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ABSTRACT

In this thesis, the applications of image stitching and object insertion are consid-

ered and two gradient based approaches offering solutions are proposed. An essential

part of the proposed methods is obtaining an image from a given gradient data set.

This is done using an existing Haar wavelet based reconstruction technique, which

consists of two main steps. First, the Haar wavelet decomposition of the image to

be reconstructed is obtained directly from a given gradient. Second, the image is

obtained using Haar wavelet synthesis. In both stitching and object insertion ap-

plications considered, the gradient from which the image must be reconstructed is a

non-conservative vector field and this requires adding an iterative Poisson solver at

each resolution level, during the synthesis step of the reconstruction technique. The

performance of the reconstruction algorithm is evaluated by comparing it with other

existing techniques, in terms of solution accuracy and computation speed.

The proposed image stitching technique consists of three main parts: registering

the images to be combined, blending their gradients over a region of interest and

obtaining a composite image from a gradient. The object insertion technique considers

the images registered and has two main stages: gradient blending of images in a region

of interest and recovering an image from the gradient.
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The performance of the stitching algorithm is evaluated visually, by presenting the

results produced to combine images with varying orientation, scales, illumination, and

color conditions. Experimental results illustrate both the stitching and the insertion

techniques proposed, and indicate that they yield seamless composite images.
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Chapter 1

Introduction

1.1 Image processing in the gradient domain

The range of light and dark that sensors in current digital cameras are able to capture

is far less than the luminosity range that can be captured by the human eye. A typical

digital representation of a high dynamic range scene will either record brighter areas

as completely white, or darker areas as completely black, resulting in the permanent

loss of a significant level of detail in the scene. High dynamic range techniques

provide a software solution to this problem, by combining a set of images that capture

correctly different parts of the same scene to produce an image that resembles more

closely to the way in which the scene would be perceived by the human eye. Gradient

domain high dynamic range compression algorithms are among the methods that

enable rendering such images on current displays.

The field of view of standard current digital cameras is at its best comparable to

that of the human eye. As a result, combining multiple parts of the same scene, pos-

sibly taken at different times, to produce a wider representation of the scene remains

an active field of research due to its wide range of applicability. Radiographs, for

example, are an important component of diagnosis. In dental medicine, for instance,

panoramic radiographs are frequently used to examine developing teeth or to diagnose

existing afflictions. The image acquisition process is done with X-ray beams and the

exposure takes several seconds, in which the motion of the patient is restricted. An

alternative solution to this imaging problem is to acquire several images at the same

time from different angles. Then, these images can be stitched in the gradient do-

main and a panoramic radiograph can be obtained. In theory, this approach implies
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shorter exposure time and consequently yields a more accurate representation due to

less motion blur.

Current cinematographic productions are hard to imagine without special visual

effects. In recent years, the quality of these visual effects has dramatically increased

and computer generated scenes have become so realistic that the viewer cannot easily

distinguish them from real life filmed scenes. A possible approach to this high end

technology is to develop advanced image morphing techniques which combine gradient

information contained in a series of images and allow a natural transformation of one

digital image into another.

State of the art image processing algorithms are continuously proposed and devel-

oped targeting all these applications. The objective of these techniques is to combine

and enhance digital scene representations yielding results with a greater level of de-

tail than that offered by the best existing imaging devices or even by the human eye.

A main reason for the need for such algorithms lies in the fundamental difference

between the way in which image information is perceived by the human eye and the

digital camera. It is known that human vision is sensitive to local contrasts, and less

sensitive to absolute intensity values. This is known as the Mach band effect [15,34],

illustrated in Figure 1.1. The Mach band effect consists in a subconscious modification

of the real gray level intensity near an edge of luminance discontinuity. Conversely,

sensors in digital cameras are sensitive to absolute light changes and fail to capture

(a) Effect visualization

Distance along surface

In
te
n
si
ty

(b) Graphical representation

Figure 1.1: The Mach band effect can be observed in the solid grayscale band sequence
by noticing how the intensity close to the left of each band appears lighter
than it is, whereas the intensity close to the right of each band appears darker
than it is. In a graphical representation of the effect shown on the right-hand
side, solid lines represent actual intensity and dashed lines represent perceived
intensity.
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local details at all illumination levels. This fundamental difference in perceiving light

and color stirred researchers’ interest, and led to the idea that the gradient of digital

images may contain information which, controlled effectively, would produce more

meaningful and visually pleasing image representations.

In image stitching, multiple parts of a scene are combined into a larger represen-

tation of the same scene, providing an enlarged view field and a greater level of detail.

In image morphing, an image is changed into another through a seamless transition.

One way in which a seamless transition can be achieved from an image to the other

is by a technique known in literature as the optimal seam [2,28]. Given two spatially

aligned images, optimal seam techniques search in their common region for a curve

with minimum intensity difference. Once such a curve is found, the composite image

is constructed by pasting the image parts on the corresponding sides of the curve. If

a curve where the difference in intensity between the two images is zero exists, the

results produced by this approach are, indeed, optimal. In most practical applications,

however, differences in the global luminosity of the images to be combined render

optimal seam techniques as hopeless, because in this case such a curve does not exist.

A different approach to stitching and morphing algorithms is by blending the

images to be combined in such a way that in the final mosaic the transition from

one image to the other is imperceptible. Good blending techniques should produce

seamless composite images by compensating for existing exposure or color differences

between the component images and introduce as little distortion as possible in the

overall result. Existing techniques of image blending operate on image intensities, on

the wavelet representation of the image, or on the image gradient.

One of the first intensity based multiscale blending methods is presented in [10]

and relies on pyramid decomposition. The intermediate images are decomposed into

bandpass filtered components and the blending is done at each scale, in a transition

zone inversely proportional to the spatial frequency content in the band. In a similar

approach [26], pyramid decomposition is replaced with wavelet decomposition.

A well known intensity based blending technique is feathering [39]. In this method,

the mosaic is a weighted average of all intermediate images. In the composite mosaic

image, pixels are assigned weights proportional to their distance from the centre of

the image they come from, resulting in a smoother transition from one image to the

other in the final mosaic.

A technique called Gradient-domain Image Stitching is introduced by Levin et

al. [30]. In their work, the authors suggest two gradient based approaches to image
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stitching. One alternative is to obtain the composite image by minimizing a dissimi-

larity measure between the derivatives of the stitched image and the derivatives of the

input images. The second approach is to simply blend the gradients of the compo-

nent images in the overlap region, using existing intensity based blending techniques

such as optimal seam, pyramid blending or feathering. The method proves that the

gradient domain provides an attractive alternative to traditional blending methods.

This very good performance of gradient based techniques over other methods resides

in the fact that these algorithms operate on local contrast information, similarly to

human vision.

1.2 Image reconstruction from gradient

Processing digital signals in the gradient domain has become subject of extensive

research during the past decade. In the particular case of digital image processing,

many algorithms [6,13,30,31] operating on gradient measurements have been proposed

to date and proven successful, as an alternative or complement to the traditional

intensity based methods.

A final step in gradient based techniques is to recover an estimate of the image

from a given gradient data set, which may or may not be integrable. The problem

of image reconstruction from gradient data is equivalent to finding a solution to the

Poisson equation and various approaches to provide a solution have been proposed

[5, 16, 24, 37].

The Frankot-Chellappa reconstruction algorithm [16] arose as a solution to the

shape from shading problem in computer vision. The method relies on properties of

the two-dimensional (2D) Fourier transform. Instead of reconstructing the image by

integrating the gradient data in space domain, the Fourier transform of the gradient

is computed and the image is obtained by computing the inverse Fourier transform

of the frequency domain expression which corresponds to space domain integration.

A discrete cosine transform (DCT)-based Poisson solver is presented by Simchony et

al. [37]. In their work, the Poisson equation is solved in the DCT domain and the

image is reconstructed by taking the inverse DCT of the solution.

The approach of Hampton et al. [24] is based on the observation that the Haar

filters can be viewed as scaled discrete partial differentiation operators. An estimate

of the Haar wavelet decomposition of the image to be reconstructed is obtained from

measurements of discrete partial derivatives. An approximation of the image can be
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obtained from this estimate of the Haar decomposition via Haar synthesis. Adding a

Poisson solver during the synthesis stage improves the results, when the given gradient

data set contains errors and/ or noise.

This reconstruction technique can be applied as a final step in any gradient based

image processing application, such as high dynamic range imaging, panoramic imag-

ing, image morphing or object insertion. In this thesis, this method will be applied

to recover an image from a given gradient data set in image stitching and object

insertion applications.

1.3 Thesis contribution and outline

The objective of this work is to study two applications of image processing, image

stitching and object insertion, and to present new techniques for dealing with these

applications in the gradient domain. For this purpose, first, a Haar wavelet based

algorithm [23, 24] to recover an image from a given gradient is presented in detail,

improved, and compared with two other reconstruction methods [16, 37]. Then, two

gradient based algorithms for image stitching and object insertion are proposed. In

these algorithms, the composite image is recovered from the gradient using the Haar

wavelet based method.

The organization of this thesis is as follows:

In chapter 2, the problem of image reconstruction from gradient is introduced,

motivated by the promising good performance of gradient based image processing

algorithms. Several approaches to recover the image from a given gradient data set

are reviewed. In particular, the image reconstruction technique proposed by Hampton

et al. [23, 24] is presented in detail. The method is based on obtaining the Haar

wavelet decomposition of the desired image directly from gradient measurements and

then using Haar wavelet synthesis to reconstruct the image. This technique is further

improved to produce better results, given a certain geometry of the gradient. A

comparison is provided to illustrate with examples the performance of the analyzed

reconstruction methods, under different conditions.

In chapter 3, two image processing problems and two methods are introduced for

treating them. First, the problem of image stitching is presented and an algorithm

is developed. The stitching algorithm has three main stages: wavelet based image

registration, gradient based blending and image reconstruction from gradient. The

stitching algorithm is gradually constructed to address situations of a gradually in-
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creasing level of difficulty and a higher level of generality. Then, the problem of object

insertion is presented in the context of image morphing. A conceptually simple object

insertion method is described. The analysis performed in chapter 2 indicates that the

reconstruction method of Hampton et al. can be employed as a final stage in both

the stitching and the insertion techniques to recover the final composite image from

the given gradient.

In chapter 4, the stitching and insertion algorithms proposed are applied to pro-

duce seamless composite images. The performance of the techniques is evaluated by

analyzing the results obtained from a set of input images representative for several

scenarios of increasing level of difficulty. In both analyzed applications, two criteria

measure the quality of the composite image: similarity of the result to the input im-

ages, in the non-overlapping parts, and seamless, plausible transition from one input

image to the other. The results presented in this chapter show that the techniques

proposed in chapter 3 provide good solutions to the problems of image stitching and

object insertion.

In chapter 5, the main ideas of this thesis are summarized and several directions

for future research are suggested.
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Chapter 2

Image reconstruction from gradient

2.1 Introduction

The fact that human visual system is more sensitive to local contrast changes than

to global intensity values motivated gradient based algorithms in image editing [31],

artifacts removal [6], high dynamic range compression [13] and panoramic imaging

[2, 30, 36].

In section 2.2 of this chapter, various discretization models for the gradient are

presented and the problem of image reconstruction from gradient is described. In

section 2.3, several approaches to recover the image from a given gradient data set

are reviewed. In particular, the method introduced by Hampton et al. in [23, 24] is

described in detail. The method is further improved and shown to give very good

results in the presence of moderate noise in the given data set. In section 2.4 the

performance of several reconstruction methods is illustrated by examples and the

quality of the results is evaluated under different conditions.

2.2 Preliminaries

2.2.1 Representing the image and its gradient

A grayscale image is represented analytically by a function of the form

Φ : [1,M ]× [1, N ] → R



8

where M and N represent the width and height of the image, respectively. The set

R is called the range of the image. The value Φ(x, y) is the pixel intensity value at

location (x, y) in the image plane. The top left point of the image is often considered

the origin of the coordinate system in the plane in which the image is represented.

A discrete representation views an image as a matrix Φ with M columns and N

rows, in which each element Φ(x, y) represents the intensity value at location (x, y)

in the image plane. This model is particularly useful in the implementation stage of

image processing algorithms in programming languages such as MATLAB, in which

matrix structures are efficiently stored and processed.

In the continuous case, the gradient of an image Φ is typically denoted by ∇Φ

and is given by:

∇Φ(x0, y0) =

[
∂Φ
∂x
∂Φ
∂y

]
(x0, y0) (2.1)

In the discrete case, two approximation schemes [17, 27] are most commonly em-

ployed to compute the gradient of an image. The two discretization models are

described in detail in what follows for reference.

The most frequently encountered gradient discretization model in image process-

ing is the Hudgin [27] model. The Hudgin model is based on the forward difference

scheme. Specifically, given a direction and a point (x, y), the value of the Hudgin

derivative at that point in that direction is approximated by the difference between

the intensity values of two neighbouring points, in that direction. That is, in the

Hudgin geometry, assuming zero Neumann boundary conditions, the gradient Φ̃H of

an image Φ of size M ×N is written as:

Φ̃H =

[
Φ̃H

x

Φ̃H
y

]
(2.2)

where the components Φ̃H
x and Φ̃H

y are matrices of size M ×N and are given by:

Φ̃H
x (x, y) =

{
Φ(x+ 1, y)− Φ(x, y) for 1 ≤ x ≤ M − 1, 1 ≤ y ≤ N

0 for x = M, 1 ≤ y ≤ N
(2.3)

Φ̃H
y (x, y) =

{
Φ(x, y + 1)− Φ(x, y) for 1 ≤ x ≤ M, 1 ≤ y ≤ N − 1

0 for 1 ≤ x ≤ M, y = N
(2.4)
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The superscript H in Equations 2.2-2.4 indicates the geometry employed in the dis-

cretization of the directional derivatives, namely the Hugdin geometry. The subscripts

x and y indicate the direction in which the gradient component is computed.

