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Abstract

We show that the Weyl-von Neumann theorem for unitaries holds
for o-unital AF-algebras and their multiplier algebras. By studying
E(X, A), the quotient of Ext(C(X), A) by a special class of trivial
extensions which we call totally trivial extensions, we give a BDF-
type classification for extensions of C(X) by a o-unital purely infinite
simple C*-algebra with trivial K-group (e.g., the C*-algebra 0,®K).
We also show that every extension of C(X), where X is a compact
subset of the plane, by a finite matroid C*-algebra is totally trivial.
Classification of these extensions for nice spaces is given. Some other

versions of the Weyl-von Neumann-Berg theorem are also given.

Key words: Extensions, C*-algebra with real rank zero, BDF-theory, the
Weyl-von Neumann-Berg theorem
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§ 0. Introduction

In 1970’s, motivated by the problem of classifying essential normal oper-
ators on the separable, infinite dimensional Hilbert space, Brown, Douglas
and Fillmore developed their celebrated BDF-theory which classifies the ¢ *-
algebra extensions of the following form:

0—-K—=FE—C(X)—0,
where K is the C*-algebra of compact opereators on the separable Hilbert
space and X is a compact metric space. Since then the theory of C*-algebra
extensions have been developed rapidly. (It is difficult to give a complete list
of references. We refer the readers to [Bl] for reference.) The theory provides
many effective ways to compute the Ext-group Ext(B, A) which gives nice

pictures of the following extension of B by A :
0—-A—E—B-—0.

However, unlike the original BDF-theory which gives the complete classi-
fication of extensions of C(X) by K, Ezt(B, A) does not give a complete
information for the extensions in general due to the following facts:
(1) in general there are many different equivalence classes of trivial exten-
sions;
(2) if 7 is such an extension and [r] = 0 in Ezt(B, A), it is not clear at all
that 7 is in fact trivial;
( We know only that there is a trivial extension 7/ such that 7@ 7’ is trivial.)
(3) if A is not stable, Ext(B, A) gives very little useful information for the
above extension, if it gives any.
That is the main reason for us to study E(X, A).

Let A be a (o-unital) C~-algebra. We denote by M(A) the multiplier
algebra ( the set {z € A**: za,az € A,Va € A}) of A. When A = K, where

K is the C'*-algebra of compact operators on a separable, infinite dimensional
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Hilbert space H, it is well known that M(A) = B(H), the C*-algebra of the
bounded operators on H.

Let there be a short exact sequence
0—-A—-F—B—0.

The C*-algebra Asitsin E as an ideal of E. Hence there is a *-homomorphism
o from E into M(A) (see the proof of [Pd1, 3.12.8]). The map o is injective
if and only if A is essential in E. If we compose ¢ with the quotient map
m: M(A) — M(A)/A, we obtain a *-homomorphism 7 from E/A & B into
M(A)/A. The map 7 is injective if and only if A is essential in E. We call
7 essential if 7 is injective; if B is unital, and 7 is a unital map, we call 7
unital. We call the map 7 an extension corresponding to the exact sequence.
All extensions in this paper are unital and essential extensions. There are
a number of equivalence relations concerning extensions. In this paper we
consider only the following equivalence: if 7; and 7, are two extensions then
71 is (unitarily) equivalent to 7, if and only if there exists a unitary u € M(A)
such that
mo(z) = 7(u) 7 ()7 (u)

for all z € B.

Let Ext(B, A) denote the equivalence classes of (unital essential) exten-
' sions of B by A, and Ezt(B, A) be the quotient of Ext(B, A) by the set
of trivial extensions ( an extension 7 : B — M(A)/A is trivial if there is
a monomorphism o : B — M(A) such that 7 = 7 0 o). Applying the the-
ory of Ext-group ( and K K-theory), one can calculate, in many cases, the
group Ezi(B, A) when A is some separable, stable and nuclear C*-algebra.
In the case that A = K and B = C(X), where X is a compact metric space,
from BDF-theory ([BDF1] and [BDF2]) we know that all trivial extensions
are equivalent. Therefore those extensions are completely determined by
Ezt(C(X),A) ( up to unitary equivalence). An important fact related to
this case is the Weyl-von Neumann-Berg theorem holds:



for any normal element N € M(K) there exist D € M(K) and a € K such
that

N=D+a,

where D is a diagonal normal element with spectrum sp(D) = sp(m(N)),
(m is the quotient map from B(H) onto B(H)/K). The Weyl-von Neumann
theorem for self-adjoint elements for other C'*-algebras has been studied by a
number of authors (see [BP],[Zh1,2,3,4],[HR | and [Lin2,3]). It is known (see
[Zh1]) that this problem is equivalent to ask if the multiplier algebras have
real rank zero. ( Recall that a C*-algebra is said to have real rank zero if
the set of self-adjoint elements with finite spectra is dense in A,,. If A has
real rank zero, we will write RR(A) = 0.(see [BP])) The problem whether
the Weyl-von Neumann theorem holds for AF-algebras had been open since
George A. Elliott first raised this quesion in 1974 at Téhoku (The question
was also raised formally by L.G.Brown and G.K. Pedersen in 1988 [BP]). It
was recently shown by the author that the multiplier algebras of AF -algebras
( and many others ) have real rank zero (see [Lin2]). Soifz € M (A)s.q., where
A is a o-unital AF-algebra, then there exist an approximate identity {e,}
for A consisting of projections and a € A such that

(]2

=) Mlen—enq)+a,

3
H
—

where {),} is a bounded sequence of real numbers (and ||a|| is smaller than
any given number). A unital C*-algebra A is said to have (FU) if the set of
unitaries with finite spectra is dense in the unitary group of A. If M (A) has
(FU), then the Weyl-von Neumann theorem holds for unitaries. (See [Lin3).)
The problem when M(A) has (FU) has been studied in [Lin3]. The Berg
theorem, i.e. the Weyl-von Neumann theorem for normal elements, turns
out much more complicated. We show in the section 2 that the Weyl-von
Neumann theorem for unitaries holds for all o-unital AF-algebras and other
C~-algebras with (FU) (see § 2). One of our main results is that the Berg

theorm holds for (nonunital) separable purely infinite simple C*-algebras
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with K1(A) = 0 (for example, A & O, x K) and for (nonunital) separable
simple AF'-algebras with unique normalized trace (up to scalar multiples) (
for example, finite matroid algebras). By studying E(X, A) the quotinet of
Ext(C(X), A) by a special class of trivial extensions E which we call totally
trivial extensions ( see the definition in Section 1), we show that BDF-theory
holds for o-unital purely infinite simple C'*-algebras A with K;(A) = 0 (see
Section 7), in particular, for A = O, ® K. We show that E(X, A) becomes a
group and E(-, A) is a homotopy invariant covariant functor from metrizable
spaces to abelian groups, provided that A is a separable, stable C*-algebra
with RR(M(A)) = 0.

While our methods are undoubtedly based on original BDF-theory, other
techniques involving corona constructions, strict topology, the generalized
Weyl-von Neumann theory, etc., are used.

The article is organized as follows. Chapter one gives definition of totally
trivial extensions and some elementary properties of totally trivial exten-
sions. The semi-group E(X, A) is introduced in § 1. In the same chapter, we
show that the multiplier algebras M(A) of o-unital AF-algebras and other
C*-algebras with (FU) has the property (FU). So the Weyl-von Neumann
theorem for unitaries holds for these algebras. In chapter two, we study the
semi-group E(X, A). After some preliminaries in § 3, we show the exactness
of the sequence

E(F,A) — E(X, A) — E(X/F, A)

in § 4 for o-unital stable C*-algebra A with RR(M(A)) = 0. Under the same
assumptions, we show that (in § 5) that E(X, A) is a group and (in § 6) that
E(-,A) is a homotopy invariant covariant functor from metrizable spaces
to abelian groups. In chapter three, we give some BDF type classification
for extensions of C(X) by o-unital purely inifinite simple C*-algebras with
K;(A) = 0 and other Weyl-von Neumann theorem for some one dimensional
spaces. The last chaper, the chapter four, is contributed solely to finite

matroid algebras. § 10 contains some absorption lemmas which are needed



in §11. In § 11, We show that every extension of C(X), where X is a compact
subset of the plane, by a finite matroid algebra is totally trivial. ( We notice
that, as in [Lin4,3.12] is certainly not the case for stable matroid algebras.)
Consequently, the Weyl-von Neumann-Berg theorem holds for finite matroid
C*algebras. Finally, in § 12, we give some classification of extensions of C(X)
for some nice spaces by finite matroid algebras. For example, we show that
all these extensions are equivalent for disks, annuli and ” Hawaiian ear rings”.
We also determine the equivalence classes of extensions for the cases that X
has finitely many such components.

Before we end this the section, we would like to give some examples of
C*-algebras which are considered in this paper.
(1) C*-algebras with RR(M(A)) =0
i) All o-unital AF-algebras (see [Lin2]).
ii) All o-unital purely simple C *-algebras with K;(A) = 0 (see [Zh?2] and see
[LZ] for equivalent definitions for these algebras).
(2) C*-algebras with the property that M(A) has (FU) :
i) All matroid algebras. Those are the C*-algebras defined by the inductive
limits

Moy = My — ... — (k) = o

ii) All o-unital purely simple C'*-algebras with K;(A) = 0.
iii) We will show in the section 2 that the multiplier algebra of any o-unital
AF-algebra has the property (FU).
(3) A typical example of separable stable purely infinite simple C *-algebra
with K1(A) = 0 is O, ® K (or a nonunital hereditary C*-subalgebra of O,,),
where O, is the C*-algebra generated by n isometries 81,82, ...y Sn, such that
s;si=1,8:87 = p; and "%, p; = 1. (See [Cu |.)
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1 Totally Trivial Extensions

§ 1. Totally trivial extensions

Before we begin our discussion, we would like to review a few terminolo-
gies.

Definition 1.1. Let A be a (non-unital) C*-algebra, B a unital C*-
algebra. An ertension of B by A is a unital *-monomorphism 7 from B into
the corona algebra M(A)/A, where M(A) is the multiplier algebra of A. We
would like to remind the readers that there are more general definition for
extensions, but for the simplicity, we consider only these (unital and essential)
extensions. An extension 7 : B — M(A)/A gives the following short exact
sequence

0—A—=EFE—->B-—-0

which is uniquely determined by the following commutative diagram with
exact rows:
0 - A - FE = B - 0
| l Lr
0 — A —- M(A) - MA/A — 0

Since we will work in the multiplier algebras very often, we would remind
the readers of the strict topology. The strict topology on the multiplier M(A)
of a (non-unital) C*-algebra A is the topology generated by the semi-norms:

Pa(z) = [la-z|| + ]z - af

for a € A and =z € M(A)(see [Bu]).



Definition 1.2. Recall that an extension 7 : B — M(A)/A is trivial if
there is a unital *-monomorphism ¢ : B — M(A) such that 7 = 7 o 0.

Definition 1.3. Two extensions 7y and 7, are said to be (unitarily)
equivalent if there is a unitary u € M(A) such that

un(flu = mo(f)

for all f € B.
Suppose that By = pAp and B, = qAq, where p,q € M(A) are projections
and

m1:B— M(By)/B, ,72: B— M(B;)/B,.

Notice that M(By) = pM (A)p,M(By)/B, = = (p)(M(A)/A)r(p) and M(B,) =
qM(A)q, M(Bz)/ B, = n(q)M(A)/Ar(q). We say 1, is (unitarily) equivalent
to T, if there is a partial isometry v € M(A) such that v*rv = 1.

As shown in [Lin4], trivial extensions are in general not necessarily equiva-
lent. So we need to study trivial extensions further. This, with many other
reasons, leads us to the following definition.

Definition 1.4. Let A be a o-unital C*-algebra with RR(M(A)) = 0 and
let 7 C(X) — M(A)/A be an extension of C(X) by A. The extension T
is said to be totally trivial if 7(C(X)) is contained in an abelian (separable)
AF-C*-subalgebra of M(A)/A.

It should be noted that if B is an abelian (separable) AF-C*-algebra then
either B = C(X) (or B & Co(X) if B is not unital), where X is a totally dis-
connected compact (or locally compact) Hausdorff space. Since we consider
only those unital extensions , we may assume that the abelian AF -algebra
in the definition is unital.

Proposition 1.5. Let A be a o-unital C*-algebra with RR(M(A)) =
0. If 7 : C(X) — M(A)/A is a totally trivial extension, then there exist

an approzimate identity {e,} for A consisting of projections and a dense
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sequence {An} contanined in X with isolated points repeated infinitely often,
and a monomorphism o : C(X) — M(A) such that

e o]

o(f) = Z;f(/\i)(ei — €i-1)
and 0 = w o 1, where the sum converges in the strict topology.

Proof: By the definition, there is an abelian AF-C*-subalgebra B C
M(A)/A such that 7(C(X)) C B. We may assume that 1 € B. So B is gen-
erated by projections and therefore B is generated by a single non-negative
function g ([R, p 293]). Then B is isomorphic to C(X), where a totally dis-
connected compact subset of R. We may also assume that sp(g) = X. Since
RR(M(A)) = 0, by [Zh1,3.1], there is A € M(A),,. such that ¢(h) = g. It

follows from [Lin4,2.4] that we may assume that

o0

h=>" Au(en — €n_1),
n=1
where ), € X, {en} is an approximate identity for A consisting of projections
and the sum converges in the strict topology. If we identify B with C(X),
then the functional calculus o’(f) = f(h) defines a monomorphism o’ : B —
M (A). The inclusion im7(C (X)) C B = C(X) gives a surjection ¢ : X — X.
So for any f € C(X)

o'(7(f)) = o'(r(f) o p) = fop(h).

Now let o = o'|¢(x), then

(o0}

o(f) = Fop(h) = 3 F@(A))(en — en-r).
=1
Notice that {¢(A,)} is dense in X and T = 7 o 0. The requirement that
A = (Xy,) for infinitely many n when X is isolated is automatic, for otherwise

we would have 7(f) = 0 for f being the characteristic function of {A}.
Q.E.D.
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The following is the converse of 1.5.

Proposition 1.6. Let A be a o-unital C*-algebra with RR(M(A)) = 0.
Suppose that 7 : C(X) — M(A)/A is an extension. If there is an monomor-
phism o : C(X) — M(A) such that

o

o(f) = 22 f(M)(en — €na),
n=1
where {e,} is an approzimate identity for A consisting of projections and
{An} is a dense sequence contained in X (with isolated points repeated in-
finitely often), and w o 7 = o. Then 7 is totally trivial.
Proof: Select a countable basis {Ox} for the topology of X. Set

Pe= D (Ekn) — €k(n)-1)-
Ak(n)€Ok

For any a € A and ¢ > 0, there is an integer N such that

llena —al| < €,]|aen — a]| <&,

ifn > N. So

I > (€k(n) — ek(n)-1)a|| < €
’\k(n)eok ,k(n)>N

and

Ha Z (6k(n) —_ ek(n)_1)|l < E.
Ak(n) €Ok k(n)>N

Therefore the sum converges in the strict topology and p; is a projection
in M(A). So {pr} generates an abelian AF-algebra. Therefore its image B
under 7 is an abalian AF-C*-subalgebra of M(A)/A. Moreover, it is easy to
see that :mr C B.
Q.E.D.

Corollary 1.7. Let A be a o-unital C*-algebra with RR(M(A)) = 0. If X
is a compact subset of the real line then any extension 7: C(X) — M(A)/A
is totally trivail.



Proof: This follows immdiately from [Lin4,2.4].
Q.E.D.

