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Abstract

The object of the present paper is to derive several
properties of the subclasses 5’2(0), o}"zn(a), and %Z(a)
of analytic functions with real part greater than . The
main results of this paper provide interesting
generalizations of the corresponding work done recently
by S.K. Lee, S. Owa, and H.M. Srivastava [2], and by C.P.
McCarty ([3], [4]).

1. Introduction, Notations, and Preliminaries

Let Q denote the class of functions p(z) which are analytic in the open unit

disk
“={z:]2| <1}

and satisfy the inequality:



lp(2) <1 (ze%).
Also let 2"(a) denote the class of functions of the form:
(1.1) f(z):1+anzn+an+1 My (nelN=1{1,2,3,---}),
which are analytic in the disk % and satisfy the inequality:
(1.2) Re{f(z)}>a (z€%)

for some ¢ (0<a<1). Afunction f(2) € 2"(a) is said to be in the class ?z(a)

if it also satisfies the condition:

(1.3) an:Zb(l—a):(Lnn)!@ (nelN; 0<ac<l)

for some b (0<bg1).
The definition of the subclass 9’2(0) of the class #"(a) follows

Carathéodory's lemma (¢f. [1, p. 41]) which states that the absolute value of any

coefficient of a function in the class

is not greater than 2.

Suppose that 0<¢a<1 and 0< b <1, and that the functions

(1.4) F(z) =2+ 2b(1-a) m+l | N2



and

2b(1- 1 2
(1.5) G’(z):z+7((n—+1%lz"+ *, 9 PLRE

are analytic in the disk %. Then F(z) defined by (1.4) is said to be in the class
eﬁ"’gn(a) if and only if

(1.6) N OB

Furthermore, let i?Z(a') denote the class of functions ¢(z) defined by (1.5) which

satisfy the additional condition:

(1.7) 1+%§’—E§)ﬁle 92(&) (ze ).

The classes

(1.8) Py(a) = 2h(a) and #F(a) = 5 () (0ga<i; 0gbg1)

were introduced and studied systematically by McCarty ([3], [4]). On the other

hand, the class
(1.9) ,(002¢,(0) (0<bg1)
was introduced by Pashkoulera [6] who also studied the class 5’6(0) . More

recently, Lee, Owa, and Srivastava [2] gave several interesting properties of the

classes ?b(a') and [cf. Equation (1.9)]



(1.10) §,(a)=%;(e) (0<ca<i; 0gbgl).

In this paper we aim at presenting a systematic study of the general class 3’2(@)
introduced here. Our main results (Theorems 3, 4, and 5) and the other results
(Theorems 1 and 2) provide interesting generalizations of the corresponding
observations made earlier by Lee, Owa, and Srivastava [2], and by McCarty ([3],
[4]).

In order to intreduce the concept of subordination between analytic functions,
which we shall require in our present investigation, let f(z) and g(z) be
analytic in the open unit disk %. Then the function f(z) is said to be

subordinate to g(z) if there exists a function A(z) analytic in %, with
h(0)=0 and |A(2)] <1,

such that

(1.11) f(2) =g(h(z)) (2€%).

We denote this subordination by

(1.12) f(z) < 9(2).

In particular, if g¢(z) is univalent in %, the subordination (1.12) is

equivalent to (c¢f. [1, p. 190])

(1.13) f(0) =4(0) and f(%)=g(%).



We now recall the following well—known results which will be needed in the proofs

of our theorens.

LemMa A (Nehari [5, p. 167]). If ¢(z) €Q, then

2
1= lp(2)]
(1.14) 0 ()] s ———— (26 %)
1 - |7
and
l2p] = | 2] ENIRE
(1.15) . <ol < (e %),
1 -1z 2| 1+ |2y 2]
provided that zO:ga(O).
LemMA B (Lindelof's principle [1, p. 191]). If
(1.16) o(2) < 0(2),
then the tmage of each disk
(1.17) D ={z:]z] <r<l (0<r<l)}

r

under the function ¢(z) ¢s contained in the image of the same disk under the

function ®(z), that is,

(1.18) p(d)ced) (0<r<t).