Another discretization model employed to compute the directional derivatives of

a 2D image is the Fried model [17]. The Fried model is frequently encountered in

adaptive optics literature, due to the geometry of the Shack-Hartmann [47] wavefront

sensors. In Fried geometry, the directional derivatives are computed in two steps:

• a “forward difference” operation in one direction:

Φ̃H
x (x, y) = Φ(x+ 1, y)− Φ(x, y), for 1 ≤ x ≤ M − 1, 1 ≤ y ≤ N (2.5)

Φ̃H
y (x, y) = Φ(x, y + 1)− Φ(x, y), for 1 ≤ x ≤ M, 1 ≤ y ≤ N − 1 (2.6)

• an averaging operation, in the orthogonal direction:

Φ̃F
x (x, y) =

Φ̃H
x (x, y) + Φ̃H

x (x, y + 1)

2
, for 1 ≤ x ≤ M − 1, 1 ≤ y ≤ N − 1 (2.7)

Φ̃F
y (x, y) =

Φ̃H
y (x, y) + Φ̃H

y (x+ 1, y)

2
, for 1 ≤ x ≤ M − 1, 1 ≤ y ≤ N − 1 (2.8)

We note that the first step in computing the Fried gradient produces, in fact, the

Hudgin gradient of the image. Combining formulas 2.5-2.8, we obtain the expression

of the Fried gradient:

Φ̃F =

[
Φ̃F

x

Φ̃F
y

]
(2.9)

where the components Φ̃F
x and Φ̃F

y are matrices of dimension (M −1)× (N −1), with

elements given by:

Φ̃F
x (x, y) =

1

2

[
Φ̃H

x (x, y) + Φ̃H
x (x, y + 1)

]
=

1

2
[Φ (x+ 1, y)− Φ (x, y) + Φ (x+ 1, y + 1)− Φ (x, y + 1)] (2.10)

and

Φ̃F
y (x, y) =

1

2

[
Φ̃H

y (x, y) + Φ̃H
y (x+ 1, y)

]
=

1

2
[Φ (x, y + 1)− Φ (x, y) + Φ (x+ 1, y + 1)− Φ (x+ 1, y)] (2.11)
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(a) Hudgin geometry (b) Fried geometry

Figure 2.1: Discretization models for computing image gradient. The gray circles are the
values of the derivatives and the white squares are the original image intensity
values.

The superscript F in Equations 2.9-2.11 denotes the geometry employed in the dis-

cretization of the gradient, namely the Fried geometry.

The two discretization models are related by a simple averaging operation, as can

be seen from Equations 2.10 and 2.11. Specifically, the value of a Fried directional

derivative at a point simply represents the average of the values of two neighbouring

Hudgin directional derivatives.

The Fried and Hudgin gradient approximation models are illustrated on a 2 × 2

pixel grid in Figure 2.1. The white squares represent intensity locations and values

and the gray circles represent locations and values of the directional derivatives.

The significance of the information contained in the gradient becomes evident by

analyzing Figure 2.2. On the top row, the gradient components of the standard test

image peppers are shown. Small magnitude values of the gradient are graphically

displayed in white, whereas high magnitude gradient values are shown in black. The

magnitude of the gradient components can be understood by analyzing Figure 2.2c

from the frequency content point of view. By comparing the image with its gradi-

ent components, it becomes clear that high magnitude gradient values correspond

to abrupt light intensity changes in the actual image, or fine details, whereas low

magnitude gradients indicate smooth transitions or flat patterns in the actual image.

The two gradient discretization models extend naturally to address the case of

color images. In general, a color image is represented by a three-dimensional (3D)
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(a) Fried gradient in x direction, depicts ver-
tical edges.

(b) Fried gradient in y direction, depicts hor-
izontal edges.

(c) Test image peppers

Figure 2.2: Top row: Gradient domain visualization. White indicates small intensity
changes, black indicates significant intensity changes.

array, with two dimensions indicating the size of the picture (i.e., its height and

width), and a third one indicating the number of channels used for the color repre-

sentation. The most commonly employed color representation models are red green

blue (RGB) and luminance, blue and red chrominance (YCbCr). In general, algo-

rithms and further processing have to be performed on each channel of the color

image. In particular, the gradient of a color image is obtained by treating each color

channel as a grayscale image, for which the gradient can be obtained following one

of the discretization models described. As a result, the discrete gradient of a color

image is a two dimensional vector in which each component is a 3D array.
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2.2.2 The problem of image reconstruction from gradient

Image editing, high dynamic range rendering or image stitching are thoroughly stud-

ied problems in image processing. Existing solutions to these problem can be classified

with respect to the domain in which the processing is performed as intensity or gra-

dient based. Many gradient based methods have been proposed to date [6, 13, 14, 30]

and shown to yield good results, as an attractive alternative to algorithms which op-

erate directly on pixel intensities or at various resolution scales [10, 42]. In gradient

based image processing algorithms, image reconstruction from a given gradient data

set is a required stage. As a result, developing robust reconstruction techniques has

become subject to separate study and various methods have been proposed to date,

addressing a number of circumstances [4, 5, 24].

Given an image Φ, computing its gradient is a simple, direct problem. The inverse

and more challenging problem encountered in numerous image processing applications

is how to recover an image from a given gradient data set.

In the continuous case, the problem of image reconstruction from a given gradient

data set can be modelled by the following equation:

∇Φ = Φ̃ (2.12)

where the operator ∇ =

[
∂
∂x
∂
∂y

]
denotes the continuous gradient operator, Φ is the

unknown image to be reconstructed, and Φ̃ =

[
Φ̃x

Φ̃y

]
is the given gradient data set.

Problem 2.12 may not always have a solution. It is known [13] that the gradient

of a potential function is a conservative vector field. In the case of 2D functions such

as images, the conservative field condition is equivalent to the zero curl condition and

implies the equality of the second order mixed partial derivatives. Namely, Φ must

satisfy the following condition:

∂2Φ

∂x∂y
=

∂2Φ

∂y∂x
(2.13)

Consequently, in order for problem 2.12 to have a solution, the vector field Φ̃ must

satisfy:

∂Φ̃x

∂y
=

∂Φ̃y

∂x
(2.14)
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Unfortunately, this condition is rarely met in practice, because the given gradient

data set Φ̃ is either directly acquired from sensors, and therefore most likely con-

tains measurement noise, or it is obtained from applying algorithms on an integrable

gradient with the result that property 2.14 no longer holds.

A common approach to find an estimate of the image Φ is to reformulate Problem

2.12 as a minimization problem:

min
Φ

∫ ∫ [(
∂Φ

∂x
− Φ̃x

)2

+

(
∂Φ

∂y
− Φ̃y

)2
]
dxdy (2.15)

A function Φ that minimizes 2.15, must satisfy the Euler-Lagrange equation:

2

(
∂2Φ

∂x2
− ∂Φ̃x

∂x

)
+ 2

(
∂2Φ

∂y2
− ∂Φ̃y

∂y

)
= 0. (2.16)

Dividing both sides of equation 2.16 by 2, yields:

∂2Φ

∂x2
− ∂Φ̃x

∂x
=

∂Φ̃y

∂y
− ∂2Φ

∂y2
. (2.17)

and

∂2Φ

∂x2
+

∂2Φ

∂y2
=

∂Φ̃x

∂x
+

∂Φ̃y

∂y
. (2.18)

A more compact form to write equation 2.18 is:

∇2Φ = ∇T · Φ̃ (2.19)

where ∇2Φ = ∂2Φ
∂x2 + ∂2Φ

∂y2
denotes the Laplacian of Φ, and the symbol · is used to

denote the standard inner product.

Equation 2.19 is known as the Poisson equation and there are various approaches

to solve it, given proper boundary conditions.

2.3 Approaches to image reconstruction from gra-

dient

In image processing algorithms, modifications done in the gradient domain generally

yield sets of data which are no longer conservative vector fields, and image reconstruc-
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tion can no longer be attempted by direct integration. In adaptive optics, wavefronts

are sensed by measuring the values of the derivatives, as opposed to measuring inten-

sity values. In [41], a camera that captures derivative values of the imaged scene is

proposed and shown to have great potential of applicability in digital photography. In

both of these applications, the gradient data is measured using physical sensors. As

it is known, measurement noise is inherent, and so reconstructing the image becomes

again problematic. Despite the more challenging aspect of reconstructing the image

in all of these situations, the techniques and devices described above seem to have a

great potential of applicability (high dynamic range imaging, storage reduction, easier

implementation of gradient based algorithms directly at camera level). As a result,

the development of fast and robust reconstruction techniques has become subject to

research interest in the past decades.

Undoubtedly, whether we are dealing with a gradient data set acquired directly

from sensors, or with one obtained as a result of an algorithm, the main challenge that

must be addressed by any reconstruction technique is robustness to the potentially

non-conservative nature of the gradient vector field to be integrated. In [16] and [37]

two reconstruction methods are proposed, addressing specifically the case of image

reconstruction from non-integrable gradient data sets. The problem is also largely

investigated in [5] and in [33].

In [24], a 2D numerical integration technique is proposed. The method is based on

obtaining the Haar wavelet decomposition of the image to be reconstructed directly

from the gradient via algebraic manipulations, hence its performance is influenced

by underlying errors in the given gradient. To overcome this problem and yield

acceptable results even in the presence of high magnitude noise, the method can be

improved by incorporating a Poisson solver during the reconstruction [23].

In section 2.3.1 a brief overview of two reconstruction methods in [16, 37] is pre-

sented and in section 2.3.2 the reconstruction method in [24] is described in detail.

It is shown how the results produced by this method can be further improved, in two

different scenarios. The first approach leading to better results, introduced in this

thesis, implies using information from the Hudgin gradient, as is common in image

processing and computer vision application. This method results in almost perfect

reconstruction in the case of moderate errors in the input gradient. The second im-

provement was introduced in [23] and addresses specifically the case of more noise in

the given gradient.
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2.3.1 Fourier and discrete cosine transform image reconstruc-

tion

In [16] a surface reconstruction method is proposed as a possible approach to the

computer vision problem of shape from shading. The method is often referred to as

the Frankot-Chellappa algorithm and relies on properties of the 2D Fourier transform.

Specifically, in this technique, instead of reconstructing the image by integrating the

gradient data in the space domain, the 2D discrete Fourier transform (DFT) of the

two gradient components is computed and an estimate of the image is obtained by

taking the inverse Fourier transform of a linear combination thereof.

In [37], a DCT-based 2D Poisson solver is presented. The Poisson equation is

solved in the DCT domain and the image is reconstructed by taking the inverse DCT

of the result obtained.

2.3.2 Haar wavelet based reconstruction algorithm

Initial framework and formulation

A fast wavelet based image reconstruction method is proposed by Hampton et al. in

[24]. The setup is the following: given a Fried aligned gradient data with components

of size
(
2M − 1

)× (2M − 1
)
, the objective is to integrate it and obtain an image.

The algorithm is defined by two main stages: first, the Fried aligned gradient

(see section 2.2.1 for details) is reorganized into an estimate of the Haar wavelet

decomposition of the desired image, and then the image is reconstructed from this

decomposition via Haar wavelet synthesis. In Figure 2.3 a diagram of the reconstruc-

tion method is shown.

This approach is mainly motivated by the practical necessity to reconstruct wave-

fronts from sensed gradient measurements in adaptive optics. In such applications,

the sensors are known to capture derivatives, and the physical alignment of the sensors

is consistent with the Fried model.

Figure 2.3: Hampton et al. reconstruction algorithm
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(a) Amplitude response of HL(z)
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(b) Amplitude response of HH(z)

Figure 2.4: Amplitude response of Haar analysis filters

Computing the Fried gradient can be regarded as a succession of one-dimensional

(1D) filtering operations, performed along consecutive rows and columns of an image.

The key idea of the reconstruction method proposed in [24] is the relationship between

the filters that model the directional derivatives in Fried alignment, and the filters

known in literature as the Haar filters. In what follows, this relationship is explained

in detail.

The Haar analysis filters are given by:

HL(z) =
1√
2

(
1 + z−1

)
(2.20)

HH(z) =
1√
2

(
1− z−1

)
(2.21)

The behaviour of the Haar analysis filters is illustrated by their amplitude response

plots shown in Figure 2.4. In particular, it is clear that HL(z) is a scaled averaging

linear phase low-pass filter, whereas HH(z) is a scaled differencing linear phase high-

pass filter.

Computing the discrete gradient of the image in either of the geometries previously

described in section 2.2.1 can be done by filtering the image with scaled versions of

the Haar analysis filters.

To understand how the Hudgin gradient components can be obtained from the

image via filtering, with the definitions 2.2-2.4 in mind, consider the definition of

the highpass analysis Haar filter. It is clear that the Hudgin gradient Φ̃H can be

obtained from the original image Φ by filtering the image with a scaled version of
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(a) Hudgin gradient obtained from image via
scaled Haar filtering

(b) Fried gradient obtained from Hudgin
gradient via scaled Haar filtering

(c) Fried gradient obtained by successive scaled Haar filtering

Figure 2.5: Gradients computed via scaled Haar filters

the Haar analysis highpass filter (the scaling factor is necessary in order to preserve

the magnitude of the gradient). This is illustrated diagrammatically in Figure 2.5a,

where the right-hand side subscripts h and v in zh and zv indicate the horizontal,

and vertical direction in which the filtering is performed, respectively. Pursuing this

further, the Fried gradient is obtained by filtering each Hudgin gradient component

with a scaled version of the lowpass analysis Haar filter.

Figure 2.6: Standard Haar decomposition
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Figure 2.7: Obtaining one level in a Haar wavelet decomposition

From wavelet theory [44], it is known that an image Φ of size 2M × 2M can be re-

organized as an M-level structure, known as the wavelet decomposition. In a wavelet

decomposition, the first level is obtained by filtering the image with the analysis

filters, followed by a downsampling operation, necessary in order to preserve the di-

mensionality of the structure. An M-level Haar wavelet decomposition is shown in

Figure 2.6. A 1-level wavelet decomposition has four main frequency bands (quad-

rants), indicated by the lower left subscripts HH , LL, HL and LH . The significance

of these subscripts is given by the order in which the Haar wavelet filters are applied

to the image. The filtering and downsampling operations are performed on the LL

quadrant to obtain the next level of the decomposition.

In Figure 2.7, obtaining level k − 1 of a wavelet decomposition from the previous

level k is illustrated. The symbol ↓ denotes downsampling, by the factor indicated

on its right-hand side. The significance of the left-hand side superscript k is twofold.

On the one hand, k indicates the level in the wavelet decomposition. On the other

hand, k provides information on the size of k
LLΦ, specifically

k
LLΦ is of size 2k × 2k.

According to [24] and as illustrated in Figure 2.5, the relationship between the

Fried aligned gradient of an image and the Haar analysis filters is described by:

M Φ̃x = MΦHH(zh)HL(zv)
M Φ̃y =

MΦHL(zv)HH(zv) (2.22)

where the upper left superscript M indicates that the size of full resolution image
MΦ is 2M × 2M and M Φ̃x and M Φ̃y are the two Fried gradient components of the full

resolution image MΦ.
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Based on this observation, the given gradient data is filtered and downsampled to

obtain the M-level structure shown in Figure 2.8.

The equations to obtain this configuration are introduced in [24] and listed in

what follows.

