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ABSTRACT

The fast—paced growth in microelectromechanical systems (MEMS), microfluidic fabrication,
porous media applications, biomedical assemblies, space propulsion, and vacuum technology de-
mands accurate and practical transport equations for rarefied gas flows. It is well-known that in
rarefied situations, due to strong deviations from the continuum regime, traditional fluid models such
as Navier—Stokes—-Fourier (NSF) fail. The shortcoming of continuum models is rooted in nonequi-
librium behavior of gas particles in miniaturized and/or low—pressure devices, where the Knudsen
number (Kn) is sufficiently large.

Since kinetic solutions are computationally very expensive, there has been a great desire to develop
macroscopic transport equations for dilute gas flows, and as a result, several sets of extended equa-
tions are proposed for gas flow in nonequilibrium states. However, applications of many of these
extended equations are limited due to their instabilities and/or the absence of suitable boundary
conditions.

In this work, we concentrate on regularized 13—moment (R13) equations, which are a set of macro-
scopic transport equations for flows in the transition regime, i.e., Kn < 1. The R13 system provides

a stable set of equations in Super—Burnett order, with a great potential to be a powerful CFD tool



iv

for rarefied flow simulations at moderate Knudsen numbers.

The goal of this research is to implement the R13 equations for problems of practical interest in
arbitrary geometries. This is done by transformation of the R13 equations and boundary condi-
tions into general curvilinear coordinate systems. Next steps include adaptation of the transformed
equations in order to solve some of the popular test cases, i.e., shear—driven, force—driven, and
temperature—driven flows in both planar and curved flow passages. It is shown that inexpensive
analytical solutions of the R13 equations for the considered problems are comparable to expensive
numerical solutions of the Boltzmann equation. The new results present a wide range of linear
and nonlinear rarefaction effects which alter the classical flow patterns both in the bulk and near
boundary regions. Among these, multiple Knudsen boundary layers (mechanocaloric heat flows) and
their influence on mass and energy transfer must be highlighted. Furthermore, the phenomenon of
temperature dip and Knudsen paradox in Poiseuille flow; Onsager’s reciprocity relation, two—way
flow pattern, and thermomolecular pressure difference in simultaneous Poiseuille and transpiration
flows are described theoretically. Through comparisons it is shown that for Knudsen numbers up to
0.5 the compact R13 solutions exhibit a good agreement with expensive solutions of the Boltzmann

equation.
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Chapter 1

Introduction

1.1 Overview

From the historical point of view, fluid mechanics is one of the oldest subjects in the realm of physical
sciences. The Euler equations for inviscid flows were obtained by Euler in 1757, and it has been
over a century that Navier—Stokes equations for viscous flows have been studied. Fluid dynamics
is a sub—discipline of fluid mechanics that deals with liquids and gases in motion. It has several
sub—disciplines itself, one of them is hydrodynamics. Although, the terminology of hydrodynamics
usually corresponds to the study of liquids in motion, it can also be used for gas dynamics, when
sufficiently dense gases are considered [21, 25, 53, 98, 106].

Classical hydrodynamics is governed by the set of basic conservation laws; conservation of mass
(continuity equation), balance of momentum for dissipative flows, and conservation of energy (the
first law of thermodynamics). The traditional closure for these equations correspond to constitutive
laws—Newton’s law for shear stress and Fourier’s law for heat conduction. In addition, in order
to relate temperature to the conserved quantities (mass, momentum, and energy) an appropriate
equation of state is required, and sometimes, depending on the flow regime, other complimentary
models need to be incorporated, e.g. turbulence models.

Although the basic equations of the classical hydrodynamics, which in this thesis are referred to as
“Navier—Stokes—Fourier (NSF)” equations, suffices to successfully describe transport fields in liquids
and sufficiently dense gases, experimental observations show that NSF fails to properly describe gas

flows in rarefied conditions. This short—coming is addressed to the inability of the NSF system to



capture nonequilibrium effects in rarefied gases.

Nonequilibrium effects, also called rarefaction effects, occur in microscale and/or low density
flows, which are common scenarios in miniaturized and low pressure devices, e.g. microelectrome-
chanical systems (MEMS), microscale thermofluidic devices, porous media, biomedical assemblies,
high—altitude aerodynamics, and vacuum instruments. In rarefied situations, due to the lack of
sufficient collisions between the gas molecules, the continuum assumption collapses and the medium
(gas) needs to be treated as a collection of individual particles.

Kinetic theory has a special rule in the subject of nonequilibrium gas dynamics. It is a branch
of statistical physics dealing with the dynamics of nonequilibrium processes and their relaxation
to thermodynamic equilibrium. The Boltzmann equation is the cornerstone in all kinetic based
approaches. A rarefied gas is well described by the Boltzmann kinetic equation, which describes the
gas on the microscopic level by accounting for the translation and collisions of the gas molecules.
The primary goal in kinetic theory of gases is to find solutions for the Boltzmann equation. However,
it is important to emphasize that despite the maturity of kinetic theory, rigorous numerical solutions
for the Boltzmann equation are unavailable, and approximate solutions are accessible only for simple
flows, which of course are computationally very expensive.

While NSF equations determine the macroscopic quantities of mass density p (z;,t), velocity
vk (z;,t) and energy e (z;,t), at all locations x; and all times ¢, the Boltzmann equation governs the
evolution of the particle velocity distribution function f (z;,t,¢;), where ¢; denotes the microscopic
velocity of the particles. The macroscopic quantities of interest, i.e., p, vk, and e, follow from suitable
averaging over the distribution function f. Obviously, the NSF equations pose a mathematically
less challenging problem than the Boltzmann equation. Indeed, even for simple flow problems, for
which NSF can be solved analytically, the Boltzmann equation must be solved numerically.

Kinetic theory bridges microscopic and macroscopic flow behavior. Over the years, this fea-
ture has been used to derive macroscopic transport equations for nonequilibrium flows from the
Boltzmann kinetic equation. The macroscopic transport equations present a collective behavior of
particles and are usually referred to as extended hydrodynamics or extended macroscopic transport
equations, since they govern the behavior of macroscopic quantities, i.e., density, velocity, energy,
temperature, pressure etc.

At the limit of sufficiently small Knudsen numbers, the derivation of the well-known Navier—

Stokes—Fourier equations from the Boltzmann equation is well documented—in literature usually



referred as asymptotic theory of the Boltzmann equation [22, 25, 53, 98, 106]. While the NSF
equations are capable of describing only low—order rarefaction effects, namely, Navier—Stokes shear
stress and Fourier heat flow, there are many other sets of (extended) macroscopic transport equations
which are proposed to explain higher—order rarefaction effects outside the standard hydrodynamics
(NSF) limit.

In this thesis we concentrate on the regularized 13-moment equations (R13 equations) that are
recognized as the regularized version of the original Grad’s 13-moment system. Through analytical
and numerical solutions for fundamental gas dynamics problems, it is shown that R13 equations
in some extent avoid the short—comings of the traditional NSF equations. The solution of funda-
mental gas dynamics problem with the R13 equations shows that they are promising equations for

moderately rarefied gas flows, where traditional gas dynamics equations are inaccurate.

1.2 Outline

This thesis is divided into two parts with twelve chapters. Part I covers the required background
theory and presents an introduction to the moment method and moment equations. Part II includes
the author’s contribution to the subject, and containes the simulation results from the regularized
5-moment equations (Navier—Stokes—Fourier equations) and the regularized 13—-moment equations
for the boundary value problems of interest. Moreover, the NSF and R13 results are compared to
available kinetic solutions in the literature.

Macroscopic and microscopic derivations of basic conservation laws are briefly discussed in
Chap. 2. Also, the basic concepts of the kinetic theory of gases are presented where the Boltz-
mann equation, velocity distribution function and its moments—the macroscopic quantities—are
introduced.

Chapter 3 briefly introduces the derivation of the general moment equation from the Boltzmann
equation. This is followed by introducing a well-established approach for providing closure for
the moment equations, known as classical Grad’s method for 13—-moment and 26—moment systems.
Moreover, the derivation of the Euler equations for inviscid and adiabatic flows is discussed with
respect to a low—order moment system, i.e., Grad’s 5—moment equations.

Chapter 4 presents the regularization of the moment equations. Regularized 5—moment equa-
tions, that are equivalent to Navier—Stokes—Fourier equations, and regularized 13—moment equations

that are particularly used in our simulations are discussed in detail. Furthermore, transformed equa-



tions in cylindrical coordinates are introduced, and non—dimensionalization and linearization of the
equations are explained.

A recently developed strategy to obtain wall boundary conditions for the moments is rigorously
discussed in Chap. 5. The obtained boundary conditions are required to solve the boundary value
problems discussed in the following chapters. Additionally, the boundary conditions for high—order
moments are used to derive second—order velocity slip and temperature conditions for classical
hydrodynamics. The scaling approach to obtain velocity and temperature discontinuities over flat
and curved boundaries is also included in the chapter. It will be shown that the second—order slip
and jump conditions can improve the Navier—Stokes—Fourier solutions effectively.

Through Chap. 6 to Chap. 11, a collection of standard boundary value problems for different
geometries and processes are solved both analytically and numerically. Solutions for the selected
problems are obtained by solving the NSF and R13 systems, and are compared to available kinetic so-
lutions of the Boltzmann equation. Through these comparisons, advantages of higher—order moment
equations (particularly, regularized 13-moment equations) over Navier—Stokes—Fourier equations to
describe rarefied gas flow is proved.

Finally, concluding comments and recommendations are listed in Chap. 12.
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Chapter 2

Background Theory

2.1 Macroscopic and Microscopic Gas Dynamics

There are two distinct approaches to derive gas dynamics equations; macroscopic and microscopic.

In the macroscopic approach conservation principles are understood and their application to an
infinitely small (control) volume of gas yields a system of partial differential equations, which, with
the help of constitutive laws, can describe the macroscopic flow behavior, i.e., the temporal and
spatial evolution of density, velocity, temperature, etc. For instance, the Euler and Navier—Stokes—
Fourier equations, which are the well-known equations for ideal and dissipative flows, respectively,
can be derived through the macroscopic approach. Details of the classical macroscopic approach are
discussed in Sec. 2.2.

Alternatively, in microscopic approaches, referred to as kinetic approaches, the gas is treated as a
domain consisting of molecules (particles) whose motion obey Newtonian mechanics. Accordingly, a
kinetic equation is required to describe the evolution of particles distribution due to their advection
(free flight) and interaction (collision). In the context of microscopic fluid dynamics, the Boltzmann
equation is the governing kinetic equation that combines the laws of mechanics with probability
theory to describe a gas at the microscopic level. More discussion on the Boltzmann equation is
provided in Sec. 2.3.

The Knudsen number, Kn, is the key parameter in gas dynamics. It is defined as the ratio of

the molecular mean free path A, the average distance that a gas molecule travels between successive



collisions, to a relevant characteristic length scale of the flow L,

Kn = (2.1)

A
ya
The Knudsen number is recognized as the dimensionless measure of the gas rarefaction. Nonequi-
librium (rarefaction) effects dominate the gas flows when the Knudsen number is sufficiently large.
This can happen either when the mean free path becomes large, for low density gas flows, or when
the length scale £ becomes small, e.g., for micro—scale flows.

For very small Knudsen numbers, where the gas is sufficiently dense, due to the many collisions
between molecules any disturbance is rapidly distributed between the molecules. Hence, molecules
behave as a continuum and not as individuals, and the gas is treated as a continuum, described by
some variables which depend on spatial position z; and time ¢. In contrast, in dilute gases where
the Knudsen number is large, due to lack of sufficient collisions, the gas cannot be considered in
equilibrium and requires to be treated particlewise. Rarefied condition is the case where kinetic
approaches are on demand.

Figure 2.1 shows the classification of gas flow regimes based on the Knudsen number!. As de-
picted, the Boltzmann equation embraces the entire range of Knudsen numbers from continuum
(hydrodynamic) flow regime up to the collisionless free molecular flow. In certain ranges of the
Knudsen number, macroscopic transport equations such as Euler and Navier—Stokes—Fourier equa-
tions, can be used. Albeit, compared to the Boltzmann equation, these equations provide less details
of the gas behavior.

The Euler equations are applicable for flows with Kn < 0.001 in which heat conduction and stress
are ignored. Navier—Stokes—Fourier equations that include heat conduction and the viscous effect,
are generally valid for weak nonequilibrium flows, Kn < 0.1. For Kn > 0.01 higher—order boundary
conditions are necessary for the NSF equations to account for nonequilibrium effects at the boundary
owing to gas—surface interaction.

In the transition regime where 0.1 < Kn < 10 the NSF equations fail, since a more detailed
description of flow is required. Flows at these moderate Knudsen numbers require either kinetic

approaches or extended macroscopic transport equations (extended hydrodynamics).

1We emphasize that liquids are excluded from our discussion, since mean free path cannot be defined for liquids.
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Figure 2.1: Classification of gas flow regimes based on the Knudsen number, Kn. The lower and upper
limits of Knudsen number correspond to hydrodynamics regime and free molecular flow regime,
respectively. While the Boltzmann equation embraces all flow regimes, classical fluid dynamics
equations are applicable only at small Knudsen numbers. For moderate Knudsen numbers the
Boltzmann equation can be replaced with simpler set of extended hydrodynamic equations.

2.2 Continuum Description of Gas Dynamics

In this section, we introduce classical hydrodynamics equations in a continuum. Macroscopic ap-
proaches use the concept of (small material) control volume to derive fundamental transport equa-
tions of gas dynamics. As shown in Fig. 2.2, we consider a thermodynamic system consisting of some
matter (gas here) in a stationary? volume V. The surface of the fixed volume is S. The components
of the gas velocity vector in Cartesian coordinates are v;(xg,t), with xp and ¢ as Cartesian space

coordinates and time.

Vi

Figure 2.2: Schematic presentation of a stationary control volume in a flow. The volume and its
penetratable surface are denoted by V and S. On a small surface element dS, velocity of the flow is
v;. The dashed line represents the normal component of swept volume (solid line), where n; is the
normal vector of the surface element.

?Instead of a stationary control volume, a moving control volume can be considered too. The assumption of a
moving control volume leads to transport equations in Lagrangian frame work.



In the control volume, quantities of mass M , momentum .J; , and total energy E are

Mz/ pdV, Jiz/ pv;dV, Ez/ pedV. (2.2)
v v v

Here p, v;, and e are mass density, components of the velocity vector, and density of total energy,

respectively. Densities of total energy e, and internal energy u, are related via
Lo
e=u-+ SV (2.3)

Internal energy is associated with the motion of particles (translational, rotational, vibrational), and

is a function of temperature. The integrals in (2.2) can be presented in general notation as

X:/ p®dV, (2.4)
1%

where @ = {1,v;,u+v?/2} and X = {M, J;, E}.

The general balance law implies that the change of any quantity inside the system, during time
dt, is equal to the net flux of that quantity crossing the boundaries, and also the production inside
the system during the considered time step.

The amount of a quantity X transported through dS during dt is p@v; n; dS dt, where v; dS dt is
the volume pass through dS during time dt. The outward normal vector of the surface element dS
is n; and v; n; dS dt is the normal component of the volume v; dS dt. Accordingly, the mathematical

expression of balance law in general form reads

i [/ p@dV} :—fpfﬁvinids—?{ﬁnids—i—/ pgde—i—/ p dV, (2.5)
dt [y s S v %

where the first and second terms on the right—hand side describe convective and non—convective
fluxes (7 is non—convective flux parameter). The third term is responsible for production of @ in
V, e.g. absorption, emission or radiation. The last term is the supply of @ in V. Minus signs are
applied for convective and non—convective terms, as conventionally we take positive direction for the
surface normal vector n; to be outward.

Gauss’ theorem can be applied to convert the integrals over surface to volume integrals,

/ [a(p@ Lot X)L p | av = (2.6)
\4

ot 8{Ei
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Since this equation must hold for any arbitrary volume (localization assumption), the integral must

vanish,
0(p®) | d(pPui+ T)
8t (92131

—p(2+.7)=0. (2.7)

The principal equations in hydrodynamical systems are the conservation laws for mass, momen-

tum, and energy. The parameters of balance law for these quantities are presented in Table 2.1.

Table 2.1: Parameters for principal conservation laws.

Ji, p@dV | Convective Flux (#) | Non—convective Flux (2;) | Production (£?) | Supply ()
M 1 0 0 0
Ji v; Dij 0 G;
E u + ’U2/2 PijV; + q; 0 Gj’Uj + €Rad

We assume conservation laws, thus all production terms are zero, & = 0. The quantities p;;, G,
and g; are Cartesian components of pressure tensor, external body—force vector, and heat—flux vector,
respectively. The radiative energy supply is denoted by ér.q. The pressure tensor for Newtonian
fluids reads

Pij = poij + 0y, (2.8)

where 0;; denotes the dissipative viscous part (nonequilibrium part) of the pressure tensor, d;; is
the Kronecker delta, and p = %pkk is the pressure. As shown in Table 2.1, the external body force
corresponds to supply terms for momentum, pG;, and power term for energy pG;v;.

According to Table 2.1 and Eq. (2.8), the conservation laws for mass, momentum, and energy

densities are

dp |, 9pvi) _
ot " Tom 0 (2:9%)
d(pvj) | 9(pvivj +pdi; +0i5)
ot + Ox; =G5 240
d(pe)  Apevi + pijvj + q;) :
o axij ’ = p(v;G;j + €Rad)- (2:90)

In the momentum equation (2.9b) the total momentum flux is

IL;; = pviv; +p5ij + 0ij, (2.10)

where pv;v; is the convective part. In a dissipative flow, viscosity effects which appears in the viscous
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stress tensor o;;, cause irreversible momentum transfer. Similarly, in the energy balance the energy
flux is

0, = pev; +pij’l}j + q;, (211)

where the heat—flux vector g; represents the irreversibility in energy transfer.

Furthermore, in order to find temperature with respect to other quantities, an equation of state
is required. In this thesis we only consider monatomic ideal gases where p = pf and u = %9 hold as
“thermal” and “caloric” equations of state, respectively. The quantity 6 is the temperature in energy
units § = RT, where T is the thermodynamic temperature, and R is the gas constant R = kg/m,
with kg and m as the Boltzmann constant® and mass of the gas molecules, respectively.

For inviscid and adiabatic flows ¢;; = ¢; = 0, then Eqgs. (2.9a)—(2.9¢c) describe ideal flows, also
known as equilibrium flows. In this case we call the set of balance equations as Fuler equations.

To introduce the effects of viscosity and heat transfer, additional equations are required, which
are referred as constitutive relations. In classical hydrodynamics stress and heat conduction are

given by Navier—Stokes and Fourier’s (NSF) laws,

ov;  Ov; 2 Oug
NSF __ ? J A
A = (G 58) - Su S (212)
a0
¢ =k e (2.13)

where p is the shear viscosity and x is the thermal conductivity coefficients. These transport
coefficients for stress and heat conduction depend on the internal structure of the fluid itself and
not the flow. Since macroscopic analysis provides no detail about the internal structure of the fluid,
then experimental methods and/or kinetic theory must be applied to determine these transport
coefficients.

The stress tensor [cf. Eq. (2.12)] can be written in a compact notation as

vy,
NSF (i

P S 2.14
Tij p 9z, (2.14)

where Qv(;/0x;) is the trace-free part of the symmetric velocity gradient tensor,

O/ , ,
v _ 1 <% n 81;]) 1 Ovg (2.15)

aCCj> a 2 8!Ej 8!E1‘ B ga—xk KA

3The value for Boltzmann’s constant is kg = 1.38066 x 10~23 J/K.
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In our notation we consider o;; as a symmetric trace—free tensor, and drop the angular brackets for
better appearance.

The conservation laws in Eqs. (2.9a)—(2.9¢) with the use of Navier—Stokes and Fourier equations
[Egs. (2.12) and (2.13)] provides the transport equations for dissipative flows. They introduce the
effects of viscosity and heat transfer in the momentum and energy content of the system, which
makes them suitable transport equations for near—equilibrium flows. In this thesis we refer to this
set of equations as Navier—Stokes—Fourier (NSF) equations.

Indeed, Navier—Stokes—Fourier is a nonequilibrium theory, since it describes heat flux, shear
stress, and has entropy generation. The difference between Navier—Stokes—Fourier and rarefied gas
theories is non—locality. In NSF what happens in point x; depends only on the close vicinity of the
point (gradients of v and 6 in the constitutive laws). However, in rarefied gases, large distance effects
play a role, i.e., when the mean free path is large, particles bring energy and momentum from far
away. Accordingly, the models which go beyond NSF has higher—order derivatives or extra equations.
Also, linear irreversible thermodynamics [34] indicates that a NSF gas is in local equilibrium, but
that does not mean it is an equilibrium theory; neighboring points are in different local equilibria,

hence we have nonequilibrium processes.

2.3 Boltzmann Equation

In the kinetic theory a gas is defined as a collection of many interacting particles. In such a micro-
scopic scale, where the collective dynamics of particles describes the macroscopic state of the gas,
an appropriate kinetic equation is required to precisely describe the underlying microdynamics.

Theoretically, the state of a gas can be specified if both spatial position xj and velocity cy,
of each individual particle are known at time ¢t. In the three—dimensional Cartesian coordinates
where position and velocity are defined through their three orthogonal components, they form a
six-dimensional space spanned by {zy, ¢} which is called phase space.

The key variable in kinetic equations is the velocity distribution function, f (zk,t,ck), that is a

continuous function in the gas and is defined by

Ny = / f(@k,t,cr) dedx, (2.16)
all ¢, and all =g

where Ny is the number of particles that occupy a fixed volume 2 = [ dcdx of the phase space at
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time ¢.
The main task of a kinetic equation is to predict the evolution of the velocity distribution function
due to collision and free flight of particles. The Boltzmann equation is the relevant kinetic equation

for gases that reads
af af

0
—+Ck—+Gk—f:

The only variable in the Boltzmann equation is the velocity distribution function f (x,t,c). The
left—-hand side of the Boltzmann equation describes the effects of particles’ free flight. It describes
the variation of f with respect to independent variables {xy,t, i}, where Gy, is the external-force
vector [the same body—force which appears in Eq. (2.9)]. On the right-hand side of Eq. (2.17),
Q (f, f) is collision term that describes the variation of f due to interaction (collision) of particles.

For gases consisting of a single type of molecules which undergo binary collisions, the collision

term in general form reads [98]

QU= [ (FR ) B0 dA () de. (218)

where {f, f.} and {f , f.} are pre—collision and post—collision velocity distributions of two colliding
particles, respectively. The velocity difference between particles before the collision is & = cx — Cix-
The vector ¢y, is the unit vector that describes the variation of the direction of the molecular velocity
owing to a collision; dA is the solid—angle element in the direction of ¢x; B (&, ¢k ) is a non-negative
function describing binary collisions. This nonlinear integral form of the collision term makes the
solution of the Boltzmann equation very difficult to achieve.

The collision function %, strongly depends on particles’ interaction potential. In Fig. 2.3 four
different models for molecular interaction are presented, where r and d represent the distance be-
tween the center of two colliding particles, and their diameter, respectively. The actual molecular
interaction is schematically depicted in plot (a). At large distances, the force between the molecules
tends to zero, F' — 0. However, at shorter distances there is a weak attraction force, which changes
to a strong repulsive force as a results of molecular intermingling. Due to complexity of analysis with
the actual molecular interaction, simplified models are introduced. In the Sutherland model, plot
(b), variations of attraction and repulsion forces with respect to the distance between the particles
are simplified. In the Maxwell model the attraction force is ignored, see plot (c¢). The simplest

model considers molecules as rigid elastic spheres with no attractive force, when apart, and infinite
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repulsive force at the instance of contact, see plot (d). It is important to emphasize that despite the

simplicity of hard—sphere model it yields fairly accurate results [126].
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Figure 2.3: Molecular interaction force as a function of distance between the center of molecules are
shown, where d is the diameter of molecules. Plot (a) represents true intermolecular interaction. For
r < d electron orbits of molecules intermingle, that results a strong repulsive force. Other plots show
simplified molecular interaction models. Plot (b) is known as Sutherland model. Power potential
model, shown in plot (c), gives pure repulsive potential. Maxwell molecules are of power potential
type. Plot (d), corresponds to hard—sphere molecules, with no attraction force and infinite repulsive
force during the collision.

An exact solution for the Boltzmann equation can be obtained for the important and special
case of a gas in equilibrium. If we restrict our attention to situations without external force fields,
G = 0, at equilibrium all position and time derivatives must be zero, 9f /0t = 0f/0x; = 0, and
with regards to Egs. (2.17) and (2.18) the local equilibrium distribution function is the solution of
f,f; — ff« =0, which yields

o= L e | -0 (2.19)
Eo 27r93 P 20 ' '

The above solution for the Boltzmann equations is also referred as the local Maxwellian distribution

function.
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2.4 Velocity Distribution Function and Macroscopic Variables

The solution of the Boltzmann equation gives the velocity distribution function f (zk,t,cx), that
includes detailed information in microscopic level. For science and engineering applications, we are
interested in measurable macroscopic quantities, e.g., density, pressure, temperature, heat—flux, and
stress. These macroscopic quantities can be expressed as the moments of f. Moments are weighted
averages of the distribution function.

Convective moments and central moments of f are defined based on particle velocity ¢; and

peculiar velocity C;, respectively,

in

Miiy iy = /CM CirCiy - Ci, [, (2.20)

ME, = /C2a Ci,Ci, .. Ci, [ dc, (2.21)

where
c=y/A+c&+c and C=,/C?+C3%+C3.

The peculiar velocity is the difference between the particle velocity and mean velocity of the gas v;,
Ci=c —v. (2.22)

Analogously, for a matter of convenience, we define trace—free central moments as
My = MG, = /c2a Ci,Ci, ... Cyy fde, (2.23)

and equilibrium residue scalar moments as

W = /CM (f — fr) de. (2.24)

In Eq. (2.23), the indices inside the angular brackets indicate the trace—free and symmetric part
of a tensor. Symmetric trace-free part of the matrix A;; is Ayj = (Aiy; + Aji)/2 — Agrdij/3, for
instance see Eq. (2.15) for trace—free part of the symmetric velocity gradient matrix. Details of how
the angular brackets can be expanded for tensors (moments) with higher ranks are well documented

in Ref. [106, App. A]. In the equilibrium residue scalar moments W, given by Eq. (2.24), fg is the
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Maxwellian (equilibrium) distribution function, Eq. (2.19).

The following well-known macroscopic quantities are the moments of distribution function,

p://lonO:/fdc, (2.25a)
1 1
v; = ;///Z = /czfdc (2.25b)
e= ZL 2,0/ fdec, (2.25¢)
u = 2i 2p /C2fdc (2.25d)
0= 3ip =3, /CQfdc (2.25¢)
p= —M1 /02 f dc, (2.25f)
pij = My = / C;C; f de, (2.25g)
oij = MJ; = / C;Cy, f de, (2.25h)
= —M1 /020 fdc. (2.251)

Describing gas flows with the above moments is the primary goal in practical simulations. These
moments represent measurable macroscopic quantities. However, according to Egs. (2.20) and (2.21)
there are many other moments, so—called high—order moments, which represent macroscopic quan-
tities without intuitive physical interpretation, for these the general notation of moments as in

(2.20)—(2.24) will be used unless otherwise stated.

2.5 Kinetic Methods for the Boltzmann Equation

Providing both analytical and numerical solutions for the Boltzmann equation is a challenging task.
Despite considerable achievements in numerics and computational facilities, direct solution of the
Boltzmann equation for practical applications remains formidable, due to the complex structure of
the collision term [cf. Eq. (2.18)] and high dimensionality of the microscopic velocity field [21, 98].
Accordingly, in the context of kinetic theory approximate solutions for the Boltzmann equation are
reported by using simplified collision models and/or by restricting the magnitude and directions of
particles’ velocity.

Nowadays, the direct simulation Monte Carlo (DSMC) method [17] is the most successful method
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for the solution of the Boltzmann equation. The DSMC method was originally developed for super-
sonic and hypersonic rarefied gas flows in which the product of Knudsen number and Mach number,
Kn x Ma, is large. However, the method has been extended to cover near—continuum flows with
small Mach numbers.

In the DSMC approach, flow is modeled using simulation molecules, which represent a large
number of real molecules, while molecular collisions are calculated using probabilistic (Monte Carlo)
simulation. The fundamental assumption of the DSMC method is that the molecular movement and
collision can be decoupled over time periods that are smaller than the mean collision time, which
makes it suitable for highly rarefied flow simulations.

In general, DSMC simulations are computationally expensive, particularly, when a large number
of representative particles is employed, and unsteady processes are considered. Moreover, due to
the statistical nature of the method, the results contain stochastic noise, that is known as the main
drawback of the DSMC method.

An early kinetic model for the Boltzmann equation is Bhatnagar—Gross—Krook (BGK) model

[15] that replaces the collision integral with

where 7 is the mean collision frequency of molecules, and fg is the local Maxwellian distribution
given in Eq. (2.19).

The BGK approximation for the collision term considerably simplifies the mathematics but re-
tains many of the qualitative features of the true collision integral [22]. Although it describes the
right hydrodynamical limit, it does not give the Navier—Stokes equation with correct transport co-
efficients in the Chapman—Enskog expansion; the major disadvantage of BGK model is its failure to
predict the correct Prandtl number. This shortcoming makes it erroneous in describing isothermal
and nonisothermal flows simultaneously. Consequently, modified BGK models are proposed which
yield the correct Prandtl number, i.e., the ellipsoidal model [43].

Another choice to reduce the complexity of the collision term is to linearize it by assuming

(@t cr) = feo (1 +h(wx,t,c1)), |h| < 1, (2.27)
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where fg, represents a global Maxwellian with py and 6o,

_ Po < _(Ck —Ulc)z
fe, = N exp [ 50, ] : (2.28)

Replacing f from (2.27) into Egs. (2.17) and (2.18), and then neglecting nonlinear terms leads to

the linearized Boltzmann equation,

Oh oh
where the linearized collision term now reads [98]
Q(h,h) = / (14 1.~ h =) 2 (€ 60) dA () de. (2.30)
all ¢ and all cp«

Equation (2.29) is still an integro—differential equation, that demands extensive computational
effort. The appropriate numerical approach for this problem is described in [22, 98]. The linearized
Boltzmann equation is applicable only to the case where the Reynolds number is very small [22, 98].

The Lattice Boltzmann Method (LBM) is a relatively new simulation technique for complex fluid
systems. The idea of lattice Boltzmann method is borrowed from the Boltzmann kinetic equation—
free flights and collisions change the velocity distribution function and state of the gas. In LBM the
gas is defined through fictitious particles and discrete velocity distribution functions on a lattice,
where direction and magnitude of particles’ velocity are limited by the lattice.

The original LBM yields Navier—Stokes solution [26], and not the Boltzmann equation itself.
These days, LB models are very popular, thanks to their welcoming practical features and sim-
plicity, but they are valid for small Knudsen numbers only and still suffer from instabilities when
compressibility and heat transfer come into account [111, 128]. Recently, it was shown [5, 49] that
inclusion of high—order moments in isothermal LB methods and increasing the number of discrete

velocities can shift the ability of LB methods beyond the hydrodynamics regime.

2.6 Extended Hydrodynamics

Once a microscopic kinetic equation (here the Boltzmann equation) is given, the corresponding
macroscopic transport equations can be extracted. This is done in kinetic theory by reducing the

degrees of freedom of the velocity distribution function, to the degrees of freedom of a finite set
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of macroscopic variables. The Chapman—Enskog (CE) expansion [25] and Grad’s moment expan-
sion [32, 33| are the classical methods to extract hydrodynamic-like equations from the Boltzmann
equation.

The Chapman—Enskog method replaces the velocity distribution function in the Boltzmann equa-

tion by its expansion in the Knudsen number [25],

oo
fee = Z K" f™ = £O 4 Knf® 4+ Ka2f@ +... | (2.31)
n=0
with f(©) = fg given in Eq. (2.19). In the Boltzmann equation [cf. Eq. (2.17)] substitution of f with
fce, and equating the terms of the same powers in Kn yields, after tedious manipulation, explicit
expressions for heat—flux vector, ¢;, and stress tensor, 0;;, as derivatives of the main hydrodynamic
variables {p, T, v;}. Through a standard procedure, the Euler and Navier—Stokes—Fourier equations
follow from the zeroth— and first—order expansions, while the second— and third—order expansions
yield the Burnett and super—Burnett equations, respectively [25, 106].

Attempts at solving the Burnett—type equations have uncovered many physical and numerical
difficulties. As proved in [18, 86], the classical Burnett equations are vulnerable to instabilities, and
in many cases (transient flows) give unphysical results. Consequently, several modified versions of
these equations are proposed papers have been devoted to this problem, and authors have suggested
different techniques to stabilize the equations, including the augmented Burnett equations [134], the
regularized Burnett equations [44], consistently ordered extended thermodynamics [76], hyperbolic
Burnett equations [19], and hybrid Burnett equations [97].

Even more, it is important to highlight the lack of any systematic approach to derive boundary
conditions for the Burnett—type equations, which requires evaluation of higher—order derivatives of
the primary quantities on the boundary.

Quite differently compared to the Chapman—Enskog method, in the Grad’s moment method
the velocity distribution function is constructed by an expansion of the Maxwellian into Hermite

polynomials [32, 33] as

f — a+a.i+a,, 82 + a;.; 83 + .- f (232)
¢ “ac; " aciac; T T ac0C;00, o '

where a;,;, ... ;, are the expansion coefficients, and Cj, is the peculiar particle velocity as defined in

in

(2.22).
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The moments of the distribution function construct a list of macroscopic quantities [Eq. (2.25)],
and the set of macroscopic quantities can be expanded based on the approximated polynomial. In
Grad’s moment method, the moment equations which are obtained from the Boltzmann equation
govern the evolution of the moments. Details about the moment method will be presented in Chap. 3.

The prominent advantage of Grad’s moment over Chapman—Enskog method is that it yields a
stable set of equations: moment equations avoid those instabilities that are inherent in the Burnett—
type equations. Moreover, based on Maxwell’s kinetic boundary conditions for the Boltzmann
equation [74], a rational strategy can be established in order to obtain boundary conditions for the
moments. Such strategies have been rigorously discussed in Refs. [35, 121]. For detailed discussion

on boundary conditions for the moments see Chap. 5.
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Chapter 3

Moment Method for Boltzmann

Equation

3.1 General Moment Equation

The moment method is a branch of kinetic theory in which the moments of the velocity distribution
function are the key quantities. The evolution equation for the moments follows by multiplying the
Boltzmann equation [Eq. (2.17)] with ¢*®¢;,¢;, ... ¢;,, and then integrating over the velocity space

c. This gives the general moment equation,

OMSiy i, | OMiiy ik o @ 31
ot + D = Pilio o in T Titig o in (3.1)
where ///i‘fiz i denotes the convective moments, introduced in Eq. (2.20). For the moments, the
production term due to collision 9’&2 oy and supply term i‘fiz ., are [106]
P i = [ e e, QUL de (32)
—1
S iy i = n///(o{liz v Giy + 261///{?1-2 inka, (3.3)
where n = 0,1,2,--- refers to the tensor rank of the moments. The vector G; is the body—force

vector, and indices inside the round brackets denote the symmetric part of a tensor.