Corollary 1.8. Let A be a o-unital C*-algebra with RR(M(A)) = 0.
If X is totally disconnected, then every extension T : C(X) — M(A)/A is
totally trivial.

Proof: If X is totally disconnected, then C(X) is generated by projections
and therefore is generated by a single non-negative function g. [R,p.293].
Then X is homeomorphic to im(g) and 1.4 applies.

Q.D.E.

For the rest of this section A is always a stable,o-unital C*-algebra with
RR(M(A)) =0.

1.9. Fix an isomorphism of A with M3(A); this isomorphism induces
an isomorphism M(A) = M;(M(A)), M(A)/A = M;(M(A)/A). These iso-
morphisms are called standard isomorphisms and are uniquely determined
up to unitary equivalence. If 71,7, are extensions of B by A, then the sum
T+ 7 B — M(A)JA® M(A)/A C My(M(A)/A) = M(A)/A is also an
extension of B by A, where the last isomorphism is a standard isomorphism.

Proposition 1.10. The sum of two totally trivial extensions is a totally
trivial extension.

Proof: The direct sum of two (orthogonal) abelian AF C*-subalgebras in
M(A)/A is an abelian AF-C*-algebra.

Q.E.D.

Definition 1.11. Let Ext(C(X),A) denote the (unitary) equivalence
classes of (unital essential) extensions by A of C(X). It is known that
Ext(C(X), A) is an abelian semigroup. By Proposition 1.10, the set of equiv-
alence classes of totally trivial eztensions forms a subsemigroup. We denote
by E(X, A) the quotient of Ext(C(X), A) by the subsemigroup of totally triv-
ial extensions. If we denote by E the subsemigroup of the equivalent classes of
totally trivial extensions, then [a] = [b] if and only if there are e,e’ € E such
that a + e = b+ e'. We notice now that E(X, A) form an abelian semigroup
by the obvious addition.
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Proposition 1.12. E(-, A) is a covariant functor on compact metrizable

spaces to abelian semigroups.

Proof: Given a continuous function f : X — Y and an extension 7 :
C(X) —» M(A)/A. Let v : C(Y) — M(A)/A be a totally trivial extension
and define

filty =710 +71v.

If 7 and 7' are equivalent, then it is clear that f.(7) is equivalent to f.(7').
If ri, : C(Y) — M(A)/A is another totally trivial extension, then

Tof*+1y +1p =70 f + 1 +7y.

So [rof*+1y] =[rof*+ 1] in E(Y,A). It is clear that f* preserves the
semigroup structure, and that (id.). = idg(x.4) and (gf)s = g.fs, where
g:Y — Z is continuous.

Proposition 1.13. If f : X — Y be a continuous map and 7 : C(X) —
M(A)/A is a totally trivial, then f.(7) is totally trivial.

Proof: This is obvious.

Q.ED.

§ 2. The Weyl-von Neumann Theorem for Unitaries

As indicated in the introduction, the main result in this section is that
if u is a unitary in the multiplier algebra M(A) of a o-unital AF-algebra A,
then, for any € > 0, there exist an approximate identity {e,} for A consisting
of projections and a € A such that

u= Z Anlen —en1) +a,(e, =0)
n=1
where ||A.|| = 1, the sum converges in the strict topology and |la]| < «.
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We start with a few technical terminologies which may be found in [Ph1].

Definition 2.1.([Ph1,1.1.2]) Let A be a unital C*-algebra. The ezponetial

rank of A, written cer(A), is the largest element of the set of symbols
{I,1+¢,2,2+¢,...,00}

(with the obvious order) consistent with the following restrictions:
(I)cer(A) < n if every u € Uo(A) is the product

exp(ihy) - exp(ihs) - ...+ exp(ih,)

for some hy, ..., h, € A;,..

(2) cer(A) < n+eifevery u € Uy(A) is norm limit of the products as in (1).
For non-unital C*-algebra A, set cer(A) = cer(A), where A is the C*-algebra
obtained by joining an identity to A.

Definition 2.2. (cf [Ph1,1.1]) A C*-algebra A is said to have weak (FU)
if A has real rank zero and cer(A) < 1+e¢e. A C*-algebra A is said to have
(FU) if A has weak (FU) and the unitary group of A is connected; Or equiv-
alently, the set of unitaries in A with finite spectra is (norm) dense in the
unitary group of A. A C*-algebra is said to have stable (weak) (FU) if for
every n, M,(A), the n X n matrices over A, has (weak) (FU). We notice that
if A has stable (weak) (FU), then by [Ph1,1.7], A® K has (weak) (FU).

Lemma 2.3. Let A be a unital C*-algebra with RR(A) = 0 and let u be
a unitary in A. Suppose that there is a projection p in A such that pu = up
and the spectrum of pu, as an element in pAp, is not the whole unit circle. If
u can be approrimated (in the norm topology ) by unitaries in A with finite
spectra, then (1 — p)u can also be approzimated (in the norm topology ) by
unitaries in (1 — p)A(1l — p) with finite spectra.

Proof: Suppose that the spectrum of pu, as an element in pAp, is F.
Suppose that S\ F contains an arc with length d > 0. Fix a closed subset

15



2 of S*\ F' such that © contains an arc with length at least d/2. Let f and
g be two continuous functions defined on S* such that 0 < f<1,f(z)=0
iszF,f(z):liszQ,andOSgSl,g(z):lifzéFandg(z):O
if z € Q. For any ¢ > 0, by [Ch,Lamma 2], there is 0 < n < & such that for

any two unitaries u,w in A if |jw — u|| <y, then

[f(w) = flu)lf < 6

and
lg(w) — g(u)]] < 6.

There are mutually orthogonal projections py, py, ..., pn in A and complex
numbers A1, A, ..., A, with [A;| =1, 7=1,2,...,n such that

llu =" Xipil| <.
=1

Set w = 3%, Aipi, wy = 2oneq Aibi, Wy = 2ngoAipi and ¢ = 2 xen pi- Since
q commutes with w and p commutes with u, we have f(w)q = ¢f(w) = ¢
and g(u)p = pg(u) = p. Therefore

llgpll = llgf(w)g(u)p]|

< llgf(w)g(wpll + llglf (w) — F(w)lpl < &
and
llg — (1 = p)g(1 —p)|| < 26.

If 6 < 1/4, by [Eff,A8], there is a projection ¢’ < 1 — p such that
llg' — gl <26
and there is a unitary v; € A such that
o = 11| < 48, 030, = ¢
Thus

llojwivr — wy|| < 86.

16



Then
(1 = p)wz — wy(1 - p)
<A = pgws — wi(1 = p)[| + |(1 = p)w — w(l — p)|
< |I(1 = p)qwy — wig(1 - p)|| + 27
< 2(6+n).
Since
[[viwavy — wy| < 86,

we obtain

(1 = p)(vjwavy) — (Ufwzvl)(l - )l

< 2(6 +17) + 166 = 326 + 2n.
Put p’ = (1 — p) — ¢'. Since
q'viwavr = viwyvq = 0,
then
1P’ (viwavy) — (vjwavr)p'|| < 326 + 27

Since {1 contains an arc with length > d/2, for any € > 0, by Lin2,1.2], if §
is small enough (6 depends only on d), thereis h € A, such that

2"+ D (ip'hp')" /n! — p'viweuip’|| < e/4

n=1

and 6 < €/2. Then
(1 = plu = viwivr — (p" + 3 (ip'hp')"/nl)|| < /2.
n=l
It follows from [BP,2.8] that p’Ap’ has real rank zero. Hence the selfadjoint

element p’hp' can be approximated by selfadjoint elements in p’ Ap’ with finite

spectra. Therefore there are mutually orthogonal projections g1, ¢s, ..., g in

17



p'Ap" with 37, ¢ = p’ and complex numbers oy, e, ..., @,, with le] =1
such that

IP' + D (P hp ) /n! = 3 || < /2.
n=1 k=1

Finally, we conclude that

10 =p)u= 3 M(vjpivi) = 3 el < e
AER k=1
Q.E.D.
Lemma 2.4. Let A be a o-unital C*-algebra with

RRIM(A® K)/A®K) =0

and u € U,(M(A)/A). Suppose that {e;;} is a matriz unit for K, and 7 is
the quotient map: M(A®K) — M(A® K)/A® K. If we identify A with
(1 ® e11)A(l ® e11), then for any dense sequence {\,}22, in the unit circle
and € > 0, there is unitary v € M(A® K)/A® K) with finite spectrum such
that

llu+ Z/\nl ® enn — V|| < &.

n=2

Proof: Suppose that {a,} is an approximate identity for 4 consisting of

projections. Set .
€n = Zan Qei,n=273,...
i=2

It is easy to see that {e,} forms an approximate identity for p(A ® K)p,
where p = 3722, 1 ® e;; is a projection in M (A). Moreover, one can check that
27221 ® ei; coverges to p in the strict topology.

Now define

Uy, = Z Al ® enn.

n=2
Since ;=21 ® e;; converges to p strictly, one sees that u, is a unitary in
p(M(A® K)p. Suppose that A\, = e, 0 < §, < 2r. Then u, = plezp(ih)),
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where h = 5., 6,1 ® enn € p(M(A ® K)p. Let b = n(h), then m(u,) =
m(p)ezp(ik). Clearly, u+7(u,) € U,(M(A®K)/AQK)). For any e > 0, there
are ui, Uz, ..., ux € U,(M(A®K)/A® K) along a path connecting u + T (o)
to the identity such that

lwis = will <€/3, flux —1]| < ¢/3
and
e + 7(u,) — wa ] < €/3.
By [Ph2,5], and the fact that
RR(M;(M(AQK)/A®K)) =0,

there are mutually orthogonal projections

42,9353 qm € Mo (M(A® K)/A® K))

and complex numbers oy, s, ..., @, loi] = 1,7 =2,3,...,m such that
'~ > aigill < €/3,
=2
where v’ = diag(uf, u1, u3, us, ..., Uk, Uk, 1). Without loss of generality, we may
assume that oy = Ay, a3 = A3, ...,am = M. Since A is stable, for each n,(n =
2,...,m) there are partial isometries w, and w’, in Mo (M(A®K)/AQK)
such that
wywW, =1 Qe y WaW,, = P,
Wy Wn = ¢y, , W5 = ¢n
and 1 ® en, = pn + ¢.,.
Notice that for any j,

M;(M(A®K)/AQK)= M(A®K)/A®K
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via an isometry. Therefore there is a partial isometry v such that

0" (u @ 7(uo))v = [u @ ur(u,)] B g:a,-q,-.

Put
v’ = diag(u ® m(u,), [u® 7(u,)]*, w1, ul, ..., ug, ul).
Then
lu @ 7(u,) ®u' —u"|| < ¢/3
and

lu®m(uo.) &) cugi — u”|| < €/3 + ¢/3.

=2

By [Ph2,5] again, there are mutually orthogonal projections
di,dy,....,di e M(AR K)/A® K

and complex numbers 1, B, ..., B with |3;] = 1 such that

l
" — 5 B < ¢/3.
=1

So I
llu @ 7(u,) ~ Zﬂivdiv*ﬂ < e

1=1
Notice that vd;v* are mutually orthogonal projections.
Q.ED.

Theorem 2.5. Let A be a o-unital stable C*-algebra with RR(M(A)/A) =
0. Then
cer(M(A)/A) < 1+e

Consequently, M(A)/A has weak (FU).

Proof: Let u € U,(M(A)/A). We will keep the notations used in the proof
of Lemma 2.4. Put

g= Z 1 ® ey
MNEF
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where F is the part of the unit circle in the closed right plane. It is easily
checked that the sum converges to g in the strict topology. Hence g €
M(AQ®K). Moreover, both 2ner Ml ®@ey and 3y, gp Ml @ ey are in M(A).
Set § = m(g). Clearly the spectrum of (3 5.cr Mil ® €), as an element in
gM(A)/Ag, lies in the closed right plane. By lemma 2.3, we conclude that
u@n( Z Al ®ei,~)
AigF
can be approximated by unitaries in (1 — §)M(A ® K)/A® K(1 — g) with

finite spectra. Since

splm( Y- Ml @ex)] € ST N {z:re(z) <0},
AigEF
by applying 2.3 again, we see that u can be approximated by unitaries in
M(A) with finite spectra. Since unitaries with finite spectra are of exponen-
tials, we conclude that

cer(M(A)JA) <1 +e.

Q.E.D.

Theorem 2.6. Let A be a o-unital C*-algebra with RR(M(A® K) = 0.
Then both M(A) and M(A® K) has (FU).

Proof: The proof is similar to that of Theorem 2.5. Let u € U(M(A®K)).
It follows from [Mi] that -

UM(A®K)) = U,(M(A®K)).

As in the proof of Lemma 2.4, we can show that u + 5,_, A\;1 ® e;; can be
approximted in norm by unitaries in M(A ® K) with finite spectra. Then,
as in the proof of Theorem 2.5, by applying Lemma 2.3 twice, we see that u
can be approximated in norm by unitaries in M(A ® K) with finite spectra.
This implies that M(A @ K) has (FU). Since

M(A) = (1 ® en)M(A ®’C)(1 ® 811),
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by [Lin2,1.2], (or by Lemma 2.3 again) M(A) has (FU).
Q.E.D.

Theorem 2.7. Let A be a o-unital C*-algebra with RR(M(A®K)) =0.
Then

cer(M(A)/A) = 1.

Proof: For any unitary u € U,(M(A)/A), there are hy, hs, ..., by in (M(A)/A);s.q.

such that
u = exp(thy)exp(ihy) - ...  exp(ih,).
There are a1, as,...,a, in M(A),,. such that

m(ag) = ke k+1,2,...,n
where 7 : M(A) — M(A)/A is the quotient map. Set
v = exp(ia1)erp(ias) - ... exp(ia,).

Then v € U(M(A)), 7(v) = u. It follows from Theorem 2.6 that M(A) has
(FU). By [Lin3,4.2], there are an approximte identity {e,} for A consisting
of projections and a € A such that

v = Z An(en — €ne1) + a,
where |A,| = 1. Therefore
W(Z An(en — €no1)) = w.
Suppose that A, = e'*", 0 < @, < 27. Then it is easy to see that
h = Zan n—€n1) € M(A)s.a.
and exp(ih) = 3°°2, Au(en — en_1). Moreover

exp(in(h)) = 7(ezp(ih)) =
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Q.E.D.

Theorem 2.8. Let A be a o-unital C*-algebra with stable rank one.
Then the multiplier algebra M(A) has stable (FU) if and only if A has stable
(FU).

Proof: Suppose that A has stable rank one and stable (FU). Then AQ K
has stable rank one too (see [Bl,6]). Moreover, A® K has (FU). It follows
from [Lin2,3.5] that M(A®K) has real rank zero. By Theore 6, M(A) has
(FU). Since M (M(A)) = M(M(A)) and M,(A) has

that A has, we conclude that My(M(A)) has (FU).
Now suppose that M(A) has stable (FU). Then, by [Lin2,1.4], A has
stable (F'U).
Q.E.D.
Corollary 2.9. Let A be a o-unital AF C*-algebra. Suppose that u is
a unitary element in M(A), then, for any € > 0, there are an approzimate

identity {e,} for A consisting of projections and an element a € A such that
u_Z)\ n—e€n-1)+a (e =0),

where [A;| =1 and ||a|| < e.

Proof: This is an immediate consequence of Theorem 2.8 and [Zh1,3.1].
Q.E.D.

Corollary 2.10. If A is a o-unital AF C*-algebra then the corona algebra
M(A)/A has real rank zero and

cer(M(A)/A) = 1.

Proof: This follows from Corollary 2.9 and Theorem 2.7.