2. General Inequalities for the Class .?Z(a)
In this section we prove some general inequalities associated with the class
5’2(&) . Theorem 1 below is a kind of distortion theorem for functions belonging to
the class 92(&) .

TueoREM 1. If the function f(z) defined by (1.1) is in the class E’Z(a), then

2rn_1{nb + [+l + (n—l)bz]r + nbrz}
[1+ br + (b+r)r"][1 + br — (b+r)r"]

(2.1)

[ ()| < (Re{f(2)}-0)

(r=1]z| <1).

The result vs sharp for the function fl(z) defined by

1+ bz + (1-2a) (b+2) 2"

(2-2) f1(z) ) 1+ bz — (b+2)2"

at

z=ry <l (ryp=]2] <1).
Proof. Let the function g¢(z) be defined by

(2.3) g(2) = (2) —@_ g 9p,m4... (nelN).



Then, clearly, g(z) € 5’2(0), that is,
Re{g(2)} >0 (ze %) and ¢(0)=1,

which shows that the function ¢(z) is subordinate to the function

(2.4) g(z):}jg§;=1+zbz”+-.- (neW),

we have

Therefore, there exists a function p(z) € such that w(z) = 2" p(2), and we find

from (2.4) that

Now differentiate both sides of (2.5) with respect to 2 and make use of (2.3). We

thus find that

(2.6)




212" (2) + 12" Np(2) |
IR (Re{/()} -a).

Applying the triangle inequality, and then the assertion (1.14) of Lemma A, to

the right-hand side of (2.6), we obtain

2(Re{f(2)}-a) |2 "L | 2] + n(1-121P) 0(2) | = |21 1p(2)]?

(2.7)
- 2|2 1= |22 p(2)|?

Fra)l ¢

We can show that the expression in the brackets on the right-hand side of (2.7) is
monotonic (increasing) with respect to |p(2)| as follows. Let r=|z| <1,

z=|p(z)] <1, and

T+ n(lwrz)z g’

(2.8) hz) =
{ — T2n $2
Then
(2.9) (5) =g
2.9 h(z) = ,
where
(2.10) H(x)::n(l—r2)-2r(1—r2”)z-+n(l—rz)rzn 2.

Since y=H(z) is a parabola opening upward (in the positive y—direction) and



1~r2”

H (z,) =0 when z,=——F—5—>1,
0 0 1 (1—T2) TZn i
we have only to show that H(1) >0 in order to prove that

h'(z) >0 for 0<z<1 and 0<r<ld,

that is, h(z) is monotonic (increasing) with respect to z € [0,1] for each fixed

re€ [0,1). Indeed it is not difficult to show that H(1) >0, that is, that
(2.11) n 7‘2n+n>27"(1+r2+---+r2(”_1)) (0gr<1),

by using the principle of mathematical induction and differentiation.

Finally, we apply the assertion (1.15) of Lemma A with

w(z):ﬂ%l:bnt--- and  z5=10
2

to the right-hand side of (2.6), and we obtain

2(Re{f(2)}-a)r" T L
Pl sy {5

2(Re{f(z)}—a')7‘”"1 {nb+ [n+1+ (n—1)62]r + nbrz}
[1+br+(b+r) r"] [14br—(b+r) "]

b

which proves the theorem.



10.

For n=1, Theorem 1 leads us at once to
CoroLLARY 1 (McCarty [3, p. 213, Corollary 2]). If f(z) € ﬂ’b(a), then

S(Re{f(z)}-a) [b + 2r + br?

(2.13) |f(2)] < 9 9
1 -7

(r=12] <1).
1+ 2br+ 1

The result is sharp for the funciion f2(z) defined by

1+ bz + (1-2a) (b+2)2
2

(2.14) fo(z) =

at

1 -z

z=r9<1  (rg=[2] <1).
Next we state and prove
THEOREM 2. If the function f(z) defined by (1.1) is in the class 92(&), then
(2.15) |f(z) -4, 1 <D, (r=]z2] <1; nelN),
where

, (1+b7’)2 + (1—2@)(1)“*)2 P20
(2.16) 4 = - — (r=|z[ <1;neN)
[1+ br+ (b+7)r"][1 + br — (b+7)r"]

and



11.

