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Abstract

Many aspects of polynomials over finite fields have been studied In this thesis
we prove results for polynomials over integer rings that are analogous to known results
regarding polynomials over fimte fields A definition of relatively prime for two
polynomials over an integer ring 1s given Linear algebra and the theory of resultants are
used to give two proofs for necessary and sufficient conditions for two polynomials to be
relatively prime over certain integer rings  We then examine the quotient ring formed by
the ning of polynomuals over an integer ring mod a monic polynomial /' The existence of
an order for certain polynomials over the integers mod # 1s exhibited and a bound 1s given
for the maximum order of polynomials over the integers mod 2* Finally, we prove
theorems that can be used to simplify the calculation of the order of particular

polynomuals
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CHAPTER 1 INTRODUCTION

The structure of finite fields and the behavior of polynomials over those fields are
topics that have been thoroughly researched There are also many applications of the
theory of polynomials over finite fields However, computations involving finite fields
are large and complex Calculations involving integer rings with operations of addition

and multiplication modulo » are more transparent, but 1f  1s not prime, the integer ring

Z, has zero divisors and 1s not a field A particular drawback to this 1s that 1f 7 1s not

prime, only a weak version of the division algorithm 1s available in the polynomial ring

Z,|x] Nevertheless, the calculation of tables of polynomials of small degree with
coefficients in Z, for small values of », indicates the presence of a structure theory for
Z,[x], which has certain analogies with that of G/(g)[x] This thesis presents theorems

regarding the behavior of polynomials over integer rings that are analogous to existing
theorems for polynomials over finite fields As a small example, the tables empirically

predict the existence of the “order” for a monic polynomial in Z, [x] whose constant term

1s aumit At the beginning of Chapter 5, we prove the existence of this order

Chapter 2 1s intended to provide the reader with enough algebraic background to
understand the subsequent chapters Section 2 1 gives the basic definitions and results
from algebra that are referred to 1n this thesis In Section 2 2 the integer rings Z, and
polynomuials over these rings are discussed These concepts are fundamental for the
content of the following chapters Section 2 3 provides a short background in matrices

and linear systems with coefficients in a commutative ring with identity

In Chapter 3 we define what 1t means for a pair of polynomials in Z,[x] to be

relatively pime To wit, f(x) and g(x) are relatively prime in Z, [x] 1f there are s(x)



and #(x) in Z [x] such that 1= f(x)s(x)+ g(x)t(x) Our major result in this chapter

gives a necessary and sufficient condition, in terms of “reduction of coefficients
homomorphisms”, for polynomials to be relatively prime A second proof of this result 1s
given by expanding a proof in [C] This second proof provides a method for finding

s(x) and #(x)

In Chapter 4 the results of Chapter 3 are used to shed light on the group of

invertible elements (units) in the quotient ring Z, [x]/ < f > Here we only assume that
f(x)1smonic in Z [x] The units in this quotient ring are closely related to the

polynomuials that are relatively prime to f(x) The sharpest results occur when n = p*,

paprime We believe that the main results in this section are new

In Chapter 5 we prove the existence of an order for monic polynomials f(x) 1n
Z, [x] with £(0) aunit In Section 5 2 known results regarding polynomuals over finite
fields are used to produce a bound for the order of polynomials over Z, In Section 53

this bound 1s generalized to polynomuals over the integers mod 2*  Thus result 1s also
thought to be new In Section 5 4 the calculation of the order of a polynomial 1s

discussed 1n light of previous results in Chapter 4 and Chapter 5

Finally, Chapter 6 gives suggestions for future study based on the results

presented 1n this thesis and results found in the research process




CHAPTER 2. ALGEBRAIC PRELIMINARIES

2 1 Definitions and Basic Theorems

Most of the definitions and theorems given later in this thesis involve special
cases of the following basic algebraic preliminaries Concrete examples of these objects
and their properties will be included as the special cases are introduced See [G] for a

discussion of some of the basic concepts and results

Defimition 2.1.1. A group 1s a nonempty set (- and a closed binary operation * defined

on (s such that
(1) Foreach a,b,ce G a*(b*c)=(a*b)*c, that1s * 1s associative
(1)  There exists an 1dentity 1€ G so that foreach ae G a*1=a=1%*a
(m) Foreach a e G thereexists be G with a*b=1=bh*a b s called the
1

inverse of @ and 1s usually denoted a~

If the binary operation 1s denoted *, the group G with operation * 1s denoted (G,*) We

will frequently write ab 1nstead of a * b 1f no confusion can arse

If the operation * 1s commutative for all elements, (5 1s said to be an abelian

group

Defimition 2 1.2. The order of a group G, denoted ord((y) 1s the cardinality of the set G

Definition 2.1.3. A nonempty subset / of G 1s a subgroup 1f 1t 1s a group with the

operation inherited from &




Consider an element a of a group G Let < a >={a*|k € Z} where ¢’ =1 and

a™* =(a™)" for positive k The set <a > 1s a subgroup of G [G, pp 41]

Definition 2.1 4. Let (7 be a group written multiplicatively with identity 1 and let a € G
The subgroup < a >={a" 1k € 7} 1s called the cyclic subgroup generated by a The order

of a, denoted ord(«), 1s the cardinality of < a >

If ord(«) 1s fimte then ord(a) 1s the smallest positive integer 7 such that «' =1

