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ABSTRACT

The object of the present paper is to derive several interesting
properties of the class T(a;pk) of analytic functions with fixed
finitely many coefficients. These include closure theorems, and
‘theorems involving the radii of starlikeness and convexity for functions
belonging to the class T(a,pk) . A modified convolution product of
functions in the class T(a,pk) and a certain functional f(f) of

f(z) Dbelonging to T(a,pk) are also considered.

1. INTRODUCTION

Let 4 denote the class of functions of the form
(1.1) f(z) = z + z a_z

which are analytic in the unit disk ¥ = {z: |z] < 1}. Further let & (a)

denote the subclass of 4 consisting of functions satisfying the inequality
(1.2) Re{f’ (2)} > o (z € §)

for some a (0 =2a < 1).

We remark in passing that £ (a) is the sublcass of analytic and univalent
functions in the unit disk %, éonsidered by Noshiro [10] and Warschawski [27];
in particular, the class & (0) was studied by MacGregor [8].

Let 7 be the subclass of 4 consisting of functions £(z) of the form:



8

a z" (a_z 0).

(1.3) f(z) = z - , ®n n

n

H ~1

We denote by ¥ (a) the class obtained by taking the intersection of g (o)

with 7; that is,
T() =€) n7.

The class 7 (a) was studied by Sarangi and Uralegaddi [21], and by Owa and
Uralegaddi [17].

Among several other classes of analytic and univalent functions of the
form (1.3) studied in the literature are those introduced by Silverman ([23],
[24]), Ahuja and Jain [1], Gupta and Jain ([4], [5]), Silverman and Silvia [25],
Pilat [18], Gupta and Ahmad ([2], [3]), Jain and Ahuja [7], and Owa ([11], [12],
(131).

We being by recalling the following lemma due to Sarangi and Uralegaddi

[21]:

LEMMA 1. Let the function £(z) be defined by (1.3). Then £(z) is in

the class 7 (o) if and only if

(1.4) Y na =1 - a.

In view of Lemma 1, all functions belonging to the class 7 (o) satisfy

the coefficient inequality

%

(1.5) a él;a (nz 2).

Making use of (1.5), we now introduce the following class of functions:



Let ﬂr(a,pk) denote the subclass of J (a) consisting of functions of the

form
k (1-0)p. . ©
(1.6) £f(z) =z - ) —l—i ) anzn,
i=2 n=k+1
where

For k = 2, the class 471a,p2) was introduced by Owa [14]. Other classes
of analytic and univalent functions with fixed second coefficient were studied
by Silverman and Silvia [26], and by Owa ([15], [16]).

In the present paper, we prove several interesting (and useful) results
for functions belonging to the class 5r(a,pk), and determine the radii of
starlikeness and convexity of functions in 5r(a,pk). We also consider a modified
convolution product of functions in the class ?r(a,pk), and a certain functional

F () of functions £(z) in 7Ya,pk).

2. PROPERTIES OF THE CLASS 7 (a,p,)

We state our first result as

THEOREM 1. Let the function £(z) be defined by (1.6). Then £(z) 1is in

the class Yxa,pk) if and only if

ne~-1=

P

i 5

(2.1) Y na = (1-a)|l -
n=k+1 n

i=2

where



The result (2.1) is sharp.

PROOF., Putting

(1'0‘)P1
(2.2) ai = ——-—]—:——-—’ (1 = 2,3, . ,k)
in Lemma 1, we have
k -
(2.3) } (-o)p, + ] mna =1-aq,
i=2 n=k+1

which clearly implies (2.1). Further, by taking the function f£(z) of the
form

K
(1-e)p; 4 (- {1 i 1.2_2 Pi} 0

i zo- n
2

k
(2.4) £(z) =z - )
i:

for nz k + 1, we can see that the result (2.1) is sharp.

COROLLARY 1. Let the function £(z) defined by (1.6) be in the class

}
(1-a) |1 - D.
i=2 T

n n

ﬁr(a,pk). Then

(2.5) a

liA

for nz k + 1. The result (2.5) is sharp for the function £(z) given by

(2.4).



THEOREM 2. The class ff(a,pk) is convex.

PROOE, Let the function £(z) be defined by (1.6). Define the function

g(z) by

K (1—G)P1 i v n
(2.6) g(z) = z - 2 T zo - z bz,
i=2 n=k+1
where
K
= = =< = <
bn z0, 0= p; = 1, and 0 = £ p; = 1

Assuming that £(z) and g(z) are in the class ‘7Ia’Pk)’ it is sufficient to

prove that the function H(z) defined by

A
>
IIA

(2.7) H(z) = & £(z) + (1-A)g(z) (0 1)

is also in the class T(a,pk).