Corollary 2.11. If A is a finite matroid algebra, then for any unitary
u € M(A)/A there is a selfadjoint element h € M(A)/A such that 0 < h <
27 and

u = exp(th).
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Proof: It follows from [Ell | that the unitary group of the corona algebra
M(A)/A is connected. So this corollary follows from Corollary 2.10.
Q.E.D.

Corollary 2.12. Let A be a o-unital C*-algebra with RR(M(A®K)) = 0.
Then any trivial extension 7 : C(S') — M(A)/A is totally trivial.

Proof: Since RR(M(A®K)) =0, RR(M(A)) = 0. Thus RR(M(A)/A) =
0. On the other hand, by 2.6, the unitary group is connected. It follows from
2.7 that cer(M(A)/A) = 1. Therefore 7(u) is contained in an abelain AF C*-
subalgebra for any unitary u € M(A). This shows that every trivial extension
T:C(S') - M(A)/A is totally trivial.
Q.E.D.

Corollary 2.13. Let A be a o-unital C*-algebra with stable (FU) and
stable rank one. Then any trivial extension T : C(S') — M(A)/A is totally

trivial.

Proof: This follows from [Lin2,3.5] and 2.12.
Q.E.D.

A question is now naturally raised: Does the Weyl-von Neumann-Berg
theorem hold for AF-algebras ( or more generally, C*-algebras with stable
rank one and stable (FU)) and their multiplier algebras? How about the nor-
mal elements with spectra which is homeomorphic to, say, the figure eight
curve? or the § curve? or even the so called ” Hawaiian ear ring? We will

give (partial) answers to these questions in § 9 and § 11.
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2 The Functor E(-, A)

§ 3. Some Operations on E(X, A)

In this section, A is a o-unital C*-algebra with RR(M(A)) = 0 unless
otherwise stated.

One should compare our 3.2, 3.3, 3.4, 3.6 with 4.8, 7.3, 7.4, 8.1 in [BDF1],
respectively.

Definition 3.1. The disjoint sum of extensions 71 : C(X) — M(A)/A
and 73 : C(X) — M(A)/A is an extension 7, V 1, of C(X V Y) by A, where
X VY is the disjoint union of X and Y, defined by

(1 V 72)(f) = nu(flx) + na(fly).

(Notice that My(M(A)/A) = M(A)/A.)

Proposition 3.2. The operation \/ induces an isomorphism

\:E(X,A)® E(Y,A) — E(X VY, A).

Proof: 1t is easily shown that the class of 7y V 7, depends only on those
of 7; and 73, and that the induced map is a homomorphism. Moreover, from
the definition, the map ) is injective.

To show it is surjective, let 7: C(XVY) — M(A)/A be an extension, let
p be the projection 7(x1), where x; is the characteristic function for X, and
define 7y : C(X) — p(M(A)/A)p by 7 = 7(.lc(x)). Here we regard C(X) as
a C*-subalgebra of C(X VY) by making the functions in C(X) zero in Y.
The extension 7, : C(X) — (1 — p)(M(A)/A)(1 — p) is obtained similarly.
Let 8, : C(X) — (1 — p)(M(A)/A)(1 —p) and t,: C(Y) — p(M(A)/A)p be
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two trivial extensions. Define 7{ = 7y + t; and 7j = 7 + t,. Then
Mrpm))=[n+nl=[n+n+t+t]=Ir]

Threfore A is bijective. Q.E.D.

The following is a generalized form of [BDF1,7.3] and an easy consequence
of [OP,3.4]. As indicated in [OP], it is a version of Kasparov’s Technical The-
orem [K,§3, Theorem 2].

Lemma 3.3. Let A be a o-unital C*-algebra. For any self-adjoint ele-
ments ho, h1, ko, ... of M(A)/A such that hy commutes with all h,, there exists
a € M(A)/A such that0 < a <1, a commutes with all h,, and af(ho) = f(ho)
for all continuous functions f vanishing on [1/2,00) and af(h) = 0 for all
continuous functions vanishing on (—o0,1/2]. |

Proof: Let fr /" X(=o0i1/2) n "\ X(=o0i1/2s 0 < fo < gn < 1. Then
fn(ho) are increasing, and g,(ho) are decreasing 0 < fr(ho) < gn(ho), fu(ho)
commutes with D = {h,}. It follows from [OP,3.4] that there is an a €
(M(A)/A)s.. such that

fa(ho) < @ < gn(ho)

and a commutes with each element in D. It is then clear that a is a required
element.

Q.E.D.

We denote by I“ the Hilbert cube [T, 0, 1].

Lemma 3.4. Ifa = [r] € E(I*,A), there ezxists ' € E(I¥,A) and
be E(BVC,A) with f.(b) = a+ a, where f : BV C — I is the obvious
map and B =[0,1/2] x [12,1,C = [1/2,1] x [I%2, 1.

Proof: Let [7] € E(I“, A) and {gn} C C(I*) be the coordinate maps, let
hn-1 = 7(g,) and let a be as provided by Lemma 3.3.

Define ¢ : I¥ — {1/2} x 122, I such that gi(¢) = 1/2,gn(¢) = gn. Put
T, = T 0, T, is @ homomorphism from C(I*) into M(A)/A. Let 7/ = 7+ 7,.
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_ a (a(l — a))1/?
P= ( (a(1 — a))1/2 l1-a )

is a projection that commutes with imr’. So 7, = pr’ defines a homomor-
phism from C(X) into p(M(A)/A)p and 7, = (1 — p)7’ defines a homomor-
phism from C(X) into (1 —p)(M(A)/A)(1 — p). Suppose that By, C, are two
closed subsets of I¥ such that

ker'rl = {fE C(X) f(x) :0,33 € Bl}a

kerry ={f € C(X): f(z) =0,z € Cy}.

We now show that By C B and C; C C. For if f € C[0,1] vanishes precisely
on [0,1/2] and g € C(I*) defined by g(z) = f(g1(z)), then

71(9) = p([7(9)] @ 7(g()])

=( a (a(l——a))‘/z)(r(f(gl)) 0 )
(a(l-a))'? 1-a 0 7(fla)ee)

=0.

Therefore g € kerm;. So
B, C {z:9¢(z) =0} = B.

In the same way C; C C. Now let iy : By — B,i: B — 1“7, : Cy — C, and
J : C — I“ be the inclusion maps. Then 707, and joj; are the inculsions of B
and C into X. Then 71 0¢f + 7 05} is a unital homomorphism from C(BVvC)
into M(A)/A. Take a totallyt trivial extension t : C(BVC) — M(A)/A, then

b=[roi]+ o0 +1]
determines an element in E(BV C, A). Let o’ = [r/ +1], then we conclud that
f(b)=a+d
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Q.E.D.
Remark 3.5. It is easy to see that B, UC; = X , and the interior of B;
is the same as that of B and the interior of C; is the same as that of C.

Lemma 3.6. Let A be a (non-unital) C*-algebra, {p,} be an orthogonal
sequence of projections in M(A). If F_, px converges weakly to 1 in A**,
then 3°%_; converges to 1 in strict topology.

Proof: Let z € A. In A**, 3°7_, px /' 1 weakly. Then {z — S zp}
converges to zero in o-weak topology in A**. But since A in o-weak topology
and norm topology has the same continuous functionals we conclude that
from Hahn-Banach’s theorem that the closure of the convext hull of {cn}
contains zero as a limit point in norm, where ¢, = T—) k=1 TPx. Consequently,

for any € > 0, there are ay, ay, ..., &, such that

0<ai<,) ex=1

=1
and

||z — Za, prk )| < e/2.

=1 k=1
(We may assume that n.y; > n;.)

So N
12 Bizpi— > zpi| < €/2
j=1 k=N+1

for some 0 < 3; < 1.
Since {px} are mutually orthogonal, the above inequality implies that

o0

I >0 zpef <e

k=N+41
Thus
N
(1 - k}_jpk)n — 0,
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as N — 0. Similarly,

N
I = 32 pe)z]| — 0,

k=1
as N — 0. Hence Y"}_; pr — 1 strictly. Q.E.D.

Definition 3.7. If {X,} is a sequence of closed subsets of X such that
diam(X,) — 0 and 7, : C(X,) — pu(M(A)/A)pn, where p, are the images
of projections p, € M(A)/A such that

Yoo Pn = 1( weak convergence in A**)

e 7 °

Then 31 : C((UXR)") — M(A)/A is defined as follows. Fir xz, € X, for
each n. Given f € C((UX,)™) choose T, € p, M (A)p, such that

m(Th) = ma(flx.)
and
| Tn — f(zn)|| — 0.

Then put (Zm)(f) = n(ZTn).
The definition needs the following remarks:

(1) Since diam(X,,) — 0,

I7(flxn = f(@) DIl = £ (Ix) = f(2a)1llec — 0.

It follows that required T s exist.
(2) For each f € C((UXn)™), &7 converges strictly. If{eg)} is an approz-
imate identity for ppApy, put

n . n—-1
en =9 ) + > e el

=1 =1

Since, by lemma 3.6, Y p_; pr — 1 strictly, {e,} forms an approrimate iden-
tity for A. For each m,

o m
> Tnem =3 Tuem
n=1 nz=]l

and

o0 m
emZTn ZemZTnv
n=1 n==1
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S i Tnem — 2%, Trem, €m Yk T, — e Yomey T as k — oo in norm, so

> T, converges strictly.

(8) The definition is independent of the choices of z;s and T.s, for if {z'}
and {T}} is another such choice, then T, — T! € A and

1Tn = Toll S\ Tn = F@)l 4+ 1T5 = Szl + 1 f(2a) — f(z)] — 0.

So Y (T, — T!) € A.
(4) It is clear that 3" T, is a *-isomorphism.

(5) If o : X =Y is continuous, Y, = ¢(X,.), and ¢, = p|x,, then

YLD Ta) = D (n)s(T),

where @' = ‘Pl(UX,,)--

(6) Notice that AQ K = A. So we may allow the case that p, = 1. In fact
i=11 ® eii is weakly converges to 52, 1 @ e;; in (A ® K)**(= A**), where

{ei;} is @ martiz unit for K.

§ 4. Exactness of the Sequence

E(F,A) — E(X,A) — E(X/F, A)

Let F be a closed subset of a compact metrizable space X. We have the
short exact sequence

0—-F—-X—X/F—0.

In [BDF1], Brown, Douglas and Fillmore showed that when A = K, the

sequence

Exi(C(F), A) — Ext(C(X), A) — Ezt(X/F, A)
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is exact. This fact plays an important role in the BDF-theory. We will show
in this section that the sequence

E(F,A) — E(X,A) — E(X/F,A)

is exact whenever A is a o-unital stable C*-algebra with RR(M(A)) = 0.

One should compare this section with Section 6 in [BDF1]. Notice that
M(A) is no longer a W*-algebra. So the spectral theroy does not hold in
M{A). Since M(A) is not weakly closed in general, one has to use the strict
topology carefully.

Lemma 4.1. Let A be a o-unital C*-algebra with RR(M(A)) = 0. Sup-
pose that X/ F is totally disconnected and X is the disjoint union of F' and
clopen sets X1, X, ... with diam(X,) — 0, and 7 : C(X) — M(A)/A is
an estension. Then there exist mutually orthogonal projections p, € M(A)
such that 7(xn) = 7(pn), where X, is the characteristic function of X,,, and
2_m=1DPn converges strictly. Moreover, with p, =1 — Y pn,

(1) 7(gor) = (g 0 1) (po) + 7( 9(2a)pr);
(2)r' 1 g — T(g or)w(p,) is an isomorphism
for g € C(F), where r is a retraction from X to F defined by sending each
Xn to a nearest point x,, € F.
Proof: Let
I={feC(X): f(z)=0,z € F}.

Since X \ F is totally disconnected, 7(I) is an abelian AF- algebra. Since
I, the C*-algebra obtained by adjoining the identity to I, is an abelian AF-
algebra, there is S C R, such that S is homeomorphic to X \ F. One can
extend 7 to a unital and injective homomorphism from [ into M(A)/A. We
will still use 7 for the extension of the original 7. Let ¢ : § — X \ F is the
homeomorphism. Suppose that g € I such that g o ¢ 1 (z) = ¢~ 1(z) for all
z € X \ F. Since we assume that RR(M(A) = 0, by [Lin4,2.4], there is an
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h € M(A),, such that

oo

h = Z Aipi,

i=1
and p; < e; — e;_1, where {¢;} is an approximate identity for A consisting
projections and {)\;} is a dense subset of S, and 7(k) = 7(g). Let p = =2, p;,
since p; < e; — e;_1, one can check that the sum converges in the strict
topology. Therefore p is a projection in M{A). There is a continuous function
fn € C(R) such that x, = f.(g). Let

[>.]

n = fa(R) = Y fa(X)pi.

=1

Then {g,} is a set of mutually orthogonal projections in pM(A)p such that
7(gn) = T(Xn). As in the proof of 1.6, one sees that 3%, ¢, = 32, fn(h)
converges to p in the strict topology.

Let {gm} be a countable dense subset of C(F),,.. Choose h,, € M(A),..
such that 7(hm) = 7(gm o 7). Then

T(hm@n = gm(Zn)¢n) = 7[(gm © T)Xn — gm(2n)xn] = 0.
So
hmqn - gm(xn)Qn, thn - qnhm S A

for all n,m.
Let {e{)} be an approximate identity for ¢,Ag, consisting of projections.

We have

(gnhm@n — gm(22) ) (g — e} — 0,

(gn — egnk))(qnhm% — gm(Tn)gn) — 0,
(q"hm - hmqn)(qn - eszk)) = (qnthn - thn)(qn - eglk)) — 0

and

(gn — esmk))(qnhm — hm@n) = (gn — eszk))(qnhm — Gnhmgn) — 0
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as k£ — oo.

Therefore,

and

as k — oo.

Hence

Moreover

Gnhm(gn — eg’)) — b (gn — eg‘)) — 0,
(gn — e("))hm —

n

(qn - egk))hmqn — 0,
(gn — egk))hmqn — hem(gn — eslk)) —0

(qn - eSzk))hm - hm(‘]n - esf)) € A.

For each n, let €, = ¢, — () for sufficient large k, we may assume that

for all n > m.

||6nhm - hmfn“ < (1/n)2

Fix a € A, since a(3_, ¢,) — ap in norm, la(ZoZ vyt gn)ll — 0. Thus

la( 32 eNP=lla( 3 (> Py e
n=N+1 n=N+1 n=N+1
<llal X @)( 2 go)a”|
n=N+1 n=N+1
= lla( 3 a)lI* = 0.
n=N+1
50 o € =30 1 qn — 22, e¥) converges strictly. Consequently, o

is a projection in M(A). Set ¢, =1 — $°° | ¢,,. Since

6k'hmék - ek(hmen - E'n.hm)en
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forn >k > 0.50 e¢thme, € Aforn > k > 0. Consequently, "7, €xhme, € A.
If £ > m, then
I Z exhmen|| < (1/k)2.
n>k

Hence
o0

Z Z Ekhmén S A.

k=1n>k
Similarly

o0

Z Z erhme, € A.

n=1n<k
(Since exhmen = €x(hmer — €xhm)e, itk > n > 0)
So

hm = Z Enhmen + a;

n=0

for some a; € A. Moreover

€nhmen = g((En)En + bn

for some b, € A and n > 1. Since

(‘Znthn - gm(mn)qu)(qn - egzk)) — 0,

we have ||b,|| — 0.

