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Abstract 

Many aspects of polynomials over fimte fields have been studied In this thesis 

we prove results for polynomials over mteger rmgs that are analogous to known results 

regardmg polynomials over fimte fields A defimt10n of relatively pnme for two 

polynom1als over an mteger rmg 1s given Lmear algebra and the theory of resultants are 

used to give two proofs for necessary and sufficient cond1t10ns for two polynom1als to be 

relatively pnme over certam mteger rmgs We then examme the quotient nng formed by 

the rmg of polynomials over an mteger nng mod a momc polynom1al / The existence of 

an order for certam polynomials over the integers mod n 1s exh1b1ted and a bound 1s given 

for the maximum order of polynomials over the mtegers mod 2k Fmally, we prove 

theorems that can be used to simplify the calculat1on of the order of particular 

polynomials 

Exammers 
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CHAPTER 1 INTRODUCTION 

The structure of fimte fields and the behavior of polynom1als over those fields are 

topics that have been thoroughly researched There are also many appltcat10ns of the 

theory of polynom1als over finite fields However, computations involvmg fimte fields 

are large and complex Calculat10ns involving mteger rmgs with operat10ns of add1t1on 

and mult1phcat10n modulo n are more transparent, but 1f n 1s not pnme, the integer ring 

Z,, has zero d1v1sors and 1s not a field A particular drawback to this 1s that 1f n 1s not 

pnme, only a weak vers10n of the d1v1s10n algonthm 1s available m the polynomial nng 

Z,,[ x] Nevertheless, the calculat1on of tables of polynomials of small degree with 

coefficients m Z,, for small values of n, indicates the presence of a structure theory for 

Z,,[x], which has certain analogies with that of GF(q)[x] This thesis presents theorems 

regarding the behav10r of polynom1als over integer nngs that are analogous to existing 

theorems for polynomials over fimte fields As a small example, the tables empmcally 

predict the existence of the "order" for a moruc polynom1al in Z,,[x] whose constant term 

1s a umt At the begmmng of Chapter 5, we prove the existence ofth1s order 

Chapter 2 1s intended to provide the reader with enough algebraic background to 

understand the subsequent chapters Section 2 1 gives the basic defimt1ons and results 

from algebra that are referred to m this thesis In Sect10n 2 2 the integer nngs Z,, and 

polynomials over these nngs are discussed These concepts are fundamental for the 

content of the following chapters Sect10n 2 3 provides a short background m matnces 

and hnear systems wtth coefficients in a commutative nng wtth 1dent1ty 

In Chapter 3 we define what it means for a pau of polynomials in Z,,[x] to be 

relatively pnme To wit, f( x) and g(x) are relatively pnme in Z,, [x] 1fthere are s(x) 



and t(x) in Z,, [x ] such that 1 = f (x)s(x)+ g(x)t (x ) Our maJor result in this chapter 

gives a necessary and sufficient cond1t1on, in terms of "reduction of coefficients 

homomorphisms", for polynomials to be relatively pnme A second proof of this result 1s 

given by expanding a proof in [C] This second proof provides a method for find mg 

s(x) and t(x ) 

In Chapter 4 the results of Chapter 3 are used to shed hght on the group of 

invertible elements (umts) in the quotient nng Z,,[x ]/ < f > Here we only assume that 

f( x) 1s momc in Z,,[x] The umts in this quotient rmg are closely related to the 

polynomtals that are relatively pnme to f (x) The sharpest results occur when n =pk, 

pa pnme We believe that the mam results m this section are new 

In Chapter 5 we prove the existence of an order for momc polynomials f (x) in 

Z,, [x] With / (0) a unit In Sect10n 5 2 knO\:vn results regardmg polynomials over finite 

fields are used to produce a bound for the order of polynomials over Z2 In Sect10n 5 3 

this bound 1s generalized to polynomtals over the integers mod 2k This result 1s also 

thought to be new In Section 5 4 the calculat1on of the order of a polynomtal 1s 

discussed m hght of previous results in Chapter 4 and Chapter 5 

Fmally, Chapter 6 gives suggest10ns for future study based on the results 

presented in this thesis and results found m the research process 



CHAPTER 2. ALGEBRAIC PRELIMINARIES 

2 1 Defimtlons and Basic Theorems 

Most of the defirut1ons and theorems given later m this thesis mvolve special 

cases of the followmg baste algebraic prehmmanes Concrete examples of these objects 

and their properties w1ll be included as the special cases are mtroduced See [G] for a 

d1scuss1on of some of the basic concepts and results 

Defimtmn 2.1.1. A group is a nonempty set G and a closed bmary operation* defined 

on G such that 

(1) For each a,b,c E G a* (b * c) =(a* b) * c, that 1s * 1s assoc1at1ve 

(11) There exists an identity l E G so that for each a E G a* 1 =a= 1 * a 

(m) For each a E G there exists b E G wtth a* b = 1 = b * a b 1s called the 

mverse of a and 1s usually denoted a-' 

If the bmary operation 1s denoted*, the group G wtth operation* 1s denoted (G,*) We 

wtll frequently wnte ab mstead of a* b 1f no confusion can anse 

If the operation * 1s commutative for all elements, G 1s said to be an abelzan 

group 

Defimtmn 2 1.2. The order of a group G, denoted ord(G) 1s the cardmaltty of the set G 

Defimtmn 2.1.3. A nonempty subset Hof G 1s a subgroup if 1t ts a group wtth the 

operat10n mhented from G 

j 



Consider an element a of a group G Let <a>= {ak lk E Z} where a 0 = 1 and 

a -k = (a -'/ forpos1hvek The set <a> 1sasubgroupof G [G, pp41] 

4 

Defimtlon 2.1 4. Let G be a group wntten multJpltcat1vely with identity 1 and let a E G 

The subgroup <a>= {a.1. lk E Z} 1s called the cyclic subgroup generated by a The order 

of a, denoted ord(a) , 1s the cardmaltty of < a> 

If ord(a) 1s fimte then ord(a) 1s the smallest positive mteger t such that a1 = l 

Theorem 2.1.5. (Lagrange's Theorem) Let G be afimte group If Hts any subgroup of 

G then ord(H )!ord(G) 

As a consequence 1f G 1s fimte and a E G then ord( a )lord( G) If ord( a) = s and 

ord(G) =st , then a 0rd
(G) = a st = (a 5 )1 = 11 = 1 

Defimtmn 2.1 6 A rmg 1s a nonempty set R With bmary operat10ns of add1t10n and 

mult1phcat10n defined on R, denoted + and by or by JU.Xtapos1t1on, such that 

(1) (R,+) 1s an abehan group wtth identity 0 

(n) For each a,b,c ER a(bc) = (ab)c, that 1s mult1phcat10n 1s associative 

(111) The left and nght d1stnbut10n laws hold a(b + c) =ab+ ac and 

(b + c)a = ba + ca for all a,b,c E R 

If the operat10n of mult1phcat1on commutes for all elements, R 1s said to be a 

commutallve rmg lf there exists an element 1 ER such that l(a) = (a)l = a for all 

a -:t O, that 1s R has a multtphcatlve identity, then we say R 1s a rmg wtth 1dent1ty 
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Defimtaon 2.1 7. Let R be a nng With identity 1 and let a E R If a has a mult1phcative 

mverse, an element a-' of R such that a-'a = 1 = aa -' , then a is called a umt The set of 

all umts m R is denoted U (R) 

Notice that IE U (R) and If a E U (R) then a-' E U (R) smce (a -' r' = a 

Moreover, 1f a,b E U(R) then (abr' = b-'a -' so ab E U(R) So smce mult1phcat10n IS 

assoc1at1ve by the defimt1on of a nng, U(R) is a mult1phcative group [Gr, pp 49] U(R) 

IS called the group of umts of R 

Defimtion 2.1.8. Let R be a commutative nng With identity 1 If a and bare non-zero 

elements of R with ab= 0, then a and bare said to be zero d1v1sors R is called an 

mtegral domam 1f 1t contams no zero d1v1sors 

Defimt10n 2.1 9. Let R be a commutative rmg With 1dent1ty 1 If every non-zero element 

of R 1s a umt, then R 1s afield 

Thus 1f F 1s a field, the set F \ {O} , 1s an abehan group WI th respect to 

mult1phcat1on 

Let F be any field Suppose a and bare non-zero elements of F, such that ab= 0 

Smee F 1s a field we have b = a -1 ab = a-' 0 = 0 , a contrad1ct1on smce b 1s non-zero 

Thus every field 1s an mtegral domam 

If R is any nng, the set of polynomials over R can be defined m the usual sense 

Defimt1on 2.1.10 A polynomwl over a rrng R 1s an express10n of the form 

f(x) = a0 + a,x+ a 2x2 + + a"'x"' where a0 , ,am ER and mis a positive mteger Let 

R[x] denote the set of all such polynomials R[ x] , along with usual polynomial 

mult1phcat10n and add1t10n 1s a rmg called the polynomtal rmg over R [LN, pp 19] 
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If f(x) = a0 + a,x + a2x 2 + + amxm the degree off, denoteddeg(f) JS the 

largest integer 1 such that a, * 0 This coefficient a, 1s referred to as the lead coefficrent 

off A monrc polynom1al 1s one whose lead coefficient 1s equal to 1 A polynomial 

/(x) 1s the zero polynomial 1f and only 1f a, = 0 for all , 

Many of the properties of the rmg Rare mhented by the polynomial rmg R[x] 

Theorem 2.1 11. [LN, pp 20] Let R be a nng Then 

(r) R[x] rs commutatrve if and only ,JR rs commutatrve 

(u) R[x] 1s a ring with zdentrty if and only if R rs a ring with 1dentrty 

(m) R[ x] 1s an integral domain if and only if R 1s an mtegral domam 

When the nng R is a field, the usual Euchdean d1v1s10n algonthm holds for R[ x] 

That 1s, 1f F 1s a field with f, g E F[x], then there exist polynom1als q,r E F[x] such that 

f(x) = g(x)q(x) + r(x) with deg(r) < deg(/) or r(x) = 0 

If F 1s a field, a polynom1al f E F[x] 1s called 1rreduc1ble 1f there no polynomials 

g and hover F such that /(x) = g(x)h(x), 1 ~ deg(g),deg(h) For a field F, the 

polynomial rmg F[x] 1s a umque factonzat1on domam That 1s every element of F[x] 

can be written uniquely as a product of meduc1ble elements 

Funct10ns from one nng mto another which presef\'e operations are referred to as 

homomorphisms 

Defimtmn 2.1.12. Let Rand S be rmgs If rp R ➔ S 1s a function such that 

(1) <p(a+b)=rp(a)+rp(b) and, 

(n) <p(ab) = rp(a)rp(b) 

for all a, b E R Then rp 1s a homomorphism of rmgs If rp 1s a b1Ject10n, then rp 1s 

called an 1somorph1sm, and R and Sare said to be 1somorph1c 



2.2 The Rmgs Zn and Znlxl 

Let n be a pos1t1ve mteger Define a relation of congruence on the mtegers by 

a= b(modn) 1f and only 1f n/(a-b) Congruence 1s an eqmvalence relation on Z [G, 

I 

pp44] If Zn ={[0],[1], ,[n - 1]} where [1]= {a/a===1(modn)},then Z
11 

1sapart1t1onof 

Z mto eqmvalence classes When two or more sets Zm and Z
11 

are discussed, the classes 

are usually mdexed [a] m and [a]
11 

respectively 

Theorem 2.2 1. [G, pp 144] Let n be a post11ve mteger Define add1t10n and 

mult1pltcat10n on Zn asfollows 

(1) [a] + [ b] = [ a + b]. 

