. The identifica-152

tion of the nonlinear parameters, α, requires an additional optimization process153

that can be efficiently completed using the SINDy-SR3 method [44].154

3.2. SR3 algorithm155

The SR3 method solves the following optimization problem to find a sparse
solution for Eq. (7) [44]:

min
ξ,W

1

2

∥∥∥Θ(Q, Q̇, Q̈,α)ξ − τ
∥∥∥2 + λR(W) +

1

2ν
∥ξ −W∥2, (9)

where W is an auxiliary vector introduced to relax the optimization, and R156

is taken as the ℓ0 norm according to [44]. λ and ν denote regularization and157

relaxation parameters, respectively. These parameters are adjusted to obtain a158

parsimonious solution. Larger values of λ lead to a more sparse solution and by159
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lowering the value of ν, W approaches ξ. The solution of (9) can be obtained160

by implementing the following procedure:161

1. Set initial values for the components of α and the vector W (a zero vector162

is usually a proper starting point for W). Also set λ and ν values.163

2. Solve the optimization problem, min
ξ,W

1
2Eτ

2+ 1
2ν ∥ξ −W∥2, where Eτ is the164

ℓ2 norm of the error in torque prediction, defined as, Eτ =
∥∥∥Θ(Q, Q̇, Q̈,α)ξ − τ

∥∥∥.165

The solution to this optimization problem can be readily obtained by using166

the least-square method, giving the following solution for ξ:167

ξ =

(
ΘTΘ +

1

ν
I

)−1

(ΘTτ +
1

ν
W) (10)

where I is the identity matrix of the same dimension as the coefficient168

vector, ξ.169

3. Update W to W = proxνλR(ξ), where the proximity operator, proxνλR(ξ),170

for R = ℓ0, sets all the elements of ξ that are smaller than
√

(2νλ) to zero171

[43].172

4. Check if W has converged. If so, continue to the next step. Otherwise,173

repeat steps 2 and 3.174

5. Minimize Eτ
2 by setting the gradient of the function with respect to α to

zero. The following set of nonlinear algebraic equations in α are solved by
the Newton-Raphson method. This numerical solution requires computing
the gradient and the Hessian of the equations, defined as follows:

g = ∇α

(∥∥∥Θ(Q, Q̇, Q̈, α)ξ − τ
∥∥∥2)

H = ∇2
α

(∥∥∥Θ(Q, Q̇, Q̈,α)ξ − τ
∥∥∥2) (11)

By using the definition of the ℓ2 norm, the components of the Hessian
matrix and gradient vector are determined as follows:

gi =
n∑

k=1

[(Θξ)k − τk]
(

∂Θ
∂αi

ξ
)
k

Hij =
n∑

k=1

[(Θξ)k − τk]
(

∂2Θ
∂αi∂αj

ξ
)
k
+

n∑
k=1

(
∂Θ
∂αi

ξ
)
k

(
∂Θ
∂αj

ξ
)
k

i = 1..np

(12)
where np is the number of nonlinear parameters in α. Now, the new value175

of α can be updated to α−H−1g. Continue updating until all the entries176

in α converge to the final value. It should be noted that because this177

procedure only gives local minima for α, the process has to be repeated178

for different initial values of α. This repetition can make the process179

cumbersome, especially if there are many of these nonlinear parameters180

[44].181

6. Calculate the norm of the difference between α and its value in the pre-182

vious iteration. If the calculated value is not sufficiently small, go to step183
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2 and repeat the whole process until convergence is reached.184

The above algorithm determines the active candidate functions in the first185

step of the proposed IDM. The coefficients (ξ) of the remaining active functions186

are then determined at the end of the SR3 algorithm by the least-square method187

[44]. In the remaining second and third steps of the proposed IDM, λ is set to188

zero, which makes the SR3 algorithm equivalent to the LSQM with relaxation.189

The relaxation term improves the condition number of the matrix and thereby190

the accuracy of the matrix inversion needed in the least-square method [43].191

3.3. The adopted candidate functions192

Theoretically, any arbitrary function can be included in the library of can-
didate functions [16]; however, when possible, it is recommended to choose the
functions based on the prior knowledge of the system’s physics. Hence, it is
reasonable here to use the same functions appearing in the equation of motion,
i.e. Eq.(1). The first three basis functions are then defined as follows:

F1,2,3 = [q̈, cos(q), sin(q)] (13)

