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Abstract 

DNA fingerprinting plays an important role in forensic sciences. Hypervariable 
regions of the human genome prgvide valuable evidence which can be used for identify­
ing an individual based on a DNA sample. Though each individual can't be uniquely 
determined from a DNA fingerprint, it is believed that the probability that the DNA 
patterns of two randomly chosen individuals match is highly unlikely. If two samples 
match, it can be concluded that they may have the same genotype by chance. It is 
important to know how likely it is that the two individual genotypes match by chance. 
This depends upon how frequent the observed genotype is in the general population. 
If the genotype is not commonly observed then it can be concluded that the sam­
ples came from the same individual. To reach any conclusion, it is necessary to get 
estimates of the distribution of allele sizes for the general population or a reference 
population. 

Frequency estimates are obtained for five Variable Number of Tandem Repeats 
(VNTR) loci of Orange County's Sheriff-Coroner Department's(OCSD) reference pop­
ulation using Fixed Bin, the mixture model of Devlin et al. (1991) and a modification 
of their mixture model. Estimates obtained by our modification are compared with 
the estimates obtained by Devlin et al.(1991) for Life Codes (LC) VNTR loci D17S79. 
The fit of the suggested model is tested and variances of the estimates are obtained. 
There are some controversies about the statistical assumptions, computations and 
interpretation of the results. The thesis includes a discussion on the use of the esti­
mated allele distribution in forensic cases and on the controversy surrounding its use. 
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General Structure of the Report 

Chapter 1 provides information on the basic terminology used in DNA analysis 

and the way DNA profiling is done. It also describes the problem of allele estimation, 

and the data used for the estimation. Chapter 2 provides the models used for solving 

the estimation problem. A modification of the Devlin et al. (1991) mixture model is 

derived and recommended for use with small samples. Method for testing the fit of 

the model and a method for obtaining the variances of the estimates are described. 

Chapter 3 provides the results of applying the methods described in Chapter 2 to the 

available data. Chapter 4 describes how inferences in criminal cases can be drawn 

with the estimated allele distribution and other available information, and it also 

discusses the interpretation of the results and the controversies over statistical issues 

about assumptions. 
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Chapter 1 

Background and Data 

DNA fingerprinting is considered to be a powerful technique in forensic as well as 

paternity cases. The culpability of a suspect is determined by the similarities between 

the DNA or genetic fingerprint of the suspect and the DNA sample found at the 

scene of the crime. IT two samples are sufficiently similar, a match of the profile is 

declared and is presented with an estimate of the probability of obtaining a matching 

profile from a randomly selected individual from some appropriately selected reference. 

population. Hence, it is important to determine how likely it is to observe a particular 

DNA fragment in a general population. The forensic labs have their own reference 

populations which consist of measurements on different locations of the DNA string 

for many individuals from different ethnic groups. 
' 

John Hartmann of~he Orange County's Sheriff-Coroner Department (OCSD) ap­

proached Mary Lesperance with their entire 1992 database. The data consists of 

1 
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measurements from 5 different locations(loci) of the human chromosomes, for each 

of approximately 1300 individuals from 7 ethnic groups. OCSD's main interest is to 

obtain the estimates of the frequency distribution of measurements for each locus and 

for each ethnic group separately. OCSD suggested that one method that is used to 

estimate the frequency distributions _is given in Devlin et al. (1991) • 

We _review some of the basic terminology used in genetics and in the subject 

of DNA fingerprinting in Chapter 1. The background section includes discussion 

of the elements of genetics, DNA fingerprinting, a procedure for obtaining DNA . . 

fingerprints, determinat_ion of DNA fragment sizes and the sources of measurement 

error. The problem of allele estimation is expressed in mathematical language in the 

same section. The second section gives a description of the data used for estimation. 

It provides complete information on the loci used, files in which the data is stored 

and format of the files. 

1.1 Background 

1.1.1 Elements of DNA Fingerprinting 

DNA fingerprinting is a powerful technique used in forensic sciences to differentiate 

individuals. The basic questions are what is DNA; what is DNA fingerprinting; how 

can it possess such an enormous quantity of information required for differentiation of 

an organism? This subsection on DNA fingerprinting helps to answer these questions. 
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Figure 1.1: Various stages of cell division (mito.sis): A=interphase; B= prophase; 
C-metaphase; D= anaphase; E-telophase; F= Daughter Cells. 

Each cell in the body contains minute threadlike structures called chromosomes. 

In mo.st cells, they are usually hidden unless the cell is in the process of division, as 

shown in Figure 1.1, from Koller (1967). Except for the reproductive cells(gametes), 

each cell in the human being contains 46 different chromosomes, 44 of which are 

paired, and the other 2 are sex chromosomes. One member from each pair is pro­

vided by the father, and the other from the mother. Each pair of chromosomes 

controls a set of characteristics displayed in the indivi.iiual. Geneticists have done a 

considerable amount of work mapping out the functions of specific locations or 'loci' 

on the chromosome pairs. 

The hereditary material inside a chromosome is called Deoxyribonucleic Acid or 

DNA. DNA molecules are long chains of sub-units called nucleotides, repeated some 
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number of times. Nucleotides are blocks composed of three parts: base, sugar (S) 

and phosphoric acid (P). Fo,ur bases are adenine(A), guanine(G), thymine(T), or 

cytosine(C). The combination of one base, one sugar and one phosphate molecule 

forms one nucleotide unit. Thousands or millions of nucleotides are joined together 

. to form: the polynucleotide chain. See Figure 1.2, from Koller (1967). 

+-phosphate-sugar-phosphate-sugar-phosphate-sugar➔ 

· I I I 
base base base ----- ·------1------one nucleotide one nucleolide 0110 nucleotide 

Figure 1.2: Structure of polynucleotide chain 

The DNA molecule is composed of two polynucleotide chains in which bases are 

linked with hydrogen bonds. The molecular structure of the two polynucleotide chains 

in which the bases are linked together is shown in Figure 1.3, Koller (1967). Due to 

the different shape of the bases and the angle at which they are joined and linked 

with a sugar molecule, the two polynucleotide chains are twisted around each other. 

DNA is formed of a double helix like a spiral staircase with the base-pair bonds as the 

steps. We can see in Figure 1.4, from Koller (1967) that two sugar-phosphate-sugar 

(S-P-S) groups are held together by a hydrogen bond between the bases of two chains 

and this forms a double helix. Adenine is always paired with thymine {A,T}, and 

guanine with cytosine {G,C}. The sets {A,T}, {G,C} are called base-pairs or bp. 



Figure 1.3: Molecular structure of two polynucleotide chains 
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Figure 1.4: Model of the DNA molecule 
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DNA fingerprinting: 

The theory of DNA fingerprinting, is very recent, dating from 1985. The DNA 

structure of human beings is very similar from individual to individual, however 

there are some loci on the human chromosome where the DNA structure shows a 

substantial variation among individuals. At these locations core sequences which 

are short sequences of base-pairs, are repeated in tandem a number of times. The 

repeated sequence of base-pairs is called a Repeat. Due to large variation in the 

number of tandem repeats, the length of the DNA molecule at these locations varies 

greatly between individuals. Hence Nakamura et al. (1987) introduced the term 

Variable Number of Tandem Repeats (VNTR) loci for these specific locations. The 

DNA pattern from a VNTR locus or set of VNTR loci is known as DNA Profile or 

DNA Fingerprint. 

DNA identification depends on the information contained in the variable regions. 

The more variation between individuals present in the variable region, the more in­

formation they provide.· It is easy to identify the sequences by laboratory techniques 

when substantial variation is observed among individuals. 

For DNA identification it is necessary to cut out the variable regions from the 

DNA molecule. Restriction endonucleases or molecular scissors, are the enzymes 

which recognize the particular sequences and are used to separate the variable regions 

from the rest of the DNA molecule. These restriction enzymes are developed from 

various bacteria. Hundreds of endonucleases have been isolated from more than 200 
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different bacterial species. They are named by the bacterial species from which they 

are derived. The name consists of the first letters of the microorganism source and a 

roman number indicating the series number of enzymes derived from that organism. 

One of the restriction enzymes which is used quite often is Hae III. The microorganism 

source of Hae III is Haemophilis aegyptius. 

As the number of repeated sequences as well as the number of base-pairs varies, 

fragments of various sizes are produced when the restriction enzyme chops the DNA. 

Alleles are defined as the DNA fragments of different lengths at any locus. Since 

chromosomes occur in pairs, alleles are also observed in pairs at each locus. The 

genotype at a particular locus is determined by the true lengths of the pair of alleles 

that an individual possesses at that locus. The phenotype is the observed lengths 

of the alleles at that locus. Individuals are called heterozygous, if they have distinct 

alleles at the locus; and homozygous, if they have same pair of alleles at the locus. 

Previous studies suggest the possibility of observing hundreds of different alleles at 

each VNTR locus while for loci other than VNTR the observed number of alleles are 

one to only a few. 

Restriction enzymes cut the DNA molecule at specific sites such that each frag­

ment is divided into two regions, namely the variable region and the flanking region. 

The important one is variable region, which consists of the base-pair sequence, re­

peated a number of times and linked in tandem. Each of these variable regions is 

flanked on both sides by base-pair sequences, so-called flanking-regions. These base-
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depends upon where the restriction enzyme cuts the fragment. Hence, variation in 

the number of repeats, variation in the size of flanking-region or variation in both, 

can cause the difference in the actual size of two restriction fragments,(see Figure 

1.5). This variation in length is a polymorphism and hence termed as Restriction 

Fragment Length Polymorphism (RFLP). The highly polymorphic nature of a VNTR 

loci helps to distinguish a fingerprint of any person from the rest of the population. 

---- I I I I I I ---- -----111111-----

---- I I I ---- ---1 I I I I 1---

C 1 l (2) 

---- I I I I I I ----

---1 I J---

(3) 

Figure 1.5: Sources of variation in alleles: - represents flanking region and I represents 
a repeat. (1) Variation in number of repeats (2) Variation in flanking region size (3) 
Variation in both 

Due to substantial variation in the number of repeats, a large number of alleles is 

observed at any one VNTR locus, hence the probability that two different individuals 

have the same allele at a set of VNTR loci is very low. Therefore DNA sequences 

on VNTR loci are considered to be unique to individuals and it is thought that no 

two people can have the same fingerprint. This has made DNA fingerprinting an 

important tool in forensic sciences and paternity cases. Now that we know what DNA 
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fingerprinting is , the next task is to find out how to obtain the fingerprint? 

1.1.2 DNA Identification 

DNA profiling includes cleavage by restriction enzymes, electrophoresis, southern 

transfer, probe labeling, hybridization and print detection. The following description 

and the picture of the process, Figure 1.6. from Kirby (1990), describes how to get a 

DNA fingerprint. 

teated 
DNA Is extracted 

from white blood cell1 

Restriellon 
enzyme ~ 

Is added (c;,.'O.C ~ 

PIISOII l'er$OII P,rtOl'I PfflClft 
3 

, ) j ~~°m~~~ ~ ;. = ~ 'Smear' of 
Papertowel Whatrnan3mm E ~ ~ '5::i:I" genomic DNA 

4 Ger ~~r .It = ~ e= §' fragments 
~ P~l:!~i3;~! k#r.Rer V £@¥ ~ E!i g 

Ttansret but101- ~ Shon DNA ~ -e: ~ ~ + 
Southern transfer 11:_ l,agm11n1s t= · . 

FIiter receives 
alngle•strandod DNA 

repllca ot gel 

Hybrldlzatl~n 
solution 

wllh. radioactive 
probe added 

process ~ Agarose gel after 
00.,afure ON;,. electrophoresis (total DNA) 

Washing and 
autoradiography 

-
"·""" 

-- A 

A' 
Homologous 
chromosome 

pair 

Figure 1.6: Single-locus multiallele DNA fingerprinting procedure 
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Following are the steps involved in obtaining the DNA fingerprint. 

1. First the blood samples are collected from individuals. DNA is extracted 

from white blood cells and restriction enzymes are added to it. Restriction enzymes 

act as molecular scissors which chop the DNA at variable regions. If a restriction 

enzyme cuts in bet~en the repeated sequence, it will result in the production of 

small fragments, which may be unresolvable and of no use for identification. Hence 

the choice of restriction enzymes is important. 

2. Electrophoresis is the second step. Electrophoresis is the separation of large 

molecules in an electric field, hence it is desired to maintain a constant electric field for 

separation of the DNA. The electrophoresis setup is given in Figure 1.7. To maintain 

the balance ofions and to keep the current going, a chemical which is known as buffer 

is added to the agarose mixture as well as later on to the set gel. Agar is extracted 

from certain seaweeds and agarose is the neutral gelling fraction of agar co=only 

used in gels. The agarose mixture of temperature not greater than 50°G is poured 

in a casting tray giving the gel thickness of 3-5 mm. The comb is then inserted in 

this mixture to create the wells for analyzing the individual DNA samples. When the 

gel has set, the surface is flooded with the same buffer used for agarose mixture and 

the comb is removed. The casting tray is then submerged in the electrophoresis tank. 

Size markers, controls and the individual DNA samples are added into separate wells. 

The tank cover is set in place, and the electrical controls are attached. The sample 

migrates from negative to positive. The electric field is set up such that, the rate at 
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which the fragments move is a function of their lengths. 

&l&flH Te!POF&IJ '" . . .... 

Figure 1. 7: Gel electrophoresis setup 

3. The third step is the transfer of DNA fragments from the gel to a nylon 

membrane and separation of the double helix into single strands. To carry out this 

procedure after electrophoresis, the gel is flooded with denaturing solution for at least 

30 min. Denaturing solution is the solution which helps to break the hydrogen bonds 

. between the complementary DNA strands. The denaturing solution is then replaced 

with neutralizer for 30 min or longer. Then the gel with DNA side down is placed 

on prewetted filter paper and ·by pressing, all air bubbles are removed. The nylon 

membrane is placed on the gel ensuring that all air bubbles are removed. Then the 

nylon membrane is covered with sheets of wetted filter paper. Absorbent papers such 

as paper towels and weights are added. Once the the process of transferring the 

fragments is completed in 5-6 hrs, the membrane is removed and rinsed to remove 
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agarose residuals, air dried and wrapped in saran wrap. 

4. As the core sequences are important in DNA identification, it is necessary to 

identify them from remaining irrelevant fragments. There are special DNA probes, 

single stranded segments of DNA which can recognize the specific sequences and 

attach themselves to these sequences and help to locate them. If the core sequence 

is observed at only one locus, the probe is called a single locus probe. Normally 

forensic DNA profiling labs use several single-locus probes, each of which binds to a 

different site. After transferring the DNA fragments, the nylon membrane is placed 

in a medium containing radioactive probes. 

5. After washing, the membrane is exposed to an X-ray film. The radioactive 

sites of these fragments appear as dark bands where the probes are attached to the 

DNA fragments on a X-ray film. This X-ray film is called autoradiogram. Comparing 

the band .patterns, an individual can be identified. From the band patterns on the 

X-ray films, the lengths of the DNA fragments are determined with the help of size 

markers used. 

Once the band pattern is obtained the next step is to determine the band sizes. 

The following section describes how the band sizes are estimated. 

1.1.3 Fragment Size determination 

The fragment length is measured in base-pairs(bp) or Kilo base-pairs (Kb), where- I 

Kb = 1000 hp. A base-pair is pair of bases {A,T} or {C,G} linked by a hydrogen 
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bond. The mobility of the DNA fragment is the distance traveled by the fragment in 

the agarose gel. The fragment length is determined from the mobility of the fragment. 

