The Role of the Goal in Problem Solving Hard Computational Problems:
Do People Really Optimize?

by

Sarah Elizabeth Carruthers
B.Sc., University of Victoria, 2004
M.Sc., University of Victoria, 2008

A Dissertation Submitted in Partial Fulfillment of the

Requirements for the Degree of

DOCTOR OF PHILOSOPHY

in Interdisciplinary Studies

(© Sarah Elizabeth Carruthers, 2015

University of Victoria

All rights reserved. This dissertation may not be reproduced in whole or in part, by

photocopying or other means, without the permission of the author.



The Role of the Goal in Problem Solving Hard Computational Problems:

Do People Really Optimize?
by
Sarah Elizabeth Carruthers

B.Sc., University of Victoria, 2004
M.Sc., University of Victoria, 2008

Supervisory Committee

11

Dr. Ulrike Stege, co-Supervisor

(Department of Computer Science)

Dr. Michael Masson, co-Supervisor

(Department of Psychology)

Dr. Margaret-Anne Storey, Departmental Member

(Department of Computer Science)

Dr. Anthony Marley, Departmental Member
(Department of Psychology)



111

Supervisory Committee

Dr. Ulrike Stege, co-Supervisor

(Department of Computer Science)

Dr. Michael Masson, co-Supervisor

(Department of Psychology)

Dr. Margaret-Anne Storey, Departmental Member

(Department of Computer Science)

Dr. Anthony Marley, Departmental Member
(Department of Psychology)

ABSTRACT
Understanding how humans cope with complexity is perhaps one of the most
important targets of scientific research. Humans not only excel at solving complex
tasks in their day to day life but also take on objectively difficult problems
recreationally. Research, which has focused to date on the famous hard optimization
problem the Euclidean Traveling Salesperson problem (E-TSP), has indicated that
humans are able to find near optimal solutions in linear time to hard optimization
problems despite the objective difficulty of the task. The research presented in this
work contributes to this research by comparing human performance on the search
and optimization versions of two other visually presented computationally hard
problems: Vertex Cover and Independent Set. These two problems were selected in
part to explore how human performance might differ on not-Euclidean problems.
Performance on the optimization version of the problems used in this study is in
keeping the previously reported results; however, performance on the search version

is even better suggesting that previous problem solving research might have



v

underestimated the power of the human problem solving system. A key result of
this work is that differences in performance between the optimization and search
versions of these hard problems can be attributed to differences in how problem
solvers encode the goal of the task. Consequentially, subjects in these conditions
tasked with identical instances of two very nearly identical versions of a problem are
in fact solving very different problems. This work presents a framework to improve
how human performance results on hard optimization problems are interpreted. It
also demonstrates how the search version of hard computational problems can be
used to investigate how people cope with complexity free of the confounding aspect

of an ill-defined goal.
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Chapter 1
Introduction

Like many computer scientists, I find great joy in the challenge of problem solving,
be it in the form of games or puzzles, or discovering and solving a new hard problem.
It is inherently interesting to me why people enjoy solving problems, an interest
that directly motivated this work. In computer science, the study of computational
complexity has many tools and techniques for classifying problems based on their
objective difficulty, as well as techniques for coping with problems that resist efficient
solution. These tools and techniques were adopted by cognitive scientists to try to
better understand the power of the human cognitive system. It became possible
to think about the cognitive system, and more specifically problem solving, from a
formal computational perspective. Computational complexity also brought some very
hard problems into the limelight, eventually leading to their adoption as instruments
to investigate human problem solving.

The results of these studies have been somewhat surprising, showing that people
are quite adept at finding close to optimal solutions remarkably quickly, seemingly at
odds with what is thought to be known about these problems. It was these findings
that planted the seed that would become this work. It began with a desire to see
if the results of earlier studies were representative of problem-solving proficiency on
visually presented hard problems, in general, but evolved into an investigation of how
people cope with a specific facet of the challenge of these problems. That is, how
does the human cognitive system cope with a problem-solving task environment in
which it is not necessarily possible to know when a solution is correct? This kind
of challenge is one that is quite natural. Humans have evolved in a world riddled
with tasks for which there is no meaningful way to determine when the best answer

has been achieved. Therefore it is likely that we have also developed mechanisms for



quickly coping with this kind of complexity.

The reader will note that this introduction is brief. Due to the interdisciplinary
nature of this work, a great deal of introductory material is presented in Chapter
2, as two very different perspectives of problem-solving theory must be addressed.
Rather than try to compress this into a traditional introduction, this introductory
information is woven into the description of the nature of the problem tackled by
this research. The hope is to situate the introductory material in a way that is
meaningful and approachable to readers from both disciplines: cognitive science and

computational complexity.

1.1 Overview

Chapter 2 begins with an overview of problem-solving theory, first from the cognitive
science perspective, followed by an introduction to computational complexity. Rele-
vant previous work studying human performance on hard optimization problems is
presented, and a previously unrecognized shortcoming of using optimization problems
as instruments to study human problem solving is identified.

Once the necessary groundwork has been laid, Chapter 3 presents two methods to
remedy the identified shortcomings of previous work. The first method suggests how
previous study results might be re-interpreted. This includes a framework for decom-
posing the goal of hard optimization problems to facilitate a better understanding of
problem-solving performance on these problems. As an alternative, another problem
formulation is presented to allow for the study of human problem solving on hard
problems that are devoid of the identified shortcomings.

Chapters 4 and 5 present the results and analysis of this research study. The
framework identified in Chapter 3 is used as a template to demonstrate how to inter-
pret performance results on hard optimization problems in light of the shortcoming
identified in Chapter 2. This study also uses the other problem formulation identified
in Chapter 3, as an alternative to hard optimization problems, allowing for compar-
ison of relative performance between the two versions of each problem. Chapter 5
presents a detailed analysis of human performance on both versions of both problems
used in this study.

A computational model is presented in Chapter 6, designed to test the theory that
simple local strategies might be sufficient to explain individual human performance

on the Vertex Cover problem used in this study. This model was key in identifying



interesting problem-solving behaviour, which then informed the overall analysis.
Chapter 7 presents a summary the findings of the study and their implications,

along with a number of questions suggesting future areas of research to further extend

our understanding of how humans cope with complexity, and the power of the human

cognitive system.



Chapter 2
Coping with Complexity

“There are no more promising or important targets for basic scientific
research than understanding how human minds, with and without the
help of computers, solve problems and make decisions effectively, and
improving our problem-solving and decision making capabilities.” [96], p.
12.

The main drive of this work is to contribute to the study of how people cope with
complexity, motivated by a number of observations, including: the prevalence of hard
problems in day-to-day life; the relative ease with which people are able to handle
hard problems; and people’s attraction to complexity for diversion and entertainment.
This work will explore in greater precision in the following sections what can make
a problem hard, or difficult, but for now this work will consider problems that are
composed of many variables, and those problems which are subjectively difficult.

Day-to-day life is rife with hard problems. Getting to work or school can start with
trying to find a fastest route; at work, managers try to efficiently schedule workers
and resources, while workers might be trying to maximize the number of customers
who are satisfied by the company’s service; after work, shoppers insistent on a single
trip from the car need to figure out how to fit their groceries into a limited number
of sacks. These problems do not necessarily seem subjectively hard to many people,
and are typically completed without too much difficulty. But, as will be shown in
Section 2.2, many of these tasks are hard in an objective sense. The human cognitive
system’s ability to tackle complex problems like these with what can sometimes seem
like little or no effort is fascinating and deserving of continued study.

The fact that people deal with hard problems in day to day life is perhaps un-



avoidable. The world is complex, and maybe, given the choice, people would avoid
activities or tasks which are difficult if they could. However, the opposite appears
true. People are often attracted to hard problems for recreational purposes, and in
fact, many popular games and puzzles have been shown to be objectively difficult (see
Section 2.2 for details). Popular video games which have been proven to be difficult
include: Tetris, Minesweeper, Mastermind, Mario, Donkey Kong, Legend of Zelda
and Pokemon [2, 22, 88, 100]. Puzzles and analog games that have been shown to be
hard include: 15-puzzle, Battleships, Rush Hour, and a number of wooden geometric
puzzles [3, 42, 81, 89]. It is unknown what attracts people to hard games and puz-
zles, but whatever the explanation, the attraction exists despite the fact that these
problems have defied efforts to find general, fast, solutions. This fact has not gone
unnoticed, and games have been used to make it easier to teach hard concepts since
the advent of digital games. Recent work in this area has used games and simula-
tion to teach complex topics, including business management and problem solving
[50, 75, 99]. Better bridging of the gap between the objective and subjective mea-
sures of difficulty can serve to inform this effort. Better understanding what aspect
of these hard games makes them addictive and engaging has the potential to improve
educational games.

Gaining an understanding the power of the human cognitive system and why
people do not balk at confronting hard problems also has the potential to inform
education, workplace practices, and interface design. Problem solving skills are key
to many levels of study, from kindergarten to graduate school, and many areas of
study, including but not limited to mathematics, sciences, and engineering. Simi-
larly, this kind of study can lead to a better understanding of what properties of
problems or the human cognitive system make problems either engaging or boring.
This knowledge could lead to better methods for supporting problem-solving skill
acquisition, by identifying problems which are difficult yet engaging. As suggested
by Polya in [78], stimulating interest in the joys of problem solving is key to building
strong problem-solving skills, and could serve to inform educational practices. Similar
claims can be made about work environments, which can include complex problems
that must be solved. Scheduling conflicting tasks or resources has been shown to be
a hard problem, but it is one which many managers face on a regular basis. Studying
human performance on hard problems can help to gain a better understanding of
what properties of problems contribute to their difficulty, and what aspects of the

cognitive system contribute to the perception of the subjective difficulty of prob-



lems, making some problems seem subjectively easy even if they might be objectively
hard. A better understanding of what cognitive processes can be leveraged to make
complex or difficult tasks easier, could improve the ease and efficiency of common
workplace tasks. It is well established that problem representation impacts perfor-
mance on tasks [69], and it follows that understanding how problem-solving tasks are
represented must also impact interaction with tools and technology used to process or
solve those problem-solving tasks. Work in this area has already made advances, by
determining that problem and information representation can impact problem-solving
performance [12, 60, 71].

Problems and problem solving occur in many parts of our daily lives: at school,
at work, at play, and in our daily routines. Better understanding how humans cope
with complex problems can give insight into how problem solvers manage to deal with
many kinds of problem, and also help design education, workplaces, games, and tools

to leverage the power of the human cognitive system.

2.1 Problems, Problem Solving, and Difficulty

The terms problem and problem solving may have different meanings depending on
context, and therefore it is necessary to more carefully define what is meant in this
context by these terms. This is especially important as this work is interdisciplinary
in nature and terms often differ in meaning and usage between disciplines. Computer
science and psychology are no exception to this pattern. First, the psychology per-
spective of problem solving will be explored, presenting typical definitions of problem
solving, eventually narrowing down to the definition of interest here. There are many
kinds of task that could be considered suitable for studying problem solving [34], and
various ways of classifying the difficulty of such tasks. What is meant by problem, dif-
ficulty, and problem solving in the context of this work will be defined more precisely.
In particular a class of problem is identified that can be clearly and exactly presented
to problems solvers such that the problems contain all information necessary to solve
them, and are free of uncertainty and unknowns. Once the kind of problem-solving
task that is of interest has been sufficiently defined, the focus will turn to problem
solving in the context of computer science, to find common ground between these two
fields. The goal is to strengthen the foundation of empirical problem-solving research

by building upon previous work in these two fields.



2.1.1 What is Meant by Problem Solving?

In the field of psychology, a task is typically considered to be a problem if there are
obstacles that make achieving the goal a challenge [66], and problem solving is the
process of determining a way of overcoming the obstacle.

The first distinction that must be made is the difference between problem solv-
ing, and decision making. Problem-solving research in many ways has its roots in
decision-making research [91, 92, 93, 94]. Decision making takes place when people
are required to, very quickly or under pressure, make good decisions under conditions
of uncertainty, unknowns and variability, e.g. choosing a best investment in the stock
market. Even the most experienced and skilled individual cannot possibly know all
the factors that contribute to a stock’s success or failure, and there is no definitive
way to evaluate what constitutes a good solution. Regardless, decisions like this are
made all the time, often (at least by subjective measures) quite successfully. While
decision-making theory is an important area of research, it is not of interest here
because the goal is to limit the scope of this work to problems that can be presented

free of unknowns and uncertainty.

2.1.2 Examples of Problem Solving Tasks

Defined as a task for which an obstacle impedes the path to the goal, many games and
puzzles are examples of problem-solving tasks, for instance 15-puzzle, 9-dot-puzzle,
and chess, shown in Table 2.1. These three problems have been used in problem-
solving studies, and serve as a good introduction to some of the properties of problems
that are of interest in this work.

The 15-puzzle is a simple, popular game that consists of numbered tiles within a
constrained square, and the task is to slide the tiles until they are rearranged in nu-
merical order. The challenge, or obstacle, of this puzzle is rooted in its combinatorial
complexity, in the number of possible sequences of moves that might lead to the goal.

The 9-dot-puzzle is a very well-known problem in the study of problem solving.
Given nine dots in a square as shown in Table 2.1, the goal is to connect all nine
dots by drawing four straight lines without lifting the pen/pencil from the paper.
This is an example of an insight problem, one that many people struggle to solve.
Though seemingly simple, the obstacle of this puzzle is often found to be in the correct
interpretation of what constitutes a legal move.

Chess is a two player game that is very well known for its difficulty, and can take



Table 2.1: Three puzzles/games used as instruments in problem-solving studies.

Problem Name
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many years to master. The challenge or obstacle of this problem stems from the
number of possibilities that must be considered when trying to find a best next move.
A chess player must, at each of their turns, try to determine a move that leads to a
state where they are the winner.

All three of these examples constitute problem-solving tasks, and have each been
the subject of human performance studies [57, 66, 76]. Now consider, informally, how
these problems differ in terms of whether they can be presented without unknowns
or uncertainty. The 15-puzzle problem can be clearly defined in terms of input, legal
moves, and goal. Moves are clearly defined: a tile can be slid into an adjacent empty
slot, if one exists. Depending on the location of the empty slot, this means that
between two and four tiles are moveable at any given state. The goal of the puzzle
is also clearly defined: order the tiles. As such, it lacks the uncertainty, unknowns,
and variability associated with decision-making tasks. The 9-dot-puzzle has a simple
well-defined input and goal, and seemingly well-defined legal operators. However, the
way the problem is presented or interpreted often results in an ambiguity that makes
achieving the goal very difficult, if not impossible, to achieve. The reasons for this
have been studied extensively [6, 15, 18, 21, 43, 57|, and have been attributed to
assumptions about what constitutes a legal move that could be a result of previous
experience with points in the plane, or some other aspect of the visual stimulus.
Whatever the reason, the legal moves are ambiguous, and as a result the problem is
rendered ill-defined for many problem solvers. Finally, chess can be clearly described
such that it lacks uncertainty, unknowns, and variability. The start state is simple
and well-defined, the legal moves are equally well specified for each piece, and the
goal state is simple: checkmate the King. It differs from the 15-puzzle in that it is a
two-player game, rather than a one-player game. Newell and Simon [66] used chess
as an instrument to evaluate problem solving by giving participants an intermediate
state of play, and asked them to determine the best possible next move, rendering
it possible to present this typically two-player game as a one-player problem-solving
task.

15-puzzle and chess both possess desirable qualities: clearly defined start states
and goals, a clearly defined set of legal operators. Both of these problems can be
presented such that they are suitable for single-player environments, and can be clas-
sified as problems of transformation [34]. Solving them amounts to finding a sequence
of moves or operations to transform the start state into a goal state. Transformation

problems also include such well-known problems such as: Towers of Hanoi, Water-
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Jug problems, and math word problems, many of which have been used extensively
in human performance studies [8, 7, 49, 17, 71, 101].

2.1.3 Problems of Transformation

More formally, a transformation problem consists of a well-defined start state, a well-
defined and finite set of legal operators, and a well-defined goal state. In order to be
well-defined the state or operator must be encodable and it must be possible for it
to be evaluated by the human cognitive system. As such, it not only must be finite,
but also constrained to the limits of the human cognitive system, including but not
limited to perception, working memory, and processing. The limits of the human
system can be extended to some extent through the use of external aids, such as
interactive representations of the current game or puzzle state. This is common in
games like chess, where players typically rely upon the physical representation of the
game to recall the current state of the board.

Transformation problems provide a good starting point for studying human prob-
lem solving under controlled conditions because they are a class of problems that
are devoid of uncertainties and unknowns. This restriction to transformation prob-
lems eliminates a number of kinds of problem that have previously been considered
in studies of human problem solving, notably decision-making and insight problems
(See, e.g., [15, 18, 30, 43, 57, 91]). Studying decision making and insight can teach
much about how humans cope with complexity in a world filled with unknowns and
uncertainty. However, restricting study to transformation problems with well-defined
start states, goal states, and legal operators has the advantage of allowing certain as-
sumptions to be made about the internal representation used by the problem solver,

which will be discussed in detail in the upcoming sections.

2.1.4 Information Processing Model of Problem Solving

Problem solving research as it is known today found its beginning in the late 19th
Century with Thorndike who, driven by the belief that human consciousness evolved
from the “processes of association” of lower animals, strove to determine the origin
of human problem-solving ability by investigating problem solving of cats, dogs and
chicks [108]. In this foundational work, Thorndike critically reflected upon previous
work studying animal abilities, and made a conscious decision to improve upon its

flaws, that is, to devise sound experiments to test theories, rather than rely upon
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anecdotal evidence. This was a fundamental shift, upon which modern problem-
solving research was built.

Maier built upon this foundation, and his attempts to unravel the relationship
between experience and reasoning using problems of transformation [58], led to the
development of problems that were progressively more controlled and well-defined.
The adoption of these controlled instruments in human problem-solving studies made
it possible to empirically determine, for example, that experience with instances of
problems could impact performance on subsequent instances, sometimes in surprising
ways. Luchins’ concept of a solution to a problem being a sequence of moves [51],
and the emergence of the concept of productive thinking [27, 59] laid the groundwork
that made it possible for problem-solving research and computation to find common
ground.

The advent of powerful computers in the 1950s was an important factor in the
rise in popularity of computational theories of mind, and is a great example of how
the emergence of new tools can influence the advance of scientific theories [31]. Being
able to think about problem solving from a computational perspective allowed for a
wealth of knowledge about problems and problem solving from the field of computer
science to be transferred to the study of human problem solving. It also made im-
plementing working models based on these theories much more feasible. Problems of
transformation were ideally suited for information-processing models of human prob-
lem solving, like those proposed by Newell and Simon in the late 1950s [67] and later
refined in the 1970s [66]. Their information-processing model of human cognition,
and in particular problem solving, motivated a great number of experimental studies
using problems of transformation. This approach also laid the groundwork for the
advancement of artificial intelligence [47, 95].

One of the fundamental concepts that came out of the information processing
model of problem solving is that of a problem space. When a problem solver is tasked
with a problem, they generate an internal representation, or problem space [66], that
can be thought of as a representation of all possible paths from the start state, through
all reachable states, to all goal states. The transition from one state to another in
the problem space is determined by legal operators that can be applied at a given
state. Problems of transformation are thus named because each move transforms the
state of the problem into a new state, until eventually a goal state is achieved. This
problem space exists in the sense that the entirety of the problem space is reachable

via legal operators from any current state, even though the problem solver does not
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necessarily generate or retain the entire problem space in memory (either short or
long term). At any given moment, the problem solver may be only locally aware of
the problem space, the current state, and those states that are reachable through the
application (or undoing) of a small number of operations, as well as perhaps some
number of previously visited states. It is useful to think about the problem space in
its entirety even though it rarely exists in that pure form, in particular when trying
to investigate what might make a problem objectively or subjectively difficult.

As a example, consider the problem space of the problem used in [7]. In this study,
participants were given instances of the 3-Water-Jug problem. In this problem the
start state consists of three jugs, (A, B, C) a capacity for each jug, and a starting fill-
level of water for each jug. The goal state consists of a given fill-level of water for all
jugs. The subject is asked to find a sequence of legal pouring steps that transforms
the start state to the goal. A legal pouring step involves transferring water from
one jug to another, such that the overall volume of water in the three jugs remains
constant. The instance of the problem used in this study, consisted of three jugs (of
size 8, 5, 3), a start state of the eight-unit jug filled, and a goal state of four units
each in the eight-unit and five-unit jugs. The problem space in Figure 2.1 from [7]
corresponds to this instance of the 3-Water-Jug problem. Lines in the problem space
represent legal pouring steps, and the single goal state is at the bottom of the graph.
There are two direct paths to the single goal state for this instance of the problem.
This problem space includes loops (denoted by links to nodes labelled ‘R’; ‘S’, ‘T”
and ‘L) because it is possible through the application of some sequences of moves to
return to some states. Problem solving of this task can be thought of as the process
of finding a sequence of moves that defines a path from the start state to the goal
state.

So long as the given legal operators are sufficient to ensure that there exists at
least one path from the start to the goal, then it can be assumed that the problem
solver’s problem space also contains a path from the start to the goal, and therefore
the problem is solvable. It is assumed hereafter that when referring to problems of
transformation in studies of human problem solving, the problem set is restricted to

those instances for which a solution is achievable given the problem’s definition.
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2.1.5 Sources of Subjective Difficulty

Early problem-solving studies using this computational perspective drew upon a
number of problems of transformation, including the well-known Water-Jug, Tow-
ers of Hanoi, Hobbits and Orcs, and Missionary and Cannibals problems (See, e.g.,
(7, 8, 33, 39, 46, 51, 71, 105, 103, 107, 117]), as well as some lesser known serial
pattern problems and maze tracing problems [62, 104]. From these studies, a num-
ber of theories emerged to try to explain the source of the difficulty of problems of
transformation.

The difficulty of a problem is dependent on a number of factors, including the
interaction between the problem solver and the problem [66] and on the objective
difficulty of the task itself. In this section the focus is on the difficulty of problems
from the perspective of the interaction between the problem solver and the problem,
that is, on a subjective measure of difficulty. The field of computational complexity
has at its disposal a wealth of tools for analyzing the objective difficulty of problems
of this type, and the objective difficulty of these problems will be addressed later in
Section 2.2.

People often encounter problems that seem difficult, but formalizing what actually
makes these problems difficult can be a challenge. Newell and Simon suggested that
the difficulty of a problem is related to the size of a problem’s problem space [66].
Indeed, known hard problems like chess have exponentially large problem spaces [86,
87]. But the size of a problem’s problem space is not necessarily sufficient to determine
its difficulty. In the terms that have already been defined, the difficulty of a problem
stems from overcoming the obstacle that impedes the path to the goal, or choosing the
correct sequence of operations that will lead to the goal. A number of factors have
been identified that appear to impact performance on problems of transformation,
and therefore may impact their difficulty. These factors include the specificity of
the goal, the order in which problems are presented, and schema acquisition. These
factors are all independent of the problem in question and are believed to be general
factors that can impact performance on problems of transformation.

Goal specificity has been found to contribute to the difficulty of some problems of
transformation, resulting in better performance when no goal location information is
given than when the goal location is known [104]. Information about the goal’s relative
location to some intermediate states can lead to incorrect operator choices when the

path to the goal is circuitous. In effect, problem solvers may be unable to recognize
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properties of intermediate states to determine the direction to the goal, incorrectly
interpreting confounding direction information. In this case the relative goal location
information, while globally correct, is locally incorrect at some intermediate states
of the problem, and as a result participants incorrectly infer direction information at
these intermediate states and make incorrect move selections.

Another factor that has been found to impact performance, or the subjective
difficulty of problems, is the order in which problems or instances of problems are
presented. For example, the Einstellung effect has been observed on a number of
problems of transformation. Interaction with instances that can be solved with one,
often more complex, sequence of moves interferes with a problem solver’s ability to
recognize when another, perhaps simpler, sequence of moves can be applied to achieve
the goal [51, 62, 103]. One possible interpretation of these results is that problem
solvers, given problems solvable solely by a particular sequence of operations, tend to
infer that sequence is the only correct one, which inhibits their ability to search for a
different sequence of moves on subsequent problems for which that sequence may or
may not apply.

Concept attainment and learning can take place in parallel with problem solv-
ing, and impact performance on performance on subsequent instances. Faced with
a novel problem for which no strategy is known and lacking domain-specific knowl-
edge, a novice problem solver will likely resort to a general problem-solving strat-
egy. General problem strategies could include exhaustive search, trial and error, hill
climbing, or means-ends analysis [34, 66]. As an individual gains more experience
and domain-specific knowledge, more sophisticated strategies may emerge that al-
low finding a solution to some instances of a problem more efficiently. Differences
in problem-solving performance between novices and experts, both in terms of speed
and accuracy, have been attributed to experts’ ability to quickly and accurately iden-
tify correct next moves, even on problems with enormous problem spaces, like chess
[49, 102]. One explanation for this difference is that experts possess cognitive struc-
tures, called schemata, that allow them to recognize a problem, or instance of a
problem, as belonging to a particular class. This classification makes it possible to
quickly retrieve appropriate moves or operators. Expert schema acquisition occurs
over many interactions with instances of a problem, amounting to the accumulation
of rules about what next moves are best given a particular configuration or problem
state [28, 97]. Schema acquisition is not limited to experts and has also been ob-

served in novices during a single problem-solving session on a series of related physics
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problems [4], and the Water-Jug problem [16]. In novices, the process of schema ac-
quisition can be conceptually broken down into two stages: strategy acquisition, and
subsequent schema acquisition. Strategies may also be acquired without associated
schema acquisition for a number of possible reasons.

These examples highlight some factors that affect the relative difficulty of a set
of problems. At roughly the same time that these efforts were taking place, scholars
in the field of computer science were working towards defining a classification of
computational problems, based on quantifiable measures of difficulty, that would
result in a set of well-defined complexity classes [19, 29]. This classification scheme
resulted in an objective measure of problem difficulty, and not surprisingly, some
cognitive scientists began drawing from some of these known hard problems to extend
their understanding of human problem solving. The following section begins with an
overview of how problems are classified based on their complexity in the field of
computer science, and then moves on to describe human performance studies on a
handful of problems that have been determined to be hard, based on these complexity

classes.

2.2 Computational Complexity

In many ways, problem solving from the point of view of computer science is very
different from the problem solving discussed thus far. When studying human problem
solving, participants are given a small number of instances of a problem, often small
in size, and are asked to find solutions to them. Solving a problem amounts to getting
(possibly) correct solutions to very few instances of a problem. In contrast, when a
computer scientist solves a problem, it typically means they have found a general
method that always finds a correct answer to any instance of that problem.

This distinction may make it seem as though there is no real need to take this
computational perspective into consideration if human problem solving is of inter-
est, rather than general algorithm design. However, given that humans face hard
problems frequently, as well as easy ones, it is important to define, as best possible,
what it means for a problem to be easy or hard. Furthermore, it is prudent to take
both the objective and subjective measures of problem difficulty into consideration
when trying to interpret human problem-solving performance. The study of compu-
tational complexity provides one such objective measure of difficulty, and therefore

complements the subjective measures of difficulty reviewed thus far.



17

2.2.1 Computational Problems

While problems of transformation have sufficed thus far, computer scientists typically
work with another kind of problem: a computational problem. A computational

problem is an input-output mapping, typically specified as follows:

PROBLEM NAME
Input: Describes a given instance ¢ from a general class of problem 1.

Output: Describes the required output, I1(7).

A computational problem can also be thought of as two sets: a set of instances
of a problem and an associated set of solutions for each instance. The definition of a
computational problem describes the problem in general, for every possible instance,
whereas for the problems described above in Section 2.1.2; a problem usually referred

to a specific instance of a problem.

2.2.2 An Instance versus a Problem

At this junction, it becomes important to address the difference between an instance
of a problem, and a problem. A problem is defined as having an input and an output,
in general terms. An instance of a problem, on the other hand, is specified in terms
of actual values of the input. To illustrate, consider the 3-Water-Jug problem dis-
cussed earlier. This problem of transformation can also be defined as a computational

problem, as follows:

3-WATER-JUG PROBLEM (search version)

Input: Three jugs, (A, B, C) a capacity ca, cg, cc for each jug, a starting fill-level
of water for each jug S = {sa, sg, sc}, and a goal fill-level of water for all three jugs
G =1{94,98,9c}-

Output: A sequence of legal pouring steps that transforms S to G. A legal pouring
step involves transferring water from one jug to another, such that the overall volume

of water in the three jugs remains constant.

An instance of this problem, in contrast, is given by specifying actual values for the
variables given in the definition. For example, the instance of this problem described
above could equivalently be defined as: (c4 = 8, cg = 5, co = 3), (sa =8, sg = 0,

sc =0), and (g4 =4, g =4, gc =0).
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This distinction is important when discussing the complexity of a problem versus
the complexity of an instance. In particular, an algorithm that solves a problem must
by definition solve every instance of that problem; however, an algorithm that solves
an instance of a problem need not solve the problem in general. The difficulty of
these two tasks can differ greatly.

To illustrate the implications of this difference, consider the problem of multiplying
two positive integers: x xy. A simple algorithm to solve this problem is to convert the
problem to addition, by adding x to itself y times: 4 x 3 =4 + 4 4+ 4. This algorithm
will work for any two positive integers. Now consider the following instance of this
problem: 9 x 10. An algorithm that will solve this instance of the problem, and
one that is commonly used to solve a subset of instances of this problem that follow
this pattern, is: place the digit 0 after the digit x. This algorithm will work for the
instance where x = 9 and y = 10 to yield 90, but will fail on many instances, including
the one where x = 4 and y = 3 (it would yield 40, which is not correct).

The importance of this distinction has repercussions throughout this document, in
particular when discussing how a problem solver works with an instance of a problem.
Further, this distinction is completely overlooked in most human problem-solving
literature, where the term problem is used in the place of both problem and instance.
Hereafter in this work, the term problem will be used to describe a problem in general,
and the term instance will be used when specifying an instance of a problem with

actual values.

2.2.3 Time Complexity Primer

In the field of computer science, or more specifically in the study of computational
complexity, computational problems are analyzed based on various measures such as
memory requirements or time requirements. We concern ourselves with the latter,
measured in terms of the size of the input. Classifying a problem based on this
measure generalizes the amount of time required to find a solution for any given input,
and allows for problems to be compared in terms of difficulty, regardless of specifics of
their given input. This method, known as time complexity analysis classifies a problem
based on the rate at which the number of steps needed to find a solution grows (worst
case), relative to the size of the input. Some rates of growth are considered slow and
therefore reasonable, like linear f(n) = 2n or polynomial f(n) = n?, while others

are considered fast and therefore infeasible, like exponential f(n) = 2". For small
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values of n, linear and polynomial growth differ (see Figure 2.2), but at moderate sizes
are essentially indistinguishable (see Figure 2.3), whereas exponential becomes large
very quickly. For this reason, growth rates are typically classified with polynomial or

slower time together, and those that are exponential (or worse!) together.
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Figure 2.2: Visual comparison of linear and polynomial growth rates of functions.
Linear time is shown in blue, and polynomial time is shown in green.

To date, a great number of problems have been classified into various complexity
classes. In this section some of the time-complexity classes used to classify problems
based on how much time (number of steps) is required (worst case) to solve the

problem as a function of the input size are reviewed.

2.2.4 Graph Problems

Throughout this work a number of graph problems will be presented. A graph is
a commonly used mathematical construct, used to represent a set of objects and
a set of relationships between these objects. The objects are often referred to as

vertices (singular: vertez), and the relationships are referred to as edges. Edges can be
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Figure 2.3: Visual comparison of linear, polynomial, and exponential growth rates
of functions. Linear time is shown in blue, polynomial time is shown in green, and
exponential time is shown in yellow.

directional when they refer to one-way relationships, or bidirectional when they refer
to reciprocal relationships. Graphs are said to be directed if they contain directional
edges (see Figure 2.4), or undirected if all edges are bidirectional (see Figure 2.5). A
family tree is an example of a directed graph, where the vertices represent people,
and edges represent relationships with offspring. A communications network can be
thought of as an undirected network, where information can travel between any two
locations in the network connected by a communication line or wireless signal. For
the remainder of this work, unless noted otherwise, all graphs are undirected.
Graphs provide a natural way to visually represent complex relationships and
connections between objects, and are even readily understood by young students
with little or no experience with formal graph theory education [14]. Graphs are a

powerful abstraction tool, allowing complex relationships to be presented in a simple



21

way. As such they are a natural choice for presenting problem-solving tasks in a visual

manner.

Figure 2.4: A simple directed graph. Vertices (dots) represent objects, and directed
edges (lines) represent directional relationships between connected vertices.

Figure 2.5: A simple undirected graph. Vertices (dots) represent objects, and edges
(lines) represent reciprocal relationships between connected vertices.

2.2.5 What is an Algorithm?

Another important concept in computer science is that of an algorithm. An algorithm
consists of a set of unambiguous operations or steps [20], and is said to solve a
computational problem if, and only if, on every instance of the problem it always
yields a correct solution and always terminates. This differs from what is typically
meant in the study of human problem solving where the phrase solve a problem is

used to mean find a way to overcome an obstacle to the goal, rather than find a way
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to always find a correct answer. This distinction will be the topic of more in-depth
discussion in Section 2.3.2 below, but for now it is sufficient to keep in mind that
there are different possible interpretations of this phrase or idea.

To start, some of best known complexity classes are presented: P, NP, and NP-
complete. Informally these classes represent problems that are, respectively easy to

solve, solvable, and hard to solve.

2.2.6 Class P

The class P consists of all computational problems for which an algorithm exists that
runs in at most polynomial time (in terms of the input size) for any given input.
These are problems that can be solved, exactly, in a reasonable amount of time, and
are said to be tractable.

The problem of finding the largest number in a list of n integers, is in the class P.
An algorithm that solves this problem could be described as follows. Pick the first
item in the list, set it to the current maximum, then iterate through all items in the
list. At each step, compare the current item to the current maximum, replacing the
current maximum if the current item is greater. When all items have been visited,
return the current maximum. This algorithm runs in linear time in terms of the input
size. There are n items in the list and each one is compared to the current maximum,
taking n steps. Therefore this problem is in the class P.

A well-known, and arguably more interesting computational problem in the class
P is the Minimum Spanning Tree problem (MST). This problem asks, given a graph,
for a spanning tree, that is, a set of edges that connects all vertices in a given graph
with no cycles, and of least cost. This is akin to the task of connecting a set of cities
by roads, so that every city can be reached from every other, with the minimum

length of road required.

MINIMUM SPANNING TREE PROBLEM (decision version)
Input: A graph G = (E, V), with vertex set V', and edge set F, and a set of costs,
or edge-weights, C', where ¢; is the cost of edge e;.

Output: Yes/no answer to the question: does there exist a subgraph G’ of G that
n
is a spanning tree, such that all v € V are connected in G', where » ¢;, e; € G’ is
i=1
minimized?

This problem is in the class P because there is a polynomial-time algorithm that

can find a minimum spanning tree of any graph G. Kruskal’s Algorithm [44] is one
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such algorithm. Informally, this algorithm consists of building up the spanning tree

by adding the cheapest edge, without creating a cycle. It can be described as follows:

e initially all vertices in G are in G', and no edges from F are in G’;
e until all vertices in V' are connected in G’

— select the edge e; of least cost that does not create a cycle in G’

— add it to G'.

To see why this only requires polynomial time, let us break down the required
steps in terms of the input size (the input size of a graph is typically quantified by
the number of vertices in the graph). For [V| = n, then |E| = ¢ is bounded by n?!.
The total time needed to build G’ is O(n?). One can build G’ by first sorting all
edges in the graph by cost in O(n%log(n)) time [20] and then add n — 1 edges to the
tree in O(n?) time. Recall from Section 2.2.3 that this running time is considered
tractable. See Appendix A.1 for details about big O notation and lower bounds on
running times.

While polynomial time is typically used as an indication of a reasonable running

100) may not be feasibly implemented

time, some polynomial running times (i.e., n
by a computer or by a human. However, anecdotally at least, many computational
problems in the class P are known to have fast polynomial running times.

A class of problems has now been identified, those in P, that can be considered
feasible. The upcoming sections consider how to show that a problem is infeasible (at
least in terms of time-complexity), which first requires us to define a very important

class of problems: the class NP.

2.2.7 Class NP

The class NP contains problems for which an algorithm exists, and whose solutions
can be checked in polynomial time. This means, given an instance and a candidate
solution, it is possible to check the veracity of the solution in polynomial time. In-
formally, these are problems that can be solved, but unlike problems in P, without
the requirement of knowing how to solve them quickly. These are also problems for

which, if given a solution, it is possible to check the validity of that solution in a

'In a graph with n vertices, each vertex can be connected to at most every other vertex. The
number of edges therefore cannot exceed (n — 1) + (n — 2) + ...(1) if edges are counted once each.
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reasonable time. This does not, however, mean that finding that solution is easy.
There is a common misconception that the Class P means polynomial, and therefore
that the Class NP means non-polynomsial. This is not, as shall be shown, the case.
An example of a problem in the class NP is the Vertex Cover problem. The Vertex
Cover problem asks, given a graph, for a subset of vertices that covers all the edges
in the graph. An edge is covered by the vertices to which it is connected?. More

formally, this problem can be defined as:

VERTEX COVER / VERTEX COVER (decision version)
Input: A graph G = (E, V'), with vertex set V, edge set E, and a positive integer

Output: The YES/NO-answer to the question: Does there exist a vertex cover of
size at most k7 That is, does there exist a subset U of V of size k, such that every

edge in F is incident to at least one vertex in U?

As an example, a vertex cover of size seven is shown in Figure 2.7 for the graph
in Figure 2.6. The seven vertices coloured blue constitute a valid vertex cover, since

every edge in the graph is incident to at least one of these vertices.

A2

o
4

o)
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Figure 2.6: A Graph G with 15 vertices.

To prove that a problem II is member of NP it must be shown that:

e an algorithm exists for II, and

2 A more informal way to present this problem is to state that if the graph represents art galleries,
where the vertices were guard posts and the edges were the hallways containing priceless art, the
problem is to determine if it is possible to cover all the hallways with at most a given number of
guards.
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Figure 2.7: A valid vertex cover of size 7, for G, is shown in blue. This vertex cover
is valid because every edge in G is incident to at least one vertex in the cover.

e its solutions can be verified in polynomial time.

Let us show that the Vertex Cover problem is in the Class NP.

A brute-force algorithm can be used to find a valid cover (if one exists) of size k
for GG. Since the running time of this algorithm is not of concern, but rather only that
one exists, it is possible to try every single possible set of vertices of size k, and check
if it is a valid cover. If none exists, then the answer to the decision problem is NO,
otherwise the answer is YES. In order to be shown to be a member of NP it must
be shown that a polynomial-time algorithm exists that verifies a solution. Consider,
for example, an instance of the k-VERTEX COVER problem on a graph G = (V, E),
and a candidate solution, V' C V. To check whether V' is a valid solution, one must
check that:

1. |V'| <k, and
2. that every edge in F is incident to at least one vertex in V.

The first step can easily be done in time linear to the size of V. The second step
requires iterating through each edge in F and checking if at least one of its end-points
is in V’. The number of edges in E is bounded by O(n?) (as each vertex can have at
most (n — 1) neighbours, resulting in at most (n — 1) x (n — 1) edges). Therefore,
worst-case, the second step would require O(n?) time. The overall running time of
this algorithm is O(n?), which is polynomial, and therefore VERTEX COVER is in the
class NP.
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Another problem in the class NP is the Travelling Salesperson problem (TSP),
which is of interest here as it has been studied extensively in the context of human
problem solving. In the Travelling Salesperson problem, the goal is to find the cheap-
est or shortest tour that visits every city (or point) exactly once, starting and finishing
at the same location. One can imagine a salesperson who starts at their home town,
visits all towns in his/her region, then returns home. The goal is to minimize the
cost, be it distance, fuel cost, or time. This problem has applications in routing and

transportation, but also in circuit design and construction [48].

TRAVELING SALESPERSON PROBLEM (TSP) (optimization version)
Input: A finite set of cities, C' = {¢1, 2, ..., ¢, }, a distance, d(¢;, ¢;) € ZT for each
city-pair ¢, ¢; € C.
Output: A tour of all cities in C' with minimum length. In other words, an
ordering < ¢z(;), C(2)s ---, Cr(n) > 0f C, such that nz_:l(d(cw(i), Cr(it1))) + d(Cr(ny; Cx(1) 18
i=1

minimized.

A variant of the TSP, the Euclidean Travelling Salesperson problem, or E-TSP,
restricts the vertices to being in the Euclidean plane, and the associated costs of the
edges to the Euclidean distance between the points. If these distances are restricted

to a fixed level of precision, then this problem is also in the class NP.

EUCLIDEAN TRAVELING SALESPERSON PROBLEM (E-TSP) (optimization ver-
sion)

Input: A finite set of points in the plane, P = {p1, pa, ..., P}, where the a distance,
d(pi,pj) € R* for each city-pair p;, p; € P is the Euclidean distance between p;, p;.

Output: A tour of all points in P with minimum length. In other words, an

n—1
ordering < pr(i), Pr(2)s - Pr(n) > 0of C, such that Y (d(pr@i), Prii+1))) + A(Drn)s Pr(1)
i=1

is minimized.

2.2.8 The Relationship between P and NP

Two very important class of problems have been defined, that can be thought of
informally as those with algorithms (Class NP) and those with fast algorithms (Class
P). But what is of interest here is how to classify problems as difficult, that is, those
problems that have algorithms but for which no fast (polynomial-time) algorithm

exists. It turns out that this is not a simple task. The open question of how the
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classes P and NP are related, is one of the Millennium Prize problems, and solving it
is worth $1 million?.

What is known is that P must be contained in NP, as any problem that can
be solved in polynomial time, can also have its answer checked in polynomial time.
Therefore P is a subset of NP. However, what is not known is whether P is a proper
subset of NP (P # NP). If P is a proper subset of NP then there exists some
problem in NP that is not in P, implying that there exist problems whose solutions
are checkable in polynomial time for which no polynomial algorithm exists. For a
visual representation of the two possibilities (either P # NP, or P = NP), see
Figure 2.8. If, on the other hand, P = NP, then all problems for which algorithms

exist must have fast (not super-polynomial) running times.

Figure 2.8: P not equal to NP shown on the left, and P equals NP shown on the
right.

It is commonly assumed that P # NP, that is, that there are some decidable
problems that are hard, in the sense that they require an amount of time to solve
that is super-polynomial, which is considered (in the terms of classical complexity)
an unreasonable amount of time. This shall be assumed henceforth, and based on

this assumption, the class NP-complete is a class of problems that can be considered
hard.

3The Clay Institute offers 1 million US dollars for solutions to any of its Millennium Prize
Problems, including the question of P # NP http://www.claymath.org/millennium/.
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2.2.9 Class NP-complete

Informally, the class NP-complete contains all the hardest problems in NP: those
problems that have an algorithm, but for which it is believed that no polynomial
time algorithm exists. These are problems that are considered intractable.

To show that a problem II is NP-complete, one must show:

1. that II is in NP, and

2. a polynomial time reduction from a known NP-complete problem to IT [5].