The above functions are used only in step 1 and the first iteration of step 2193

in the proposed algorithm (see Section 4). Moreover, the coefficients obtained194

for each of these functions at the first step will not be updated during the195

remaining part of the identification process. These coefficients represent the196

inertial properties, Izz , mg Cx , and mgCy , and thus the part of the equation197

of motion corresponding to the first three terms on the left-hand-side of Eq.198

(1) will be considered as known in the whole process after the first iteration of199

step 2. Hence, τ in Eq. (9) would be replaced by τ − Izz q̈ (t) + mg Cx cos (q) −200

mgCy sin (q). Different candidate functions are adopted to describe friction at201

each step of the proposed IDM, as explained separately in the following two202

subsections.203

3.3.1. Candidate functions for the static friction model204

Assuming that viscous friction can be described by power series, τv =
nv∑
i=1

cviq̇
i, the following basis functions are also added to the library of candi-

date functions:
F4,5,...,3+nv

= [q̇, q̇2, ..., q̇nv ] (14)

where nv is a positive integer number of viscous terms. Additionally, the fol-205

lowing set of candidate functions are used to account for Coulomb and Stribeck206

friction terms:207

F4+nv...5+nv+ns = sign(q̇)
[
1, e−|

q̇
Ωs
|δ1 , e−|

q̇
Ωs
|δ2 , ..., e−|

q̇
Ωs
|δns

]
(15)

where ns is the number of exponential functions included in the function li-208

brary and Ωs will be determined using the Newton method incorporated in the209

SR3 algorithm presented in Section 3.2. Consequently, the vector of nonlinear210
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parameters denoted by α in Eq. (7) has a single component, Ωs. The rest211

of the nonlinear parameters, δi’s, are given a set of values between 0.5 and 4,212

which is consistent with the range of estimations found in most studies. It is213

possible to consider δ as an additional nonlinear parameter and run the SR3214

algorithm for both Ωs and δ. However, SR3’s gradient-based optimization is215

more likely to find a local, rather than global, minimum with the additional216

nonlinear parameter.217

3.3.2. Candidate functions for the dynamic friction model218

The candidate functions to represent viscous friction at the second and third
steps include those terms in Eq. (14) that are still active at the end of the first
step of the algorithm. In addition to those, to properly capture the friction be-
haviour at lower velocities, the following functions are introduced in the second
step:

F4+nv...6+nv+n̄s
= sign(q̇)

[
1, ż,

(
1 − ż

q̇

)
e−|

q̇
Ωs
|δi ,

(
1 − ż

q̇

)
e−|

q̇
Ωs
|δj , ...,

(
1 − ż

q̇

)
e−|

q̇
Ωs
|δk

]
(16)

where i, j, and k are the integer numbers between 1 and ns that are found to219

be effective at the end of the first step and n̄s is the total number of effective220

exponential functions. At each iteration of step 2, ż in Eq. (16) is determined221

at the preceding iteration of step 3.222

In the third step, the alternative form of the dynamic friction model pre-
sented in Eq. (2) is used, yielding the following candidate functions:

F4+nv...6+nv = [u, u̇] , (17)

where u = σ0z, which has the same units as the applied torque.223

4. Proposed iterative identification algorithm224

The flowchart of the presented algorithm is shown in Fig. 1. The identifica-225

tion process consists of three major steps, each step executing the SR3 algorithm226

with a different library of functions, as described in Section 3.227

In the first step, the model structure is determined by running the SR3228

algorithm for different values of λ and selecting the structure with the lowest AIC229

value. The selected model structure will be a compromise between prediction230

error and number of active terms. The selected model is then used in the231

second and third steps. Step 1 also identifies the first approximation of the232

static friction model parameters.233

Steps 2 and 3 form parts of the outer and inner iteration loops, respectively,234

shown in Fig.1. In each iteration of step 2, the coefficients of the active terms235

in Eq.(14) and Eq. (16) are determined. The first iteration of step 2 includes236

the inertial functions (Eq. (13)) and starts with ż equal to zero. Subsequently,237

this step provides an estimate of g(q̇) to step 3.238
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Step 3, an inner iterative loop built into step 2, starts with numerically solv-
ing Eq. (3) for z while q̇ is taken from the measured velocity vector and σ0 is
assigned or obtained from the iteration of step 2. Next, the SR3 algorithm is
formulated using the library functions given in Eq. (17) as well as the active
viscous terms, with τ replaced by τ − Izz q̈ (t) + mg Cx cos (q) − mgCy sin (q).
SR3 computes the coefficients of the functions u and u̇, which are used to deter-
mine σ1 and update σ0. According to Eqs. (2) and (17), the coefficient of the
function u(= σ0z) should be equal to unity, however, this would only happen if
σ0 converges. Hence, as long as the coefficient of u (denoted by ξu) is far from
unity, we must continue updating σ0 in the inner loop of the process using the
following relationship:

σnew
0 = σold

0 ξu (18)

From Eqs. (2) and (17) it can also be deduced that the coefficient of u̇ has
to be equal to σ1/σ0. Therefore, σ1 can be determined as follows:

σ1 = σnew
0 ξu̇, (19)

where ξu̇ is the coefficient of u̇ obtained by applying the SR3 method. σ0, σ1,239

and z will be iteratively updated in step 3 until the training error, Eτ , starts240

to increase. With this stop condition, ξu would not necessarily approach unity241

at the end of the inner loop, which means that g(q̇) needs to be recalculated242

through step 2 in the outer loop using the updated estimation of ż. This process243

is then repeated until |σnew
0 − σold

0 | converges.244

Due to the complicated form of the proposed algorithm, its formal con-245

vergence analysis is not straightforward. However, the experimental results246

presented in Section 7 confirm its convergence in practice.247
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Start

Start of step 1:
Set Ωs

End of step 1:
Run SR3 based on the library function given
in Eqs. (13), (14) and (15) for different val-

ues λ and select the best model using the AIC

Start of step 2:
Set z, and σ0

End of step 2:
Run SR3 based on the library function given in
Eqs. (14) and (16) to obtain g(q̇) defined in (5)

Start of step 3:
Solve Eq. (3) for z

Run SR3 based on the library function given
in Eqs. (14) and (17) to obtain σ0 and σ1

End of step 3:
if Eτ is increasing

if |σ0
new − σ0

old| < ϵ

Stop

σ0
new = σ0

oldξu

znew = zold

σ0
new = σ0

old

yes

yes

no

no

Figure 1: The flowchart of the proposed iterative identification algorithm
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5. Collecting experimental data248

The experimental procedure for obtaining the joint’s friction torque at vari-249

ous velocities is presented in this section. The procedure is known as a Constant250

Velocity Experiment and is used to validate the performance of the proposed251

IDM. Next, the experimental datasets that are chosen for training, validation,252

and testing of the proposed IDM are described.253

5.1. Constant-velocity experiments254

In CVEs, the friction torque is extracted from the total actuation torque
that moves the joint back and forth at a constant velocity [7, 10]. The rotor
torque applied in these two opposite directions can be obtained from Eq. (1)
by setting q̈ = 0, as follows:

τ+ = τf (q̇) + τg (q) ,

τ− = τf (−q̇) + τg (q) ,
(20)

where τ+ and τ− are the rotor torques in the forward and backward direc-
tions, respectively, and τg is the gravity torque defined by τg = mg Cx cos (q)−
mgCy sin (q). Assuming that the friction is direction-independent (i.e. τf (−q̇) =
−τf (q̇) ), Eq. (20) can be solved to obtain the friction and gravity torques in
terms of the measurable rotor torques:

τf (q̇) =
τ+ − τ−

2
,

τg(q) =
τ+ + τ−

2
.

(21)

The constant-velocity trajectories start from zero velocity at one extreme of255

the joint’s permissible range of motion and end with zero velocity at the other256

extreme. This motion is then repeated in the reverse direction. A trapezoidal257

velocity profile is used, where changes in the robots joint velocity are done with258

constant acceleration. This profile is the default motion trajectory of the robot259

used, allowing a simple point-to-point command to be issued with the machine260

velocity target specified.261

Figure. 2 shows the data collected from an experiment with the target veloc-262

ity (TVel) of .009 rad/s. The acceleration curve in this figure was obtained by263

computing the second derivative of the rotation angle using the total-variation264

regularized difference (TVRegDiff) method [48, 49], which prevents the magni-265

fication of high-frequency noise during numerical differentiation. The regular-266

ization hyperparameter in TVRegDiff was set to 1000. Moreover, following the267

approach suggested by [50], instead of the original measured rotation angle, the268

data obtained by double-time integration of the de-noised acceleration signal is269

used to obtain the rotation angle in all of the training and test datasets. A simi-270

lar approach was also used to compute the velocities. The position and velocity271

plots obtained are shown in Fig. 2 together with the raw position signal, with272

no considerable differences visible.273
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In Fig. 2(b), the measured raw torque signal is presented together with274

the de-noised signal obtained by first taking the time derivative of the signal275