Since mobility will always vary from membrane to membrane, the molecular length of 

the DNA fragments can be determined only by comparing the position of the bands 

to the position of standard markers on the same membrane. Standard markers or 

Size markers are the bands of known molecular lengths. Size markers used by OCSD 

and LC are given in Figure 1.10. On each membrane, size markers are added every 4 

to 5 lanes {Kirby, 1990). To determine the unknown lengths from their mobilities, a 

relationship is established between the mobilities and lengths of standard fragments. 

Measurement error associated with the estimated lengths depends upon two factors, 

the measured mobility and the relationship used for determination. Factors which 

can cause error in measurement of mobilities are discussed in the next section. In 

this section we discuss the methods of measuring mobility and the relationships used 

for estimation. 

All laboratories have their own method of measuring mobility. The simple one is 

measuring by hand using a metric ruler. The ruler is laid on the gel or gel photograph 

and the migration distance of the bands from the application slots are measured to 

the nearest millimeter. 

Digitizing is another method which is often used. Galbriath, et al. {1991) discuss 

how to size the band using digitizing. In digitizing, first the autoradiograms are taped 

to an acetate film. A line is drawn through the most intense region of each band. If 
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the edges of the blots are visible they are also marked using fine-pointed markers. The 

autoradiogram of the standard markers is placed under this acetate overlay and their 

positions are marked in each lane on the overlay as shown in Figure 1.8. A digitizer 

pen is touched on this acetate overlay at each of the positions of the standard sizes 

and their mobility is determined in each lane. A log-lµiear model, log(length) = 

Co +c1 (mobility), is fitted for the standard markers, for which the lengths are known. 

This fitted model is used to estimate the molecular lengths of the DNA fragments 

given mobility. 
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Figure 1.8: Acetate overlay 

Holmlund et al. (1992) describe an image processing technique for measuring 

mobility where a video camera is attached to a microcomputer. The video camera 

scans the autoradiogram and an image of the total autoradiogram is produced on 
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the video monitor. The positions of the bands for marker Janes as well as for other 

sample Janes are determined from the monitor. The measurement is done in pixels 

and then converted to millimeters. For the image processing system used in Holmlund 

et al. (1992), four pixels represented one vertical mm and eleven pixels were scanned 

along the width of a Jane. From the mobilities the fragment sizes are determined 

automatically by the computer and the results are displayed. 
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Figure 1.9: The plots of band mobility versus length for 11 standard fragments. (a) 
Plot of log(length) vs mobility. (b) Plot of length vs 1 / mobility. The standard 
lengths are 23.130, 21.226, 19.397, 12.220, 9.416, 8.614, 8.271, 7.421, 6.682, 5.804, 
5.643. Mobilities observed are 5.0, 5.3, 5.6, 8.0, 9.7, 10.4, 10.8, 11.7, 12.8, 13.9, 14.4. 

Elder and Southern (1983) suggest different relationships between length (L) and 

mobility (M). Fitting or choosing the wrong relationship would result in measurement 

error. Two commonly used models are the log model that is log(L) = Co+ c1M 

(Fisher and Dingman, 1971) and the inverse model L = k/M (Southern 1979). Elder 

and Southern (1983) suggest that the inverse relationship gives the most accurate 
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results. It is possible that for high molecular weights the log-linear relationship shows 

departure from linearity. 

In Figure 1.9, (a) shows departure from linearity for low mobility and large molec­

ular weight while (b) gives a linear fit. Hence model L = k/M can be used for 

estimation of unknown -lengths. 

There are several factors which can cause the variation in the mobilities of the 

fragments. Error in mobility gives error in the measurement of length. The following 

section includes a brief discussion of the problem of measurement error. 

1,1,4 Sources of Measurement Error 

To get reliable results, it is required to have accurate measurements of the fragment 

lengths. But it is observed that the fragments are measured with error. Besides the 

measurement errors caused by technicians, some other factors are also responsible. 

1. Mobility: Factors responsible for variation in mobility are: 

Gel concentration and Voltage: Factors like concentration of the gel and voltage 

in the electrophoresis can cause the mobility to differ from a predicted simple rela­

tionship. A gel concentration of 1 % is usually used for human DNA. But care should 

be taken while reducing the concentration as the gel becomes fragile and there is a 

possibility of breaking it during handling. In case of high voltage and high agarose 

concentration, mobility which is a function of_molecular length becomes nonlinear 

for larger fragments and hence estimation of fragments lengths becomes difficult. To 
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solve such problems, the relationships are modified using a correction factor. For 

example Southern (1979) observed curvature in the plot of the inverse model for high 

voltage gradients, hence he proposed a correcting factor (Mo) to give the best fit of 

the line L = a1 + °'2/(M - Mo) 

Band size and band width: When the individual DNA samples are placed in a slot 

at one end of the gel and forced through the gel using an electric field, fragments find 

their path of migration. These fragments appear in the gel as bands of varying width 

in a lane. Depending on the concentration of agarose gel, the larger fragments have 

difficulty in moving in the gel, and hence the resultant bands are narrow. Smaller 

fragments move faster than the larger fragments resulting in wider bands. In addition 

to this, if a set of fragments of similar size migrate, then each molecule follows a path 

of least resistance, producing wider bands. 

Radioactive probes are used to locate the DNA fragments. The width of the bands 

increases with the exposure time. Long exposure can produce very wide bands. 

Sometimes, for the larger fragments the bands are narrower than the pixel width 

of the camera, while for smaller fragments the bands are much wider than the pixel 

widths. 

Wider bands can cause an increase in- precision. The migration distance of the 

fragment is measured from the baseline to the position of the band or half of the 

width of the band. A shift of a band by one pixel changes the fragment size by some 

number of base-pairs and this difference is different for different ranges of fragment 
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size because of the nonlinear scale, (Holmlund, 1992). 

Base sequence: In practice it is observed that the mobility not only depends upon 

the length but also depends upon the sequence of bases. According to information 

provided by John Hartmann, there is a difference in mobility depending upon the 

sequences of bases comprising a fragment. 

Amount of DNA in a lane: Loading a larger amount of DNA in a lane yields more 

intense and wider bands. Also this may produce curved autoradiogram fragment 

bands, which introduces measurement error in mobility. If an old sample is used then 

the bands are of poor quality. 

2. Coalescence: This is one of the serious sources of measurement error which 

should be taken into consideration in modeling allele frequency distributions. If the 

fragments are of same length, the two bands blur together, and instead of two, only 

one band is observed. 'This is termed coalescence. It is possible that both the al­

leles are the same, that is homozygotes, or they may be close heterozygotes termed 

pseudohomozygotes. Sometimes due to smaller length, one fragment is diffused and 

not identified. Larger fragments tend to coalesce more than the smaller fragments 

because they travel shorter distances. 

3. Gel effects: Running the same sample in different lanes gives different results, 

which is called the within-gel effect. Samples near the sides of the gel also result in 

less precision. Running the same sample in two different gels gives more error than 

running in same gel. This is called between-gel effect. Material used for preparation 
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of the gel also makes a great deal of difference. 

From the given size markers shown in Fi1pire 1.10, it is observed that the difference 

between any two standard fragments is not consistent and the distribution of fragment 

length is nonlinear. Also note that the observed bands are of varying width. Thus the 

measurement error is not constant; it is a function of fragment length. For modeling 

the allele frequency distributions, it will be necessary to acco=odate the probability 

of coalescence and the measurement error. 

Next we discuss the objective of this project-and present a mathematical model 

for allele lengths. 

1.1.5 Problem , 

In forensic science, if the striped patterns from two samples appear to be the same, 

then a match is declared. To declare a match, it is important to find the probability 

of matching the DNA fingerprint of two randomly chosen individuals. This leads to 

the problem of obtaining allele lengths and then estimating the allele length frequency 

distribution. 

If the lengths of the alleles are measured exactly, then they can be classified 

according to the number of repeats and estimation would be a simple multinomial 

problem. The allele length can be modeled as follows. If x is the observed length 

of a restriction fragment with r repeated sequences, each 9f length p and the total 

flanking region is u bp. Then given that there is no measurement error, the actual 
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length of the allele is discrete and it will be u + rp. Even though the number of 

repeats is not observed directly, all alleles can be classified according to the number 

of repeats. But the fact is that the alleles are measured with error, which is generally 

associated with the allele length. This measurement error is modeled continuously, 

hence the_ distribution of the observed fragments is no longer discrete. The resulting 

distribution is continuous and we estimate it using methods for mixture distributions. 

Now that the problem is set up we can have look at the data available. The 

following section on Data gives the description of the databases to be analyzed. 

1.2 Data 

We analyze two sets of data here. One is from Lifecodes corporation(LC) laboratory 

and the other is from Forensic Science Service Orange County's Sheriff-Coroner Dept. 

(OCSD). The Lifecodes data consists of two VNTR loci, D2S44 and D17S79. The 

OCSD data consists of 5 VNTR loci, namely D2S44, D17S79, D1S7, Dl0S28 and 

D4S139. 

Both the data sets contain band sizes for different individuals. These band sizes are 

the estimated sizes of DNA fragments that are obtained as a result of electrophoresis. 

Fragments from a particular locus along a particular chromosome are called by the 

locus name, for example in D4S139, '4' refers to the fourth chromosome. Large 

variation in allele lengths at this locus between individuals is observed. 
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The file 'hclna.dat' contains the band sizes for 5 VNTR loci of OCSD. The entire 

record is found on a single line. The first column gives sample identifier codes, which 

are given according to the ethnic/racial origin of an individual. The groups and their 

codes are: 

ACHX : Asian, Chinese 

AJPX: Asian, Japanese 

AKOX : Asian, Korean 

A VNX : Asian, Vietnamese 

BXXX: Black 

CXXX : Caucasian 

HXXX : Hispanic 

The data for each individual is found in pairs of columns in one row. Each pair 

consists of the band sizes in base-pairs for that sample at that locus. There are 5 loci, 

hence the data is in 5 pairs of columns. Band sizes for 1299 individuals are given. 

However, data for all five loci is available only for the Hispanic group. From repeated 

measurements of the same allele, the standard deviation(SD) of the measurement 

error is estimated to be 0.008 times the fragment length. Table-1.1 and Table- 1.2 

below give a summary of the data according to range, repeat length (p), number of 

homozygotes and heterozygotes for OCSD and LC data. 

The Lifecodes data is in file 'newdata.dat'. The first pair of columns contains band 

sizes for D2S44, and the second pair of columns contains band sizes for D17S79 locus. 
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Table 1.1: Database summary for OCSD data 

Nrune p (Kb) Range (Kb) No. of Apparent No. of Heterozygotes 
Homozygotes 

D2S44 0.031 0.649 - 9.680 77 1159 
D1S7 0.009 7.650 - 23.186 33 1210 
D48139 0.031 2.068 - 23.118 53 1162 
D10828 0.033 0.651 - 11.580 53 1202 
D17879 0.038 0.97 4 - 3.277 28 167 

Table 1.2: Database summary for LC data 

Nrune p (Kb) Range (Kb) No. of Apparent No. of Heterozygotes 
Homozygotes 

D2S44 0.031 6.87 - 20.94 390 2726 
D17879 0.038 2.06 - 05.95 502 2600 

The DNA is cut with the restriction enzyme PstI. From repeated measurements of 

the same allele, the standard deviation(SD) of the measurement error is estimated to 

be 0.00575 times the fragment length (Devlin at al. 1991). 

Note that the lengths of the fragments for the same locus of LC and OCSD are 

different. The main reason for this is that OCSD uses a different restriction enzymes 

than LC. For the given data, LC has used the restriction enzyme PstI, while OCSD 

has used HaeIII. As discussed earlier, when restriction enzymes cut the DNA frag­

ments, the variable region is flanked by flanking-regions. Different sizes of flanking­

regions give different sizes of fragments. Some of the restriction enzymes eliminate 
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mo.st of the flanking-regions, resulting in smaller restriction fragments. Cutting the 

DNA with Pstl results in larger fragments than cutting with H ael I I. 

DIAGRAM OF UFECODES 23 Kb SIZING STANDARD 
DESCRIPTION OF 23 tQ» SIZING STANOAAOS (PROCUCT NO. 957011) 
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Chapter 2 

Methods of Allele Estimation 

AB discussed in Chapter 1, an estimate of the allele frequency distribution is required 

in forensic as well as paternity cases to reach any conclusions regarding the matching 

of DNA patterns. In Section 1 we review methods previously used to estimate allele 

frequency distributions; and Section 2 suggests a modification. The EM Algorithm 

and its application to the allele estimation problem is discussed.in Section 3. Section 

4 provides information on computations. The empirical Bayes method is explained 

in Section 5. Section 6 discusses how to. test the goodness-of-fit and Section 7 shows 

how to obtain estimates of the variance of the frequency distribution estimates. 

2.1 Estimating Allele Distributions 

This section is divided into subsections on the method of binning, the theory of 

mixture models and its application to the allele estimation problem, the method of 

24 
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maximum likelihood and the method of empirical Bayes. 

2.1.1 Method of Binning 

The method of binning is a conservative statistical method which permits classifica­

tion of continuous data and provides simple and compact data analysis. Fixed-bin 

analysis for continuous distributions of alleles is discussed in Budowle et al. (1991) 

and Weir (1992). The fragments are classified or clustered within appropriate bins, 

and the frequency of occurrence is calculated using the number of sample fragments 

that reside in that bin. Bins are then treated as alleles and bin frequencies are used for 

further inference. The bin boundaries are determined by using a set of.size-standard 

markers, Figure 1.10. The bins are sufficiently large so that more than one type of 

allele can reside within a bin. For each individual the two fragments at a locus are 

assigned to the appropriate bins and the pair of bins is then the estimated 'geno­

type' of the individual at that locus. Sometimes measurement error complicates the 

procedure of classification. If the observed length is near or on the boundary, it is 

possible that the true length belongs to the neighboring bin. The Federal Bureau of 

Investigation of the USA has adopted a window [.975x, 1.025x] for fragment length 

x, along with the boundaries for assigning the fragments. If two bins have a common 

boundary then the bin with the highest frequency is chosen. For an example, suppose 

that locus D17S79 has two adjacent bins as 1.925- 2.088 Kb and 2.089- 3.329 Kb with 

frequency 23 and 8. If a fragment of size 2.089 is to be classified, its window is [2.036, 
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2.141] which overlaps the two bins. The maximum frequency is in bin 1.925- 2.088 

Kb, hence the fragment is assigned to this class. 

Another approach to estimation uses mixture models as suggested by Devlin et 

al. (1991). The following two sections briefly discuss the theory of mixture models 

and the method of maximum likelihood estimation. 

2,1.2 Theory of mixture models 

If a random variable or a random vector, X E X is given and its probability density 

function, (or probability mass function, in the discrete case) can be written in the 

form 

where 

71"; > 0, i = 1, ... 'k ; '11"1 + ... + '11"k = 1 

and 

/;(·) ~ 0, l f;(x)dx = 1, i = 1, ... , k, 

then it is said that X has a finite mizture distribution and p( ·), is a finite mix­

ture density function. The quantities 71"1, ••• , '11"k are called the mizing weights, and 

/1 ( ·), ... , !k ( •) are the component densities of the mixture. In many situations, 

/1(·), ... , fk(·) have specified parametric forms like fi(xJ01), ... ,fk(xJ0k), where 0; 

are the parameters occurring in the component densities. It is not necessary that all 
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the component densities should belong to the same parametric family, but most of 

the time they come from the same family. The finite mixture density function of X 

in such cases is written as 
k 

p(x!'ll) = :E 1r;f;(xl0;), 
i=l 

w~ere (01, ... , 0k) are all in same parameter space 9 and 1r; = P(0 = 0;) ; i = 1, ... , k · 

and '1t is the collection . of all distinct parameters occurring in the model. If G,,. ( ·) 

denotes the probability measure over e defined by ,r then the finite mixture density 

is also written as 

p(x!'ll) = fa J(xl0)dG,,.(0). 