Therefore

hm = 6ohmea + Z gm(zn)ﬁn + as,
n=1
where a; € A. Finally, let ¢, = ¢, — d,, where d,, is a nonzero projection in
ende, foralln > 1, and let e, = 1 — 322, €4, ( The same argument used to
show that °22; €, converges strictly shows that 3°5%, &, converges strictly.
Hence it is a projection in M(A).) then 7(e,) = 7(xn) for n > 1. So

(=)

T(gm 07) = 7(gm 0 7)7(€0) + T(DY_ gm(Ta)en)

n=1
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for all m. Hence
(1) rlgor) = 7(g 0 r)r(ea) + (55 gm(a)en)
for all g € C(F).
Next we observe that 7(g o r) commutes with =(g,) for ¢ = g,, by the
construction, and hence for all ¢ € C(F). Therefore ‘

(=1

is a *-homomorphism.
notice that
|gm (22)| < |l7(gm 0 m)m(e0)l.

So it holds for all real ¢'s. Suppose that &k € ker(r'), without loss of generality,
we may assume that k is real valued. Then k(z,) = 0. Thus by (1),

T(kor)=0.

This implies that r.7(k) = 0, since r is surjective, k = 0. We then conclude
that 7’ is a monomorphism.
Q.E.D.

Lemma 4.2. Let ¢ : X — Y be a continuous surjection, 7 : C(X) —
M(A)/A be an extension such that o.(T) is totally trivial. Suppose that
©.(T)[C(Y)] C B, where B is isomorphic to C(Y), Y is totally disconnected,
and u: Y — Y is the mapping induced by inclusion ¢,(r)[C(Y)] C B. For
each clopen set C C Y, if 8[u(C)], the boundary of u(C), contains no point
with multiple preimage in X, then xc commutes with imT.

Proof: We may identify B with C(Y). Let F = ¢~1(8u(C)), U = ¢~ (int(u(C))
and V = o7 (Y" \ u(C)). We first notice that it is enough to prove that y¢
commutes with 7(f) when f vanishes on F. In fact, since ¢ is injective on
F, for any f € C(X) there is g € C(Y') such that g o ¢ agrees with f on F.
Since x¢ commutes with 7(g o ¢), we may replace f by f — g o ¢.

Now since any f vanishing F' can be approximated uniformly by functions

vanishing on a neighborhood of F, we may further assume that f vanishes on
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a neighborhood of F. So we may assume that f = f;+ fv with fy supported
in U and fv in V. For fy, choose g € C(Y') supported in u(C) such that
gow =1 on the support of fyy. Then, since

fu(gow) = fu,

and

T(fu)xe = T(fu)lr(goe)xcl = 7(fu)r(g 0 w) = 7(fv).
Similarly x¢ commutes with 7(fv).
Q.E.D.

Lemma 4.3. Let A be a o-unital stable C*-algebra with RR(M(A)) = 0.
If X/ F is totally disconnected then i, is an isomorphism.

Proof: Write X as the disjoint union of F' and clopen sets X, with

diam(X,) — 0. Define a retraction r : X — F by sending each X, to a
nearest point z, € F. Then r.i. = idg(r 4) by proposition 1.12.
Next we show that i, o f. = idg(x,4). Fix an extension 7 : C(X) — M(A)/A.
We will keep the notations used in the proof of 4.3. The decomposition
f=(f—for)—(for) shows that C(X) is the linear direct sum of the ideal
I and the subalgebra r*{C(F)]. Since each X, is totally disconnected, there
is a *-monomorphism o7 : I — (1 — &,)M(A)(1 — ¢,) such that

(0B or) = 7|s

and o(Xn) = €n,n > 1, where 0 is the zero map into €,M(A)e,. Moreover
there exsist an approximate identity {dy} for (1 —¢,)A(1 — &,) consisting of

projections and a dense sequence {\;} in U%2, X} such that

oi(f) = i FAR)(de — di-1)

k=1
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for all f € I. We also define
o2 : T*[C(F)] = (1 —eo)M(A)(1 - ¢&,) by

02(9 0 7‘) = ilg(mn)en

and then let o(f) = o1(f — f or) + o2(f or). This map is clearly *-linear.
To show that o is a homomorphism , it is enough to show that
a1{{gor)f) = oalgor)oi(f)

forall feI,g € C(F).
For f € I, the expansion f = ¥ fx, converges in norm, so by the linearity
and continuity it is enough to establish the above relation for f's satisfying

fxn=f. Then (gor)f = g(z.)f. So

o1((gor)f) = g(zn)o1(f)
On the otherhand,

01(f) = 01(f)o1(xn) = 01(f)én.
Therefore
o2(gor)or(f) = oa(g o T)eno1(f)
= g(zn)eno1(f) = g(za)o1(f).

We also notice that m oo is totally trivial. We set o, = 3 o, countably many
copies of 0. Then moo, : C(X) — M(A)/A ( Ais stable ) is a totally trivial
extension. We need to show that

[r]=[ror*oi* + 700y

We have

(1) (r+moow)(gor) =r(gor)n(e,) +moos(gor)+moTay(gor)
for g € C(F).
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(2)(7 + 70 0u)(f) =70 T ou(f)
for f € I.

There is a patial isometry u € M(A) such that

(o)

uu = Z(l —€0) ® €y

1=1
and -
U'LL* = Z(l - 60) ® €iiy

=2
where {e;;} is a matrix unit for K. Therefore, since A is stable, from (1) and
(2), we conclude that 7 4 7 0 0, is unitarily equivalent to 70 r* 0 4* 4+ 7 0 0

So

[r]=[ror*ot* + 7o 0.

Q.E.D.
Lemma 4.4. Suppose that A is a o-unital stable C*-algebra with RR(M(A)) =
0 then
kerp, C i.(keryl),

where ¢’ = p|r , F' = ¢7Y(G) and G is a closed subset of Y which contains
all points with multiple preimage in X.

Proof: Let 7 : C(X) — M(A)/A be such that ¢.(7) is totally trivial. So
@(7)[C(Y))] is contained in a C*-subalgebra of M(A)/A which is isomorphic
to C’(f’), where Y is a totally disconnected space. We may identify this
C*-subalgebra with C(Y). Let u: ¥ — ¥ be the surjective map induced by
the inclusion @.(7)(C(Y)) C C(Y). So v (Y \ G) = ¥ \ u~1(@) is an open
subset of ¥ and it is totally disconnected. The C *-subalgebra

I={feCl): f(z)=0,z € v (G)}

is an abelian AF-algebra. Let {p,} be the projections of I which generates
I, by lemma 4.2, p, commutes with imr. Denote by B the C*-subalgebra
generated by {p,} and imr. Assume that B = C(X). Since 7(C(X)) C B,
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we get a surjection v : X — X and a *-isomorphism 7 : C(X) — B such
that 7 = v.(7). We claim that v is a homeomorphism on v=1(F).

It is clear that G Nu(C]) = 0, where p, = x¢;, and C!, is viewed as a clopen
subset of ¥. Since both X and Y are compact metrizable spaces and the map
¢ maps X \ F one-to-one and onto Y \ G, ¢* maps I isomorphically onto
Ir, where

Ie={feC(Y): fy) =0,y € G}

&
.
o

Ir={feC(X): f(z) =0,z € F}.

Moreover ¢. o 7(Ig) = 7(Ir). Therefore it is easy to see that the ideal of
C(X) generated by (v*)~'(Ir) is I. Now, if z € X such that v(z) € F then
v*(Ir) C kerd(z) (9(z) is the complex homomorphism induced by v(z).).
Since Z|¢(x) = 9(z) and I is the ideal generated by (v*)~1(Ir), I C kers.
This shows that FFNv(C,) = 0, where p, = xc¢, and C, are clopen subsets of
X. It is easy to see that if v(z) & v(C,) then x¢,(z) = 0. For v(z) & v(Cy)
implies that ¢(v(z)) € ¢(Cr), so there exists g € C(Y) with g(p(v(z)) =1
and g = 0 on ¢(v(C,)), and therefore

0= 7(g 0 p)(z)xc,(2)

= g(e(v(z))xca(z) = XCa(2).
In particular, if v(z) € F, then z annihilates all p,,. Now suppose z,,z, €

v™Y(F) and v(z1) = v(z2). So #i(p,) = 0. If z; # 24, there is f € C(X) such
that

21(f) # &2(/).

Since £;(f) = 0 for f € I and ¢ = 1,2, there must be f € #mr such that
1(f) # Z2(f). But if f € im7, 2;(f) = f(v(z;)). Hence 2; = z,. This
implies that v is one-to-one on v=!(F'). Since both F and v=!(F') are compact

metrizable spaces, v is a homeomorphism on v=!(F'). This end the proof of the

39



claim. So we may identify v~!(F) with F. Since * maps I5 isomorphically
onto I, one sees easily that X \ F is totally disconnected.

Let j = v|F. Since X \ F is totally disconnected, the map j.: E(F,A) —
E(X,A), by 4.3 and 1.12, is bijectve. There is 7/ € E(F,A) such that
J«(7') = 7. Since 7 = v,j.(7") and v,j. = i., it remains to show that ¢’ (7') is
totally trivial. Notice that ¢, is a map from E(F, A) into E(Y, A). We also
observe that C(¥') C C(X), the inclusion gives a surjective map ¢: X =Y
and we have

goj=1loy,
where [ : G — Y is the inclusion ( u is a homeomorphism on u~!(G)). Now
@xJu(7") is totally trivial ( ¥ is totally disconnected). So Lol (7') is totally
trivial, and therefore [¢!(7/)] = 0 (see 1.12).
Q.E.D.

Theroem 4.5. Suppose that A is a o-unital stable C*-algebra with
RR(M(A)) =0. If X is a compact and metrizable space, F is a closed subset
of X, then

E(F,A) — E(X,A) — E(X/F,A)

15 exact.

Proof: We have kery, C imi, by 4.4 and other inclusion is obvious.

Q.E.D.

§ 5. E(X,A) as a Group

We now show that F(X, A) is a group when A is a o-unital stable C*-
algebra with RR(M(A)) =0, as in Section 9 of [BDF1].
Recall that the inverse limit of a sequence f, : X4 — Xn(n > 1) of
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spaces and continuous maps may be identified as

im X, ={z € H Xt falZny1) = zpyn 2> 11,

n=1
and that the corresponding statement holds for inverse system of groups and

homomorphisms. In particular one always has a homomorphism
P:E(lim._X,) — lim_E(X,, A),

defined by P(a) = {(ps).(a)}, where the p; : lim._X, — X} are the coordi-
nate projections. As in [BDF2,2.5] we have the following:
Theorem 5.1 If {X,, f.} is an increasing system of compact metrizable

spaces and continuous surjections, then the induced map
P:E(lim X, A) — lim_E(X,, A)

s surjective.

Proof: See the proof of 2.5 of [BDF2)].
Q.E.D.

Lemma 5.2 Let A be a o-unital stable C*-algebra with RR(M(A)) = 0.
Then E(I“, A) is a group.

Proof: Let a = [r] € E(I¥, A),G = [0,1/2]xI2,, G = [1/2,1]x[1=,, by
lemma 3.4, there exist a’ € E(I¥, A) and b€ E(FVG, A) with f.(b) = a+d/,
where f : F'V G — I* is the obvious map. Since F and G are homeomorphic
to I, we can repeat this argument for each of the "pieces” of b ( relative
to the isomorphism between E(F, A)@® E(G, A) and E(FV G, A)). Iteration
then produces the following situation:

i) a sequence f,, : Xn11 — X,(n > 1) of spaces and surjective maps, where
X1 = 1%, X,, has 2"~! components each homeomorphic to I*, and the diam-
eter of the components tends to zero.

ii) an,ay, € E(X,, A) such that (f,)s(@n1) = an +al), where a; = a is given.
Since the diameter of the components tends to zero, we conclude that the in-
verse limit X of {X,, f.} is totally disconnected, and there exist well-defined
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elements

by = an + a; + (fn)*(a:wl + (fn)t(fnﬂ))*(a;-i-z) + ..
of E(X,,A) by the definition 3.7 (because each a} can be decomposed into

2F-1 pieces corresponding to the components of X,). Moreover,

(fn)*(bn+1) = (fn)*(an+1) + (fn)*(a;ﬂ) + (fn)*(fn+1))*(a:z+1) + ..

— ~ (£ (L1 \
=an + Up + \Jﬂ/*(u’n-{-l) T .

= b,.

Therefore {b,} is an element of lim. E(X,, A), so by Theorem 5.1, there
exists ¢ € E(X, A) such that (¢n).(c) = bo,n > 1. By 1.8, E(X,A) = 0,
because X is totally disconnected. So b, = 0 and

ag + (f1)«(a3) + (f1)+(f2)s(ay) + ...

is the required inverse of a.

Q.E.D. .
Theorem 5.3. Let A be o-unital stable C*-algebra with RR(M(A)) = 0.

Let F' and G be closed subsets of X with X = F U G, and let i, 14,41, j2 be

the inclusion maps of FNG in F,FNG in G,F in X, and G in X. Then

E-YFNG,A) S E(F,A) & E(G,A) 5 E(X, A)

is ezact, where E-1(F, A) denotes the group of invertible elements in
E(FNG,A), and a and B are defined by

a(a) = ((i1)«(a), (12)«(=a)),a € ETH(F NG, A);
B((b, c)) = (71)«(b) + (j2):(c), b € E(F, A),c € E(G, A).
Proof: We have -« = 0, since j; 01, = j,01;. Suppose that 3((b,c)) =0
for (b,c) € E(FV G,A). Let ¢ : FVG — X be the obvious map. By
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Proposition 3.2 , it follows that 8§ = ¢. 0 A. So ¢(bV ¢) = 0. By Lemma
4.4, there is d € E(S V S, A) such that ¢.(d) = bV c and ¢.(d) = 0, where
S=FNG,i:SVS — FVG is the inclusion, and ¢’ : SV S — S is
the restriction of ¢. By Proposition 3.2, we get d = a; V ay for some a; and
az € E(S5,A), and a1+ a; = ¢,(d) = 0. Thus a; € E~Y(S, A) with inverse a,.
But

(21)x(a1) V (12)x(az2) = t(a1 V a3) = i.(d) = bV c,

and therefore

alar) = ((é1)«(a1), (22)«(az)) = (b,¢),
by the Proposition 3.2 again.
Q.E.D.
Corollary 5.4. If E(X,A) is a group, then E(F, A) is a group for any
closed subset of F of X.

Proof: From Theorem 5.3, we have the exact sequence
E-Y(F,A) % E(F,A) @ E(X,A) 5 E(X, A).
Ifa € E(F,A) and 7 : F — X is inclusion, then f(a, -—-z',.,(a))‘z 0, and
consequently there exists a’ € E~1(F, A) such that
a(a’) = (a, —i.(a)).
That is
(¢'sin(=d')) = (a, ~is(a)).

In particular, ¢’ = a and a is invertible.

Q.E.D.
Theorem 5.5. Let A be a o-unital stable C*-algebra with RR(M(A)) =
0. For any compact metrizable space X, E(X, A) is a group.

Proof: The space X can be regarded as a closed subset of I*. So the result
follows 5.2 and 5.4.
Q.ED.
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§ 6. E(-,A) as a Homotopy Funtcor

Throughout this section, A is always a o-unital stable C*-algebra with
RR(M(A)) = 0.

In section 2 of [BDF2], Brown, Douglas and Fillmore show the following
theorem:

Theorem 6.1.(section 2 of [BDF2]) Let h be a covariant functor from
compact metrizable spaces to abelian groups such that
1) M(F) = h(X) — h(X/F) is exact for F a closed subset of X;
2) If X = lim_X,, where each of the maps X,41 — X, is onto, then the
natural map P : h(X) — lim_h(X,) is onto; and
3) If X and {X,} are as in 2) and each X, has only finitely many points,
then P is an isomorphism.