using TVRegDiff and then integrating the result in time. The regularization276

hyperparameter of 1000 was again found to be a proper value in this case. It277

is evident that the measured torque is largely contaminated with noise, where278

a portion of it is removed by the described de-noising method. However, even279

after the signal is de-noised, some relatively high-frequency oscillations still re-280

main in the signal, which is more clearly shown in Fig. 3(a). These oscillations281

can also be seen in the acceleration signal shown in the same figure. Attempts282

to remove these oscillations by using different values for the TVRegDiff hyper-283

parameter were unsuccessful. The structural vibrations that occur due to the284

stick-slip phenomenon at the low-speed motion might be responsible for the285

high-frequency oscillations observed in the acceleration and torque signals. The286

results obtained for the higher TVel of 2.13 rad/s are also presented in Fig. 3(b),287

which show no such oscillations in the de-noised signal. This may be attributed288

to the faster dissipation of the stick-slip motion at the beginning and reversal289

points of the motion at larger velocities.290
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Figure 2: The results of the CVE with TVel=0.009 rad/s for (a) the angular position and
velocity (Solid lines: directly de-noised signal, dashed lines: obtained by time-integration of

the de-noised acceleration) (b) the rotor torque and the acceleration obtained using
TVRegDiff (Thin green line: raw torque signal, thick black line: de-noised torque signal)
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Figure 3: A zoomed view of the results obtained by CVE for (a) TVel=0.009 rad/s (b)
TVel=2.13 rad/s

14



The next step for determining the joint friction is to extract τ+ and τ− from291

the portion of the measured signal that has negligible acceleration. To determine292

those points in the signal, the acceleration is assumed zero below a defined293

threshold. Moreover, when using Eq.(21) for computing the friction, care needs294

to be taken to ensure that τ+ and τ− correspond to the same positional range,295

because only then can the gravity torque be properly cancelled. Since there will296

be small variations in the torque computed with this method, the mean value of297

the resulting values is used to represent the joint friction at the tested constant298

velocity. The described experiment is carried out for 40 different TVels ranging299

from 0.009 rad/s to 2.13 rad/s; the resulting velocity-friction curve is presented300

in Section 7.301

5.2. Preparing the data set for the proposed IDM302

The proposed identification algorithm uses the time history of the applied303

torque and resulting joint displacement, velocity, and acceleration. Unlike the304

CVEs method explained in the previous section, joint velocity does not need305

to be kept constant in the presented method. Conversely, the trajectory needs306

to cover a reasonable range of velocities, including zero. Nonetheless, to be307

able to compare the results of the CVEs with the presented method, we use308

the same constant-velocity measurements here as well. This does not take away309

from the informativeness of the applied dataset because the acceleration and310

deceleration periods before or after constant velocity parts provide sufficient311

information about the full friction behaviour of the joint. Among the constant-312

velocity trajectories used in the CVEs, a reasonable choice for training the313

model would be the trajectories at TVel of 0.127 and 2.13 rad/s, one covering314

the joint’s dynamics in low-speed motion and the other in high-speed. We will315

refer to the signals measured during the TVel 0.127 and 2.13 rad/s experiments316

as the training datasets 1 and 2, respectively. The signals measured at TVels317

0.03 and 1.75 rad/s are used for validation. The signals measured at TVels 0.81318

and 1.4 rad/s (referred to as the test data 1 and test data 2, respectively) are319

used for assessing the performance of the identified model.320

6. Model selection321

A model selection strategy needs to be adopted at the first step of the al-322

gorithm to determine the value of λ that is associated with the most parsimo-323

nious but generalisable model structure among those considered in SINDy-SR3.324

Akaike Information Criteria (AIC) is used in this work, where its value is min-325

imized over the hyperparameter λ. For finite sample sizes, the AIC value is326

defined as follows: [51]:327

AIC = 2 k + m ln

(
RSS

m

)
+ 2

(k + 1) (k + 2)

m− k − 2
, (22)

where k is the number of free parameters; in our case, k is equal to the number
of non-zero components of the coefficient vector, ξ. The variable m in Eq. (22)
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is the total number of observations. Following the approach of Mangan et al.
[51], the validation datasets 1 and 2 are combined and then divided into 10 equal
parts, with each part being considered as a single observation. RSS in Eq. (22)
represents the residual sum of squares, defined as follows [51]:

RSS =

m∑
i=1

Eavg

(
τ i , τ i,es

)
(23)

where τ i and τ i,es are, respectively, the experimentally measured and esti-
mated vectors of the rotor torques for the ith observation time series. In [51],
Eavg