The structure of the above equations shows that change of any moment with respect to time
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OME;, ... ;, /Ot depends on the divergence of the next higher—order moment, i.e., 0.7, . ink/axk,

llig
and the next lower—order moment in the supply term ///(Oi‘l iy o in_lGin)' This implies a successive
coupling between moment equations. Consequently, the system of differential equations in (3.1) is
not closed. In Sec. 3.2 the classical Grad closure for moment equations is introduced.

In Eq. (3.1), the first term represents the local variation of the moments, while the second term

corresponds to the flux of the moments. To provide an abstracted form of the moment equations,

we define W4 = c*¥¢; ¢, ... ¢;, as a polynomial of the particles’ velocity. Then, Eq. (3.1) recasts
as
OUs  OF s,
— =z 5 34
ot B A+ A, (3.4)
with
%A = / WA fdc, yAk = / WAC}.C de. (3.5)

In the above equations %4 are the macroscopic variables (moments) with their corresponding fluxes

F Ak, production &4, and supply .#4.

3.2 Grad’s Classical Closure for Moment Equations

As shown in Sec. 3.1, the moment equations construct a coupled set of infinitely many equations.
In order to provide a solution for the moment equations, first, a finite set of moment equations
should be selected, then a closure is required. To meet these requirements, Grad [32, 33] proposed
a velocity distribution function fg, by expanding the equilibrium distribution function (2.19) into

Hermite polynomials [Eq. (2.32)]. This expansion can be written as [33, 106]

fa= fEZﬁA Va, (3.6)

where ¥4 are the expansion coefficients. These coefficients need to be determined such that the

replacement of fg in Eq. (3.5) yields macroscopic variables %4 and their corresponding fluxes 4.

3.2.1 Grad’s 5—moment (G5) Equations: Euler Equations

As given in Egs. (2.25a)—(2.25c) the conserved quantities of mass, momentum, and total energy
correspond to the moments .#°, .#°, and .#", respectively. Accordingly, multiplication of the

Boltzmann equation with ¥4 = {1,¢;, 3c?}, and then integrating over the velocity space yields the
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moment equations,

o.M oM
R ek AR (3.72)
oM | OMy, 0 0
ot + oxy, R (3.7b)
194" 104t 1 _, 1 _,

Since mass, momentum, and energy are conserved during the collision process, then, production

terms in the above equations vanish,
PV =P = 2l =0. (3.8)
Moreover, evaluation of the supply terms from Eq. (3.3) gives
70 =0, 5”1»0 = pG}, %5”1 = pv;G;. (3.9)

By replacing the moments from (2.25), the moment equations in (3.7) read as

dp  O(pvr) _
o0 + e 0, (3.10a)
A(pvi)  O(pvivg + pdik + Tik)
5 + B pG (3.10b)
d(pe) | Olpevy +puvi+ar)
o T Fa = pviGi, (3.10c)

that are equivalent to basic conservation laws as in Eq. (2.9)—without the radiation contribution,
€Rad, In the energy supply term. The second terms on the left—hand side of Egs. (3.7b) and (3.7¢)
represent total fluxes of momentum and energy [cf. Egs. (2.10) and (2.11)], which are expressed

through the following convective moments
1
///Z% = pv;v + poik + oi = g, 5//161 = pevk + Pikv; + qr = Ok. (3.11)

In order to close the system in (3.10), stress tensor oy, and heat—flux vector g, must be expressed

with respect to the main variables, {p, pv;, pe}. For this purpose, Grad’s distribution function (3.6)
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must be employed that takes the following form
0 0 L1 2
fas = fe (19 +die; +500c ) : (3.12)

The unknown coefficients in the above equation must be chosen so that fgs reproduces the main

variables, i.e.,

1 \T
(p,pvi,pe)T:/(l,ci,562) fas de. (3.13)

After straightforward integration the coefficients read ¥° = 1 and 99 = 9! = 0. Therefore, the

Maxwellian distribution function [Eq. (2.19)] is recovered

02
f(}5 = fE = ﬁ exp (—g) s (314)

that describes an equilibrium state. With fgs the stress tensor oyx, and heat—flux vector ¢x, can be

calculated from their corresponding moment equations [Eqgs. (2.25h) and (2.251)],

Gty = / CuCly fasde =0,  qus = / C2Cy, foss de = 0. (3.15)

Finally, Grad’s 5—moment system reduces to Euler’s hydrodynamic system

Dp 811k
—_— _—= -].
Dt paka 0 (3.162)
Dv;  0(ph)
= = oG, 16b
"Dt o = PC (3.16b)
De 0 (pOuy)
— + —— = puiGy, 1
P oy . pv;G (3.16¢)

that describes ideal flows without viscous dissipation and heat conduction, through five equilibrium
moments % 14[‘5] = {p, pvi, pe}. In the above equations, the convective (or material) derivative is

defined as
D o0 0

— =+

Dt ot ' "oxy (3.17)

3.2.2 Grad’s 13—moment (G13) Equations

By choosing ¥4 = {1, ¢;, %02, C;Cj, %C2Ci}, the corresponding moments are %Za = {p, pv;, pe, 0i;,¢; }.

As shown in Sec. 3.2.1, for ¥4 = {1, ¢;, 3¢*} the moment equations give conservation laws! [cf. Eq.

n W4, the choice of %C2 instead of %02 gives the balance (and not conservation) of internal energy, u.
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(3.10)]. The remained elements in ¥4 lead to balance equations for heat—flux vector and stress

tensor,
doi; doy;  OMy 4 0q; 0vj) Oy, vy 0
o Oy, * Oxy, * 5 Oy + 2ok oxy, +U]8xk Tep Oy 7 (3.18)
31]1’ +o an + 5 0 o7} 00 GUik 8p Oik agkl 5980'”6
2 O —— — F Tk _°
ot k(‘?xk 2p ox; k@xk p Ox p 0x; 2 Oxy,
1 OW? 18M1k o O, 7 Ou, 7 Ov; 2 Ouy 1 4
6 3 9ms ho TRl TRyt E =-2!. (31
t 60w T2 o Mgy, T 5, 5% 0, T5%e,, 27 (19

In the above equations there are unknown moments {2, M}k, M?kl }, plus the production terms,

ﬂfj and £}. For Maxwell molecules the production terms can be computed independent of distri-

bution function [106, 122],

o__pro 1 _4pb
Pij = _;Uija P = —5;% (3.20)

Even more, to obtain a closed system of equations, we need to express the unknown moments
W2 ML MY} as a function of variables %4 = {p, pvi, pe,dij,¢;}. Similar to the G5 case, a

velocity distribution function as in Eq. (3.6) suffices to provide a closure for the system,
1 1
faizs = fe (190 + 19?01‘ + 519102 + 19?]010] + 5191102CZ> . (3.21)

The unknown coefficients in the above equation must be determined such that

T
1 1
(p, pvis pe, i qi)" = / (1701'7502,01'03‘,50201') faizde. (3.22)

After evaluation of the coefficients, the velocity distribution function (3.21) takes the following form

C? 1 1
fG13 = fE |:1 + <w — W) Cj(]j + WCiCjaij} . (323)

With fqis the unknown moments in Egs. (3.18) and (3.19) read as

W\2G13 = /04(fG13 — fe)dc = M? —15p6* = 0, (3.24a)
Mgz = /020(1'0@ faizde = Thoy,, (3.24b)

Mgz = /CuCkCz) faizde = 0. (3.24c)
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Then, the balance equations for stress and heat—flux are

DUij 4 (9(] (9 8 > (9 p6‘
—_— — — —0j, 2
Dt *5 5 0z ,u i (3.25)

DQi+§ ' ﬁ_aalk@_%30k1+030m
Dt 2 Zkaxk p Oxp p Ox Oxy,

7 Ov; 7 Ov, 2 Ovy 5 00 2 pb
—¢i— + —qp— = ——p— — = —q;. 2
+ qk@ + 5(] Oxy + qu ox; 2p or; 3 g (3:26)

The collection of conservation laws (3.10) and moment equations for stress (3.25) and heat flux
(3.26), describe the evolution of thirteen macroscopic variables %[1 [ = {p,pvi,pe,ij,q}. The

name 13-moment refers to the number of moments which are included as variables in the equations.

3.2.3 Grad’s 26—moment (G26) Equations

The G26 system adds the unknown moments of G13 [cf. Egs. (3.24)] to the list of variables 02/14[126],
and considers thirteen additional equations for those thirteen variables (moments).
For Grad’s 26-moment system we choose ¥4 = {1,¢;, 3 2 2, C; Cy, ;C2C CiCjCk,C2CiCj,C4}

where the corresponding variables are %f[x o _ {p,pvi,pe,aij,qi,/\/lijk,/\/ll M?}. The moment

@50
equations for M” w» My, and M? (which are not shown here) contain additional moments ngkl,

[26]

R

/\/lijk, and M? that must, again, be expressed with respect to the variables in U,

The proper form of Grad—-type distribution function [Eq. (3.6)] for 26-moment system is

C? 1 W2 202 o4
oz = Ji {1+(5 93_@) Citit 3, 0200(’” 8p6? (1_¥+1502>
1 C? )
+ —4,003 — %85 23,0% C;iCj (790@‘ - M; ) 6p QSCC Ck./\/l”k

that gives the unknown moments as
MiGas = / C;CiCkChy fazede =0, (3.27a)

MijniGas = /C C(;C;Chy faze dc = 9OMY,;, (3.27b)

Mgos = /0401' fa2e de = 280q;. (3.27¢)
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The relevant production terms in the G26 system can be obtained for Maxwell molecules [106],

3p9 v T1p0 1 4 0k3i05)k
‘@ljk Mz]k? ‘@ij = 6 U M Oij + ?T ’

g2 200 (Wz _) (3.28)
3 p p

The closure given by Eqgs. (3.27) and (3.28) gives the final form of moment equations for M?
Ml

lj7

ijk>
and W? as

DMy, (laaw 9 9p | 09 ) 30My;

Dt p Oz pOxyy Oy 7 Oz
Ovpy o avl 12 Ov; 3p6‘
—t = 2
+3Ml(zj ox; Mz]k 71 q<18$k) 24 Mz]ka (3.29)

T2t (Gt ) et T (SR L)
+ 2—58q<iaii> +9982;l%’“ + 556 gq; +§ b 88”’“ —M1 a“’“) +2M, %
M gvk n Wzg o g;}; — _E% <M11J —foij + ;@) ., (3.30)
and
% +89§§Z 20007, % +4M,§lg“’“ +20q a‘ii 89—;1)’“8%
it ok 2 (e ).

The collection of fundamental conservation laws (3.10), and moment equations (3.18), (3.19),
(3.29)—(3.31) construct the G26 system, which govern the evolution of 26-moments (macroscopic

variables) in % EG].

3.2.4 On Larger Sets of Grad—type Moment Equations

Extending the Grad-type moment equations to 45, 71, 105, 148, 201, 265, --- moment systems,
follows in the same fashion as discussed for G13 and G26 cases. By following the described strat-
egy, larger systems of partial differential equations can be constructed, which provide more refined

description of nonequilibrium flows due to inclusion of more moments.
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High—order moments in large moment systems do not present any physical quantity, however,
they express nonequilibrium effects in rarefied gas flows [106]. As the Knudsen number increases,
nonequilibrium effects alter the flow pattern more strongly, and employment of large moment systems
is desired.

In general, the purpose of using moment equations is to save computational time by avoiding the
solution of the Boltzmann equation. When a large system of moment equations is considered, the
required computational effort to solve the system might be comparable (or even exceed) to kinetic
approaches, since the equations become quite complex. Thus, no profit remains to solve the moment
system instead of the kinetic equation.

In Part II of this thesis it will be shown that for moderate Knudsen numbers, that correspond
to flows in transition regime, 13—moment system offers a reasonable accuracy compared to required
computational investment. Due to this welcoming feature it is considered as a useful tool to study

transport phenomenon in moderately rarefied flows.
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Chapter 4

Regularized Moment Equations

For the Maxwellian distribution function (2.19), the Grad’s method corresponds to a 5—moment
system, which is equivalent to the Euler equations through (9(Kno), governing the evolution of the
five equilibrium moments {p, 8, v;} in inviscid flows without heat conduction.

In Grad’s classical 13—moment (G13) system the variables are extended to include the heat—flux
vector and stress tensor. According to the Chapman—Enskog method, the G13 equations are second—
order in the Knudsen number, O(Kn?). Analogously, in Grad’s 26-moment equations inclusion of
higher—order moments promote the system to be of super—Burnett order, (’)(Kng). A quick glance
to Egs. (3.15), (3.24), and (3.27) shows that Grad’s classical moment method provides algebraic
expressions for closure of the moment systems. Thus, the moment equations remain as first—order
partial differential systems.

Systems of first—order partial differential equations are mostly associated with hyperbolic equa-
tions, which are suitable to describe advective processes. It is well-known that hyperbolic equations,
for instance, Euler equations, imply finite wave speeds, and thus cannot describe shock structures
correctly. Indeed, the absence of diffusion terms in Euler equations is the reason for this shortcoming.
As opposed to advective processes, diffusive processes can be properly described by second—order
partial differential equations, which are associated with parabolic systems, e.g. the heat equation.

Regularization is a method to add some parabolic terms to hyperbolic (or conditionally hyper-
bolic) equations [108]. It changes the character of equations leading to correct shock structures. The
idea of regularization goes back to Grad [33] and was later revived by Karlin et al. [45] who derived

a set of linear transport equations, but did not provide numerical values for the various transport
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coefficients.

Although regularization was initially motivated by high—speed flows, it extends the accuracy of
equations for low speed flows as well. Details of the regularization processes are not concerned in
this thesis, as they are rigorously explained in the textbook [106].

In this chapter, regularized closures for G5 and G13 equations are presented. Moreover, Navier—
Stokes—Fourier (NSF or R5) and regularized 13-moment (R13) equations in cylindrical coordinates
system are given in Sec. 4.3. These regularized equations and their corresponding boundary condi-

tions will be used in Part II to solve the considered boundary value problems.

4.1 Regularized 5 (R5) Moment Equations

All macroscopic transport equations are based on the fundamental conservation laws for mass,

momentum, and energy densities [cf. Eq. (3.10)] that for ideal gases reads as,

Dp 8% o
Dt + paa:i =0 (4.12)
Dv;  op  Ooij
P Dt + 8331 8xj B sz, (41b)
3 DO Og Ov;
2th oz (p i +Uj)3xj (4.1c)

The above equations are respective moment equations for equilibrium quantities—density p, velocity
v;, and temperature 6. Note that Eq. (4.1c) is the balance equation for internal energy, which for
ideal gases is related to temperature through the caloric equation of state, u = %9. The right—hand
side of Eq. (4.1c) represents the production of internal energy due to viscous heating effects.

Now, we consider moment equations for stress and heat flux as given by the G13 system for

Maxwellian molecules [Eqgs. (3.25) and (3.26)]

Doy o 1

Ditj + [+ space derivatives of moments ---| = —Egaij, (4.2a)
Dg; o 12

?qt + [--- space derivatives of moments ---] = _Egg% (4.2b)

where the dimensionless smallness parameter € indicates how fast the moments o;; and ¢; change.
We emphasize that when Eqgs. (3.25) and (3.26) are presented in dimensionless form the smallness

parameter € is equivalent to the Knudsen number [106]. Next, o;; and ¢; are expanded similar to
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the Chapman—Enskog expansion

_ (0) (1
Oij = 045 —|—ecrij

(0) (

U 4=q +€qi1)+"" (4.3)

and replaced back in (4.2). When terms with equal powers in € are equated, we obtain

0 0
crfj) = qf ) = 0, (4.4)
which means the zeroth-order expansion results in the Euler equations (3.16).

Analogously, the first-order expansion yields Navier—Stokes and Fourier’s laws for shear stress

and heat conduction [106],

(1) (9’U<i (1) 15 36‘
Vo 9,0 = . 4.
Uz] 'uaxJ) ) qz 4 :uaxz ( 5)

With the above closure for conservation laws (4.1), the classical hydrodynamics equations, namely,
the Navier—Stokes and Fourier laws, are obtained. On account of the Chapman—Enskog method, the
Navier-Stokes-Fourier equations are first-order in the Knudsen number O(Kn®).

Based on the above discussion, the Navier—Stokes—Fourier system can be considered as the reg-
ularized version of the Euler equations. This means that the first—order nonequilibrium quantities,
i.e., Navier—Stokes shear stress and Fourier heat conduction, which appear in 13—-moment system,
are included in the regularized 5-moment system only to some extent—the relations in (4.5) are
given on the right-hand side of Eqs. (3.25) and (3.26).

Substitution of (4.5) into (4.1) yields second—order derivatives, that makes the Navier—Stokes—

Fourier equations of mixed parabolic-hyperbolic type.

4.2 Regularized 13 (R13) Moment Equations

Despite the welcoming feature of stability, Grad’s 13—-moment equations yield unphysical shock
structures for large Mach numbers [106, 127], and are unable to capture Knudsen layer effects.

The regularization of Grad’s 13—moment equations follows to the same concept that was briefly
described in the previous section for the 5—moment case, however, more complex calculations are
involved [105, 106, 108].

The balance equations for stress and heat—flux follow from their corresponding moment equations
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[Egs. (3.18) and (3.19)]

Doy 40q; 9 duyy . Omy
L—F_ L]( + vk+20k<i&+M:—2PG

Oue Ovi _ pb
Dt 5 (9$j> ij Oz, Oz, Oxp 833j>

KL (4.6)

Dqg; 5 00  foy Op oy Oopy 0801-;c 7 < Ov; 3vk>

Dt 2% 0m  p own p om  Come 5\ %oz, T o,

2,00 108 LORy | 0y _ 5 08
quaxi 6 0x; 2 Oz ”kaa:k_ 2p ox;

0
- Prp—qi7 (4.7)
L

where the collision terms are evaluated for Maxwellian molecules, see Eq. (3.20). The constant Pr
in the heat—flux equation is the Prandtl number, that is Pr = % for Maxwellian molecules.

For the sake of better appearance, in the above equations the notation {A, R;;, m;ji } is employed
to present the moments {WV?, M}j — 700y, ngk}, respectively. The Grad’s original closure in (3.24)
yields A = R;; = myj), = 0, that turn the them to be of second-order, O(Kn?) [106].

To regularize the G13 system, we recast the moment equations for A, R;;, and m;j, in G26

system (3.29)—(3.31) as,

Dmy; . 13
% + [+ space derivatives of moments ---] = _Z§§mijk’ (4.8a)
D i . . 17 4 Y]
Ditj + [--- space derivatives of moments ---] = _;Eg (Rij + ?L:ﬁk> , (4.8b)
DA 12 O
i + [--- space derivatives of moments ---] = —;gg (A + Uj—poj> ; (4.8¢)
and expand the G26 moments as
Mk =miy +emi) +-, Ry =Ry +eRY +-  A=2A0 1AW 4 (49)
Balancing the terms of order O (60) gives
©) _ p0) , 49KGThE o) | TiiTij _
My, = Rij + T, A 4+ —, 0, (4.10)

where the underlined terms are nonlinear production terms [Eq. (3.28)].

The first-order contributions, O (e!), give regularization of the G13 system [105, 106, 108] with
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the following closure,

1700 6qk 5 00 Oqi. Op vy,
A=W? = M2 —15p0% = A, 71274 94 2, L U4k 9P 9Uk 411
W 500 ! p tA p9 08 2 8xk p Oy +0ou ox; )’ ( )

9qi 00 fq 5/)

_ gl _ R IKki95)k H
R = Mij — 790@‘ = BIT + Bzﬁ (9

7)

P
80 ii 00’(1']' ap % an
5 k)

1
i =M\ =CcL — 4.13
Mijk ik = ( &ck p Oz i Oxy, (4.13)
where for a compact presentation we defined
aU(‘ 1 vy, v i) 1 vy,

Sjp =2 d Sk == [ opii— =) - syt 4.14
Jk 8331@) an Ok(ivg)k 2 <0k( 83:]) +0k( 833k ]ax ( )

For Maxwellian molecules the constants in (4.7)—(4.13) are

2 4 24

prM = 1 At =—1, AM=-12 311‘4:—?, Bg’[:—g, cM=_2 (4.15)

while for the Bhatnagar—Gross—Krook (BGK) kinetic model one must use the following coefficients
[106]
2
PO =1 APOK =0, AJ9K=-8 B} =0, ByF= —38, CPOK = 3. (4.16)
As denoted by the above coefficients, the BGK kinetic model fails to predict the correct Prandtl
number. The quadratic terms without gradients in (4.11) and (4.12) result from the collision term
for Maxwell molecules, which vanish in the BGK model.

Constitutive equations in (4.11)—(4.13) promote the Grad’s 13-moment equations to be of super—

Burnett order, O(Kn®).

4.3 R13 Equations in Cylindrical Coordinates

In practical applications, due to the system design and/or the type of the process, particular flow ge-
ometries might be utilized, see Fig. 4.1. Some examples are bend pipes, nozzles/diffusers, converging—
diverging channels, and porous media meanders. Moreover, flows in highly symmetric geometries
such as cylindrical or spherical systems is another popular scenario. Flow simulation through these

arbitrary geometries is the major challenge in design of fuel cells, microfluidics assemblies, space
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Figure 4.1: Some examples of arbitrary geometries in micro—scale devices. (a) Porous media
(Ni+-YSXZ) in solid oxide fuel cells. (b) Blades of a micro-turbine. (c) Bipolar plate for micro
fuel cells. (d) Micro—structured heat sink for micro—electronic cooling. (e,f) Micro—scale nozzles.

propulsion systems, Knudsen pumps, and super—vacuum pumps. Investigating the behavior of rar-
efied gas flows through these curved passages is a new subject for the R13 system.

So far all moment equations were presented in rectangular Cartesian coordinates, x; = {1, x2, 23},
which allow to present abstracted form of three—dimensional equations in index notation. Unfortu-
nately, this advantageous feature of index notation is lost when equations are presented in curvilinear
coordinate systems.

This section is devoted to transformation of R13 (and NSF) equations into a specific case of
curvilinear coordinates, i.e., cylindrical coordinates system. The transformed equations will be used
to investigate rotary and axial flows inside channels with circular cross section.

The transformation starts with writing the equations in symbolic notation. Accordingly, the
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principal conservation laws (4.1) read

D
D—f + pdivv =0, (4.17)
Dv .
P r + gradp + dive = pG, (4.18)
3 Db
Sl +divg = —P :gradv, (4.19)

where v, G, and q are velocity, body—force, and heat—flux vectors, respectively. The stress and
pressure tensors are denoted with o and P. Furthermore, moment equations for stress (4.6) and

heat flux (4.7) are recast to

D 4 0
Fctr + R (gradq) + odivv + 2 (o - grad v) + divm = —2pf (grad v) — p—a, (4.20)
W

D 0 1
—4 + §a’-gradG— —o-gradp — —o -dive + 0dive + ! (q-gradv + qdivv)
Dt 2 p p 5

2 1 1 0
+ = (gradv)T + 8 grad A + 5 divR +m :gradv = —ng grad 6 — Prp—q. (4.21)
1

The terms inside angular brackets are symmetric and trace—free part of tensors, that for a rank—2
tensor T, reads

(T) =

N =

(T+1T") - %trT L

with I as the unit matrix. The bold face R and m correspond to their counterparts R;; and my;,

which now take the following form

: 0
A= Ala 74 Az% <0divq+ gq -grad 6§ — ;q -gradp + HU:gradv) , (4.22)
. 0 1
R =B; (o-a) + Bz% (0 (grad q) + (qgrad ) — p (qgrad p) + 700 (o - (gradv>>) , (4.23)
I 0 4
m=C ’ 0 (grad o) — p (o grad p) + R (qgradv) | . (4.24)

In order to express the above equations in any coordinate system, it suffices to define the diver-
gence and gradient operators in the desired coordinate system. For cylindrical geometry, gradient
and divergence operators on scalers, vectors, and tensors are presented in Appendix A.

Spatial coordinates in cylindrical geometry are known as x = {r, ¢, 2}, which correspond to radial,
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azimuthal, and axial directions, respectively. By using the transformation rules [cf. Appendix A]
continuity and momentum balance equations in cylindrical coordinates read as
and
N ™
S RTE A S A S e
S AR A s S e
In the same manner, the balance of internal energy follows as
3 DO 0q. 10q,  qr O0q. ov, 10v, v,  Ov, Ore [ OUy
ot Trae T T o :‘fﬁ(ar T T az> T (agp ‘”v)
Orr 881: rz% rga% - Ufp <%—%: + Ur)
%Z% Urz% - %%—t - zz%; (4.27)

where all terms on the right-hand side are related to viscous dissipation.

Equations (4.20)—(4.24) in cylindrical coordinates yield lengthy expressions, and, hence, are

presented in Appendix B.

4.4 Linearized Three—dimensional Equations in Dimensionless

Form

The merit of linearization is brevity of the equations, that makes the analytical solution accessible.

Indeed, coupling between variables are discarded through the linearized equations; for instance,

viscous heating effects which link the velocity and temperature fields are not included in the linearized

equations.

Knudsen layers which are interesting rarefaction effects in our considered problems [cf. Part. II],

can be computed from the linearized equations. In slow rarefied flows, e.g., microflows, Knudsen

layers are dominant rarefaction effects. Inclusion of nonlinear terms in the equations leads to more
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accuracy in prediction of Knudsen layers and bulk effects, which of course demands numerical so-
lution. It is shown in Chap. 11 that some nonlinear effects can be described in analytical solutions
[114, 115].

The reference equilibrium state is defined by {po, 6o, v9 }, which is used for non-dimensionalization
and linearization. Dimensionless density and temperature are defined as their deviations from the

reference equilibrium state,

pP—po _ P Gj_0—06b _ 0
=L 1, f="—==—1 4.28
Po Po ) fo (428

[):

The tilde signs indicate dimensionless quantities. The isothermal speed of sound, +/6g, is employed

as the velocity scale. The dimensionless spatial position, time, and external force are defined as

Y S )
o

where £ is an arbitrary macroscopic length scale of the considered flow, e.g. the radius of a circular
channel.

The rest of the variables in proper dimensionless form are

- U4 . Tij . g = A = R;; - Mk
VvV = —F/—, O = ——, qi = ————=, AZ—, Ri‘: y Mgk = . (430)
VB T pofo pov/Bo’ R T NS

Furthermore, i = p1/ 110 — 1 is the dimensionless viscosity deviation with g = (). In the reference
equilibrium state all nonequilibrium moments in (4.30) vanish.

In the standard linearization, only terms that are linear in deviations from the ground equilibrium
state are included within the equations. For instance, by using Eq. (4.28) the equation of state for
ideal gases reads

p = pd = po(1+ p)0o(1+0) = pobo(1 + p + 6 + p0), (4.31)
in which, removing [)é leads to the linearized equation of state. Accordingly, the pressure in dimen-

sionless form follows p = p/po — 1= p+ 6, where po = pobo.

4.4.1 Dimensionless and Linearized Equations in Planar Geometry

NSF and R13 equations in dimensionless form are obtained by introducing the dimensionless quanti-

ties from Eqs. (4.28)—(4.30) into the moment equations (4.1)—(4.13). After omitting nonlinear terms,
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the linearized balance laws (4.1) read

p O
R 0, (4.32)
oo, 9p 90 95y <
- - —_ - Iz 4
o om om om,  C (4.33)
300 04
57t an =" (4.34)

The linearized moment equations for stress [Eq. (4.6)] and heat flux [Eq. (4.7)] are

85’1'3‘ é a(j(z 8mijk _ 9 817(1 _ i
ot 50x; Oz 01 Ko
dg; 054 10A 10Ru 500 Pr.
. = - = G, 4.
of | 0in @ 60% 2 0@k 207 Kol (4.36)

with the following linear regularization

Gy ~ 94 96 (i

A=AKn—=, R;;=B,kn ,
2 8jk’ J 2 ajﬁ

My = CKn (4.37)

0Ty
Here, Kn is the Knudsen number [cf. Eq. (2.1)] at the reference state, defined as the ratio of the

mean free path at the reference equilibrium state Ay = pov/0o/po to a characteristic length £,

A
Ko= 20 _ o

L po/BoL

(4.38)

In dimensionless form, the linear Navier—Stokes and Fourier laws for the conservation laws are

00 sy 5Kn 90

Gyt =—2kKn

2 22 4.39
i 0z o 2 Pr 0z, (4.39)

4.4.2 Dimensionless and Linearized Equations in Cylindrical Geometry

The continuity equation in cylindrical coordinates [Eq. (4.25)] takes the following linear form,

op ov, 108, o 0.
= -t 4+ — = 4.4
it tra, tE a0 (4.40)
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while the linearized momentum equations are

oo,  0p 00 95, 105,, 05, L e =Gy

of T tar T ar T ae oz =G, (4.41)

Mo 10p 106  06ry 1065,  06p. 200 A

o TFog Tras T ar Tiag ez T G (4.42)
00, 0p 00 06, 100y 00w G i

o toztozt o Tias Tz T
In the energy balance [Eq. (4.27)] all viscous heating terms vanish due to linearization, thus, in

linear form it reads

300, 04 193,
20t OF T 0@

a
,"Z

0. (0%, 100, @ 0.
52__(377+7“5g0 7+az>' (4.44)

Additionally, the linearized moment equations for the stress tensor, which in their fully nonlinear

form are presented in Egs. (B.2)—(B.7) in Appendix B, take the following form,

05, 803 4G 4104, 409G | 0w, | 10me,
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The terms on the right-hand side of Eqs. (4.45)—(4.50) are of the order of classical hydrodynamics
O(Kn), which relate stress components to velocity gradients, i.e., the Navier—Stokes law.

The full moment equations for the components of heat—flux vector in cylindrical coordinates are

presented in Egs. (B.9)—(B.11) in Appendix B. These equations in linear form are

0,  06v  106ry  06rs G —Gpp 104 10R.

ot = or T 0¢ GE 7 6 or 2 o
110R,, A 10R,. 1R, —R,, 500 Pr_
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9y | 00rp 1004y  00p:  ,0rp 1104
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27 05 2 0z 2% 25: Tl (49

The terms on the right-hand side of Eqgs. (4.51)—(4.53) are of the order of classical hydrodynamics
O(Kn), which relate the heat—flux components to temperature gradients, i.e., the Fourier law.
Regularized closure in cylindrical geometry in fully nonlinear form are given in Eqgs. (B.13)—

(B.32), which in linear form reduce to

A— 9 ¢ 104, 0g.
A_Azml(af+f+f8¢)+82 ’ (4.54)



41

)
Rw:%m@g‘fg —%+%), (4.56)
R..=B; Iﬁl%if, (4.57)
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Mppp = %Kn %32;*" + 65;” -2 <ag;¢ + 8;’;2)] , (4.67)
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It is important to emphasize on the terms which are multiplied with the curvature ¢ = r~!. These
terms introduce the curvature effects into the equations. In the limit of » — oo Eqgs. (4.40)—(4.70)

reduce to the linear R13 equations in slab geometry, that is Eqs. (4.32)—(4.37).
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Chapter 5

Kinetic Boundary Conditions for

Moments

The low—order moments, i.e., density, velocity, temperature, stress, and heat flux, which construct
the classical Navier—Stokes—Fourier system, and their corresponding boundary conditions, all have
meaningful physical interpretations, and can be measured on the boundary. However, there are
not such obvious physical interpretations for higher—order moments which appear in larger moment
systems. For large systems of moment equations, due to their size and the intercoupling between
the equations, prescription of boundary conditions is a challenging task. Therefore, great care must
be taken in deriving and implementing boundary conditions, as ill posed boundary conditions lead
to unphysical results.

For all transport equations, boundary conditions are necessary to find a unique solution. All
extended systems that go beyond the Navier—Stokes—Fourier require extended boundary conditions,
compared to the NSF boundary conditions. For Burnett—type equations boundary conditions must
be given for higher—order gradients of density, velocity, and temperature at the boundary. For
Grad—type moment equations, on the other hand, boundary conditions for moments are required.

For a long time, the nonavailability of proper boundary conditions for high—order moments was
the major obstacle in rendering the R13 equations (and other sets of extended moment systems)
into an engineering tool. The first attempt to understand the structure of boundary conditions for
R13 moments appeared in [109], where by employment of the principles of classical nonequilibrium

thermodynamics, it was shown that the linearized R13 equations and their boundary conditions
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lead to positive entropy production, i.e., the H theorem is fulfilled both for the gas and the gas—
wall interface. Only recently, building up on Grad’s discussion of the problem [32, 33] boundary
conditions for the R13 equations were derived from the boundary conditions of the Boltzmann
equation by Gu and Emerson [35] and by Torrilhon and Struchtrup [121]. The results in [35] show
spurious boundary layers, due to prescription of more boundary conditions than mathematically
required. Torrilhon and Struchtrup [121] checked both physical and mathematical consistencies of
their boundary conditions on Couette and Poiseuille flows within microchannels. Their numerical
solutions show excellent agreement with the DSMC simulations.

In this section, the strategy to derive boundary conditions for the moments in R13 system is
presented, the technique can be extended to larger systems of moments. In Ref. [36] a similar

strategy is employed to obtain boundary conditions for the regularized 26—moment equations.

5.1 Maxwell’s Diffusive-reflective Model for Kinetic Bound-
ary Conditions

Consider a wall with temperature 6y and velocity v;”, which is exposed to a rarefied gas flow,
in which velocity of the gas close to the wall is vy, and its temperature is 6, see Fig. 5.1a. From
experimental observations it is well-known that the gas can slide over a surface. Also, a temperature
difference remains at the gas—surface interface, if the temperatures of the gas and surface are different.
These discontinuities in velocity and temperature at the boundary are known as slip velocity Vi,

and temperature jump 7T,

Vk =V — ’U]ZVa (51)

T=0—0w. (5.2)

Slip velocity and temperature jump can drastically affect the flow character in internal and external
rarefied gas flows [92]. As will be seen, their influence is proportional to the rarefaction degree
[22, 98], and they vanish as Kn — 0.

We assume an impermeable surface (wall), then, vpng = Ving = 0, where ny, is the normal vector
of the wall pointing towards the gas. As shown in Fig. 5.1a, for an arbitrary gas particle close to

the wall ¢ and Cy = cx — v are the particle’s velocity and its peculiar velocity, respectively. For
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simplicity, we set a frame in which the wall is at rest (the observer rests with the wall), see Fig. 5.1b.
In the rest frame, denoted by superscript ‘W, the velocities of the gas particle are czv =c — ’UZV
and C}V = ¢}V =V}, = Cy, while C}Vny, = ¢}V ny,. For particles which depart from the wall ¢}V n; > 0,
and for particles moving to hit the wall ckWnk < 0.

The distribution function f, is assigned to the gas particles inside the flow, see Fig. 5.1c, and fis
the distribution function for particles in front of the wall. Kinetic boundary conditions are required
to relate f, to f.

In theory f is known if details of the gas—surface interaction are precisely understood. In the
absence of such a detailed information, a simple argument going back to Maxwell [74] can be utilized
to derive the required boundary conditions. In the context of kinetic theory Maxwell’s boundary
condition is widely used as the boundary condition for Boltzmann equation [22, 53, 98] and also
in DSMC simulations [17]. Maxwell’s boundary condition is based on the assumption that parti-

cles interact with the wall only in two ways, specular reflection and thermalization (perfect diffuse

interaction).
oW
? ,,,,,,,,,,, —~AS
— 70 }
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HW 0‘/’[’ 0”,
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Figure 5.1: On kinetic boundary conditions.