Theorem 2.1.5. (Lagrange’s Theorem) Let & be a finite group If H 1s any subgroup of
G then ord(H )jord(G)

As a consequence 1f (7 1s finite and @ € GG then ord(a)lord((}) If ord(a)=+s and

ord(G) = st , then a®™® =a” =(a’)' =1' =1

Definition 2.1 6. A ring 1s a nonempty set R with binary operations of addition and

multiplication defined on R, denoted + and by or by juxtaposition, such that

(1) (R,*) 1s an abelian group with 1dentity 0

(un)  Foreach a,b,c € R a(bc)=(ab)c, that 1s multiplication 1s associative
(mm)  The left and nght distribution laws hold a(b + ¢) = ab + ac and

(b+c)a=ba+ca forall a,b,ce R

If the operation of multiplication commutes for all elements, R 1s said to be a

commutative ring 1f there exists an element 1€ R such that 1(a) = (a)l = ¢ for all

a # 0, that 1s R has a multiplicative 1dentity, then we say R 1s a ring with 1dentity




Definition 2.1 7. Let R be a ring with identity 1 and let @ € R If @ has a multiplicative

inverse, an element ¢ of R such that ¢« 'a =1=aa™

all units 1n R 1s denoted {/(R)

,then a1s called a unit The set of

Notice that 1€ {/(R) and1f @ e /(R) then a™' € U(R) since (a™)" =a

Moreover, if a,b € U(R) then (ab)™' =b"'a™" so abe U(R) So since multiplication 1s
associative by the definition of a ring, {/(R) 1s a multiphcative group [Gr, pp 49] U(R)

1s called the group of units of R

Defimition 2.1.8. Let R be a commutative ring with identity 1 If @ and 4 are non-zero
elements of R with ab =0, then a and b are said to be zero divisors R 1s called an

integral domain 1f 1t contains no zero divisors

Defimition 2.1 9. Let R be a commutative ring with identity 1  If every non-zero element

of R 1s a umit, then R 1s a field

Thus 1f F 1s a field, the set /'\ {0}, 1s an abelian group with respect to

multiplication

Let F be any field Suppose a and b are non-zero elements of F, such that ab =0

Since F 1s a field we have b = a'ab = a™'0 = 0, a contradiction since 4 1s non-zero

Thus every field 1s an integral domain

If R 1s any ring, the set of polynomials over R can be defined 1n the usual sense

Definition 2.1.10. A polynomial over a ring R 1s an expression of the form
f(x)=a, +ax+a,x>+ +a,x" where a,, ,a, € R and m1s a positive integer Let
R[x] denote the set of all such polynomials R[x], along with usual polynomial

multiplication and addition 1s a ring called the polynomial ring over R [LN, pp 19]



If f(x)=a,+a,x+a,x*+ +a,x" the degree of f, denoteddeg( /) 1s the
largest integer 1 such that ¢, # 0 Thus coefficient «, 1s referred to as the /lead coefficient

of / A monic polynomial 1s one whose lead coefficient 1s equal to I A polynomial

f(x) 1s the zero polynomial 1f and only 1f @, =0 for all

Many of the properties of the ring R are inherited by the polynomial ring R[x]

Theorem 2.1 11. [LN, pp 20] Let R be aring Then

(1) R[x] 1s commutative if and only if R is commutative
(11) Rl x] 1s a ring with identity if and only if R 1s a ring with identity

(111)  R|x] 1s an integral doman if and only 1f R 1s an integral domain

When the ring R 1s a field, the usual Euclidean division algorithm holds for R[x]
That 1s, 1if /15 a field with £, g € F[x], then there exist polynomials ¢,r € F[x] such that
f(x)=g(x)g(x)+r(x) with deg(r)<deg(f) or r(x)=0

If /15 a field, a polynomial f € F[x] 1s called irreducible 1f there no polynomials
g and h over F'such that f(x)= g(x)h(x), 1<deg(g),deg(h) Fora field F, the
polynomial ring F[x] 1s a unique factorization domain That 1s every element of /[x]

can be written umquely as a product of irreducible elements

Functions from one ring into another which preserve operations are referred to as

homomorphisms

Definition 2.1.12. Let R and Sberings If ¢ R — S 1s a function such that
(1) la+b)=g(a)+e(b) and,
() p(ab) = p(a)p(b)
forall a,be R Then ¢ 1s a homomorphism of rings If ¢ 1s a biyjection, then ¢ 1s

called an zsomorphism, and R and S are said to be isomorphic




2.2 TheRings Z and Z, |x|

Let n be a positive integer Define a relation of congruence on the integers by

a = b(modn) 1f and only 1f n\(a —b) Congruence 1s an equivalence relation on Z [G,
pp44] If Z, ={[0L[1], .[n—1]} where [/]= {a’azz(modn)} ,then Z 1s a partition of
Znto equivalence classes When two or more sets Z, and Z, are discussed, the classes

are usually indexed [a],, and [a], respectively

Theorem 2.2 1. [G, pp 144] Let n be a positive integer Define addition and

multiplication on Z, as follows
(1) [a]l+[b]=[a+b],
(1) [a][b]=[ab]

Then Z, 1s a commutative ring with additive identity [0] and multiplicative identity [1]

Example 2.2.2. Z,, = {[0L[1L[2], .[15]}
Examples of operations on Z,, include
[0]+[2]=[2]
[4][4] =[16]=10]
[31(11]=[33]=[1]