A polynomial-time reduction is used to show that IT could be used to solve all
the other NP-complete problems. This implies that if II is easy to solve, then so are
all other NP-complete problems. This is a consequence of the fact that (except for
SAT, the first problem shown to be NP-complete [5]) the hardness of all NP-complete
problems is based on each problem being proven to be at least as hard as any other
NP-complete problem: their hardnesses are interdependent. The reduction involves
describing how a known NP-complete problem could easily be transformed into II, or
reduced to II.

Formally, a problem I1’ is reduced to another problem II if there exists an algorithm
that transforms IT" into II. This reduction can be used to show that II is at least as
hard as IT'. You start with a problem known to be hard and transform it into the
problem in question.

A polynomial-time reduction is one for which the time needed for the transforma-
tion is bounded by some polynomial, n¢ for ¢ constant, and n the size of the input.
The implication is that there is mechanism that only requires polynomial time to use
IT as a subroutine that will solve a problem known to be difficult, II’. This means
that the transformation is easy. If a polynomial-time algorithm is found for a single
NP-complete problem, then all NP-complete problems would have polynomial-time
algorithms, essentially collapsing NP down to P. Despite a great deal of effort by
mathematicians and computer scientists, no such algorithm has been found. In addi-
tion, it has yet to be proven that there does, or does not, exist a poly-time algorithm
for an NP-complete problem.

Of the problems introduced so far, Vertex Cover, TSP, and E-TSP have been
determined to be in the class NP-complete? [29, 74]. In addition, the games and

4A variant of TSP and E-TSP is used to show membership in the class NP-complete, that will
be discussed later in Section 2.3.3
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puzzles described above in Section 2 have also been shown to be NP-complete (or in
other complexity classes beyond the scope of this work), including: Tetris, Master-
mind, Rush Hour, Minesweeper, Super Mario Bros., Donkey Kong, Legend of Zelda
and Pokemon [2, 3, 22, 42, 81, 88, 89, 100]. Of the everyday hard tasks described
above, a number are also very closely related to problems that have been proven hard.
Scheduling tasks to minimize conflicts, for example, can be equivalent to the Vertex
Cover problem; packing the most items in a container is akin to the Bin Packing
problem that is known to be hard; and finding the best way to satisfy a number of
constraints is much like SAT that is known to be hard [5, 29]. In addition, a variant of
the Water-Jug problem, with n jugs where jug ¢ has capacity c¢;, in which the problem
solver may fill any jug from a tap (to capacity only), dump any jug out down the drain
(in its entirety), or pour from one jug to another (with the total volume remaining
constant) is hard [7, 90]. It is an open question if this hardness result extends to the
limited k-Water-Jug problem (the generalized version of the 3-WATER-JUG problem
with % jugs).

2.2.10 Computational Approaches to Coping with Complex-
ity
Many hard computational problems still have real world applications and therefore
once a problem is found to be hard, either in the class NP-complete or another hard
complexity class, work typically turns to finding alternative ways of finding possibly
non-optimal solutions. This includes finding approximation algorithms, heuristics, or
identifying properties of the problem that can allow finding exact solutions quickly
under particular constraints. One of the reasons for addressing this approach here
is that the terms approximation and heuristic have very specific meanings in this
context, which differ from how they are used in the field of cognitive science. So,

in order to avoid misinterpretation, the computer science definitions are introduced

here.

Approximation Algorithms

Colloquially speaking, the term approximation is usually taken to mean finding an
answer that is close to correct. Computer scientists have a more precise definition
when referring to approximation algorithms. Typically, an approximation algorithm

must be guaranteed to find a solution within a specified bound of correct. Some
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NP-complete problems, despite their intrinsic difficulty, can be found to have approx-
imation algorithms that are bounded by a constant factor.

More formally, a problem II is said to have a p-approximation algorithm A with
cost f(z) if, on any input x, the approximate solution A(z) is bounded by a factor p
times the value of an optimal solution. A problem is said to have a polynomial-time
approximation scheme (PTAS) if there exists a polynomial time algorithm that will
always produce a solution that is within a factor 1 + ¢ (for a minimization problem)
of the cost of the optimal solution, or 1 — ¢ (for a maximization problem) where € > 0.
The implication of both of these kinds of approximation is that it is possible to find
relatively close to optimal solutions in a reasonable amount of time for problems with
these kinds of approximation algorithm, with an added guarantee of a limit of error.
It is also possible to prove for some problems that no constant factor approximation
algorithm exists [40], and some other approach must be taken if they have a practical

use.

Heuristics

For problems that have been shown to not have an approximation algorithm, or
for which the bounds of known approximation algorithms may not be good enough
for practical applications, one approach is to turn to heuristics. In the study of
computational complexity, a heuristic typically refers to a heuristic algorithm: an
algorithm that, unlike an approximation algorithm, has no guarantee of correctness
or quality of bounds for a given computational problem [20]. A heuristic may not
always find an exact solution, but is still an algorithm, and therefore consists of an
unambiguous set of operations and must halt. In the field of cognitive science, on
the other hand, the term heuristic has more ambiguous definitions including: “...a
strategy that ignores part of the information, with the goal of making decisions more
quickly, frugally, and/or accurately than more complex methods” [30]; or a process
“serving to discover or find out” [65]. These definitions lack the precision of the
computer science definition, with no requirement to either halt or be unambiguous.
In order to be clear, when referring to the computational complexity definition of a
heuristic, the phrase heuristic algorithm will be used, and when referring to the rule

of thumb definition, the term heuristic will be used.
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Class FPT

Approximation algorithms and heuristic algorithms provide good ways of dealing with
hard problems that still have practical uses however they have the disadvantage of
yielding solutions that are not necessarily correct. Fortunately another approach to
dealing with hard problems exists, one which can still solve the problem exactly.
Furthermore, despite the difficulty of the problem, this approach, if applicable, re-
quires time that is polynomial in terms of the input size n (tractable), and only
non-polynomial in terms of some fixed parameter k. The practical implication of this
approach is that it somehow captures the difficulty of the problem, the part that
blows up the running time, in a small constant rather than the size of the input. This
is typically achieved through the process of kernelization, in which preprocessing is
used to reduce the input to a smaller input, or kernel. Solving the kernel, in conjunc-
tion with the preprocessing steps, solves the original input. The preprocessing stage
often involves the application of one or more reduction rules that in essence remove
parts of the instance that are easy to deal with. If the application of these reduction
rules can be achieved efficiently and the size of the kernel can be bounded, then the
problem can be shown to be fixed parameter tractable (FPT) and belong to the class
FPT [23].

More formally, a problem II with input ¢ and parameter k, is said to be Fixed
Parameter Tractable, if II is decidable in O(f(k)n¢) time, where f(k) is a function
that depends only on k, for some constant ¢, and n the size of i. In a sense, the bad
aspect of the running time is captured solely in f(k), and does not grow with n.

The implication of a problem being in the class FPT is that one can identify an
aspect of the problem that is independent of the input size, that captures the hardness,
and therefore for many instances, a reasonable running time algorithm exists. Some
decision and search problems, for instance, take as input a parameter that is not
dependent on the input size. Consider, for example, the decision version of VERTEX
COVER that includes the parameter k, the size of the desired vertex cover. This is a
natural parameter for a FPT result. For small enough k, the resulting running time is
no different from polynomial, as the exponential portion is captured entirely in terms
of this parameter.

The stage is now set to proceed to look at the current state of research on human
performance on difficult problems: studies of human performance on NP-complete

problems.
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2.3 Human Performance on Hard Computational

Problems

While the focus of these work is on human performance on hard computational prob-
lems, current research has focused on hard optimization problems, which is reviewed
here. A number of factors have been claimed to impact performance on these, and
other problems of transformation, which will also be reviewed and discussed. Finally,
a different kind of problem is presented, one which is as well-suited, if not better,
than hard optimization version of problems which have been the focus to date for

studying human performance on hard problems.

2.3.1 Human Performance on Hard Optimization Problems

In the 1980’s, some efforts to further the study of human problem solving turned
attention to hard computational problems. These known hard problem in many ways
are ideal candidates to help better understand how the human cognitive system might
cope with complexity. They are problems that are provably difficult, and yet easy
to represent. This work focused primarily on variations of the popular Traveling
Salesperson problem (TSP), defined earlier in Section 2.3.3. Variations of TSP that
have been studied in the context of human performance include: E-TSP, E-TSP with
obstacles [36], TSP using a city-block configuration [116], and 3D E-TSP [35]. The
problem has been presented visually on paper (See, e.g., [52, 54, 55, 114, 106, 116])
and on a computer screen (See, e.g., [10, 24, 25, 32, 45, 72, 85]), virtually using a
simulator, and in a real-world interactive environment using objects placed on a floor
[35]. In general, studies claim that humans typically find solutions that are close to
optimal (See, e.g., [32, 72, 112, 116]), taking approximately linear (in terms of the
number of points in the input) time to complete [24, 25, 32].

In addition to TSP and its variants, a few other hard computational problems
have been used in a limited number of human performance studies. These include:
the n-Puzzle problem [76], the Generalized Steiner Tree problem [11], the Knapsack
problem [37], and the Minimum Vertex Cover problem [13, 37]. In the n-Puzzle study
conducted by Pizlo and Li [76], participants were tasked with finding the shortest
sequence of tile movements needed to arrange the tiles in numerical order. Partici-
pants’ solutions to instances of this problem ranged in quality, and were not believed

to be close to optimal, ranging from 40 to 160 moves however, optimal solution-length
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was not known for all instances presented. Relative solution quality was based on
results of optimal solution length on randomly generated instances, which has found
to be between 41 and 66 states. One study of the Euclidean Steiner Tree problem
looked at possible correlations between performance on this, and other computational
problems, and general intelligence measures, however no specific performance results
were discussed [11]. In their study of the problem-solving strategies used on the op-
timization version of Knapsack and Vertex Cover problems, Hidalgo-Herrero et al.
found that most adults and children were able to find optimal solutions to many in-
stances of both problems [37]. A study of the Minimum Vertex Cover problem [13]
focused on properties of instances that impact human performance, and what strate-
gies participants might adopt when tackling instances. Performance on instances of
this problem was in line with performance results reported on the E-TSP, ranging,
depending on the factor, from roughly 4% to 10% above optimal.

Many of these findings are seemingly at odds with the current understanding of
the complexity of these problems. These problems are hard, and therefore no fast
algorithm likely exists that can solve them. There are also strict bounds on how
close approximation algorithms can get to the optimal path of TSP [41], and these
approximation algorithms typically require polynomial time to run, in contrast with
the linear time mentioned above.

Despite these seemingly excellent performance results, a number of factors appear

to impact the difficulty of some instances of these hard computational problems.

2.3.2 Factors that Impact Performance
Impact of Instance Size

Conventional time-complexity results of course take the size of the instance directly
into account, as these time-complexity results relate the amount of time needed to
find a solutions to the size of the input. If the instances presented to participants are
too small, it may be possible to use exhaustive search, or some other strategy that
would not be feasible on large instances, to find a solution in a reasonable amount
of time. However, for hard computational problems, this option becomes infeasible
for even seemingly small instances. For E-TSP, for example, the number of possible
tours on a set of n points is bounded by f(n) = n!, or O(n!), which for n = 10 is over
3-million tours. Participants in these studies are typically given instances ranging in

size from 10 to 40 nodes, that are likely too big for any type of brute force approach
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to be feasible. Additionally, the near-linear solution times observed in a number of
studies contradicts the possibility that exhaustive search can explain performance
results. Performance on hard computational problems tends to get worse as instances

get larger, which is to be expected.

Impact of Instance Selection

In some studies, instances were selected or generated in order to manipulate their rel-
ative difficulty. Instances have been generated purposely to include a specific feature
or property [54, 55], generated at random given some constraint (number of vertices,
or density) [32, 55], generated to manipulate the symmetry of the input or the strate-
gies that are applicable [13, 37|, or even generated based on real-world data [55].
Variation in performance results between different types of instances supports the
hypothesis that some instances of even these very hard problems are easier than oth-
ers and highlights the need to be prudent about how instances are generated. This in
turn has implications in interpreting performance results. General complexity results
are not necessarily representative of the difficulty of specific instances, and therefore
instance selection has serious implications on how results ought to be interpreted.
For E-TSP a handful of instances have been identified that appear to interact with
the human visual system and render them more difficult than other instances of the
same size [54]. It is theorized that the Gestalt principles of continuation and good
form may drive tour selection, and as a result it is possible to purposely generate

instances which trick problem solvers into finding relatively poor tours.

Impact of Perceptual Processes

Great variation in performance results has been found between even relatively small
instances of E-TSP by purposely manufacturing instances [106, 112]. It appears that
Gestalt principles of good form and continuation [106, 118] can drive the selection
of paths during the process of searching for an optimal tour, quite frequently with
a positive impact on performance. However, careful selection of vertex placement
can also lead to highly suboptimal tours, as the principle of continuation appears
to interfere with the goal of optimization. These results suggest that subjects are
able to leverage, perhaps without being aware of it, powerful perceptual processes,
again highlighting the importance of being cautious in selecting instances that are

representative of the general complexity of the problem. This is an example of a
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factor that has been found to impact performance on instances to a problem, that

may not be problem specific.

Problem Solving versus Solving a Problem

A number of factors may impact the relative difficulty of specific instances of these
hard computational problems. Before proceeding, it is important to consider another
aspect that can impact performance, one that has been alluded to in previous sections.

In the study of human problem solving when a person has solved a problem, what
is often meant is that the person has completed an instance in such a way that
they are satisfied with the solution. There is no requirement that the solution in
fact be correct, because, unlike an algorithm, people are not expected to always find
perfectly correct solutions. It is perhaps tempting to say that this vague definition
of problem solving is sufficient when dealing with human problem solving. However,
this definition is no longer acceptable, for instance, once computational complexity
is used as a measure of hardness, because of the underlying assumption that the
problem solver is working on an instance of the problem for which the complexity
being claimed is known, rather than some other, perhaps easier, problem. If the
phrase solve a problem is taken to strictly mean that a participant found a correct
solution to an instance of the problem, then this would be acceptable. However, if
the phrase is taken to mean the participant arrived at a state other than a valid goal
state and chose to find it satisfactory, then the phrase is being used ambiguously. In
order to be able to make meaningful interpretations of problem-solving performance,
it is vital to understand what problem is being solved, which is in keeping with Marr’s
perspective that in order to best understand what algorithms the cognitive system
might use to solve a computational task, one must first understand what problem is
being solved at the computational level.

It is assumed that according to Marr’s Level Theory, the cognitive system can be
conceptually divided into three levels (a common assumption, see, e.g., [38, 63, 79,
84, 110, 111]): the computational level that contains the cognitive tasks as described
by the cognitive functions, the algorithmic level that defines the algorithm (or set
of algorithmic steps) that solves the functions, and the implementation level that
is concerned with cognitive processes that realize these algorithms (see Figure 2.9)
[61]. These three levels are often considered independently, and Marr stresses the

importance of the computational level, because understanding the nature of the com-
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Computational > Cognitive
Level Functions
—>
Implementation Cognitive
>
Level Processes

Figure 2.9: Three levels of Marr’s Level Theory

putational task will more likely lead to an understanding of an algorithm that will
solve it.

When considering human performance results on a given problem, it is assumed
that the problem solver is indeed working to solve the given problem, or at least work-
ing to solve one or more instances of the problem. On the surface, this assumption
seems well-founded. Participants are typically given clear unambiguous instructions
prior to being tasked with the problem in question; trials are used to further ensure
that participants understand the given task; and computational problems are often
quite simple to present, as seen with the problems introduced thus far. Despite these
efforts to ensure that participants comprehend the problem, it is still very important
to ensure that it is possible for participants to solve the given problem. For example,
this is the reason for the previously introduced constraint that there exist a path from
the start state to the goal.

Terminology used in studies of human performance on hard problems like E-TSP
supports the claim that there is an assumption that participants are indeed working
on the given task. It is not uncommon for authors to claim that participants are
“solving TSPs” [54] when results show that participants’ tours are not optimal. Some
authors are careful to clarify that tasked with problems that they are not able to solve,
participants may still attempt to find a solution, however one that does not match
the given goal [32, 112]. For example, van Rooij, Stege and Schactman are careful
to state that “[t|his hypothesis states that humans aim to avoid crossed lines in the

plane when trying to solve E-TSP because they are sensitive to the fact that tours
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with crossed lines are nonoptimal” [112]. Similarly, Graham and Pizlo state “human
subjects are quite good at producing near-optimal solutions to the E-TSP” [32]. If it
is not possible to be sure that the problem solver is working on the given problem,
for example that of finding an optimal tour, then it is vitally important to attempt
to determine what problem may be being solved.

There are two (or more) possible solutions to this conundrum. First, if the loose
definition of solving a problem is to be taken, then the computational complexity of
the task should be discarded.

A second option is to more carefully consider the problem that is being solved
by the individual before making performance comparisons based on computational
complexity results. In order to include computational complexity as a dimension of
difficulty, care must be taken to determine whether or not a given task is encodable
by the human system. This does not mean that performance on problems that are
perhaps not encodable should not be evaluated, but it does require more explicitly
evaluating how the cognitive system, faced with a problem that it cannot meaningfully

encode, copes with this issue. This is one of the approaches taken in this work.

2.3.3 Alternatives to Optimization Problems

Altogether, previously discussed results imply that humans are good at finding near-
optimal solutions, often surprisingly quickly, to instances of problems that, in general
at least, have been proven to be difficult. Instance size and selection have also been
found to impact performance, sometimes quite extremely. In the next section, an
aspect of how these problems are formulated will be described, one which will be
shown to have an even more pronounced impact on performance than anything that
has been addressed thus far.

One observation is that human performance studies on hard computational prob-
lems have focused exclusively on optimization problems. The optimization version
of a problem asks for a best solution, either minimizing or maximizing some mea-
sure. For instance, the E-TSP asks for a shortest tour, the N-Puzzle problem asks for
the fewest moves that orders the tiles, the Vertex Cover problem asks for the fewest
number of vertices needed to cover all edges, the Knapsack problem asks for a the
mazimum number of items of at most a given weight, and the Steiner Tree problem
asks for shortest total length of line segments to connect all points. Optimization has

long been a topic of interest for cognitive scientists, and it has been suggested that
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some types of optimization problem may exceed the limits of the human cognitive
system [94]. An optimization strategy can require the problem solver to store and
compare a great number of options in order to determine a solution that is definitively
optimal. Given problems that demand too much of the cognitive system, Simon’s the-
ory of bounded rationality suggests that people turn to either satisfying heuristics or
fast and frugal heuristics [109]. The former, like optimization, works by comparing
alternatives until one that is satisfactory is found, the latter using little information
or computation. The former most likely applies to hard computational problems like
those of interest here.

However, before jumping to the conclusion that faced with hard optimization,
problem solvers resort to using heuristics, observe that if optimization exceeds the
limits of the cognitive system, then it may be appropriate to study human perfor-
mance on hard problems that do not include optimization as part of the goal. For-
tunately, there are other formulations of computational problems that offer just that
possibility. The complexity classes introduced earlier, for instance, are based on the
deciston version of problems, not the optimization versions. The following sections
introduce two problem formulations commonly used in the field of computer science,

the decision and search versions.

Decision Version

The decision version of a computational problem asks for a yes/no answer to the
existence of a solution to the problem. Consider the E-TSP defined earlier, that
asked for a shortest tour. The decision version of the E-TSP asks instead if there

exists a tour of given length (or shorter).

EUCLIDEAN TRAVELING SALESPERSON PROBLEM (E-TSP) (decision version)

Input: A finite set of points in the plane, P = {p1, pa, ..., P}, where the a distance,
d(pi,p;) € RT for each city-pair p;,p; € P is the Euclidean distance between p;, p;,
and a bound, B € R.

Output: The YES/NO answer to: Is there a tour of all points in P with length at
most B? In other words, is there an ordering < pr(y, P(2), ---» Px(n) > of C, such that

n—1

Z (d(pﬂ(z)va(z+l))) + d<p7r(n)7p7r(l)) < B?

=1
The decision version of the Vertex Cover problem, asks if there exists a valid vertex

cover with a given number of vertices.
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VERTEX COVER (decision version)

Input: A graph G = (E,V), with vertex set V', edge set E, and positive integer
value k.

Output: The YES/NO answer to: Does there exist a vertex cover for G of size at
most k7

The Independent Set problem is closely related to the Vertex Cover problem. This
problem asks about the existence of an independent set, that is a set of vertices that

are not connected by any edges, of at least a given size’.

INDEPENDENT SET (decision version)
Input: A graph G = (E, V), with vertex set V, and edge set E. An integer value

Output: The YES/NO answer to: Does there exist a independent set for G, of size
at least k7

Search Version

The search version of a problem is very similar to the decision version, in that it asks
about the existence of a solution that meets a given criterion; however it returns a
valid solution if one exists (unlike the decision version to which the answer YES is
given) or NO if no solution exists. The search version of Vertex Cover, for instance,

asks for a cover of size at most k, if one exists, or the answer NO, if not.

VERTEX COVER (search version)

Input: A graph G = (E, V), with vertex set V, edge set F, and positive integer
value k.

Output: A vertex cover for G of size at most k. Otherwise output “no solution

exists.”

INDEPENDENT SET (search version)
Input: A graph G = (E, V), with vertex set V, and edge set E. An integer value

Output: An independent set for G, of size at least k, if one exists, otherwise output

”no solution exists”.

5A more informal way to present this problem is to state that if the graph represents a social
network where the vertices are people and the edges are relationships between people, then the goal
is to find whether or not there exists a group of at least a given number of people who did not know
each other.
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EUCLIDEAN TRAVELING SALESPERSON PROBLEM (E-TSP) (search version)

Input: A finite set of points in the plane, P = {p1, pa, ..., pn}, where the a distance,
d(pi,pj) € R* for each city-pair p;,p; € P is the Euclidean distance between p;, p;,
and a bound, B € R.

Output: A tour of all points in P with length at most B. In other words, an

n—1
ordering < pr(i); Pr(2), -+ Pr(n) > of C, such that Y (d(preiy, Pr(iv1))) +dPr(n)s Pr(1) <
=1

1=
B if one exists, otherwise output “no solution exists.”

Computational complexity results are typically based on the decision version of
problems; however it is not uncommon to see claims that the optimization versions
of TSP (and variants) are NP-complete. This is not strictly true; however the opti-
mization or search version of many problems can be converted (in polynomial time in
terms of the input size) to the decision version, in which case the complexity of the
search or optimization versions can be thought of as equivalent to that of the decision
version. For example, if the optimization version of Vertex Cover is easy, then it
could be used to solve the decision version of Vertex Cover in polynomial time, which
would contradict the result that the decision version of Vertex Cover is NP-complete.

Here is an example of how this conversion could take place. Assume that the
optimization version of Vertex Cover is easy. Given an instance, I, of Vertex Cover,
solve it using our (fast) algorithm for the optimization version of Vertex Cover. Take
the size of the solution, &', noting that &’ is the smallest possible vertex cover for 1.
This value can be used to solve the decision version of the k-Vertex Cover, that asks
if there exists a vertex cover of size at most k. If ¥/ < k, then the solution is YES;
otherwise the solution is NO, and therefore the decision version is easy.

Computational problems are free of unknowns and uncertainty and are therefore
good candidates as instruments to better understand problem solving, because it is
possible to understand the problem very well at the computational level. As stated
earlier, however, this depends upon the assumption that the computational problem
given, is in fact the problem that is being solved by the problem solver. We now
identify why this might not be the case for the problems that have been the focus of
study to date.

2.3.4 Can Hard Optimization Problems be Well-defined?

Computational problems, like those introduced earlier, can be classified as being in the

class P, NP, or NP-complete, and are well-defined, at least as far as computer scientists
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are concerned. They can be unambiguously defined, and, if they can be shown to be
in the class NP, have solutions whose veracity can be checked in polynomial time.
This would seem to imply that they are well-defined as far as human problem solving
is concerned as well. However, in order to be well-defined in this sense, the goal must
be verifiable; that is, the problem solver must be able to determine when the goal
state has been achieved. This, as will be shown, may not in fact be the case.

Determining the optimality of a solution to E-TSP poses two main challenges. It
requires, given a candidate solution, determining that it is optimal, which implies that
no shorter tour exists. The infeasibility of this task is supported by results [72] that
indicate that participants were not able to consistently identify the optimality of tours
ranging between optimal (0% above optimal) and relatively sub-optimal (35% above
optimal). More recent work has suggested that subjects may be able to differentiate
between the relative difficulty of a set of instances of E-TSP; however, it is not
immediately clear how this might relate to their ability to discern when a solution
is optimal [26]. A second issue arises due to the Euclidean nature of the problem.
Visually comparing the lengths of two tours may contribute to the immeasurability
of the goal. Given two paths that are close in the length, it is possible that without
the assistance of a cognitive aid, the problem solver may not be able to accurately
determine which path is longer. This is true even if the issue of precision associated
with measuring Euclidean distances is ignored. The human perceptual system is
susceptible to errors when comparing relative lengths of lines due to the location and
placement of other lines, as in the Ponzo illusion [73]. Participants’ ability to find
optimal solutions appears to also be sensitive to Gestalt principles of continuation
or good form [118], as careful instance selection can result in highly sub-optimal
tours [106]. Considering these factors, it is not likely feasible, in general, for problem
solvers to measurably determine when a candidate solution is optimal; therefore the
goal state is ill-defined.

In the n-Puzzle study conducted by [76], participants were tasked with finding the
shortest sequence of tile movements needed to arrange the tiles in the given instances
in numerical order. In order to determine whether a goal state has been achieved, the
problem solver must determine a sequence of tile movements that will order the tiles
such that the length of the sequence is minimized. The task of determining a sequence
of movements resulting in all tiles being ordered appears feasible, as demonstrated
by participants’ ability to correctly arrange the tiles in numerical order [76]. Large

instances of this problem may push the limits of attention (as even relatively small
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instances required hundreds of moves to arrange the tiles in order); however, for the
instance size used in the study (7 — 15 tiles) this does not appear to be an issue.
The feasibility of this aspect of the goal is a byproduct of the fact that each move
can be considered individually and working memory loads are therefore very low [9].
Determining the optimality of the path length, however, may require calculating the
distance from an intermediate step to an optimal solution, or determining, given a
sequence of moves that orders the tiles, that no shorter sequence exists. The likelihood
of the first option is not supported by observations that participants are unable to
even estimate the distance to a goal state with any certainty [76]. The second option
is not feasibly calculable, due to the large number of possible sequences that must
be considered. Known algorithms for determining optimal solutions to the 15-puzzle
variant visited between 540,000 and 6 billion states before finding optimal paths of
length 41 — 66 states [76, 82]. While it may be that some other method might be
able to determine the optimality of a solution in fewer states, it is not clear what this
method might be, and given the sub-optimality of participants’ solutions, it is not
likely identifiable by problem solvers either. Therefore, determining a given sequence
is optimal in the n-Puzzle problem is infeasible and as a result the goal state of the
problem is ill-defined.

Determining that a given vertex cover for a particular graph is optimal requires,
given a candidate solution of size k, determining with certainty that there does not
exist a valid solution of smaller size. If even only a small fraction of other candidate
covers are considered to answer this question, this is well beyond the limits of working
memory for all but trivial instances of the problem. For non-trivial instances, even
comparing only a small number of covers quickly exceeds the limits of working memory
[9]. Tt is possible that there exist other means of determining that a candidate cover
is optimal for given instances, but it is not immediately clear what they may be.
Again, since participants often fail to find optimal solutions, it is unlikely that such
an alternative is readily available to novice problem solvers. Therefore, it is assumed
that the task of determining the optimality of a candidate vertex cover is infeasible,
and a goal state for this problem is ill-defined. Similarly, determining that a valid
independent set is optimal amounts to showing that no larger independent set exists,
a task that is infeasible, as the goal state for this problem definition is ill-defined.

Some aspect of a goal state of each of these optimization problems has been shown
to be infeasible to identify, in general. Despite this, problem solvers, when presented

an optimization problem, generate an internal representation of the problem that
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allows them to determine when a goal state has been reached. It is therefore key
to identify what goal(s) might be encoded within the internal representation, as this
defines what problem is being solved. This in turn determines a sound base from
which algorithmic explanations of human performance can be proposed.

Consider, again, the problem solver’s internal representation of the problem. It
consists of a problem space, defined by the start state, legal operators, and goal state
of the problem. For many of the hard optimization problems studied to date, the
start state and legal operators are well-defined, and therefore is it possible that they
are consistent with those in the internal representation. Identification of a goal state,
on the other hand, has been shown to be infeasible and cannot be encoded as such
in the problem space. In studies of human performance on hard optimization prob-
lems, participants identify solutions to most (if not all) instances presented. These
solutions, often sub-optimal, are selected because they satisfy some requirement or
quality. Some solutions may also be the result of the problem solver giving up on
the task of finding a state that matches a goal state, but this does not exclude the
existence of a feasibly identifiable goal state. Sub-optimal performance results on
hard optimization problems have typically been explained by proposing that problem
solvers use approximations or heuristics [24, 25, 32, 52, 53, 56, 77]. However, this
approach ignores the underlying issue of what problem is being solved; it ignores how
the problem represented internally determines when a solution matches the goal. Ac-
cording to Newell and Simons information processing account [66], the problem solver
determines that the instance of the problem is solved when a goal state is achieved,
which is not possible if it is assumed that the original (infeasible to identify) goal

state is encoded in the internal representation.

2.4 Summary

Many different kinds of problem exist that might be suitable for the study of human
problem solving. Problems of transformation, free of uncertainty and unknowns, have
proven useful for investigating how problem solvers navigate through problem spaces
guaranteed to contain a path to the goal. In other words, they have made it pos-
sible to study performance on problems that are subjectively difficult, but solvable.
Work in this area on problems whose problem spaces are relatively small has yielded
interesting insights about factors that contribute to the subjective difficulty of these

problems. It is also important to study how people cope with problems that, while
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still solvable, are more complex, problems that are objectively difficult. Hard opti-
mization problems seemed to offer such a possibility, as they are very closely related
to computational problems for which no efficient algorithm exists. Rather surpris-
ingly, human performance on instances of these objectively difficult tasks was found
to be very good, with problem solvers finding near-optimal solutions very quickly, in
many cases. However, meaningful interpretation of these performance results hinges
on the assumption that problem solvers are indeed solving the problem given. If
problem solvers are not able to encode part of these hard optimization tasks in their
internal representation, then these performance results may not in fact be indicative
of performance on the given task, but rather on some other, unknown, task.

The next chapter investigates this concept in more detail, by decomposing known
hard optimization problems that have been used to study human performance, and

attempting to determine if they are encodable by the human cognitive system.
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Chapter 3

A Revised Approach to Studying
Human Problem Solving of Hard

Problems

Finding a solution to instances of the optimization version of some hard computa-
tional problems is likely beyond the power of the human cognitive system because the
ill-defined goal is not encodable. If the given problem cannot be encoded then the
problem solver cannot be solving the assigned task. While there are likely solvable in-
stances of any non-encodable problem, the computational challenge of identifying the
goal state renders countless other instances infeasible to solve. The seeming contra-
diction of using non-encodable problems as instruments to evaluate human problem
solving does not preclude the possibility of continuing to use hard computational
problems to gain an understanding of the power of the human cognitive system; how-
ever, it does imply that it may be appropriate to either modify the way these kinds
of problem are presented or modify how performance results are evaluated. Two
possible improvements to the existing problem-solving study design are identified.
The first is to continue using hard optimization problems as instruments and based
on the observation that these problems are not encodable, attempt to identify what
problem(s) might be encoded before analyzing performance results. The second is
to identify hard computational problems which are encodable by the human cogni-
tive system and use them to evaluate human performance on hard computational
problems. There are benefits to both approaches.

Hard problems, in particular those for which it may not be possible to determine
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if a solution is correct, are everyday occurrences of the environment in which the
human cognitive system has evolved. As a result, it would be surprising if the human
cognitive system had not developed fast and efficient ways to cope with hard problem-
solving situations. Using problems which are not necessarily encodable by the human
cognitive system can allow for the investigation of possible mechanisms that the
cognitive system can use to render the problems encodable.

On the other hand, hard problems which are theoretically encodable by the cog-
nitive system, and are difficult due to their computational complexity alone, can be
used as tools to investigate how problem solvers navigate problem spaces in which
they are unable to easily determine a path to the goal. For even very hard problems,
there can exist rules or strategies which can be used to reduce the size of the problem
space of some instances. Encodable hard problems could allow us to observe whether
or not problem solvers are able to identify, learn, and apply these strategies on later
instances.

Previous work on problems of transformation proposed a number of general problem-
solving strategies, like hill climbing, brute force, and means-ends analysis, as possible
explanations of human performance on problems of transformation. While identi-
fying such general problem-solving strategies is important, a different approach is
considered here. This is in part due to the fact that it is unlikely that a general
problem-solving strategy can be sufficient to find solutions to instances of problems
which are shown to be computationally hard. Instead, people may acquire and apply
strategies specific to classes of instances, and possibly acquire associated schemata.
These strategies and schemata are introduced in Section 3.2.1 below, and all strate-
gies and schemata identified for a problem are equally applicable to the optimization
and search versions of that problem.

In order for a schema to be acquired, the problem solver must learn to associate
a particular strategy with a property of the problem or instance. It is possible for
strategies to be learned without an associated schema, amounting to having a tool
without necessarily knowing exactly when it is best used. Associating success at
solving an instance of a problem with a strategy could result in acquiring an associ-
ated schema, or conversely, associating failure with a strategy could prevent schema
acquisition.

To date, studies of human performance on hard computational problems has fo-
cused on minimization problems, and little effort has been made to investigate human

performance on hard maximization problems. The only maximization problem that
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has been investigated to date is the Knapsack problem, performance on which was
compared to the Vertex Cover problem [37]. While performance on the Knapsack
problem in this study was found to be relatively less poor as instance size grew, than
on the Vertex Cover problem, these problems differed in terms of representation and
the instances used, and therefore the source of these differences is not immediately
clear. It is, therefore, an open question whether there might be performance differ-
ences between minimization and maximization problems, independent of differences
in representation and input.

In this work, two hard computational problems have been chosen to investigate
the factors that impact performance on hard computational problems. The Vertex
Cover and Independent Set problems were selected for a number of reasons. As not-
Euclidean problems, they might not be vulnerable to the visual perceptual processes
that have been found to impact performance on the E-TSP. They are also a natural
choice for comparing performance between minimization and maximization problems.
These two problems are very closely related as a solution to an instance of one of these

problems will directly yield a solution to the other problem on the same input.

3.1 A Framework for Handling the Ill-Defined Goal
of Hard Optimization Problems

Human solutions to instances of hard optimization problems can be close to optimal.
The underlying assumption reflected in the language used to talk about performance
results on these studies is that participants are solving the given task. This may
seem to be a valid assumption, as participants typically demonstrate understanding
of the task and do not verbalize that they are trying to solve a problem other than
the one given. This, however, is likely a reflection of the adaptivity of our cognitive
system. On the surface, this seems to be what Gigerenzer is referring to with fast
and frugal heuristics: if a problem cannot be solved exactly then heuristics are a nat-
ural alternative. However, before assuming that heuristics or some other suboptimal
strategies are the only way to explain performance, it is important to determine what
problem might be encoded by the the problem solver because the encoded problem
drives performance.

When tasked with instances of a hard optimization problems that are not encod-

able by the cognitive system, the problem solver encodes some problem, as indicated
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by their ability to find a solution. These solutions can be very close to optimal, which
implies that the encoded problem likely shares a great deal with the original unen-
codable problem. A method is proposed to identify alternative problem formulations
which are encodable by the human cognitive system, based on breaking the problem
down and modifying the starting problem as little as possible. Identifying candidate
problems that can be encoded by the cognitive system makes it possible to propose

models that might predict performance.

3.1.1 Problem Decomposition

Once a problem has been shown to have a goal that is infeasible to identify, one can
try to identify alternative and feasible candidate goals that could be included in the
internal representation. These modified goals can help to predict performance, which
can be compared, experimentally, to human performance. Results of this comparison
can serve to support or eliminate candidate problems defined by a modified goal.

Identification of candidate goal modification(s) can begin with decomposing the
given problem’s goal. Participants’ ability to generate solutions that are valid, at
least in terms of some aspects of the given problem’s goal, indicates that some aspect
of the original goal likely remains unmodified. Ideally only those aspects that are
infeasible to identify need be modified. It is therefore prudent to divide the goal into
those aspects that are feasibly identifiable and those that are not.

Consider the minimum Vertex Cover problem, whose goal it is to find a vertex
cover of minimum size. Recall that given a graph G = (F,V) as input, a valid
vertex cover for GG is a set of vertices U, subset of V', such that every edge in E is
incident to at least one vertex in U. The optimization version of this problem asks
for the smallest vertex cover. We can decompose this goal into two components, one
that is feasible to identify, and another that is infeasible to identify. It is feasible
to determine whether a given candidate vertex cover U is valid. For this, one can
consider each edge in G independently, and check whether it is incident to at least
one vertex in U. Each check in this process is independent and the load on working
memory is low. Therefore, determining whether a set of vertices is a vertex cover is
feasible. Determining whether a candidate cover is smallest, however, is in general
not feasible, as discussed earlier. Candidate decompositions for some other problems
are presented in Table 3.1, and explored in detail below.

From this decomposition, the aspect of the goal that is infeasible to identify can
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Table 3.1: Decomposition of goal elements for select hard optimization problems.
For each problem the goal is decomposed into those aspects which are feasible to
encode, and those which are not.

Problem Feasible Infeasible
E-TSP A valid tour Length of tour minimized
n-Puzzle Sequence to order tiles | Length of sequence minimized
Minimum Vertex Cover A valid vertex cover Size of vertex cover minimized

be clearly identified and potentially modified into one that is feasible to identify. It
is important to note that most modifications of the goal for a problem will result
in a different problem. This is true for all modifications proposed below. For any
problem, there may be many possible ways such a modification can take place. An
idealist approach is to assume that the goal is modified as parsimoniously as possible
while retaining as much of the original goal structure as possible. This is in line
with the idea that only infeasible to identify aspects are modified. It is possible that
goal modifications do not adhere to this idealist perspective; however, it is a prudent
starting point. Regardless of the level of modification, three distinct categories of
goal modification are identified: restructuring modifications, general modifications,
and specific modifications. Two problems, Vertex Cover and Independent Set, are

analyzed in terms of these goal modifications.

3.1.2 Goal Modification Types
Restructuring Modifications

It may be possible for goal aspects, both feasible and infeasible, to be recombined in
such a way that the goal is rendered feasible to identify. Local optimization is an ex-
ample of such a restructuring mechanism, where the global optimization requirement
is reduced to a local optimization, by shifting the target of optimization. This can be
accomplished by recombining goal aspects in such a way that it is feasible to evaluate

the new goal given the constraints of the cognitive system.

General Modification

A general modification is one that replaces an aspect of the goal with a general quality

that can be feasibly evaluated, without including an exact value or measure. In this
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case, the infeasible aspect of the goal is either eliminated or replaced with one that

can be feasibly evaluated.

Specific Goal Modification

A specific goal modification is one in which an unidentifiable aspect of the goal is
replaced with one or more quantitative measure or value. Such values can be refined
and/or adjusted depending on whether or not a solution that satisfies the (previously)
selected goal value can be found, resulting in an iterative strategy to solving the
problem. The problem solver might estimate a value and attempt to find a solution
that satisfies that value. If successful, the problem may either be deemed solved or
a closer-to-optimal value may be chosen and the process might continue. If it fails,
then the problem solver may choose a further-from-optimal value, and the process
can continue. This modification results in an internal representation that is very
close to the original optimization problem, except that the problem solver explicitly
encodes the process of optimization by iteratively attempting to find solutions that
are progressively closer to optimal. This would likely manifest in a goal searching
mechanism that would involve a great deal of backtracking as a result of searching

for a solution that matches the initial (and possibly subsequent) goal.

3.1.3 Goal Modification in Vertex Cover and Independent
Set Problems

In this section the evaluation of possible general, restructuring, and specific goal
modifications are illustrated, by decomposing the goal requirements for both Vertex
Cover and Independent Set problems; candidate modifications are presented based on
these decompositions; and predictions for performance based on these modifications.
An overview of goal decompositions is given in Table 3.1, above. For an overview of
predicted performance for each suggested goal modification, see Tables 3.2 and 3.3,

below.

Minimum Vertex Cover

The infeasible aspect of the goal in the Minimum Vertex Cover problem is not that
of finding a vertex cover (a vertex cover can be easily found by simply picking one

vertex for each edge), but in determining the optimality of the vertex cover.
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The goal can be restructured such that local minimum vertex covers are found in
sub-regions of the graph, manifesting as a kind of local optimization. If the sub-graphs
are small enough, then exhaustive search for a vertex cover becomes feasible, rendering
the goal feasible to encode. This restructuring, while feasible, is challenging, as there
may not be clearly identifiable sub-regions (or subgraphs) for a given graph. Further,
sub-regions may not be mathematically well-defined by participants. Some instances
may contain dense clusters (particular sub-regions) that are only loosely connected
to each other. These would denote, visually, clear boundaries of subgraphs. On the
other hand, graphs with relatively even density of edges may be more difficult to
consistently decompose into sub-regions. As a result, in general, it may be difficult
to maintain a mental model of how an instance is divided into sub-regions. A second
consequence is that this division into subgraphs may not be static, changing during
the problem-solving process. Identifying whether and when new subgraphs might be
selected could be difficult. This modification predicts sub-optimal vertex covers, as
locally optimal choices (in terms of subgraphs), may negatively impact the optimality
of the overall solution. It also predicts some backtracking, as the problem solver
attempts to find locally optimal covers for each subgraph or adjusts a minimum cover
in one subgraph due to the impact of choices in a different subgraph.

A general modification to the infeasible aspect of the goal is to find a minimal
vertex cover. A minimal vertex cover is a valid vertex cover that contains no redun-
dancy that is, no single vertex can be removed from the cover without violating the
requirements of a vertex cover. All optimal vertex covers are minimal however, not all
minimal vertex covers are optimal. For instance, in Figure 3.1, a vertex cover compris-
ing the coloured vertices is minimal, but not optimal. This property can be evaluated
by examining each vertex in the cover individually, and determining whether its re-
moval would render the cover invalid. The memory requirements for this evaluation
are small, as each choice is local and it is dependent only on the vertices adjacent
to, and edges incident to, that vertex. This modification would predict that upon
finding a minimal cover, participants would not attempt to improve upon this solu-
tion, having matched this goal. This modification predicts participants finding fewer
minimum vertex covers than if they are working on the given optimization task. It
also predicts little or no backtracking once a minimal cover is found. To see why this
is the case, consider the case where the problem solver searches for a minimal cover,
which can be achieved by making local choices, for instance, finding a vertex that

is not yet included in the cover that covers an uncovered edge. This strategy alone
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is sufficient for finding a minimal cover and requires no backtracking. Finding an
optimal cover however, may require trying to improve upon a minimal cover, which
necessitates backtracking and trying different options from some earlier choice. An
alternate general modification scheme involves discarding the optimization aspect of
the goal entirely and simply searching for any vertex cover. This modification predicts
suboptimal solutions, with little or no backtracking. However, it is not as desirable
a modification as the previous one, as it less parsimoniously modifies the aspects of

the goal by discarding any sense of optimization completely.