92(1—a) (b+r) (1+b7) 7"
(2.17) D = b )(n)(l ) T - (r=|z| <1; neN).
[1+ br + (btr)r"][L + br — (b+r)r"]

The result is sharp for the function f1(z) defined by (2.2) at
z=r <1 (ry =12 <1).
Proof. Since f(z) € ?Z(a), by using (2.3) and (2.4), we can find some functions
w(z)=bz"+ .- €Q (nelN) and p(2) €Q
such that

(2.18)  w(z) = 2" p(z) (neN) and f(z) =1 *1(}‘3‘(@;’(” (0<ac<t).

Let

(2.19) @(z):lif—z% (0¢b<1) and T(z):l—Jr—liE——zaJ (0ga<1).

Suppose also that [cf. Equation (1.16)]

p(z) < P(2).

Then, by virtue of Lemma B, the image of each disk D defined by (2.4) under the
function w(z) is contained in the image of the same disk under the function
2" &(z). Furthermore, the image of each disk D. under the function f(z) is

contained in the image of D under T(z" ®(2)).



12.

Finally, using the inequality
[2(2) | < @(]z]),

we find that the image of each disk D7,'under'the function f(z) is contained in the

image

m

G-l <8, (nel)

of D under the function T(|z|nm1 ®(|2])z).

This evidently completes the proof of Theorem 2.
From Theorem 2 with 7 =1 we can easily deduce
CoroLLARY 2 (McCarty [4, p. 154, Lemma 1]). If f(z) € Py(a), then

(2.20) () -4l <D (r=|zl<1),

where

2 2
r

(1+b7‘)2 + (1-20) (b+r)

(1+2br+r2)(1—r2) (r=lzl<1)

(2.21) A

and

2(1—a) (b+r) (1+b7) 7

2.22 D= = 1).
( ) (1+2br+r2)(1—r2) (r=lat<1)
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The result is sharp for the function f2(z) defined by (2.14) at

z=r9 <1 (rg=|z][<1).

Next we apply Theorems 1 and 2 to prove our first main result contained in

p>0, then
(2.23) Re{ flz) + f—@,)L%} > (Re{f(z)}-a) (1-E,) +
and

(2.24) Re{f(z) frf)ir%} < (Re{f(2)}-a) (1+F,) + a,

where

(2.25) I - 2r{nb + [n+1+(n—1)b2]r + ner} (nem
o n [(1+p) (1+b71) + (2&'—1+p)(b+7’)7"n] [1+ br - (b+7‘)7’n]

and 7= |z| <1.
The assertion (2.23) with b=0 and n=2m (meN) is sharp for the function
fl(z) defined by (3.2) at
z=-ry>-1 (r;=]z] <1).



Proof. By virtue of Theorem 2, we have
(2.26) [f(2) +pl2 |4, +p] -

(1+p) (1+b7) + (2a=1+p) (b+r) 7"
1+ br + (b+7")r” .

Hence, with the aid of Theorem 1, we obtain

(2.27) Relf(2) + FfE5) 2 hetf () - |

> Re{f(2)} - (Re{f(2)}-0) £

= (Re{f(2)}-e) (1-F,) + a

which proves the assertion (2.23). Furthermore, we have

(2.28) Re{ /(2 r A < rels(9) + s

<Re{f(2)} + (Re{f(2)}-0) &

- (Re{f(2)}-0) (1+F,) + a,
which proves the assertion (2.24).

Setting n =1 in Theorem 3, we readily have

14.



CoroLLARY 3 (Lee, Owa, and Srivastava [2, p. 132, Theorem 1]). If f(2) € ?b(oz)
and p >0, then

(2.29) Red£(2) + F L) 2 (Relf(2)}-0) (1-8) + 0

and

(2.30) Rc{f(z) s 2L el f(2))-a) (148) + 0
f(Z) + pJ = L\~JJ ’

where

27’(b+2r+b7‘2)
I3

i (1—7’2) [1+p+ 2(a+p)br + (2&—1+p)7"2]

and 7r=|z| <1.