For convenience we will refer to the elements of Z, as 0,1,2, ,n-1 where the
equivalence classes are implied Following the example we have (4)(4) =0 and

(3)(11)=1 as elements of Z, Further the notation Z, will imply that n 1s a positive

integer

If a,ne Z" then the greatest common divisor of ¢ and # 1s defined in the usual

way Itisa fact that ged(a,n) =1 1f and only 1f there exist s,¢ € Z" such that as +nf = |




Now consider a nonzero element ¢ of Z, There exists b € Z, such that ab =1 1f and
only 1f n‘ab -1, 1f and only 1f there exists a positive integer ¢ such that cn=ab—-1 That

15, there exists an inverse b of a 1f and only 1f there exists ¢ such that 1 =ab—cn  Thus

the following lemma holds

Lemma 2 2.3 [G, pp 133] Let ae Z, be nonzero Then a has a multiplicative inverse,

(that 1s a 1s a unit), 1f and only 1f gcd(a,n) =1

If n 1s prime, then 7 1s relatively prime to all the non-zero positive integers less

than or equal to » so we have

Corollary 2.2.4. Z, s a field if and only if n 1s prime

Corollary 2.25. /fn= pk for some prime p and positive integer k, then a € Z, 1s a unit

if and only 1f 1t 15 not the case that p‘a

Thusif n=p*, U(Z,)={01, p—1Lp+1, 2p-12p+1, ,p* —1} The units
of Z, are 1,3,5,7,9,11,13 and 15 Notice further that 1f n 1s composite, say n = ab , then

as elements of Z, , ab=0 Since all fields are integral domains, Z, 1s an integral

n?>

domain 1f and only 1f 7 1s prime

The Euler function ¢, counts the number of positive integers which are less than

and relatively prime to a given integer

Defimtion 2.2.6. Define ¢ N — N by ¢(n) =|{a|ged(a,n)=1,1<a < nj|

So by Lemma 2 2 3, there are ¢(n) elements in the group of units of 7,




The polynomial ring Z, [x] 1s the set of all polynomials with coefficients from

Z,,as i Defimtion2 1 10 Since Z, 1s a commutative ring with identity, Theorem

21 11 implies that Z, [x] will be as well Further, Z, 1s an integral domain 1f and only 1f
n1s prime, so Z, [x| will be an integral domain 1f and only 1f 7 1s prime  Thus, 1n the

general case, when n may not be prime, 1t 1s possible to multiply polynomials fand g and

have deg( fg) < deg( f)+deg(g)

Example 2 2.7. Let f(x)=2x”+1 and g(x)=2x"+2x+1 be polynomials over Z,
The product of fand g 1s

F(0)g(x)=4x" +4x° +2x% +2x° +2x+1=2x> +2x* + 2x +1

Let A(x)=2x+2 and k(x)=3x" +3 be polynomials over Z, The product of 4
and k 1s

h(x)k(x)=6x" +6x+6x" +6=0

Example 2.2.8 Consider f(x)=x"* +x+1asa polynomial over Z, Itis trivial to check
that / has no factors g,h e Z,[x] with | <deg(g),deg(#) <4 However, notice that
Qx+1)2x° +x* +2x7 +3x+1) =4x° +22° +4x° +6x> +2x° + x* + 267 +3x +1
=x*+x+1
So f factors as the product of two polynomials, one of which has degree greater than 4

The difficulty arises because deg(gh) # deg(g)+ deg(/) as 1s the case 1f g and /2 have

their coefficients 1n a field Thus our definition of irreducible must include a condition

on degrees

Defimition 2.29 Let f € Z [x] Ifthere exist no polynomials g,i2€ Z, [x] with
1 <deg(g),deg(h) <deg(f) such that f(x)= g(x)h(x), then f1s irreducible over Z,|x]

Thus f(x)=x*+x+1 1s rreducible over Z,
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Let n and m be positive integers such that mjn Define a function z,, Z, — Z,,

by 7([a],) =[a],,, to be referred to as the reduction of coefficients mod m function It

will be a major tool 1n what follows

Lemma 2 2.10. /fm and n are positive integers with m‘n then the reduction of

coefficients modm function, n,, Z, — Z,, 1s a well-defined homomorphism of rings

Proof 1f [a,], =[a,], then nl(a, —a,) Sosince m

n, m\(a, —a,) and
7,41, =141, =la,], =7,([a,]) Therefore z, 1s well defined

For a,be Z,
W 7z,(a], +[b],)=7,([a+b],) =[a+b], =[d], +[P], and
m  z,(al,[p),)=~,([ab],) =[ab], =[a],[P],

Now 48 and 416 so 7, Zy, > Z, and n, Z,, — Z, are well defined The

following are tables of values for the functions

Ky Zg =¥ Ly
a | m@| 4 | ma)
0 0 4 0
1 1 5 1
2 2 6 2
3 3 7 3
Table 22 11
n, Zi—>Z,
a | ma)| A4 | 7(a)
0 0 8 0
1 1 9 1
2 2 10 2
3 3 11 3
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4 0 12 0

5 1 13 1

6 2 14 2

7 3 15 3
Table 2 2 12

Even though 7, Z, - Z, and 7, Z — Z, are different functions, the notation
7, 18 used for both functions In general the domain of the function 7, 1s implied by the
context

For integers m,n with m

by zrm(ia,x'J = iﬂm(a, )x'
1=0

1=0

n , the function 7, can be defined from Z [x] toZ [x]

