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1. Introduction, Definitions, and Preliminaries

let S » denote the class of functions - f(z) of the form (¢f., e.g., Goodman [1]; see

also Srivastava and Owa [6]):

f@@) =z7 + i a,, ., 2" (p € N:= {1,2,3,..}), (1.1)
n=1

which are analytic and p-valent in the open unit disk

U:={z: ze C and |z] < 1}.

Alsolet T, denote the subclass of S » consisting of analytic and p-valent functions f(z)

which can be expressed in the form:

p+n

f@) =27 - i a,,, 2" (@,., = 0; p € N). (1.2)
n=1

Following Srivastava and Aouf [4], we say that a function f € Tp is in the class

Tp(oc, B, A) if and only if

a*?fiz) -1
QP f(z) - 20 + 1

< B (zeU; 0<a<1l;0<Bs1; 0<sAc<]), (1.3)

where, for convenience,

F'(p-L+1)

Q(A»P) -
S )

Pt DZA (@) (1.4)

in terms of the fractional derivative operator DZ)t of order A, studied by Owa [2] and others

(cf., e.g., Srivastava and Owa [5]), with

D’ f(z) = f@) and D] f(z) = f(2). (L.5)



By suitably specializing the parameters A, «, B, and p, the class Tp(a, B,A) can

be reduced to several interesting subclasses of analytic functions with negative coefficients,
which were studied by various other authors (see, for details, Srivastava and Aouf [4, p. 2]).

The object of the present sequel to the aforementioned work of Srivastava and Aouf [4] is to

obtain a number of new results for the general class Tp(oz, B, A) which involve, for example,

closure properties, radii of p-valently close-to-convexity, starlikeness, and convexity, and

modified Hadamard products. We also obtain a class-preserving integral operator of the form:

F@) = (J,, )@ := —Y—;—-’i [Fertr@ar (1.6)

for the class Tp(a, B, ). Conversely, when F € Tp (o, B, A), we determine the radius of

p-valence of f(z) defined by (1.6).
The following coefficient theorem for the class Tp(oz, B A) will be required in our
investigation. ,
Lemma 1 (Srivastava and Aouf [4, p. 3, Theorem 11). A function f(z) defined by
(1.2) is in the class T, (a, B, A) if and only if

i T'n+p+DI'(p -2 +1) B + Da

- 1.7
n=1 I‘(p-i-l)I‘(n +p—x+1) p+n 32[3(1 a)- ( )

This result is sharp for the function

_op_ 2B -a)T(p+DI'n+p-A+1) L.,
A PB+DI'n+p+DI(p-A+1) z

(n € N). (1.3)



2. Closure Theorems
We begin by defining the functions fj(z) (j=1, .,m) by

p+nJ p+m)

f,@) = zP - Y a,, ;" @,.,; 20; p€eN; zel). 2.1)
1

Theorem 1. Let the functions fj(z) (j = 1,., m) defined by (2.1) be in the classes
Tp(oc]., BJ., k) (j = 1, ..., m), respectively.
Then the function h(z) defined by

h(z) := z? -

i (i ap+n,j) pn (22)

1
m p=1 \j

is in the class Tp(oz, B, A), where

o = min {0} and P = max {B) (2.3)

l1<jsm J 1gsjsm

O<a <1; 0<B. <1, j=1,.,m.
0=q j )

Proof. Since f; € T, («;, B;, A) (j = 1,..,m), byapplying Lemma I to the definition

(2.1), we observe that

“ Tnep+DI(p-a+D) (1 &
X TrDTtner- “1)[””20 )

_ 1l (s Dr+p+DI@-A+1) )
m,2:1 Zl T(p+Dl(r+p-A+1) "™ (2.4)
1o (28,1 - o))

< m ]; ﬂj+1
2B(1 - «)



where « and B are given by (2.3).

Thus we have

i Tn+p+DI'(p-2 +1) (B +1)(l i a ) < 2B(1 - @), (2.5)
m

o1 T(p+D(n+p-A+1) 2 Cpemi

which, in view of Lemma 1 again, implies that [¢f. Definition (2.2)]

heT,(e B, A,

and the proof of Theorem 1 is completed.