In the rest frame, f,(clV,zy,t) is the velocity distribution function of the gas close to the wall.
In order to simplify the following discussion, it is useful to present f; as a function of tangential
velocity ¢V — ¢}V ngn; and normal velocity ¢}V ny, then f, = fy(cl ng, eV — clVngn;, z;,t).

In specular reflection the tangential velocity remains unchanged, while the sign of normal ve-
locity changes. For those particles which fly to hit the wall ¢}ny < 0 and their phase density
is fo(cVni, eV — eV ngni,xi,t). Hence, for elastically reflected particles ¢}’ny > 0 and fr =

fg(—czvnk, eV — cZVnkm, Xy t).

In perfectly diffusive gas—surface interaction (thermalization), the particles leave the wall in a
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Maxwellian distribution which is based on temperature and velocity at the wall, that reads!

oW 2
fw=——=exp (—%—WW> with ¢, = cf ¢ (5.3)

vV 27rt9W3

Since both specular reflection and thermalization are too simple to describe the realistic gas—
surface interaction, Maxwell combined them by means of introducing the accommodation coefficient

X, such that

B xfw + (1 =x)fr = xfw + (1 = x) fo(=cf i, ¢ — e nni, wist),  fng, >0
Fe (5.4)

fg(cZVnk, cV — CZVnkni,xi,t). CZVnk <0,

Here, f is the velocity distribution function of the gas in an infinitesimal neighborhood of the wall.
The accommodation factor x, describes the wall characteristics and must be given or measured.
In Maxwell’s diffusive-reflective boundary condition [Eq. (5.4)] x = 0 and x = 1 describe fully
reflective (smooth) and fully diffusive (rough) surfaces, respectively. Walls with x = 0, are also
known as adiabatic walls. Equation (5.4) shows that a discontinuity in velocity distribution function
exists on the wall, which leads to nonequilibrium effects on the wall, e.g. discontinuity of moments
and formation of Knudsen boundary layers.

In specular reflection of particles on the wall the normal velocity of particles is inversed. In
thermalization p" must be obtained such that particles accumulation does not occur on the wall.
This condition implies that net normal momentum, pvgnyg, for all particles colliding on the wall is

zero, i.e.,

/ckwnk fdc=0 or / etV ny fde + / eV ny, fde = 0. (5.5)

ckwnkZO cZVnkSO

Substituting Eq. (5.4) into (5.5) gives

/ ckWnk [XfW +(1—=x)fy (—ckWnk)] dc + / ckWnk fq (czvnk) dc =0, (5.6)

cZVnkZO ckwnkSO

INote that in the wall rest frame, in the Maxwellian distribution function we have the particle velocity c instead
of the peculiar velocity C.
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or

X / e ny, fw de + / eV n fq (—cxvnk) de — x / e ny, fq (—ckwnk) de =

cZVnkZO cZVnkZO cZVnkZO

— / eV ny. £y (ckWnk) dc.

ckWn;C <0

The underlined terms cancel, and we get

/ e ny fw de = — / e ni fy (e ) de. (5.7)

cynkzo ckWnkgO

Since the normal velocity vanishes, we have

0= /czvnk fo (ckWnk) dc = / cxvnk fo (ckWnk) dc + / cxvnk fo (czvnk) dc, (5.8)
ckWnkSO ckwnkZO
then Eq. (5.7) reads
/ czvnk fwdc = / ckWnk fq (czvnk) dc. (5.9)

cynkzo ckWnkZO

Here, in the integrals over f, we replace eV with OV + Vi, where C}V is the peculiar velocity of

particles?, then

/ etV ny fw de = / (CZV + Vi) i fy (e nk) de. (5.10)
czvnkZO ckWnkZO
Since Ving = 0 then
/ e/ ng fw de = / O ny, £, de. (5.11)
cynkzo C,‘:VnkZO

5.2 Flux Boundary Conditions in General Form

As depicted in Fig. 5.1 ¢, we consider a constant volume of gas adjacent to the wall where its volume

and surface are AV = Ax1AzoAzs and AS, respectively. We integrate the moment equation (3.4)

2Note that the normal component of peculiar velocities in both original and rest frames are equal, Clgvnk = Cgng,
however, to keep the generality and to emphasize that all calculations are carried in the rest frame, the superscript
‘W’ is applied.
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over AV and apply the divergence theorem to get

%/%Adv+7{ﬁ};knkd8: /WAdV+/yAdV, (5.12)
AV AS AV AV

where %4 and % 41, are macroscopic variables (moments) and their corresponding fluxes, respectively.
If a thin layer of gas is assumed Axzs — 0, then AV — 0, and the volume integrals in Eq. (5.12)
vanish. Furthermore, when Azs — 0, those particles (and their corresponding fluxes) passing
through lower, upper, front and back surfaces of the control volume can be neglected, and the

surface integral in Eq. (5.12) reduces to

]{ (jAk - fzk) % dA =0 or ]{ ﬁf‘knk dA = ‘7{ jAknk dA, (5.13)
AA AA AA

where AA = Az;Axs is the surface which allows normal fluxes into AV. The fluxes .#, and Fay
correspond to fluxes in the gas and fluxes on the wall, respectively, and (Fay — .F 45 np is the net

normal flux. Equation (5.13) holds for all AA, then
(Far — F4;) ne = 0. (5.14)
On account of Eq. (3.5) the normal fluxes in (5.14) at the considered rest frame are
T4, = / Uac) fyde and Fap, = / ey fde, (5.15)

W For later discussions it is useful to use

where W4 are polynomials of particles’ velocity, c;

W4 (¢} ny) instead of Wa.
Substitution of fluxes from Eq. (5.15) into Eq. (5.14) and decomposing the integral for incoming

an outgoing particles yields

/ Ua (¢ ni) e, (f — f4) de + / W (e n) ey (f — fy) de = 0. (5.16)

ckwnkZO ckwnkgO

This integral equation relates gas and wall distribution functions, and their moments. Based on
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Eq. (5.4) the second integral in the above equation is zero and the first integral recasts to

/ Uy (ckwnk) e ny, X fw + (1 —x) fy (—ckwnk) — fq (ckwnk)] dc = 0. (5.17)

cg/nk >0

Further manipulation gives

/ W (e i) e e [x (fw — fq (e i) + (1= x) (fg (=i ni) — fy (e nk))] de = 0.
ckwnkZO

(5.18)

The half-space integral over f, can be written as

/ Ua (ckwnk) ckwnk fq (czvnk) dc = / Ua (ckwnk) ckwnk fq (czvnk) dc

cg/nk >0

- / Ua (ckWnk) ckWnk fq (ckWnk) dc

ckWnkSO
= / Uh (ckWnk) eV ny £, (czvnk) dc

+ / W (—ep mi) e i fo (—cf ni) de. (5.19)

ckWn;C >0

Replacement of the half-space integrals over f, from Eq. (5.19) into (5.18), after some rearrangement,

gives

(1- X)/ Ua (e ni) o ny fode = x / Ua (czvnk) e ny, [fw — fq (czvnk)] dc

ckwnk >0

+(1=x) / [Wa (i) — Wa (= ni)] e mu fy (=) ) de. (5.20)

ckWn;c >0

Equation (5.20) is the central equation to obtain boundary conditions for the moments. Integrating
this equation yields a relation between moments in the gas and wall properties, that serves as
boundary conditions for the moments. This strategy is used in the next chapters to derive boundary

conditions for regularized 13-moment equations.
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5.3 Grad’s Hypothesis for Boundary Conditions for Moments

When deriving moment equations Grad also discussed boundary conditions, see [32, 33]. The idea
was to take the accommodation model (5.20) and compute boundary conditions for moments from
it. Equation (5.20) can be evaluated by assuming a specific model for the distribution function, and
different polynomials for ¥ 4.

Based on Grad’s observation [32], in order to get meaningful boundary conditions, velocity func-
tion ¥4 should be even in the normal component of the particle velocity czvnk. When ¥4 is an odd

function in ¢}¥ ng, i.e., ¥a (—c}'ng) = —¥a (¢} nk), then Eq. (5.20) reads

(1- X)/ U4 (czvnk) cxvnk fode = x / U4 (czvnk) cxvnk [fW —fg (czvnk)} de

ckWn;C >0

+2(1—-x) / Uy (czvnk) sznk fq (—sznk) de. (5.21)

cgvnk >0

As illustrated in Fig. 5.1, since the distribution function in the gas is assumed to be symmetric, i.e.,

fq (¢ ni) = fq (—c}¥ i), the above equation further simplifies to

=) [ ol me) e fye = x [ (o) lf e [ =3, (el ) e

ckWn;C >0

+ 2 / ' (czvnk) eV ny £y (czvnk) dc. (5.22)

cgvnk >0

In an asymptotic limit when x — 0, Eq. (5.22), in which ¥4 (—czvnk) =—Uy (ckwnk), yields

/ Ua (czvnk) eV ny f, (czvnk) dc = / Ua (czvnk) e ni fy (e i) de, (5.23)

ek k>0 PV >0

which is an identity, but not a boundary condition.
In conclusion, Eq. (5.20) can be used to obtain boundary conditions for moment when ¥4 is
an even function in czvnk, that is ¥4 (—ckWnk) = Uy (ckWnk) Accordingly, the proper form of

Eq. (5.20), which in the next section is used to derive boundary condition for the R13 equations,
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reads

(1- X)/ Wa (e i) e mk fyde = x / Ta (e i) o n [fw — fo ()] de. (5.24)

ckWnkZO
5.4 Boundary Conditions for R13 Equations

To perform integrations in Eq. (5.24) velocity distribution functions fw and f,, and velocity function
Uy (ckwnk) are required.

The Maxwellian—type distribution function fy, that accounts for the wall properties {p"', 6"},
is given in Eq. (5.3). According to the Chapman—Enskog expansion, R13 equations are of third order,

hence, a third—order approximation of the velocity distribution function is required. Therefore, for

the R13 system it suffices to set f; = fq2s [Eq. (3.27a)]

fo=faee = fe(1+F1+F2+ F3), (5.25)
with
! 1, 1
.Fl— 2p9207,CJ0'1]+ <5p030 p92>chj,
1
Fo= Wcicjckmijka
A1, 1, 1 1,
=— 27 = -5 iC;Rij. 2
Fs= <8 26" T 3¢ ) <4p93 aapg1C ) CiCitti (5.26)
Expansion of F; reads
1
Fi = W (012011 + 2C1C5012 + 2C1C5013 + 022022 + 2C5C53093 + 03(733)
1 1
+ <W02 - W) (C1q1 + C2q2 + Caq3) , (5.27)

where C? = C? + C2 + C2 and for symmetric trace—free stress tensor 0;; = ¢;;. Similarly, expansions

for 75 and F3 are,

Fo Cf‘m111 + 301202m112 + 30%03771113 + 301022771122 + 6C1C5C3m123

1
- 6003 (
+ 3ClC§m133 + Cgmggg + 3C§C3m223 + 302C§m233 + C§m333) R (5.28)
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and

A1 1, 1, 1 1 o\
./—"3 = —F (g — 1—290 —|— 120920 > - (W - 28,{)040 (ClRll +20102R12 +20103R13

+ C3 Roz + 2C2C3Ra3 + C3 Rs3)
(5.29)

where symmetry conditions for m;;; and R;; were applied.

Furthermore, the velocity function ¥4 (ckwnk) must be selected such that integrals in Eq. (5.24)
yield the flux of moments which occur in the R13 equations, that are {v;, 0;;, gi, miji, Rij }-

As used in Egs. (5.27)—(5.29) the microscopic velocity field is three-dimensional C = (Cy, Ca, Cs)".
However, here, we consider two—dimensional boundary conditions in the ;x5 plane [see Fig. (5.1)],
that means, macroscopic quantities (moments) and their corresponding fluxes are considered in the
x1—xo plane. To keep some generality, we introduce a new notation C = (C’n,C’t,CT)T, where
subscript n denotes its normal direction, {¢,7} refer to the tangential directions, and ¢t—n plate is
equivalent to z1—x2 plane.

According to Grad’s hypothesis ¥4 (¢} ni) must be even in ¢}’ ny, therefore, we assume

Ua (e ni) = {1,Cy,C?,CCp, CyCy, C*Cy } (5.30)
which respectively correspond to fluxes

/ Ua (e ni) e nk fgde = {pvn, Ttn; Gns Mnnn, Mitn, Rin} - (5.31)

For ¥4 =1 Eq. (5.24) governs the conservation of mass at the wall, and then a relation for p""

is obtained as

1 1 A 1R
P =pw\00w =p+ 50m — 1355 ~ 554 (5.32)

Boundary condition for shear stress is obtained for ¥4 = C} as

—X 2 1 1
R S S+ =mann ) . 5.33
O¢ 2—X gy (PVt+5Qt+2mt ) ( )

For heat flux, boundary condition is available only for its normal component g,, which corresponds
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to WAZCQ
X 2

B 1 o 1 1 5
=5\ (ZPVt 2PT = 300 — 7= 4 R,m>. (5.34)

15 28

For ¥4 = {C,C,, C;C;} one obtains

x [2 (3., 2 7 1 1
nmn — 5 _ \/ | =% I -6 nn__A T, nn | .
m 2=\ 70 <577Vt 5777'—1— 00 - + 14R (5.35a)
x [2 (4, 1 1 1 1
n—=—5  _\/ 53| *% - T - z nn__A__ . .
Tt 2—X 0 <577Vt 5PT 90’tt+ 500’ 150 14Rtt (5 35b)

It is important to mention that regarding to the Grad’s hypothesis, the velocity function C;C'; exists
in (5.30), where the subscript 7 refers to the other tangential direction, i.e., direction x3 in Fig. 5.1.
However, C;C'.C), leads to a boundary condition for m,, that is required only for three—dimensional
calculations—which is beyond the scope of this thesis.

Finally, the other components in (5.30), i.e., ¥4 = C%C; yields

_ X 2 (pyr _ My 1
Ryp = i <7Jvt PV = 6PTV: + —04: + 50mumn | - (5.36)

5.5 Second—order Boundary Conditions for Navier—Stokes —
Fourier Equations

The R13 boundary conditions presented in (5.32)—(5.36) include a range of first—, second— and third—
order moments—with respect to the Chapman—Enskog scaling. Therefore, they can be used to derive
high—order slip velocity and temperature jump conditions for Navier—Stokes—Fourier equations. The
strategy to obtain these high—order boundary conditions for Couette and Poiseuille flows in planar
geometry is presented in Ref. [110]. In this thesis, the same strategy is employed to obtain second-
order contributions of high—order moments to slip velocity and temperature jump in other flow
settings.

Explicit expressions for slip velocity V;, and temperature jump 7T, can be obtained form Egs. (5.33)

and (5.34)
2= x [m0 0w lqg  1mgn
Ve= x V2P 5p 2 P (5:37)
2 — 0 ¢, 1 100,, 1A nn
7o 2=X [m0an  Lye LOown 1A 5 Run (5.38)

X 2 2P ' 4
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The above boundary conditions are of third—order, O (Kt13) The underlined terms correspond to
the well-known first—order slip velocity and temperature jump conditions [106], where oy, and g,
require the Navier—Stokes—Fourier (NSF) relations [cf. Eq. (4.5)], and PNF = p. In Eq. (5.37) the
first—order contribution of tangential (streamwise) heat flux ¢; remains only for thermally—driven
flows, which is postulated by Fourier’s law—based on the streamwise temperature gradient.
According to the Chapman-Enskog expansion the moments in (5.37) and (5.38) need to be scaled
as M = Kn®M , where the rescaled moment M is of order unity and « is the order of the moment
M. The scaling allows to identify the higher—order contributions to slip and jump. Since the order
of moments depend on the flow setting, for each problem we must derive higher—order slip and jump
conditions separately. For flows, which are favored in practical applications, second—order slip and

jump conditions are presented below. For details of the calculations see Appendix C.

5.6 Linearized and Dimensionless Boundary Conditions for

R13 Equations

In order to obtain a unique solution for linearized R13 equations, linearized boundary conditions
must be employed. As discussed in Sec. 4.4, by introducing dimensionless variables [cf. Eqgs. (4.28)

and (4.30)] and dropping nonlinear terms, the boundary conditions (5.33)—(5.36) reduce to

Gon = % % (f;t + %q} + %mmn> , (5.39)
Gn = ﬁ % (—2?— %,m ~ %5 A - 2—58 nn) , (5.39D)
Forin = % % (—§f+ g&m - %A v 1—141?%) , (5.39¢)
e = 5\ 2 (3T =00+ = 1A= 1P ) (539)
Rin = % % (— Vi + 1—51@ + %mm> . (5.39)
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In this part of the dissertation, a collection of internal and external rarefied gas flows, which are
favored in engineering applications, are solved using both the classical Navier—Stokes—Fourier (NSF)
fluid dynamics equations, and the regularized 13—moment (R13) equations. Comparison of the
solutions for both systems renders a lucid analysis on shortcomings of the traditional NSF equations.
Moreover, flows in both planar and curvilinear (cylindrical) geometries are considered to discern the
influence of curvature on rarefaction effects. Also, for completeness of the study, unsteady rarefaction
effects in oscillatory flows are discussed as well.

For the selected problems, NSF and R13 equations along with their corresponding boundary
conditions lead to a set of boundary value problems, that are solved in their linear, weakly nonlinear
(semilinear), and fully nonlinear forms. Based on comparisons with kinetic theory data, it is shown
that the linearized R13 equations suffice to fairly approximate rarefaction effects in slow and mod-
erately rarefied gas flows. Also, through semilinear analysis, it is shown that when more nonlinear
terms are included within the equations, a more refined presentation of nonequilibrium effects can

be achieved.
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Chapter 6

Linear Theory for Half—space Flows

in Planar Geometry

Linearized R13 equations in planar geometry were presented in Sec. 4.4.1. In this chapter these linear
equations are adapted to describe linear rarefaction effects in half-space flows over a flat surface?!.
Simplicity of the flow geometry in the half-space problems leads to compact solutions which offer a
valuable insight into the nonequilibrium effects. It will be shown that the theoretical description for
dominant rarefaction effects is available through the linearized R13 equations, while some accuracy

is lost due to linearization of the equations.

6.1 Viscous Velocity Slip, Thermal Creep, and Force—driven
Flows Over a Flat Surface

The problem of viscous (velocity) slip, also called Kramer’s problem [22], concerns half-space (zo >
0) gas flow over a flat solid surface at x4 = 0, see Fig. 6.1a. The uniform temperature of the wall
(surface) Oy, is kept constant at 6y, which is taken as the reference temperature. Far from the wall
the temperature and density of the gas are constant (6y and pg), however, there is a gas flow parallel
to the wall, whose velocity is a linear function of xo; Ovi/0x2 = A with A as the constant velocity
gradient (shear rate) in the bulk.

While in Kramer’s problem the surface temperature is uniform, in thermal creep flow a constant

! The presented materials in this chapter are published in Ref. [112].
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streamwise temperature gradient 00/0x; = B is applied in the wall, Fig. 6.1b. This boundary
treatment induces a tangential velocity in the gas close to the surface such that the gas flows in
direction of the temperature gradient, i.e., from cold to hot. Also, it is assumed that the length of
the plate, L, is sufficiently large that the creep layer is fully developed. This implies that the same
temperature gradient is established in the gas, and far from the surface pressure remains constant
in the x;—direction [80, 114].

Additionally, as illustrated in Fig. 6.1c, a gas flow over the surface can be induced by a constant

external body force, G;. This constant force can be described as a homogeneous pressure gradient,

Op/0x1 = G;.

Velocity gradient in bulk

Flow

Flow

W, G+ 20

Temperature gradient on wall

(b)

Force

Flow I

T, T
3 1 ‘911

()

Figure 6.1: (a) Viscous slip flow, known as Kramer’s problem, is a one—dimensional viscous flow
over a stationary flat wall, where temperatures of the wall 8y and flow are the same. In the bulk
flow, there is a constant velocity gradient normal to the wall in x5 direction, which sweeps the gas
over the surface. (b) In thermal creep flow a non—uniform temperature distribution in a flat plate
induces a tangential velocity in the adjacent gas. This thermally induced flow is in the direction
of the temperature gradient, i.e., in the opposite direction of heat flow. (c) In force-driven flow, a
homogeneous external force is applied to convect the gas.

These steady state flows are independent of the direction x3, as sufficiently wide plates are
considered. The walls act as thermal reservoirs, and are impermeable. We will consider flows in

the linear regime, where the viscous slip and force—driven flows will turn out to be isothermal. This
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means that the wall and gas remain at the same temperature 6y, since no external energy supply
is considered and also viscous heating effects (internal friction) are omitted due to linearization [see
Sec. 4.4]. In viscous slip and force—driven flows a unidirectional velocity field parallel to the plates
is allowed, v = (v1 (z2),0, O)T, and flow parameters are independent of the stream direction, i.e.,
0/0x1 = 0.

In the thermal creep flow, owing to the temperature/density gradient, the constant pressure
creep flow is not isothermal. Hence, unidimensional flow is not assured, and the velocity field is
two—dimensional, v = (v1 (z1,22),v2 (x1,x2) ,O)T. Nevertheless, we realized when the streamwise
temperature gradient B is small, the compressibility effects can be discarded, which leads to v, = 0.
In the following calculations for the creep flow we superimpose a unidirectional velocity field. It will
be shown that this assumption is consistent with the obtained linear results.

Based on the above discussion the velocity vector, heat—flux vector, body—force vector, and

symmetric trace—free stress tensor for all the considered flows simplify to

v (22) q1 (w2) G
v = 0 s 6= qze) | Gi= 0 ,
0 0 0
o11 (x2) o012 (z2) 0
0ij = | o12(z2) 022 (22) 0 . (6.40)
0 0 —o11 (22) — 092 (72)

6.2 Linearized R13 Equations for Viscous Slip, Thermal Creep,
and Force—driven Flows Over a Flat Surface

For the considered flow geometries, illustrated in Fig. 6.1, expansion of linear R13 equations [cf. (4.32)—

(4.37)] with regards to the assumptions in (6.40) yields the following sets of differential equations.
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B The velocity problem:

R13 case: In order to find the flow velocity, the following system must be solved

%122 — G, (6.41a)
20§, Oies o5 1 .
29a __dun 1 41
507,  Oig 9%, Ko 2 (6.41b)
(95’12 1 8R12 5 89 Pr

s el L L 6.41
97, 2 0, 207 Kl (6.41c)

that require the following constitutive relations

B, . 0qi N 8C Kna&lz

Ris = —= Kn— = 6.42
12 9 85:2’ mi22 15 Dis ) ( )
and linearized boundary conditions [cf. Eq. (5.39)]

- X 2 (- 1. 1.

_ 2 1.1 6.43

012 V7 <V1+ 5Q1+ 2m122) na, (6.43a)

- X 2 ~ 11 1.

Rig=—=—"—/—|[— — — . 6.43b

12 7y 7r< V1 + 5Q1+2m122 N2 ( )

Classical case: In the Navier—Stokes—Fourier equations, the velocity problem consists of the momen-

tum balance (6.41a) which after substitution of Navier-Stokes law, 50%°F = —Kn 99, /072, reads
0’ Gy
= ——. 6.44
2 T T (6.44)

This equation requires the slip condition [Eq. (C.29)] that in linear form is

. 2—x [ On 1 06 1 4C)\ 9*h,
NSF 2
X T gy — PR — [ — — 2= Kn?. 6.45
Vi x V2 am ™t 9m ag (5Pr 15) 012 (6.45)
Note that in the above slip condition Navier-Stokes law, 615" = —Kn 091/072, and Fourier law,

G\ = —(5Kn/(2Pr))d0/8z, were used.
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B The temperature problem:

R13 case: The temperature distribution in the gas can be obtained by solving the system

G2
— 4
0% 0, (6.46a)
8 0@a  Omago 1 .
=-___ 4
15 0Z2 0T2 KnUQz’ (6.46b)

85’22 13R22 1 8ﬁ o 5 85 Pr

oz G2 292 2T L 6.46
95y 207, 601, 205, Ka® (6.46¢)
in which
8Gs =  2Ba.. 03 . 3C 959
A=A K = K — = —kKn——. -4
2Rz, Rz = Rages, e = S K ps (6.47)

The corresponding linear boundary conditions for the temperature problem are [cf. Eq. (5.39)]

- X 2 ~ 1. 1 - 5 ~
=2 JE (2T — 26— —A— — 4
q2 2—X 7T( T 2022 15 28R22 no, (6 8&)
8 x [2/2. 1. 1. 1=
SRS el (e —A- = . 4
moo2 2—X - (5T 50’22+ 75 14R22 no (6 8b)

Classical case: In the NSF system the temperature solution can be simply obtained from the energy

balance equation (6.46a), in which Fourier’s law in xo—direction is used, so that

9?0

i 0. (6.49)

The corresponding boundary condition for the above equation is the temperature jump condition

(C.30) that in linear form is

. 2—x 5 [7 00 5 (A, 5B\ 9%
NSF _ T ~_ Kn?. )
T i\ 205, T o ( ) 072 (6.50)

30 ' 84

B The density/pressure problem:

R13 case: To find the density distribution, it suffices to solve the normal momentum equation,

op 00  0Gxm
55, T3 T 5, = (6.51)

which indeed requires the solution of the temperature problem. For the density problem kinetic

boundary condition is not available, however, for flows in finite domains, 0 < x5 < H, conservation
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of mass in the process gives an auxiliary condition,
H/L
/ pdZy = const., (6.52)
0

which can be employed to evaluate the density distribution.

Classical case: In the NSF system the density problem simplifies to 0p/0%, = —80/82, since

5NSF _
o9y =0.

B The remaining:

The balance equation for o7 is the remaining equation in the R13 system, it reads

4 adg dm112 1.
_ = Y42 N 6.53
15035 ' 0s Koot (6.53)
with
. C 0611 2069
=—kn - = 6.54
2 =y ( di2 5 9ip )’ (6.54)
and its corresponding linear boundary condition is [cf. Eq. (5.39)]
B x 2/ 1~ _ 1. 1. 1
S S (. Soon — — A — .
mM112 5V r ( 5T 011+ 5022~ T 14R11 na, (6.55)

in which Ry; = 0 (for all the considered flows), since 8, /0#; = 0.

For briefness, the governing equations and boundary conditions for the considered boundary value
problems are unified in (6.41)—(6.55) where Kn = Ag/L = 1 is the Knudsen number [cf. Eq. (4.38)].
For the considered half—space problems, the macroscopic length scale is assumed to be the reference
mean free path, £ = Ag.

The body force G1 must be set to zero except for the force—driven flow, and o0 /0% is zero except
for the creep flow.

If we assume two dimensional flows, then o5 is responsible for the redistribution of mass in
the cross section, i.e., in direction Z;. In our problems we assumed vo = 0. This implies that
the redistribution of density cannot be described by the continuity equation. Instead, the density
follows from the equation for 9, i.e., the balance of momentum in zo—direction, Eq. (6.51), which

describes an instantaneous change of density. For steady thermal creep flow we shall further discuss
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the continuity equation after we obtained its solution.

In the following we only present solutions for the velocity problem. For the linearized temperature
problem [cf. Eqs. (6.46)—(6.48)], in which temperature of wall and gas are the same, a trivial solution
can be obtained 6 = G2 = 022 = 0, that means the flows are isothermal.

Similarly, trivial solution for the density/pressure problem can be concluded from temperature
solution. We emphasize that in the thermal creep flow, streamwise thermal effects can be described

by the velocity problem, due to the one—dimensional velocity assumption.

6.3 Solutions for Half—space Flows

6.3.1 Half-space Viscous Slip Flow

For the steady state shear—driven flow over a flat surface, with G; = 85/ 071 = 0, the velocity

problem (6.41) reads

85’12 2 8@1 8171 1 - Bz 8251 Pr ~
-0 2 - _ _ —“¥n =_—— 6.56
9i,  50ip 03, K P 4 e Rl (6.56)

where R15 and 1199 are substituted by the constitutive relations (6.42). We replace B, and Pr from
Eq. (4.16), since we will compare our results with BGK Boltzmann data. The solution for (6.56)
follows by integrating as

N . o12 . 2. . V5o -5 _
= Cy, 01 =C4 — —=— 22— —q1, =Cye ——I9 | +Cze T2 |, (6.57
g12 = L1 1 4 K 2 5(11 q1 2 Xp(ﬁKn 2) 3 €xXp (xﬁKn 2) ( )

with C; to C4 as the integrating constants, that need to be determined from the boundary conditions
(6.43). The constant velocity gradient in the bulk, which drives the process, must be considered
as a boundary condition at Zo — oo. In dimensionless form we denote this shear rate as v =

95, /97|

Fyr00"

The underlined terms represent the solution for the Navier—Stokes—Fourier equations. Note that
both R13 and NSF systems yield constant shear stress, 12 = Ci, albeit with different values for
the constant. The term C, is the velocity slip, and —&12 Z2/Kn is the bulk solution. Since the
NSF system only predicts temperature—gradient driven heat flux, it cannot predict the tangential
heat flux, ¢, in isothermal flows. Indeed, a heat flow which is not driven by temperature gradient

and occurs in opposite direction of mass flow is a pure rarefaction effect [115] that lies beyond the
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resolution of traditional hydrodynamics.

6.3.2 Half—space Thermal Creep Flow

For steady state thermally—driven flow over a flat wall, with G1 = 0, the proper form of the velocity

problem (6.41) is

35'12 2 6(11 6’[}1 1 82 62(11 5 Pr ~
=0, ft=-t -G, L Kis = o7 —ai, 6.58
i 507, 0@, K 'Y 4 o9 20 Kl (6.58)

where 7 = 85/ 071 is the dimensionless streamwise temperature gradient that drives the process.

Similar to the viscous slip problem, integrating (6.58) for the BGK model leads to

. . 012 . 2
o12 = Cq, 1 =C4— — 30— =1,
12 1 1 4 Ko 2 5Q1

G = —g Kn T+ Cpexp <%a}2> + Cyexp <\}7—ﬁx2> , (6.59)
where the underlined terms represent the solution for the Navier—Stokes—Fourier equations. As
shown in (6.57) and (6.59), the general solutions for viscous slip and thermal creep problems only
differ in the heat—flux solution. In the creep flow, superposition of the Fourier’s law, ¢}'>F = —g knT,
and Knudsen layers construct the parallel heat flux. Knudsen layers in thermally—driven flows are
also referred as mechanocaloric heat flow [70]. In the velocity solution, C4 and the contribution of

the Fourier’s law represent the slip velocity (temperature—driven plug flow).

6.3.3 Half—space Force—driven Flow

For steady state force—driven flows, with 85/8;%1 = 0, the velocity problem (6.41) recasts to

q - ~ B, . 0%G Pr _
—_ —— — — —_ Iﬁl = —— .
— 012, G1+ 1 853% anl’ (6 60)

that for Maxwellian molecules with coefficients (4.15) yields

G o G 2.

T2 — -q1,

5’12:C1+élj2, ’L~)1=C4—m$2—Kn 5

G = _g KnGy + Cs exp <3£121£2> + Csexp <_\/5322> . (6.61)

3kn
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Again, the underlined terms represent the solution for classical hydrodynamics. In force—driven flow,
stress distribution is a linear function of force. Moreover, the term —% KnG) is a high-order bulk
heat flux which does not appear in the NSF solution.

It is important to emphasize that in solutions (6.57), (6.59), and (6.61) the exponential functions
represent the Knudsen boundary layers. Alternatively, the exponential functions can be written as

combination of hyperbolic sine and cosine functions [109, 110, 113, 114].

6.4 Results and Discussion for Half-space Flows

In this section, we provide comparison between our solutions (for viscous slip and thermal creep
flows) to published solutions of the Boltzmann equation available in the literature. Kinetic data for
force—driven flows over a surface is not available, however, in later sections we will use our solution

for this problem to investigate force—driven Poiseuille flows in parallel-plate micro—channels.

6.4.1 Viscous Slip Flow (Kramer’s Problem)

Velocity slip and defect in Kramer’s problem have been extensively studied using kinetic approaches
based on the Boltzmann equation [13, 22, 63, 66, 68, 69, 72, 80].
The integrating constants C;—C4 in the solution (6.57) are determined from the boundary con-

ditions (6.43) and (6.45) as

CR> _ _1q,, CRIB_g CRI3_ 5y/m Ky CR13 _ 27Tv35/>2+13v27TKnV
! T o 2v35r +12v2 ¢ ° 2707 + 24 ¥ ’
1
CVF = _Kny, CYSF = = /gKny. (6.62)

with ¥ = x/(2—x). The constant C; follows from the bulk condition where the dimensionless
velocity gradient is prescribed by 001/0Z2 = v. Moreover, C; = 0 results from the fact that the
heat flux is finite in the far field.

Figure 6.2 shows the R13 and NSF solutions for the velocity distribution in the viscous slip
problem, i.e., Eq. (6.57). Solutions for different accommodation factors y = {0.2,0.4,0.6,0.8,1.0} are
presented, where the diamond symbols represent the BGK Boltzmann equation data of Refs. [13, 72].
The Knudsen number and bulk velocity in [13, 72] are related to our definitions by Kn = 1/4/2 and

v = 1, respectively. In Fig. 6.2c the profiles near the wall are magnified, where the effects of Knudsen
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boundary layers yield curvature in the velocity profiles. The NSF solution is a straight line, while
the Knudsen layer in the R13 solution bends the bulk solution towards the Boltzmann solution. We
observed a similar agreement when we compared our results with data in [80].

(a) (b)

< Loyalka et al. and Barichello et al.

< Loyalka et al. and Barichello et al.
—R13
—-NSF

0.1 02 03 0.4 05
Ty

Figure 6.2: Dimensionless velocity profiles in the viscous slip flow (Kramer’s problem), obtained
for different surface accommodation factors. Solution for the linearized NSF (dashed blue line)
and linearized R13 (continuous red line) are compared to the linearized Boltzmann equation data
(diamonds). Velocity distributions are shown within different distances from the wall. (a) For a
large distance from the wall, NSF and R13 look identical, both correctly predict the bulk solution.
(b, ¢) The same velocity profiles near the wall, where the Knudsen layers affect the profiles. Knudsen
layers are absent in the Navier—Stokes—Fourier solution (straight line), while they introduce small
curvature to the linear R13 solutions.

In Ref. [59], Kramer’s problem is solved using several extended systems, including the R13
equations, where the exact boundary value from DSMC computations is forced on solutions of the
macroscopic transport equations, and accuracy of the solutions are judged based on their bulk values.
A similar comparison is conducted in [55]. Since the curvature of Knudsen boundary layers for the
R13 equations is smaller than the actual curvature (from DSMC) this comparison procedure lets
the R13 equations appear worse than they actually are. As Fig. 6.2 shows, the lack of curvature is
compensated by extra slip, so that the R13 result matches the kinetic result in the bulk.

Knudsen layers in isothermal viscous slip flow, as given by the linear R13 equations, are depicted
in Fig. 6.3. They construct the tangential heat flux ¢;, which is a pure rarefaction effect. In
shear—driven flows, larger accommodation factors yield more friction at the boundary and reduce
the tangential heat flux.