(11) [a][ b] = [ab] 

Then Zn 1s a commutative nng with add1ttve 1denllty {OJ and mult1pltcat1ve 1dent1ty {I} 

Example 2.2.2. Z, 6 = {[O] ,[l],[2], ,[15]} 

Examples of operations on 216 mclude 

[O] + [2] = [2] 

(4][4] = [16] = [O] 

[3][11] = [33] = [1] 

For convenience we WJll refer to the elements of Z,, as 0, 1,2, ,n-1 where the 

equivalence classes are Imphed FolloWJng the example we have ( 4)( 4) = 0 and 

(3)(11) = 1 as elements of 2 16 Further the notat10n Zn WIii Imply that n 1s a positive 

mteger 

If a,n E z+ then the greatest common d1V1sor of a and n is defined m the usual 

way lt1safactthat gcd(a,n)=l 1fandonly1fthereex1st s,tEZ+ such that as+nt=l 
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Now consider a nonzero element a of Z,, There exists b E Z,, such that ab = 1 1f and 

only 1f nlab -1, 1f and only 1f there exists a pos1t1ve mteger c such that en= ab - 1 That 

1s, there exists an mverse b of a 1f and only 1f there exists c such that 1 = ab - en Thus 

the followmg lemma holds 

Lemma 2 2.3 [G, pp 133] Let a E Z,, be nonzero Then a has a mulllplrcatrve mverse, 

(that zs a 1s a umt), if and only if gcd( a, n) = 1 

If n 1s pnme, then n 1s relatively pnme to all the non-zero pos1t1ve mtegers less 

than or equal ton so we have 

Corollary 2.2.4. Z,, 1s a field if and only if n ts pnme 

Corollary 2.2 5 If n = pk for some pnme p and positive mteger k, then a E Z
11 

1s a umt 

?land only if 11 1s not the case that pla 

Thus 1f n =pk , U(Z,,) = {0,1, p-1,p + 1, ,2p- l,2p + 1, ,pk -1} The umts 

of Z 16 are 1,3,5,7,9, 11 , 13 and 15 Notice further that 1f n 1s composite, say n =ab, then 

as elements of Z,, , ab = 0 Smee all fields are mtegral domams, Z
11 

1s an integral 

domain 1f and only 1f n 1s pnme 

The Euler funct10n ¢, counts the number of pos1t1ve integers which are less than 

and relatively pnme to a given integer 

Defi01t1on 2 2 6 Define¢ N ➔ N by </J(n) = l{a I gcd(a,n) = 1, ls as n}I 

So by Lemma 2 2 3, there are </J(n) elements m the group of umts of Z,, 



The polynomial nng Z,,[x] 1s the set of all polynomials with coefficients from 

Z,, , as m Defimt1on 2 1 10 Smee Z,, 1s a commutative nng with identity, Theorem 

2 1111mphes that Z,, [x] will be as well Further, Z,, 1s an integral domam 1fand only 1f 

n 1s pnme, so Z,,[x] will be an integral domain 1f and only 1f n 1s pnme Thus, in the 

general case, when n may not be pnme, 1t 1s possible to multiply polynom1alsf and g and 

have deg(fg) < deg(/)+ deg(g) 

Example 2 2.7. Let f(x) = 2x2 + 1 and g(x) = 2x3 + 2x + 1 be polynom1als over Z4 

The product off and g 1s 

f(x)g(x) = 4x5 + 4x3 + 2x 2 + 2x3 + 2x + l = 2x 3 + 2x2 + 2x + 1 

Let h(x) = 2x + 2 and k(x) = 3x5 + 3 be polynom1als over Z6 The product of h 

and k ts 

h(x)k(x) = 6x6 + 6x + 6x 5 + 6 = 0 

Example 2.2.8 Consider f(x) = x4 + x + I as a polynom1al over Z4 It 1s tnv1al to check 

that f has no factors g,h E Z4 [x] with 1::::; deg(g),deg(h) < 4 However, notice that 

(2x+ IX2x5 +x4 +2x2 +3x+ 1) = 4x6 +2x5 +4x3 +6x2 + 2x5 +x4 + 2x2 +3x+ 1 

= x 4 +x+I 

So/factors as the product of two polynom1als, one ofwh1ch has degree greater than 4 

The difficulty anses because deg(gh) * deg(g) + deg(h) as 1s the case 1f g and h have 

their coefficients in a field Thus our defimt10n of 1rreduc1ble must mclude a cond1t1on 

on degrees 

Defimt1on 2.2 9 Let f E Z,, [x] If there exist no polynomials g,h E Z,,[x] with 

l::::; deg(g), deg(h) < deg(/) such that f(x ) = g(x)h(x), then/ 1s rrreducrble over Z,,[x] 

Thus f( 'C) = x 4 + x + 1 1s meduc1ble over 2 4 
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Let n and m be pos1t1ve integers such that mjn Define a function nm Z,, ➔ Zm 

by n([a],,) = [a]m , to be referred to as the reductwn of coefficrents modmfunctwn It 

will be a maJor tool m what follows 

Lemma 2 2.10. If m and n are posllrve mtegers with min then the reductwn of 

coefficrents modm functwn, nm Z,, ➔ Zm, 1s a well-defined homomorphism of nngs 

Proof If (a1 ],, = [a2 ],, then nj(a1 - a2 ) So smce mjn , mj(a1 - a2 ) and 

Jrn,([al ],,) = [al lm = [a2lm = Jrm([a2D Therefore J[m lS well defined 

For a,b E Z,, 

(1) n 111 ((a],, +(b],,) = n 111 ((a +b],,) = [a +b]m = [a]m +[b]m and 

(11) nm((a]Jb],J = n 111 ([ab],,) = [ab]m = [a]m[bln, □ 

Now 4\8 and 4116 so n 4 Z8 ➔ Z4 and rr4 Z16 ➔ Z4 are well defined The 

following are tables of values for the functions 

n4 Z8 ➔ Z4 

a n 4 (a) a n4 (a) 
0 0 4 0 

l 1 5 1 

2 2 6 2 

3 3 7 3 

Table 2 2 l l 

lr4 Z 16 ➔ z4 
a 7r4(a) A 7r4(a) 

0 0 8 0 

1 I 9 1 

2 2 10 2 

3 3 11 3 
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4 0 12 0 

5 1 13 1 

6 2 14 2 

7 3 15 3 

Table 2 2 12 

Even though n 4 Z 8 ➔ Z 4 and n 4 2 16 ➔ Z 4 are different funct10ns, the notat10n 

n 4 1s used for both functions In general the domam of the function n,, 1s 1mphed by the 

context 

For integers m,n with min, the function ,r"' can be defined from Z,Jx] toZ"'[x] 

by "•(t.a,x') = t,n.(a, )x' 
Smee Jfm Z,, ➔ zm IS a homomorphism, lt follows that Jfm Z,,[x] ➔ Z,,,[x] IS a 

homomorphism as well 

Lemma 2.2.13. If m and n are posztrve mtegers wzth min then the reductwn of 

coefficients modm functwn Jr"' ZJx] ➔ Zm[x] 1s a well-defined homomorphism of 

rmgs 

Example 2 2.14 Let f(x) = 6x4 + 3x + 4 be a polynomial over Z8 and let 

g(x) = 6x 4 + 3x + 4 be a polynomial over Z12 Now 214, 218 , 418 , 3112, and 4112, so we 

have 

Jr3 (g(x))=Ox 4 +Ox+l=l where Jr3 Z 12 ➔ Z3 , 

Jr4 (g(x)) = 2x4 +3x+O = 2x4 +3x where n 4 Z 12 ➔ Z 4 , 

Jr4 (f(x)) = 2x4 +3x+O = 2x4 +3x where n 4 Z8 ➔ Z4 , and 

n 2 (f(x)) = Ox4 + x + 0 = x where Jr2 Z8 ➔ Z2 

We have the followmg compos1t10n 

ff 2 (ff4 (f(x)))=ff2 (2x 4 +3x)=Ox4 +x=x 



Notice that for any polynomial over Z,, and pos1t1ve mteger m w1th min , the 

degree of ;r"'(/(x)) 1s less than or equal to the degree of f(x) This fact, and the 

homomorphic properties of the reduction of coefficients function lead to the followmg 

12 

Lemma 2 2.15. Let f(x) be a polynomtal over Zn and let m be a postt1ve integer such 

that min ff m does not d1v1de the leading coefficient off(x) and ;rm(f(x)) 1s 1rreduc1ble 

over Zm, then f(x) 1s 1rreduc1ble over Zn 

Proof Let a be the lead coefficient off Smee m does not d1v1de a, ;r"'(a) -t=- 0 

So deg(1r"'(/(x))) = deg(f(x)) Suppose/ 1s not meduc1ble Then there exist 

g,h E Z,,[x] such that f(x) = g(x)h(x) for some g,h E Z,, wtth 

1 ~ deg(g),deg(h) < deg(/) Smee ;r"' Z,, ➔ Zm 1s a homomorphism we have 

trm(f(x)) = trm(g(x)h(x)) = 1rm(g(x))1rm(h(x)) 

But deg(;r"'(g(x)) ~ deg(g) and deg(;r"'(h(x)) ~ deg(h) so 

deg(;r"'(g(x))),deg(;r"'(h(x)) <deg(/)= deg(;rm(f(x))) 

This contradicts the fact that ;rm(f(x)) 1s meduc1ble □ 

The converse of this lemma does not always hold That 1s, tf f(x) 1s 1rreduc1ble 

over Z,,, tt ts not necessanly the case that ;rm(f(x)) 1s 1rreduc1ble 

Example 2 2.16. The polynomial x 4 + 1 1s meduc1ble over Z4 , but 

1r2 (x 4 + 1) = x 4 + 1 = (x 2 + 1)(x2 + 1) over Z2 



Smee Z,, 1s a field 1f and only 1f n 1s pnme, the usual Euclidean d1v1s1on 

algonthm will not apply for arbitrary n There 1s a generahzat1on of the d1v1s10n 

algonthm that holds for general commutative rmgs with 1dent1ty 

Theorem 2.2.17 [Gr, pp 56] Suppose R 1s a commutative rmg with identity and 

f(x),g(x) E R[x] If g(x) has leadmg coefficient b, then there exist a nonnegattve 

mteger k and q(x),r(x) E R[x] such that 

bk f(x) = g(x)q(x) + r(x), (2 I I) 

with deg(r(x)) < deg(g(x)) or r(x) = 0 lf b 1s not a zero d1v1sor m R, then q(x) and 

r(x) are umque If b E U ( R) we may take k = 0 

Example22.18. Let f(x)=x 4 +x+l and g(x)=2x2 +x+2 be elements of Z6 [x] 

We have 

22 (x4 +x+l)=(2x2 +x+2)(2x2 +2x)+4 

That 1s, 

22 f(x) = g(x)(2x 2 + 2x) + 4 

Notice that (2 1 1) implies that 1f the lead coefficient of g(x) 1s a umt, then 

polynom1al d1v1s1on by g can take place m the usual sense Take f(x) = x 4 + x + 1 as 

above but let g (x) = x 2 + x + 2 We have 

x 4 + x + 1 = (x 2 + x + 2)(x 2 + 5x + 5) + ( 4x + 3), or 

f(x) = g(x)(x 2 + 5x + 5) + ( 4x + 3) 