O, 0 @

Figure 3.1: A minimal, and non-optimal, vertex cover. Vertices coloured red consti-
tute a valid vertex cover.

Problem solvers may alternatively resort to a guess and check method to gener-
ate a feasibly measurable goal, and as a result they might generate a specific goal
modification. This method seems especially appealing in problems with integer value
measures, like Vertex Cover or Independent Set. Given an instance, a specific value
k could be chosen by the participant, who could then search for a vertex cover no
larger than k. If one is found, the solution might be deemed satisfactory or the value
could be modified and another (better) solution could be searched for. Similarly if
a solution is not found, the problem solver could either give up, or choose a fur-
ther from optimal value and reiterate the process. This modification predicts that
the amount of backtracking will be related to the optimality of the solutions. That
is, more backtracking will be required if close to optimal specific values are chosen,
and less backtracking will be required to find solutions that are not close to optimal.
This modification results in a process of iteratively solving the search version of the

problem for different values of k.



23

Table 3.2: Predicted performance for suggested goal modifications for the Minimum
Vertex Cover problem. Predictions for each candidate modification are: the solution
quality (relative to optimal), the number of optimal solutions found, and the amount
of backtracking needed to find a solution.

Modification Solution Quality Opt. Solutions Backtracking
Minimal VC Sub-optimal, minimal Few Little to none
Any VC Sub-opt., poss. non-minimal Few None
Local Optimization Sub-opt., minimal Few Moderate amount
Guess and Check Near-optimal Many Greater amount

Maximum Independent Set

Like Vertex Cover, the infeasible aspect of the goal in the maximum Independent Set
problem is that of optimizing the size of the independent set. Due to the similarities
these two problems share, the modifications are likewise similar.

The infeasible-to-evaluate goal could be restructured, resulting in searching for
a maximal independent set. A maximal independent set is a valid independent set
which cannot be made larger by simply adding another vertex to the set. This modifi-
cation predicts that problem solvers would terminate search upon finding a maximal
independent set, with little or no backtracking. An alternate general modification
scheme is to find any independent set, such that the optimization goal aspect is dis-
carded entirely. Due to the nature of the Independent Set problem, an empty set is an
independent set, and therefore this modification is undesirable. It predicts potentially
greatly suboptimal and even non-maximal solutions, with little or no backtracking.

The local optimization maximum Independent Set problem, where maximum in-
dependent sets are identified in subgraphs of the given instance, is also a viable
candidate restructuring. It is vulnerable to the same issues as the local minimum
Vertex Cover problem described above. It predicts suboptimal solutions, and even
non-maximal solutions, with some backtracking.

Like minimum Vertex Cover, a specific goal modification is possible for this prob-
lem. Given an instance, a specific value k could be chosen and the problem solver
could then search for an independent set with at least k vertices. If one is found, the
solution might be deemed satisfactory or the value could be modified and another

(better) solution could be searched for. If an independent set of size k is not found,
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the problem solver could either give up or choose a further-from-optimal value and
reiterate the process. Predictions for this guess-and-check modification are similar to
that for Vertex Cover.

Table 3.3: Predicted performance for suggested goal modifications for maximum In-
dependent Set problem. Predictions for each candidate modification are: the solution
quality (relative to optimal), the number of optimal solutions found, and the amount
of backtracking needed to find a solution.

Modification Solution Quality Opt. Solutions Backtracking
Maximal IS Sub-optimal, maximal Few Little to none
Any IS Sub-opt., poss. non-maximal Few None
Local Optimization Sub-opt., maximal Few Moderate amount
Guess and Check Near-optimal Many Greater amount

In this section, candidate modifications have been identified for the optimization
versions of the Vertex Cover and Independent Set problems. These proposed modi-
fications, unlike the original optimization version of the problems, are encodable by
the cognitive system. In both cases, the restructuring (minimal/maximal) and spe-
cific modifications are the most appealing because they maintain more of the original
problem structure than the general modification, and also predict close to optimal so-
lutions. Both these modifications predict close to optimal solutions, but differ in the
amount of backtracking they predict. These predictions provide quantifiable measures

for comparison to human performance results or computational model results.

3.2 Formulating Hard Problems with Well-Defined
Goals

Alternatively, with the goal to study human performance on hard problems that are
encodable by the human problem solver, well-defined problems, namely those with
feasible to evaluate goals, can be used as instruments. Both the search and decision
versions of NP-Complete problems, for instance, can be used as tools to investigate
how problem solvers navigate problem spaces of computationally hard problems and

what kinds of strategies may be identifiable by problem solvers.
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3.2.1 Hard Search Problems

While both the search and decision versions of these problems are well defined, the
search version has more in common with the optimization version, in the sense that
it asks for a solution that meets the given constraints, whereas the decision version
asks for an answer of YES or NO. So, while it is also interesting to consider hu-
man performance on the decision version, the search version is a more appropriate
encodable alternative to the optimization versions of these two hard problems, as it
allows more meaningful comparison of participant responses. In the following sec-
tions, we introduce predictions of human performance on the search version of two
NP-Complete problems based on the potential to identify, learn, and apply strate-
gies which may reduce the complexity of particular instances of these problems. The
strategies identified are equally applicable to the optimization version of these prob-
lems, and therefore differences in performance between the optimization and search
versions of these problems may be a result of 1) the differences in the encoded problem,
or 2) differences in problem solvers ability to identify, learn or apply these strategies.
This interaction may make it hard to tease apart these influences.

The number of moves needed to find solutions to instances of the search version
of an NP-Complete problem, in general, is predicted to be significantly greater than
the size of the solution. This follows from the complexity of the problem; unless the
problem solver chances upon a valid solution, search for the goal will likely require
backtracking from problem states from which the goal is not directly achievable.
However, despite the fact that there likely does not exist a general algorithm for these
problems, there are many instances which can be solved exactly quickly and therefore
these predictions can be refined based on the type of instance presented. This is
particularly true if participants are tasked with multiple instances of the problem
and are able to acquire schemata. In order to proceed, a number of strategies are
identified that are deemed suitable for human problem solvers to identify, learn, and
apply, and based on these strategies, classify instances of these two problems. These

classifications allow further refinement of predictions of performance results.

Strategies for the k-Vertex Cover Problem

The k-Vertex Cover problem is in the class FPT for parameter k, and a number of
known reduction rules have been identified which, if applicable, could be applied to

reduce an instance of Vertex Cover to a smaller kernel. Moreover, these reduction
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rules can be applied in time polynomial to the size of the input, and therefore do not
contribute to the bad time complexity of the problem.

Fixed parameter tractability has been proposed to explain the power of the hu-
man cognitive system [110], and therefore it is reasonable for to possibly explain the
power of human problem solving. If the constraints of the power of the cognitive pro-
cesses underlying human problem-solving ability can be explained by fixed parameter
tractability, then it is possible that human problem solving can leverage fixed param-
eter tractability. A kernel has very specific meaning in fixed parameter tractability,
and in the context of human problem solving, people may apply some but not all
reduction rules and make a make a given instance easier, without reducing it to a
true kernel. In this work, this will be referred to as finding a reduced instance. Three

possible cases are identified; reduction rules may:

1. be sufficient to solve the instance exactly
2. reduce the instance to a reduced instance

3. not be applicable

It is natural to suppose that people may be able to leverage some reduction rules,
acquiring associated schemata. Two known reduction rules are identified that, due to
their simplicity, are especially well suited to the constraints of the cognitive system.
Other reduction rules are known in the FPT community, but interest is limited to
these two rules because they seem to be particularly appropriate for human problem
solver.

The first reduction rule we define is the D1 strategy. Given an instance which
contains one or more vertices of degree — 1 connected to a vertex v, it is never wrong
to select v as part of a vertex cover, rather than its degree — 1 neighbours. The
degree of a vertex is the number of vertices connected to it by an edge. In the graph
in Figure 3.2, vertex D is such a vertex as it is connected to E, which is of degree —1.
The vertex D is can be added to the vertex cover and consequently the two incident
edges are covered. While there are many instances which can be solved exactly by
this strategy, there are many more instances for which it may not be sufficient to
solve fully (case 2 or 3 above). Consider, for example, the instance in Figure 3.3, for
which no degree — 1 vertices exist. The D1 strategy cannot be applied in this case.

A similar reduction rule, the D2 strategy is now defined. Given a triplet of vertices

u, v, w that are connected by the edges (u, v), (v, w) and (u, w), it is never suboptimal
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Figure 3.2: An undirected graph to which the D1 Strategy applies. Vertex D, coloured
red, is a D1 candidate.

Figure 3.3: An undirected graph to which the D1 Strategy does not apply
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to add at least two of these vertices to the vertex cover. Furthermore, if one of these
vertices, say u, is of degree greater than two, then it is optimal to include u in the
vertex cover. For example, in Figure 3.3, vertices A, B and C are such a triplet and
vertices C' and one of A or B can be added to the vertex cover.

Both the D2 and D1 rules are equally applicable to the optimization version of
the Vertex Cover problem, as they do not depend on k£ and are a special case of a
stronger rule. Although only these two special cases are considered, it is possible
that under certain circumstances, people may be able to recognize other cases of this
generalized rule. Given a graph G with vertices V', and edges F, for any subset U
of V that forms a clique, at least (|U] — 1) vertices must be in the minimum vertex
cover. A clique is a set of k vertices where each vertex is connected by an edge to
every other vertex in the clique. The D2 and D1 rules are special cases where k = 3
or k = 2, respectively.

A third reduction rule, which is not considered as a candidate for human problem
solvers to identify or apply, is the k-Degree rule. Given an instance of the k-Vertex
Cover problem, observe that if there exists a vertex, u of degree m > k, then if there
exists a cover of size at most k, v must be in the cover. If not, in order to cover all
m edges incident to wu, all m neighbours of u must be in the cover; however, since
m > k, then the cover size does not satisfy the requirements of the problem. It may
be possible for human problem solvers to learn this reduction rule; however, it was
not considered for this study. The rule’s dependency on k, also renders this rule
inapplicable for the optimization version of the problem.

Being able to identify and apply these strategies could significantly reduce the
number of moves needed to find a solution by reducing the size of an instance to a
smaller reduced instance. Further, should those instances be completely solvable by
these strategies, it is predicted that participants who are able to identify and apply
these strategies will find correct solutions more frequently. Successful application
of these reduction rules can reduce the number of moves needed to find a solution,
thereby decreasing the likelihood of giving up. For hard computational problems,
the number of moves needed to find a solution can easily exceed the limits of the
participants’ attention and patience. This becomes less likely as the number of moves
needed is reduced. In addition, each application of a reduction rule can be thought
of as being independent of other subsequent moves, very much reducing the working
memory load, as the resultant problem state is on a direct path to the goal. The

acquisition and application of these moves can reduce the amount of backtracking
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needed to find a path to the goal.

Strategies like these, based on reduction rules, will never result in adding a ver-
tex to the cover that cannot belong to a valid solution; however, there exist many
instances for which no known reduction rule applies and for which other strategies
will be needed to solve. Another class of strategy is identified, a heuristic strategy,
which may succeed for a subset of instances, and fail on others. Consider a commonly
identified strategy for the k-Vertex Cover problem, namely that of adding high degree
vertices to the vertex cover, often referred to as the greedy strategy. This strategy
would be successful for the graph in Figure 3.4 as an instance of k-Vertex Cover for
k = 2 and would result in the vertices D and C' being identified correctly as a vertex
cover of size 2. However, if applied to the graph in Figure 3.5 of the k-Vertex Cover
problem for k = 8, this strategy would yield a cover of size 9 consisting of the vertices
marked black, as opposed to the cover of size 8 indicated by the vertices marked blue.
Unlike strategies that are correct in general for a problem, this type of strategy, as
demonstrated, is not correct in general. To show that a strategy is a heuristic strategy
it suffices to show that there exists an instance for which the strategy can be applied
successfully and that there exists one for which it fails. The examples given above are
proof that the greedy strategy is incorrect in general for the k-Vertex Cover Problem,

and therefore is of a heuristic strategy.

Figure 3.4: An undirected graph to which the Greedy Strategy succeeds. The ap-
plication of the greedy strategy would result in vertex D, then C being added to the
vertex cover.
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Figure 3.5: An undirected graph to which the Greedy Strategy fails. Blue coloured
vertices constitute an optimal vertex cover of size 8, and black vertices constitute a
sub-optimal vertex cover of size 9.

Strategies for the k-Independent Set Problem

Recall that solution to the Independent Set Problem can be derived directly from the
solution of Vertex Cover problem on the same instance and that the k-Vertex Cover
problem is in the class FPT. However, the Independent Set problem is not known to
be in the class FPT. As a result, it is not likely that reduction rules can be used to
convert any instance of the Independent Set problem to a reduced instance or kernel
in such a way that the non-polynomial time complexity can be captured in terms of a
small constant. Despite this, there exist reduction rules equivalent to the D1 and D2
rules identified for the Vertex Cover problem which can be applied to the Independent
Set problem. This is because the two rules identified here are independent of the k
value, of either the Independent Set problem or the associated solution to the Vertex
Cover problem. So, while some instances can be reduced to a reduced instance or
kernel, it is unlikely that there are reduction rules sufficient to do so such that the
exponential time complexity can be limited to a small constant.

The D1 strategy for the Independent Set problem is defined as follows: given a
graph G, if there exists a vertex vl of degree 1, connected by an edge of degree 2, it
is never suboptimal to include vl in the independent set. The D2 strategy for the
Independent Set problem is defined as follows: given a graph GG containing a clique of
size 3 containing at least one vertex of degree 3, and on vertex, v2, of degree exactly

2, then it is never suboptimal to include v2 in the independent set.
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The heuristic Greedy strategy simply consists of adding low degree vertices to the

cover.

Instance Classification

Instances of the Vertex Cover and Independent Set problems can be divided up into
classes based on the applicability and success of these identified strategies. Instances
of Vertex Cover, like that in Figure 3.5 for instance, can be classified as greedy re-
sistant, because the greedy strategy applies (there are vertices of relatively higher
degree), but if applied it will yield a sub-optimal solution. Instances of Vertex Cover,
like that in Figure 3.2 for which the D1 strategy applies, can be classified on this basis.
Similarly a class of problems is identified which are susceptible to the D2 strategy.
In this context, class of instances can be identified, those to which neither the D1 or

D2 strategy apply, and which the greedy strategy may (but not necessarily) fail.

Impact of Strategy Acquisition

Because strategies may not be applicable to all instances or may even, as in the case
of heuristic strategies, fail to yield solutions to some instances, adopting a strategy for
a problem can have either a positive or negative impact on performance. The nature
of this impact depends both on the type of strategy learned and what strategies are
effective on later instances.

Learning and applying either a Reduction Rule or Heuristic strategy can result in
a positive impact on performance. Given a series of instances solvable by strategies
of either type, the strategy can be learned and applied successfully on subsequent
instances. This should result in improved performance in the form of higher incidence
of correct solutions than if a general strategy is used instead. Successful strategy
application should also reduce solution time, although lacking an associated schema
this benefit may be small. Strategy application alone may still lead to a less-than-
direct path to a solution, in particular if more than one strategy is known and tried.
Reduction Rule strategy acquisition, given enough positive feedback, could result in
an associated schema being acquired if the problem solver is able to identify a feature
of problem states for which the strategy is correct. In terms of percent correct, schema
activation would have a similar impact as strategy application, possibly resulting in
a greater increase in correct solutions. It should also result in a more pronounced

reduction in solution time, as it would eliminate the need for search at problem states
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at which the schema is activated.

A negative impact on performance can result from learning a Heuristic strategy,
and then encountering instances that are resistant to that strategy, if no alternate
strategy is known or learned. Applying the Heuristic strategy to instances that are
not resistant to it, as described above, could result in improved correctness, and if
schema activation occurs, faster solution times. However, being then tasked with
instances resistant to this learned Heuristic strategy could result in longer solution
times, as either a general search is performed, or alternate strategies are applied.
A decrease in the number of correctly solved instances is also predicted. Learning
to reject a Heuristic strategy could also result in poorer performance on instances
which are susceptible to the strategy, if its failure on previous instances decreases the
likelihood with which it is applied. However, this decrease in performance may not be
observed if previous success with it outweighs its failure on a few instances. Switching
from instances to which a Reduction Rule applies to those to which it does not apply
could have varying impact, dependent on whether or not the applicable strategy is
used, and whether or not other strategies are also applicable to these latter instances.

Schema activation can also have either a positive or negative impact on perfor-
mance on later instances. Correctly learning and applying a strategy can also lead
to acquiring a schema associated with this strategy and result in a higher number of
correct solutions and a reduced solution time. Schema activation at or near the start
state of an instance of a problem should reduce the time needed to find a solution, if
applied correctly, as no search is needed to find a solution. Schema activation later in
the problem-solving process should still reduce solution time, if applied correctly, but
perhaps less perceptively. In both cases, if the schema activated is correct, an increase
in the percentage of correct solutions, relative to no schema activation, should result.
Heuristic schema activation for an instance resistant to the associated strategy could
result in an increase in solution time, relative to instances for which the strategy
was correct. Failure would require either searching for a different strategy, or general
search, both of which are slower processes than solution by schema activation.

More than one strategy may be learned for a given set of instances, and the inter-
action between competing strategies may be challenging to interpret. Further, some
strategies are likely easier to learn than others. The above tables are meant to predict
performance in the idealistic conditions where only one strategy is available to learn
in a series of instances of a problem, and is unlikely to capture the complexity of

how competing strategy acquisition and application can impact performance. How-
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ever, it is still important to consider how a single strategy’s acquisition can impact

performance given instances to which it may or may not be applicable or correct.

3.3 Research Hypotheses

Previous work investigating human problem solving on hard optimization problems
and problems of transformation have identified a number of factors that can im-
pact performance. In this work, additional factors have been identified which are
predicted to impact performance. These factors include how feasible the goal is to
encode, minimization versus maximization, whether or not correct strategies can be
successfully applied, and whether or not heuristic strategies can be avoided if not
applicable. While strategy acquisition and application have been studied previously
in studies of human performance on problems of transformation, they have yet to be
investigated on hard computational problems. Further, no distinction has been made
in previous work between heuristic and correct strategies. Goal specificity has been
investigated in previous work; however, these studies used problems of transformation
which are not necessarily as objectively difficult and more importantly did not result
in instances of problems with goals that were not encodable.

These predictions lead to the following research hypotheses, which will be evalu-

ated in the next Chapter.

Hypothesis 1 (Impact of Non-Euclidean Input on Performance). Performance on
not-Fuclidean hard optimization problems will be similar to that seen on Fuclidean

hard optimization problems.

Hypothesis 2 (Relative Performance on Quasi-Equivalent Maximization versus Min-
imization Problems). Performance on a minimization problem will be better than on
a similar and related mazimization problem because minimization is less taring on

working memory.

Hypothesis 3 (Impact of Infeasible to Evaluate Goal on Performance). Performance
on the search version of both the Vertex Cover and Independent Set problems will be
better in terms of solution quality than on optimization version of the same problem.
Due to the infeasible-to-evaluate goal of the Optimization version of these problems,
problem solvers will not be solving the given task and as a result their performance,
gauged in terms of relative performance on an encodable variant of the same problem,

will deviate from the given goal.
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Hypothesis 4 (Goal Modification of Problems with Infeasible to Encode Goal and its
Impact on Performance). An infeasible-to-encode and identify goal state is modified
into a feasible-to-identify goal state. As a result, solutions to problems with infeasible-
to-encode goal states will better match solutions to a related problem with a feasible-

to-identify goal than to the given task.

Hypothesis 5 (Impact of Goal Modification on Cognitive Load). Modification of
an ill-defined problem II into related well-defined problem II' will result in II' being
easier, and therefore having a lower cognitive load than I1. If the resultant problem is
easier, then the number of moves needed to find a solution will be significantly fewer
than on the given task. A reduced cognitive load could also manifest in less dependence

on cognitive aids to solve the problem.
Hypothesis 6 (Impact of Instance Type). Instance type can impact performance.

Hypothesis 7 (Impact of Instance Type Ordering). Ordering of instance types can

impact performance.

Hypothesis 8 (Ability to Acquire Correct Strategies). Problem solvers are able to
acquire and apply correct strategies, in particular those based on known reduction the

rules: D1 and D2 strategies.

Hypothesis 9 (Impact of Acquiring Correct Strategies). Instance type and order can
impact performance in a positive manner. Interaction or experience with an instance
class 1mpacts which strategies can potentially be identified, learned, and applied on
subsequent instances of the problem. The opportunity to learn Reduction rules earlier
on may be associated with better performance on later instances. If an associated
schema is activated this improved performance should be coupled with reduced search,

and reduced cognitive load.

Hypothesis 10 (Ability to Avoid the Application of Heuristic Strategies). Partic-
wpants apply Greedy strategy. In the Vertex Cover condition they can learn to avoid
it, upon encountering instances resistant to it, if able to determine the strategy has
failed. This is more likely in the Search condition, due to feedback of missing the goal.
In Optimization condition, modification may result in Greedy Resistant instances not

being resistant to this strategy.
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Hypothesis 11 (Impact of Acquiring Heuristic Strategies). Instance type and order
can 1mpact performance in a negative manner. Interaction or experience with an in-
stance class impacts which strategies can potentially be identified, learned, and applied
on subsequent instances of the problem. The opportunity to learn a Heuristic strateqy
earlier on may be associated with poorer performance on later instances in particular

those resistant to that Heuristic strategy.
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Chapter 4

Experiments

4.1 Goals of the Study

The two versions of the two different problems used in this study provide a unique
opportunity to explore how performance differs on hard computational problems that
are very closely related. The two problems are very closely related as the solution
to one will always directly yield the solution to the other. The two versions of these
problems, the Search and Optimization versions, as used in this experiment, share
identical goal states; however, they differ in how the goals are presented to the prob-
lem solvers, and therefore they differ in the way in which they can be represented
internally by problem solvers. This design provides a mechanism to explore previously

unexplored scenarios, described in detail in the following sections.

4.1.1 General Performance

One of the original motivations of this study was to evaluate human performance
on not-Euclidean hard computational problems in order to compare it to previous
work on Euclidean hard computational problems, notably the Euclidean Travelling
Salesperson Problem (See, e.g., [10, 24, 25, 32, 35, 36, 45, 52, 54, 55, 72, 77, 85,
106, 114, 116]). If similar human performance results are observed on not-Euclidean
problems this would support the hypothesis that the reported high quality and fast
timing results were a result of problem-solving mechanisms not wholly dependent on
Gestalt visual processes, like good continuation or good form [118]. This does not
discount the possibility that the visual system is not somehow being leveraged (as

proposed in [77]) but rather would serve to discount Gestalt mechanisms as the sole
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source of solution quality as these mechanisms do not directly apply to instances of

not-Euclidean graph problems.

4.1.2 Maximizing vs. Minimizing

A second purpose of this work was to take a first look at how performance varies
between minimization and maximization problems given problems with the same
representation and input. There are many possible reasons for performance to dif-
fer between instances of two different problems, and therefore to minimize possible
sources of differences two graph problems were chosen for this study. These two prob-
lems, the Vertex Cover and Independent Set problems, while likely differing in terms
of their parameterized complexity, are still very closely related as the solution to one
directly yields a solution to the other on any instance!. This property makes them an
ideal pair of problems for this purpose; they constitute a maximization and minimiza-
tion problem with the unique quality that, if the same instances are given, equivalent
solutions and measures of solution quality can be easily derived using equivalent steps
or moves.

One of the challenges of comparing performance on different problems, in partic-
ular when comparing solutions for maximization problems to those for minimization
problems, is that the size of the solutions may differ. This is also an issue when com-
paring solution quality of different instances of the same problem. Common ways of
converting solution quality measures into those which can be meaningfully compared
are to either standardize or normalize the measure [112]. Normalization is computed
based on the size of the optimal solution to an instance of a problem II, Sy, and can
be defined as:

S obs — S opt
S opt

Seps denotes the size of the observed solution and S,,; denotes the size of an op-

S = (4.1)

timal solution. This measure in turn can be converted to a percent above optimal.
A problem arises when using this normalized measure to compare performance on
maximization and minimization problems because the optimal solution sizes poten-
tially confound the measure for minimization problems with small optimal solutions

or conversely for maximization problems with large optimal solutions. This issue can

"When parameterized by the solution size to be determined Vertex Cover is known to be in the
class FPT, whereas Independent Set is not.
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be avoided for the two problems chosen for this work by converting an independent
set solution into its associated vertex cover solution allowing PAOs to be compared

without inflating or deflating the measure.

4.1.3 The Role of the Goal

Another purpose of this experiment was to evaluate how the identifiability of the
goal impacts performance on hard computational problems by tasking participants
with hard computational problems with goals that differed only in terms of how
feasible they were to identify. Participants were tasked with either the Optimization
or Search version of the Vertex Cover or Independent Set problem. For the Search
version of each problem the size of the given goal was exactly that of an optimal
solution; thus participants in both Problem Version conditions of the same problem
were given equivalent goals except that in the Search condition the goal size was
specified. The role of the feasibility of identifying the goal could thus be examined
as the remainder of the problem definitions are equivalent between the Search and
Optimization versions of each problem. If, as predicted, subjects modify the goal
when given the Optimization version then this would manifest in differences between
the Search and Optimization groups in terms of the number of optimal solutions, the

quality of solution, and amount of backtracking.

4.1.4 Strategy Acquisition

A third purpose of this experiment was to investigate if participants would be able to
identify and apply identified strategies when tasked with these problems. Two classes
of strategies were identified: correct and heuristic.

Correct strategies, if identified acquired, and applied correctly, will never lead to
suboptimal or incorrect solutions. Once they acquired there is no reason for these
strategies to be discarded completely; however, this does not discount the possibility
that even if, once they are acquired, other strategies might still be applied. Recall that
acquiring a strategy does not guarantee its application only that it is one of possibly
many strategies that the problem solver has available to them. Schema activation, on
the other hand, means that a strategy will be applied when it is applicable. The effect
of correct strategy acquisition is predicted to interact with the version of the problem
given. In the Search version of either problem the application of a correct strategy

which leads to an optimal solution to an instance can potentially reinforce the cor-
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rectness of the strategy making it more likely to be applied later and possibly leading
to schema acquisition. In the Optimization version, however, this reinforcement may
not take place as there is no external feedback indicating that a solution is correct.
However, if goal modification results in another problem being solved, the problem
solver may infer the correctness of a strategy based on their ability to match the
new goal. The effect of correct strategy acquisition is also predicted to interact with
Graph Type. Graphs were purposely generated to be vulnerable to correct strategies.
The application of the appropriate correct strategy should result in closer-to-optimal
solutions, and more optimal solutions. Schema activation predicts a reduction in the
amount of search needed.

Heuristic strategies, on the other hand, can lead to suboptimal solutions on in-
stances to which they are resistant. If the problem solver is able to associate failure to
find an optimal solution with the application of a heuristic strategy then the strategy
may be avoided or rejected completely. To test this theory strategy-resistant instances
were designed to not be solvable by that strategy. The effect of heuristic strategy ac-
quisition is predicted to interact with the version of problem given. In the Search
version of either problem, the application of heuristic strategies where they lead to a
suboptimal solution could be more easily noticed if the size of the solution exceeds
the given goal. As a result participants in the Search condition may be more likely
to avoid heuristic strategies if they lead to solutions which do not match the given
goal than participants in the Optimization condition. However, if goal modification
in the Optimization condition results in a problem being solved other than the given
task then the problem solver may infer the correctness of a strategy based on their
ability to match the modified goal. The effect of heuristic strategy acquisition is also
predicted to interact with the Graph Type. Graphs resistant to acquired strategies
could be rendered more difficult until the subject identifies that the strategy is sub-
optimal. This could manifest as a greater number of moves to find a solution, fewer
optimal solutions, solutions which are further from optimal, and increased cognitive
load. Graphs vulnerable to acquired strategies could be less difficult, which could
manifest as requiring few moves to solve, finding more optimal solutions, and finding

solutions which are closer-to-optimal.
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4.2 Pilot Studies

Pilot studies were performed prior to this research to investigate human performance
on the Optimization version of the Vertex Cover and Independent Set problems. In
these studies participants worked with paper and pencil versions of the problems, and
as such, they were responsible for all bookkeeping tasks. These tasks included keeping
track of previous vertex selections, determining which edges were covered (in the Ver-
tex Cover condition), determining which vertices were adjacent to a selected vertex
(in the Independent Set condition), and the size of the current solution. Cognitive
aids were provided in the form of coloured pens to allow participants to use different
coloured pens for different kinds of moves or selections; however, it was found that
few participants used different colours to assist in their problem-solving process. Par-
ticipants were observed, however, keeping track of which edges were covered in the
Vertex Cover condition by crossing-out covered edges. These observations influenced

the design of this study.

4.3 Methodology

This study and the methodology chosen for it was based in part on pilot studies of
human performance on the Optimization version of both the Vertex Cover problem
and the Independent Set problem, as described earlier. Participants were presented
with instances of the appropriate problem on an iPad making it possible to provide

cognitive support not previously provided in the pilot studies.

4.3.1 Participants

Ninety-six undergraduate students participated in the study at the University of

Victoria for optional extra credit in a psychology course.

4.3.2 Materials

A set of 25 graphs was presented to all participants. The instrument included 10
small graphs with 10-19 vertices, 10 medium graphs with 20-29 vertices and 5 large
graphs with 30-45 vertices. For a summary of select properties of all graphs see Table
A.1. Images of all graphs are included in Appendix A.3. Five types of graph were
generated with five graphs per type: D1, D2, Greedy Resistant (GR), No Strategy
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(NS), and Random (Rnd). With the exception of the Random graphs all graphs were
generated by hand (as described below) by the researcher and the members of the
researcher’s research group.

D1 (D2) graphs were generated so they included D1 (D2) vertices at the onset.
D1 and D2 vertices, respectively, are vertices that would be selected by D1 and
D2 strategies as described in Section 3.2.1 above. The number of D1 (D2) vertices
included was kept small, relative to the number of vertices in the graph, to lower the
likelihood of one being selected at random.

Greedy Resistant graphs were generated so that the inclusion of the highest degree
vertices in the solution would result (for the Vertex Cover problem) in a sub-optimal
solution. The highest degree vertices were those with either the highest degree or
second highest degree overall for that instance and the number of high degree vertices
varied based on the number of vertices in the instance. For a summary, see Table
4.1. To illustrate, a sub-optimal solution is shown for graph 14 in Figure 4.2, and an
optimal solution is shown in Figure 4.1. A small number of the applicable vertices

were included in order to lower the probability of their being selected at random.

Table 4.1: Properties of Greedy Resistant graphs. Each Greedy Resistant graph
included a small number (NumDy,,) of high degree D vertices, relative to the number
of vertices (n) in the graph. A vertex was considered high degree if it was highest or
second highest, compared to other vertices in the graph.

Graph ID | NumDy,g, | n D
10 1 13 6
11 1 19 8
12 2 22| 5,5
13 2 25| 5,5
14 3 43 16,6, 7

No Strategy graphs were generated such that they included no D1 or D2 vertices
at the onset and were not resistant to the Greedy strategy.

Finally, Random graphs were generated as follows. A base graph was generated
by hand by connecting all vertices in a spanning tree (and therefore with e = n — 1
edges). This was done to ensure that all randomly generated graphs were connected
and did not include disconnected components. Edges were added to this spanning
tree. The number of edges was determined by e x 0.75 where e is the number of edges

in the base graph. Each edge was added by choosing a start and end point at random
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Figure 4.1: An optimal vertex cover of size 20 to Graph 14. Yellow vertices are in
the cover. Yellow edges are covered by those vertices.

from the set of vertices in the graph. Duplicate edges, if generated, were discarded.
Similarly edges with start point equal to end point were discarded. As a result,
the number of edges in each of these randomly generated graphs was approximately

(n—1)+0.75 x (n — 1) with some variation due to ignored edges.

Table 4.2: Five different block orderings. Participants were randomly assigned to
one of these four block order groups.

Group | Block 1 | Block 2 | Block 3 | Block 4 | Block 5
A D1 D2 GR NS Random
B D2 NS D1 GR Random
C GR D1 NS D2 Random
D NS GR D2 D1 Random

Graphs were blocked by type with five graphs per block. Each block began and
ended with a small graph chosen at random from the small graphs of that type.
The remaining three graphs (two medium, one large) were randomly ordered between
these two small graphs. The placement of small graphs at the start and end of each
block was done to mask the transitions between blocks.

The order of blocks was determined as follows. Four different orders of D1, D2,
Greedy Resistant (GR), and No Strategy (NS) blocks were designed so that be-
tween these four orderings no block always preceded another. The block of Random

graphs was always presented last in order to maximize the chance that all purposely-



73

Figure 4.2: A sub-optimal vertex cover of size 23 to Graph 14. Yellow vertices are
in the cover. Yellow edges are covered by those vertices.

generated graphs would be completed. See Table 4.2 for details.

4.3.3 Procedure

Participants were randomly assigned to conditions as follows. Half of participants
were instructed to solve the Vertex Cover problem and the other half were instructed
to solve the Independent Set problem. Within each of these conditions half of par-
ticipants were assigned to the Optimization (OPT) condition and half were assigned
to the Search (SRC) condition. See Table 4.3 for details. Participants were then ran-
domly assigned to one of four block orderings (A, B, C, or D, as described in Table
4.2, above).

Table 4.3: Number of participants randomly assigned to each condition

Vertex | Independent
Cover Set Total
Optimization
Version 24 24 48
Search
Version 24 24 48
Total 48 48 96

The Vertex Cover problem was presented as the Guard Problem. Participants were

told that the graphs represented art galleries where the vertices were guard posts and
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the edges were the hallways containing priceless art. Participants in the Optimization
group were asked to find the fewest guards needed to cover all the hallways. See Figure
A.1 in Appendix A.2 for the instructions given to participants. Participants in the
Search group of the Vertex Cover problem were asked whether they could find a way
to cover all the hallways with at most a given number of guards. If they deemed the
task not possible they entered “NO” into the “goal-possible” field. See Figure A.2
in Appendix A.2 for participant instructions. For all graphs the value given was the
size of a minimum vertex cover so that participants in both Vertex Cover conditions
were tasked with the same goal.

The Independent Set problem was presented as the independent people problem.
Participants were told that the graphs represented social networks and that the ver-
tices were people and the edges were relationships between people. Participants in
the Optimization group were asked to find the largest group of people who did not
know each other, as shown in Figure A.3. Participants in the Search group of the
Independent Set problem were asked whether they could find a group of at least
a given number of people who did not know each other. If they deemed the task
was not possible they were instructed to enter “NO” into the “goal possible” field.
See Figure A.4 for participant instructions. In all instances the value given was the
size of a maximum independent set so that all participants in both Independent Set

conditions were tasked the same goal.

Cognitive Support

Based in part on observations of participant bookkeeping strategies in pilot studies a
number of cognitive supports in the form of working-memory support was provided
by the instrument in order to facilitate problem solving. The use of a digital touch
interface facilitated the addition of these cognitive supports. Working-memory theory
predicts that processing power is reduced when storage capacity is taxed [9]. In pilot
studies using the Vertex Cover problem participants were observed crossing off edges
when they were covered by a vertex. Visual support was provided in both problems to
indicate which vertices were in the candidate solution. For the Vertex Cover problem
when a vertex was added to the cover its colour was changed to indicate its inclusion,
and all incident edges were likewise coloured. When a vertex was de-selected its colour
was reverted to the default colour, and all incident edges not covered by another vertex

were likewise reverted to the default colour. For the Independent Set problem when
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a vertex was added to the independent set, its colour and that of all neighbouring
vertices was changed indicating that they were not independent of each other. When
a vertex was removed from the independent set, its colour and that of its neighbours
was reverted to the default colour if the vertex in question was not the neighbour of
another vertex in the independent set.

Participants were provided with a display of the size of their current solution thus
eliminating the need to keep a tally of the size of the solution and minimizing the
possibility of simple bookkeeping errors. This choice was made to support participants
in their problem-solving task by freeing them from less interesting tasks, thereby
reducing working-memory load.

An undo button was provided to assist in backtracking, which allowed participants
to sequentially undo previous selections or deselections. Participants could also undo
any move manually by deselecting any vertex currently selected.

When a participant deemed a solution complete the next instance could be reached
by clicking a button labelled “Next”, as long as the solution was valid. Participants
in the Search condition could also give up and move to the next instance by first
entering “NO” into the goal possible field before selecting the “Next” button. An
independent set was considered valid if no adjacent vertices were included in the set?.
A vertex cover was considered valid if every edge was covered by at least one vertex.
These checks for validity were implemented to avoid participants mistakenly moving
on to the next instance before satisfying the feasibly determinable goal aspect.

The interface as experienced by participants in the Search version of the Vertex

Cover condition is shown in Figure 4.3.

Verbal Protocols

The use of verbal protocols was considered to gain a better understanding of the
underlying problem-solving strategies used by problem solvers. Eight participants
were given a subset of the instances used in the main study and were video and audio
recorded while working on the instances of the problem. Participants were encouraged
to verbally report their thought processes during this time. The results of these verbal
protocols are not reported because they were not readily interpretable. After further
research it became clear that this was because the interface used for this study was

not properly designed to allow participants to meaningfully verbalize their actions. In

2A consequence of this is that an empty independent set is valid.
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Figure 4.3: The iPad interface as presented to participants in the Search version of
the Vertex Cover condition.

order for a thought to be verbalized it must have a verbal representation in working
memory [66]. Because the objects being manipulated by participants on the iPad had
no meaningful verbal representation that distinguished one from another (all vertices
were identically sized and shaped and differed only in terms of location) participants’
verbalization of thoughts amounted to “pick this one” or “that one”. This rendered

the verbal output difficult to interpret.
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4.3.4 Analysis
Factors

The analysis considers a number of factors and their interactions, and a number of

measures. The factors considered are:

e Problem (Independent Set versus Vertex Cover)

Problem Version (Search versus Optimization)

Graph Type (D1, D2, GR, NS, or Random)
e Group (instance order)

Interactions between factors

The Problem factor compares performance between two different problems given
the same graphs, as well as between a maximization and minimization problem. The
Problem Version factor investigates differences in performance between the Search
and Optimization versions, as well as proposed goal modifications. The interaction
between Problem and Problem Version factors investigates how differences in perfor-
mance between the Search and Optimization versions manifests between these two
different problems. Graph Type investigates the relative difficulty of the different
graph types. Interactions between Graph Type, Problem and Problem Version are
considered to evaluate how instance difficulty differs between these factors. The
Group factor investigates the impact of instance order, independent of Graph Type.
The interaction between Graph Type and Group is considered to investigate the ac-
quisition of the identified strategies leading to improved or poorer performance on
later blocks.

Performance Measures

A number of performance measures are considered, including:

e % Optimal solutions
e PAO

e % Maximal /Minimal solutions
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Number of Moves

e Time per Move

Number of Undos

Number of Toggles

Solution quality was investigated using a number of different measures. In all
conditions, the percent of optimal solutions was calculated. This value is appropriate
for comparing performance between all conditions. In the Optimization condition
of both problems, PAO was computed to compare the relative performance between
problems, and also to compare performance on these not-Euclidean problems to pre-
viously studied hard computational problems. The percent of maximal (Independent
Set problem) and minimal (Vertex Cover problem) solutions found was computed.
While these measures are not necessarily an indication of correct or perfect solutions
to the problems given they are a relative measure of performance.

It is common to use standardized or normalized measures when comparing perfor-
mance on hard computational models between conditions (See, e.g., [54, 32, 115, 112]).
In this work percent above optimal (PAO) is computed for the Optimization condition

of both problems. For the vertex cover problem, the PAO is computed as:

S obs T S opt
S opt

For the Independent Set problem the equivalent measure is calculated by convert-

Sve = (4.2)

ing the size of the independent set found to the size of its associated vertex cover so
that measures could be compared between the two conditions. From this value the
associated PAO can be calculated.

PAO is not a valid measure for the Search condition in this experiment because a
subject may decide that the given goal on an instance was not achievable and move
on to the next instance. As a result, a skipped instance may not have a valid solution
associated with it and therefore the size of the solution cannot be assumed to be
valid. Instead the frequency of optimal solutions found over the 25 instances is used
to compare performance between conditions.

Another measure of performance is the amount of search needed to find a solution.
Both the number of Moves needed as well as the amount of backtracking (or Undos)

needed to find a solution are presented.
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An indirect measure of performance is the amount of cognitive load experienced
by participants while problem solving. T'wo measures of cognitive load are considered:
the Time per Move, and the number of Toggles. The amount of time spent making
a move selection can be seen as a measure of the amount of internal effort that is
needed to make a move. Therefore, the Time per Move is also evaluated. It was
also observed that participants frequently toggled vertices on and off while trying to
find a solution. While it is possible that these moves constituted legal additions or
removal of vertices from the candidate solution, an alternate explanation is that they
were making use of the user interface to test the impact of a move that was up for
consideration. A move was considered a Toggle if the currently selected vertex was

selected in the previous move. Toggles could be indication of increased cognitive load.

Measures of Strategy Acquisition and Application

In addition to performance measures, other measures are considered to investigate

strategy acquisition and application, including:
e Degree of selections
e Proximity of subsequent selections (Path Length and Euclidean Distance)
e D1 selections
e D2 selections

The mean Degree of each selection is presented to evaluate whether or not moves
might be driven by the Greedy strategy. Two measures of local selections, Path
Length and Euclidean Distance, are presented to investigate if a local strategy or
local optimization is at play in the move-selection process. Finally, the number of D1

and D2 selections are presented.

Analysis Tools and Data Collection

Bayes factors derived from standard analysis of variance were used to investigate ev-
idence for or against the above-stated factors [68, 83] for each of the listed measures.
Bayes factor analysis was adopted for this analysis instead of null hypothesis signif-
icance testing (NHST) for a number of reasons. NHST provides a way to evaluate
the probability of the observed outcome (the data) over null hypothesis [68]. As a
result, is not possible using NHST to accept the null hypothesis. In scientific study
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it is typical to want to evaluate the probability of a hypothesis given the observed
outcome. Bayes factor analysis, on the other hand, based on Bayes’ theorem shown
in Equation 4.3, provides a way to accept or reject either of two models, based on the

relative posterior probabilities of competing models.

p(D|H) - p(H)
p(D)
Given two competing hypotheses, H; and H,, the Bayes factor is computed to

p(D|Hi)
p(D|H2)

of each hypothesis

p(H|D) = (4.3)

evaluate a change in prior odds based on the observed data. The Bayes factor

p(H1|D) p(H1)
p(H2|D) p(Hz)

according to Equation 4.4. Evidence for model H; against Hs is defined according to

is computed from the posterior odds and prior odds
[80] (p. 139), with a Bayes factor of 1 — 3 indicating weak evidence, 3 — 20 indicating
positive evidence, 20 — 150 indicating strong evidence, and > 150 indicating very
strong evidence.
p(11|D) _ p(D|H:) p(H)) (4.4)
p(H2|D)  p(D|Hs) p(H>)

To evaluate the impact of each of the factors considered in this work, Bayes factors

for all models created by removing or leaving all main effects or their interactions
from the full model were computed. JZS priors were used in the calculations, as
suggested in [83]. All analysis was conducted using R [1], and Bayes factors were
computed using anovaBF in the R package developed by [64]. Pearson’s r was used
to investigate possible correlation between some measures.