For the upper right and lower left quadrants (HL and LH , respectively):

M−1
HL Φ̃ = ↓2 {MΦHH (zh)HL (zv)} =↓2 {M Φ̃x} (2.23)

M−1
LH Φ̃ = ↓2 {MΦHL (zh)HH (zv)} =↓2 {M Φ̃y} (2.24)

For the upper left quadrant (LL):

For k = M to 2

k−1Φ̃x =
√
2 ↓2 {kΦ̃xH

2
L (zh)HL

(
z2v
)} (2.25)

k−1Φ̃y =
√
2 ↓2 {kΦ̃yHL

(
z2h
)
H2

L (zv)} (2.26)

k−2
HL Φ̃ = ↓2 {k−1Φ̃x} (2.27)

k−2
LH Φ̃ = ↓2 {k−1Φ̃y} (2.28)

k−2
HH Φ̃ =

√
2 ↓4 {kΦ̃xH

2
L (zh)HH

(
z2v
)}

=
√
2 ↓4 {kΦ̃yHH

(
z2h
)
H2

L (zv)} (2.29)

For the lower right quadrant (HH):

For k = M to 2

k−1Φ̂x =

⎧⎨
⎩
√
2 ↓2 {kΦ̃xHL (z

2
h)H

2
H (zv)} for k = M

√
2 ↓2 {kΦ̂xHL (z

2
h)H

2
L (zv)} for k < M

(2.30)

k−1Φ̂y =

⎧⎨
⎩
√
2 ↓2 {kΦ̃yH

2
H (zh)HL (z

2
v)} for k = M

√
2 ↓2 {kΦ̂yH

2
L (zv)HL (z

2
v)} for k < M

(2.31)

k−2
LH Φ̂ =↓2 {k−1Φ̂x} (2.32)

k−2
HL Φ̂ =↓2 {k−1Φ̂y} (2.33)
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k−2
HH Φ̂ =

⎧⎨
⎩
√
2 ↓4 {kΦ̃xHH (z2h)H

2
H (zv)} for k = M

√
2 ↓4 {kΦ̂xHH (z2h)H

2
L (zv)} for k < M

=

⎧⎨
⎩
√
2 ↓4 {kΦ̃yH

2
H (zh)HH (z2v)} for k = M

√
2 ↓4 {kΦ̂yH

2
L (zh)HH (z2v)} for k < M

(2.34)

If we iterate Equations 2.25 - 2.34 for each k = M to 2, the final gradient de-

composition will be missing two quadrants: 0
LLΦ̃ (the top left value in the top left

half resolution quadrant of the decomposition shown in Figure 2.8) and 0
LLΦ̂ (the top

left value in the bottom right half resolution quadrant of the decomposition shown

in Figure 2.8). The value of 0
LLΦ is proportional to the average intensity of the de-

sired image and can be either measured by an additional sensor, or estimated from

the dynamic range of the image to be reconstructed. As is noted in [24], the other

missing value, 0
LLΦ̂, can be set to zero and ignored without significant consequences

in the reconstruction. Another approach for identifying this value will be discussed

later in this section.

Given the gradient analysis decomposition in Figure 2.8, the image is reconstructed

in two stages. First, an (M − 1)-level Haar wavelet synthesis step is applied to

quadrant HH in Figure 2.8, resulting in the Haar decomposition of the desired image.

Then, the image is obtained from this Haar decomposition, after an M-level Haar

wavelet synthesis step.

Haar wavelet synthesis means upsampling by two, followed by row and column-

wise filtering with the Haar synthesis filters.

Figure 2.8: Gradient analysis decomposition
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To ensure shift free perfect reconstruction, the synthesis filters are described by:

GL(z) = HL

(
z−1
)
=

1√
2
(1 + z)GH(z) = HH

(
z−1
)
=

1√
2
(1− z) (2.35)

In these notations, obtaining level k + 1 from level k can be done by:

k+1
LL Φ =GL(zh)

(
GL(zv) ↑2 {kLLΦ} +GH(zv) ↑2 {kLHΦ}

)
+GH(zh)

(
GL(zv) ↑2 {kHLΦ} +GH(zv) ↑2 {kHHΦ}

)
(2.36)

where the symbol ↑ denotes upsampling by the factor indicated by the right-hand

side subscript, and k = {0, 1, . . . ,M − 1}.
It is important to note that the discretization of the given gradient does not

restrict the applicability of the algorithm. Considering the simple method to convert

Hudgin aligned gradient to Fried aligned gradient (see section 2.2.1 for details), it is

clear that the image reconstruction algorithm can easily be extended to accept this

type of gradient as input. Moreover, using Hudgin aligned gradient as input allows

for perfect reconstruction in the presence of no noise, given the mean value of the

image to be reconstructed, as will be discussed in what follows and demonstrated by

experiments in section 2.4.1. As a result, the method (in any of its versions which

will shortly be described in this section), can be used to reconstruct the image at the

end of any existing gradient domain based image processing algorithm, provided that

the discretization of the gradient follows one of the two models described in section

2.2.1.

Extensions of the Haar wavelet based reconstruction algorithm

A. The mean value of the image

A first observation concerns the mean value of the image to be reconstructed, in the

general rectangular shape case. In the original form of the algorithm, as proposed

in [24] and described earlier in this section for reference, the mean value of the recon-

struction can be corrected either before or after the synthesis step. Correcting before

the synthesis is done by:

0
LLΦ = 2M ·m (2.37)

where m is an estimate for the mean value of the image to be reconstructed.
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Because the decomposition obtained after the analysis step is an estimate of the

wavelet decomposition of the image to be reconstructed, formula 2.37 is only ade-

quate if the image to be reconstructed is of size 2M × 2M . When the image to be

reconstructed is not 2M × 2M , the value of 0
LLΦ in the decomposition would be pro-

portional to the mean value of the reconstruction, but this reconstruction is not the

image of interest, as can be seen from Figure 2.10. So, for a better estimate of the

image, in this more general setup, the value of 0
LLΦ is set to zero and the mean value

of the reconstruction is corrected after the synthesis step, only for the image of in-

terest. If the mean value of the image to be reconstructed is unknown in practice, a

reasonable estimate can be obtained from its dynamic range.

B. Correcting the waffle pattern

In this thesis, the reconstruction method proposed by Hampton et al. [24] is improved

using information contained in the given Hugdin gradient. In the presence of no noise

in the input gradient, the reconstruction error consists of a checkerboard pattern,

known in adaptive optics literature as the waffle pattern. The waffle pattern in the

reconstruction error is generated by the fact that, due to the Fried alignment of the

gradient data, the information in 0
LLΦ̂ in the decomposition displayed in 2.8 is lost.

In some applications, the information in 0
LLΦ̂ is not important and can be ignored

without significant consequences in the reconstruction. However, if the application at

hand requires a higher degree of reconstruction accuracy, the information contained

in 0
LLΦ̂ can be recovered from the Hudgin gradient of the image to be reconstructed.

To understand how the algorithm of [24] was modified in this thesis to produce

a higher degree of solution accuracy, consider the diagram in Figure 2.9. The given

Figure 2.9: Reconstruction algorithm modified to correct waffle pattern error
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Hudgin aligned gradient data set Φ̃H is first converted to Fried aligned gradient Φ̃F .

Next, lowpass filtering and downsampling operations are applied to the Fried aligned

gradient to obtain the decomposition in Figure 2.8. Then, an initial estimate of

the desired image Φest ini is obtained via synthesis, using also the mean value of the

desired image. Next, the Hudgin gradient Φ̃H
est ini of this initial estimate is computed

and subtracted from the given Hudgin gradient Φ̃H . The x and y components of this

difference have the same 2×2 pattern. This pattern represents a scaled version of the

difference between the initial estimate of the reconstruction and the original image

(ground truth). For an enhanced result of the algorithm, this scaled difference term

is subtracted from the initial image estimate, yielding an extremely accurate recovery

of the ground truth image in the presence of almost no noise in the input gradient,

as will be illustrated in the next section.

In summary, the modification of the algorithm of [24] proposed in this thesis can

be attempted when the given gradient is in Hudgin alignment, as is often the case in

image processing applications. The reconstructions produced by the modified tech-

nique have a high degree of accuracy in the presence of almost no noise in the input

gradient as will be illustrated in section 2.4.

C. Obtaining an image from non-conservative vector fields

The fact that the reconstruction method relies exclusively on algebraic manipulation

of the input directional derivatives, produces undesirable artifacts in the reconstructed

image in the presence of noise in the input gradient. To overcome this problem, in [23],

the method is improved by employing an iterative Poisson solver at each resolution

during the synthesis. Specifically, the image estimate obtained at each resolution

level during the synthesis stage is smoothened using a Poisson solver and used to

reconstruct the next level.

In section 2.2.2, the problem of image reconstruction from the gradient was ana-

lytically described as the solution of the Poisson equation:

∇2Φest = ∇T · Φ̃ (2.38)

where Φest is the image we want to recover from the given gradient Φ̃. If we regard

computing the Laplacian and gradient as convolutions, in the Fried discretization
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model, Equation 2.38 becomes:

⎡
⎢⎣
1 0 1

0 −4 0

1 0 1

⎤
⎥⎦⊗ Φest =

[
1 −1

1 −1

]
⊗ Φ̃x +

[
1 1

−1 −1

]
⊗ Φ̃y (2.39)

As has been noted in [23], Equation 2.39 can be solved iteratively, using the Jacobi

method. The resulting recursive formula is:

Φest[i+1] = Φest[i]− 1

4

⎛
⎜⎝
⎡
⎢⎣
−1 0 −1

0 4 0

−1 0 −1

⎤
⎥⎦⊗ Φest[k] +

[
1 −1

1 −1

]
⊗ Φ̃x[i] +

[
1 1

−1 −1

]
⊗ Φ̃y[i]

⎞
⎟⎠

(2.40)

where i is the iteration index.

At each resolution level, the LL quadrant obtained in the previous iteration is used

as an initial point in Equation 2.40. The fact that a good initial point is provided

at each resolution level ensures a fast convergence. In fact, depending on the level of

noise present in the input gradient (measured by the signal to noise ratio (SNR)), a

single iteration of Equation 2.40 at each resolution level yields acceptable results, as

will be demonstrated in section 2.4. Performing one iteration of Equation 2.40 at each

resolution level corresponds in the synthesis stage of the reconstruction algorithm to

replacing each k+1
LL Φ with:

k+1
LL Φ =

1

2
{k+1
LL ΦzhzvHL

(
z2h
)
HL

(
z2v
)−

−k+1 Φ̃xHH(zh)HL(zv)−k+1 Φ̃yHL(zh)HH(zv)} (2.41)

D. Reconstructing rectangular images of arbitrary size In the initial frame-

work and formulation presented earlier in this section, the image to be reconstructed

was assumed to be square, of size 2M × 2M . Images of various sizes are more likely

to be encountered in practice. Consequently, modifications must be made to the al-

gorithm if the image to be reconstructed is rectangular, with a size different than

2M × 2M .

To address this situation, a modification of the input gradient must be performed

before the gradient analysis stage. As it is known, the 2D Haar wavelet transform

applied to a 2M × 2M image yields a decomposition of the same size. One approach,

proposed in [25], when the image to be reconstructed is of a different size than 2M ×
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2M is to reflect (mirror) the input gradient and create a data set with two square

components of size one unit smaller than the nearest power of two. Then, the Haar

wavelet decomposition of this modified gradient data set is obtained and the image is

reconstructed via synthesis. The effect of reflecting gradient data as described above

has on the reconstruction is illustrated in Figure 2.10.

Figure 2.10: Image reconstructed from a reflected gradient. The image of interest is in
the top left corner. The white lines represent the reflection axes.

The size of the image of interest is deduced from the size of the input gradient

and from the discretization model considered in computing the directional derivatives.

For example, a gradient with two components of size 250 × 399 in Fried geometry

corresponds to an image of size 251 × 400. The decomposition obtained after the

gradient analysis stage as described above and in section 2.3.2 will be of size 512×512.

This yields a reconstruction of the same size (shown in Figure 2.10), where the image

of interest is placed in the top left part, and has a size of 251× 400. So, the image of

interest can be cropped from the reconstruction obtained, given its size and location.
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2.4 Comparison of image reconstruction methods

Given a gradient data set and the mean value of an image to be reconstructed, the

objective is to obtain an estimate of the image. In this section, the performance

of four reconstruction techniques is evaluated and compared by examples. The four

algorithms are tested on images of various resolutions, and the quality of the recon-

structions obtained is compared. The two main performance criteria analyzed are

the accuracy of the solution produced and the computational speed of the method, in

terms of computational complexity and computation time. First, the case of image

reconstruction from noise free input gradient is studied. Then, the case of reconstruct-

ing the image from a gradient corrupted by white Gaussian noise is investigated.

The first analyzed reconstruction method is the fast DCT-based Poisson solver

proposed in [37]. The second reconstruction method is the DFT-based Frankot-

Chellappa algorithm [16]. The third reconstruction method is the Haar based wavelet

integration method of Hampton et al. [24], modified as proposed in the previous sec-

tion to correct the waffle pattern error. In the presence of no noise in the input

gradient, this method is shown to yield the most accurate results. The fourth recon-

struction method is the method of Hampton et al. with the addition of a Poisson

solver during the synthesis stage [23].

2.4.1 Image reconstruction from a clean gradient data set

The compared algorithms are tested to reconstruct the images shown in Figure 2.11a

and in Figure 2.12. The resolution of the test images is between 64× 64 and 1024×
1024.
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Figure 2.11: Test image ramp peaks: computer generated surface. Image size: 64× 64.
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(a) Test image airplane (b) Test image camera

(c) Test image barbara (d) Test image man

Figure 2.12: Standard test images of various sizes used in the comparison

The image ramp peaks was chosen as benchmark by Agrawal et al. in [5,33] and

used therein in the context of surface reconstruction to compare the performance of

the DCT-based Poisson solver and the DFT-based Frankot-Chellappa technique with

other reconstruction methods1. The image represents a computer generated surface

displayed as a three dimensional plot in which the vertical axis indicates pixel intensity

values. The range of the image is [0..26] and the size of the image is 64×64. The final

1Source of MATLAB code: http://www.umiacs.umd.edu/~aagrawal/software.html

http://www.umiacs.umd.edu/~aagrawal/software.html
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step of generating the original surface is low-pass filtering for a smoothened visual

aspect. As a result of this, in the gradient domain, all magnitudes are significantly

reduced. To enhance visualization of the analyzed surface, in Figure 2.11, the two

components of the Hudgin aligned gradient (assuming zero Neumann conditions) are

displayed.

The images shown in Figure 2.12 are standard test images with intensity values in

the range [0..255]. The resolutions of these test images cover a range from 128× 128

to 1024 × 1024. It should be specified that the analyzed reconstruction techniques

do not require a specific size of the input gradient. That is, the input gradient can

be of arbitrary size, as long as it is consistent with the image and follows the Hudgin

discretization model.