Once the form of the density is known, the next question is to estimate the pa­

rameters of the mixture distribution. Methods like Bayesian estimation, maximum 

likelihood, moment generating functions and the method of moments have been pre­

viously applied to mixtures. Devlin et al. (1991) suggested maximum likelihood(ML) 

and empirical Bayes(EB) methods for the estimation of the allele frequency distribu-

tion. 

2.1.3 Method of Maximum Likelihood Estimation (ML) 

The size of the flanking region depends upon where the restriction enzyme cuts the 

DNA. Two approaches are used to model flanking regions. Either the flanking region 

is considered to be the same for all observations or the flanking region takes on one of 

a fixed number of possible lengths. The latter is called a polymorphic flanking region 



28 

model. Models developed by Devlin et al. (1991) for both cases are discussed below. 

1. Single flanking region Model 

Let (x;, Y;) denote the phenotype, the observed lengths of the 2 alleles, for the j-th 

two-band individual, where j = 1, ... , n. Let z; be the phenotype of the j-th single 

band individual. Let n* be the total number of two-band individuals, b be the total 

possible numbers of alleles associated with r = 1, 2, ... , b tandem repeats. Let ar be 

the length of an allele with r repeats, p be the true length of each repeat and u be 

the flanking region size. Then ar = u + rp. If coalescence has not occurred, then 

the phenotype observed for allele r is u + rp + E, where Eis the measurement error. 

Prior studies of LC and OCSD (Co=unication with John Hartman) suggests that 

the measurement error is approximately normally distributed. Thus a measurement 

of an allele of length ar is distributed N(ar, a:), where the standard deviation(SD), 

O'r for allele ar, is approximately car and c is a constant depending on the restriction 

enzyme used. An estimate of c is generally obtained from duplicate measurements. 

The samples are processed in duplicate and the fragment sizes are determined on each 

autoradiogram by two independent operators. The standard deviation is obtained 

by calculating the difference between duplicate measurements as a function of the 

average size, that is SD is estimated as some % of the fragment size. This percentage is 

denoted by c. For LC, c = 0.575% (Baird et al. 1986) and for 00, c = 0.8% (personal 

communication with John Hartmann). Let Ur(,) denote a normal density with mean 
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zero and SD a,. For a randomly chosen allele, the number of repeats, R is unknown. 

Let '11', denote the gene frequency of the r-th allele, and '11', = P(R = r), I:~=1 '11', = 1 

and '11' = ( '11'1, ••• , '11'b) denote the vector of gene relative frequencies. 

The population is assumed to be in Hardy-Weinberg (H-W) equilibrium. The 

Hardy-Weinberg law states that in a large randomly mating population, in absence 

of excessive mutations, migration or selection, the relative frequencies of different 

genotypes remain constant over generations. Consider a two allele system, that is a 

pair of alleles is observed at each locus. If a pair of alleles A and B is observed with 

relative frequency p and q respectively then p + q = 1 and the relative frequency of 

observing genotype AA is p2, BB is q2 and AB is 2pq. Besides H-W equilibrium, it 

is also assumed that if the observed pair of alleles is u + r1p + E1, and u + r2p + e2 

then e1 and e2 are independent. If coalescence is ignored, then the probability density 

function for length X = u + rp + e for a randomly selected fragment, is 

b 

f(xl'11', u) = L 1r,g,(x - u - rp). 
r=1 

and the likelihood of phenotype (x;, Y;) is proportional to the product of the densities, 

namely 

If coalescence is considered then the above model changes. In Devlin et al. (1991) 

the probability of coalescence is modeled as a function of both the average pair length 

and the difference in allele lengths. Let c5(t, z) be the conditional probability of 
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coalescence given t = ½Ix - y\ and the average fragment size is z = ½(x + y). Given 

(x;, Y;) the likelihood for a two-band observation (x;, Y;) is: 

L(1r, u\x;, Y;) ex: f(x;\1r, u)f(w\1r, u)[l - o(t;, z;)], 

When the difference between the allele lengths is very large it is highly unlikely 

that they would coalesce. Hence the probability of coalescence can be considered to 

be negligible when (x; -f Y;). Given a single band z;, the likelihood is then 

L(1r, u\z;) ex: fo00 

j(z; - t\1r, u)j(z; + t\1r, u)o(t, z;)dt. 

The log likelihood for the sample is the sum over the n* two-band individuals plus 

that over the (n - n*) single band individuals. 

n• 

.C(1r, u\data) = 1]log f(x;\1r, u) + logf(y;\1r, u)] 
j=l 

+ t log[la
00 

f (z; - tl1r, u)f(z; + t!1r, u)o(t, z;)dt]. (2.1) 
j=n•+t O 

Given prior estimates of b and the coalescence probability o, estimates of u and 

1r can be obtained. We obtained an estimate of b by dividing the difference of the 

largest and the smallest fragment by its repeat length. For example for D17S79 locus 

of LC, b is estimated as 93 by dividing the range 3.53 Kb by the repeat length 0.038 

Kb. An estimate of an upper bound of u, can be obtained as follows. If a,,,;n is the 

true minimum length with 7'min repeats and flanking region u, then amin = u+rminP, 

where p is the repeat length. An estimate of the upper bound of the flanking region 

size is the smallest observed allele length minus r minP• For example for D17S79 locus 
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of LC, the minimum length observed is 2.06 Kb, and p = 0.038 Kb. H the minimum 

length contains a minimum of one repeat, then an estimate of the maximum value 

of the flanking region would be 2.022 (2.06- 0.038). Note that the error term for the 

smallest observed allele length, Xmin = u + TminP + Emin can be negative, and so, a 

more conservative estimate of the upper bound of u is simply Xmin• 

In the above model the errors of a pair of fragments ( e1, e2) are assumed to 

be independent when in fact they may not be. The exact relationship is unknown, 

however Devlin et al. (1992) suggests that the correlation between measurement errors 

is a function of the absolute value of the difference in allele length t and the average 

length z. We.do not incorporate this into our model. 

2. Model for Polymorphic Flanking Regions 

Assume that we have phenotypes for n individuals and that L different flanking-region 

sizes are possible. If£ = 1, ... , L, indexes the flanking-region sizes, then the length 

of the allele with repeat r and with flanking region Ut is given as are = Ut + r p, where 

ue is the £-th flanking-region size and u = (u1 , ••. , uL), u1 < ... < UL, Because the 

alleles are measured with error, the observed length of an allele is Ut + rp + e, where 

E ~ N(O, a;t) and are = cart• 

Let 'Yre = P(U = ue, R = r) denote the relative frequency of allele Ort- Let 

,Pt = P(U = ue) be the proportion of observation_s with flanking region size ue. Let 

~t = t/J'j1 
( 'Y1t, •.. , 'Yu) denote the conditional distribution of allele size for the £-th 
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Figure 2.1: Frequency distribution of 6232 unpaired restriction fragments of D2S44 
(LC). 

flanking-region size. If flanking-region size U and repeat number R are independent 

then ~1 = ... = ~L- The error for allele a,l is assumed to distributed N(O, u;l) . The 

probability density of a randomly selected fragment X is 

f(x) = LL 'Y,£9,t(x - Ut - rp). 
l r 

where g,t(-) is the normal density, with mean zero and SD O'rt• This gives the general 

model. 

The assumptions of the polymorphic flanking region model are similar to those for 

the single flanking region model. The errors are assumed independent when the pop­

ulation is in H-W equilibrium. If L is unknown then it can be difficult to estimate the 

parameters of the model because of non-identifiability. Note that patterns commonly 

occur in the empirical frequency distributions, an example of which is given in Figure 
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2.1. Because of this, when Lis unknown, any repeating pattern in the repeat-unit 

mixing distribution can lead to an overestimate of L. In addition, if the distributions 

overlap, then unique estimates are not available because two alleles of the same length 

are not distinguishable according to their flanking-region sizes .. Clearly 'Yrl and 'Yr' t 

are not identifiable wh\)n a,.,= u, + rp = u, + r'-p = a,•t· Without proper informa­

tion on the parameter space, estimating 7,/s can be difficult and the mixture model 

method may not be appropriate. 

If the distributions are separated in space, then the estimation problem is similar 

to the single-flanking-region problem applied to L distinct subsets. It is reco=ended 

in Devlin et al. (1991) that in practice if the overlap of the distributions displayed by 

the empirical distribution is small, then the observations can be grouped separately 

and the single-flanking-region model can be used for estimation of the parameters 

for each group. While if the distributions overlap, but one of the ¢,/ s appears to 

be small, then the presence of a rare distribution. can be ignored since its effect on 

the estimates would be small. There is a case when the model is identifiable even if 

repeat-unit mixing distributions overlap. This special case arises when the flanking 

region size u and repeat size R are independent so that ~1 = ... = ~L or 'Yrl = </>e1r,. 

The log likelihood has the same form as given for the single-flanking-region, that 

is the log likelihood for the sample is the sum over the n* two-band individuals plus 
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that over the (n - n*) single band individuals. 

n• 
.C(1r, ujdata) - :E[log f(x;l1r, u) + log f(Y;l1r, u)] 

j=l 

+ j=t.+
1 
log[fo

00 

f (z; - tj1r, u)f(z; + tj1r, u)o(t, z3)dt,] (2.2) 

where f(xju,1r,¢,) the probability density of an randomly selected fr~ent X = 

u1 +rp+E is given as 

L b 

f(xju, 1r, ¢,) = L 'Pl L 1l"r9rl(x - Urt - rp). 
t=l r=l 

Provided L is known, estimates of ¢, and u are obtained. 

3. Probability of Coalescence 

Both the models for single and polymorphic :Banking regions incorporate o ( t, z), the 

probability of coalescence. In this subsection we review a method for estimating o(t, z) 

proposed by Devlin et al. (1990). Sometimes for near heterozygotes the distance be­

tween the two bands is less than the minimum resolution possible for a particular 

device and the technician is not able to distinguish the bands with great precision. 

The bands are merged and only one band is observed. The length of this observed 

band is approximately equal to the average length of two bands. If phenotypes ob­

served are affected by coalescence, it results in increasing the number of apparent 

homozygotes and decreasing the number of heterozygotes. An excess of apparent ho­

mozygotes indicates the possibility of observing close heterozygotes as homozygotes 

due to coalescence. 
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The presence of coalescence can be determined by plotting the length of larger 

segments(y) against the length of smaller segments(x) or by plotting the absolute 

value of the fragment pair difference against the average fragment pair length. In the 

plot of longer fragments against shorter fragments, points on the line y = x( equal 

fragment length) represent the apparent homozygotes. In the presence of coalescence, 

the number of points in intervals adjacent to the line y = x is substantially less than 

the number of points on line y = x . This clearly indicates that some of the close 

heterozygotes, that is the heterozygotes with smaller differences, are measured as ho­

mozygotes. In the case of contamination of the data due to coalescence, observations 

for smaller differences are missing in the plot of absolute difference versus the average 

length. See for example Figure 3.8. 

Devlin et al. (1990) ~stimate the probability of coalescence as a function of the ah­

solute value of the difference of pairs of allele lengths, as follows. Let t3 = /x; - y3/, j = 

1, ... , n be the absolute differences for the n pairs. The range of t can be divided 

into m intervals. Let cj, be the midpoint of the k-th interval say Bk, and 2d be the 

length of each interval. The observed frequency Ok for interval Bk, ( k = 1, ... , m) 

can be obtained by counting the observations falling in that interval and the expected 

number Ek can be obtained by integrating over the distribution function, 

Ek= n JI[ (ck - d) < /x -y/ $ (ck+ d) ]dF(x)dF(y) 

where I is an indicator function with value 1 if the condition is satisfied and O oth­

erwise. As the distribution function :F is unknown, Ek can be estimated using the 
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empirical distribution function. Hence 

where X;, i = 1, ... , 2n denotes the observed unpaired heterozygote fragment lengths. 

Devlin et al. (1990) use (1 - 1) k = 1, ... , m, to estimate the probability of coales­

cence. Since, O,. is an estimate of 

nP{t E Bk AND no coalescence}= nP{no coalescence It E Bk}P{t E B1,} 

and E,. estimates nP{t E B,.}, the ratio 1 is ah estimate of P{no coalescence It E 

B,.}. Hence, a smooth. curve o(•), fitted through the points (1 - i) versus ck, can 

be used to estimate the probability of coalescence as a function oft, the allele pair 

length difference. 

Figure 3.2 shows an example of this procedure. The function o(t) is used in 

likelihood equations (2.1) and (2.2) for further estimation. 

2.2 Another Approach 

In the case of small samples, it can be difficult to estimate the probability of coa­

lescence by the method discussed above. If the sample size is small and the data 

is widely spread, then the observed frequencies can be higher than the expected for 

most of the class intervals and the estimates [1 - (?)) for ck are negative. 

If the distance between two bands is not enough to distinguish them, then they 

are identified as a single band, see for example Figure 2.2. We are interested in the 
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...... 

Figure 2.2: Audiogram showing that a single band is observed in lane 2 as the distance 
between the two bands is less than the minimum resolution distance. In other lanes 
two bands are observed. 

likelihood of observing a single band. This can be written in a different way using 

the definition of coalescence. Coalescence comes into the picture -when the distance 

between the observed band is less than thP. minimnm resolution distance, say a. The 

molecular weight of a single observed band z, is approximately equal to the average 

of two bands. Most of the labs use resolution threshold, the minimnm distance 

required for identification of two bands, as some percentage of the band weight of a 

single band observed. The resolution distance is generally considered to be 1 - 2% 

of molecular weight of the single band observed (Berry, 1991; Morris, 1992). This 

resolution threshold can be estimated by plotting the percentage difference of lengths 

as a function of the average length (Morris, 1992). 

Given any two alleles of length :z; and y, a single band will be observed if the 

difference between x and y is less than the resolution threshold. We have to determine 

the probability of observing a single band of length z = ½(x+y), f(z), when lx-yl :5 

a. Using the transformation of variables techniques, let Z = ½(X + Y) ., V = X - Y 



then 

J(z) = 1-: f(z, v)dv, 

J(z, v) = J(:r;, y) IJI 

If X and Y are independent, then f(x,y) = f(x) f(y) where 

. V V 
X=Z+- Y=Z--

2 ' 2 

The likelihood of z can be written as 

Then the Jog likelihood for the sample is 

£(1r, uldata) 
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(2.3) 

This method of writing the likelihood is simple and clear to understand. We 

compare maximum likelihood estimates for allele distributions using the likelihood in 

(2.3) with (2.1) in the next chapter. 

The use of the model (2.3) to estimate the allele distribution appears to be new. 

Berner and Morris (1990) use the resolution threshold to estimate the probability of 

a random match. 
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Henceforth, the likelihood given in equation (2.1) is referred to as the coalescence 

likelihood and the likelihood given in equation (2.3) is referred to as the resolution 

likelihood. 