The instrument used by participants generated a log in the background containing
data for each instance, including whether or not the solution was valid, the size of the
participant’s solution, the start and end times (in milliseconds), the number of Undos,
and a list of all vertices touched. Perl scripts were used to convert this data into .csv
(comma separated value) files, and to compute a number of quantitative values for
each solution, including the number of D1 and D2 selections made, solution size,
A — Opt, distance (path and Euclidean) between subsequent solutions, number of
vertices touched, and the degree. The A — Opt was calculated by subtracting the
optimal solution size from the subject’s solution size and taking its absolute value.
Scripts were written to compute the number of valid solutions and the number of
maximal or minimal solutions. This was done to minimize human error during the
processing and analysis of participant data. Values were computed from this data

using spreadsheet equations including normalized and standardized values, PAO, and
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differences.

4.4 Results

For clarity results in this section are broken down by the associated research hypoth-
esis being addressed. A great number of performance measures are considered and
analyzed in terms of a number of factors and their interactions. For clarity only those
results with positive or stronger evidence are discussed in detail and the analysis is
presented later in Chapter 5. Details of all measures are found in the Appendix in
Section A.4.2 and details of evidence for all factors and their interactions are found
in Tables 4.5 and 4.12.

Table 4.4: Summary of performance results for all conditions. Mean values presented.

Independent Set Vertex Cover

Search | Optimization | Search | Optimization
% Optimal | 83.75 57.23 70.13 40.67
PAO NA 10.74 NA 9.60
% Maximal/Minimal | 95.00 91.00 96.00 74.00
Time per Move 2.20 2.86 2.37 2.34
Number of Moves | 21.23 16.74 31.31 20.83
Toggles 6.11 3.96 9.70 3.93
Adjusted Undos 9.72 5.97 20.73 8.15

4.4.1 General Performance

Overall, participants found optimal solutions frequently with better performance in
the Search condition of both problems. However, more search was required in general
in the Search condition indicating that this difference in performance comes with a
cost in terms of the amount of effort needed to find a solution. Table 4.4 is a summary
of all performance measures and a summary of evidence found for these measures for
all factors considered is found in Table 4.5. A detailed breakdown of these results

follows.
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Table 4.5: Summary of evidence found for performance measures . *** indicating very

strong evidence (BF' > 150), ** indicating strong evidence (BF > 20), * indicating
positive evidence(BF > 3), . indicating weak or no evidence (BF < 3). Extremely
high Bayes factors (BF > 1000) are indicated by an additional |. The the model in the
denominator is denoted by /. % Opt is the % Optimal solutions found. PAO is Percent
above Optimal. %MaxMin is the percent maximal (Independent Set condition) or
minimal (Vertex Cover condition) solutions found. Time/Move is the mean time per
selection. Adj. Moves is the mean adjusted number of Moves performed to find a
solution. Tog is the number of Toggles. Adj. Undos is the mean adjusted number of
Undos performed.

% %Max | Time | Adj. Adj.
Factors(s) Opt | PAO | Min | /Move | Moves | Tog | Undos

Problem fololol I ok / * wRE ¥ FHRE |
Goal ¥Rk NA *Ek | , | ]| RRE || RRE |
Problem x Goal * NA * . K SN
Problem x Graph S ) ¥ k| *% Eors
Goal x Graph . NA * K x| *
Problem x Goal x Graph | ** NA * ok ok | ok
Group *ok ] *ok */ ook | * ¥
Graph x Group *x FF F* FF FHE | FHF FFE
Problem x Group * * ok ok FHE | _
Goal x Group . NA ] * FHE | * g
Problem x Goal x Group * NA * *Hx ] FFK | *
Problem x Graph x Group | ** * * *x o Hok ok
Goal x Graph x Group FF NA | ** k TRE || K s
All factors * NA * ok FFH | * *

Hypothesis 1: Impact of Not-Euclidean Input on Performance

In general, performance on instances of the Optimization version of these two prob-
lems is good (u = 10.16) with slightly better performance in the Vertex Cover con-
dition (¢ = 9.60) than in the Independent Set condition (¢ = 10.74). No Bayes
factor analysis for these results is available because no other model exists within this
experiment with which to compare, but these results will be compared to that on the
Euclidean problem E-TSP in Section 5.1 below.
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4.4.2 Maximizing vs. Minimizing

Hypothesis 2: Relative Performance on Quasi-Equivalent Maximization

versus Minimization Problems

To investigate how performance differs between a maximization and a minimization
problem performance is compared between the Vertex Cover and Independent Set
problems. Bayes factor found very strong evidence for the Problem factor on most
performance measures (% Optimal, % Maximal/Minimal, Number of Moves, and
Adjusted Undos) as seen in Table 4.6. In terms of solution quality performance was
better in the Independent Set condition with both more optimal solutions, and more
maximal or minimal solutions found than in the Vertex Cover condition. This trend is
still present when the Search and Optimization conditions are considered separately
although there is notably less evidence for an interaction between Problem Version
and Problem factors on the % Optimal solutions found.

Another measure of performance is the amount of search needed to find a solution
as measured by the number of Moves and the number of Undos needed to find a
solution. Less search was needed by participants in the Independent Set condition,
as seen in Table 4.6, both in terms of the number of Moves and the number of Undos.
This trend continues when each Problem Version is considered separately. Very strong
evidence is found for the Problem factor on both these measures and for an interaction
between Problem Version and Problem on the number of Moves. Strong evidence is

found for this interaction on the number of Undos.

4.4.3 The Role of the Goal

Hypothesis 3: Impact of Infeasible-to-Evaluate Goal on Performance

To investigate the how an infeasible-to-evaluate goal impacts performance on these
problems, results are compared between the Optimization version, with an infeasible-
to-evaluate goal, and Search version, with a feasible-to-evaluate goal. This comparison
is done for both problems together (Problem Version factor) as well as with each prob-
lem considered separately (the interaction between Problem Version and Problem).
As seen in Table 4.7, when both problems were considered together or separately
performance as measured by % Optimal and % Maximal/Minimal was better in the
Search condition than in the Optimization condition. However, more search was re-

quired in the Search condition than in the Optimization condition, as measured by
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Table 4.6: Performance comparison of maximization and minimization problems.
Bayes factor analysis evidence for this model also presented. The column labeled
PF indicates the evidence for the Problem Factor, and the column labeled PPF indi-
cates the evidence for the interaction between Problem and Problem Version factors,
with *** indicating very strong evidence, ** indicating strong evidence, * indicating
positive evidence, . indicating weak or no evidence.

Both Versions Search Optimization
Ind. | Vertex Ind. | Vertex | Ind. | Vertex
Measure Set Cover | PF | Set Cover | Set Cover | PPF
% Optimal | 70.09 55.30 R 8375 | 70.13 | 57.23 | 40.67 *
% Maximal/
Minimal 93.03 84.62 %1 95.00 96.0 91.0 74.00 HoAK

Number
of Moves 18.99 26.00 k1 91.23 | 31.31 16.74 | 20.83 HAH

Adjusted
Undos 7.847 | 14.36 | *** | 9.72 20.73 5.97 8.15 ok

both the number of Moves, and the number of Undos. Bayes factor analysis found
very strong evidence for the Problem Version factor on both performance measures
(% Optimal and % Maximal/Minimal) with better performance in the Search version
when the two problems are considered together. Positive evidence was found for the
interaction between Problem and Problem Version on the % Optimal solutions found
and very strong evidence was found for this interaction on the % Maximal /Minimal
solutions found, as seen in Table 4.7. Similarly, very strong evidence was found for the
Problem Version factor and the interaction between Problem and Problem Version
factors on the number of moves, and positive evidence was found for the interaction

between Problem and Problem Version on the number of Undos.

Hypothesis 4: Goal Modification of Problems with Infeasible to Encode

Goal and its Impact on Performance

Hypothesis 4 addresses not only how an infeasible-to-evaluate goal impacts perfor-
mance but, more specifically, how goal modification impacts performance. If an in-
feasible to encode goal results in goal modification then it is expected that solutions
to instances of problems where the goal is modified will better match solutions to a
related problem with a feasible to identify goal than to the given task. A number of

goal modifications were proposed for the problems used in this study. To evaluate
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Table 4.7: Impact of infeasible-to-evaluate goal on performance. Bayes factor anal-
ysis evidence for this model also presented. The column labeled PVF indicates the
evidence for the Problem Version Factor, and the column labeled PPF indicates the
evidence for the interaction between Problem and Problem Version factors, with ***
indicating very strong evidence, ** indicating strong evidence, * indicating positive
evidence, . indicating weak or no evidence.

Independent Vertex
Both Problems Set Cover

Measure Search Opt PVF | Search | Opt | Search | Opt | PPF

% Optimal 76.89 48.95 ok 83.75 57.23 70.13 40.67 *
% Maximal/

Minimal 95.40 82.29 ok 95.00 91.00 96.00 74.00 ook
Number
of Moves 26.23 18.76 ok 21.23 16.74 31.31 20.83 ook
Adjusted

Undos 15.17 7.041 o 9.72 5.97 20.73 8.15 *
Path
Length 1.769 1.919 Kok 1.99 2.05 1.55 1.79

Euclidean
Distance 174.5 184.3 * 176.17 | 177.63 | 172.71 | 191.05 *

this hypothesis performance is compared to solutions on problems which might be
the result of goal modification.

The proposed modifications were predicted to impact performance in terms of %
Optimal solutions, % Maximal/Minimal solutions, and the amount of search needed
to find a solution. The locality of selections is also evaluated as an indication of the
use of local strategies. Performance in the Optimization condition of each problem
separately is of main interest because it is unlikely that goal modification would be
identical on the two different problems. As shown in Table 4.7, participants in the
Optimization version of the Independent Set condition found optimal solutions more
than half the time, found maximal solutions with high frequency, and did little search.
In contrast, in the Optimization version of the Vertex Cover problem participants
in the Optimization condition found optimal solutions less than half of the time,
found a moderate number of minimal solutions, and performed some search. This
hypothesis considers the same factors as Hypothesis 3 and therefore the evidence
reported above applies here. Subsequent selections were closer as measured both by
path and Euclidean distance in the Search Condition of both problems and in each

problem separately. There is strong evidence for the Problem Version factor on Path
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Distance and positive evidence for this factor on Euclidean Distance. There is weak
evidence for an interaction between the Problem Version and Problem factors on Path
Distance and positive evidence for this interaction on Euclidean Distance, as shown
in Table 4.7.

Hypothesis 5: Impact of Goal Modification on Cognitive Load

Hypothesis 5 addresses how goal modification impacts the amount of cognitive load
experienced by problem solvers. Cognitive load is measured by the amount of time
needed to make individual move selections and the amount of Toggles performed.
In terms of the amount of time needed on average to make move selections, slightly
more time was taken per move in the Optimization condition. In the Independent
Set condition more time is taken per move in the Optimization condition, and in
the Vertex Cover condition there is nearly no difference in the time taken per move
between the Problem Versions. Positive evidence is found for the Problem Version
factor alone and weak evidence is found of an interaction between Problem Version
and Problem on this measure. Details can be seen in Table 4.8. Participants in
the Search condition used a higher number of Toggles with very strong evidence for
the Problem Version factor on this measure and strong evidence for an interaction

between Problem Version and Problem factors. Details can be found in Table 4.8.

Table 4.8: Impact of infeasible-to-evaluate goal on search and cognitive load. Bayes
factor analysis evidence for this model also presented. The column labeled PF indi-
cates the evidence for the Problem Factor, and the column labeled PPF indicates the
evidence for the interaction between Problem and Problem Version factors, with ***
indicating very strong evidence, ** indicating strong evidence, * indicating positive
evidence, . indicating weak or no evidence.

Both Problems Independent Set | Vertex Cover
Measure | Search Opt PVF | Search Opt Search | Opt | PPF
Time
per Move | 2.284 2.603 * 2.20 2.86 2.37 2.34 .
Toggles 7.899 3.94 ook 6.11 3.96 9.70 3.93 K

Hypothesis 6: Impact of Instance Type

To investigate the impact instance type, performance in terms of % Optimal and

% Maximal/Minimal is compared on the different graph types, and any interactions
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between Graph Type, Problem, and Problem Type are considered. As seen in Table
4.9, very strong evidence for a difference in performance is only found when Graph
Type is considered alone, and then only on the % Optimal solutions found. There is
less evidence for an interaction between Graph Type and the other factors of interest
here. In terms of the % Optimal solutions found, performance differed between graph
types, with highest mean % Optimal solutions found on D1 graphs, and lowest on
Greedy Resistant and Random graphs, as shown in Figure 4.4 and Table 4.10. Very
strong evidence was found for Graph Type on the percent of optimal solutions found.
Positive evidence is found for an interaction between Graph Type and Problem and
for an interaction between Graph Type, Problem and Problem Version, on both
the % Optimal solutions. See Tables 4.10 and 4.9 for details. Performance differed
little between Graph Type in terms of the % Maximal/Minimal solutions found, as
seen in Table 4.10, with positive evidence found for an interaction between Graph
Type and Problem Version on the % Maximal/Minimal solutions. There was more
variation between Graph Type in the Optimization condition on this measure than
in the Search condition. See Table A.4 for details. Positive evidence was also found
for an interaction between Graph Type, Problem and Problem Version on the %

Maximal/Minimal solutions found, as seen in Figure 4.5

Table 4.9: Summary of Evidence for the Impact of Instance Type. With *** in-
dicating very strong evidence, ** indicating strong evidence, * indicating positive
evidence, . indicating weak or no evidence. Factor names are shortened for brevity.
Graph refers to the Graph Type factor, Goal refers to the Problem Version factor.

Graph
Graph Graph | x Problem
Measure Graph | x Problem | x Goal x Goal
% Optimal ok * : *
% Maximal/

Minimal . . * *
Time/

Per MOVe x3k %3k k% k%
MOVGS kkok kkok Kok ok
UndOS %k %3k %k %k
Toggles kkok %3k * *

Graph Type and all interactions with Graph Type strongly impact cognitive load
and search, as seen in Table 4.9. Graph Type appears to impact the amount of

time needed per move with the greatest Time per Move spent on NS graphs, and
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Table 4.10: Impact of Graph Type on performance.

Measure D1 D2 GR NS Rnd

% Optimal | 79.74 | 64.8 | 55.75 | 59.26 | 54.32
% Maximal/

Minimal 93.95 | 88.28 | 86.14 | 89.21 | 86.55
Time
Per Move 2.330 | 2.476 | 2.284 | 2.674 | 2.447

Moves 19.46 | 24.23 | 23.8 | 22.11 | 228
Undos 8.221 | 12.34 | 11.72 | 11.77 | 11.37
Toggles 3.296 | 6.837 | 6.288 | 6.159 | 7.007

100%
B0%
£
| 60%
o
I=
ﬁ AD%
i
20%
0%
D1 o2 GR NS Rnd
Graph Type
W SRCIs OPTIS M SRCVC W oPTVC

Figure 4.4: Percent Optimal solutions by Graph Type, Problem and Problem Version

the least spent on GR graphs. Strong evidence is found on this measure for Graph
Type, for an interaction between Graph Type and Problem factor, for an interaction
between Graph Type and Problem Version factor, and for the interaction between
Graph Type, Problem and Problem Version. Details are found in Tables 4.9 and
4.10, and Figure 4.6. Graph Type impacts the number of moves and undos needed
to find a solution, with the fewest Moves and Undos on D1 graphs, and the greatest
number of Moves and Undos on D2 graphs. Strong and very strong evidence is found
for these factors and their interactions on both these measures. Details can be seen
in Table 4.9, and 4.10. The interaction of Graph Type, Problem, and Goal impacted
the number of Moves as can be seen in Figure 4.7, and Undos in Figure 4.8. Graph
Type impacted the number of Toggles, with the fewest Toggles on D1 graphs, and

the most on Rnd graphs, as seen in Tables 4.10 and 4.9. The same general pattern is
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Figure 4.5: Percent Maximal/Minimal solutions by Graph Type, Problem and Prob-
lem Version

seen when the Independent Set and Vertex Cover problems are considered separately;
however, more Toggles are used, in general, in the Vertex Cover condition, as shown
in A.6. Very strong evidence is found for Graph Type, strong evidence is found on
the interaction between Graph Type and Problem, and positive evidence is found for

the remaining interactions, on the number of Toggles.
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o1 o2 GR NS Rnd
Graph Type
W SRCIS OPTIS W SRCVC W OPTVC

Figure 4.6: Mean Time per Move by Problem, Problem Version and Graph Type

Hypothesis 7: Impact of Instance Type Ordering

It has been observed in other studies that instance order can impact performance

on problems of transformation, and to investigate whether this holds for the hard
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Figure 4.7: Mean number of adjusted Moves by Graph Type, Problem and Problem
Version

computational problems used in this study, performance is compared between the
4 different instance orderings. Participants were assigned to one of 4 groups (A,
B, C, or D), and in each group the D1, D2, NS and GR instances were ordered
differently. Rnd graphs were always presented last. To evaluate how instance order
impacts performance, the Group factor is considered in terms of how performance
differs between groups.

Results show that Group (graph order) impacts performance, with strong ev-
idence found for the % Optimal solutions found and positive evidence for the %
Maximal/Minimal solutions, as seen in Table 4.11. Group D found optimal solutions
less often, and Group A found them most frequently. While the same pattern does
not follow for the % Maximal/Minimal solutions found, overall Group A still found
the most Maximal/Minimal solutions of all groups. Group, or graph order, also im-
pacts the amount of search and cognitive load, with the most pronounced impact on
the number of Moves needed to find a solution. Group A used the most moves, and
Group B used the fewest, with very strong evidence for this factor on this measure,
as seen in Table 4.11. Less evidence is found for the other measures of cognitive load

and search, and no consistent pattern is observed for these measures.

4.4.4 Strategy Acquisition

While this research study was not originally designed to investigate strategy acquisi-
tion, the instances that were generated to either be vulnerable or resistant to specific

strategies provide an opportunity to attempt to better understand how and if these
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Figure 4.8: Mean number of adjusted Undos by Problem Version, Problem and
Graph Type

strategies were acquired and applied, and any possible impact of this strategy acqui-
sition. A summary of evidence for strategy measures is presented in Table 4.12, and
a summary of all strategy measures is presented in Table 4.13. In the following sub-
sections, results are presented that support the specific hypotheses proposed above

that address strategy acquisition.



Table 4.11: Impact of graph order on performance.
shows the evidence found for each measure, wit
** indicating strong evidence, * indicating positive evidence, .
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The column labeled Group

indicating very strong evidence,

evidence.
Measure A B C D Group
% Optimal | 79.74 | 61.77 | 62.75 | 60.71 oK
% Maximal/
Minimal 93.95 | 86.79 | 87.33 | 89.62 *
Time
Per Move 2.299 | 3.028 | 2.207 | 2.239 *
Moves 24.28 | 19.74 | 22.16 | 22.8 ok
Undos 12.85 | 8.411 | 10.87 | 12.22 *
Toggles 5.612 | 4.982 | 6.296 | 6.778 *

Table 4.12: Summary of evidence for strategy measures.
evidence, ** indicating strong evidence, * indicating positive evidence, .

*

indicating weak or no

** indicating very strong
indicating

weak or no evidence. Path distance is the mean length of the shortest path between
selections. E-distance is the mean Euclidean Distance between selections. Degree is
the mean Degree of selections. D1 at Onset is the mean normalized number of D1 at
Onset selections. D1 is the mean normalized number of D1 selections. D2 at Onset is
the mean normalized number of D2 at Onset selections. D2 is the mean normalized

number of D2 selections.

Path DI at D2 at

Factors(s) Dist. | E-dist. | Degree | Onset | D1 | Onset | D2
Problem EEE ] FHE | ] Rk || Rk | FHRE |
Goal *x * 7 FHK | * ‘
Problem x Goal . . ok . . : *
Graph Type *Hk | ok | FHRE | K| Sk | | R FEK |
Problem x Graph Rl VAN B HoAk | */ FHE || REE | FHRE |
Goal x Graph * *ok * ok *
Problem x Goal x Graph * * * . * . *
Group * */ */ * ] * Yk
Graph x Group ok *x kK * **x *
Problem x Group AR K| %7 '
Goal x Group *ok * Sorok *F * *
Problem x Goal x Group * * * * * * *
Problem x Graph x Group | ** *ok Hok * * *
Goal x Graph x Group oK ok *oK ¥ *
All factors *ok * * *
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Table 4.13: Summary of strategy results for all conditions. Path distance is the mean
length of the shortest path between selections. E-distance is the mean Euclidean
Distance between selections. Degree is the mean Degree of selections. D1 at Onset is
the mean number of D1 at Onset selections. D1 is the mean number of D1 selections.
D2 at Onset is the mean number of D2 at Onset selections. D2 is the mean number
of D2 selections.

Independent Set Vertex Cover
Search | Optimization | Search | Optimization
Path Length 1.99 2.05 1.55 1.79
Euclidean Distance | 176.17 177.63 172.71 191.05
Degree 1.96 2.01 2.52 2.82
D1 (Onset) | 5.48 4.67 6.40 4.17
D1 2.53 2.05 14.28 8.44
D2 (Onset) 3.43 2.75 7.81 4.60
D2 3.19 2.70 2.47 1.60
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Hypothesis 8: Ability to Acquire Correct Strategies

If problem solvers are able to acquire and apply the correct D1 and D2 strategies, there
should be a large proportion of selections that could be D1 or D2 selections. There
were two kinds of D1 and D2 vertices, those that were available at onset, and those
that were the result of the modified state of the graph at the time of the selection.
The Problem Version factor is of main interest here, as differences in participants’
ability to acquire and apply these correct strategies are predicted to be impacted
by participants’ ability to determine if a strategy was successful. The feedback of
the given goal in the Search condition could give indication of the correctness of
the selection. The interaction between Problem Version and Problem is presented
to evaluate how strategy acquisition and application might differ between the two
problems and versions.

When mean counts are considered, there is a marked difference in the number
of both D1 and D2 selections in the Search and Optimization conditions. However,
since participants in the Search condition make more selections, the counts of these
D1 and D2 selections were normalized by the total number of selections, and the
mean normalized D1 and D2 selections show nearly no pattern of difference between
either the Search and the Optimization condition, nor between Problems, as shown
in Table 4.14. Further supporting this lack of difference is a lack of evidence based
on Bayes factor analysis. No evidence is found for the Problem Version factor for D1
or D2 selections, with the exception of positive evidence for normalized D2 at onset
selections. Similarly, no evidence is found for an interaction between Problem and

Problem Version factors, except on normalized D2 selections, as seen in Table 4.14.
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Table 4.14: D1 and D2 vertex selections. Counts are presented only for instances
which have the associated vertex type at onset. For D1 selections instances D1 and
Rnd are considered. For D2 selections instances D2 and Rnd are considered. All
values are normalized mean counts. Bayes factor analysis evidence for this model also
presented. The column labeled PF indicates the evidence for the Problem Factor, and
the column labeled PPF indicates the evidence for the interaction between Problem
and Problem Version factors, with *** indicating very strong evidence, ** indicating
strong evidence, * indicating positive evidence, . indicating weak or no evidence.

Both Versions Independent Set | Vertex Cover
Measure SRC OPT. | PVF | SRC OPT SRC | OPT | PPF
D1 (Onset) | 5.918 4.416 orck 5.45 4.66 6.40 4.17 *
D1 8.369 5.236 ok 2.49 2.05 14.28 8.44 ook
D1 (Onset)
Normalized | 0.2425 | 0.2707 . 0.26 0.30 0.22 0.24
D1
Normalized | 0.2518 | 0.2734 . 0.11 0.12 0.39 0.42 .
D2 (Onset) | 5.604 3.664 orck 3.42 2.75 7.81 4.60 *
D2 2.828 2.151 ok 3.19 2.70 2.47 1.60
D2 (Onset)
Normalized | 0.1803 | 0.1795 * 0.1752 0.1843 0.1836 | 0.1764
D2
Normalized | 0.09315 | 0.08857 . 0.15 0.14 0.03 0.03 *

Hypotheses 9 and 11: Impact of Acquiring Correct or Heuristic Strategies

To evaluate the impact of acquiring correct or heuristic strategies, performance is
compared between instance type for different block order (or Group), and the in-
teraction between Group and Graph Type, in particular, is of interest. To evaluate
differences between this impact based on Problem and Problem Version, the interac-
tions between all four of these factors (Graph, Group, Problem, and Problem Version)
are presented. When the interaction between Graph Type and Group are considered,
there is strong or very strong evidence found for all performance measures as well
as for all measures of search or cognitive load, as seen in Table 4.5. Performance
as measured by % Optimal solutions on Rnd instances differs little between groups.
However performance varies between groups on D1 and D2 instances, with best per-
formance in Groups C and D on D1 instances, and best performance in Groups A
and C on D2 instances.

As seen in Table 4.15, there is evidence that instance and order impact perfor-

mance, and additionally, that these differences manifest themselves differently across
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Table 4.15: Summary of evidence for acquiring correct or heuristic strategies. ***

indicating very strong evidence, ** indicating strong evidence, * indicating positive
evidence, . indicating weak or no evidence. Bayes factors over 1000 are indicated by
an additional !.

% | %Max | Time Adj. Adj.
Factors Opt | Min | /Move | Moves | Tog | Undos
Graph x Group oK oK ¥ koK K FHE
Graph x Group x Problem | ** * oK ! oK K
Graph x Group x Goal oK oK oK kx| ** ok
All Factors * * *ok ook | * *

the two problems and their versions. Strong evidence is found, on % Optimal solu-
tions, for an interaction between Graph Type and Group, for an interaction between
Graph Type, Group, and Problem, and for an interaction between Graph Type,
Group, and Problem Version. Overall, performance on D1 instances was best, with
better performance in the Search Condition. When the final block of instances is
considered (Rnd instances), the pattern seen in Figure 4.9 shows that in both the
Search and Optimization conditions, participants in Group A performed best. How-
ever, the performance of the remaining three groups on these same instances shows
a reverse effect between the Search and Optimization conditions. Slightly less ev-
idence is found for these interactions on the % Maximal/Minimal solutions found,
with strong evidence only on the interaction between Graph Type and Group, and
the interaction between Graph Type, Group, and Goal. Performance on this measure
follows a similar trend, as seen in Figure 4.10, as that observed for the % Optimal
solutions.

There was a great deal of evidence found for this interaction on measures of search.
Most notably, very strong evidence was found for all four interactions for the number
of adjusted moves. See Figures 4.11, 4.12, 4.13, and 4.14 for a visual representation of
how these factors impacted the amount of search needed. Very strong evidence was
found, on the mean number of adjusted undos, for the interaction between Graph
Type and Group. Strong evidence was found on this measure for the interaction
between Graph Type, Group, and Problem and for the interaction between Graph
Type, Group, and Problem Version. Positive evidence was found for an interaction
between all factors on this measure. Details of all results can be found in Table A.8,

and the overall pattern is not unlike that seen for the number of moves.
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Figure 4.9: Percent Optimal solutions found by Problem Version, Graph Type and
Group

Finally, there is strong evidence that instance order and instance type impact the
amount of cognitive load, measured both in terms of the number of Toggles, as well as
in the amount of time needed to make each selection. Very strong evidence was found
for an interaction between Graph Type and Group on the mean number of Toggles,
strong evidence was found for the interaction between Graph Type and Group, and
each of Problem and Problem Version, separately. Positive evidence was found for
the interaction of all factors on this measure. Details of how these factors impacted
this measure can be seen in Figures 4.15, 4.16, and 4.17. As seen in Table 4.15, strong
evidence was found for all four interactions on the Time per Move. Details of how
these factors impacted the time taken per move can be seen in Figures 4.18, 4.19, and
4.20.
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Figure 4.10: Percent Maximal/Minimal solutions found by Problem Version, Group
and Graph Type
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Figure 4.11: Mean number of adjusted Moves by Group and Graph Type
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Figure 4.12: Mean number of adjusted Moves by Problem Version, Group and Graph
Type
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Figure 4.13: Mean number of adjusted Moves by Problem, Group and Graph Type



100

50

s
-
tn

fMean Number of Moves
[ %]
wn

12.5

D1 D2 GR Hrd Rnd
Graph Type
M I1SsRCA M ISSRCB M ISSRCC ISSRC D
B ISOPTA M ISOPTB W ISOPTC ISCPTD

W vCcsSRCcA M vCSRCB M VCSRCC W VCSRCD
B VCOPTA M VCOPTB W VCOPTC VCOPTD

Figure 4.14: Mean number of adjusted Moves by All Factors

-]

=]

Mean number of toggles
[#]

[=]

D1 D2 GR Hrd Rnd
Graph Type

W Group A GroupB W GroupC M Group D

Figure 4.15: Mean number of Toggles by Graph Type and Group



Mean Toggle Count

Figure 4.16:

Mean Toggle Count

12

10

101

D1 D2 GR NS RAnd
Graph Type

B sRcA W SRCeB M SRCC SRCD
W OPTA W OPTB W OPTC OPFTD

Mean number of Toggles by Problem Version, Graph Type and Group

D1 D2 GR NS And
Graph Type
HIsA BWISB MWISC ISD

W vcA MvVCB W VCC VCD

Figure 4.17: Mean number of Toggles by Problem, Graph Type and Group



102

Mean Time (s} per Move
]

D1 Dz GR NS Rnd
Graph Type

M srRcA M SRCB M SRCC SRCD
W OPTA M OPTB W COPTC OPTD

Figure 4.18: Mean Time per Move by Problem Version, Graph Type and Group

5

Mean Time () per Move
- L5

D1 D2 GR NS Rnd
Graph Type
HiIsA HISB MWISC ISD

W vcA WvVCB WM VCC VCD

Figure 4.19: Mean Time per Move by Problem, Graph Type and Group



Mean Time (s} per Move

D1

D2 GR NS
Graph Type
B ISSRCA M ISSARCB M ISSRCC ISSRC D
W ISOPTA W ISOPTB ISCPTC ISCPTD

M vCSRCA W VCSRCB W VCSRCC VC SRC D
W VCOPTA W VCOPTE WM VCOPTC VCOPTD

Figure 4.20: Mean Time per Move by all factors

Rnd

103



104

Hypothesis 10: Ability to Avoid the Application of Heuristic Strategies

If problem solvers are able to avoid the heuristic GR strategies, there should be lower
degree selections in the Vertex Cover condition, and higher degree selections in the
Independent Set condition, than if GR strategies are unsuccessfully avoided. Like with
the correct strategy, differences in participants’ ability to avoid this heuristic strategy
is predicted to be impacted by participants’ ability to determine if a strategy was
unsuccessful, and therefore the Problem Version factor is of interest. Mean degree of
selections is higher in the Optimization condition than in the Search condition, when
both problems are considered together, as well as when they are considered separately,
with very strong evidence for the Problem Version factor, as seen in Table 4.16. Mean
degree is higher overall in the Vertex Cover condition than in the Independent Set
condition, with very strong evidence for an interaction between Problem and Problem

Version, as also shown in Table 4.16.

Table 4.16: Degree of vertex selections. Mean degree is presented. Bayes factor
analysis evidence for this model also presented. The column labeled PF indicates the
evidence for the Problem Factor, and the column labeled PPF indicates the evidence
for the interaction between Problem and Problem Version factors, with *** indicating
very strong evidence, ** indicating strong evidence, * indicating positive evidence, .
indicating weak or no evidence.

Both Versions Independent Set | Vertex Cover
Measure | SRC \ OPT. | PVF | SRC \ OoPT SRC \ OPT | PPF
Degree | 2244 | 2418 [ ** [ 197 | 201 [ 252 | 282 | *** |

4.5 Summary

In this Chapter, the main results of the research study were presented. It was found
that in general, performance on the Optimization versions of these two hard not-
Euclidean computational problems was in keeping with previously reported perfor-
mance results on other hard optimization version, with participants finding solutions
that were roughly within 10% of optimal. This experiment considered a number of
other factors, including Problem, Problem Version, Graph Type, and Group (graph
order). Strong evidence was found for these factors and their interactions on most

measures.
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Evidence was found for differences between the two problems used, Vertex Cover
and Independent Set, on all measures: performance, search, and strategies. Perfor-
mance was better in the Independent Set condition than on the Vertex Cover con-
dition, on all performance measures except PAO, where Vertex Cover performance
was slightly better. Interestingly, the amount of search used in the Independent Set
condition was less than in the Vertex Cover condition, both in terms of the number
of Moves, and the number of Undos. Finally, strategy selections appear to differ
between these two problems, on all measures except Euclidean Distance.

Performance differences emerged between the Search and Optimization problems,
with performance as measured by the percent of optimal solutions better in the Search
condition. In addition, the amount of search required to find solutions differed be-
tween Problems, with more search in the Search version, corresponding with more
optimal solutions. Cognitive load appears to be higher in the Search condition, as
indicated by the greater number of Toggles. In contrast, little difference in move se-
lection strategy emerges from this analysis, with evidence of differences only in terms
of Path Distance and Degree.

Evidence was found for differences in performance between the different graph
types, with D1 graphs appearing to be easiest, and GR and Random graphs more
challenging. Graph Type appears to greatly impact the amount of search needed, as
well as cognitive load. These results are consistent, in that better performance on D1
graphs is associated with less search, fewer Toggles, and less time per selection. Strat-
egy application also appears to be influenced by Graph Type, with strong evidence
on all measures of Move Selection strategies between different graph types.

Finally, a great deal of evidence was found for differences on all measures as a
result of Graph order. These results are quite complex to interpret, due to the great
number of factors and interactions that must be considered. Deeper analysis follows
in the upcoming Chapter.

Overall, some very interesting results emerged from this research study, with
strong evidence for a number of factors which have not previously been considered
in studies of human performance on hard computational problems. These results are
analyzed in detail in Chapter 5 in the context of the hypotheses presented in Chapter
3.
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Chapter 5
Discussion

Strong evidence was found in Chapter 4 for differences in performance on all major
measures between goal well-definedness giving preliminary evidence for the theory
that the goals of the problem are encoded differently between these conditions. Simi-
larly, the results support the theory that there may be performance differences, either
between minimization and maximization problems, or between the Vertex Cover and
Independent Set problems. A number of hypotheses were presented at the end of
Chapter 3. The results presented in Chapter 4 are analyzed in greater detail in light
of these hypotheses.

General performance results are presented first. Then performance differences be-
tween conditions are analyzed against the theory that the well-definedness of the goal
impacts how the goal is encoded, and therefore the problem that is being solved. A
finer analysis will then attempt to find evidence to support the proposed goal mod-
ifications presented in Chapter 3. If goal well-definedness results in problem modifi-
cation, then it is possible that the problems being solved in the different conditions
will result in different levels of cognitive load. This possibility is examined by looking
at differences in the use of cognitive aids to support problem solving. Performance
differences between the Vertex Cover and Independent Set problems is compared to
see if either maximization or minimization problems are subjectively easier, or if they
are equally challenging.

Hard computational problems are unlikely to be solvable by general problem-
solving strategies. However, some instances of these hard problems can be solved,
or reduced to a small kernel or reduced instance, through the application of simple
strategies. Graphs were designed to be vulnerable or resistant to known strategies.

Analysis of performance measures, and the properties of vertices selected, will at-
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tempt to determine if participants are able to acquire and apply these strategies, and
how instance order and selection impacts performance. Manipulation of the order
that different graph types are presented may help determine what factors support or

interfere with strategy acquisition and application.

5.1 General Performance

An original motivation of this work was to compare human performance on hard not-
Euclidean optimization problems to that on other hard optimization problems like
E-TSP. Results from the Optimization conditions of both the Vertex Cover and In-
dependent Set conditions are in keeping with previously observed performance, with
mean PAO close to 10% for both problems. Interestingly, however, performance on
the Search versions of these same problems is better than the Optimization versions,
measured as percent optimal solutions found. This raises the possibility that pre-
viously reported human performance results on E-TSP might be improved upon if
participants are tasked with the Search version of that problem.

These general performance results suggest that visual processing alone is likely
not responsible for the good quality previously noted on other hard optimization
problems. The Gestalt principles, or the hierarchical pyramid model which have been
proposed as being potentially partially responsible for solution quality, may not be
applicable on the not-Euclidean problems used in this study, and therefore cannot

explain performance on the Vertex Cover and Independent Set problems.

5.2 Impact of Goal Well-Definedness

If participants in the Optimization condition are able to encode the goal exactly as it
is given, then there should be no significant difference in performance on the Search
and Optimization conditions of the same problem. This, of course, assumes that
participants in the Search condition are able to encode the goal and are working on the
task given. This possibility is investigated by considering how often optimal solutions
are found in the Search condition. Participants are given the exact same instances
to solve, with identical start states and legal operators, and the instances differ only
in terms of the specificity of the given goal. If participants in the Optimization
condition are unable to encode the given goal, or encode it differently than in the

Search condition, and encode some other goal, then it is expected that there be
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a difference in performance across the two versions as a result of the difference in
what constitutes a goal state between the two versions. Performance as measured
by percent optimal solutions supports Hypothesis 3: overall, performance by this
measure is better on the Search version than on the Optimization version, as seen
in Section 4.4.3. Within each Problem condition, performance is also better on the
Search version than on its associated Optimization version.

Another measure of performance is the amount of backtracking needed to find a
solution. Differences in the amount of backtracking needed to find a vertex cover or
independent set could be indication of different goal states being encoded and searched
for. Other possible explanations exist too, of course. The mean number of undos is
much higher in the Search condition than in the Optimization condition, both across
both problems, and within each problem. As shown in Table 4.4, this difference
is much more pronounced in the Vertex Cover group, where the mean number of
undos in the Search condition is over twice that in the Optimization version. One
explanation for this difference is that relative to their associated Search versions, the
problem(s) being solved by participants in the Optimization condition of the Vertex

Cover problem is much easier than that being solved in the Independent Set problem.

5.3 Evaluation of Candidate Goal Modification

With these findings in support of the hypothesis that participants in the Optimization
condition are solving a problem other than the one given, the next task is to attempt
to narrow down alternate problems which could explain performance. In Section
3.1.3 four different goal modifications were identified for the Minimum Vertex Cover
and Maximum Independent Set problems, which might explain performance, found
in Tables 3.2 and 3.3 respectively. For each candidate modification, predicted results

are compared to:

1. the quality of solutions found in the Optimization version,
2. the percent of minimal (VC) or maximal (IS) solutions found,
3. the percent optimal solutions found,

4. how much backtracking takes place.

These results can help narrow down which proposed modifications might explain

performance on the Optimization versions of the problems given.
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5.3.1 Minimal/Maximal Modification

One candidate modification is that of finding a minimal solution to the Vertex Cover
problem or a maximal solution to the Independent Set problem. Recall that this
modification predicts sub-optimal solutions, many minimal/maximal solutions, few
optimal solutions, and little backtracking. The PAO found in both problems supports
this modification with the mean PAO near 10% in both problems. The percent
optimal solutions found in the Optimization condition is also much lower than in
the Search version, as predicted. And finally, very little backtracking is done in the
Optimization condition which further supports this modification.

The percent minimal /maximal solutions can be compared to the percent of op-
timal solutions to test which goal, optimization or minimal/maximal, better fits the
data. These comparisons cannot prove that this restructuring modification is taking
place, however, it can eliminate a candidate, or indicate that it is still a possibility.
The percent of minimal solutions found in the Optimization version of the Vertex
Cover problem is significantly higher than the percent optimal solutions in the same
condition, and therefore is a better fit. These results, found in Section 4.4.3 above,
strongly support the hypothesis that the infeasible-to-encode goal of the Optimization
version of this problem could be restructured to that of a minimal solution. Similarly,
the percent of maximal solutions found in the Optimization version of the Indepen-
dent Set problem is significantly higher than the percent of optimal solutions in the
same problem. Alternatively, it cannot be excluded that the problem could have been

modified to another problem whose results coincidentally are also maximal/minimal
with high likelihood.

5.3.2 Any Valid Cover/Independent Set

The second modification described discarded all sense of optimality altogether, and
amounts to finding any valid vertex cover or independent set. Recall that this modi-
fication predicts sub-optimal solutions, non-minimal/maximal solutions, few optimal
solutions, and no backtracking. The PAO found in the two versions of both problems
matches the prediction of sub-optimal solutions in the Optimization version. In the
Vertex Cover condition, the relatively lower mean percent minimal solutions may be
indication that this modification is taking place. As well, very few optimal solutions
are found (fewer than 50%), which could be support for this modification. Finally,

the number of undos deviates from the total lack of undos predicted for this mod-
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ification. In the Independent Set condition, the high number of maximal solutions
found in the Optimization condition does not match the predicted performance for
this modification. The mean percent optimal solutions is slightly over 50%, but still
well below the number found in the associated Search condition also does not match
this modification. Finally, the number of undos deviates from the total lack of undos
predicted for this modification. In summary, there is mixed support for this modifica-
tion for the Vertex Cover condition, and very little support for it in the Independent

Set condition.

5.3.3 Local Optimization

Goal modification could also take the form of local optimization. Recall that this mod-
ification predicts sub-optimal solutions, non-minimal /maximal solutions, few optimal
solutions, and a moderate amount of backtracking. In the Vertex Cover condition,
PAO matches the prediction of sub-optimal solutions in the Optimization version,
and the low percent optimal vertex covers found in the Vertex Cover condition sup-
ports this modification. The number of minimal vertex covers, however, is lower
in this condition than in the Independent Set condition, and is weaker support for
this modification. In the Independent Set condition PAO matches the prediction of
sub-optimal solutions in the Optimization version. In addition the high number of
maximal independent sets found, and higher (over 50%) percent optimal independent
sets found, supports this modification. Another possible measure that could support
this modification is how local subsequent moves are. The average path distance be-
tween moves in all conditions is small, hovering around a length of 2, which is further
support of local optimization as a candidate modification. However, interestingly, the
closeness of subsequent moves is even more pronounced in the Search version than
in the Optimization version, which suggests that either local choices drive Move se-
lections in these kinds of graph problems, independent of local optimization, or that
local optimization is useful in attempting to solve both versions of these problems.
In summary, mixed support is found for local optimization in both the Vertex Cover

and Independent Set conditions.

5.3.4 Generation of Specific k-values

The final modification proposed was the Guess and Check modification, which pre-

dicted near-optimal solutions, many minimal/maximal solutions, many optimal solu-
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tions, and an amount of backtracking similar to that seen in the Search conditions.
The PAO in both problem conditions does not match the near-optimal solutions pre-
dicted by this modification. Similarly, the relatively low percent optimal vertex covers
found in the Vertex Cover condition and independent sets found in the Independent
Set condition does not match the optimality predicted. Finally, the low amount
of undos in the Optimization versions of both problems relative to their associated
Search versions also does not support this modification. These results do not strongly

support the likelihood that this modification takes place with significant frequency.