Then h is homotopy invariant.
From section 4, 5 and Theorem 6.1, we have the following:

Theorem 6.2. The functor E(., A) is homotopy invariant.

Proof: 1t follows from Proposition 1.12 and Theorem 5.5 that E(-,A) is
a covariant functor from compact metrizable spaces to abelian groups. By
Theorem 4.5 and Theorem 5.1, this functor satisfies condition 1) and 2) in
6.1. Furthermore, if X and X, are as in 3) of 6.1, then X is totally discon-
nected. Therefore in this case, E(X,A) = E(X,, A) = 0 for all n. Hence P
is an isomorphism. By Theorem 5.1, E(-, A) is homotopy invariant.

Q.E.D.

While we omit the detailed proof of Theorem 6.1, which we simply quote
from [BDF2], we would like to include proofs of the next two lemma for the

completeness.
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Lemma 6.3. If X is the union of closed subsets F and G, and FN G is
a retract of F', then

E(F,A) & E(G,A) — E(X, A)

s a surjection.

Proof: Let r, : F'— F N G be a retraction, let 7 : X — G be defined by
r(z) = z for € G and r(z) = r,(z) for z € F. Suppose that 7 : G — X and
J+ F'— X are the inclusions and ¢ : X — X/F is the quotient map. Then
we see that goior =g, so that if a € E(X, A) is given,

¢(a —i.r.(a)) = 0.
By Theorem 4.5, there is f € E(F, A) such that

3(f) = a —iuru(a).

Then r.(a) ® f maps to a as required. Q.E.D.
Corollary 6.4. Supposed X is the union of closed subsets F, G and FNG
is a retract of G. If E(F NG, A) =0, then the map

E(F,A) @ E(G, A) — E(X, A)

is an isomorphism.
Proof: 1t follows from 5.3 that the map is surjective. We also have the

following exact sequence:
E(FNG,A) — E(F,A)® E(G,A) — E(X, A).

Since E(F' N G) = 0, we conclude that the map is injective, and therefore it
is an isomorphism.
Q.E.D.

Lemma 6.5 Suppose that X is the union of closed subsets {X,} such
that diam(X,) — 0 and E(F,, A) = 0, where F, = US_, . (Xo 0 X)), If
there is retraction r, : X — X, for each n, then the map

S: ﬁ E(X,,A) — E(X, A)

n=1
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defined by (11,73, ...) = 3,52, Ty is an isomorphism.

Proof: Clearly, (rm)«(Z 7a) = Tm. So if ¥, 7, is totally trivial, every
Tn 18 totally trivial. This implies that the map S is injective.

Now define closed sets Y, by ¥, = UpmsnXm, and let 7 : C(X) — M(A)/A
be an extension. Since X = X;UX,U...UX,UY,, by repeated application of
Corollary 6.4 we obtain mutually orthogonal projections py, ps, ... € M (A)/A
and extension 7, = p,7 and 7, = (1 — 7, px)7 so that 7 = (gn)s(mM VTV
VT, V7). (Hereq, : X1 VX3V...VX,VY, — X is the natural map.) Since
RR(M(A)) = 0, by [BP,2.5 ], RR(A) = 0. It follows from [BP,3.14] that
~ every projection p € M(A)/A lifts to a projection P € M(A). By repeated
application of this fact, we obtain orthogonal projections P, € M(A) such
that 7(P,) = p, and 32, P, = 1 ( converges in strict topology). We may
view 7, as an extension from C(X,) — p,(M(A)/Ap.. By 3.7, Yoo, Tn does
define an extension from C(X) — M(A)/A. We claim that 7 = %, 7,,. In
fact it is easy to see that r(f) = (322, 7)(f) if f is constant on some Y,
and such functions are dense in C(X). Hence S is surjective and thus is an
isomorphism.

Q.E.D.

Corollary 6.6. Suppose that X is a contractive compact metric space.
Then

E(X,A) = {0}.

Proof: 1t follows from 1.7 that
Ezi([0,1], A) = {0}

By 6.2,
Ezt(X,A) = E([0,1], A) = {0}.

Q.E.D.
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3 BDF Theory for C*-algebras with Real Rank

Zero

§ 7. The Index Map

7.1 By Brown’s universal coeflicient theorem ([Bn2]), we know that
0 = Ezty(K,(C(X),Z) — Ezt(C(X),K) = Hom(K'(X),Z) — 0,

and when X is a compact subset of the plane, as in [BDF1, Section 10], the
index map

v : Ext(C(X),K) —» Hom(K*(X),Z) — 0
is an isomorphism.
We will show in this section that a similar result holds for E(X, A) at least
for some A. Now we assume that A is a o-unital stable C*- algdebra We will
use the Mingo’s definition for index. If f € F4, where

Fa={f € M(A):n(f) invertible},
the (generalized Fredholm ) index for f is defined by
ind(f) =[1—v*v]—[1 —vv*] € K,(A),

where f = g+a for some a € A and g has closed range and finitely generated
kernel and co-kernel such that g = v|g| for a partial isometry v € M(A) with
kerv = kerg(see [M]). Mingo shows that this index is well defined. Moreover
ind : Fg — K,(A)is locally constant. If, in particular, f and g are connected
by a norm continuious path in Fy, then ind(f) = ind(g). If [F4] denotes the
set of path component in F,, then

ind : [Fa] — K,(A)
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is an isomorphism. An extension 7 of A by C(X) extends uniquely to an
extension 7 : M3(C(X)) — My(M(A)/A)(= M(A)/A). We define our map

~ as follows:
Y([7D(f) = ind(7(f)),

where 7: C(X) — M(A)/A is any extension and f € C(X, M,) any unitary.
It is clear that ind(7(f)) depends only on the equivalence class [r] of 7 and
the homotopy class [f] of f.

It is clear that if 7 is totally trivial, then ind(#(f)) = 0 for unitary
f e C(X,M,). We also have

ind(7(fg)) = ind((f)(7(g)) = ind(7(f)) + ind(7(g)),
so y([r]) : K*(X) — K,(A) is a homomorphism; and since

nd(r1 + 75)(f) = ind(r1(f) @ 2(f)) = ind(n1(f)) + ind(n2(f)),

~ is a homomorphism.

Lemma 7.2 Let A be a o-unital C*-algebra with RR(M(A)/A) = 0.
Suppose that X is the union of closed subsets F,G and FNG = {z,}. Then
for any extension T : C(X) — M(A)/A, there is a projection p € M(A)/A
such that p commutes with imt. Moreover,

n(f) =7(f-m)p

( for f € C(F)) and

7(f) =7(f-r2)(1 = p)
( for f € C(G)) are monomorphisms from C(F) and C(G) into p(M(A)/A)p
and (1—p)(M(A)/A)(1—p), respectively, where vy and ry are retractions from
X onto F and G, respectively.

Proof: Let Oy = F\ {z,}, O, = G\ {z,} and let f,g € C(X) such that
f(z) > 0,if z € O; and f(z) = 0 elsewhere; and g(z) > 0, if z € O, and
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9(z) = 0 elsewhere. Then, by [Bn3], there is a projection p € M(A)/A such
that pr(f) = 7(f) and pr(g) = 0. For any f € C(X), let A = f(z,), then

f=X2el={feC(X): f(z,) =0}

Clearly p commutes with each element in 7(I). So

p(f=A) =(f=A)p.

Hence p commutes with ¢m. The rest of the proof is clear (see the proof of
3.4 and Remark 3.5).
Q.E.D.

In the rest of this section, A is always a o-unital stable C'*-algebra with
RR(M(A)) = 0. So, by 2.6, M(A) has (FU).

We notice that if X is a metric space with dim(X) < 2, then K;(C(X)) =
U1(C(X))/Uo(C(X)).

Lemma 7.3 If F is a closed subset of [0,1] and X = [0,1]/F, then vx
1S tnjective. .

Proof: By considering the components of the complement of F, we see
that X is the union of a sequence of closed subsets X,,, each homeomorphic
to an interval or a circle and diam(X,) — 0. Moreover, there is £, € X such

that X, N X, = {z.} for all n # m, and X can be regarded as a subset of
C.

The lemma is true when X is an interval, since then E(X,A) = 0. If X
is a circle, by 2.12,
E(X,A) = Ezt(X, A).

Let z be the identity function on S* and 7,7 : C(S') — M(A)/A be two
extensions. It is enough to show that if

inf(m(z)) = ind(my(z))
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then [r;] = [r;] in E(S?, A). For this let uy,u; be two partial isometies in
M(A) such that 7(u;) = 71(z) and 7(uy) = 7y(2), respectviely. So 1 —
ujug, 1 —wul, 1 — ujug, 1 — uqul € A, and

1 —ufur] = [1 —wguf] =1 — uduy] — [1 — uqul).

Set v = uy @ uy. Then [1 — v*v] = [1 — vv*]. Let w be a partial isometry in
M3(A) = A such that w*w =1 —v*v and ww* =1 — vv*. Then w4 v is a
unitary. Similarly there is w’ € M,(A) such that w' 4 v is a unitary , where
v' = u; B uj. Let o : C(S') — M(A)/A be an extension determined by u3,
then [o] = [72]~! and [o] =[]~ in E(S?, A), since all trivail extensions are
totally trivial in this case. So [r]=! = [r;]~! , and hence [r1] = [ry].

So lemma is true when X is a circle. We will reduce the general case to
these two cases. Let 7 : C(X) — M(A)/A be an extension in kervy, and
let Y, = U;s» Xi (a closed subset ). By induction and repeated application
of Lemma 7.2, we obtain mutually orthogonal projections {p;} in M(A)/A
such that 7, = p,7 give extensions 7, : C(X,) — pn(M(A)/A)p, and 7’ :
C(Ya) = (1 — Zka1 pe) (M(A)/A)(1 = TRy pi)- Moreover,

T=g(nVrV..Vr V1),

where ¢, : X1 V X3 V...V X, VY, — X is the natural map. If f € C(X) is
constant on Y;,, we have

T(f) = n(flx,) ® 2(flx,) ® .. © Tn(len) ® f(z,).

By taking f properly, one sees easily that 7, is in kery for each n. Thus
each 7, is totally trivail. Suppose that B, C p,(M(A)/A)p, is the abelian
AF-C*-subalgebra containing 7,(C(X,). Since A is stable, the closure of

U (@mB)ec -3 m)

is an abelian AF-C*-subalgebra of M(A)/A. We denote it by B. For functions

f that are constant on some Y,, 7(f) € B. Since such functions are dense in
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C(X), 7(C(X)) C B. Therefore 7 is totally trivial. So vx is injective.
Q.E.D.

Lemma 7.4. If X is a subset of the plane, F and G are the intersection
of X with the closed half-plane determined by a straight line L, and

B:E(F,A)® E(G,A) = E(X,A)
is the usual map, then

ker(vxfB) C keryp @ ker~g.

Proof: Suppose that 7 and 7, are in E(F, A) and E(G, A), respectively,
such that

ind(r(f|r) ® n2(flg)) = 0
for all f: X — S'.1t is sufficient to show that indr(g) = O forallg : F — S1.
Extend g to ¢’ : F UL — 5! by linearity on the component of L\ F N L,
steering around {0} is necessary; and let f = g’ o p, where p: G — L is the

projection and p|r = id. Then f|g is null-homotopic so that indry(f|g) = 0.
Therefore

0 = ind(m(flF) ® 72(flc))
indry (f|F) = indri(g).

Q.E.D.
Lemma 7.5. If X is a compact subset of the plane, the yx is injective.
Proof: Let a € E(X,A) with 4(a) = 0, let F,G, L be as in Lemma 7.4,
and let J be a compact interval on L that contains X N L. We have the
following commutative diagram:

FUuJ & xuJ & guy
th it
F 5 x & g

51



By lemma 6.3, the map
E(FUJ,A)® E(GUJ,A) - E(X U J, A)

is surjective. So there are b’ € E(F U J,A) and ¢ € E(GU J,A) with
J«(a) = (11)«(¥) + (14).(¢'). Then j.(a) € ker~y, Hence b/, ¢’ € kervy,by lemma
7.4. Therefore the images of ¥',¢' in E(F U J/F, A) and E(G U J/G,A) are
in kery. Since both FFU J/F and G U J/G are homeomorphlc to J/IFNG,

by lemma 7.3. the imag ial. However

o
2
UQ

E(F,A) — E(F U J,A) = E(FU J/F, A)

E(G,A) = E(GUJ,A)— E(GUJ/G,A)

are exact by theorem 4.5. So there are b € E(F, A),c € E(G, A) such that
b" = (j1)«(b) and ¢ = (72)«(c). We have

Jx(((E1)+(8) + (in)s(c))) = ju(a).
Since E(J, A) = E(X N J,A) =0, it follows from the exact sequence of
E(XNJ,A) - E(X,A)® E(J) - E(X U J,A)

that 7. is injective. Thus

(21)(b) + (i2)x(c) = a.

By lemma 7.3, b,c € kery.

Now we use the iterated spliting argument of 5.2. We can produce the
following:
1) a sequence f, : X,11 — X, (n > 1) of spaces and surjective continuous
maps, where X; = X, X,, has 2"~! components each homeomorphic to a
compact subset of the plain and diameter of the component tends to zero.
2) an, € E(X,, A) such that (fn)«(@ny1) = an, where a; = a is given.
3) a, € kery.



Since the diameter of the components tends to zero, we conclude that
lim_ X, of {Xn, f.} is totally disconnected. Therefore E(lim._X,, A) = 0.
By Theorem 5.1, {a,} = 0 as an element in lim._ E(X,, A). Hencea = a; = 0.
Q.E.D.

Theorem 7.6. If X is a compact subset of the plane, then the indez map
E(X,A) - Hom(K'(X), K,(A))

1anmm
8 an soem

Proof: 1t follows from {Zh1,2.3] that K(A) = 0. From universal cofficient
theorem ([RS]), since K1(A) =0, we have the following diagram:

rTpRism.

Ezt(C(X),A) 2 Hom(K'(X), K,(A)) — 0

Tq / ,
E(X,A)

where ¢ is the quotient map. Since, by lemma 7.5, the map v : E(X, A) —
Hom(K*'(X), K,(A)) is injective, the map is in fact an isomorphism.
Q.E.D.

Remark 7.7. There is an alternative proof without using the universal
coeflicient theorem. The proof is based on the following fact: If X is a finite
simplicial complex in C, then vy is surjective.

Suppose that fi, fz,..., fa : X — S is a system of free generators for
K1 (X). It suffices to show that for any projection p € A, there are extensions
Ti, ..y Tn Such that indn(f;) = [p] and indr(f;) = 0 for ¢ # 5. Since A is a
o-unital stable C*-algebra, there is a partial isometry v € M(A) such that
v'v = 1,vv* = 1 — p. In fact, we may assume that A = B ® K, where B
is unital. By [Eff,A8], we may assume that p € M,(B) for some n. Since
M.(B)® K = B @ K, we may further assume that p € B. Since there is
partial isometry vy € M(B @ K such that

vivi =D (1 = p)®@eii ,v0f = 3 (1 — p) ® e,
1=1 =2
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there is a partial isometry v, € M(B ® K) such that

’U;’U2=(1——p)®611@21®6,’,‘, va:Zl@e;;.

=2 =2

Therefore there is a partial isometry v € M(A) such that
v'o=1 ,00"=1-p.