2.3 EM Algorithm 

The EM Algorithm is a general approach for obtaining maximum likelihood estimates 

when the observations can be viewed as incomplete data (Dempster, et al. 1991). The 

term 'incomplete data' indicates the existence of two sample spaces C and X and a 

many-to-one mapping from C to X. The observed data is x E X and c E C is indirectly 

observed through x; c is complete data and x is incomplete data. The corresponding 

family of sampling densities are derived from a family of sampling densities f(c1¢), 

depending on parameters 1/J as 

g(xl1/J) = ( J(cl1/J)dc. 
lcc:e> 

The aim is to get a value of 1/J which maximizes g(xl1/J) making use of f(cl¢). Given 

the incomplete-data specification g(xlw), there are many possible complete-data spec­

ifications j(cl1/J) that will generate g(xl1/J). 

The EM algorithm is an iterative technique which alternatively estimates the 

expectation of a function of unknown parameters, given some prior estimates and 

then maximizes this expected function. Let Q(¢'1¢) = E[logf(cJ¢')1x,¢], which 

exists for all pairs(¢',¢), where /(cl¢) > 0 for c EC for all¢ En. Let 1µCm) 
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denote the value of the parameter at the m-th iteration. Then the EM iteration 

E-step : Compute Q(¢j¢Cml). 

M-step : choose ¢Cm+i) which maximizes Q(¢1¢(ml) over¢ E !1. 

Iterations are performed until some¢*= ¢Cm)= ¢Cm+l) which maximizes Q(¢i¢Cm)) 

is obtained. In practice other stopping criteria are used. We used the difference 

between the value of objective function at two successive iterations. Iterations are 

performed until the absolute difference is smaller than the given tolerance limit 0.0001. 

The EM algorithm can be applied to maximize the likelihood in the allele estima­

tion problem. We outline the details for the coalescence likelihood. The derivation 

for the resolution likelihood is similar. Let us consider a single allele. Let X be the 

length of an allele measured with error. We have modeled this as X = u + Rp + e, 

where the number of repeats, R is unknown, 1 ::5 R ::5 b, and b is estimated from the 

data. Here, X is the incomplete data, and (X, R) can be called the complete data. 

It is convenient to use another representation of the complete data as C = (X, H), 

where H is an indicator vector of length b, with entries zero everywhere except in the 

r-th location. The complete data likelihood for¢ = (1r, u) given the one observation 

c = (x, H) is, 
b 

J(cl'I/J) = II 1r;; g(xlR = j, u)hJ, 
j=l 
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where 1r; = P(R = j). The complete data log-likelihood for one observation is, 

b 

f(cl'I/J) = L h; log 1r; + h; log g(x/R = j, u) 
i=l 

If we haven observations on X, then the log-likelihood for n observations is written 

as, 

n b n b 

log f(cl'I/J) - LL h;; log 1r; +LL h;; log g(x;/R = j, u) 
i=lj=l i=lj=l 
n n 

- I;hfV(1r) + I;hfU;(R,u), 
i=l i=l 

where V(1r) and U;(R, u) are vectors of length b with j-th element as log 1r; and 

log g(x;/R = j, u) respectively. 1n the above defined problem Q('I/J/'1/JCml) is, 

n n 
Q('I/Jl'I/J(m)) = L E(h;/x;, 'lp(m>fv(1r) + L E(h;/x;, 'lp(m)fU;(R, u), 

i=l i=l 

where E(h;/x;, '1/J(m)) is a vector of length b with j-th component as 

The M-step of the EM iteration is to maximize Q('I/J/'1/JCml) over '1/J E w and obtain 

'lp(m+l). 

1n our estimation problem, we have three data vectors, x and y when two bands 

are observed for n* individuals and z for n - n* individuals with a single band. Here 

the incomplete data vectors are x, y and z. We have b possible values of repeats for 

each measured length. Each of x;, y; or z; is associated with one of the b repeats. Let 

h = (h1, h2, ... ,hn,), s = (s1, s2, ... , Sn•) are two indicator vectors associated with x, 
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y respectively. Since 

P[z;l,r, u] = fo00 

f(z; - ti,r, u)J(z; + tl,r, u)o(t, z;)dt. 

Let v = (v1,v2,,,,,vn-n•), and w = (w1,w2,,,,,wn-n•) be indicator vectors associ-

ated with z; - t and z; + t respectively. 

Let 'Ip = (,r, u) then 'lp(m) = (,rCmJ, u<ml), where ,r(mJ, uCmJ be the value of 'll' and u at 

the m-th iteration. We know that the log-likelihood for the complete data is the sum 

over the n* two-band individuals plus that over the n - n* single band individuals. 

r, = t{t[h;rlog 'll'r+h;rlog Ur(x;)+s;rlog 'll'r+B;rlog Ur(Y;)]} 

+ n~• {t rtl V;rW;r' log 'll'r'll'r' fa"" Ur(Zi - t)gr•(Z; + t)o(t)dt} · 

V. '<"'n-n* W. '<"'n-n* 
r = LJi=l Vjr, r = .l.Ji=l W;r • 

Then complete log-likelihood is rewritten as 

r, = b ( n* ) ~ [Hr +Sr+ V,. + Wr]Iog,rr + f:r[h;rlog Ur(x;) +sirloggr(Y;)] 

b b n-n• 

+ I; I; I; V;rW;rdogArr'(z;). 
r=l r'=I i=l 

For the E-step, Q("Pl"P(ml) is then written as 

b 

- I; ( E[Hrlx, 'lp(ml] + E[SrlY, 'lp(ml] + E[V,.lz, 'lp(ml] + E[Wrlz, 'lp(ml]) log'll'r 
r=l -

b n' 

+ :E :E ( E[h;rlx;, "P(ml] log Ur(x;) + E[s;rlY;, "P(ml] log Ur(Y;)) 
r=l i=l 



b b n-n• 

+ L L L E[v;rW;r' l.z;, 'lp(m)] log A,r' (z;), 
r=l r'=l i=l 

because of the assumed independence of x, y, z. Here, 

1r!m) u!m) (x;) - 1r!m) u!m) (x;) 
- E~=l 1r!m) g~m) (x;) - J(m) (x;) , 

1r!m) u!m) (y;) 1r!m) u!m) (y;) 
- E~=l 1r!m) g~m) (y;) = / (m) (y;) ' 

Jo"" J(m)(z; - t)J(m)(z; + t) <i(t) dt 

- 1r!ml1r~:"l A~(> (.z;) 
K(ml(.z;) 

Maximizing Q('l/il'l/i(ml) over 1r, such that E~=t 1rr = 1, then 

1r<m+t) _ E[HJmlix] + E[S!mliy] + E[V,.Cmliz] + E[WJmljz] 
r - E~=l { E[HJmJ Ix] + E[s!m) jy] + E[v;.(m) !z] + E[WJm) !z]] r 

or 

where 
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•Maximizing Q('l/il'l/i(ml) over u, we obtain the equation for estimating the flanking 

region size u. Here, :uQ('l/il'l/i(ml), ignoring the dependence of <Tr = car = c(urp) on 
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u,is 

which is, 

where 

An estimate of u at the (m+ 1)-st iteration, is the value u<m+l) such that f lucm+il = 
A(ml(z,) 

0. As u<mJ and u(m+!J becomes close, we have that 1,;;~,)( ·J ~ 1, and the estimating 
A I z, 
" 

equation becomes 

n-n* 

I: 
i=l 

fJQ I: [ D1(x;) D1 (y;)] 
fJu = i=I J(m) (x;) + J(m) (y;) + 

J0
00

[ j(m,•)(z; + t)D1(z; -t) + j(m,•)(z; - t)D1(z; + t) ]ci(t) dt 
K(m)(z;) (2.7) 

where j(m,•l(x) = I:~=l 'lrr(m)gr(x - u - rp). When we incorporate the derivative of 

&r with respect u, we obtain the following estimating equation 
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where 

D ( ) _ ~ (m) (ml( ) [(x - u - rp) (x - u - rp)2 
_ .::...] 

2 X - ~ 'Tr, g, X • 2 + C ,,_, • • 
r=l (Jr u;; ar 

We equated ~ in equation (2.8) to zero, and solved for u<m+i), to obtain an estimate 

of u at the (m+l)-st iteration. 

Our equation (2.4) for estimating 1r, is same as given in Devlin et al (1991) but 

the equation for estimating the flanking-region size, u in equation (2.8) is similar to 

that provided by them. Devlin et al (1991) disregard the dependence of a-, on u, and 

obtain an equation for estimating flanking region size, by equating the derivative of 

the likelihood function in equation (2.1) evaluated at 'lj;(m) = (1r(ml,u(ml) to u<m+l). 

The equation given by Devlin et al (1991) is, 

u<m+l) = .f, [ D(x;) D(y;) ] 
~ J(ml(x;) + J(ml(y;) (2.9) 

+ i:, J0
00 

[ f(m)(z; + t)D(z; - t) + f(m)(z; - t)D(z; + t)] 6(t) dt 

i~n•+! K(m) (z;) 

where 

When we used (2.9) to estimate u, we found that the routine would not converge 

despite the use of several different starting values. 

The next section provides information on computations. 
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2.4 Computations 

All the computations for this project were done on an HP-735 computer under HP­

Unix. For obtaining allele frequency estimates, four Fortran programs were written in 

HP Fortran 77. Table 2.1 gives the names of the 4 routines according to the algorithm 

and the likelihood equation used. 

Table 2.1: Method Names 

Algorithm 

Likelihood E04VDF EM 

Coalescence (2.1) SQPCOAL EMCOAL 

Resolution (2.3) SQPRESL EMRESL 

Some routines which are taken from NAG Fortran Library, Mark 15 are listed 

below. 

c E04VDF: This routine does constrained minimization of a nonlinear function 

of several variables using a Sequential Quadratic Programming(SQP) method. 

For maximizing a function, the negative of the function can be minimized. The 

function, first order derivatives of the function, linear constraints and initial 

values of u and ii- must be provided. For all the data sets we used starting 

values of 1r as f and u close to the minimum observed fragment length. The 

objective function is said to converge if the relative change occurring between 
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two successive iterations is less than some prescribed tolerance. 

• E04ZCF: This is used in conjunction with E04VDF to check the provided gra­

dients of the likelihood function. 

• D0IBAF: Computes an estimate of a one dimensional definite integral using 

Gaussian-Legendre formula with a specified number of abscissae. (32 abscissae 

are used in each of the four programs). 

o C05NCF: A routine to find a solution of a system of nonlinear equations by 

modification of the Powell Hybrid method. 

SQPCOAL computes the allele distribution using the coalescence likelihood given 

in equation (2.1) and it includes NAG routines E04ZCF, E04VDF, and D0IBAF. 

In the coalescence likelihood (2.1), the second term of product of densities and coa­

lescence probability is integrated over the interval (0, oo), and is nonzero only for a 

finite range. Because of this, the final answers were different for different numerical 

approximation routines. Hence, the finite range was determined. After integrating 

the function over this finite range, all approximation routines gave the same results. 

For LC D17S79 locus, the product of densities and the probability of coalescence is 

nonzero only over the range (0, 0.5). 

SQPRESL, the program which uses the resolution likelihood equation (2.3) also 

uses NAG routines E04ZCF, E04VDF, and D0lBAF. 

Programes EMCOAL and EMRESL use the EM algorithm discussed in Section 
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2.3. The function, estimating equations and initial values of the parameters must be 

provided. For all the data sets we used starting values of 1r as ¼ and u close to the 

minimum observed fragment length. From equation (2.8), it is necessary to solve the 

nonlinear equation in u to estimate the flanking region size u. C05NCF is used to 

estimate u, and then u.is used for estimation of 1r. Such iterations are performed until 

the number of iterations exceed the maximum number of iterations or the absolute 

difference between the objective function at two successive iterations is less than the 

given tolerance limit. For example, we have used a tolerance limit 0.0001. EMCOAL 

and EMRESL are the EM algorithm codes with coalescence and resolution likelihood 

respectively. 

All other computations are done in SPlus. The procedures for Fixed-bin analysis, 

drawing the samples, estimating correlation, testing the goodness-of-fit, obtaining the 

EB estimates and calculating the SD of the estimates, estimating resolution threshold 

and plotting the graphs are written in SPlus specially for this project. 

2.5 Empirical Bayes (EB) estimates 

The method of maximum likelihood estimation is well known and often used because 

of its intuitive appeal and asymptotic properties. In this application the measure­

ment error is a function of the restriction fragment length and for large fragments, 

the standard deviation SD of the measurement error is large relative to the repeat 
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length. Hence there can be substantial overlap in the measurements of alleles which 

differ by a smaller number of repeats. Due to this overlapping, there is a possibility 

of misclassification of the alleles, which can cause over and underestimation in the 

frequency distribution. ML estimates may be unreliable in this case and they may re­

quire some local smoothing. It is suggested in Devlin et al. (1991) that_EB estimates 

would be more reliable as compared to ML estimates. 

In general, there is a large variation in the lengths of the alleles observed at 

the VNTR loci, which results in a large number of allele frequency parameters in 

the model. If the sample sizes are not large enough for the number of parameters 

to be estimated, the parameter estimates will have large variances. The error in 

one allele frequency estimate changes the neighboring frequency estimates. If one 

frequency is overestimated, neighboring frequencies are underestimated, and the error 

in estimation of a particular parameter tends to be negatively correlated with the 

error in estimation of the neighboring parameters. Hence more consistent, reliable 

estimates may be obtained by smoothing. 

The empirical Bayes(EB) method suggested in Devlin et al. {1991) described below 

is based on Stein shrinkage estimators (James and Stein, 1961; Efron and Morris, 

1973). Assume Y,. ~ N(0r, o-2); r = I, ... , b; b ,:: 3. Instead of using Yi, ... , Yi, to 

estimate 01 , •• ,, 06, estimates with smaller mean squared error (MSE) can be obtained 

by shrinking toward a common value v. The expected MSE is improved no matter 
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what the true values of the parameters. The modified Stein estimator is of the form 

0, = (1- B)Y,. + Bv, 

where the shrinkage factor is 

The Bayesian interpretation of the Stein estimator, 0, is as follows: Suppose that a 

priori 01 , ••• , 0b are assumed to be i. i. d. N(v, r). Assume that Y,.IB, ~ N(B,. a2). 

Then 0, can be estimated by the mean of the posterior distribution of 0,IY,.. This 

estimator is of the form as the Stein estimator 0, with B = a2 /(a2 + r). 

The amount of shrinkage toward the mean of the prior depends on the relative 

variances of the prior r 2 and of the observations a2• The Stein shrinkage factor is an 

estimate of the Bayes shrinkage factor. If v and r are unknown, an EB estimator of 

h c B . [ (b-3)u• 1] . ft d t e ,orm = min l:;,<Y.-Y)•, IS o en use . 

If the allele frequency distribution is uniform, that is if we want alleles to appear 

equally likely, then an EB approach is to shrink toward the average allele frequency 

(1/b). Since many of the allele frequencies are zero, shrinking toward the average 

frequency would give biased estimates. To remedy this, Devlin et al. (1991) suggest 

a commonly employed technique. Incorporate a covariate h into model and then 

shrink toward a function vh of the covariate (Berger, 1985). The covariate used here 

is the number of repeats r. The estimate of v, is a weighted average of fr, and the 

neighboring estimates: ... fr,_2 , fr,_1 , ir,+1 , ••• (Prakasa Rao, 1983). Consider a weight 



51 

function (Kernel) K,,, where i is the index of -fr;, the neighbour that is being weighted 

to obtain the regression estimate at r. The sum of the kernel function over i must be 

one. The nonparametric regression estimate at r is 

v; = K,r?rr + I:; K,;?r;. 
ij!r 

In this particular case, the sum of the probabilities has to be one, hence these estimates 

are normalized as v, = v; /'L.; vt. 