2 3. Matnces and Lmear Systems over Commutative Rmgs 

13 

Let R be a commutative rmg with identity l Consider the set of m x n matrices 

with entnes from R, denoted Mm,, ( R) If m = n operat10ns of add1t10n, mult1phcat1on 
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and scalar mult1phcat10n can be defined on this set to form a rmg In this case we wnte 

M m( R) to denote this nng 

Theorem 2.3 1. [Mc, pp 8-9] Let R be a commutative nng wlth 1dentlly 1, and let 

r ER, [au],[bu] E M,,,(R ) Define add1t10n, mulllplicatwn and scalar mulllphcatw n as 

follows 

m 

(11) [au ][b1. ] = [c,k] where c,k = Iaub;k, 
; =I 

If m > 1, M"' ( R) 1s a non-commutaflve rmg w1th the m x m matrix 

1 0 0 0 

0 1 0 0 

I= 0 0 0 0 as 1dentlfy 

0 0 1 0 

0 0 0 1 

T Defimbon 2 3.2. Let A = [au] be an m x n matnx The transpose of A, denoted A , 1s 

the n x m matnx [a
1
,] 

Consider the followmg lmear system of m equations m n unknowns 

where each constant term 1s an element of the commutative rmg R If we let A = [a l/ ] 

for 1=1, ,m , J=l , ,n , X =[x1,x 2 , ,x,,f and B=[b1,b2 , , bmf , thesystemcan 

then be represented by the matnx equation AX = B From this pomt we WIII consider 

only the case when A 1s m x m, 1 e the system has m equat10ns and m unknowns The 



familiar Cramer's Rule from elementary lmear algebra extends to a method for solvmg 

such a lmear system over a commutative nng with 1dent1ty 
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To develop the theory of Cramer's rule reqmres the use of the determmant and the 

adJomt of A For the purposes of this section, let A denote an m x m matnx over a 

commutative rmg R wtth 1dent1ty 

Defimtton 2 3.3. The determmant function, det M"'(R) ➔ R 1s defined by 

det(A) = Isgn(o-)a1a(lla2a<2 > ama(m) where the sum IS over all permutations o- of 
(T 

{
1 if o- even 

{1,2, , n}, and sgn( o-) = 
0 if o- odd 

A d1scuss1on of permutations can be found m [G, pp 29-33] 

Theorem 2.3 4 [Mc, pp 19] Let A,B E Mm(R) If B 1s obtamed from A by addmg a 

multiple of one row (column) of A to another row (column) of A, then det(A) = det(B) 

Defimtrnn 2.2.5. The (1, J) - cofactor of the m x m matnx A 1s defined to be the 

determmant of the ( m - l) x ( m -1) matnx A' ob tamed from A be deletmg the t"' row 

and /'' column of A 

Defimt1on 2.3 6. Let Au be the (m -1) x (m-1) matnx obtamed by deletmg the t"' row 

and /'' column from A and let by = (- Iy+1 det(AY) The a<.yomt of A, denoted, adJ( A), 

IS defined by adJ(A) = [by r 

Theorem 2.3 7. [Mc, pp 25] 

A(adJ(A)) = (adJ(A))A = det(A)I 



Corollary 2.3.7.1. [Mc, pp 79-80] If det(A) 1.s a umt m R, the system AX= B has a 

unique solutwn 

Proof To solve system AX = B multiply through by adJ(A) to get 

adj(A)AX = adj(A)B 

which by Theorem 2 3 7 and the defimt1on of adJomt becomes 

Smee det(A) 1s a umt we have 

m 

x, =(det(A)f1I (- I)'+1 det(A
1
,)b

1 
foreach 1=1, ,m 

J= I 

and there exists a umque solut10n □ 
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Corollary 2.3.7.2. If K 1s afield, there exists a unique solutwn to the equatwn AX = B 

if and only if det(A) =t- 0 

Let cp R ➔ S be a homomorphism of commutative nngs Define 

cp Mm(R) ➔ Mm(S) by cp(A) = [cp(alJ )] For example, 

cp([a b ]J = [cp( a) cp( b )] 
c d cp(c) cp(d) 

It 1s useful to note that nng homomorphisms respect determmants m the followmg 

sense 

Lemma 2 3.8. [Mc, pp 26] Let R and S be commutative nngs with 1denfll1es If 

cp R ➔ S 1s a homomorph1sm, then det(cp(A)) = cp(det(A)) 



Proof 

q>(det(A)) = q>(Isgn(a")alu(IP20-(2) amo-(m)) 
lT 

= Isgn(a")q>(a1,,.<1>)q>(a2,,.c2>) q>(amo-( m)) smce q> 1s a homomorphism 
lT 

= det([q>(ay )]) 

= det(q>(A)) □ 
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The reduction of coefficients function re P Z 11 ➔ Z P for an integer p W1th pin 1s 

a rmg homomorphism and so we can apply Lemma 2 3 8 This 1s of particular use when 

p 1s apnme 

Corollary23.8.1. Let AEM"'(Z,,) and let rep Z
11 
➔ ZP bethereduct10nof 

coefficients mod p funct10n If det(re P (A)) -:f. 0 for each pnme p such that pin , then 

det(A) IS a umt m z/1 

Proof Suppose det(A) 1s not a umt Lemma 2 2 3 1mphes that for some pnme 

d1v1sor p of n , p ldet(A) So re P ( det(A)) = 0 But by Lemma 2 3 8, 

det(re P(A)) = re /det(A)) so det(re P (A))= 0 , a contradiction D 

Example 2 3 9. Consider the matnx A=[~ ~] as an element of M2 (Z,) We have 

det(A)=(2)(3)-(2)(2)=2-0=2 So re2 (det(A))=0 Now 

1r2 (A) = 1r,([~ !]) = [~ ~ l so det(,r2 (A))= (0)(1)-(0XO) = 0 



CHAPTER 3. RELATIVELY PRIME POLYNOMIALS 

Over a field, relatively pnme polynomials are normally defined m terms of the 

greatest common d1v1sor of polynomials 
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Defimt10n 3.1. If / and g are polynomials over a field F , then f and g are said to be 

relatively pnme 1f and only 1f a greatest common d1v1sor off and g 1s 1 

There 1s a commonly used eqmvalent cond1t10n for relatively pnme polynomials 

over fields 

Lemma 3.2 Two polynomtals f and g over a field F are relat1vely pnme if and only 

if there exist polynomzals s and t such that f(x)s(x) + g(x)t(x) = 1 

We will need the following related result 

Lemma 3.3. Let/ and g be polynomtals over afield F (1) If s1 ,11 and s2,t2 are 

polynomtals over F such that f(x)s,(x)+ g(x)t,(x) = 1 and f(x)s 2(x)+ g(x)t2 (x) = l, 

then there exist q1 ,q2 E F[x] such that s, = fq, + s2 and !1 = fq 2 + t2 (u) If/ and g are 

relatively pnme there exist umque polynomtals s' and t' of degree less than g and/ 

respecllvely such that f(x)s'(x) + g(x)t'(x) = 1 

Proof (1) Supposes, ,t, and s2 ,t2 satisfy f(x)s 1 (x) + g(x)t1 (x) = 1 and 

f(x)s 2 (x) + g(x)t2 (x) = 1 Notice that/ and g are relatively pnme smce such 

polynomials exist Let A(x) and B(x) be such that 

s2 (x)=s,(x)-A(x) and 



We have 

1 = f(x)s 2 (x)+ g(x)t2 (x) 

= f(x)(s, (x)- A(x))+ g(x)(t, (x)- B(x)) 

= f(x)s, (x)- f(x)A(x) + g(x)t, (x)- g(x)B(x) 

= 1- f(x)A(x) - g(x)B(x) 

Thus f(x)A(x) = g(x)B(x) So smce/ and g are relatively pnme, 1t must be that case 

that f(x)IB(x) and g(x) I A(x) Say B(x) = f(x)q 2 (x) and A(x) = g(x)q, (x) So 

si(x) = A(x) + s2 (x) = g(x)q1 (x) + s2 (x) and 

t, (x) = B(x) + f 2 (x) = f (x)q2 (x) + t2 (x), as reqmred 

(11) Let/ and g be relatively pnme By Lemma 3 2 there exists and t such that 

f(x)s(x) + g(x)t(x) = l The Euclidean algonthm gives polynom1als q and t' over F 

such that 

t(x)= f(x)q(x)+t'(x) with deg(t') < deg(/) 

Set s'(x) = s(x)- g(x)q(x) We have 

f(x)s'(x) + g(x)t'(x) = f(x)(s(x)- g(x)q(x))+ g(x)(t(x)- f(x)q(x)) 

= f(x)s(x)- f(x)g(x)q(x) + g(x)t(x)- f(x)g(x)q(x) 

=1 

l':I 

Smee deg(t') < deg(/) we must have deg(s') < deg(g), otherwise the coeffic1ents of the 

powers of x greater than Om f(x)s'(x) + g(x)t'(x) would not cancel Thus, the desired 

polynom1als s' and t' exist Ifs" and t" of degree less than g and/ respectively with 

f(x)s"(x) + g(x)t"(x) = 1 exist then (1) 1mphes there exist q1 and q2 such that 

s'(x) = g(x)q, (x) + s"(x) and 

t'(x) = f(x)q 2 (x)+t"(x) 

Smee deg(s'),deg(s") < deg(g) 1t must be the case that s'(x) = s"(x) S1m1larly, 

t'(x) = t"(x) Thus s' and t' are umque □ 
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If R 1s not a field, the existence of a greatest common d1v1sor for J, g E R[ x] 1s 

not assured Consequently, for the purposes of this thesis, we define relatively pnme 

polynomials over Zn m terms of the expression m Lemma 3 2 

Defimtlon 3 4. If J, g E Z,,[ x] , then f and g are relatzvely przme if and only 1f there 

exist polynomials s,t E Zn[x] such that 

J(x)s(x) + g(x)t(x) = 1 (3 1) 

lfpolynom1als J,g and h are pauw1se relatively pnme over a field 1t follows 

that Jg and h are relatively pnme The same 1s true for polynomials over Z,, with the 

defimtton of relatively pnme given above 

Lemma 3 5. Let J,g,h E Z»[x] be pazrwzse relatzvely przme Then the polynom,als Jg 

and h are relatzvely przme 

Proof Smee J, g and h are relatively pnme there exist polynomials 

s 1 ,s2 ,s3 ,t1 ,t2 ,t3 E Z,,[x] such that the followmg equations hold 

fs1 + gti = 1 

fs2 + ht2 = 1 

gs3 + ht3 = I 

So (fs1 +gt1)(js2 +ht2)(gs3 +ht3)=1 Thus 

fg(fi·1s2S3 +hs1S3l2 +gs28 i1 +hsi1l3)+h(J
2
s1Sif3 + fhs1lif3 +g

2
si1l2 +ght/if3)= I , 

and Jg and h are relatively pnme D 

Given polynom1als J and g over Zn , it 1s desirable to know when f and g are 

relatively pnme Smee the reduction of coefficients funct10n 1s a homomorph1sm we 

have 
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Lemma 3.6. Let /, g E Z,, [ x] and let p be pnme such that pin Set ,r P Z,, ➔ Z P to 

be the reductzon of coeffic1ents mod p funct 10n If f and g are relat 1vely pnme over Z,, 

then 1r P (f(x)) and 1r µ(g(x)) are relatively pnme over Z P 

Proof Suppose/ and g are relatively pnme over Z,, So, there exist polynomials 

s, t E Z
11
[x] such that 

f(x)s(x) + g(x)t(x) = 1 

Apply 1r P to both sides to get 

1r µ(I)= 1r/f(x)s(x) + g(x)t(x)) 