Since 7, Z, — Z, 1sa homomorphism, 1t follows that 7, Z [x] > Z [x]1sa

homomorphism as well

Lemma 2.2.13. /f'm and n are positive mntegers with m‘n then the reduction of

coefficients modm function n,, Z [x]— Z [x] 1s a well-defined homomorphism of

rings

Example 2 2.14 Let f(x)=6x"+3x+4 be a polynomial over Z, and let

2(x)=6x" +3x+4 be a polynomial over Z,, Now 24, 2

8, 48,3

12, and 4‘12, SO We
have

ny(g(x))=0x* +0x+1=1 where 7, Z,, > Z,,

7, (g(x))=2x" +3x+0=2x"+3x where z, Z,, > 7Z,,

7, (f(x)=2x* +3x+0=2x" +3x where 7, Z, > Z,,and

7, (f(x)=0x* +x+0=x where 7, Z, > 7Z,
We have the following composition

m(m,(f(x)=7,(2x* +3x)=0x" +x=x
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where z, Z,—>Z,and n, Z, > Z,

Notice that for any polynomial over Z, and positive integer m with m

n , the

degree of 7, ( f(x)) 1s less than or equal to the degree of f(x) This fact, and the

homomorphic properties of the reduction of coefficients function lead to the following

Lemma 2 2.15. Let f(x) be a polynomial over Z, and let m be a positive integer such

that m‘n If m does not divide the leading coefficient of f(x) and 7, ( f(x)) 1s irreducible

over Z,, then f(x) s wrreducible over Z,

Proof  Let a be the lead coefficient of / Since m does not divide a, 7, (a) # 0
So deg(r,,(f(x)))=deg(f(x)) Supposefisnotirreducible Then there exist
g,he Z [x] suchthat f(x)= g(x)h(x) for some g,he Z, with
1 <deg(g),deg(h) <deg(f) Since z, Z, — Z, 1sahomomorphism we have
7, (1 () = 7, (g(0)h(x) = 7, (g(x)7,, (h(x))
But deg(z,, (g(x)) < deg(g) and deg(z,,(h(x)) < deg(h) so
deg(7,,(g(x))),deg(z,, (h(x)) < deg(f) = deg(7,,(/(x)))

This contradicts the fact that 7z, ( f(x)) 1s irreducible [

The converse of this lemma does not always hold That 1s, if f(x) 1s irreducible

over Z, 1t 1s not necessarily the case that 7, ( f(x)) 1s irreducible

Example 2 2.16. The polynomial x* +1 1s irreducible over Z, , but

my(x* +1)=x* +1=(x* +1)(x* +1) over Z,



Since Z, 1s a field if and only if 7 1s prime, the usual Euclidean division

algorithm will not apply for arbitrary n  There 1s a generalization of the division

algorithm that holds for general commutative rings with identity

Theorem 2.2.17 [Gr, pp 56] Suppose R 1s a commutative ring with identity and
f(x),g(x)e R[x] If g(x) has leading coefficient b, then there exist a nonnegative
integer k and q(x),r(x) € R[x] such that

b* f(x) = g(x)g(x) +r(x), 211
with deg(r(x)) < deg(g(x)) or r(x)=0 Ifb s not a zero divisor in R, then q(x) and
r(x) are unique If b € U(R) we may take k =0

Example 2 2.18. Let f(x)=x"+x+1 and g(x)=2x" +x+2 be elements of Z[x]
We have

22(x* +x+1) = (2x* + x4+ 2)(2x% +2x)+ 4
That 1s,

2% f(x)= g(x)(2x* +2x) + 4

Notice that (2 1 1) implies that 1f the lead coefficient of g(x) 1s a unit, then
polynomial division by g can take place in the usual sense Take f(x)=x'+x+1 as
above but let g(x)=x>+x+2 We have

x* +x+1= (2 +x4+2)(x* +5x+5)+(4x+3), or

f(x)=g(x)(x® +5x+5)+(4x+3)

2 3. Matrices and Linear Systems over Commutative Rings

Let R be a commutative ring with identity 1 Consider the set of m x n matrices

with entries from R, denoted M

mn

(R) If m=n operations of addition, multiplication
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and scalar multiplication can be defined on this set to form a ring In this case we write

M, (R) to denote this ring

Theorem 2.3.1. [Mc, pp 8-9] Let R be a commutative ring with identity 1, and let

reR, [a,l.[b,]1e M, (R) Define addition, multiplication and scalar multiplication as

follows

(1) la,]1+[6,]1=[a, +b,],
(11) [ay][bﬂ 1=[c,] where c, = ialjbjk,

(m)  rla,]=[re,]

If m>1, M, (R) is a non-commutative ring with the mxm matrix

1 0 0 0
0 1 0 0
I=[0 0 0 O] asdentity
0 0 0
0 0 0 1

Defimition 2 3.2. Let 4=[qa,] bean mxn matrix The transpose of A, denoted A", 1s

the nxm matnx [a ]

Consider the following linear system of m equations in 7 unknowns
anX, +a,X, +ax; + +a,x, =b,