Next we state and prove

Theorem 2. The class Tp(oc, B, A) is convex.
Proof. Suppose that the functions fj(z) (j=1,2) defined by (2.1) are in the class

T p(a, B, A). Then it is sufficient to show that the function

hz) = pfi@) + A -whHk) O <p <) (2.6)

or, equivalently,

[

h(z) =28 = ) (pa,,,, + (A-wa,, NzP"" (O <p <) 2.7)

n=1

is also in the class Tp(oc, B,A).

Now, from our hypothesis and Lemma 1, it follows readily that

oo

T(n+p+DI(p-A+1) .

ap+n,1 + (1 - p')apwl,Z}

<2p( - a),

which evidently proves Theorem 2.



Theorem 3. Let

f,@ = z* (peN) 2.8
and
f +n(z) = Zp _ 2‘3(1 - oz)l"(p + I)F(n +p - A+ 1) zp+n (29)
g B+DI(r+p+DI(p-A+1)
O<a<l 0<pP<cl 0<A <]
Then a function f(z) isin the class T,(«, B, 1) if and only if it can be expressed in
the form:
f@ =Y ¢ .. f @ (2.10)
n=0
ka”' > 0; ’g Cpon = 1.

Proof. First of all, let us suppose that f(z) is given by (2.10), that is, by

i} ~ 2B -a)T(p+DI'(n+p-A+1) n @.11)
= 7P - p .
P M TSV T (e M

Then, since



~ T@+p+DI(p-2+D 4 4
El 1‘(p+1)1‘(wp-k+1)(B ‘

.{290 -)l(p+DT+p-A+1) }
B+DL+p+DI(p-A+D *°"
(2.12)

=2p(l-a) ) c,,,
n=1
= 2B(L - a)(l - c,)

< 2B<1 - a),

Lemma 1 implies that f € T, («, B, A).

Conversely, assume that the function f(z) defined by (1.2) is in the class Tp(a, B,A).

Then, writing the assertion (1.7) of Lemma 1 in the form:

¢ 2BA-)l(p+ DI'(n+p - A + 1)

. (n € N), (2.13)
B+DL(n+p+DI(p-A+1)
and setting
_ _(B+DIn+p+HI'(p-A+1) a (n € N) (2.14)
Prr 2p(l-a)T(p+ DI(n+p-2+1) **"
and
c, =1~ E Cpoms (2.15)

we can readily see that f(z) can be expressed precisely as in (2.10).

This evidently completes the proof of Theorem 3.

Corollary 1. The extreme points of the class T ,(«, B, A) are the functions



fpen@) (n € Ny := N U {0})

given by Theorem 3.

3. Class-Preserving Integral Operators

In this section we first prove that the integral operator I, defined by (1.6) is indeed
a class-preserving operator for the class T, (a, B,p).
Theorem 4. Let the function f(z) defined by (1.2) be in the class T, («, B, 1). Also

let vy > -p.
Then the function F (z) defined by (1.6) is also in the class T (a, B, ).

Proof. From the definitions (1.6) and (1.2), it is easily seen that

F(z) = z? - E APM A 3.D
n=1
where
Aph«. = (“l:—g‘")ap+ﬁ (n € N). 3.2
Y+p+h
Since y > -p, we have
0<4,,<a,, @eN), (3.3)

which is fairly obvious from (3.2), and Theorem 4 follows immediately from Lemma 1.
Theorem 4 simplifies considerably when we set y = 1 - p, and we thus obtain

Corollary 2. Ler the function f(z) defined by (1.2) be in the class T, («, B, A).



Then

G(z) := z7"! foz Jigl dt € T, (a, B, A).