Smee 1r 1s a homomorphism we have 

So 1rµ(f(x)) and ,rP(g(x)) arerelat1velypnmeover ZP[x] □ 

So 1f f,g E Z,,[x] are relatively pnme then 1t 1s necessary that 1r µ(J(x)) and 

,r P(g(x)) are relatively pnme for each pnme factor p of n We can now show that this 

cond1t1on 1s also sufficient to find s(x) and t(x) which satisfy (3 1) 

Theorem3.7. Let f,gEZ
11
[x] Thenfandgarerelatzvelypnmeover Z,, if and only if 

,rP(f(x)) and 1rP(g(x)) arerelaflvelypnmeforallpnmespsuchthat p in 

Proof Without loss of generahty take deg(g) ~deg(/)= m It 1s sufficient to 

look for solutions ~(x),t(x) to (3 1) with deg(s), deg(t) ~ m -1 Let 

m m 

f(x) = I i,x 1

, g(x) = I g 1 x
1 

1=0 

with s and t defined s1m1larly Then 

2m-l 1 

f(x)s(x) = I (I f
1
s1_

1 
)x1 and 

1=0 ;=0 



2m-l t 

g(x)t(x) = I (I g/,-Jx', 
t=0 J =O 

where ~,g
1 

=0 for J:2'.m+I and s
1

,t
1 

=0 for J:2'.m Soasolut10nto(3 l)canbe 

found by equatmg coefficients and solvmg the followmg system of 2m equations 

x0 1 = foso + goto 

x1 0 = fas, + f..so + gof1 + g/o 

xm-1 0 = fosm-1 + J;sm-2 + + gofm-1 + + gm-ifo 

x"' 0 = J; Sm-I + f2Sm-2 + + glfm-1 + + gm-ill 
Xm+I 0 = f2sm-l + h!oim- 2 + +gifm-l + + gm-1'2 

X2m-Z O = J,,,_,sm-l + fmsm-2 + gm_l{m-1 + gn/m-2 

XZm-l O = fmsm-l + gn/m-1 

Consider the 2m x 2m matnx, M, which represents the coefficients of the 

unknowns sm_,, ,s0,tm_,, ,t0 m the system 

0 0 0 lo 0 0 0 go 

0 0 0 fo f.. 0 0 0 go g, 

lo f.. Im-I go g, gm-I 

M= J; j~ Im g, g2 gm (3 2) 

/2 /3 Im 0 g2 g2 g,,, 0 

Im-I f~, 0 0 0 g,,,_, gm 0 0 0 

f,,, 0 0 0 0 g/11 0 0 0 0 

LL 

If X 1s the 2m -column vector of unknowns and T 1s the 2m column vector of constants, 
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Sm- I 1 

sm-2 0 

0 

X= 
S o 

and B= 
1m-l 

1m - 2 

0 

l o 0 

The system can be represented by the matnx equation MX = T Showmg that f and g are 

relatively pnme 1s eqmvalent to showmg the existence of a solut10n to the system 

F1xapnmefactor p ofn Consider 1rP(f(x)) and nµ(g(x))aselementsof 

Z P [ x] The system 1r P ( M)X = 1r P (T) corresponds to the equat10n 

(3 3) 

So 1f there exist polynom1als s' , t'E Z P[x] with deg(s'), deg(t') :<s: m-1 which satisfy 

(3 3), then the system 1f µ(M)X = 1r µ(T) has a solution But Z P 1s a field and 1r µ(f(x)) 

and 1r µ(g(x)) are relatively pnme so part (11) of Lemma 3 3 1mphes such s' and t' exist 

and are umque So there exists a umque solut10n C P to the equation 1r P (M)X = 1r P (T) 

Thus det(n µ(M)) :;t 0 

Smee p was arbitrary, det(n P (M)) :;t O for each pnme factor p of n So by 

Corollary 2 3 8 1 det(M) 1s a umt and there exists a umque solution to MX = T as 

reqmred D 

Example 3 8 Let f(x) = 6x 2 + x + 2, g(x) = x + I and h(x) = 4x + 2 be polynomials 

over Z8 We have 1f2 (f(x)) = x, n 2 (g(x)) = x+ 1 and 1r2 (h(x)) = 0 So, 1ri(f(x)) and 

1f2 (g(x)) are relatively pnme over Z2 Thus by Theorem 3 7 f(x) and g(x) are 

relatively pnme over Z8 S1m1larly, h(x) 1s not relatively pnme to f(x) or g(x) 

The theory of polynomial resultants can be used provide an alternate proof of 

Theorem 3 7 and a method of calculatmg polynomials that satisfy (3 1) 
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m I 

Defimhon 3 9. Let A(x) = Ia 1x
1 and B(x) = Ib

1
x 1 be polynomials of degree m and l 

1=0 1=0 

respectively over a commutative nng with identity The m+l by m+l matnx 

am Gm-I Go 0 0 0 0 

0 am Gm-I Go 0 0 0 

0 0 0 am Gm-I am-2 Go L= 
b, b,_1 b, ho 0 0 0 

0 b, b,_1 bl ho 0 0 

0 0 0 0 b, b,_1 ho 

1s called the Sylvester matnx of A and B The resultant of A and B, denoted res( A, B) 1s 

defined to be the detennmant of L 

Notice that for polynomials f and g with deg(g) ::; deg(f) the Sylvester matnx of 

f and g 1s the transpose of the matnx M of (3 2) with the row order reversed Wimmer 

gives a history of the development of the resultant m [W] 

Theorem 3.10. [V, pp 104] let F be afield and letfand g be polynomzals over F The 

resultant off and g 1s equal to O if and only if f and g have a common non-constant 

factor 

This gives the following alternate proof of Theorem 3 7 

Proof of Theorem 3 7 ( ⇒) Lemma 3 6 gives the necessary cond1t10n 

( ¢=) Suppose TC µ(f(x)) and TC P(g(x)) are relatively pnme for each pnme 

factor p of n Fix a pnme factor p Smee TC µ(f(x )) and Jr p(g(x)) are relatively pnme 

and have at least one non-zero leadmg coefficient, by Theorem 3 10, 



res(;rp(/),np(g)):t:-0 Let SP denotetheSylvestermatnxof 1rµ(/(x)) and 1rµ(g(x)) 

Now res(1r P (f),;r P (g)) = det(S P) * 0 for each pJn 

Smee the entnes of the Sylvester matnx are the coefficients of the polynomials 

f(x) and g(x) we have SP = 1r µ(S) for each pnme factor p Thus, for each p, 

det(;r µ(S)) * 0, and det(S) = res(/,g) 1s a umt by Corollary 2 3 8 1 D 

So for polynomials/ and g over a field, res(/,g) * 0 1f and only 1f/ and g are 

relatively pnme The followmg 1s a generalization to arbitrary commutative nngs with 

1dent1ty 
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Theorem 3.11. [C] Let R be a commutative rmg with 1dent1ty and let A and B be 

polynomrals of pos1llve degree over R. Then there exist polynomrals Sand T over R such 

that 

AS+ BT = res(A, B), 

where deg(S) < deg(B) and deg(T) < deg(A) 

Proof Let deg(A) = k and let deg(B) = I Let L' be the matnx obtamed from 

the Sylvester matnx L of A and B by multtplymg the /' column by xm+11-1 and addmg 1t 

to the last column for each 1 With 1 ~ 1 < m + n That 1s 

am Gm-I Go 0 0 0 G m+l-1 + G Xm+l-2 + mx m- 1 
+ GoXl-1 

0 am Gm-I Go 0 0 m+l-2 + G m+l-3 + GmX m-lX + a x1-2 
0 

0 0 0 am Gm-l 0111-2 111 +a xm-1 + +ao 
L'= 

amx m- 1 

b m+l-1 + b m+l-2 + + boxm-1 bl bl-I bl ho 0 0 IX I-IX 

0 bl bl-I bl ho 0 b m+/-2 + b m+l-3 + IX I-IX + boxm-2 

0 0 0 0 bl bl-I b I b l-1 IX + I-IX + +ho 



26 

am am-I Go 0 0 0 A(x)x'-1 

0 am am-I Go 0 0 A(x)x'-2 

0 0 0 am am-I am-2 A(x) 
= 

b, b,_1 bl bo 0 0 B(x)x"'-1 

0 b, b,_1 bl bo 0 B(x)x"'-2 

0 0 0 0 b, b,_1 B(x) 

Smee S' 1s obtamed by addmg multiples of columns of L to L, by Theorem 2 3 4 we have 

det(L) = det(L') = res(A, B) By expandmg the determmant with respect to the last 

column of L' we can see that the determmant IS equal to 

A(x)x1
-

1 D1 - A(x)x'-2 D2 + + (-1)'+1 A(x)D1 + (-1)'+2 B(x)xm-l D,+i 

+ ( - I )'+3 B( X )x"'-2 D1+2 + + ( -1 )/+m+I B( X )Dl+m 

= A(x )(x'-1 D1 - x'-2 D2 + + (-1 )1+1 D,) 

+ B(x)((- 1)'+2 xm-1 D,+1 + (-1)/+3 xm-2 D,+2 + + (-1)/+m+I D,+m) 

Where each D, IS the cofactor of the last column and the t1" row of L', and 1s therefore a 

sum and product of elements from R (Notice that the D, are actually cofactors of the 

matnx L smce L' and L differ only m the last column) 

The result 1s obtamed If we set 

S( ) /-ID /-2D 
X = X 1 -X 2 + 

+ (-1)/+m+I D 0 l+m 

Let f and g be polynomials over Z
11 

If ,r P(f(x)) and ,r p(g(x)) are relatively 

pnme over Z P [ x] for each pnme factor p of n , then Theorem 3 7 states that f and g are 

relatively pnme That 1s there exist s,t E Z
11
(x] with f(x)s(x) + g(x)t(x) = 1 The proof 

of Theorem 3 l l 1mphes that the coefficients of s and t can be obtained by calculatmg the 

cofactors of a certam matnx 

We have 



,(..,/ 

( ) 
/-1 D l-2D 

SX = X 1 -X 2+ 

+ (- 1)/+m+I D 
l+m 

where deg(/)= m, deg(g) = I and each D, 1s the cofactor of the last column and the 1
th 

row of the Sylvester matnx S off and g 

Example 3.12. Let f(x) = x3 + x 2 + I and g(x) = 3x 2 + 1 be polynomials over 24 

Smee 1r2 (f(x)) = x 3 + x2 + 1 1s meduc1ble over 2 2 and deg(1r2(/)) > deg(1r2(g))we 

have 1r2(/(x)),1r2 (g(x)) relatively pnme, so the resultant of/and g should be a umt 