5.4 Impact of Goal Modification on Cognitive Load

It is predicted that, tasked with a problem with an aspect of the goal that is not en-
codable, that problem solvers modify the goal to render it encodable. It was assumed
that this modification should take place as parsimoniously as possible, that is by mod-
ifying the problem as little as possible. It seems likely that this modification should
also result in a problem that is not harder than an encodable version of the task (for
example the Search version). However, it is important to note that this need not be
the case. The Optimization version of the problem given could feasibly be converted
into a problem that is at least as hard as the Search version of the respective problem,
and still be encodable. Recall the proposed modification in which increasingly smaller
(or in the case of the maximization problem, Independent Set, larger) k values are
tested until the optimal solution is found. If this modification took place, however,
the number of moves needed to find a solution would be expected to be similar in
the Optimization version to those used in the Search condition (which it is not), and
for the percent of optimal solutions to be closer in the Optimization version, to that
found in the Search condition (which it is not).

One possible consequence of modifying the problem into an easier one which is
that it would likely take fewer moves to find a solution, and indeed this is what was
observed in this study. In the Optimization version of the Independent Set condition,
the mean number of moves to find a solution was lower than that in the Search
version. Similarly, in the Optimization version of the Vertex Cover condition, the
mean number of moves was fewer than that used in the Search version. These results
strongly support the hypothesis that participants in the Optimization condition are
solving an easier problem. Participants in the Optimization condition consistently

use fewer moves to find a solution, which could be indication that the goal, whatever
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it might be, is easier to find than in the Search condition.

Toggles are likely an indication of using the interface to gain information about
the current and near future states of the problem, then reduced cognitive load could
manifest as fewer Toggles. Indeed, many fewer toggles were observed in the Opti-
mization condition than the Search condition, overall, as well as for each problem
considered separately (see Table 4.4). These results strongly support the hypothesis
that participants in the Optimization condition are solving a problem that is easier

than the Search version, and that places less cognitive load on the system.

5.5 Performance Differences on Maximization and

Minimization Problems

One of the goals of this research was to address the lack of research comparing perfor-
mance on hard minimization and maximization problems. It is interesting to wonder
why research thus far has focused on minimization problems. At the surface there
is support for the conjecture that minimization problems are easier for the cognitive
system to cope with than maximization problems. Maximization problems, without
external memory aids, add an additional space complexity in needing to maintain a
growing candidate solution, whereas with minimization problems the candidate solu-
tions can become smaller as the goal is approached. Given the limits of the cognitive
system, minimization problems could be more natural. In addition to this considera-
tion, that minimization might put less strain on working memory than maximization,
the k-Vertex Cover problem used in this study might be easier for people to solve
due to it being fixed parameter tractable. The Vertex Cover problem is known to
be fixed parameter tractable, whereas Independent Set is not!. This would seem to
imply that Vertex Cover is somehow easier, as long as reduction rules can be learned
and applied.

These two observations support the hypothesis that the Vertex Cover problem
should be subjectively easier than the Independent Set problem. The results of this
study, however, do not support this Hypothesis 2. The mean percent optimal solu-

tions is higher in the Independent Set condition than in the Vertex Cover condition,

"'While it is true, because of its relationship to Vertex Cover that the Independent Set problem is
fixed parameter tractable for the parameter p = n — k, this does not have the same time complexity
consequences, because as n grows it also causes the exponential component of the time requirements
to grow in terms of n.



113

and this trend carries on when the Search and Optimization versions are considered
separately. The percent minimal /maximal solutions continues with the pattern, with
better performance on this measure in the Independent Set condition than in the
Vertex Cover condition. In contrast, the mean PAO is higher in the Optimization
versions of the Independent Set condition than in the Vertex Cover condition. These
are slightly conflicting results. Perhaps whatever modification occurs in the Optimiza-
tion condition of Independent Set problem results in maximal solutions, but further
from optimal. These results are weak evidence too, and may not be indication of a
strong effect. Recall, however, that the Greedy Resistant graphs were not as resistant
to the greedy strategy in Independent Set condition as they were in the Vertex Cover
condition. If these instances are removed from the analysis, and consider the percent
optimal solutions on the remaining graph types, the trend is less pronounced. While
the percent optimal independent sets is still higher in the Independent Set condition
than the percent optimal vertex covers in the Vertex Cover condition Bayes factor
analysis showed no evidence for these results and so they do not support or refute
the observed difference in performance.

In summary, it appears that there is a difference in performance between these two
problems, which may be a result of their being minimization or maximization versions,
or an artifact of some other feature of these two problems. These results are far from
conclusive: however the extreme difference in performance and the strong support
for this model seem to indicate that the Independent Set problem is easier than the
Vertex Cover problem. It also suggests that perhaps maximization is not as difficult
as minimization, which warrants further investigation. Perhaps most interesting,
however, is that these results are seemingly contradict what is thought to be known
about the relative difficulty of these two problems based on their fixed parameter
tractability. It is important to note, however, that the two reduction rules used to
generate graphs for two of the blocks were equally applicable to both problems. It
may be that a different choice of graphs would result in different relative performance

results.

5.6 Strategy Acquisition

Evaluating whether or not problem solvers were able to acquire and apply correct
or heuristic strategies poses a number of challenges. A given Selection can typically

be explained by more than one strategy. For this reason, graphs were purposely
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designed to be vulnerable to the identified correct strategies (D1 and D2), to aid in
the evaluation of whether the strategies were applied. A different approach is used
to evaluate Greedy strategies, based on the assumption that this strategy is being
applied, and therefore graphs were designed to test if the Greedy strategy could be

avoided.

5.6.1 Correct Strategies

Acquisition and application of the D1 strategy should result in better performance
on instances where they can be used (possibly in conjunction with a small amount
of exhaustive search) to solve exactly. The D1 strategy could be used to solve all
D1 graphs in conjunction with a small amount of exhaustive search, and all Random
graphs in conjunction with the D2 strategy and a small amount of exhaustive search.
Exhaustive search is considered to be feasible if it can be solved within the constraints
of working memory; that is, only a few alternatives must be considered to find the
best moves. For example, consider Graph 2 shown in Figure 5.1. In the Vertex Cover
condition, after all D1 selections have been made, the remaining reduced instance
(shown in Figure 5.2) is small. Exhaustive search is likely feasible on this small
reduced instance. Similarly, in the Independent Set condition, after all D1 selections
have been made, the remaining reduced instance (shown in Figure 5.3) is small.

This requirement, in conjunction with the cognitive support of the interface, dis-
playing the size of the current candidate solution, should render these graphs solvable
exactly if the D1 (and in the case of the Random graphs, D2) strategies are acquired,
and applied correctly. Further, if these strategies are acquired and applied correctly,
very little backtracking should be required to find an exact solution. If a D1 schema
is activated, better solution quality should also be accompanied by little to no back-
tracking. In fact, all graphs in this group should be solvable with no more than a few
backtracking steps, should a D1 schema be activated.

The relatively high percent optimal solutions on the D1 graphs supports the hy-
pothesis that participants were able to acquire and apply this strategy, although not
consistently. While there was not strong evidence for an interaction between Graph
Type and Problem Version, it is still notable that performance on D1 graphs is better,
in terms of percent optimal solutions, in the Search condition than the Optimization
version. This makes sense if subjects in the Search condition, given the specified goal,

are more able to determine that the D1 strategy is correct and apply it more often,
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Figure 5.1: Graph 3 before any vertices have been added to the solution

which would result in more optimal solutions.

Correct application of the D1 strategy should result in fewer backtracking moves
on graphs to which the strategy is applicable. The number of adjusted undos is lower
on D1 graphs than on any other graph types, which also suggests that subjects are able
to acquire and apply the D1 strategy to some extent. However, the mean number of
unadjusted undos is higher in the Search condition than the Optimization condition,
which contradicts the prediction that the specified goal should make, ascertaining the
correctness of the strategy easier.

Another measure of D1 strategy acquisition and application is the number of selec-
tions made that could be D1 selections. While it is possible to attempt to determine
the frequency of D1 moves, without anything to compare the frequency to, this mea-
sure alone is not sufficient to determine if the strategy is being applied. What can be
compared, however, is the frequency of possible D1 moves between the Search and
Optimization conditions. If participants in the Search condition are able to deter-
mine, given the specified goal, that the D1 strategy is correct, it would expected that
more D1 selections are made in the Search condition than the Optimization condition.
However, the data does not support this hypothesis and more D1 at Onset and D1

selections are made in the Optimization condition than the Search condition.
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Figure 5.2: Graph 3 after all available Vertex Cover D1 selections have been made.
Remaining reduced instance (black edges are uncovered) is small.

In summary, despite the fact that in debrief many participants identified the D1
strategy as one of those they used, it is not clear from the results that participants
are able to acquire and apply the D1 strategy with consistency. Further, schema acti-
vation is not taking place, in general. While performance is better on D1 graphs than
any others, the amount of backtracking and the frequency of possible D1 selections
contradict these results. One possible interpretation of this data is that participants
are applying the D1 strategy, but not consistently, and other Move selections are inter-
fering with the correct application of the D1 strategy. This implies that the specified
goal of the Search condition is not sufficient feedback, in general, for determining the
correctness of the strategy with certainty.

Performance as measured by percent optimal solutions on D2 graphs is good,
bested only by that on D1 graphs, which suggests that the D2 strategy might be
acquired and applied. Unlike D1 selections, D2 selections are less available and also
more complex, requiring attention to at least 4 vertices (the three in the triangle, and
at least one connected to a member of the triangle). In addition, D2 graphs require
both the D2 and D1 strategies, plus some exhaustive search, to be solved. For the
graph in Figure 5.4, the state of the graph after all D2 selections have been made is
shown in Figure 5.5 for the Vertex Cover Condition, and 5.7 of the Independent Set
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Figure 5.3: Graph 3 after all available Independent Set D1 selections have been
made. Remaining reduced instance (black vertices are independent of those added
thus far) is small.

condition. The state of the graph after all D1 and D2 selections have been made is
shown in Figure 5.6 for the Vertex Cover Condition, and 5.8 of the Independent Set
condition.

Better performance on these graphs in the Search condition than in the Optimiza-
tion condition suggests that feedback from the specified goal may improve acquisition
of this strategy. This trend is more apparent in the Independent Set condition, which
suggests that it may be easier to acquire and apply this strategy on this problem. An
alternative explanation, however, is that these selections are actually due to a Greedy
strategy, as these choices are also very low degree.

The number of D2 selections is harder to interpret, as there were far fewer of these
types of selections available. In the Vertex Cover condition, D2 at Onset selections
are made with high frequency on both D2 and Random graphs. In contrast, very few
other D2 selections were made by this group. Interestingly, in the Independent Set
condition many D2 and D2 at Onset selections were made on D2 graphs and few were
made on Random graphs.

Correct application of the D2 strategy should result in fewer backtracking moves

on graphs to which the strategy is applicable. The number of adjusted undos is high
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Figure 5.4: Graph 7 before any vertices have been added to the solution

on D2 graphs, surpassed only by that on Random graphs, if at all. This suggests
that subjects are not able to acquire and apply the D2 strategy consistently. The
mean number of unadjusted undos is higher in the Search condition than in the
Optimization condition, contradicting the prediction that the specified goal should
make ascertaining the correctness of the strategy easier. Clearly, schema activation
is not occurring due to the great number of moves needed to find solutions to these
graphs.

In summary, despite the fact that in debrief some participants identified the D2
strategy as one of those they used, it is clear from the results that participants are
not able to acquire and apply the D2 strategy consistently, and that schema activa-
tion is not taking place. While performance is good on D2 graphs, the amount of
backtracking and the frequency of possible D2 selections contradicts these results.
Perhaps participants are applying the D2 strategy, but not consistently, and other
Move selections are interfering with the correct application of the D2 strategy. An-
other explanation is that the inconsistent application of the D1 strategy may confound
these results as well. As with the D1 strategy, this implies that the specified goal
of the Search condition is not sufficient feedback, in general, for determining the

correctness of the strategy with certainty.
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Figure 5.5: Graph 7 after all available Vertex Cover D2 selections have been made.

5.6.2 Heuristic Strategies

Determining with any certainty that the Greedy strategy is responsible for partici-
pants’ selections is confounded by a number of factors. A vertex could be selected
as a greedy choice, even though it is not necessarily the most greedy choice, and
therefore determining what constitutes a greedy choice is not easy. Seemingly greedy
choices can be explained by other strategies: D2, D1, or local selections. However,
it is very likely that participants use greedy moves, they are akin to other known
strategies, like hill climbing, applied by novices, and therefore it is assumed to be
occurring. Greedy choices, both high degree choices in the Vertex Cover problem,
and low degree choices in the Independent Set problem, are relatively easy to make,
requiring only visually considering the number of edges connected to a vertex, a local
process which can likely leverage the perceptual system.

The aim in designing the graphs in the Greedy Resistant block is to see if partic-
ipants are able to avoid greedy choices when these choices are sub-optimal. Graphs
were designed to be resistant to the heuristic strategy identified in order to evaluate
whether or not avoiding the strategy could be observed. The greedy strategy is likely
a natural one, frequently identified by participants in verbal debriefs.

The greedy strategy can be successful on all given graphs other than the Greedy
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Figure 5.6: Graph 7 after all available Vertex Cover D1 and D2 selections have been
made. Small reduced instance (black edges) remains.

Resistant graphs. The strategy is guaranteed to fail, in the Search version of the
Vertex Cover problem at least, on all Greedy Resistant graphs. There are three
possibilities: the greedy strategy is not acquired and applied; strategy can be acquired
and applied consistently, equally across all graphs; or the strategy is acquired and
applied, and avoided on Greedy Resistant graphs. If the strategy is not acquired and
applied it would expected that relatively low degree choices be made on all instances
and possibly good quality solutions on all graphs. If the strategy is acquired and
applied equally across all graphs, poorer performance is expected on Greedy Resistant
graphs and high degree choices on all graphs. The final possibility is that the strategy
is acquired and applied, and avoided on Greedy Resistant graphs. In this case, high
degree choices are expected on all instances except those on which the greedy strategy
does not apply, with a high percent of optimal vertex covers on all graphs.

The mean degree of choices in both the Search and Optimization versions differs
very little on the five graph types. However, it is significantly lower on Greedy
Resistant graphs in the Search condition. Performance on Greedy Resistant graphs
in all conditions is the worst, as measured by percent optimal solutions, a pattern
that holds if the Search and Optimization conditions are considered separately. These

findings suggest that if the greedy strategy is acquired and applied, then it is not
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Figure 5.7: Graph 7 after all available Independent Set D2 selections have been
made.

consistently avoided on those graphs to which it is designed to fail. The failure to
reject this heuristic strategy in the Optimization version could be explained by a
failure to recognize that this strategy is sub-optimal. However, it is also possible that
the goal modification that is taking place makes avoiding greedy choices unnecessary.
Greedy strategy avoidance is not necessary for a minimal modification, or for finding
any vertex cover. It may be applicable, depending on how a local modification is
implemented. Finally, it is applicable for the specific modification proposed. These
results suggest that the specified goal of the Search version is not sufficient to make

determining that this strategy is not always correct.

5.7 Impact of Instance Selection and Order

5.7.1 General Impact on Performance

It has been demonstrated in problem-solving research that instance can impact per-
formance as discussed in Section 2.3.2. In this study, graphs were purposely designed
to be vulnerable to correct strategies, resistant to a heuristic strategy, and to not

be vulnerable to any correct strategy. Randomly generated graphs were also used.
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Figure 5.8: Graph 7 after all available Independent Set D1 and D2 selections have
been made. Small reduced instance remains (black vertices)

While the acquisition and application of the identified strategies is not conclusively
supported by the findings thus far, it appears that participants may be able to ac-
quire and apply these strategies, or else that some other strategies are being applied.
Strong evidence was found for differences in performance based on Graph Type on:
percent optimal, time per move, moves, toggles, and undos. These results, however,
are mixed.

In terms of performance when all conditions are considered together, Greedy Re-
sistant graphs show the worst performance, and D1 graphs clearly show the best
performance, as seen in Table A.20. While D1 graphs still show best performance
in terms of the amount of search and cognitive load, no clear pattern emerges from
the data concerning the other graph types. The specificity of the goal interacts with
graph type on: time per move, number of toggles, and the number of undos. Best
performance on all measures, and on both versions of the problem is again on D1
graphs. Patterns for the remaining graph type are hard to identify, as seen in Table
A.21. Problem also interacts with graph type on: PAO, time per move, number of
toggles, moves and undos. Again, best performance on all measures is on D1 graphs,
and the remaining results show no clear pattern aside from the fact all (D2, GR, NS,
and Rnd) appear harder than D1 graphs. See Table A.22 for details.
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What is clear is that of the graph types used in this study, D1 graphs were easiest.

No conclusive pattern emerges about the relative difficulty of the remaining graph

types.

5.7.2 Impact of Order on Performance

Just as instance type can impact problem solving, the order in which different kinds of
instances are presented has also been known to impact performance. In this study, the
order of graph type presentation strongly impacted performance, on every measure.
Some groups show more variation while other groups show less on the same measure.
For example, group A shows much less variation on the percent optimal solutions
found than the other groups. On other measures, some groups show overall much
poorer performance than other groups. Group B, for instance, has much higher PAO,
than the other groups, on all graphs other than the Random graphs, .

If each problem is considered separately, the order of graph type also strongly
impacts performance on all performance measures except time per move. In addition
to the performance differences between the Vertex Cover and Independent Set condi-
tions, the same kind of pattern emerges, with differences in the amount of variation
between problem ordering. Problem order seems to lead to more variation differences
in some groups in the Vertex Cover condition than in the Independent Set condition.

A similar pattern emerges if each Problem Version is considered separately; the
order of graph type also strongly impacts performance on all performance measures
except time per move and the number of undos. The specificity of the goal and resul-
tant problem modification appearsto interact with how graph type ordering impacts
performance.

In the next two sections, a deeper analysis of these findings is presented, with
the goal to unravel how instance ordering, problem, goal modification, and strategy

acquisition all contribute to performance differences as a result of graph type ordering.

5.7.3 Positive Impact on Performance

Acquiring and applying correct strategies, like those based on reduction rules intro-
duced earlier, early on in a series of instances of a problem, should result in improved
performance on later instances of the same problem so long as other strategies do
not interfere with their correct application. In the graphs used in this study, two

blocks of graphs were purposely designed to be vulnerable to the correct D1 and D2
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strategies and could be solved optimally using these strategies in conjunction with a
small amount of exhaustive search. Early presentation of these graphs should result
in improved performance on all subsequent graphs, if the strategies are acquired and
applied consistently. However, in the Vertex Cover group, there is potential inter-
ference with Greedy Resistant graphs, which are also not particularly vulnerable to
either D1 or D2 strategy. Therefore, performance on Random instances only is con-
sidered, as they are always presented after D1 and D2 graphs, and they contain D1
and D2 selections.

Group A was presented D1 graphs earliest, in block 1, which gave participants
in this group the most opportunity to acquire the D1 strategy, and the potential to
activate a schema for it. In both the Vertex Cover and Independent Set groups, this
group shows the best performance on Random graphs, in terms of Percent Optimal
solutions. Group C was presented D1 in block 2 which gave these participants a good
opportunity to acquire the D1 strategy, and the potential to activate a schema for it.
As a result, it is predicted that performance should be relatively good on Random
graphs; however, this pattern does not emerge from the data. In the Independent Set
condition, performance on Random graphs is good, but in the Vertex Cover condition,
performance is poor. Group B was presented D1 graphs in block 3, and this late pre-
sentation of D1 graphs provided little opportunity to acquire this strategy or activate
an associated schema. This was predicted to result in poor performance on Random
graphs. In the Vertex Cover condition, this group shows the worst performance on
Random graphs; however, in the Independent Set condition, performance on Random
graphs was very good. Group D were presented D1 graphs last, in block 4, and had
the least opportunity to acquire this strategy or activate an associated schema. In the
Independent Set condition, performance on Random graphs is poorest, as predicted.
However, in the Vertex Cover condition, this pattern fails to emerge, with second best
performance on Random graphs between all groups.

If schema activation for these strategies occurs, it should result in less search,
requiring less backtracking, and a reduced cognitive load. Results of this study,
however, do not support the theory that schema activation for strategies occurs.
Based on this analysis, only Group A is a viable candidate for schema acquisition.
However, this group used the most Toggles and Undos on Random graphs in both
the Vertex Cover and Independent Set conditions.

These mixed results are challenging to interpret. Group A’s performance supports

the hypothesis that early presentation of graphs vulnerable to this correct strategy
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allowed for the acquisition and application of the D1 strategy, resulting in good
performance on Random graphs presented at the end of the problem set. No schema
activation appears to occur for this group, however. The remaining block orderings do
not support the hypothesis, unless only the Independent Set condition is considered.
This observation, coupled with the earlier observation of better performance overall
in the Independent Set condition, is interesting. One possible explanation is that
the relative lack of Greedy Resistant graphs in the Independent Set condition either
makes acquisition of this strategy easier, or alternatively, that acquisition of the
Greedy strategy is not discernible from the acquisition of the D1 strategy.

Results for the Independent Set condition differ from that on the Vertex Cover
condition. Group A, with earliest introduction to graphs vulnerable to these correct
strategies, shows better and best performance on subsequent graphs in terms of Per-
cent Optimal, but poor in terms of PAO. See Figure 5.9. Groups B and C, with
mid-way introduction to these graphs, show good performance in terms of Percent
Optimal, but Group B shows poor performance in terms of PAO, whereas Group C
has good performance on this measure. Finally, group D, with the latest introduction
to these graphs, has worst performance on Random graphs as measured by Percent
Optimal, but good, as measured by PAO. These seemingly contradictory results are
likely due to the relatively poor performance on this problem in the Optimization
condition.

When measures of search and cognitive load are considered, results for the Inde-
pendent Set condition are mixed. Early introduction of D1 and D2 vulnerable graphs
in Group A had mixed impact on both the number of Toggles and the amount of back-
tracking. Mid-way introduction has equally mixed impact on the cognitive load and
backtracking needed in Groups B and C. Group B uses fewest toggles and Undos on
Random and Greedy Resistant graphs, but many Undos and Toggles on NS graphs.
Group C uses a moderate amount of toggles and undos on graphs following D1 and
D2 graphs. Group D, with latest introduction to these graphs, uses many toggles,
and performs a lot of backtracking. Clearly, schema acquisition is not occurring for
any graph ordering on this problem. Details are found in Figures 5.10 and 5.11.

These results differ from those on the Vertex Cover condition. Early introduc-
tion, in the Independent Set condition, to graphs vulnerable to these known correct
strategies has a less pronounced positive impact on performance and also appears to
result in more cognitive load and backtracking. Mid-way introduction to these D1

and D2 vulnerable graphs shows good performance on subsequent graphs, and also
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Figure 5.9: Percent Optimal Solutions in Order Presented by Graph Type

little search and reduced cognitive load in one group but poor performance and some
increased cognitive load and backtracking in another. Finally, late introduction to
these graphs has mixed impact on performance and tends to increase the amount of
backtracking and cognitive load.

Lack of interference with Greedy Resistant graphs might explain this. Lacking
Greedy Resistant graphs, participants in the IS condition may end up relying upon
the Greedy strategy much more. Further, this strategy is indistinguishable from D1
strategy, as if there is a D1 move available, it must also be among the lowest degree

vertices in the graph.

5.7.4 Negative Impact on Performance

A simple strategy like the Greedy strategy is predicted to be likely adopted by problem
solvers on problems like these. It can be successful on many of the graphs presented,
and this success can lead to reliance upon it. Confronted with graphs to which this
strategy is resistant could conflict with this previous success. The more established
the strategy, likely the harder it is to resist, which could manifest in increased back-
tracking, and worse performance on Greedy Resistant graphs.

Group A was given Greedy Resistant graphs in Block 3, and therefore should have
had a fair amount of time to acquire the Greedy strategy before facing graphs to which

it is resistant. Contrary to what is predicted, however, they show the best performance
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on Greedy Resistant graphs. This seeming contradiction could be explained, however,
by the relatively large amount of backtracking done by this group. While not the
highest in the study, it is still significant. Group B was given Greedy Resistant graphs
in Block 4, and should therefore had the most time to establish the Greedy strategy
as successful. However, performance on these Greedy Resistant graphs is bested only
by that in Group A, which contradicts the prediction. Interestingly, this group also
uses the least backtracking. So it appears that this group, with plenty of opportunity
to establish the Greedy strategy as successful, was able to quickly and easily reject
it on graphs on which it failed. Group C received Greedy Resistant graphs in the
first block, before having any opportunity to acquire the Greedy strategy. Again, in
contradiction to the prediction, performance in this group to Greedy Resistant graphs
is the worst of all graph orderings. Coupled with the fact that they also used the most
backtracking on these graphs, this indicates that despite having little opportunity to
acquire the Greedy strategy, this group struggled with these Greedy Resistant graphs
and required a lot of searching to find these poor solutions. Group D was given
Greedy Resistant graphs in block 2, and had little opportunity to acquire the Greedy
strategy. However, this group shows second poorest performance on these Greedy
Resistant graphs, and a great deal of backtracking. Like group C, this group with
little opportunity to establish the Greedy strategy, required a great deal of search to
fare relatively poorly on the Greedy Resistant graphs.

It is clear from these results that, if the Greedy strategy is indeed being acquired,
rejecting it when it cannot succeed is not impacted by the number of graphs en-
countered beforehand upon which it can succeed. One possible explanation for these
findings is that this strategy is not actually consistently acquired and applied by par-
ticipants. However, this contradicts verbal reports of its use. Another explanation is
that despite its acquisition, it is easily replaced by other strategies when it fails. In
particular, Groups A and B, who had the most time to acquire this strategy, equally
had a lot to time to acquire other strategies, and therefore may be best equipped
to alter their strategies upon realization that the Greedy strategy is not applicable.
Both these groups had encountered D1 and D2 graphs prior to the Greedy Resistant
graphs, which could have provided them with viable alternate strategies, or at least
an awareness of the existence of multiple strategies. Groups C and D, on the other
hand, with the least experience on other graphs, and in particular none to which
simple correct strategies were applicable, had the least opportunity to acquire correct

strategies. This lack of flexibility may have impeded their ability to switch strategies,
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leading to poor performance with a great deal of exhaustive search.

5.8 Summary

Performance on the Optimization version of both the Vertex Cover and Indepen-
dent Set problem is consistent with previously reported performance results on other
hard Optimization problems, namely E-TSP. This finding supports Hypothesis 1, and
suggests that problem-solving performance on this kind of hard optimization problem
may not be solely dependent on visual processes that are only applicable to Euclidean
Problems. It is possible that problem solving on these not-Euclidean may still lever-
age, at some level, powerful visual processing mechanisms. But, it is not immediately
clear how this might manifest itself.

Performance on the Search version of both the Vertex Cover and Independent Set
problem is significantly better than that on the associated Optimization version, a
finding that supports Hypothesis 3. Cognitive load was also found to be higher in
the Search condition that in the Optimization version, in support of Hypothesis 5.
Participants in the Search condition used far more search to find their solutions, found
optimal solutions with higher frequency, and showed signs of greater cognitive load, all
indications that the problem being encoded in the Search condition differed from that
being encoded in the Optimization condition. This in turn implies that when tasked
with the Optimization version of a hard computational problem, and facing a goal that
is not encodable, problem solvers modify the problem and encode some other goal.
This has important implications, not only in this work, but also in the interpretation of
the results of previous studies which used hard Optimization problems as instruments.
How might performance on other hard problems differ if participants were tasked with
the Search or Decision version? In this work, performance was found to be better,
and it is interesting to wonder if this might also be the case on hard problems like
E-TSP.

Another important implication of these results relates to persistence and problem
solving. In education, life, and work, people face many problems. Polya suggested
that encouraging engagement with problem-solving tasks is important in order to
develop good problem-solving skill. The significantly greater search observed in the
Search condition of this study indicates that participants in this condition are much
more persistent than those in the Optimization condition, that they are more engaged

with the problem, despite working on a harder problem, under heavier cognitive load.
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The careful specification of goals may have educational implications, in particular
in problem-solving education. In addition, while previous work concluded that goal
specificity impeded problem solving, the results of this study contradict this claim.

A framework for identifying candidate problem modifications was proposed, and
based on this, four problem modifications were identified to explain what problem
solvers tasked with the Optimization version of these problems might be solving.
In the case of the Minimum Vertex Cover problem, the greatest support was found
for the Minimal Modification, suggesting that the non-encodable aspect, that is the
optimality of the vertex cover, is replaced by the easier to evaluate goal of finding a
minimal vertex cover. Similar results were found for the Maximum Independent Set
problem, with the Maximal Independent Set problem best matching the results. This
finding supports Hypothesis 4, although caution must be taken in interpreting these
results. Four candidate modifications were proposed in this work and evaluated in
terms of a number of performance, search and cognitive load measures. While by all
accounts the Maximal /Minimal modification is the best fit for the results among those
modifications identified, there are possibly many explanations for this match. The
goal of either or both the given problems could have been encoded such that a different
modification occurred, other than any identified here, for which maximal/minimal
solutions are coincidentally likely.

The implications of this finding, that goal modification occurs when problem
solvers are tasked with hard Optimization problems, are non-trivial. What kinds
of modifications might explain performance on other hard Optimization problems,
and how might that impact the interpretation of previous human performance results
on hard optimization problems?

Modification of a problem with an ill-defined goal was predicted to result in a
problem that is easier, one which results in lower cognitive load. The results of this
study strongly support Hypothesis 5. Whatever goal modification(s) are taking place,
result in a problem-solving task which is significantly easier than the corresponding
Search version.

Differences emerged in performance between the two problems used in the study.
In contradiction with Hypothesis 2, performance was significantly better on the Inde-
pendent Set problem than on the Vertex Cover problem. These results are somewhat
counter intuitive. The Vertex Cover problem, being both a minimization problem and
fixed parameter tractable was hypothesized to be easier, potentially putting less strain

on the cognitive system. Surprisingly, this was not the case. There are a number of
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possible explanations for this finding. If participants were able to consistently acquire
and apply the reduction rules identified here, good performance on the Independent
Set problem might be explained, because although the k-Independent Set problem is
not known to be fixed parameter tractable, the strategies identified here, and used to
generate a good portion of the graphs, are applicable to both versions of both prob-
lems. However, this would still not be sufficient to explain the better performance,
only equally good performance. Another confounding factor, is that the inclusion of
graphs which were resistant to the Greedy Strategy only in the Vertex Cover con-
dition, could have impacted performance overall. Performance on the Independent
Set problem is still better when these Greedy Resistant graphs are excluded from
the analysis, implying that if this is the source of the difference, then these Greedy
Resistant graphs impacted performance on other graphs as well in the Vertex Cover
condition. If this is the case, then this speaks to how sensitive performance results
can be to instance selection. However, it may also be that either instances of the
Independent Set problem are subjectively easier to solve than instances of the Vertex
Cover problem, or that maximization problems may not be harder than minimization.

While the problems used in this study are, in general, computationally hard, there
still exist many instances for which simple correct strategies can be applied that can
either solve the instances exactly, or at least reduce them to a small manageable
reduced instance. Ten such graphs were included in this work to test whether or not
simple correct strategies could be acquired and applied. Results of this study are
not conclusive, and do not strongly support Hypothesis 8, despite the fact that many
participants verbally described using the simplest correct strategy identified here.
Further, the specified goal of the Search condition was not sufficient to reinforce the
correctness of the two identified correct strategies.

Similarly, while it was assumed that participants would be likely to apply the
heuristic Greedy strategy, the results of this study do not strongly support this as-
sumption, nor do they support Hypothesis 10. The specified goal of the Search con-
dition was also not sufficient to reinforce the incorrectness of this heuristic strategy
on Greedy Resistant instances.

Despite the lack of support for the acquisition and application of the D1 strategy,
performance on graphs designed to be vulnerable to this strategy was significantly
better than on any other type of graph. As proposed in Hypothesis 6, instance type
can have a significant impact on performance. However, if the the acquisition and

application of the D1 strategy is not the explanation for the better quality on these
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instances, it is not clear what is.

The order in which graphs were presented impacted performance, but in a way
that is challenging to interpret. The results of the study support Hypothesis 7.
However, no clear pattern emerges from this data, and as a result there is no support
for either Hypothesis 9, or Hypothesis 11. It is important to note that this study was
not designed to specifically investigate strategy acquisition as discussed and analyzed
here. Graph types were chosen to test how instance properties impacted performance,
to try to determine if D1 and D2 strategies could be applied, and if Greedy choices
could be avoided. The analysis done here takes this one step further, to see how the
order of instances impacts the acquisition of these strategies. Clearly there are too
many confounding factors in this design to draw any conclusions about how graph

ordering impacts performance, only that it does.
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Chapter 6

Modelling Human Performance on

the Vertex Cover Problem

Human performance on the Search and Optimization versions of the Vertex Cover
problem indicates that people are able to find optimal solutions, or close to optimal
solutions, frequently on instances of this problem, despite the fact that it is computa-
tionally hard, a finding that is in alignment with previous work on human performance
on other hard computational problems. Heuristics based on simple strategies have
been proposed to explain performance on E-TSP, including a hierarchical model us-
ing clustering [32], nearest neighbour [25], cheapest insertion [56], crossing avoidance
[113], and convex hull, [54]. Due to the Euclidean nature of E-TSP, many of these
models work by taking into account both local and global processes. The Vertex
Cover problem, in contrast, is not-Euclidean, and global visual processing may be be
less important in finding solutions to instances of it. As such, the model proposed
here tests the theory that human performance on this problem can be explained using
simple, local strategies. In keeping with the hypotheses presented earlier, differences
in whether or not the given goal is encodable between the two versions of the Ver-
tex Cover problem appear to result in two different problems being encoded in the
internal representation of the problem solvers. This is reflected in how performance

is modelled for the different versions.
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6.1 The Task

The Vertex Cover problem asks for a set of vertices for a given graph that covers
all edges in the graph, called a vertex cover, of either minimum size, resulting in
the optimization version, or being no larger than a given k value, resulting in the
search version of the problem. Both these versions of the Vertex Cover problem are
computationally hard. This problem can also be classified as belonging to the set of
problems of transformation (although goal of the optimization version is ill-defined,
as covered previously in Section 2.1 above) and therefore the process of finding a
solution to an instance can be thought of as finding a sequence of moves that leads
to the goal state.

Solving an instance of this problem, by determining a path to the goal, or equiva-
lently a sequence of moves that results in the goal, can require a great number of steps.
Due to the computational complexity of the problem, there likely does not exist a
general purpose strategy which will always yield the solution and human participants
may resort to general problem-solving strategies; however, it is also possible that par-
ticipants will identify either correct or heuristic strategies that can successfully result

in valid solutions on some instances or assist in reducing instances to smaller kernels.

6.1.1 Generalized Performance Results

As shown in Chapter 4, participant performance differs significantly between the
search and optimization conditions of the Vertex Cover problem. Since the instances
given to participants in the Search and Optimization versions differed only in the
statement of the goal, this difference is likely due to the differences in well-definedness
of the given goal. Three measures of performance are considered here: the A-Opt,
PAO, the number of touches (or moves) made to find a solution', and the percent of
solutions which are optimal. On all measures, significant differences were observed
between the conditions. Despite these differences, there also appear to be similarities
in how participants choose moves. In both conditions, participants’ solutions were
frequently minimal covers, and most participants found some optimal solutions to the

given instances. Additionally, in both groups, participants spent a short amount of

!These models were implemented prior to the main analysis, and as a result, while in the main
analysis the moves made were adjusted so that they did not include Toggles, in this Chapter, they
are not. This toggling behaviour was discovered as a result of close inspection of participants’ choices
when attempting to explain the model fit, as discussed below.
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time per vertex finding a solution (roughly 2.5 seconds per move), with no significant
difference between these groups, which is in keeping with a fast and efficient move
selection process, and little or no sub-goaling, planning of sequences of moves, or
multistep move selections.

One of the challenges of comparing performance between the Search and Opti-
mization conditions is that participants in the Search condition were able to give up
if unable to find a solution that matched the goal. As a result, in previous sections,
measures of the relative solution quality as compared to optimal were not considered
for participants in the Search condition. For this analysis, since only a small number
of participants is considered, it was possible to select them such that all solutions,
independent of their optimality, were valid. This allows for the comparison of relative
performance in both conditions. However, it also means that when considering the

Search condition as a whole, mean values for the PAO or A — Opt cannot be given.

Optimization Version

In the optimization version, performance was characterized by mean PAO of roughly
10%, and fewer than 50% optimal solutions. Participants spent little time or effort
searching for a solution, with just over two seconds spent per vertex selection, on
average. This is good indication that moves were likely based on local information
available at the current state, with little information from previous states. As a
consequence, vertices selected tend to be close to the most recent previous selection,
measured either as path length, or Euclidean distance. The number of moves used
to find a solution could be indicative of an overall strategy that involves some level
of local optimization, but lacking consistent global optimization. These results are

summarized in Table 6.1.

Search Version

In the search condition, performance was characterized many optimal solutions. Par-
ticipants spent little time selecting vertices, but with a great number of moves to find
a solution. The time per vertex selected indicates that, like the Optimization group,
it is likely that simple strategies, based mainly on local information, is responsible
for vertex choices. However, the number of moves leading to a solution indicates that
there is also some global optimization strategy at play, or a general strategy like trial

and error. These results are summarized in Table 6.1.
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Table 6.1: Summary of mean performance differences on Vertex Cover problem.
Measures of performance are: mean A-Opt, mean PAO, mean percentage of optimal
solutions (% Optimal), number of moves or selections (Touches), and mean time per
vertex selection (Time).

Condition | A-Opt | PAO | % Optimal | Touches | Time
Optimization 1.12 9.597% 41% 24.70 2.34
Search | N/A N/A 70% 37.89 2.37

6.2 The Vertex Cover Problem Models

The models developed in this work for the Vertex Cover problem assume that the
Optimization and Search versions involve solving different problems. As such, the

models for these two versions of the Vertex Cover problem are considered separately.

6.2.1 The Vertex Cover Problem Model 1

The model for the Optimization version of the problem worked by finding a cover
based on local choices, without trying to find alternate, more optimal covers. This is
based on the assumption that the ill-defined goal of this version of the problem renders
the search for an optimal solution infeasible. The model’s process consisted of two
stages: Cover Finding and Optimization. In the Cover Finding stage, the model
made vertex selections by probabilistically choosing one of four simple strategies.
These strategies were identified based on observations of participant tendencies, and
on the correct strategies (as defined previously in Section 3.2.1 above) derived from
parameterized complexity theory. In the Optimization stage, local optimization was
applied to the valid cover.

The model assumes that subjects only use information about the current state
of the instance, which follows from the speed with which subjects make vertex se-
lections. This speed is not in keeping with making multistep move selections, or
planning sequences of forward moves. The model also assumes that participants do
not maintain or access collections of subgoals. This is in alignment with how naive
subjects are conjectured to solve these kinds of problems [70], and with the constraints

problem-solving processes place on storage in working memory [9].
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Cover Finding Stage

The model applied four local strategies probabilistically to find a vertex cover. These
strategies can be divided into two groups: correct and heuristic.

Only one correct strategy was used, the D1 strategy. The D1 strategy, as described
earlier in Chapter 3, involves adding vertices connected to vertices of Degree 1. This
is a simple strategy, which was reported by many participants as a strategy used. The
D2 strategy, while also possibly appropriate, was not included in the model as less
support for its use was found. Analysis supports the hypothesis that it is unlikely a
dominant strategy.

Three heuristic strategies were used by the model: the Greedy strategy, the Close
strategy, and the Redundancy Avoidance strategy. The Greedy strategy works by
choosing high-degree vertices to add to the cover. Participants were observed applying
this strategy and frequently reported having made use of it during the problem-solving
task. It was implemented in the model by identifying the set of highest degree vertices,
and selecting one at random. Another frequently observed pattern was participants’
tendency to follow a path through the graph, adding alternating vertices to the cover.
This amounts to considering nearby (in terms of path length) vertices not directly
connected to the most recently added vertex, and adding one that is not already in
the cover. The Close strategy was implemented by identifying all vertices not already
in the cover at distance 2 from the most recently added vertex, and choosing one at
random. Finally, a local strategy was identified to minimize the amount of redundancy
in the vertex cover. It worked by avoiding adding vertices to the cover that would
doubly cover an edge. An edge was considered doubly covered if both vertices to
which it is connected are included in the cover. This Redundancy Avoidance strategy
was implemented in the model by identifying the set of vertices in the graph not yet
in the cover, with no neighbours in the cover. One vertex was selected from this set,
at random.

At each step, the model selected one of these four strategies probabilistically, and
as a result the model had four associated parameters, one for each strategy. Each
parameter representing the probability of selection.

Let S; be the parameter value for Strategy i, where i € {D1,Gr,Cl, RA}, rep-
resenting the four identified strategies: D1, Greedy Strategy (Gr), Close (Cl), and
Redundancy Avoidance (RA), respectively. The values of each S; are elements of

{0.0,0.1,0.2, ...,1.0}. Thus, the formula to represent valid parameter values is:



138

Sp1+ Sar + Sci + Spa = 1.0 (6.1)

If the model chose a strategy that is not applicable, a vertex was selected at
random from the set of vertices not yet in the cover. This was added to ensure that
the model would always terminate. For instance, if the D1 strategy was selected,
and no D1 vertices were available, the model would select a vertex at random that
is not yet in the cover. Once a valid cover was found, the model switched to the

Optimization Stage.

Optimization Stage

While the model assumed that global optimization is infeasible, local optimization
was assumed to be feasible, and was applied to the valid cover. Once a valid cover was
found, the model attempted to locally optimize the cover by searching for vertices in
the cover that could be removed from the cover without rendering the cover invalid.
The model terminated once a valid cover is found for which no more local optimization

is possible.

Rationale

The scope of this model was limited to the behaviour of subjects who are novices
at solving this kind of visually presented hard computational problem. As such, it
assumed that subjects do not have available to them complex or powerful move selec-
tion strategies that might be learned through experience. Due to the computational
complexity of this problem, such an assumption might even hold for non-novices, be-
cause of the number of possible paths to the goal which must be considered for more
complex strategies. This model also assumed that the infeasible-to-identify goal of the
given task was not encoded, and therefore the model made no attempt to determine
whether or not a candidate solution was optimal. The model assumed that subjects
have a predetermined disposition to apply strategies with specific likelihoods, a sim-
plifying assumption that, while perhaps not representative of the precise mechanism
by which subjects select vertices, was still reasonable, as subjects have no meaningful
mechanism by which to compare the success of these strategies. Because subjects
were not able to feasibly determine when a solution was optimal, nor even reasonably
determine if a more optimal solution existed, they were likely unable to make asso-

ciations between strategies and relative success that would lead to alterations in the
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likelihood of a strategy being applied on latter instances.

Each move selection was independent; that is, it did not depend on the relative
success or failure of any previous moves. This simplifying choice is in alignment
with the fact that participants in the optimization condition do not have information
available to them which would help them learn if a strategy is successful or not.