Since
k (1-a)p. . o
(2.8) H(z) =z - ) ———2" = § [x a_+ (1-x)bn}zn,
i=2 1 n=k+1
we observe that
(2.9) Y nfra_ + (1-x)bn} =x Y ma +(1-A) § n b
n=k+1 n=k+1 n=k+1
k 1
s (1-a) |1 - ) p.}
. 1
1=2

with the aid of Theorem 1. Hence



H(z) € F(a,p)) -
This completes the proof of Theorem 2.

With a view to finding the extreme points of the convex set 5r(a,pk), we

next prove

THEOREM 3. Let

L o ]\S (l-OL)p i
(2.10) f(z) =z - ) 3 z
i=2
and
k
k (1-a)p. . (L-a) i1 - .22 Py
B i i i= n

(2.11) £(2) =2 - izz-———f——— z — z

for nz k + 1. Then f(z) is in the class J(a,p,) if and only if it can be
Tor ihen Py

expressed in the form

(2.12) £(z) = nzk A £(2),
where An 20 (nzk), and

(2.13) Y A =1,
n=k "

PROOF. Assume that f(z) can be expressed in the form (2.12). Then it

follows from (2.10), (2.11) and (2.13) that

K
A(l-a){1- § p
k (1-a)p o n [ - 1]
(2.14) £(z) =z -y —=24 - ¥ 1=2 2"
i=2  * n=k+1 n



Note that ) \
k
. A (1-0) |1 - izz P ) e
(2.15) I m . b= () (1 - ) pi] I
n=k+1 i=2 n=k+1
\ J
k b
= (1-o)|1 - ] pi}u-xk)
i=2
( k)
= (1"00 [l - 2 le’
i=2

which implies that £(z) eﬁr(a,pk).

For the converse, assume that the function f(z) of the form (1.6)

belongs to the class 5r(a,pk). Since f(z) satisfies (2.5) for nz k + 1,
we may set

n.a,
(2.16) ln = X =1 (nzk + 1)

(1-){1 - ] p;
i=2
and
(2.17) A =1 - Y oA
n=k+1

Hence f(z) has the representation (2.12).

This evidently completes the proof of Theorem 3.

COROLLARY 2. The extreme points of 9r(a,pk) are the functions fn(z)

(nz k) given by (2.10) and (2.11).






3. CLOSURE THEOREM

In this section we prove the following closure theorem for functions

belonging to the class TTa,pk).

THEOREM 4. Let the function

Kk (-a)py 5 T n
(3.1)° £(z) =2z - ) ——2z - ) a .z (a_ .z 0)
. i=2  * n=k+1 "*J nsJ

be in the class 5r(a,pk) for every j =1, ..., m. Then the function F(z)

defined by

(3.2) F(z) =
j

W e~1g

Cj fj(z) (cj

v

0)
1

is also in the class 7Id,pk), where

m
(3.3) Yy c. =1.

PROOF. Combining the definitions (3.1) and (3.2), we have

K (Q-o)p; 4 v v n
(3.4) F(z) = z - 2 —z - 2 E c.a sz,
i=2 n=k+1{j=1 J ™

where we have also used the relationship (3.3). Since fj(z) E,YIu,pk) for

every j =1, ..., m, Theorem 1 yields

k
(3.5) Y na_ s (1-0) {1 - Y
. J i=

for j =1, ...



Lo i Dol I
n c. a . = . Cc n a
n=k+1 (j=1 7 ™I} j=1 Jasker 0™
k
= (1-0) |1 - ) p.
1
i=2

which (in view of Theorem 1) implies that

F(2) €7 (a,p) -

4. STARLIKENESS AND CONVEXITY

A function f£(z) belonging to the class & is said to be starlike of

order B (0 =8 < 1) if it satisfies the inequality

zf’ (z)
(4.1) RG[W} > B (Z € %)
for 0 £ B8 < 1. On the other hand, a function £(z) belonging to the class ¢

is said to be convex of order B (0 £ B < 1) if it satisfies the inequality

(4.2) Re[l N Ef_’,f:(%l} > 8 (z € 9

for 0= B8 <1.

These classes were introduced by Robertson [20], and were studied sub-
sequently by Schild [22], MacGregor [9], Pinchuk [19], and Jack [6].

Our result on the radii of starlikeness of order R for functions in the

class T(a,pk) is contained in



10.

THEOREM 5. Let the function f(z) defined by (1.6) be in the class

5r(a,pk). Then f(z) is starlike of order B (0 = B < 1) in the disk

lz| < Ty, where T is the largest value for which
k
« (1-a) (n-8) |1 - ) p;
B i-1 i=2 n-1
(4.3) izz (1—a)[l - Ein T + - r T =1-8

for nz k + 1. The result is sharp.