Smee deg(/)= 3,deg(g) = 2 we have m = 3,l = 2 The Sylvester matnx off and 

g 1s 

1 0 0 

0 l 1 0 1 

S= 3 0 l 0 0 and res(/,g) = det(S) = 1 

0 3 0 l 0 

0 0 3 0 1 

So the resultant off and g 1s a umt as expected 

The 1st cofactor D1 1s equal to 

0 1 0 

3 0 1 0 
det =l 

0 3 0 l 

0 0 3 0 

The other cofactors are calculated s1m1larly to get D2 = 2, D3 = 1, D4 = l, D5 = 3 

We have 

( ) 2-ID 2-2D 
SX =X 1 -X 2 

= x(l)-(1)2 

=x-2 

t(x) = (-1)2+2 x3-1 D3 + (-1)2+3 D4x3-2 +(-1)2+4 x3-3 Ds 

= x2(l)-x(l)+x(3) 

= x2 -x+3 

wtth f(x)s(x) + g(x)t(x) = 1 



CHAPTER 4 THE RING Zn [xJI < f > AND ITS UNITS 

Let f be a polynomial over Z,, Consider the set 

< f >= {g E Z,,[x] I °3Jh E Zn[x] such that g(x) = f(x)h(x)} < f > 1s a subnng of Z
11

[x] 

with the property that 1f r(x) E Z,,[x] and g(x) E< f > then r(x)g(x) E< f > For each 

g E Z,,[x] g+ < f > 1s the set {g + h I h E< / >} Such a set 1s called a coset of< f > 

The following lemma relates cosets g+ < f > and h+ < f > 

Lemma 4.1 Letj g and h be polynomrals over Z
11 

The cosets g+ < f > and 

h+ < f > are equal if and only if f(x)lg(x)-h(x) 

Proof (⇒) Suppose g+</>=h+</>,andlet sEg+<f> We have 

s(x) = g(x) + f(x)q 1 (x) = h(x) + f(x)q 2 (x) for some q1 ,q2 E Z
11

[x] Thus 

g(x)- h(x) = f(x)(q 2 (x)- q1 (x)) 

( <=) If /(x)lg( t)-h(x) then there exists a polynomial q such that 

g(x)-h(x) = f(x)q(x) So 

s(x)g+ < f ><=> .5(x) = g(x) + f(x)t(x) for somet E Z,,[x] 

= h(x) + f(x)q(x) + t(x) 

= h(x) + f (x)(q(x) + t(x)) 

<=> s(x) Eh+< f > ~ 

The set of all cosets of< f > 1s denoted Z
11
[x] / < f > 



Lemma 4.2. Let f be a monzc polynomzal over Z,, Each element g+ < f > of 

Z,,[x] / < f > can be unzquely represented by the remamder of d1v1s1on of g by f m 

Z,, [ x] Moreover g+ < f >= h+ < f > if and only if g and h have the same remamder 

Proof Smee/ 1s momc Theorem 2 2 17 1mphes that if g E Z,,[x] 1s an arbitrary 

polynomial, then d1v1s1on of g by/ can take place m the usual sense That 1s, there exist 

umque q,r E Z,,[x] such that 

g(x) = f(x)q(x) + r(x) with deg(r) < deg(/) or r(x) = 0 

Suppose g and h are polynomials wtth the same remamder upon d1v1s10n by f 

That 1s there exist q, ,q2 and r such that 

g(x) = f(x)q, (x) + r(x) and 

h(x) = f(x)q 2 (x) + r(x) 

Thus g(x)-h(x) = f(x)(q, (x)-q 2 (x)) and g+ < / >= h+ < f > by Lemma 4 1 

On the other hand, let g and h be such that g+ < / >= h+ < f > Let r, and r2 

be the remamders of g and h upon division by/ Say, 

g(x) = f(x)qi(x) + ri(x) and 

h(x) = f(x)q 2 (x) + r2 (x) 

Smee g+ < f >= h+ < f > we have g(x)-h(x) = f(x)t(x) for some t E Z,,[x] So 

g(x) = f(x)t(x) + h(x) 

= f (x)t(x) + f (x)q 2 (x) + r2 (x) 

= f(x)(t(x) + q2 (x)) + r2 (x) 

Thus g and h have the same remamder upon divis10n by f □ 

If f E Z
11 
[x] 1s momc, operations of add1t10n and mult1phcat1on are defined on 

Z,,[x]/ < f > as follows 

(g+ < f >) + (h+ < f >) = (g + h)+ < f >, 

(g+ < f > )(h+ < f >) = (gh)+ < f > 



It ts simple to check that these operat10ns are well defined and Z,,[x] / < f > forms a 

nng 

Theorem 4 3. Let f E Z,,[x] be monzc The set Z,,[x] / < f > wtth the operatzons 

defined above 1s a commutative nng with 1dent1ty called the quottent rmg of Z,,[x] 

modulo f The add1ttve and mult1pltcaflve 1denflfles are O+ < f > and 1+ < f > 

respectively 

Example 4 4. Consider f(x) = x2 + 1 as a polynomial over Z4 The possible 

remamders for the d1v1s1on of a polynomial g E Z 4 [ x] by fare all the polynomials over 

Z4 of degree less than 2 Thus Z4 [x] / < f >= {h+ < f >I h E Z4 [x],deg(h) < 2} 
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Recall from Chapter 2 that 1f R 1s a commutative rmg with 1dent1ty, the set of 

umts m R, U(R) , 1s a rnult1phcat1ve group If R 1s commutative, so 1s U(R) When/ is 

an 1rreduc1ble polynomial over Z P , pa pnme, the structure of U(Z P[x]/ < f >) 1s well 

known 

Theorem 4 5. [LN, pp 25,46-47] Jf p 1s pnme and f E Z P[x ] 1s 1rreduc1ble of degree m 

then ZP[x]/ < f > 1s the unzquefinztefield of order pm Moreover U(ZP [x] / < f >) 

= (Z P[x]/ < f >) \ {O+ < f >}) 1s a cychc abelzan group of order pm -1 

We now consider ZJx] / < f > where n 1s arbitrary and/ 1s momc We do not 

assume f 1s 1rreduc1ble m any sense 

Theorem 4 6. Let f,g E Z,,[x] with f monzc and for pin set 1r P Z,, ➔ Z P to be the 

reductwn of coefficients mod p functzon The coset g+ < f > 1s a unzt m the nng 



Z,,[x] / < f > if and only if Jr P(f(x)) and Jr µ(g(x)) are relat1vely pnme over Z P for 

each pnme p such that p in 

-" 

Proof The coset g+ < f > 1s mvert1ble 1f and only 1fthere exists h+ < f > such 

that gh+ < f >=I+< f > That 1s f(x)lg(x)h(x)-1 m Z,,[x] Let r(x) be such that 

r(x)f(x) = g(x)h(x)-1 Smee I= g(x)h(x) + (-r(x))f(x) we see that g+ < f > 1s a 

umt m Z,J x] I < f > if and only 1f g and fare relatively pnme By Theorem 3 7 f and g 

are relatively pnme m Z,,[x] if and only if for each pnme p wtth pin , ;r P(f(x)) and 

1r µ(g(x)) are relatively pnme over Z P □ 

Notice that the mverse of g+ < f > is h+ < f > where the polynomial h satisfies 

1 = f(x)s(x)+ g(x)h(x) for some s E ZJx] The method outlined m Example 3 12 can 

be used to calculate s and h given f and g Thus, this method could be used to calculate 

the mverse of an element of Z,,[x] / < f > 

We now use Theorem 4 6 to give conditions on the coefficients of g(x) to ensure 

g+ < f > is a umt 

Corollary 4.6.1 Let f,g E Z,,[x] with f momc, deg(/) 2:: l If there exists a pnme 

factor p of n such that p d1v1des each coefficient of g, then g+ < f > 1s not a umt m the 

nng Z,,[x] / < f > 

Proof Smee p divides each coefficient of g there exists r E Z,, [ x] such that 

g(x) = pr(x) Smee 1rP is a homomorphism we have 

1r P (g(x)) = 1r P (pr(x)) = 1r P (p)1r P(r(x )) = 0 

So ;r P (f(x))(O) = 1r µ(g(x)) But deg(/) 2:: 1, so ;r P (f) and 1r /g) are not relatively 

pnme Therefore by the theorem g+ < f > is not a umt J 



Corollary 4 6.2. Let p be pnme and let f,g E Z k [x ] for some positive mteger k, wllh 
p 

f momc If 1r P (f) 1s 1rreduc1ble over Z P , then g + < f > 1s a umt if and only if some 

coeffic1ent of g 1s a umt That 1s, an element g + < f > of Z k [ x] / < f > 1s a non-umt 1/ 
p 

and only 1/ p d!Vldes each coeffic1ent of g 

Proof Smee 1r P (f) 1s meduc1ble over Z P, every non-zero polynomial hover 

Z P with deg(h) < deg(1r //)) =deg(/ ) 1s relatively pmne to 1r /f) Smee g can be 

replaced by the remamder of g when d1v1ded by f m the express10n g+ < f >, we can 

assume wtthout loss of generality that deg(g) < deg(/ ) Notice that g has at least one 

coefficient that 1s a umt 1f and only 1f 1r p(g(x)) * 0 So ;r //) and 1r /g) are relatively 

pnme 1f and only 1f some coefficient of g 1s a urut Therefore, by Theorem 4 6, 

g + < f > 1s a umt 1f and onJy 1f g has some coefficient a umt Furthermore, g has no 

coefficient a umt, 1f and only 1f p d1v1des each coefficient of g □ 

Example 4.7. Consider f(x) = x4 + x + 1 as a polynomial over Z4 

1r2 (/(x)) = x 4 + x + 1 1s 1rreduc1ble over Z2 , so by Corollary 4 6 2, every element of 

Z4 [x] / < f > 1s a urut except those of the form g+ < f > where 

There 1s a funct10n <I> analogous to the Euler </J function which counts the 

number of polynomials relatively pnme to a given polynomial over a field 

Defimtmn 4.8 Let F be a fimte field The function <I> F [ x] ➔ N 1s defined by 

<I>(/) = l{g E F[x] I deg(g) < deg(/) and gcd(/ ,g) = 1}/ 

See L1dl and N1ederre1ter [LN, pp 11 5] for a d1scuss1on of the funct10n 



Theorem 4 9 Let p be pnme and let f, g E Z k [ x ] for some posllzve integer k , wzth 
p 

f monzc 

(1) 

(11) in particular, if tr P (f) rs 1rreduc1ble, then 

lvczpk [x]/ < f >)I= p (k- l)deg(J) ( p deg(J) -1) 

(4 1) 

Proof Consider an arbitrary element a of Z P For any c E Z k, tr /c) = a 1f 
p 

and only 1f pie - a So the elements of Z k that reduce to a are 
p 

a,a + p,a + 2p, ,a + (p k-I - I )p 

Thus there are a total of p k-I elements that reduce to a So, for g E Z P [ x] with 

j j 

deg(g) < deg(/), there are (p k-I )deg<JJ polynomials h with degree less than f over Z k 
p 

such that tr P (h) = g Now, <P(tr P (/ )) counts the number of polynomials over Z P with 

degree less than deg(/) which are relatively pnme to f (Note that 

deg(/) = deg(;r P(f)) since f 1s momc ) So the number of polynomials h E Z k [x] 
p 

such that tr P (h) and tr P(f) are relatively pnme 1s p<k- lJdes<J><D( tr P (/)) But by 