All four strategies used in the Cover Finding stage, as implemented in the model,
have memory requirements which on large instances may exceed memory limitations
of the human cognitive system. In some problem states, the set of vertices which
is considered may be large. Consider the case where the Redundancy Avoidance
strategy is chosen on the first step of a large instance. This would result in all
vertices in the graph being added to the set of vertices to be considered. However,
the inner mechanism of adding all vertices to the set and selecting one at random
is not meant to directly model the inner mechanism implemented in the cognitive
system, but rather attempts to simulate how one of many candidate vertices may be
selected, as this process is unknown. So while the implemented process may exceed
the limits of memory, the model assumes that this mimics, outwardly at least, how
a vertex is chosen. The choice to select a vertex at random if a strategy fails was a
simplifying assumption, and alternatively another strategy could have been selected
instead of a random vertex, and could perhaps improve the performance of the model.

The Cover Finding stage makes up the bulk of the model: finding a valid vertex
cover by making locally optimal choices. Importantly, the model will always find a
valid vertex cover. In this study, participants were unable to proceed to the next
instance in the set before finding a valid cover, an artificial constraint. However, in
pilot studies, it was found that participants consistently were able to identify valid
covers even without this constraint, and therefore this choice was deemed reasonable.

In the Optimization stage, the model locally optimizes the found cover, by con-
sidering each vertex in the cover and, if all of the vertex’s neighbours are also in the
cover, removing it from the cover. This local optimization process has low memory

requirements, as each vertex in the cover can be considered independently.

6.2.2 The Vertex Cover Problem Model 11

The model for the Search version of the problem worked by finding a cover, of size
not exceeding the k value of the goal, by making local choices. This was based on

the assumption that the well-defined goal of this version of the problem renders the
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search for an optimal solution feasible. The model used Model I as a core, with two
additional parameters: persistence and undo-depth.

The model developed for the Search version of the Vertex Cover problem, like
Model I, assumed that subjects only use information about the current state of the
instance, in keeping with the speed with which subjects make vertex selections. How-
ever, unlike Model I, Model II assumed that participants more persistently search
for a solution which matches the goal. This was assumed to manifest as an iterative
process of attempting to find a valid cover, comparing its size to the size, k, of the

goal, and if its size exceeds k, undoing some number of selections, and trying again.

Persistence and Undo Stage

The model assumed that subjects would try to find a cover by persistently trying
to find different covers until either one was found that meets the goal’s k value, or
they gave up. The model also assumed that this may be accomplished by undoing
some proportion of their previous work. The model removed a proportion of vertices
from the cover, choosing vertices at random, then returned to the Cover Finding and

Optimization stages of Model I.

Rationale

Again, the scope of this model is limited to novice problem solvers who do not have
available to them complex or powerful move selection strategies that might be learned
through experience. This is supported by the relative speed with which subjects
select vertices when tasked with this problem. The model assumes that subjects
will backtrack and try to find an alternate cover when the currently identified cover
does not match the goal’s k-value. The implementation of this mechanism in the
model randomly removes a predetermined proportion of vertices from the current
cover, and then, based on the set probabilities, will find another valid cover. This
mechanism likely does not match how the cognitive system identifies vertices to undo;
however, the process by which vertices are selected is unknown and likely differs
between subjects. Further, the strategy may differ between instances, and even change
within one problem-solving session on a single instance. As such, randomly selecting
vertices, which operates within the constraints of working memory, was selected as a
simplifying assumption.

As a result of using Model I as the core, Model II did not account for any learn-
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ing that might take place based on the relative success or failure of the application
of a strategy. Strategy acquisition and rejection likely took place with some partic-
ipants, because the specified goal enables association between strategy application
and success or failure.

Model II never added more than k vertices to the cover, a simplifying assumption

that may not accurately reflect how participants explore an instance of the problem.

6.3 Results

Participants were chosen from each group to reflect a range in performance and be-
haviour, as described below. Model I was fit to three individual participants’ perfor-
mance results in the Optimization Condition, and Model II was fit to two individual
participants’ performance results in the Search Condition. This section presents the
specific results of fitting the models to these subjects.

A number of measures are typically used to compare model and subject perfor-
mance. It is not uncommon when modelling human performance on hard computa-
tional problems to evaluate the solution size (standardized, normalized, or as it devi-
ates from optimal), and the frequency of optimal solutions (See, e.g., [32, 52, 112]).
Another approach is to compare solution properties (See, e.g., [45, 53, 106]). Finally,
the time required to find a solution is compared, either overall or per move (See, e.g.,
[10, 77, 85]). Interestingly, few studies of human performance on hard computational
problems have reported the number of moves needed for either subjects or the model
to find a solution, a measure which has the potential to reveal how much search is
needed to find a solution.

The three main measures of performance used in this comparison, were A-Opt,
percent optimal solutions, and mean number of selections used to find a solution. The
A-Opt was calculated by subtracting the optimal solution size from the model /subject
solution size. The percent optimal solutions was calculated by dividing the number
of optimal solutions by the total number of instances completed and presenting the
result as a percentage. The mean number of selections was calculated by summing
the total number of selections used to find a solution on each instance, and dividing
this value by the total number of solutions found. While PAO was used in previous
sections as a measure of performance, it was not used to compare the model’s solution
quality to subjects on a instance-by-instance basis. PAOs as a performance measure

are dependent on the ratio between the difference in solution size and the size of



142

the optimal solution. As such, the PAO for instances with small optimal solutions is
inflated relative to those instances with large optimal solutions. For this reason the
A-Opt was used instead to compare solution quality, a choice that is reasonable for
this problem for which little variation in solution quality is found.

Vertices selected were analyzed based on their properties in order to infer what
strategies were used in the problem-solving process. These included the number of D1
vertices selected, the degree of vertices selected, the distance between selections, and
redundancy avoidance selections. The normalized mean D1 selections were calculated
by determining for each instance the number of D1 selections divided by the total
number of selections, and finding the mean value across all instances. The number of
D1 selections was determined by the current state of the graph at the time the vertex
was selected, and therefore a vertex was considered a D1 vertex based on the graph
formed by the vertices not yet included in the cover, and the edges not yet covered
by a vertex in the cover. As such, vertices which were not necessarily D1 vertices at
the start state, may have been D1 vertices at another intermediate state. The mean
distance was calculated as the path distance between subsequent selections, divided
by the total number of selections. The normalized mean degree of selections was
calculated as the degree of the vertex, divided by the maximum degree of the graph,
divided by the number of selections. Finally, the number of redundancy avoidance
selections were counted per instance, normalized by the number of selections, and the
mean number of redundancy avoidance moves was calculated across all instances.

Further analysis of the subjects’ solutions to the large instances (instances 4, 9, 14,
19, and 24), was done to compare the subject’s solutions to those found by the model.
The model was run 100 times for each instance and the frequency of the inclusion of
each vertex in the 100 solutions was calculated and compared to the vertices which
were included in the subject’s solutions. A vertex was considered a match to one in
the subject’s solution if it occurred in at least 60/100 solutions. The number of D1
and high-degree vertices included in the final solution (if appropriate) was likewise
compared. A vertex was considered high degree if its degree was equal to the degree
of the highest or second highest degree vertex in the instance.

For these large instances, the subjects’ selections were further analyzed to iden-
tify two distinct behaviours. First, the subject’s selections were analyzed to identify
long sequences of undo moves. The interface included an undo button, which would
sequentially undo selections. This was included to reduce the working memory re-

quirements of undoing long sequences of moves. Second, the subject’s selections were
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analyzed to identify the toggling on and off of vertices. When a vertex was added
to the cover, all adjacent edges not yet covered by a vertex were changed colour to
indicate that they were now covered, and the vertex was also changed in colour to
indicate it was in the cover. When removed from the cover, the vertex was returned to
the default cover and any edges not covered by another vertex were likewise changed
in colour. This process provided an easy-to-use visual impact of the inclusion or ex-
clusion of a vertex, essentially lighting up the impact of a choice. It was observed
by the researcher that some participants would toggle vertices on and off, sometimes
repeatedly, and it was hypothesized that this behaviour was indicative of the subject
testing what the impact of a vertex’s addition or removal from the cover might have,
leveraging the cognitive support the tool supplied. As a result, these toggles (either
from on to off, or from off to on in subsequent moves) would not be selections in the
sense that the model selects vertices, but rather indicative of testing or playing with
the current state of the instance. Since the evaluation of the participant’s selections

was time consuming, it was only performed on the large instances.

6.3.1 Participant Selection

For the Optimization Condition, three participants were chosen whose performance
differed on all measures (solution quality, number of selections, and percent of optimal
solutions). Based on this criteria, subjects s17, s20, and s84 were selected. For
these subjects, the following measures are presented: mean A-Opt, percent optimal
solutions, mean selections, normalized mean D1 selections, mean distance between
selections, and normalized mean degree of selections. See Table 6.2 for details.

Subject s17’s performance was characterized by a large proportion of optimal
solutions and very-close-to-optimal solutions. The number of selections this subject
needed to find a solution was generally close to the size of the solution, likely related
to the fact that the subject found an optimal cover in very few selections on many
instances. See Table 6.2 for details. Exceptions to this pattern were most large
instances, D2 instances, and the randomly generated instances. This participant
made many D1 selections, had a high tendency to make high degree choices, had
some redundancy avoidance, and made relatively close selections.

Subject s20’s performance was characterized by few optimal solutions and solu-
tions which were not close to optimal. This participant notably moved onto the

next instance as soon as a vertex cover was found, the number of selections precisely
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matching the size of the final solution on every instance. This participant made
a large number of D1 selections, tended to make high degree selections, had some
redundancy avoidance, and made very close choices. See Table 6.2 for details.

Subject s84’s performance was characterized by some optimal solutions and solu-
tions which were somewhat close to optimal. This participant notably made a great
number of selections before settling on a solution, on nearly all instances, regardless
of size or type. Vertex selections were typically low-degree, included relatively few
D1 choices, were very close, and were not redundancy avoidance selections. See Table
6.2 for details.

Table 6.2: Summary performance results for Optimization condition subjects s17,
520, and s84. Mean A-Opt was calculated as solution size - optimal solution size. %
Opt Sol is the percent of solutions found that were optimal. Mean Selections is the
mean number of (non-adjusted) selections used to find a solution. Mean D1 is the
mean proportion of selections that were D1 vertices. Mean Distance is the mean path
length between subsequent selections. Mean Degree is the mean Degree of selections
normalized by the number of selections made. Mean RA is the mean proportion of
selections that could be explained as Redundancy Avoidance selections.

Mean | % Opt Mean Mean Mean Mean | Mean
Subject | A-Opt Sol Selections D1 Distance | Degree | RA

s17 0.4 68.0% 27.08 0.462 1.874 0.627 | 0.4721
s20 1.52 20.0% 13.08 0.683 2.264 0.595 0.5188
s84 0.92 48.0% 62.56 0.245 1.666 0.574 | 0.2502

For the Search Condition, two participants were chosen from those with all valid
solutions, whose performance differed significantly on all performance measures. For
this condition, more subjects were eliminated, as subjects were able to give up on an
instance if they were not able to find a solution of size less than or equal to the given
goal. As a result, if they gave up with an invalid cover, no meaningful comparison
was possible between the chosen measures (on that instance) and the measures of the
model’s solution. Based on these criteria, subjects sb and s22 were chosen.

Subject s5’s performance was characterized by all optimal solutions, and a large
number of selections to find a solution. This participant made few D1 selections,
selected a fairly high number of high-degree vertices, showed little redundancy avoid-
ance, and made very nearby selections. Most notably, this participant used a great
deal of backtracking before finding a solution, with over 200 selections on a number

of instances. See Table 6.3 for details.
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Subject s22’s performance was characterized by few optimal solutions, and solu-
tions which were not close to optimal. This participant performed very little back-
tracking before finding a solution, and as a result they moved on to the next instance
without finding a solution matching the given k-value on a great number of instances.
Subject s22 made a large proportion of D1 choices, made fairly high-degree selec-
tions, made few close choices, and made some redundancy avoidance. See Table 6.3

for details.

Table 6.3: Summary performance results for Search condition subjects s5 and s22.
Mean A-Opt was calculated as solution size - optimal solution size. % Opt Sol is the
percent of solutions found that were optimal. Mean Selections is the mean number
of (non-adjusted) selections used to find a solution. Mean D1 is the mean proportion
of selections that were D1 vertices. Mean Distance is the mean path length between
subsequent selections. Mean Degree is the mean Degree of selections normalized by
the number of selections made. Mean RA is the mean proportion of selections that
could be explained as Redundancy Avoidance selections.

Mean | % Opt Mean Mean Mean Mean | Mean
Subject | A-Opt Sol Selections D1 Distance | Degree | RA

S5 0 100.0% 116.28 0.2745 1.068 0.604 0.282
522 1.32 32.0% 31.8 0.455 2.582 0.605 0.517

6.3.2 FEvaluation of Models I and II

Model T was fit to subjects s17, s20, and s84 by running it with all possible combi-
nations of parameter settings, and selecting the parameters which best matched the
subjects’ performance as follows. For each set of parameter settings, the model was
run 100 times on each instance and the mean difference in size between the model’s
solution and the subject’s solution was calculated. The total mean difference was
calculated across all 25 instances. For all possible combinations of parameters, the
10-parameter sets with the lowest mean difference in size were saved. From this set,
both the difference in solution size and number of selections needed by the model to
find the solutions were compared, and a model was chosen from the 10 best fits based
on both these measures. For the most part, the set of 10 best fits consisted of models
which were very close in terms of mean solution size, differing by only a few selections

over all 25 instances.
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Model II was fit very similarly to Model I, except that two additional parameters
were considered: persistence and undo-depth. These two parameters were adjusted
until the model best fit the solution size measure. Then the 10 best fitting ver-
tex choice parameter sets were determined and the best fit was determined on both
solution size difference and the number of selections needed.

Finally, the model’s solution to the large instances (instances 4, 9, 14, 19, 24) was
compared to the subject’s solution. Since the model’s solution was based on 100 runs,
the model’s solutions were derived based on the likelihood that a vertex was included
in the model’s final solution and compared to the subject’s solution. The aim of this
analysis was to investigate how similar the models’ solutions were to those found by
the subject. This comparison included the size of the solution, the proportion of
optimal solutions, the number of selections needed, and the number of Greedy and

D1 choices in the final solution.

The Vertex Cover Model 1

In terms of the mean size of solutions, Model I was able to fit subjects’ performance
very closely, with a difference of less than one vertex per instance overall. Model fit,
as measured by the number of selections needed to find these solutions, was poorer
and varied more greatly between subjects. The best fit in terms of solution size was
to subject s17, a subject characterized by a large proportion of optimal solutions,
very close to optimal solutions, and a number of selections which was generally very
close to the size of the final solution. Evaluated in terms of selections, the model best
fit subject s20, a subject characterized by few optimal solutions, solutions which were
not close to optimal, and whose selections were exactly equal to the size of the solution
on every instance. These results are summarized in Table 6.4. For each participant,
the model’s solutions to large instances (instances 4, 9, 14, 19, and 24) were compared
to participant’s solutions. The model was run 100 times on each instance, and the
vertices that constituted the final solution on each of these runs was returned. The
total number of times each vertex in the graph was included in a solution was tallied.
These values were compared to the vertices included in the participant’s solutions. A
vertex was treated as a match if it was included in at least 60/100 of the runs.

Model fit to subject s17

The parameters which achieved the best fit for subject s17’s solution size were:
Sp1 = 0.9, Sgr = 0.0, S¢; = 0.1, and Sga = 0.0. Model I very closely matched
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Table 6.4: Summary fit of Model I to subjects s17, s20 and s84. Solution Size
Difference is the difference between Model I's solution size and the subject’s, summed
across all instances. Selection Difference is the difference between Model I's selections
and the subject’s, summed across all instances. Percent Optimal Difference is the
difference between the percentage optimal solutions found by Model I, and that found
by the subject, with positive values indicating the model found more optimal solutions
than the subject.

Solution Size | Selection | % Optimal

Subject Difference Difference | Difference
s17 11.21 360.55 +10.72
s20 16.95 16.95 +6.08
s84 15.66 1156.82 —1.28

s17’s performance in terms of solution size, finding solutions of the same size (less
than one vertex difference) on all but three instances. Of these instances, instance
11 and 12 were both Greedy Resistant, and instance 19 was large (39 vertices) with
no D1 vertices, and not Greedy Resistant. Model solution size differed on these three
instances by less than two vertices. These results are presented in Table 6.5. The
subject found an optimal solution on 17/25 (or 68%) of all instances, whereas the
model found optimal solutions 78.72% of the time. The instances on which the model
found optimal solutions differed from the subject and there is no correlation between
the proportion of optimal solutions found by the model on all runs on an instance,
and whether or not s17 found an optimal solution on that instance (correlation =
0.018). In particular, the model found optimal with low likelihood on Greedy Re-
sistant instances, whereas s17 found optimal solutions on three out of five of these
Greedy Resistant instances. See Table 6.5 for details.

Model I was a poor fit to s17 in terms of the number of moves or selections needed
to find a solution. Overall, the subject used more selections to find a solution, most
notably on most large instances (9, 14, 19, and 24), and the Randomly Generated
instances (20-24). These results are presented in Figures 6.1, and 6.2.

A refined analysis of solutions to the large instances indicates that the model
finds solutions which are similar to the subjects’ final solutions. An overview of a
comparison between the vertices included in the subject’s and model’s solutions to
the large instances is presented in Table 6.6.

On instance 4, subject s17 found an optimal solution, and made D1 strategy moves
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Table 6.5: Subject s17 model fit. For each instance, the model’s mean solution size,
number of touches (selections), and percent optimal solutions are shown in comparison
to the subject’s actual values.

Model | s17 | Model s17 Model s17
Instance Size | Size | Touches | Touches | %-Opt | Is Opt
0 6.01 6 6.19 7 99 | YES
1 6.04 7 6.40 8 96 | NO
2 9.19 9 9.65 9 83 | YES
3 10.04 10 10.68 10 97 | YES
4 17.00 17 17.70 18 100 | YES
5 7.01 7 7.55 8 99 | YES
6 9.10 9 9.18 9 90 | YES
7 15.02 16 16.24 27 98 | NO
8 16.03 17 17.69 21 97 | NO
9 21.31 21 22.79 39 72 | YES
10 6.42 6 7.58 7 58 | YES
11 12.02 11 12.80 14 0| YES
12 11.22 10 12.66 11 39 | YES
13 10.81 11 14.67 15 70 | NO
14 21.92 22 24.08 58 9| NO
15 8.02 8 8.68 9 98 | YES
16 5.00 5 5.34 6 100 | YES
17 11.05 11 11.31 14 95 | YES
18 13.51 13 14.07 26 51 | YES
19 21.19 23 22.21 43 82 | NO
20 7.07 8 7.35 17 93 | NO
21 7.10 7 7.74 18 90 | YES
22 13.09 13 13.91 33 91 | YES
23 13.18 13 13.64 42 82 | YES
24 18.28 19 19.72 64 79 | NO

early in the problem-solving process. All D1 vertices were included by the model in
the final solutions in 100 of 100 runs. The model’s vertex choices match participant
selections on 12 of 17 vertices in the final solutions (vertices included in > 60 of 100
runs). On this instance, the model also closely matches the subject’s selections to
find a solution, using 17.7 touches on average, where the subject used 19. The model,
like the subject, included all D1 and the same two of three High Degree vertices in its
final solutions. No vertex toggles were found in this instance’s selections. See Figure
A.51 for the subject’s solution.

On instance 9, the subject found an optimal solution in 49 selections and made
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Figure 6.1: Comparison of subject s17 and Model I solution size.

high degree selections early during the process. The model’s vertex choices that were
included in the final solution matched participant selections on 18 of 21 vertices,
and, like the participant, included a large number of high-degree vertices in the final
solution. The model found a slightly less optimal solution, but to do so required
many fewer selections (22.79). The model included the same three of four high-
degree vertices in its final solution. This subject performed 12 vertex toggles, and
therefore 49 — (12 % 2) = 25 of the subject’s selections are definitively selections. See
Figure A.52 for the subject’s solution.

Subject s17 found a sub-optimal but minimal solution to the Greedy Resistant
instance 14 in 66 selections. The model’s vertex choices matched participant selections
on 15 of 22 vertices. On average the model was able to find slightly more optimal
solutions in far fewer selections (24.08). Of the subject’s selections, seven were vertex
toggles, and therefore 66 — (7 % 2) = 42 of the subject’s selections are definitively
selections. The model only included one of three high-degree vertices in its final
solution, unlike the subject who included all three. See Figure A.53 for the subject’s
solution.

On instance 19, subject s17 found a sub-optimal but minimal solution, making

few Greedy choices at the onset, and making 51 selections. The model’s solutions
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Figure 6.2: Comparison of subject s17 and Model I selections.

matched only 15 of 23 vertices in the final solution and made Greedy choices to start.
On this instance, the model finds a better quality solution in far fewer moves (22.21)
than the subject. Of the subject’s selections, eight were vertex toggles, and therefore
51 — (8 % 2) = 35 of the subject’s selections are definitively selections. The model,
like the subject, included all D1 and high-degree vertices in the final solutions. See
Figure A.54 for the subject’s solution.

Subject s17 found a sub-optimal but minimal solution to instance 24, taking many
moves to settle upon a solution. On this instance, the subject made 101 selections
before finalizing their solution. The model, in contrast, found a slightly less sub-
optimal solution in only 19.72 moves. Of the subject’s selections, seven were vertex
toggles, and therefore 101 — (37 * 2) = 27 of the subject’s selections are definitively
selections.The vertices included in the model’s solutions matched the participants on
13 of 19 vertices, and included more high-degree vertices than the subject. See Figure
A.55 for the subject’s solution.

Model fit to subject s20

The model was originally fit to subject s20’s data, with good success in terms
of solution size; however, based on the observation that this subject’s number of
selections was exactly equal to the size of the final solution, the model was refit
without the Optimization stage. This modification significantly reduced the difference

of the model’s solution size and number of touches needed to find a solution. The
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Table 6.6: Summary comparison of Model’s solutions to subject s17’s solutions for
large instances of each type.

s17 Model Model
Instance | s17 D1 | High Degree | Model D1 | High Degree | /s17 Vertices
1] 4/4 2/3 474 2/3 12/17
9 na 3/4 na 3/4 18/21
14 na 1/3 na 3/3 15/22
19 na 2/2 na 2/2 15/23
24| 3/3 2/2 3/3 2/2 13/19

parameters which achieved the best fit with this modified model for subject s20’s
solution size were: Sp; = 0.4, Sg, = 0.3, Sy = 0.3, and Sga = 0.0. Model I closely
matched s20’s performance in terms of solution size, finding solutions of the same size
(less than one vertex difference) on all but 10 instances. These 10 instances range in
size from small to large, are dispersed across all instance types, and never differ by
more than two vertices. These results are presented in Table 6.7. The subject found
optimal solutions on only 5 of 25 instances (20%), whereas the model found optimal
solutions 26.08 of instances. There is weak correlation between the proportion of
optimal solutions found by the model on all runs on an instance, and whether or not
520 found an optimal solution on that instance (correlation = 0.4014). While the
model found an optimal solution on instance 1 71% of the time, subject s20 did not
find an optimal solution on this instance, and in fact their solution differed in size by
two vertices. Similarly, although subject s20 found an optimal solution to instance
20, the model only found optimal solutions on this instance on 36 of 100 runs.

Model I very closely fit to s20 in terms of the number of moves or selections needed
to find a solution. This fit precisely matches the fit in terms of solution size, as a
direct result of the modified Model I, with no Optimization stage.

A refined analysis of solutions to the large instances indicates that the model
finds solutions which are somewhat similar to the subjects’ final solutions. This
subject’s selections, being exactly equal to the size of the solution, included no vertex
toggles. An overview of a comparison between the vertices included in the subject’s
and model’s solutions to the large instances is presented in Table 6.8.

On instance 4, subject s20 found an optimal solution and made D1 and Greedy
strategy moves early in the problem-solving process. All D1 vertices were included by

the model in the final solutions in 100 of 100 runs. The model’s vertex choices match
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Table 6.7: Subject s20 model fit. For each instance, the model’s mean solution size,
number of touches (selections), and percent optimal solutions are shown in comparison

to the subject’s actual values.

Model | s20 | Model s20 Model s20
Instance Size | Size | Touches | Touches | %-Opt | Is Opt
0 6.29 6 6.29 6 81 | YES
1 6.47 8 6.47 8 71 | NO
2 10.51 9 10.51 9 26 | YES
3 11.12 10 11.12 10 45 | YES
4 18.06 17 18.06 17 34 | YES
5 8.16 8 8.16 8 36 | NO
6 10.09 10 10.09 10 40 | NO
7 16.54 16 16.54 16 25 | NO
8 18.19 17 18.19 17 11 | NO
9 23.79 24 23.79 24 8 | NO
10 7.47 7 7.47 7 3| NO
11 13.29 12 13.29 12 0| NO
12 12.84 14 12.84 14 1| NO
13 13.57 14 13.57 14 1] NO
14 24.87 25 24.87 25 0| NO
15 8.72 9 8.72 9 53 | NO
16 5.45 6 5.45 6 61 | NO
17 12.05 12 12.05 12 40 | NO
18 15.03 14 15.03 14 4 | NO
19 23.50 23 23.50 23 12 | NO
20 8.20 7 8.20 7 36 | YES
21 8.07 8 8.07 8 25 | NO
22 14.63 15 14.63 15 16 | NO
23 14.61 14 14.61 14 19 | NO
24 20.89 22 20.89 22 4 | NO

participant selections on 10 of 17 vertices in the final solutions (vertices included in

> 60 of 100 runs). On this instance, the model also very closely matched the subject’s

selections to find a solution, using 6.29 touches on average, where the subject used 6.

The model, like the subject, included all four D1 and all three high-degree vertices in

its final solution. See Figure A.56 for the subject’s solution.

On instance 9, the subject found a sub-optimal, non-minimal solution in 24 se-

lections, and made high-degree selections early in the process. The model’s vertex

choices included in the final solution matched participant selections on only 12 of 24

vertices, and like the participant included a fairly large number of high-degree ver-
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Figure 6.3: Comparison of subject s20 and modified Model I solution size.

tices in the final solution. The model included three to four high-degree vertices in
the final solution, unlike the subject, who included all four. See Figure A.57 for the
subject’s solution.

Subject s20 found a sub-optimal and non-minimal solution to the Greedy Resistant
instance 14, in 25 selections, made greedy choices early on in the process of finding
a solution, and included all three highest degree vertices in the final solution. The
model’s vertex choices matched participant selections on 12 of 25 vertices, but like
the subject included all three highest degree vertices in its final solution with high
probability. Both the model and the subject included all three high-degree vertices
in the final solution. See Figure A.58 for the subject’s solution.

On instance 19, subject s20 found a sub-optimal and non-minimal solution, with
Greedy choices at the onset and making 23 selections. The model’s solutions matched
only 17 of 23 vertices in the final solution. Both the model and the subject included
both high-degree vertices in their final solution. See Figure A.59 for the subject’s
solution.

Subject s20 found a sub-optimal but minimal solution to instance 24, taking many
moves to settle upon a solution. On this instance, the subject made 22 selections
before finalizing their solution. The final solution includes all D1 vertices and does
not include all high-degree vertices in their solution. The model, in contrast, found

a more optimal solution in only 20.89 moves. The vertices included in the model’s
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Figure 6.4: Comparison of subject 20 and modified Model I selections.

solutions matched the participant’s on 13 of 22 vertices and included more high-degree
vertices than the subject. The model, like the subject, included all three D1 vertices
in the final solution; however, the model included both high-degree vertices, where

the subject included only one. See Figure A.60 for the subject’s solution.

Table 6.8: Summary comparison of Model I's solutions to subject s20’s solutions for
large instances of each type.

s20 Model Model
Instance | s20 D1 | High Degree | Model D1 | High Degree | /s20 Vertices
4 4/4 3/3 4/4 3/3 10/17
9 na 3/4 na 4/4 12/24
14 na 3/3 na 3/3 12/25
19 na 2/2 na 2/2 17/23
24 3/3 1/2 3/3 2/2 13/22

Model fit to subject s84

The strategy parameters which resulted in the best fit with the model for subject
s84’s solution size were: Sp; = 0.1, Sg, = 0.4, S¢; = 0.5, and Sga = 0.0. Model 1
closely matched s84’s performance in terms of solution size, finding solutions of the
same size (less than one vertex difference) on all but five instances. Of these five
instances (10, 11, 12, 22, 24), instances 10, 11, and 12 are Greedy Resistant, and
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instances 22 and 24 are Randomly Generated. These results are presented in Table
6.5. The subject found optimal solutions on 12 of 25 instances (48%), where the model
found optimal solutions on 46.72 of instances. There is a moderate correlation between
the proportion of optimal solutions found by the model on all runs on an instance
and whether or not s84 found an optimal solution on that instance (correlation =
0.5034). The model deviates most notably from the participant on the small Greedy
Resistant instances (10, and 11) and instance 23 on which the model found optimal

solutions with low probability. See Table 6.9 for details.

Table 6.9: Subject s84 model fit. For each instance, the model’s mean solution size,
number of touches (selections), and percent optimal solutions are shown in comparison
to the subject’s actual values.

Model | s84 | Model s84 Model s84
Instance Size Size | Touches | Touches | %-Opt | Is Opt
0 6.13 6 7.35 12 91 | YES
1 6.17 6 6.75 8 85 | YES
2 9.73 9 13.87 37 50 | YES
3 10.65 10 14.15 19 61 | YES
4 17.53 17 21.89 28 62 | YES
5 7.62 8 10.38 46 54 | NO
6 9.69 10 11.81 46 45 | NO
7 15.45 15 21.09 49 64 | YES
8 16.35 16 22.85 57 80 | YES
9 22.09 22 29.65 98 31 | NO
10 7.05 6 8.45 42 21 | YES
11 12.07 11 15.79 75 13 | YES
12 12.08 11 13.82 74 9 | NO
13 12.29 12 17.11 85 35 | NO
14 23.60 24 28.96 40 4 | NO
15 8.15 8 10.41 34 88 | YES
16 5.29 5 6.67 9 86 | YES
17 11.51 12 14.25 23 55 | NO
18 14.11 15 18.37 37 14 | NO
19 22.32 23 29.38 59 24 | NO
20 7.69 8 10.85 32 46 | NO
21 7.85 8 11.31 40 47 | NO
22 13.55 16 18.27 63 53 | NO
23 13.87 13 17.31 27 22 | YES
24 19.24 21 26.66 141 28 | NO

Model I fits s84 very poorly in terms of the number of moves or selections needed
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Figure 6.5: Comparison of subject s84 and Model I solution size.

to find a solution. While the participant makes a very large number of moves before
settling upon a solution, the model uses only a few more moves than the size of the
solution. This is a direct result of the way the model is implemented, as the only
moves which will take place in excess of the solution size are those in the Optimization

stage. See Figure 6.6 for details.
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Figure 6.6: Comparison of subject s84 and Model I selections.

A refined analysis of solutions to the large instances indicates that the model finds

solutions which are somewhat similar to the subjects’ final solutions. An overview of
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a comparison between the vertices included in the subject’s and model’s solutions to
the large instances is presented in Table 6.10.

On instance 4, subject s84 found an optimal solution and made D1 early in the
problem-solving process. The model’s vertex choices match participant selections on
10 of 17 vertices in the final solutions. On this instance, the model used a fraction
of the selections as subject s84 to find a solution, using only 7.35 touches in contrast
to s84’s 64. Of the subject’s selections, nine were vertex toggles, and therefore 64 —
(9% 2) = 46 of the subject’s selections are definitively selections. The model, like the
subject, included all D1 and high-degree vertices in its final solution. See Figure A.61
for the subject’s solution.

On instance 9, the subject found a sub-optimal but minimal solution in 146 selec-
tions. The model’s vertex choices included in the final solution matched participant
selections on only 15 of 22 vertices and like the participant included a fairly large
number of high-degree vertices in the final solution. The size of the model’s solutions
were a very close match (22.26 vertices), but unlike the subject, only required 29.6
selections on average to find its solutions. Of the subject’s selections, 48 were vertex
toggles, and therefore 146 — (48 2) = 50 of the subject’s selections are definitively se-
lections. The model included all high-degree vertices in its solution, unlike the subject
who included only three. See Figure A.62 for the subject’s solution.

Subject s84 found a sub-optimal and minimal solution to the Greedy Resistant in-
stance 14, in 52 selections. The model’s vertex choices matched participant selections
on 11 of 25 vertices, but like the subject included all three highest-degree vertices
in its final solution with high probability. The model’s solution’s size was slightly
smaller (23.53 vertices), and required only 28.96 selections, on average, to find. Of
the subject’s selections, 12 were vertex toggles, and therefore 52 — (12%2) = 38 of the
subject’s selections are definitively selections. Both the model and subject included
all high-degree vertices in their solutions. See Figure A.63 for the subject’s solution.

On instance 19, subject s84 found a sub-optimal but minimal solution and made 87
selections. The model’s solutions matched only 15 of 23 vertices in the final solution,
requiring on average 29.38 selections. The model, like the subject, included all high-
degree vertices in its final solutions. Of the subject’s selections, seven were vertex
toggles, and therefore 161 — (21 % 2) = 119 of the subject’s selections are definitively
selections. This subject also included one full undo, in 43 steps. In essence, the
subject added 43 vertices to their candidate cover, removed every one, then added

and removed vertices, toggling vertices on and off during the process until a solution
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was found. See Figure A.64 for the subject’s solution.

Subject s84 found a sub-optimal but minimal solution to instance 24, in 161
selections. The model, in contrast, found a more optimal solution in only 26.66
moves. The vertices included in the model’s solutions matched the participant’s on
11 of 21 vertices. The model, like the subject, included all D1 and high-degree vertices

in its solution. See Figure A.65 for the subject’s solution.

Table 6.10: Summary comparison of Model I's solutions to subject s84’s solutions
for large instances of each type.

s84 Model Model
Instance | s84 D1 | High Degree | Model D1 | High Degree | /s84 Vertices
A1 4/4 3/3 4/4 3/3 10/17
9 na 3/4 na 4/4 15/22
14 na 3/3 na 3/3 11/25
19 na 2/2 na 2/2 15/23
24| 3/3 2/2 3/3 2/2 11/21

The Vertex Cover Model 11

In terms of the mean size of solutions, Model II was able to fit subjects’ performance
very closely, with a difference of less than one vertex per instance overall. Model fit
as measured by the number of selections needed to find these solutions, however, was
poorer, and varied more greatly between subjects. The best fit in terms of solution
size was to subject s5, a subject characterized by all optimal solutions and a great
number of selections to find a final solution. Evaluated in terms of selections, the
model best fit subject s22, a subject characterized by few optimal solutions, solutions
which were not close to optimal, and whose number of selections were close to the
size of the solution on most instances. These results are summarized in Table 6.11.
For each participant, the model’s solutions to large instances (instances 4, 9, 14, 19,
and 24) were compared to participant’s solutions. The model was run 100 times on
each instance, and the vertices which constituted the final solution on each of these
runs was returned. The total number of times each vertex in the graph was included
in a solution was tallied. These values were compared to the vertices included in the
participant’s solutions. A vertex was treated as a match if it was included in at least

60/100 of the runs.
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Table 6.11: Summary fit of Model II to subjects s5 and s22. Solution Size Difference
is the difference between Model II's solution size and the subject’s, summed across all
instances. Selection Difference is the difference between Model IT’s selections and the
subject’s, summed across all instances. Percent Optimal Difference is the difference
between the percentage optimal solutions found by Model II, and that found by the
subject, with positive values indicating the model found more optimal solutions than
the subject.

Solution Size | Selection | % Optimal
Subject Difference Difference | Difference
sH 0.25 1905.41 0%
$22 21.76 47.38 +29.4%

Model fit to subject s5 The strategy parameters which resulted in the best fit with
the model for subject s84’s solution size were: Sp; = 0.5, Sg. = 0.0, S¢r = 0.4,
and Srs = 0.1, with a Persistence of 50, and an Undo Depth of 100%. Model II
nearly precisely matched s5’s performance in terms of solution size, finding solutions
of the same size on all but four instances. Of these four instances (10, 11, 12, 13),
all are Greedy Resistant, and the model’s solution size was still less than one out of
10 of a vertex larger (taken as a mean across 100 runs). These results are presented
in Table 6.12. The subject found optimal solutions on all instances (100%) and the
model found optimal solutions 99.28% of instances. Since there is no variation in
the subject’s data, it is not possible to calculate correlation between the proportion
of optimal solutions found by the model on all runs on an instance, and whether or
not s5 found an optimal solution on that instance. The model deviates most notably
from the participant on the Greedy Resistant instances, as seen in Figure 6.7.

Overall, model II fits subject s5 very poorly in terms of the number of moves or
selections needed to find a solution. On most instances, subject s5 makes a very large
number of moves before settling upon a solution, whereas the model, which uses many
more moves than the size of the solution, finds a solution in fewer selections. This
pattern, however, changes on the Greedy Resistant instances and the large Randomly
Generated instances, where subject sb requires far fewer selections to find an optimal
solution than the model. See Figure 6.8 for details.

A refined analysis of solutions to the large instances indicates that the model
frequently finds solutions which are very similar to the subjects’ final solutions. An

overview of a comparison between the vertices included in the subject’s and model’s
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Table 6.12: Subject s5 model fit. For each instance, the model’s mean solution size,
number of touches (selections), and percent optimal solutions are shown in comparison
to the subject’s actual values.

Model sb Model sb Model sb
Instance Size Size | Touches | Touches | %-Opt | Is Opt

0 6 6 21.96 26 100 | YES
1 6 6 26.46 47 100 | YES
2 9.04 9 71.18 41 97 | YES
3 10.02 10 67.08 67 98 | YES
4 17 17 77.16 119 100 | YES
5 7.01 7 42.33 19 99 | YES
6 9.01 9 59.49 48 98 | YES
7 15.02 15 73.88 68 99 | YES
8 16.01 16 78.95 133 99 | YES
9 21.08 21 225.82 263 94 | YES
10 6.22 6 64.90 23 76 | YES
11 11.36 11 164.18 47 73 | YES
12 10.3 10 96.28 55 85 | YES
13 10.6 10 124.00 64 85 | YES
14 | 20.469999 20 238.31 62 79 | YES
15 8 8 25.82 59 100 | YES
16 5.06 5 29.54 7 97 | YES
17 11.02 11 68.32 33 98 | YES
18 13.23 13 171.65 253 81 | YES
19 21.24 21 264.72 180 88 | YES
20 7 7 45.38 49 100 | YES
21 7.03 7 58.79 146 98 | YES
22 13.04 13 110.42 281 95 | YES
23 13.11 13 148.15 239 86 | YES
24 | 18.120001 18 205.44 71 93 | YES

solutions to the large instances is presented in Table 6.13.

On instance 4, subject s5 found an optimal solution. The model’s vertex choices
match participant selections on 16 of 17 vertices in the final solutions (vertices in-
cluded in 60 of 100 runs). On this instance, the model used fewer selections than
subject s5 to find a solution, using only 52.58 (mean) touches in contrast to s5’s 135.
Of the subject’s selections, seven were vertex toggles, and therefore 135 — (7%2) = 121
of the subject’s selections are definitively selections. This subject performed two long
undos (one of length 31, one of length 26). The model, like the subject, included all
D1 and high-degree vertices in its final solution. See Figure A.66 for the subject’s
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Figure 6.7: Comparison of subject sb and Model II solution size.
solution.

On instance 9, the subject found an optimal solution in 355 selections. The
model’s vertex choices included in the final solution matched participant selections
on 16 of 21 vertices and like the participant included a large number of high-degree
vertices in the final solution. While the model did not use as many selections as the
subject, it took a great deal of search, 163.22 mean selections, to find the solution. Of
the subject’s selections, 49 were vertex toggles, and therefore 355 — (49 % 2) = 257 of
the subject’s selections are definitively selections. The subject also included two full
undos of lengths 35 and 27 and one short backtracking sequence of length 7. Both the
model and the subject included all four high-degree vertices in their final solutions.
See Figure A.67 for the subject’s solution.

Subject s5 found an optimal solution to the Greedy Resistant instance 14, in 82
selections. The model’s vertex choices matched participant selections on 20 of 20
vertices. Both the model and subject included no high-degree vertices in their final
solutions. The model required many more selections, 391.35 selections on average,
to find a solution. Of the subject’s selections, 19 were vertex toggles, and therefore
82 — (19 % 2) = 64 of the subject’s selections are definitively selections. See Figure
A.68 for the subject’s solution.

On instance 19, subject s5 found an optimal solution making 231 selections. The
model’s solutions matched 15 of 21 vertices in the final solution, requiring on average

191.60 selections. While the subject included only one high degree vertex in its
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Figure 6.8: Comparison of subject s5 and Model II selections.

solution the model included both. Of the subject’s selections, 56 were vertex toggles,
and therefore 231 — (56 +2) = 119 of the subject’s selections are definitively selections,
possibly meaning the subject used few selections to find its solution than the model
did on average. See Figure A.69 for the subject’s solution.

Subject sb found an optimal solution to instance 24 in 84 selections. The model
required more selections, 131.42, to find that solution. These results are presented in
Table 6.9. The vertices included in the model’s solutions matched the participant’s
on 12 of 18 vertices. Of the subject’s selections, 11 were vertex toggles, and therefore
84 — (11 % 2) = 62 of the subject’s selections are definitively selections. The model,
like the subject, included all D1 and high-degree vertices in its final solution. See
Figure A.70 for the subject’s solution.

Table 6.13: Summary comparison of Model II’s solutions to subject s5’s solutions for
large instances of each type.

s5 Model Model
Instance | s5 D1 | High Degree | Model D1 | High Degree | /s5 Vertices
4| 4/4 3/3 4/4 3/3 16/17
9 na 4/4 na 4/4 16/21
14 na 0/3 na 0/3 20/20
19 na 1/2 na 2/2 15/21
24 3/3 2/2 3/3 2/2 12/18
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Model fit to subject s22

The strategy parameters which resulted in the best fit with the model for subject
s22’s solution size were: Sp; = 0.5, Sg, = 0.3, Sg; = 0.1, and Sgra = 0.1, with
a Persistence of 2, and an Undo Depth of 20%. Model II poorly matched s22’s
performance in terms of solution size, finding solutions of the same size on all but
nine instances (6,7,9,10,12,19,22,23,24) (< 1 vertex different). Of these nine instances,
only two differed by more than two vertices, instances 19 and 24, both large instances.
These results are presented in Figure 6.9. The subject found optimal solutions on
8/25 instances (32%), and the model found optimal solutions 61.40% of instances.
There is little correlation between the proportion of optimal solutions found by the

model on all runs on an instance and whether or not s22 found an optimal solution
on that instance (0.2855). See Table 6.14 for details.
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Figure 6.9: Comparison of subject s22 and Model II solution size.

Overall, model II fits subject s22 very well in terms of the number of moves or
selections needed to find a solution. On most instances, subject s22 makes very few
moves before settling upon a solution, which the model matches very closely on most
instances. The model deviates from the participant’s selections most notably on the
large instances, instances 4, 9, 14, 19 and 24. See Figure 6.10 for details.