Ay X, +apX, +apX; + +a,,x, =b,

A% 0 X5 #l % ¥ Fd X =b_,

mn-"n

where each constant term 1s an element of the commutative ring R If we let 4=[q, ]

fori1=1, ,m, j=1, ,n, X =[x,x,, ,x,]" and B=[h,,b,, ,b ], the system can

2> 2Ym
then be represented by the matrix equation AX = B From this point we will consider

only the case when 4 1s mxm,1¢ the system has m equations and m unknowns The
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familiar Cramer’s Rule from elementary linear algebra extends to a method for solving

such a linear system over a commutative ring with identity

To develop the theory of Cramer’s rule requires the use of the determinant and the
adjoint of 4 For the purposes of this section, let 4 denote an m x m matrix over a

commutative ring R with identity

Definition 2 3.3. The determinant function, det A7, (R)— R 1s defined by

det(4) = ngn(a)a,a(,)aza(z) A,emy Where the sum 1s over all permutations o of

1 if o even

1723 > I,and = g
Uttty 0 St {0 fo odd

A discussion of permutations can be found n [G, pp 29-33]

Theorem 2.3 4. [Mc, pp 19] Let 4,Be M, (R) If B1s obtained from 4 by adding a

multiple of one row (column) of 4 to another row (column) of 4, then det(A) = det(B)

Defimition 2.2.5. The (1, 7) — cofactor of the mx m matrix 4 1s defined to be the
determinant of the (m—1)x(m—1) matrix A' obtained from 4 be deleting the 1" row

and ;” column of 4

Definition 2.3 6. Let 4, be the (m—1)x(m—1) matnx obtained by deleting the 1" row
and ;" column from A and let b, =(=1)"" det(4,) The adjoint of A, denoted,ad)(4),

1s defined by adj(4) =[5, I

Theorem 2.3 7. [Mc, pp 25]
A(ady(A4)) = (ad)(A4))A = det(A)/
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Corollary 2.3.7.1. [Mc, pp 79-80] If det(A4) is a unit in R, the system AX = B has a

unique solution

Proof To solve system 4X = B multiply through by ady(4) to get
adj(A)AX = adj(A)B

which by Theorem 2 3 7 and the definition of adjoint becomes
B m N
" ;(—1)‘“ det(4,,)b,
det(A4) =
X, | | D(=1)™ det(4,,)b,

=1

Since det(A4) 1s a unit we have
X = (det(A))"Z(—l)’” det(4,)b, foreach :=1 .m
J=1

and there exists a unique solution [

Corollary 2.3.7.2. If K 1s a field, there exists a unique solution to the equation AX = B
if and only 1f det(A4) # 0

Let ¢ R— S be a homomorphism of commutative rings Define

¢ M,(R)—>M,(S) by p(A)=[¢(a,)] Forexample,
el oo
c d p(c) o(d)

It 1s useful to note that ring homomorphisms respect determinants 1n the following

sense

Lemma 2 3.8. [Mc, pp 26] Let R and S be commutative rings with identities If
@ R—> S 1s a homomorphism, then det(¢p(A)) = ¢(det(A4))
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Proof
(p(det(A)) = ¢(ngn(o-)alo'(l)a20'(2) ama(m))
= ngn(a)(p(alam)(p(azm)) O(a,,(m ) SINCE @ 1s a homomorphism

= det([p(a,)])

= det(p(A))

The reduction of coefficients function 7, Z, — Z, for an integer p with p‘n 1S

a ring homomorphism and so we can apply Lemma 2 3 8 This 1s of particular use when

p 18 a prime

Corollary 23.8.1. Let Ae M, (Z,) andlet 7, Z, — Z, be the reduction of

coefficients mod p function If det(z,(4)) # 0 for each prime p such that p

n , then

det(4) 1saunmtin Z,

Proof Suppose det(A4) 1snotaunmt Lemma 2 2 3 implies that for some prime
divisor p of n, p|det(4) So z,(det(4))=0 ButbyLemma2 38,

det(z ,(A4)) = 7 ,(det(A)) so det(x,(A4)) =0, a contradiction [

2 2
Example 2 3 9. Consider the matrix 4= liz 3:| as an element of M,(Z,) We have
det(4)=(2)3)-(2}(2)=2-0=2 So m,(det(4))=0 Now

A)= 22—00 det(7,(A)) =(0)1)—(0)0)=0
A=l |5 |12y |50 dettm(4) =0~ 0x0) -
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CHAPTER 3. RELATIVELY PRIME POLYNOMIALS

Over a field, relatively prime polynomials are normally defined in terms of the

greatest common divisor of polynomials

Defimtion 3.1. If /" and g are polynomials over a field /', then f/ and g are said to be

relatively prime 1f and only 1f a greatest common divisor of / and g 1s 1

There 1s a commonly used equivalent condition for relatively prime polynomials

over fields

Lemma 3.2 7wo polynomials f and g over a field I are relatively prime if and only

if there exist polynomials s and t such that f(x)s(x)+ g(x)t(x)=1

We will need the following related result

Lemma 3.3. Let fand g be polynomals over a field I (1) If s,,t, and s,,t, are
polynomials over I such that f(x)s,(x)+ g(x)t,(x) =1 and f(x)s,(x)+ g(x)t,(x) =1,
then there exist qy,q, € I'[x] suchthat s, = fq, +s, and t, = fq, +t, (1) If fand g are

relatively prime there exist unique polynomials s' and t' of degree less than g and

respectively such that f(x)s'(x)+g(x)t'(x) =1

Proof (1) Suppose s,,f, and s,,7, satisfy f(x)s,(x)+ g(x)t,(x)=1 and
f(x)s,(x)+ g(x)t,(x)=1 Notice that fand g are relatively prime since such
polynomials exist Let A(x) and B(x) be such that

s,(x)=15,(x)— A(x) and




1Yy

1,(x)=1,(x)-B(x)
We have

1= f(x)s,(x)+ g(x)1,(x)
= f(x)(s,(x) = A(x))+ g(x)(t,(x) - B(x))
= f(x)8,(x) = f(x)A(x) + g(0)1, (x) - g(x)B(x)
=1- f(x)A(x) - g(x)B(x)