Now what remains is to estimate the kernel function. It is clear that these weights 

should decrease as ji-~I increases. Therefore the weights should depend upon on the 

distance at which misclassification would be likely to occur. A normal kernel with 

variance o} and mean ip evaluated at rp is 

The sum of the kernel functions must be one, hence they can be standardized as 

K,, = K;J r:,, K;;, i = 1, ... , b. To make the weights depend upon misclassification 
' 

error the SD is taken as a;= c (u+ip),. If a; is small relative to ji-rjp, then for i ,far, 

K,r will be substantially larger than K,; and very little smoothing will occur, because 

in this case little misclassification has occurred. If a; is large relative to ji - rjp, then 

K,; will not be small and substantial smoothing will occur, because misclassification 

occurs within this larger neighborhood. The empirical Bayes estimates are obtained 

using the above described EB procedure. Let 
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where 

B . [ bs~ 1] 
r = min. E;(-ir, - v;)2, , 

where s~ is the bootstrap estimate of the variance of irr, The amount of shrinkage 

toward Vr depends on the variance of the maximum likelihood estimate. The greater 

the variance, the greater the shrinkage. Because the linear combination depends on 

r, these estimates are normalized, so that they sum to one. So EB estimates are 

11'r = *t/E,*t- The estimates obtained by EB have a smaller mean squared error 

than ML estimates. 

2.6 Fit of the model 

The Pearson x2 Goodness-of-fit test should not be used to test the fit of the model in 

this case because such a large number of parameters are estimated in addition to the 

coalescence probabilities. Devlin, Risch and Roeder (1991), suggest a Monte Carlo 

test of Goodness-of-fit. The test statistic is obtained as follows. 

The support of the data is divided into k intervals say r 1, ... , rk, The observed 

frequency Ok for k-th class is calculated by counting the number of unpaired frag­

ments x, y or z which fall in intervals rk, The Expected frequency Ek is calculated 

from the estimated model as 
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The test statistic is 

T = L (Ok - Ek)
2 

k E,. 

In Chapter 3 the test statistic is computed using S data sets generated from 

/(.ju, ii",~), each set having n randomly paired observations, where n is the number 

of observations in the data set. The data is coalesced using the estimated coalescence 

probability o(t, z) and a test statistic '.I'; is obtained for each set. Goodness-of-fit is 

measured by a Monte Carlo P-value, which is the proportion of T{s larger than the 

observed test statistic T for the actual data. 

2. 7 Estimation of variance of the gene frequency 

estimates 

Variance estimates of 1r can be obtained by estimating the asymptotic covariance for 

ML estimates as the inverse of the information matrix. In our case this is not feasible 

because 1r is very large; typically of size 61 to 2400. One way to get the variance 

estimates is by parametric bootstrap (Efron, 1982). First B data sets are generated 

from the estimated distribution f(•lir, u). Each data set has 2n unpaired observations 

that are paired randomly and then coalesced based on o(t,z). 1r is estimated for each 

data set and the variance of 1r is estimated by the sample variances of the B estimates 

of 'Ir, Ideally, for accuracy we desire that B is large however due to computational 

time, it is not possible to have a very large B. The suggested value of Bis between 
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50 and 100. If the p6pulations are not in Hardy-Weinberg equilibrium, ordinary 

bootstrap resampling on the paired data could not be used. 



Chapter 3 

Results 

In this chapter we review the results of the analyses of the Lifecodes and the OCSD 

data. The chapter consists of 3 sections. The first section provides the results for 

locus D17S79 and D2S44 for LC data. Section 2 discusses the results for each locus 

in the OCSD database. Section 3 gives some information on independence of alleles 

within and between loci. 

3.1 Allele Frequency Distribution Results : LC 

For LC, data is available on two VNTR loci, D17S79 and D2S44 for Caucasians only. 

This section provides the results for these two loci. A descriptive summary of the 

data set for LC locus D17S79 follows. 
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1. Dl7S79 

Descriptive summary 

Number of individuals : 3102 

Minimum fragment size : 2.06 Kb 

Average length : 3.54 Kb 

SD = ca, = 0.0057Biz, 

0 

Repeat Size : 0.038 Kb 

Maximum fragment size : 5.59 Kb 

Estimated number of alleles : 93 

SD of average length: 0.0203 Kb 

2 3 4 5 
Fragment length (Kb) 
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Figure 3.1: Frequency distribution of 6204 unpaired restriction fragments of D17S79. 

Figure 3.1 is a frequency histogram of the fragment lengths for D17879. The graph 

does not show a repeating pattern as for example displayed by Figure 2.1, therefore 

we conclude that the alleles are associated with a single flanking region. Most of the 
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fragments have lengths between 3.0 - 4.5 Kb and the maximum frequency is observed 

at 3.8 Kb. If coalescence is not considered, then 95% of the time the phenotype is 

expected to lie within 1.05 = 1·
96

0~!~203 repeats on either side of the genotype for an 

allele of average length, 3.54 Kb. 

Fixed-bin Results 

D17S79 (LC): Complete Data 

1471013 16 19 22 25 29 
Bins 

Figure 3.2: Plot of bin relative frequencies for D17S79 population. 

In Figure 3.2, the numbers on the x-axis denote the bin numbers, where the bin 

boundaries are determined from standard markers given in Figure 1.9. Thirty bins 

are created from the given 30 bands sizes. All loci have minimum fragment length 

greater than 0.640 Kb, hence the first two bins are combined together, which reduces 

the number of bins to 29. Note that the bins are of unequal length. The relative 

frequencies obtained by the fixed-bin method gives us the shape of the distribution. 
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From Figure 3.2, note that only 8 bins have observable events. Most of the fragments 

are distributed in the rlJ:llge 2.351-4.323 Kb and the highest frequency is observed for 

bin 17, that is for the range 3.329-3.674 Kb. 

Estimation of allele distribution 
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Figure 3.3: (a) Plot of the absolute difference· of fragment lengths against the average 
length. (b) Plot of the shorter fragment length against the longer fragment length. 

AB suggested in sec.tion 2.1.2, we investigate the degree of coalescence through 

graphs of the length of larger segments against the length of smaller segments or 

the absolute value of the fragment pair difference against the average fragment pair 

length. From both the plots in Figure 3.3 coalescence is clearly observed. In Figure 

3.3(a), observations with smaller differences are missing and in Figure 3.3(b) the 

number of points in the adjacent intervals of the line of equal length, that is y = x is 

substantially less than the number of points on the line y = x. Due to the presence of 
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coalescence and the irregular patterns observed in Figure 3.1 it is difficult to comment 

upon the frequency of occurrence of any particular allele. 

o.o 0.02 0.04 0.06 0.08 0.1 0 0.12 
Length Difference (Kb) 

Figure 3.4: Plot of probability coalescence as a logistic function of the difference in 
fragment length 

Using the method of Devlin et al. (1990), the probability of coalescence for a given 

difference is estimated for this locus as follows. The range of the difference t is divided 

into intervals of length 0.008 Kb. Observed(Ok) and Expected(Ek) frequencies of 

heterozygotes for each class interval k are obtained. When the points [l - i] versus 

the midpoint for each interval are plotted in Figure 3.4, the points roughly follow a 

decreasing sigmoidal curve. The logistic model with parameters (30 and /31 is fitted, 

that is for the k-th interval 

The probability of coalescence is estimated as [1- f(t,(30 ,/31)]. Devlin et al. (1990) 
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computed the probability of coalescence for 1399 Caucasian individuals from LC. 

They estimated Po= -10.24 and P1 = 156.14. Since we do not have the classification 

scheme of LC data, we used the entire data set of 3102 paired lengths for estimation. 

The logistic parameters for D17S79 are obtained as Po= -5.08 and P1 = 85.87. 

The results of estimating the allele distribution using different methods are sum-

marized as follows. 
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Figure 3.5: (a) Plot of the estimates of allele distribution against the number of 
repeats, for SQPCOAL(ML). (b) Plot of the estimates of allele distribution against 
the repeats for EMCOAL(EM). 

The estimates of allele frequencies 1r and flanking-region size u are obtained using 

SQPCOAL under the restrictions, I:~=! 'Irr = 1, 0 $ 'Irr $ I and O $ u $ 2.022, where 

the upper limit of u is obtained as the minimum length observed minus the repeat 

length, that is 2.022 = 2.06 - 0.038. The flanking-region size is estimated as 1.979 

Kb and Figure 3.5(a) shows the graph of ir versus the number of repeats, r. 
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Estimates of 11' and u were also obtained using EM COAL. The estimated flanking­

region size is 1.978 Kb and the estimate of 11' is the same as that obtained by SQP­

COAL .. The sensitivity of the algorithm towards the initial value of u, was checked 

using different starting values of u. Different values of u, resulted in the same final 

estimates of u and 11'. The plot of allele frequencies against the number of repeats 

show the same pattern for both sets of estimates, see Figures 3.5(a) and 3.5(b). The 

plot of the estimates of the allele frequencies follows the same pattern of the observed 

data frequency histogram given in Figure 3.1. Devlin et al. (1991) estimated the 

flanking-region size as 1.953 Kb and their plot of the allele frequencies against the 

number of repeats shows a similar pattern as that shown in Figures 3.5(a) and 3.5(b). 

We did not check the fit of the model for this data because of the amount of 

computation required. Due to the large sample size, it took approximately 6 days to 

compute estimates of 11' and u, making a Mont~Carlo goodness-of-fit test impractical. 

Devlin et al. (1991) concluded that this model fits the data on Dl7S79(LC) on the 

basis of a Manto-Carlo test of goodness-of-fit (p-value=.09). 

Morris et al. (1990) suggests the following as a method to obtain an estimate of the 

resolution threshold a. They graph the percentage difference of each pair of alleles, 

s; = 100 ( max(x,,u,)~min(x,,u,l) versus the average pair fragment length z, = "'i;Yi. In 

their graphs, there is an interval of values, s, where few or no points are observed. 

They use a value for a which falls at the upper end if this interval. For example see 

Figure 3.12(a). 
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Figure 3.6: (a) Plot of the difference between fragments as a percentage of the average 
fragment length. (b) Plot of the estimates of allele distribution against the repeats 
for EMRESL. 

The graph in Figure 3.6(a) is a plot of s versus the average fragment length. For 

the available data LC has used for LC D17S79. Since LC's fragment length measuring 

device, digipad does not measure the actual base-pairs. It rounds the length to 10 

bp. Hence in Figure 3.6(a), band patterns separated by 10 bp are clearly obser".ed. 

This graph is not consistent with those of Morris et al. (1990), and one cannot clearly 

pick off a value a from the graph. Alternatively, we use another technique also given 

in Morris et al. (1990). For a set of values a = 0.8%, 0.9%, 1.0%, we estimate the 

heterozygosity(h) as: 

h,, = number of pairs withs>°'. 
. total number of pairs 

We use the largest value a such that h,, ,'>! h0 , where ho is the observed percentage of 
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heterozygotes. For this set of data, we find that for a: = 0.8%, h0 = 83. 7 '.:::'. ho = 83.8, 

and h0 is smaller for the other values, a: = 0.9% and 1.0%. Therefore, we use 0.8% 

as our resolution threshold. 

Using SQPRESL and EMRESL, the estimate of the flanking-region size and ,r 

are obtained. For both methods SQPRESL and EMRESL, the estimate of u is 1.979 

Kb and the estimate of ,r is shown in Figure 3.6(b). The allele frequency estimates 

obtained by SQPCOAL and SQPRESL or EMRESL are the same. 

2. D2S44 

The following is the descriptive summary of the data set for LC D2S44 locus. 

Descriptive summary 

Number of individuals : 3116 

Minimum fragment size : 6.87 Kb 

Average length: 11.17 Kb 

SD = car = 0.00575ar 

Repeat Size : 0.031 Kb 

Maximum fragment size : 20.94 Kb 

Estimated number of alleles : 454 

SD of average length : 0.0642 Kb 

The frequency distribution in Figure 3.7, clearly displays a repeating pattern, 

which suggests that the measured fragments are associated with two flanking-regions. 

Two observed repeated patterns are nonoverlapping. Hence fragments could be di­

vided into two groups and then the mixture model with single flanking region could 

be used to estimate the allele distribution. As observed in Figure 3. 7, two groups 



64 

!! 

l
!i 

' 

... i:.i.i,! ,.,..,lt,,4 

Figure 3. 7: Frequency distribution of 6232 unpaired restriction fragments of D2S44 
(LC). 

can be made according to the fragment length less than 8.97 Kb or greater than 9.14 

Kb. While grouping the data, it is observed that 526 individuals have one or both 

fragment sizes less than 8.97 Kb of which 495 individuals have one band greater than 

8.97. This difficulty in classification makes the estimation of allele distribution more 

difficult, and further analysis is not performed on the locus D2S44 of LC. 

Devlin et al. (1991) tried to estimate the frequency distribution using the EM 

algorithm for two flanking regions. They observed that the fit of the model was poor, 

and they concluded that the flanking and repeat distributions are not independent. 

They observed that D2S44 shows a polymorphism in the flanking region when it 

is excised with PstI. After inspecting supplementary data for sequences cut with 

H aeI I I, they were able to split the data in two distinct groups corresponding to 
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two distinct flanking region sizes. They calculated the proportion of data in the two 

groups as 0.097 and 0.903 respectively. Using the EM algorithm they estimated 1r 

and u1 and u2 for the separated data sets. Their estimate for u1, u2 were 6.701 and 

9.331 respectively. From the goodness-of-fit P-value=0.28, they concluded that the 

model fits the data. 

3.2 Allele Frequency Distribution Results : OCSD 

The following subsections provide the frequency estimates for all 5 VNTR loci. The 

results of fixed-bin analyses on OCSD data are also discussed. 
·. 

1. D17S79 

Note that the OCSD database for Dl 7879 contains data only for Hispanics whereas 

the LC database contains data for Caucasians only. The following is the descriptive 

summary of the data set for OCSD D17879 locus. 

Descriptive Summary 

Number of individuals : 195 

Minimum fragment size: 0.974 Kb 

Average length: 1.595 Kb 

SD = ca, = 0.008a, 

Repeat Size : 0.038 Kb 

Maximum fragment size : 3.277 Kb 

Estimated number of alleles : 61 

SD of average length : 0.0128 Kb 

From the information given by OCSD, the measurement error is 0.8% of the ob-
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Figure 3.8: Histogram of 390 unpaired restriction fragments of D17S79. 

served length. Hence 95% of the time, the phenotype is expected to lie within 
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0.65 = 1.95
0~~3~

126 repeats on either side of the genotype for an allele of average length, 

1.595 Kb. The restriction enzyme used by OCSD is different than LC, hence the 

lengths of the fragments are small as compared to the LC Dl 7S79 locus. The distri­

bution in Figure 3.8, does not display a repeating pattern, which suggests that the 

measured fragments are associated with single regions. Most of the fragments are 

observed between 1.20 - 2.0 Kb and the maximum frequency is observed between 

1.25 - 1.3 Kb and 1.5 - 1.6 Kb. 

Fixed-bin Results 

From Figure 3.9, note that only 14 bins have observable events. And out of these 

14, six bins have counts below five. Most of the fragments are distributed in the range 

1.197-2.088 Kb, that is, between the bins numbered 6 and 7. 
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Figure 3.9: Plot of bin relative frequencies for D17S79 Hispanic population. 
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Figure 3.10: (a) Plot of the absolute difference of fragment lengths against the average 
length. (b) Plot of the shorter fragment length against the longer fragment length. 
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Estimation of allele distribution 

Figures 3.lO(a) and 3.lO(b) suggest that some of the fragment pairs are coalesced. 