(
τ i , τ i,es

)
for each observation of the time-series is calculated using the

following formula:

Eavg

(
τ i , τ i,es

)
=

ni∑
j=1

∣∣(τ i)j − (τ i,es)j
∣∣ (24)

where ni is the number of time instants in the ith observation, and (τ i)j and328

(τ i,es)j are the jth component of the ith observation and estimated data, respec-329

tively. The hyperparameter, ν, in the SR3 algorithm could also be tuned based330

on the same model selection criteria, however, this would lead to a significantly331

more complex and computationally intensive model selection (curse of dimen-332

sionality). To avoid this, even in [43] wherein the SR3 method is introduced,333

only λ is considered in the model selection. Therefore, we set ν equal to 0.01334

by comparing the relative torque estimation error resulting from a set of candi-335

date values for ν. Finally, after calculating AIC for candidate values of λ, the336

model with the lowest AIC is selected as the most accurate yet generalisable337

model. Alternatively, by defining the relative AIC as, AICr = AIC − AICmin338

with AICmin being the minimum value of the AIC values, the best model will339

be the one with AICr = 0.340

7. Results341

In this section, the results of applying the proposed model identification342

algorithm to joint 5 of a KUKA KR90 R3100 robot are presented. In the first343

subsection, the results from step 1 of the algorithm are presented, which focuses344

on the first approximation of the static friction model. Next, the dynamic345

friction model identified in the iterative part of the algorithm (i.e. steps 2 and346

3) is presented and the convergence and accuracy of the method are assessed.347

Finally, the friction-velocity curves from the CVEs are comapred to both the348

dynamic and static models.349

7.1. First approximation of the static model350

In the first step of the algorithm, the vector Q measured during training351

tests is used to construct the matrix of the candidate functions, Θ, with columns352

defined in (13), (14) and (15). z is set to zero in this step to consider only the353
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static part of the friction model. The initial value of Ωs is set to 0.01. Other354

values including .002, .005, .015 and .02 were examined as the initial value355

of Ωs, but they gave larger relative errors in torque prediction. The model356

selection process is then carried out by running the SR3 algorithm for different357

values of λ, yielding the result shown in Fig. 4. In this figure, the AICr values358

and the number of functions that are eliminated from candidates during the359

sparsification process are given for different values of λ. AICr becomes zero at360

λ = 350, which corresponds to the model with nine active functions out of the361

23 candidate functions used in Θ.362
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Figure 4: Variation of AICr and the number of zero terms (denoted by NZ) with λ. The
figure is used to select a parsimonious static friction model

In Fig. 5, the coefficients of the adopted functions are presented. Figure 5(a)363

shows the coefficients of different integer powers of velocity in the viscous friction364

model. Only the first three odd powers are retained in this figure, signifying365

the nonlinearity and direction-independence of viscous friction. In Fig. 5(b),366

the red bar, corresponding to the zero value of δi, represents the Coulomb367

friction term, fc. Other bars show the coefficients of exp(−
∣∣∣ q̇
Ωs

∣∣∣δi) with different368

values of δi, which are all zero except those with δi = 0.5 and 2.25. Hence,369

the selected model consists of two exponential functions and thereby two breaks370

in the corresponding friction-velocity curve shown in Fig. 7. This figure also371

shows the friction-velocity curve resulting from the CVEs, which agrees well372
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with the result of the identified static model except at velocities lower than373

approximately 0.03 rad/s. The major discrepancies present by the identified374

model are the additional local minimum that appears around 0.002 rad/s and375

the maximum friction torque before the second break is estimated to be 10376

percent less than found by the CVE.377
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Figure 5: Numerical values of the coefficient vector components, ξi, corresponding to the
functions given in (a) Eq. (14) for the viscous friction (b) Eq.(15) for the Coulomb and