Thus f(x)A(x)= g(x)B(x) So since fand g are relatively prime, 1t must be that case
that f(x)B(x) and g(x)| A(x) Say B(x)= f(x)g,(x) and A(x)= g(x)q,(x) So

5, (x) = A(x)+5,(x) = g(x)g,(x)+ 5,(x) and
[(x)=B(x)+1,(x) = f(x)q,(x)+1,(x), as required

(1) Let fand g be relatively prime By Lemma 3 2 there exist s and 7 such that
f(x)s(x)+ g(x)(x)=1 The Euclidean algorithm gives polynomials ¢ and ¢' over /
such that

1(x)= f(x)g(x)+1'(x) with deg(r') < deg(f)

Set s'(x) = s(x)— g(x)g(x) We have
F(2)8' () + g (x) = £ (x)s(x) — g(x0)g(x))+ g(x)e(x) - £ ()q(x)

= f(x)s(x) = f(x)g(x)g(x)+ g(x)(x)— f(x)g(x)g(x)
=1

Since deg(¢') < deg( /) we must have deg(s") < deg(g), otherwise the coefficients of the
powers of x greater than 0 in f(x)s'(x) + g(x)¢'(x) would not cancel Thus, the desired
polynomials s' and /' exist If s" and "' of degree less than g and f respectively with
f(x)s"(x)+ g(x)'"(x) =1 exist then (1) implies there exist ¢, and ¢, such that

$'(x) = g(x)g, (x) + 5" (x) and

1(x) = f(2)gy(x)+1"(x)
Since deg(s'),deg(s"") < deg(g) 1t must be the case that s'(x)=s""(x) Simularly,

t'(x)=1"(x) Thus s' and ¢' are unique
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If R 1s not a field, the existence of a greatest common divisor for f,g € R[x] 1s

not assured Consequently, for the purposes of this thesis, we define relatively prime

polynomials over Z, in terms of the expression in Lemma 3 2

Defimtion 3 4. If f,ge Z [x],then f and g are relatively prime 1f and only 1f there

exist polynomials s,/ € Z,[x] such that

J(x)s(x) + g(x)(x) =1 CRY)

If polynomials f,g and % are pairwise relatively prime over a field 1t follows
that fg and £ are relatively prime The same 1s true for polynomials over Z, with the

definition of relatively prime given above

Lemma 3 5. Let f,g he Z [x] be pairwise relatively prime Then the polynomials fg

and h are relatively prime

Proof Since f,g and / are relatively prime there exist polynomials

5158,,83,,,15,1; € Z, [ x] such that the following equations hold

S+ =1
fsy +hty =1
gsy+hty =1

So (fs, +gt, ) fs, + ht,Xgs; +ht;)=1 Thus
Jol 15,8, +hs 8,1, + g8,8:1, +hS2tlt3)+h(f2s]s213 + fhst,t, + gzs31112 +ghtit,ty)=1,

and fg and 4 are relatively prime [

Given polynomials fand g over Z, , 1t 1s desirable to know when fand g are

relatively prime  Since the reduction of coefficients function 1s a homomorphism we

have
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Lemma 3.6. Let f,ge Z [x] andlet p be prime such that p(n Setrw, Z,>Z, o
be the reduciion of coefficients mod p function If fand g are relatively prime over Z,

then 7 ,(f(x)) and 7 ,(g(x)) are relatively prime over Z,,

Proof Suppose fand g are relatively prnime over Z,  So, there exist polynomials
s,t € Z,[x] such that

F(x)s(x)+ g(x)(x) = 1
Apply 7, to both sides to get

7, () =7 ,(f(x)s(x)+g(x)(x))
Since 7 1s a homomorphism we have

I=7,(f(x)x,(s(x))+7,(&(x))7,(1(x))

So 7 ,(f(x)) and 7 ,(g(x)) are relatively pime over Z [x] [

Soif f,g e Z,[x] are relatively prime then 1t 1s necessary that 7 ,(/(x)) and
7 ,(g(x)) are relatively pnime for each prime factor p of = We can now show that this

condition 1s also sufficient to find s(x) and 7(x) which satisty (3 1)

Theorem 3.7. Let f,ge Z [x] Thenfand g are relatively prime over Z, 1f and only if

7, (f(x)) and w ,(g(x)) are relatvely prime for all primes p such that pln

Proof Without loss of generality take deg(g) < deg(f)=m Itis sufficient to
look for solutions s(x),#(x) to (3 1) with deg(s),deg(r)<m—1 Let

F0=3 fx', g0 =3 g

1=0 1=0

with s and 7 defined similarly Then

2m-1 1

f(x)s(x)= Z(Zf,s,_J )x' and

=0 =0
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2m-1 1
g(x) =08, ,)x",