In Fig. 6.4, the coefficient C4, which represents the viscous slip velocity, is plotted versus the
accommodation factor. The viscous slip velocity does not include the Knudsen layer contribution

to slip, and that is why both R13 and NSF yield similar results. The accurate evaluation of C4
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Figure 6.3: Dimensionless parallel heat flux in the viscous slip flow (Kramer’s problem), obtained
for different surface accommodation factors. The streamwise heat flux is a pure rarefaction effect,
thus, it only includes Knudsen layers. This streamwise heat flow which is not forced by temperature
gradient is beyond the resolution of the classical NSF equations. Solutions for linearized NSF (dashed
blue line) and linearized R13 (continuous red line) are presented.

guaranties convergence of the solution to the bulk values. In the R13 system, the Knudsen layer

bridges the boundary values to the bulk solution.

< Loyalka et al. and Barichello et al.
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Figure 6.4: Viscous slip velocity vs. momentum accommodation factor of the surface. Contribution
of Knudsen boundary layers on slip velocity is not considered in the plot. Larger accommodation
factors which represent rough surfaces, reduce the sliding velocity on the surface. The R13 and
NSF systems predict the slip velocity with the same accuracy, which shows good agreement with
Boltzmann equation data.

6.4.2 Thermal Creep Flow

Rarefaction effects in thermally—driven flow over a surface is widely discussed in kinetic theory, see
Refs. [13, 64, 65, 72, 80, 98].

For the thermal creep flow the integrating constants C;—C4 in solution (6.59) are determined



67

from the boundary conditions (6.43) and (6.45) as

CRIB _cRIB _ RIS 15v2 Kar, CR13— —V 357 .
V35T 4+ 6v2 ¢ 2 (V357 4 6v2 )
1
CNsF _ g, CFinu—zﬁnﬂ (6.63)

with ¥ = x/(2 — x). In the bulk flow, the velocity distribution is uniform (0?1/0%Z2 = 0) and the
heat flux is finite. These conditions give C; = C; = 0 in the R13 solution.

For different accommodation factors, the creep velocities over the plate, as given by Eq. (6.59),
are illustrated in Fig. 6.5. The Knudsen number and wall temperature gradient in [13, 72] are related
to our definitions by Kn = 1/v/2 and 7 = /2, respectively. For all accommodation factors, NSF
predicts a constant velocity (plug flow) since the slip condition (6.45) reduces to VNSF = iKnr,
i.e., slip condition does not depend on . R13, however, exhibits a good agreement with the BGK
Boltzmann data of Refs. [13, 72]. As depicted in Fig. 6.5a, our simplified R13 model underestimates
the bulk velocity specifically for diffusive walls. This difference might be addressed to the assumption
of one—dimensional flow in our approach, or, to ambiguities in scaling the Boltzmann solutions. In
Fig. 6.5b,c the velocity distribution near the wall is magnified; similar to Kramer’s problem, Knudsen

layers are visible.
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Figure 6.5: Dimensionless velocity profiles in creep flow for different accommodation factors. Solu-
tions for the linearized NSF (dashed blue line) and linearized R13 (continuous red line) are compared
to linearized Boltzmann equation data (diamonds). Velocity distributions are shown within differ-
ent distances from the wall. The NSF solution is a constant, which does not depend on the surface
accommodation factor. (a) The bulk solution is predicted by the R13 equations with small error
(about 3%). (b,c) The same velocity profiles near the wall, where the Knudsen layers affect the
curvature of the profiles. Knudsen layers are absent in the constant Navier—Stokes—Fourier solution.
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In the creep flow, similar to the Kramer’s problem, Knudsen layers appear in the tangential heat
flux solution, Eq. (6.59). Figure 6.6 depicts the counterstream heat flux for both NSF and R13
systems. In the R13 solution, ¢ is a superposition of Knudsen layers and bulk solution (Fourier’s
law). Diffusive walls reduce the tangential heat flow at the boundary, however, they yield larger

velocities in the bulk.

00 05 10 15 20 25 30

Figure 6.6: Dimensionless parallel heat flux in the thermal creep flow, calculated for different surface
accommodation factors. In the NSF equations tangential heat flux is given by Fourier’s law (dashed
blue line), while in the R13 systems streamwise heat flux is a superposition of bulk solution (Fourier’s
law) and Knudsen boundary layers (continuous red line).

The constant C4 versus accommodation factor is plotted in Fig. 6.7. As shown, in contrast to
NSF, the R13 system provides an acceptable estimate of the low speed thermal slip on the wall,

compared to kinetic data in [65, 72].
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Figure 6.7: Thermal slip velocity vs. momentum accommodation factor of the surface. Contri-
bution of Knudsen boundary layers on slip velocity is not considered in the plot. In contrast to
the viscous slip problem, larger accommodation factors which represent rough surfaces, increase the
sliding velocity on the surface. The R13 gives outstanding agreement with the linearized Boltzmann
equation data. The NSF solution is independent of surface accommodation coefficients and leads to
a constant slip velocity.

The assumption of one—dimensional velocity in thermally—driven flow can be justified using the
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linear solutions (6.59) with the evaluated constants in (6.63). For two-dimensional steady flow the

continuity equation can be written as

00y _ Op + 0Py

hte 3 “F -0
Por "%z Ton,

where, according to the linear solution the first term is zero and the second one is of order 72, since
00/9i, = —8p/8s, = 7. Therefore, the last term should be of order 72, and thus is zero in the
linear limit. This argument gives pva = const., and the boundary condition of impermeable walls

yields v5 = 0.
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Chapter 7

Linear Theory for Parallel-plate

Channel Flows

Linearized R13 equations in planar geometry were presented in Sec. 4.4.1. In this chapter these
linear equations are employed to analytically investigate linear rarefaction effects in parallel-plate

L. It is straightforward to describe parallel-plate channel flows as a specific case of

channel flows
half-space flows in a finite domain. Accordingly, in this chapter we frequently refer to our results in

Chap. 6.

7.1 Couette, Force—driven Poiseuille, and Transpiration Flows
in Parallel-plate Channels

The fundamental problems of rarefied Couette and force—driven Poiseuille flows in parallel-plate
channels have been investigated form different perspectives. It is well-known that a wealth of
nonequilibrium effects exist in dilute Couette and Poiseuille flows, which the Navier—Stokes—Fourier
theory cannot describe. Heat flux parallel to flow direction which is not forced by temperature
gradient [7, 12, 42, 119, 120, 123], non—uniform pressure profile [7, 73, 117, 118, 123] and characteristic
temperature dip in Poiseuille flow [1, 7, 73, 117, 118, 129, 130, 133] are among the most prominent
effects. Moreover, in rarefied condition, the formation of Knudsen boundary layers affects the bulk

solution [79, 85, 98], and the so—called Knudsen minimum [51] can be observed. In the NSF theory

IThe presented materials in this chapter are published in Refs. [114, 115].



71

the Knudsen minimum can be captured only with the second—order slip condition on the walls
[39, 58].

As discussed for the half-space creep flow, thermal creep phenomena occur in gases when nonuni-
form temperature distributions are applied in the flow boundaries [98]. In the case of channel flows,
when the creep velocity spreads over the whole channel width, the flow is called thermal transpira-
tion flow [84]. Experimental observations by Knudsen proved the existence of a pumping effect in
transpiration flows; he obtained a ten—fold pressure increase between inlet and outlet of a series of
heated tubes [51, 52].

Nowadays, nonuniformly heated channels are used in miniaturized devices as pumps or com-
pressors with no moving parts, referred as Knudsen pumps or compressors, which operate based on
thermal transpiration flow [41, 102]. Furthermore, thermally—driven and pressure—driven flows may

be combined in order to control mass and energy flow rates in miniaturized devices.

7.2 Linearized R13 Equations for Couette, Force—driven Poiseuille,
and Transpiration Flows in Parallel-plate Channels

We assume steady state flows confined between two infinite planar parallel plates, see Fig. 7.1. Com-
parison of Figs. 6.1 and 7.1 shows that Couette, force—driven Poiseuille, and thermal transpiration
flows can be respectively considered as viscous slip flow (Kramer’s problem), force—driven flow, and
thermal creep flow in a finite domain, H, between the plates. Accordingly, in the linear limit, all the
assumptions in (6.40) that we considered for the half-space problems hold for their counterparts in
channel problems.

The linearized R13 equations as presented in Egs. (6.41)—(6.55) and their solutions [cf. Eqgs. (6.57),
(6.59), and (6.61)] can be directly used to study processes in micro—channels. However, evaluation

of the integrating constants requires boundary conditions at both lower and upper walls.

7.3 Solutions for Parallel-plate Channel Flows

Similar to the half-space problems, in the linear limit it suffices to consider the solution of the
velocity problem. For convenience, the exponential terms in solutions (6.57), (6.59) with (6.61) are

expressed as superposition of hyperbolic sine and cosine functions.
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Figure 7.1: (a) In Couette flow the walls of the channel are moving in opposite directions +vy, and
the gas moves as the result of shear stress diffusion from the walls. (b) In Force—driven Poiseuille
flow the gas is driven through the action of an external (body) force. (c) In transpiration flow,gas
is accelerated due to the temperature gradients on the walls. Wall temperatures GII/JV and G{/DV are
symmetric around the centerline, o = 0.

For Maxwellian molecules with coefficients (4.15), the general solution of the system (6.41) and

(6.42) reads

Gi ., GCi_ 2
- T2 — —(q1,

5’12:C1+élj2, ’L~)1=C4—m$2—Kn 5

3.~ 15 V5 VB
i1 =—=KkKnG; — —Kn inh | —2 h| —7 1
Q1 5 G1 1 7 4 Cysin <3Kn$2> + C5 cos <3Knx2> , (7.1)
which holds for all the considered flow problems; the body force Gy must be set zero except for

Poiseuille flow, and 7 = 9 /01 is zero except for transpiration flow. For channel flows, Kn = Ao/ H

is the Knudsen number at the reference equilibrium state, with Ay = pov/0o/po as the reference
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mean free path, i.e.,

KH:M

T (7.2)

The hyperbolic functions describe Knudsen layer contributions to the solutions. The coefficients
C,;-C; must be evaluated using the linearized boundary conditions. Since in the Couette flow
vy (22) = —v1 (22) and g1 (x2) = —q1 (z2) then C3 = C4 = 0. In Poiseuille and transpiration flows,
due to the symmetry of the solutions with respect to the centerline C; = C, = 0. These conditions
reduce the number of unknown integrating constants to two, which necessitate the implementation
of two boundary conditions [cf. Eq. (6.43)] in one of the channel walls. Application of boundary

conditions requires ny = +1 and ny = —1 for lower and upper walls, respectively, see Fig. 7.1.

7.4 Results and Discussion for Parallel-plate Channel Flows

In this section, the results of analytical solutions for linearized Couette, force—driven Poiseuille, and

transpiration flows are illustrated, and compared to kinetic simulations.

7.4.1 Couette Flow in a Parallel-plate Channel

For Couette flow, solution (7.1) reduces to [compare with (6.57)]

_ N Ci. 2C . V5 _ . V5
712 = Cy, U = — Elxg — Tz sinh <3—Knx2> , G1 = C; sinh (3—Knxz> . (7.3)

Couette flow, similar to Kramer’s problem, leads to a constant shear stress distribution. The struc-
ture of the Knudsen layer, ¢, is approximated with a hyperbolic sine function. Superpositions of
the Knudsen layer and the linear bulk solution —Cj Z3/Kn yields curvature on the velocity profiles
near the wall.

Figure 7.2 shows the dimensionless R13 solutions for the velocity problem for Couette flow.
The obtained results are compared to DSMC simulations at Kn = {0.05,0.1,0.5} for argon. The
DSMC results are obtained for Maxwell molecules based on Bird’s code [17], where at standard
conditions (101,325 Pa and 0°C) molecular mass, viscosity, and viscosity exponent for argon read
m = 66.3x 10727 kg, o = 2.117x 107° Ns/m?, and @ = 0.81. The walls move with v"¥' = 100 m/s
(8" = £0.4195) at temperature 273 K (6" = 1). As depicted, for small Knudsen numbers, where

the case is close to classical hydrodynamics, the profiles are in good agreement with DSMC results.
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For larger Knudsen numbers, where the rarefaction effects are strong, some difference to the DSMC

results is observed, especially at the boundaries.

classical hydrodynamics, is predicted with acceptable accuracy.

The tangential heat flux, ¢, which vanish in

For this problem, numerical solutions for the fully nonlinear R13 equations are available in [121].
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Figure 7.2: Solutions for the linearized velocity problem across the channel for Couette flow with
argon. Wall temperature and velocities are 273 K and +100 m/s. Comparison between linear R13
(dashed lines) and DSMC (solid lines).

7.4.2 Force—driven Poiseuille Flow in a Parallel-plate Channel

For Poiseuille flow, solution (7.1) reduces to [compare with (6.61)]

o12 = G1T2,

q1 =

=G o

Gy 3

5

P24+ kG —

2C3
—— cosh
7 cos

3. - V5
—§I<HG]_ + C3 cosh <3—K1$2> .

(x/E~

——To

3kn

)

(7.4)

Figure 7.3 shows the solution of the linear velocity problem for Poiseuille low. The dimensionless
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external force is Gy = 0.2355, and the walls are stationary at 273 K (éw = 1). The results for

Kn = 0.072 are compared to DSMC simulations [129, 133]%.
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Figure 7.3: Solution of the linear velocity problem for force—driven Poiseuille flow with dimensionless
force G; = 0.2355. Profiles are computed for Kn = 0.072 (solid line), Kn = 0.15 (dashed line),
Kn = 0.4 (dotted line), and Kn = 1.0 (dashed—dotted line). For Kn = 0.072 comparison with DSMC
simulations (circles) is presented.

The velocity profiles in Fig. 7.3 show a decrease of flow velocity in the middle of the channel as
the Knudsen number increases, however, the slip is increasing, due to decrease of friction. That is
why the velocity curve for Kn = 1 lies above the curve of Kn = 0.4. Owing to this behavior, the mass
flow rate

1/2
Mp = \/5/ |01] di2, (7.5)
—1/2
as a function of Knudsen number exhibits a minimum around Kn = 0.7, which is known as Knudsen
minimum, or Knudsen paradox [51]. For Eq. (7.5) the velocity function in given by (7.4) and the
factor /2 is used for consistency with the kinetic data.

The normalized mass flow rate Mp/él as a function of the Knudsen number is plotted in Fig. 7.4
for linearized R13, linearized Navier—Stokes—Fourier (with first— and second—order slip conditions),
and linearized Boltzmann equation [42, 70, 71, 79]. The plots correspond to different accommodation
coefficients x = {0.5,0.75,1.0}. For all accommodation coefficients a similar pattern is observed,
where smooth channel walls, i.e., small x, allow larger flow rates. As shown, NSF with first—order slip
condition fails to capture the minimum, but the second—order slip condition [cf. Eq. (6.45)] yields a
minimum around Kn = 0.3. R13 shows good agreement with the kinetic data up to Kn = 0.6, with
less than 7% error (= (Data — R13) /R13). Enhancement of the R13 results must be addressed to

its third—order boundary conditions and the contribution of the Knudsen layer, ¢i, to the velocity

2The author thanks Dr. Kun Xu (Hong Kong University of Science and Technology) for providing the DSMC data
for Poiseuille flow.
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solution. Comparison of our results with lattice Boltzmann data in [49, 50] shows that our simple

theoretical approach provides a more accurate prediction of the Knudsen minimum phenomenon.
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Figure 7.4: The effects of Knudsen number and surface accommodation on the mass flow rate in
Poiseuille flow between parallel plates. Navier-Stokes—Fourier with first—order slip condition (long—
dashed blue line), Navier—Stokes—Fourier with second-order slip condition (dashed red line), and
regularized 13-moment with third-order boundary conditions (solid black line) are compared to
kinetic data (symbols) |70, 42, 71, 79| for x = {0.5,0.75,1.0}. It is shown that second—order slip
condition improves the NSF solution in transition flow regime.

The explicit expression for Mp, obtained from the R13 system, reads

G’l 3@1 12C3 . \/5
Mp=+v2|— Kn — Kn sinh [ — .
P \/—[ 2% 5 55 o <6Kn +Cal (7.6)
in which the integrating constants are
5G 3v27 + 56 Y Kn
=2 m+o0X (7.72)

: V5 _ V5
V107 sinh (6—Kn + 6 x cosh ok

% [90;2 +195v27 Kn + 44821(112} coth <6£K5n> +v5 [6077Kn + (15 + 28 K0°) \/%x}

120 y Kn [\/10—7r+ 6 ¥ coth (6%”
(7.7b)

with x = x/ (2 —x).
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7.4.3 Transpiration Flow in a Parallel-plate Channel

For transpiration flow, the solution (7.1) reads [compare with (6.59)]

N N 3 2Cs V5 _ 15 V5
012=0, 0, =C4+ 5 Knrt— = cosh <3—Knx2> , G =- ZI(IIT+C3 cosh <3—Knx2 , (7.8)

where C4 + 3Kn7/2 in the velocity solution represents the slip velocity (temperature—driven plug
flow). The solutions in (7.8) shows that in the linear limit nonequilibrium effects arise only for the
tangential heat flux and velocity, while the shear stress remains in the reference state.

With the help of the fully linear boundary conditions [Eq. (6.43)] the unknown integrating con-

stants are found as

ey[Z
C3 =T7Kn \/_ s \/_ ) (79&)
/2 5 . 5
12 X\/;cosh <6—Kn> + 4v/5sinh <6—Kn>
—3v/5sinh (6%>
C4 =7kKn (79b)

12 X\/gcosh <6£I21> + 4v/5sinh <6£I21>

Profiles for normalized velocity and parallel heat flux, according to solution (7.8) are depicted
in Fig. 7.5. These results are compared with direct numerical solutions of the linear Boltzmann
equation from Ref. [79]. The relation between our Knudsen number [Eq. (7.2)] and the Knudsen
number in [79] is Kn = 1/(v/2k). The plots are shown for four different Knudsen numbers and
perfectly diffusive walls, x = 1. As postulated by Fourier’s law, the tangential heat flow is in the
opposite direction of the temperature gradient, i.e., from hot to cold. The decrease of heat flow close
to the walls is due to the non—Fourier contribution in the Knudsen layer, i.e., the hyperbolic cosine
function in Eq. (7.8). The slip velocity on the walls is predicted with an outstanding accuracy. This
gives further evidence of the reliability of the applied boundary conditions. Unlike the heat flux,
the velocity plots show that mass flow is in the direction of the temperature gradient. As expected,
the R13 system is reliable within the transition regime (Kn < 0.5), hence, for k¥ = 0.6 (or Kn = 0.53)
some deviations from the Boltzmann solution appear in the bulk flow.

While in the force—driven Poiseuille flow mass flux versus Knudsen number exhibits the so—called

Knudsen minimum, in the temperature—driven flow, mass flux increases with Knudsen number. To
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Figure 7.5: Dimensionless distribution of normalized heat flux ¢;/7 and velocity ©1/7 across the
channel are show for transpiration flow. The R13 results (lines) which are obtained for fully diffusive
walls x = 1 in different Knudsen numbers are compared to kinetic data (symbols) from Ref. [79].
For the sake of consistency in comparison, the dimensionless kinetic data are multiplied with /2.
(Solid line, white diamonds) Kn = 0.088; (dotted line, black diamonds) Kn = 0.177; (dashed line,
white circles) Kn = 0.353; (dash—dotted line, black circles) Kn = 0.530.

show this, similar to Refs. [70, 79, 92] we define the mass flow rate My as

+1/2
Mr = \/5/ 01| dia, (7.10)

—1/2

where the required velocity function is given in Eq. (7.8), and the factor v/2 is used for proper scaling

with the kinetic data. This integral yields a linear expression in 7 for the mass flow rate,

3k | 5/ + 36V2 x Kn

MT =T
2v2
5v/7 4+ 3v/10 Y coth <6£I§1>

(7.11)

In Fig. 7.6, our results for the normalized mass flow rate My /7 are compared with kinetic data
from [70, 79] which are the solutions for linearized Boltzmann equation. In the plots, mass flow rates
for different surface accommodation coefficients x = {1.0,0.75,0.5} are compared. As illustrated,
for larger Knudsen numbers, smooth channels with small accommodation coefficients allow larger
mass flow rates. This occurs due to the slip increase on the channel walls. For fully diffuse walls
(x = 1) our results agree with kinetic data for Kn < 0.5 [cf. plot (a)], while for x = 0.5 the R13
results are valid for Kn < 0.7, see plot (c¢). As shown previously for Couette and Poiseuille flows
[109, 110, 115, 121], the validity of R13 equations within the transition regime is again confirmed

here.
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Figure 7.6: The normalized mass flow rate My /7 vs. Kn in thermal transpiration flow. The R13
results (solid line) are compared to linearized Boltzmann data (symbols) from Refs. [79, 70]. De-
pendence of mass flow rate on accommodation coefficient x are shown in the plots. In transpiration
flow mass flow rate diverges infinitely in the free molecular limit when Kn — oo, and vanishes in the
continuum limit, i.e., Kn — 0.
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Figure 7.7: The normalized thermal energy flow rate Er/7 vs. Kn in thermal transpiration flow.
The R13 results (solid line) are compared to linearized Boltzmann data (symbols) from Ref. [70].
Dependence of thermal energy flow rate on accommodation coefficient x are shown in the plots. In
transpiration flow energy flow rate diverges infinitely in the free molecular limit when Kn — oo, and
vanishes in the continuum limit, i.e., Kn — 0.

Similar to the mass flow rate, the thermal energy flow rate Ep can be defined as [70, 92]

+1/2

Er = \/5/ |G1| dia, (7.12)

—1/2

where the required heat flux function is given in Eq. (7.8). This integral yields a linear expression

in 7 for thermal energy flow rate,

36v/5 x Kn
V5
V1 Y coth | ——
07+ 6x cot <6Kn

, (7.13)
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which similar to M7 is a function of dimensionless temperature gradient 7, surface accommodation
coefficient y, and Knudsen number Kn.

In Fig. 7.7, we compare our results for the normalized thermal energy flow rate, Ep /7, with the
kinetic data in [70]. Variations of energy flow rate with respect to x and Kn is similar to the mass

flow rate.
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Chapter 8

Linear Theory for Periodically
Unsteady Flows in Parallel-plate

Channels

8.1 Oscillatory Couette and Pulsating Poiseuille Flows

In oscillatory Couette flow, the gas is confined in a slit between two infinite parallel plates, where
one of the plates (upper plate here) oscillates harmonically in its own plane, and the other plate is
stationary, see Fig. 8.1a. The velocity of the oscillatory wall is vy = Viy sin (wt), where w and Vi
are constant frequency and velocity amplitude of the exerted oscillations. The plates are parallel
in zy—direction, separated by distance H, located on o = +H/2. Both plates are assumed to be
isothermal at temperature 6.

This flow configuration can be viewed as the limiting case of the classical Stokes’ second problem
in fluid mechanics, where a semi—infinite expanse of a viscous fluid is bounded by a laterally oscillating
flat surface [54]. In Stokes’ problem the plate oscillations propagate into the infinite expanse of the
surrounding gas. In the oscillatory Couette flow the range of propagation is limited between the
walls.

The viscous damping mechanism in oscillatory shear—driven flows is applied in many MEMS

designs, including resonant sensors/actuators, microfilters, microaccelerometers, and microbearings
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[30].

In pulsating Poiseuille flow both plates of the channel are at rest and a homogeneous oscillating
force is driving the process, see Fig. 8.1b. We assume the force to be g = G sin (wt) with amplitude
G and frequency w, acting in zj—direction. The rest of the setup is equivalent to the oscillatory
Couette case. As discussed in the previous section, standard Poiseuille flow without time—depending

force is known to exhibit non—intuitive behavior like the Knudsen minimum for small channel widths.

Hence, we expect interesting phenomena for the pulsating case.!,?
Uy = Wy sin(wt) L
@, O w . O
wl—r a zi—z —F— g=GsinGn
j A
by O

(a) (b)

Figure 8.1: (a) In oscillatory Couette flow a viscous fluid between two parallel plates at temperature
0w, separated by distance H, is excited by lateral oscillations of the top plate. (b) In pulsating
Poiseuille flow, plates are stationary and a harmonically pulsating body force is applied. In both
problems one—dimensional flows are considered.

8.2 Unsteady and Linearized Velocity Problem for Oscillatory
Couette and Pulsating Poiseuille Flows

We assume that in the considered oscillatory problems, the amplitudes are small, hence, nonlinear
effects are negligible and the processes can be fairly approximated with linear equations. In the
linear limit, similar to the half-space problems and parallel-plate channel flows the assumptions in
Eq. (6.40) hold for the considered unsteady problems as well.

For Maxwellian molecules with coefficients in Eq. (4.15) the unsteady velocity problem [cf.

! The presented materials in this chapter are published in Ref. [112].
2Presented materials for pulsating Poiseuille flow stems from a collaboration with Dr. Manuel Torrilhon (ETH
Ziirich).
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Eq. (6.41)] reads

Ovy | 0612 .
ot = Gsin (&), (8.1a)
9512 204 16 0%,  Opy 1 _
L e =1 1
9i 503, 15 012 9i, K ¥ (8-1)
0 0612 6 0%qQ 5 06 2
= — —Kn = - —— 1
of " 0% 5 o:2 | 20m 3RV (8:1c)

in which the constitutive relations (6.42) are applied. The required boundary conditions are the
same as for the steady problems, i.e., Eq. (6.43). The temporal derivatives of 91, 12, and ¢, are re-
tained within the velocity problem, which introduce the unsteady effects. Two specific dimensionless
parameters G and @ are the force amplitude and frequency. The dimensionless force is introduced
in Eq. (4.29), and the dimensionless frequency is defined by

wH
Voo

&= wty = (8.2)

8.3 Solutions for Periodically Unsteady Flows

8.3.1 Oscillatory Couette Flow

For periodically unsteady shear—driven flow the oscillatory force term in (8.1a) is zero. The oscillation
velocity at the upper wall is written in complex form as vy = Viyexp (iwt), where Sfuy] =
Vi sin (wt) indicates its imaginary part. As long as the calculations involve only linear operations,
we can omit the imaginary sign and proceed with the complex form, taking the imaginary part of
the final result.

By using the dimensionless frequency we can write

sin (wt) = sin (&f) = sin (KaSt°¢) , (8.3)
where
Kn= —h0 St:H(M>1/2 (8.4)
poVOoH’ 1o ' '

The parameter St is the Stokes number (at the reference equilibrium state), which is also used in
[11, 40, 81, 91]. The Stokes number is defined as the ratio of shear diffusion time scale to the

oscillation time scale, and represents the unsteady effects.
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R13 case: The long time solutions for (8.1) with G = 0 are expected to be plane harmonic waves
ii (2, ) = Uexp [z (KnSt2f— /2:7;2)} . where @= {01,512} (8.5)

The constant U is the complex (dimensionless) amplitude of the waves, Kn St* = & is the dimension-
less frequency induced by the boundary conditions, and k is the wave number.

After substitution of the harmonic solution into (8.1), it can be written as a homogeneous system,

i Kn St? 0 —ik ol 0
21 6. - -
0 i KnSt? + = — + — Knk? —ik § = , 8.6
i it E i Q1 0 (8.6)
-7 2.~ . 2 1 16 79 ~
I 1k 5Zk 1 Kn St —|—Kn—|—15Knk || o2 _O_

which serves as an equation for k. The dispersion relation, which relates k& and @, results from
the requirement that the system (8.6) has nontrivial solutions, det [] = 0. This gives two pairs of
solutions with opposite signs, k € {IEQ (Ko, St),a=1,2,3, 4}.

In order to relate the general solution to the boundary conditions, we write (8.5) as
U ({ig,i) = U(jg) exp (anSt%) with U= {Vl,Ql,Elg}. (87)

This form of the solution transforms the PDEs in (8.1) to the ODEs,

dXq

 Kn St2 = .
ikKnSt* Vi + i 0, (8.8a)
_ 2dQ,  dVi 16 . d*%i 1
KnSt? % L K =—_¥ 8.8b
' A TR Ko % (8.8b)
) d¥i2 6 d*Q 2
Kn St K - .
RS+ = 5 dz3 T (8.8¢)

which govern the amplitude distribution in the gas between the plates. Based on the solution of the

dispersion relation (8.6), the solution for ¥4 is a superposition of the solutions

4
212 = Z Ca exp (—i ];a 52) y (89&)

a=1

where the constants C, must be determined from boundary conditions. The solutions for velocity
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and heat—flux follow from (8.8) as

i= _iKnl St2 ddif’ (8.9b)
2
O s j2/(3Kn) <gKndd§§1 - dd%zlj) ! (8.9¢)
with .

Classical Case: The oscillatory Couette flow in the Navier—Stokes—Fourier system is simply described

by the momentum equation (8.1a) with G = 0, which after substitution of the law of Navier and

Stokes, 50%°F = —Kn 0t /0>, changes to the diffusion equation,
01 0%t

The assumption of harmonic solution leads to an ODE for the velocity amplitude distribution

1 d*W
Vi=———, 8.11
1 i St2 dis% ( )
with the general solution
Vi =Ciexp (\/Z St 52) + Crexp (—\/gSt ig) . (8.12)

The constants C; and C; in the NSF solutions will be determined from the velocity slip boundary
condition [cf. Eq. (6.45)].
Note that, unlike (6.57), (6.59), and (6.61) in (8.9a) and (8.12) the exponential terms do not

explicitly represent the Knudsen boundary layers.

8.3.2 Pulsating Poiseuille Flow

For pulsating Poiseuille flow the oscillating body—force, G sin (@f), is included in Eq. (8.1a). Due
to linearity, the velocity amplitude will be proportional to G. In the results below, we will choose
G such that for Kn — 0 the velocity amplitude is unity, which requires G = @, since in this case
12 — 0 and 00 /(‘975 = Gsin ((Z)ﬂ Accordingly, the continuum limit is a plug flow with 9; = cos (d}f)

exhibiting a phase shift of 7/2 with respect to the force.
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For the solution, we write the force in complex notation as G exp (zdt) Similar to the oscillatory
Couette flow, general solutions are then expected as plane harmonic waves, i.e., Eq. (8.5).
The linear system to determine the wave number % is identical to (8.6), when substituting Kn St?

by @. The solutions have the form ke {I;a (K, @), a=1,2,3, 4}. The final solution now includes

the force
4 ~
L= Coexp (—i Fa 5:2) : (8.13a)
a=1
a1 0%
Vi=G-— % 05 (8.13b)
1 6 . 0%Q, O0Xis
= 2 Kn . 1
@ =—757 2/(3Kn) <5 932 0is )’ (8.13¢)
with
001 5 (1+ivkn ovy 8 0°%i,
e 72 < o I<n- .
072 2 ( K2t 85:2) T3NSR

8.4 Results and Discussion for Periodically Unsteady Flows

8.4.1 Oscillatory Couette Flow

Figure 8.2 shows analytical solutions of linearized NSF and R13 for velocity and parallel heat flux
in oscillatory Couette flow. NSF solutions are given with both first— and second—order boundary
conditions. Three pairs of Knudsen and Stokes numbers are selected within the transition regime to
investigate the interaction of viscosity and rarefaction effects. The velocity solution is compared to
DSMC data of Ref. [40].

Velocity plots show that, as the gas becomes more rarefied, deviations of the macroscopic equa-
tions from the DSMC data increase at the boundaries, particularly at the oscillating boundary. For
small Knudsen numbers the differences between NSF and R13 are small, but the R13 solutions are
more accurate at higher Knudsen numbers. In general, the solution that gives the required curvature
at the boundary, and sooner converges to the bulk solution must be considered as the best solution.
At the first glance, the NSF solution with the first—order slip condition seems to be very close to
the DSMC data. NSF behaves better right on the surface, but due to the absence of Knudsen lay-
ers, it under—estimates the curvature and then converges to the bulk solution in a longer distance,
compared to the R13 solution, especially for the case of small Knudsen numbers. Second—order slip

condition improves the curvature on the boundary such that its bulk solution becomes close to the
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Figure 8.2: Interaction between rarefaction and viscosity effects in oscillatory Couette flow are
illustrated using three pairs of Knudsen—Stokes numbers at wt = {m, 7/2}. Left Analytical velocity
solutions for Navier—Stokes—Fourier and regularized 13—moment equations are compared to direct
simulation Monte Carlo data. Right Oscillatory Knudsen layers (parallel heat flow) which are zero
in Navier—Stokes—Fourier are presented for linear R13 equations.
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R13 bulk solution.

Near the oscillating boundary, the curvature of R13 differs from NSF due to Knudsen layers, i.e.,
parallel heat flux. The oscillating Knudsen layers are shown in the right plots of Fig. 8.2, which are
zero in NSF theory.

Our linear approach treats viscosity as a constant, i.e., independent of temperature. Indeed,
dependence of viscosity on temperature covers a portion of nonlinear effects, which are excluded in
the presented calculations. This can be addressed as the most likely reason for differences between

the DSMC and analytical results.

8.4.2 Pulsating Poiseuille Flow

For pulsating Poiseuille flow, kinetic or experimental data could not be found for rarefied conditions.
Here, we present the results for the linearized NSF and R13 systems, and demonstrate that large
deviations between the models are possible, even for moderate Knudsen numbers. The results for
NSF have been computed with full second—order slip boundary conditions.

Figure 8.3 displays the velocity profiles for two different cases, and two time instances wt = 0,
and @wt = 7/2 within one cycle of the oscillating force. The left plot of the figure uses Kn = 0.1 and
a dimensionless frequency of @ = 1. Both results show qualitative agreement, but NSF somewhat
overestimates the velocity value in the middle of the channel. The right plot of the figure displays
the result for kn = 0.3 and @ = 8, that is, for a 8—times higher frequency. The differences between
NSF and R13 are marked.

-0.4 -0.2 0.0 0.2
IQ/H

Figure 8.3: Comparison of velocity profiles for pulsating Poiseuille flow computed with NSF and

R13 for two different situations: (0 = 1, Kn = 0.1) and (@ = 8, Kn = 0.3). The plots show the two
different times &t = 0 and @t = 7/2 within one force cycle.

To obtain more insight into the behavior of the solutions for pulsating Poiseuille flow, we compute
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the average velocity

1/2
/ vy (Zg,t) dZy = A sin (@t +7), (8.14)
—1/2

with amplitude A and phase shift . This quantity depends only on Knudsen number and frequency
w, but not on space and time. In Fig. 8.4, we plot the amplitude and phase shift as functions of Kn
for two frequencies, @ = 1 (upper plots), and & = 8 (lower plots).

For very small Knudsen number the amplitude converges to A = 1 and the phase shift becomes
v = m/2, due to the scaling of the force as mentioned above. For larger Knudsen numbers the ampli-
tude and phase shift follow rather complicated curves reflecting the complex interplay of convection,

dissipation and boundary conditions in the process.
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Figure 8.4: Amplitude and phase shift of velocity over Knudsen number in pulsating Poiseuille flow
for NSF and R13. This figure shows the frequencies @ = {1,8} and uses accommodation factor
x = 1. Phase shift converges to 7/2 for large Kn both for NSF and R13. For high—frequency flow
w = 8, the models predict opposite phase shifts for kn ~ 0.2.