Corollary 4 6 2 this 1s equal to the number of umts m Z k [x] / < f > If tr//) 1s 
p 

meduc1ble, <D(Jr P (f)) = p deg<JJ -1 smce tr P (f) 1s relatively pnme to every non-zero 

polynomial over Z P of degree less than / 

Therefore ju (Z l [x] I < f >)I= p<k- l)deg(J)(pdeg(f) - 1) □ 



CHAPTER 5 THE ORDER OF POLYNOMIALS 

5 1. Defimt10n of Order 

For any polynomial f over a fimte field /~ Wlth f (0) -:f:. 0, there Wlll always 

exist a positive mteger e such that f(x)I xe - I [LN, pp 77] The smallest such e 1s 

defined to be the order of f over Fq An analogous defimtion can be used for certam 

polynomials over Z" 

Lemma 5.1.1. [M] if f E Z,,[x] 1s momc, of degree m ~ l and f(0) 1s a umt, then 

there exists a postt1ve mteger e such that f (x)lxe - I 

Proof Let g be any polynomial over Z,, Smee the lead coefficient of f is l, 

by Theorem 2 2 17 there exist umque q,r E Z"[x] such that g(x) = f(x)q(x)+r(x) with 

deg(r) <deg(/)= m or r(x) = 0 Thus Z,,[x] / < f > contams n111 -1 non-zero cosets 

But {xk + < f > lk = 0,1, ,n 111 -1} 1s a set of n 111 non-zero cosets So there must exist 

r < s such that xr + < f >= xs + < f > That 1s f(x)lxr -xs or 

f (x)lxr (xs-r -1) (5 1 1) 

0 = f(x)- f(x) = c~1(f(x) - f(x)) 

= c~1f (x) -c~1(c0 +c1x+ +c111x
111

) 

= c~1/(x)-c~1c0 -c~1(c1x + +c111x
111

) 

l = f(x)s(x) + xt(x) 



If f(x)lxr , say f(x)q(x) = xr then we have 

1 = f(x)s(x) + f(x) q(x)t(x), 
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a contrad1ct10n smce deg(f) ~ I Thus f does not d1v1de xr so to satisfy (5 1 1) we must 

have f(x)lxs-r -1 D 

Suppose f 1s such that f(O) 1s not a urnt If tlxe -1, then there exists g(x) 

such that f(x)g(x) = xe -1 But this 1mphes that f(0)g(0) = -1 , a contrad1ctlon smce 

f(O) 1s not a umt Thus there exists such an e 1f and only 1f f(O) 1s a umt 

Defimhon 5 1 2 Let f E Z,,[x] be moruc of degree at least 1 with f(O) a urut The 

order off , denoted ord(f) 1s the smallest pos1t1ve mteger e such that t lx e -1 

Example 5 1.3 Let f(x) = x 2 + 1 be a polynomial over Z4 We have 

(x 2 + l)(x2 + 3) = x 4 + 3 = x 4 -1 Thus f (x)jx4 
- 1 

If g(x) = x 2 + 2 over Z4 We see that 1f g(x)q(x) = xe -1 for some polynomial 

q and positive mteger ewe must have (2)( q O) = 1, where q O 1s the constant coefficient of 

q This 1s 1mposs1ble smce 2 1s not a umt of Z4 Thus there 1s no positive mteger e such 

that g(x)lxe - l 

The orders of degree 2 and 3 momc polynomials over Z 2 , Z4 and Z8 are hsted m 

Tables A I through A 6 

Much 1s known regardmg the order of polynomials over fimte fields L1dl and 

N1ederre1ter give a summary of many useful results [LN, pp 76-84] Smee Z,, 1s a field 

1f and only 1f n 1s pnme these results are apphcable for the case n pnme In particular, 

n = 2 will be considered, and extended to the case n = 2k 
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5.2 The Order of Polynomials Over Z 2 

The following theorem which counts the number 1f momc meduc1ble polynomials 

of a given degree and order 1mphes a bound on the maximum order of an irreducible over 

Z2 

Theorem 5 2 1. [LN, pp 78] The number of monrc LrreducLble polynomwls m GF(q) of 

degree m and order e LS equal to <f>(e )/ m if e 2 2 and m LS the multLpltcallve order of 

q modulo e , equal to 2 if m = e = 1, and equal to O m all other cases In partrcular, 

the degree of an 1rreduc1ble polynomial m GF(q)[x] of order e must be equal to the 

mult1pltcat1ve order of q modulo e (Here </> 1s the Euler f unctwn defined m Sectwn 

2 2) 

Corollary 5 2.1.1. The order of an 1rreduc1ble polynomzal of degree m 2: 1 over Z 2 1s 

less than or equal to 2m -1 Further for each poszt1ve integer m there exists an 

1rreduc1ble polynomwl over Z2 of degree m and order 2"' -1 

Proof Notice that the mult1phcat1ve order of 2 modulo 2m -1 IS m Note that 

any polynomial f over Z 2 must be momc If m 2 2 then, by Theorem 5 2 1, there are 

<f>(2m -1)/ m momc polynomials over Z 2 of degree m and order 2111 -1 If m = I then 

by the theorem there are 2 momc polynomials of degree 1 and order 1 So m either case 

there IS at least one momc 1rreduc1ble polynomial of degree m and order 2m - 1 Smee 

the degree of an meduc1ble polynomial m GF(2)[x] of order e must be equal to the 

mult1phcat1ve order of 2 modulo e, there can be no polynomials of degree m and any 

order greater than 2"' - 1 D 

Any polynomial over a field can be factored into a product of powers of 

meduc1ble polynomials In the fimte field case, there are theorems regarding the 

calculation of the order of a polynomial from the orders of its factors These results can 



be used to extend the above bound to all polynomials over Z2 with nonzero constant 

coefficients 
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Theorem 5 2.2 [LN, pp 79] Let p be pnme and let g E GF( pk )[x] be 1rreduc1ble wllh 

g (O) = 0 and ord(g) = e, and let f = gb for some posl11ve integer b Let t be the 

smallest integer with p 1 :2: b Then ord(/ ) = ep1 

This, combmed with the mequahty m Lemma 5 2 3, can be used to show that the 

order of polynomials over Z 2 of the form / = gb for some 1rreduc1ble g 1s less than 

2deg<fl -1 We WIii then show that the order of any polynomial / over Z2 1s less than 

2 dcg(f) - 1 

Lemma 5 2.3. If b and m are pos11lve integers such that blm and b > 3, then 

,11,, r ' -1 
Proof Notice that (2 b - l)2b ~ r' - 1 1f and only 1f 2b ~ '% Further, 

2 b -1 

= 2(2m-l-'% + 2m-l-2'% + + 2m-l-(b-lY'½ ) +} 

* 

(5 2 1) 

Consider the first I~ l terms of* Each of the exponents 1s greater than m - l -1 % l: 
** 

Now, 

m - 1 -I% l : = 2mb - 2b - 2{ % l: 
> 2mb-2b-(b+I)m 
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2b 2b 
Thus 1f m > -- , then ** 1s greater than 0 Smee blm , m ~ b Further b > -- if and 

b-1 b-1 

2b 
only 1f b(b-3) > 0 1f and only 1f b > 3 Thus smce b > 3, m > -- and** IS greater 

b-1 

than 0, so the exponents of the first I% l terms of* are greater than 0, and hence each 

term 1s at least 2 Thus* 1s greater than 21 % l ~ b Therefore, (5 2 1) 1s greater than or 

equal to 2b as req m red □ 

Lemma 5.2.4 Suppose g 1s an 1rreduc1ble polynomwl over Z 2 wlfh g(0) -:t- 0 If 

f = g h for some posll1ve mteger b, then ord(f)::;; 2"' -1 where m = deg(f) 

Proof Notice that blm and deg(g) = '½ By Corollary 5 2 1 1, 

ord(g) ~ 2ml b -1 

If b = 1 then f = g so ord(f)::;; 2"'1b -1 

n½ n½+I 
If b = 2 then, by Theorem 5 2 2, ord(f) = ord(g)2 ~ (2 2 -1)2 = 2 2 

- 2 

nl '½+1 
Now 12 + 1::;; m smce m ~ 2 Thus 2 2 -2::;; 2"' -1 and the statement 1s true for 

b=2 

~ ~~ nl If b = 3 then ord(f) = ord(g)2 2 ~ (2 3 -1)2 2 
::;; 2 3 - 4 Further 13 + 1 ~ m 

smce m ~ 3 Thus the statement 1s true for b = 3 

So assume b > 3 Let t be as m Theorem 5 2 2 that Is the smallest t such that 

21 ~ b Note that 21 
::;; 2b otherwtse 21

-
1 > b , contrary to the defimtton oft Now 

ord(f) = ord(g)21
::;; (2n½ -1)2b ~ 2"' -1 by Lemma 5 2 3 □ 

Consider an arbitrary polynomial f over a field If f IS not of the form gb , for 

some meduc1ble g, then f has at least two d1stmct Irreducible factors Smee d1stmct 

meducibles are relatively pnme, f can be factored mto two relatively pnme 
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polynomials Thus, the only case left to consider 1s when f has more than one d1stmct 

1rreduc1ble factor The followmg theorem addresses this case 

Theorem 5 2 5 [LN, pp 79] Let g 1 ,g2 , ,gk be pa1rw1se relatlvely prtme nonzero 

polynomtals over GF(q), and let f = g 1g 2 gk Then ord(f) ts equal to the least 

common multtple of ord(g1), ord(g2 ) ,ord(g*) 

The bound m Corollary 5 2 1 I can now be extended to arbitrary polynomials f 

over 2 2 with f (0) * 0 

Lemma 5 2.6. The maximum order of any momc polynomtal f of degree m ~ 1 over 

Z2 with f (0) * 0 ts 2"' - I 

Proof (By strong mductlon on the degree m of f ) 

If m = 1, f 1s meduc1ble and the result holds by Corollary 5 2 I 1 Assume the 

statement 1s true for polynomials of degree less than or equal to m - 1 Let f E Z 2 [ x] be 

of degree m If f 1s meduc1ble, then the result holds Otherwise either f = g 6 for 

some meduc1ble polynomial g with g(0) * 0, or f can be factored mto two relatively 

pnme polynomials h1 and h2 , each of degree at least 1, h1 (0) * 0, h2 (0) * 0 

In the former case, Lemma 5 2 4 applies 

In the later case say deg( h1) = s, so deg( h2 ) = m - s Thus by Theorem 5 2 5 and 

the mductlon assumpt10n, 

ord(f) = lcm( ord( ~ ), ord( hi)) ~ ord( h1 )ord( hi) 

~ (2s -1)(2"'-s -1) = 2"' - 2s - 2"'-s -1 ~ 2"' -1 as reqmred □ 

5 3. The Order of Polynomials Over Z :f 



Let f be a momc polynomial over Z k with f (0) a umt Consider the 
2 

polynomial tr 
2
k-I (f) , where tr 

2
k - I 1s the reduction of coefficients mod 2k- I function 

Smee 1r
2
k-l Is a homomorphism, 1r

2
k _1 (f) IS a momc polynomial over Z

2
k-i with 
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1r k 1 (f(0)) a umt Thus, 1t 1s possible to use a proof by mductlon to find an extens10n of 
2 -

the bound m Lemma 5 2 6 which applies to polynomials over Z * We will do this m 
2 