Before the results are presented, the framework in which the experiments were

conducted and details concerning the implementation of the algorithms will be pro-

vided.

An identical setting was ensured as starting point to allow a fair comparison of

the algorithms studied. In this sense, first, the input gradient data set for all recon-

struction algorithms was organized in Hudgin alignment (see section 2.2.1 for details).

Second, the mean value of the image to be reconstructed was considered known and

used to correct all reconstructions. As discussed in section 2.3.2, correcting the mean

value of the reconstruction obtained by the method of Hampton et al. [24] can be

done in two ways. Specifically, the mean value of the image can be adjusted either

before the synthesis stage, by correcting the top left value of the gradient decomposi-

tion obtained, or after the synthesis stage, by uniformly shifting the amplitude of the

reconstruction to obtain the desired average value. For all analyzed algorithms, the

mean value of the reconstruction produced was corrected after the reconstruction.

The accuracy of the results produced by the studied algorithms was measured by

computing the relative error of the reconstruction, given by:

re =
||Φ− Φest||F

||Φ||F (2.42)

where Φ represents the original image (ground truth), Φest represents the recon-

structed image, and ‖·‖F denotes the Frobenius norm (i.e., the square root of the

sum of the squares of all elements in a matrix).

The relative errors of the image reconstructed by each algorithm for the five ana-

lyzed images are displayed in Table 2.1. It was observed that the performance of the
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Table 2.1: Relative error of reconstructions in the case of no noise in the input gradient

Image DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

ramp peaks 2.9784 × 10−15 0.1459 1.2634× 10−12 0.0081

airplane 5.7518 × 10−15 0.1015 0 0.0081

camera 1.0890 × 10−13 0.1841 0 0.0136

barbara 2.1632 × 10−13 0.1490 0 0.0129

man 7.3948 × 10−13 0.2012 0 0.0108

algorithms is consistent in behaviour for all analyzed images. Specifically, the recon-

struction method of Hampton et al. [24], with the correction for the waffle pattern

as proposed in the previous section, yields the most accurate results and this is to be

expected when the test images are in 8-bit representation and contain no noise. The

method is followed closely by the DCT based Poisson solver in [37]. The algorithm

of Hampton et. al [23] with the Poisson solver included at all resolutions during syn-

thesis places the third, and the DFT-based Frankot-Chellappa algorithm [16] ranks

the fourth.

In terms of computational complexity, the quality of the results produced by the

studied algorithms was measured by computing the CPU time per reconstruction. A

64 bit Windows 7 Laptop PC with an Intel R© Core TM i5-430M CPU @ 2.27GHz, with

4GB DDR3 @ 1066 MHz of RAM equipped with MATLAB R2011b was used to run

the codes and the average reconstruction times (in seconds) are shown in Table 2.2.

Another representation of the computational performance of the analyzed algo-

rithms in terms of speed is shown in Figure 2.13. In this figure, the reconstruction

times shown in Table 2.2 are represented versus image size. It can be observed that

for low image size, such as 64×64, the computational performance of the algorithms is

similar. For image sizes higher than 128×128, the DFT-based method [16] performed

the best, followed by the reconstruction method of Hampton et al. [24], containing

the correction for the waffle pattern proposed in the previous section.

Several remarks are in order to allow a better understanding of the speed perfor-

mance of the compared algorithms. The results presented in Table 2.2 and in Figure

Table 2.2: Reconstruction CPU time (in seconds)

Image DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

ramp peaks 0.0025 0.0008 0.0028 0.0039

airplane 0.0073 0.0034 0.0054 0.0081

camera 0.0309 0.0163 0.0193 0.0342

barbara 0.2347 0.0902 0.0992 0.1824

man 1.1153 0.3980 0.4911 0.8599
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Figure 2.13: Reconstruction times versus image resolution

2.13 were obtained by running each algorithm 1000 times, measuring and recording

the CPU time, and taking the average of all the values obtained per algorithm. This

type of analysis is particularly employed when a single run of the code takes a frac-

tion of milliseconds, as is the case herein. The averaging eliminates the fluctuation of

computing time between individual runs and yields an increased degree of accuracy

in the reported computation times. However, it should be stressed that these results

should be interpreted considering also the core concepts of the studied algorithms,

and how these concepts were implemented in the software used.

The core concept of the Frankot-Chellappa algorithm [16] is the discrete Fourier

transform, as the method involves computations in the Fourier domain. The algorithm

from [37] solves the Poisson equation in the DCT domain. The MATLAB imple-

mentation of the DCT transform relies on a fast Fourier transform built-in function.

From this point of view then, the first two algorithms have similar computational

complexity, and the evolution of computation time versus the number of pixels in the

image should have a linearithmic behaviour: O(N logN), where N is the number of

samples of the considered signal. The integration method of Hampton et al. [24] is

wavelet based. The computational complexity of wavelet based algorithms is linear

with respect to signal size: O(N). A possible the reason why the data collected
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does not seem to reflect this behaviour can be found in the technical details of the

implementation.

The implementation of the Frankot-Chellappa method2 employs MATLAB com-

mand fft2. The MATLAB command fft2 is a built-in function that computes

the 2D Fourier transform using a fast algorithm coded in C. The implementation of

the DCT-based Poisson solver was done using the dct command, which is coded in

MATLAB using the fft2 function. This explains why this method performed worse

than the Frankot-Chellappa algorithm in terms of CPU time. The entire implementa-

tion of the Hampton et al. method was done in MATLAB, and therefore it is unlikely

that its speed outperforms an algorithm that uses only the fft2 command, namely,

the Frankot-Chellappa algorithm.

In summary, the simulations and the data collected show that the reconstruction

method of Hampton et al. [24], with the elimination of the waffle pattern as described

in this chapter, yields the best results in terms of solution accuracy in a comparable

time with the fastest of the algorithms.

2.4.2 Reconstructing the image from noisy gradient data

In this section, the robustness to noise of the four algorithms is analyzed and com-

pared. The performance of the reconstruction algorithms is evaluated on the same

images considered in the previous section.

As noted, the test image ramp peaks and the other test images (shown in Fig-

ure 2.12) are significantly different. The image ramp peaks is representative for

computer generated surfaces, has a low dynamic range and mainly low frequencies.

As a result, its gradient is low in magnitude and both of its components have an

overall smooth aspect, as illustrated in Figure 2.11. The other test images are repre-

sentative for real digital images. Their dynamic range is the typical dynamic range of

8-bit encoded digital images and they are richer in high frequency content than the

computer generated surface. The purpose of this discussion is to highlight the fact

that the performance of the algorithms was evaluated in reconstructing a wide range

of surfaces: rich in low frequencies, such as test image ramp peaks or rich in high

frequencies, such as test image barbara.

The framework in which the analysis was performed is the following. As a starting

point in this study, the situation when there is no noise in the input gradient was

2Downloaded from http://www.umiacs.umd.edu/~aagrawal/software.html

http://www.umiacs.umd.edu/~aagrawal/software.html
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Table 2.3: Reconstruction from noisy gradient - test image ramp peaks

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.4948 0.0446 0.1460 0.0515 0.0490

6.7726 0.1050 0.1533 0.1159 0.1058

3.1423 0.1370 0.1933 0.1550 0.1376

0.6593 0.1836 0.2068 0.2073 0.1926

-1.3178 0.1890 0.2169 0.2528 0.2124

-2.8539 0.2876 0.2359 0.3224 0.3021

-4.4620 0.3466 0.2944 0.3910 0.3652

-5.3237 0.3704 0.3163 0.4275 0.3982

-6.4405 0.4610 0.3960 0.5112 0.4780

Table 2.4: Reconstruction from noisy gradient - test image man

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.5173 0.0302 0.1999 0.0367 0.0333

6.4988 0.0597 0.2139 0.0735 0.0634

2.9743 0.0966 0.2087 0.1159 0.1008

0.4868 0.1189 0.2238 0.1512 0.1246

-1.4630 0.1422 0.2372 0.1787 0.1495

-3.0392 0.1935 0.2439 0.2243 0.1924

-4.3890 0.2236 0.2829 0.2663 0.2281

-5.5460 0.2275 0.2792 0.2865 0.2410

-6.5600 0.3003 0.3080 0.3563 0.3085

considered (resulting in an infinite SNR), and the results reported in Table 2.1 were

confirmed. Then, the Hudgin aligned gradient of the original images was increasingly

corrupted by Gaussian white noise to cover a wide range of signal to noise ratios.

The lowest SNR value included in the analysis was of -7dB. Although this value

corresponds to a severe degradation of the input gradient (as it is known, a negative

value of SNR in dB indicates the fact that the signal of interest is less powerful

than the noise), the purpose of including negative SNR values in the analysis was to

evaluate the performance of the algorithms in these extreme conditions and verify if

the reconstructions produced still represent reasonable estimates of the image.

The performance of the reconstruction algorithms is evaluated by analyzing the

relative error of the reconstruction (formula 2.42) as a function of SNR in the in-

put gradient. In Table 2.3 and 2.4 the results obtained for test image ramp peaks

and man are displayed, respectively3. The reconstructions corresponding to the high-

lighted entries in the tables are shown in Figures 2.14 and 2.15, together with the

original images. These reconstructions were chosen to visually illustrate the perfor-

3Comprehensive tables containing all the results can be consulted at the end of this thesis, in
Appendix A.
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(c) Haar wavelet based reconstruction [23]

Figure 2.14: Image reconstruction from noisy gradient: test image ramp peaks.
SNR in input gradient: 0dB.

mance of the algorithms when signal and noise are equally dominant in the input

gradient data set.

In Figure 2.17 a chart displaying the performance of the four tested algorithms

on all test images is shown. As the graph indicates, for a low level of gradient

degradation (indicated by a high value of the SNR), the performance of the DCT

based method [37] and the performance of the two Haar wavelet based algorithms

are similar. Overall, for values of SNR as low as -5dB, the DCT method performed

the best. The reconstruction algorithm of Hampton et al. [23] with the Poisson

solver included during the synthesis step offered comparable results, as can be seen

from Figure 2.17 and from the data displayed in Table 2.5. The profile of the curve

representing the Frankot-Chellappa algorithm seems to indicate that this algorithm

produces better results for highly degraded input gradient, but unfortunately at this

low level of SNR, even the best reconstruction does not offer an acceptable quality. An
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(a) Original image

(b) DCT based reconstruction [37] (c) Haar wavelet based reconstruction [23]

Figure 2.15: Image reconstruction from noisy gradient: test image man.
SNR in input gradient: 0dB.

example of this extreme case is illustrated in Figure 2.16. In summary, the simulations

and the data collected indicate that for high values of SNR in the input gradient, the

analyzed reconstruction algorithms produce similar results. For medium values of

SNR in the input gradient, the best performance is obtained with the DCT-based

Poisson solver [37], and the second best very close results are given by the method of

Hampton et al. [23], with the Poisson solver included during synthesis. For extreme
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(a) Original image

(b) DCT based reconstruction [37] (c) Haar wavelet based reconstruction [23]

Figure 2.16: Image reconstruction from noisy gradient: test image camera.
SNR in input gradient: -6.5dB.

situations of very low values of SNR in the input gradient, the best performance is

given by the DFT based Frankot-Chellappa algorithm, followed by the DCT based

Poisson solver and then by the Hampton et al. method [23].

2.5 Conclusions

The problem of reconstructing an image from a given gradient data set was pre-

sented. The Haar wavelet based reconstruction method of Hampton et al. [23,24] was

described in detail. An extension to the original algorithm was described, to improve
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Table 2.5: Image reconstruction from noisy gradient - centralizing chart obtained by av-
eraging the relative errors of the reconstructions obtained from similar values
of SNR in input gradient for all tested images

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.5506 0.0348 0.1596 0.0413 0.0382

6.6208 0.0754 0.1686 0.0871 0.0784

3.0643 0.1084 0.1824 0.1263 0.1127

0.5663 0.1372 0.1931 0.1643 0.1443

-1.3720 0.1693 0.2115 0.2081 0.1797

-2.9298 0.2243 0.2345 0.2563 0.2300

-4.3719 0.2657 0.2662 0.3074 0.2767

-5.4551 0.2984 0.2758 0.3523 0.3130

-6.4903 0.3515 0.3161 0.4019 0.3630

the reconstruction results, given the Hudgin alignment of the gradient. Two types

of the Haar wavelet based reconstruction method were compared with two other re-

construction techniques. In the analysis, the performance of the four algorithms was

evaluated by comparing the accuracy of the result produced and the computational

speed.

To evaluate the accuracy of the results obtained, the difference between the re-

constructions obtained and the original image was studied, by comparing the relative

error under two distinct scenarios. First, the ideal case of obtaining an estimate of

the given image from a perfectly modelled, noise-free gradient was considered. Then,

the more realistic case of reconstructing the image from noise corrupted gradient data

set was studied.

In the case of almost no noise in the input gradient, the best results were produced

by the technique of Hampton et al., with the modification proposed in section 2.3.2.

In the case of medium degradation of the input gradient, the best performance was

obtained with the DCT based Poisson solver [37], and the second best very close

results were given by the method of Hampton et al. [23], with the Poisson solver

included during synthesis. In the case of severe degradation of the input gradient, the

best performance was obtained using the DFT based Frankot-Chellappa algorithm,

followed by the DCT based Poisson solver and by the Hampton et al. method [23].

The four reconstruction algorithms have different computational complexities.

The DCT and DFT based methods are O(N logN), whereas the Haar wavelet based

method is O(N). Measurements of CPU time necessary to obtain an estimate of the

image from a given gradient set indicated that for lower sizes of the reconstructions

(128 × 128 to 256 × 256), the performance of the four algorithms was similar. For
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Figure 2.17: Relative reconstruction error versus SNR in input gradient

images of higher dimensions (256× 256 to 1024× 1024), in the current implementa-

tion, the Frankot-Chellapa reconstruction technique [16] produced the results in the

shortest time. The reconstruction method of Hampton et al. [24] with the modifica-

tion proposed in this chapter ranked the second. Adding a Poisson solver during the

synthesis stage slowed the algorithm, but still the results were obtained faster than

using the DCT based Poisson solver [37].
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Chapter 3

Applications of image processing in

the gradient domain

3.1 Introduction

In this chapter, a stitching and object insertion techniques are presented as possible

approaches to these applications. In its most general case, the stitching method

has three main stages: an image registration stage, a blending stage, and an image

reconstruction from gradient stage. In the registration stage, the images to be stitched

are spatially aligned, using a Mexican hat wavelet based technique [49]. During the

blending stage, the gradients corresponding to the common region of the input images

are combined. The object insertion method presented in this chapter assumes the

images to be combined already registered and relies on combining the gradients of

a region of interest in the two images to generate a new gradient from which the

composite image is recovered. In both techniques, the final image is reconstructed

from the gradient using the method of Hampton et al. [23,24], with the Poisson solver

included during the synthesis stage.