Choose g1,...,gn : S' — X such that f; o g; is homotopic to the identity
map for 2 = j and to the constant map for 7 # j, choose a diagonal normal
element z € M(A) with sp(n(z)) = X. Define 7;(f) = f(g:(r(v)) & 7(z)).
Then

indri(f;) = ind[fi(gi(n (v)) + fi(m(z))]
= indf; o g;(7(v)).
So if ¢ = 7, indri(f;) = indn(v) = [p] and if 1 # j, ind7;(f;) = 0.

Once we have this, we can use the argument of 10.5 in [BDF1] to show

that vx is bijective for any compact subset of C.

Corollary 7.8. If X is a compact subset of the plane,

E(X,A) = Ext(C(X), A).

Proof: The quotient map ¢ in the diagram of 7.5 must be injective.

Q.E.D.

§ 8. Applications to Purely Simple C*-Algebras
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First we notice that every (non-unital) o-unital purely infinite simple C'*-
algebra is stable (see [Zh3,part 1,1.2]).

Theorem 8.1.(cf [Lin 4,3.5] Let A be a o-unital purely infinite simple
C*-algebra with K1(A) = 0, X be a compact metrizable space. Then any two

totally trivial extensions are unitarily equivalent.

Proof: Let {A,} be a countable dense subset of X, where each point
occurs infinitely often. Suppose that {e,} is an approximate identity for A
consisting of projections. Let ¢ : C(X) — M(A), by

o(f) = ilf(f\n)(en —ent).

Then 7 = w oo defines a totally trivial extension of ¢’ (X) by A. Suppose that
{7} is another dense subset of X and {e,} is another approximate identity
for A consisting of projections and o' : C(X) — M(A) is define by

o0

U,(f) = Z f("yn)(en - fn—-l)-

n=1
We will show that 7/ = 7 0 ¢’ is unitarily equivalent to 7. It is easy to see
that there is a permutation p on the set of natural integers N satistying
d(AnyYo(m)) — 0. Suppose that {),} = WH{Ak,i)}, where Ay = A(k,1) and
Aki) # Ay i & # 5. Let pr = Yi(eqriy— e(riy-1) and g = 22 (EGkyi) = €(ki)-1)-
By [Zh 4, 3.3], there is a partial isomety v, € M(A) such that

*
VRVk = Dk, VkVf = Q.
Set u, = Y %_; vi. For each m,
Un€m = UntkCm,

for n > n(m) some n(m), since ppe, = 0 for large k. Consequently, u,
converges left strictly to a unitary in LM(A). Clearly {vn(m)emt(m)} forms
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an approximate identity for A. Notice for large n,

un(m)emu:(m)un+k = Un(m)em = un(m)emu:(m)un'

Thus u, converges strictly to a unitary in M(A). For any f € C(X),
o(f) —uo'(Hu=3_ > 1 Cwn) = fOowamlewms — ewi-1)-

k=1 =1

Since A\ 5 = )\rk 13,
\ivpv) \ivyt g7

Therefore

o

DOy = FGraean)l(eesy — egiy—1) € A.

=1
Since d(An,p(m)) — 0, we conclude that
> 2 FQkn) = Fuatcrin)l (i) = eriy-1) € A

k=1 1=1
Thus
rlo(f) = wo'(F)u] = 0.
By Proposition 2.2, every totally trivial extension of A by C(X) is equal to
one of those (modulo A).
Q.E.D.

Corollary 8.2. If A is a o-unital purely infinite simple C*-algebra with
K1(A) =0 and X is a compact metric space, then

E(C(X), A) = Ext(C(X), A).

Proof: As in [Lin4,2.7], applying 8.1, one sees that 7 + 7, is unitarily
equivalent to 7 for any extension 7 : C(X) — M(A)/A and totally trivial
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extension 7,C(X) — M(A)/A.
Q.E.D.
Corollary 8.3. Let A be a o-unital purely infinite simple C*-algebra

with K;1(A) = 0 and X be a contractive compact metric space. Then every
eztension T : C(X) — M(A)/A is totally trivail.

Proof: By 6.7, E(X,A) = 0. Then, by 8.2, there is only one unitarily
equivalence class of extensions of C(X) by A. Therefore every extension of
C(X) by A is totally trivial.

Q.E.D.

Corollary 8.4. If A is a o-unital purely infinite simple C*-algebra with

K(A) =0 and X is a compact subset of the plane, then

E(X,A) = Ezt(C(X), A) = Ext(C(X), A).

Proof: 1t is immediate consequence of 7.8 ,8.2.
Q.E.D.

Corollary 8.5. (The Berg Theorem )Suppose that A is a o- unital purely
infinite simple C*-algebra with K;(A) = 0. Let T € M(A) be a normal
element. Then there ezist an approzimate identity {e,} for A consisting of
projections and a € A such that

o0

T = Z An(en — €po1) + a,

n=1

where {A,} is a dense subset of the spectrum of sp(x(T)).

Proof: If is immediate consequence of 8.4 and 1.5.
Q.D.E.

Theorem 8.6.(The BDF Theorem) Let A be a o-unital purely simple
C*-algebra with K,(A) = 0. If Ty and T, are two elements in M(A) such
that both =(T1) and w(T2) are normal in M(A)/A, then a necessary and
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sufficient condition that Ty is unitarily equivalent to T, molulo A is that

sp(n(Ty) = sp(x(Ty) = Q and
ind(Ty — M) = ind(T, — M)
for all X & Q.

Proof: The necessary is obvious now. For sufficiency, let 7; and 7, be the
extensions by A determined by T; and T;. By Theorem 7.5 and Theorem 8.1,
it is enough to show that yq[71] = vg[r2]. But this follows from a standard
algebraic topology argument (See the proof of [BDF1, 11.1]).

Q.E.D.

Corollary 8.7. Let A be a o-unital purely infinite simple C*-algebra with
Ki(A)=0.. IfT € M(A) such that n(T) is normal and ind(T — A\I) = 0 for
all X not in sp(w(T)), then T is in

N+ A= {n+a:nnormal,a € A}.

Moreover there exist an approzimate identity {e,} for A consisting projec-
tions and a € A such that

T = Z /\n(en - 6n—l) + a,
n=1

where {\,} is a dense subset of sp(n(T)).

Corollary 8.8. Let A be a o-unital purely infinite simple C*-algebra with
K1(A) =0. . Then the the subset N + A is morm-closed in M(A).

Proof: The set 7 (M + A) is clearly norm-closed. Then this corollary fol-

lows from the continuity of the index and 8.7.

Q.E.D.

Now let us give some computation for Ext(C(X), A) (not Ezt(C(X), A)Y).
Example 8.8. Let A= 0, ®K.
(1) X is homotopic to S*.

Ext(C(X), A) = E(X, A) = E(S!, A)
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=~ Hom(K'(5),Z/(n — 1))
=Hom(Z,Z/(n - 1)) =2 Z/(n —1).

(2) X is homotopic to the figure eight curve.

Ext(C(X),A) = E(X, A)
~ Hom(KY(X),Z/(n —1))

=Hom(Z@®Z,Z/(n—-1))=2Z/(n-1)DZ/(n-1).

(3) X is homotopic to the Hawaiian ear ring. Applying 6.5, (and the results
in this section),we have

Ext(C(X),A) = E(X, A)

IR

I E=i(S*, A)
k=1

= ﬁ Hom(K'(SY),Z/(n-1)) = ﬁ Hom(Z,Z/(n - 1))

k=1 k=1

_ ;ﬁ Z/(n —1).

(4) Forn =2, Hom(KY(X),Z/(n —1)) = 0. Soif A=0,®K and X is a
compact subset of the plane, then all extensions of C(X) by A are totally

trivial and unitarily equivalent.

§ 9. Weyl-von Neumann Theorem for Normal Elements with
One Dimensional Spectra

Let A be a o-unital stable C*-algebra with RR(M(A) = 0. By section
2, M(A) has (stable) (FU). Moreover, cer(M(A)/A) = 1. This implies that
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if [rf] = 0 in Ext(C(X), A) then 7 is totally trivial. Suppose that X is a
compact subset of the plane and 7 : C(X) — M(A)/A is an extension. If
[r] =0in Ext(C(X), A), then by Collaray 7.8, [r] = 0in E(X, A). Is 7 totally
trivial? From our definition, there is a totally trivial extension o such that
T + o is totally trivial. It is not clear at all that this implies that 7 is totally
trivial in general. We will show in this section that at least for some one
dimensional compact subsets X of the plane that [r] = 0 in Ezt(C(X), A)
implies that 7 is totally trivial. This also generalizes the Weyl-von Neumann
theorem in section 2.

Theorem 9.1 Let A be a o-unital stable C*-algebra with RR(M(A)) = 0,
let F; be a closed subset of the unit interval [0,1], 1 = 1,2,...,n, and let X
be a space which is homeomorphic to the disjoint union of [0,1]/F;. Suppose
that 7 : C(X) — M(A)/A is an eatension and [r] = 0 as an element in
Ezt(C(X),A), then 7 is totally trivial.

Proof: If X is homeomorphic to [0,1}/F;, then the theorem follows im-
mediately from the proof of 7.3. One can then trivially extend this situation
to the disjoint union of finitely many such sets.

Q.E.D.

Theorem 9.2 Let A be a o-unital C*-algebra with RR(M(A® K)) =0,
let F; be a closed subset of the unit interval [0,1], 1 = 1,2,....k and let X
be a compact space which is homeomorphic to the disjoint union of [0,1]/F;.
Suppose that z is a normal element in M(A) with sp(w(z)) C X. Then there
erist an approzimate identity {e,} for A consisting of projections and a € A
such that

T = Z An(en —€n_1) +a,(eg =0)

n=1
where {A,} is dense in sp(w(z)).

Proof Let {e;;} denote a matrix unit for K. We identify A with
(1®e1)ARK(1®e). Set y =z + 322, A1 @ enyn, where A is a nonzero
point outside of the spectrum. It follows from 9.1 that 7(y) is contained in
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an abelian AF C*-subalgebra B of M(A® K)/A ® K such that n(y) € B.
Therefore m(3°72, 1 ® enn) is a projection in B. So 7(z) € (1®e11)B(1 ® e11)
and (1Q® eu)B(l ® ey1) is an abelian AF C*-subalgebra of M(A)/A Then
the conclusion follows from 1.5.
Q.E.D.

Theorem 9.3 Let A be a o-unital stable C*-algebra with RR(M(A)) =
0. Suppose that X is homeomorphic to an one dimensional finite simplicial
complex on the plane. Suppose that T : C(X) — M(A)/A is an extension
such that [t} = 0 as an element in Ezt(C(X), A). Then T is totally trivial.

Proof: It follows from 7.8 that [r] = 0 as an element in E(X, A). By
Theorem 7.6, () = 0. Notice that if X is homeomorphic to the figure
eight curve, then the result follows from 9.2. Now we assume that X is
homeomorphic to figure 8 curve. We may further assume that X = S U L,
where L = {z = a1 : =1 < a < 1}. Let ¢ be the continuous surjection
which maps the right half of the circle symetrically to the left half. Since
¥(¢«(7)) = 0, it follows from 7.3 that ¢.(7) is totally trivial. By 1.5, there
exist an approximate idnetity {e, } for A consisting of projections and a dense
sequence {A,} contained in X, and a monomorphism ¢ : C(X) — M(A) such
that

o«

o(f) = 22 f(a)(en ~ en-1) (e0 = 0)

n=1
and o = 7 0 ¢.(7). Set
p= Z (€n — €n-1).

An€EL
Then p is a projection in M(A). Moreover, as in 1.6, 7(p) is in an abelian AF
C*-subalgebra B containing im¢.(7). It follows from Lemma 4.2 that 7(p)
commutes with im7. It is easily verified that 71 = n(p)r gives a monomor-
phism from C(L) into 7(p) M (A)/An(p) and 72 = (1—=(p))7 gives a monomor-
phism from C(S%) into (1 — 7 (p))M(A)/A(1 — 7 (p)). Moreover, if f € C(X),
then

T(f) = n(f) & m(f).
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As in 7.3, 4(r) = 0 implies that both 7, and 7 are totally trivial. Or
equivalently, there are abelian AF-C*-subalgebras B, C 7(p)M(A)/An(p)
and By C (1 —7(p))M(A)/A(1 — n(p)) such that immy C B, and imm, C B,.
This implies that em7 C B; @ B;. Hence 7 is totally trivial. Now for general
finite simplicial complex we can use induction to deduce the general case to
the case of the figure 8 curve or the case of figure eight curve.

Q.E.D.

Corollary 9.4 Let A be a o-unital C*-algebra with RR(M(A®K) =0,
and let X be finite simplicial complez. Suppose that z is an normal element
in M(A) with sp(w(z)) contained in X. Then there ezist an approzimate
identity {e,} for A consisting of projections and a € A such that

o0

T = Z An(€n — €n1) + a,
n=1
where {A\,} is a dense sequence in sp(w(z)).
Proof: It A is stable, then the corollary follows immediately from 9.3.
Since 4.2 works for non-stable case, we see that the proof of 9.3 implies the
corollary.

Q.E.D.

62



4 Extensions by Finite Matroid Algebras

In this Chapter, we will study the extensions determined by the following
short extact sequence

0—-A—-E—-C(X)—0,

where A is a finite matroid algebra.

§ 10. Absorption Lammas and E(X, A)

10.1. Let X be a compact metric space. We may assume that the
diameter of X is 1. There are n; disjoint open subsets Oy, Oy, ..., O,, such
that the closure of the union U2,0; is X. For each O;, the closure of O;,
there are 2(¢) many disjoint open subsets O; ;, j = 1,2,...,2(3) such that the
closure of the union of O;; is O;. So we have a sequence of open subsets
{Oi,i5,...i } satisfying the following:

(1) Oiy izveinsi € Oiyoigyins

(2) O4yigyie N Ojy i = 0, if 15 £ j, for some 1 < s < k;

(3) the closure of Uf_(_ji’iz""’i"")0;1,,-2,_,__;,:_1,J- is O} igyonipy-

Now we fix this sequence. Let 7 : C(X) — M(A)/A be a totally trivial
extension. By 1.5, there exist an approximate identity {e,} for A consisting
of projections and a dense sequence {A,} contained in X with isolated points
repeated infinitely often, and a monomorphism o : C(X) — M(A) such that

U(f) = Zlf()‘n)(en - en—l)

and o = 7 o 7. We may also assume that A\, C O;, ,, i, for some Oy, 4, ;..
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Set

Pirsigyeix = 2, (€n—€n1).

An€0iy ig,....ix
Clearly the sum converges in the strict topology, whence Diyig,..,ip 18 & PrO-
jection in M(A). Let B be the abelian C'*-subalgebra of M(A)/A generated
by projections {pi, i,,..i,}. Then B is an abelian AF-algebra and there is a
totally disconnected space X such that B is isomorphic to C(X).

We will use this special construction later.

10.2. Recall that a matroid C*-algebra is the C*-inductive limit of the
following (cf [Dix ]):

My, - My, —»...> M, — ...

It is known (see [Dix ])that if A is a matroid C*-algebra then A has unique
semifinite trace up to scalar multiples. If A has a finite trace, we say A is
a finite matroid C*-algebra (see [Dix ]). Suppose that A is a finite matroid
C*-algebra. Let T be the unique normalized trace. Let D(A) denote the
range of T on the set of projections, and

D=Z7ZD(A)={n-d:n€Z,d e D(A)}.

From [Dix |, we know that D is a dense subgroup of R. It follows from [Zh,2.5
] that D,(M(A)/A); = [0,1]/D, where D,(M(A)/A)y denotes the unitary
equivalence classes of nonzero projections. We would also like to mention the
following facts about finite matroid algebras which we may use later:

(1) The unitary group of M(A)/A is connected (see [Ell]).