Theorem 5 3 3 The following lemma shows that the order of f m Z k [x] 1s at most 
2 

twice the order of 1r
2
k _1 (f) m Z

2
k_1 [x] 

Lemma 5.3.1. let k be a posrt1ve mteger and let f E Z k [x] be monrc with f (0) a 
2 

unrt If Jr k-i Z k [x] ➔ Z k - l [x] 1s the reductwn of coefficients mod2 k-i functwn and 
2 2 2 

the order of " zk-' (f) 1s 1, then the order off 1s at most 21 Specifically, f (x)\x 21 
- 1 

Proof By Theorem 2 2 17 there exist umque q, r E Z k [ x] such that 
2 

x' -1 = f(x)q(x) + r(x) So smce 1r
2
k-I 1s a homomorph1sm, 

x' - 1 = Jr2k - 1 (f(x))1r2k_i(q(x)) + "2k-1 (r(x)) 

But the order of 1r
2
k-I (/) IS t, so x' -1 = 1r

2
k-l (f(x))s(x) for some s(x) E Z

2
k-I [x] 

Thus by the umqueness property of the d1v1s10n algonthrn, s(x) = 1r
2
k_, (q(x)) and 

1r
2

k _ , (r(x)) = 0 Hence 

x' -1 = "2k- l (f(x))1r2k-l (q(x)) 

Now f(x)(r(x)q(x) + q(x)(x1 + I)) 

= f (x)r(x)q(x) + f (x)q(x)(x1 + 1) + r(x)(x1 + 1)- r(x)(x1 + l) 

= f (x)r(x)q(x) + (f (x)q(x) + r(x))(x1 + 1)- r(x)(x1 + 1) 

= f (x)r(x)q(x) + (x1 - 1)(x1 + 1)- r(x)(x1 + 1) 

= (x 21 -1) + r(x)(f(x)q(x)-(x1 + 1)) 

(5 3 1) 



Thus 1f r(x)(f(x)q(x)-(x1 + l)) = 0 m Z
2

k [x], then f(x)lx 21 
- 1 

We proceed to prove this 

Let n 2 be the reduct10n of coefficients modulo 2 function Notice that for all 

7l 2 (n
2
k - i (g(x))) = 7l2 (g(x)) 

Apply n 2 to (5 3 1) to get 

x 1 -1 = n 2 (f(x))n2 (q(x)) 

Further over Z2 we have - I= 1, so 

x
1 + 1 = n 2 (/(x))n2 (q(x)) 
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Thus n 2 (f(x)q(x)-(x 1 + 1)) = 0 So 2 d1v1des each coefficient of f(x)q(x)-(x 1 + 1) 

Smee n
2

k_1 (r(x))=0, 2k-1lr, for each coefficient r, of r(x) Therefore 2k d1v1deseach 

coefficient of r(x)(f(x)q(x)-(x1 + 1)) , and this expression 1s equal to zero m Z k [x] as 
2 

reqmred D 

Example 5.3.2 The order of x 2 + 1 1s 2 over Z2 , 4 over 24 and 4 over Z8 , md1catmg 

that the bound may not be achieved 

For each k the order of a polynom1al over Z k 1s at most twice the order of the 
2 

correspondmg reduced coefficient polynomial over Z
2

k - i Thus, given the bound for 

polynomials of degree m over Z2 , the order of a polynom1al over Z k can be at most 
2 

2k-1(2"' -1) as we now show 

Theorem 5.3.3. Let f E Z k [x] be momc, of degree m, such that f (0) 1s a umt The 
2 

order off over Z k 1s at most 2k-t (2"' -1) 
2 
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Proof (By mduct10n on k) If k =I , by Lemma 5 2 6, the maximum order of a 

polynomial of degree m over Z 1 1s 2"' -1 = 21
-

1 e2"' -1) So the statement 1s true for 
2 

k = 1 Assume the statement 1s true for some positive mteger k Let f E Z k+i [x] be 
2 

momc of degree m such that Jeo) 1s a urut Now, 7r k (fex)) 1s a momc polynomial 
2 

over Z k So by the mduct1on assumpt10n, the order of 1r k efex)) 1s at most 
2 2 

2k-i e2"' -1) Thus, by Lemma 5 3 1, the order off 1s at most 

2(2k-l e2"' -1)) = 2(k+l)-l er· -1) So the statement IS true for k + 1 D 

In the appendix we ltst the orders of momc polynomials of degree 2 and 3 over 

Z2 , Z4 and Z8 By exammmg these tables we see that the order off over Z k 1s twice 
2 

the order of 1r zk-l (f) over Z zk-i m most cases, and that the orders of the two 

polynomials are equal mfrequently Thus the following would seem to hold 

ConJecture A.8: For each poszllve mteger k there exzsts a monzc polynomzal m Z k [x] 
2 

of degree m and order 2k-l er· -1) 

5 4 Calculatmg the Order of a Polynom1al Over Zn 

Many of the theorems used to calculate the order of polynomials over fimte fields 

can be adapted to calculate the order of polynom1als over Z,, The following 

corresponds to a lemma m L1dl and N1ederre1ter [LN, pp 78] The proof has been 

mcluded for completeness 

Lemma 5 4 1. Let f E Z,,[x] be monzc wllh feo) a unzt If ordef) = e, then 

f(x)lx
1 -1 if and only if eit 



Proof If ord(/) = e d1v1des t, then f(x)lxe -1 and xe -1 d1v1des x 1 
- 1, so 

f(x)lx 1 -1 

Conversely, 1f f(x)ix 1 
- 1 1t must be the case that t :2'. e, so there exist positive 

integers m and r such that t = me+ r with O ~ r < e Now, 

So smce f(x)lx 1 -1 and f(x)lx e -1 1t must be the case that f(x)lxr - 1, which 1s only 

possible 1f r = 0 Therefore t =me, as reqmred □ 

An analogous result to Theorem 5 2 5 holds for polynomials over Z
11 
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Lemma 5 4.2 Let g, ,g2 , ,gs E Z
11

[x] be momc, patrw1se relat1vely prime polynomwls 

with g,(O) a umtfor each 1 Then ord(g1g 2 gs) ts the least common mult1ple of 

ord(g, ), ord(g2 ), , ord(gJ 

Proof Consider polynomials g 1,g 2 ,g3 EZ,Jx] ByLemma3 5, tf g 1,g2 and 

g 3 are pa1rw1se relatively pnme, then g 1g 2 and g 3 are relatively pnme Thus the 

lemma follows by mduct10n from the case s = 2 , which ts proven here 

Let c = lcm( ord(g 1 ), ord(g 2 )) Now ord(g, ), ord(g 2 )\c, so by Lemma 5 4 1 

g, (x), g 2 (x)lxc -1 Say, 

X e -I= g, (x)q(x) = g 2 (x)p(x) (5 4 1 ) 

Smee g 1 and g 2 are relatively pnme, by there exist s,t E Z,,[x] such that 

g1 (x)s(x) + g2 (x)t(x) = 1 

By mult1plymg through by p(x) we get 

g, (x)s(x)p(x) + g 2 (x)t(x)p(x) = p(x) (5 4 2) 



Subst1tutmg the RHS of (5 4 1) mto (5 4 2) we have g 1 (x)(s(x)p(x) + q(x)t(x)) = p(x) 

Therefore, xe -1 = g 2 (x)p(x) = g 2 (x)f(x)(s(x)p(x) + q(x)t(x)) and g 1 (x)g 2 (x)lxe - 1 

So ord(g1g 2 )1c 
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Suppose d 1s such that g 1 (x)g 2 (x)lxd -1 Then g 1 (x)lxd -1, so ord(g1 )Id 

S1m1larly ord(g2 )Id Thus d ~ lcm( ord(g1 ),ord(g2 )) = c Therefore ord(g1g 2 ) = c D 

Example 5.4 3. Let f(x) = x 2 + 2x + 1 and g(x) = x 2 + 3x + 3 be polynom1als over Z 4 

We have ;r2 (f(x)) = x2 + 1 and ;r2 (g(x)) = x 2 + x + I The latter of these polynomials 1s 

meduc1ble over Z2 , so they are relatively pnme over Z2 Therefore, by Theorem 3 7,f 

and g are relatively pnme over Z4 By lookmg at Table A 2 we see that ord(f) = 4 and 

ord(g) = 6 Thus we have ord(fg) = lcm(4,6) = 12 

Lemma 5 3 1 implies a techruque for calculatmg the order of a moruc polynomial 

f over Z k with f(O) a umt Let the order of 1r k - i (f(x)) over Z H be t By the 
2 2 2 

Lemma 5 3 1 f(x)lx 21 -1 The following shows that the order off must be a multiple of 

t 

Lemma 5.4 4 If f E Z k [x] 1s monzc such that the order of 1r k - i (f(x)) over Z
2

k - l 1st, 
2 2 

then the order off over Z k 1s a multzple oft 
2 

Proof Let c be a positive mteger such that f (x)lxe - l over Z
2

k So there exists 

q E Z k [x] such that 
2 

f (x)q(x) = Xe -1 

Smee Jr 
2

k- i 1s a homomorphism we have the following 

"l-1 (f(x))1r
2

k- 1 (q(x)) = 7r
2

k - l (xe -1) 

=Xe -] 
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So 1r
2
k-i (f(x))lx c -1 over Z

2
k-i Therefore since the order of ;rr

2
k_1 (f(x)) 1st, Lemma 

5 4 1 1mphes that tic, and thus the order off, must be a multiple oft □ 

Thus ord(/) = t or 2t By applymg the same procedure to 1r
2
k_1 (f(x)), It can be 

shown that ord(1r
2

k- l ([)) = t' or 2t', where ord(1r
2

k_2 ( 1r
2
k_, (/))) = t' Notice that for any 

mtegers 1 ~ J, Tr, (;r 
1 
(f(x))) =Tr , (f(x)) So ord(/) = t', 2t' or 4t' where 

2 2 2 

t'= ord(;r k 2 (/(x))) This procedure can be contmued by mduct10n to obtam the 
2 -

followmg 

Theorem 5.4.5. Let f E Z k [x ] be monrc with f(O) a umt Suppose the order of 
2 

1r2 (f(x)) 1s e Thentheorderof f 1softheform 2' eforsomemteger,, O~i~k-1 

Thus given the order of 1r2 (/(x)), there are only k-1 possible orders for f over 

Z k Smee Z2 IS a field 1r2 (/(x)) factors uruquely mto a product of powers of 
2 

meduc1ble polynomials The order of ;r2(/(x)) can be calculated by its factors 

Theorem 5.4.6 [LN, pp 80] Let p be prime, k a poslltve integer and let f E GF( p k )[x] 

be a polynomtal ofpostt1ve degree and with f(O) * 0 Let f = af/1'' J/s, where 

a E GF(pk), b1,b2 , ,bs posll1ve integers, and J;,/2 , ,fs are d1stmct monrc 

1rreduc1ble polynomtals m GF(pk )[x], be the umque factonzatwn off m GF( p k )[x] 

Then ord(f)= ep1, where e= lcm(ord(J;), , ord(.fs)) and tis the smallest mtegerw1th 

p' ~ max(b, , ,bJ 

Notice that ;r 2 (/) 1s momc so the a m the theorem 1s equal to 1 Thus 1f the 

canonical factonzatlon of Tr 2 (/) 1s J; bi / 2 h2 f s hs , then ord ( ;r 2 (/)) = e2' where 

e= lcm(ord(J;), ,ord(.fs)) and t Isthesmallestmtegersuchthat 2' 2?: max(b1,b2 , ,bJ 