A refined analysis of solutions to the large instances indicates that the model
frequently finds solutions which are very similar to the subjects’ final solutions. An

overview of a comparison between the vertices included in the subject’s and model’s
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Table 6.14: Subject s22 model fit. For each instance, the model’s mean solution size,
number of touches (selections), and percent optimal solutions are shown in comparison

to the subject’s actual values.

Model | s22 | Model s22 Model s22
Instance Size Size | Touches | Touches | %-Opt | Is Opt
0 6.04 6 6.42 6 96 | YES
1 6.13 7 6.97 13 87 | NO
2 9.31 9 11.91 9 70 | YES
3 10.32 10 12.06 10 76 | YES
4 17.12 17 19.70 21 88 | YES
5 7.18 7 8.28 7 82 | YES
6 9.47 11 11.09 11 53 | NO
7 15.11 17 17.23 17 89 | NO
8 16.08 17 18.74 21 94 | NO
9 21.44 23 27.62 25 64 | NO
10 7.06 6 9.02 6 24 | YES
11 12.03 12 15.83 14 0| NO
12 12.18 14 16.08 16 6 | NO
13 11.57 12 17.71 24 48 | NO
14 23.47 24 33.39 30 3| NO
15 8.02 9 8.54 9 98 | NO
16 5.11 5 5.67 5 95 | YES
17 11.40 11 13.36 11 60 | YES
18 13.85 14 18.09 16 24 | NO
19 21.64 24 27.64 26 53 | NO
20 7.21 8 8.37 10 79 | NO
21 7.37 8 9.07 8 66 | NO
22 13.27 15 15.43 15 75 | NO
23 13.72 15 17.60 15 32 | NO
24 18.34 21 23.20 25 73 | NO

solutions to the large instances is presented in Table 6.15.

On instance 4, subject s22 found an optimal solution. The model’s mean solution

size is very close to optimal (17.12) and the model’s vertex choices match participant

selections on 15 of 17 vertices in the final solutions (vertices included in 60 of 100

runs). On this instance, the model used marginally more selections than subject 22

to find a solution, using 19.70 (mean) touches in contrast to s22’s 21. Of the subject’s

selections, two were vertex toggles, and therefore 21 — (2 % 2) = 17 of the subject’s

selections are definitively selections. The model and subject both included all D1 and

high-degree vertices in their final solutions. See Figure A.71 for the subject’s solution.
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Figure 6.10: Comparison of subject s22 and Model II selections.

On instance 9, the subject found a sub-optimal and minimal solution in 25 selec-
tions. The model’s vertex choices included in the final solution matched participant
selections on 16 of 21 vertices. The model used slightly more selections than the sub-
ject, 27.62 mean selections, to find the solution. Of the subject’s selections, zero were
vertex toggles. The model, like the subject, included all four high-degree vertices in
its final solution. See Figure A.72 for the subject’s solution.

Subject s22 found a sub-optimal and minimal solution to the Greedy Resistant
instance 14 in 25 selections. The model’s vertex choices only matched participant
selections on 6 of 24 vertices, and required slightly more selections, 33.39 selections,
on average, to find a solution. Of the subject’s selections, one was a vertex toggle,
and therefore 25 — (1 % 2) = 21 of the subject’s selections are definitively selections,
implying that this subject found a solution in significantly fewer selections than the
model. While the subject only included two of three high-degree vertices in their final
solution, the model included all three. See Figure A.73 for the subject’s solution.

On instance 19, subject s22 found a sub-optimal and minimal solution in 26 selec-
tions. The model’s solutions matched 9 of 24 vertices in the final solution, requiring
on average 27.64 selections. Of the subject’s selections, zero were vertex toggles.
The model’s solution was significantly smaller than the subject’s, with a mean size
of 21.64. The model again deviated from the subject in the vertices included in its

solution, with both high-degree vertices in its final solution. See Figure A.74 for the
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subject’s solution.

Subject s22 found a sub-optimal and minimal solution to instance 24 in 25 selec-
tions. The model required fewer selections, 23.20, to find a better quality solution.
Of the subject’s selections, one was a vertex toggle, and therefore 25 — (1%2) = 21 of
the subject’s selections are definitively selections, and the model may have required
marginally more selections to find a solution. The vertices included in the model’s
solutions matched the participant’s on 11 of 21 vertices. Both the model and subject
included all three D1 vertices in their final solutions; however, the model included
both high-degree vertices where the subject included only one. See Figure A.75 for

the subject’s solution.

Table 6.15: Summary comparison of Model IT’s solutions to subject s22’s solutions
for large instances of each type.

s22 Model Model
Instance | s22 D1 | High Degree | Model D1 | High Degree | /s22 Vertices
4 4/4 3/3 4/4 3/3 15/17
9 na 4/4 na 4/4 16/21
14 na 2/3 na 3/3 6/25
19 na 1/2 na 2/2 9/24
24 3/3 2/2 3/3 1/2 11/21

6.4 Discussion

This chapter investigated the potential of two probabilistic models (Model T and
Model II) to account for human performance on the Optimization and Search versions
(respectively) of the hard computational problem, the Vertex Cover problem. Both
models were based on simple, local strategies (both correct and heuristic), applied
probabilistically. Model II, using Model I as a core, had two additional parameters
to emulate the persistence and backtracking frequently observed when subjects were

tasked with the Search version of the problem.

6.4.1 Solution Size

Based on the model’s solution size, as is typical in attempts to model human perfor-

mance on hard computational problems, both models did a good job of fitting human
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performance on their associated version of Vertex Cover, supporting the hypothesis
that performance on these two versions of the Vertex Cover problem can be modelled

with simple local strategies.

The Vertex Cover Model 1

In terms of solution size, Model I fit all three subjects well or very well, deviating
from subjects’ solution size by less than one vertex per instance, on average. This
indicates that these local strategies may be representative of the strategies used by
subjects. There was, however, some deviation in fit on instance type. The model
was not able to account for s20’s performance on those instances with no D1 vertices
at the onset which were not greedy resistant, and similarly was not sufficient to
capture s84’s performance on Greedy Resistant instance. The model also deviated
from the subjects’ performance when broken down by instance size, failing to fit
s17’s performance on large instances. So, while the model appears to capture the
subjects’ performance by this measure, it is clear that it fails to capture some aspect
of their performance which is dependent on instance size or type. Recall that the
model works with statically set probabilities of selecting one of four strategies. One
possible explanation for this difference in performance, based on the assumption that
the model’s strategies are representative of what subjects are doing, is that subjects
are able to shift how likely they are to apply strategies. Consider s84, for instance,
who was able to find closer-to-optimal solutions on Greedy Resistant instance than
the model, which could be explained if this subject is able to reject (at least to some
extent) the greedy strategy on these Greedy Resistant instance, whereas the model
was stuck making greedy choices with its predetermined probability.

An alternate explanation of the model’s good fit (to subjects s17 and 84), however,
is that these subjects were highly likely to find minimal solutions. Since this prob-
lem as given is ill-defined, it is possible that participants, being unable to solve the
problem as given, reformulate the problem into another problem for which minimal
vertex covers were a suitable solution. The model, by design, always found minimal
covers, and therefore the solutions ought to match. This explanation does not make
any assumptions about the kinds of strategies subjects may be using to solve the
given task, nor even the problem being solved, and therefore the model fit does not
necessarily mean that the model’s strategies are representative of those used by the

subjects, only that the solutions were typically minimal. For instance, minimal covers
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could be found solely by making random vertex selections and then applying the local
optimization used in the model. This alternate explanation does not directly apply
to subject s20 and the model, as this subject did not find minimal covers on most
instances. The model was modified to better fit this subject, based on this observa-
tion, and lacked the optimization stage. As such, both the model and the subject
found vertex covers, the model because of its very design, and the subject because
the interface required a valid cover to proceed to the next instance. Therefore, it is
hardly surprising that the model and subject match on this measure. However, this
does not explain the closeness of fit, as there are many possible covers; therefore this

alternate explanation is a less likely explanation of the model’s fit to subject s20.

The Vertex Cover Model 11

In terms of solution size, Model II fit both subjects well or very well, deviating
from subjects’ solution size by less than one vertex per instance, on average. More
notable was the close fit of Model II to subject sb, which deviated by less than 0.25
vertices total summed across all instances. There was little difference in goodness of fit
between instance type; however, the model fit s22’s performance more poorly on large
instances with a difference of more than one vertex on all large instances except the
greedy resistant instance 14. The model appears to capture the subjects’ performance
by this measure, with the noted exception of out-performing subject s22 on four out
of five of the large instances. Like Model I, this goodness of fit could be a result
of the model being representative of how subjects solve instances of this problem.
Unlike Model I, the model also appears to better capture the subjects’ performance
as influenced by instance size and type. This good fit could be interpreted as being
because the strategies, persistence, and undoing are representative of how subjects
solved instances of this problem.

However, it is also possible that the goodness of fit is a result of the kinds of
solutions found, independent of the strategies used to achieve them. The reason
for this stems from the well-defined goal given in the Search version of the Vertex
Cover problem. The model by design attempts to find a solution which matches
the given goal, making multiple attempts until the goal is met, or the model gives
up. As a result, the model, like subject s5, finds optimal solutions very frequently.
This explains the good fit between subject sb and Model II, however, is not sufficient

to explain the fit of this model to subject s22, who failed to find optimal solutions
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with high frequency. The goodness of fit of Model II to subject s22 is probably better
explained by the observation that this subject frequently finds minimal solutions, and
the model, whether it finds optimal or gives up, will likewise always find a minimal

solution.

Limitations

Both these models fit the participants’ data perhaps surprisingly well in terms of
solution size. However, it is very important to note that, unlike other hard compu-
tational problems that have been the subject of modelling like E-TSP, there is likely
very little difference possible in solution size for this problem. In the Optimization
condition, earlier results support the hypothesis that participants may be trying to
find minimal vertex covers as a result of the goal modification that takes place. While
there are possibly many different minimal covers for a given instance, for the size of
instance used in this work, it is unlikely that these covers will deviate in size by more
than three or four vertices. In this light, the close fit is perhaps less surprising. This
also true for the fit of Model II. While there cannot be a range of values that could
be interpreted as correct, and only one solution size that might match the goal, the
model still works by finding minimal covers, which are going to constrained in terms
of possible sizes. The fit of the model to subject s5 is undeniably close. However
the fit of Model II to subject s22 is vulnerable to the same issue as that of Model I:
the model, restricted to always finding minimal covers, will always be relatively close
to optimal. This limitation does not impact the percent optimal solutions, however.
Model T fits all three subjects well in terms of the percent optimal solutions found.
This measure further supports the finding that Model II was able to very closely fit

subject s5 in terms of solution quality.

6.4.2 Solution Properties

Based on the analysis of the properties of the solutions found by the model on large
instances, the model does a good job of fitting subjects’ solutions in both groups, again
supporting the hypothesis that performance on these two versions of the Vertex Cover

problem can be explained by the use of simple local strategies.
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The Vertex Cover Model 1

For all subjects, the model perfectly fit the number of D1 vertices that were included
in the final solution. Fit was a bit poorer, but still overall good, in terms of the other
two main measures: high-degree vertices and the match between the models’ vertices
and the subjects. This fit further supports the possibility that the model captures
how subjects are finding their solutions, as in general the model’s solutions are similar
to all three subjects’ solutions to large instances.

It is also possible that there is an alternate reason why the model and subjects’
solutions share these properties. However, it is important to note that the instances
were designed to make the likelihood very low of selecting these vertices as members
of the cover by chance. There were only four and three D1 vertices in instances 4
and 24 respectively. Taken either as a proportion of total vertices, or a proportion
of vertices in the solution, it is highly unlikely that all D1 vertices were included by
chance by the model and subject. It is possible, however, that they were included
in the final solution due to other strategies. The perfect match between model and
subjects, given that the best fitting model for each subject included a D1 parameter
value that was greater than one on this measure, is strong support for the hypothesis
that subjects indeed intentionally choose D1 vertices when finding their solutions and
that this strategy is included in the participants’ toolbox.

Similarly, few high-degree vertices were included in each instance and slightly
poorer but still good fit in terms of high-degree vertices is likely not due to chance.
While this is true, there are still various other reasons these vertices could have been
included in the solution. They could have been chosen by the model by random, by
the Cl strategy, the D1 strategy (even if they were not D1 at the onset, they could
have been at an intermediate state), or by the RA strategy. Similarly they could have
been selected by those or other strategies by the subjects. It is also possible that the
high degree and therefore relatively large number of edges connected to the vertex
somehow drew the subjects’ attention to these vertices more than other vertices,
perhaps due to the Gestalt principle of Continuation. Therefore, while an alternate
reason might explain their inclusion, this result supports the hypothesis that like the

model, subjects purposely include high-degree vertices in their solutions.
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The Vertex Cover Model 11

The model very closely fit subject sb and fit subject s22 moderately well, on all
identified measures of solution property of the large instances. In particular, the
model perfectly fit the number of D1 vertices included in the final solution of both
subjects. The model’s fit to subject s5 on both high degree and matching vertices was
very good, which is likely related to the fact that the subject and model both found
optimal solutions with very high likelihood and there are a limited number of optimal
solutions for each instance. On instance 14, for instance, there is only one optimal
solution and this explains the perfect match on all measures of solution property.
This fit supports the hypothesis that the model reflects strategies that subjects
might be using to find solutions. However, it is also possible that the good fit is
solely a result of the model and subjects finding solutions with similar qualities (size
or optimality, for instance), independent of the types of selections or strategies that
could lead to these solutions. It is therefore prudent to recognize that while the model
may represent how subjects find solutions to this problem, there are other, equally

viable, explanations as well.

6.4.3 Strategies

The models attempt to capture human performance on the Vertex Cover problem
by using four local strategies, and were fit to each subject by identifying the set
of parameter values associated with the best fit based on solution size. These pa-
rameters represented the probability that a selection would be made by each of four
strategies to find a solution. If these strategies are representative of those used by
subjects, then one would hope to find a correlation between the parameter values
associated with the best fit, and the subjects’ likelihood of applying those strategies.
The actual strategies used by participants are unknown; however, they can be in-
ferred from the qualities of vertices included in the final solution, and the qualities
of vertices selected during the problem-solving process. This inference is affected by
differences between how the model implements the strategy selection process, and
how it might be implemented by the subjects. All subjects were naive to the given
problem, and therefore if strategy adoption occurred, it would not be observed un-
til after the subject interacted with one or more instance to which the strategy was
applicable. One possible argument against this assumption is that subjects might

think about an instance and come up with strategies which could be used starting
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with the very first move. However, the speed with which vertices were selected is
not in keeping with subjects thinking deeply about the problem and reasoning about
strategies before making moves. Because of the difference between the model and
subject strategy acquisition, it would not be surprising if the model, with its static
allocation of strategy parameters, did not precisely match measures of the subjects’
application of these strategies, even for strategies used by subjects. The subjects’
measures on those strategies would be diluted or reduced, overall, by those moves or
selections made before a strategy were recognized and acquired. It would expected,
based on this observation, that if the model’s strategies were representative of those
used by a subject, then the model’s parameter values should exceed the likelihood
of subjects using that strategy. Interaction with instances resistant to a particular
strategy could also alter the likelihood with which a learned strategy were applied on
later strategies, a variability in strategy application which the model would not be
able to capture. Basically the weakness here is comparing the overall likelihood of a
strategy being applied by the model, given a static likelihood, and the overall likeli-
hood of it being applied by the subject, given a variable likelihood (either increasing,
decreasing, or variable in some other way). Therefore, even if the model’s values
are representative, in general, of the subject’s likelihood of applying those strategies,
there will be differences between the observed frequencies of applying the strategies,
instance to instance, type by type, and also over time. So, while in general, the
model’s parameters do not fit the inferred strategies used by participants, this does
not discount the possibility that the model’s strategies are representative of those

used by subjects.

The Vertex Cover Model 1

There is some support for the hypothesis that the model captures the subjects’ use
of the D1 strategy. While the model’s parameter values do not precisely match the
subjects’ frequency of choosing D1 vertices, the model, like all three subjects, included
all D1 vertices in their final solutions to the large instances. On those instances for
which optimal solutions were found, either by the model or subjects, these D1 vertices
had to be included, and therefore the match is not necessarily an indication of the
subject and model matching on this strategy. However, none of the three subjects
found optimal solutions on instance 24, and therefore this match between the model

and subjects on instance 24 supports the theory that participants do indeed learn and
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apply the D1 strategy. The overall variation between the model’s parameter value
and subjects’ likelihood of making D1 choices may be in part due to the subjects’
ability to vary their strategy application from instance to instance either through the
adoption or rejection of the strategy, which the model was not designed to handle.

The match between the model and participants’” GR strategy does not strongly
support the hypothesis that the model is representative of the subjects’ use of the
GR strategy. Overall, across all instances, there is little relationship between the pa-
rameter values and the individual subjects’ likelihood of making high degree choices.
Both the model and subjects, however, were highly likely to include the highest de-
gree vertices in the solutions to large instances. This heuristic strategy is particularly
sensitive to learning, as instances were developed and included were explicitly resis-
tant to it, which may have impacted the subjects’ likelihood of applying the strategy
on subsequent instances, thus skewing the observed frequency of application of this
strategy.

The match between the model and participants’ CL strategies, supports, to a lim-
ited extent, the hypothesis that the model captures the subjects’ use of this strategy.
The CL parameter for all three participants is greater than zero, and all three par-
ticipants made relatively close subsequent selections, hovering near two; however, the
variation of model parameter and subjects’ measures does not correlate.

A complete lack of match between the model and participants’ application of the
RA strategy does not support the hypothesis that the model captures the subjects’
use of this strategy. The RA parameter for all three participants is equal to zero;
however, the subjects’ mean number of RA moves is greater than zero varies between
participants. This is not strong support for model accurately reflecting the kinds of
strategies subjects are using.

The model does not, based on a comparison between parameter values and the
individual subjects’ measures, clearly support the theory that participants are indeed
using all four identified strategies. There are many possible explanations for this.
The subjects’ ability to vary how they select which strategy they use may explain
this difference. It is also possible that participants do not use any of the identified
strategies; however, this is not in keeping with participants’ verbal description of
using the D1 and GR strategy, nor with the close match between the number of D1
and high-degree vertices the model and subjects included in the solutions to the large
instances. Finally, the model being able to closely match the subjects’ performance on

other measures using these strategies at least supports the theory that these strategies
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are sufficient to explain human performance on this problem, even if the specific way
the model is implemented may not be an accurate reflection of how subjects solve

this problem, step by step.

The Vertex Cover Model 11

There is some support for the hypothesis that this model captures the subjects’ use
of the D1 strategy. The model, like all subjects, included all D1 vertices in their
final solutions to the large instances. On those instances for which optimal solutions
were found, either by the model or subjects, these D1 vertices had to be included,
and therefore the match is not necessarily an indication of the subject and model
matching on this strategy. However, subject s22 did not find an optimal solution on
instance 24, and therefore this match between the model and this subject on instance
24 supports the theory that participants do indeed learn and apply the D1 strategy.
Differences between the model parameter values and subjects’ likelihood of choosing
D1 vertices can be explained by the subjects’ ability to vary their strategy application
from instance to instance, either through the adoption or rejection of the strategy,
which the model was not designed to handle.

While the match between the model’s parameter values and participants’ fre-
quency of selecting high-degree vertices overall does not strongly support the hypoth-
esis that the model is representative of the subjects’ use of the GR strategy, there is a
good match between the model and subjects on the inclusion of high-degree vertices
on large instances. This heuristic strategy is particularly sensitive to learning, as in-
stances were developed and included to be explicitly resistant to it, which may have
impacted the subjects’ likelihood of applying the strategy on subsequent instances,
thus skewing the observed frequency of application of this strategy. In this condition,
subjects were able to compare the size of their solution to the size of the goal, and
therefore had more indication of when a strategy was not successful. This could have
manifested in an increased variability of strategy application.

There is good support for the hypothesis that this model captures the subjects’
use of the CL strategy, as the model’s parameter value varies in a similar way as the
subjects’ mean normalized difference between subsequent selections.

Finally, there is little support for the theory that the model’s use of the RA
strategy is representative of subjects’ use of the same strategy.

The model, based on a comparison between parameter values and the individual
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subjects’ measures, supports the theory that participants are using at least three
of the four identified strategies. In particular, there is support for the theory that
subjects are making local choices, independent of the other measures, as indicated by
the good match between the model and subjects’ measures for the CL strategy. While
the actual parameter values and subjects’ frequency do not match for either the D1
or GR strategies, the more refined analysis of solutions to large instances suggests

that the model captures the kinds of solutions found based on these measures.

6.4.4 Number of Selections
The Vertex Cover Model 1

At first glance, the model does a poor job of capturing subjects’ performance in terms
of the number of selections needed to find a solution. With the exception of subject
520, the model found solutions in far fewer moves than the subjects, especially on
large instances. However, further analysis of the selections made by participants on
the large instances provides an explanation for this difference at least in part. It
appears as if subjects’ selections are inflated by their use of the interface to judge
the impact of selections by toggling vertices on and off. If this indeed the case, then
the model may in fact come close to matching the number of actual moves used by
participants to find a solution.

The observed Toggling behaviour is likely not the only way that participants were
using the interactive interface to explore the instances of this problem. Many other
selections or sets of selections made by participants could equally be exploratory
moves that the model was not designed to capture. With this in mind, it would
be expected that the subjects’ selections would exceed the model’s, as the model
is simply adding vertices to the candidate cover, whereas there are many possible
reasons that motivate subjects to select a vertex. Notably, the number of selections
used to find a solution is not frequently reported, as most other attempts to model
human performance on hard computational problems have focused on other measures
(solution quality, solution size, and time to find a solution). Perhaps as a result, this
exploratory behaviour has not been reported in other studies of human performance
on hard computational problems, and it is interesting to wonder if it is behaviour

that is specific to the problem, the interface, or the some other factor.
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The Vertex Cover Model 11

This model does a poor job of capturing subjects’ performance as measured by the
number of selections needed to find a solution, in particular for subject s5. To some
extent, this fit can be improved if we exclude from subjects’ selections those which
appear to be toggling or exploratory behaviour. But this fails to explain why this
model required significantly more selections to find solutions of quality matching this
subject, most notably on the Greedy Resistant instances. The model, even though
its GR parameter value for this subject was zero, still failed to capture the means
by which this subject was able to find optimal solutions in relatively few selections
for these Greedy Resistant instance. Model II was not designed to learn, and this
may be a reason for this poor fit. Participants in the Search condition, with the
feedback available as a result of the specified solution size, had available to them
information needed to learn that a strategy could fail. This could have resulted in
the adoption of an alternate strategy: selecting vertices adjacent to high(est) degree
vertices, in particular on those instances on which the GR strategy was designed
to fail. The model, of course, was not able to learn or apply new strategies, and
cannot be expected to model this behaviour. The fit by this measure, indicates that
a model based on local strategies alone is not sufficient to capture the behaviour of all
subjects. The subjects investigated in this Chapter, tasked with the Search version
of the Vertex Cover problem were clearly using strategies other than those used by
the model to find solutions. This supports the hypothesis that the feedback of the
concrete goal can support strategy acquisition, and possibly even schema activation.

The manner by which the undos were implemented also is likely not representative
of how subjects chose vertices to undo if unable to find a vertex cover that matched
the goal’s size. The model removed a proportion of vertices at random. Notably, to
achieve the best fit, this parameter was set to one for both participants. However,
both of these participants only undid some moves when they failed to find a cover
of the appropriate size. Likely a more sophisticated strategy was used to determine

which vertices to undo before trying again.

6.5 Summary

A number of attempts have been made to try to model human performance on prob-

lems shown to be computationally hard, in part to try to better understand what
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processes or strategies might explain the often surprisingly close to optimal solutions
found. Modelling work has focused to date on Optimization problems, and this work
makes a first attempt to model human performance on not only the Optimization
version, but also the Search version of a hard computational problem. Where previ-
ous work focused on Euclidean problems, most notably E-TSP, this work attempts to
model human performance on a not-Euclidean problem. As a result, the global pro-
cessing included in many models of E-TSP performance is excluded from these models
of human performance on the Vertex Cover problem. The proposed models test the
theory that human performance on two versions of a hard computational problem,
the Vertex Cover problem, can be explained using only simple local strategies. The
following picture emerges from these findings. The models’ fits in terms of solution
size and vertices found in the final solutions indicate that human performance can
be explained in part by simple local strategies. However, the relatively poorer fit
in terms of number of moves suggests that if these strategies are being applied by
participants, then they certainly are not being applied with unchanging probabilities.
Participants’ ability to find good solutions in fewer moves than the models on select
instances indicates that they are able to reject or avoid strategies when they are not
applicable. At the same time, the greater amount of search needed by participants on
other instances indicates that if the identified strategies are being applied that they
are not applied as consistently as they are by the model. It is likely worth investi-
gating what kinds of undo strategies might be identified by participants, as the naive
random approach failed to capture how participants chose vertices to remove from
the cover.

This attempt at modelling had the additional benefit of the discovery of the Tog-
gling behaviour. This behaviour indicates that search for a solution to some of the
provided instances may have pushed the limit of working memory, causing partici-
pants to try to leverage cognitive support provided by the interface to help make move
selections. Notably, behaviour of this kind has never been reported in experimental

studies of human performance on hard computational problems.
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Chapter 7
Conclusions and Future Work

Due to this studys interdisciplinary nature, its main contribution is to bridge the
gap between the fields of cognitive science and computational complexity, where they
meet in the study of human problem solving. This kind of bridging work is important
in particular when bringing together two fields of study like these, disciplines with
very different origins and methodologies, but which have a great deal to contribute
to each other on this, and many other, topics.

In addition to this bridging work, this research contributes specifically to the study
of human problem solving in three main ways. It further refines our understanding of
how people are able to cope with complexity, in particular when it may not be possible
to know when a problem is solved. Second, it proposes a different approach for evalu-
ating how people cope with complexity when they are free from being confounded by
the challenge of determining when a solution is correct. Finally, the research study
and computational model presented in Chapters 4, 5, and 6 expands our understand-
ing of how humans cope with complexity, presenting novel performance results for

human problem solving of hard computational problems.

7.1 Refinement of Terminology

A lot of territory was covered in Chapter 2 and 3, exploring and highlighting relevant
problem-solving theory from both the fields of Cognitive Science and Computational
Complexity. To review, this work has contributed to the improvement of the study
of human problem solving of hard computational problems by refining shared termi-

nology. In particular, the following issues were brought to light:
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e The importance of differentiating between solving a problem and solving an
instance of a problem, which is closely related to differentiating between find-
ing an algorithm that solves a problem in general (as is typical in computer
science, and upon which computational complexity results are typically based)
and finding a solution to one or more instances of a problem (as is typical in Hu-
man Problem Solving, and upon which human performance results are typically
based).

e The need to differentiate between factors that contribute to the subjective and
objective difficulty of a problem-solving task. Subjective difficulty has been at-
tributed to a number of factors including instance size, goal specificity, instance
selection and order, and schema acquisition. Subjective difficulty stems from
the interaction between the problem solver and instances of the problem. Ob-
jective difficulty, on the other hand, is based on the computational complexity
of finding a general algorithm to solve a problem. Objective difficulty directly
depends on the computational task at hand, independent of the problem solver’s

experience or expertise.

e The importance of understanding, at a computational level, what problem is
being solved and not assuming that the problem being solved is the task given
to problem solvers. This amounts to determining whether or not it is possible,
given a problem formulation, for a problem to be encoded in the problem solver’s
internal representation. If a problem resists encoding, then effort must turn to
determining what problem(s) might instead be being encoded, and therefore

solved.

In light of these issues, some suggestions are now made as how best to move
forward in the study of human problem solving when hard computational problems

are to be used as instruments.

e Be cautious with the language used when discussing human performance results,
and (correctly) refer to solving an instance of a problem, unless the subject has
indeed found an algorithm that solves the problem in general (for all instances)

in which case the phrase solving a problem is appropriate.

e Be cautious when making claims about the quality of a subject’s solution framed
in the context of the computational complexity of the problem in general. In-

stances of a problem, even an NP-Complete problem, can be easier (in the sense
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of the complexity of the problem) or subjectively more difficult than the prob-
lem is in general. A good example that highlights this issue is how subjects can
be tricked into finding very suboptimal tours to E-TSP instances, as a result
of the Gestalt principle of good continuation [106]. Similarly, while no clear
impact of instance order on performance found in this study, it is possible that
instance order can result in differences in solution quality (as with the Einstel-
lung effect [51, 62, 103]). Even though computational complexity theory can
inform us about the objective difficulty of a problem in general, the interaction
between the problem solver and instances of the problem (and other problems)

contributes to the subjective difficulty of the task as well.

e Take care to determine as much as possible what problem is being solved by
subjects at the computational level. As seen in this work, ill-defined aspects of
a problem can interfere with a problem solver’s ability to encode the problem,
potentially rendering the presumed computational complexity of the given task

irrelevant.

A direct consequence of the refinement of these concepts is the need to re-evaluate
previous human performance results in experiments that used hard optimization prob-

lems as instruments. It also leads to two main issues in the design of future studies
of this kind.

7.2 Designing Studies to Evaluate How People Cope
with Complexity

The main contributions of this work speak to improving the design of studies of
human performance on hard computation problems and improving how performance
results are interpreted on past and current studies that use these hard computational
problems as instruments. Foundational to this contribution is the notion of gaining
a sound understanding of how problem formulation impacts what problem can be
encoded in the problem solver’s internal representation, which in turn directly impacts

what problem can, in fact, be solved.
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7.2.1 Coping with IllI-Defined Goals

Tasking problem solvers with instances of hard optimization problems has the poten-
tial to result in problem solvers being unable to encode the goal as given. Because
the problem encoded in the system defines the problem being solved, an inability to
encode the given task implies that a different problem is being solved. This in turn
has important ramifications when attempting to interpret the results of these studies.
For one, the complexity results of the original task may no longer be representative
of the complexity results of the problem being solved. In fact, if the results of this
study are representative of how this mechanism manifests itself, the encoded problem
is likely easier than intended. This also has implications when attempting to model
performance. As shown in Chapter 6, it can be possible to model human performance
very closely if the correct goal modification is selected.

In Chapter 3, a framework is provided for decomposing a problem’s goal to iden-
tify what aspect of the goal is ill-defined, thereby making it possible to find candidate
problems which might be encoded in place of the given optimization task. In Chap-
ter 4 this framework is used, to serve as an example, to decompose the goal of the
optimization version of the two problems used in this study. These candidate modi-

fications are evaluated to determine what problems best explain performance.

How does goal modification take place?

This research made no attempt to identify the mechanisms by which goal modification
might take place, and instead focused on the problem at the computational level.
But the question of what kinds of mechanisms might explain this process is clearly
interesting, and deserving of investigation. It is very likely that goal modification as
described here will be dependent on the nature of the task. For well-structured and
otherwise well-defined problems like the computational problems typically found in
the field of computational complexity, it may be possible, as done here, to decompose
the problem’s goals and identify candidate modifications. This is particularly true
when working in a lab environment with subjects who are naive to the problem
at hand. For real-world problems, however, the task of goal modification becomes
more challenging, as complex factors like domain-specific knowledge and personal
experience will impact how ill-defined goals are rendered well-defined.

Problem solvers do not appear to be aware of goal modification taking place, nor

do they spend a great deal of time re-encoding the problem, suggesting that the un-
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derlying mechanisms that explain this process are fast and frugal [67]. Furthermore,
there is no reason to assume that goal modification occurs only once for a given prob-
lem or instance of a problem, or that it manifests itself identically between different
problem solvers. It is likely that problem solvers adjust the encoding of the problem
as they gain experience with it.

As a result, we find ourselves in a sea of unknowns if we wish to continue to use
hard optimization problems as instruments in the study of human problem solving.
Tasked with a problem with an ill-defined goal, problem solvers encode some prob-
lem, and may re-encode it any number of times, and experience and domain-specific
knowledge will likely impact the types of modifications that can take place. All that
is known is that given a task with an ill-defined goal, the problem solver cannot be

solving the given task, in general, which has a number of implications.

What are the implications of goal modification?

If computational complexity is taken into account, then the interpretation of human
performance results is dependent on the problem being solved. This issue was not
addressed in previous studies of human performance on hard optimization problems,
which opens up a new way of interpreting the results of a number of studies. In
Chapter 3, E-TSP and N-Puzzle were decomposed to isolate the component of the
goal that is ill-defined; however, no candidate modifications were proposed. This is
a great starting point from which to investigate what goal modifications might best
explain performance on these problems, and to review previous attempts to model

this performance.

What are the implications of these findings in general?

The modification of ill-defined aspects of a problem has implications in other areas
of problem-solving research and is not limited to the study of hard computational
problems. For example, this approach is equally applicable in the study of decision-
making or insight problems, and is closely related to explanations of performance in
these areas. The difficulty of finding a solution to the Nine Dot problem, for exam-
ple, has been attributed to problem solvers’ inability to determine what constitutes
a legal operator, rendering the set of legal operators ill-defined. Similarly, satisficing
theory in decision making attempts to explain how people find solutions in a task

environment rife with unknowns and uncertainties, by replacing the concept of op-
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timizing with that of finding a solution that is satisfactory. Both these approaches
try to explain performance by suggesting that problem solvers modify an aspect of
the given problem. The difference in what I am presenting here, is that in addition
to a proposed modification, this work recognizes that the modification of any aspect
of the given problem can, and often does, result in a modification of the task. This
acknowledgement of the implications of goal (or other problem aspect) modification
at the computational level, makes it possible to better understand and evaluate algo-
rithmic explanations for performance. There is potential to apply this same technique
in other problem-solving research areas where ill-defined problem aspects are found.

It is worth noting, at this point, the difference between the performance impact of
goal specificity, described earlier in this work, and the difference in performance based
on the well-definedness of the goal. In maze tracing experiments, better performance
was observed when the goal was not specified than when it was [104]. It is important
to note, however, that the goal in both conditions of the maze-tracing experiment
was well-defined. Problem solvers could tell when the goal had been attained. In
the research done in this work, in contrast, the non-specified goal of optimization
renders the goal ill-defined, and therefore problem solvers are unable to determine if
the goal has been attained. Therefore, while goal specificity was found previously to
negatively impact problem solving in the context of maze tracing, it is not directly

related to the performance results presented in this work.

7.2.2 Coping with Complexity in Problems with Well-Defined
Goals

A second main contribution of this work is the observation that it is possible to eval-
uate human performance on hard computational problems without the confounding
factor of an ill-defined goal. As shown in Chapter 3, the Search version of hard op-
timization problems can be used to study how people navigate large problem spaces

of hard problems, but with an encodable goal.

What are the implications of these findings in general?

If the results of this study are representative of a general pattern in problem solv-
ing, then the better performance observed on instances of the Search versions of the
problems used in this research implies that people may in fact be better at finding

solutions to instances of hard computational problems than previously thought. This
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is a surprising result, one which I did not expect, and one which I think warrants
further investigation. When I first became aware of human performance results on
hard optimization problems, I assumed that the surprisingly good performance re-
sults might be more an artifact of study design than indication of how good people
are at coping with complexity. While this work does not discount this possibility,
instance size and selection may have unintentionally resulted in an easier task than
desired; performance on instances of the Search version problems used in this study is
still better than that on those same instances of the associated Optimization version.
This raises the possibility that similar results might be found on other problems like
E-TSP or N-Puzzle.

The use of a version of a problem with an encodable goal has the added advantage
of having the potential to reinforce strategy and/or schema acquisition. While the
feedback from the goal in this study was not sufficient to support strategy or schema
acquisition, this study was also not purposely designed with this in mind. This
opens the possibility of designing studies using search (or decision) versions of hard
computational problems to investigate whether or not novices are able to acquire
strategies or schemata.

Another observation that was made in Chapter 5, above, is that the great deal of
search that participants in the Search condition of both problems used in this study in-
dicates a deep level of engagement with what are objectively complex problem-solving
tasks. This has important educational, workplace, and tool-design implications. As
Polya stated, a key component in teaching problem solving is getting learners to en-
gage with hard problems [78]. If the results of this work are representative of the kind
of engagement that can be elicited in naive problem solvers on these hard computa-
tional tasks, then visually presented tasks like these might prove to be useful tools in
teaching problem solving. In the workplace and in the design of tools used for solving
complex tasks, the use of concrete, encodable goals could also serve to encourage en-
gagement with complex tasks. While it is known that data representation in general
impacts problem-solving performance [12, 60, 69, 71|, the well-definedness of problem
goals also clearly impacts performance. This knowledge can be leveraged to improve
workplace patterns, by replacing ill-defined goals with well-defined alternatives to
better represent complex tasks such that they can be meaningfully encoded in order

to result in better engagement..
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7.3 Performance Results

Another main contribution of this research study has been to further expand our
understanding of the power of human problem solving. In addition to discovering
that human performance on two new hard optimization problems is in keeping with
previous findings using other hard optimization problems, this work presents novel
performance results for human problem solving of hard computational problems. This
study was the first of its kind, not only in investigating performance on the Search
version of two NP-Complete problems, but also in comparing this performance to
that on the associated Optimization version of these problems. In addition, this work
presents for the first time human performance results for a NP-Complete maximiza-
tion problem, the Independent Set problem. In this section, we review briefly the
highlights of these findings.

e Tasked with instances of Vertex Cover and Independent set, two hard optimiza-
tion problems, humans are able to find close to optimal solutions in relatively
few moves. These findings are in keeping with previous research using hard

optimization problems as instruments.

e Despite being able to find close to optimal solutions when tasked with hard
optimization problems, participants are not able to find very many optimal so-
lutions, which is also in keeping with previous research using hard optimization

problems as instruments.

e People are able to find many more optimal solutions if tasked with the Search
version of a hard computational problem than if tasked with its Optimization
version. This is somewhat surprising and suggests that previously reported
problem-solving performance on hard optimization problems may not be in-

dicative of how well people are able to do on these hard problems.

e [t appears that minimization may not be easier than maximization in the con-

text of problem solving hard computational problems.

7.4 Unanswered Questions

The results of this research suggest that there is more work to be done in the area

of studying human performance on hard computational problems. In addition to the
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future work described above, the following questions come to mind:

e Do the results found here apply to the Search (or Decision) version of other
known hard optimization problems? If so, human performance results on the
Search version of E-TSP might be better than that found for the optimization

version in previous research.

e [s the better performance on the maximization problem observed in this study
representative of an inherent difference between performance on maximization
versus minimization problems? Or is it a result of some other aspect of the

problems, or instances, used in this study?

e What role does cognitive support play in problem solving of hard computational
problems? Tasking people with the Search version of both Vertex Cover and
Independent Set resulted in more cognitive load than tasking them with the
Optimization versions of these problems. The Toggling behaviour observed
predominantly in the Search condition was interpreted to be subjects using the
interface to gain information about either the current or possible subsequent

states of the graph. This raises the following related questions:

1. What kinds of cognitive support might be useful to participants when
tasked with hard problems like these?

2. How might cognitive support impact performance on hard computational

problems?

e What role does problem representation play in human performance on hard
computational problems? In this work, like most previous studies of human
performance on hard computational problems, subjects were presented graph
representations of a task. Even though Vertex Cover, Independent Set, and
E-TSP lend themselves quite naturally to this representation, they can equally
be represented in other ways. Graphs appear to be a natural way to represent
relational information, and the quality of human performance on visually pre-
sented graph problems may be dependent upon this representation. This could
be tested using alternate representations instead. Graphs can be represented,

for example, as an adjacency matrix without loss of information.

e How does performance on hard computational problems differ between experts

and novices? Subjects in this study were purposely chosen to be naive to the



187

hard computational problems used. It is likely that experience with computa-
tional complexity influences the kinds of goal modifications that would result

when tasked with hard optimization problems.

e Do people optimize when tasked with tractable computational problems? Prob-
lems in the Class P, like the Minimum Spanning Tree problem, can also be
phrased as optimization problems. Being computationally tractable does not
render their goal encodable, and it is interesting to wonder how goal modifica-

tion might differ if the underlying problem is not computationally hard.

e How might participants perform if tasked with the candidate modifications sug-
gested for the optimization versions of the Vertex Cover and Independent Set
problems used in this study? This might help support or refute the hypothesis

that these modifications are representative of how the goal is encoded.

While these questions are not exhaustive, they serve to indicate how much more
we have to learn about the factors that contribute to how humans are able to cope

with complexity.

7.5 Final Thoughts

This research has taken important steps to extend our understanding of how humans
cope with complexity, by examining performance on problems other than the infamous
E-TSP. While the study is not unique in this, it is still only one of a handful of
research projects that have ventured away from TSP variants in the pursuit of an
understanding of how people cope with complexity. More importantly, however, this
research represents a first investigation of human performance on the search version of
problems, which resulted in important insight about how humans cope with not only
hard problems, but problems for which a solution cannot be consistently verified.
Finally, I hope that the lessons learned in this research will serve to improve the
design of research studies to come, as well as our understanding of the power of

human problem solving.
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Appendix A

Additional Information

A.1 Big-O Notation

When considering the running time of an algorithm, it is often useful to argue about
its worst case running time in terms of the input size. One way of doing to is to use
asymptotic analysis. Given a function f(n), we bound its growth by considering only
its highest order term, also ignoring any constant factors. Consider, for example the
function f(n) = 5n?+4n?+27n+ 1000. The highest order term is 5n?, and therefore
it is bounded, using big-O notation as follows: f(n) = O(n?).

More formally, given two functions f,g: N — R, we say that f(n) = O(g(n)) if
there exist positive integers ¢, d, such that f(n) < cg(n) for all n > d [98].
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A.2 Participant Instructions

The Guard Problem:

Find the fewest guards necessary to protect all the art in the corridors of each art gallery.
You will be presented drawing of the layout of an art gallery. The black circles represent
guard-posts, and lines represent corridors containing priceless art. Your task is to place
enough guards at the guard-posts so that every corridor can be viewed by at least one
guard.

On the left is an example art gallery layout. A guard positioned at a post can view any of the
corridors connected to that post. On the right is an example solution. The yellow circles
represent guardposts with guards.

\ ®

N\

A gallery with 7 guardposts and 10 hallways An optimal solution with 4 guards

Figure A.1: Vertex Cover Optimization condition instructions.
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The Guard Problem:

Can you find a way to place a specified number of guards to protect the art in the corridors
of the art gallery?

On each page is a drawing of the layout of an art gallery, and a GOAL number of guards.
The black circles represent guard-posts, and lines represent corridors containing priceless
art. Your task is to try to place the GOAL number of guards at the guard-posts so that every
corridor can be viewed by at least one guard. A guard positioned at a post can view any of
the corridors connected to that post.

On the left is an example art gallery layout. On the right is an example solution. The yellow
circles represent guardposts with guards.

If it is not possible, please type: NO, in the Goal Possible field.

\ ®

A gallery with 7 guardposts and 10 hallways; A solution with 4 guards

Figure A.2: Vertex Cover Search condition instructions.



202

The Independent People Problem:

Find the largest group of people in a social network who don't know each other.

On each page is a drawing of a social network.