3. The General Classes ef’g"(a) and ¥ Z(a)

In this section we obtain the radius of starlikeness of order « and the radius of
convexity of order a of certain functions associated appropriately with
functions belonging to the classes @”Zn(a) and ﬁZ(a) .

We begin by proving

THEOREM 4. If the function F(z) defined by (1.4) is in the class @}”Zn(a'), then
the function f(2) defined by

(31) 1(2) = 5 {pF() + 2 ()} (p20)



16.

is starlike of order a in the disk |z| < R, wvhere R is the smallest root in the

closed interval [0,1] of the equation:
(3.2) [1+br—(b+r) " [(14p) (1+07) + (2a=1+p) (b+7) rn]
n 2 2y _
—2r*{nb+ [n+ 1+ (n=1)0"] 7+ nbr°} =0.

This result when b=0 and n=2m (meN) is sharp for the function F1(z) defined

(3.3) F1(z) _ z(1_3n+1>—2(1—a)/(n+1)

at

z=-ry>-1 (r = |z] <1).

Proof. Corresponding to the function F(z) € oﬁﬂzn(a) , let the function

p(2) € #3(a) be defined by
(3.4) p(2) = Lk
Then, by applying Theorem 3, we have

(3.5) Re{%%zl} - Re{p(z) + ﬁ_%%}

> (Re{p(2)}-0) (1-F,) + a
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e (2l <k,

where £ is the smallest root in [0,1] of Equation (3.2), and E, is defined by

(2.25). This proves Theorem 4.

For n=1, Theorem4 immediately yields

F(z) defined by (1.4) with n=1, that ts, by
_ 2 3
(3.6) F(2)=2+2b(l-a)z +ag2” + -

is in the class @f}'}((a), then the function f(2) defined by (3.1) is starlike of
order o« for |z| <R, where R is the smallest root in the closed interval [0,1]

of the equation:
(3.7) L+p+2(atp-1)br+ 2((1/—3)7“2 - 2b(a+p+1)7“3 - (2(1+p—1)’l’4 =0,
which is Fquation (3.2) with n=1.
The following result is obtained by setting p =0 in Theorem 4.
COROLLARY 5. If the function F(z) defined by (1.4) is in the class @f’gn(a),

then the function F(z) is convex of order « for |z] < r,, where . is the

smallest root in the closed interval [0,1] of the equation:
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(3.8) [1+br— (b+r)r"] [1+br+ (20-1) (b+r) "]
— 2 {mb+ [n+ 1+ (n—1)b2] P+ ner} =0,

which is Equation (3.2) with p=0.
This result with b=0 and n=2m (meN) is sharp for the function F1(z)
defined by (3.3) at

Finally, we prove

THEOREM 5. If the function G(z) defined by (1.5) is in the class ﬁg(a), then
function g(z) defined by

(3.9) 9(2) = 1 106(2) + 26 ()} (p20)

is convez of order a for |z| < L. where R, is given in Theorem 4.
This result with b=0 and n=2m (meN) is sharp for the function 01(z)
defined by

. 0. () = 1y =2(1-a) [ (n+1) d
(3.10) 1<>f0<1< ) ¢
at
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Proof. Let the function p(2) € E‘Z(a) be defined by

(3.11) p(z)=1+%,—0("§5€1.

Then, by applying Theorem 3, we have
z g"(2)]| _ z pl2
(3.12) Re{l ) =Re{p(2) S OEY.
> (Re{p(2)}-0) (1-5,) + a
o (lzl<hy),
where R, is given in Theorem 4. This proves Theorem 5.

Letting n=1 in Theorem 5, we readily have

CoroLLARY 6 (Lee, Owa, and Srivastava [2, p. 135, Theoren 3]). If €(2) € € (a),

then g(2) defined by (3.9) is convez of order « for |z| <R, where R is given in

Corollary 4.
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