Next we prove

Theorem 5. Let y > -p. Also let F(z) be in the class Tp(a, B,A).
Then the function f(z) given by (1.6) is p-valent in the disk |z| < R, where

R := mf{ B+ +p)Tn+p)I'(p-A +1) }I/n‘
neN

2 -}y +p+n)I(Ml(n+p-2+1)

The result is sharp.
Proof. Assuming that

F(z)y=2z"-3 b,,2'"" (b,,,20;p€eN),
n=1

and applying the definition (1.6), we get

£ Zl_y __(i Y F
F@) T dz{z ()}

> +p+n N
@ 2-:1 (YYI:P )bIHn 2P (v > -p).
n=

In order to prove the main assertion of Theorem 5, it suffices to show that

@ _

<R
oo sp (2l <R),

p

where R is given by (3.5). Indeed we have

(3.4)

(3.5)

(3.6)

3.7)

(3.8)



10.

i)

zP!

p
n=1 Y+p

-2 (p+n)(———-—Y +p+n)bp+n z"

o Y+p+n
<3 om0, ke,

n=1

which yields the desired inequality in (3.8), provided that

?;1 2 +;Z§Y:p};+n) bypon 2] < L. 3.9

But, since the function F(z) defined by (3.6) is in the class T ,(«, B,A), Lemma 1 gives us

e

> BrDrbipr P2ty <y (3.10)
n=1 Zﬁ(l”a)P(p+1)P(n+p_k+1) p+n .

Thus the inequality (3.9), and hence also the inequality (3.8), will hold true if

(p+n)(y +p +n) iz B+DI'(r+p+DI'(p-A + 1)

< (n € N), (3.11)
ply +p) 2pl -a)'(p+DT'(n+p-A +1)
that is, if
- 1/n
2] < B+Dy +pln+p)'(p -2 +1) (n € N), (3.12)
26 -}y +p+n)L'(pPT(n+p-A +1)

which leads us precisely to the main assertion of Theorem 5.

The assertion of Theorem 5 is sharp for the function f(z) given by

A -y +p+mT@+ DI +p =4+ 1) pun (3.13)

£eo\ = P _
f@) =z B+Dy +p)Tn+p+DI'(p-1+1)
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4. Radii of Close-to-Convexity, Starlikeness, and Convexity

Our results in this section (Theorem 6, Theorem 7, and Corollary 3 below) would

provide the radii of p-valently close-to-convexity, starlikeness, and convexity for the class
T, (e, B, ).
Theorem 6. Let the function f(z) defined by (1.2) be in the class Tp(a, B, A).
Then f(z) is p-valently close-to-convex of order & (0 <& <p) in the disk

|z| < r,, where

r, = r,(p, o, B, 4, 8) := inf {(ﬁ + D(p - (n+p)T(p -4 + 1) }””, @.1)
neN | 2BA -a)M(p+D(n+p-A+1)

The result is sharp with the extremal function f(z) given by (1.8).

Proof. From the definition (1.2), we easily get

/ «
L(—Z_—%- -pl <y, (p+ma, ., |zI". 4.2)
z? n=1
Thus we have the desired inequality:
/,
f(z) _pl<p -8, 4.3)
zP1
if
> (P*")am Z" < 1, (4.4)
n=1 \P~ d
that is, if
pen) o BrOLGrpr DL -AsD) (o @.5)
p-38) 26l -)T(p+ Dl'(n+p -4 +1) '

where we have made use of the assertion (1.7) of Lemma 1.
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The last inequality (4.5) leads us immediately to the disk |z| < r;, where r, is given
by (4.1), and the proof of Theorem 6 is completed.
Theorem 7. Let the function f(z) defined by (1.2) be in the class T («, B, 2).

Then f(z) is p-valently starlike of order & (0 < 8 < p) inthedisk |z| < r,, where

ry = 1y, @, 8,0, 8) 1= inf{ (B+ D@ -8 +p + DL(p -4 +1) }””. 4.6)
neN 2B -a)m+p+)T'(p+DI'(n+p-A +1)

The result is sharp with the extremal function f(z) given by (1.8).
Proof. Making use of the definition (1.2), we readily observe that

Y na,., Izl
n=1

ZJ{(/(:;) P E 4.7
Z it .
I—Zl a,., lz|" @7
<p -3,
if
- n+p"6 n
,,El( p-8 )a’”" et
that is, if
(n+p_6) IZ'In < (B +1)P(n +p+1)r‘(p—x +1) (n € N), (48)
-8 2 -a)(p+Dl'(n+p-A2 +1)

where we have also applied the assertion (1.7) of Lemma 1.