The organization of this chapter is as follows. In section 3.2, the problem of image

stitching is introduced and the main facets of the problem are described. In section

3.3 a stitching method is developed. Next, in section 3.4, a seamless object insertion

method is presented, in the context of image morphing. In both techniques, the

final image is reconstructed from a gradient data set using the method proposed by

Hampton et al. [23, 24].
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3.2 Image stitching

Large view field images are of great importance in many practical applications. In ar-

eas ranging from magnetic resonance imaging to satellite imagery, a computationally

efficient and easy to implement method to produce high resolution wide angle images

is of utmost importance and developing such algorithms continues to draw research

interest. Aside from the physical solution of introducing wider lens in the imaging

device, which may be difficult to implement on a large scale and also more expensive,

image stitching algorithms represent the typical alternative.

In image stitching (also known as image mosaicking), multiple parts of a scene are

combined into a single large representation of the same scene. Perhaps the most com-

mon application of image stitching is producing panoramic images (also referred to

as mosaics) from partially overlapping digital representations of a scene. These rep-

resentations are generally digital photographies taken at the same time from different

locations, or at different times, with the same or with different cameras, situated at

the same or different distances from the scene. All these different conditions generate

distortions in the representations of the scene, which can be light or color inconsis-

tencies or geometrical deformations. Existing image stitching techniques generally

operate on image intensity, in the gradient domain, or at various resolution levels.

Depending on the scene content, on the relative position of the camera with respect

to the imaged scene and on the intended application, several main stages are identified

and addressed by stitching algorithms. First, the images to be combined are spatially

aligned. This stage is called image registration. Next, a larger image containing all the

registered images is defined and the light or color differences visible at the boundaries

between different input images are removed, resulting in a seamless mosaic image.

This stage is called image compositing and blending. In Figure 3.1 the main stages

of image stitching are illustrated by a simple example of obtaining a mosaic from two

partially overlapping input images 1.

3.2.1 Image registration

Image registration has applications in object recognition, panoramic, satellite and

biomedical imaging and is also a key stage in image stitching algorithms. During

image registration, the images from which the mosaic will be produced are spatially

1A color version of the input images is available at http://www.pbase.com/ckuhn55/wyoming/

http://www.pbase.com/ckuhn55/wyoming/
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(a) Image 1 (b) Image 2

(c) Intermediate image 1 (d) Intermediate image 2

(e) Seamless mosaic

Figure 3.1: Obtaining a seamless mosaic
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aligned. In many practical applications, the digital images used to obtain a mosaic

of a certain scene are taken with different cameras from different viewpoints. These

differences in the initial setting produce differences in scale and orientation in the set

of images from which the mosaic must be obtained. Typically, during the registration

step, one of the input images is denoted as the reference image, and the objective is

to find a geometric transformation which maps the other images onto the coordinate

system of the reference image.

Various feature based registration algorithms have been reviewed in [21]. Feature

based registration techniques generally begin with a selection of features in the images

to be registered. The type of features varies from application to application and

depends on the information contained in the considered image. Typical examples of

image features include points, corners, curves, regions, and patterns [8].

A wavelet based image registration method is proposed in [49], in the context of

aerial images registration. The method is further shown to have applications in face

recognition in [20]. In this chapter, this registration algorithm is applied as a first

stage in the proposed image stitching method.

In what follows, an overview of this registration algorithm is presented. The

registration technique considers the case of spatially aligning two images and consists

of three main steps. First, a set of feature points is identified in the given images.

Then, a correspondence between these feature points is established. Finally, the

coordinates of the matching feature points are used to find the registration transform,

using an iterative weighted least squares algorithm.

The feature points are identified independently in the two images considered. The

identification of a feature point of an image is achieved as follows: the image is filtered

with two scaled versions of a Mexican-hat wavelet, and the location of local maximum

in the difference between the two responses is declared a feature point. The feature

point identification step is repeated for a range of scales for each image, to address

the case when the input images are taken from different distances from the imaged

scene (i.e., the zooming factor in the input images is different). The bounds of the

range of scales are two user specified parameters, related to the zooming difference

between the images.

As a second stage in the algorithm, a correspondence between the identified feature

points is established. The correspondence is found by computing and comparing

Zernike moments of circular neighbourhoods around the previously identified feature

points. The radius of the circular neighbourhood in which the search is conducted
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(a) Visible seam generated by photometric in-
consistency between the input images

(b) Discontinuous contours generated by pre-
vious registration errors

Figure 3.2: Typical artifacts in image stitching

is automatically computed from the range of scales previously established. Once the

Zernike moments are computed, a pair of feature points is declared a match if their

corresponding Zernike moments are similar in magnitude (i.e., if the difference in

magnitude is below a threshold). The Zernike polynomials provide an appropriate

tool for the task at hand, in particular due to the rotational symmetry property of

their magnitude, desirable in the context of image registration.

As a final step in the registration technique of [50], an iterative weighted least-

squares minimization is performed to exclude the pairs of points falsely identified as a

match and to determine a set of parameters from which the desired affine registration

transform is obtained.

The registration technique is shown [49, 50] to produce good results even in the

case of geometric distortions such as differences in scale between the two input images,

or additional degradations such as noise or blurring. Therefore, this technique was

chosen to perform the registration in the proposed image stitching algorithm.

3.2.2 Image compositing and blending

The images from which the mosaic will be obtained are spatially aligned during the

image registration stage. Upon completion of this stage, an initial mosaic consisting

of the “union” of all component images can be defined. If a simple “cut and paste”

operation is employed directly on the intensities of the input images, this initial

mosaic usually contains visual artifacts caused either by different lighting conditions

(also known as photometric inconsistencies) or registration errors. Different lighting
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conditions generate seams at the edge between two input images, as can be seen from

Figure 3.2a, whereas registration errors generate unnatural “jumps” in the contours

of the objects in the mosaic, as illustrated by Figure 3.2b.

The presence of these visual artifacts in the initial mosaic indicates the necessity

of a next stage in stitching algorithms, a stage in which further processing yields a

natural looking mosaic image, without any seams or discontinuous contours. This

stage of image stitching techniques is called “image compositing and blending” [40]

and handles precisely the above mentioned type of artifacts.

In this stage, first the surface on which the images will be combined has to be de-

fined, by specifying its shape and size. Then, a set of intermediate images is obtained,

by representing the reference and registered images in the newly defined surface. All

of the intermediate images have the same size and shape as the desired mosaic. Fi-

nally, the mosaic image is produced by combining these intermediate images into a

visually pleasing and natural looking image.

In image blending, the objective is to determine a function to combine the in-

termediate images in such a way that in the final mosaic the transition from one

component image to the other is imperceptible. Good blending techniques should

produce seamless mosaics by compensating for existing exposure or color differences

between the component images and should introduce as little distortion as possible

in the overall result. Previously proposed image blending algorithms operate on im-

age intensities or on image gradient, at full resolution of the image or at multiple

resolution scales.

A well known intensity based blending technique is feathering [39], where the

mosaic is generated by computing a weighted average of all intermediate images. In

the composite mosaic image, pixels are assigned weights proportional to their distance

from the centre of the image they come from, resulting in a smoother transition from

one image to the other in the final mosaic.

One of the first intensity based multiscale blending methods is presented in [10]

and relies on pyramid decomposition. The intermediate images are decomposed into

bandpass filtered components and the blending is done at each scale, in a transition

zone inversely proportional to the spatial frequency content in the band. In a similar

approach [26], pyramid decomposition is replaced with wavelet decomposition.

In this work, a blending function is defined to combine the gradients of the inter-

mediate images and produce a gradient data set from which the mosaic image needs

to be reconstructed. Generally, gradient modifications produce a data set which is not
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a conservative vector field and image reconstruction from this data set no longer has

an exact solution. The problem of image image reconstruction from a gradient data

set was largely described in chapter 2. One of the reconstruction techniques presented

therein will be employed as a final stage in the stitching algorithm presented in the

following section.

3.3 Seamless image stitching in the gradient do-

main

The stitching method presented here yields seamless image mosaics and is based

on combining the gradients of two input images to generate a set of gradients for

the mosaic image. Then, the mosaic image is obtained from this gradient using

the reconstruction technique of Hampton et al. [23, 24], described in the previous

chapter. The stitching method presented here was proposed in [36]. In this section,

this stitching method is described and further developed to address several situations

of gradually increasing difficulty. First, the case in which the images to be stitched are

in grayscale representation and have a rectangular overlap region is considered. Then,

the situation in which the images to be stitched are in grayscale representation and

have an irregularly shaped overlap region, with an unknown location, is examined.

Finally, the case when the images to be stitched are in color representation and have

an irregularly shaped overlap region, is taken into consideration and a method to

stitch them into a seamless mosaic is proposed.

3.3.1 Stitching of two grayscale images with rectangular over-

lap region

Consider two registered input images Φ1 and Φ2 with a common overlapping region, as

illustrated diagrammatically in Figure 3.3. The objective is to combine the two images

into a seamless mosaic. The gradients Φ̃F
1 and Φ̃F

2 of the input images are computed

and stitched together to generate a gradient data set from which the mosaic image

will be reconstructed. In the overlapping region, the gradients are blended using a

weighting function, while in the rest the gradients are simply stitched together.
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Figure 3.3: Overview of seamless stitching method - rectangular overlap region

(a) Input image Φ1 (b) Input image Φ2 (c) Mosaic obtained with pro-
posed algorithm

Figure 3.4: Stitching two images: Lena example
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The blending of gradients in the overlap region is described by the following equa-

tion:

ω̃ = w(x, y) · ω̃1 + [1− w(x, y)] · ω̃2 (3.1)

where ω̃1 and ω̃2 denote the gradients of Φ1 and Φ2 in the overlap region, respectively,

and w : R2 → [0, 1] is a linearly or exponentially decreasing function.

This simple approach results in the gradient from the upper image dominating

the upper part of the overlapping region while the lower gradient dominates the lower

part. The gradient of the mosaic image outside the overlapping region is defined to be

equal to the gradient from the non-overlapping parts of the input images, respectively.

The mosaic image is obtained from the stitched gradient using the Hampton et al.

reconstruction method described in section 2.3.2, with the Poisson solver included

during the synthesis stage. The mean value of the image to be reconstructed is

estimated as the average intensity of the input images.

The proposed method can thus be summarized as follows:

1. Compute the gradient of the input images Φ1 and Φ2

2. Create the stitched gradient using the blending function given by 3.1 in the

overlap region and “cut and paste” in the rest to obtain Φ̃

3. Obtain a mosaic image from Φ̃, using the Haar wavelet reconstruction technique

of Hampton et al. [23] described in chapter 2, with the Poisson solver at each

resolution level.

In Figure 3.4 a mosaic image is obtained from the two images shown in Figures

3.4a and 3.4b, using the new stitching method. The performance of this method will

be discussed with examples in section 4.1.1 of the next chapter.

3.3.2 Stitching of grayscale images with irregularly shaped

overlap region

In the previous section, a method for seamless stitching of images was presented.

The method assumed the input images to be in an arrangement as in Figure 3.3.

In practice, however, the arrangement of the input images is often more challenging

than this. For instance, a more frequently encountered arrangement of the input

images is illustrated in Figure 3.5. The region in which the two input images overlap
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Figure 3.5: Irregularly shaped overlap region.

(a) Intermediate image Ψ1. (b) Intermediate image Ψ2.

Figure 3.6: Stitching aerial images. The white regions surrounding the images are outside
the region of support.

has an irregular shape and the weighting function used to combine the gradients

in the overlap region cannot be defined as straightforward as in section 3.3.1. For

comparable results (visually), in this case, the weighting function is replaced with an

averaging operation.
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Φ(1, 1) Φ(2, 1) Φ(3, 1)

Φ(1, 2) Φ(2, 2) Φ(3, 2)

Φ(1, 3) Φ(2, 3) Φ(3, 3)

Φ̃F (1, 1) Φ̃F (2, 1)

Φ̃F (1, 2) Φ̃F (2, 2)

Figure 3.7: Error in gradient cause by padding in the intensity domain. Large circles:
intensity values. Small circles: gradient values. Gray: meaningful informa-
tion, from the original image. White: erroneous information, from padding.
The arrows indicate which pixels contribute to a certain gradient in Fried
alignment.

The modified stitching method is presented in what follows. Given two images

to be combined and a registration transform, first, two intermediate images of the

same size as the final mosaic are produced. The two images are obtained from the

reference image and the registered image, by padding with a constant value to the

desired shape and size. In Figure 3.6 this stage of the stitching method is illustrated.

In the following stage of the algorithm, the Fried directional derivatives of the

intermediate images Ψ1 and Ψ2 are computed. Because of the way in which the

intermediate images were obtained (namely, by padding with a constant value until

the desired size is reached), an error is introduced in all gradient values computed

from pixels situated on the border of the region of support, regardless of the geometry

considered. To understand the cause of this error, consider the diagram in Figure 3.7.

In Figure 3.7, the large circles represent pixel (intensity) values. The small circles

represent Fried gradient values. A large gray shaded circle means that the pixel value

at that point contains useful image information from one of the original images to

be stitched. A large white circle means that the pixel value at that point is equal

to the constant value used in the padding stage. As was discussed in section 2.2.1

of chapter 2, in the Fried discretization model, four neighbouring pixels of the image

contribute to one value of the directional derivative, as indicated by the orientation
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of the arrows in Figure 3.7. Therefore, of the four gradient values (small circles)

shown in Figure 3.7, only the bottom left is meaningful and should be used during

the reconstruction. In light of this example, we can conclude that all along the border

of region of support of the intermediate images, the gradient values are unreliable and

should not be used in the reconstruction. The approach herein is to first identify the

location of the unreliable gradients, and then set their value to zero in the gradient

data set from which the composite image will be reconstructed.

The gradient data set from which the mosaic will be obtained is defined in two

steps. An initial gradient data set is described by:

Φ̃F (x, y) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ψ̃F
1 (x, y) , for (x, y) ∈ Ω1\Ω2

Ψ̃F
2 (x, y) , for (x, y) ∈ Ω2\Ω1

0.5
(
Ψ̃F

1 (x, y) + Ψ̃F
2 (x, y)

)
, for (x, y) ∈ Ω1 ∩ Ω2

0 , else

(3.2)

where Ω1 and Ω2 denote the regions of support of the reliable gradient of the inter-

mediate images shown in Figures 3.6a and 3.6b, respectively. The symbols \ and ∩
denote set difference and intersection, respectively, and are defined here for reference.

A\B = {x : x ∈ A and x /∈ B}.
A ∩ B = {x : x ∈ A and x ∈ B}.