Stribeck friction (c) Eq. (13) for the inertial terms of the governing equation

A similar two-break static friction model was also found in [11], where it was378

speculated that two sliding motions at two different points in the drivetrain are379

responsible for this observation. However, such behavior has not been reported380

often in the literature and the common static friction models include only one381

exponential function that can reproduce only a single break-away point. More-382

over, since the first peak in Fig. 7(a) occurs below where the CVE was possible,383

it is hard to confirm whether there is a physical phenomenon behind it or it384

is a misidentification. Therefore, in addition to the two-break model, a single-385

break model was obtained by replacing the function, sign(q̇), in the friction386

model (Eq. (4)) with the sigmoid function, tanh(Kq̇), where K is a constant387

parameter. In the following, the initial model and the modified model will be388

referred to as model A and B, respectively. A negative coefficient is obtained389
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for the exponential function when K is large, which is physically inadmissible.390

tanh(Kq̇) approaches the sign function with larger values of K, yet lower values391

of K provide physically reasonable results and also facilitate the simulation of392

the equations of motion. Here, K is set to 150 and the model selection process393

is repeated, yielding the result in Fig. 6. It is evident from this figure that394

only one exponential function with δi = 0.75 is retained in the selected model.395

The obtained friction-velocity curve is shown in Fig. 7(b) together with the396

CVE result. A good match is observed between the results at higher velocities.397

Moreover, there is only one local maximum in the low-velocity region, with a398

relative error of about 15%.399
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Figure 6: Numerical values of ξi, corresponding to the functions in Eqs. (14), (15), and (13)
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Figure 7: Comparison of the friction-velocity curve obtained by CVEs with the result of the
first approximation of the static model obtained using SR3 for (a) model A (b) model B

(sign(q̇) is replaced with tanh(Kq̇))
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The time evolution of the relative torque prediction error for both model400

A and B are shown in Fig. 8. The torque prediction error in this figure is401

defined as (τj − τj
es)/max(τj = 1..n) where j represents the jth time instant402

and τj
es is the torque estimated by the static friction model. As expected, the403

static model is less accurate at near-zero velocities but performs well at higher404

velocities where viscous friction dominates.405
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Figure 8: Comparing the time evolution of the relative error in torque, obtained by the
static friction model corresponding to models A and B (The measured data is the test data

set 1, and the relative error is defined by (τj − τj
es)/max(τj = 1..n) )

7.2. Identified dynamic model406

After the active candidate functions are determined in the first step of the407

algorithm, the iterative part starts by setting an initial value for σ0. In this408

study, different initial values including 1e3, 5e3, 10e3, 50e3 and 100e3 are ex-409

amined and the lowest error is obtained for σ0 =10e3. In Fig. 9, the evolution410

of the relative torque prediction error (i.e. Eτ/ ∥τ∥), ξu, σ0, σ1, and Ωs over411

each outer-loop iteration is presented for model A. Convergence after about 10412

iterations is obvious from this figure. Moreover, ξu converges to unity which,413

as discussed in section 4, is necessary to ensure the accuracy of the algorithm.414

The results obtained for model B are presented in Fig. 10, showing a faster415

convergence. The relative error in torque prediction is close to the result of416

model A, while σ0 and σ1 are somewhat smaller compared to model A.417
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Figure 9: Variation of the results calculated through each outer-loop iteration of the
proposed algorithm including (a) relative error in τ (Eτ/||τ ||) and ξu, (b) σ0 and σ1, (c)

Stribeck velocity, Ωs
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Figure 10: Variation of the results calculated through each outer-loop iteration of the
proposed algorithm with model B (sign(q̇) is replaced with tanh(Kq̇)) for (a) relative error

in τ (Eτ/||τ ||) and ξu, (b) σ0 and σ1, (c) Stribeck velocity, Ωs

The rotor torque estimated by the identified model A for the training data418

sets 1 and 2 are shown in Fig. 11(a1) and (a2). Aside from small discrepancies419

near torque reversal points, a good agreement is observed between measured420

and estimated torques. The observed discrepancies can be attributed to the421

effect of stiction at those points. The corresponding relative torque prediction422

errors are also shown in Fig. 11(b1 and b2); the results obtained by the static423

model are also included for comparison. The considerably smaller errors that424

are obtained by the dynamic model at velocity zero-crossing points highlight425

the advantage of the identified dynamic model. Similar results are obtained in426

Fig. 12 for the test data sets 1 and 2, confirming the generalizability of the427

identified model.428
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Figure 11: (a1),(a2): Comparison of the rotor torque estimated using the dynamic model A
with the measured training data sets 1 and 2 (b1),(b2): time evolution of the relative error,
(τj − τj

es)/max(τj = 1..n), obtained by the dynamic and static models for the training data
sets 1 and 2

24



0 5 10
t (s)

-100

0

100

200

300
 

  
(N

.m
)

(a1)

Predicted

Measured

0 5 10
t (s)

-20

-10

0

10

20

R
el

at
iv

e 
er

ro
r 

(%
)

(b1)

Dynamic Model

Static Model

0 2 4 6
t (s)