The last inequality (4.8) leads us precisely to the disk |z| < r,, where r, is given
by (4.6), and the proof of Theorem 7 is evidently completed.

Corollary 3. Let the function f(z) defined by (1.2) be in the class T, («, B, ).

Then f(z) is p-valently convex of order & (0 < & < p) in the disk |z| <r,



13.

where

r3=q@MJLL5)Fiﬂ{ (B + (@ - O +pIT(p - 4 + 1) }“.(4%
neN 2B -a)n+p -8 (p+DI'(n+p -4 +1)

The result is sharp with the extremal function f(z) given by (1.8).

5. Inclusion Theorems Involving Modified Hadamard Products

Throughout this section we let

L]

(fl *fz)(Z) =2 rZ:l Apin1 %pan2 z2n G.1

denote the modified Hadamard product of the functions f,(z) and f,(z) defined by (2.1).

The proof of one of our results involving the modified Hadamard products (Corollary 4 below)
is based upon

Lemma 2 (Srivastava and Aouf [4, p. 10, Theorem 8]). Let the functions
fj(z) (j=1,2) defined by (2.1) be in the class T, («, B, A).

Then (fl * fz)(z) is in the class Tp(y, B, A), where

2B -a)(p-A+1) . (.2)
PB+D+D

Yy =y(p,a,B,A):=1

The result is sharp for the functions

_p L 2BA-@)(p-A+D) - 5.3
fi@ =z BpoD - (= 12). (5.3)

Employing a technique used earlier by Schild and Silverman [3], we shall first prove a

mild generalization of Lemma 2, which is contained in



Theorem 8. For the functions fi(z) (j=1,2) defined by (2.1), let
f@) € T,(,p,2) and f,@) € T,(E B, 1)
Then

(f1 *fz)(z) € TP(K,ﬁ, A),

where

28(1 - )1 - E)(p - 4 + 1)
x = k(p,a,B, L) =1 - .
Koo b5 B+ D +1)

The result is the best possible for

o, 2BA-@@-AtD)
A TS

and

2B -DE-AD
h@ =z I

Proof. In view of Lemma 1, it suffices to prove that

o~ (B+DT(n+p+DT(p-A+1) o
a a <1 K, < K,
= 2B(L - kT (p+ DT(u+p-A +1) 771 72tn (Ko < ¥)

14.

(5.4)

(5.5)

(5.6)

5.7

(5.8)

where x 1is defined by (5.6). On the other hand, under the hypotheses (5.4), it follows from

(1.7) and the Cauchy-Schwarz inequality that

B+ DI'm+p+DL(p-2+1)

n

Thus we need to find the largest x, such that

a +h a +n < 1-
T 2B/TA -0 -DI T(p+ DI (n+p-A+1) Va5 int Gy in2

(5.10)



15.

i B+DI'(n+p+DI(p-A +1) .
a1 2Bl -x'(p+Dl'(m+p - A +1) p+n1 “pin2

+Dn+p+DI'(p-A +1
<3 B+Dl(n+p+1DI'(p ) m,

At 2BV - -DIT(@+ DI +p-A +1)

or, equivalently, that

1 -
NPT 0 o € N). (5.11)

VI - o)1 -8}

By virtue of (5.10), it is sufficient to find the largest x, such that

2@ -DIT@+ D @m+p-A+1) _ 1-% e N). (5.12)
B+DI(n+p+DI'(p-A+1) VIA - ) - )}

The inequality (5.12) yields

K <1 - 2‘3(1‘;‘?(11 Dom mewn, (5.13)

where, for convenience,

_TI'(p+1DI'n+p-A+1)

@) :
Fa+p+DI'(p-24 +1)

(n € N). (5.14)

Since ®(n) defined by (5.14) is a decreasing functionof n (n € N) for fixed A,

we have

%SK:K(psa’ﬁ:E’l)=l— ﬁ+1

o1 - 2A-o0)d-8(p-A+])
(B+Dpp+D

which completes the proof of Theorem 8.
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In its special case when £ = a, Theorem 8 would immediately reduce to Lemma 2.