PROOF. It suffices to prove that

zf’ (z)
(4.4) O 1| =1-8
for |z| < - Note that
(4.5) zf’ (2) 1
L. 2 1
X 1 i-1 T n-1
2 (1—u)[1 - T}p. T - 2 (n—l)anr
L i=2 o n=k+1
L E (-oJp; i1 T e ol
i=2 1 n=k+l
=1 -8
for |z| = r if and only if
k \ . o
-1 -1
(4.6) Y (1-0) (1 - %Pi e ¥ (n-B)a, 1 - 8.
i=2 n=k+1

Since f(z) € 7 (a,p,), by virtue of Theorem 1, we may set
%



11.

= =
(4.7) a = I (nzk + 1),
where An 20 (nzk+1), and
(4.8) Yy A =1

n=k+1 "
For each fixed r, we choose the integer n, = no(r) for which (n-B)rn—l/n
is a maximum. Then it follows that
r K \

- L cl—a)cno-e)ll - L PiJ -1

(4.9) ) (n-B)an T s - 1= T .

n=k+1 0

Hence f£(z) is starlike of order B in |z| = r, provided that

1

k
(1-a) (n '3){1 - 2 p.]
k : 0 . il n -1
(4.10) 2' (1-@){1 - ?}p. r}-l + . i=2 T 0

i=2 1

A
p—
1

o

We find the value T, and the corresponding no(ro) so that

" (l—u)(no—s)[l -

B i-1
(4.11) iZZ (l-u)[l - E}pi r, .

H

1-8-

Then this value rO is the radius of starlikeness of order B for functions

f(z) belonging to the class ?Ia,pk).
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Finally, it is easily verified that the assertion of Theorem 5 is sharp
for functions f£(z) given by (2.4).
In a similar manner, we can prove the following theorem concerning the

radius of convexity of order B8 for functions in the class 7Ia,pk).

THEOREM 6. Let the function f£(z) defined by (1..6) be in the class

?{u,pk). Thén f(z) 1is convex of order B (0 = 8 < 1) in the disk Izl < T,

where T, is the largest value for which

k .
(4.12) I (1-o)(i-B)p; T + (1-a) (n-B) |1 -
i=2 i

-1

+

i ~1%
=]
!
[

IIA
—
I
™

for nz k + 1. The result is sharp for functions £(z) given by (2.4).

5. A MODIFIED CONVOLUTION PRODUCT

Let fj(z) (j = 1,2) be defined by (3.1). Denote by f1 * fz(z) the

modified convolution product of two functions fl(z) and fz(z); that is,
K i o n

(5.1) £,*% £,(2) =z - y — 227~ Y a ,a .z.
= k

Then we have

THEOREM 7. Let the function f£(z) defined by (1.6) be in the class

5r(u,pk), Then f * f(z) belongs to the class .7TB,qk), where



- = p2
B = a(2-0) and 4 = Pk/k'
PROOF. Observing that

0=8<1, 0

IIA

k
q £1, and 0 = 2 q. =

and that the definition (5.1) of the modified convolution product yields

ko (1-8)a; o
(5.2) £* f(z) =z~ ) ——-I—;E T
i=2 n=k+1
it suffices to prove that
o 2 k B
(5.3) Y n al = (1-8)|1 - y q, |-
' n=k+1 i=2

Now, by virtue of Theorem 1, we have

K 2
- [1 -1 pl}
(5.4) ] nals (o)’ L322
+ 1
n=k+1
k)2
1- ) p
- (1-8) i=2
- : k + 1
Hence we need only show that
RE
(5.5) 1- ) qf - 1=2 z 0
o . i k +1 -
i=2
provided that
k
0<p, =1 and 0= ) p; =1
i=2
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In fact, we have

k)2
: K [1 - iZZ piJ
(5.6) L- 1 a - L1
i=2
2 2 \
k p: k k p. k k
1 1 1
- I I TR T T IE S 4 LA -
kol { i=2 ]'} [1=2 g2t j=2 * i=2 *

v
]

which evidently proves the assertion of Theorem 7.

6. THE FUNCTIONAL f(f)
We introduce the functional ‘f(f) defined by

A

6.1) 79 = IO £ g,

which maps the class of starlike functions onto the class of convex functions.

Our result involving this functional is contained in

THEOREM 8. Let the function f£(z) defined by (1.6) be in the class

YIa,pk), Then f(f) belongs to the class fT(a,qk), where q = p, /k.

PROOF. From (1.6) and (6.1), we readily obtain

k 1 1 ann
(6.2) JH =1z - Z —_— . E —z.



15.

Since
k bl
w (1-a)|1 - ) p;
129
(6.3) ] a = = L,
n=k+1 kel
we find that
( k 3
o 3.\ (1—(.'!) [1 - 2 Pl}
n| . i=2
(6.4) n=£+1 S k + 1
k p.
< (1-@)[1 =
. i
i=2

which, in view of Theorem 1, implies that

(6.5) FB) eTa,a), a =p/k

and the proof of Theorem 8 is thus completed.
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