The case w = 1 shows differences between NSF and R13 only for relatively large Knudsen
numbers, especially in the phase shift. Note that independent of @ the phase shift converges to
~ = 7 /2 for large Knudsen numbers for both models. For the larger frequency w = 8, the differences

are already very strong for Knudsen numbers as small as Kn = 0.1. The NSF equations predict a
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phase shift smaller than 7/2 while R13 gives clearly v > 7/2 in the range 0.05 < Kn < 1.0. Similarly,
the amplitude shows much larger values in the NSF result. Due to the higher accuracy of R13 for
larger Knudsen numbers and faster processes we expect the R13 result to be superior over the NSF
solution. It remains to compare amplitude and phase shift to DSMC solutions or experimental data

for pulsating Poiseuille flow.
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Chapter 9

Linear Theory for Shear—driven
Rotary Flows in Cylindrical

Geometry

9.1 Non-isothermal Cylindrical Couette Flow

Circular flow between two concentric cylinders which are at different temperatures and rotate relative
to each other, i.e., non—isothermal cylindrical Couette flow, is a basic problem of shear—driven flows
in non—planar coordinates’. The simple configuration of cylindrical Couette flow allows to study
the structure of Knudsen boundary layers over curved boundaries. Microscale cylindrical Couette
flows are common in miniaturized turbomachinery designs, e.g. microturbines, where work transfer
between a rotor and a fluid is desired [27]. Moreover, they have many applications in micro—tribology,
i.e., the science of interacting surfaces in relative motion [31].

Rarefied shear—driven circular flows have been investigated experimentally [2, 3], and numeri-
cally [8, 24, 78, 93, 94, 99, 100, 101, 104, 116, 131]. Different aspects of these flows are studied
through the kinetic approaches. These include prediction of drag coefficients on the cylinders [2, 24],
density minimum phenomenon [78], evaporation and condensation on the cylinders [100, 101], non—
Newtonian stress components [94], non—Fourier heat flow [94], flow stability [104, 131], effects of

boundary curvature and the velocity inversion phenomenon [8, 99, 116]. The velocity inversion is

IThe presented materials in this chapter are published in Ref. [113].
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a non—intuitive phenomenon which happens in cylindrical Couette flows with smooth walls. When
the inner cylinder is rotating and the outer one is stationary, the velocity of the gas increases with
the distance from the inner cylinder.

In Refs. [28, 77, 132] and also in the present study, it is shown that the classical NSF equations
can describe some of the characteristic features of cylindrical Couette flows, e.g. velocity inversion.
Even more, they can approximate the effects of velocity slip and temperature jump when higher
order boundary conditions are employed. Nevertheless, NSF equations fail to present the high—order
rarefaction effects, i.e., Knudsen boundary layers.

In this section, we apply the R13 equations and their corresponding kinetic boundary conditions
as a higher—order macroscopic transport model for shear—driven rotary flows in micro—annuli. This
model predicts a circumferential non—Fourier heat flow and non—-Newtonian stress components which
are pure rarefaction effects [110, 115], to which little attention is given in the literature. In addition,
we will show that second-order boundary conditions (in cylindrical coordinate) for NSF equations
effectively improve the NSF predictions.

In the context of moments method, Khayat and Eu [47, 48] adapted their Grad—type moment
equations to investigate cylindrical Couette flow of Lennard—Jones fluids. However, they reduced
the governing equations such that NSF boundary conditions were sufficient.

We conclude this introductory section by giving a short remark on stability of shear—driven
rotary flows with limited axial length, also called Taylor—Couette flows. For liquids, stability of
circular Couette flow with finite axial length is rigorously investigated by Andereck et al. [4].
Their experiments with water revealed that eighteen flow regimes can be distinguished in two—
dimensional cylindrical Couette flows, where the effects of top and bottom ends are prominent.
They showed that for fixed flow dimensions, transition between the regimes depends on the Reynolds
numbers corresponding to inner and outer cylinders, and the rotation mode (counter-rotating and
co—rotating). Experiments in [4] concern only dynamic (and not thermal) behavior of cylindrical
Couette flows. To the authors’ knowledge there is a lack of similar study for rarefied gas flows, owing
to the difficulties of experiments with gases. However, in Refs. [104, 131] DSMC simulations are
reported for moderately rarefied cylindrical Couette flows without axial uniformity, where top and
bottom boundaries were in effect. For a constant Knudsen number and a fixed flow geometry, three

different flow regimes were reported, which only depend on the velocity of the cylinders [131].
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9.2 Flow Setting for Cylindrical Couette Flow

We consider a monatomic ideal gas flow in rarefied condition that is confined in an annulus between
two coaxial cylinders. The height of the cylinders H is sufficiently large such that top and bottom
boundary effects can be neglected. For instance, the ratio of gap to height in the apparatus used
by Alfos and Springer [2] was 0.06, where the inner and outer radii were 6.350 cm and 7.112 cm,
respectively; the height of the cylinders was 6.350 cm, and for minimizing end effects measurements
were made on the center, H/2.

The flow setting is depicted in Fig. 9.1. The temperatures of inner and outer cylinders are "1
and 0" °, respectively. The angular velocities of the cylinders are w; and w, around the z—axis. We
employ cylindrical coordinates x = {r, ¢, z}, where r is the radial coordinate and r; and r, are inner
and outer radii of the circular gap, respectively. The gap size is L = r, — r;. The circumferential
velocities of the wall surfaces are ’UZV = prw, and ’UZV 9 = row,. We investigate steady state
behavior of the gas in the absence of body forces.

In general, the considered flows are defined by setting the dimensions (ri,7,), temperatures
(0™-1,6"°), and velocities (v))>°,v})") of the cylinders. Moreover, the gas rarefaction is controlled
through the mass of the gas in the system (or the mass density at rest).

The walls are impermeable and there is no velocity in radial direction, v, = 0. Also, there

is no axial velocity v, = 0; flow is independent of axial direction 9/0z = 0, and it is uniform

circumferentially, 9/9¢ = 0, i.e., axisymmetric flow. Accordingly, the velocity field reads

Since the flow is assumed to be independent of the z—direction, the symmetric and trace—free stress

tensor o;;, and the heat—flux vector g; simplify to

Orr (1) Orp (1) 0 qr (1)
o= Ore (’f’) Opp (’f’) 0 ) q= 9y (r) s (glb)
0 0 02 (1) 0

where all components are functions of the radial coordinate r. Trace—free condition for the stress



94

tensor gives 0., (1) = —oyy (1) — 0y (7).

Z |

Figure 9.1: Coordinates and flow setting in cylindrical Couette flow. The gas is confined in the gap
between the cylinders, which have different temperatures and rotate independently.

9.3 Linearized R13 Equations for Cylindrical Couette Flow

For steady state and unidirectional rotary flows, as illustrated in Fig. 9.1, linearized R13 equations in

cylindrical coordinates [Eqs. (4.40)—(4.70)] reduce to the following three sets of differential equations.

B The velocity problem:

R13 case: The motion of the gas is described by tangential momentum, tangential heat—flux, and

tangential stress (shear stress) equations that in their linear form read

0Gre Ore

9Tre _ 2
o7 + = 0, (9.2a)
10R,, Ry, Pr _
1 -t 2
2 o 7 kel (9:2b)
2 (3Gp o\ Otrre . 2Mrrp — Moy 1. @, 00,
(S22 =Gy + £ - 2. 9.2
5<8f 3 R 7 /Rt T T (9.2¢)

For the above equations, the required constitutive relations and linear boundary conditions [Eq. (5.39)]

are

- By (0d, q . . Or
Rnp = 7 Kn <8—: - ?sa ) Myrp = —Mppp = —2Ckn Tf;a (9‘3)
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and

T T P2 U
Grp = Z_X\/;<V¢+5q@+2mrw)nr, (9.4a)

- X 2 ~ 11 1.
=2 <_v¢ e i ) e (9.4)

As a pure rarefaction effect, the tangential heat flow g, governed by Eq. (9.2b), is not driven by

a temperature gradient, which makes the velocity problem completely independent of temperature.

Classical case: The linearized velocity problem in the Navier—Stokes—Fourier system includes the

tangential momentum balance [Eq. (9.2a)],

o 2\ (00, B,
(5+3) (5e-%) o (5:5)

in which the linear Navier—Stokes law for viscous stress was used, i.e.,

GNSF — 1 <% - ”—“’) . (9.6)

e oF T

The linearized second—order velocity slip condition for the NSF system follows from Eq. (C.13),

which, after substitution of Navier and Stokes law reads

2 [r (05, © 1 4C\ (%5, 108,
NSF:— - i G Klr— - == e —ZT7e e K12
Ve X \/;<af f) " <5Pr 15)<af2 faf“Lf?)

2 TC\ (100, ©,\ ..
- (m+1—5) (%W‘f—z)}"“ : (07)

B The temperature problem:

R13 case: The thermal behavior of the stationary gas between two cylinders is governed by

('98({; + %T =0, (9.8a)
14_5 (2 %q*; B q7 ) N arg;w L T —f2mw _ 1 9.35)
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with the constitutive relations for its high—order moments

5 T @ 306 28m — oy
A=0, Ry=-Ry=-Bkn, mw_CKn<5 o E :

C (85, 206, 86,5
P e pp 4 rr ©Orr ee ) )
Mree =3 (87* 5 0r 5 7 ) (99)

The boundary conditions for the temperature problems are [Eq. (5.39)]

X 2 1. 1. 5.
= — | -2 — TT——A__ rr T 1
5y 7T( T 20 = 28R n (9.10a)

) —~ [2( 2~ 7. 1. 1.

oy = 2(_z —Gpp — —A+ —Ry | 0y, 9.10b
T =T w( 57 5o At e n (9-10b)
) X [2( 1. _ 1. 1. 1.

T =5 —\—zT/ — = rr_—A__ T .1
Mree =55 w( 57 " Tee TR T 5t T 1aftes ) (9:10¢)

Equation (9.8a) is the linearized energy balance, where the nonlinear viscous heating terms are
discarded in the linearization, compare with Eq. (4.27). Linearized balance equations for normal

components of the stress tensor and heat—flux vector are given in (9.8b)—(9.8d).

Classical case: The linearized temperature problem in the Navier—Stokes—Fourier system consists of

o 1\ 06
(ﬁ n ;> oo (9.11)

in which the linearized Fourier law for heat conduction was used, i.e.,

energy balance [Eq. (9.8a)],

5 Kn 00
~NSF _ <YV
T 2ProF’ (9-12)

The linearized second—order temperature jump condition for the NSF system follows from Eq. (C.14),

which after substitution of Fourier’s law reads

(&_1_&) 100 <&+5_Bz> @] K2, (0.13)

TNSF _ 2—x 5 m 00 o 1
168 5 30/ 7OF 30 84 ) Or?

x 4tV 2or T 9Py

B The density/pressure problem:

R13 case: The radial momentum balance [Eq. (4.26a)] includes the radial density/pressure gradient,

that in linear form reads

8/3 89 Gy Orr — &W’ _
T e TR =0, (9.14)
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where p = 1+ j + 0 is used as the linearized ideal gas law, see Eq. (4.31).
Since kinetic boundary condition is not available for neither density nor pressure, the condition

of constant mass in the process can be used to evaluate the radial density/pressure distribution,

/ (p+ 1) 7 dr = const. (9.15)

The above condition is similar to (6.52) in the case of parallel-plate channel flows.

Classical case: In classical hydrodynamics where non—Newtonian stress components are zero, the

density /pressure problem reduces to 90/87 = —dp/ 7.

9.4 Remarks on Characteristic Parameters

The linearized equations in the previous section are presented in dimensionless form. Detailed
information about dimensionless parameters is available in Sec. 4.4. For the prescribed cylindrical
geometry, the chosen reference length £, normally is either the radius of the inner cylinder, r; [§8], the
radius of the outer cylinder, r, [94], or the gap width, (1, — 7i) [116]. This allows several choices for £,
and consequently, the Knudsen number, Kn = A\g/L, is not uniquely defined. For characterizing the
degree of rarefaction one will be inclined to base the definition of Kn on the smallest of these scales,
i.e., either r; or (ro — 7). To present results in dimensionless form, any choice of the reference length
might be used. However, one has to be careful about the various definitions used in the literature
when results of different sources are compared. When comparing to the results of other authors,
we shall follow their choice of definition, otherwise we base the definition of Kn on the radius of the
inner cylinder.

Apart from the Knudsen number, the processes depend on the (angular) velocities of the cylin-
ders and their temperatures. The differences in angular velocities (w, — w;j) and in temperatures
(6"-° — 6"-1) are the driving forces for the processes. Dimensionless measures, e.g. the Mach num-
ber, are useful to indicate the strength of these driving forces. As explained in Eq. (4.30), for the
velocity scale we use the isothermal speed of sound, 1/fy, which is proportional to the equilibrium
speed of sound, ¢ = /0y (v = 5/3 is the ratio of specific heats). Thus, the dimensionless velocity
is related to the Mach number by [0] = Ma, /7.
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9.5 Solutions for Cylindrical Couette Flow

9.5.1 Analytical Solution for the Linearized Velocity Problem

Replacement of (9.3) into (9.2b) and (9.2¢) leads to a compact form of the velocity problem,

85, O o (04, q 5 o (24, @ 15,
97re _ 9 (Mo Do) _ 2 9 (2% Vo) _ 1 9re 1
or i =0 8F<8F % o2 \57F T s (016

in which Pr, By, and C are replaced from Eq. (4.15) for Maxwellian molecules.

From Eq. (9.16), it is a straightforward task to find the general solution for &,,. The second
equation is a modified Bessel equation and its general solution consists of two linearly independent
solutions, the Bessel functions I, and K, (with o =1 in this case). The solution for o, follows by
integrating the stress equation and substituting the obtained solutions for &,, and §G,. Accordingly,
the general solutions for the velocity problem are

. C: . V5 V5 . 2. 1 . _
UT@ZE, g =Co Iy <3—Kn>+C3’C1 (3—Knr ) U¢:—5q¢+m0rwr+c4ﬂ (9.17)

where C; to C4 are the integrating constants that must be determined from the boundary conditions.
The underlined terms denote the linearized NSF solution, which require the boundary condition (9.7).

As indicated in Eq. (9.17), the linear solutions for the shear stress are the same for both NSF
and R13 systems. The Bessel functions Z; and K represent the Knudsen layers which are pure
rarefaction effects. The circumferential heat flow, g,, contributes to the velocity solution. In the
linear case, the only difference between NSF and R13 arises through the Knudsen boundary layer
Gy, Where (ngF = 0. Slip velocity on the boundaries is given by the coefficient C4, and the Knudsen

layer contribution.

9.5.2 Numerical Solution for the Linearized Temperature Problem

Due to the coupling between o,, and o,, in Eqgs. (9.8b)—(9.8d), an analytical solution for the
temperature problem is not accessible. Thus, the linear temperature problem is solved numerically.

The linearized temperature problem given by Eqgs. (9.8a)—(9.8d) includes four independent param-
eters {6‘~, Gr,Orr, 0py}, and five dependent parameters {A, Ryr, ]:ZW,, Myrr, Mgy}, all vary only with
respect to the radial direction. In the linear case explicit expressions are available for {A, Ryr, R«p«p}

[see Eq. (9.9)], thus, these dependent parameters can be removed from the parameters list U as long
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as they can be expressed by other dependent parameters.

After straightforward manipulations the linearized temperature problem can be written in matrix

form,
ou
I—=PU, 9.18
or ( )
with the boundary conditions
U =BU + B, (9.19)

where I is the unit matrix, and U is the parameter vector
o R R N
U= (QTa Tpps Mrep, Myrr; Orr, 9) .

The vector By, contains the boundary properties, including the temperature and accommodation

coefficients of the walls

T
_ 1 - 2 .
Binh = <2ﬁ9W707 gﬂew, —gﬂGW,O) . (920)
The matrices P and B are
—1 0 0 0 0 0
T
o Ak 3 1 4K
3r 2 Kn 3Kn 3r
4 1
5w 0 00
P= 21
4 0 2 1 1 0 ’ (9.21)
5r T r Kn
2 5 2
= 0 - =
0 3r 6 Kn 3r 0
4 2 1 2
“Brm 3 0 3% 3¢ U
and 6K 3 3
- 0O 00 ——= =2
r 2 s
0 1 0 0 0 0
12 Kn
P
B= 357 5 5 | (9.22)
12Kn g 0 0 78 208
35r 5 5
0 0 00 1 0
0 0 0 0 0 1
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where for brevity in presentation of the boundary conditions, modified accommodation factors 5 are
introduced as
X 2
g

=2 /= 9.23
V= (9.23)

By using the basic central finite difference method, Eq. (9.18) with the boundary condition (9.19)
is solved numerically for U. In the linear case, the parameters in U change locally, and since both
P and B matrices are independent of U, no iteration is required in the numerical method, and the
accuracy of the numerical results only depends on the grid resolution.

The general solution for Eq. (9.11) is
oNSY = CsIn7 + Cg,

that gives the radial temperature distribution for the linear NSF system. The integrating constants

Cs and Cg must be determined from the boundary condition (9.13).

9.6 Results and Discussion for Cylindrical Couette Flow

In this section, first we present a parametric study on radial distribution of macroscopic properties
in the cylindrical Couette flow of a moderately rarefied gas. Furthermore, we compare the accuracy

of linear NSF and R13 systems with available DSMC data in the literature.

9.6.1 Results for the Velocity Problem

The linear velocity problem can be characterized by Knudsen number Kn, surface accommodation

w

factor x, and the wall velocities v, ,

or wall Mach numbers. We shall investigate the radial dis-
tributions for {6,,,qy,,0,} given by Eq. (9.17). The radius of the inner cylinder r; = 1 is taken
as the reference length scale, i.e., the Knudsen number is defined based on the radius of the inner
cylinder, and a fixed radius ratio is considered r,/r; = 2. The other parameters assume the values
x = {0.02,0.2,0.5,1} and Kn = {0.01,0.05,0.1, 0.2}. Rotational state of the cylinders are categorized
in three modes given in Table 9.1, such that 0)>! +3))>° = 0.5.

Figure 9.2 presents the radial distribution of shear stress, circumferential heat flux, and velocity

in the annulus. The plots are obtained for fully diffusive walls xy = 1, while the effects of different

Knudsen numbers and rotational modes are illustrated.
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Table 9.1: Rotational modes for cylinders in cylindrical Couette flow.

Mode 1 0.5 0
Mode 2 0 0.5
Mode 3 0.25 0.25

Distribution of shear stress &, for both NSF and R13 systems is given by Eq. (9.17), albeit with
different values for the constant Cy, which is obtained from different boundary conditions. As shown
in the top row of Fig. 9.2, for larger Knudsen numbers we observe larger shear stress on the walls.
As expected, plot (a) shows that for rotation mode 1 stress is maximum on the inner rotary cylinder
and rapidly decays towards the outer stationary surface. However, this pattern is not observed for
rotational mode 2 in plot (b), where the stress is minimum on the rotary outer cylinder and increases
towards the inner cylinder. This occurs because of curvature effects (converging geometry), i.e., the
volume of flow decreases towards the inner cylinder. Rotation of the inner cylinder in the same
direction as of the outer one can change this pattern again, see plot (c).

On the middle row of Fig. 9.2 the circumferential heat flux given in Eq. (9.17) is plotted. This
non—Fourier heat flow which is not driven by temperature gradient is a pure rarefaction effect, and
is not accessible for classical hydrodynamics, ngF = 0. The velocity solution (9.17) indicates that
d, gives the Knudsen boundary layer for the velocity problem. It can be seen in Fig. 9.2 that the
magnitude of the circumferential heat flow and thickness of the Knudsen layer increases with Ku.

As a consequence of curvature effects, for all the rotational modes the circumferential heat flow
is stronger on the inner cylinder, and already for Kn = 0.2 this Knudsen layer extends over the whole
flow field. For rotational modes 1 and 2 the heat flow direction on the rotary wall is opposite to the
wall velocity, and hence, mass flow direction. This is consistent with Couette flow simulations in
planar geometry [115]. Nevertheless, in the cylindrical geometry direction of G, is inverted on the
stationary walls, see plots (d) and (e) in Fig. 9.2.

The bottom plots in Fig. 9.2 are devoted to the velocity distribution. The obtained results
confirm that velocity slip increases in dilute gases. Moreover, for all rotation modes, the inner
cylinder has larger slip values owing to more surface curvature.

The Navier—Stokes results obtained from the first— and second-order slip conditions are shown
for Kn = 0.2. Indeed, the proposed higher—order boundary condition in Eq. (9.7) effectively shift the

Navier—Stokes solutions towards the R13 prediction.
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(a) (b) (c)
(R N — NSFL ool 0035 [ N K02
012} oot 0.030
010} 003 0.025
Opyp 0081 ooab 0.020
0.06F 15005 005 0.015 F Kn—0.05
0.04 006t 0.010
002f g-0.01 —o07F / 0.005
1.0 12 14 16 18 20 10 12 14 16 18 20
rir, rir,
: : : : / 0.025 7 : : :
0.00 0.000 —/
0020 |
~0.002 |
-0.01 Kn=0.01 0.00
0.015 Kn=0.05
Ko—0.1 ~0.004 |
q,-002f Kn—0.2
2} Kn=0.01 0.010 0.006 - Kn—0.01
Kn=0.05 e Kn—0.05
ool Kn—=0.1 Kn=0.1
0.03 Ko 0.2 00051 ~0.008 | Kn—0.2
~0.04 --- NSF ~0010
— R13 0.000
-0.05 \ -0.012 ‘ J
10 12 14 16 18 20 10 12 14 16 18 20
rir, rir,
(8) | (i)
0.26 F
------ NSF!

041

032

0.1p

0.0k

Kn—=0.01
Kn—0.05

025
Kn=0.01

0.24

0.23

0.22}f.K

021

0.20

2.0

Figure 9.2: Solutions of the linear velocity problem: dashed blue line is NSF with first—order bound-
ary condition; long—dashed red line is NSF with second—order boundary condition; continuous black
line is R13 with third—order boundary conditions. Radial distribution of shear stress (top plots),
circumferential heat flux (middle plots), and velocity (bottom plots) in the annulus between two
fully diffusive cylinders xy = 1, are shown. Plots in left, middle, and right columns correspond to
rotational modes 1, 2 and 3, respectively. For each rotational mode, effects of Knudsen number
variation are depicted. NSF results with the proposed second—order slip condition show satisfactory
agreement with the R13 predictions. For the small Knudsen numbers NSF results are not shown,
since they are very close to the R13 predictions.
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Velocity differences between R13 and NSF with second—order slip condition are more apparent
near the walls. This can be explained by the explicit solution for velocity in Eq. (9.17) which is
the superposition of Knudsen layer, bulk velocity, and slip. The R13 equations benefit the Knudsen
layer to provide more curvature near the walls, see plots (g) and (i) in Fig. 9.2.

The effects of different accommodation factors and rotational modes for Kn = 0.1 are investigated
in Fig. 9.3, where radial distribution for shear stress, circumferential heat flux, and velocity are given.
Comparison between Fig. 9.2 and Fig. 9.3 shows that for the same rotational mode, variations of x
and Kn have similar effects on ¢, and g, distribution. Smooth walls with small x values impose
less stress and weak Knudsen layers.

In plot (g) velocity inversion is observed, i.e., flow velocity increases close to the stationary
wall [8, 28, 116, 132]. The velocity inversion takes place only for rotational mode 1 and for small
accommodation coeflicients. It is not a rarefaction effect as it can be predicted by NSF system. This
phenomenon is the effect of curvature on the slip length, hence it cannot be observed in the planar
Couette flows. In other words, cooperation between the wall curvature and wall smoothness on the
inner cylinder extensively increases the slip such that velocity inversion occurs.

In Figs. 9.4 and 9.5 we have compared our velocity results with DSMC data from Refs. [8, 116]. In
the considered DSMC simulations, molecules are treated as hard—sphere molecules, thus, coefficients
for Maxwellian molecules [cf. Eq. (4.15)] have been used in the R13 equations. It is important
to emphasize that in Refs. [8] and [116] the Knudsen number is defined based on the gap size
L = r, — rq, and inner radius i, respectively. Consequently, our solutions are characterized by two
different Knudsen numbers.

The DSMC data in Ref. [116] are for argon at p = 101 325 Pa, confined between two isothermal
walls at T = 298.15 K, where the mean—free path for hard-sphere molecules is A5 = 6.25 x 1078 m,
and speed of sound is 321.629 m/s. The outer cylinder is stationary while the inner one rotates at
wi = 5.17 x 108 rad/s. The gap size is L = rq — 13 with r; = 3AHS and ro = 5MH3. These conditions
give Kn = 0.447 (based on our definition for Knudsen number), while different accommodation
factors are employed.

Plots (a) and (b) in Fig. 9.4 present Navier—Stokes results for velocity with first— and second-
order slip conditions, respectively. It is shown that the new second—order slip condition improves
the Navier—Stokes predictions, and makes them comparable with DSMC, and with the R13 results,

which are depicted in Plot (¢). This improvement is more apparent near the outer stationary wall.
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Figure 9.3: Solutions of the linear velocity problem: dashed blue line is NSF with first—order bound-
ary condition; long—dashed red line is NSF with second—order boundary condition; continuous black
line is R13 with third—order boundary conditions. Radial distribution of shear stress (top plots),
circumferential heat flux (middle plots), and velocity (bottom plots) in the annulus for Kn = 0.1
are shown. Plots in left, middle, and right columns correspond to rotational modes 1, 2 and 3,
respectively. For each rotational mode, effects of surface accommodation factors are depicted. NSF
results with the proposed second-order slip condition show satisfactory agreement with the R13
predictions. For the small Knudsen numbers NSF results are not shown, since they are very close
to the R13 predictions.
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Figure 9.4: Radial velocity distribution for different accommodation factors when Kn = 0.447.
Knudsen number is defined based on the gap size, L = r, — rj. Navier—Stokes and R13 results are
compared to DSMC data (diamond symbols) from Ref. [116].

For fully diffusive walls, the velocity profiles are compared in plot (d).

We emphasize that in the DSMC simulations of Ref. [116] the size of the gap between the cylinders
is 2A\HS which is very small. The thickness of Knudsen boundary layers is usually in the order of
two mean free paths. Therefore, in the data of Ref. [116] the Knudsen layers affect the whole flow
field, specifically for the diffusive walls. So we do not expect excellent agreement with the DSMC
results of [116], since the Knudsen number is too large for our method. This motivated another
comparison with DSMC data for smaller Knudsen number from Ref. [8].

In Ref. [8], unlike [116], the radius of the inner cylinder r; is assigned as the characteristic
length, and 7, = 2r;. The dimensionless surface velocity of the inner cylinder is f):;V A= \/5/ 2,
and the outer cylinder is at rest. The Knudsen number % used in [8] is related to our definition by
k = 8v2Kn/(5/T).

Figure 9.5 presents the velocity comparison for y = {0.01,0.2,1.0}, when k£ = 0.1, or Kn = 0.08.

Since the Knudsen number is relatively small, the Navier—Stokes system shows good agreement. The
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profiles near the rotating wall are magnified to show the Knudsen layers. The R13 results exhibit

more curvature than NSF, due to the non-Fourier tangential heat flow effects.

040 R 1 040P
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Figure 9.5: Radial velocity distribution for Kn = 0.08 with different accommodation factors. Knudsen
number is defined based on the radius of the inner cylinder. Navier—Stokes and R13 results are
compared to DSMC data (symbols) from Ref. [8]. Profiles near the rotary wall (shaded areas) are
magnified to show the effects of Knudsen layers.

9.6.2 Results for the Temperature Problem

The temperature and velocity problems are independent in the linearized systems. This means
coupling between velocity and temperature fields, particularly, viscous heating, is ignored in our
analysis. Therefore, the temperature problem is reduced to stationary radial heat conduction be-
tween the cylinders. DSMC simulations with isothermal cylinders [8, 116] exhibit small temperature
deviation due to viscous dissipation. Tibbs et al. [116] reported 1% and 3% density and tempera-
ture variations, respectively, while in Ref. [8] effects of viscous heating on density and temperature
is about 5% for Kn = 0.13 (k = 0.1).

As postulated by Fourier’s law, for isothermal walls our numerical results for the linearized

equations confirm a homogeneous radial distribution for temperature where,

¢ (T) = 0Wa qr (T) = Opp (T) = Opr (7") =0. (9.24)

The above results, with Eq. (9.14), give a constant radial distribution for density p (1) = po.
We consider a case where the cylinders are at different temperatures. Then, the linear tempera-

ture problem can be characterized by Knudsen number Kn, surface accommodation factor x, and wall
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temperatures 8" . The parameters are chosen similar to the velocity problem, but ’U};V71 = UZ,V7 ° =0,
and we shall define two temperature modes, with §">! = 20W>° = 2, and §">° = 20">1 = 2 for
mode 1 and 2, respectively.

Profiles of diagonal elements of stress tensor, radial heat flux, and temperature are shown in
Fig. 9.6. Plots (a)—(h) are obtained for fully diffusive walls x = 1, and the effects of Kn variations
are shown. Plots (i)—(p) are obtained for Kn = 0.1, while the effects of x variations are examined.

In the temperature problem, switching between the temperature modes only inverts the process,
compare the signs of o,,, 04, and ¢, between the temperature modes.

The first and second row of plots show that diagonal stress components, which are zero in
NSF system, grow with Kn and x. These non—Newtonian stress components can be interpreted
as Knudsen layers for the temperature problem. The behavior of the radial heat flux ¢, in the
temperature problem is similar to that of the shear stress ., in the velocity problem. So one might
conclude that in the linear limit the differences between the NSF and R13 results for ¢ only refers
to the difference between the boundary conditions. This cannot be proved through the numerical
solutions, as we do not have an explicit solution for .. Heat flow between two cylinders is stronger
at rarefied conditions, due to the larger mean free path. Analogously, diffusive walls increase the
heat flow since they provide better thermalization for the gas molecules.

The bottom plots in Fig. 9.6 are devoted to the radial temperature distribution. It can be seen
that there are larger temperature jumps on the inner cylinder, owing to its higher curvature. Plots
(g) and (h) show that the temperature jump increases with Kn, since the number of gas—surface
collisions decreases for large Knudsen numbers. On the other hand, temperature jump and x are
in inverse relation. For very small values of y, temperature jump increases on both cylinders, such
that a homogeneous temperature fills the annulus, see plots (o) and (p).

Finally, the proposed second—order jump condition provides better matching between NSF and

R13 results.
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Figure 9.6: Solutions for the linear temperature problem: dashed blue line is NSF with first-order
boundary condition; long-dashed red line is NSF with second—order boundary condition; continues
black line is R13 with third-order boundary conditions. Radial distribution of non—-Newtonian shear
stresses (first and second rows), radial heat flux (third row), and temperature (bottom plots) in the
annulus are shown. For each temperature mode, effects of different surface accommodation factors
and Knudsen numbers are depicted.
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Chapter 10

Linear Theory for Flows in Tubes

In this section, linearized Navier—Stokes—Fourier (NSF) and regularized 13-moment (R13) equations
along with their corresponding boundary conditions are employed to investigate nonequilibrium

effects in Poiseuille and transpiration flows of rarefied gases in tubes.

10.1 Poiseuille and Transpiration Flows in Tubes

Tubes with circular cross section are favored in engineering applications as flow passages. Rarefied
gas flows in circular channels under pressure gradients (cylindrical Poiseuille flow), and temperature
gradients (cylindrical thermal transpiration/creep flow) are rigorously investigated through kinetic
approaches, see Ref. [92] for an extensive bibliography. Kinetic solutions of cylindrical Poiseuille flow
were first reported in 1966 by Cercignani and Sernagiotto [23], followed by Ferziger’s improvements
[29]. They confirmed the presence of a minimum in the flow rate, which was previously observed in
experiments by Knudsen [51] (Knudsen paradox).

One year later, Sone and Yamamoto [103], and Loyalka [60] initiated kinetic approaches for
thermally—driven flows in tubes. The interesting phenomenon in transpiration flows is the existence
of a pumping effect, also known as thermomolecular pressure difference (TPD), which was proved
by Knudsen experiments [52].

Nowadays, owing to broad improvements in computational facilities and numerical schemes, the
quality of kinetic solutions for cylindrical Poiseuille and transpiration flows is considerably improved.
Thus, they provide a reliable benchmark for validating the results of macroscopic approaches, and

even for calibrating the experiments.
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We investigate steady state flows subject to small longitudinal pressure and temperature gra-
dients, where the linearized R13 equations can be used to analyze the problem with minimum
numerical effort. In order to validate our solutions, we compare them with the most recent kinetic
data.

An explicit solution for two—way flow pattern, which appears in simultaneous Poiseuille and
transpiration flows, is discussed. Furthermore, we examine the validity of Onsager’s reciprocity
relation for both NSF and R13 equations. Breakdown of Onsager’s symmetry is used as a new
criterion to determine the range of applicability of macroscopic approaches.

Finally, in order to improve the accuracy of classical NSF hydrodynamics, a new set of velocity
slip and temperature jump conditions for NSF system is proposed. These conditions are deduced
from the R13 kinetic boundary conditions using a scaling approach [110, 113], see Appendix C
for more details. It is shown that these second—order boundary conditions for axial flows in tubes

considerably improve the NSF solutions for the considered boundary value problems.

10.2 Flow Setting for Poiseuille and Transpiration Flows in

Tubes

We consider a system including two reservoirs containing the same gas, joined by a capillary of
length L, as depicted in Fig. 10.1a. The pressure p, temperature 7', and mass density p of the gas in
the cold low—pressure and warm high—pressure reservoirs are denoted by {p1,T1, p1} and {p2, T2, p2},
respectively, and the valves of reservoirs allow to adjust these conditions.

First, we assume isothermal reservoirs 77 = T5, while a constant pressure difference is maintained
between the reservoirs by adjusting the valves such that ps > p;. In this setting a pressure driven
Poiseuille flow occurs from the right reservoir to the left one. Quite differently, a thermally—induced
flow can be initiated between isobaric reservoirs, p; = ps, which are kept at different temperatures
Ty > T», and a temperature gradient along the capillary wall connects the temperatures of the
reservoirs. In this setting the gas flows from the cold reservoir to the hot one. The arising flow is a
thermal transpiration flow [98].

Furthermore, we consider simultaneous Poiseuille and transpiration flows in a closed system, i.e.,
when both valves are closed. Initially, we assume isobaric reservoirs with different temperatures and

a temperature gradient along the capillary wall. This setting initiates a thermally—driven flow in
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the tube in the direction of the temperature gradient. Therefore, a pressure difference between the
reservoirs will establish, known as the thermomolecular pressure difference [52, 89]. This, in turn,
will induce a pressure—driven Poiseuille flow, in opposite direction of the transpiration flow. We
emphasize that in such a flow setting temperature and pressure gradients have the same direction
along the tube, while their corresponding flows have opposite directions. There will be a transpiration
flow at the walls, and a backward flow in the centre of the pipe. After a sufficiently long time, a steady
state condition will establish in which the closed reservoirs have constant pressure and temperature

ratios, and the net mass flow in the capillary is zero. The relation between pressure and temperature

T v
;;—j: <f) : (10.1)

where ~ is the exponent of thermomolecular pressure difference [92], which strongly depends on the

can be presented by

degree of gas rarefaction, i.e., the Knudsen number [89, 90].

We investigate steady state flow in a long capillary with circular cross section of radius R, see
Fig. 10.1b. Thus, cylindrical coordinates x = {r, ¢, z} are employed in our analysis, where r and z
are the radial and axial coordinates, respectively. The flow is irrotational, v, = 0, and independent

of the azimuthal coordinate, i.e., 9/9¢p = 0.

10.3 Flow in Long Tubes

In general, due to compressibility effects, flow in the tube is two—dimensional in the r—z plane,
which requires a numerical approach. As discussed in Ref. [92], and similar to what we did for
Poiseuille and transpiration flows in parallel-plate channels, in flows through long passages one can
safely discard the small compressibility effects and describe the overall flow behavior using a one—
dimensional transport field. In this section we use the same approach which is used in Ref. [92] to
justify the unidirectional flow assumption in long tubes.