1=0 j=0

where f ,g, =0 for y>2m+1and s,,/, =0 for y>m So asolutionto (3 1) can be

found by equating coefficients and solving the following system of 2m equations

0  fe
X 1= fy80 + &olo

1 - -
X 0= fos, + /18 + &ty + 8o

=] . . i
-xm O - ﬁ)‘sm—l + f;‘sm—Z ¥ + g()tm—l + + gm—l’O
X" 0= fiSpat fiSmat Bl gy
x"H'I O = f‘2sm—l + j;‘sm—2 + =+ gZ’m—l + + gm—ltZ

2m-2 _ o y

X O - ./;n—l‘sm—l T .fmsn)—Z + gm—l,m—l + gmtm—Z
2m-1 — y

X " O = fm‘sm—l + gmtm-l

Consider the 2m x 2m matrix, M, which represents the coefficients of the

unknowns s, ,, ,S$,./,., »l, Inthe system

| 0/ 0 0 g
0 0 o0 f A 0 O 0 g &
fO .fl .fm—l gO gl gm—l
M: fl ./2 .fm gl gZ gm (3 2)
o 1 fm 0 & & gn O
f;n—l fm 0 O O gm—l gm
 fn 0 0 0 0 g, 0 0 0 0 |

If X 1sthe 2m -column vector of unknowns and 7'1s the 2m column vector of constants,
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- 1
8.0 0
0
x=| " and B=
tm-—l
tMvZ
0
L Lo 0]

The system can be represented by the matrix equation MX =7 Showing that f'and g are
relatively prime 1s equivalent to showing the existence of a solution to the system

Fix a prime factor p of n Consider 7 ,(f(x)) and 7 ,(g(x))as elements of
Z,[x] The system 7 ,(M)X =z (') corresponds to the equation

L=, (f(2)s'(x) + 7, () (x) (33)
So 1f there exist polynomials s',7'e Z [x] with deg(s'),deg(¢') <m -1 which satisfy
(3 3), then the system 7 ,(M)X =z ,(I') has a solution But Z, 1sa fieldand 7 ,(f(x))
and 7 ,(g(x))are relatively prime so part (11) of Lemma 3 3 implies such s' and ' exist
and are unique So there exists a unique solution €', to the equation 7 ,(M)X =7z (T')
Thus det(z,(M)) #0

Since p was arbitrary, det(z ,(M))# 0 for each prime factor p ofn So by

Corollary 2 3 8 1 det(M) 1s a unit and there exists a unique solution to MX =7 as

required [

Example 3.8 Let f(x)=6x’+x+2, g(x)=x+land A(x)=4x+2 be polynomals
over Z, We have 7,(f(x))=x, 7,(g(x))=x+1and z,(h(x))=0 So, 7,(f(x)) and
7,(g(x)) are relatively prime over Z, Thus by Theorem 3 7 f(x) and g(x) are

relatively prime over Z, Simularly, /4(x) 1s not relatively prime to f(x) or g(x)

The theory of polynomial resultants can be used provide an alternate proof of

Theorem 3 7 and a method of calculating polynomials that satisfy (3 1)
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m 1
Definition 39. Let A(x)=) a,x' and B(x)= ) bx' be polynomials of degree m and /

=0 =0
respectively over a commutative ring with identity The m+/ by m+/ matrix

[a, a,, a, 0 0 0 O]
a, 0 0 0

l - O O am am-l am—Z aO
b, b b, b, 0 0 0
0 b b, b, b, 0 0
0o 0 0 0 b b, b,

1s called the Sylvester matrix of A and B The resultant of A and B, denoted res( A4, B) 1s

defined to be the determinant of

Notice that for polynomials fand g with deg(g) <deg( /) the Sylvester matrix of
/and g 1s the transpose of the matrix A/ of (3 2) with the row order reversed Wimmer

gives a history of the development of the resultant in [W]

Theorem 3.10. [V, pp 104] Let I be a field and let f and g be polynomials over I The
resultant of fand g 1s equal to 0 if and only if f and g have a common non-constant

factor
This gives the following alternate proof of Theorem 3 7

Proof of Theorem 3 7 (=) Lemma 3 6 gives the necessary condition

(<) Suppose 7,(f(x)) and 7 ,(g(x)) are relatively prime for each prime

factor pof n Fix a prime factor p Since 7 ,(f(x)) and 7 ,(g(x)) are relatively prime

and have at least one non-zero leading coefficient, by Theorem 3 10,
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res(z,(f),7,(g))#0 Let S, denote the Sylvester matrix of 7 ,(f(x)) and 7 ,(g(x))

Now res(z,(f),7,(g))=det(S,)# 0 foreach p|n
Since the entries of the Sylvester matrix are the coefficients of the polynomials

f(x) and g(x) we have S, =7 ,(S) for each prime factor p Thus, for each p,

det(z,(S)) #0, and det(S) =res(f,g) 1s a umt by Corollary238 1 [!