(2) Let p,qg € M(A)\ A be two projections. Then p is equivalent to ¢ if and
only if T(p) = T'(q) ( see [EH]).

(3) f p,g € M(A)\ A and

poT(p)=poT(yg),
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where p is the quotient map from R onto R/D, then there is a unitary
u € M(A) such that

m(upu) = 7(q).
Suppose that 1 = 0(D). We can construct projections p;, sz SUch that

k(il,ig,...,ik_l)
pi] )iZy-"vj - pi1,i2,---,ik._1
j=1
and [pi, i,,...;] = 0(D). Let \;, jiz,j D€ @ PoOint in Xj, ;, .. Foreach f € C(X),
define 7(f) to be the limit of

Z f()\H 1i2v“-1ik)pi1 )7:21"'11.}:'

This 7 defines a totally trivial extension. Moreover, every projection p in the
C*-subalgebra generated by projections {pi, :,,.:,} has the property that
[p] = 0(D). Such totally trivial extensions are called null.

Corollary 10.3. Let A be a finite matroid C*-algebra and X be a com-
pact metric space. Then two null extensions of C(X) by A are unitarily
equivalent. Moreover if o : C(X) — M(A)/A is any totally trivial extensi-
ton and 1 : C(X) — M(A)/A is null, totally trivial extension then o & 7 is
unitarily equivalent to o.

Proof: Let 71 and 7, be two null extensions and p;, izreix @0 Giy iy, DE
the projections in 10.1 associated with 7; and 7, respectively. It follows from
[Lin4,3.1 ] that there is a unitary u € M(A)/A such that

*
U pll,lg,...,tku - q‘ll,lg,...,‘tk'

Since 71(f) is the norm limit of

Z f()‘il Vi2yeeerlk )pil A2 yeenik
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and 7(f) is the limit of

Z f()\"l 12yl )q11 vi21-"|ik

forall f € C(X), where A, ;... 4, is the same as in 10.2, we see that u*r (f)u =
72(f) for all f € C(X).
For the second part of the corollary, let p;, 4,,..i. and i, i,...;, be the projec-

tions constructed in 10.2 associated with 7 and 7, respectively. Then

n

n. . . P D N PO RTE»)
[}"11,12,---,1}; @ Y11,12,002k ] = 122,001 V-

So, by [Lin4,3.1] , 7 @ 7, is unitarily equivalent to 7.
Q.E.D.

Lemma 10.4. Let A be a finite matroid C*-algebra and X be a com-
pact metric space. Suppose that 7 : C(X) — M(A)/A is an ertensions and
7, : C(F) — M(pAp)/pAp is another extension, where p is a projection in
M(A)\ A and F is a compact subset of X which is homeomorphic to the unit
interval such that 7, is totally trivial and [v(p)] = 0(D), then T ® 1,0 is

unitarily equivalent to T, where j is the inclusion.

Proof: 1t follows from [Lin4.2.6 ] that there is a nonzero projection q €
M(A)/A such that ¢ commutes with imr and g7 is totally trivial extension
of C(F) by ¢'Aq/, where ¢’ € M(A) is a projection such that 7(¢') = gq.
It follows from 1.5 that there exist an approximate identity {e,} for ¢'Aq’
consisting of projections and a dense sequence of {A,} in F with isolated
points repeated infinitely often, and a monomorphism o : C(F) — ¢’M(A)q'
such that '

x

U(f) = Z f(/\n)(en - en—l)

n=1
and 7(7) = o.

There is a nonzero projection €, < (e, — €,-1) for each n such that
(o)
qll — Z en
n=1

66



and T'(¢") € D, where T is the unique normalized trace on A. So [r(¢")] =
0(D). Moreover 7(q") commutes with imn7 and 7(¢”)7 is a totally trivial
extension of C(F') by ¢”Aq". There is a unitary u € My(M(A)/A) such that
u*(¢" ® p)u = ¢". It follows from [Lin4,3.10 ] that u*(¢"7 @ 7,)u is unitarily
equivalent to ¢”7. Consequently T @ 7, is unitarily equivalent to 7.

Q.E.D.

Lemma 10.5. Let A be a finite matroid C*-algebra and X be a compact
metric space. Suppose that p is a projection in M(A)/A, n : C(X) —
pM(A)/Ap, 7 : C(X) — M(A)/A are two totally trivial extensions. Define
T=70T7:CX) = gMy(M(A)/A)q, where ¢ = p @ 1. Then there is a
partial isometry v € My(M(A)/A) such that

*

v'v=g¢, v =p, <p

( we identify p with p & 0.), p, commutes with imm; and v*Tv = p,7y.

Proof: Let X be as in 10.1. We will keep the notations in 10.1. There is
0 € 6 <1 such that

[p] + 1+ 6 = [p](D).
There is a projection d < 1 —pin M(A)/A such that there exists a projection
d € M(A) with n(d') = d and T(d') = 6. Let pi, 45,5, and @i, i,,..i, e
the projections in 10.1 associated with 7, and 7, respectively. There are
projections dy, ds, ..., dn, € M(A)/A such that

d+dyt o tdy =d

and

[di] + [g:] = [pil,
i = 1,2,...,n;. Continuing this way, we obtain projections {d; :,,.:.} in
M(A)/A such that

E(i1,i2,00ik21)

iy izri = Disyireminey

=1
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and
(i 2] + (@i i00i]) = [Piy iz, -

Since [p] + 1 + 6 = [p], there is a partial isometry v; € My(M(A)/A) such
that

vivy=p®1l&dd, vv]=p.
Denote by B the abelian AF C*-subalgebra generated by projections

r 3 o~ 1 hY
19i1,i25enin D Qi ig,ip S
and B; = v; Bv}. Since

[vlqil,iz ----- ikvﬂ + [vdil,iz,---vikvﬂ = [pihizv---,ik]

in Do(pM(A)/Ap), by [Lin4,3.1], there is a unitary u € pM(A)/Ap such that

* * — . - .
u (vl(qilﬂ.Zq---yik @ d'l 1i21'-'1ik)v )u - p'lr'21'--1ik'

Now set p, = u*vi¢qviu and v = v*u. Then p, < p, Po commutes with imry
and v*Tv = p,7y.

Q.E.D.

Suppose that A is a finite matroid C*-algebra with T(1) € D. Then
M>(M(A)/A) = M(A)/A via a partial isometry in Ma(M(A)/A). So addition
of two extensions can be defined in a obvious way. ( Addition of extensions
by non-stable C*-algebras has been studied by [EH].) We use the notation
E(X, A) for the semigroup of the quotient of Ext(C(X),A) by the totally
trivial extensions. Similar to the stable case, we have the following properties
for E(X, A).

10.6. Propostion 3.2 holds for E(X, A).

10.7. Lemma 4.3 holds for E(X, A).
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Proof: We will keep the notations in the proof of 4.1 and 4.3. For each n,
let €3 be a projection in M(A) such that €2 < ¢,, and [7(e2)] = 0(D). Define

Tt C(X5) — M (2 Ac?) /el Ael.

Since 352, €n converges to (1 —¢,) in the strict topology, 3%, €2 converges
in the strict topology too. Moreover, 7/ = ¥ 7, defines a monomorphisim
from I into (1 —&,)M(A)/A(1 — ¢,). Now define

T(f)=moo(for)+7'(f~for)

for f € C(X). As in 4.3, to show this is a homomorphism, it is enough to
show that

T((gor)f) =moay(gor)T'(f)
forall feI,ge C(F). Asin 4.3, it is enough to establish the above relation
for f's satisfying fx, = f. Then (gor)f = g(z.)f. So
T'((go7)f) = g(za)7'(f).
On the other hand,

Therefore
moay(gor)T'(f) =7 0aa(gor)m(eq)T'(f)

= g(zn)m(en)m'(f) = g(za)7'(f).
We now show that

[r@&r"|=[ror*ot"@ ool

For f € I,
(r & 7)) = 7(f) + 7'(f) = i r(f)r(en) + i (o)



and
(ror*oi* @ moo)(f) =7(f).

By 10.5, for each n, there is a partial isometry
v € (m(e7) @ m(en) M2(M(A)/A))(7(e7) ® 7(€n))
such that

valr(Flen + m(fxn)lo = 7(f)
for all f € 1. There is a partial isometry u, € (7(3) ®en) Ma(M(A))7(2) @

€x) such that m(u,) = vn. Since $.52, &, converges in the strict topology, we
conclude that 2, u, converges to a partial isometry

e (Xl - so))MxM(A))(ile; & (1— ).
Therefore
w(w)*(r(f) + 7"(F))r(u) = 7(f)
for all f € 1.

Similarly, there is a partial isometry
w € (1 —eg,)M(A)1 — ¢&,)

such that 7 (w*)7(e, — €2)m(w) = 7(&,). Notice that

7 (0)*1( 3 9(2n) (En — £2))(us) = r(fjl o(zn)en)

and
m(w) W(Z_: 9(zr)(en — 7)) (w) = 7r(Zlen)

Since, for any f € C(X),
(ror®oi*@moo)(f) = r(for)m(eo)@Ir(f—for) = m(3_ f(ea)en)|®m (D f(@n)en)
(r@7)(f) = r(for)@lr(f—fo)+r"(f~for)+m(3_ f(zn)(en@ep)®T (D f(2a)(en—e7)),
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we obtain

T (wo)"(7(f) + () 7(wo) = (ror" 0" @ 7o 7)(f)

for all f € C(X). This implies that
[r@r"]=[ror*oi*@roo]
Since both 7/ and 7 0 ¢ are totally trivial. We finally conclude that [r] =
[ixoTOT*].
;From this and the proof of 4.3, we see that Lemma, 4.3 holds for E(X, A).
10.8. Lemma 4.4 holds for E(X, A).
By applying 10.7, we can prove 10.8 in the same way as that of 4.4.
10.9. Thoerem 4.5 holds for E(X, A).
This follows from 10.7 and 10.8.
10.10. Theorem 5.8 holds for E(E, A).

Since now we have 10.6 and 10.8, the proof of 10.10 follows that of 5.3.

10.11. Corollary 5.4 holds for E(X, A).

§ 11. Extensions by Finite Matroid C*-Algebras and the Weyl-
von Neumann-Berg Theorem
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We will show in this section that if A is a finite matroid C*-algebra, then
every extension 7 : C(X) — M(A)/A, where X is a compact subset of the
plane, is totally trivial. Consequentely, the Weyl-von Neumann-Berg theo-
rem holds for finite matroid C*-algebras.

Lemma 11.1. Let A be a finite matroid C*-algebra with T(1) € D, let
X be a closed subset of the unit square I* such that X contains {1/2} x I,
let F = XN([0,1/2) x I), and let G = X N ([1/2,1] x I). Suppose that
7:C(X) = M(A)/A is an extension and z is the identity function. Then
there is a projection ¢ € M(A)/A such that ¢ commutes with 7(z) and the
spectrum of 7(z)p is Fy and the spectrum of 7(z)(1 — p) is Gi, where Fy C F,
G CGand UG, = X.

Proof: Let 7(z) = ho,+1thy with h,, by selfadjoint, and let a be as provided
by Lemma 3.3 (with &, = hy,n > 1). Then 7,(f) = f(1/2 + thy) is well
defined, since {1/2} x I C X. As in 4.4,

B a (a(l — a))'/?
P= ( @l-a)? 1-a )

is a projection that commutes with im(r 4+ 7,). In particular p commutes
with 7(z) @ (1/2 + ihq).

The maps m = p(t + 7,) and 7(1 — p)(7 + 7,) are homomorphisms from
C(X) to pMy(M(A)/A)p and to (1 — p)Ma(M(A)/A)(1 — p) respectively. As
in 4.4, kerry = F} and kerm, = Gy, where F; C F, G; C G and ;UG = X.
By Lemma 10.4, there is a partial isometry v € M,(M(A)/A) such that

wW=1@p,,vv=1

and
v [r(2) @B (1/2 + ih)]v = 7(2).

Take ¢ = v*puv.
Q.E.D.
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Lemma 11.2. Let A be a finite matroid C*-algebra with T(1) € D and
X be the unit squre I*>. Then every extension 7 : C(X) — M(A)/A is totally
trivial.

Proof: Notice that, in the proof of 11.1, since now X = I?, F; = F and
G, = G. Moreover, both F' and G are homeomorphic to X. By repeated
application of 13.1, one can produce, for each n, 2* mutually orthogonal pro-
jections {pr. € M(A)/Ak = 1,2,...,2"} and 2" closed subsets Xy, of X
such that
(1) projections in {pxn.},k = 1,2,...,2" and n = 1,2,..., are mutually com-
mutative;
(2) the union of these 2" subsets Xk, is X and intersection of interiors of
any two different subsets is empty;
(3) each X is a retract of X and is homeomorphic to I? and the diameter
tends to zero;
(4) pk.nTOJk n is a monomorphism from C(Xg ) into pen(M(A)/A)pi n, where
Jkn is the inclusion from Xj , into X.
Suppose that B is the C*-subalgebra of M(A)/A generated by projections
{prn}- Then B is an abelian AF-algebra and ¢ém7r C B. By our definition, 7
is totally trivial.
Q.E.D.

Corollary 11.3. Let A be a finite matroid C*-algebra with T(1) € D.
Then E(I2, A) is a group and E(I?, A) = 0.

Proof: This follows immediately from 11.2.
Q.E.D.

Corollary 11.4. Let A be a finite matroid C*-algebra with T(1) € D.
Then E(X, A) is a group for any compact subset of the plane.

Proof: This follows from 10.11 and 11.3.
Q.E.D.
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Lemma 11.5. Let A be a finite matroid C*-algebra and X is homeomor-
phic to [0,1]/F, where F' is a compact subset of the unit interval [0,1]. Then
every extension 7 : C(X) — M(A)/A is totally trivial.

Proof: Let {e;;} be a matrix unit for K. Define

) =7(f05)® f(za) 3 e

n=2
for f € C(X V {z,}), where j : X — X V {z,} is the inclusion. Since the
unitary group of M(A)/A is connected, ¥[r'] = 0. Thus, by 7.3, [r'] = 0 in
Ezt(C(X),A® K). By the proof of 9.1, we see that 7 is totally trivial.
Q.E.D.

Theorem 11.6. Let A be a finite matroid C*-algebra and X be a compact
subset of the plane. Then every extension 7 : C(X) — M(A)/A is totally

trivial.

Proof: Let L be a straight line which divides X into two closed subsets F
and G. We will show that there is a projection p € M(A)/A such that p com-
mutes with im7 and pr gives a monomorphism from C(F) into pM(A)/Ap
and (1 — p)7 gives a monomorphism from C(G) into (1 — p)M(A)/A(1 — p).
Once this is done, we can apply this repeatedly as in 11.2 to show that that
T is totally trivial.

Let A € C\ X. Suppose that d € M(A)/A is a projection such that
[d] + 1 = 0(D). Define

T(f) =fNde7(foj)

where f € C(X U {A}) and j is the inclusion from X into X U {\}. If a
projection p € (d @ 1)M2(M(A)/A)(d ® 1) commutes with im7, by taking
functions vanishing at A, we know that p commutes with 0 & (¢m7), Then,
by a direct computation, one sees that p = p, @ p2, where p; < d and p; <1

are projections. So p, commutes with im7. Thus we may now assume that
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T(1)e D.
Let J be a compact interval on L that contains XN L. Let 7 : X — X UJ be
the inclusion. From 11.5, we know that E(J/F NG, A) = 0. Now we proceed
the proof of 7.5. So thereis m : C(F) — M(A)/Aand 72 : C(G) — M(A)/A
such that

[(22)(0)] + [(z2)u(m2)] = [7].