However, the gradient defined by Equation 3.2 is still not an integrable data set. In

order for a vector field to be the gradient of a scalar field, the zero curl condition

must be satisfied (recall section 2.2.2, equation 2.14). In 2D, this corresponds to the

symmetry of the second order partial derivatives. Even with the elimination of the

unreliable gradient values, the zero curl condition is not satisfied at the boundary of

the region of support of the data defined by Equation 3.2. One way of overcoming this

problem and ensuring integrability of the data set along the boundary of the region of

support is by extrapolating the reliable values of the gradient data outside its region

of support, via diagonally flat extrapolation [25, 32]. The diagonally flat gradient

extrapolation procedure was introduced in the context of wavefront reconstruction

from incomplete, circular aperture gradient measurements and it is described below

for reference.
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Φ̃F (x, y) Φ̃F (x+ 1, y)

Φ̃F (x, y + 1) Φ̃F (x+ 1, y + 1)

(a) Unknown gradient: first quadrant

Φ̃F (x, y) Φ̃F (x+ 1, y)

Φ̃F (x, y + 1) Φ̃F (x+ 1, y + 1)

(b) Unknown gradient: second quadrant

Φ̃F (x, y) Φ̃F (x+ 1, y)

Φ̃F (x, y + 1) Φ̃F (x+ 1, y + 1)

(c) Unknown gradient: third quadrant

Φ̃F (x, y) Φ̃F (x+ 1, y)

Φ̃F (x, y + 1) Φ̃F (x+ 1, y + 1)

(d) Unknown gradient: fourth quadrant

Figure 3.8: Diagonally flat extrapolation of gradient. Gray circles represent given Fried
gradient data. White circles represent unknown Fried gradient data.

On a four point gradient grid with three given values and one unknown value, one

way in which integrability is ensured is by defining the fourth gradient value in such

a way that the zero curl condition is satisfied. In Fried geometry, the curl condition

for Φ̃F can be written as follows:

Φ̃F
x (x, y + 1)− Φ̃F

x (x, y) + Φ̃F
x (x+ 1, y + 1)− Φ̃F

x (x+ 1, y) =

= Φ̃F
y (x+ 1, y)− Φ̃F

y (x, y) + Φ̃F
y (x+ 1, y + 1)− Φ̃F

y (x, y + 1) (3.3)

In Figure 3.8, four possible situations are illustrated. The location of the gradient
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to be extrapolated is marked graphically by a white circle, and the locations of the

correct (reliable) gradients are marked graphically by gray shaded circles.

The value of the fourth unknown gradient is found by solving equation 3.3. Regardless

of the location of the gradient to be extrapolated, equation 3.3 has two unknowns

(namely, the two directional derivatives at that point), therefore it is underdetermined

and cannot be solved directly.

A possible approach to solve the equation 3.3 is by introducing an additional

constraint on the two components of the unknown gradient value. In diagonally flat

extrapolation, this constraint assumes the following forms, depending on the location

of the gradient to be extrapolated, as defined in Figure 3.8:

Φ̃F
y (x+ 1, y) = Φ̃F

x (x+ 1, y), for quadrant I

Φ̃F
y (x, y) = −Φ̃F

x (x, y), for quadrant II

Φ̃F
y (x, y + 1) = Φ̃F

x (x, y + 1), for quadrant III

Φ̃F
y (x+ 1, y + 1) = −Φ̃F

x (x+ 1, y + 1), for quadrant IV

By introducing these constraints, equation 3.3 can be solved in any of the situa-

tions illustrated graphically in Figure 3.8. The extrapolation process is then carried

out successively, until the smallest rectangular area that encloses the region of support

of the gradient is filled in.

Once the gradient set of the mosaic has been defined, the mosaic image is obtained

using the Haar wavelet based reconstruction technique described in section 2.3.2. A

Poisson solver is included at each resolution level during the synthesis stage, for

increased smoothness of the resulting mosaic image.

In the general case, the images to be stitched are rectangular. In the proposed

framework, stitching two rectangular images will yield a rectangular shape image,

which encloses tightly the region of support of the mosaic. As specified at the end of

section 2.3.2, when the size of the image of interest is not square (2M×2M), the image

must be corrected after it is cropped from the initial reconstruction, by an amplitude

shift which produces a desired mean value. The approach in the method proposed

herein is to choose the desired mean value of the reconstruction equal to the average

of the mean intensities on the two images to be combined. For example, two input

images with mean values m1 and m2 will produce a mosaic image with mean value

0.5(m1 +m2).
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(a) Input image 1 (b) Input image 2

Figure 3.9: Stitching images with irregularly shaped overlap: aerial example - input im-
ages.

(a) Intensity stitching (b) Gradient stitching

Figure 3.10: Stitching images with irregularly shaped overlap: aerial example - results.

To illustrate the stitching method introduced in this section, in Figure 3.10b a

mosaic image obtained from the two input images in Figures 3.9 is shown. The

performance of the method will be discussed in section 4.1.2 of the next chapter.

3.3.3 Stitching of color images

In the more general and more frequently encountered in practice situation, the images

of interest are given in color representation. A standard model to represent color

images is the RGB model. In the RGB model, a pixel is uniquely determined by five

parameters: two spatial coordinates and three values of the Red, Green and Blue
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channel information, respectively, which combined define the color of the pixel. In

current standards, an average digital photography has a resolution of 2 megapixels

(MP), which means the average image has 2 million pixels. Given the complexity of

registration and blending algorithms, a natural question is what is the most efficient

way in which the problem of color image stitching should be addressed.

Each channel in the color representation of an image can be viewed as an approxi-

mation of the grayscale version of the image. The registration technique employed in

the proposed stitching method is feature point based and the most computationally

intensive part in this stage of the algorithm is finding the parameters that define the

registration transform. With this in mind, the approach to handle the registration

stage of combining the two images is the following. First, the parameters defining the

registration transform are identified for the luminance channels of the images to be

combined. Then, the registration transform is obtained from these parameters and

applied on each channel of the color representation of the images.

The blending method as described in this chapter is gradient based. As was

discussed in the end of section 2.2.1 in chapter 2, the gradient discretization models

presented therein extend naturally in the case of color images. Therefore, it seems

reasonable to propose an extension of the blending method in the case of combining

multi-channel images. Unfortunately, unlike in the registration case, blending only

luminance information does not produce visually plausible results and neither does

blending only one channel from the RGB representation of the two images. This is to

be expected, given the continuity of a meaningful image as a function of color, and

the nature of the color representation employed.

A solution for blending the previously registered images into a seamless visually

plausible color mosaic is presented in what follows. As a preprocessing step, the

input images are split into their three component channels. Then, the gradients of

the corresponding channels are computed and stitched together as described in section

3.3.2. At the end, the three channels of the desired mosaic are reconstructed from

the stitched gradients.

In the most general case the images to be stitched are rectangular. As specified at

Color

images

Intermediate

images

In luminance channel In each RGB channel In each RGB channel In each RGB channel

Registration in

intensity domain

Gradient

extrapolation

Gradient

blending

Image
reconstruction
from gradient

Mosaic

image

Figure 3.11: Overview of stitching algorithm for color images
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(a) Input image 1 (b) Input image 2

Figure 3.12: Input images

(a) Intensity stitching

(b) Gradient stitching

Figure 3.13: Stitching color images



55

the end of section 2.3.2, in this case the reconstructed image signal must be corrected

by an amplitude shift which produces a desired mean value. The approach in the

method proposed herein is, for each channel, to choose the desired mean value of

the reconstruction equal to the average of the mean intensities on the two images

to be combined, in the respective channel. For example, two input images with

mean values (r1, g1, b1) and (r2, g2, b2) will produce a mosaic image with mean values

0.5(r1+r2, g1+g2, b1+b2). An overview of the algorithm is shown in Figure 3.11 and

in Figure 3.13 a mosaic image is obtained from the two images shown in Figure 3.12.

For comparison purposes, in Figure 3.13a, the result obtained by stitching intensities

is shown. Here, the stitching algorithm operates directly on each RGB channel, as

opposed to combining their gradients, and this produces visible seams and noticeable

color differences in the composite image.

A more detailed discussion concerning the performance of the method will be

illustrated with examples in section 4.1.3 of the next chapter.

3.4 Seamless object insertion

An interesting image processing problem is image morphing. Image morphing denotes

the technique used in special effects in movies or animation to gradually modify an

image (or a part thereof) into another, through a seamless transition. In movies or

animated films, morphing an image into another is obtained by displaying a sequence

of frames in which the initial image gradually changes into the desired one [35, 48].

For a plausible effect, in each of the individual frames the transition from one image

to the other must be natural and without any seams or other visible artifacts.

A possible approach to create such images is known as object insertion. The

object insertion problem admits the following straightforward formulation. Given

two images, the goal is to partially replace the content of one image with a desired

content from the other image, in a seamless way.

Previous research [11, 31] indicates that the gradient domain provides a suitable

framework for the application at hand. In what follows, a conceptually simple object

insertion method operating in the gradient domain is used. Specifically, the gradient

of a composite image is obtained inserting a desired content from the gradient of an

image into a region of interest from the gradient of another image. This approach

is also used by Perez et al. [31]. What is different here is that the image is then

reconstructed from this gradient using the Haar wavelet based reconstruction tech-
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nique earlier reviewed, with a Poisson solver included at each resolution during the

synthesis step.

The method presented in this section is applicable in the general case of color

images. Unless otherwise specified, here the gradient is to be regarded as a two

dimensional vector in which each component is a 3D array, representing the directional

Fried derivative of each of the Red, Green and Blue channels of the respective image.

The image from which the content is copied to will be referred to as the source image

and the image into which the content is copied will be referred to as the target image.

The location where the content will be copied from the source image to the target

image will be referred to as region of interest.

To illustrate the problem of object insertion and the terminology, consider Figure

3.14. The source and target images are Φ1 and Φ2, and can be seen in Figure 3.14a

and 3.14b, respectively. The goal is to replace the current content of the region R2

from the target image Φ2 with the content of the region R1 of the source image Φ1.

The approach presented herein is the following. First, the Fried gradients Φ̃F
1 and

Φ̃F
2 of the two images are computed. Then, the gradient of the composite image is

defined by:

Φ̃F (x, y) =

{
Φ̃F

1 (x, y) , for (x, y) ∈ R2

Φ̃F
2 (x, y) , for (x, y) ∈ Φ2\R2

(3.4)

That is, the gradient data set of the composite image is created by replacing the

gradient data corresponding to the region of interest R2 in the target image with the

gradient data corresponding to the region R1 from the source image. The composite

image is obtained from this gradient data set using the Haar wavelet based recon-

struction technique described in section 2.3.2, with the Poisson solver included at

each resolution level during the synthesis step. As discussed earlier, the processing is

done in each channel of the color representation of the images. A result obtained with

the presented method is shown in Figure 3.15 and the performance of the method

will be discussed in section 4.2 of the next chapter.

3.5 Conclusions

The problem of image stitching was presented, and several existing approaches to

obtain seamless mosaic images were reviewed. A new stitching algorithm was intro-
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R1

Φ1

(a) Source image

R2

Φ2

(b) Target image

Figure 3.14: The problem of object insertion

Figure 3.15: Seamless object insertion: result.

duced. In its most general case, the method has three main stages: image registration,

gradient based blending and wavelet based image reconstruction from the gradient.

The proposed algorithm is described in three different scenarios of gradually increas-

ing difficulty.

A conceptually simple object insertion method was presented. The method is

gradient based and relies on replacing the gradient information from a region of
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interest of a target image with the gradient information from a region of interest of a

source image.

In both analyzed applications, the final composite image is obtained from a gra-

dient data set using the Haar wavelet based reconstruction technique of Hampton

et al. [23, 24], with the Poisson solver included at each resolution level during the

synthesis step.

In the following chapter, the performance of the new image stitching and object

insertion techniques is illustrated with examples under different conditions.
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Chapter 4

Experimental results

The objective in image stitching or morphing applications is to produce visually

plausible composite images, from a set of partially overlapping input images. In

this chapter, operations in the gradient domain are compared with operations in the

intensity domain and the results prove that the gradient domain provides a more

adequate framework for the analyzed applications.

The organization of this chapter is as follows. In section 4.1, the stitching method

proposed in section 3.3 is applied to produce seamless mosaics. The performance

of the technique is evaluated by analyzing the results produced using input images

representative for several scenarios of increasing level of difficulty. A gradient domain

based object insertion technique is analyzed in section 4.2 in the context of image

morphing and several examples are presented. In section 4.3 a discussion regarding

the criteria of performance evaluation is presented and in section 4.4 the content of

the chapter is reviewed and the main conclusions are drawn.

4.1 Image stitching

In this section, the performance of the stitching method proposed in chapter 3 is

evaluated to produce mosaic images from various input images. The testing set of

input images is described and the results obtained are analyzed and compared. The

section is organized as follows. First, the method is tested on stitching to grayscale

images with a rectangular overlap region. Then, the performance of the algorithm is

studied in the situation when the images to be stitched are in grayscale representation

and have an arbitrary shaped overlap region. Finally, in a more general case, the
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(a) Photometric inconsistency artifact (b) Misregistration artifact

Figure 4.1: Typical artifacts in image stitching

method is applied to combine two color images into a seamless mosaic.

4.1.1 Stitching of two grayscale images with rectangular over-

lap region

Typical visual artifacts in mosaic images are caused by differences in scene illumina-

tion and geometric misalignment. In Figure 4.1 these types of artifacts are illustrated.

In what follows, the performance of the stitching algorithm proposed in chapter 3 is

evaluated on stitching images with differences in illumination and geometric misalign-

ment.

Analysis of the effects of photometric inconsistencies

In this section the performance of the method presented in 3.3.1 is illustrated with

experiments. Given two partially overlapping, previously registered images with pho-

tometric inconsistencies (i.e., with differences in light intensity within the overlap

region) the objective is to stitch them and produce a larger mosaic image which looks

smooth and continuous without any noticeable artifacts such as seams or blurring.

The input images used to obtain the mosaic image were constructed from standard

test images, by cropping the images in two and modifying the intensity values to

generate photometric inconsistency.

In Figures 4.2a-4.2b an example of the input images used is shown. The two images

have an overlapping region indicated by the two horizontal black lines. The intensity

levels in the two images have been modified and are clearly different: the average



61

(a) Input image 1 (b) Input image 2

(c) Direct paste of intensities (d) Mosaic using the proposed method

Figure 4.2: Results for test image peppers

intensity of the top image becomes lighter from bottom to top, while the intensity in

the lower image becomes darker from left to right. This has the effect that in a “direct

paste” mosaic image, the seam is less visible where the two image intensities are close

(left hand-side of the image shown in Figure 4.2c, along the central horizontal line)

and more visible where the difference in intensity is larger (right hand-side of Figure

4.2c). The mosaic image obtained using the method proposed in section 3.3.1 can be

seen in Figure 4.2d. Clearly there is no seam and the image has no visual artifacts.