-200

0

200

 
  

(N
.m

)

(a2)

Predicted

Measured

0 2 4 6
t (s)

-15

-10

-5

0

R
el

at
iv

e 
er

ro
r 

(%
)

(b2)

Dynamic Model

Static Model

Figure 12: (a1),(a2): Comparison of the rotor torque estimated using the dynamic model A
with the measured test data sets 1 and 2 (b1),(b2): time evolution of the relative error,

obtained by the dynamic and static models for the test data sets 1 and 2

The measured time histories of the rotation angle, q, in test datasets 1 and 2429

are compared with those obtained by solving the identified equation of motion.430

The results are shown in Figs. 13(a1) and (a2), where the predicted rotation431

angles coincide very well with the experimental result. The results for q̇ are432

also presented in Figs.13(b1) and (b2). Aside from some larger differences at433

the constant velocity regions, the calculated velocities are close to the measured434

ones.435

A similar analysis using model B led to torque predictions that would be436

indistinguishable from those obtained from model A; therefore, the results are437

not shown here. However, larger differences were observed in predicting the joint438

motion. This is illustrated in Fig. 14 which shows the time evolution of the439

relative errors in predicting q and q̇. The relative error was obtained by using440

the relations, (Xj −Xj
es)/max(Xj = 1..n) with X being substituted with q for441

the rotation angle in Fig. 14(a1) and (a2), and with q̇ for the angular velocity442

in Fig. 14(b1) and (b2). According to this figure, model A has a slightly better443

performance at the time instants close to the stopping point, while model B444

performs better at points prior to motion reversal.445
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Figure 13: Comparison of the response estimated using the dynamic model A with the
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Figure 14: Comparison of the time evolution of the response relative error, estimated using
the dynamic models A and B for (a1),(a2): angular position in test data sets 1 and 2

(b1),(b2): angular velocity in test data sets 1 and 2

7.3. Modified friction-velocity curves446

The friction-velocity curves obtained from the static friction model in Fig.7447

are modified in this section based on the identified dynamic model. Two different448

modified friction-velocity curves are obtained as a result. The first one is the449

result of directly applying the dynamic model to a specific trajectory. The450

training dataset 1 is used to compute this curve, which is limited to lower451

velocities and more influenced by stiction at velocity zero-crossing points. The452

curve is shown in Fig. 15(a) and (b), for models A and B, respectively. The curve453

is computed for acceleration and deceleration separately. A larger local peak454

is seen in the deceleration curve, which is unexpected because the break-away455

torque in the acceleration phase is expected to be larger than in deceleration.456

Although this observation is not commonly reported in the literature, it is still457

possible, as the theoretical and experimental results in [1] show.458

The second modified friction-velocity curve, shown in Fig. 15, is computed459

by setting ż = 0 in the dynamic LuGre model in Eq. (6). Therefore, the relation460

used for computing this curve is the same as the static friction model used in the461

first step of the algorithm, with the difference that its parameters are updated462

during the iterative process of the algorithm. Figure 15 also includes the curves463

obtained by CVEs and the first approximation of the static model presented464

in section 7.1. The result shows that the curve corresponding to the dynamic465
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model with ż = 0 has smaller differences with the CVE-based curve at low466

velocities compared to the first approximation of the static model. This is in467

fact more pronounced in model A where the local peak is almost coincident with468

the result of the CVE. It is also seen in model B that the updated static model469

estimates the break-away torque (the torque at the local peak) about 6 percent470

higher than the CVE, while the first approximation of the static model estimates471

it about 15 percent lower than the CVE. Considering that CVEs describe static472

friction more accurately, it can be inferred that the identified friction model is473

improved significantly by the iterative steps in the proposed algorithm. The474

comparison of the two branches computed by the dynamic model also shows475

that the branch corresponding to the deceleration phase is closer to the result476

of CVEs, while the branch of the acceleration phase is more like the result of477

the static model identified in the first step of the algorithm.478
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Figure 15: The friction-velocity curves obtained by the dynamic model in the accelerating
and decelerating motions using the training data set 1, compared with the results of CVEs,
the result of the dynamic model with ż = 0 and also the result of the first approximation of

the static model. (a) model A (b) model B (sign(q̇) is replaced with tanh(Kq̇))
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8. Summary and conclusion479