For sufficiently long tubes where R/L = ¢ < 1, one can assume that density and temperature
variations in the cross section are negligible compared to their longitudinal variation, so that p = p (2)
and € = 6 (z). To proceed, we choose the radius of the tube as the reference length scale to define
the dimensionless coordinates

(10.2)

[
Il
|

and

<
Il

=)~
Jay)

Indeed, the reservoirs affect the flow at the capillary ends, but compared to the length of the capillary,
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Figure 10.1: Poiseuille flow, thermal transpiration flow, and their combination are illustrated between
two vessels (a), which are connected through a long pipe (b). In the case of pressure—driven Poiseuille
flow, a constant pressure difference is maintained between the reservoirs by adjusting the valves. In
thermal transpiration flow a temperature gradient in axial z—direction is applied on the tube wall
which connects the temperatures of two vessels. This longitudinal temperature gradient induces a
flow from the cold reservoir to the warm one, while their pressure is the same. When the system
is closed and a temperature gradient is applied on the tube wall, Poiseuille and transpiration flows
occur simultaneously. In such a setting, temperature and pressure gradients have the same direction
along the tube, but their corresponding flows have opposite directions.

the entry/exit effects are limited to very small regions. Then, ignoring these effects [125], we have

p(0)=p1, p(L)=p2, 0(0)=01, 0O(L)=0s. (10.3)

At any arbitrary cross section Z = % along the tube and for |Z — Zp| < 1 we can write

s dp - 1 .2
P(z)—P(Zo)+£2:£0( —Zo)+§@2:£0(2—20) )

N s 00 .. 1 9% o -2
0(2) =6 (%) + 5 . (2—20) + 392 e (2= %), (10.4)

where |Z' — Z| < |Z — Z]-
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The order of derivations can be expressed in terms of the smallness parameter e,

dp 9?p
55~ o1 =p)=0(0), 5~ —p2) =0(),
20 %6

~ € (91 - 6‘2) = O (6), ~ 62 (91 - 6‘2) = O (62) . (105)

9z2

0z

Since € < 1, the second—order derivatives can be neglected, and the expansions in Eq. (10.4) reduce

to
PO = pll+oG—2)), and 0(2)=boll+7 ()], (106
with
=), o=2C  _o@, m=op), =200 _o@. o)

Accordingly, we can conclude that near a given cross section, Zy, on a distance of the order of the
tube radius R, density and temperature linearly vary with respect to z, and their gradients are small
constants of order e. Replacement of density and temperature from Eq. (10.6) into the ideal gas law

gives

a(p/pO) :O(G);

0z =z

p(Z) =po[l+p(2—%)], with po=pobo, p=o0+7= (10.8)

again, all terms of order ( — %) are neglected due to linearization.

The constant pressure and temperature gradients are the driving forces for the Poiseuille and
transpiration flows, respectively. As will be shown the following sections, our linear analysis discards
axial compressibility effects and allows to simplify the problem such that a one-dimensional analysis
can be employed to investigate the local transport field across the tube.

The tube walls are impermeable and there is no velocity in the radial direction, v, = 0. Since
the flow is assumed to be independent of the p—direction, the velocity vector v, the heat—flux vector

q, and the symmetric and trace—free stress tensor o simplify to

0 qr (1) Orr (1) 0 oz (1)
V= 0 , 9= 0 , o= 0 0up(r) 0 : (10.9)

v (1) q- (1) oz (1) 0 0.2 (1)
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where all components are only functions of the radial coordinate r. Trace—free condition for the

stress tensor gives oy, (1) = —op, (1) — 022 (7).

10.4 Linearized R13 Equations for Axial Flows in Tubes

For steady state and unidirectional axial flows, as illustrated in Fig. 10.1, linearized R13 equations in

cylindrical coordinates [Eqs. (4.40)—(4.70)] reduce to the following three sets of differential equations.

B The velocity problem:

R13 case: In the linear case, to find the gas velocity we need to solve the following subset of equations

o0 1
— 4+ 26, =—p, 10.10
<af + f) 7 v (10.10a)
1/0 1\ = Pr 5
—p+ - =+= )R =——G. — =1, 10.10b
o+ 3 <af + f) K27 ( )
2 8q,z 8Thrrz ﬁlrrz - ﬁlcpcpz 1 ~ a'Dz
= = 3. 0rz — (3= 10.1
50 | oF 7 K" oF (10.10c)
with the constitutive relations
- B, . 0q. . 8C 5 Gy . 2C Ora
rz:_Kl ~ rrz:__Kl o< 5 z:_Kl — | 10.11
N L 15 (p+47“) Mheez = 75 (p+57«) (10-11)

and the linearized boundary conditions [cf. Eq. (5.39)]

- X 2 [~ 1. 1.
ry — T - z — 4z P’ TTrZ T ]‘ ]‘2
5 T W(V+5q+2m >n (10.12a)
- X 2 ~ 11 _ 1.
er:_— — | —Vz - 4z S Mrrz T- 10.12b
5 x W( V+5q +5m n ( )

Equation (10.10a) is the dimensionless and linearized axial momentum balance, p = 0p/0Z was
introduced in Eq. (10.8). Also, Eq. (10.10b) is the dimensionless and linearized axial heat—flux
balance with 7 = 38/9%, as the constant and dimensionless axial temperature gradient [Eq. (10.6)].

Equation (10.10c) is the dimensionless and linear form of the shear—stress balance.

Classical case: In the hydrodynamic limit, where high—order moments vanish, the velocity problem

reduces to

oF T

0 1\ 00, 16 Pr _ 5
oF  Kn’ Kn
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In Eq. (10.13); Navier—Stokes law for shear—stress in dimensionless form was used, i.e.,

8'[7
~NSF z
o =—-kn . 10.14
Tz f)f ( )

Equation (10.13)s is Fourier’s law for axial heat conduction (applicable only for thermally—driven

flows),
NsF _ 0k

: 10.1
B 5pr " (10.15)

Since o, is of O (Kn), it follows from Eq. (10.10a) and also from Eq. (10.13);, that pressure gradient
g is first-order in terms of Knudsen number, O (p) = O (Kn). Hence, p in Eq. (10.10b) provides a
second-order contribution to the axial heat flow, and as depicted in Eq. (10.13), it vanishes in the
hydrodynamic limit [98].

The radial velocity distribution can be found by integrating (10.13);. Depending on the kinetic
model, the integrating constants must be evaluated from the linearized form of the approximate slip

conditions [cf. Eq. (C.27)] that read

~ — 0] 29 0
prse _ 27X X\/?asznnr+%§T—< ! 4C)8“z an—( ! +£) L9% 152, (10.16)

y V2 o7 5Pr 15 ) 072 5Pr  15) 7 OF

In Eq. (10.16) both Navier-Stokes and Fourier laws in dimensionless form [Eqgs. (10.14) and (10.15)]

were used.

B The temperature problem:

R13 case: The Thermal behavior of the gas is governed by the equations

o 1
~)g =0, 10.17
(af« * f) 4 (10.17)
o 1 1

o= = erz:_ sz; 10.1

(6?+f)m 10 (10.17Db)
4~r 8~rrr ~rrr_2~r 1~

_2% , OMrr M Mree _ 5, (10.17c¢)

57 or 7 Kn
G,y 260+ 62 1 [OR. 2R, + R.. 19A Pr_ 500
+ +3 +

o g 10.1
oF = + - q (10.17d)

6 OF K" 20F
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with the constitutive relations

A = Rzz = 0, ]‘:L)Tr = —B2 Iﬁlq_r mrm’ =

~ 3

3C <85M 225, +azz> |

5 oF 3 7

oy EKn<_zac~Trr 002 §25'rr+5'zz)
3 5 OF or 5 T ’
Mypsz = %Kn <8g;z - %85;7 - %2&”: U) ; (10.18)
and the linearized boundary conditions [Eq. (5.39)]
g = ﬁ % <—2?— %a - 11—5 A — % ) s (10.19a)
Myrr = % % <—§’r+ ga — %A + ﬁ}%) ny, (10.19b)
M2z = ﬁ % <—%T— Gox + %Erw - %50A - %Ru) n,. (10.19¢)

Equation (10.17a) is the linearized energy balance in dimensionless form where the nonlinear vis-
cous heating term, —&,, (00,/07), is omitted. The other equations are linearized balance equations

for normal components of the stress tensor and heat—flux vector.

Classical case: Fourier’s law for the radial direction is given on the right—hand side of Eq. (10.17d),

GNSF = — (5Kn/ (2Pr)) 9/0F. Substitution into Eq. (10.17a) gives an explicit equation for temper-

o 1\ 00
(% + ;> ) (10.20)

Integrating the above equation introduces a constant which must be determined from the linearized

ature,

temperature jump condition [Eq. (C.28)],

- 2—-x 5 [m 80 5 5B, 1 A\ 100 (A, 5B\ 9%
NSF 2 A ° [ FKin,—— |[—= - - =)o - [ 2=+ =) — | Kn?.
T x 4\ 20 " 2Py [<168 5 30)?87’ <30jL 84)87*2

(10.21)

B The density/pressure problem:

R13 case: Once the temperature problem is solved, we can integrate the linear form of the radial

momentum balance,

aﬁ a&TT 2&TT+&ZZ
— =0. 10.22
o " or T 7 (10.22)
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On account of Eq. (4.31) one can recast Eq. (10.22) as

op 00  8G.. 26, + 6.
- = 10.2
s tortor 7 0 (10.23)

in order to find radial density deviations. Integrating the above equation introduces another inte-
grating constant, which must be determined from the auxiliary condition regarding the conservation

of mass in the process, that in proper dimensionless form reads
1
/ (p+ 1) 7dr = const. (10.24)
0

Classical case: Based on the Navier—Stokes law the normal stress components, also known as non—
Newtonian stresses, vanish in the hydrodynamic limit &,,, = 6., = 0. Then the density/pressure

problem simplifies to p + 6 = const.

10.5 Solutions for Poiseuille and Transpiration Flows in Tubes

In this section, explicit linear solutions for Poiseuille and thermal transpiration flows in tubes are
presented for the velocity problem. Although the temperature problem in Egs. (10.17a)—(10.18)
is linear, due to the coupling between the non—-Newtonian components of the stress tensor via the
curvature terms, an explicit solution for it is not accessible. This restriction of obtaining analytical
solution for the temperature problem is also reported in our discussion of cylindrical Couette flows
[113].

As in Ref. [113], the linear temperature problem can be solved numerically with basic finite
difference methods, which yield ¢, = 7., = 7, = 0 = 0 for symmetric temperature distributions on
the tube. Similarly, trivial solutions for density and pressure can be concluded from the temperature
problem solution that are p = p = 0. This trivial solution means that in the linear regime flow
is isothermal. Non-—zero solutions for {(jr,frzz,frm,é, p,D} can be obtained when a nonsymmetric
temperature distribution is defined on the tube wall, however, this is not a conventional setting for

tube flows.
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10.5.1 Poiseuille Flow in Tubes

In the Poiseuille flow where the process is driven by the pressure gradient g, the velocity problem

[Egs. (10.10) and (10.11)] reduces further to

(% + %) Orz = —§, (10.25a)
ot B24K“ <% %) 88‘7; _ _%qz, (10.25b)
%8;; = —%Erm - %. (10.25¢)
The solution for the above system follows by integration as
Orz = % - %f, (10.26a)
7. =C2Jo (% P—Z77> +C3 <%\/§2f> +§p, (10.26b)
. =Cy+ &fz - % In (F) — %q (10.26¢)

C,-C, are the integrating constants, which need to be determined from the boundary conditions.
The underlined terms indicate the solution for the NSF equations. Note that both R13 and
NSF systems yield the same solution for shear stress. The NSF system predicts heat flux only
in the direction of the temperature gradient, thus, it cannot predict the axial heat flux ¢, in this
isothermal flow. Similar to Poiseuille flows in planar geometry, this streamwise heat flow, is not
driven by temperature gradient, and is a pure rarefaction effect. The zeroth—order Bessel functions
Jo and ) in ¢, describe Knudsen boundary layers, and Kn p/Pr is a second-order bulk effect. The

term C4 is the macroscopic slip velocity, while the microscopic slip velocity is —2g./5 (at 7 = 1).
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10.5.2 Transpiration Flow in Pipes

The thermal transpiration flow is induced by the axial temperature gradient 7, while p = 0. Hence,

the velocity problem in (10.10) and (10.11) takes the form

o 1\ .
<% + ;) Gro =0, (10.27a)
Bkn (8  1\dg.  Pr_ 5
1 <§ ;) iU XL (10.27b)
204 1. 0w
g oF - _EUTZ - ﬁ (1027C)

Integrating Eq. (10.27) gives the general solution as

5rz = &7 (10283.)
_r_
- 2 /Pr . 2 /Pr _ 5 Kn
7. =C2 0o (ﬁ B—27’>+C3y0 <EVB_QT>_ﬁT’ (10.28b)
- C 2.
v, = Cq — ﬁl In (7) — ng, (10.28c¢)

with the underlined terms as hydrodynamic solutions. Similar to Poiseuille flow, the stress solutions
for NSF and R13 are identical. The axial heat flux is a superposition of Knudsen boundary layers
{Jo, Yo}, or mechanocaloric heat flows |61, 62|, and a Fourier heat conduction that is forced by the
axial temperature gradient 7. In the velocity solution, C4 and the contribution of the Fourier’s law

represent the slip velocity (temperature—driven plug flow).

10.6 Results and Discussion for Poiseuille and Transpiration

Flows in Tubes

This section provides comparison between our theoretical results and kinetic solutions for the Boltz-
mann equation. Radial distributions of stress, velocity, streamwise heat flux, and Knudsen layers
are compared to available kinetic data. Moreover, for both, Poiseuille and transpiration flows, the
reduced mass flow rate, M, and the reduced thermal energy flow rate, F, are compared to Boltzmann

data. The mass and thermal energy flow rates in tubes are defined as [92, 95, 124]

1 1
M = 2\/5/ 0, 7dF, E = 2\/5/ |G.| 7 dF, (10.29)
0 0
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where the factor 24/2 is included to match dimensionless definitions of M and E in the kinetic sim-
ulations. The influence of gas rarefaction, kinetic model, and boundary accommodation coefficients
will be investigated on mass and energy transport in the axial direction.

Based on the applied kinetic model, we categorize the available kinetic data in two groups,
namely, the linearized Boltzmann equation (BE) data and Bhatnagar—Gross—Krook (BGK) data.
In comparisons of our solutions with kinetic data we use the coeflicients given in Eqs. (4.15) and
(4.16) as approximates for the BE and BGK models. Our general solutions in Egs. (10.26b) and
(10.28b) explicitly show that Pr and By affect the thickness of Knudsen layers and bulk values. This
observation is one of the advantages of analytical approach, that is not easily achievable in kinetic
solutions.

Conventionally, in kinetic approaches a rarefaction parameter ¢ is defined as [92]
s=Y"12 (10.30)

where £ and A¢ are reference length scale (here, the radius of the tube R) and mean free path in

the local equilibrium state, respectively. The kinetic theory of gases gives the mean free path with

w0y po
Ao =4/ — —. 10.31
=V ( )

Replacement of )¢ from Eq. (10.31) into Eq. (10.30) and then comparison with Eq. (4.38), gives a

respect to macroscopic quantities as [16]

relation between Knudsen number and rarefaction parameter

1

Kn = 755 (10.32)

which has been used to relate our solutions to the kinetic data.

10.6.1 Poiseuille Flow

The solution for Poiseuille flow is given in (10.26), where for the sake of compatibility with the
Boltzmann data we shall set p = 1. Since the solutions must be finite at 7 = 0, then C; = C3 = 0.
The only unknown constant in the Navier—Stokes—Fourier solution is C4 which can be evaluated from

the linearized slip condition (10.16) at # = 1. For the R13 solution the constants {Cz, C4} follow
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from the boundary conditions (10.12).

Since C; = 0, shear stress in NSF and R13 linearly depends on radial position, and its magnitude
is proportional to the constant pressure gradient (or force), i.e., 6, = —p7/2.

In Fig. 10.2 the radial distribution of velocity and heat flux are shown for y = 1 and Kn =
{0.07,0.14,0.35}, corresponding to § = {10,5,2}. For proper scaling the kinetic data are multiplied
with the factor v/2/6. Plots (a) and (b) compare the velocity solutions with both BGK and linear
Boltzmann equation (BE) data, respectively. In Poiseuille flow the solutions for BGK and BE are
very close. As shown in plot (b), for the small Knudsen number Kn = 0.07, all models show fair
agreement with the kinetic solution. As the Knudsen number increases the Navier—-Stokes—Fourier
equations with first—order slip condition yield unsatisfactory bulk solution, however, it provides a
better approximation of the slip velocity. By predicting a larger slip, the second—order slip condition
shifts the NSF solution towards the R13 and kinetic results. Compared to NSF with second—order
slip condition, R13 shows better agreement with kinetic data near the wall. This improvement is

the effect of third—order boundary conditions and Knudsen boundary layer.

Velocity profile in Poiseuille flow Velocity profile in Poiseuille flow Heat flux profile in Poiseuille flow
comparison with BGK data (a) comparison with BE data (b) comparison with BE data ( )
¢

Kn=0.35

-
—_

x=1.0

— — NSF1 — — NSF!
- NSF2 --- NSF2
Al — R13 al — R13 | — RI3
- Valougeorgis & Thomas B o Siewert & Valougeorgis N .
) . + Siewert & Valougeorgis
Siewert O Loyalka & Hamoodi
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r/R r/R r/R

Figure 10.2: Radial distribution of velocity and mechanocaloric heat flux (Knudsen layer) in
Poiseuille flow for Kn = {0.07,0.14,0.35} and fully diffusive tube surface, x = 1. Results from
Navier—Stokes—Fourier with first—order slip condition (NSF!; long-dashed blue line), Navier—Stokes—
Fourier with second—order slip condition (NSF?; dotted red line), and regularized 13—-moment with
third—order boundary conditions (R13; solid black line) are compared to kinetic data (symbols). The
BGK data are taken from Refs. [124, 95] and BE data are from [96, 67].
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In the velocity profile for Kn = 0.35, R13 shows maximum error at » = 0, and /R = 1. In plot
(b) these errors are 10% and 22% at the center of tubes and on the wall, respectively. These errors
are calculated as (Data — R13)/R13.

In plot (c), the Knudsen layer in Poiseuille flow is compared to BE data (BGK data is not
available for this case). This high—order nonequilibrium heat flow, which points in opposite direction
to mass flow, cannot be predicted by NSF. The magnitude of this heat flux, which is not driven by
temperature gradient, is increasing with Knudsen number. As depicted, for small Knudsen numbers,
a two—way heat flow occurs; streamwise in a narrow layer near the wall and counter—stream elsewhere.
This phenomena is also observed in Poiseuille flow in parallel-plate microchannels [115].

Figure 10.3 shows the reduced mass flow rate in Poiseuille flow Mp for fully diffuse walls x = 1 in
the hydrodynamic regime. It shows that for small Knudsen numbers both NSF and R13 agree with
kinetic data, taken from Ref. [56]. Indeed, the agreement between velocity profiles [cf. Fig. 10.2] is
the reason for the precise prediction of mass flow rate. The kinetic data in Fig. 10.3 are obtained
based on the BGK model, hence we used coefficients in (4.16) to evaluate our results. Similar BGK
data were also reported earlier by Cercignani and Sernagiotto [23].

Mass flow rate in Poiseuille flow in hydrodynamic regime
comparison with BGK data

16} - — NSF!
14f - NSF2
g — RI3 ]

12 O Lo & Loyalka
M 10 ]

8 L

6

41 x=1.0

2 0015 0020  0.030 0.050 0070

Kn

Figure 10.3: The reduced mass flow rate in Poiseuille flow obtained from Navier-Stokes—Fourier
with first-order slip condition (NSF!; long-dashed blue line), Navier-Stokes—Fourier with second—
order slip condition (NSFZ; dotted red line), and regularized 13-moment with third—order boundary
conditions (R13; solid black line) are compared to BGK kinetic data (symbols) from Ref. [56]. The
comparison is presented for small Knudsen numbers and fully diffusive tube surface, x = 1. The
comparison confirms that in the slip flow regime where Kn < 0.1, the results are very close.

Kinetic solutions for Poiseuille flow in the transition regime confirm Knudsen’s experimental
observation [51], that in low pressure Poiseuille flows the mass flow rate as a function of Knudsen
number exhibits a minimum. This phenomenon, which is known as Knudsen minimum paradox, is

observed in both parallel-plate channel and tube flows [22, Chap. VII].
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Figure 10.4 shows the variations of mass flow rate in Poiseuille flow with respect to Knudsen
number and accommodation coefficient of the tube surface. Unlike Fig. 10.3, which is restricted
to the hydrodynamic regime, here the Knudsen number varies across the transition regime. NSF
solutions with first— and second-order slip conditions are shown in plots (a)—(d), while R13 results
are given in plots (e) and (f). Additionally, we compared our solutions with both BGK (left plots)
and BE (right plots) data. The symbols present kinetic data for different accommodation coefficients
x = {0.6,0.8,1.0}. Small values for x represent smooth walls with less friction that result in larger
flow rates. The results in Fig. 10.4 show that for small values of x the validity of macroscopic models
is extended to larger values for Kn. Here, we compare the accuracy of NSF and R13 with kinetic
data for x = 1, which is commonly assumed in engineering applications. NSF with first—order slip
condition in plots (a) and (b) does not exhibit any minimum, and is acceptable only for very small
Knudsen numbers, Kn < 0.1. The second—order slip condition extends the validity of the NSF system
up to Kn < 0.6, and enables the NSF system to capture a minimum. The R13 solution [cf. plots (e)
and (f)] provide acceptable approximation of the flow rate in the transition regime; they are valid
for Kn < 1.0 in the BGK model and Kn < 1.7 in the BE model. Our criterion to set these range for
Knudsen number is (Data — Model) /Model < 7%.

For better comparison, the results for fully diffusive walls are compared in plots (g) and (h). For
x = 1 the kinetic solution gives the minimum around Kn = 2.0, while as our best candidate, i.e.,
R13, predicts this minimum around Kn = 0.7 and Kn = 1.0 for BGK and BE models.

We emphasize that for proper comparison with the kinetic data our results in Fig. 10.4 are
obtained separately with BGK model coefficients (4.16) and linearized Boltzmann model coefficients
(4.15).

The reduced thermal energy flow rate in Poiseuille flow, Ep, is discussed in the next section.

10.6.2 Transpiration Flow

The solution for thermal transpiration problem is given in (10.28), where for the sake of compatibility
with the kinetic data we set 7 = 1. Since these solutions are finite at # = 0, then C; = C3 = 0. The
constant C4 for the NSF system can be evaluated from the linearized slip condition (10.16) at 7 = 1.
For the R13 solution the constants {Cy, C4} require boundary conditions (10.12).

With C; = 0 the shear stress for both NSF and R13 systems vanishes, ., = 0. Accordingly, for
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Figure 10.4: The effects of Knudsen number and surface accommodation on the reduced mass
flow rate in Poiseuille flow in transition flow regime. Navier—Stokes—Fourier with first—order slip
condition (NSF!; long-dashed blue line), Navier-Stokes—Fourier with second-order slip condition
(NSF2; dashed red line), and regularized 13—-moment with third—order boundary conditions (R13;
solid black line) are compared to kinetic data (symbols) for x = {0.6,0.8,1.0}. Left and right plots
correspond to BGK and BE solutions, respectively. BGK data for x = 1 shown by circles are from
Ref. [56], while triangles and cubes are taken from [82, 83]. The BE data for x = 1 shown by black
circles and diamonds are from [96] and [67], respectively. All other data are from Ref. [89]. It is
shown that second—order slip condition improves the NSF solution in transition flow regime. In plots
(g) and (h) all solutions for y = 1 are compared.
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thermal transpiration flow, the slip condition (10.16) in dimensionless form reduces to

. 1Ko
NS
Vs 2Pr

that means in the linear limit the second—order slip condition degrades to a first—order condition. Due
to this simplification, the effects of accommodation coefficients do not appear in the slip condition
for hydrodynamics.

In Fig. 10.5 profiles of velocity and heat flux in transpiration flow are shown for x = 1 and
Kn = {0.07,0.14,0.35}, which correspond to é = {10, 5,2}. Plots (a) and (b) compare the velocity
solutions with BGK and linear Boltzmann equation (BE) data, respectively. For proper scaling
the kinetic data are multiplied with the factor \/2/5. As depicted, unlike the Poiseuille flow, in
transpiration flow the solutions for BGK and BE models are quite different. Our analytical solution
shows that this inconsistency roots in the different values for Pr and the coefficient B;. The results
confirm that the magnitude of mass and heat flows increases with the rarefaction degree. Navier—
Stokes—Fourier yields a plug flow across the tube cross section, and drastically overestimates the
mass and heat fluxes near the wall. In plot (c), the axial heat flux in transpiration flow is compared
to BE data. This heat flow is a superposition of Fourier heat flow, i.e., the NSF solution, and
the mechanocaloric heat flow [see (10.28b)]. The mechanocaloric heat flow (Knudsen layer), which
occurs in mass flow direction competes with the constant Fourier heat flow, and helps the R13
solution to match the kinetic results. For small Knudsen numbers, where the effects of Knudsen
boundary layers are limited to the wall neighborhood, NSF and R13 predict the same heat flux at
the center of the pipe.

For Kn = 0.35 the R13 solution for velocity shows 18% error with respect to kinetic data at
r/R = 1. For the heat flux solution the error is around 14% at /R = 1, and 7% at r/R = 0.65.
These errors are calculated as (Data — R13)/R13.

Figure 10.6 shows the variations of the reduced mass and energy flow rates in thermal transpi-
ration flow with respect to Knudsen number and surface accommodation coefficient. Our analytical
results are compared to BGK and BE kinetic data for moderately rarefied flows in the transition
regime. The BGK data in plots (a) and (c) are taken from Ref. [57]. BGK data for x = 1 are also
available in [124]. The BE data in plot (b) and (d) are from [89, 96]. Plots (a) and (b) show that for
Kn < 0.3 the mass flow rate is a weak function of accommodation coefficients. However, for larger

Knudsen numbers the effects of the accommodation coefficient become significant. Linearized NSF



126

Velocity profile in transpiration flow Velocity profile in transpiration flow Heat flux profile in transpiration flow
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Figure 10.5: Radial distribution of velocity and heat flux in transpiration flow for Kn =
{0.07,0.14,0.35} and fully diffusive tube surface, y = 1. Results from Navier-Stokes—Fourier (NSF;
dotted red line) and regularized 13-moment (R13; solid black line) are compared to Kinetic data
(symbols). The BGK data are taken from Refs. [124, 95] and BE data are from [96, 67]. Note that
for both velocity and heat flux NSF yields constant solutions. In transpiration flow the first— and
second—order slip conditions for NSF are equivalent.

provides a rough approximation of the kinetic data for Kn < 0.2. Nevertheless, it neglects the effects
of surface accommodation and drastically overestimates the mass transfer when surface effects come
into account, i.e., for kn > 0.3. The R13 system, on the other hand, yields remarkable agreement
with kinetic data up to Kn = 0.5. The boundary conditions (10.12) allow the R13 system to take
account for the surface effects. For small values of x this agreement extends to Kn = 0.7 for the
BGK model, and Kn = 1.0 for the BE model. Our criterion to set these range for Knudsen number
is (Data — Model) /Model < 7%.

Plots (c¢) and (d) in Fig. 10.6, show the reduced thermal energy flow rate in transpiration flow.
The Navier—Stokes—Fourier system, that only considers Fourier heat flow due to the axial tempera-
ture gradient, overestimates the energy flow above Kn = 0.1, and fails to capture the surface effects.
Similar to the reduced mass flow rate, R13 results are accurate for moderate Knudsen numbers.
To the authors’ knowledge, there are no linearized Boltzmann kinetic data available for reflective—

diffusive surfaces where y < 1.
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Figure 10.6: The effects of Knudsen number and surface accommodation on the reduced mass and
thermal energy flow rates in transpiration flow in the transition regime. Results from Navier—Stokes—
Fourier (NSF; dotted red line) and regularized 13-moment (R13; solid black line) are compared to
kinetic data (symbols) for x = {0.6,0.8,1.0}. Plots (a) and (c) present comparisons with BGK
kinetic data taken from Ref. [57]. In plot (b) and (d) our solutions are compared to BE kinetic data
from [89] and [96], respectively. In transpiration flow the first— and second-order slip conditions for
NSF are equal, and fail to capture the influence of the accommodation coefficient.

10.6.3 Validity of Onsager’s Reciprocity Relation

The well-known phenomenological laws of nonequilibrium thermodynamics are derived from the
Onsager’s theorem which relates thermodynamics forces to thermodynamics fluxes. Despite the
independency of thermodynamics forces, they might cause several fluxes, i.e., cross effects [34].
An example for this is coexistence of both mass and energy fluxes due to pressure (or temperature)
gradient in Poiseuille (or transpiration) flow, where the pressure (temperature) gradient is considered
as the driving thermodynamic force.

For steady state flows in the linear regime the Onsager reciprocity relation can be derived [87, 88]
as

Ep = My. (10.33)

Thus, energy flux driven by pressure force should be equal to the mass flux which is driven by



128

temperature force (note that these quantities are defined in dimensionless form).

In Fig. 10.7 our theoretical results for the reduced thermal energy flow rate in Poiseuille flow Ep,
and the reduced mass flow rate in transpiration flow My, are compared to kinetic data from Refs. [96,
89]. In the kinetic simulations Eq. (10.33) is valid for the entire range of Knudsen numbers, and is
usually used to validate the accuracy of computations. As shown, in the absence of a longitudinal
temperature gradient, NSF fails to predict the mechanocaloric energy flux in Poiseuille flow, hence,
the Onsager reciprocity relation is valid for the NSF system only when Kn — 0. On the other hand,

R13 gives partial agreement, which extends up to Kn < 0.2, with approximately 7% deviation.
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Figure 10.7: Validity of Onsager’s reciprocity relation in pipe flows, is examined for Navier—Stokes—
Fourier (NSF; dotted red lines) and regularized 13-moment (R13; solid black lines) equations. Our
solutions for x = {1.0,0.8,0.6} over moderate Knudsen numbers are compared to LB Kinetic data
(symbols) from [89, 96]. It is evident that in NSF system the Onsager’s condition holds only for
very small Knudsen numbers. However, R13 yields Onsager symmetry for Kn < 0.2.

Here, a question may arise that whether Onsager’s reciprocity relation can be used to determine
the range of validity of macroscopic transport equations (in terms of Knudsen number)? To answer
this question, this criterion is further investigated for planar flows, i.e., the capillary between the
reservoirs in Fig. 10.1 is assumed to be a parallel-plate channel. The results are shown in Fig. 10.8.
As depicted, in planar internal flows the Onsager’s reciprocity relation is valid for Kn < 0.1, where
the Knudsen number is defined based on channel height. If one defines the Knudsen number for pipe
flows based on the diameter of the pipe (and not its radius), then for both planar and cylindrical
geometries Fp = My holds within the same range. Therefore, validity of Onsager’s reciprocity

relation does not depend on flow geometry, if Knudsen number is defined in a consistent manner.
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Figure 10.8: Validity of Onsager’s reciprocity relation in parallel-plate channel flows, is shown for
regularized 13-moment equations. Our solutions for x = {1.0,0.75,0.5} over moderate Knudsen
numbers are compared to linear Boltzamnn data (symbols) from [70, 79].

10.6.4 Two—way Poiseuille and Transpiration Flows

In the case of simultaneous Poiseuille and transpiration flows, it is straightforward to show that a su-
perposition of Poiseuille and transpiration solutions satisfies the general velocity problem [Eq. (10.10a)—

(10.12b)]. Accordingly, the general solution for the velocity reads

2 /P
[Czjo (ﬁ B—ZF> +

where, again, {C1,C3} = 0, and {C,,C4} are superpositions of the corresponding integrating con-
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vz—C4—|—4Kn 5 (10.34)

stants for Poiseuille and transpiration flows. In steady state condition, the net mass flow rate is

1
/ Uy rdr =0.
0

Substituting the velocity solution (10.34) into condition (10.35) and then integrating, gives a

Zero,

(10.35)

relation between p, 7, and Kn, that reads
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2 2 > [Pr
—o(Z- SVPB G | oy
T @<5 8Kn2) FyVhB G (Kn Bz)

PI“C4
K

(10.36)

Since the BGK model yields incorrect Prandtl number, it is erroneous in describing isothermal
and nonisothermal flows simultaneously [89]. Thus, in this section we use BE coefficients (4.15) in
our calculations, that correspond to the correct Prandtl number.

Figure 10.9 shows velocity profiles in simultaneous Poiseuille and transpiration flows for fully

diffusive walls, x = 1. As illustrated, a two—way flow is formed in the tube, in which the pressure—
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driven flow is dominant in the center of the tube, and close to the wall thermal creep occurs in the
opposite direction. In plot (a) the dimensionless pressure gradient is p = 0.1, while the values for
Knudsen number are Kn = {0.1,0.15,0.2}, that correspond to 7 = {2.05,1.19,0.86} according to
Eq. (10.36). For a constant pressure gradient, when the Knudsen number increases, the required
temperature gradient to satisfy condition (10.35) decreases. In plot (b), the Knudsen number is
constant, Kn = 0.1, and different pressure gradients are chosen p = {0.1,0.3,0.5}, that yield 7 =
{2.05,6.15,10.25}. Indeed, for a given set of {Kn, Pr, x,B2}, Eq. (10.36) gives a linear relation between

p and 7.
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Figure 10.9: Two—way velocity fields in simultaneous Poiseuille and transpiration flows, where
pressure—driven flow occurs in the middle of the tube, and temperature—driven flow close to the
boundary. The flows have opposite directions, such that the net flow rate is zero. In plot (a) the
pressure gradient is constant and the effects of Knudsen number variation are shown. In plot (b)
the Knudsen number is fixed, and different pressure gradients are examined. Both plots are shown
for fully diffusive walls, x = 1.

10.6.5 Thermomolecular Pressure Difference

By replacing the integrating constants {Cs, C4}, into Eq. (10.34) and integrating as in (10.35), the
net mass flow rate splits as

Moy = TMy — pMp = 0. (10.37)

Substitution of 7 and p from Egs. (10.7) and (10.8) yields a simple expression for the exponent of

thermomolecular pressure difference v, [cf. Eq. (10.1)]

_ Mr

Y= (10.38)
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In Fig. 10.10, values for v obtained from our linear approach are compared to linear kinetic
data [89]. Similar to our previous calculations for mass and energy flow rates, we observe consis-
tency between our model and kinetic data for Kn < 0.5. For small accommodation coefficients this
consistency extends to Kn < 1.0.
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Figure 10.10: The exponent of thermomolecular pressure difference ~y, obtained from R13 equations
for different accommodation coefficients, is compared to kinetic data (symbols) from Ref. [89].
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Chapter 11

Semilinear Theory for Parallel-plate

Channel Flows

In this section, we consider semilinearized forms of the R13 system in planar geometry, with semi-
linearized boundary conditions, which lead to analytical solutions for weakly nonlinear temperature
problem for Couette, Poiseuille, and transpiration flows in parallel-plate micro—channels!. The
nonlinear terms describe the irreversible coupling between the fields of temperature and velocity.
We emphasize that for non—planar flows, due to coupling between the stress components through

curvature terms, semilinear equations demand numerical approach.