To illustrate the effect of Poisson smoothing at each resolution level during the

Haar synthesis step of the image reconstruction from the stitched gradient, consider

Figure 4.3. Reconstructing the image from the stitched gradient using the Haar

wavelet approach [24] leads to blocking artifacts as shown in Figure 4.3a. These

blocking artifacts are due to the fact that the stitched gradient is not a conservative
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(a) Direct reconstruction from stitched gra-
dient

(b) Reconstruction with Poisson solver at
full resolution

(c) Poisson solver at each resolution

Figure 4.3: The effect of Poisson smoothing during the reconstruction

field and therefore there is a difference between the gradient of the reconstructed

image and the stitched gradient. This difference can be reduced, and the visual

appearance of the image improved, by using the reconstructed image in Figure 4.3a

as the input to an iterative Poisson smoother at full resolution, as described in section

2.3.2. This leads, after several iterations, to Figure 4.3b with reduced but still visible

blocking artifacts. Using the method of Hampton et al. [23] reviewed in section 2.3.2,

with the Poisson solver at each resolution level during the synthesis step, as proposed

in section 3.3.1, produces the image in Figure 4.3c. It can be seen that there are no

blocking artifacts in this image.

To analyze the influence of including the Poisson solver during the reconstruction

stage, the following experiment was conducted. The level of photometric inconsistency

between the two input images was controlled by using a parameter k. Specifically,
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two partially overlapping input images Φupper and Φlower of height n and width m

were created from an image Φ, as described by the equations below:

for all y ∈ {1, 2, ..., n} and i ∈ {1, 2, ..., n}

Φupper(x, y) = Φ(x, y) + (n− i)k, where x ∈ {1, 2, ..., m} (4.1)

for all x ∈ {1, 2, ..., m} and i ∈ {0, 2, ..., m− 1}

Φlower(x, y) = Φ(x, y)− ik, where y ∈ {1, 2, ..., n} (4.2)

In this way, the intensity of the top image was increased upwards and the intensity

of the bottom image was decreased from left to right, gradually, with respect to the

corresponding regions from the original image.

The gradients of the two images were stitched as described in section 3.3.1, and

the final mosaic image was obtained in three different ways. First, the image was

reconstructed directly from the stitched gradient. Then, 50 iterations of the Poisson

solver described by equation 2.40 were applied on the reconstructed image. Lastly,

the Poisson solver described by equation 2.40 was included in the reconstruction

stage by performing one iteration at each resolution level, as proposed in [23] and

described in section 2.3.2 (see discussion in subsection “Obtaining an image from

non-conservative vector fields”). The difference between the stitched gradient and the
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Figure 4.4: �2 norm of the difference between the stitched gradient and the gradient of
the mosaic image. Mosaic size: 512× 512; overlap region height: 100 pixels.
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(a) Input image 1 (b) Input image 2

Figure 4.5: Input images for test image jet

(a) Direct paste of intensities (b) Mosaic using the proposed method

Figure 4.6: Results for test image jet

gradient of the mosaic image reconstructed from the stitched gradient was evaluated

for various values of k (see equations 4.1 and 4.2). The �2 norm of the difference

between the stitched gradient and the gradient of the mosaic image reconstructed

from the stitched gradient is plotted in Figure 4.4. It can be seen that the use of

the Poisson solver at each resolution level leads to the smallest difference among the

three options. In this case, this is consistent with the visual evaluation.

In our simulations, various sizes of the overlap region led to comparable results.

For a 512× 512 mosaic image, the smallest overlap region we considered was 6 pixels

wide. The input images are shown in Figure 4.5. The results are still acceptable and

an example is shown in Figure 4.6.

Figure 4.7 illustrates the performance of the proposed method with other types

of illumination inconsistencies.
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(a) Direct paste of intensities (b) Mosaic using the proposed method

Figure 4.7: Results for test image lena

(a) Input images superim-
posed on the overlap
region

(b) Direct paste of intensities

(c) Mosaic - misregistration
example

Figure 4.8: Performance of stitching algorithm in case of misregistration
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In Figure 4.7, the intensity of the upper image was obtained by gradually making the

image darker towards its borders.

The overall quality of image mosaics is evaluated visually because �2 based mea-

sures may not yield meaningful results in the context of stitching images with dif-

ferences in illumination. In particular, �2 based measures do not generally detect

errors such as seams generated by stitching two images with very large photometric

inconsistencies. To understand this, consider Figure 4.2c. As human vision is not

sensitive to absolute illumination values, but rather to local contrast, the fact that

we see two images with different mean intensity value (e.g., upper and lower halves of

the image in Figure 4.2c) is not the problem. The problem in this image is the central

horizontal seam, and the presence (or magnitude) of this seam cannot be correlated

in a meaningful way with an �2 measure.

Analysis of the effects of geometric misalignment

In the previous section, the assumption was made that the images are perfectly reg-

istered. An interesting question is how possible registration errors between input

images affect the quality of the mosaic image. Such errors may cause the appearance

of ghosting artifacts in some methods. Figure 4.8 shows the stitching results when

there is a misregistration between the input images of 10 pixels in both directions.

The registration error can be observed in Figure 4.8b. The stitched image using the

proposed method, Figure 4.8c, indicates that the proposed method can yield satis-

factory results even in the presence of registration errors.

4.1.2 Stitching of grayscale images with irregularly shaped

overlap region

In section 3.3.2, an algorithm was proposed to address the case when the images to be

stitched have an irregularly shaped overlap region, after the registration. The aerial

images shown in Figure 4.9a and 4.9b represent a typical example of this situation.

The main difficulties that the stitching algorithm must address in this situation is

that the two images are of different orientations and scales. To increase the level of

difficulty of the problem, the light intensity of the two images were modified before

the method was tested. The result is shown in Figure 4.9d. In Figure 4.9c, for com-

parison purposes, the result obtained by stitching directly the luminance information

is displayed. Clearly the method operating on the image gradients yields a natural
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(a) Input image 1 (b) Input image 2

(c) Intensity stitching (d) Gradient stitching

Figure 4.9: Stitching images with arbitrary shaped overlap: aerial example

looking mosaic image, without noticeable artifacts such as seams or other input image

distortion.

4.1.3 Stitching of color images

Combining color pictures to create a panoramic image is a thorough studied prob-

lem in digital photography. Various algorithms have been proposed to date and

implemented either in processing software available on computers (such as Adobe

Photoshop, Hugin) or directly in the digital cameras. While camera solutions are

effective, the tendency is towards an automatic approach, with as little user control

as possible. In particular, a good algorithm should be able to automatically identify
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(a) Input image 1 (b) Input image 2

Figure 4.10: Stitching of color images: beach landscape example - input images

(a) Averaging intensity (b) Result using the proposed method

Figure 4.11: Stitching of color images: beach landscape example - result

the region of overlap between the input images and determine the feature points,

without the intervention of the user. User intervention may allow for better results,

to the expense of processing time. For example, manually selecting the feature points

in the two images is often a tedious process and error prone. The only user controlled

parameters in the registration method employed herein are two scaling factors. Aside

from this, the proposed algorithm is automatic. The stitching technique introduced

in section 3.3.3 was tested on a set of images, and the results obtained are analyzed

herein.

Example 1: Creating a mosaic image from two images with different scales,

and illumination conditions.

In Figure 4.10, the first pair of images on which the performance of the algorithm

was evaluated is shown. The images were obtained by cropping overlapping parts of a
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digital photography. To increase the level of difficulty of the stitching problem, in this

case, the following modifications were performed on the images, before executing the

algorithm. First, the resolution was modified, resulting in a scale difference between

the two images. Then, the color in one of the images was changed, to simulate

different illumination conditions. The result of the proposed technique is presented

in Figure 4.11b. For comparison purposes, the result of averaging intensity values on

the overlap region and cut and paste outside is displayed in Figure 4.11a. As can be

seen, in the image processed exclusively in the intensity domain, visible seams mark

the zones of overlap between the component images, whereas in the mosaic obtained

with the proposed method, the transition from one image to the other is seamless.

Example 2: Creating a mosaic image from two images with different scales,

orientation and illumination conditions.

The next pair of images on which the proposed algorithm was tested can be seen in

Figure 4.12.

The challenges posed by this set of images are numerous. The set of images are

real images, taken with a point and shoot digital camera from the window of an

airplane. As a result, there is a perspective type distortion between the two scenes,

as well as a difference in orientation, scale and illumination (the image in Figure

4.12b is brighter than the image in Figure 4.12a). Another consequence of this image

acquisition method are the halo shaped glass reflections that can be seen in the lower

part of both images. Lastly, the images are blurred due to motion (of the camera and

of plane) and the color is faded, due to filtering by the thick glass of the window. None

of the artifacts present in the image at its acquisition was eliminated prior stitching.

The result of the proposed method for the aerial images is shown in Figure 4.13b and

as can be seen, the proposed method works well and produces a reasonable result

even in the case of severely distorted input images.

Example 3: Creating a mosaic images from three input images.

In general, a panoramic view of a scene is obtained from more than two representa-

tions of the imaged scene. The algorithm, as described in sections 3.3.2 and 3.3.3,

considers the case of stitching two images with a common region, to generate a larger

representation of the imaged scene. The following example illustrates the fact that

the proposed technique can be extended in a more general setup, to produce seamless
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(a) Input image 1 (b) Input image 2

Figure 4.12: Stitching of color images: aerial example - input images

(a) Averaging intensity

(b) Result using the proposed method

Figure 4.13: Stitching of color images: aerial example - result

mosaics from more than two input images.

In Figure 4.14 three parts of a garden scenery are shown. This set of testing

images was obtained from a digital photography, by first cropping three overlapping

parts. To simulate typical problems that pose difficulties to stitching algorithms in

practice, and increase the level of difficulty of the stitching problem, the following
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(a) Input image 1 (b) Input image 2

(c) Input image 3

Figure 4.14: Stitching of color images: garden example - input images

modifications were performed on the initial set of overlapping image parts. First,

the resolution was modified, resulting in scaling differences between the three images.

Next, the second input image was rotated by 10 ◦ counterclockwise and its illumination

level was increased. Then, the third image was rotated by 15 ◦ clockwise and the

information contained in the red channel was significantly increased.

The approach of the stitching algorithm to combine the three images consists of

two main stages. First, the two input images shown in Figure 4.14a and 4.14b) are

registered, as shown in Figure 4.15a and then stitched together. This initial result is

displayed in Figure 4.15b.

Next, the objective is to stitch the intermediate result displayed in Figure 4.15b

with the third input image, shown in Figure 4.15c.

Directly combining the composite image obtained from the first two images with

the third image as described in section 3.3.2 generates an error in the gradient of the
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Table 4.1: RGB average values of input images versus mosaic image

Image R G B R : G : B ratio

Image 1 104 110 103 0.41 : 0.43 : 0.40
Image 2 110 113 109 0.43 : 0.44 : 0.43
Image 3 101 90 86 0.40 : 0.35 : 0.34
Mosaic 103 97 93 0.40 : 0.38 : 0.36

final mosaic, essentially due to the region of support of the composite image obtained

after the first two images have been stitched. This shortcoming can be eliminated

by a simple modification of the method and its software implementation. Another

approach to overcome this shortcoming and create a mosaic from the two images using

the current algorithm description and implementation is to first crop the composite

image obtained from the first two images to the smallest fully supported rectangular

image and stitch this with the third image. The concept of “fully supported image”

is used here to designate an image without additional padding content. For instance,

the third input image (Figure 4.15c) is fully supported, whereas the intermediate

image (Figure 4.15b) is not.

The result obtained by stitching the cropped intermediate image with the third

image is shown in Figure 4.16. As can be seen, the mosaic image displayed in Figure

4.16 has no visible seams and it is visually plausible. An interesting observation

concerns the mean value of this image. As can be seen, the final mosaic is more

similar in aspect to the third input image, namely, it seems to have a high value

of red channel information. This is, indeed, the case, as can be seen from Table

4.1, where the average intensity values of each channels of the reconstruction are

displayed, together with the corresponding values of the three input images. The

values displayed in the last column represent the ratio of the three corresponding

RGB values, normalized to 255. The higher average intensity value in the red channel

of the mosaic image is a direct consequence of the way in which the mean value of

the composite image is estimated to reconstruct the mosaic from the gradient data

set (see section 3.3.3 for details). In situations when this estimate does not produce

the desired result, namely, a natural looking image, the average value of a particular

channel can be corrected to produce a more natural looking image, as is illustrated

in Figure 4.17. Here, the mean value in the red channel was lowered.

The source images stitched in this section were also combined using the Pho-

tomerge tool from Adobe Photoshop Extended CS5. The blending part of this tool
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(a) Registering the first two images

(b) Result of stitching the first two images

(c) Input image 3

Figure 4.15: Stitching of color images: garden example
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Figure 4.16: Stitching of color images: garden example - result.

Figure 4.17: Stitching of color images: mean value corrected in one channel
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was developed by A. Agarwala [1] and operates in the gradient domain. The compos-

ite image is recovered from the gradient by an efficient Poisson solver. The software

produced very similar results for all tested datasets, with the exception of the two

aerial images (Fig. 4.12), for which the automatic registration part of Photomerge

failed.

4.2 Seamless object insertion

In section 3.4, a conceptually simple object insertion method which operates in the

gradient domain was presented. In this section, the performance of this method is

illustrated with examples. The results show that performing the same operation in

the gradient domain produces better results than operating directly in the intensity

domain, reinforcing the idea that in image processing applications such as the ones

analyzed here, the gradient domain provides a more adequate framework than the

intensity domain. In Figure 4.18, the two images to be combined are presented, with

the regions of interest highlighted in each by a black rectangle. In Figure 4.19a,

the result obtained by a “cut and paste” approach applied directly in the intensity

domain is shown. The transition from one image to the other is clearly visible along

the horizontal line that crosses the composite image. In Figure 4.19b, the result

obtained using the method presented in section 3.4 can be seen. The transition from

one image to the other is barely noticeable and the image has a natural aspect.

(a) Source image (b) Target image

Figure 4.18: Seamless object insertion: swim example - input images.
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(a) Pasting in intensity domain (b) Seamless object insertion in gradient
domain

Figure 4.19: Seamless object insertion: swim example - result.

The determining factor in the quality of the result using this approach is choosing

the region of interest. The method yields plausible results only if the textures and

colors of the two images to be combined are similar around the boundary of the region

of interest.