So for polynomials fand g over a field, res(f,g) # 0 1f and only 1f fand g are
relatively prime The following 1s a generalization to arbitrary commutative rings with

1identity

Theorem 3.11. [C] Let R be a commutative ring with identity and let A and B be
polynomials of positive degree over R. Then there exist polynomials S and T over R such
that

AS + BT =res(A, B),
where deg(S) < deg(B) and deg(1') < deg(A)

Proof Let deg(A) = k and let deg(B)=/ Let L' be the matrix obtained from

the Sylvester matrix Z of 4 and B by multiplying the :” column by x”*"~" and adding 1t

to the last column for each 1 with 1<:/<m+n That1s

B m+l-1 m+l-2 1-1
a, 4a, a, 0 0 0 a,x +a, X S RIS o %
- -3 1
0 a, a,, i 0 0 ax""?+a, X"+ +aux"?
m m-1
[ " O O am am—l am—l? am'x + am—l X L o aO
- m+l-1 m+l-2 m-1
b, b, b, b, 0 0 bx +b,x +-+byx
& L =
b, b, by, b, 0 bx™7+b_ x"+  +hx™?
0 0 0 0 b b, bx'+b_ x""+ +b,
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—U,,. a, a 0 0 0 A(x)x"™"]
0 a, a,, a 0 0 AQx)x"?
_ 0 O m am»l umfZ A('x)
b, b, b, b, 0 0 B(x)x™
b, b, b, by, 0 B(x)x"?
| 0 0 0 0 & b, B(x)

Since S' 1s obtained by adding multiples of columns of Z to L, by Theorem 2 3 4 we have
det(L) =det(L')=res(A4,B) By expanding the determinant with respect to the last
column of L' we can see that the determinant 1s equal to
A()x"'D = AX)XPD,+  + (=) A(x)D, + (=) B(x)x""'D,,,
+(=)"Bx)x" 2Dy, + + (=1 B(x)D,,,,
= A D, - x"2D, +  +(=1)"'D,)
# BT 2™ D, + (122D, + -+ (=)D, )

” row of L', and 1s therefore a

Where each D, 1s the cofactor of the last column and the :
sum and product of elements from £ (Notice that the D, are actually cofactors of the

matrix / since ' and L differ only in the last column )

The result 1s obtained 1f we set
S(x)=x"'D,-xD,+ +(-1)"'D, and

T(_x) = (_])I+2 xm_l[)”] 3 (_])I+3 xnl—2D1+2 4 + (__l)l+m+l D

l+m

Let fand g be polynomals over Z, If 7 ,(f(x)) and 7 ,(g(x)) are relatively
prime over Z [x] for each prime factor p of n, then Theorem 3 7 states that fand g are

relatively prime  That 1s there exist 5,7 € Z, [x] with f(x)s(x)+ g(x)t(x)=1 The proof

of Theorem 3 11 implies that the coefficients of s and 7 can be obtained by calculating the

cofactors of a certain matrix

We have



s(x)=x"'D,-x’D,+ +(-1)"'D, and

,(x) — (_1)1*—2'\,!"—] I)IH +(_1)/+3xm—21)l+2 +

+ (_l)l+m+l D

where deg(f)=m, deg(g) =1 and each D, 1s the cofactor of the last column and the "

row of the Sylvester matrix S of fand g

Example 3.12. Let f(x)=x"+x’ +1 and g(x)=3x" +1 be polynomials over Z,
Since 7,(f(x))=x’+x* +1 1s irreducible over Z, and deg(z,(f)) > deg(r,(g))we

have 7,( f(x)),7,(g(x)) relatively prime, so the resultant of f and g should be a unit

Since deg( /) =3,deg(g)=2 wehave m=3,/=2 The Sylvester matrix of fand

g1s
1 0
0 1
S=|3 1
0 0
3

S W O = =

0

1
0
0
1
0

0
1
0
0
1

and res(f,g)=det(S)=1

So the resultant of f'and g 1s a unit as expected

The 1" cofactor D, 1s equal to

det

L) O =
o = O O

1
0
3
0

S O W O

The other cofactors are calculated similarly to get D, =2, D, =1,D, =1,D; =3

We have
s(x)=x"'D,-x*?D,
=x(1)-(1)2
=x-2

t(X) = (_1)2+2 x3—11)3 + (_1)2+3 D4x3_2 + (_ 1)2+4 x3—31)5

= x*(1)=x(1)+ x(3)

=x’-x+3

with f(x)s(x)+ g(x)(x)=1




CHAPTER 4 THE RING Z |x]/ < f > ANDITS UNITS

Let f be a polynomial over Z, Consider the set
< f>={geZ,[x]|3he Z,[x]suchthat g(x)= f(x)h(x)} < f > 1sasubringof Z [x]
with the property that if 7(x) € Z, [x] and g(x)e< f > then r(x)g(x)e< f > Foreach
geZ[x] g+< f>1stheset {g+h|he< f >} Suchasetiscalleda coset of < f >

The following lemma relates cosets g+ < f > and h+< [ >

Lemma 4.1 Let f, g and h be polynomials over Z, The cosets g+ < > and

h+ < f > are equal if and only Iff(x)lg(x) — h(x)

Proof (=) Suppose g+< f>=h+< f>,andlet se g+< f > We have
s(x)=g(x)+ f(x)q,(x)= h(x)+ f(x)q,(x) for some q,,q, € Z,[x] Thus
g(x)=h(x) = f(x)q,(x) - q,(x))

(=) I (x)‘ g(x)—h(x) then there exists a polynomial ¢ such that
g(x)=h(x)= f(x)q(x) So

s(x)g+ < f > s(x) = g(x)+ f(x)t(x) forsomer € Z, [x]

= h(x) + f(x)g(x) +1(x)
= h(x)+ f(x)g(x)+1(x))

S s(x)eh+< f>

The set of all cosets of < f > 1s denoted Z [x]/ <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>