11.1 Semilinear Temperature Problem for Couette and Poiseuille
Flows in Parallel-plate Channels

We consider Couette and Poiseuille flows as depicted in Fig. 7.la,b, with the assumptions in
Eq. (6.40).

Velocity and temperature fields are coupled through the nonlinear viscous heating term, —o;; (9v; /0x;).
To retain this coupling in the equations, we considered semilinearization, such that all nonlinear
terms are removed except those which introduce quadratic contributions of the shear stress ois,
shear rate Ovy/0z, and their combinations (including higher derivatives). Inclusion of these non-

linear terms does not affect the velocity problem [cf. Egs. (6.46)—(6.43)], however, the temperature

IThe presented material in this chapter are published in Refs. [114, 115].
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problem takes the following form,

g—gz = —&122—2, (11.1a)
1_852_?2 - 55122—2 8?;;2 = —%&22, (11.1b)
—512%&—5+8;—;;+§§1g—2+%%+é2—2+m1222—2Z—gg—i—%tjg, (11.1c)

in which the constitutive parameters read
A:M+A2m<§_§2+&”§_§z)’ (11.2a)
Ras =@+ %I@@—i“Ll%&”%)’ (11.2b)
maze = CKn (g %?22 - %51%) - (11.2¢)

In the above equations, the underlined terms denote those nonlinear terms that are quadratic in
F12 and/or 001/0%2. Indeed, the nonlinear term in the energy balance [Eq. (11.1a)] accounts for
viscous heating effects, which we wish to study. Accordingly, all similar terms must be included
in the semilinearized equations. For instance, the nonlinear term ¢ (001/0%2), which appears in
Egs. (11.1c¢) and (11.2c) must be taken into account, because Eq. (6.41c) in the linear velocity
problem implies that 9612/0%2 is the leading term for ¢;.

To be consistent with the semilinearized R13 equations, we must consider semilinearized bound-

ary conditions,

i X 2 Ly _or Lo 1A O n
QQ—2_X 71_(2])1 2T 20’22 15A 28R22 no, (1133)
- X 2 300 2~ T 1 - 1 -~

=2 J2(-=2 gy —A-— . 11.3b
M2929 7 x 7T( 5V1+5T 5022+75 14R22 N9 ( 3)

The only nonlinear terms left in the above boundary conditions are the underlined quadratic terms
in velocity slip (shear). It will be shown that these nonlinear terms correct the temperature jump,

and provide a better match with DSMC results.



134

11.2 General Solution for Semilinear Temperature Problem

For Maxwellian molecules with coefficients (4.15) substitution of constitutive relations (11.2) into

(11.1) the semilinear temperature problem reads,

0G2 . 0n

" Gt 11.4

9iz &y (114a)
6. 05, 6. %9 12, 0 (0512 0 1
— G — — Kn - S L) =—— 11.4b
5720z, 5 | 033 25 03 \ 0dy i Ko~ 2 (11.4b)

D9y 13 0612 67 __ 0612001 36 _ 9% 5 00 2
_ 25,002 DL 901200 | Pg5, 00 2R = 4 114
diz 7 29z, 105 & 0y 032 35 2 9i2 201, 3EKa (11.4c)

As given in (11.4), the temperature problem requires the solution of the (linear) velocity problem
[cf. Eq. (7.1)], where for both Couette and Poiseuille flows 7 = 0.
After integrating, with the help of the velocity solution, the solution for (11.4) is obtained as

(again, C, are the integrating constants)

i é% 4 4 G1Cy -3 488 é% 2 C% 9
0 = Cg

45K 2 45Ka? 2 525 15KnZ ) 2
<976G'1c1 4c5>~ 9561 Kn . 96Kn. A 2
2

525 15 Kn

A Lz
375 T 17 29z, 5

4G K 6G? ., 12G1C 6C] 152G Ko, 36Kn_ 0A
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25 5 2 5 2775 25 25 T2om,

022 = —
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11.5
3kn kn ) 25 0%’ ( )

with the Knudsen layers for the velocity problem A, and temperature problem B,

. 5 _ 5 .
A = Cysinh <3£Knx2> + C3 cosh <3£Knx2> , (11.6)

5 5
B = Cg cosh <%§32> 4+ C7sinh <%§:2> . (11.7)
11.2.1 Thermal Solution for Couette Flow

For Couette flow (with G; = 0), the solution of the velocity problem is presented in Eq. (7.3), in
which C3 = 0 is applied due to symmetry of the solution. Moreover, the symmetry conditions for the

temperature distribution, 6 (Z2) = 0 (—&3), yields Cs = C; = 0, that simplifies the general solution
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(11.5) to

———5 T
15 Kn?

6C] 12C 5 5
099 = _Tl — 5\/52 012 cosh <3£Kn§:2> 4 Cg cosh <La~:2> ,

~ 2C2 2 2 5
0 =0Cg Ci ~§ + 3—C2 012 cosh <££2> - & cosh ( V5 ig) ,

Go = %jL 2—5?2 &12 sinh (3%@) . (11.8)

The integrating constants C;and C; are known from the velocity solution, while C¢ and Cg must
be evaluated from semilinear boundary conditions (11.3). The constant Cg is related to temperature
jump. For completeness of the discussion, we mention that the semilinearized R13 equations require
the same number of boundary conditions as the linearized R13 equations.

Ounly the underlined terms in (11.8) would be present in classical hydrodynamics, as solutions
of the Navier—Stokes—Fourier equations. All other terms, including the hyperbolic sine and cosine
functions of the Knudsen boundary layers, describe rarefaction effects. The normal stress, &o2, is
a superposition of a constant bulk term [107], —6 C?/5, and Knudsen layers. In classical hydrody-

namics, the temperature profile is parabolic, the R13 equations add Knudsen layer contributions.

11.2.2 Thermal Solution for Poiseuille Flow

For Poiseuille flow the solution of the velocity problem is presented in Eq. (7.4), in which C; = C; =0
due to symmetry of the solution. Similar to the Couette flow, the symmetry conditions for the

temperature distribution yields Cs = C; = 0, that simplifies the general solution (11.5) to

- G2 488 G2 32Cs V5
0 = 1 ~4 1 ~2 ~ inh | 22 5
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22 2 o Kn
G = 3%1 i3+ % &1 cosh (3%@) - 6(;517\/;3 sinh <3££1x2> . (11.9)

Again, the underlined terms denote the Navier—Stokes—Fourier solutions. All other terms, includ-
ing the hyperbolic sine and cosine functions of the Knudsen layers, describe rarefaction effects. In
Poiseuille flow (like Couette flow) F22 does not include Navier—Stokes—Fourier terms, both are su-
perpositions of bulk solutions and Knudsen boundary layers. The temperature profile of classical
hydrodynamics is given by the fourth power of Zo; the R13 equations correct this value by adding a

quadratic term in 22, and Knudsen layer contributions.

11.3 Results and Discussion

11.3.1 Couette Flow

Figure 11.1 shows R13 solutions for the semilinear temperature problem for Couette flow. Semilinear
R13 results are compared to DSMC simulations at Kn = {0.05,0.1,0.5} for argon. The conditions
for DSMC simulation is the same as described for the velocity problem [cf. Fig. (7.2)]. The plots
show that for small Knudsen numbers our results are very close to the DSMC data. In plots for ¢
the curvature near the walls are Knudsen layers contributions, and since in our theoretical results
[Eq. (11.9)] only a few Knudsen layers present, full matching with the DSMC data is not plausible.
Additionally, the non—Newtonian heat flux, 692, which vanishes in classical hydrodynamics, is pre-
dicted with an acceptable accuracy. For Kn = 0.5 we observe deviations from kinetic data, which are
more apparent in the temperature results. The main reason for this difference is the independency
of viscosity form temperature in our approach. For this problems, numerical solutions for fully
nonlinear R13 equations are available in [121], in which a better matching in temperature plots is

provided.

11.3.2 Force—driven Poiseuille Flow

Figure 11.2 depicts R13 solutions for the semilinear temperature problem for force—driven Poiseuille
flow. Our theoretical results for Kn = 0.072 are compared to DSMC data [129, 133], where the
dimensionless external force is G; = 0.2355, and the walls are stationary at 273 K (éw =1).

An interesting phenomenon observed in force—driven Poiseuille flow is the formation of a char-

acteristic dip in the temperature profile, see the profile for 8 in Fig. 11.2. This minimum was first
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Figure 11.1: Solutions for the semilinearized temperature problem across the channel for Couette
flow with argon. Wall temperature and velocities are 273 K and £100 m/s. Comparison between
semilinear R13 (dashed lines) and DSMC (solid lines).
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Figure 11.2: Solution of the semilinear temperature problem for force—driven Poiseuille flow with
dimensionless force G1 = 0.2355. Profiles are computed for Kn = 0.072 (solid line), Kn = 0.15 (dashed
line), Kn = 0.4 (dotted line), and Kn = 1.0 (dashed-dotted line). For Kn = 0.072 comparison with
DSMC simulations (circles) is presented.
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Figure 11.3: Influence of Knudsen boundary layers on temperature profile in force—driven Poiseuille
flow. The dashed line represents the superposition of bulk solutions and the temperature jump. The
solid line is the full solution including the Knudsen boundary layers. Dots indicate DSMC simulation
for Kn = 0.072, and Gy = 0.2355.

reported by Tij and Santos [118], who did not include Knudsen boundary layers in their solution.
The analytical solution for 0 in Eq. (11.9), lucidly describes the dip as a result of competition be-
tween the bulk contributions, —G’% 74/45 Kn® and 488 CNJ% %3 /525, while the Knudsen boundary layers
contribute to the boundary curvature.

In Fig. 11.3, the dashed line presents the superposition of the bulk terms and the temperature
jump for Kn = 0.072, and G1 = 0.2355. The solid line shows the complete solution, which includes
the Knudsen boundary layers. As expected, the Knudsen layers strongly affect the temperature (and
also other flow parameters) distribution near the boundaries. At small Knudsen numbers, the effect
of the Knudsen layers on the temperature dip is negligible. Inclusion of more nonlinear terms yields

finer details of the curve, such that better agreement with DSMC results are achieved [36, 118].

11.4 Semilinear Temperature and Density Problems for Tran-
spiration Flow in Parallel-plate Channels

We consider thermal transpiration flow as depicted in Fig. 7.1c, with the assumptions in Eq. (6.40).
In the semilinear approach we include some nonlinear terms within the R13 equations which are
of order 72, where 7 is the dimensionless temperature gradient. Referring to the linear results [cf.
Eqgs. (7.9a)—(7.8)], ¢1 (001/0%2) (and its derivative with respect to Z3) is the only nonlinear term in
the R13 equations that is certainly of second-order in 7.
Moreover, we consider sufficiently long micro—channels where e = H/L < 1 and O (¢) = O (7).

This dimensional assumption leads to neglection of streamwise flow deviations, as they appear to be
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of third—order (or higher) in 7.
Incorporation of these nonlinear terms does not affect the linear velocity problem [cf. Eqgs. (6.46)—

(6.43)], however, the semilinearized temperature problem now becomes

942
2B 11.1
o s, (11102
8 03  Onzss 1
1503, ' 03y K % (11.10b)

(95’22 2 - (9’[)1 18R22 1 8ﬁ o 5 85 Pr

et = o 2 G 11.1
95, 5185, 205, 605, 201, Wl (11.10¢)
with
X 042 ~ 2B> 042 N 3 0699 4 _ 00
A=A 0 Ry=2210l2 —Crn (29722 _ 2599 11
255, — 0 T Ty Mg, T e 5 0iy 25107, (11.11)

Also, the remaining equations for p and &1; in semilinearized form keep their original form
[Egs. (6.51) and (6.53)], i.e.,
Op 00 | 95y 4 8Go  Omi1e 1

09 _, 2% 2 s 11.12
9%y | 0%y | Oy 1505, T 01y Koot (11.12)

where

(11.13)

mii2 = %Kn <8011 20022 E~ %)

0% 5 0%y | 250 0y
The underlined terms in Eqs. (11.10) and (11.13) correspond to the nonlinear terms. The semilinear
boundary conditions for the above temperature problem are the same as presented in Eq. (11.3).
For density problem, the auxiliary condition (6.52) must be used, and for &1; , boundary condition
(6.55) changes to

] X (4 1.~ _ 1. 1 . 1-
SIS (e (i Y Soay - A — . 11.14
muz =57 (5V 5T 011+ 022 — 15 T | e ( )
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11.5 Solutions for Semilinear Temperature and Density Prob-
lems for Transpiration Flow

For Maxwellian molecules with coefficients (4.15) substitution of constitutive relations (11.11) and

(11.13) into (11.10) and (11.12) yields

Z_gz _0, (11.152)
_gKna;g? + 285Knai ( gz;) - %522, (11.15b)
Gl + el - R a@( S;i;)———m (1150
C;‘l_;z 5_5:92 ‘26;222 o, (11.15¢)
which after integrating lead to the following solutions
g2 = Cs, (11.16a)

522 = C6 sinh (\/_\6/5Kr15f2> + C7 cosh <\/\6/5Knj2>
4C3KnT V5 16 C3 2v/5
- Tcosh <3—Knx2> ~ 37 cosh T2 | (11.17a)
~ )
f=Co— 145‘;5«2 -z lc7 cosh (%WJ + Cesinh (\/‘é{nxzﬂ
2C;KnT V5 62C3 2V/5
+ T cosh (3—161332) + 1875 cosh 3—Knx2 y (11183,)

4Cs Kn
5’11 = —% [C7 cosh (%5@) + C6 sinh <\/\E/_;13~32>‘| —+ 6C8375T cosh <3£I?n§:2>

704 C2 25 _ . V3 V3
2v5 ~ w3 1.1
* 1875 COSh<3Kn$2> +Cgbmh<\f1<a +Crocosh | e ds | (11.19a)
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p=Cu— 60— Goy. (11.20a)

In the above solutions, the solution of the linear velocity problem for transpiration flow [Egs. (7.9a)-
(7.8)] is applied. The constant Cs is available from Eq. (7.9a), and symmetry of the solutions with
respect to 2 = 0 gives Cs = Cg = Cg = 0. The remaining constants {C7,Cs,C10,C11} turn out to

be nonzero and quadratic in 7, however, their lengthy expressions are not presented here.

11.6 Results and Discussion

All terms in Egs. (11.17a) and (11.20a) are second-order in 7. Moreover, the above solutions are
completely constructed by Knudsen layers (all terms include hyperbolic cosine functions), where
Cs is related to the temperature jump. To our knowledge, nonlinear effects in transpiration flow
have not been investigated so far. Thus, we were unable to find any previously published data
for comparison sake. Figure 11.4 shows the normalized distributions of temperature, density, and
non—Newtonian stress components. As shown, when the flow becomes more rarefied, the Knudsen

layers extend further into the bulk.



0.005

0.000

055 —0.005
72

~0.010

~0.015

0.03

0.02

11 o0

— 001
72

0.00

~0.01

\ t
A J
A\ =7/
0 YRR S SR =T
" \\ 1 // /
FoN \ 7/ ]
AN 7/
N 7
\‘ N 7 7
L \, \\\‘_/// /, ]
N a
L \‘\ i b
~ _-"/

-0.4 -0.2 0.0 0.2 0.4
o /H
/'/‘ —-\\

. \

Ké ‘\

[ / —_—— . ]
, - ~ \

/ ”~ ~ kY
n ' N \

;7 NN
K /7 N\ \

r Y4 A 4
Lo/ ANAY
/! / N\
R T )\
1/ hRARY
47 ~
4 \
/ \
-0.4 -0.2 0.0 0.2 0.4
xy/H

1"\'&1

i

)

T

—-0.001

—-0.002

0.025F

0020 /

0.015F
0.010F 7/

.
00057,/ .

:,/_’__
g
0.000f

0.003

0.002

0.001

0.000

142

Figure 11.4: Dimensionless distribution of normalized stress components {511 /72, 622 /72}, tempera-
ture 6 /72, and density /72 across the channel are show for transpiration flow. Semi-linearized R13
results which are obtained for fully diffusive walls x = 1 in different Knudsen numbers are shown.
Note that in the linear theory all these quantities are constant, i.e., remain unchanged with respect
to the reference equilibrium state. (Solid line) Kn = 0.088; (dotted line) Kn = 0.177; (dashed line)
Kn = 0.353; (dash—dotted line) Kn = 0.530.
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Chapter 12

Conclusions and Recommendations

12.1 Conclusions

In this dissertation, we examined the capabilities of classical Navier—Stokes—Fourier (NSF) equations
versus an extended set of macroscopic transport equations, referred to as regularized 13—moment
(R13) equations, in gas dynamics. NSF equations are well-known in science and engineering ap-
plications as the most convenient choice for Computational Fluid Dynamics (CFD) simulations for
near—equilibrium processes, when the Knudsen number is sufficiently small, Kn < 0.1. Similar to
NSF, the R13 system represents a set of continuum equations (for gas flows) which are of higher
order in the Knudsen number, that means they have increased accuracy over NSF equations to
describe nonequilibrium flows. Through our simulation we demonstrated that R13 equations are
reliable transport equations for flows in the transition regime, Kn < 0.5.

Due to their welcoming features, R13 equations deserve to be proposed as a useful CFD tool
for micro/rarefied gas flows, nevertheless, they have not been widely accepted by the engineering
community as a practical CFD approach. The premier reason for this was the lack of proper
boundary conditions for high—order moments. Fortunately, the recent progress in development of
kinetic boundary conditions for the moments, as discussed in Chap. 5, has facilitated practical
applications of moment equations in advanced engineering and physics.

During the course of this work, both NSF and R13 equations and their corresponding boundary
conditions were rigorously studied in the context of kinetic theory to analyze nonequilibrium effects

in some fundamental boundary value problems of rarefied gas dynamics. A wide range of rarefaction
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effects is identified through the investigated problems, which alter the classical flow patterns both
in the bulk and near boundary regions. The variety of the selected flow settings allowed to study
steady and unsteady rarefaction effects in different processes, i.e., shear—driven, thermally—driven,
and force/pressure—driven flows. Moreover, effects of boundary curvature on nonequilibrium flow
behavior were studied.

In order to understand the underlying physics, we mostly focused on solutions of the linear
transport equations, which offer a clear insight into the nonequilibrium effects at very modest com-
putational expense. Application of the linear equations are limited to microflows (slow flows with
small gradients), in which Knudsen boundary layers are the dominant rarefaction phenomena. Our
calculations with linearized R13 equations proved that despite their simple structure they can de-
scribe the relevant physics, which are missing in the traditional NSF theory.

While the rarefaction effects are known from costly numerical solutions of the Boltzmann equa-
tion, they appear in analytical solutions of the R13 equations. In the linear regime where the
coupling between velocity and temperature fields are neglected, the transport equations pose inde-
pendent velocity and temperature problems which can be solved analytically or numerically (with
basic numerical approaches). The availability of R13 analytical solutions leads to an increased
understanding of linear and nonlinear (semilinear) rarefaction effects.

To conclude, we emphasize that our inexpensive analytical solutions are comparable to expensive
numerical solutions of the Boltzmann equation.

The most significant observations through the linear approach are:

e In both planar and cylindrical geometries and in all processes we observed a heat flow in
opposite direction of mass flow that is not driven by temperature gradient. This thermal
energy flow, which is not straightforward to conceptualize, is a pure rarefaction effect, known
as Knudsen boundary layer. As the degree of flow rarefaction increases the magnitude and
thickness of Knudsen boundary layers increase. In thermally—driven flows, superposition of
Fourier heat flux and Knudsen boundary layers (mechanocaloric heat flow) constructs the
total heat flux. In the force—driven flow, the parallel heat flux includes Knudsen layers and a

higher—order bulk term that is absent in NSF solution.

e Based on our simulations, discontinuities of velocity and temperature on the boundary can
drastically affect the mass and energy flow rates in the process. Physical and mathematical

consistencies of boundary conditions are crucial to correctly evaluate the velocity and tempera-
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ture jumps in boundary value problems. Our results showed that third—order kinetic boundary
conditions for R13 equations yield correct values for velocity slip and temperature jump on
the boundaries. Moreover, the second—order velocity slip and temperature jump conditions for
NSF system, which are deduced from the R13 boundary conditions, effectively increase the

overall accuracy of hydrodynamic results.

The mass flow rate in Poiseuille flow as a function of Knudsen number demonstrates a minimum
at Kn ~ 1 for parallel-plate channel flows, and Kn = 2 for pipe flows. We investigated this so—
called Knudsen paradox in both planar and circular flow passages, where R13 system exhibited
a fair agreement with kinetic data in the transition flow regime. It must be mentioned that the
Knudsen paradox cannot be described by NSF with first—order slip condition, but only with

second—order slip condition.

Unlike Poiseuille flow, the mass flow rate in thermal transpiration flow diverges to infinity at the
free molecular flow regime, when Kn — co. Through our linear approach we showed that NSF
equations over—estimated the mass flow rate in thermally—driven flows (NSF yields a plug flow),
but R13 equations match with kinetic data within the transition flow regime. Additionally, the
second—order slip condition cannot describe the effects of surface accommodation coeflicients

in thermally—driven flows.

For internal flows, the range of applicability for macroscopic transport equations (in terms
of Knudsen number) is not uniquely defined. Indeed, depending on the geometry (the choice
for the reference length scale) and the process, different ranges for applicability of R13 and
NSF equations were observed. To eliminate this inconsistency, we proposed the Onsager’s
reciprocity relation as a new criterion to determine the range of applicability of macroscopic
approaches. Accordingly, NSF equations are applicable to near—equilibrium flows where Kn —

0, and R13 equations hold for processes in which 0 < Kn < 0.2.

For unsteady Couette and Poiseuille flows, oscillatory Knudsen layers were identified as charac-
teristic feature of the flows. For pulsating Poiseuille flow NSF and R13 behave quite differently,

particularly, in the phase shift.

The underlying physics of two—way flow patterns in simultaneous Poiseuille and transpiration

flows elucidated based on an analytical approach. Moreover, it was shown that R13 equations
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can accurately predict the exponent of thermomolecular pressure difference for ideal gases

when Kn < 0.5.

The most significant observations through semilinear approach are:

e While in the velocity problem Knudsen boundary layers appear as parallel component of the
heat—flux vector, in the semilinear temperature problem Knudsen layers include normal com-

ponents of the stress tensor.

e The most remarkable feature of semilinear approach is its accuracy and robustness. Semilinear
solutions exhibit a rather rich array of rarefaction effects, e.g. multiple Knudsen layers, which
were achieved without complicated numerical schemes.

The characteristic dip in the temperature profile which is observed in kinetic simulation of
force—driven Poiseuille flow is known as a nonlinear rarefaction effect. Through semilinear R13
solution, this peculiar temperature distribution was predicted as a consequence on nonlinear
bulk effect. We emphasize that some of the nonlinear effects in transpiration flow which are

reported in this thesis have not been investigated so far.

12.2 Recommendations for Future Works

During the course of the presented study variety of issues were encountered and several ideas were
raised that owing to the limited time some of them have been persisted or remained untouched.
This section provides a guideline for potential future works regarding the considered subject in this

work.

As an straightforward extension for flows in tubes, force—driven and thermally—driven flows
through circular ducts of concentric annular cross sections can be investigated using a similar ap-
proach as presented in Chapter 10. While kinetic solution for transpiration flow in annular passages
are not reported so far, for force—driven Poiseuille flow in annular ducts kinetic data are available in

14, 20].

As a result of recent advances in microfabrication techniques, micro—channels with different cross
sectional geometries are fabricated for both commercial and scientific purposes. To simulate micro

gas flows in such geometries, several models have been proposed based on Navier—Stokes—Fourier
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equations along with velocity slip boundary condition [10, 75], which are valid for small Knudsen
numbers (slip flow regime). In order to present a compact and comprehensive general model for all
flow geometries, definition of a consistent characteristic length scale is necessary.

A circular duct (tube) is fully described with its diameter, thus the obvious length scale is
the diameter or radius. For noncircular cross sections (e.g. elliptical, rectangular, triangular, and
trapezoidal) the selection of a characteristic length scale is not as clear. Many textbooks and
researchers have conventionally chosen the hydraulic diameter [75], as the characteristic length while
other propose the square root of area [10].

In this work we showed that Knudsen layers effectively dominate mass and energy transport in
internal micro flows. Since Knudsen layers are absent in the NSF solution, we propose development
of a general model for rarefied gas flows in channels with arbitrary cross sections based on R13

equations, which will be valid for moderate Knudsen numbers (transition flow regime).

Developing a strategy to obtain inflow and outflow boundary conditions for moments provides
a great potential to use R13 (and other systems of moment equations) in a series of practical
engineering applications. One standard application is investigation of compressibility effects in
pressure—driven Poiseuille flows, where unlike force—driven flows, the pressure gradient is not constant
along the flow [9].

The challenge in deriving inflow and outflow boundary conditions arises from the fact that in
contrast to a wall boundary, in inflow and outflow boundaries there is no discontinuity in the ve-
locity distribution function. Hence, a rational approach is required to link the velocity distribution
functions before and after entry /exit.

Another ambitious objective for future development is derivation of boundary conditions for

diffusive/absorbing walls.

Most flows of interest are multidimensional, and require numerical solutions. Currently, a two—
dimensional extension of the numerical method that is proposed in Ref. [121] is developed for micro
flows in rectangular cavities. The implicit method solves the steady state R13 equations by avoiding
time stepping into the final steady condition, and allows for relatively fast solutions.

An opportunity for future work is to employ a similar numerical approach to solve steady state
two—dimensional R13 equations in cylindrical geometry. Such two—dimensional simulations are de-
sired in micro gas flows through bending channels, for instance, circulating thermal creep flow in

Knudsen pumps [6], and external flow such as a rarefied gas flow over a bundle of tubes, which has
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applications in gas—cooled micro heat exchangers.

Finally, we must highlight insufficiency of 13-moment field in describing rarefied gas flows beyond
early stages of the transition regime. In highly rarefied situations, larger systems of moment equa-
tions are required. Gu and Emerson have developed and solved the regularized 26-moment (R26)
equations which give reliable results up to Kn < 1 [36, 38, 37]. So far, they have only considered
shear—driven and force—driven flows in slab geometry. Indeed, transformation of R26 equations into
curvilinear coordinates, and also its application to thermally—driven flows is an interesting objective
for future studies, which can be observed as an straightforward (but more tedious) extension of the

presented work.
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Appendix A

Vector and Tensor Analysis in

Cylindrical Coordinates

Cylindrical coordinates are a three—dimensional orthogonal curvilinear coordinate system, which are
useful in analyzing axisymmetric processes!, e.g., axisymmetric axial and azimuthal flows in pipes.

Due to curvature effects, vectorial and tensorial operations in cylindrical coordinates are quite
different compared to their counterparts in the rectangular Cartesian coordinates. Expressions for
gradients of scalars and vectors in cylindrical coordinates are widely available in textbooks. However,
for higher order tensors (i.e., square matrix, cubic array, and so on) tensorial operations (gradients
and divergences) are not readily available.

R13 equations include gradients and divergences of higher—order tensors (moments). For the
purpose of adapting R13 equations for pipe flows, the gradients and divergences of higher—order
tensors must be transformed into cylindrical coordinates. In this appendix required transformations

to express R13 equations in cylindrical coordinates are collected.

A.1 Transformation Rules

Covariant and contravariant base vectors for any coordinate system are defined as

i = T t = , Al
8 = 5 and  g' = = (A.1)

L Axisymmetric processes are symmetrical with respect to an axis.
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where x and 1* = {n',n? 73} represent the position vector and coordinates, respectively. Based on
covariant and contravariant basis, a general vector (position vector here) in any arbitrary coordinate

system can be written in two different ways

x = x'g) + 2°gy + 2°g3 = z18' + z0g8” + 238>, (A.2)

The position vector in any coordinate system is a function of the coordinate itself,

x =x(n', 7%, 1%). (A.3)

Accordingly, increment in the position vector, that is displacement, reads

ox
ont

dx = dn'. (A.4)

Now, we consider the cylindrical coordinate {n! = r,n?> = ¢,n> = 2z} with an underlying Cartesian

coordinate {n' = z,7% = y,n> = 2}, where the origin of both coordinates are coincide, see Fig. A.1.

z

Figure A.1: Rectangular Cartesian coordinates {z,y,z}, and curvilinear cylindrical coordinates
{r, e, 2}.

Cartesian and cylindrical coordinates are related via

r=rcosp, y=rsing, z=z (A.5)
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then, on account of Eq. (A.1), covariant base vectors in cylindrical coordinates are

0 0
- X (8_):> = (cos (p,SiH(p,O)T =e,,
0,z
ox ox . T
g2:3—772: % =r(—sinp,cosp,0)” =re,,

ox ox _ T
(&>T,@ =(0,0,1)" =e,, (A.6)

g3:a—_

where {e,,e,,e.} are covariant physical basis.

Moreover, from Eq. (A.5) we have

r=+22+y2, @=tan! (%) , zZ=2z, (A7)

which lead to the contravariant base vectors in cylindrical coordinates

ont  or
1_ _or
g_ax ox
2_3772_3@_1

,

T

= (cos p, sin gp,O)T =e',

g T Ox Ox
5 O 0z

g = g ~ax ~ (00D =e, (A-8)

1
(—sinp, cos v, O)T = —e®,
r

where {e",e?,e*} are contravariant physical basis.
For a given coordinate system, both e and g point in the same direction, however, e is dimension-

less and g is dimensional. Comparison of covariant and contravariant base vectors in cylindrical

coordinate system shows that
gi=g, g =rg, gi=g, € =e, e’=e, e =e,. (A.9)
Alternatively, physical basis, denoted by e, can be used to express a vector as
x=X"e, + X%, + X%, = X,e" + X, e” + X,e". (A.10)

In Eq. (A.10) {X", X%, X?} and {X,, X,, X.} are known as physical components in covariant and
contravariant physical basis, respectively. Equality of covariant and contravariant physical basis in

(A.9) implies that the covariant and contravariant physical components in Eq. (A.10) are equal as
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well,

X,=X", X,=X* X,=X* (A.11)

Now, we define the length of the base vectors as

, —— 1
Ai=yErgi=(LrD)",  and A'=Vglgi=(1,- )" (A.12)
- - T
Then
A A d gi— Ailgi— Al (A.13)
i = o= = A€, an = A= g = ATe, .
g = A8 = A g A8
where the physical basis are Kgi = e; and Fg = €". Accordingly, a vector can be written in the
alternative forms )
X = ﬂjlgl = xiAiei = Xiel-, and X = a:lgl = ZIJZ'IXi i = Xiei, (A14)

where 2°A; = X, and z; A’ = X; are the physical components. For cylindrical coordinates we have

1
X'=z", X¥=rz¥, X'=2° | X,=z, Xo=-z, X, ==z (A.15)
T
The relation between covariant and contravariant basis is
8i = gij gj, and gi = gij g5, (A-16)

where the components of the metric tensors, g;; and g%, are defined through

g9ij =gi-g, and g7=g'-g. (A.17)
Consequently, the metric tensors for cylindrical coordinates are
1 0 0 1 0 0
lgsl= 0 »2 0 |, and [¢’]=] 0 L o0 (A.18)
0 0 1 0 0 1
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The Kronecker delta can be expressed with respect to covariant and contravariant base vectors,

gi-gjzég, and gi-gjzdl-.
Combination of Egs. (A.1) and (A.4) leads to
dx = g; dTli7
and dotting both sides with g yields
g dx=g gidn'=

g/ - dx = dn’.(A.21)

Based on the covariant base, the Christoffel symbol is defined as

_ Ogi
= o

I‘ij

and with Eqs. (A.20) and (A.22) it is straightforward to show that

9%x 9%x

ii=———=———=T.
T Onion oniont J

Hence, only six of nine I';; vectors are independent due to symmetry.

The kth contravariant component of T';; is obtained by dotting g” into T';;,

Filj' =g"- Lij
and then
Jg;
k 4

(A.19)

(A.20)

(A.22)

(A.23)

(A.24)

(A.25)

The scalar I'F is called the Christoffel symbol of the second type, that for cylindrical coordinates

)



reads as
Flll =0,
F112 =0,
Il =0
Iy =0,
F212 =
Iy3 =0,
I3 =0,
Iy =0,
Il =0,

F121207
rh-
iy =o.
F221:%7
I3, =0,
I =0,
rj =0,
I3, =0,
I =0,

F131:07
F132:07
Iy =0,
F231:07
I3 =0,
I3 =0,
F331:07
I3, =0,
Iy, =0.

A.2 General form of Tensor Gradient

Based on covariant basis, generic form of a rank—n tensor in any coordinate is

T — Til

" i 8,
then its differentiation reads
dT = dT™ ingil g, T Th i (gil T gin)
=dTh i"gil 8 + T i ngik H Sio-
k a#k
By using Eq. (A.21) we can write
. . oT™ + in oT™h  in
dari = in = ———dn' = ——— (g' - dx),
an n o (g dx)
og; og;
dgi, = S gyl = B (gl gx) |

onl

Replacement of (A.29) into (A.28) yields

oT™ = in iy e g,
dT = 7lglgi1 gy, + T " Z a—nlkgl H gi., | - dx.

on

onl

k a#k
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(A.26)

(A.27)

(A.28)

(A.29)

(A.30)
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Furthermore, gradient of a tensor can be presented by

dT
Comparison of (A.30) and (A.31) gives
_— = i1t 8 T" tn I‘l ey 3 A .32
. G BB B, T Ek W8 gga (A.32)

in which the Christoffel symbol is introduced based on Eq. (A.22). Since I';,; = I'7gm, then

Zkl

Eq. (A.32) can be rewritten as

dT or™ i1 i m !
x| "o g + 71" ;legmg ggia : (A.33)

Keeping the first term unchanged, and changing the dummy index m < iy in the second term gives

dT (aTil i

ax onl +T i"mzfi’iz> g'gi 8iys (A-34)
k

that is the generic form of tensor gradient.

A.3 Gradient of a Scalar

A scalar s is invariant with respect to the coordinate, however, its gradient is coordinate dependent.

For scalar quantities Eq. (A.34) reduces to

ds_ 05, osof
dx_anlg ~ ont ox’

and its expansion in cylindrical coordinates leads to

s

ar€r
ds 1 0s ds
— — - — 1 9s
grads = 57 + - awew + 5.9 = | r5see |- (A.35)

Note that in the above equation physical contravariant base vectors are replaced with their covariant

counterparts base on Eq. (A.9).
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A.4 Gradient of a Vector (Rank—1 Tensor)
For a vector (where k& = 1), denoted by v, Eq. (A.34) reads
dv o' ; .
ov _ ([ YY m i ” A.
= (G o) e (4.36)
Now, we define a compact notation called covariant vector differentiation, as

U;l = 8_77l =+ Um :nl' (A37)

. ot . ot s 1 Ov!

V= v =y T s =
o 1 o 1 ov?