In fact, by applying Lemma 2 in conjunction with Theorem 8, it is not difficult to prove
Corollary 4. Let the functions fj(z) (J = 1,2,3) defined by (2.1) be in the class
T,(a, B, 1).
Then
(fl * f2 * fg)(z) € Tp('fl, [3: A')a

where

4p%(1 - )’(p-A + 1)

n = ﬂ(P, o, B: A') =1 - (515)
(B +Dp+1)?
The result is the best possible for
f;(z) - Zp _ Zﬁ(l - (Y-)(p "')\- + 1) Zp+1 (J - 1’2’3)‘ (5-16)

(B+D@+D

Theorem 9. Let the function f(z) defined by (1.2) be in the class T, (e, B, A). Also

let

<1, peN). (5.17)

@ =27 - % b, (.,
n=1

Then (f * g)(2) € T, (a,B,2).
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Proof. Since

y LoeprDL@-r+D gy,

b
n=1 F(p+1)l_‘(n+p—x+1) p+n p+n|

= =~ Tm+p+DI'(p-A+1) .
rgl T'(p+DI'(n+p-A1+1) B+ aP*n‘bp4n

@

Tn+p+DI'(p-A+1)
) 1?;1 T(p+DI'(n+p-4+1) (B+1) Qpin

A

21 - ),

by Lemma 1, it follows that
(f * 8)@) € T,(a,B, 1),

again by virtue of Lemma 1.

Finally, an obvious variant of Theorem 9 may be stated as

Corollary 5. Let the function f(z) defined by (1.2) be in the class T ,(a, B, A). Also

let

g) =z - Y b, z2P"" 0sb,,,<1;peN). (5.18)
n=1

Then (f * g)@) € T, («, B, 4).

6. A Further Inclusion Property of the Class T, (a, B, A)

For functions in the class Tp(oc, B, A), we prove yet another inclusion property

contained in
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Theorem 10. Under the hypotheses of Lemma 2, the function h(z) defined by

o

h@ =27 - Y (a), 0 + ah.,0)2?" (P EN) (6.1)

n=1

is in the class TP(C, B, 1), where

_ 4B(1-a)*(p-A+1)
- s Uy My )" = 1 - . (62)
S A B+Dp+1)

The resulr is sharp for the funciions fj(z) (j = 1,2) defined by (5.3).

Proof. In view of Lemma 1, it is sufficient to prove that

PB+DI@+p+DT(p-2+1) | 2 ) 6.3
> 23(1‘Co)F(P+1)F(n+p-k+1)(”*"’1+a‘”"=2)£1 (¢ s ¢) ©3)

where (¢ is defined by (6.2).
Since fj(z) € Tp(oc, B,A) (j = 1,2), we find from the definition (2.1) and Lemma 1

that

i {(B+1)T‘(n+p+1)1‘(p—k+1) }2 2

~ 2B -a)T(p+DIn+p-A+1)[ P
S BrDTr+p+DIN(p-A+1) 2 (6.4)
<4y a..
A 2BA-)T(p+Dl(m+p-2+1) 27
<1 (j =12,
which would readily yield
~ 1 [ (B+DI'n+p+DI'(p-A +1) 2, ., )
nz1 2{213(1 ~)(p+DI(n+p -1 +1)} ( pem1 ™ awm) 6.5)

< 1.

By comparing (6.3) and (6.5), it is easily seen that the inequality (6.3) will be satisfied
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if
B+DT(+p+DI(p-A+1)
2B(1 - LT (p+ DI(n+p-A+1)
Sl{(B+DFm+p+DP@—A+D F neN),
2 2B - a)(p+ DI(n+p - A + 1)
that is, if
_4pa - 6.6
o <1 51 d(n) (n e N), (6.6)

where ®(n) 1is given by (5.14).

Just as in the proof of Theorem 8, we conclude from (6.6) that

cmmmm=1—ﬂ§ﬁﬁ@m

_ 4B -o)(p-A+])
(B+Dp+1D

G s €

which completes the proof of Theorem 10.
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