Note that in Figure 3.l0(a) there are more observations with zero differences, on 

the zero-line as compared to adjacent intervals. This phenomenon is also present in 

Figure 3.lO(b) wher.e many points fall on they= x line, and fewer in th!: adjacent 

interval. 
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Figure 3.11: Plot of probability of coalescence as a function of the difference in 
fragment length 

The method of estimating the probability of coalescence given in section 2.1.3.3 

could not be used here. The range of pair differences is divided into intervals of 

length 0.025 Kb. As the sample size is small, many of the observed frequencies Ok 

are greater than the expected frequencies Ek, hence it is not possible to fit a reasonable 

function to the points on the plot (1- i] versus Ck in Figure 3.11. We tried the same 
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plots with different intervals of length 0.01 Kb and 0.04 Kb, but the plots were not 

much different than that shown in Figure 3.11. Therefore algorithms SQCOAL and 

EMCOAL are not used for estimating the allele distribution. 
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Figure 3.12: ( a)Plot of the difference between fragments as a percentage of the average 
fragment length. (b) Plot of the allele frequency estimates against the number of 
repeats for EMRESL. 

If the distance between two bands is not enough to distinguish them from each 

other, then they are identified as a single band. If a single band is observed, then 

the size of this band is almost the same as its average. Most of the labs set the 

resolution threshold, the minimum distance required for identification of two bands, 

as some percentage of the molecular weight of the band observed. This resolution 

threshold can be estimated, by plotting the percentage differences s as function of the 

average (Morris et al., 1992). Figure 3.12 gives the approximate idea of the minimum 

resolution distance a. For D17S79 this distance is observed to be around 2. 7% of the 
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molecular weight. 

The estimate of the flanking-region size is 0.9064 Kb by both algorithms SQPRESL 

and EMRESL. The plot of the allele distribution estimated using EMRESL is given 

in 3.12(b), and SQPRESL is given in Figure 3.13(a). The plots of the estimated 

allele distribution by both algorithms follow the same pattern as that of frequency 

histogram given in 3.8. Devlin et al. (1991) suggest that the estimated allele distri­

bution can be smoothed by empirical Bayes(EB) method. Figure 3.14(a) shows both 

SQPRESL(ML) estimates together with the EB estimates. To get a better resolu­

tion of the graph, square-root transformed estimates of SQPRESL(ML) and EB are 

plotted in Figure 3.14(b). There is not much difference between the two estimates. 
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Figure 3.13: (a) Plot of the estimates of allele distribution against the repeats for 
SQPRESL. (b) Plot of Standard Deviation of estimates of allele distribution against 
repeats. 

Parametric bootstrap is used to estimate the variance of the estimates. Fifty 
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data sets are generated from the estimated distribution /(.jw-, u). For each data set 

bootstrap estimates of u and 1r are obtained and the variance of 1r is estimated from 

the 50 bootstrap estimates of 1r. Figure 3.13(b) shows the plot of the bootstrap 

standard deviation of 1r. 
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Figure 3.14: (a) Plot df the estimates of allele distribution against the repeats for 
empirical Bayes [solid line], and maximum likelihood [broken line]. (b) Square root 
transformed estimates of allele distribution for empirical Bayes [solid line], and max­
imum likelihood [broken line]. 

The fit of the model is checked using the Monto-Carlo goodness-of-fit test discussed 

earlier. 300 data sets are generated from /(.j:ir, u). This model fits the data very well 

since the P-value is 0.45. The shapes of the estimated allele distribution shown in 

Figure 3.13(a) and that given by Devlin et al. (1991) are almost the same. 
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In the fixed-bin analyses of Dl 7S79 the maximum frequency of 0.2 is observed 

for the range 1.508-1.637 Kb and 1.197-1.352 Kb. By SQPCOAL, the maximum 

relative frequency 0.199 is estimated for 16 repeats that is for an allele of size 1.5144 

Kb [.9064 + (16)(.038)). The second largest relative frequency estimated is 0.185 

for 10 repeats that is for an allele of size 1.2864 Kb. This shows that fixed-biri 

analyses provide the general idea of distribution but that the relative frequencies are 

overestimated. 

3. D2S44 

The descriptive summary of the data set for locus D2S44 is as follows. 

Descriptive Summary 

Number of individuals : 1236 

Minimum fragment size : 0.649 Kb 

Average length: 2.001 Kb 

SD = car = 0.008ar 

Repeat Size : 0.031 Kb 

Maximum fragment size : 6.693 Kb 

Estimated number of alleles : 195 

SD of average length : 0.016 Kb 

From the histogram of unpaired fragments in Figure 3.15(a), most of the fragments 

are observed between 0.64 - 4 Kb and the maximum frequency is observed between 

1.4 - 1.6 Kb. No repeating pattern of the fragments is observed, which suggests that 

the measured fragments are associated with only one flanking-region. If coalescence is 

ignored, 95% of time the phenotypes are expected to lie within 1.011 = 1.
9~-~~i°16 re­

peats on either side of the genotypes for an allele of average length, 2.001 Kb. 
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Figure 3.15: (a) Frequency distribution of 2472 unpaired restriction fragments of 
D2S44. (b) Plot of bin relative frequencies for D2S44 Complete data(n=1236) 

Fixed-bin Results 

From Figure 3.15(b), 26 bins contain observable events. The relative frequency 

of observing the fragments in the range 1.197-2.351 is high as compared to other 

ranges. The highest frequency of 0.13 is observed for bins 8 and 9, that is for the 

range, 1.508-1.637 Kb and 1.638-1.788 Kb. Fragments with length greater than 3.980 

Kb have low chances of occurrence. The fixed-binning method is also applied to three 

ethnic groups, the Hispanic, Black and Caucasian populations. This analysis helps 

us to determine whether the distribution of alleles shows substantial variation among 

the three ethnic groups. Figure 3.16( a-d) gives the distribution of alleles in four 

subgroups. It is observed that the low frequency as well as high frequency bins are 

consistent Hispanic, Black and Caucasian populations. Since the Asian group consists 
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Figure 3.16: Plot of bin relative frequencies for Asian(n=560), Black(n=213), Cau­
casian(n=215), and Hispanic(n=248) individuals. 
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Figure 3.17: (a) Plot of the absolute difference of fragment lengths against the average 
length. (b) Plot of the shorter fragment length against the longer fragment length. 

of several subpopulations, the distribution of alleles is different than the Hispanics, 

Blacks and Caucasians. 

Estimation of allele distribution 

Figure 3.17(a) gives the plot of the absolute difference of fragment lengths against 

the average length and Figure 3.17(b) is a plot of the shorter fragment length against 

the longer fragment length. Interval lines in Figure 3.17(a) and 3.17(b) are of width 

0.031 Kb. In Figure 3.17(a), the number of observations with zero differences is 

larger than the number of points observed in adjacent intervals. In Figure 3.17(b) 

many points are observed on the line y = x, and fewer points are observed in adja­

cent intervals. This indicates that close heterozygotes may have been measured as 

homozygotes. 
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Figure 3.18: Plot of probability of coalescence as a function of the difference in 
fragment length 

To estimate the probability of coalescence as suggested in Section 2.1.3.3, the range 

of the differences is divided into intervals of length 0.025 Kb. It is not possible to fit 

a reasonable function to the points on the plot [1- il versus ck in Figure 3.18. The 

pattern of points did not change much with intervals of length 0.016 Kb and 0.032 

Kb. The probability of coalescence is not easily estimable for the given data, and 

we cannot use EMCOAL and SQPCOAL. Therefore we concentrated on SQPRESL 

and EMRESL for which we require the minimum resolution distance. From Figure 

3.19(a), the minimum resolution distance is observed to be approximately 1.5% times 

the molecular weight. For the average length this distance is 0.04 Kb which is almost 

1.2 repeats. 

Using EMRESL, the flanking-region size is estimated as 0.6066 Kb, and the es-
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Figure 3.19: (a) Plot 'of the difference between fragments as a percentage of the 
average fragment length. (b) Plot of the allele frequency estimates against the number 
of repeats. 

timates of 1r shown in Figure 3.19(b) follows the same pattern of the observed data 

frequency histogram in Figure 3.15. We tried to use SQPRESL, with initial starting 

values of1r,(0
) = 1~5 ,r · 1,2, ... ,195 and u(0> = 0.6Kb. The routine could not move 

to improve upon the initial estimates 1r,(0l, u(0). 

D4S139 

The descriptive summa,ry of the data set for locus D4S139 is as follows. 

Descriptive Summary 



Number of individuals : 1215 

Minimum fragment size : 2.068 Kb 

Average length: 6.645 Kb 

SD = car = 0.008ar 

Repeat Size : 0.031 Kb 

Maximum fragment size : 23.12Kb 

Estimated number of alleles : 679 

SD of average length : 0.053 Kb 
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From the histogram of the unpaired fragment lengths shown in Figure 3.20(a) the 

distribution of lengths is more centered on the lower tail, and it is observed to be 

positively skewed. Most of the fragments are observed between 0.65 - 6 Kb. Without 

coalescence 95% of the time the phenotype is approximately 3.4 = 1.9g~~i°53 repeats 

on either side of the genotype for an allele of average length 0.053 Kb. 

(a) (b) D4S1 39: Complete Data 
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Figure 3.20: (a) Frequency distribution of 243_0 unpaired restriction fragments of 

D48139. (b) Plot of bin relative frequencies for D4Sl39 Complete data(n=l215) 

Fixed-bin Results 
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(b) D4S139: Black 
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(d) D4S139: Hispanic 
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Figure 3.21: Plot of bin relative frequencies for Asian(n=1215) and Black(n=210), 
Caucasian(n=217), Hispanic(n=243) individuals. 
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Figure 3.20(b) provides the relative frequency distribution for locus D4S139. Out 

of 29, the first 10 bins have zero relative frequency. Like D1S7 locus, the relative 

frequency is observed to be high for large fragment lengths. Bins 24-27 have relative 

frequency greater than 0.11, and the highest frequency 0.174 is observed for the bin 

26 that is for the fragment length range 6.369-7.241 Kb. The relative frequency of an 

allele in the range 0-3.033 Kb is quite small. Figure 3.21(a-d) gives the distribution 

of alleles in four subgroups. The low frequency as well as high frequency bins are 

consistent in all subgroups. 

Estimation of allele clistribution 
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Figure 3.22: (a) Plot of'.the absolute difference of fragment lengths against the average 
length. (b) Plot of the shorter fragment length against the longer fragment length. 

Both the plots in Figure 3.22 indicate the possibility of coalescence. Interval lines 

are of repeat length 0.031 Kb. There are more points with zero differences, on the 
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zero difference line as compared to the number of points observed in adjacent intervals 

in Figure 3.22(a). This phenomenon is also observed in Figure 3.22(b).° More points 

are observed on the line y = :z:, and fewer points are observed in adjacent intervals. 

This suggests that some of the close heterozygotes are observed as homozygotes. 
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Figure 3.23: Plot of probability of coalescence as a function of the difference in 
fragment length 

For the locus D4S139, the range of the fragment sizes and also the range of the 

pair differences is large. The range of the differences is divided into intervals of length 

0.02 Kb. From Figure 3.23, it is observed that no reasonable function can be fitted 

to the points in the plot of [1- %.'] versus ck. Similar plots were also tried with inter­

val lengths 0.03 Kb and 0.05 Kb, but the plots were not much different from Figure 

3.23. As it is not possible to estimate the probability of coalescence, the algorithms 

EMCOAL and SQPCOAL are not used for estimating the allele distribution. There-
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fore we proceed with EMRESL and SQPRESL, for which we require an estimate of 

the minimum resolution distance. From the Figure 3.24(a) the minimum resolution 

distance is estimated to be 1.5% of the observed band. 
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Figure 3.24: (a) Plot bf the difference between fragments as a percentage of the 
av.erage fragment length. (b) Plot of the allele frequency estimates against the number 
of repeats. 

The estimated number of alleles is 679 and the sample size is 1215. Since the 

sample size is small as compa;ed to the number of parameters to be estimated and 

most of the frequencies are zero, it may be difficult to obtain all of the 679 allele 

frequencies. Hence SQPRESL and EMRESL were tried with different step-sizes, 

r = mj,j = l, ... , 6
~

9
• SQPRESL did not converge with step-size less than 5, 

for maximum of 400 iterations. While EMRESL gave an optimal solution of the 

frequency estimates with step-size three. Hence 226 allele frequency estimates, for 

r = 3, 6, 9, ... , 678 are obtained using EMRESL. The estimate of the flanking-region 
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is 2.05 Kb. Figure 3.24(b) gives the plot of the estimates of allele distribution against 

the number of repeats. The pattern of the estimates of frequencies is similar to that 

of observed in histogram of unpaired fragment lengths (Figure 3.20) 

D10S28 

The descriptive summary of the data set for locus D10S28 is as follows. 

Descriptive Summary 

Number of individuals : 1255 

Mi1?ffium fragment size : 0.651 Kb 

Average length: 2.372 Kb 

SD = car = 0.008ar 

Repeat Size : 0.033 Kb 

Maximum fragment size : 11.58 Kb 

· Estimated number of alleles : 330 

SD of average length : 0.0189 Kb 

Figure 3.25(a) does not show any repeating pattern of the fragment lengths which 

indicates that the fragments are associated with a single flanking region. The distri­

bution of fragment length seems to be positively skewed. Most of the fragments are 

observed between 0.64 - 5 Kb. The maximum frequency is observed between 1.4 - 1.6 

Kb. Without coalescence, for an allele of average length, 2.372 Kb the phenotype is 

expected to overlap 1.13 = 1.
9~".o~~189 repeats on either side of the genotype 95% of 

the time. 

Fixed-bin Results 

The allele frequency distribution for locus DlOS28 is given in Figure 3.25(b). The 

relative frequency of observing a length greater than 15 Kb is zero. Fragments with 
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(a) (b) D10S28: Complete Data 
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Figure 3.25: (a) Frequency distribution of 2510 unpaired restriction fragments of 
D10S28. (b) Plot of bin relative frequencies for D10S28 Complete data (n=1255). 

length below 0.871 Kb or above 5.220 Kb have relative frequency less than 0.01. 

The relative frequency of the fragment lengths between 1.197-4.821 Kb is less than 

0.035. The highest relative frequency 0.083 is observed for bin 9, that is for the range 

1.638-1.788 Kb. Figure 3.26(a-d) gives the distribution of alleles in four subgroups. 

It is observed that the low frequency as well as high frequency bins are consistent in 

Asian, Hispanic, Black and Caucasian populations. Since the Asian group consists of 

several subgroups, distribution of alleles is different than the Hispanics, Blacks and 

the Caucasians. 

Estimation of allele distribution 

Figure 3.27(a) and 3.27(b) suggest that some of the fragment pairs are coalesced. 

Interval lines are of width 0.033 Kb. In Figure 3.27(a), note that there are more 
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(a) O10S28: Asian (b) 010S28: Black 
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(c) O10S28: Caucasian (d) 010S28: Hispanic 
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Figure 3.26: Plot of bin relative frequencies for Asian (n=572), Black(n=222), Cau­
casian(n=215), and Hispanic(n=256) population. 
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observations with zero differences and fewer observation in adjacent intervals. Many 

points fall on the line y = x, in graph 3.27(b),.and fewer observations are observed in 

intervals adjacent to this line. Both the plots in Figure 3.27 indicate the probability 

of coalescence, that is observing the close heterozygotes as homozygotes. 