2 _ 2 2 _ 1 2

L R A PR (4.38)
ov’ o’ o3

S J— _ 3 = — 3 = —

YT o 2 oo’ VT g

In the above differentiations, Christoffel symbols are replaced from (A.26). Replacement of differ-

entiations from (A.38) into (A.36) gives

dv_(0vT\ (00D e OV s
x _ \or 218 90 218 02 218
+ 8_’024_1@2 1+ 8_1)24_1”1 2+ 5_’[}2 3
or r 228 9o r 228 02 228

o> ov? o>
+ (W) gsg' + (3_¢) g3g” + (W) gs8”. (A.39)

Employment of physical basis [cf. Egs. (A.6) and (A.8)], physical components [cf. Eq. (A.15)], and

some rearrangement yields

dv — ov _ Ov, n 1 /0v, n ov,
gradv = - or e,e, . Uy | €r€y Zerez

—e.e,. (A.40)
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A.5 Divergence of a Vector

Divergence of a vector is the trace of gradient of the vector. Multiplying Eq. (A.36) with 4} gives

the divergence of v as
ov,  10v, v,  Ov,

divv =t dv = — . A4l
VS ey = G T dp + r 0z ( )
A.6 Gradient of a Square Matrix (Rank—2 Tensor)
For a rank-2 tensor (where k = 2), denoted by T, Eq. (A.34) reads
dT 8T” im J im i l
= (8—nl+T r’, +1’ le) g'gig;. (A.42)
Here, we define a compact notation called covariant rank-2 tensor differentiation, as
T/{ = o + T2+ T (A.43)

Accordingly, in cylindrical coordinates, the components of covariant rank—2 tensor differentiation

are

T/lll _ 8({7;:17 T/112 _ 3%:2 n %le’ T/113 _ 3;_:3’
T T S e

T/Bll _ 8({79’;”17 T/?’f _ 3%;2 N %ng’ T/313 _ 8;’:3’

R I e R
O, 0T S
T/321 _ 8;’;1 732, /322 _ 8%32 4 %T31’ T/323 _ 3;’:3’

18 =%

7%=

ri =2 rip = 2 ri = 2
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In the above differentiations, Christoffel symbols are replaced from (A.26). The final steps are,
substituting the above differentiations into (A.42), replacing physical basis from Eq. (A.6) and (A.8)

and physical components from (A.15). Finally, the gradient of a rank—2 tensor reads

aTTTee +%ee +%ee
or " or ¢ or "~
dT oT,, oT, T,
= |t 8;; eye, + Wwewew + 8—:369062 e,
_|_ %e e + M’le e + %e e
or =" or ¥ or °°F°
Trr Tr Trz
oT,, oT, 0T,
+1 + <8—$ +T., — TW> eye, + (8—:;“’ + Ty + Tw) eye, + ( 8; + Tm) eye; GT“"
3Tzr aTz aTZZ
+ < 8@ - thp) e.er + ( a(pw + Tzr) e.e, + 6—@ezez
—aTTTe e, + —8Twe e, + —aTme e
0z " 0z % 0z ' °
oT,, oT, T,
+1| + 8: ese, + 8?} eye, + 8—§e“"ez e.. (A.45)
=+ 8Tzre e, + —8Twe e, + —8Tzze e
8z " 9z = ¢ 0z °°°

A.7 Divergence of a Square Matrix (Rank-2 Tensor)
Multiplying Eq. (A.42) with 5{ gives the divergence of a rank—2 tensor, i.e.,

oTY
onl

divT = ( +T T+ ijr,;j) g1

T2 : :
+ ( + T+ T””Ffw) g5

on?
o131 . .
+ ( o T+ T””F,%) g3 (A.46)

Expansion of the summations over j and m indices, and application of physical basis gives

ortt art2 o1 1
_Tll _ T22 -
ont on? on? + T " ©
or* 91**  oTr* 2 1
_T21 _T12
<3771 + on? + on3 +7“ +7“ "
or3t  ar3? o913 1
(anl + o + o +;T31) e..

divT = (

(A.47)




By replacing the physical components, divergence of a rank—2 tensor reads

o7, 107, oT, T — T,
ivT = rr 4 TP TZ T P .
div ( or r Op + 0z + T > ©
OT,r 10T, 0T,  Tor+Trp
+ ( or + r Op 0z * T S
+ 8Tzr + 1 aTz«p aTzz + Tzr e
or r Oy 0z T =

A.8 Divergence of a Cubic Array (Rank—3 Tensor)

For a rank-3 tensor (where k = 3), denoted by M, Eq. (A.34) reads

dM (8Mijk

dx

ont

+ M,Lj’,n-l—",]—fll + Mikm[vgll + Mjkm-l—‘:nl) glgigjgk7

Multiplying the above equation with 5{“ gives the divergence of M as

divM =

After replacement of Christoffel symbols, and application of physical components and physical basis,

aMllk
Onk

k
+ M™ELL

+Ml7nk1—1rlnk + Mll’,n[",lflk

8M13k

m3k 1l
o + M"™

+ MRS+ M

aMZQk

m2k 2
o + MM

+ MPELE 4+ M
aMBIk
onk

+ Mk

+ MPELL 4+ M

aMBBk

m3k 13
o + M™ T

+ MRS+ M

g181 +

8183 +

8282 +

8381 +

2383

8M12k
onk

k
4 M’m.2 F},—lnk

+M1’m.k[v’glk + Mlz’,n[",lflk

8M21k
onk

k
4 M’m.l F},—an

+ MR 4+ M

8M23k

m3k 12
o + MM

+ MRS 4+ M

8M32k
onk

+ M2k

+ MPELR 4+ M

divergence of a cubic array in cylindrical coordinate system reads as

2182

2281

2283

2382



divM =

8MT’T‘T’ 1 8MT’T‘LP 8MT’T‘Z
+= +
or r Op 0z
_ Maprap . Mr«p«p Mrrr
r r r
8MTZT 1 aMTZQD aMTZZ
+= +
or r Op 0z
M z MTZT
_eEe TR
r r
OMppr | 10Myyp, 4 OM -
or r  Ody 0z
i M:gp + Meypr + Meyry
r r r
8MZTT laMZT‘QD + aMZTZ
or r Op 0z
MZ MZTT
I Eee T ET
r r
8MZZT’ 1 aMZZ(,D aMZZZ
+= +
or r Oy 0z

+

ZZT

r

ere, +

ere; +

e,e, +

e.er +

e.e,.
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OM,pr N 10M,4y n OM, -
or r Jy 0z
e e,
- Myyy n Myry | Mror
r r r
OM rr n 10Myry n OMr-
or r Oy 0z
e,e,
Mrrga ML/JTT _ MS"S"S"
r r r
OMysr  10Mysy,
or r 0p e e.
8Mapzz Mrzgp Mapzr
+ + +
0z r r
OMor n 10M.¢p n OM.
or r Oy 0z
e.e,
+ Mzrtp + Mztpr
r r
(A.51)
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Appendix B

Regularized 13— moment Equations in

Cylindrical Coordinates

In this appendix, moment equations for stress [Eq. (4.20)], heat—flux [Eq. (4.21)], along with R13
constitutive equations |Eq. (4.22)—(4.24)| are presented in cylindrical coordinates, {r,,z}. These
equations beside transformed conservation laws in (4.25)—(4.27) represent the regularized 13-moment
equations in cylindrical geometry. Since all required transformation rules are given in Appendix A,

details of transformations are not shown in this appendix.

B.1 Stress Balance in Cylindrical Coordinates
As presented in Eq. (4.20) in the text, the moment equation for stress in symbolic notation is

Do

4
DL + E (gradq) + odivv + 2 (o - grad v) + divim = —2pf (grad v) — %00. (B.1)

Since stress tensor is symmetric, it suffices to obtain balance equations only for {o,r, Ore, rz, Tpp, 0w
, 022 }. Moreover, stress tensor is trace—free, o, + Oy + 02, = 0, thus, any of the diagonal elements
can be expressed with respect to the others. This reduces the number of required balance equations
for stress tensor to five. However, elimination of one of the diagonal elements depends on the flow
setting. For instance, it is preferred to eliminate o, in cylindrical axial flows, and o, in cylindri-

cal azimuthal (rotary) flows. For this reason, and to keep the generality, balance equations for all
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diagonal elements of the stress tensor are presented in this section.

Balance Equation for o,..

00y 00rr Uy, 00p, 100,04, 00 8 Jqr 4 0q, 410q, 7 Ov,
+ vy + — - + v, + = —O0rr—(—
ot or r Oy 3 r 0z 150r 150z 15r dp 3 or

Orr OV, 4 q. 2 Oov, 4op,0v, 4 Ov. 2 Oy 204, OV,  VpOpy

r dp 157 3779, T3, dp + 398, 37 3 dp r

0v, 2004, 2 v, 204,0v, 2 0v,  OMppr  10Mppy  OMyprs
+ O-TT - 5 T SJYrzT5 T 5 -5 UZZ a_ + - +
0 3 r 3 ar 3 r dp 3 0 or r Jdy 0z
Myrr — 2Myppp 4 Ov. 2p90v, 2pOv, 2 Ov, pb
_— = ———F 4+ = s — —Opr. B.2
+ r 3" Or + 3r dp 3 + 3" 0z I ? (B.2)
Balance Equation for o,
00y 00ry Uy 00pp  UpOpy VO Oorp,  210q, 2q,  20qe Ov,
T - - 2 z - - - = A 2 TY o
ot Tt or +7“ dp r r v 0z 5r0p b5 587"+ U*"ar
Orp OV VO ov ov ov Oy, OV ov 10m
9Tre e | oUrOre o OVz e |, OV | TepOUr JGor | 2 Mree
+ r 8<p+ r +U¢8z to or to 3z+ r 3<p+0¢ 0z r Oy
OMpre . OMpps | 2Myprp — Mppe pd Ov,.  pbv, v pl
=T 2 _ =2 _Tg.. B.3
+ or + 0z + r r Op + r P or 1 Ore (B-3)
Balance Equation for o,
Oo. do vy, 00 VpO do 4 0q ov,  op, OV (e
rz , rz e rz _ 2 pyYpz R rz = _T’ 2 - _T’ rz —Lp rvYrz
ot v or r Oy r v 0z 5 0z T or + r Op r
49 ov, n ov, n Orp OV, Oy, OUp n v, n OMyry  OMyysy
Orz—(_ Orr—( Ozz—(_
0z or r Oy r Oy 0z or 0z
1 amrgaz Myyz — mcpcpz avr P9
- =200 - Zp . B.4
r Oy + r P 0z 7 (B4)
Balance Equation for o,
004, 00pp UV 004, 8 Vyu0r, 0oy, 410q, 4gqr 4 0qy 4 g, 4 0q,
ot o or +7“ Op +3 r tv 0z +57“830+57" 150r 15r 15 0z
v, 4 10q, = T0ou, OV, Zvrow, ov, 4 ov, 4 ov, 2 Ov

e T T5r 0 (3 1 0p 3 5 0, 137, T3y, T30y,
gaw ov, 2 % 2 ov, EUW ov, 2 0v,  OMypy | OMygp: n 3mw¢

3 dp 379, 379 9r 3¢ dp 377, or 0z r
1 0myee 4p0 0v, 4pOv, 2 Ov, 2 ,0v, pb
- = —pl—+ =pb—— — —0,,. B.5
r Oy 3r dp 3 7 T3 T3, e (B.5)
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Balance Equation for o,

00, 00¢, Uy 004, U0y, 0oy, 20q, 210q. ovy Opz OVy
i - z = a_ - zZ" 6 2——
ot v or +r dp + r v 0z +58z 5r3<p+aw 8r+ r Oy
VO, Ov v Oy OV v v om
gUr0¢z 4 oy OVz | o Oz | e Oz o Vo, Ol  OMre:
+ r +20e 0z +U@8r+ r 8<p+a 8r+ 82+ or
10mey:  OMmgs. My Ov, plov, pb
- 2 =g 0=, B.6
r Jdy + 0z + r 0z r dp 1 e (B.6)
Balance Equation for o,
002 |, 0922 0o 0052 00:.  80g. 40¢ Ag¢ 410g,  Ovp 0200,
ot or r Oy 0z 1590z 15 0r 15 r 157 Oy or r Oy
LUz 4 O 40p.0v. T Ov: 2 Our  20mp OUr  20p0rp 2 Our
r 370r 3 r 0p 370z 3" O0r 3r 0o 3 r 377 0z
2 Ovy 204,00, 20,040, 2 Ovy  OMyzy  10Mgz,  Oms,,
3 or 3 r dp 3 r 3 0z or r Oy 0z
Mysy 4 Ov, 2 Ov, 2ph0v 2 v, pb
— =—=pf —pb A S ey S B.7
+ r 37 3z+3p 8r+37' dp 3" r ua (B.7)

B.2 Heat Flux Balance in Cylindrical Coordinates

In symbolic notation, balance equation for the heat flux reads [cf. Eq. (4.21)]

D 5 0 1 7
—q—l——a-grad@—;zf-gradp— ;o--divo-—l—@divo-—kg(q-gradv+qdivv)

Dt ' 2
(B.8)

2 1 1 )
+-q- (gradv)T + EgradA—l— §diVR+m cgradv = —3 plgradd — Prp—q.
]

By employing the transformation rules in Appendix A, balance equation for the components of heat

flux vector in cylindrical coordinates are obtained.



Balance Equation for ¢,

0q; 0q;
ot " or
earz 8[) Orp aarr

gy
0z

00
" or

Vp 09 Vply

r

+v

+uo + +5

r Op

Orr O0rg

pr Op
Orz 00,

50y, 00
2 r 8(,0
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z ov,
5qr or
10R,.,

7 4 ov,
5 dp
2 (%g,

Tuag,
:

5
2 ov,

10A

7 gr Ov,,

571 Op
110R,,

10R,.

+

60r 2 or

MTT@ + Mrrz

Ov,

9z

5%,
vy
or

= or
Mrrcp vy
Dy
M,y Ov,

dp

1 Rrr
2 r
VMg

1Rw
2 r +

vy
0z

_ Y

MTTT +

r

Ov,
MT‘T’Z
+ or

,
O0vg

+ oz

+ Mr«pz

+MT’ZZ
r

Balance Equation for ¢,

aqg, aqg, Ve 8%
ot o or + r Op

bo,. 0p  Opp OO,y

VpQr
r

dg, 5 00
2. 275,

O 5Uw _

Ty, 2 r

Orp 004

5 0pp 00

OrrOrp

2 0z
vy My, Ovy
re o T T 8—%0
00 p0
ar

27r Jy

-+ M, +

r

0 —Pr

§P

5 ol
2 Tz 0z

6‘Uw @
dp p Or

Opp 007y

pr Oy p 0z

Opz 00,  Ops 00,

or
7 gy OV,
57 Op
2 qr vy
571 dp

110R,,

7 Ov,

7 7 gy OV,
5% ar

+eEol s

51 OJy
e 2a0n 1108

7 vrqg,

5 r

- +z

10R,,

2 v,qr

10R,.

+ Ore0pp
pr p Or

Opz 004,

T urgy 781@,
5 r 5 0z
24 9%

51 Jy
R,

M v,

27 Op
O0vg
+ Mrppo—— ar

5p0 00

2 Or
ov,.
0z
ov,

702

5 r 5r8<p 67 dyp
Moo 00 v Mo,
dp
ov,
or

+ Mr«pz

r r

M- Ov.
dp

r

+ Mrs@z +

2 0z
Mepp %
dp

" or

v M,

ov
I L V-

0z
(B.10)
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0q. i 0q. Vo 0q. 0q. 5 00

165

504,00 5 00 0o,.,0p 0oy, 0p 0o, 0p
v B o e S i N
ot or r Jy dz 2 70r 2 r Oy 0z p Or pr Op p 0z
Oz 00ry  Opy O0py, Oy 00y, OOz n Orz0pp  Opz 00, B %&IW, B %&sz
p Or pr Op p 0z pr pr p Or pr Oy p 0z
_oTreO¢z _ 022 00rs _ 0220042 _ 022 002z _ 0rs0:s n 90rz L0 dop n 90zz s
or p Or pr Oy p 0z or or r Jy 0z r
+z 8vz+7q¥,8v2+7 8vz+z 5vr+z%8i+7vrqz+z 81)2_’_2 ov,.
57 ar T8y Oy =, or 5r dp 5 r 59, "5,
n 2 Ov, 2 Ov, 41 10A n 10R,. 110R,. 10R.. 1R, M vy
5%, T5% %9, T69: 2 or 21 B¢ 2 0z 2 r " or
My, v, VM ov, 0vy  Mey, Oy Up My, Ovy
a MT‘ZZ_ MT’ zZ o - a8 _ - M zz "
+ r  O0p r 0z +Mre or + r Oy + r + M 0z
ov, M,,,0v, ov, a0 o
Mrzz— £ Mzzz— — 5 a_ P - {z-. B].].
+ 8r+ r 8@0—’_ 0z 27 r,uq ( )

B.3 R13 Constitutive Equations in Cylindrical Coordinates
B.3.1 A

The quantity A in symbolic notation reads [Eq. (4.22)]

5 0
A= Ala g +A2% <0divq+ 5 q-gradf — ;q-gradp%— Ga:gradv) , (B.12)
and its expansion in cylindrical coordinates follows as
0'7%7’ + Ugap + ng + Uiap + Uiz + OrrOpyp M aQT 1 8(]4/; dr &Zz
A=2A A 0 4+ Ty
p or ' r Oy r 0z
5 00 g, 06 00 0 dp gy 8p 8p 31)7,
2 AT el : 0 Zor
* ( 8r+r&p+q82> ( 8r+7“890+ 0z i " or
Ire % _ YpOryp Um% Fopp =2 vy, 4 oo Tep avw UrOpp
r Op r 0z or r Jy r
8090 a'Uz Opz avz 8’02
27 TZ o z2z2 " B.1
o 0z to 37‘+ r 3<p+0 az)] (B-13)
B.3.2 R
The quantity R represents a symmetric and trace—free tensor of rank—2 [Eq. (4.23)]
0 1
R=B— o) + B, £ <6‘ (gradq) + (qgradf) — p (qgrad p) + 70 6 (o - <gradv>>> (B.14)
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Due to symmetry, it suffices to obtain expressions for { R, Rip, Rz, Ry, Ry, R..}, where R, +

Ryy+ R.. = 0.

Equation for R,.,

R, = &2UET+UE¢+03Z —0'3,%,—203,,2—02 +B2_ g 9qr _ 19 1dq, L & 9q- Eqr@
3 p 3 87‘ 3 &p r 0z 37 Or

qp 00 00\  0g.0p 1 0 30 QAp 30 v, 1 v,

( r dp g, p or "o UTT ar 375,
200 — Opp — 02z (Ov, 10V, ov, 1 Ore Bvr 1 vy,
9 (3r+r8<p+r+8z 6 r \ Oy +60w3r

_1opp Oy lunope 1 (Ovp  10va) 1 Ov.)|
3 r dp 3 r dz  r dp 3 0z

(B.15)

Equation for R,

OrrOrp + OrpOpp + Ora04ps wll, (10q- q dq a 00 a0
Rr — B P pY Y P B =~ _9 - 1 e il
¢ ! p + 5 [ <r dp r or Bgo Tt or

160 (qr Op Jp Ov, 1oy (Ovy Ore 81)@

2p<r8cp+q(p37“ t7 9 ZUTT87“+2 r \ Op e | r Op o
_2 %4_1%4_&4_81}2 +1 %4_18”2 %

0 Trz 0z r Jyp Tre or

or  r dy r 0z
1 US"V’ 3UT 1 ({91)90 avr
+ 3 57, (8@ —v¥,> + 30005, + 0y 2 )| (B.16)

Equation for R,

Orp Oy + OrpOpy + Orp0sy wl, 0g¢g 1 00 00 10 ap ap
RTZ:B Xt B~ |0 5 T _ za | T 57 T a_ zZ o
' p * 2p[82+2<q82+q8r 2p q82+q87"

5 Jv, 1 10v, = Ov, ov, 2 ov, 10v, v,  Ov,
—l—?@ Orr—— + =0 — + =)+ — — -0 +-——==+—+

or 2 "7 \r oy 0z 728, or de r 0z

ov, 1oy, (Ov, 1 O0vy, v,
+Urza +2 r (&p U¢>+2U¢z 8’[“ +Uzz aZ):| (B].?)
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Equation for R,

2 2 2 2 2 2
-0y, + — 204, +2 + —
p, _ B1Toh ol m 20kt vod ot ol (100 ya On O
3 0 3
L0 00 L[ 90 00 98\ (0,00 1 O 14,00 1 0
"o r Op =5, r Op 379y 3 r dp 35,
1 1 T T rr_2 zz T 1 T z
+_00<_U¢<3U _Uw>+a Tpp +0 <8v L1 81@,_'_11 +3v>

Op 9 ar  r dy 0z

1 ov 20 ov 1 ov 1 Ov,
+_UT<P8—:J+ —£ <—:+’l}r> +EU<PZ <_</J+_ )

0z r Oy
_ 2,0 1 du 1 Ov.
379, 37" ar  37%702 )|

(B.18)

Equation for R,

Ors0rp + 00z000 + 0pr0ssz 1 dq 19q., 1 a0 g, 00
R L = B » pzrep » B, Z 0 ® - - il 1z YY
v ! p T [ <az+r&p> (qw82+7“830

_EQ @ q. Op 0v,  Opp+0.. (Ov, 10v, %
2p<q<p32+7'3<p t7 9 7 oy + 2 3z+r3<p T Ty

2 ov, n 1 0v, n Uy n ov, n 1 Ovy, n 1o0,, [ Ov, ;
— 50 z a_ - 8 _ —_ _UTZ— S -
3777\ or r oy r 0z 2 ar 2 r ®

+ ez (%7 +m | (B.19)

Equation for R,

3 0z
_lg(aqr+l%+q_r)_9qz@+lg< @+q¢ap 8p)+_9< v

By —07, — 207, + 07, — 0}, + 07, +2 2,00: _1( 08 o0\ 2 00
R, B o Orpt+ 0 o o2, Bz— 2 9q L %00 2.2
3 p T Ty dp 0z

ar r dp r p 0z Tor T Oy +a 5, " or
n 1 1 sz n 8& n g % Orr + Opp — 205, ( Ovy n 18& Uy n ov,
67¢* Bgo 0z -y 9 or r dy r 0z

1 Ov, 1 Ov, 1lop, (Ov 2 0Ov, loy, (0Ov,
- JUrr— - T SVYrp o T S a — SVYrzTq_ T 57 a _ T . B2
37 ar 379 3 (Bg@ U“’) 379, 3 r Op T (B-20)

B.3.3 m

The quantity m represents a symmetric and trace—free tensor of rank—3 [Eq. (4.24)],

m=C % (9 (grado) — g (o grad p) + g (qgradv}) . (B.21)



168

Owing to symmetry it requires to obtain expressions only for {m..,, Mgy Myrz, Mrpps Mygz, M2z,

Moo, Moz M2z, M.}, where due to the trace—{ree property

Mppr + Mo + Mpzz = Mprg + Mppe + Mepzz = Mppz + Mgz + Mz, = 0. (B.22)

Equation for m,..,

-t [l (M e ) (1
2ot ) 43 (205 - (2 (Gewu) ra St
2 (G-n)a o))
where for axial flows o,, = —0, — 0., must be replaced in the above equation.

Equation for m,,,

S Cp [ 9 (1 00, _2crw) B 39 <180@@ _430W N 20,4 N (%'W) B l@aw@

r Op r 15 \r O¢ or r 0z 3 pr Op
20 (0000 O ) 16 (0 (D), O
+ 15p < r Jdo Aorp or + 729, T 75 3<p ve | ¥4 or
e} 4 (390 (v v @%z P
T, > 75 (3 r <8<p R R dp tag, (B-24)

Equation for m,..,

3 0z 15 or r Op 0z 3 p 0z r Oy
46,2 4 5 ap)+§( 9 g 8”) 4( v,

1 rr 2 rz rz 1 2 g 1 r 2 .
mo, =CH [980 __9<cr _480 +_8cr@ +3a ) fo. Op E%(g@%

or =9 75 0z or ar or ? 0z
% Ov: ¢ (O v
P (P, )] .35

Equation for m,,

w1, 00,4 2 0oy 100,y = Opp — Opgp 00, 180, Op
rop = C— |5 - —4 (- -5 .
Mrgp = C P [30 or 15‘9 or r Op + r s 3 p Or

29 op Ory Op op 16 (qr (Ovy, Ovy,
Y, (”ar 4ra<p+”a)+75( (a o) T

ov 4 v, ov, ov ov
_(p T _ = T z
+ , (3(,0 v¢)> 75 <3 o +qr 9 +q. N +q- or >} , (B.26)




169

where for axial flows oy, = —0,, — 0., must be replaced in the above equation.

Equation for m,,.
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where for axial flows oy, = —0,, — 0., must be replaced in the above equation.
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Equation for m,..
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Appendix C

Second—order Velocity Slip and

Temperature Jump Conditions

Velocity slip and temperature jump boundary conditions can extend the range of applicability of
the Navier—Stokes—Fourier equations around, and in some cases beyond Kn 2 0.1. Due to simplicity
and relatively low cost of Navier—Stokes—Fourier simulations, compared to molecular and extended
macroscopic simulations, accurate slip and jump models are very desirable [46].

In this appendix, first— and second—order velocity slip and temperature jump conditions for
curved and flat walls are deduced from the R13 boundary conditions, which are of third—order.
These conditions are obtained for both hard—sphere and BGK kinetic models.

As shown in Fig. C.1, we assume a curved wall where at any arbitrary azimuthal position ¢, the
local curvature is ¢ (¢) and the radius of curvature is r (¢) = 1/¢ (). Accordingly, the curvature of
a plane wall is identically zero, and the curvature of a circle of radius r is a constant, i.e., it does
not depend on ¢.

In the following sections, slip and jump models for pure rotary, and pure axial flows over curved
surfaces (with constant curvature) are derived. These boundary conditions are discussed for different
processes, namely, Couette, Poiseuille, and thermal-creep (transpiration) flows. Moreover, by using

the asymptotic condition » — oo, these boundary conditions are adapted to flows in slab geometry.
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Figure C.1: Schematic presentation of a small segment of a curved surface. The surface is exposed
to a gas flow, and, since it is impermeable, v, = 0. In rotary and axial flows we assume v, = 0 and
v, = 0, respectively.

C.1 Second—order Slip and Jump Conditions for Rotary Flows

For rotary flows, where ¢ and r denote azimuthal (tangential) and radial (normal) directions [see

w

o » and temperature jump 7 = 6 — fw, in

Fig. C.1], expressions for slip velocity V, = v, — v

Egs. (5.37) and (5.38) read

2—x [70 oy g, 1My
= —— —_— r T T~ T T o~ ‘1
V=X W e, Lg lmo CEY
and
92— 0 q, 1 1600,, 1A -
T 27X W_q_nr+_v2__0____—iR (C.2)

X 2 2P 4 4 P 30P 56 P

The underlined terms correspond to the well-known first—order slip velocity and temperature jump

conditions [106], where ¢,., and ¢, require the NSF constitutive relations [Eqgs. (9.6) and (9.12)], and

prSF =p.

We now expand these boundary conditions in the Knudsen number, Kn. Density, temperature,
and velocity are equilibrium quantities and are not expanded, since they are of zeroth—order. Heat

flux and shear stress are first—order quantities,
qr = Kn éra de = Kn (jcpa Orp = Kn (Ofrcpa (03)
while second—order quantities are

2 . 2 . 2 . 2 3
g =Kn" qp, o =K0° Gy,  0pp = Kn® Oy, A=K A,

Ry =Ko Ryp, Ry =Ko Rup, Mg = K02 1itrrp, Mgy = K02 1. (C.4)
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Note that the azimuthal heat flux g, is of first-order in thermally—driven flow, and second—order in
shear—driven and force—driven flows. The remaining quantities, which promote the R13 boundary

conditions to be of third—order, are
Ry =X0® Royy  Myry = K0® 11y, My = K0® 172,00 (C.5)

For the expansions, all moments in (C.3)—(C.5) are scaled as M = Kn® M, where the rescaled moment
M is of order unity and « is the order of the moment M.

Replacement of the scaled moments into the extended balance equations (4.20)—(4.24) allows to
identify their second—order terms. Accordingly, normal heat flux and shear stress balance reduce to
the Fourier and Navier—Stokes laws

. 5 up00 . 5pu10d . Ov, v,
ar = 2 Pr or’ 9 = 2Prr Oy’ re M(@r r )’ (C.6)

and the required second—order moments read

o 7 1 COTT’ qor 1% aao_r COTT I i . v
=—11 J— b L » 2 P el . _9 . Vo '
dy 5 < + Pr) D pPr ( or + , +pPr (U@a' o q ) = (C 7)
o o 02
) /J’ v(po-’mp 1q7~ 60’7‘@
e -l ) C.8
7 p ( r * 5 7") 5 p (C.8)
o o 02
S o v(po-’mp 1qr 80'7,%)
=\ sy ) Ty C.9
e p< r +57’)+5p (C.9)
A A Dr Dr 7PrA 52 DE A or'U2
A:2_ﬂ<5q q—)—#q—r-l-(QAl—Az)u_ 2 g =) (C.10)
P or " 5 p P p T
ho _Bow (00 4\ BPrB @ (Bi 5B\ 07, 2Bppudii o
(A 3 P 87’ r 15 p 3 21 p 3 p T ) .

(C.12)

Meyryp =

2 4%_7@ ~ 16C(1+Pr) 6vGr _%ﬁvi&w
157 or " 75 p 5p r

To obtain second—order corrections to slip and jump conditions, the third—order corrections in
Eq. (C.5) are dropped.
Subsequent substitution of Egs. (C.7)—(C.12) into Eq. (C.4) and then into Egs. (C.1) and (C.2)



gives the second-order slip and jump conditions as
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2- g oNSF 1 gNSF C - 1 NSF ;NSF
Voo = X\/WU“" S ER | ASYCIS S A S | [ e
X 2 p 5 p 75 25 Pr p
NArE aa}FjF (2, TC o
p2 5Pr or 5Pr 15 T
M 2 NSF 4C 1 NSF | Yo
E |:E < 15 — E ’U‘PUT’A,D 7 (013)
and
2 NSF 12— NSF 714\ISF A B NSF
o B B (1.3) ()
X 2 2p 10 x 2 p 150 P
2 2
+ @ Lol (2=X 't .3 AL A 5B 25Bp| (o)t
10p 8 10 15 30 168 1176 P
LHO[(5B2 1 A\ gt (Ax 5Bp) 9"
p? 168 5 30 r 30 84 or
A 5B
+ pﬂ [(38 + ?ﬁ) Vg — Haij] ”7“’ (C.14)

The underlined terms indicate the first—order slip velocity and temperature jump contributions,

while the rest are second—order corrections. The terms that include qNSF are applicable only for

thermal transpiration flow, since they account for azimuthal temperature gradients. Depending on

the considered kinetic model constants {Pr, A;, Bj, C} must be replaced from either (4.15) or (4.16).

C.2 Second-order Slip and Jump Conditions for Axial Flows

in Tubes

For axial flows in tubes, where z and r denote axial (tangential)
Fig. C.1], the expressions for slip velocity, V, = v, — v}V

Eqgs. (5.37) and (5.38) read

V——L ﬁ_aamn_lq_z_
= X 2 P " 5P
and
2—x qu 1.5, 100,
:—— _— —V————
T X 2P 4 P

and radial (normal) directions [see

and temperature jump, 7 = 0 — Oy in

1 myps

— 1
o (C.15)
1A 5 RM,

0P 56 P (G-16)
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The underlined terms denote the first—order slip velocity and temperature jump conditions [106],

where 0, and ¢, must be replaced by the NSF relations, and PN

= p‘
Again, density, temperature, and velocity are equilibrium quantities and are not expanded, since

they are of zeroth—order. Fourier heat flux and shear stress are first—order quantities
q?” = I<n qof’v qz = Kl qoz; UTZ - Kl &'r‘z, (Cl?)
while second—order quantities are

2 o 2 o 2 o 2 A
qZ:I<n qz, orr = Kn Orr, 0., =Ko Ozz, A=K Aa

Rrr = I<H2 érra Rzz = I(‘[12 ézz; Myry = I(‘[12 Tonrrza Mepz = I<H2 ﬁlcpcpz- (018)

Note that the axial heat flux g, is of first—order in transpiration flow, and second—order for Poiseuille
flow. The remaining quantities, which promote the R13 boundary conditions to be of third—order,

are
RZ——KnB]O%Z e = K0° My r ——Kn3°r rzz = K07 Mysyy C.19
- 2 Moy 3mr7 My My, m er. (C.19)

The moments in (C.17)~(C.19) are scaled as M = Kn®M, where the rescaled moment M is of order
unity and « is the order of the moment M.

Replacement of the scaled moments into the extended balance equations (4.20)—(4.24) allows to
identify their second—order terms. Accordingly, normal heat flux and shear stress balance reduce to

the Fourier and Navier—Stokes laws

3

ov,

. o . 5 u 00 .
= = = — , C.20
e 2Pror e 2Pr oz 7 a or ( )
and the required second—order moments read
o 7 1 OO-TZqOT /'[/ 600'7‘2 OD'T‘Z
=14+ =) — - — , 21
¢ 5<+Pr> D pPr(8r+r> (C.21)
4 07« 6 o9
Gy = B I 2Trz (C-22)
opr 5 p
8 52
G0 = 2rz, (C.23)

5 p
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i Aop (04 G\ TPrA2g; gy
A== =) - —= 4 (2A — Ap) 2 C.24
p (57‘ + r 5 p +(2A 2) P ( )
o Bop (,0G- qr 8 PrB; ¢ Bi 5By 62
Rrr:__ 2 - — | — = —_— = — TZ, C.25
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(C.26)

Myry =

15 p o 75 D

2Cu <48(°7m &rz> 16 C(1 + Pr) 6,24,
To obtain second—order corrections to slip and jump conditions, the third—order corrections in
Eq. (C.19) are dropped.

Subsequent substitution of Egs. (C.21)—(C.26) into Eq. (C.18) and then into Egs. (C.15) and

(C.16) gives the second—order slip and jump conditions as

2y [n6oNSF 1 gNSF 8C 7 1 (NSF G NSF
NSF Tz z T rz
R\ WY il - Srgp) - S (1p= )| &
Ve TV s, A oty D2
1o 1 4C\ Ool5¥ 1 C\ ol5F
Sk = . 2
+ p2 [(5Pr 15 or + 5Pr + 15 r (C.27)

and

2
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% 2 2p " 10 x 2 p? " 150 21 P

NSF 2 2 3 A A, 5B 25B NSF 2
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10p Y 8§ 10 15 ' 30 168 ' 1176 p
,uG 5 Bg 1 A2 qTNSF A2 5 Bg aquSF
=2 Y : C.28
t e K 68 5 30) r 30 84 ) or (C.28)

The underlined terms indicate the first—order slip velocity and temperature jump contributions,
while the rest are second-order corrections. The terms that include ¢Y>F are applicable only for
axial thermal transpiration flow, since they account for axial temperature gradients. Depending on

the considered kinetic model constants {Pr, A;, B;, C} must be replaced from either (4.15) or (4.16).

C.3 Second—order Slip and Jump Conditions for Planar Flows

Since for flat surfaces curvature is zero, ¢= r~! = 0, then, second-order slip and jump conditions

in planar geometry can be obtained from Eqs. (C.13) and (C.14) (or Egs. (C.27) and (C.28)) in the
p g y q q



limit of r — oo, i.e.,
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p2 \5Pr 15 oz, ’ '
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where n and ¢ denote normal and tangential directions with respect to the wall surface.
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