The following example illustrates the method in a slightly different setup. Given

source and target image as shown in Figure 4.20, the objective is to insert the entire

content of the source image into the region of interest marked by the black rectangle

in the target image in 4.20b.

The approach in this case is to first rescale the source image to match the dimen-

sion of the region of interest in the target image. Then, the method as described in

section 3.4 is applied and the result obtained is displayed in Figure 4.21b. For com-

parison purposes, in Figure 4.21a, the result obtained by a “cut and paste” operation

in the intensity domain is shown. The four edges that mark the transition between

the source image content and the target image content are clearly visible in the result

obtained working in the intensity domain, whereas the same approach operating in

the gradient domain leads to significantly improved results.

In this work the object insertion method was introduced in the context of image

morphing. Therefore, in what follows an example illustrating the method in this

particular context is presented. Given the two faces shown in Figures 4.22a and

4.22b, the objective is to combine features of the two individuals and produce a new

face that looks natural.
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(a) Source image (b) Target image

Figure 4.20: Seamless object insertion: books example - input images.

(a) Pasting in intensity domain (b) Seamless object insertion in gradient
domain

Figure 4.21: Seamless object insertion: books example - result.

The two input images labelled Face A and Face B in Figure 4.22 are from the Yale

Face Database [18]. The images have the same dimension and represent portraits of

two individuals taken under similar illumination conditions.

The approach in this experiment was conducted was sequential. First, a region of

interest was identified in Face B by specifying the coordinates of the location of the

feature to be moved in the target image Face A (namely, the eyes region). Then, this

region of interest was inserted in the corresponding location from Face A. Face C,

shown in Figure 4.22c, is the result obtained when the insertion is done in intensity

domain, and Face D, shown in Figure 4.22d is the result obtained using the method

presented in section 3.4.

Next, the region of interest of the second feature (namely, the mouth region) was

identified in Face B by specifying its coordinates. This region of interest was then

inserted in Faces C and D. Face E is obtained by “cut and paste” of intensity values,
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(a) Face A (b) Face B

(c) Face C (face A with eyes
from face B)

(d) Face D (face A with eyes
from face B)

(e) Face E (face C with mouth
from face B)

(f) Face F (face D with mouth
from face B)

Figure 4.22: Image morphing: face example. Top row: input images. Middle and third
row: composite images; left-hand side: “cut and paste” of intensities, right-
hand side: the results using the proposed gradient based method.
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whereas face F is obtained by operating in the gradient domain and reconstructing

the image as described in section 3.4. As can be seen from Figure 4.22f, the gradient

based method produced a natural looking composite face, uniting features from Face

A and Face B.

The experiment could have been conducted in a single stage, by moving both

features of interest of Face B to Face A. However, a sequential approach was preferred

in this case to illustrate two different ways in which the features of Face A and B can

be combined to produce two different equally natural looking faces (namely, Face D

and Face F).

This example was presented to stress the fact that the simple object insertion

method presented in section 3.4 can yield good results if the images to be combined

have similar illumination conditions and similar textures.

4.3 Performance evaluation

The quality of the results presented in this chapter was assessed subjectively. A

general agreement in literature [10, 38] seems to indicate that subjective evaluation

prevails in assessing the quality of composite images produced by various algorithms.

In the two applications studied in this thesis, subjective evaluation begins by com-

paring the resulting image with the input images. This visual comparison must focus

on the resemblance between the composite image and the input images in the non-

overlapping parts, and on the seamless, plausible transition from one input image to

the other. Although it seems a straightforward task, a good subjective evaluation

of images is difficult to perform in practice. Specifically, there are several critical

conditions that must be met in order for the subjective evaluation study results to

be reliable. First, the evaluation process should be conducted by a sufficiently large

group of evaluators. Then, all monitors of the evaluators should be calibrated in the

same way and the ambient light conditions during the study of the images should be

the same, to allow for a fair comparison. In the absence of these factors, subjective

evaluation can easily lead to inaccurate results.

Based on this discussion, it follows that an objective measure to evaluate the

quality of the composite images obtained in sections 4.1 and 4.2, is difficult to define.

Boutellier et al. [9] attempted to develop an objective measure of evaluating the

quality of image mosaics. In their work, the mosaics are produced from a set of

images obtained from a given image, stitched together through several algorithms,
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and the results are compared with the original image, after the two images are again

registered, to allow for pixelwise comparisons. The authors claim that the evaluation

method produces reliable results in detecting blurring artifacts or edge discontinuities

in the mosaic image, but does not account for changes in light intensity. However,

as was discussed in section 4.1.1, a visually satisfactory stitched image may have

different intensities than the input images, which will produce unsatisfactory results

for this objective measure. On the other hand, if the intensity values in the composite

image are similar to the intensity values in the input images, but there is a visible

seam in the image, this may result in an acceptable value of this objective measure,

but uncorrelated with the subjective evaluation of the image. Therefore, this method

may not yield meaningful results in detecting several types of artifacts.

A possible approach to evaluate the performance of the presented methods is by

evaluating the performance of the algorithms used at each stage, such as registra-

tion and reconstruction from gradient. Although this can be done by using objective

measures, it will not necessarily give an indication of the visual quality of the final

result. The registration algorithm employed in the proposed stitching technique is

presented and evaluated in [49, 50] and shown to be robust to affine distortions, dif-

ferences in scale and orientation and noise corruption in the input images. These

conclusions were also confirmed by the results presented in section 4.1. The problem

of image reconstruction from gradient was investigated in detail in chapter 2. A good

reconstruction method should be robust to the presence of errors and/ or noise in

the given gradient. Also, the increase in size of the testing data set should not pose

a problem for the reconstruction technique. In section 2.4.1, a comparative study

was performed to illustrate the performance of the Haar wavelet based reconstruction

algorithm employed in the proposed stitching and object insertion algorithms. A com-

parison between this reconstruction technique and another Poisson-based numerical

integration techniques is also presented in [23].

4.4 Conclusions

In this chapter, two applications of image processing in the gradient domain have been

illustrated with examples. The experimental results illustrate the methods presented

in chapter 3 and show that they yield seamless composite images despite luminance

or color differences between the input images. Finally, a discussion regarding the

assessment of the quality of the results produced using the two methods was presented.
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Chapter 5

Conclusions

5.1 Conclusions

In this thesis, the focus was on studying the performance of gradient domain based

algorithms in the context of two image processing applications. In particular, the

problems of image stitching and object insertion were considered and two methods

providing a solution were presented. The proposed methods include conceptually

simple gradient domain manipulations and rely on recent progress in the area of

image registration and image reconstruction from gradient.

The work reported in this thesis can be summarized as follows.

In chapter 2, the problem of image reconstruction from gradient was presented,

as a necessary final stage in image processing techniques operating in the gradient

domain. Several approaches to recover the image from a given gradient data set were

reviewed. In particular, the focus was on presenting the reconstruction method of

Hampton et al. [23, 24]. An improvement was proposed to this reconstruction algo-

rithm. Experimental results showed that this modification of the method produces a

technique that perfectly recovers the image from noise free gradient data.

The main contribution of chapter 2 relies in conducting a comparison of four

reconstruction algorithms, using as evaluation criteria the accuracy of the solutions

they produce and their computational speed. The comparison study was conducted

in two scenarios, depending on the amount of noise or errors corrupting the given

gradient from which the image was reconstructed. In the case of recovering the

image from a noise free gradient, analysis showed that the reconstruction method of

Hampton et al. [24], with the elimination of the waffle pattern proposed in this thesis,
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yields the best results in terms of solution accuracy in a comparable time with the

fastest of the four analyzed algorithms. In the case of recovering the image from noise

corrupted gradient data, we distinguished the following situations. For medium values

of SNR in the input gradient, the best performance was obtained with a DCT-based

Poisson solver [37], and close results were achieved with the method of Hampton et

al. [23], with a Poisson solver included during synthesis. For extreme situations of

very low values of SNR in the input gradient, the best performance was given by a

DFT based algorithm [16], followed by the DCT based Poisson solver [37] and then

by the Hampton et al. method [23].

In chapter 3, two image processing problems and two methods for their treatment

were introduced. First, the problem of image stitching was presented and a gradient

based stitching algorithm was developed, starting from the method proposed in [36].

The proposed stitching algorithm has three main stages: wavelet based image reg-

istration, gradient based blending and image reconstruction from gradient, and was

developed to addresses situations of gradually increasing difficulty and higher levels

of generality. In the remainder of chapter 3, the problem of object insertion was de-

scribed in the context of image morphing and a conceptually simple object insertion

method was presented.

The image stitching and object insertion methods proposed in this thesis are

gradient based. Therefore, an essential part of both of these techniques is recovering

the final image from a given gradient data set. Based on the analysis in chapter

2, the reconstruction method of Hampton et al. [23] was selected for this purpose

and employed to produce the resulting image in the proposed stitching and object

insertion techniques.

The quality of the results produced by the proposed image stitching and object

insertion methods was subjectively evaluated on various examples presented in chap-

ter 4. A general discussion concerning the evaluation of such algorithms was provided

at the end of the chapter. In light of this discussion and of the subjective evaluation

of the results in this chapter, it was concluded that the techniques proposed in this

thesis are a good approach to the considered applications.

5.2 Future directions

Several problems related to the work described in this thesis appear to be worthwhile

to pursue. In particular, efforts can be made to further investigate and improve the
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main stages of the stitching method proposed in section 3.3, namely the registration

and the reconstruction algorithms.

The registration algorithm employed in the proposed stitching method is wavelet

based and operates on the intensity domain of the images to be aligned. Consequently,

the algorithm is sensitive to significant illumination differences between the images.

It seems worthwhile investigating performing the registration part of the stitching

algorithm in the gradient domain of the images to be combined, as this may result in

an overall improvement of the results obtained when there are significant illumination

differences.

Obtaining a fully automatic stitching method given a set of images is another

objective subject of our research interest. The registration stage from the proposed

stitching technique requires two input parameters, in order to account for existing

scale differences between the two images. In [19] and in this work, choosing these

parameters is done empirically. Our belief is that these scaling parameters are em-

bedded in the structure of the images - in their intensity or their gradient, and efforts

towards an automatic identification of these parameters would definitely improve the

proposed method.

The reconstruction algorithm of Hampton et al. is used in this thesis in the context

of image stitching and morphing by object insertion. The good results obtained here

seem to indicate that the method could be used as a final stage to reconstruct images

from gradient measurements in other gradient based applications. In particular, ap-

plications such as transparency or high dynamic range imaging seem worthwhile to

further analyze.

Another direction in which the reconstruction algorithm could be developed is that

of denoising by estimating the noise level from the high frequency band quadrant

of the decomposition obtained after the analysis step. A thresholding policy [12]

employed before the reconstruction may improve the quality of the results in the

presence of noise in the given gradient.
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Appendix A

Additional Information

Table A.1: Reconstruction from noisy gradient - test image ramp peaks

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.4948 0.0446 0.1460 0.0515 0.0490

6.7726 0.1050 0.1533 0.1159 0.1058

3.1423 0.1370 0.1933 0.1550 0.1376

0.6593 0.1836 0.2068 0.2073 0.1926

-1.3178 0.1890 0.2169 0.2528 0.2124

-2.8539 0.2876 0.2359 0.3224 0.3021

-4.4620 0.3466 0.2944 0.3910 0.3652

-5.3237 0.3704 0.3163 0.4275 0.3982

-6.4405 0.4610 0.3960 0.5112 0.4780

Table A.2: Reconstruction from noisy gradient - test image airplane

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.5186 0.0260 0.1063 0.0314 0.0287

6.5476 0.0599 0.1188 0.0699 0.0630

2.9923 0.0749 0.1263 0.0895 0.0804

0.4638 0.1059 0.1395 0.1273 0.1096

-1.3990 0.1687 0.1580 0.1862 0.1710

-2.9532 0.1713 0.1713 0.1964 0.1762

-4.4436 0.1843 0.1920 0.2231 0.1930

-5.5486 0.2024 0.2048 0.2494 0.2083

-6.5509 0.2879 0.2282 0.3190 0.2939
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Table A.3: Reconstruction from noisy gradient - test image camera

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.6716 0.0383 0.1862 0.0457 0.0418

6.6641 0.0772 0.1884 0.0891 0.0812

3.1484 0.1253 0.2015 0.1448 0.1319

0.6554 0.1403 0.2020 0.1712 0.1502

-1.3084 0.1772 0.2338 0.2145 0.1860

-2.8729 0.2448 0.2868 0.2821 0.2493

-4.1928 0.3082 0.2956 0.3493 0.3206

-5.4020 0.3931 0.3030 0.4458 0.4045

-6.4097 0.3567 0.3322 0.4210 0.3716

Table A.4: Reconstruction from noisy gradient - test image barbara

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

14.8260 0.0349 0.1502 0.0405 0.0377

8.8037 0.0669 0.1560 0.0787 0.0687

5.2844 0.0972 0.1717 0.1112 0.0980

2.7797 0.1312 0.1776 0.1553 0.1389

0.8447 0.1585 0.1903 0.1910 0.1647

-0.7433 0.1897 0.2314 0.2254 0.1944

-2.0855 0.2337 0.2385 0.2696 0.2363

-3.2225 0.2475 0.2725 0.3007 0.2604

-4.2730 0.2685 0.2734 0.3331 0.2802

Table A.5: Reconstruction from noisy gradient - test image man

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.5173 0.0302 0.1999 0.0367 0.0333

6.4988 0.0597 0.2139 0.0735 0.0634

2.9743 0.0966 0.2087 0.1159 0.1008

0.4868 0.1189 0.2238 0.1512 0.1246

-1.4630 0.1422 0.2372 0.1787 0.1495

-3.0392 0.1935 0.2439 0.2243 0.1924

-4.3890 0.2236 0.2829 0.2663 0.2281

-5.5460 0.2275 0.2792 0.2865 0.2410

-6.5600 0.3003 0.3080 0.3563 0.3085
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Table A.6: Image reconstruction from noisy gradient - centralizing chart obtained by av-
eraging the relative errors of the reconstructions obtained from similar values
of SNR in input gradient for all tested images

SNR Relative error re

in gradient DCT Poisson solver [37] Frankot-Chellappa [16] Method from [24] Method from [23]

12.5506 0.0348 0.1596 0.0413 0.0382

6.6208 0.0754 0.1686 0.0871 0.0784

3.0643 0.1084 0.1824 0.1263 0.1127

0.5663 0.1372 0.1931 0.1643 0.1443

-1.3720 0.1693 0.2115 0.2081 0.1797

-2.9298 0.2243 0.2345 0.2563 0.2300

-4.3719 0.2657 0.2662 0.3074 0.2767

-5.4551 0.2984 0.2758 0.3523 0.3130

-6.4903 0.3515 0.3161 0.4019 0.3630
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