-.. . .. . . .. 
I • : . • . :-. ); 

·-·· ·-. . 

(a) 

. . 

I • ,. • • I• •• .. ·:•. ·. 
:it r•.• :. • 
• I •• "' • • • I ••• • 

·.-.·. t . .. 

1 2 3 

. . 

Average fragment length (Kb) 
4 

. .. . .. . . .. 

(b) 

• I 

1,0 12 1A 1£ 
Shorter fragment length(Kb) 

1.8 

Figure 3.27: (a) Plot of the absolute difference of fragment lengths against the average 
length. (b) Plot of the shorter fragment length against the longer fragment length. 

To compute the probability of coalescence, as suggested in section 2.1.3.3, we 

plotted the points [1- t] versus ck for the intervals of the length 0.016 Kb, 0.028 Kb 

and 0.03 Kb. Figure 3.28, is the plot with the interval length 0.028 Kb. As it is not 

possible to fit any reasonable function to the points in this plot, the probability of 

coalescence cannot be easily estimated. SQPCOAL and EM COAL cannot be used for 

obtaining the allele distribution. To compute the relative frequencies using EMRESL 

or SQPRESL, we need to estimate the resolution distance a. From Figure 3.29(a), 
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Figure 3.28: Plot of probability of coalescence as a function of the difference in 
fragment length 

the resolution threshold is determined to be around 1.6% of the molecular weight of 

the single band observed. 

The estimates of relative frequencies and the flanking-region size are obtained 

using EMRESL algorithm. The flanking region is estimated to be 0.6056 Kb. The 

pattern of the estimates of the allele distribution in Figure 3.29(b) shows a spiky na­

ture and smoothed estimates could be obtained using empirical Bayes methods. Since 

the whole procedure takes a large amount of computational time, the EB estimates 

as well as estimates of the variance of 1r are not obtained. The pattern of the ML 

estimates is similar to that observed in the histogram of unpaired fragment lengths, 

Figure 3.25. The estimates of the flanking-region and the relative frequencies for 

110 alleles, with step size 3 were also obtained using SQPRESL. Since the algorithm 
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Figure 3.29: (a) Plot of the difference between fragments as a percentage of the 
average fragment length. (b) Plot of the estimate of allele distribution against the 
number of repeats. 

SQPRESL could not converge with step-size less than 3, the results are not reported 

here. 

D1S7 

The descriptive summary of the data set for locus D1S7 is as follows. 

Discriptive Summary 

I 

Number of individuals : 1243 

Minimum fragment size: 0.756 Kb 

Average length : 5;538 Kb 

SD = car = 0.008ar 

Repeat Size : 0.009 Kb 

Maximum fragment size : 23.186 Kb 

Estimated number of alleles : 2490 

SD of average length : 0.043 Kb 

Figure 3.30 does not show any repeating pattern of the fragment lengths which 
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(a) (b) D1 S7: Complete Data 
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Figure 3.30: (a) Frequency distribution of 2486 unpaired restriction fragments of 
D1S7. (b) Plot of bin relative frequencies for D1S7 Complete data(n=1243). 

indicates that the fragments are associated with a single flanking region. Most of the 

fragments are observed·between 0 - 10 Kb. As the repeat length is very small, for an 

allele of average length, 5.538 Kb without coalescence, the phenotypes are expected 

to overlap 9.4 = 1.
9
~-~~9

043 repeats on either side of the genotypes 95% of the time. 

Fixed-bin Results 

For locus D1S7 the repeat length of 9 bp is very small and the observed fragment 

lengths are widely spread hence the number of alleles to be estimated is quite large. 

From Figure 3.30(b) it is observed that most of the fragments are between 0.75 - 6 

Kb. Figure 3.31(b-d) gives the distribution of alleles in four subgroups. From Figure 

3.31(a-d) of the distribution of alleles in four subgroups, it is observed that the low 

frequency as well as high frequency bins are consistent in all four groups. In addition, 
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Figure 3.31: Plot of bin relative frequencies for Asian (n=1243), Black(n=202), Cau­
casian(n=212), and Hispanic(n=257) individuals. 
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it can be concluded that Asian, Hispanic, Black and Caucasian populations have 

similar allele distributions. 

Estimation of allele distribution 

Coalescence is observed from both the plots in Figure 3.32. In Figure 3.32(a) there 

are more points on the_ zero difference line in adjacent intervals. This phenomenon 

is also observed in Figure 3.32(b). More points are observed on line y = x, and 

fewer points are observed in adjacent intervals. This shows that some of the .close 

heterozygotes are observed as homozygotes. 
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Figure 3.32: (a) Plot of the absolute difference of fragment lengths against the average 
length. (b) Plot of the shorter fragment length against the longer fragment length. 

To compute the probability of coalescence, as suggested in section 2.1.3.3, we 

plotted the points [1- t] versus ck for the intervals of the length 0.05 Kb, 0.025 and 

0.09 Kb. The plot with the interval length 0.05 Kb is shown in Figure 3.33, and the 
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Figure 3.33: Plot of probability of coalescence as a function of the difference in 
fragment length 

other two plots are also similar to this plot. It is not possible to fit any reasonable 

function to the points in Figure 3.33, hence the algorithm SQPCOAL and EMCOAL 

cannot easily be used for obtaining the allele distribution. To compute the relative 

frequencies using EMRESL or SQPRESL, we need to estimate the resolution distance 

a. From Figure 3.34(a), the minimum resolution distance is approximately 1.75% of 

the observed band. 

The number 2490 of alleles to be estimated, is large as compared to the sample 

size of 1243. SQPRESL was tried with initial estimates 7rr(o) = 2!9 , u<0J = 0.6 Kb 

for r = lOj, j = 1, 2, ... , 249, a step-size of 10. The routine could not improve 

upon initial estimates, therefore the allele distribution is estimated using EMRESL. 

Frequency estimates with r = lOj, j = 1, 2, ... , 249 are obtained. The flanking-region 
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is estimated as 0.7 Kb. The estimated distribution of allele frequency estimates in 

Figure 3.34(b) shows the same pattern as observed in histogram Figure 3.30. 

Figure 3.31(a), gives the allele distribution of D1S7 locus for complete data as well 

as subpopulations. All 29 bins have observable events. The highest relative frequency 

is 0.0748. The relative frequency is observed to be high for large fragments. The allele 

distribution does not show substantial variation among the three subpopulations. 
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Figure 3.34: (a) Plot of the difference between fragments as a percentage of the 
average fragment length. (b) Plot of the estimate of allele distribution. 

3.3 Independence of VNTR loci 

Estimates of the frequency distribution of unpaired fragments were computed in Sec­

tions 3.1 and 3.2. Generally a pair of fragments is observed. Weir(1992) suggested 

that the two fragment lengths observed at each locus can be assigued to the bins they 
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Table 3.1: Frequency of observing genotypes in fixed-bin analyses 

Bins 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 1 
2 1 0 
3 1 0 0 
4 1 0 1 0 
5 2 0 0 0 0 
6 0 0 0 0 0 0 
7 2 0 1 0 0 2 2 
8 2 2 1, 1 2 2 4 1 
9 2 0 0 2 2 2 2 0 1 
10 0 0 2 1 0 1 1 2 0 2 
11 3 0 0 0 2 1 5 2 0 2 0 
12 3 2 1•, 1 2 3 3 5 4 6 6 3 
13 0 1 1 1 3 1 3 3 5 4 .7 4 2 
14 4 0 0 2 3 4 1 1 2 2 3 8 2 0 
15 6 0 0 0 3 2 1 2 1 3 5 4 3 2 1 
16 0 0 0 1 0 0 0 1 0 2 1 0 1 1 0 0 

belong to and then this pair of bins is considered to be the genotype of the individual 

for that VNTR locus. For example, Table 3.1 gives the counts for each pair observed 

in the Black population for locus D4S139. 

The summary .statistics for binned data in the OCSD data base is given in Table 

3.2. Here the column 'N' is the number of individuals, and 'No. of bins' gives the 

number of bins with nonzero frequency. The number of possible genotypes is the 

number of all pairs possible from the available number of nonzero frequency bins. For 

example, consider the Black population of locus D4S139. There are f = 16 available 

bins, and so the total number of pairs possible is /x(i +t). The number of observed 
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Table 3.2: Summary for binned data sets in OCSD database 

Locus Ethnic N No.of No. of Genotypes Gene 
Group Bins Possible seen Diversity 

D1S7 Black 202 22 253 119 0.9472 
Caucasian 212 23 276 131 0.9435 
Hispanic 257 24 300 146 0.9449 

D2S44 Black 213 21 231 110 0.9360 
Caucasian 215 19 190 104 0.9258 
Hispanic 248 20 210 107 0.9158 

D48139 Black 210 16 136 89 0.9201 
Caucasian 217 14 105 69 0.8935 
Hispanic 243 14 105 72 0.8913 

D10s28 Black 222 26 351 145 0.9512 
Caucasian 215 23 276 124 0.9431 
Hispanic 256 22 253 133 0.9344 

D17879 Hispanic 195 8 36 29 0.8273 

genotypes is the sum of nonzero frequency cells in the two-way frequency table, as 

shown in Table 3.1. In Table 3.1 only 89 cells have nonzero counts, hence there are 89 

observed genotypes for the Black population of locus D48139. The gene diversity of 

any locus as defined in Weir(1992) is the proportion of heterozygotes observed at that 

locus. The gene diversity is calculated as one minus the sum of squared bin relative 

frequencies, that is 1 - "E{ pf where p; is the relative frequency for bin i. Now }:{ P1 

is the probability of observing only homozygotes, thus the gene diversity is also a 

measure of heterozygosity. The larger the heterozygosity, the more useful is the locus 

for DNA fingerprinting. All of these loci have a high percentage of heterozygotes. 

When modeling the distribution of allele sizes, we assumed that the allele sizes 
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are independent within each loci. Independence between VNTR loci is also required 

when estimating the probability of observing a set of allele pairs at several VNTR 

loci. Weir (1992) gives a method of estimating correlations between fragment lengths 

within a locus and for different loci. 

If individual i has two fragments at the same locus, say x;;, j = 1, 2 for i = 

1, 2, ... , n where x;; are distributed about the same mean µ,. with same variance u;. 
Then p,., the correlation coefficient between the two fragment lengths (xn, x;2) is 

called the intraclass correlation coefficient, and it can be estimated using analysis of 

variance techniques and a random effects model. The ANOVA table is given in Table 

3.3 where x;. = L.; x;;, x .. = L.; x; .. 

Table 3.3: Analysis of variance for fragment lengths 

Source d.f Mean square 

Between individuals n-1 MSB = - 1
- (r:.-x~ - 1-x2

) z 2(n-1) • •· n .. 

Within individuals n MSW,. = ¼ ( L.; L-; x1; - ½ L.; x1.) 

The intraclass correlation coefficient is then estimated as 

• MSB., - MSW., 
p., = MSB., + MSW., 

Expected MS 

(1 + p,.)u; 

(1- p,.)a; 

Estimates of intraclass correlation coefficients for OCSD data are given in Table 3.4. 

To check whether the correlation coefficient differs significantly from zero, 1000 

bootstrap samples are generated from the available database with replacement. The 
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coefficient of correlation between N pairs is estimated for 1000 samples. The range 

of coefficients into which the central (1 - a) of estimates fall is considered to be 

a confidence interval for the original correlation coefficient. For any database, if 

such interval does not include zero, then the correlation coefficient. is considered to 

be significantly different from zero at the a level of significance. Except for the 

Black population of locus D1S7, 95% confidence intervals of all populations given in 

Table 3.4 include zero. We conclude that the correlation coefficients between pair of 

fragments observed at each locus are not significantly different from zero at the 5% 

level of significance. 

Table 3.4: Estimates ofintraclass correlations for fragment lengths in OCSD database 

Locus Ethnic Group N Correlation Coefficient 

D2S44 Black 213 0.0777 
Caucasian 215 0.0029 
Hispanic 248 -0.0012 

D1S7 Black 202 -0.1687 
Caucasian .212 0.0082 
Hispanic 257 0.0573 

D4S139 Black 210 -0.0744 
Caucasian 217 0.0256 
Hispanic 243 -0.0018 

D10S28 Black 222 -0.0109 
Caucasian 215 -0.0288 
Hispanic 256 0.0233 

D17S79 Hispanic 195 0.0074 

The correlation between fragment lengths for different loci can be also estimated 

on similar lines. Suppose individual i has lengths (xn, x;2) at one loci and (Y;1, y;2) 
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at a second loci, for i = 1, ... , n. Let the mean and variance for x,; be µ,, and a~, 

and for Yi; be µy and a; respectively. Then there are two correlations Pzy, and Pzy, 

between two loci depending on whether or not the two fragments were received from 

the same parental sex cell. 

Since we do not know which fragment came from which parent at each loci, we 

estimate the average of these two correlations. Hence the correlation for a random 

pair of fragments, one at each locus can be estimated. For computations the average 

fragment lengths are, 

The mean product between two individuals for the two loci is calculated as 

then the average correlation between the loci is estimated as 

1 ( - ) 2MPBxy 
2 Pxy, +Pxy, = ✓(MSB,,+MSW,,)(MSBy+MSWy) 

Table 3.5 gives estimates of correlation coefficients for OCSD data base. 

To check whether the correlation coefficient differs significantly from zero, 1000 

bootstrap samples are generated from the database of 2 VNTR loci with replacement. 

The correlation coefficients are estimated for 1000 samples. The range of coefficients 



99 

Table 3.5: Estimates of correlation coefficients between random pair of fragment 
lengths at different loci. 

Loci Black Caucasian Hispanic 
N Correlation N Correlation N Correlation 

D2S44, D1S7 194 -0.0525 211 -0.0544 246 -0.0377 
D2S44, D4S139 200 0.1061 208 -0.0062 232 -0.0559 
D2S44, D10828 213 0.0432 214 -0.0203 245 -0.0709 
D2S44, D17S79 - - - - 195 -0.0057 
D1S7, D4S139 189 0.0012 204 -0.0267 241 0.0941 
D1S7, D10828 202 -0.0322 212 0.0312 254 0.0121 
D1S7, D17879 - - - - 193 -0.0630 

D4S139, D10828 209 -0.0183 207 0.0039 240 -0.0169 
D4S139, D17S79 - - - - 192 -0.0033 
D10828, D17S79 - - - - 193 -0.0273 

into which the central ( 1-a) of estimates fall is considered to be a confidence interval 

for the original correlation coefficient. For any database if such interval does not 

include zero, then the correlation coefficient is considered to be significantly different 

from zero at the a level of significance. For each ethnic group and for all possible 

pairs of VNTR loci 95% confidence intervals are estimated. Since all confidence 

intervals include zero, we concluded that the correlation coefficients between loci are 

not significantly different from zero at 5% level of significance. 



Chapter 4 

Inferences: DNA fingerprinting 

DNA fingerprinting is a very powerful technique in forensic science. It is used to draw 

inferences given measurements on bodily fluids and other material found at crime 

scenes. The culpability of a suspect is determined from the similarities between the 

suspect's profile with that of material found at the crime scene. A match is declared 

if two profiles show sufficient similarities, and then with some measure of the weight, 

this evidence is presented to the jury. If the chance that a randomly chosen innocent 

individual shows the same degree of match as that between the suspect and the 

evidence sample is very small, then the suspect is almost certainly the criminal; 

this is called inclusion. If the evidence sample contains a band not present in the 

sample from the suspect then, assuming no contamination of this sample and no 

errors in the laboratory analysis, the suspect is clearly not the criminal; this is called 

exclusion. If exclusion is declared, then the case does not go for a trial. Different 

100 
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methods of drawing inference from DNA fingerprints are given in Berry(1991)and 

Roeder(1993). There are some controversies about the statistical assumptions made, 

the computations of allele frequencies and the methods drawing the inferences .. A 

summary of this controversy is given in Roeder{1993). This chapter consists of two 

sections. Section 1 includes a discussion of the methods for drawing inferences from 

the DNA fingerprint using the estimated allele distribution and Section 2 contains a 

small discussion on factors related to the controversy of DNA fingerprinting. 