The circles represent people, and lines represent friendships or relationships between these
people. Your task is to find the biggest set of people that don't know each other: people
who are independent (that is, not directly connected to one another). Independent people
may or may not have friends in common.

On the left is an example social network. On the right is an example solution. The yellow
circles are a group of independent people. The grey circles are people who cannot be added
to the group of independent people because they are connected to people in the group.

ol KX

A problem with 7 people connected by 10
relationships

An optimal solution with 3 independent people

Figure A.3: Independent Set Optimization condition instructions.
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The Independant People Problem:

Find a group of a specified number of people in a social network who don't know each other.
On each page is a drawing of a social network.

The circles represent people, and lines reprasent friendships or relationships between these
people. Your task is to find a specific number of people that don't know each other; people
who are independent (that is, not directly connected to one another). Independent people
may or may not have friends in common.

On the left is an example social network. On the right is an exampla solution. The yellow
circles are a group of indepandent peopla. The grey circles are people who cannot be added
to the group of independent people because they are connected to people in the group.

If it is not possible, please type: MO, in the Goal Possible field.

KX KX

A problem with 7 people connected by 10
relationships

A solution with 3 independent people

Figure A.4: Independent Set Search condition instructions.
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A.3 Graphs Used in Study

In this section, the graphs used for the study are presented. Note that the labelling
of vertices (letters on or beside the vertices) was not included in the versions given
to participants, and are included here for reference. D1 graphs contain D1 vertices
at onset. D2 graphs contain D2 vertices at onset. Greedy Resistant (GR) graphs are
resistant to the Greedy strategy (Vertex Cover conditions only). No Strategy (NS)
graphs contain no D1 or D2 vertices at onset, and are not resistant to the Greedy

strategy. Random graphs were generated by adding edges at random.
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Table A.1: Summary of graph properties. n is the number of vertices, e is the number
of edges, Dy;ax is the degree of the highest degree vertex, W is the longest of all
shortest paths between all pairs of vertices, OPTy ¢ is the size of a minimum vertex
cover, OPTjg is the size of a maximum independent set, and Graph Type is the type
of graph as described above

Graph Graph | Graph
1D n| e | Dyax | W | OPTyc | OPTig Type Size
0|15 |18 6| 6 9 6 | D1 small
1]15120 6| 6 9 6 | D1 small
2123 |27 6|12 14 9| D1 medium
312631 71 8 16 10 | D1 medium
4136 | 43 5| 15 19 17 | D1 large
5114 | 19 51 5 7 71 D2 small
6|18 | 22 4110 9 9 | D2 small
7127 36 5115 12 15 | D2 medium
8128 |37 51 11 12 16 | D2 medium
9136 |74 7] 18 15 21 | D2 large
10 | 13 | 18 6| 4 7 6 | GR small
11 |19 | 36 8|15 8 11 | GR small
12 122 | 32 5| 8 12 10 | GR medium
13 |25 | 37 5| 8 15 10 | GR medium
14 | 43 | 62 7112 23 20 | GR large
15116 | 19 4| 7 8 8 | NS small
16 | 11 | 19 5 5 6 5 | NS small
17 121 | 25 3| 8 10 11 | NS medium
18 | 25 | 37 4112 12 13 | NS medium
19 | 39 | 58 6| 16 18 21 | NS large
20 | 16 | 23 6| 7 9 7 | Random | small
21 | 16 | 26 7111 9 7 | Random | small
22 125 |41 719 12 13 | Random | medium
23 | 25| 39 6| 16 12 13 | Random | medium
24 1 36 | 58 91 16 18 18 | Random | large
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Figure A.5: Graph 0, a D1 graph
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Figure A.6: Graph 1, a D1 graph

Figure A.7: Graph 2, a D1 graph
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Figure A.8: Graph 3, a D1 graph

Figure A.9: Graph 4, a D1 graph
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Figure A.10: Graph 5, a D2 graph
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‘

Figure A.11: Graph 6, a D2 graph

Figure A.12: Graph 7, a D2 graph
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a D2 graph

Figure A.13: Graph 8,

Figure A.14: Graph 9, a D2 graph
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Figure A.15: Graph 10, a Greedy Resistant graph
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Figure A.16: Graph 11, a Greedy Resistant graph

Figure A.17: Graph 12, a Greedy Resistant graph
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Figure A.18: Graph 13, a Greedy Resistant graph

Figure A.19: Graph 14, a Greedy Resistant graph
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Figure A.20: Graph 15, a No Strategy graph

Figure A.21: Graph 16, a No Strategy graph
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Figure A.22: Graph 17, a No Strategy graph
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Figure A.23: Graph 18, a No Strategy graph
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Figure A.24: Graph 19, a No Strategy graph

Figure A.25: Graph 20, a Randomly Generated graph
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Figure A.26: Graph 21, a Randomly Generated graph

Figure A.27: Graph 22, a Randomly Generated graph
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Figure A.28: Graph 23, a Randomly Generated graph

Figure A.29: Graph 24, a Randomly Generated graph
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A.4 Results

A.4.1 Graphs

100

75

Percent Optimal Solutions

25

D1 GR NS Rind
Graph Type

HisA EHise MWIsC 15D
WmvcaA BWVCBE W VCC VCD

Figure A.30: Percent Optimal solutions found by Group
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Figure A.31: Mean PAO by Group and Graph Type
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Figure A.32: Mean PAO by Group, Problem, and Graph Type
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Figure A.33: Percent Maximal/Minimal solutions found by Group

Percent Maximal/Minimal
&

Graph Type
W ISA W ISB W IsC ISD
HmvcaA EVCB W VCC VG D

Figure A.34: Percent Maximal/Minimal solutions found by Problem, Group, and
Graph Type
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Figure A.35: Percent Maximal/Minimal solutions found by Problem, Problem Ver-
sion and Group
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Figure A.36: Mean number of adjusted Moves by Group, Problem and Problem
Version
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Figure A.38: Mean number of adjusted Undos by Problem, Group and Graph Type
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Figure A.39: Mean Path Distance between subsequent Moves, by Problem, Group
and Graph Type
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Figure A.40: Mean Path Distance between subsequent Moves, by Problem, Problem
Version and Graph Type
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Figure A.41: Mean Path Distance between subsequent Moves all factors
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Figure A.42: Mean Euclidean Distance between subsequent Moves by Group and
Graph Type
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Figure A.44: Mean Degree of selections by Group and Graph Type
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Figure A.45: Mean Degree of selections by Problem, Problem Version, and Graph
Type
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Figure A.46: Mean normalized D1 at Onset selections by Problem, Group and Graph
Type
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Figure A.47: Mean normalized D1 at Onset selections by Problem Version, Group
and Graph Type

0.5
e
a
§ 0475
&
o 025
'E 0125
5
=
]
D1 D2 GR NS Rnd
Graph Type
| - B mC B D

Figure A.48: Mean normalized D1 selections by Group and Graph Type
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Figure A.49: Mean normalized D1 selections for both Problems and both Problem
Versions
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A.4.2 Tables

Table A.2: Percent Optimal solutions.

D1 D2 | GR | NS | Rnd | Al
All Conditions
Group A 76.6 | 69.0 | 65.2 | 583 | 59.9 | 65.81
Group B 789 | 56.9| 59.0 | 61.6 | 524 | 64.80
Group C 80.8 | 72.6 | 46.7| 61.2 | 52.4 | 55.75
Group D 82.8 | 61.0| 51.7| 55.8 | 52.4 | 59.26
All Groups | 79.74 | 64.80 | 61.77 | 62.75 | 60.71
Independent Set
Group A 782 | 748 | 73.6| 63.2| 64.8 | 0.71
Group B 79.5 | 65.6 | 81.2 | 69.8 | 64.8 | 0.72
Group C 781 | 733 | 61.0] 689 | 63.1| 0.69
Group D 83.5 | 67.0| 70.0| 63.3| 581 | 0.68
Vertex Cover
Group A 75.0 | 63.2 ] 56.5| 53.2| 54.8 | 0.61
Group B 783 | 482 | 36.5| 53.2| 39.8 | 0.51
Group C 83.4 | 72.0| 320| 53.3| 41.5| 0.56
Group D 82.1 | 549 | 33.2 | 482 | 470 | 0.53
Search
Group A 88.3 | 83.5| 728 | 70.1| 81.8| 0.79
Group B 946 | 73.5| 787| 80.1| 752 | 0.80
Group C 88.3 | 8.9 | 60.5| 81.0| 71.8| 0.78
Group D 782 | 76.7| 61.9| 63.1| 685 | 0.70
All Groups | 88.0 | 80.0 | 69.0 | 74.0| 74.0
Optimization
Group A 65.0 | 549 | 579 | 46.7 | 384 | 0.53
Group B 63.4 | 408 | 39.7| 434 | 30.0| 043
Group C 734 | 585 | 333 | 41.7| 334 | 048
Group D 86.5 | 454 | 41.7| 483 | 36.6 | 0.52
All Groups | 72.0 | 50.0 | 43.0| 45.0]| 35.0
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Table A.3: Mean PAO

D1 D2 GR NS Rnd
All Conditions
Group A 5.251 | 5.634 | 8.326 | 7.628 | 14.976
Group B 11.570 | 17.221 | 19.751 | 14.783 | 7.594
Group C 5.556 | 10.820 | 12.827 | 9.581 | 14.684
Group D 1.616 | 6.289 | 11.893 | 6.760 | 10.575
All Groups | 5.998 | 9.991 | 13.199 | 9.688 | 11.957
Independent Set
Group A 5. 718 | 4.397 | 6.718 | 7.120 | 20.185
Group B 17.626 | 21.558 | 18.517 | 19.731 | 3.704
Group C 7.439 | 15.984 | 10.644 | 11.426 | 18.056
Group D 1.025 | 5.929 | 4.610 | 5.241 | 9.105
All Groups | 7.952 | 11.967 | 10.112 | 10.880 | 12.762
Vertex Cover
Group A 4.784 | 6.872 | 9.934 | 8.136 | 9.766
Group B 5.514 | 12.884 | 20.985 | 9.835 | 11.484
Group C 3.673 | 5.655 | 15.010 | 7.737 | 11.313
Group D 2.207 | 6.649 | 19.177 | 8.279 | 12.045
All Groups | 4.045 | 8.015 | 16.277 | 8.497 | 11.152
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Table A.4: Percent Maximal/Minimal solutions.

D1 | D2 | GR | NS | Rnd
All Conditions
Group A | 94.2 | 90.8 | 88.7 | 90.0 | 94.1
Group B | 94.2 ] 92.3 | 85.8 | 89.2 | 825
Group C | 90.0 | 90.8 | 85.0 | 87.5 | 83.3
Group D | 97.5 | 89.1 | 85.0 | 90.2 | 86.2
Independent Set
Group A | 93.3]95.0|94.2 933 | 95.0
Group B | 91.7 | 86.2 | 90.0 | 91.7 | 90.0
Group C | 88.3 | 91.7 983 | 91.7 | 93.3
Group D | 100.0 | 98.3 | 91.7 | 92.1 | 94.7
Vertex Cover
Group A | 95.0 | 86.7 | 83.3 | 86.7 | 93.2
Group B | 96.7 | 78.3 | 81.7 | 86.7 | 74.9
Group C | 91.7 | 90.0 | 71.7 | 83.3 | 73.2
Group D | 94.9 | 799 | 78.2 | 88.2 | T77.6
Search
Group A | 95.0 | 96.7 | 94.6 | 91.7 | 100.0
Group B | 100.0 | 95.0 | 95.0 | 96.7 | 93.3
Group C | 95.0 | 96.7 | 91.7 | 95.0 | 93.3
Group D | 100.0 | 96.6 | 91.6 | 93.7 | 96.2
Optimization
Group A | 93.3 | 85.0 | 82.9 | 88.3 | 88.3
Group B | 88.3|69.6 | 76.7 | 81.7 | 71.7
Group C | 85.0 | 85.0 | 78.3 | 80.0 | 73.3
Group D | 95.0 | 81.7 | 78.4 | 86.7 | 76.5
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Table A.5: Mean Time (s) per Move.

D1 D2 | GR | NS | Rnd
All Conditions
Group A 2.623 | 2.380 | 1.998 | 2.242 | 2.254
Group B 2.938 | 3.185 | 2.928 | 3.324 | 2.767
Group C 1.950 | 2.339 | 2.093 | 2.091 | 2.562
Group D 1.845 | 2.000 | 2.117 | 3.038 | 2.194
All Groups | 2.339 | 2.476 | 2.284 | 2.674 | 2.447
Independent Set
Group A 2.344 | 2.511 | 1.716 | 2.084 | 2.448
Group B 3.287 | 2.860 | 3.532 | 3.628 | 2.546
Group C 1.886 | 2.840 | 1.955 | 2.266 | 2.905
Group D 1.829 | 2.147 | 2.197 | 3.272 | 2.380
All Groups | 2.34 | 259 | 235 | 281 | 2.57
Vertex Cover
Group A 2.901 | 2.248 | 2.280 | 2.400 | 2.058
Group B 2.589 | 3.511 | 2.325 | 3.020 | 2.986
Group C 2.014 | 1.838 | 2.231 | 1.915 | 2.217
Group D 1.859 | 1.851 | 2.036 | 2.802 | 2.003
Al Groups 234 | 236 | 222 253 | 2.32
Search
Group A 2.458 | 2.218 | 1.872 | 2.052 | 2.394
Group B 2.300 | 3.147 | 2.070 | 2.801 | 2.527
Group C 1.863 | 1.996 | 1.980 | 1.978 | 2.555
Group D 1.904 | 2.041 | 2.078 | 2.080 | 2.379
All Groups | 2.13 | 2.35| 2.00 | 248 | 247
Optimization
Group A 2.785 | 2.540 | 2.122 | 2.430 | 2.120
Group B 3.574 | 3.221 | 3.784 | 3.844 | 3.012
Group C 2.034 | 2.679 | 2.204 | 2.201 | 2.575
Group D 1.790 | 1.963 | 2.160 | 2.999 | 2.017
All Groups | 2.55 | 2.60 | 2.57 | 2.87| 243
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Table A.6: Mean number of Toggles
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D1 D2 GR | NS | Rnd | Al
All Conditions
Group A 3.079 | 5.837 | 5.354 | 5.572 | 8.229 | 5.162
Group B 2.099 | 5.895 | 5.145 | 5.747 | 6.037 | 4.982
Group C 3.979 7.5 7.020 | 6.564 | 6.429 | 6.296
Group D 4.029 | 8.115 | 7.632 | 6.843 | 7.253 | 6.778
All Groups | 3.296 | 6.837 | 6.288 | 6.159 | 7.007 | 5.015
Independent Set
Group A 2423 | 4.223 | 5.673 | 3.156 | 6.357 | 4.37
Group B 2.846 | 6.989 | 4.873 | 6.406 | 6.191 | 5.46
Group C 2.573 | 4.956 | 4.789 | 5.756 | 6.241 | 4.86
Group D 2.623 | 5.890 | 6.106 | 5.490 | 7.030 | 5.43
All Groups | 2.62 551 | 536 | 524 6.40
Vertex Cover
Group A 3.739 | 7.455 | 5.039 | 8.005 | 10.089 | 6.86
Group B 1.355 | 4.805 | 5.422 | 5.105 | 5.873 | 4.51
Group C 5.389 | 10.047 | 9.255 | 7.389 | 6.606 | 7.73
Group D 5.439 | 10.343 | 9.160 | 7.977 | 7.668 | 8.14
All Groups | 3.98 816 | 7.22 | T7.11 7.57
Search
Group A 3.965 | 7.345 | 7.196 | 8.063 | 9.710 | 7.20
Group B 3.236 | 7.796 | 8.996 | 9.063 | 10.660 | 7.94
Group C 5.280 | 10.705 | 8.096 | 9.496 | 8.427 | 8.40
Group D 4.977 | 9.098 | 9.248 | 7.915 | 9.060 | 8.06
Optimization
Group A 2471 | 4.338 | 3.521 | 3.104 | 6.735 | 4.03
Group B 0.971 | 4.004 | 1.304 | 2.454 | 1.401 | 2.03
Group C 2.688 | 4.304 | 5.954 | 3.654 | 4.418 | 4.20
Group D 3.085 | 7.135 | 6.018 | 5.551 | 5.686 | 5.49




Table A.7: Adjusted Moves to Find a Solution
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D1 D2 | GR | NS | Rnd | Al
All Conditions
Group A 23.72 | 31.15 | 27.69 | 25.73 | 36.02 | 24.28
Group B 17.37 | 26.56 | 24.33 | 27.46 | 23.43 | 19.74
Group C 24.15 | 29.40 | 29.67 | 24.80 | 26.25 | 22.16
Group D 25.36 | 32.77 | 30.96 | 28.64 | 29.56 | 27.96
All Groups | 19.46 | 24.23 | 23.80 | 22.11 | 22.80
Independent Set
Group A 18.46 | 19.46 | 19.90 | 17.15 | 21.36 | 19.72
Group B 17.43 | 18.06 | 18.20 | 22.67 | 16.76 | 18.63
Group C 17.38 | 17.30 | 20.06 | 19.39 | 18.34 | 18.51
Group D 17.00 | 18.51 | 21.87 | 20.44 | 19.93 | 19.55
All Groups | 17.57 | 18.34 | 20.00 | 19.92 | 10.11
Vertex Cover
Group A 23.39 | 32.17 | 28.42 | 27.13 | 35.59 | 29.27
Group B 13.41 | 25.06 | 23.56 | 22.70 | 19.87 | 20.90
Group C 23.06 | 31.33 | 30.61 | 21.37 | 23.28 | 25.86
Group D 25.70 | 32.15 | 28.31 | 26.20 | 27.46 | 27.96
All Groups | 21.38 | 30.17 | 27.66 | 24.34 | 26.54
Search
Group A 24.79 | 30.06 | 26.21 | 24.43 | 36.43 | 28.43
Group B 18.0 | 24.83 | 27.73 | 30.01 | 23.73 | 24.85
Group C 24.44 | 29.55 | 27.61 | 21.74 | 24.19 | 25.48
Group D 26.37 | 27.07 | 25.62 | 26.02 | 25.83 | 26.19
All Groups | 23.39 | 27.87 | 26.80 | 25.55 | 27.59
Optimization
Group A 17.05 | 21.55 22 1 19.84 | 20.48 | 20.19
Group B 12.87 | 18.31 | 13.97 | 15.38 | 12.90 | 14.68
Group C 15.99 | 19.08 | 22.85 | 19.01 | 17.49 | 18.89
Group D 16.34 | 23.59 | 24.48 | 20.62 | 21.49 | 21.29
All Groups | 15.57 | 20.64 | 20.81 | 18.72 | 18.08




Table A.8: Mean number of adjusted Undos

D1 D2 | GR | NS | Rnd | Al
All Conditions
Group A 9.48 | 13.94 | 11.89 | 12.07 | 16.83 | 12.85
Group B 437 956 | 8781|1226 | 7.11 | 8.41
Group C 9.30 | 12.55 | 13.28 | 9.94 | 9.36 | 10.87
Group D 9.74 | 13.32 | 13.02 | 12.79 | 12.22 | 12.22
All Groups | 8.221 | 12.34 | 11.72 | 11.77 | 13.47
Independent Set
Group A 7.45 | 13.11 | 10.06 | 10.22 | 16.19 | 7.86
Group B 7.83 | 14.07 | 9.32 | 18.87 | 11.72 | 7.86
Group C 7.74 | 11.82 | 11.65 | 14.39 | 13.52 | 7.46
Group D 6.43 | 13.89 | 14.89 | 15.64 | 15.39 | 8.21
All Groups | 4.95| 817 | 7.60| 10.39 | 8.12
Vertex Cover
Group A 17.25 | 25.60 | 20.96 | 21.25 | 32.75 | 17.91
Group B 4.86 | 15.19 | 13.35 | 15.23 | 12.82 | 13.53
Group C 18.82 | 23.68 | 24.04 | 14.41 | 16.09 | 14.46
Group D 21.18 | 27.74 | 23.13 | 20.73 | 20.77 | 15.26
All Groups | 11.54 | 16.56 | 15.92 | 13.18 | 14.66
Search
Group A 16.50 | 25.35 | 17.87 | 19.77 | 33.63 | 17.48
Group B 9.47 | 19.15 | 21.69 | 27.08 | 21.47 | 13.53
Group C 18.99 | 23.86 | 18.63 | 17.07 | 19.19 | 14.46
Group D 19.76 | 23.42 | 20.41 | 21.66 | 21.50 | 15.26
All Groups | 12.07 | 16.27 | 15.26 | 15.92 | 16.38
Optimization
Group A 8.19 | 13.36 | 12.93 | 11.69 | 15.30 | 8.29
Group B 3.30110.19 | 281 | 7.10| 3.14| 3.35
Group C 7.53 | 11.59 | 16.23 | 11.69 | 10.36 | 7.32
Group D 7.91 | 1827 | 1743 | 14.77 | 14.72 | 9.21
All Groups | 4.43 | 8.47 | 8.22 7.6 | 6.44
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Table A.9: Mean Path Length between subsequent selections
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D1 D2 | GR | NS Rnd All
All Conditions
Group A 2.127 |1 1.941 | 1.705 | 1.739 | 1.879 | 1.878
Group B 2.020 | 1.964 | 1.739 | 1.765 | 2.131 | 1.923
Group C 1.801 | 1.822 | 1.559 | 1.673 | 2.080 | 1.787
Group D 1.842 | 1.791 | 1.639 | 1.685 | 1.985 | 1.788
All Groups | 1.947 | 1.88 | 1.66 | 1.716 | 2.019 | 1.844
Independent Set
Group A 2.351 | 2.193 | 1.875 | 1.931 | 2.331 | 2.14
Group B 2.081 | 1.809 | 1.735 | 1.575 | 3.404 | 1.92
Group C 1.990 | 1.972 | 1.705 | 1.813 | 2.505 | 2.00
Group D 2.147 | 1.957 | 1.870 | 1.727 | 2.366 | 2.01
All Groups | 2.14 | 1.98| 1.80| 1.76 2.40 | 2.017
Vertex Cover
Group A 1.903 | 1.690 | 1.536 | 1.548 | 1.422 | 1.62
Group B 1.959 | 2.120 | 1.744 | 1.954 | 1.854 | 1.93
Group C 1.613 | 1.673 | 1.414 | 1.534 | 1.649 | 1.58
Group D 1.532 | 1.619 | 1.403 | 1.639 | 1.598 | 1.56
All Groups | 1.75 | 1.78 | 1.52| 1.67 1.63 | 1.671
Search
Group A 2.124 |1 1.907 | 1.628 | 1.570 | 1.785 | 1.80
Group B 2.130 | 1.975 | 1.782 | 1.908 | 1.972 | 1.83
Group C 1.987 1 1.939 | 1.582 | 1.684 | 1.961 | 1.72
Group D 2.052 | 1.99 | 1.895 | 1.845 | 2.301 | 1.72
All Groups | 1.92 | 1.86 | 1.56 | 1.63 1.89 | 1.769
Optimization
Group A 1.789 | 1.783 | 1.485 | 1.617 | 1.937 | 1.95
Group B 1.813 | 1.961 | 1.633 | 1.729 | 2.222 | 2.02
Group C 1.771 | 1.804 | 1.526 | 1.644 | 1.8681 | 1.85
Group D 1.911 | 1.776 | 1.751 | 1.726 2.1 | 1.85
All Groups | 1.98 | 1.90 | 1.77 | 1.80 2.15 | 1.919




Table A.10: Mean Euclidean Distance between subsequent selections
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D1 D2 GR NS Rnd All
All Conditions
Group A 186.14 | 183.21 | 167.54 | 187.28 | 193.60 | 183.5
Group B 180.42 | 182.65 | 162.68 | 193.46 | 212.32 | 186.3
Group C 163.43 | 169.36 | 150.27 | 183.95 | 210.99 | 175.6
Group D 163.82 | 167.11 | 153.82 | 184.20 | 192.44 | 172.3
All Groups | 173.5 | 175.6 | 158.6 | 187.2 | 202.4 | 179.41
Independent Set
Group A 186.43 | 193.03 | 170.04 | 192.23 | 204.32 | 189.21
Group B 162.91 | 162.74 | 154.46 | 167.43 | 197.5 | 169.00
Group C 160.69 | 168.60 | 153.27 | 183.67 | 214.73 | 176.19
Group D 168.52 | 167.14 | 157.23 | 180.57 | 192.62 | 173.23
All Groups | 169.62 | 172.86 | 158.74 | 180.96 | 202.35 | 176.9
Vertex Cover
Group A 185.89 | 173.44 | 165.08 | 182.36 | 182.79 | 177.82
Group B 197.97 | 202.59 | 170.94 | 219.52 | 227.04 | 203.52
Group C 166.21 | 170.15 | 147.31 | 184.27 | 207.17 | 174.93
Group D 159.06 | 167.02 | 150.35 | 187.75 | 192.37 | 171.23
All Groups | 177.3 | 178.32 | 158.43 | 193.49 | 202.49 | 181.9
Search
Group A 186.29 | 180.97 | 164.13 | 179.07 | 191.66 | 180.34
Group B 174.81 | 180.41 | 151.71 | 184.70 | 201.52 | 178.54
Group C 160.94 | 171.70 | 146.58 | 183.40 | 202.13 | 172.86
Group D 156.16 | 169.70 | 146.04 | 176.40 | 181.48 | 165.97
All Groups | 169.57 | 175.71 | 152.13 | 180.91 | 194.40 | 174.5
Optimization
Group A 186.00 | 185.46 | 170.95 | 195.48 | 195.45 | 186.66
Group B 186.03 | 184.89 | 173.65 | 202.21 | 223.01 | 193.95
Group C 165.92 | 167.01 | 153.96 | 184.50 | 219.76 | 178.23
Group D 171.40 | 164.44 | 161.53 | 191.92 | 203.12 | 178.50
All Groups | 177.32 | 175.44 | 165.01 | 193.51 | 210.40 | 184.3
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Table A.11: Mean normalized number of D1 selections
D1 D2 GR NS Rnd | All

All Conditions

All Groups | 0.4571 | 0.1593 | 0.1959 | 0.1877 | 0.3127
Independent Set

Group A 0.36 0.01 0.01 0.01 0.20 | 0.12

Group B 0.34 0.01 0.00 0.01 0.20 | 0.11

Group C 0.37 0.01 0.01 0.01 0.26 | 0.13

Group D 0.35 0.01 0.01 0.02 0.18 | 0.11

All Groups 0.35 0.01 0.01 0.01 0.21
Vertex Cover

Group A 0.55 0.30 0.41 0.36 0.39 | 0.40

Group B 0.65 0.30 0.43 0.40 0.45 | 0.45

Group C 0.53 0.33 0.34 0.33 0.41 | 0.39

Group D 0.52 0.32 0.37 0.35 0.41 | 0.39

All Groups 0.56 0.31 0.39 0.36 0.41
Search

Group A 0.46 0.15 0.18 0.17 0.30 | 0.25

Group B 0.50 0.16 0.20 0.19 0.29 | 0.27

Group C 0.42 0.17 0.16 0.16 0.30 | 0.24

Group D 0.41 0.16 0.18 0.19 0.29 | 0.25

All Groups 0.45 0.16 0.18 0.18 0.29
Optimization

Group A 0.44 0.16 0.23 0.20 0.30 | 0.27

Group B 0.49 0.15 0.24 0.22 0.36 | 0.29

Group C 0.48 0.17 0.19 0.18 0.37 | 0.28

Group D 0.46 0.16 0.20 0.19 0.30 | 0.26

All Groups 0.47 0.16 0.21 0.20 0.33




Table A.12: Mean normalized number of D1 at Onset selections

D1 Rnd All
All Conditions
Group A 0.305 | 0.191 | 0.2479
Group B 0.326 | 0.212 | 0.2694
Group C 0.307 | 0.227 | 0.2674
Group D 0.299 | 0.184 | 0.2416
All groups | 0.3091 | 0.2037
Independent Set
Group A 0.348 | 0.199 | 0.274
Group B 0.338 | 0.200 | 0.269
Group C 0.365 | 0.255 | 0.310
Group D 0.352 | 0.183 | 0.267
All Groups 0.35 0.21
Vertex Cover
Group A 0.261 | 0.182 | 0.222
Group B 0.314 | 0.225 | 0.270
Group C 0.249 | 0.186 | 0.224
Group D 0.246 | 0.186 | 0.216
All Groups 0.27 0.20
Search
Group A 0.317 | 0.182 | 0.250
Group B 0.323 | 0.192 | 0.258
Group C 0.276 | 0.195 | 0.236
Group D 0.280 | 0.169 | 0.225
All Groups 0.30 0.18
Optimization
Group A 0.292 | 0.199 | 0.245
Group B 0.329 | 0.232 | 0.281
Group C 0.338 | 0.259 | 0.299
Group D 0.317 | 0.199 | 0.258
All Groups 0.32 0.22

245



Table A.13: Mean normalized number of D2 selections

D2 Rnd All
All Conditions
Group A 0.135 | 0.046 | 0.09056
Group B 0.131 | 0.053 | 0.09236
Group C 0.139 | 0.044 | 0.09166
Group D 0.133 | 0.044 | 0.08876
All Groups | 0.1346 | 0.0466 | 0.0908
Independent Set
Group A 0.231 | 0.070 0.151
Group B 0.209 | 0.071 0.140
Group C 0.236 | 0.065 0.151
Group D 0.233 | 0.065 0.148
All Groups 0.23 0.07
Vertex Cover
Group A 0.038 | 0.021 0.030
Group B 0.052 | 0.035 0.044
Group C 0.041 | 0.022 0.032
Group D 0.034 | 0.024 0.029
All Groups 0.04 0.03
Search
Group A 0.142 | 0.047 0.095
Group B 0.134 | 0.048 0.092
Group C 0.135 | 0.049 0.092
Group D 0.143 | 0.042 0.093
All Groups 0.14 0.05
Optimization
Group A 0.128 | 0.044 0.086
Group B 0.129 | 0.057 0.093
Group C 0.143 | 0.039 0.091
Group D 0.123 | 0.045 0.084
All Groups 0.13 0.05
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Table A.14: Mean normalized number of D2 at Onset selections

D2 | Rnd | All
All Conditions
Group A 0.241 | 0.108 | 0.175
Group B 0.242 | 0.126 | 0.184
Group C 0.250 | 0.116 | 0.184
Group D 0.249 | 0.103 | 0.176
All groups | 0.246 | 0.113 | 0.180
Independent Set
Group A 0.238 | 0.074 | 0.156
Group B 0.216 | 0.072 | 0.144
Group C 0.235 | 0.067 | 0.151
Group D 0.240 | 0.069 | 0.155
All Groups | 0.23 | 0.07
Vertex Cover
Group A 0.245 | 0.143 | 0.195
Group B 0.268 | 0.180 | 0.225
Group C 0.266 | 0.166 | 0.216
Group D 0.259 | 0.137 | 0.198
All Groups | 0.26 | 0.16
Search
Group A 0.251 | 0.11 | 0.181
Group B 0.248 | 0.118 | 0.184
Group C 0.247 | 0.114 | 0.181
Group D 0.253 | 0.094 | 0.175
All Groups | 0.25 | 0.11
Optimization
Group A 0.231 | 0.107 | 0.169
Group B 0.236 | 0.133 | 0.184
Group C 0.254 | 0.118 | 0.186
Group D 0.245 | 0.111 | 0.178
All Groups | 0.24 | 0.12
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Table A.15: Mean Degree of selections
D1 D2 | GR | NS | Rnd | Al
All Conditions
Group A 2.230 | 2.320 | 2.486 | 2.220 | 2.412 | 2.333
Group B 2.308 | 2.362 | 2.533 | 2.298 | 2.644 | 2.429
Group C 2.101 | 2.270 | 2.314 | 2.241 | 2.492 | 2.283
Group D 2.107 | 2.259 | 2.359 | 2.186 | 2.485 | 2.279
All Groups | 2.186 | 2.303 | 2.423 | 2.236 | 2.508
Independent Set
Group A 1.762 | 2.131 | 2.302 | 2.078 | 1.968 | 2.05
Group B 1.581 | 1.989 | 2.255 | 1.980 | 1.848 | 1.93
Group C 1.602 | 2.011 | 2.276 | 2.125 | 1.903 | 1.98
Group D 1.707 | 2.007 | 0.264 | 2.028 | 1.986 | 2.00
All Groups | 1.66 | 2.03| 2.27| 2.05| 1.93
Vertex Cover
Group A 2.698 | 2.509 | 2.671 | 2.363 | 2.861 | 2.62
Group B 3.035 | 2.735 | 2.812 | 2.617 | 3.444 | 2.93
Group C 2.601 | 2.530 | 2.352 | 2.358 | 3.085 | 2.58
Group D 2.510 | 2.515 | 2.458 | 2.347 | 2.989 | 2.56
All Groups | 2.71 | 2.57 | 257 | 242 | 3.10
Search
Group A 2.180 | 2.231 | 2.343 | 2.086 | 2.317 | 2.23
Group B 2.328 | 2.301 | 2.419 | 2.206 | 2.492 | 2.35
Group C 2.059 | 2.241 | 2.230 | 2.201 | 2.380 | 2.22
Group D 1.976 | 2.232 | 2.221 | 2.084 | 2.360 | 2.17
Optimization
Group A 2.279 | 2.408 | 2.629 | 2.355 | 2.507 | 2.44
Group B 2.287 | 2.423 | 2.648 | 2.390 | 2.794 | 2.51
Group C 2.142 | 2.299 | 2.397 | 2.280 | 2.602 | 2.34
Group D 2.237 | 2.286 | 2.497 | 2.286 | 2.609 | 2.38
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Table A.16: Mean Path Length between subsequent selections, all factors

Conditions
and Group | D1 D2 | GR | NS | Rnd

IS SRC A 2.397 | 2.251 | 1.830 | 1.846 | 2.221
ISSRC B 2.141 | 1.787 | 1.777 | 1.617 | 2.382
IS SRC C 1.894 | 1.967 | 1.689 | 1.731 | 2.424
IS SRC D 2.064 | 1.988 | 1.821 | 1.646 | 2.287
IS OPT A 2.306 | 2.135 | 1.921 | 2.016 | 2.440
IS OPT B 2.021 | 1.831 | 1.693 | 1.535 | 2.425
IS OPT C 2.086 | 1.978 | 1.722 | 1.895 | 2.586
IS OPT D 2.228 | 1.926 | 1.916 | 1.807 | 2.444
VC SRC A | 1.850 | 1.561 | 1.425 | 1.293 | 1.341
VCSRCB | 1.832 | 2.090 | 1.387 | 1.750 | 1.533
VC SRC C | 1.683 | 1.598 | 1.281 | 1.502 | 1.443
VCSRCD | 1.473 | 1.616 | 1.225 | 1.636 | 1.441
VC OPT A | 1.956 | 1.818 | 1.646 | 1.803 | 1.499
VC OPT B | 2.085 | 2.159 | 2.100 | 2.158 | 2.171
VC OPT C | 1.542 | 1.746 | 1.546 | 1.565 | 1.852
VC OPT D | 1.590 | 1.622 | 1.580 | 1.640 | 1.752

Table A.17: Mean Euclidean Distance between subsequent selections, all factors

Conditions
and Group D1 D2 GR NS Rnd

IS SRC A 190.56 | 197.15 | 172.62 | 188.56 | 206.85
IS SRC B 164.89 | 159.81 | 157.69 | 169.00 | 198.75
IS SRC C 151.06 | 175.36 | 150.67 | 185.06 | 216.65
IS SRC D 159.06 | 171.27 | 153.87 | 170.92 | 184.62
IS OPT A 182.36 | 188.96 | 167.52 | 195.96 | 201.76
IS OPT B 211.18 | 204.15 | 196.13 | 238.62 | 249.69
IS OPT C 170.37 | 161.89 | 155.92 | 182.32 | 212.76
IS OPT D 177.90 | 162.92 | 160.51 | 190.15 | 200.45
VC SRC A | 182.03 | 164.81 | 155.66 | 169.60 | 176.26
VC SRC B | 184.74 | 201.02 | 145.73 | 200.41 | 204.09
VC SRC C | 170.83 | 168.06 | 142.50 | 181.75 | 187.39
VC SRC D | 153.16 | 168.03 | 138.10 | 181.78 | 178.55
VC OPT A | 189.73 | 182.05 | 174.48 | 195.09 | 189.02
VC OPT B | 160.98 | 165.73 | 151.27 | 165.91 | 196.21
VC OPT C | 161.56 | 172.23 | 152.11 | 186.78 | 226.65
VC OPT D | 164.77 | 165.83 | 162.41 | 193.54 | 205.73
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Table A.18: Mean Degree of selections, all factors

Conditions
and Group | D1 D2 | GR | NS | Rnd

IS SRC A 1.731 | 2.089 | 2.234 | 1.969 | 1.847
IS SRC B 1.668 | 1.907 | 2.337 | 1.992 | 1.922
IS SRC C 1.547 | 2.057 | 2.244 | 2.108 | 1.897
IS SRC D 1.686 | 2.035 | 2.187 | 1.928 | 1.950
IS OPT A 1.793 | 2.173 | 2.371 | 2.187 | 2.089
IS OPT B 1.494 | 2.073 | 2.174 | 1.968 | 1.774
IS OPT C 1.657 | 1.965 | 2.309 | 2.142 | 1.909
IS OPT D 1.728 | 1.979 | 2.341 | 2.128 | 2.017
VC SRC A | 2.631 | 2.375 | 2.454 | 2.204 | 2.787
VC SRC B | 2.991 | 2.697 | 2.502 | 2.422 | 3.064
VC SRC C | 2.574 | 2.427 | 2.218 | 2.296 | 2.864
VC SRC D | 2.268 | 2.431 | 2.258 | 2.243 | 2.768
VC OPT A | 2764 | 2.644 | 2.887 | 2.522 | 2.929
VC OPT B | 3.080 | 2.773 | 3.122 | 2.812 | 3.819
VC OPT C | 2.628 | 2.633 | 2.485 | 2.419 | 3.301
VC OPT D | 2.748 | 2.596 | 2.655 | 2.448 | 3.204

Table A.19: Mean number of adjusted Moves, all factors

Conditions
and Group | D1 D2 | GR | NS | Rnd

IS SRC A 18.63 | 20.82 | 17.41 | 16.60 | 24.85
IS SRC B 20.97 | 21.22 | 23.52 | 29.05 | 21.11
IS SRC C 19.11 | 18.15 | 22.66 | 23.93 | 21.51
IS SRC D 17.70 | 17.57 | 22.37 | 23.28 | 24.44
IS OPT A 18.23 | 18.03 | 22.57 | 17.63 | 17.87
IS OPT B 13.87 | 14.87 | 12.86 | 16.25 | 12.43
IS OPT C 15.63 | 16.43 | 17.43 | 14.83 | 15.40
IS OPT D 16.33 | 19.48 | 21.43 | 17.63 | 15.39
VC SRC A | 31.06 | 39.41 | 35.61 | 32.37 | 48.16
VC SRC B | 15.07 | 28.49 | 32.16 31 | 26.41
VC SRC C | 29.84 | 41.03 | 32.70 | 19.64 | 26.98
VC SRC D | 35.08 | 36.61 | 29.10 | 28.81 | 26.57
VC OPT A | 15.90 | 25.10 | 21.60 | 22.07 | 23.2
VCOPT B | 11.87 | 21.73 | 15.10 | 14.5 | 13.43
VC OPT C | 16.37 | 21.73 | 28.37 | 23.20 | 19.67
VC OPT D | 16.40 | 27.77 | 27.63 | 23.67 | 27.56




251

Table A.20: Performance, search, and cognitive load measures for each Graph Type

Measure D1 D2 GR NS Rnd
PAO 5.998 | 9.991 | 13.119 | 9.688 | 11.957
Moves 19.46 | 24.23 | 23.80 | 22.11 | 22.80
Undos 8.221 | 12.34 | 11.72 | 11.77 | 13.47
Time per Move | 2.339 | 2.476 | 2.284 | 2.674 | 2.447
Toggles 3.296 | 6.837 | 6.288 | 6.159 | 7.007

Table A.21: Performance, search, and cognitive load measures for each Graph Type,
separated by Problem Version

Condition Measure D1 D2 | GR | NS | Rnd
Search Undos 12.06 | 16.26 | 15.27 | 15.92 | 16.38
Optimization | Undos 4.43 | 847 | 821 | 7.66 | 6.43
Search Time per Move | 2.13 | 235 | 2.00| 248 | 2.36
Optimization | Time per Move | 2.55 | 2.60 | 2.47 | 2.87 | 2.43
Search Toggles 430 | 873 | 838 | 863 | 948
Optimization | Toggles 231 | 495 | 420 3.69 | 4.55

Table A.22: Performance, search, and cognitive load measures for each Graph Type,
separated by Problem

Condition Measure D1 D2 GR NS Rnd
Independent Set | PAO 7.952 | 11.967 | 10.112 | 10.880 | 12.762
Vertex Cover PAO 4.045 | 8.015 | 16.277 | 8.497 | 11.152
Independent Set | Undos 4.95 8.17 7.60 | 10.39 8.12
Vertex Cover Undos 11.54 | 16.56 | 15.92 | 13.18 | 14.66
Independent Set | Moves 17.57 | 18.34 | 20.00 | 19.92 | 10.11
Vertex Cover Moves 21.38 | 30.17 | 27.66 | 24.34 | 26.54
Independent Set | Time per Move | 2.34 2.59 2.35 2.81 2.57
Vertex Cover Time per Move | 2.34 2.36 2.22 2.53 2.32
Independent Set | Toggles 2.62 5.51 5.36 5.24 6.40
Vertex Cover Toggles 3.98 8.16 7.22 7.11 7.57




A.4.3 Model Figures
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Figure A.51: Subject s17’s solution to instance 4
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Figure A.52: Subject s17’s solution to instance 9

Figure A.53: Subject s17’s solution to instance 14
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Figure A.54: Subject s17’s solution to instance 19

Figure A.55: Subject s17’s solution to instance 24
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Figure A.56: Subject s20’s solution to instance 4
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Figure A.57: Subject s20’s solution to instance 9

Figure A.58: Subject s20’s solution to instance 14
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Figure A.59: Subject s20’s solution to instance 19

Figure A.60: Subject s20’s solution to instance 24
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Figure A.61: Subject s84’s solution to instance 4

Figure A.62: Subject s84’s solution to instance 9



Figure A.63: Subject s84’s solution to instance 14

Figure A.64: Subject s84’s solution to instance 19
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Figure A.65: Subject s84’s solution to instance 24
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Figure A.66: Subject s5’s solution to instance 4
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Figure A.67: Subject s5’s solution to instance 9

Figure A.68: Subject s5’s solution to instance 14
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Figure A.69: Subject s5’s solution to instance 19
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Figure A.70: Subject s5’s solution to instance 24
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Figure A.71: Subject s22’s solution to instance 4
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Figure A.72: Subject s22’s solution to instance 9

Figure A.73: Subject s22’s solution to instance 14
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Figure A.74: Subject s22’s solution to instance 19
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Figure A.75: Subject s22’s solution to instance 24