A new least-square based iterative algorithm was proposed for identifying480

the LuGre friction model parameters. SINDy-SR3 was employed in the first481

step to determine the most effective functions for modelling the nonlinear vis-482

cous friction and Stribeck effect in the static model. The result was then used483

in the iterative second and third steps of the algorithm to estimate the dynamic484

parameters and modify the static parameters. The application of the presented485

algorithm to a single joint of an industrial robot showed that the algorithm is486

capable of identifying the entire equation of motion in one experiment. Compar-487

ison against the velocity-friction curves obtained by CVEs also showed that the488

identified dynamic model performs similar to CVEs in the decelerating phase of489

motion.490

Overall, the proposed algorithm was found to have the following desirable491

properties that can make it a suitable choice for estimating the parameters of492

joint models:493

• The method can simultaneously estimate the inertial and friction proper-494

ties together.495

• The method can identify the static model based on a response-input time496

history rather than the time-consuming closed-loop CVEs.497

• The static friction model is refined together with the dynamic model dur-498

ing the iterations.499

• Since the optimization problems in this method are primarily based on500

the LSQM, the run-time of the process is not high. For instance, in the501

presented experimental case study, the model parameters were identified502

in about five minutes using a consumer-grade computer. Moreover, there503

are only two parameters that need to be assigned initial values at the504

beginning of the process.505
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[5] J. Wojewoda, A. Stefański, M. Wiercigroch, T. Kapitaniak, Hysteretic ef-522

fects of dry friction: modelling and experimental studies, Philosophical523

Transactions of the Royal Society A: Mathematical, Physical and Engi-524

neering Sciences 366 (1866) (2008) 747–765.525

[6] B. Armstrong-Hélouvry, P. Dupont, C. C. De Wit, A survey of models,526

analysis tools and compensation methods for the control of machines with527

friction, Automatica 30 (7) (1994) 1083–1138.528

[7] A. C. Bittencourt, E. Wernholt, S. Sander-Tavallaey, T. Brog̊ardh, An529

extended friction model to capture load and temperature effects in robot530

joints, in: 2010 IEEE/RSJ international conference on intelligent robots531

and systems, IEEE, 2010, pp. 6161–6167.532

[8] L. Gao, J. Yuan, Z. Han, S. Wang, N. Wang, A friction model with veloc-533

ity, temperature and load torque effects for collaborative industrial robot534

joints, in: 2017 IEEE/RSJ international conference on intelligent robots535

and systems (IROS), IEEE, 2017, pp. 3027–3032.536

[9] H. Liao, S. Fan, D. Fan, Friction compensation of harmonic gear based on537

location relationship, Proceedings of the Institution of Mechanical Engi-538

neers, Part I: Journal of Systems and Control Engineering 230 (8) (2016)539

695–705.540

[10] M. N. Nevmerzhitskiy, B. S. Notkin, A. V. Vara, K. V. Zmeu, et al., Friction541

model of industrial robot joint with temperature correction by example of542

kuka kr10, Journal of Robotics 2019 (2019).543

[11] B. Armstrong-Helouvry, Control of machines with friction, Vol. 128,544

Springer Science & Business Media, 2012.545

[12] M. Indri, I. Lazzero, A. Antoniazza, A. M. Bottero, Friction modeling and546

identification for industrial manipulators, in: 2013 IEEE 18th conference547

on emerging technologies & factory automation (ETFA), IEEE, 2013, pp.548

1–8.549

[13] X. Wang, S. Wang, High performance adaptive control of mechanical servo550

system with lugre friction model: identification and compensation (2012).551

[14] R. Hensen, G. Z. Angelis, M. Van de Molengraft, A. De Jager, J. Kok, Grey-552

box modeling of friction: An experimental case-study, European Journal553

of Control 6 (3) (2000) 258–267.554

31



[15] J. Fehr, A. Kargl, H. Eschmann, Identification of friction models for mpc-555

based control of a powercube serial robot, arXiv preprint arXiv:2203.10896556

(2022).557

[16] S. L. Brunton, J. L. Proctor, J. N. Kutz, Discovering governing equations558

from data by sparse identification of nonlinear dynamical systems, Pro-559

ceedings of the national academy of sciences 113 (15) (2016) 3932–3937.560

[17] E. Kaiser, J. N. Kutz, S. L. Brunton, Sparse identification of nonlinear561

dynamics for model predictive control in the low-data limit, Proceedings of562

the Royal Society A 474 (2219) (2018) 20180335.563

[18] C. C. De Wit, H. Olsson, K. J. Astrom, P. Lischinsky, A new model for564

control of systems with friction, IEEE Transactions on automatic control565

40 (3) (1995) 419–425.566
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