4.1 Methods of Inference 

4.1.1 Match/Binning 

Match/binning is a reasonable inferential method in scientific settings. This method 

is easily understood by the legal co=unity. The name of the method follows .from 

the two stages of the procedure. First a match or exclusion is determined and if 

there is a match then the match proportion, the probability of observing this match 

from a randomly selected population, is calculated using a binning technique. The 

match proportion is the proportion of the reference population that falls in the bin 

containing the crime sample. 

Declaring a match visually is not always possible. As we have seen earlier, the 

fragments are measured with error, hence forensic laboratories use a K standard 

deviation criterion. That is, if the DNA of the suspect and evidentiary sample are 
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separated by less than K standard deviations of the average measurement, a match 

is declared. As discussed in Roeder(l993) and Berry (1991), Lifecodes use a K = 3 

standard deviation criterion. For LC, the SD of measurement error is 0.006 times 

the fragment length, hence the match is declared if the absolute difference between 

two bands is less than 0.018 times the average length. For calculating the match 

proportion, the fixed-bin analysis described in Chapter 2 is used. The probability that 

a fragment from the locus falls into a particular bin is estimated by the proportion 

of observations from the database in that bin. Consider a case of observing only one 

fragment for each of the suspect's and the crime scene sample at a locus. Let bi be 

the suspect's band size and ~ be the band size for the evidentiary sample, and a be 

the average of (bi, b2). A match is declared if b2 E I = [bi - 0.018a, bi + 0.018a], 

with 3 SD criterion as used by LC. For OCSD, a match is declared if b2 E I = 

[bi - 0.024a, bi + 0.024a] for 3 SD. If a match is observed and p is the relative 

frequency of interval I, then assuming homozygosity, the match proportion is p2. 

Berry (1991), also suggests that, there is a possibility of not observing another band 

due to a small amount of DNA available or degradation of the sample. In that case 

the match proportion is considered to be 2p. When two fragments are observed for 

both samples, then two intervals say I, :T are determined, one for the two larger 

bands and one for the two smaller bands respectively. If a match is declared for both 

the larger and smaller bands, and the relative frequency of I is p1 and that"of :T is P2, 

then the total match proportion is 2P1P2- If a match is not observed for both larger 
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and smaller bands, then exclusion is declared. An example similar to that discussed 

in Berry(1991) is given here to explain the above discussion. 

Example: 

In one murder case, a blood spot is observed on the suspect's watch (crime scene 

sample). The suspect is declared a culprit if the match is observed between the two 

DNA fingerprints, of the blood on the watch and the victim's blood sample. The DNA 

fingerprint is obtained for two VNTR loci, D2S44 and D17S79. Table 4.1 gives the 

band sizes for both samples, the averages, 3SD intervals and the relative frequencies 

of these intervals. 

Table 4.1: DNA pattern summary: for calculating match proportion 

D2S44 D17S79 

Victim's sample 10.162 3.869 3.464 

Watch sample 10.32 3.877 3.52 

Average 10.241 3.873 3.492 

3 Sd interval [9.978, 10.346] [3. 799, 3.939] [3.401, 3.527] 

Relative freq. 0.049 0.111 0.155 

For the locus D2S44, only one band is observed in both samples. From Table 

4.1, it is observed that the band in crime sample falls in the match interval, hence 

a match is declared. Assuming homozygosity the match proportion is calculated as 
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(0.049)2 Ri 1/420. If it is assumed that due to the contamination of the sample, one 

band is missing in each sample then this proportion is 2(0.049) Ri 1/10. 

For Dl 7S79, the average of the two larger bands is 3.873 Kb, which gives the 

interval 3.869 ± 0.07 = [3. 799, 3.939]. For smaller bands, the average is 3.492 Kb and 

the interval for match is [3.401, 3.527]. AB the relative frequencies are 0.111 and 0.155 

for two intervals, the combined match proportion is 2(0.111)(0.155) Ri 1/29. The esti­

mated match proportion for observed DNA profile of two loci is (1/10) (1/29) Ri 1/290 

for heterozygosity, assuming there is only band at D2S44 ,_ Assuming homozygosity 

at D2S44, this proportion is (1/420)(1/29) Ri 1/12200. 

There is another method of determining the match proportion that involves the 

calculation of the likelihood ratio. 

4.1.2 Calculation of Likelihood Ratio 

Devlin et al. (1992) suggest a method of computing the likelihood ratio which they 

call the identity index. This index helps to determine whether the DNA of the suspect 

and the evidentiary sample comes from the same person or not. The method is as 

follows: 

Let 

Ho: The two samples come from different persons. 

Hr: The two samples are derived from the same person. 

Let (x1, x2) and (yr, Y2) be a pair of fragments observed from the evidentiary sam-
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ple and from the suspect respectively. The conditional density of the fragments is 

g;;(x1 , x2), which is a joint normal distribution of the pair X1 , X2 , given that Xi is 

the measurement of allele a; with i repeats and X2 is the measurement of allele a; 

with j repeats. Though the population is assumed to be in H-W equilibrium, the 

measurement errors are assumed to be correlated. Assuming no coalescence, the joint 

marginal distribution of a pair of measured fragments is approximated as: 

Then the likelihood of Ho is given by 

(4.1) 

Given the data, the likelihood of Hi is 

(4.2) 
otherwise 

The likelihood ratio L = lik(H,!x,,:z;,,y,,y,) which is termed the identity index is then 
hk(Holx1,x2,Y1,y2)' 

computed. If samples are on multiple loci, then assuming independence over loci, the 

identity index can be obtained by multiplying the likelihood ratios for each locus. 

Computations of likelihood change in case of coalescence. Let x1 = x2 = Zi and 

Yi = Y2 = z2 Then the likelihood of Ho is 
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where 

2 roo f*(z, z) = I:; 11"; g,(z) + 2 I:; 1r,1rj Jo g,;(z - t, z + t)8(t, z)dt. 
i i<i 0 

If only one pair is coalesced say (x1,x2) then f*(z.i,z.i) is replaced by f(Y1,Y2)- If 

the evidentiary sample is truly homozygous then under H1 the suspect sample is also 

homozygous. Thus the likelihood of H 1 when both pairs of fragments have coalesced 

is 

lik(H1lz1, z2) = I:; 1rfo;(z1)1r;g,(z.i) + 2 I:; 11";11"; l1I2 
i i<j 

the likelihood under Ho and H1 is obtained, the identity index can be computed as 

discussed earlier. The decision rule given by Devlin et al. (1992) is 

1 
Conclude Ho L E (0, K] 

1 
inconclusive E (K,K] 

E [K,oo) conclude H1 

K is chosen such that Type I error is very small. Devlin et al. ( 1992) suggest the 

value of K as 100. 

The following is the example given in Devlin et al.(1992). Suppose the DNA 

fingerprint is obtained for two samples on loci D2S44 and D17S79. Band sizes mea­

sured for Dl 7S79 are X1 = 3.66, x2 = 4.01, Y1 = 3.56, Y2 = 3.84 and for D2S44 are 

x 1 = 12.06, x2 = 12.99, y1 = 11.64, y2 = 3.84. L is calculated as 4. 7 x 10-u. From the 



107 

above decision rule if K =100, it can be concluded that the two samples come from 

different individuals. 

4.2 Summary of Controversy 

Since the discovery of fingerprinting, scientific testimony is cons.idered to be a deciding · 

factor in most of the civil and criminal cases. However, because of inadequate scientific 

background, judges and lawyers, do not review the scientific techniques used, and 

judicial decisions are often made on the basis of experts testimony which is not argued 

or challenged. 

In many techniques, the underlying theory is well established and results are in­

dependently verified. These methods are generally accepted for scientific research 

but may not be reliable for forensic applications. Failing to test the reliability of 

the techniques may cause the conviction of an innocent ·person. To use these meth­

ods in forensics, they must be tested thoroughly for their usefulness and limitations. 

Neufeld and Colman (1990) and Cohen (1990) give examples of forensic trials where 

the DNA profiling results and their interpretation seemed doubtful. The contro­

versy is mainly associated with statistical issues. Roeder (1993) lists these issues and 

also explains how they could have been avoided by careful consideration of statisti­

cal theory. Some of these issues include the appropriate method of summarizing data 

subject to measurement error, the assumption of independence of events in DNA pro-
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file, heterogeneity of populations, appropriate sampling methods to develop reference 

populations and probabilistic evaluation of evidence under uncertainty of appropriate 

reference database. 

In any forensic investigation, a match of two samples is first determined and if a 

match is observed then the match proportion is computed. As discussed in Section 

4.1.1, a match is declared if the evidentiary sample bands are within 3 standard 

deviations of the bands observed in the suspects sample. Sometimes environmental 

factors such as temperature and humidity may degrade the samples. In such cases 

there is a possibility that the larger fragments are destroyed and the probe may yield 

only one smaller band.· Hence contamination of the samples and band shifting are 

two major problems. 

Forensic scientists usually estimate the match proportion of the suspect and evi­

dentiary profile in a reference population by assuming independence of alleles within 

and between loci. This assumption has stirred the most controversy. If different 

subgroups of a population have different allele probability distributions then such 

heterogeneity would cause dependencies of alleles within and between loci. Stud­

ies by Lander (1989) and Cohen (1990) suggested that the population heterogeneity 

could lead to an underestimation of matching probabilities. Some other geneticists 

and statisticians (Devlin et al., 1990) have countered that, even though theoretically 

heterogeneity in the population causes dependence in loci, human populations rarely 

exhibit enough heterogeneity to have substantial impact on probability calculations. 
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A consequence of population heterogeneity is an excess of homozygotes in the mixed 

population which causes deviation from H-W equilibrium. Without assumptions of 

H-W equilibrium there is no other reliable way to convert allele frequencies into over­

all genotype frequencies. Devlin et al. (1990) suggest that there is no excess of 

homozygotes observed at VNTR loci and that some of the close heterozygotes are 

measured as homozygotes. Tests are developed by Berry et al. (1992), Weir (1992), 

and Devlin et al. (1992) to check the H-W equilibrium and independence of the loci, 

but some of these tests can be affected by correlated measurement error. Evett et al. 

(1993) have suggested a new method for computing match proportions, pointing out 

that the classical tests may fail to reject the independence hypothesis because of lack 

of power. 

Besides independence, the choice of reference population is another factor of con­

cern. Generally the reference population is chosen according to ethnicity of the 

suspect. Since the suspect is not guilty until proven, the population consisting of 

individuals with the same ethnicity is not the proper choice of reference population. 

For more information on the controversy refer to Roeder(1993), which discusses the 

statistical issues and consequences of the National Research Council's 1992 report in 

detail. 

Neufeld and Colman (1990) point out some nonstatistical issues related to the 

unreliability of DNA profiling. Sometimes forensic labs declare a match even if the 

bands do not show a visual match and they are also not within the 3 standard 
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deviation interval. Generally, forensic laboratories carry out the required calculations 

on data that they have collected themselves, hence most of the data is not published, 

previewed or verified. Sometimes prosecutors refuse to divulge the raw data for 

verification and even if they are verified, different laboratories get different results 

due to different RFLP systems, probes and enzymes used. Hence the defense is 

unable to verify the results. In addition, lack of time and resources often results in 

no challenge of doubtful results. Most of the testing laboratories are not regulated by 

government, they do not have any restrictions on submitting proficiency tests, and 

they are within police or prosecutor agencies, so that their results are biased because 

technicians are aware of the facts of the case. 

Neufeld and Colman (1990) and Cohen (1990) suggests that if applied properly 

DNA fingerprinting is a very reliable and powerful technique, and if some standards 

or requirement for certifying and licensing forensic laboratories are enforced under 

the national standards and regulation, DNA profiling will serve an important and 

beneficial role in criminal justice. 



Chapter 5 

Summary and Future Work 

In this project we modeled the allele distribution for five VNTR loci of OCSD and one 

locus of LC. Two methods were used to estimate the allele distribution. One is fixed 

binning and the other uses mixture models. In the fixed-bin analysis, introduced 
, 

by Budowle et al. (1991), fixed intervals are used to cluster the fragments into 

the same group and then the bins are treated as the alleles. While with mixture 

models, the allele frequencies are directly estimated. Both approaches have some 

advantages and disadvantages. Fixed-bin analysis is simple to understand, easy to 

use, the allele frequency distribution can be estimated for any loci, but the method 

loses the available information. The method of mixtures uses the information available 

but it is complex and time consuming. 

In general, the allele length is the length of the flanking-region plus the number 

of repeats times the repeat length. The number of repeats is not observed directly 
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because the alleles are measured with error, which is generally associated with the 

allele length. The binning method cannot give the distribution of repeats, but with 

mixtures, we can estimate the distribution of repeats and the flanking-region. We 

used the mixture model for estimating the allele distribution for loci with single 

flanking region given by Devlin et al. (1991). Since coalescence is related to observing 

a single band, it plays quite an important role in estimating the distribution. Without 

estimating the probability of coalescence it is not feasible to use the model suggested 

in Devlin et al. (1991). For LC data, we estimated the allele distribution only for 

the locus D17S79. For the locus D2S44 it was not possible to estimate the allele 

distribution for two flanking regions with the available dataset. For OCSD's data on 

all VNTR loci, we were unable to estimate the probability of coalescence, hence we 

could not use SQPCOAL or EMCOAL. We modified the model given by Devlin et al. 

(1991). A single band is observed when the distance between the two bands is less 

than the resolution threshold, the minimum distance required to distinguish the two 

bands. The likelihood of the data is the sum of the likelihood of observing two bands 

and the likelihood of observing single band. We modified the likelihood of observing 

a single band using the resolution threshold. To check the model, we estimated the 

distribution of LC's D17S79 locus using the modified model, that is SQPRESL and 

EMRESL. The estimate of the flanking-region size and 'Ir are the same as estimated 

by SQPCOAL or EMCOAL. The fit of the model was also checked for OCSD'slocus 

Dl 7S79. The P-value of the test was 0.45, indicating that the model fitted the data. 
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We used SQPRESL and EMRESL for estimation with all of the OCSD data. 

SQPRESL could not improve upon the initial distribution sometimes or could not 

converge at all. Though the EM algorithm was slow, it converged for all the data 

sets. For D2S44 and D10S28 loci, we estimated the complete allele distribution, but 

for D1S7 and D4S139 loci we estimated the allele distributions with step size 10 and 

3 respectively. Due to the large amount of computation time, we could not test the 

model fit for all datasets. 

Using the resolution approach suggested in this project one can save computation 

time as well as the time required for estimating the probability of coalescence. This 

modified likelihood is useful to estimate the allele distribution for small to medium 

sized samples. It is possible to estimate the distribution of any VNTR locus with 

some step size by EMRESL. 

Future work : 

" Estimate the allele distribution using other measurement error distributions, 

such as Log-normal and Weibull. 

• Estimate the allele distribution using other algorithms as VEM, VDM 

• Investigate methods to reduce the execution time. 
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