Therefore we may assume that there are totally trivial extensions 7, : C(X) —

M(A)/A and 7} : C(X) — M(A)/A such that

TI0l1 Dol ®T, =767,

Since 1, is totally trivial, by 1.5, there exist an approximate ideneity {e,}

for A consisting of projections and a dense sequence {),} in X such that

o0

o(f) = 3 f(n)(en — en-1)

n=1

and Too = T1,. Let

pr=7]3 (en = en1)l.

An€F

Then p; commutes with im7, and p;7, gives a monomorphism from C(F)
into pyM(A)/Ap: and (1 — p1)7, gives a monomorphism from C(G) into
(1 = p1)M(A)/A(1 — p1). Thus there is a projection ¢ € Ma(M(A)/A) such
that ¢ commutes with im7 @ 7. such that ¢(7 @ 7.) gives a monomorphism
from C(F) into ¢M2(M(A)/A)g and (1 — ¢)( & 7!) gives a monomorphism
from C(QG) into (1 — q)Ma(M(A)/A)(1 — q). It follws from [Lin4,2.6] that we
can write 7 = 7' @ 7,0, Where 7,, : C(X) — gM(A)/Ag is totally trivial and
¢ is a nonzero projection in M(A)/A. By 10.5, we may write 7o, = 7., @ 7./
such that 7/ is unitarily equivalent to 7., ® 7, So there is a partial isometry
v1 € Ma(M(A)/A) such that

vi(r'er v=1®T7.
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Hence the projection ¢’ = v1qv} commutes with tm7/@®7), such that ¢'(r'®7.,)
gives a monomorphism from C(F) into M(A)/A and (1 -¢')(7' @ 7},) gives a
monomorphism from C(G) into M(A)/A. Since 7/, is totally trivial, thereis a
projection ¢” such that ¢"” commutes with im7/, ¢"7). gives a monomorphism
from C(F) into M(A)/A and (1 — ¢")7Z gives a monomorphism from C(G)
into M(A)/A. Set

p=q&q"
Then p commutes with #m7 and pr gives a monomorphism from C(F) into
pM(A)/Ap and (1 — p)T gives a monomorphism from C(G) into
(1 —p)M(A)/A(1 — p). This completes the proof.
Q.E.D.

The following is a version of the Weyl-von Neumann-Berg theorem.

Corollary 11.7. Let A be a finite matroid C*-algebra and z € M(A)/A
be a normal element. Then there is a normal element y € M(A) such that
there ezist an approzimate identity {e,} for A consisting of projections and
a dense squence {\,} in sp(z) such that

y= Z A11.(e'n - en—1)1

n=1

(y) = « and sp(y) = sp(z).

Remark 11.8. The results of 11.6 and 11.7 hold for separable AF'-
algebra with unique normalized trace.

Theorem 11.9. Let A be a finite matroid C*-algebra and B = C(X) ®
M,,, where X is a compact subset of the plane. Then every extension T :

B — M(A)/A is trivial.

Proof: We identify B with the C'*-algebra C'(X, M,), the continuous func-
tions from X to M,. Let D denote the constant functions. So D = M,,.
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It follows from [Eff,9.8] that there is a C*-subalgebra B, of M(A) such
that B, = M, and n(B,) = D. Let {e;;} be a mtrix unit for M,. Set
f(z) = z-7(en) in C(X, M,). Let @ = 7(f). Then the C*-subalgebra gener-
ated by D and @ is 7(B). If we also use e;; for the obvious constant function
in D, then there is di; € B, such that =(dy;) = 7(e11). It follows from 11.6
that there is a normal element a € dy; M(A)dy; such that sp(a) = sp(a) and
m(a) = @ Let By be the C*-subalgebra of M(A) generated by B; and a.
Then B; = B and n(B;) = 7(B). This implies that 7 is trivial.

Q.E.D.

Remark 11.10. Let A be a finite matroid C*-algebra and X = S
Then from K K-theory, and Universal Coefficient Theorem, one has that
Ezt(C(X),A® K) = K,(A). This gives an example that extensions by A is
quite different from extensions by A ® K.

Finally, we show that a type of spectral theorem holds for corona alege-
bras of finite matroid algebras.

Theorem 11.11 Let A be finite matroid algebra. Suppose. that = €
M(A)/A is a normal element. Then there is an abelian AF-algebra B C
M(A)/A such that x € B. Consequentely, = can be approzimated by normal
elements in M(A)/A with finite spectra.

Proof : This is immediate consequence of 11.6.

Q.E.D.

§ 12. Classification of Extensions by Finite Matroid Algebras

In section 11, we show that every extension of C(X), where X is a com-
pact metric space, by finite matroid algebras is totally trivial. Are they
equivalnet? We will show in this section that the answer is yes for many

connected X and no for disconnected X. We also determined the different
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equivalence classes of extensions of C'(X), where X has finitely many nice

components.

Lemma 12.1 Let A be a C*-algebra with approzimate identity {e,} con-
sisting of projectins. Suppose that

o0

=3 Alen —€n-1)

n=1

such that {\,} is a dense sequence in sp(w(z)). If {B.} is another dense
sequence in sp(w(z)), then there is a permutation o on the natural numbers
and a € A such that

=3 Ba)(en — €n-1) +a.

n=1

Proof : There is a permutation a on the natural numbers such that

dis(An, Bagmy) = 0.

Set -
y= 2 ﬂa(n)(en - en—l)
n=1

and ¢ = z — y. Since
dis()\m ﬁa(n)) - 0,

[ee]

a = Z(/\n - ﬂa(n))(eﬂ - e”-l)

n=1
isin A. Q.E.D.

Lemma 12.2 Let A be a finite (non-unital) matroid C*-algebra and X
be a compact subset of the plane which is homeomorphic to the unit squre
I?. Suppose that z and y be two (essentailly) normal elements in M(A) with
sp(m(z)) = sp(n(y)) = X. Then there is a unitary u € M(A) such that

u'rzu =y + a,
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where a € A.
Proof : We may assume that sp(w(z)) = S, where S is the unit squre
I?={X:0 < Re) <1,0 < Im) <1}. By 1.5, we may further assume that

e ]

T = E A'n(e'n - en—l)a

n=1

where {)A,} is a dense squence in X = sp(n(z)). Let
= {):1€80<Rer <1/2},

S = {x:X1€ S0< Rm) <1/2)

and
S ={X:A€e 5 1/2 < Rex <1}.

Denote

PV = 3 (er—ern)

Ak€S§1)I

and pgl) =1- pgl). Let

:E1=p§1).'13= E /\k(ek——-e—-k—l).
)\k€5§l)'

and z, = p{z. Then sp(r(z1)) = S and sp(m(z2)) = 5P ( we view z; as
an element in pgl)Apgl)).

We now cut these two rectangular in the same way as we have just done
but along the y-axis. So we cut S into four equal size squre: S{z), S’éz), S§2)
and ng). Corresponding to these squres, we have four projections p{® €
M(A), i = 1,2,3,4 such that p{2) commutes with z and sp(m(zpl2))) =
5',-(2), 1 =1,2,3,4. If we continue to cut these squres, we will get a sequence
of squres {S,(k)} and a sequence of projections {pfk)} € M(A) such that
{p{"} generates an abelian AF-subalgebra of M(A) and

2k
T = limyso 3 Aeipt,

=1
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where A ; is the center point in the squre ka).

Now we assume that
o0
y= Z IBn(en - 6'n.—l)’
n=1

where {,} is a dense sequence in X and {e,} is an approximate identity for
A consisting of projections. For each straight line segment L,, which cuts
the squres as above, we may assume, by 12.1, that {3} is dense in L,,. Set

¢ = > (er — €x-1),

ﬂkeS§])'

&= ¥ (&—e-)

Refy=1/2

and qél)’ =1-q(l) - q;gl). By our assumption, q:(,,l) # 0. Suppose that
T(g1") = a, T(g§") = 6(> 0) and T(p{") = o Let p : [0,1] — [0,1)/D be
the quotient map. Then

p(la,a + 6]) = [0,1]/D.

So there is 0 < b < § such that

o) = pla +b).
Since q:(;l) & A, one can find 0 < di, < €, — €;_1, where Ref;, = 1/2 such that

T( > d)=b

Refk=1/2
N t gV = (V' d.. Th
oW sel q; ° = q; +ZReﬁk=1/2 k. lhen

¢z = zqfV

and sp(q{l):z:) = S, Moreover, if we let gV =1 — ¢V then sp(qgl):z:) =S,

Furthermore,
[r(a) = ("), [r(ai")] = [m(p§")].



We continue this procesure. We will get a sequence of projections {q{¥}

corresponding to the squres S such that {¢™} generates an abelian AF-
C*-subalgebra of M(A),

(@] = (7 ()]
and

2k
y = limk_,oo Z )\k,,‘q,(k).

R
Trel

It follows from the proof of [Lin ] that there is a unitary u € M(A) such that
T(u"yu) = ().

Q.E.D.
Corollary 12.3 Let A be a finite matroid algebra and X be a connected
compact subset of the plane. Then

Ext(C(X), A) = {0}.

In other words, all extensions v : C(X) — M(A)/A are totally trivial and

equivalent.

Proof : This follows immediately from 11.6 and 12.2.
Q.E.D.

Theorem 12.4 Let A be a finite matroid algebra and let X be a connected
compact subset of the plane. Suppose that there are (at most) countably many
mutually disjoint open subsets {O,} of X such that X = U2,0,, each O,
is either homeomorphic to the unit interval or the unit disk, Xy = U2, 0; is

connected and limy_,odiam(O;) = 0. Then
Ext(C(X),A) = {0}.

In other words, all extensions v : C(X) — M(A)/A are totally trivial and
equivalent.
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Proof : Let

and

Yy = Z Bn(en — €n—1,
n=1

where {e,} and {€,} are two approximate identities consisting of projections,
and {A,} and {B.} are two dense sequences in X. It is enough to show that

s T U, &7 KU — AL AN 1. 41 Il
viiere 18 a unitary u < v (/1) suci tnat
m(u*zu) = 7(y).

For each ¢, set

L = (0; \UZ10)\ O;,

=0, F;= O,‘ \ Uf:i_*_léj,if t>1

and

G; = O; UF,.

Since X is connected, L; # 0. Moreover, G; is an open subset of X;. We may
assume, by 12.1, that {#,} N L; is dense in L;. Let

pi= 2 (ex—ex1),

ALEG

¢ = 1,2,.... Then the sum %, p; converges to the identity in the strict
topology. We also have p;z = zp;,

T=>) pa
i=1
and sp(m(p;iz)) = O;. Let

= D (en—ex-).

Br€G
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IfpoT(p1) =poT(q), weset q; = ¢|. Otherwise,let

Z (Ck — ﬁk-—l)-

BrELy

I

"
qy

Since Ly # 0, ¢f € M(A) \ A. As in the proof of 12.2, there are projections
di € A such that

di < € — €g-1,

where A; € Ly, such that

lax+ > do)] = [p]-
Ar€Ly

Set 1 = @1 + Xy,er, de- Then g1 commutes with y, sp(q1y) = O; and
sp((1—q1)y) = X,. By induction, we have a sequence of mutually orthogonal
projections {gr} in M(A) such that
(1) qry = ygr for k = 1,2, ....;
(2) sp(gry) = Ox;
(3) %=1 qx converges to the identity in the strict topology;
(4

) [gx] = [px]. .
It follows from [Lin,] and 12.2 that there are partial isometries vy, € M(A)
such that

Ak = VpPrTV — QY € A,

k=1,2,... It is clear that )_}_; vx converges to a unitary u € M(A). Since
lzm;,_,\oodzam(Ok) =0,

limg_oar = 0.
Therefore a = 3732, ar € A. Now it is ready to check that
u'zu =y + a.

Q.E.D.
Remark 12.5 Many compact connected subsets in the plane satisfy the

conditions in 12.3. For examples, every annulus and every disk with finitely
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many holes satisfy the conditions. The so called "Hawaiian ear ring” also
satisfy the conditions.

Theorem 12.6 Let A be finite matroid algebra. Suppose that X is a
compact subset of the plane and X has k connected components X; which
satisfies the conditions in 12.2,1=1,2,....k. Then

k
Ext(C(X), A) & {([p1), [pa], -, [pa]) < [pi] € Do(M(A)/A),Z:[Pi] =1}.

Therefore, Ext(C(X), A) has uncountably many equivalence classes.
Proof : We may write
X = Vf’:lX,'.

Let f; € C(X) such that
fA) =1, for X € X,

and
f(A) =0, for A € X;,j #1.

Let 7: C(X) —» M(A)/A and o : C(X) — M(A)/A be two extensions. Set
pi = 7(fi) and ¢ = o(fi), i = 1,2, ..., k. Clearly '

k k
2 [pl=1, and 3 [g] =1.

i=1 i=1

Moreover, it 7 is (unitarily) equivalent to o, there is a unitary u € M(A)/A
such that

m(u)pim(u) = (g:)-
So [pi] =g, i =1,2,..., k.
Conversely, if [p;] = [¢i], i = 1,2,...,k then there is a unitary v € M(A)
such that
T(0)pir(v) = ¢, 1 = 1,2, ..., k.

This implies that, since the unitary group of M(A)/A is connected, there
are mutually orthogonal projections p! and ¢; in M(A) such that v*plv = ¢/,
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7(pt) = p; and n(q!) = ¢;. For each 1, it follows from 12.3 that the extensions
m(v*)T o pim(v) : C(Xi) = M(qlAq!)/q'Aq}) are equivalent to the extensions
ogog:C(X;) — M(qiAq!)/q.Agl). Therefore T is equivalent to o.

Finally, suppose that ai,as,...,ax € Do(M(A)/A) such that 5, = 1.
There are projections pi,ps,...,px € M(A) such that %, = 1. Let 7; :
C(Xi) — M(piAp:)/piAp: be extensions. Then 7 = Y% 7 is an extension
of C(X) by A.

Q.E.D.

Theorem 12.7 Let A be a finite matroid C*-algebra and
B = C(X)®M,, where X is a connected compact subset of the plane satisfies
the conditions in 12.4. Then

Ext(B, A) = {0}.

In other words, all extensions of B by A are equivalent (and trivial).

Proof : Suppose 7 : B — M(A)/A is an extension. Then it is trivial
as shown in 11.9. We will keep the notations in 11.9. Now suppose that
o : B — M(A)/A is another extension. There are mutually orthogonal
projections {d;;} € M(A) such that =(d};) = o(ei), 1 = 1,2,...,n. Clearly,

po T(d:z) =po T(d,','), 1= 1,2, ey T

Since the unitary group of M(A)/A is connected, there is a unitary w €
M(A) such that m(w*)o(ei)m(w) = 7(ei;). Then we have m(w*)om(u) maps
ennBeyy to M(di1Ady1)/d11 Adyy. Tt follows from 12.4 that there is a unitary
v1 € M(dy1Ady) such that

m(viw*)o(f)m(wvy) = 7(f),
where f(z) = z - e1; as in the proof of 11.9. Set
v = diag(vy, vy, ..., V1)
and u = wv. Then one can check easily that

T(u*)r7(u) = 0.
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Q.E.D.

Corollary 12.8 Let A be a finite matroid algebra and
B = C(X) ® M, where X has k connected components which satisfy the
conditions in 12.4. Then

k

Ext(B, A) = {([p1], [p2], -, [p4]) : [pi] € Do(M(A)/A), > [pi) = 1}.

=1

Proof : The proof is the same as that of 12.7 but instead of applying 12.4
we will apply 12.6.
Q.E.D.

Further classification of thses extensions will have to appear elsewhere.
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