Example 5.4. 7. Let f(x) = (x 2 + x + 1)2 (x 3 + 4x 2 + x + 3) be a po1ynom1al over Z8 

Smee 1r 2 1s a homomorphism we have 

1r2 (/(x)) = 1r2 (x 2 + x + 1)2 
tr2 (x 3 + 4x2 + x + 3) 

= (x 2 +x+ 1) 2 (x3 +x+ l) 

and J; (x) = .x 2 + x + 1 and / 2 (x) = x 3 + x 2 + x + 1 are meduc1ble over Z2 Now 

ord(J;) = 2 and ord(f 2 ) = 7 , so e = Icm(2,7) = 14 Smee f(x) = J; (x)2 f 2 (x) b, = 2 

and b2 = 1 So t = 1 satisfies 2' :2'.: max(b,, b2 ) Therefore 

ord(1r2 (f(x)) = e2
1 = (14)2 = 28 Smee f E Z8[x], by Theorem 5 4 5 the order of/1s 

equal to 28, 2(28) = 56 or 2 2 (28) = 112 
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The orders of meduc1ble polynomials of small degree over Z2 have been 

calculated and are available m table form L1dl and N1ederre1ter give these calculat1ons 

for polynomials up to degree 11 [LN, pp 385-87] 

Consider a mome polynom1al f over Z * where p 1s pnme and k 1s a pos1t1ve 
p 

mteger If 1r P (f (x)) 1s 1rreduc1ble, Theorem 4 9 and Lagrange's Theorem imply the 

following restnct10n on the order of f 

Theorem 5.4.8 Let p be pnme and let k be a pos1t1ve mteger Suppose f E Z k [ x] 1s 
p 

manic and wllh f(O) a unit If tr P(f) 1s 1rreduc1ble, then the order off must d1v1de 

Proof By the argument given m the proof of Lemma 5 I 1, x and f(x) are 

relatively pnme Thus x+ < f > 1s a umt m the quotient nng Z,Jx]/ < f > If 

lu ( Z l [ x] I < f > )I = c , by Lagrange's Theorem (Theorem 2 I 5), we have 
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(x+ < f > Y =I+< f > That 1s, f(x)/xc - I So by Lemma 5 4 1 ord(f)/c Smee 

J[p(f) 1s1rreduc1ble c= /uczpk [x] l <f>)/=p(k-l)deg(/>cpdeg(/)_ 1) byTheorem49 D 
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CHAPTER 6. FUTURE DIRECTIONS 

The results ofth1s thesis and the research earned out m the process of wntmg this 

thesis suggest possible areas for future study 

If/ and g are polynom1als over the fimte field GF(q), such that they are both 

meduc1ble of degree m, then the quotient nngs GF(q)[x]/ < f > and GF(q)[x] / < g > 

are 1somorph1c to the umque finite field of order q"' [LN, pp 25,46] Thus 

GF(q)[x] / < f > and GF(q)[x] / < g > are 1somorph1c The same 1s not always true for 

polynomials over Z,, [x] 

Example 6.1. Let f(x) = x3 + x + 1 and g(x) = x3 + x 2 + x + 3 are both meduc1ble over 

Z4 Over Z2 1C2(f(x)) = x3 + x + I 1s irreducible and 

1C2 (g (x)) = x 3 +x2 +x + 1 = (x + 1)3 Thus 1C2 (f(x) ) 1s relatively pnme to every 

polynom1al of degree less than 3, so, as m Corollary 4 5 2 every element of 24 [ x] I < f > 

1s a umt except those of the form where 2 divides each coefficient of h Smee 1C2 (g(x)) 

1 s not relatively pn me to x + 1 , all polynomials k over Z 4 such that 1C 2 ( k) = x + l are not 

relatively pnme to g Thus, the non-umts m the nng Z4 [x]/ < g > mclude all of the form 

k + < f > where 1C 2 ( k ) = x + 1 as wel 1 as those of the form h+ < f > where 2 d1v1des 

each coefficient of h So Z4 [x] / < f > has fewer umts than Z4 [x] / < g >, and the two 

rmgs cannot be 1somorpluc 

In general we have the followmg 



Lemma 6.2 ff f,g E Z k [x] for some pnme p and posrllve mteger k, are momc of 
p 

degreemsuchthat n P(f(x)) 1s1rreduc1bleand nP(g(x)) rs not, then Z dx] I</> 
p 

and Z k [ x] I < g > are not 1somorph1c 
p 
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Possible necessary and sufficient cond1t1ons for two polynomials f and g to form 

1somorph1c quotient rmgs could be mvest1gated 

If/ 1s a momc polynomial over Z,, then, as mentioned m Chapter 4, the group of 

umts m the quotient rmg formed by/, U(Z,,[x] / < f > ), 1s a fimte abehan group When 

n 1s pnme Zn 1s a fimte field, and 1t 1s known that this group 1s cychc [LN, pp 47] The 

calculat10n of maximum possible mult1phcat1ve orders of elements of the group 

U ( Z,, [ x] I < f >) would give a class1ficat10n of its structure Notice that a momc 

polynomial/ over Z
11 

WIil always have a root m the quotient nng Z
11
[x]I < f > smce 

f(x)lf(x) so f(x+ < f >) = O+ < / > 

It 1s clear that roots of the polynomial/have multtphcatlve order less than 

ord(/) 

Lemma 6 3. Let f E Z,,[x] be momc of order e ff a+< f > rs a root off m the 

quotrent rrng Z,,[x] / < f >. then (a+< f > f = l+ < / > 

Proof If a+< f > 1s a root off, that 1s f(a+ < f >) = O+ < f >, then 

f(x)lf(a) Now smce ord(/) = e, there exists q E Z
11

[x] such that f(x)q(x) = x e - 1 

So we have f(a)q(a) = a e -1 But f(x)lf(a) , so f(x)la e -1 as requtred □ 

When n 1s pnme and Z,, 1s a fimte field,/ WIii always factor linearly over 

Z
11
[x] / < f > In the followmg example f E Z4 [x] factors lmearly over Z4[x] / < f > 
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Example 6.4 Let f(x) = x 4 + x + I be an meducible polynomial over Z4 The cosets 

x+ < f >, 2x 2 + x + 3+ < f >, 3x2 + 3+ < f > and 3x2 + 2x + 2+ < f > are all roots of 

f over Z 4 [x] / < f > Thus 

f(x) = (x-(x+ < f > )Xx-(2x2 + x + 3+ < f > )) 

(x - (3x 2 + 3+ < f >) Xx - (3x 2 + 2x + 2+ < f >) 

This example suggests that some polynomials f over Z,, factor linearly over 

Z,,[x] / < f > A classification of which polynomials have this property could be 

explored 
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APPENDIX 

The followmg tables give the order of degree two and three momc polynomials 

over Z2 , Z4 and Z8 On the left hand column the polynomial is represented m the form 

hand side of the column ts the order of the polynomial on the left Some of the 

calculations mcluded were taken from tables produced m [B] The remainder of the 

calculat1ons were performed usmg MATLAB 

1101 aj 
Table A 1 2 2 , Degree 2 

1101 
103 

1111 
113 

1'31 
133 

Table A 2 2 4 , Degree 2 

101 4121 4141 4161 e 
103 4123 8143 4163 e 
105 4125 8145 4165 e 
107 2127 8147 4167 e 
111 3131 12 151 6171 E 
113 12 133 12 153 12 173 12 
115 6135 6155 6175 E 
117 12 137 12 157 12 177 12 

Table A 3 2 8 , Degree 2 
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1001 31101 7 
1011 71111 4 

Table A 4 Z2 , Degree 3 

1001 61101 14 1201 61301 14 

1003 31103 14 1203 61303 14 

1011 14 1111 41211 14 1311 8 

1013 14 1113 81213 71313 4 

1021 61121 14 1221 61321 14 
1023 61123 14 1223 61323 7 

1031 14 1131 81231 14 1331 8 

1033 14 1133 81233 14 1333 8 

Table A 5 Z4 , Degree 3 
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1001 61101 28 1201 12 1301 28 
1003 61103 28 1203 12 1303 28 
1005 12 1105 28 1205 12 1305 28 
1007 31107 28 1207 12 1307 28 
1011 28 1111 41211 14 1311 16 
1013 28 1113 16 1213 14 1313 4 
1015 28 1115 81215 14 1315 16 
1017 28 1117 16 1217 14 1317 8 
1021 12 1121 14 1221 61321 28 
1023 12 1123 28 1223 61323 14 
1025 12 1125 14 1225 61325 28 
1027 12 1127 28 1227 61327 7 
1031 28 1131 16 1231 28 1331 16 
1033 28 1133 16 1233 28 1333 16 
1035 28 1135 16 1235 28 1335 16 
1037 28 1137 81237 28 1337 16 
1041 61141 28 1241 12 1341 28 
1043 61143 28 1243 12 1343 28 
1045 61145 28 1245 12 1345 28 
1047 61147 28 1247 12 1347 28 
1051 28 1151 81251 14 1351 16 
1053 28 1153 16 1253 14 1353 8 
1055 28 1155 81255 14 1355 16 
1057 28 1157 16 1257 14 1357 8 
1061 12 1161 14 1261 61361 28 
1063 61163 28 1263 61363 14 
1065 12 1165 14 1265 61365 28 
1067 12 1167 28 1267 61367 14 
1071 28 1171 16 1271 28 1371 16 
1073 28 1173 16 1273 28 1373 16 
1075 28 1175 16 1275 28 1375 16 
1077 28 1177 16 1277 28 1377 16 

Table A 6 2 8 , Degree 3 
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1401 61501 28 1601 12 1701 28 
1403 61503 28 1603 12 1703 28 
1405 61505 28 1605 12 1705 28 
1407 61507 28 1607 12 1707 28 
1411 28 1511 81611 14 1711 16 
1413 28 1513 16 1613 14 1713 8 
1415 28 1515 41615 14 1715 16 
1417 28 1517 16 1617 14 1717 4 
1421 12 1521 14 1621 61721 28 
1423 12 1523 28 1623 61723 14 
1425 12 1525 14 1625 61725 28 
1427 12 1527 28 1627 61727 14 
1431 28 1531 16 1631 28 1731 16 
1433 28 1533 16 1633 28 1733 16 
1435 28 1535 16 1635 28 1735 16 
1437 28 1537 16 1637 28 1737 16 
1441 61541 28 1641 12 1741 28 
1443 61543 28 1643 12 1743 28 
1445 61545 28 1645 12 1745 28 
1447 61547 28 1647 12 1747 28 
1451 28 1551 8 1651 14 1751 16 
1453 28 1553 16 1653 14 1753 8 
1455 28 1555 81655 14 1755 16 
1457 28 1557 16 1657 71757 8 
1461 12 1561 14 1661 61761 28 
1463 12 1563 28 1663 61763 14 
1465 12 1565 14 1665 61765 28 
1467 12 1567 28 1667 61767 14 
1471 28 1571 16 1671 28 1771 16 
1473 28 1573 16 1673 28 1773 16 
1475 28 1575 16 1675 28 1775 16 
1477 28 1577 16 1677 28 1777 16 

Table A 7 Z8 , Degree 3 cont 
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